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FF IC

]
A

� 	
�

−

[
IF

0

]
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ÃFF , ÃFF −AFF

) 0�B,I (
S̃, S̃ − R̃AP̃ T

) 0�4Y-:BAE3B$BA-LCD0�2?5;fg-� a5 Q;-]Q
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+

[
−Ã−1
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=
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
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A/ÃFF

)) 5=<�B,-�5;2_+�-!4�BAE3B$BA-LCD0�2?5;fg-:BAE34 [ -�0]\14Y-LCNMO@P0�4dE G`a4�<62#2�c�9$-%Q
�:-!BAX�-� R�<�<6MO. 9A2?5 E�B �'Q�� 5=<�G�MO@ `b@;@P-�I � MO2�B,E�2 R <�<6MO. 9A2?5 E�B �DQ��3Q 	 E�4Y-�E3fg-!4� [ -JE � 2 0�5;B

TAMLI =
1

220




0 55 0 0
59 4 −1 0
16 16 −4 0
4 4 −1 0


 .

),+VMV<� ),+�-�E�4�-�. �'Q?�^INE]-�<dBAE�2 +�E3@PIWMV<65;BVC/R�<�<6MO. 9A2?5 E�B��DQ��3Q
é±W�Ñ�_±ö�W�\�cmnkqaZeY[W�g�_afpW.hpÔ�É³Ô�Õ3Ö�Ë¯W�_afpc[YÃi
��� À�ÄkÅNÀ�� �3È �A�1È�� -!2 R�<�<6MO. 9A2?5 E�B �'Q�� � -J<!0�2?5=<;` -�INQ^),+�-!B

TSMAMLI = I − CSMAMLIA,
0�B,I

(C−1
SMAMLI , C

−1
SMAMLI −A)

5=<:0WBAE�BeBA-LCD0�2?5;fg-d<?9A@U5;2?2�5;BVC�E G
A
Q

��ÅNÄ5Ä����
VXÌpW�_ac¯_�fpW�Y[W �knkZ _�Zrcmn>cos:_�fpW.h[Ô�ÉXÔ�Õ5Ö�Í�Ë¯W�_�fpc[Y0Zr_±Z]q!\�ÊeW�^`g�_�fk^N_

TSMAMLI =

(
I −

[
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FF = I − 2AFF Ã−1

FF −AFF Ã−1
FF AFF Ã−1

FF

=
(
I −AFF Ã−1

FF

)(
I −AFF Ã−1

FF

)

≥ 0 .

h�c (
B̃FF , B̃FF −AFF

) Z]q±^oÊeqac�^¯nkconpnpW�lm^`_aZeÎoW�qwÐpÊeZr_w_aZenpl1i
h�Zenk\�W (

ÃFF , ÃFF −AFF

) ^onkY (
S̃, S̃ − (A/ÃFF )

) ^`g�W½npconknpW�l-^N_aZeÎoW½qaÐpÊeZ _a_aZenplmq
^`n1Y

A
Z]q±^`n*Ô*Í�Ë ^N_ag�ZrÑbö�W�lmW�_

I − S̃−1(A/B̃FF )

= I − S̃−1
(
ACC −ACF B̃−1

FF AFC

)

=
(
I − S̃−1

(
ACC −ACF Ã−1

FF AFC

))

︸ ︷︷ ︸
≥0

+ ACF︸︷︷︸
≤0

(
I − Ã−1

FF AFF

)

︸ ︷︷ ︸
≥0

Ã−1
FF︸︷︷︸
≥0

AFC︸︷︷︸
≤0

≥ 0.

h�ZeË¯ZrÊ]^`g�Êrxbö�W�loW�_
I − (A/B̃FF )S̃−1 ≥ 0.

ù�f�Ìkq (
S̃, S̃ − (A/B̃FF )

) Zeq³^`Ê]qwc¯^¯npconknpW�l-^N_aZeÎoW�qaÐpÊrZr_w_�Zrnklki
ù�fpW�gaW�s÷cog�W

CSMAMLI

fk^oq�_�fpW(q�^`Ë¯W�qw_ag�Ìk\�_aÌpg�W ^oq
CAMLI

Ï5ö!Zr_af8_afkW conpÊex¼Y[Z���W�gwÍ
W�n1\�W v�W�Zenpl*_afk^`_

ÃFF

Z]q/g�W�ÐpÊ]^o\�W�Y�v�x
B̃FF

i>h�c*ö£W(\�^on8Ì1qwW(ù�fpW�cog�W�Ë 	ki��b_�c½loW�_
_af1^N_

(C−1
SMAMLI , C

−1
SMAMLI −A)

Zeq!^�npcmnpnpW�lm^N_�ZrÎmW�qaÐpÊeZ _a_aZenpl c`s
A
i

�

� � ð�� �*��ï%ô��:ð/í ð�� ���	�8ì�� �	���	�8ì �.í0ñ	� �	���	�8ì
Ö�n _�fpZeq£qaW�\;_�Zrcmn ö�W³ö!ZrÊeÊ�\�coË¯Ðk^ogaW�_�fpWX\�con�ÎoW�galmW�nk\�W£g�^N_�W�q@c`sÃ_afkWXÉ³Ô¼Õ5ÖR^`n1Y Ô�É³Ô�Õ3Ö
Ë¯W�_�fpc[Ypq�i �8W�ö!ZeÊrÊ�Ðpg�cNÎoW½_�fk^N_>_afkW�qaÐ1WE\;_ag�^`Ê�g�^oY[ZeÌkq(cos�_afpW8Zr_aW�g�^N_�ZrcmnµË ^N_�gaZrÑ"cos
_afkW¯Ô¼É³Ô�Õ3ÖXË¯W�_�fpc[Y¼Z]q�^`Êeö�^yx�qXÊeW�q�q�_afk^on�cmg�WEø-Ìk^`Ê%_�c0_�fpW qwÐ�W�\�_ag�^`Ê�g�^oY[ZeÌkq�c`s�_afpW
Zr_aW�g�^N_�Zrcmn0Ë ^`_ag�Z Ñbcos3_�fpW/É³Ô�Õ3Ö�Ë¯W�_afpc[YÃi
É³q>Ë¯W�n-_�ZrcmnpW�YJ^`v�cNÎoWmÏ!_afpW»Zr_aW�g�^`_aZecon Ë ^`_ag�Ze\�W�q>^`g�W¼ZenkY[Ìk\�W�YBv-xµqaÐpÊeZ _a_aZenplmq�i,ù�fpW
Ë ^N_�gaZ]\�WEq

CAMLI

Ï
CMAMLI

^`nkY
CSMAMLI

\�^`n8v1W¯lmZrÎmW�n¼W�Ñ[ÐpÊrZ]\�Zr_aW�ÊrxmÏ3^oq�qaW�W�n¼Zen
_afkW�Ðpgac�cos�q�c`s9ù�fkW�cog�W�Ë 	pi �.^onkY�	pieèoè�^`nkY>Zen>ù�fpW�cog�W�Ë  1i��.cos�úeè�tyû�i ��W�f1^yÎoW



è 	

CAMLI = MS + MCG ,
��èyê`^ �

CMAMLI = MS + MCG −MCGAMS ,
�wèEêNv��

CSMAMLI = MS + (I −MSA) CMAMLI

��èyê`\ �
ö!fpW�gaW

MS

^mq�Zrn ��èEu
�£^`n1Y

MCG =

[
−Ã−1

FF AFC

IC

]
S̃−1

[
−ACF Ã−1

FF IC

]
.

Ô½cmgaW�cNÎoW�gEÏ
CAMLI

^`nkY
CSMAMLI

^ogaW8loZeÎoW�n W�Ñ�ÐkÊrZ]\�Zr_aÊex Zrn � � �>^`nkY ��èoè �;i çpcog
CMAMLI

ö£W�cmv[_�^oZrn

CMAMLI =

[
Ã−1

FF 0
0 0

]
+

[
−Ã−1

FF AFC

IC

]
S̃−1

[
−ACF B̃−1

FF IC

]
,

ö!Zr_af
B̃−1

FF = 2Ã−1
FF − Ã−1

FF AFF Ã−1
FF

i
ù�fpWEqwW�W�Ñ[ÐpÊeZe\�Z _9s÷cog�Ë.ÌpÊ]^oq:c`s[_�fpW£Ë¯^`_ag�Ze\�W�q�ÏN^`ÊeÊrcNö±q:Ìkq3_ac�ÐpgacNÎmW@^³\�coË¯Ðk^ogaZ]qwcmn�_afpW�cog�W�Ë
s÷cog�_�fpW/É³Ô¼Õ5Ö;Ï[_�fpW/Ô�É³Ô¼Õ5Ö�^`nkYb_afpW.hpÔ�É³Ô�Õ3Ö�Ë¯W�_afpc[YÃi
��� À�ÄkÅNÀ�� �3È��1È��aE3B�<65 IN-!4 2_+�- R 	 ���� 	�R 	 ��� 0�BAI 
 	�R 	 ��� .^-!2;+$E%I 0�B,I @ -�2
R <�<6MO. 9A2?5 E�B��DQ��/+$E�@PI'QW)A+$-�B

ρ(TSMAMLI) ≤ ρ(TMAMLI) ≤ ρ(TAMLI).

��ÅNÄ5Ä����
h�Zenk\�W (

ÃFF , ÃFF −AFF

) Zeq�^¬npconknpW�l-^N_aZeÎoW qaÐpÊeZ _a_aZenplµö£W cov[_�^`Zen s÷cog
B̃−1

FF =

2Ã−1
FF − Ã−1

FF AFF Ã−1
FF

Ï

B̃−1
FF − Ã−1

FF = Ã−1
FF − Ã−1

FF AFF Ã−1
FF =

(
I − Ã−1

FF AFF

)

︸ ︷︷ ︸
≥0

Ã−1
FF︸︷︷︸
≥0

≥ 0.

çpÌkgw_�fpW�g�Ë¯cog�WoÏ[Y[ÌpW�_�c
_�fpW�s�^o\�_!_afk^`_ (
ÃFF , ÃFF −AFF

) ^onkY (
S̃, S̃ − (A/ÃFF )

)
^`g�W�npconknpW�l-^N_aZeÎoW�qaÐpÊrZr_w_�Zrnklmq!^`n1Y

A
Z]q!^`n*Ô*Í�Ë ^N_ag�ZrÑbö�W�lmW�_

CMAMLI − CAMLI

=




− Ã−1
FF︸︷︷︸
≥0

AFC︸︷︷︸
≤0

IC︸︷︷︸
≥0


 S̃−1
︸︷︷︸
≥0


 −ACF︸︷︷︸

≥0

(
B̃−1

FF − Ã−1
FF

)

︸ ︷︷ ︸
≥0

IC︸︷︷︸
≥0




≥ 0.

h�ZeË¯ZrÊ]^`g�Êrx
CSMAMLI − CMAMLI ≥ 0 .

� Zr_af�ù�fkW�cog�W�Ë 	ki��(^`nkY�ù�fkW�cog�W�Ë 	kirèmè/ö�W
fk^yÎoW/_afk^`_
(C−1

AMLI , C
−1
AMLI − A)

^`n1Y
(C−1

SMAMLI , C
−1
SMAMLI − A)

^`g�W/npcmnpnpW�lm^N_�ZrÎmW.qaÐpÊrZr_w_�Zrnklmq�i�h�cb_afpWEqwW�qwÐkÊrZr_w_�Zrnpl-qX^ogaW
^`Ê]qac
ö£W�^oÒ(gaW�loÌpÊ]^`g�cos9qaW�\�cmnkYb_�x-Ð�WoiRçkÌpga_afpW�gaË¯cog�W�Y[ÌpW�_ac(ù�fkW�cog�W�Ë 	pi  

(C−1
MAMLI , C

−1
MAMLI −A)



è  

Z]qR^�ö�WE^`Ò
gaW�loÌpÊ]^`gRqaÐpÊeZ _a_aZenpl�c`s �kg�q�_�_�x�Ð�Woi �±W�nk\�WmÏov�x.Ì1qwZenpl/ù�fpW�cog�W�ËÚêpi 	kÏoö£W!cov[_�^`Zen

ρ(TSMAMLI) ≤ ρ(TMAMLI) ≤ ρ(TAMLI).

�ù�f�Ìkq�Ï`_afkW³h[Ô�É³Ô¼Õ5Ö%Ë¯W�_afkc�Y¯f1^oq9_afkW³qwË ^oÊrÊeW�qw_RqwÐ�W�\�_ag�^`Êpg�^oY[ZeÌkq�^oË�cmnpl�_afpWEqwW!Ë¯W�_af[Í
c[Ypq�Ï@ZrsX_�fpW½qwÐ�W�\�_ag�^`Ê!g�^oY[ZeZ!^`g�W0npco_¯_afpW½q�^`Ë¯Woi �£Ì[_¯_afpZ]q Z]q¯npc`_(qaÌpgaÐkgaZ]qwZenpl1Ï@qwZenk\�W
_afkW�h[Ô�ÉXÔ�Õ5Ö³Ë�W�_afpc[Y½Ì1qwWEqX^ ÐkgaW�^`nkY�^(Ð1c-q�_�qwË¯c�c`_�fpZrnklbq�_�W�Ð�Zen�\�con-_ag�^oqw_!_acb_afpW
Ô�ÉXÔ�Õ5Ö£Ë¯W�_afkc�Y5i �±cNö£W�ÎmW�gEÏm_�fpW/qaÐ1WE\;_ag�^`Ê3g�^mY[ZrÌ1q�c`s3_�fpW.Ô�ÉXÔ�Õ5Ö£Zr_aW�g�^N_�Zrcmn0Ë ^`_ag�Z Ñ
Z]q@ÊeW�q�q�_�fk^`n0cog@WEø-Ìk^`Êk_ac/_�fk^N_£c`sÃ_�fpW�ÉXÔ�Õ5Ö�Ë¯W�_afpc[YÃi��£Ì[_£v1co_af(Ë¯W�_�fpc[Ypq£ÌkqaW³^`v�coÌ[_
_afkW�q�^`Ë¯W³^oË�cmÌpn-_�cos3ö�cmgaÒTi��±W�n1\�WoÏ�v�W�qaZeYpW�qacoË¯W±Ðk^og�^oÊrÊeW�Ê1ZrË¯ÐpÊeW�Ë¯W�nm_�^N_�Zrcmn0^oqaÐ�W�\;_�q�Ï
_afkW�Ô�ÉXÔ�Õ5Ö�Ë¯W�_afkc�Y0qwW�W�Ë q@_ac�coÌ[_�Ð1W�gws÷cmgaËÚ_afkW�ÉXÔ�Õ5Ö@Ë�W�_afpc[YÃiRé³c`_�WoÏ-_afk^`_�ù�fkW�c`Í
g�W�Ë  kieè±Z]q�^oÊeqac/conkW³c`sÃ_�fpW±s÷W�ö ù�fpW�cog�W�Ë q�_�fk^N_�\�ÊeW�^`g�Êex�qw_�^`_aW�q@_af1^N_£^.Ë.ÌpÊr_aZeÐpÊeZe\�^N_�ZrÎmW
\�cmË.vpZenk^`_aZeconbcos%qaÌpvkqaÐk^m\�W�\�cog�g�W�\;_�Zrcmnkq£Y[c¯npc`_±\�cmn�ÎoW�g�loWEq�qaÊecNö�W�g���Zrn*loW�npW�g�^`Ê�s�^mq�_�W�g �
_af1^`n½^`n*^oYpYpZ _�ZrÎmW�\�coË
vpZrn1^N_aZecon3ÏpqwW�W�^oÊeqac>ú êoupÏÃè� `û¶i
Ö�n�h�W�\�_aZecon#��Ï�_�fpZeq!_afpW�cog�Z _�Ze\�^`ÊÃg�W�qaÌpÊ _!ö!ZeÊrÊ3v1W�ZeÊrÊeÌkqw_ag�^N_�W�Y0v-x0n�ÌpË¯W�g�Ze\�^`ÊTW�Ñp^`Ë¯ÐpÊeW�q�i

� � ò*�d
�ô�î�� ð�� î
��� ���
�>ï9ð�� ô � ��î:ô�ð/í*�
é±W�Ñ�_@ö�W³W�qw_�^`vkÊrZ]qwf3ÏmfpcNö _afkWX^oqax�Ë¯Ð[_aco_aZ]\!\�con�ÎmW�g�loW�n1\�W�g�^`_aW!v�W�fk^yÎmW±Zrs�_�fpWXø-Ìk^oÊrZr_�x.cos
_afkW�^oÐpÐpg�cyÑ�ZeË ^N_�Zrcmnkq�ÎN^`g�ZrWEq�i%ù:c
Y[c.qackÏ�ö£W³\�cmnkqaZeY[W�g£YpZ �TW�g�W�n-_£^oÐpÐpg�cyÑ[ZrË ^N_�Zrcmnkq

ÂFF^`n1Y
Ŝ
c`s

AFF

^`n1Yb_�fpW.h[\�f�Ìpg±\�coË¯ÐpÊeW�Ë¯W�n-_
S
i

� Zr_af _�fpW�qaW³^`ÐkÐpgacyÑ[ZeË ^N_aZecon1q%_afpW³npW�ö Zr_aW�g�^`_aZecon¯Ë ^N_ag�Z]\�W�q
T̂AMLI

^`n1Y
T̂MAMLI

^`g�W
vpÌpZeÊ]Y>^mq�Zrn � 	
��^`n1Y%�¤å
�£vpÌ[_±Ì1qwZenpl

ÂFF

^`n1Y
Ŝ
Zenkq�_�W�^mYbcos

ÃFF

^onkY
S̃
i

��� À�ÄkÅNÀ��  ÃÈ��1È
��-!2�R <�<6MO.�9,2�5 E3B �'Q�� � -J<�032�5=<_` -�I'Q���-!2 ÂFF

03BAI
Ŝ � -:0�9'9A4YE%7'5;.103K2?5 E�B�<:E G

AFF

03BAI
(A/AFF )

<6M$X�+F2;+$0�2

ÃFF ≤ ÂFF .
�wè 	 �

S̃ ≤ Ŝ.
�wè� �

	 E�4Y-�E3fg-!4� #@P-!2 (
ÂFF , ÂFF −AFF

) 03BAI
(Ŝ, Ŝ − (A/ÂFF )) � -dB,E�BeBA-LC'032�5;f�-:<?9A@U5;2?K2?5;BDC3<�Q

��-�2
T̂AMLI � -:X�E�B$<62�46M$X!2L-�IW0�< TAMLI

5;B � 	
� � c^MV<65;BVC ÂFF

0�BAI
Ŝ
Q^),+�-!B

ρ(TAMLI) ≤ ρ(T̂AMLI).

��ÅNÄ5Ä����Jh�Zrn1\�W
ÂFF

^`n1Y
Ŝ
ZrnkYpÌk\�W�npcmnpnpW�l-^N_�ZrÎmW£qaÐpÊeZ _a_aZenplmq�Ï`ö£W£ZeË¯Ë¯W�Y[Z]^N_�W�Êex/cov[_�^`Zen

v�x%�wè 	
��^onkY ��è� �@_afk^`_

Ã−1
FF − Â−1

FF = Â−1
FF︸︷︷︸
≥0

(
ÂFF − ÃFF

)

︸ ︷︷ ︸
≥0

Ã−1
FF︸︷︷︸
≥0

≥ 0 ,

S̃−1 − Ŝ−1 = S̃−1
︸︷︷︸
≥0

(
Ŝ − S̃

)

︸ ︷︷ ︸
≥0

Ŝ−1
︸︷︷︸
≥0

≥ 0 .

Ô½cmgaW�cNÎoW�g
ÂFF

^`nkY
Ŝ
s÷ÌpÊ �1ÊrÊ�_�fpW±\�cmnkY[Zr_aZeconkq9c`sTÉ³q�qwÌkË�Ðp_aZecon
	pi�æ±ö!Zr_af

ÃFF

gaW�ÐpÊ]^o\�WEY
v�x

ÂFF

i



èyæ

�±W�nk\�WmÏ�v�x�ù�fpW�cmgaW�Ë!	pi ��Ï
T̂AMLI

Zeq3Zrn1Y[Ìk\�WEY�v-x�^�npconknpW�l-^N_aZeÎoW�qaÐpÊeZ _a_aZenpl
(Ĉ−1

AMLI , Ĉ
−1
AMLI−

A)
i@Ô½cog�W�cNÎmW�gEÏ

Ĉ−1
AMLI = M̂S + M̂CG

�wèEæ
�
ö!fpW�gaW

M̂S =

[
Â−1

FF 0
0 0

]
,

M̂CG =

[
−Â−1

FF AFC

IC

]
Ŝ−1

[
−ACF Â−1

FF IC

]
.

ù�f�Ìkq�Ï%qaZenk\�W
A
Zeq
^`n

M
Í¶Ë ^`_ag�Z ÑÃÏ9ö�W(cmv[_�^oZrn»v�x»\�coË¯Ðk^ogaZenpl

C−1
AMLI

Zrn$�wèEêo^
��^onkY
Ĉ−1

AMLI

Zen �wèEæ
�R_�fk^N_

C−1
AMLI ≥ Ĉ−1

AMLI .

�±W�nk\�WmÏpv�xbù�fpW�cog�W�Ë êpi 	kÏ

ρ(TAMLI) ≤ ρ(T̂AMLI).

�Ö�nBù�fkW�cog�W�Ë æpirè�Z _*ö£^mqbÐkgacNÎmW�Y"_af1^N_�Ï³_afpW8v�W�_w_�W�g>_afkW8^oÐpÐpg�cyÑ�ZeË ^N_�Zrcmnkqb^ogaWmÏ!_afpW
qaË¯^oÊrÊeW�gX^`g�WX_�fpW.qaÐ1WE\;_�g�^oÊ5g�^mY[ZeZ5c`s9_afpW.Z _�W�g�^N_aZecon*Ë ^N_�gaZ]\�WEq�i£é±co_aW�_�fk^N_Xù�fkW�cog�W�Ë æ[ieè
loZeÎoWEqR^/Y[Zeg�W�\;_£\�coË¯Ðk^ogaZ]qacon¯c`sT_afkWXqaÐ1WE\;_ag�^`Êkg�^mY[ZrZ¶Ï-npc`_@cmnpÊex�^/\�coË¯Ðk^ogaZ]qwcmn
cosÃv1cmÌpnkYpq
s÷cog�_�fpW/qaÐ1WE\;_ag�^`ÊÃg�^oYpZrZ¶i
Ö�s�conpW cmnpÊrx¼ö£^onm_�q�_ac½Ë¯c[Y[Zrs÷x�_afkW(^`ÐpÐpg�cyÑ[ZrË ^`_aZecon¼cos�_�fpWbh[\�f�Ìpg/\�coË¯ÐpÊeW�Ë¯W�n-_�Ï3_afpW
qw_�^N_�W�Ë¯W�n-_/cos�ù�fpW�cog�W�Ë æpirè \�^`n8v1W(W�Ñ[ÐpgaWEqaqaW�Y¼Zrn»_�fpW¯s÷coÊeÊecNö!Zrnpl*ö�^yxoi Õ5W�_

S1
^onkY

S2
v�W�_�ö£c(^`ÐpÐpg�cyÑ[ZrË ^`_aZeconkq£c`s (

A/ÃFF

) i£é±cNö Y[W�npco_aW�v�x
TAMLI(Si)

_afkW.É³Ô�Õ3Ö
Zr_aW�g�^N_�Zrcmn0Ë ^`_ag�Ze\�W�q!^oq£Zen � 	
��ÏpÌkqaZrnkl
_�fpW/^`ÐkÐpgacyÑ[ZeË ^N_aZecon

Si

Ï
i = 1, 2

i
� ÄkÅNÄ�à�à¤á[ÅyÁ  5È=�5È ��-!2 R�<�<6MO. 9A2?5 E�B �'Q�� � -d<!032�5=<_`#-�I'Q � -!2 S1

03BAI
S2 � -10�9'9A4YE%7'5;.103K2?5 E�B�<:E G

(A/AFF )
<6M$X�+ 2;+$0�2

S̃ ≤ S1 ≤ S2.
�wè�å �

	 E�4Y-�E3fg-!4� a@P-!2
(S2, S2− (A/ÃFF ))

03BAI
(S2, S2− (A/ÃFF )) � -�BAE3B$B,-?CD0�2?5;f�- <?9A@U5;2?K2?5;BDC3<�Q1),+�-!B

ρ(TAMLI) ≤ ρ(TAMLI(S1)) ≤ ρ(TAMLI(S2)).

é±W�Ñ�_³ö�W
\�con1qwZ]Y[W�g±_afpW.Ô¼É³Ô�Õ3Ö!Ë�W�_afpc[YÃi!ÉXq±Ë¯W�n-_aZeconkW�Y½^`v�cNÎoWmÏ �RÊ]qwnkW�gXqafpcNö£W�Y>Zen
úeèoè;û9_afk^`_X_�fpW�g�W.Z]qXnpc0\�coË¯Ðk^`g�Z]qwcmn0_�fpW�cmgaW�Ë s÷cog³ö£W�^oÒ*gaW�loÌpÊ]^`g³qaÐpÊeZ _a_aZenplmq�qaZrË¯ZeÊe^og±_ac
ù�fpW�cog�W�Ë q!ê[i�ê.^onkY>êpi 	kiRh�Zrn1\�W�_afkW�Ô¼É³Ô�Õ3Ö�Ë¯W�_�fpc[Y>Zeq�ZenkY[Ìk\�W�Y0v�xb^�ö�WE^`Ò g�W�loÌkÊe^og
qaÐpZ _a_aZenpl c`s��kg�q�_¯_�x�Ð�WoÏ!\�cmË�Ð1^`g�Zeqaconõ_afpW�cog�W�Ë q¯ÊrZeÒoW*s÷cmg¯_afpW�ÉXÔ�Õ5Ö¯^`n1Y¬hpÔ�É³Ô�Õ3Ö
Ë¯W�_�fpc[Y#��qaW�WXv1W�ÊrcNö ��\�^`n(nkc`_@v�W³Ðpg�cNÎoWEY�Zrn _�fk^N_£ö£^yxmi��£Ì[_£ö�WX^`g�W³^`vpÊeW!_�c.W�qw_�^ovpÊeZeqaf
_afkW�s÷coÊeÊrcNö!Zenpl�gaWEqwÌpÊr_�q�i
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ÂFF

0�B,I
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) 03BAI
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‖TMAMLI‖w ≤ ‖T̂MAMLI‖w
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��ÅNÄ5Ä���� �³qaZrnklb_�fpW qa^oË�W�^`g�loÌpË¯W�nm_�qX^mq³Zen�_�fpW�Ðpgac�cos@c`s�ù�fkW�cog�W�Ë æpirè
ö�W�cov[_�^`Zen
_af1^N_

ÂFF

^`n1Y
Ŝ
s÷ÌpÊ �1ÊrÊ�_�fpW \�cmnkY[Zr_aZeconkq�c`s�É³q�qwÌkË�Ðp_aZecon 	pi åpi �³W�nk\�WoÏ5v�x�ù�fpW�cog�W�Ë

	pi  kÏ
T̂MAMLI

Z]q�Zrn1Y[Ìk\�WEY>v-x0^
ö£W�^oÒ(g�W�loÌkÊe^og�qaÐpÊeZ _a_aZenpl c`s��kg�q�_�_�x�Ð1Wmi
Ö�nJcog�Y[W�g0_ac¬ÌkqaW ù�fpW�cmgaW�Ë ê[i�æ ö£W�nkW�W�Y _ac \�coË¯Ðk^`g�W�_�fpW»Zrn1Y[Ìk\�WEY qwÐpÊeZr_w_aZenpl-q0cos
TMAMLI

^onkY
T̂MAMLI

i9Ö�n>Y[W�_�^`ZeÊ¤Ï�ö£W³ö�^`n-_@_�c�\�coË¯Ðk^ogaW
CMAMLI

^`n1Y
ĈMAMLI

Ï
ö!fpW�gaW

ĈMAMLI = M̂CG + M̂S − M̂CGAM̂S ,

^`n1Y

M̂S =

[
Â−1

FF 0
0 0

]
,

M̂CG =

[
−Â−1

FF AFC

IC

]
, Ŝ−1

[
−ACF Â−1

FF IC

]
,

^`n1Y

−M̂CGAM̂S =


 Â−1

FF AFC Ŝ−1ACF

(
IF − Â−1

FF AFF

)
Â−1

FF 0

−Ŝ−1ACF

(
IF − Â−1

FF AFF

)
Â−1

FF 0


 .

�wè � �

Ö�_±ö�^oq£W�qw_�^ovpÊrZ]qafpW�Y>Zenb_�fpW�Ðpg�c-cos:cos%ù�fpW�cog�W�Ë æpirèX_af1^N_

MCG + MS ≥ M̂CG + M̂S .

�£x Ì1qwZenpl»_afkW�Ô*Í�Ë ^N_ag�ZrÑ Ðpg�coÐ�W�ga_aZeW�q cos
A
Ï!ÌkqaZrnkl!��è � � ^onkY ��èEt
��Ï±^onkY¬ÌkqaZrnkl _afpW

qw_ag�Ìk\;_�ÌpgaW �wè �
��ö£W�loW�_!_�fk^N_

−MCGAMS ≥ −M̂CGAM̂S.

�±W�nk\�WmÏ

CMAMLI ≥ ĈMAMLI .

ù�fpW�gaW�s÷cog�WoÏ�v�x0ù�fpW�cog�W�Ë,ê[i�æ
ö�W�lmW�_!_afkW/Y[W�qaZrg�W�YbgaWEqwÌkÊ _Ei
�É³q�s÷cmg�_afpW(ÉXÔ�Õ5ÖXË�W�_afpc[Y�ö�W¯cmv[_�^oZrn�_afpW�s÷cmÊrÊecNö!Zrnkl>\�cog�coÊeÊe^ogax0_afk^`_�Ë�WE^oqaÌpg�W�qX_afpW

ø-Ìk^`ÊeZr_�x.c`sT_�fpW³^`ÐkÐpgacyÑ[ZeË ^N_aZecon
c`sT_afkW ��^`g�ÊrW�gaÒ�Zen
Ðkgac[Y[Ìk\�_�i�ù�fpW�gaW�s÷cog�WoÏ`ÊeW�_
S1
^`nkY

S2v�W³_�ö£c
^oÐpÐpg�cyÑ�ZeË ^N_�Zrcmnkq�c`s
R̃AP̃ T

i �£x
TMAMLI(Si)

^`nkY
TSMAMLI(Si)

ö�W³_afpW�n
Y[W�npc`_�W±_afkW�Ô�ÉXÔ�Õ5ÖR^onkYbh[Ô¼É³Ô�Õ3ÖRZ _�W�g�^N_�Zrcmn Ë¯^`_ag�Ze\�W�q£^oq@Zrn ��å
�@^`nkY�� � �RÌkqaZrnpl._afpW
^`ÐkÐpgacyÑ[ZeË ^N_aZecon

Si

Ï
i = 1, 2

i
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S̃ ≤ S1 ≤ S2,
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0�B,I
(S1, S1 − R̃AP̃ T )
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(S2, S2 − R̃AP̃ T )
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‖TMAMLI‖w ≤ ‖T̄MAMLI(S1)‖w ≤ ‖T̄MAMLI(S2)‖w.

ù�fpW � cog�coÊeÊ]^`g�ZrWEq£æpi ê�^`n1Y>æpi  ¯Ðpg�cNÎ�ZeY[W�qacoË¯W�gaW�ÊrW�Îy^on-_£Zen[s÷cog�Ë ^N_�Zrcmnbs÷cmg�_afpW�Ðpg�^o\�_aZ]\�^`Ê
ÌkqaW0cos�ÉXÔ�� Ë¯W�_�fpc[Ypq�i �³^yÎ�Zenpl»^¼lmc-c[Y ^`ÐpÐpg�cyÑ[ZrË ^`_aZecon c`sX_afpW*vpÊec[\�Ò

AFF

Ï@_afpW
^`ÐkÐpgacyÑ[ZeË ^N_aZecon�c`s�_afkWXh[\�f�Ìpg@\�coË¯ÐpÊeW�Ë¯W�n-_

S
cog%_�fpW ��^oÊrW�gaÒ�Zen�Ðkgac[Y[Ìk\�_@Z]qRqwcmË¯W�ö!fk^`_

Ë¯cog�W�YpZ �(\�ÌkÊ _Ei@h�Ìk\�f0^on0^oÐpÐpg�cyÑ�ZeË ^N_�ZrcmnbqwfkcoÌpÊ]Y(npco_£v�W�_ac
s�^`g!^yö�^yx.s÷g�coË _�fpW�cog�ZrloÍ
Zenk^`Ê:vpÌ[_XZr_�qafpcmÌpÊeY�v1W.^oÊeqacbqaÐk^`g�qaWoi!ù�fpW.^ov1cNÎmW.ù�fpW�cmgaW�Ë q!cog � cmgacmÊrÊ]^`g�ZeW�q�ZenkY[Z]\�^N_�WoÏ
fpcNö6_afpW>qwÐ�W�\�_ag�^`ÊRg�^oYpZrZ�cog�_�fpW(v�coÌpnkYkq�s÷cog._afpW�Ë YpW�Ð�W�nkY cmn»_afpW0ømÌ1^`ÊeZ _�x8c`s±qaÌk\�f
^`ÐkÐpgacyÑ[ZeË ^N_aZecon1q�i
Ô½cmgaW�cNÎoW�gEÏE_afpW�cog�W�_�Ze\�^`Ê[q�_�^N_�W�Ë¯W�n-_�q�\�^`n�npcNöõv�W!Ë ^oY[W�v�W�_�ö£W�W�n�ÉXÔ��µË¯W�_afpc[Ypq%_�fk^N_
ÌkqaW�^`ÐpÐpg�cyÑ[ZrË ^`_aZeconkq£c`s:_afpW.hp\�f-Ìkg±\�coË¯ÐpÊeW�Ë¯W�nm_

(
A/ÃFF

)

cog±^oÐpÐpg�cyÑ[ZrË ^N_�Zrcmnkq�c`s9_afpW ��^`ÊeW�g�Ò�Zrn>Ðpg�c[Y[Ìk\;_

R̃AP̃ T =
[
−ACF Ã−1

FF I
]
A

[
−Ã−1

FF AFC

I

]
.

Õ5W�_

S1 := ACC ,

S2 :=
(
A/ÃFF

)
,

S3 :=
[
−ACF Ã−1

FF I
]
A

[
−Ã−1

FF AFC

I

]
.

Ö�_±Z]q!qwfpcNö!n>Zen8úeè�tNû5_afk^`_
S1, S2

^`nkY
S3
^ogaW�npcmnkqwZenplmÌpÊe^og

M
Í¶Ë ^N_�gaZ]\�WEq�^`nkY0_af1^N_

ACC ≥
(
A/ÃFF

)
≥
[
−ACF Ã−1

FF I
]
A

[
−Ã−1

FF AFC

I

]
≥ (A/AFF )

�¶ê[è �

fpcmÊeYpq�i
VXÌpW�_ac>_�fpW�qaW¯ZrnpWEø-Ìk^`ÊeZ _�ZrWEqX_afpW ^`ÐkÐpgacyÑ[ZeË ^N_aZecon1q
S1
^onkY

S2
s÷ÌpÊ��kÊeÊ�_afkW¯\�con[Í

Y[Zr_aZeconkq0c`s.ÉXqaqaÌpË¯Ð[_�Zrcmn 	pi�æ ^`n1Y¬_afpW8^`ÐpÐkgacyÑ[ZeË¯^`_aZeconkq
S1
Ï

S2
^`n1Y

S3
s÷ÌkÊ �kÊeÊ�_afpW

\�cmnkY[Zr_aZeconkq�cos%ÉXqaqaÌpË¯Ð[_�Zrcmn�	ki åki
�±W�nk\�WmÏpö£W�cmv[_�^oZrn0_afkW�s÷coÊeÊrcNö!Zenpl \�cmË�Ð1^`g�Zeqacon5i
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ρ(TAMLI(S2)) ≤ ρ(TAMLI(S1)).
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‖TMAMLI(S3)‖w ≤ ‖TMAMLI(S2)‖w ≤ ‖TMAMLI(S1)‖w
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g�^oY[ZeÌkq�i9ù�fpW�gaW�s÷cog�WoÏ-ö�W³W�Ñ[Ð1WE\;_£_afk^`_@_�fpW ��^oÊrW�gaÒ�Zen¯_�x�Ð1W�Ô�É³Ô¼Õ5Ö�Ë¯W�_�fpc[Yb\�cmn�ÎoW�g�loWEq
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_ac
qwW�WoÏ`_�fk^N_�ö�W³\�^`n¯loW�_R_afkW³qa^oË¯W³\�cmË�Ð1^`g�Zeqacon
_afpW�cog�W�Ë q%s÷cmg�_afpW�h[Ô�ÉXÔ�Õ5Ö%Ë¯W�_�fpc[Y
^oq�ö£WXÐpg�cNÎoWEY�s÷cog�_afpW�ÉXÔ�Õ5ÖRË¯W�_afpc[YÃi �£c`_�fbË¯W�_�fpc[Ypq�^`g�W³ZenkY[Ìk\�W�Y(v�x npcmnpnpW�lm^N_�ZrÎmW
qaÐpÊrZr_w_�Zrnklmq�i ��W�Ë¯W�n-_�Zrcmnb_�fpW�qaW/\�cmË�Ð1^`g�Zeqacon0gaWEqwÌpÊr_�q�vkÌ[_±ö�W�cmË�Zr_!_afkW�Ðpgac�cos�q�fkW�g�Woi
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ÃFF ≤ ÂFF ,

S̃ ≤ Ŝ.
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T̂SMAMLI � ->X�E3B�<62?46M$X�2 -�I�0�< TSMAMLI
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ÂFF

0�BAI
Ŝ
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ρ(TSMAMLI) ≤ ρ(T̂SMAMLI).
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S̃ ≤ S1 ≤ S2,
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�

0�B,I
(S1, S1 − R̃AP̃ T )
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(S2, S2 − R̃AP̃ T )
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ρ(TSMAMLI ) ≤ ρ(TSMAMLI(S1)) ≤ ρ(TSMAMLI(S2)).

é±co_aWmÏ%_afk^`_._afkWbö£cog�Ò¼Ð�W�g�Z _�W�g�^N_aZecon cos�_afpW*h[Ô�É³Ô¼Õ5Ö/Ë¯W�_�fpc[Y Z]q/Ê]^`g�loW�g/_afk^on _afpW
ö£cog�Ò¯s÷cog�_afkW/Ô�É³Ô�Õ3Ö£^onkY>É³Ô�Õ3Ö�Ë¯W�_�fpc[Ypq�i
É³q9Ë¯W�n-_�ZrcmnpW�Y�Zen�h[W�\;_�Zrcmn�êpÏ`q�_�gaZ]\;_9ZrnpWEø-Ìk^`ÊeZ _�x�\�coË¯Ðk^`g�Z]qwcmn�gaWEqwÌpÊr_�q9\�^on.v�W�ÐkgacNÎmW�Y�s÷cog
_afkW�^oÊrlmW�vpg�^`Z]\�Ë
ÌpÊ _�ZrlmgaZ]Y/Ë¯W�_afpc[Ypq�i:ù�fpW�gaW�s÷cog�W@ö£W�f1^yÎoWR_�cXÌ1qwW�\�cmË�Ð1^`g�Zeqacon�_�fpW�cmgaW�Ë¯q
ÊeZrÒmW>ù�fpW�cog�W�Ë�ê[i  ki ��Ìp_
_�c¼s÷ÌpÊ��kÊeÊ�_afpW½^mqaqaÌpË¯Ð[_aZecon1q
cos±_afkZeq
_afkW�cog�W�Ë ö£W>npW�WEY _ac
^oq�qaÌpË¯W�g�W�qw_ag�Z]\;_aZeÎoW�Ðpg�coÐ�W�ga_aZeW�q�cos3_afkW/^`ÐpÐpg�cyÑ[ZrË ^`_aZeconkq

Ã
^`n1Y

S̃
iRù�fkZeq!\�^`n*v1W/qaW�W�n

v�x s÷coÊeÊecNö!Zrnpl�_�fpW�Ðpg�c-cos�q£c`s%coÌpg±\�coË¯Ðk^`g�Z]qwcmn _afpW�cog�W�Ë q�i
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��d� �:ô�ó �d
õô�î���ï���î9ô��d� � �£î
�>ð ñ��
Ö�n(_�fpZ]q£qaW�\�_aZecon(ö£WX\�coË¯Ðk^ogaW³_afpW�Ë.ÌpÊr_aZelog�Z]Y Ë¯W�_afkc�Ykq�ö!Zr_af>\�Ê]^oq�qwZ]\�^oÊkZr_aW�g�^`_aZeÎoW³Ë¯W�_af[Í
c[Ypq�ÊeZrÒmW�_afpW�vpÊec[\�Ò �m^m\�cmvpZ5^`nkY0vpÊec[\�Ò���^`Ìkq�qwÍ�h�W�ZeYpW�ÊÃË¯W�_�fpc[YÃi
h-_�^`ga_aZenpl±ö!Zr_af/_�fpW@vkÊrc[\�Ò�Ðk^`ga_aZr_aZeconpZenpl �¤ê ��Ïy_afpW�W�Ñp^o\�_3vpÊec[\�Ò �-^o\�covpZm^`nkY�vkÊrc[\�Ò���^`Ìkq�q�Í
h�W�ZeY[W�Ê5Ë¯W�_�fpc[Ypq ��qaW�W�Wmi l1i£ú�ê
�Eû ��^ogaW�loZeÎoW�n0v�x _�fpW�s÷coÊeÊecNö!Zrnpl�Zr_aW�g�^N_�Zrcmn0Ë ^`_ag�Ze\�W�q

TBJ = I − CBJA,

TBGS = I − CBGSA,

ö!fpW�gaW
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CBJ =

[
A−1

FF 0
0 A−1

CC

]
,

CMS =

[
A−1

FF 0
A−1

CCACF A−1
FF A−1

CC

]
.

�£x½ÌkqaZrnpl0npcon1qwZenploÌkÊe^og�^oÐpÐpg�cyÑ�ZeË ^N_�Zrcmnkq
ÃFF

s÷cog
AFF

^`n1Y
S̃
s÷cmg

ACC

ö�W�cov[_�^`Zen
_afkW/\�cog�g�W�qaÐ1cmnkY[Zenpl.ZenpW�Ñp^m\;_±Ë¯W�_�fpc[Ypq!^`nkY0_�fpW�Z _�W�g�^N_�Zrcmn0Ë ^N_�gaZ]\�WEq

TAS = I − CASA,

TMS = I − CMSA,

ö!fpW�gaW

CAS =

[
Ã−1

FF 0

0 S̃−1

]
,

CMS =

[
Ã−1

FF 0

S̃−1ACF Ã−1
FF S̃−1

]
.

�8W�W�^oqaZeÊrx(cmv[_�^oZrn

TAS = I −

[
0
IC

]
S̃−1

[
0 IC

]
A

−

[
IF

0

]
Ã−1

FF

[
IF 0

]
A,

^`n1Y

TMS =

(
I −

[
0
IC

]
S̃−1

[
0 IC

])

·

(
I −

[
IF

0

]
Ã−1

FF

[
IF 0

]
A

)
,
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^`nkY
TMS
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ρ(TAMLI) ≤ ρ(TAS),

ρ(TMAMLI ) ≤ ρ(TMS).
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D
_afkW.Y[Z]^`locmnk^`Ê

Ë ^N_�gaZrÑ(ö!Z _�f
djj =

∑
i gij

Ï
e
Zeq�^
ÎoW�\�_acmg�ö!Zr_af>^`ÊeÊ�cmnpW�q�Ï[^`nkY

δ
Z]q@_�fpW�Ðpgacmvk^`vkZrÊeZ _�x¯cos

��ÌpË¯ÐpZenpl s÷g�coË conpW/Ð1^`loW�_�cb^`npco_afpW�g!ö!Z _�fpcoÌp_±s÷coÊeÊrcNö!Zenpl(^¯ÊeZrnkÒ�Ï1Z¤i Woi
δ = (1− p)/n

i
" npWb\�^`n qaW�Wb_afk^`_�^oq.Êrcmnpl�^oq

p
Z]q.qw_ag�Ze\�_aÊex»ÊrWEqaq/_afk^on conpWmÏ9_afpW>\�c�W �(\�ZeW�n-_.Ë ^`_ag�Z Ñ

I − pGD
Zeq±^�npcmnkqaZrnplmÌpÊ]^`g!Ô*Í�Ë¯^`_ag�Z ÑÃi

Ö�n
_afpZ]q�Ðk^oÐ1W�g�ö�W�ÌkqaW�Y._ac�qaW�_RÌpÐ
_afpW!ÊeZenpW�^og%qax[q�_�W�Ë �¶êoæ
�5_�fpW±^`ÊelocmgaZr_afkË Y[W�q�\�g�Zrv�W�Y
Zen
úeè �[Ï � fk^oÐ[_aW�g³êyû�i���W�qw_�^`ga_aWEY _�fpW�g�^onkY[cmË ö£^oÊrÒ¯con>conkW�cos5_afkW/^`Ì[_�fpcog�q@fkcoË¯W�Ðk^oloW��
^`n1Y*gaWEq�_�gaZ]\;_�W�Y>Ìkq!_�c

1024
ö�W�vpÐk^`lmW�q�i£ù�fkW.Ðpg�covk^ovpZeÊrZr_�x

p
s÷cmÊrÊecNö!Zrnkl(^ ÊrZenpÒ>ö£^mq±qaW�_

_ac
0.85

i
������� 2 ����ÿ�
 2 ÿ��3�
	��6� ,���ý 2 .�����
�� ��ýyþ��



êpè
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10−6 i

(F,U)←
Ù â ���%à�À � Ä�á[ÅNÇ�â¤ä����

A �Ü@À���â�ä
F = ∅

Ï
C = ∅

Ï
U = {1, . . . , n}Â � â¤à�À

U 6= ∅
Æ9Ä

(i, j)← arg max
i,j∈U,i6=j

|aij |

F ← F ∪ {i}
C ← C ∪ {j}
U ← U \ {i, j}À�ä:Æ

À�ä:Æ × à���ÄkÅNâ÷ß � � � �@h�ZeË¯ÐpÊrW � c-^`g�qwZenpl
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q�^`Ë¯Woi

É³Ô�Õ3Ö Ô�É³Ô¼Õ5Ö h[Ô�ÉXÔ�Õ5Ö
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� ê  ê 	
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AFF

^onkY
(
A/ÃFF
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ÉXÔ�Õ5Ö Ô¼É³Ô�Õ3Ö h[Ô�É³Ô¼Õ5Ö
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	oumt uki  � 	-ê upi 	ou  
 upi  �Nu-ê upi�ê
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	 èoieè� �  
_aZeË¯W�Ð1W�g!Z _�W�gEiRq�_�W�Ð uki u � 	-æ uki umtou-ê uki u � 	  upi uotou-æ upi u �  -å upi uot-ê[è

ù9^`vpÊeW.ê � � cmË�Ð1^`g�Zeqacon0c`s9_afpW�ø-Ìk^`ÊeZr_�x(c`s9_afpW/^oÐpÐpg�cyÑ[ZrË ^N_�Zrcmn

Ö�n½ù:^ovpÊeW 	¯ö£W�\�cmË�Ð1^`g�W�^oÐpÐpg�cyÑ�ZeË ^N_�Zrcmnkq£c`s9_afpW.h[\�f�Ìpg±\�coË¯ÐpÊeW�Ë¯W�n-_!ö!Zr_af½^`ÐpÐkgacyÑ[ZrÍ
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Ô¼É³Ô�Õ3Ö h[Ô�É³Ô¼Õ5Ö

qaÐ1WE\;_ag�^`ÊÃg�^oYpZrÌkq uki 	mu  
 upi�ê
��èmè upi�ê
���mt upi�ê`å  mu
Zr_aW�g�^N_�Zrcmnkq èyæ è� è� è 	
Zr_aW�g�^N_�Zrcmnb_�ZrË¯W èmi êou �  èoieèEê`t � èoieè� �  èoi uoå �ou
_aZeË¯W�Ð1W�g!Z _�W�gEiRq�_�W�Ð uki umtou-æ upi uotoumå upi uotmêpè upi uot-êoê
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��^`ÊeW�g�Ò�Zrn>Ë ^N_�gaZrÑ
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