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ó�­�²X­�ÁFµ^ª�åi»0°$µ^·�­�¸i¯u­Xµ^±�²�°iª�²X¸i³5¼�°i¯^±�º^¸iÁ¡¸z¿�¹�±¬ýE­�¯^­�Á)µv°zª�«i­�®�¯�°z±�²4³+´�ª�µu±¬«)¯^±�¹�³5­Xµu·�¸�¹�ºv°z¼�¼�ª¬±�­�¹�µ^¸
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¼�¯^¸)®�°z®�±�ª�±�µ_å)»E­?²X¸)Á�¸i³5±�²�º�°zÁ�¹~¸i¼E­�¯�°�µu±¬¸)Á�º�¯u­�º^­�°i¯u²�·êõ ��ö�ë+Â¡¸)¯^­�¸�¶i­�¯�»QÂ�°z¯u¾i¸�¶&²�·�°i±¬Áî³�¸�¹�­�ª¬±�Á�«
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þ.Á�¹øµ^·�­-º^¸iª�´�µ^±�¸iÁê¸i¿�°�ºlå�ºlµ^­�³ ç�±¬µ^· Á�¸iÁ�è�º^åF³5³5­Xµu¯^±�²bÂ&è�³�°�µu¯^±¬½ôºlµ^¯u´�²}µu´�¯u­��ø°¡Á�¸iÁ�è�µ^¯u±¬¶d±�°zª
µ�°iº^¾b«i±�¶i­�Á$µu·�­4º^±¬À�­q¸i¿2µu·�­+íq¸d¸i«iª�­�³�°�µ^¯u±¬½b¿Ò¸i¯�­�½�°i³5¼�ª¬­�ì�ºl­�­v­ië «�ë�õ ÚiØtöÒï}ë
Â�¸)ºlµ:¸z¿Qµ^·�­�°zª�«i­�®�¯�°z±�²�³
´�ª¬µ^±�ª¬­�¶i­�ª.³5­Xµ^·�¸d¹�º�ºlµu°i¯lµ:ç�±¬µ^·b°4¼�°z¯^µ^±¬µ^±�¸iÁ�±�Á�«4¸i¿Qµ^·�­�´�Á�¾dÁ�¸�ç�Á�º�±�ÁFµ^¸
þ.Á�­�°zÁ.¹�²X¸)°i¯uº^­�«i¯u±�¹
´�Á�¾dÁ�¸�ç�Á�º�ë!ó�­�ª�°zµ^­?¹�µ^¸vµu·�±�º:¸i¯�¹�­�¯u±�Á�«�»�µu·�­

n×n
º^å�º_µu­�³3³�°�µ^¯u±¬½

A
²�°zÁ

®E­v¼E­�¯u³+´�µu­�¹8±¬Á¡°�®�ª�¸�²�¾
2 × 2

¿Ò¸i¯u³

PAP T =

[
AFF AFC

ACF ACC

]
.

��­�¯u­
F
¹�­�Á�¸iµ^­?º+µu·�­¡ºl­�µ�¸i¿�þ�Á�­&«)¯^±�¹ê´�Á�¾dÁ�¸�ç�Á.º�»:°iÁ�¹

C
¹�­�Á�¸iµ^­?º+µu·�­¡ºl­�µ�¸i¿�²X¸F°z¯�ºl­-«i¯u±�¹

´�Á�¾dÁ�¸�ç�Á�ºqç�±�µu·
|F | = nF

°zÁ.¹
|C| = nC

ë�ð�·�±�º�¼�¯u¸�²X­�ºuº�±�ºv²�°zª�ª¬­?¹~²X¸F°z¯�ºl±�Á�«.ë+ð�·�­�¯u­5°z¯u­�°
ª�¸zµ\¸z¿0¹�±¬ýE­�¯^­�ÁFµ\°zª�«i¸)¯^±¬µ^·�³5º:°zÁ�¹�ºlµ^¯�°�µu­�«i±�­�º�µ^¸+¼E­�¯^¿Ò¸i¯u³Èµ^·�­�°i®.¸�¶)­�¼�°i¯lµu±�µu±¬¸)Á�±¬Á�«�»)º^­�­�­ië «�ë�õ úFÚd»
Ú)Úd»Q×i×z»�ú:��»�úiØtö�ëBð�·�­�²�·�¸i±�²X­�¸z¿0µu·�­�¼.°z¯^µ^±¬µ^±�¸iÁ�±�Á�«+·.°iº�°4³�°��_¸)¯�±�Á���´�­�Á�²�­�¸)Ábµ^·�­q²�¸iÁd¶i­�¯^«)­�Á�²�­
®E­�·.°t¶F±�¸i¯:¸z¿2©�Âîíÿ³�­�µ^·�¸�¹�º�ë�ñ\´�µ�·�­�¯^­�ç�­�°iºuºl´�³5­�µu·�°�µ�µ^·�­q²X¸F°z¯�ºl±�Á�«v±�º:¹�¸)Á�­�°iª¬¯u­�°)¹�å+±�Á$°zÁ
°i¯^®�±�µu¯u°i¯^å5ç�°tåië�ð�·d´�º�»�ç\­4°iºuº^´�³5­�µu·�°�µ

A
±�º�«i±�¶i­�Á$®då

A =

[
AFF AFC

ACF ACC

]
.

ìl×?ï

Ä�¿!µ^·�­4ºl´�®�³5°zµ^¯u±�½
AFF

±�º�Á�¸iÁ�º^±�Á�«i´�ª�°z¯?»
A
²�°iÁ-®E­�¿�°i²Xµ^¸i¯u±�À�­�¹-°iº

A =

[
IF 0

ACF A−1
FF IC

] [
AFF 0

0 S

][
IF A−1

FF AFC

0 IC

]
,

ç�·�­�¯u­

S := (A/AFF ) := ACC − ACF A−1
FF AFC

±�º+µ^·�­¡÷�²�·d´�¯
²�¸i³5¼�ª�­�³5­�ÁFµ?ë~Ä�¿�ç\­$Á�¸�ç ´�º^­-°iÁ °z¼�¼�¯^¸t½�±�³�°�µ^±�¸iÁ
ÃFF

¸z¿
AFF

°iÁ�¹é°zÁé°i¼�è
¼�¯^¸t½�±�³5°zµ^±�¸iÁ

S̃
¸z¿

S
»�¸i¯�°i¼�¼�¯u¸t½�±¬³�°�µu±¬¸)Á�º\¸z¿!µ^·�­+±¬Ád¶i­�¯uº^­�º\¸i¿Oµu·�­�º^­v³�°�µ^¯u±�²X­�º�»�ç\­v¸i®�µ�°z±�Á$µu·�­

³�°zµ^¯u±�½
M

ç�±�µu·

M =

[
IF 0

ACF Ã−1
FF IC

] [
ÃFF 0

0 S̃

] [
IF Ã−1

FF AFC

0 IC

]
.

ì�Úiï

ð�·�±�º2¿�°i²Xµ^¸i¯u±�À�°�µu±¬¸)Á4±�º2¾dÁ�¸�ç�Á+°)ºO°iÁ+°z¼�¼�¯^¸t½�±�³�°�µ^­�µ_ç\¸zè�ª�­�¶i­�ªi®�ª�¸�²�¾q¿�°i²}µu¸i¯u±¬À?°�µu±¬¸)Á�õ Ú��tö�ë��B°z¯u±�¸i´�º
³
´�ª¬µ^±�ª¬­�¶i­�ª�³5­�µ^·�¸�¹�º�´�º^­�µ^·�±�ºqµ_ç\¸zè�ª¬­�¶i­�ª�®�ª�¸�²�¾�°z¼�¼�¯^¸t½�±�³5°zµ^­
¿�°i²Xµ^¸i¯u±�À�°�µu±¬¸)Á~°iºv°-³�°��_¸)¯�µu¸d¸iª
ì�ºl­�­+­)ë «.ë2õ û�»�Õ�»�Úd»QÚ	�F»
�F»Qúiútö�°zÁ�¹�¯^­�¿Ò­�¯u­�Á�²�­�º�±�Áéõ�Ú#�töÒï}ë���Á�­4¸i¿�µ^·�­?ºl­
³5­Xµ^·�¸d¹�º�±�º�µu·�­5©�Â�Ã2Ä
³5­�µ^·�¸�¹8±¬ÁFµu¯^¸�¹�´�²�­�¹8®då$©�½�­�ª�ºuºl¸)Á¡°zÁ�¹
�B°iºuºl±�ª�­�¶�ºl¾d±�±�Áøõ û.».Õ?ö�ë�� ±�µu·&µ^·�­v´.ºl­v¸i¿!³�°�µu¯^±¬½

M
±¬Á

ì�Úiï\¸)Á�­v²�°zÁ&¹�­�þ�Á�­�µ^·�­4º_µ�°�µ^±�¸iÁ.°z¯uå�±�µu­�¯�°�µ^±�¸iÁ8«i±�¶i­�Á$®dåbµu·�­v±¬µ^­�¯�°�µu±¬¸)Á$³�°�µu¯^±¬½

TAMLI = I − M−1A.
ì�ú)ï

��­�¯u­\µ^·�­�º^´�®Q²X¯u±¬¼�µ:©�Â�Ã2ÄO±�ºB²�·�¸Fºl­�Á+ç�±¬µ^·�¯u­�º^¼.­?²}µ�µ^¸�µu·�­�þ�¯�º_µB´�º^­�¸z¿Eµ^·�±�ºB°i¼�¼�¯u¸t½d±�³�°�µu­�®�ª�¸�²�¾
¿�°)²}µu¸i¯u±¬À?°�µ^±�¸iÁ-®då-©�½�­�ª�ºuºl¸)Á8°iÁ�¹��B°iºuºl±�ª�­�¶�ºl¾d±Q±�Á&µ^·�­4©�Â�Ã0Ä\³5­Xµ^·�¸d¹0ë��î­v¼E¸i±�ÁFµ�¸i´�µ�µu·�°�µ�µu·�­
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Â�¸i¯u­�¸�¶i­�¯�»Bµ^·�­~©�Â�Ã0Ä5³5­Xµu·�¸�¹ ±�º$¹�­�º^±¬«)Á�­�¹ ¸)¯^±�«i±�Á�°zª�ª�åé±¬Á µu·�­¡¿Ò¯�°z³5­�ç\¸i¯u¾é¸z¿�·�±�­�¯�°z¯�²�·�±�²�°zª
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IF Ã−1

FF AFC

0 IC

])−1

A

= I −

[
−Ã−1
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¾dÁ�¸�ç�Á ¯^­?ºl´�ª¬µuº�ëô÷�­�²}µu±¬¸)Á ú~¹�­�ºu²X¯u±¬®E­�º+µ^·�­-¼�¯u¸i¼E­�¯^µ^±�­�º
¸z¿�µ^·�­-°z¼�¼�¯^¸t½�±�³�°�µ^±�¸iÁ.º�µ^·�°zµ�ç\­-°i¯^­
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¯u­�º^´�ª¬µuºB¿Ò¸i¯Bµ_ç\¸zè�ª�­�¶i­�ª�³5­Xµu·�¸�¹�º�»Fç�·�±�ª¬­�±¬Á$÷�­�²}µu±¬¸)Á-Õqµu·�­�º^­�¯u­�º^´�ª�µ�º:°i¯^­�­�½dµ^­�Á.¹�­�¹5µu¸4³+´�ª�µu±¬ª�­�¶)­�ª
³5­�µ^·�¸�¹�º�ë
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© ³�°zµ^¯u±�½

B
±�ºvÁ�¸)Á�Á�­�«)°�µu±¬¶)­8ì�¼.¸Fºl±¬µ^±�¶i­tï}»!¹�­�Á�¸iµ^­?¹

B ≥ 0
ì
B > 0

ï}»0±¬¿�±�µ�ºv­�ÁFµ^¯u±�­�ºv°z¯u­�Á�¸iÁ�è
Á�­�«)°zµ^±�¶i­�ì�¼.¸Fºl±¬µ^±�¶i­tï}ë �ô­$º^°tå~µ^·�°zµ

B ≥ C
±�¿

B − C ≥ 0
»�°iÁ�¹êºl±�³5±¬ª�°z¯uª�å~ç�±¬µ^·øµ^·�­-ºlµ^¯u±�²Xµ

±�Á�­��)´.°zª�±�µ_å)ë�ð�·�­?ºl­&¹�­Xþ.Á�±�µu±¬¸)Á�º�²�°i¯^¯uåø¸�¶i­�¯4µ^¸ø¶)­�²}µu¸i¯�º�ëé© ³�°�µu¯^±¬½
A
±�º�°

Z
è�³�°�µu¯^±¬½ê±�¿�±�µ�º

¸iý.è�¹�±�°z«)¸iÁ�°iª�­�ª�­�³5­�Á)µ�º�°z¯u­�Á�¸)Á�è�¼.¸Fºl±¬µ^±�¶i­)ë!©
Z
è�³�°�µu¯^±¬½

A
±�º�²�°iª¬ª�­�¹-°4Á�¸)Á�ºl±�Á�«)´�ª�°i¯

M
è�³�°�µu¯^±¬½

±¬¿�±�µ�±�º�³5¸iÁ�¸zµ^¸)Á�­i»�±�ë ­ië�»
A−1 ≥ 0

ëBÄ�µ�¿Ò¸iª�ª�¸�ç�º\µ^·�°zµ�±�¿
A
°zÁ.¹

B
°i¯^­�Á�¸)Á�ºl±�Á�«)´�ª�°i¯

M
è�³�°�µu¯^±�²X­?º

°iÁ�¹
A ≥ B

»!µ^·�­�Á
A−1 ≤ B−1 õ ��»Oú ��ö�ë¡ñ\å ρ(B)

ç\­b¹�­�Á�¸iµ^­�µu·�­$º^¼.­?²}µu¯u°iª:¯�°i¹�±�´�ºv¸i¿�µu·�­
³�°zµ^¯u±�½

B
ë

�ô­$ºu°tå
(M, N)

±�º4°�º^¼�ª�±�µ^µ^±�Á�«�¸z¿
A
±¬¿

A = M − N
°zÁ�¹

M
±�º4Á�¸)Á�ºl±�Á�«)´�ª�°i¯�ë-©*º^¼�ª¬±¬µlµu±¬Á�«

±�ºq¯^­�«i´�ª�°z¯�±�¿
M−1 ≥ 0

°iÁ�¹
N ≥ 0 � ±¬µ�±�ºqç�­?°z¾&¯u­�«i´�ª�°i¯�¸z¿:µ^·�­
þ�¯�º_µqµ_åd¼.­�±�¿ M−1 ≥ 0

°zÁ�¹
M−1N ≥ 0

ë�õ ��».ú ��»�ûFØtö�ë
��­�¯u­i»�ç\­�²�¸iÁ�º^±�¹�­�¯�º_µ�°�µu±¬¸)Á�°z¯uå&±�µu­�¯�°�µ^±�¶i­
³5­Xµ^·�¸d¹�º�µu¸¡ºl¸)ª¬¶)­

Ax = b
ë
ð�·�­�º^­
³5­�µ^·�¸�¹�º�ºlµu°z¯^µ

ç�±¬µ^·¡°�¶i­?²}µu¸i¯
x(0) °zÁ�¹-®�´�±�ª�¹8°5º^­ �F´�­�Á�²X­�¸z¿�¶i­?²}µu¸i¯�º x(i+1) º^´�²�·-µ^·�°zµ

x(i+1) = Tx(i) + c
¿Ò¸)¯

i = 1, 2, . . . .
ì �Fï

ð�·�­�³5°zµ^¯u±�½
T
±�ºB²�°zª�ª¬­?¹
±¬µ^­�¯u°zµ^±�¸iÁ�³�°�µ^¯u±¬½Që!Ä�¿

ρ(T ) < 1
µ^·�­�Á0»)µ^·�­�¯^­�­�½d±�ºlµuºB°q´�Á�±��F´�­�º^¼�ª�±�µ^µ^±�Á�«

(M, N)
º^´�²�·~µu·�°�µ

T = M−1N
ë�ð�·�±�ºvº^¼�ª¬±¬µlµu±¬Á�«¡±�º�«)±¬¶)­�Á~®då

M = A(I − T )−1 °iÁ�¹ N =
M − A

ë �î­4ºu°tå�µu·�°�µ
T
±�º�±�Á�¹�´.²X­�¹8®då�µu·�±�º�ºl¼�ª�±¬µlµ^±�Á�«

(M, N)
ë

ó�­�ª�°�µ^­?¹¡µu¸bµ^·�­
¼�°i¯lµu±�µu±¬¸)Á�±�Á�«$¸i¿
A
±�Á�ìl×?ï}»�ç\­+ç�±�ª�ª�¹�­�Á�¸iµ^­+®då

I
µ^·�­

n × n
±�¹�­�ÁFµ^±¬µ_å&³�°�µ^¯u±¬½

°iÁ�¹-ç�±�µu·
IF

°iÁ�¹
IC

µ^·�­
nF × nF

°zÁ.¹
nC × nC

µu·�­v±�¹�­�ÁFµ^±¬µ_å$³�°zµ^¯u±�½�»�¯u­�º^¼.­?²}µ^±�¶i­�ª¬å)ë
Ö�¸i¯

A = [ai,j ] ∈ R
n×n

ç�­4¹�­Xþ�Á�­qµu·�­v³�°�µ^¯u±�²X­�º
diag(A), triu(A)

°zÁ.¹
tril(A) ∈ R

n×n
®då

(diag(A))i,j =

{
ai,j

¿Ò¸i¯
i = j

0
­�ª�ºl­

(tril(A))i,j =

{
ai,j

¿Ò¸i¯
i ≥ j

0
­�ª�ºl­

(triu(A))i,j =

{
ai,j

¿Ò¸i¯
i ≤ j

0
­�ª�ºl­

Ù�­X½dµvç�­5¯u­�²�°zª�ªOµu·�­�¹�­Xþ.Á�±�µu±¬¸)Áî¸i¿:µu·�­5ç�­�±¬«)·)µu­�¹~³5°z½dè�Á�¸)¯^³&ë
íq±�¶i­�Áô°8¼E¸)º^±�µu±¬¶)­
¶)­�²Xµ^¸i¯
w ∈

R
n
»�¹�­�Á�¸iµ^­�¹

w > 0
»\µ^·�­�ç�­�±¬«)·Fµ^­�¹�³�°�½dè�Á�¸i¯u³ ±�º$¹�­�þ�Á�­�¹ ¿Ò¸)¯$°zÁdå

y ∈ R
n
°iº

‖y‖w =

max
j=1,··· ,n

|
1

wj

yj |.
ð�·�­q²X¸i¯u¯u­�º^¼.¸)Á�¹�±�Á�«�³5°zµ^¯u±�½5Á�¸)¯^³3±�º�¹�­Xþ.Á�­�¹b°)º

‖T‖w = sup
‖x‖w=1

‖Tx‖w

°zÁ�¹
µu·�­�¿Ò¸iª�ª�¸�ç�±¬Á�«�ª�­�³5³�°5·�¸iª�¹�º�ë
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A ∈ R
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n � w > 0 � �#!%� γ > 0 ' 	��!" 
�"��



Aw ≤ γw.
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‖A‖w = max
i=1...n

(Aw)i

wi

.
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w
¸z¿!µ^·�­v¿Ò¸i¯u³

w = A−1e
».ç�·�­�¯u­

e
±�º

°iÁdå4¼.¸Fºl±¬µ^±�¶i­\¶i­?²}µu¸i¯?»z±�ë ­ië�»�¿Ò¸)¯B°zÁdå4¼E¸)º^±�µu±¬¶)­\¶)­�²Xµ^¸i¯
w
º^´�²�·+µu·�°�µ

Aw
±�º�¼E¸)º^±�µu±¬¶)­ië!Ä�Á
¼�°i¯lµu±�²�´�ª�°z¯

µu·�±�º�ç\¸i´�ª�¹8·�¸iª�¹&¿Ò¸)¯�°zÁ�Â¡è�³�°�µu¯^±¬½
A
°zÁ�¹

e = (1, . . . , 1)T
».±�ë ­ië�»Eç�±�µu·

w = A−1e
®E­�±�Á�«�µu·�­

¯u¸�çLº^´�³�º�¸z¿
A−1 ëÂ�¸i¯u­�¸�¶i­�¯�»Fç\­qÁ�­�­�¹-µu·�­�¿Ò¸iª�ª¬¸�ç�±�Á�«�ç�­�ª¬ª¬è�¾FÁ�¸�ç�Á$¼�¯u¸i¼E­�¯^µ^±�­�º�¸i¿

M
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A =

[
AFF AFC

ACF ACC

]

� "�� �!�
AFF ∈ R

s×s
�#!%�

ACC ∈ R
n−s×n−s

� � � ' ��
 � s ∈ {1, . . . , n − 1} � �%" ��! 
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(A/AFF ) = ACC − ACF A−1
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Z
è�³�°�µ^¯u±¬½-°zÁ�¹

M ≥ A
»
M
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M
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ÃFF

¸z¿
AFF

°zÁ�¹
S̃
¸z¿

S
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³
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A =

[
AFF AFC

ACF ACC

]
.
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(
ÃFF , ÃFF − AFF
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Ã−1
FF ≥ 0

�#!%�
IF − Ã−1

FF AFF ≥ 0;
ì_×?Ø)ï
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S̃−1 ≥ 0
� !��

IC − S̃−1(A/ÃFF ) ≥ 0.
ì_×)×?ï

� � �!�
(A/ÃFF )

� ' ���2/ !��#� � � (A/ÃFF ) := ACC − ACF Ã−1
FF AFC �
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 ��
 � � ��� M � 
 � 
 � ��� � !�� � � 
 A � � ���
� 
���
�� �#!��#� � ! 
�"�� � ��� �� ��� � ! %
2 × 2 � � � ��- ' 
�� 	���
 	 ���

A =

[
AFF AFC

ACF ACC

]
.

� 	 � 
 " ����
 � ��� � � ��
 ÃFF

� !��
S̃ � � �#" � ' � ! ' 	��!" 
�"��

 
�"�� ' �(� ��
 
�� ! % '

(
ÃFF , ÃFF − AFF

)

� !�� (
S̃, S̃ − R̃AP̃ T

) �
�!�'� �#�.- ���&%�	�� �
� �"� / � ' 
 
	�!��� � � � � �

Ã−1
FF ≥ 0

�#!%�
IF − Ã−1

FF AFF ≥ 0;
ì_×tÚiï

� !��

S̃−1 ≥ 0
�#!%�

IC − S̃−1(R̃AP̃ T ) ≥ 0,
ì_×?ú)ï

� "�� �!�
R̃
�#!%�

P̃ T
�
��� % ���
��! � ' � ! ìÒûdï �

��­�¯u­�ç�­�¼E¸i±�ÁFµ2¸i´�µ�µ^·�°zµ0µ^·�­?ºl­B°)º^º^´�³5¼�µu±¬¸)Á�º�¸i¯2¼�¯^¸)¼.­�¯lµu±¬­?ºQç�­�¯u­ �F´�±�¯u­O¿Ò¸)¯�µ^·�­:°z¼�¼�¯^¸t½�±�³5°zµ^±�¸iÁ�º
°i¯^­5¶)­�¯uå¡ç�­?°z¾Që��î­�ç�±�ª¬ª:«i±�¶i­5­X½�°z³5¼�ª�­�ºq¿Ò¸)¯�µ^·�­?ºl­�¾d±�Á�¹î¸z¿�°z¼�¼�¯u¸t½�±¬³�°zµ^±�¸iÁ�ºq°�µvµu·�­�­�Á�¹ô¸i¿
µu·�±�º�ºl­?²}µ^±�¸iÁ2ëBÙ�¸zµu­qµ^·�°zµ�Á�¸5º^¼E­�²X±�°zª0²�¸)°i¯uº^±¬Á�«+¸i¯�Á�¸�º^¼.­?²X±�°zªQ¼�°i¯lµu±�µu±¬¸)Á�±¬Á�«
¸i¿Oµu·�­�³5°zµ^¯u±�½

A
±�º

Á�­�­�¹�­�¹-µ^¸�þ�Á�¹-µu·�­�º^­v¾d±¬Á�¹-¸z¿�°z¼�¼�¯^¸t½�±�³�°�µ^±�¸iÁ.º�ë
Ä�¿Oç�­�²X¸)³�¼.°z¯u­�©�ºuºl´�³�¼�µ^±�¸iÁ�º�ú�ë�×�°iÁ�¹bú�ë Ú�»)ç\­qº^­�­�µ^·�°zµ�µu·�­q¸iÁ�ª�åb¹�±¬ýE­�¯^­�Á�²X­�±�º�µ^·�­q²�¸iÁ�¹�±¬µ^±�¸iÁ
¿Ò¸)¯�µ^·�­4°i¼�¼�¯u¸t½�±¬³�°�µu±¬¸)Á

S̃
ë



�

��ºl±�Á�«�µ^·�­v¯^­�ª�°zµ^±�¸iÁ

R̃AP̃ T = ACC − ACF

(
2Ã−1

FF − Ã−1
FF AFF Ã−1

FF

)
AFC

ì_×�ûFï
ç\­�ç�±¬ª�ª�ºl­�­
±�Á�µu·�­+¿Ò¸)ª¬ª�¸�ç�±�Á�«$¼�¯u¸i¼E¸)º^±¬µ^±�¸iÁ0»Eµ^·.°�µv©�ºuºl´�³5¼�µu±¬¸)Áôú�ë Úb±�ºqç\­�°i¾i­�¯�µ^·�°iÁî©�º^º^´�³5¼�è
µu±¬¸)Á¡ú�ë�×ië
��¥�¤ �:¤E§�Ð�Í�Ð�¤EÓ $0¨ $0¨ � ' ' 	�
 �%
 � � ! � ��� ��
 ��� � � ' � '�' 	�
 ��
�� �#! � ��� � � ! �

 " ����� � ��� ' � � � � ' ' 	�
 � �
�� �#! � ��� " ��� � ' 
 " � ! � ' ' 	�
 ��
�� �#! � ��� � ' �#	�� /0��� �#����� ' � �
��¥�¤0¤�
��
�ô­¡¸iÁ�ª¬åé·.°t¶i­-µ^¸ê¼�¯u¸�¶i­)»�µ^·�°zµb­ �F´�°zµ^±�¸iÁ ì_×�ØFï+µ^¸i«)­Xµu·�­�¯�ç�±¬µ^· ­ �F´�°zµ^±�¸iÁ ì_×)×?ï
±¬³5¼�ª�å ­��F´�°�è
µu±¬¸)Áêì_×�úFï�ë
��­�Á�²�­i»0ª�­Xµ�µu·�­�ºl¼�ª�±¬µlµ^±�Á�«Fº (

ÃFF , ÃFF − AFF

) °iÁ�¹ (
S̃, S̃ − (A/ÃFF )

) ®E­�ç\­�°i¾¡¯^­�«i´�ª�°z¯
¸i¿Oþ.¯uºlµ�µ_åF¼E­ië:÷�±¬Á�²�­

R̃AP̃ T = ACC − ACF

(
2Ã−1

FF − Ã−1
FF AFF Ã−1

FF

)
AFC ,

ç\­�¸i®�µ�°z±�Á

IC − S̃−1R̃AP̃ T

= IC − S̃−1
(
ACC − ACF

(
2Ã−1

FF − Ã−1
FF AFF Ã−1

FF

)
AFC

)

= IC − S̃−1
(
ACC − ACF Ã−1

FF AFC

)

+S̃−1ACF

(
Ã−1

FF − Ã−1
FF AFF Ã−1

FF

)
AFC

= IC − S̃−1
(
A/ÃFF

)
+ S̃−1ACF

(
IF − Ã−1

FF AFF

)
Ã−1

FF AFC .

��ºl±�Á�«5µu·�­4ºl¼�ª¬±¬µlµu±¬Á�«�¼�¯^¸)¼.­�¯lµ_åb¸i¿
ÃFF

°zÁ�¹
S̃
°zÁ�¹$µ^·�­+ºl±�«iÁ8¼�°zµlµ^­�¯^Á&¸i¿Oµu·�­4Â&è�³5°zµ^¯u±�½

A
ç\­

¸)®�µu°i±¬Á

IC − S̃−1R̃AP̃ T ≥ 0.

��­�Á�²�­i»�µu·�­4º^¼�ª¬±¬µlµu±¬Á�« (
S̃, S̃ − R̃AP̃ T

) ±�º�ç\­�°i¾�¯^­�«i´�ª�°z¯�¸z¿Oþ�¯�º_µ�µ_åd¼E­ië
�Ù�¸zµu­+µu·�°�µ�±¬Áî®.¸iµ^·ô©�ºuºl´�³5¼�µu±¬¸)Á�º�µ^·�­�¯^­�±�º�°8²X¸)´�¼�ª�±¬Á�«-®.­�µ_ç�­�­�Á~µ^·�­5°z¼�¼�¯^¸t½�±�³5°zµ^±�¸iÁ�º

ÃFF°iÁ�¹
S̃
»�®�´�µq±¬µ�±�ºq¶i­�¯^å8³5±¬ª�¹�ëvÄ�Á�¹�­�­�¹0»0º_µ�°z¯^µ^±�Á�«bç�±¬µ^·î°iÁ

M
è�³5°zµ^¯u±�½

A
»Qµu·�­5°z¼�¼�¯u¸t½�±¬³�°zµ^±�¸iÁ�º

«)±¬¶)­�Á�®då�µ^·�­��)°)²X¸)®�±.°iÁ�¹5µ^·�­qí�°z´.º^ºlè�÷�­�±�¹�­�ª.³�­�µ^·�¸�¹�º\°zÁ.¹5µ^·�­�±¬Á.²X¸i³5¼�ª�­Xµu­�Ã ��è�¿�°i²}µu¸i¯u±¬À?°�µu±¬¸)Á
°i¯^­8°i¹�³5±�º^º^±�®�ª¬­8°z¼�¼�¯^¸t½�±�³5°zµ^±�¸iÁ�º4¿Ò¸i¯5­X½�°i³�¼�ª¬­)ëøðO¸øºl­�­bµ^·�±�º�»B¸iÁ�­-·�°)º4µu¸î´.ºl­&Ã0­�³�³�°øÚ�ë�Õ�ë
ð�·d´�º�°)¹�³5±�ºuº^±¬®�ª�­v²�·�¸i±�²X­?º\¿Ò¸i¯

ÃFF

°i¯^­

ÃFF = diag(AFF ),

ÃFF = tril(AFF ),

ÃFF = triu(AFF ),

ÃFF = L̃Ũ .

��­�¯u­i»
L̃
°zÁ.¹

Ũ
°z¯u­qµ^·�­�¿�°)²}µu¸i¯�º�¸i¿�°iÁ-±�Á�²�¸i³5¼�ª�­Xµ^­

LU
¿�°)²}µ^¸)¯^±�À�°zµ^±�¸iÁ-¸z¿

AFF

õ Úiútö�ë



�

�ô­vç�±�ª¬ª2º^·�¸�çæ±�Á¡ð�·�­�¸)¯^­�³ Õ�ë�Ú+µ^·�°zµ

R̃AP̃ T =
[
−ACF Ã−1

FF I
]
A

[
−Ã−1

FF AFC

I

]

±�º�°
Á�¸iÁ�º^±�Á�«i´�ª�°z¯�Â&è�³�°�µ^¯u±¬½Q»d±¬¿
(ÃFF , ÃFF −AFF )

±�º�°
ç�­?°z¾�¯u­�«)´�ª�°i¯\º^¼�ª�±�µ^µ^±�Á�«�»�±�ë ­ië�¸iÁ�­�¸i¿
µu·�­4°z®E¸�¶i­�²�·�¸)±�²�­�º�±�º�´�ºl­?¹&°iº�°zÁ¡°z¼�¼�¯^¸t½�±�³�°�µ^±�¸iÁ$¸z¿

AFF

ë
��­�Á�²�­i»�µu·�­�¿Ò¸iª�ª�¸�ç�±¬Á�«5°z¼�¼�¯^¸t½�±�³�°�µ^±�¸iÁ.º

S̃
¿Ò´�ª¬þ�ª�ª0¸i´�¯�©�º^º^´�³5¼�µu±¬¸)Á&ú�ë Ú

S̃ = R̃AP̃ T

S̃ = diag(R̃AP̃ T )

S̃ = tril(R̃AP̃ T )

S̃ = L̂Û

ç�·�­�¯u­
L̂
°iÁ�¹

Û
°i¯^­qµ^·�­�¿�°i²}µu¸i¯�º\¸z¿!°iÁ&±¬Á�²�¸i³5¼�ª�­Xµu­

LU
¿�°)²}µ^¸)¯^±�À�°zµ^±�¸iÁ-¸z¿

R̃AP̃ T
ë

	:¶i­�Á&³5¸i¯u­i»�ì�ºl­�­4ð�·�­�¸)¯^­�³ Õ�ë�Úiï
S̃
²�°zÁ8®E­4²�·�¸)º^­�Á&°iº

S̃ = (A/ÃFF )

S̃ = ACC

S̃ = diag(ACC)

µu¸�¿Ò´�ª�þ.ª¬ª!©�ºuºl´�³5¼�µu±¬¸)Á�º�ú�ë�×v°zÁ�¹�ú�ë�Ú�ë
��­�Á�²�­i»�µu·�­8©�º^º^´�³5¼�µu±¬¸)Á�º
ú�ë¬×-°zÁ�¹ ú�ë Ú�°zª�ª¬¸�çü°�ç�±�¹�­-¶t°i¯^±�­Xµ_åô¸z¿�°i¼�¼�¯u¸t½�±¬³�°�µu±¬¸)Á�º4°iÁ�¹é°zª�ª
¾d±�Á�¹8¸z¿�°z¼�¼�¯u¸t½�±¬³�°zµ^±�¸iÁ�º\´�º^­�¹-±¬Á&¼�¯�°i²Xµ^±�²X­vº^­�­�³�º\µu¸�®E­v±�Á�²Xª�´�¹�­?¹�ë
Ù�­X½dµ�»:ª¬­�µ�´�º�²X¸)³5¼�°z¯u­b¸i´�¯�°i¼�¼�¯u¸t½d±�³�°�µu±¬¸)Á�ºvç�±¬µ^·éµu·�¸)º^­$´.ºl­?¹ °�µ
µ^·�­-µ^·�­�¸i¯u­Xµu±�²�°zª\°zÁ�°iª¬å�º^±�º
¸i¿
°z¼�¼�¯^¸t½�±�³�°�µ^­î³+´�ª¬µ^±�ª�­�¶i­�ª�®�ª¬¸�²�¾ ¿�°)²}µ^¸)¯^±�À�°zµ^±�¸iÁL°i¼�¼�ª�±¬­?¹ µu¸ º^åd³�³5­�µ^¯u±�²î¼.¸Fºl±¬µ^±�¶i­ø¹�­�þ�Á�±¬µ^­
º^å�º_µu­�³�º�ë�ð�·�­�¯u­�°�¿Ò¯u­ �F´�­�ÁFµ^ª�åb´�º^­�¹8°iºuºl´�³5¼�µu±¬¸)Á-±�º�µu·�°�µ

ÃFF − AFF

±�º�º^åd³5³�­�µ^¯u±�²q¼E¸)º^±�µu±¬¶)­vºl­�³�±�¹�­�þ�Á�±¬µ^­ ì_×tÕiï
º^­�­�­)ë �Eë\õ û.»)Ú�»FÚ#�tö�ë�ñ�´�µ�µ^·�±�º:°)º^º^´�³5¼�µ^±�¸iÁ.º�²�°zÁ5®E­�­X½�¼�¯u­�ºuº^­�¹�°zª�ºl¸�ç�±¬µ^·5µ^·�­�·�­�ª�¼�¸z¿�º^¼�ª¬±¬µlµu±¬Á�«)º
°)º�ç�­�¹�±�¹ô°z®E¸�¶i­ië 	 �F´�°zµ^±�¸iÁ ì_×?Õ)ï�±¬³5¼�ª�±¬­?º�µ^·.°�µ�µ^·�­bº^¼�ª�±�µ^µ^±�Á�«

(ÃFF , ÃFF − AFF )
±�º4° ��è

¯u­�«)´�ª�°z¯�º^¼�ª¬±¬µlµu±¬Á�«b¸z¿
AFF

ë �Bè�¯u­�«)´�ª�°i¯�ºl¼�ª¬±¬µlµu±¬Á�«Fº�°i¯^­v±�ÁFµ^¯u¸d¹�´�²X­?¹&®Få ��¯lµu­�«F°
±�Áêõ ú�×}ö�ºl­�­+°zª�ºl¸
õ�ÚiÕtö�ëB© º^¼�ª�±�µ^µ^±�Á�«

A = M − N
±�º�²�°zª�ª¬­?¹ �Bè�¯u­�«)´�ª�°i¯�±�¿

MT + N = M + MT − A
±�º�¼E¸)º^±¬µ^±�¶i­

¹�­Xþ�Á�±¬µ^­)ë�Ù�¸zµu­vµ^·.°�µ�°bº^¼�ª�±�µ^µ^±�Á�«b¸z¿�°bº^åd³�³5­�µ^¯u±�²�¼E¸)º^±�µu±¬¶)­4¹�­Xþ.Á�±�µu­+³�°�µu¯^±¬½
A
±�º �Bè�¯u­�«)´�ª�°i¯�±�¿

°iÁ�¹-¸iÁ�ª�å$±¬¿
‖I − M−1A‖A < 1

»�º^­�­5õ ûFÚ?ö�ë

� � � à 
 
 ��� ��
�ã�à4Ý�� ��ß�� ��Ý8ã � 
�ß����2â�
�Þ��
�ô­�ºlµu°z¯^µ5µ^·�±�ºbº^­�²Xµ^±�¸iÁ ç�±�µu· °î¿Ò´�Á.¹�°z³5­�ÁFµ�°zª�¼�¯u¸i¼E¸)º^±�µu±¬¸)Á�ç�·�±�²�· ±�º�µu·�­¡³�°z±�Á µ^¸d¸iª�±�Á ¸i´�¯
²�¸iÁd¶i­�¯^«)­�Á�²�­�°iÁ�°zª�å�ºl±�º�ë
��¥�¤ �:¤E§�Ð�Í�Ð�¤EÓ *2¨ �.¨ ����


A ∈ R
n×n � � � !%�#! ' � !�% 	�� �
� � � 
 � 
 � ��� � ���

• C ∈ R
n×n

� ' !��#!$!��&% �

������ �

• I − CA
� ' !��#!$!��&% �

������ �

• C
" � ' !%��������� ����� �



×�Ø


 " ��!
C
� ' !%�#! ' � !�% 	�� �
� � !�� 
�"�� ' ��� ��
 
�� ! % (C−1, C−1−A)

���
A
� ' � �#�.- ���&% 	�� �
� ��� / � ' 
�
	�!��� �

� � ���#�
�
� � �
ρ(I − CA) ≤ ‖I − CA‖w < 1 ,

ì_×?Ô)ï
� "�� �!�

w := A−1e
� � � �#! �
� � ��
 ��� ��� ��� ' ��
 ���
� ���#��
 � � e ∈ R

n �
��¥�¤0¤�
�� Ã2­Xµ

e ∈ R
n
®E­4°zÁ¡°z¯u®�±¬µ^¯�°z¯uå�¼.¸Fºl±¬µ^±�¶i­�¶i­?²}µu¸i¯?ëBð�·�­�Á

Ce
±�º�°zª�º^¸�¼E¸)º^±¬µ^±�¶i­ië:÷�±¬Á�²�­

A±�º�°5Á�¸)Á�º^±¬Á�«)´�ª�°z¯�Â&è�³�°�µ^¯u±¬½bµ^·�­+±¬Ád¶i­�¯uº^­
A−1 ±�º�Á�¸iÁ�Á�­�«)°zµ^±�¶i­v°zÁ.¹-·.°iº�Á�¸�À�­�¯u¸�¯^¸�çvë:÷d¸5µu·�­¶)­�²Xµ^¸i¯

w := A−1e
±�º�°iº�ç\­�ª�ª�¼.¸Fºl±¬µ^±�¶i­)ë ��ºl±�Á�«5µu·�­�º^­�¼�¯^¸)¼.­�¯lµu±¬­?º�ç�­�«)­Xµ
0 ≤ (I − CA) w = w − CAA−1e = w − Ce < w .

��´�­�µu¸bÃ0­�³5³�°�Ú�ë�×qµ^·�±�º�ª¬­?°i¹�º\µu¸
ρ(I − CA) ≤ ‖I − CA‖w < 1 .

ì_×��zï
Ù�¸�çÈ°)º^º^´�³5­i»�µu·�°�µ

C
±�ºvºl±�Á�«i´�ª�°i¯�ë�ð�·�­�Á0»0µu·�­�¯u­5­X½�±�ºlµuºv°8Á�¸)Á�À�­�¯^¸8¶i­?²}µu¸i¯

z
ç�±�µu·

Cz = 0
ë

Ã2­Xµ
A−1z = y

»dµ^·�­�Á
(I − CA)y = y − Cz = y.

ñ\´�µ�µ^·�±�º\²X¸iÁFµu¯u°)¹�±�²Xµuº
(17)

ë ��­�Á�²X­)»
C
±�º:Á�¸iÁ�º^±¬Á�«i´�ª�°z¯?ëOð�·�­qºl¼�ª¬±¬µlµu±¬Á�«
¼�¯u¸i¼E­�¯^µ^±�­�º�¿Ò¸)ª¬ª�¸�ç µ^·�­�Á

¹�±¬¯u­�²Xµ^ª�å�¿Ò¯^¸)³üµ^·�­4°iºuºl´�³5¼�µu±¬¸)Á�º�ë
�Ä�Á8µu·�­�¿Ò¸iª�ª¬¸�ç�±�Á�«�ç�­v²�¸iÁ�º^±�¹�­�¯

TAMLI

°iº�«)±¬¶)­�Á8±¬Áêì�ÔFï}ë
�� ����éÏ,*O¨ �0¨ � � 
 � ' ' 	�
 ��
�� �#! � ��� � � ' �

�� ' / �#� � � � � � A

� ' ��!��#! ' � ! %�	�� �
� � � 
 �

�� ��� ���
� �

���
�� �#!��#� � ' � ! ì_×?ï��#!%� 
 " � ' ��� ��
�
 � !�% '

(
ÃFF , ÃFF − AFF

) �#!%� (
S̃, S̃ −

(
A/ÃFF

)) � ���
� �#� - ���&%�	�� �
� �"� / � ' 
 
 �!��� � �%" ��!

TAMLI ≥ 0.
��¥�¤0¤�
��*© ²X¸)³5¼�´�µu°zµ^±�¸iÁ8ª¬­?°i¹�º\µu¸

TAMLI = I −

[
Ã−1

FF 0
0 0

][
AFF AFC

ACF ACC

]

−

[
−Ã−1

FF AFC

IC

]
S̃−1

[
−ACF Ã−1

FF IC

] [
AFF AFC

ACF ACC

]

= I −

[
Ã−1

FF AFF Ã−1
FF AFC

0 0

]

−

[
−Ã−1

FF AFC

IC

]
S̃−1

[
ACF

(
IF − Ã−1

FF AFF

) (
A/ÃFF

) ]

=

[
IF − Ã−1

FF AFF 0
0 0

]

+


 Ã−1

FF AFC S̃−1ACF

(
IF − Ã−1

FF AFF

)
0

−S̃−1ACF

(
IF − Ã−1

FF AFF

)
0




+


 0 −Ã−1

FF AFC

(
IC − S̃−1

(
A/ÃFF

))

0 IC − S̃−1
(
A/ÃFF

)

 .

��ºl±�Á�«5µu·�­+°iºuº^´�³5¼�µ^±�¸iÁ�º�¸iÁ8µ^·�­
°z¼�¼�¯u¸t½�±¬³�°zµ^±�¸iÁ�º�»
ÃFF

°iÁ�¹
S̃
°iÁ�¹8µ^·�­+ºl±�«iÁ&¼�°zµlµu­�¯uÁ8¸i¿Oµu·�­
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FF AFC

0 IC

]

±�º�Á�¸)Á�Á�­�«F°�µu±¬¶)­ië
Ã2­Xµ

e
®E­
°iÁ�°z¯u®�±�µu¯u°i¯^å-¼.¸Fºl±¬µ^±�¶i­+¶i­�²Xµ^¸)¯�ë�÷d±�Á�²X­

A
±�º�°bÁ�¸iÁ�º^±¬Á�«i´�ª�°z¯�Â&è�³�°�µu¯^±¬½

w = A−1e
±�º

°iª�º^¸�¼.¸Fºl±¬µ^±�¶i­)ë � ±�µu·
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−Ã−1

FF AFC

IC

]
S̃−1

[
−ACF Ã−1
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Ã−1

FF IC

]

·

[
AFF AFC

ACF ACC

]

= I −

[
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Ã−1

FF AFF Ã−1
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Ã−1
FF AFC S̃−1ACF

(
IF − Ã−1
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= I − (MCG + MS − MCGAMS)A
ì�Ú�×?ï

= I − CMAMLIA.



×?Õ

ç�·�­�¯u­
CMAMLI := MCG + MS − MCGAMS°iÁ�¹

MS

°zÁ.¹
MCG

°i¯^­�°iº�±�Áêì_×��)ï\°zÁ�¹øìl×C�)ï}ë
Ù�­X½dµ�ç�­�º^·�¸�ç µ^·.°�µ

CMAMLI

±�º�°�Á�¸iÁ�Á�­�«F°�µ^±�¶i­�³�°�µ^¯u±¬½Që�©�º�ºl­�­�Á$±�Á-µ^·�­�¼�¯u¸d¸z¿2¸i¿!ð�·�­�¸i¯u­�³
û.ë ú�®E¸zµu·8³�°zµ^¯u±�²�­�º

MS

°iÁ�¹
MCG

°z¯u­�Á�¸)Á�Á�­�«)°�µu±¬¶)­ië�Ö�¸)¯
−MCGAMS

ç\­q¸)®�µu°i±¬Á

−MCGAMS

= −

[
−Ã−1

FF AFC

IC

]
S̃−1

[
−ACF Ã−1

FF IC

][ AFF AFC

ACF ACC

] [
Ã−1

FF 0
0 0

]

=


 Ã−1

FF AFC S̃−1ACF

(
IF − Ã−1

FF AFF

)
Ã−1

FF 0

−S̃−1ACF

(
IF − Ã−1

FF AFF

)
Ã−1

FF 0


 .

ì�Ú)Úiï

��ºl±�Á�«�µu·�­�Â&è�³5°zµ^¯u±�½�°zÁ�¹5º^¼�ª¬±¬µlµu±¬Á�«v¼�¯^¸)¼.­�¯lµu±¬­?º�ç�­�¸)®�µu°i±¬Á
µ^·.°�µ
−MCGAMS

±�º�Á�¸)Á�Á�­�«)°�µu±¬¶)­ië
ò�¸)Á�º^­ �F´�­�ÁFµuª¬å)»

CMAMLI = MCG + MS + (−MCGAMS)
ì�Úiú)ï

±�º�°zª�º^¸�Á�¸iÁ�Á�­�«)°zµ^±�¶i­ië
Ù�­X½dµ�»2ç�­5¼�¯u¸�¶i­+µ^·�°zµ

CMAMLI

·�°)º�Á�¸-À�­�¯u¸-¯u¸�çvë��ô­�°zª�¯^­?°i¹�å&­�ºlµu°i®�ª�±�º^·�­�¹~µ^·.°�µ4°zª�ª!µ^·�¯u­�­
µu­�¯u³�º:¸i¿

CMAMLI

±�Á~ì�Úiú)ï:°z¯u­�Á�¸)Á�Á�­�«F°�µu±¬¶)­ië!÷�¸+±¬µ�º^´ �b²X­?ºBµu¸+¼�¯u¸�¶i­�µu·�°�µ�µ^·�­�µ^­�¯^³
MCG +

MS

·�°)º:Á�¸+À�­�¯^¸+¯^¸�çv»)®�´�µ\µ^·�±�º:ç�°iº\°zª�¯u­�°i¹�å
¹�¸)Á�­�±�Ábµu·�­�¼�¯u¸d¸z¿0¸i¿2ð�·�­�¸)¯^­�³Èû.ë ú�ë�Ù�¸�ç ´�ºl±�Á�«
�:¯^¸)¼.¸Fºl±¬µ^±�¸iÁ8û�ë�×i»�ç\­�«i­Xµ�µu·�°�µ

ρ (TMAMLI ) ≤ ‖TMAMLI‖w < 1 .

�÷dµu°z¯^µ^±�Á�«�ç�±�µu·-°iÁ
M
è�³5°zµ^¯u±�½

A
°zÁ�¹-°z¼�¼�¯^¸t½�±�³5°zµ^±�¸iÁ�º:°iº\±¬Áôì_×?Ø)ï�°zÁ�¹îì_×i×tïB¸)¯qìl×?Ú)ï:°iÁ�¹~ìl×�ú)ïX»

¯u­�º^¼E­�²}µu±¬¶)­�ª�åi»�ç\­
¼�¯^¸�¶)­�¹¡²X¸)Ád¶i­�¯u«i­�Á�²X­+¸z¿:µu·�­�©�Â�Ã2Ä�°zÁ.¹�µu·�­�Â~©�Â�Ã2Ä�³5­Xµu·�¸�¹�ë
©�ºq¿�°z¯�°iº
ç\­b¾dÁ�¸�çÈµ^·�­?ºl­-°z¯u­5µ^·�­$þ�¯uºlµ+²X¸)Ád¶i­�¯u«i­�Á�²X­5¯u­�º^´�ª¬µuº�¿Ò¸)¯4µ^·�­�º^­b³5­Xµ^·�¸d¹�ºv¿Ò¸i¯�°¡ç�±�¹�­$²Xª�°iºuºv¸i¿
Á�¸iÁ�è�ºlåd³5³5­Xµu¯^±�²q³5°zµ^¯u±�²�­�º�ë
Ù�­X½dµ�ç\­�²�¸iÁ�º^±�¹�­�¯�µu·�­4ó�Â�©�Â�Ã0Ä\±�µu­�¯�°�µu±¬¸)Á$³�°�µu¯^±¬½-°iº�«)±¬¶)­�Á8±¬Áêì �)ï

TRMAMLI = (I − P2)(I − P1) .

÷�±¬Á�²�­

TMAMLI = (I − P1)(I − P2)
°zÁ�¹

TRMAMLI = (I − P2)(I − P1),

ç\­�±¬³5³5­�¹�±�°zµ^­�ª�å$¸)®�µu°i±¬Á
ρ(TRMAMLI) = ρ(TMAMLI ).

ì�ÚzûFï
ð�·d´�º
� ¤.¥�¤.Î�Î�Ï�¥t¢ *2¨��0¨ ��� � ' ' 	�
 ��
�� �#! � ��� � ' ' �

�� ' / �#� � 
 " ��!

ρ (TRMAMLI) < 1 .

©�ª�µu·�¸i´�«i·8µ^·�­4º^¼E­�²}µu¯u°iª0¯�°i¹�±�±�¸z¿!µ^·�­v±¬µ^­�¯u°zµ^±�¸iÁ&³�°�µu¯^±�²X­?º�¸z¿!µ^·�­4ó�Â~©�Â�Ã2Ä\°iÁ�¹-µ^·�­4Â�©�Â�Ã0Ä
³5­�µ^·�¸�¹~°i¯^­+µ^·�­�ºu°z³5­i»Eµu·�­�¯u­
°i¯^­�ºl±�«iÁ�±¬þ.²�°zÁFµq¹�±¬ýQ­�¯u­�Á�²�­�ºq±¬Á~µ^·�­5ºlµ^¯u´�²}µu´�¯^­
¸z¿Bµu·�­5±�µu­�¯�°�µu±¬¸)Á
³�°zµ^¯u±�²�­�º�ë�ð�·�­
±�µu­�¯�°�µ^±�¸iÁ¡³�°zµ^¯u±�½¡¸z¿�µu·�­5ó�Â�©�Â~Ã0Ä�³5­Xµu·�¸�¹�±�º�Á�¸iµ�Á�¸)Á�Á�­�«)°�µu±¬¶)­4±�Á�«i­�Á�­�¯�°zª
°)º�ºl·�¸�ç�Á-±�Á8µ^·�­�Á�­�½Fµ�­�½�°z³5¼�ª�­ië



×�Ô

���0Ï�����Î�  *O¨��2¨�� �#! ' � ����� 
�"��'
 �

�� ����	 ' �!� � ! ! � ��
 ��� ��� ���

A =




2 −1 0 0
−1 2 −1 0

0 −1 2 −1
0 0 −1 2


 .

}
nF

}
nC

� % �
� ! � � 	 ' � 
 " � �!�������.����
 �

�� �#! '

ÃFF =

[
2 0
0 2

]
� !��

S̃ =

[
3
2 0
0 2

]
.

� � � � 
 �
� !

TRMAMLI =
1

12




1 6 −3 2
8 0 0 4
4 0 0 8
0 0 6 0


 .

Ù�¸�çLç\­�ç�±¬ª�ª2°zÁ.°zª�åFÀ�­�µu·�­+÷�Â�©�Â�Ã0Ä\±¬µ^­�¯�°�µu±¬¸)Á-³�°zµ^¯u±�½-°)º�«i±�¶i­�Á-±�Áêì �)ï

TSMAMLI = (I − P2)(I − P1)(I − P2).

���  d¤.¥t �� *O¨����2¨ � � 
 � ' ' 	�
 �%
 � � ! � ��� � � ' �

�� ' / �#� � �%" ��!

TSMAMLI ≥ 0,

ρ (TSMAMLI ) ≤ ‖TSMAMLI‖w < 1,

� "�� �!�
w = A−1e

� �
� � ! �
� � ��
����
��� ��� ' ��
������ �
�#� 
 �
� e �
��¥�¤0¤�
�� �ô­v­�°iº^±�ª¬å�¸)®�µu°i±¬Á8ç�±�µu·�Ã0­�³�³�°�û�ë Ô5°zÁ�¹ �B¯u¸i¼E¸)º^±�µu±¬¸)Á-û.ë û

TSMAMLI = (I − P2)(I − P1)(I − P2) = (I − P2)TMAMLI ≥ 0.
ì�Ú)Õiï

� ±¬µ^·¡ð�·�­�¸i¯u­�³(û.ë �
°iÁ�¹ �:¯^¸)¼.¸Fºl±¬µ^±�¸iÁ8û�ë û5ç�­�«i­�µ

ρ(TSMAMLI) ≤ ‖TSMAMLI‖w ≤ ‖I − P2‖w‖TMAMLI‖w < 1.
ì�ÚiÔ)ï

�Ä�Á
µ^·�­�¯^­�³5°i±¬Á�±¬Á�«q¸z¿.µ^·�±�º�º^­�²}µu±¬¸)Á
ç\­�²X¸)³�¼.°z¯u­:µu·�­�÷�Â�©�Â~Ã0Ä}»iÂ�©�Â�Ã0Ä}»z°iÁ�¹�©�Â�Ã2ÄO³5­Xµu·�¸�¹�º
ç�±¬µ^·&¯u­�º^¼.­?²}µ�µ^¸5µu·�­vç\­�±�«i·Fµ^­?¹$³�°�½�±�³+´�³*Á�¸i¯u³(¸z¿Oµ^·�­�±¬¯�±�µu­�¯�°�µ^±�¸iÁ8³�°�µu¯^±�²X­?º�ë
���  d¤.¥t �� *O¨�� �E¨ � � 
 � ' ' 	�
 �%
 � � ! � ��� � � ' �

�� ' / �#� � �%" ��!

‖TSMAMLI‖w ≤ ‖TMAMLI‖w ≤ ‖TAMLI‖w < 1,

� "�� �!�
w = A−1e

� �
� � ! �
� � ��
����
��� ��� ' ��
������ �
�#� 
 �
� e �
��¥�¤0¤�
��
ð�·�­4±¬Á�­ �F´�°zª�±¬µ_å

‖TAMLI‖w < 1
ç�°iº�¼�¯u¸�¶i­?¹$±�Á~ð�·�­�¸i¯u­�³ û�ë ú�ë�©�º�ºl·�¸�ç�Á&±�Áéì�ÚiØ)ï�°iÁ�¹êì�Ú�×?ï

ç\­�·�°t¶i­

TAMLI = I − (MS + MCG) A

TMAMLI = I − (MS + MCG − MCGAMS) A

= TAMLI + MCGAMSA,



× �

ç�·�­�¯u­
MS

°zÁ�¹
MCG

°z¯u­v¹�­Xþ.Á�­�¹8±�Áøìl× �Fï�°iÁ�¹ôì_×C�Fï}ë
��´�­qµ^¸
µ^·�­qÃ2­�³5³�°�µu°
û�ë�Ú
°zÁ�¹$û�ë Ô�»F®.¸iµ^·8±�µu­�¯�°�µ^±�¸iÁ-³�°�µ^¯u±�²X­�º\°z¯u­�Á�¸iÁ�Á�­�«)°zµ^±�¶i­ië�÷d±�Á�²X­

A
±�º�°

Â¡è�³�°�µu¯^±¬½b°zÁ�¹
e
±�º�°
¼.¸Fºl±¬µ^±�¶i­q¶i­?²}µu¸i¯?»

w = A−1e
±�º\°iª�º^¸+¼E¸)º^±¬µ^±�¶i­iëB÷d¸�®E¸zµ^·-µ^­�¯^³�º

TAMLIw°iÁ�¹
TMAMLIw

°z¯u­�¼E¸)º^±¬µ^±�¶i­ië
©�º¡ºl­�­�Á<±¬Á ì�Ú)Úiïbµ^·�­ôµ^­�¯^³

−MCGAMS

±�º&Á�¸)Á�Á�­�«)°�µu±¬¶)­ië*÷d¸ ç\­ô¸)®�µu°i±¬ÁLµ^·�°zµ&µ^·�­ø¶i­?²}è
µu¸i¯

MCGAMSe
·�°)º\µ^¸�®E­vÁ�¸iÁ�è�¼E¸)º^±�µu±¬¶)­ië�ð�·�­�¯u­X¿Ò¸)¯^­)»

‖TMAMLI‖w = max
i=1...n

(TMAMLIw)i

wi

= max
i=1...n

(TAMLIw + MCGAMSAA−1e)i

wi

≤ max
i=1...n

(TAMLIw)i

wi

+ min
i=1...n

(MCGAMSAA−1e)i

wi

= ‖TAMLI‖w + min
i=1...n

(MCGAMSe)i

wi

≤ ‖TAMLI‖w.

ð�·�­�¯u­�³�°i±¬Á�±�Á�«&±�Á�­ �F´�°iª¬±¬µ_å
‖TSMAMLI‖w ≤ ‖TMAMLI‖w

¿Ò¸iª�ª¬¸�ç�º�¹�±�¯u­�²}µuª¬å�¿Ò¯^¸)³�±�Á�­ �F´�°iª�è
±¬µ_åøì�ÚzÔFï�ë

�Ä�Á&µu·�­v¿Ò¸)ª¬ª�¸�ç�±¬Á�«�ç\­v­�ºlµu°i®�ª�±�º^·¡°5¯^­?ºl´�ª¬µ�¿Ò¸i¯�µ^·�­+©�Â�Ã0Ä}»EÂ�©�Â~Ã0Ä}».ó�Â�©�Â�Ã2Ä�°zÁ�¹¡÷�Â�©�Â�Ã0Ä
³5­�µ^·�¸�¹�º�ë�©�ª¬ªOµ^·�­?ºl­
³5­Xµ^·�¸d¹�º�²�¸i±�Á�²X±�¹�­4±¬¿Bµ^·�­+®�ª�¸�²�¾

AFF

±�º�±�ÁF¶)­�¯^µ^­?¹&­X½�°i²Xµ^ª�åi»E±�ë ­ië
ÃFF =

AFF

»�±�Á�¹�­�¼.­�Á�¹�­�ÁFµ8¸z¿�µ^·�­ �F´�°zª�±�µ_å�¸z¿vµu·�­~°z¼�¼�¯^¸t½�±�³�°�µ^±�¸iÁ ¸i¿qµu·�­î÷�²�·d´�¯8²X¸)³�¼�ª¬­�³�­�ÁFµ
S
ë

ð�·�±�º�¯^­?ºl´�ª¬µuº�·�¸iª�¹�º�¿Ò¸)¯�°zª�ª2º^ådºlµ^­�³ ³�°zµ^¯u±�²�­�º
A
»Qº^åF³5³5­Xµu¯^±�²�¸i¯�Á�¸iÁ�è�ºlåd³5³5­Xµu¯^±�²z»�°iÁ�¹&Á�¸iµ�¿Ò¸i¯

Â¡è�³�°�µu¯^±�²X­?º\¸iÁ�ª�åië
���  d¤.¥t �� *O¨����0¨ ����
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2 × 2 � � � ��- ' 
 � 	���
 	 �!�

A =

[
AFF AFC

ACF ACC

]
.

�2�
AFF

� ' !%�#! ' � !�% 	�� � � �#!%� ÃFF = AFF


�"�� !

TAMLI = TMAMLI = TRMAMLI = TSMAMLI .

"���� � ' � �
� � !����#�����!� ����
 � 
 � � ! S̃
���

(A/AFF ) �
��¥�¤0¤�
�� �ô­v·�°t¶i­qç�±�µu·êì�ÚzØFï\°zÁ�¹øì�Ú�×?ï

TAMLI = I − (MS + MCG) A

TMAMLI = I − (MS + MCG − MCGAMS) A.

÷�±¬³5±�ª�°i¯^ª�åi»�ç\­�¸i®�µ�°z±�Á-¿Ò¸)¯�µ^·�­4ó�Â�©�Â�Ã2Ä\°iÁ�¹$µ^·�­+÷�Â~©�Â�Ã2Ä�³5­Xµu·�¸�¹

TRMAMLI = I − (MS + MCG − MSAMCG) A

TSMAMLI = I − (2MS + MCG − MSAMCG

−MSAMS − MCGAMS

+MSAMCGAMS) A.



× �

ñ\´�µ�°5²�¸i³5¼�´�µ�°�µ^±�¸iÁ8ª�­�°i¹�º\µ^¸

MCGAMS = MSAMCG = 0,

°iÁ�¹

MSAMS =

[
A−1

FF 0
0 0

]
= MS.

��­�Á�²�­i»
TAMLI = TMAMLI = TRMAMLI = TSMAMLI .

�

� � â 
}ÞOä 
 ��� ��
�ã�à4Ý�� ��ß�� ��Ý8ã � ß����2â�
�Þ��
Ä�Á�÷d­?²}µu±¬¸)Á8û5ç\­v¼�¯u¸�¶i­�¹-²X¸)ÁF¶)­�¯u«i­�Á�²X­�¿Ò¸i¯�µ_ç\¸zè�ª¬­�¶i­�ªE³5­�µ^·�¸�¹�º�ë ��­�¯^­�ç\­v­X½dµ^­�Á�¹-µ^·�­4²�¸iÁd¶i­�¯lè
«)­�Á�²�­�¯^­?ºl´�ª�µ�º�µ^¸�³
´�ª¬µ^±�ª¬­�¶i­�ª:³�­�µ^·�¸�¹�º�»�±�ë ­ië-µ^·�­�µ_ç�¸iè�ª�­�¶)­�ªB©�Â�Ã0Ä�¸i¯4Â~©�Â�Ã2Ä�µu­�²�·�Á�±��F´�­b±�º
´.ºl­?¹~¯u­�²�´�¯uº^±�¶i­�ª�å&¸iÁø¹�±¬ýE­�¯^­�Á)µvª�­�¶)­�ª�º�¸)¯4¹�±¬ýE­�¯^­�Á)µ4²�¸)°z¯�º^­+«i¯u±�¹�º�ë�ð�·�­�ºl¸¡²�°zª�ª¬­?¹~²X¸F°z¯�ºl­�«i¯u±�¹
º^å�º_µu­�³&»)µ^·�­�º^å�º_µu­�³Èµ^·�°zµ:±�ÁF¶)¸iª�¶i­?º�µ^·�­q÷�²�·d´�¯�²�¸i³5¼�ª�­�³5­�ÁFµ�»)±�º:µ^·�­�Ábº^¸iª�¶i­�¹�¸)¯:°z¼�¼�¯^¸t½�±�³5°zµ^­?¹
®då�µu·�­4©�Â~Ã0Ä\¸i¯�Â�©�Â�Ã0Ä�°z¼�¼�¯^¸F°i²�·$°i«)°z±�Á0ë
ðO¸ø¼�¯u¸�¶i­&²X¸iÁd¶)­�¯u«i­�Á.²X­b¿Ò¸)¯�µ^·�­¡³
´�ª�µu±¬ª�­�¶)­�ª�³5­Xµu·�¸�¹�º�»�ç\­&Á�­�­?¹ µu·�­&¿Ò¸iª�ª�¸�ç�±¬Á�«ô¼�¯u­�ª�±¬³5±�Á�°z¯uå
¯u­�º^´�ª¬µuº�ë
�� ����éÏ 10¨��E¨ � � 
 (

ÃFF , ÃFF − AFF

) � � � � �#� - ���&%�	�� �
� ' �(� ��
 
�� ! % �"� / � ' 
 
	�!��� �"� AFF ��%"�� !
B̃−1

FF := 2Ã−1
FF − Ã−1

FF AFF Ã−1
FF

� ' !%�#! ' � !�% 	�� � � �#!%� 
 " � ' �(� ��
�
 � !�%
(
B̃FF , B̃FF − AFF

)

�"�
AFF

� ' � �#� - ���&%�	�� �
� �"� / � ' 
 
	�!��� �
# ��� �"� � �ô­v·�°t¶)­

B̃−1
FF = 2Ã−1

FF − Ã−1
FF AFF Ã−1

FF

= Ã−1
FF︸︷︷︸
≥0

+
(
I − Ã−1

FF AFF

)

︸ ︷︷ ︸
≥0

Ã−1
FF︸︷︷︸
≥0

≥ 0 .

ð�·d´�º�»
B̃−1

FF

²�°iÁ~®E­5ç�¯^±¬µlµu­�Áî°)º�°$º^´�³ ¸z¿�Á�¸iÁ�Á�­�«)°zµ^±�¶i­+µ^­�¯u³�º�ë+÷�±¬Á�²�­
Ã−1

FF

±�ºqÁ�¸iÁ.ºl±�Á�«i´�ª�°i¯�»
Ã−1

FF

·�°iº�Á�¸5À�­�¯u¸�¯u¸�çvë ��­�Á�²X­)»
B̃−1

FF

·�°iº�°iª�º^¸
Á�¸�À�­�¯u¸�¯^¸�çvë
Â�¸i¯u­�¸�¶i­�¯�»

I − B̃−1
FF AFF = I −

(
2Ã−1

FF − Ã−1
FF AFF Ã−1

FF

)
AFF

=
(
I − Ã−1

FF AFF

)

︸ ︷︷ ︸
≥0

(
I − Ã−1

FF AFF

)

︸ ︷︷ ︸
≥0

≥ 0 .

ð�·d´�º�»�ç\­v·�°t¶i­�ºl·�¸�ç�Á$µu·�°�µ



×C�

• B̃−1
FF

±�º�Á�¸iÁ�Á�­�«)°zµ^±�¶i­)»

• I − B̃−1
FF AFF

±�º�Á�¸)Á�Á�­�«)°�µu±¬¶)­i»

• B̃−1
FF

·�°iº�Á�¸�À�­�¯u¸5¯^¸�çvë
��­�Á�²�­i»�ç�±¬µ^· �B¯^¸)¼.¸Fºl±¬µ^±�¸iÁ~û�ë�×4µ^·�­
³�°�µu¯^±¬½

B̃−1
FF

±�º�Á�¸iÁ�º^±¬Á�«i´�ª�°z¯�°zÁ�¹ (
B̃FF , B̃FF − AFF

)

±�º�°5ç\­�°z¾�¯u­�«)´�ª�°z¯�ºl¼�ª¬±¬µlµu±¬Á�«�¸i¿2þ�¯�ºlµ�µ_åF¼E­ië
���  d¤.¥t �� 10¨ �0¨ � ��
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 � 
 � ��� � � � 
 ��
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A =

[
AFF AFC

ACF ACC

]
.

� ��
 (
ÃFF , ÃFF − AFF

) � � � � �#� - ���&%�	�� �
� ' �(� ��
 
�� ! % ���0/ � ' 
 
	�!� � AFF �
�%"�� !

ACC ,(
A/ÃFF

)
,

R̃AP̃ T =
[
−ACF Ã−1

FF I
]
A

[
−Ã−1

FF AFC

I

]

� ���"!��#! ' � ! %�	�� �
� M � 
 �

�� � �#� ' � � � ���#�
�
� � �

ACC ≥
(
A/ÃFF

)
≥
[
−ACF Ã−1

FF I
]
A

[
−Ã−1

FF AFC

I

]
≥ (A/AFF ) .

ì�Ú	�zï

# ��� �"� � � ±¬µ^·�ð�·�­�¸i¯u­�³*Ú�ë Ú
ç\­�·�°t¶i­�µ^·�°zµ
ACC

±�º�°�Á�¸iÁ.ºl±�Á�«i´�ª�°i¯
M
è�³�°�µu¯^±¬½�ë

Ù�­X½dµ�ç\­�²�¸iÁ�º^±�¹�­�¯ (
A/ÃFF

) ë
÷�±¬Á�²�­ (

ÃFF , ÃFF − AFF

) ±�º�°
ç\­�°i¾b¯u­�«i´�ª�°i¯\º^¼�ª�±�µ^µ^±�Á�«�ç�­�¸)®�µu°i±¬Á&ç�±¬µ^·¡Ã0­�³�³�°�Ú�ë û�µ^·�°zµ

0 ≤ Ã−1
FF ≤ A−1

FF .

��ºl±�Á�«�µ^·�­
M
è�³�°�µu¯^±¬½-ºlµ^¯u´�²}µu´�¯u­q¸i¿

A
ç\­q«)­Xµ

(A/AFF ) = ACC − ACF︸︷︷︸
≤0

A−1
FF︸︷︷︸

≥ eA
−1

F F

AFC︸︷︷︸
≤0

≤ ACC − A−1
CF Ã−1

FF ACF =
(
A/ÃFF

)
.

÷�±¬³5±�ª�°i¯^ª�åi»
(
A/ÃFF

)
= ACC − ACF︸︷︷︸

≤0

Ã−1
FF︸︷︷︸
≥0

AFC︸︷︷︸
≤0

≤ ACC .

ð�·d´�º�»�ç\­v«i­Xµ�µu·�­v±¬Á�­ �F´�°zª�±¬µ^±�­�º

ACC ≥
(
A/ÃFF

)
≥ (A/AFF ) .

ì�Ú �)ï
ñ\å8ð�·�­�¸)¯^­�³*Ú�ë�Ú

ACC

±�º�°�Á�¸)Á�º^±¬Á�«)´�ª�°z¯
M
è�³�°zµ^¯u±�½-°iÁ�¹-ç�±�µu·�ð�·�­�¸)¯^­�³*Ú�ë ú

(A/AFF )
±�º�°

Á�¸iÁ�º^±¬Á�«i´�ª�°z¯
M
è�³�°�µ^¯u±¬½-°zª�ºl¸.ë ��­�Á�²X­)»�®då-ð�·�­�¸i¯u­�³ Ú�ë�Ú�»�ç\­v¸i®�µu°z±�Á8µ^·�­
¹�­�º^±¬¯u­�¹8¼�¯u¸i¼E­�¯^µ_åb¸i¿

(
A/ÃFF

) ë
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Ù�­X½dµ�²X¸)Á�º^±�¹�­�¯ [
−ACF Ã−1

FF I
]
A

[
−Ã−1

FF AFC

I

] ë
�ô­v¸i®�µu°z±�Á

[
−ACF Ã−1

FF I
]
A

[
−Ã−1

FF AFC

I

]

= ACC − ACF

(
Ã−1

FF + Ã−1
FF − Ã−1

FF AFF Ã−1
FF

)
AFC

= ACC − ACF B̃−1
FF AFC

=
(
A/B̃FF

)
,

ç�·�­�¯u­
B̃−1

FF := Ã−1
FF + Ã−1

FF − Ã−1
FF AFF Ã−1

FF

ë
� ±¬µ^·&Ã0­�³5³5°�Õ�ë¬×)» (

B̃FF , B̃FF − AFF

) ±�º�°
ç�­?°z¾�¯u­�«)´�ª�°i¯\º^¼�ª�±�µ^µ^±�Á�«�¸z¿2þ.¯uºlµ�µ_åd¼E­ië ��­�Á�²�­i»
¯u­�¼�ª�°)²X±�Á�«

ÃFF

®då
B̃FF

ç�­q²�°iÁb¿Ò¸iª�ª�¸�ç µ^·�­�°z®E¸�¶i­�¼�°z¯^µ�¸i¿0µ^·�­q¼�¯u¸d¸z¿_ë�ð�·�­�¯u­X¿Ò¸)¯^­)»)ç\­�¸)®�µu°i±¬Á
µu·�°�µ (

A/B̃FF

)
=
[
−ACF Ã−1

FF I
]
A

[
−Ã−1

FF AFC

I

] ±�ºb°øÁ�¸iÁ�º^±¬Á�«i´�ª�°z¯
M
è�³5°zµ^¯u±�½�ë

ð�·d´�º�»�ç\­v«i­Xµ�µu·�­v±¬Á�­ �F´�°zª�±¬µ^±�­�º

ACC ≥
[
−ACF Ã−1

FF I
]
A

[
−Ã−1

FF AFC

I

]
≥ (A/AFF ) .

ì�Ú��)ï

Ù�­X½dµ�ç\­qç�±�ª�ª0¼�¯u¸�¶i­5ì�Ú �iï�ë �ô­v·�°t¶i­

B̃−1
FF = 2Ã−1

FF − Ã−1
FF AFF Ã−1

FF = Ã−1
FF︸︷︷︸
≥0

+
(
I − Ã−1

FF AFF

)

︸ ︷︷ ︸
≥0

Ã−1
FF︸︷︷︸
≥0

≥ Ã−1
FF .

÷�±¬Á�²�­
A
±�º�°iÁ

M
è�³�°�µ^¯u±¬½Q»dµu·�­v®�ª�¸�²�¾dº

ACF

°zÁ�¹
AFC

°i¯^­�Á�¸)Á�è�¼.¸Fºl±¬µ^±�¶i­)ë�ð�·�­�¯u­X¿Ò¸i¯u­
[
−ACF Ã−1

FF I
]
A

[
−Ã−1

FF AFC

I

]

= ACC − ACF︸︷︷︸
≤0

B̃−1
FF︸︷︷︸

≥ eA
−1

F F
≥0

AFC︸︷︷︸
≤0

≤ ACC − ACF︸︷︷︸
≤0

Ã−1
FF︸︷︷︸
≥0

AFC︸︷︷︸
≤0

=
(
A/ÃFF

)
.

ðO¸i«)­Xµu·�­�¯�ç�±¬µ^· ì�Ú��Fï�°iÁ�¹øì�Ú��)ï�»�ç\­qµ^·�­�Á&¸i®�µ�°z±�Áøì�Ú �iï

ACC ≥
(
A/ÃFF

)
≥
[
−ACF Ã−1

FF I
]
A

[
−Ã−1

FF AFC

I

]
≥ (A/AFF ) .

Ù�¸�çv»Oç\­bç�±�ª¬ª�µ^´�¯^Áøµu¸¡µ^·�­-³+´�ª¬µ^±�ª�­�¶i­�ª:³5­Xµu·�¸�¹�º�ë�©�º4³5­�Á)µu±¬¸)Á�­�¹ø±�Áêµu·�­b®E­�«i±�Á�Á�±�Á�«�¸i¿�µ^·�±�º
º^­�²Xµ^±�¸iÁ0»Qµu·�­�²X¸F°z¯�ºl­4«)¯^±�¹~º^å�º_µu­�³ ±�º�ºl¸)ª¬¶)­�¹�¯u­�²�´�¯�ºl±�¶i­�ª¬å8ç�±�µu·ô°iÁ~±¬µ^­�¯u°zµ^±�¶i­+³5­�µ^·�¸�¹�»0Á.°z³5­�ª�å
µu·�­
ºu°z³5­4³5­�µ^·�¸�¹�°)º�´�º^­�¹&¿Ò¸)¯�µu·�­+¸)¯^±�«i±�Á�°zªOºlå�ºlµ^­�³&ë�ðO¸-¹�­�ºu²X¯u±¬®E­vµ^·�­+³+´�ª�µu±¬ª�­�¶)­�ª!³�­�µ^·�¸�¹�º�»
ç\­�Á�­�­?¹
°iª�º^¸�°�·�±¬­�¯u°i¯u²�·då�¸z¿Q³�°�µ^¯u±�²X­�º

A(1), . . . , A(L) »zç�·�­�¯u­ A(1) = A
°iÁ�¹

A(2) ±�º�° nc×nc³�°zµ^¯u±�½�»�­Xµ�²zë
Ö!±�¯uºlµ5ç�­8²X¸iÁ.ºl±�¹�­�¯
µ^·�­8©�Â�Ã0Ä+°i¼�¼�¯u¸)°)²�·0ëø÷�±¬³5±�ª�°i¯^ª�åôµ^¸ø©�ºuºl´�³5¼�µu±¬¸)Á�ú�ë¬×-±¬Á µ^·�­8µ_ç\¸zè�ª¬­�¶i­�ª
²�°iº^­i»�ç\­�Á�­�­?¹8°)º^º^´�³5¼�µu±¬¸)Á�º�¿Ò¸i¯�µ^·�­4°z¼�¼�¯u¸t½�±¬³�°zµ^±�¸iÁ�º\±�Á$µu·�­v³+´�ª¬µ^±�ª�­�¶i­�ª2²�°)ºl­)ë
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A(1) ∈ R

n×n � � � !�� ! ' � ! %�	�� � � M � 
 �

�� ��� � � �
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 � 
�"��



• A(l) � ' � � � 
 ��
�� �#!%�!��� ! 
 " � 2 × 2 � � ����- ' 
�� 	�� 
�	 ���

A(l) =

[
A

(l)
FF A

(l)
FC

A
(l)
CF A

(l)
CC

]
,

•
(
Ã

(l)
FF , Ã

(l)
FF − A

(l)
FF

) � ' � � �#�.- ���&% 	�� � � ' ��� ��
�
 � !�%��"� / � ' 
 
	�!��� �

• A(l+1) � ' %����
� ! � �

A(l+1) =
(
A/Ã

(l)
FF

)
.

ì�ú)Ø)ï

� � ���#�
�
� � (
S̃(L), S̃(L) − A(L)

) � ' � � �#�.- ���&% 	�� � � ' ��� ��
�
 � !�%��"� / � ' 
 
 �!��� �
Ù�¸zµu­�µ^·�°zµ\¿Ò¸)¯

L = 2
»�©�ºuºl´�³5¼�µu±¬¸)Á�Õ�ë ú+±�º�Á�¸iµ^·�±�Á�«5­�ª�ºl­qµu·�°zÁ¡©�ºuº^´�³5¼�µ^±�¸iÁ¡ú�ë�×ië

�ô­v±�³�³5­?¹�±�°zµ^­�ª¬å-¸i®�µ�°z±�Á$µu·�­�¿Ò¸iª�ª¬¸�ç�±�Á�«5Ã0­�³�³�°�ë
�� ����éÏ 1�¨%*2¨ ��� � ' ' 	�
 �%
 � � ! � � � " ��� � ' � ����� 
 � 
 � � �#� ' A(l), l = 1, . . . , L

� ��� !�� ! ' � ! %�	�� �
�
M � 
 �

�� � �#� ' �
# ��� �"� � ð�·�­vª¬­�³�³�°5²�°iÁ-®E­v¼�¯u¸�¶i­?¹b®då$±�Á�¹�´�²Xµ^±�¸iÁ&°zÁ�¹&ð�·�­�¸i¯u­�³ Õ�ë Ú�ë
ð�·�­v³+´�ª¬µ^±�ª¬­�¶i­�ª0©�Â�Ã2Ä�±¬µ^­�¯u°zµ^±�¸iÁ8³5°zµ^¯u±�½

T M
AMLI

±�º\µ^·�­�Á¡«i±�¶i­�Á$®då

T M
AMLI = I − C

(1)
AMLIA

(1)

ç�·�­�¯u­�¿Ò¸)¯
l = 1, . . . , L − 1

C
(l)
AMLI :=

[
Ã

(l)−1

FF 0
0 0

]
+

[
−Ã

(l)−1

FF A
(l)
FC

IC

]
C

(l+1)
AMLI

[
−A

(l)
CF Ã

(l)−1

FF IC

]

°iÁ�¹
C

(L)
AMLI := S(L)−1 ë

�ô­v¸i®�µu°z±�Á
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ρ
(
T M

AMLI

)
≤ ‖I − C

(1)
AMLIA

(1)‖w < 1.

# ��� �"� � Ö�¸i¯�ª�­�¶)­�ª L − 1
ç\­�·�°t¶i­

C
(L−1)
AMLI

:=

[
Ã

(L−1)−1

FF 0
0 0

]
+

[
−Ã

(L−1)−1

FF A
(L−1)
FC

IC

]
C

(L)
AMLI

[
−A

(L−1)
CF Ã

(L−1)−1

FF IC

]
.

÷�±¬Á�²�­
C

(L)
AMLI := S̃(L)−1 »�ç\­4²�°zÁ¡°i¼�¼�ª�å8ð�·�­�¸i¯u­�³(û.ë ú�ë�ð�·d´�º (

C̃
(L)−1

AMLI , C̃
(L)−1

AMLI − A(L)
) ±�º

°�ç\­�°i¾4¯u­�«i´�ª�°i¯Bºl¼�ª�±¬µlµ^±�Á�«v¸i¿Eþ.¯uºlµ�µ_åd¼.­)»)°zÁ.¹�º^±�Á�²X­
A(L−1) ±�ºB°iÁ M

è�³�°�µu¯^±¬½-ì�º^­�­�Ã2­�³5³�°4Õ�ë ûFï
µu·�­4°iºuº^´�³5¼�µ^±�¸iÁ�º�¸i¿!ð�·�­�¸i¯u­�³(û.ë ú5°i¯^­�º^°zµ^±�º_þ.­�¹�ë
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ð�·d´�º�»�®då&ð�·�­�¸)¯^­�³*û.ë ú�»
C

(L−1)
AMLI

±�º�Á�¸)Á�ºl±�Á�«)´�ª�°i¯�°zÁ.¹ (
C

(L−1)−1

AMLI , C
(L−1)−1

AMLI − A(L−1)
) ±�º�°

ç\­�°i¾b¯u­�«i´�ª�°i¯\º^¼�ª�±�µ^µ^±�Á�«�¸z¿!þ�¯�º_µ�µ_åd¼.­)ë
ó�­�¼E­�°�µu±¬Á�«
µu·�±�º�¼�¯u¸d²�­�¹�´�¯^­q¿Ò¸i¯�ª�­�¶)­�ª

L − 2
°iÁ�¹8°zª�ª0¸zµu·�­�¯�ª�­�¶)­�ª�º�ç\­v¸i®�µu°z±�Á

ρ
(
T M

AMLI

)
≤ ‖I − C

(1)
AMLIA

(1)‖w < 1.

Ù�­X½dµ5ç�­8²X¸iÁ.ºl±�¹�­�¯
µ^·�­8Â�©�Â�Ã0Äv³5­�µ^·�¸�¹�ë ÷d±�³5±¬ª�°z¯uª�åîµu¸ô÷d­?²}µu±¬¸)Á û�»�ç\­-²�°zÁé´.ºl­&°�ç\­�°i¾i­�¯
°)º^º^´�³5¼�µu±¬¸)Á$¿Ò¸)¯�µ^·�­4°i¼�¼�¯u¸t½d±�³�°�µu±¬¸)Á�º:´.ºl­?¹-±�Á8µ^·�­4Â~©�Â�Ã2Ä�³5­Xµu·�¸�¹�ë
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• A(l) � ' � � � 
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A(l) =

[
A

(l)
FF A

(l)
FC

A
(l)
CF A

(l)
CC

]
,

•
(
Ã

(l)
FF , Ã

(l)
FF − A

(l)
FF

) � ' � � �#�.- ���&% 	�� � � ' ��� ��
�
 � !�%��"� / � ' 
 
	�!��� �

• A(l+1) � ' %����
� ! � �

A(l+1) =
[
−A

(l)
CF Ã

(l)−1

FF I

]
A(l)

[
−Ã

(l)−1

FF A
(l)
FC

I

]
.

ì�ú�×?ï

� � ���#�
�
� � � (S̃(L), S̃(L) − A(L)
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�
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©�«)°i±¬Á0»�Á�¸zµ^­�µu·�°�µ�¿Ò¸)¯
L = 2

©�ºuºl´�³�¼�µ^±�¸iÁ�Õ�ë Ô+±�º�Á�¸iµ^·�±�Á�«5­�ª�º^­�µu·�°zÁ¡©�º^º^´�³5¼�µ^±�¸iÁ¡ú�ë Ú�ë
�ô­v±�³�³5­?¹�±�°zµ^­�ª¬å-¸i®�µ�°z±�Á8°i«)°z±�Á
�� ����éÏ 10¨ �0¨���� � ' ' 	�
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 � 
 � � �#� ' A(l), l = 1, . . . , L
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 �

�� � �#� ' �
# ��� �"� � ð�·�­vª¬­�³�³�°5²�°iÁ-®E­v¼�¯u¸�¶i­?¹b®då$±�Á�¹�´�²Xµ^±�¸iÁ&°zÁ�¹&ð�·�­�¸i¯u­�³ Õ�ë Ú�ë
ð�·�­v³+´�ª¬µ^±�ª¬­�¶i­�ª0Â�©�Â�Ã2Ä�³5­�µ^·�¸�¹8±�º\µu·�­�Á¡«)±¬¶)­�Á-®Få$µ^·�­v±¬µ^­�¯u°zµ^±�¸iÁ-³5°zµ^¯u±�½

T M
MAMLI = I − C

(1)
MAMLIA

(1),

ç�·�­�¯u­�¿Ò¸)¯
l = 1, . . . , L − 1

C
(l)
MAMLI :=

[
Ã

(l)−1

FF 0
0 0

]
+

[
−Ã

(l)−1

FF A
(l)
FC

IC

]
C

(l+1)
MAMLI

[
−A

(l)
CF Ã

(l)−1

FF IC

]

−

[
−Ã

(l)−1

FF A
(l)
FC

IC

]
C

(l+1)
MAMLI

[
−A

(l)
CF Ã

(l)−1

FF IC

]
A(l)

[
Ã

(l)−1

FF 0
0 0

]

°iÁ�¹
C

(L)
MAMLI := S(L)−1 ë

�ô­vÁ�¸�çÿ°z¯u­q°i®�ª¬­�µu¸5¼�¯^¸�¶)­�µu·�­4²X¸)Ád¶i­�¯u«i­�Á�²X­�¸z¿!µ^·�­�³
´�ª�µu±¬ª�­�¶)­�ª2Â~©�Â�Ã2Ä�³5­Xµu·�¸�¹�ë
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ρ
(
T M

MAMLI

)
≤ ‖I − C

(1)
MAMLIA

(1)‖w < 1.
# ��� �"� � ð�·�­4¼�¯u¸F¸i¿�±�º�ºl±�³5±¬ª�°z¯�µu¸�µ^·�­+¼�¯u¸d¸z¿�¸z¿Bð�·�­�¸)¯^­�³ Õ�ë Õ�ë�Ù�¸zµu­i»�µu·�°�µqç�±�µu·�ð�·�­�¸)¯^­�³ Õ�ë Ú
°iª¬ª

A(l+1) °z¯u­qÂ¡è�³�°�µu¯^±�²X­?º�ë
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−Ã

(l)−1

FF A
(l)
FC

I

]
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