Weierstraf3-Institut
fur Angewandte Analysis und Stochastik

im Forschungsverbund Berlin e.V.

Preprint ISSN 0946 — 8633

Scattering matrix, phase shift, spectral shift
and trace formula for one-dimensional

dissipative Schrodinger-type operators

H. Neidhardt, J. Rehberg

submitted: August 26, 2005
Weierstrass-Institute for Applied Analysis and Stochastics,
Mohrenstr. 39, D-10117 Berlin, Germany,

E-Mail: neidhard@wias-berlin.de,
rehberg@wias-berlin.de

No. 1045
Berlin 2005

wiilals

1991 Mathematics Subject Classification. 4T7A20, 47B44, 47A40.

Key words and phrases. dissipative Schrodinger-type operators, Sturm-Liouville operators, self-adjoint
dilation, characteristic function, Lax-Phillips scattering theory, scattering matrix, phase shift, spectral shift,
trace formula, Birman-Krein formula.



Edited by

Weierstraf3-Institut fiir Angewandte Analysis und Stochastik (WIAS)
Mohrenstrafle 39

10117 Berlin

Germany
Fax: + 49 30 2044975
E-Mail: preprint@wias-berlin.de

World Wide Web:  http://www.wias-berlin.de/



CONTENTS 1

Abstract

The paper is devoted to Schrodinger operators on bounded intervals of the real axis with
dissipative boundary conditions. In the framework of the Lax-Phillips scattering theory
the asymptotic behaviour of the phase shift is investigated in detail and its relation to the
spectral shift is discussed. In particular, the trace formula and the Birman-Krein formula
are verified directly. The results are exploited for dissipative Schrédinger-Poisson systems.
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1 Introduction

Stationary Schrodinger-Poisson systems play an important role for the quantum description
of semi-conductors, cf. [27, 28, 29, 34, 35, 36]. The main ingredient of such systems is a
Schrédinger operator which defines the carrier densities entering into the Poisson equation.
It urns out that as far as the involved Schrodinger operator is defined by self-adjoint
boundary conditions the arising current densities are always zero. Hence, carrier transport
cannot, be modelled by self-adjoint boundary conditions. A natural way to overcome this
problem is to replace them by dissipative ones [10, 12, 13, 24, 25] or, more advanced, by
families of dissipative operators with spectral parameter dependent dissipative boundary
conditions, cf. [9, 11, 15, 16, 19]. In order to handle dissipative Schrédinger-Poisson
systems a detailed investigation of dissipative Schrodinger operators and a comprehensive
knowledge of their properties is highly desirable.

Moreover, besides the physical relevance of dissipative Schrodinger operators there is an
intrinsic mathematical interest in such operators since they are examples of non-selfadjoint
operators which admit a fairly good investigation. The powerful tool for this is the dila-
tion and model theory for dissipative operators, cf. [18]. With respect to physical appli-
cations the self-adjoint dilation of a dissipative Schrédinger operator can be regarded as
the Hamiltonian of a closed quantum system in which the dissipative Schrédinger system
is embedded. This gives rise to interpret dissipative systems as open ones. There is an
rich literature on dissipative Schrodinger operators, their dilations and eigenfunction ex-
pansions mainly for Sturm-Liouville operators [2, 3, 5, 7],[38]-[41] but also for Schridinger
operator in higher dimensions, cf. [37]. The investigations are extended to matrix-valued
dissipative Sturm-Liouville operators, see [4, 6, 8].

From [18] it s known that dissipative operators are completely described by the charac-
teristic function which is an analytic contraction-valued operator function defined in the
lower half-plane. It turns out that the characteristic function of a dissipative operator can
be regarded as the scattering matrix of a suitable posed Lax-Phillips scattering theory,
cf. [32]. In view of dissipative Schrodinger-Poisson systems the characteristic function is
a very important quantity, too. In fact, it is directly related to the current density of
such systems, cf. [11, 12, 24], and the asymptotic properties of the so-called phase shift
strongly affects the definition of the carrier density. We show this in a forthcoming paper
[33]. Current and carrier densities, however, are crucial for Schrodinger-Poisson systems
with carrier transport.

In the following we consider Schrédinger-type operators H[kq, ki, V] defined by

(Hlka, k5, V]g)(z) = ([V]g)(z), g€ dom(H[na,nb, V),
L f'(x) e W2,
dom(H|[kq, kb, V]) = 4 feWL2(Q): Zml(a) f'(a) = —kaf(a),
smy ' (0) = Ky f (D)
where
UVl (@) = 22 L L o0y 4 Via)g(a),

such that the boundary coefficients obey k4,4, € C; = {z € C : Sm(z) > 0} and the
potential V' € L*°(€) is real. Throughout the paper we always assume that m is a real
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function obeying

1
0<m+— € L=(Q)
m

without mentioning this explicitly in the following. In [26] we have calculated the charac-
teristic function O[k,, kb, V], the self-adjoint dilation K[k, ks, V] of H[k,, ks, V] as well
as the generalized eigenfunctions of K|[k,, ks, V] for the case k,, 6k, € C1 := {z € Cy :
Sm(z) > 0}. Now we are interested in the associated Lax-Phillips scattering theory, the
phase and spectral shifts and their asymptotic behaviour.

The paper is organized as follows. In Section 2 we introduce a boundary triplet which
allows us appropriately to describe self-adjoint and maximal dissipative Schrodinger-type
operators used in the following. In particular, we verify in this way some properties of
Schrodinger-type operators not proven in [26] and introduce the characteristic function
quite different from [26] in terms of that boundary triplet. In Section 3 we give a short
introduction to the Lax-Phillips scattering theory for Schrédinger-type operators. Section 4
is devoted to the phase shift of the Lax-Phillips scattering theory; in particular, asymptotic
estimates of the phase shift are verified. Finally, in Section 5 we introduce the spectral shift
for the pair {H|[kq, ks, V], Hp[V]} where Hp[V] is the the self-adjoint operator generated
by I[V] with Dirichlet boundary conditions. The existence of the spectral shift follows from
an abstract result proven in [1].

Notation: Hilbert spaces are denoted by Gothic letters, for instance $ = L?(Q), the
dilation space 8, etc, where LP(2), 1 < p < oo, denoted the usual Banach spaces of
summable functions on @ C R. If we have in mind real functions, we write L% (2). By
WhP(Q), p > 1,1 > 1, we denote the standard Sobolev spaces. The norm of a Banach
space X is denoted by | - ||x or simply by || - ||. The scalar product of a Hilbert space § is
denoted by (-, )5 or simply by (-,-). In the special case of the Hilbert space C? we use the
notation (-, -) for the scalar product. The set of bounded operators on some Banach space
X is denoted by B(X). For a densely defined linear operator A : X — X we denote by A*,
spec(A) and res(A) its adjoint operator, the spectrum and resolvent set, respectively.

2 Dissipative Schrodinger-type operators

2.1 Boundary triplets, Weyl function and ~-field

We note that the operators Hlk,, ks, V], ka, k5 € C;, and Hp[V] can be regarded as
dissipative or self-adjoint extensions of one and the same closed symmetric operator S[V],

(S[Vl]g)(z) := (l[V]g)(z), g € dom(S[V]),
#g’ e wi2
dom(S[V]) = {gew'?(): 9(b) = 5k59'(h) =0 21
g(a) = 2m1(a) g'(a) =0

which has the deficiency indices (2,2). The adjoint operator S[V]* is given by

(SVI'g)(z) = ([VIg)(=), g€ dom(S[V]),
dom(S[V]*) = {geW'?(Q):1g e w2},



It is straightforward to verify that (C?,Ty,T';) performs a boundary triplet for S[V]*,
for definition see [23] and references therein, where Ty, : dom(S[V]*) — C? are linear
operators, given by

(Y Ly po o L[ ame®
F()g = ( —g((l) ) d Flg = 2 ( m%a)g'(a) . (22)

That is, one has to show that Green’s identity

(SIVI"f,9) — (f,S[V]*g) = (1 f,Tog) — (Tof,T1g), f,9 € dom(S[V]"),

is satisfied and the operator I' : §§ — C2 @ 2,

|

Tf:=Tof®T1f, f € dom(T):=dom(S[V]),

is surjective, which can be easily seen. We note that the selfadjoint extension Hp[V] :=
S[V]* | ker(I'y) corresponds to the Dirichlet boundary conditions, that is,

1
dom(Hp[V]) = {g € WH0) : 2o € WH(9), f(a) = () =0}
m
Let B a dissipative or self-adjoint operator on the Hilbert space C?. By
Hp[V]:= S[V]*| ker(I'y — BT)
one defines a maximal dissipative or self-adjoint extension of the symmetric operator S[V].

Setting
K= (I:]b 0) y Ka, Kb 6@:

Ka
we find that H_.[V] = H[ka, &, V].

The defect subspace of S[V] at the point z € C is denoted by N,[V], i.e., N[V] =
ker(S[V]* — z), z € C;. For every z € res(Hp[V]) we set

1VI(z) = o NL[V)™" and  M[V](2) := T1y[V](2).

The functions res(Hp[V]) 3 z — v[V](z) and res(Hp[V]) 3 z — M[V](z) are called the
y-field and the Weyl function corresponding to S[V] and the boundary triplet {C*,To,T;}.
We note that the Weyl function is a Nevanlinna function, that is, a holomorphic operator-
valued function in C; and C_ such that Sm(M[V](z)) > 0 for z € C;, and

M[V](z)* = M[V](z), =z € res(Hp[V]).

In the present case the Weyl function is meromorphic in C with poles on R which coincide
with the eigenvalues of Hp[V].

For any dissipative or self-adjoint operator B on C? the so-called Krein’s formula
(Hp[V]—2)" = (Hp[V] — 2) 7' +7(2)(B - M[V](2)) '7(2)", z€Cs,
holds, cf. [20]. In particular, we have

(HlRa, k5, V] = 2) " = (Hp[V] = 2) ' = 1(2)(s + M[V](2)) '7(2)", z€Ci. (23)
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The Schrédinger-type operator H|[k,, k5, V] is maximal dissipative if either k, € C; or k; €
C4. In both cases the operator is completely non-selfadjoint, see [25]. In accordance with
[26] we consider only the case k4, kp € C; in the following. The spectrum of H[k,, ks, V]
consists of isolated eigenvalues in the lower half-plane with the only accumulation point at
infinity. Since the operator H|[k,, kp, V] is completely non-selfadjoint, its eigenvalues are
non-real. The extension H[qq, gs, V], ¢a, g € R, of S is self-adjoint and semi-bounded from
below.

Lemma 2.1 IfV € LF(Q) and kq, ks € C1, then

lim  ||(H[Ka, ks, V]~ 2)"" — (Hp[V] —
|Ka| = o0
|&p| — oo

z)*1||m) =0 (2.4)

for z € C.

Proof. We note that the y-field 7[V](z) as well as the Weyl function M[V](z) are inde-
pendent from k,, K, € Cy. Using Krein’s formula (2.3) we immediately verify the relation

(2.4). O

2.2 Characteristic function

If B is dissipative operator, then in accordance with [21] the characteristic function
Oy vi(2), z € C_, of the maximal dissipative operator Hg[V] is given by

Omyv(2) = (1Cz — 2i\/=Sm(B)(B* — M[V](z))"" —%m(B)) | ran(Sm(B)), zeC_,

where Sm(B) := o-(B — B*). The characteristic function is analytic and its values are
contractions, if z € C_. In the present case the characteristic function admits a mero-
morphic continuation to C, for any dissipative operator B. The characteristic function
entirely characterizes the non-selfadjoint part of the maximal dissipative operator Hg[V],

cf. [18].

In the following we use the representations

o o
Ka :qa+27 and & :qb+17,

where ¢,,q5 € R and a4, 0 > 0. If B = —k, then

Hence we obtain

1 p 0
—Qm(B) = —=a, a:= .
V2 (0 aa)

Setting O[kq, ks, V](2) := On__[V](2), z € C_, and using the definition (2.2) we get

Olka, kb, V](2) = Iz +ia(s* + M[V](2)) 'a, z€C_. (2.5)



Since the spectrum of H[kq,, kp, V] is non-real the characteristic function O[k,, ks, V](+) is
well-defined on R and, moreover, holomorphic in a neighbourhood of R. Furthermore, a
straightforward computation shows that O[k,, ks, V](A) is unitary for of A € R. Since the
maximal dissipative operator H [k, kp, V] is completely non-selfadjoint for x,,k, € Cy,
the characteristic function O[k,, ks, V](-) completely characterizes H[k,, ks, V].

The characteristic function of the operator H|[kq, &5, V] can be represented by the operator
Hlkq, &b, V] itself and a4, ap. Indeed, multiplying Krein’s formula on the left by I'q we
obtain

GlKa, k, V](2) := To(H[ka, kp, V] — 2) " = —(k + M[V](2)) 'v(Z)*, z€C,.
Taking the adjoint we get
G[Ka, 8, V](2)* = —y(@)(k* + M[V](2)*)"", ze€C,. (2.6)
Multiplying again this equation on the left by Ty we find
ToGlka, kb, V](2)* = —(6* + M[V](2)*)!, z€C,.
Since M[V](z)* = M[V](2), z € res(Hp[V]), we finally get
LoGlka, k6, V](2)* = — (5" + M[V](2))"!, z€eC_.
Inserting this expression into (2.5) one obtains
OlKa, kb, V](2) = Iz — 1al0G[Ka, b, V](Z)*a, z€C_.
In [26] the operator-valued function T'[k,, ks, V](2) : § — C?,

—( (Hlram,V] = 2) 1))
Tl s, VIS = ( ~u((Hlra, w1, V]~ 2) D) f(@) ) fes

was introduced for z € res(H|[Kq, kp, V]). We note that
T[ka, &, V](2) = alo(H|[ka, &y, V] — 2) ' = aG[ka, k3, V](2), z€C,.

Hence the adjoint operator T[kq, kp, V](2)* : C2 — L2(Q) exists and admits the repre-

sentation
T[Ka, kb, V](2)" = G[Ka, k6, V](2)*a, z€Cy.

Taking into account (2.6) we find
ran(T [k, ks, V](2)*) CNZ[V] CWH?(Q), z€C,.
In [26] the operator a : L?(Q2) — C,

~p abf(b) om(a) 1= 0)
af = (aaf(a)), f € dom(a) := C(%), (2.7)

was introduced. Since
af =alof, fedom(S[V]")CW"(Q),
the characteristic function O[k,, ks, V](-) admits the representation
OlKa, kb, V]|(2) = Irz — iaT [k, kb, V](Z)*, 2z€ C_, (2.8)

which coincides with the representation of the characteristic function of [26]. Using the
representation (2.8) we prove the following lemma.
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Lemma 2.2 If V € LP(N) and K.,k € Ci, then the characteristic function
OlKa, kb, V](+) is holomorphic in a neighbourhood of R and obeys

Jm ([©[ka, ke, VIQA) — Ie2[5(c2) = 0. (2.9)

Proof. For simplicity we set H[V] := H|[qa,qs, V]. Obviously, we have
H[V]:=H[0]+V, VeLg(Q).
We note that inf spec(H[V]) =: vy is finite. Let us introduce the operator
UIVIA) :=a(H[V] =N "Y2 A<y,

where @ is defined by (2.7). A straightforward computation shows that the representation
; -1
TIVIO) = UVI) (7= JUWIGITIVION) (V) - 22
is valid for A < vy. Hence the characteristic function admits the representation
. -1
Ol VIO = 1= 0VI) (T4 UV VI UVIO)*

for A < yy. Using the representation

UVI(A) = U[V](2)D[VI(X), DIVI(A) := (H[V] = o) 2 (H[V] = A) /2,
Ao A < vy, we have

Olka, i VI(N) =

I WV DI (4 5UIVIO)UIVIN)) - DIVIOIUIVIO)*

for Mg, A < qv. Since s — limy_,_o D[V](A) = 0 we obtain s — limy_,_o O[V](A) = Iz

which yields immediately the operator-norm convergence of (2.9). O

3 Dilation and Lax-Phillips scattering

Since H|[kq, kb, V] is a maximal dissipative operator there is a larger Hilbert space & D 9
and a self-adjoint operator K|[k,, kp, V] on & such that
Pg(K[na, 6y, V] = 2)71 19 = (H[Ka, 85, V] —2)7", Sm(z) >0, (3.1)

see [18]. The operator K [kq, kb, V] is called a self-adjoint dilation of the maximal dissipative
operator H [k, kp, V]. Obviously, from the condition (3.1) one gets

PE(K(Ka, k0, V] —2) ' 19 = (H[ka, 56, V]* —2)"', Sm(z) <0.

If the condition
clospan, o\ (K [Ka, 55, V] — 2)7'H =R



is satisfied, then K|k, kp, V] is called a minimal self-adjoint dilation of H[k,, ks, V]. Mini-
mal self-adjoint dilations of maximal dissipative operators are determined up to an iso-
morphism, in particular, all minimal self-adjoint dilations are unitarily equivalent. The
self-adjoint operator K [k,, ks, V] is absolutely continuous and its spectrum coincides with
the real axis, i.e. spec(K) = R. The multiplicity of its spectrum is two. The dilation space
R and the dilation K[k,, ks, V] can be explicitly given by

Ri= (R ,C) 0 L2(Q) @ LX(R, , (),

and
(Klras i, V1)) = =i

x:=(z_,z,z4), for f:: ]?, efe f_;r € dom(K|[kq, kp, V]) where

r=(re) A=(E)

[(=) @ (V1)) @ —i%h(m), (3.2)

1

and
(( fe W2 (R, C2) @ WH2(Q) @ WH2(R,,C?) : )
mf e W (Q)
dom (K [, i1, V1) = 3 2{(@ fl'(”) kaf (b) = s f2(0) .
sy /(@) + Kaf(a) = aa f2(0)
sy [ (8) = Fof(B) = an f2(0)
{ sy f' (@) + Faf (b) = aaf3(0) J

For more details the reader is referred to [26]. Obviously, the closed symmetric operator
L[V],

(LIVIf)(x) = —ig—f(z-) @ (SV]If)(2) ® iz fi(zs)

Fedom(LlV]) = WQ(R ,C)@ dom(S[V]) @ Wi (R, ,C?)

is a symmetric restriction of K[k, ks, V], where
W (Re, €)= {fi € WH(R,C?) : f2(0) = 0}.

The deficiency indices of L[V] are (4,4). The domain of the adjoint operator L[V]* is given
by
dom(L[V]*) := W'3(R_,C?) @ dom(S[V]*) ® Wh2(R;, C?).

Another self-adjoint extension of L[V] is defined by Kp[V],

(Kp[VIf)(x) = —ighf (z ) ® (Hp[V]f)(z) ® —ig fi(z2),

} . (3.4)
f € dom(Kp[V)) i

{f € dom(L[V]") : f-(0) = f1(0)} .

If we introduce the differentiation operator Ky

(Kofo)(z) = —iffo(), s€R
fo € dom(Kp):=WI%(R C?)
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and using the decomposition
R=L*Q) @ Ky, RKo:=L*(R,C?), (3.5)
then the operator Kp[V] admits the representation
Kp[V]=Hp[V] ® Kp. (3.6)
The wave operators W [k,, ks, V],

Weilka, ko, V] i=s— lim e*Klma s Vig=itKn[V]pac g 1y))

t—+too

can be identified with the Lax-Phillips wave operators, cf. [14, 32], because the absolutely
continuous subspace R*¢(Kp[V]) of Kp[V] coincides with Rg. We note that the absolutely
continuous part K¢ [V] of Kp[V] coincides with K. The wave operators exist by the Lax-
Phillips scattering theory and are complete, cf. [32]. However, in our special situation there
is an additional reason for the existence and completeness of the wave operators. Since
K|[Ka, kb, V] and Kp[V] are self-adjoint extensions of one and the same closed symmetric
operator L[V] with deficiency indices (4,4) its turns out that the resolvent difference of
K|[kq, &b, V] and Kp[V] is a four dimensional operator. Hence the wave operator exist and
are complete by the trace class existence theorem, cf. [14, 30].

The Lax-Phillips scattering operator Spp|[kq, &b, V] is defined by
SLp[ka, kb, V] := Wilka, kb, VI"W_[Ka, &b, V].

It acts only on the subspace K¢ and is unitary there. Further, the Lax-Phillips scattering
operator commutes with Kp[V], in particular, with 0 @ K. The Fourier transform F' :
LZ(]RJ CZ) — LZ(]RJ CZ):

(F fo)(A) dze ™" fo(z), fo € L*(R,C?),

“ v .

defines a unitary operator such that F'KyF™* coincides with the multiplication operator M,

(MAN) = Af(A), IeR,
fedom(M) :={f e L2(R,C?) : Af()) € L%(R,C?).

Since Lax-Phillips scattering operator S p[&q, kp, V] commutes with K the transformed
operator F'Spp[ka, ks, V]F* commutes with M. Hence there is a measurable family
{SLp[Ka, kb, V](A) }acr of unitary operators on C? such that the FSrplkq, ks, V]F* co-
incides with the multiplication operator induced by {SLp[&a, ks, V](A)}rer. The family
{SLp[ka; &b, V](A) }acr is called the Lax-Phillips scattering matrix. One of the main results
of the Lax-Phillips scattering theory is that

SLP[K',,“ KZ;,,V]()\) = @[K‘,a, Kp, V]()\)*

holds for a.e. A € R, see also [24].
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4 Phase shift

The phase shift w[ka, 55, V](-) : R — R is defined by
e 2miwliam VIO .= det (S p[ka, ks, VI(N), X ER, (4.1)
which is equivalent to
e2mwlmam VIO) = det(Q[ka, ks, V](N), A ER

Notice that the phase shift is determined modulo Z. To eliminate this non-uniqueness of
the definition we demand in the following that w[k,, k5, V](A) is continuous in A € R and
obeys

lim wkq, ks, V](A) =0 (4.2)

A——o0o
which is in accordance with Lemma 2.2.

Lemma 4.1 If V € LY () and kq, Ky € Cy, then the phase shift w[ka, ks, V]() is holo-
morphic in a neighbourhood of R and satisfies

W' [Ka, kb, V](A) 1= %w[na, kb, V](X) = —%tr(T[K,a, K, V(N T [Ka, &6, V](X)*) <0

for A e R
Proof. For brevity we set H := Hlkq,kp, V], T(X) := T[ka,kp, V](A), Tu(A) =
Ti[Ka, kb, VI(A) := Q(H[Ka, K, V]* —A) 7! and O(A) := Olka, ks, V](X) as well as w(A) =

w[Ka, kb, V](A). Since the characteristic function ©(\) is holomorphic in a neighbourhood
of R one gets that the phase shift w(\) is also holomorphic there. By

TNTO) = (H -\ = H =N TN+ TNTM),
A € R, and Lemma 3.1 of [26] we find
TATN)* =ial(A)* T(A)TA)* + T(MN)T(N)*, AER,

or

TNTN)* =4{I +iaT.(N\)*}T(NTA)*, A eR
Using Formula (3.39) of [26] we obtain

TNTA)* =0T (NTA)*, rAeRrR
Using (2.8), a straightforward computation shows

) . )
5500 = LT, AeR

which gives

T(NT(N)* = i@()\)*%@()\), AER
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Taking into account formula (IV.1.14) of [22] we obtain

0 d d
< N =1 e E— =7 — e - 91—
0 <tr(T(NT(AN)*) =i tr(O(N) 5)\0()\)) i In (det(©()N))) 27rd)\w()\)
for A € R. |
Lemma 4.1 shows that the phase shift is a non-increasing function. Since
limy_,_ oo w[Ka, kp, V](A) = 0 the phase function is non-positive. In order to estimate

the growth of —w[k,, Ky, V](+) let us investigate the counting function
D[Kq, kp, V](A) 1= card{s < X : det(O[kq, kb, V](s)) =1}, A €R
To estimate ®[k,, £y, V](A) we consider the eigenvalue problem
Olka, kp, VINE = p#, peT, #eC?,
for each fixed A € R. To treat this problem we introduce the family {Ha[V]}g¢(0,27),
Hy[V]:= H|q.(0),q5(0),V] and Hy[V]:= Hp|V]
where the boundary coefficients are given by

a? cot(6/2)
2

a? cot(6/2)

q(0) ==q — 5

and ¢.(0) :=q, —

The spectrum spec(Hg[V]) consists of simple eigenvalues spec(Hg[V]) = {Ax[V](6) }ren,
—oo < M [V](#) < X[V](H) <....

Lemma 4.2 IfV € LP (), then Hg[V] > Hg:'[V] for 0 < 6 < 6" < 2m.

Proof. The sesquilinear form t4[V] corresponding to Hy[V] is given by dom(ts[V]) =
wi2(Q),

t[V](f.9) = (4.3)

b
~0.0)1(@(@) - 6O O30 + [ do o @) + V()] ()30a),

f.9 € dom(t[V]) = WI2(), 6 € (0,2r). Since gu(#') < gu(6) and gu(®")
6" < 0 we easily obtain t4[V] < tg[V]. If ' = 0, then dom(#,[V]) = !
dom(te[V]) and

ta[VI(f, f) S wlVI(f, ), [ e€dom(t[V]), 6€(0,2r)

which completes the proof. |

The min-max principle gives the following

Corollary 4.3 IfV € L (), then the eigenvalue curves M\,[V](-) of Hg[V] satisfy

AVIO) < \aV](0), 0<6<6 <21, neN

Let us show that in fact the monotonicity of the eigenvalue curves is strict:
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Lemma 4.4 IfV € Ly (Q), then

AV < AVI0), 0<6<0 <2m, neN

Proof. We note that {Hy := Hp[V]}ge(0,2x) is not only a monotone family but also an
analytic one of self-adjoint operators of type (B), cf. [30, Section VII.4.2]. This yields that
the eigenvalues of A, (f) := A,[V](#) depend analytically on 6 € (0,27). Assuming now
that there is a k € N such that A\ (6') = Ax(0") for some 0 < ' < 6" < 2w. In this case we
get Ap(0') = M (0) = A (8") for 8 € [0',6"]. Since A, () is analytic we find A () = A (0),
6 € (0,27), that is, Ax(f) is constant and equals the Dirichlet eigenvalue Ag(0).

Next we show that if for some k& € N we have Ay (0) = A\ (0), 6 € (0,2nx), then for each
Jj € 1,2,...,k one has X\;j(8) = X;(0), 6 € (0,2r). Indeed, let us assume that there
is a § € (0,2m) such that A\;_1(f) < A—1(0). In this case there is a neighbourhood
U := (Ag-1(0),2£(0)) of A\;_1(0) which contains no eigenvalue of Hy for 8’ € (6,2x).
However, this is impossible by Lemma 2.1. In fact, if ' is sufficiently close to 27, then the
neighbourhood U has to contain an eigenvalue of Hg:. Hence the assumption Ap_1(6) <
Akr—1(0) was false which yields Ag_1(8) = A\—1(0) for 6 € (0,27). By induction we get that
A;(0) = XA;(0), 6 € (0,27), holds for each j =1,2,...,k.

In particular, this holds for the lowest eigenvalue A1 (f) = A1(0), 8 € (0,2m), which is given
by
M(0) =inf{te[V](f,f): feW"(Q), |fllz2) =1}, 6 € (0,27).

But (4.3) implies limgqar A1 (#) = —oo which contradicts the conclusion that A;(#) remains
unchanged for 8 € (0, 27). O

Our next aim is to determine limg o A,[V](#) and limgsor Ax[V](6).

Lemma 4.5 If V € LF(Q), then the eigenvalue curves satisfy

lé)iirol Aa[V](0) = An[V](0), neN, (4.4)
and
91#122 A [V](0) = An—2[V](0), meN, (4.5)

where A_1[V](0) := X[V](0) := —oc.

Proof. The family {Hp[V]}g¢(0,x) is operator norm continuous in the resolvent sense. In
particular, this yields that the eigenvalues Ax[V](6), k € N, are continuous in 6 € (0, 27).
Moreover, since limg g g, (0) = limgo ¢s(8) = oc and limgrar g4 (0) = limgyar qs(8) = oo we
get by Lemma 2.1

lim [(H[V] i)~ (Hp[V] i) la(s) =

lim [|(Hg[V] — i)' — (Hp[V] — i) "|lB(s) = 0

612w

An application of Lemma 4.2 implies (4.4). It remains to show (4.5). First, by monotonicity
the limits limgso, Ax[V](0), k € N, exist, too. We introduce the intervals

Ar = (=00, M[V](0)) and An = An_1[V](0), Aa[V](0)), n=2,3,...,
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that is, the sequence of spectral gaps of the Dirichlet operator Hp[V]. Further, we consider
the symmetric operator S[V] defined by

S[V]g := I[V]g, g e dom(S[V]),
g _ 1,2 . _9 € WH2(Q), g(a) =0,
aom(BV) o= {gewr @ 7S 10" b

The closed symmetric operator §[V] has the deficiency indices (1,1). Obviously we have
S[V] < S[V] < Hp[V] where S[V] is defined by (2.1). By Hg[V], 6 € (0,27), we denote
the self-adjoint operator

AVlg = UVl g€ dom(A[V)).
I oo (@) €W, gla) =0,
®mmW“"{9“V(m'MM¢m—%mmm ’}

and we set H, [V] := Hp[V]. Moreover, similar to Lemma 4.2 the family {ﬁg[V]}gG(O’Qﬂ.)
is non-increasing, i.e. R R
A[V]< Byv], 0<0<0 <o2m

and analytic in sense of type B, cf. [30, Sect. VIL.4.2]. Denoting by {Xk[V](H)}kGN the
eigenvalues of Hy[V] we get similarly to Lemma 4.4 that

M[V]) < X[V](0), keN, 0<6<6 <2r (4.6)

Since Hp[V] is a self-adjoint extension of S[V] the open intervals A; are gaps for S[V].
Since S[V] has deficiency indices (1, 1) the self-adjoint extension Hg[V'] of S[V] has at most
one eigenvalue in each gap Ay. Taking into account (4.6) we find

M[V]00) € Ay, keN, 6e(0,2n).
We set
Ri(0) = (o0, M[VIE), Bi6) = (R 1 [VIO), Mu[VIE), % =23,... .
6 € (0,27). Obviously we have
Ar(8) C A1 U{ 1 [V](0O)}U A, 6€(0,2n), kel (4.7)
Further, let us introduce the symmetric operator §[V] defined by

—g' e W(Q),
S[V]g:=1[V]g, dom(S[V]):={geW"Q): zmm9 (a)=g(a)=0,

AT (6) = an(8)g )
which has the deficiency indices (1,1), too. Obviously, the operator Hy [V], 8 € [0,2m),
is a self-adjoint extension of g[V] Therefore, the open intervals Ay (0) are spectral gaps
of the closed symmetric operator g[V] Moreover, the operator Hg[V], 8 € [0,2n), is a

self-adjoint extension of S[V], too. As above we get

AV](0) € Ap(8), keN, 6e(0,2r).
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Taking into account (4.7) we obtain Ax[V](6) € Ap_1 U{A_1[V](0)} UA. Hence we have

either

lim Ap[V](0) = Me_1[V](0) or  lim A [V](8) = Ap_o[V](0)

612w 012w

for k= 2,3,.... Let us assume that for some j > 2 we have

lim A,[V](6) = A;_1[V](0)-

012w

In this case, we find that limgrar Aj—1[V](8) = A;_3[V](0) is impossible. Indeed, if 8
is sufficiently close to 27w, then there is neighbourhood of A;_2[V](0) which does not
contain an eigenvalue of Hg[V]. However, this contradicts Lemma 2.1. Therefore, we
obtain that limgror Ae[V](0) = Ae_1[V](0), & = 2,3,...,j — 1. Furthermore, one gets
that limgyor Ajr1[V](0) = A;_1[V](0) is also impossible. In fact, for each sufficiently
small neighbourhood of A;_1[V](0) there is a sufficiently large 6 € (0,2x) such that
this neighbourhood contains two eigenvalues of Hg[V] which contradicts again Lemma
2.1. Hence limgrar Ae[V](0) = Ap_1[V](0), & = j+ 1,5 + 2,.... Therefore, we find
limgpor Ae[V](0) = A—1[V](0) for & € N. In particular, we have that the interval A,
contains only one eigenvalue of Hg[V] for each § € (0,2x). However, this is impossible,
too. To show this we introduce the self-adjoint operator hg, 6 € (0, 27),

(hog)(@) == Tdeg(a) + |Vli=g(e), g€ dom(ha),
_ gy, 1@ = 0O
domihe) = {reway: L) — R |

and 7 := ||1/2m||L~. Obviously, we have Hg[V] < hg, 6 € (0, 27), which yields A\;[V](8) <
ur(8), k € N, for 8 € (0,27), where {ur(6)}ren are the eigenvalues of hg. An involved
but straightforward computation shows that the first two eigenvalues p1(0) and ps(6) of
hg tend to —oo as 6 1 2w, Hence the first two eigenvalues A [V](f) and X2[V]() tend also
to —oo as 6 1 2m which shows that for sufficiently large 6 € (0,27) one has A\ [V](#) € A,
and A2[‘/](9) S Z&l. O

Next we show that the eigenvalues of the characteristic function O[k,, kp, V](A) are intrin-
sically connected with the eigenvalues of the family {Ha[V]}oc(0,2x)-

Lemma 4.6 If V € LF () and k4, kp € Cy, then

p = e € spec(O[ka, k1, V]())) <= X € spec(Hg[V]), 0€[0,21), IER

Proof. Multiplying the relation (2.8) on the left by T'[k,, ki, V](A)* we find
Tk, kb, V](A)*E — iT[Ka, 6, V](A)* QT [Ka, 66, V](A)*€ = uT [Ka, kb, V](X)*E.
Setting g := T'[ka, kb, V](A)*€ € W12(Q) we obtain
g—iT[Ka, kb, VI(A)*ag = ng or Tlka, kp, V](N)*ag =i(u — 1)g.

Let h € L%(€). Then
<(1g,T[I€a, K57V]()‘)h) =i(p—1)(g,h)
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where we recall that (-,-) denotes the scalar product of C?. Setting f := (H[kq, 5, V] —
A)"'h € dom(H|[kq, ks, V]) we get

(ag,af) =i(u—1)(g, (H[ka, 6, V] = A) ). (4.8)

One has

b
(9, (H[Ka, k6, V] = A) f) = / dz g(z)(([V]f)(z) — Af(z)).
Since (I[V] — A)g = 0 we find

(g: (H[Ka: Kp, V] o A)f) =

~0(8) 5 P B+ 0(0) s @) + sl (T B) — 5 (@)
Since f € dom(H[ka, k3, V])) we get that
(9, (Hlas 2, V) = 0)f) =
9T — 907 (@) + 5ot () = gt (@)

which yields
(gv (H[K'ay Kp, V] - )‘)f) =

{#(b)g'(b) - n_bg(b)} Fb) + {%(0)9'(“) - “_ag(“)}m'

Taking into account (4.8) one gets that the element g has to satisfy the boundary conditions

adg(®) = i(u—1) {5k ) —Fg() }
2ga) = i 1){-5tz9'(a) - Fagla)}
which implies
1 1

g'(b) = gs(0)g(b), and g'(a) = ~qa(0)g(a), 6 € (0,2m),

2m(b) 2m(a)

for u # 1. If y = 1, then g(a) = g(b) = 0. Hence, g € dom(Hp[V]) and A € spec(Hp[V]) =
spec(Hg[V]), i.e 6 = 0.

Conversely, if A € spec(Hg[V]), 8 € [0, 2), then the eigenfunction g, Hg[V]g = Ag, satisfies
the equation

TVI"(Nag =i(u—1)g

(I —iT[V]*(Me)g = pg-
Multiplying on the left by a we obtain

(I —iaT[V]*(X))ag = pag.

Setting £ := ag and using (2.8) we complete the proof. O
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Lemma 4.7 IfV € LP () and kq, kp € C;, then we have

{A € R : det(O[kq, kp, V(X)) = 1} = U spec(Hg[V]) Nspec(Har_g[V]). (4.9)
0c(0,m)

Proof. At first we note that det(O[k,,ss,V](A)) = 1 if and only if u = e? €
spec(O[ka, k5, VI(A) and T = €79 ¢ spec(O[ka, ks, V](A)), 6 € [0,27). Tt remains
to show that the cases # = 0 and § = 7 are impossible: indeed, if # = 0, then y = 1. In
this case the eigenvalue y = 1 of O[k,, ks, V](A) has the multiplicity two. Hence, there
are two mutually orthogonal eigenvectors £;, & € C? such that that O[kg, kp, V(A& = &,
1 =1,2. We set

gi = T[ka, k5, V](A)*& € WH2(Q), i=1,2.

Both functions g; are eigenfunctions of Hp[V] with the eigenvalue A. Since the spectrum
of Hp[V] is simple there are constants C; € C such that C;g1 + Cag2 = 0. Hence

T[K‘ay Kp, V]()‘)*{lel + 0262} = 0
For each h € L%(2) we have
(Clgl + 0252: T[K'a: Kp, V](A)h) = 0.

Since ran(T[kq, ks, V](})) = C? we find C1& + C2€s = 0 which is impossible. The
same holds for § = & which yields 4 = —1. By Lemma 4.6 we have u =
e®® € spec(O[ka, ks, V](\) if and only if A € spec(Hg[V]) and 7T = €79 ¢
spec(O[kq, kp, V](A)) if and only if A € spec(Har_s[V]). Hence

p=e? 1 =e?"9 ¢ spec(Okq, ki, V(X)) < A € spec(Hp[V]) N spec(Har 4[V])
which proves (4.9). O
Let us introduce the spectral distribution function

Np[V](A) :=card{s < A : s € spec(Hp[V])}, A €R

Theorem 4.8 IfV € LF(N) and kq, ky € C4, then

Np[VI(A) < ®[ka, 85, VI(X) < Np[VI(A) +1, AeR (4.10)

Proof. Let us consider the sets

A=A, N U spec(Hg[V]) Nspec(Har—g[V]), n €N
#c(0,m)
By Lemma 4.7 one has
{) € R: det(O[ka, k1, VI(N) = 1} = | An.
neN

By Proposition 4.5 only the eigenvalues A\,[V](0), An+1[V](9), 6 € (0,27), belong to the
interval A,,, other eigenvalues cannot. Further, by Proposition 4.5 we have

lim A [V](6) = Aa[V](0) and Tim Auia[V)(27 —6) = A0 [V](0), neN.
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Since A,[V](#) is decreasing and A, 11[V](27 — 6) is increasing in 6 € (0,2x), there is at
most one § € (0,7) such that A, 1[V](27r — 8) = A,[V](#) which yields card{A,} < 1.
Moreover, we have

A1 [VI(0) < Ana [VI(0) < Ania[V(m), 0 € (m,27),

and

n[VI(m) <An[V](0) < Xa[V](0), 6 € (0,7),

A
as well as A\,[V](7) < Apt1[V](m). Hence there is at least one 6 € (0,7) such that
Ant1[V](27 — 0) = A,[V](0) which shows card{A,,} > 1. Therefore card{A, } = 1 which
implies immediately (4.10). O

Corollary 4.9 IfV € LF(Q) and k4, kp € Cy, then

1
0< —wlka,m, VIO <24 A=V IV =)s, AeR  (411)
where (A+ V- |z=)+ = £ A+ |Vl + A + [IV_[|=]) > 0.

Proof. Obviously, we have
—w[Ka, &b, V](A) < 14 ®[Kq, kb, VI(A), AER
Using Theorem 4.8 we find
—w[ka, kb, V](A) <24+ Np[V](A), AeR
Further, we note that hp < Hp[V],
(hpg)(®) = = azg(z) IV |1~g(2),
g € dom(hp):={feW?%Q): f(a) = f(b) = 0}.

The spectral distribution function np(-) of hp can be estimated by

1
np(A) < ;\/2||m||L°°|Q\\/()\+ [Vllz=)+, AeR

Since Np[V](A) < np(A), A € R, one gets (4.11). O

5 Spectral shift and trace formula

Since H[kq, kb, V] and Hp[V] are extensions of one and the same closed symmetric operator
S[V] with deficiency indices (2,2) the resolvent difference obeys

(H[Ka,kp, V] —2)"F — (Hp[V] — 2)"' € L1(9), z€C,.

In fact, the difference is a two dimensional operator.
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Theorem 5.1 If V. € L*°(Q) and ka,ks € C,, then there is a real function
ElKay kb, V(1) € LY(R, (1 + A?)"1d)) such that the trace formula

tr ((H[Kq, &, V] — z)"' = (Hp[V] - z)fl) =— /“%()\ — 2) %[k, &, V](X)dA (5.1)
holds for z € Cy .

Proof. Using formulas (3.13) of [26] we find that

7iT[H'aa’%7V](i) [H’a:’gba ]( )
(H[na,nb,V] ) ( [H’a:’gba ] - i)il +
2i(H[Ka, kp, V]* + 1) (H[Ka, k3, V] — i)

which shows that Condition (4.2) of Theorem 4.1 of [1] is satisfied. Since Hp[V] is self-
adjoint Condition (4.3) of [1] also holds. Applying Theorem 4.1 of [1] we complete the
proof. |

A real function £[kga, ks, V](A) € LY(R, (1 + A?)d]) is called the spectral shift of the pair
{H|[Ka, kb, V], Hp[V]} if the trace formula (5.1) is satisfied

Considering the pair {K|[&q, ks, V], Kp[V]} one gets that
(K[Kas k6, V] —2) " — (Kp[V] —2)"" € L1(9)

for z € C\ R. This follows from the fact that K[k,,&s, V] and Kp[V] are self-adjoint
extensions of the same closed symmetric operator L[V] which has deficiency indices (4, 4).
Using again Theorem 4.1 of [1] we find that the pair { K [k,, &b, V], Kp[V]} admits a spectral
shift n[ka, &s, V](-) € L*(R, (1 + A?)"1dX), too. The trace formula then takes the form

tr (Kl V1= 2) = (KpIV] = 2) ) = = [ (3= 2) 2nleam, VIOV, 2 € C\R
JR
Let us clarify the relation between £[k,, ks, V](:) and n[&kq, &6, V](*).
Lemma 5.2 Assume V € LY () and kq, k5 € C1. Then
br (K [sas 0, V] = ) = (Kp[V] = 2)1) = tr (s 5, V] = 2) " — (Hp[V] = 2) )
for z € C,. Consequently, any spectral shift &[ka, ks, V](-) € L*(R, (1 + A?)"'dX) of the

pair {H|[kq, kp, V], Hp[V]} is a spectral shift of the pair {K|[k,, kp, V], Kp[V]} and vice
versa.

Proof. Using the terminology of Ch. 3 and taking into account (3.5) and (3.6) we find
that

((Kp[V] = 2)" 1f)(x) = (5.2)
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f_’: f_’, b fo ﬁr and z € C;. From Theorem 4.2 of [27] one gets the representation

—

(K[fa, 55, V] = 2) 1 f)(x) = (5.3)
T a7
(H[Kq, kp, V] — z)flf(T) + iT[ka, kb, V](Z)" [ dy eiiyzf-; (y) ®

z+ . — .
Z./ dy '+ V2 F(y) +ie* "+ Tk, 50, V](2) f +
0
0 . -
109[Ka, kb, V](Z)" / dy el(‘”ﬂ’)zf, (y),

J —00

f_’: f_’, e fo ]i and z € C;. Denoting by Py the orthogonal projections form £ onto the
subspaces L?(Ry,C?) one easily obtains from (5.2) and (5.3) that

Py ((K[ka, k5, V] —2) " = (Kp[V]—2) ') PL =0 (5.4)

for z € C;. Using the representation

N

tr ((K[Kq, 66, V] —2)"' — (Kp[V] —2)7") =
tr (P- {(K[kq, k6, V] —2)"" — (Kp[V] —2) "'} P_) +
tr (P {(K[ka, k5, V] —2) ' = (Kp[V] —2) '} P§) +
tr (Py {(K[Ka, k5, V] —2) " — (Kp[V] —2) "'} P})

and taking into account (5.4) we get

tr ((K[na,nb,V] —2)"' — (Kp[V] - z)fl) =
tr (PF {(K[ka, k5, V] — 2) ' — (Kp[V] — 2) '} P§)

for z € C,. Using that K[k, ks, V] is a self-adjoint dilation of the maximal dissipative
operator H|[k,, kp, V] we have thus proved (5.2). The second assertion follows directly from
the first. O

Lemma 5.3 IfV € LF(N) and kq, kp € Cy, then

d

B s ) VPEF PSR = o (Tl VIOV, Tl 0, VIg) (55)

T om

for a.e. A € R and ﬁg € R where Ex[y, x,,v|() denotes the spectral measure of the
self-adjoint dilation K[k, ks, V].

Proof. We note that

d P R o
5 Bk IO PS F, PG G) 5 =
1 .. L\ P DR =
s T (K a0, V] = X — i) ) P F, P -

((K[Ka, k6, V] — A+ ie) 1) PEF, ng*)ﬁ}
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for a.e. A € R. Since K|[kq, kp, V] is a dilation of H[k,, ks, V] we find

which yields

d g s

ﬁ(EK[nu,nb,V](A)p§f7 qu)ﬁ = (56)
1

2mi

((H[&a, 56, V] = X)) f,9)5 = (Hlka, k5, V]* = N) 1) f,9)0 }

where we have used that the spectrum of H[k,, kp, V] is non-real. Finally, Lemma 3.1 of
[26] states the coincidence of the right hand sides of (5.6) and (5.5), what completes the
proof. O

Theorem 5.4 IfV € LF(N) and kq, kp € C4, then

&olka, kb, V](A) := w[Ka, kb, V](A) + Np[V](A), A€ER, (5.7)
defines a spectral shift of the pair {H[ka, ks, V],Hp[V]} and, hence, of the pair
{K|[Ka, ks, V], Kp[V]}.

Proof. Using that K[k,, kb, V] is a dilation of H[k,, ks, V] we get

(a0, V] = 2) 1, ) = / A= 2) " d(Exiy v N 1),

R

f €9, for z € Cy. Since K|Kq, ki, V] is absolutely continuous we obtain

((H[K'aanbav] o Z)ilf: f) = ./ ()‘ - Z)il%(EK[nu,nb,V]()\)faf) dA:

R

f €, for ze Cp. Using Lemma 5.3 we find

1

(Fllsa 5, V] = 2) 1) = o / (A = 2) " (T[ka, 0, VIO £, Tlkay 0, VIO ) dA, (5.8)

f €9, for z € C,. Further, we have
(V) =2) " 1.0) = (A =2) dlBay 01, (59)

f €9, for z € C,. We note that
tr ((H[kq, 55, V] —2) ' = (Hp[V] —2)7") = (5.10)
Z (((H[Kﬂv K'bav] - z)il - (HD[V] o Z)il) fnafn)

neN
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where{ f, }nen is an orthonormal basis of ). Inserting (5.8) and (5.9) into (5.10) we get
tr ((H[na, Ky, V] — 2)71 — (Hp[V] - z)fl) =

Z{% /()‘ — Z)il(T[KEa, Kp, V]()‘)fmT[K‘m Kb, V]()‘)fn) dX —
neN R

R
which leads to the relation

tr ((H[na,m,,V] — 2)71 — (Hp[V] - z)fl) =
1
2r Je

/ (A= 2)"t d (g ) (V):
R

(A = 2) " 2tr(T[Ka, 5, VI(A)* T[Ka, k5, V](A)) dX —

Since

Np[VI(A) = tr(Em,vi(A), AER,

one has

[0=27 duEu,m0) = [0 -2 NpVIO).

R

Integrating by parts and using that Np(\) behaves like the square root of A at +oc we get

[0 duaBa, ) = [0 2) 2 No[VIO) dn
JR JR

Similarly, by Lemma 4.1 we get

% . R(A — 2) (T [Ka, &y, VI(A)*T[Ka, &, V](N)) dX =
% . R()\ — z)*ltr(T[na, Kb, V]()\)T[Ha, Kb, V]()\)*) d\ =

- /(A — 2) W' [Kka, Ky, V](X) dA.
JR

Again, integrating by parts and taking into account Theorem 4.8 we obtain

1

o (A — 2) (T [ka, K, VI(A)* T[Ka, £, V](A)) dX = — /(A — 2) 2wlkq, ks, V](A) dX
Jr JR

Summing up we find
tr ((H[K,a, kp, V] — z)fl — (Hp[V] - z)fl) =

;/R (A 2) {wlka, 5, VIQA) + Np[VIA)} dA

for z € C; which proves (5.7). O
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Corollary 5.5 IfV € LY () and k,, ky € C, then the spectral shift &y[kq, ki, V](A) of the
pair {H[kq, kp, V], Hp[V]} obeys

lim €[k, ki, VI(A) = 0 (5.11)
A——o00
and
—2 < &[ka, 66, V](A) <0, AeR (5.12)

Proof. The relation (5.11) follows from (4.2). To verify (5.12) we note that by definition
one has
Dlkq, kb, V](A) < —w[Kq, &b, V](A) < @[Ka, kb, VI(A) +1, AR

Taking into account Theorem 5.4 we find
®[kq; Ky, VI(A) = Np[V](A) < —&olka, kb, VI(A) < @[ka, ke, V](A) + 1= Np[V](A), AeR
Finally, using Theorem 4.8 we have

0< —&olka, ke, VI(A) <2, A ER,

which yields (5.12). O

Remark 5.6 We note that a weaker version of Corollary 5.5 can be obtained using abstract
results on the spectral shift. Indeed, let us introduce the Cayley transforms

U:= (i — K[ka, &, V])(i + K[Kq, k3, V]) "

and

Up i= (i — Kp|ka, &, V])(i + Kplka, ks, V]) !

where K[k, &b, V] and Kplka, ks, V] are given by (3.2)-(3.3) and (3.4). We note that
U — Up is a four dimensional operator. This follows from the fact K[k,, ks, V] and Kp[V]
are self-adjoint extension of the symmetric operator L[V] which has deficiency indices
(4,4). Since &[&a, kb, V](A) obeys the trace formula (5.1) one gets by a straightforward
computation that

To(8) = Eoliar s, V(tan(t/2)), &= (),

obeys the trace formula

(-0 - -0 =i [ a2,

J o (e = ()?
for the pair {U,Up}. The function 7o(-) is called a spectral shift of the pair {U,Up}. Any
function n(t) := no(t) + ¢, t € (—m, 7], ¢ € R, is, of course, a spectral shift of the pair
{U,Up}, too. Conversely, any spectral shift of the pair {U,Up} differs from 7o(-) by a real
constant. Among all spectral shifts there is a special normalized one 7, (-) obeying

i /:r Nn(t)dt = tr(lng (U, ' U))

where Ing(-) is a suitably chosen branch of In(-), see [31, 42]. Notice that there is a real
constant c,, such that

M (t) =no(t) + cn, t € (—m,m.
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Since U —Up is a four-dimensional operator one gets from [31] that |, (t)| < 4, t € (—x, «].
By lim;_, . 79(t) = 0 we obtain that |¢,| < 4. Hence, we find |no(t)] < 8, ¢t € (—m,n],
which yields

|€o[Kas kb, VI(A)| <8, A€ER (5.13)

We note that (5.13) is weaker than (5.12), however, the proof relies only on abstract results
on the spectral shift.

Remark 5.7 The result (5.13) immediately implies that

Np[V]() — 8 < wlka, ks, VI(Y) < Np[VI() +8, A€k

Remark 5.8 From (4.1) and (5.7) we get
det(Spp[ka, K, V](A)) = e~ 2i0lra s, V() (5.14)

for a.e. A € R. However, formula (5.14) is the well-known Birman-Krein formula for the
pair {K|[kq, kp, V], Kp[V]} which relates the spectral shift to the scattering matrix, cf.
[17, 42].
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