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Dissipative Schrédinger-type operator

Abstract

Non-selfadjoint operators play an important role in the modeling of open quantum systems.
We consider a one-dimensional Schrédinger-type operator of the form

—— 4V - Zn]-é(- —zj), Im(k;) >0,

with dissipative boundary conditions. An explicit description of the characteristic function, the
minimal dilation and the generalized eigenfunctions of the dilation is given. The quantities of
carrier and current densities are rigorously defined. Furthermore we will show that the current
is not constant and that the variation of the current depend essentially on the chosen density
matrix and the imaginary parts of the delta potentials, i.e. Im(k;). This correspondence can
be used to model a recombination-generation rate in the open quantum system.
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2 M. BArO, H. NEIDHARDT

1 Introduction

To embed a quantum mechanically described structure into a macroscopic flow, one has to replace
the selfadjoint boundary conditions by non-selfadjoint ones [KNROla, Fre90, BA98, BADMO97].
This leads to so-called open quantum systems. One-dimensional Schrédinger-type operators with
dissipative boundary conditions have been intensely studied in [KNRO1b]. We extend the model
used there by adding dissipative delta perturbations, i.e. we consider an operator formally given

by

1d1d -
h=—ma ™" (1)
where N
V()=V()- Z K;i0(- — z;), (1.2)

z; € (a,b), z; # x; for i # j, and k; € Cy := {z € C|Im(z) > 0}. The potential V is assumed
to be a real-valued L?([a,b])-function and the effective mass m > 0 satisfies m, L € L>(a,b).
Point interactions of this kind are extensively studied in the literature for self-adjoint boundary
conditions and real coupling constants x;, cf. [AGHH88, AK00] and references therein. Since the
boundary conditions are not self-adjoint and the coupling constant are complex the expression
(1.1)-(1.2) generates a maximal dissipative operator, see below. Such operators naturally arises
if one is interested in mathematical models for semiconductor devices with recombination and
generation processes of carriers which are embedded in a macrostructure. This case is not treated
in [AGHHS88] and [AK00]. To analyze such operators it is fruitful to use the dilation theory for
maximal dissipative operators [FN70, D80]. To Schrodinger operators this approach was specified
in [P77, P76, P84, P96, P99|, see also [A87, A88, A89, A90, A93, A97]. In [KNRO1c| this approach
was used to define quantities such as steady states, carrier and current density for devices without
recombination and generation. In the present article we modified this approach to fit our situation,
i.e. where recombination and generation processes are included.

In an one-dimensional drift-diffusion model (cf. [S84, M86, MRS90, J01]) the macroscopic flow is
modeled by the continuity equations

n(z,t) — ZJ.(z = —R(n
(z,t) ZBJn( 1) R(n,p), (1.3)

Jp(m7t) = —R(n,p),

where n,p denote the electron and hole densities, Jy, J, the corresponding currents and R(n,p)
the recombination-generation rate. The stationary continuity equation is given by equation (1.3),
where %n(m,t) = %p(m,t) =0 and Jg(z,t) = Jx(z), k = n,p. Replacing carrier densites n,p and
current densities J,,, J, by quantum mechanical expressions like [KNRO1c| we are able to include
recombination-generation effects into the open quantum system determined by (1.1) and (1.2) and
to preserve the form of the continuity equations (1.3) for the quantum mechanically described
structure. However, this implies that one has to chosen the imaginary parts of the coupling
constants k; in an appropriate manner. We outline how the imaginary parts has to be chosen.
In forthcoming papers we have the aim to consider a dissipative Schrodinger-Poisson [BKNR02a]
system with recombination and generation effects.

The paper is organized as follows: In section 2 we rigorously define the dissipative Schrodinger-
type operator and show that the operator H is maximal dissipative. We use the well-know dilation
theory as a main tool for our investigations. Therefore, the characteristic function and the minimal
dilation corresponding to the maximal dissipative operator are the main objective in the sections
3 and 4. Section 5 is devoted to the generalized eigenfunctions of the dilation operator. In the
sections 6 and 7 we give a definition of the density matrix and define the quantities of carrier and
current densities in terms of the generalized eigenfunctions of the dilation (cf. [KNRO1c]). The
motivation for this definition is, that the selfadjoint dilation is regarded as the Hamiltonian of
a larger closed system which contains the open system given by the dissipative operator H. In
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section 8 we show that, depending on the density matrix, loss and/or gain effect of the open system
can be achieved. We close with some remarks and a discussion on how the imaginary parts of the
delta potentials have to be chosen in order to include recombination-generation processes within
the open quantum model.

2 Dissipative Schrodinger operators

Let zj, j = 1,--- , N, be numbers contained in the bounded interval Q := (a,b) C R, such that
a<T <Ty<--<zy <b. Furthermorelet V € L?(a,b) be real-valued, and m € L*°(a,b), with
m >0 and L € L>(a,b). In accordance with [KNRO1b] we define the sesquilinear form

2m(z)

b
t{u, v] ::/ ELu(.alc)v(mc) + V(z)u(z)v(z)dz

N
— kau(a)v(a) — Z rju(z;)v(z;) — rpu(b)v(b),

for u,v € D(t) = Wh%(a,b) and kg, k1, - , 6N,k € Cy := {z € C|Im(z) > 0}. Mimicking the
proof of Theorem 2.20 in [KNRO1a], we get that the form t is closed on # = L%(a, b) and sectorial.

Thus we get the existence of a maximal sectorial operator H, such that (H f,v) = t[f,v] for all
f € D(H) and v € D(t). It can be shown that the operator H is given by

%f’ € lez(a’)ml) @ @;V:_ll Wl’2($j7$j+l) ®Wl’2($Nab))
ol (@) = —kaf(a), gk F'(B) = ks £(B)

D(H) = { f € W'?(a, b :
&) () a4+ 0) — g (a5 — 0) =~y £ (),

Vj=1,---,N
and
(Hf)(z) = (U()(=z), [feDH),
where 1d 1 4
I -z _ - =2
U@ i= 5 g s 210 + V(@) 0
Since Kq, K1, , &N, kp € C1, the operator H is dissipative, i.e. Im(Hf, f) <0, f € D(H). This
can be seen by
a? ag Y a?
Im(Hf, f) = Im A[f, f] = =2 f @) = IO =3 5 1F (@),
Jj=1
where Ka = (o + %7 Kb = @b + %7 for some Qa,"** 7qb,Qa, -+ ,0p € R7 Og, ", 0 > 0.

A dissipative operator is called maximal dissipative, if it does not admit any proper dissipative
extension. Since H is maximal sectorial it is also maximal dissipative. Furthermore, H is purely
maximal dissipative (cf. [KNROla]), i.e. it has no selfadjoint part [FN70]. This implies that H
has no real eigenvalues.

Let us introduce some notions. For simplicity we will occasional write a = xg, kg = Ko, g = g,
b=2xNt1, kb = KN+1, and ap = an+1. We set

1 1

A(g, f)(z) == mgl(ﬂ? +0) — Im(z = 0)

f'(z=0), A(g)(z) = Alg, 9)(=).

For a matrix A = (a;;), with a;; € C, A will denote the matrix in which every element is complex
conjugated, i.e. A = (@;;).
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In order to get an explicit description of the resolvent of H we introduce the elementary solutions
va(z, 2) and vy(z, z) defined by

L(00(-,2))(2) = 200(2,2) = 0, vo(a,2) = 1, 550l 2) = i,
A(Ua('7z))(mj) = —ija(mj,z)7 Yj=1,---,N,

l(vp(+, 2)) () — zvp(z,2) =0, vp(b,2) =1, 2m1(b) vl (b, z) = ks,
A(Ub('az))(mj) = —fij’l)b(mj,z), Yj=1,---,N.

The existence of these solutions can be proven as in [KNRO1b].

The Wronskian of v, (z, z) and vy(z, z) is defined by

vy(z, z) — vp(z, 2)

W (va(:,2),0p(+, 2))(2) := va(z, 2)

2m(z) 2m(z)

We note that W (v, (-, 2),vs(+, 2)) () is constant for z € (z;,z;+1). Furthermore, one easily checks
that

W (va(:,2), 05(+; 2)) (i — 0) = W (va(:, 2), vp(-, 2)) (i + 0).
Thus we write W (z) := W (v, (-, 2), v (-, 2)) ().
The functions defined by

Via (2, 2) = vo(x,2), and vib(z, 2) == vp(x, Z),
are solutions of
l(v*a( Z))(l‘) - zv*a(m,z) =0, U*a(aaz) =1, 2m1(a) Ufm(aaz) = —Kaq

Ao (-, 2))(z5) = —Rjvsa(zj, 2), Vj=1,---,N,

(v (+, 2))(2) — zvip(z,2) =0, vap(b,2) =1, #(b)vr*b(b,z) — 7%
Avip (-, 2))(z;) = —RKjvep(zj,2), Vj=1,---,N.

Obviously, the Wronskian W, (z) := W (via (-, 2), vks (-, 2)) (z) satisfies W, (z) = W (Z).

We are now able to write the resolvents of H and H* as integral operators, where the kernels are
given in terms of the elementary solutions (see also [K80]).

Theorem 2.1 Let V € L%(a,b) be real valued and K4, k1, ,kn, k5 € Cp. Then the resolvent of
the maximal dissipative operator H is given by

va(z, 2)

T b
| o -2 [Cuwaswa, e

vp(z, 2)

W (z)

(H=2)""f)(z) = -
for f € H and z € o(H).

The resolvent of the adjoint operator H* admits the representation

T b
(H* —2) " f)(z) = —%/ Vea(y, 2) f(y) dy — %“Ez)z)/ v (Y, 2) f(y) dy, (2.2)

for f € H and z € o(H*).

We omit the proof, but note that W(z) =0« z € 0(H) and W.(z) =0 < z € o(H*), where ()
denotes the spectrum of the corresponding operator.
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3 The characteristic function

We define the unclosed operator o : H — CVN*+2 by

o f(b)
—anf(zn)
of = : . D(a) = C(a,b).

_al.}c(ml)
_aaf(a)

Let us introduce the operator valued function T'(z) : H — CN*2 given by
T()f = o(H - )1, (3.1)

for f € H and z € p(H). Using the expression (2.1) we get

—ay [} va(y, 2)f(y) dy
anvy(zn, z) [ va(y, 2) f(y) dy + anve(zN, 2) fsz op(y, z) dy

onvy(z1,2) [ va(y, 2) f(y) dy + 01va(z1, 2) f;l vy(y, 2) dy
aa [ vsy, 2) f(y) dy

*

The adjoint operator T'(z)* is given by

{—apvia(z,2)€

TEO6 s

+ aN(U*b(mNaz)v*a(m7 E)X[a,ml) (m) + U*a(mN7 E)’U*b(m7 E)X[mN,b])é-N

+ a1 (U*b(mlaz)v*a(zaE)X[a,zl)(m) + U*a(ml7E)U*b(maz)X[z1,b])£l
+ aav*b(m,f)ga},

for z € [a, b], where

£ = ; e CN+2, (3.2)

Similarly, we define T, (z) : H — CN*+2 by
T (2)f = a(H" = 2)7'f,

for f € H and z € p(H). Using equation (2.2) one gets

—ay [ vsaly, 2) f(y) dy
anv (TN, 2) [ 0ea(y,2) [ (y) dy + anvia(zn, 2) f;,v vt (Y, 2) dy

W (z) o ' b
alv*b(zlaz) fa 'U*a(y,Z)f(y) dy+0£1’l)*a($1,z) T ’U*b(y,Z) dy
Qg fab U*b(ya Z)f(y) dy
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The adjoint operator has the representation

(T.(2)"6) () =gy {—ewva(a )E"
+ an (05(&N, 2)va (%, 2) X(a,on) () + Va (@8, )05 (2, 2) X0 n )€™
+ay (Ub (ml ) E)Ua (m7 E)X[a,ml) (.’E) + Va (ml ) E)Ub (.’E, E)X[zl,b])gl
+ agup(z,2)E},
for z € [a, b].

Let us collect some properties of the above operators.

Lemma 3.1 Let V € L%(a,b) be real-valued, and kq,K1,- - , 6N,k € Cy. Then we have
(H* —2)™' = (H — 2)7! = —iTu(2)* T\ (2) = —iT(2)* T (2), (3.3)

for z € o(H) N o(H*).

Proof. A straightforward calculation shows that

N+1 _
(H*f.9)— (f,H*g) =i Y _ of f(z;)g(=;),

Jj=0

for f,g € D(H*). Setting f = (H* —2z)"'h and g = (H* — 2) "'k with h,k € H, z,Z € o(H*), we
obtain

((H* = 2)" b, k) = (h, (H" —2)"'k) = ~i(T.(2)h, T. (2)k)cvss,
and the first equality in (3.3) is proven. The second relation can be proven in the same fashion. O

The characteristic function ©g(-) is a crucial element in the study of completely non-selfadjoint
operators. It is a purely contractive valued and analytic function on C_, where C_ := {z €
C|Im(z) < 0}, cf. [FN70]. The characteristic function ©g(-) of the maximal dissipative operator
H is a (N + 2) x (N + 2) matrix-valued function satisfying the relation

Ou()T(2)f =Tu(2)f, z€o(H)No(H"), fEH. (3.4)
Let us compute the characteristic function @y (-) of H:

Theorem 3.2 LetV € L%(a,b) be real-valued and kg, K1, - , kN, kp € C_. Then the characteristic
function of H is given by

i

@H(z) = ICN+2 — X
W.(z)

—aZv.a(b, z) ApaNVsa (TN, 2) apa1Vsa (21, 2) apa
anapVsa(TN,2)  —avsa(TN,Z)vib(TN,2) o0 —anoavsa(T1,2)vep (TN, 2)  —anaavw (TN, 2)
a10pVxa(T1,2) —a1anVsa(T1,2)vep(TN,2)  --- 7a%v*a(z'1,z)v*b(z‘1,z) —a1aqVp (21, 2)

Qq Op 700,(1]\[1)*[,(1‘1\],2) 7aaalv*b($lvz) 7azv*b(a7z)

(3.5)

for z € o(H) N o(H*).

Proof. It remains to verify that ©g(-) given by (3.5) satisfies (3.4).
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One easily checks, that equation (3.5) can be written as

Op(z) = Ignv+z —iaT(Z)". (3.6)
Using equation (3.3) we get

On(2)T(2) = T(2) —iaT(2)*T(z) = a(H* — 2)~! = T.(2).
Thus equation (3.4) is verified. O
Since
T()T(z) — Tu(2) Tu(z) = —2Im()T () TETE) (=), for = € o(H) N o(H"),
we have for z € C_ N p(H) that
10 ()T (2)fII” = IT(2)fII” < IIT(2)fI?, f e

Thus O (z) is a contraction for z € C_ N p(H). Since the spectrum of H consists of only isolated
eigenvalues in C_, we get that the characteristic function © #(2) admits a unique continuation to
all z € C_, cf. (3.6).

4 Dilations

Since H is a maximal dissipative operator, there exists a larger Hilbert space I containing H, i.e.
H C K, and a selfadjoint operator K on /C such that

PK(K — z)l_# =(H-2)"" zeC,, (4.1)

(see [FN70]). The operator K is called a dilation of H. K is said to be a minimal selfadjoint
dilation, if

clospan(K — 2)"'H = K. (4.2)
z€C\R

All minimal selfadjoint dilation of a maximal dissipative operator are isomorphic. In particular,
all minimal selfadjoint dilation are unitarily equivalent.

The next step in our investigations is to obtain an explicit description of the selfadjoint dilation of
H. Let us introduce the Hilbert space K defined by

K:=D &HoD,,

with Dy := L2(Ry, CN+2). Introducing the domain

[mNa b]

[T, Tiy1]

[a, z1]

?
FOEWE PP |F
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we get K = Lz(Q, dz). For g € K we write

Gi=9-©g®gy,

where
9% (z) 95 (z)
g¥ (z) 9¥ (z)
g- = : and g4 = : ,
gt (z) g5 (2)
9% (z) 9% (z)

for z € R_ and = € R, respectively. Furthermore we will need the (N + 2) x (N + 2)-matrices
Ké’:, K%,and K, j=1,---,N, defined by

1 0 -+ 0 —kp 0 - 0
1 0 0 1
Kb = — , K% :=— ,
ap Qg 0 0
0 0 10 0 Ka
0 0
) 1 . : .
K'=—1110 --- 0 &; |+ (y+1)-throw,
@ . .
0 0
and Ki = K_ﬁ, K§ = K®, Ki = K—Z, as well as
0 0 1
0 0 o
E =
0 O 0
-1 0 0
We set
T OLAG) s 9 (b) A(g)(z5)
0 0 0
9o = : ES : , and g; = :
0 0 0
9(a) g(b) g(z;)

Theorem 4.1 Let V € L2%(a,b), Im(V) = 0, k4,51, -+ ,6N,65 € Cy, and z1,--- ,zN € (a,b),
such that r1 < zo < --- < zn. Then the operator K defined by

g+ € WH2(Ry,CN*2) g € Wh2(a, b),
=g e W (a,21) ® @;-\le W2 (zj, z541) © WH? (2, b)
K%go+ YN, Kigj + K% g, =g_(0),
K$ga+Y ;- Kigj + K g, = g+(0)

D(K):={gek (4.3)

and

. .d d )
K§:=—i—g_ ®Il(9)®—i-—g+, J€DK),
dz dz

is selfadjoint.
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The proof is essentially the same as in [KNRO1b], so we omit it.
Figure 1 shows the boundary conditions of the operator K with respect to the domain Q.

To show that K is the minimal dilation corresponding to H, let us compute the resolvent of K.

Theorem 4.2 Assume that V € L2(a,b) is real-valued and kq, k1, ,kn,kp € Cp. Then the
resolvent of K admits the representation

(K—-2)"(f- o f®f)(x) (4.4)
=i [ e e (-2 e +i (e [ Ooo ¢ ) dy) (@)
oi [ e ) dy ic= T ()] 4 i0n () [ Ooo 02 () dy,
for Tm(z) > 0 and
(K -2\ (f- @ o f)@) (45)

0 oo
=—3 / @92 ¢ (y)dy — ie'**T,(2)f — iOn(2) / ==Yz 1 (y) dy
T 0

& (H* — 2)"'f)(z) — i (T(z)* / T (y) dy) @i ez p, () dy,

for Im(z) < 0, where f=f ofof k.

Figure 1: Boundary conditions of the dilation K

9" (0) = 527 () — mag(B) ik ()~ Fig(b) = g’ (0)
. ) e )
—idgb —igogt
N l(g) . N
ang= (0) = Ag)(zn) + snglzN) |  Alg)(zn) +Eng(en) = angy (0)
cd N / ' ‘d N
—Zﬂg— _lﬂg"r
j119°(0) = A(g)(mn1) + Kj1g(wisa), L A9)(wj11) + Firig(wi1) = ajngh " (0)
Tid gt ] C —iigiﬂ
ded— dz
. I(g) :
g’ (0) = Alg) (=) + ki9(w;) |  Alg)(z;) +Ejg(z;) = g} (0)
- d g U \ . d j
—lﬁg— _Zﬂg-&-
a192(0) = A(g)(21) + K1g(e1) \ , Alg)(c) + Fig(ey) = a1} (0)
g9 / \ —idgl
. l(g) — o
@ag2(0) = 2ml(a)9'(a) +Kag(a) \ {ﬁ@g'(a) +Fag(a) = 2ag} (0)
_iiga ’ \ —iig“
dz = dz J+

Proof. We will only prove equation (4.4) since the equality of (4.5) can be shown in the same
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fashion. Let Im(z) > 0, f € K. We set
g-(z) := l/ AL (y) dy,

9(z) = ((H — )" f)(z) + (T*(zr / OOO e f () dy) (2)

0

gi(z) =i /0 "5, (y) dy + i€ T(2)f + O (2)" / G F_(y) dy.

— 00

One easily verifies that
(K—2)(9-©9®g+)=f-©fO fy.

(4.6)

Thus it remains to show that § satisfies the boundary conditions (4.3). We set h = (H — 2z)71f

and get

ga:ha+Gagf(0)a gj:hj+ng*(0)) gb:hb+Gbgf(0)a V_]:]., 7N7

where
—ka(Te(Z)*er)(a) -+ —ka(Tu(2)*e1)(a) gy (Te(2)*ea)' (a)
0 e 0 0
G, = : :
0 e 0 0
(T.(z)"e)(a) -+ (Tu(2)"e1)(a) (Tx(2)"ea)(a)
gy (L) 7e) (b)) wo(Tu(Z) en)(b) -+ wo(Tu(2)"ea)(b)
0 0 .. 0
Gy = : 5 5 :
0 0 e 0
(Tx(2)"eb) (b) (Tu(Z)'en)(0) -+ (Tx(2)"ea)(b)
and
—6(Tu(Z)"en)(z;) -+ A(Tu(Z)"ej)(z;) - —k;i(T7(2)"€ea)(z;)
0 e 0 e 0
Gj = : : :
0 e 0 .. 0
(T.(@)es)(z;) - (Tu(@)7e)(z;) - (T7(2)"ea)(;)

where e,,e;,ep € CN+2 are given by

1 0
0 .

€p = y €g = 0 y €5 = 1
0 1

Since h € D(H), ‘
K%h, =K hj=K"hy=0, Vj=1,--- N.

A straightforward calculation shows, that

KiGagzé-aea7 KiGbé-:ngb, KJ_ngzé']e]7 v.]:17 7N7

(4.7)

(4.8)
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where ¢ € CNV*2 (see (3.2)). Therefore we get by (4.7) and (4.8)
N .
K°9a+> Klgi+Kgy=g (0).

i=1

Using (4.6) we get
9:(0) = iT(2)f + Ou(z)g(0).

Since
K%h, = —iagh(a)ea, KLhy =ioph(b)es, K'hj = —iah(zj)ej, ¥j=1,---,N,
we find by equation (3.1)

N
K%he + Y K’ hj + K hy, =iT(2)f.

j=1
Note that
Op()" =1+ iaT(2)". (4.9)
We have
0 . 0
K{G, =
+ 0 - 0
—10,(Te(Z)*ep)(a) -+ 1—iaa(Tu(Z)*es)(a)
0 - 0
B 0 ... 0 ’
i(aTw(Z)*ep,ea)on+z -+ 1+ i{aTy(Z)*eq, a)en+2
and similar
1+ i(aT* (E)*eb, Cb)CN+2 s i(aT* (E)*ea, Cb)CNJrZ
... 0
K(Gy = : : '
0 0
0 0 0
‘ 0 - 0 . 0
KiGJ = i(aT* (E)*eb, 6j>CN+2 e 14 i(OéT* (E)*Ej, 6j>CN+2 s i(aT* (E)*ea, e]'>CN+2 ,
0 . 0 ... 0
0 - 0 . 0

forall j =1,---,N. Hence we get by (4.9)

N
K:Go+ Y K(Gj+K,G,=0g(2)"

j=1
and finally
N
Kigo+ ZKHJJ' + K5 g, = g4(0)
j=1
which completes the proof. a
Using the expressions (4.4) and (4.5) for the resolvent of K, one easily verifies (4.1) and (4.2).
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5 Eigenfunction expansion

The selfadjoint operator K is absolutely continuous and o(K) = 0,.(K) = R, i.e. the spectrum
of K coincides with the real line. Its multiplicity is NV + 2. We are now going to compute the
generalized eigenfunction ¢(-,\), A € R, of K. We set

-

qS(l‘,)\) = ¢7($7)‘) © qS(m,)\) © ¢+(CB,)\),

for z € Q, where

¢* (z,X) ¢ (z,))
oY (z,A) oY (z,2)
¢_(z,A) = : , zeR_, ¢i(z,N) = ; , z€E€Ry.
oL (z,X) oY (2, )
¢ (z,A) ¢4 (z, )

From

(K)(w,X) =~ 6 (2,0) @ U( V) () © b (2, )

= Ao (z,)) @ p(z,A) ® ¢ (, ),

x € Q, we find the equations

¢° (2, ) ¢° (2, )

4 oY (2, A) oY (z, )
_iﬂ : =2 : , zeR, (5.1)

oLz, 8L, 2)

AERY 8 (@)
l(¢() )\))(ZB) = )\qﬁ(m, )‘)7 S [aa b]a (5'2)

and

% (2, A) ¢° (2, )

p oY (z,X) oY (z,))
i : =X : , TERy. (5.3)

#(@) o (@)

#(2,) # (2,

The equation (5.1) and (5.3) have the solutions
¢ (z,\)=C_e"* C eCV*? zeR_,

and

bi(x,\) =Ce®, C,cCN*?2 zecR,.

The solution of (5.2) is given by a linear combination of the elementary solutions v, (z,A) and
vp(z, A) on each interval [z;,z;4+1), i.e.

N
B, %) = (hva(@,X) + s (@, 1), ) Xjay 50 (@). (5.4)

=0

The eigenfunctions have to satisfy the boundary conditions, i.e.

N
K2¢a(X) + Z K7 $j(A) + K2 dp(X) = 6_(0, )). (5.5)
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and

N
K$¢a(\) + D KL1gj(N) + Klgp(A) = 64(0, ). (5.6)

i=1

Furthermore the condition
(szJrl - C;.)’Ua(l‘j, )‘) + (CI];+1 - Cg)vb(mja )‘) = 07 V] = 07 o 7N + ]-7

has to be satisfied. A straightforward calculation shows that

c;VH:_Wf‘(”Z),cE, cz;zci+1+%g)’”cj, j=0,---,N, (5.7)
as well as
cgzwf‘(“z)ci, cg:cg“—%ci, j=1,-,N+1. (5.8)
Inserting equations (5.7) and (5.8) in (5.4) finally yields
¢(z,A) = (T.(N)"C-)(2). (5.9)

By inserting (5.9) in (5.6) we find
Ci=0gN)'C_, XeR
Therefore we get
B (z,A) := A C_ @ (T (N)*C_)(z) ® ™ O (N)*C_,
zeQ, AeR
A calculation as in [KNRO1b] shows that

1 7C_ 1 7oy _ o/ ;
(\/—2_# (3, =9 (,/\)>K—5(A YO, ).

Introducing the notions

BN G) = ——=% (), =0, ,N+1, (5.10)
where we have set e, = eg and e, = en41, we get the following theorem.
Theorem 5.1 Assume V € L%(a,b), Im(V) =0, and ka, k1, - ,kn, k& € Cy. Then the functions

—

{¢(7 )‘70')7 (;(7 )‘7 1)7 e 7(;('7 A7 N)7 (;(7 A7 b)})\ER

perform a complete orthonormal system of generalized eigenfunctions of K, i.e.
((;('7A7T)7$('7)"7T’)) :5()‘_)")57'7"7 )\7A, € R: T7T, :a‘717"' 7N7b7
K

and their linear span, i.e. elements of the form

fa) = | Fe 2 7)g(N) A,
R 7=a,l,---,N,b
where g7 ;1 =a,1,--- ,N,b, are smooth functions with compact support, is dense in K.
We say that {e2()\),el(N), -+ ,eM()),e’(A)}rer is a measurable family of orthogonal bases in
CN+2 if the components of the vectors e”(\), T = a,1,--- , N, b, are Lebesgue measurable functions

such that (e”(\),ef (X)) = &, ¢ for a.e. A € R. Thus we get
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Corollary 5.2 Suppose that V € L?(a,b), Im(V) =0, kq, k1, -+ 6N,k € Cy, and z1,--+ ,zN €
(a,b) with z; < 3 < -+ < zn. If {e2(A),et (), -+, eV (N),e’(N)}rer is a measurable family of
orthogonal bases in CN12 | then the system of eigenfunctions

—

{(;(7 Aaea(A)L ‘;(7 )‘761 ()‘))7 e 7(;('7 >‘7 eN()‘))a ('7 Aaeb()‘))})\eka

where

$('7A76T()‘)) = \/%q—;ej()\)(_,)\), T=0" " 7b7

performs a complete orthonormal system of generalized eigenfunctions of K.

The generalized eigenfunctions ¢(, A, 7) are usually called the incoming eigenfunctions. By the use
of the incoming eigenfunctions, one defines a transform F : K — K := L2(R, CN+2) by

g
gv )
(FHA) =:9(N) = : ;

where
o) ;:/Q(g(m), o) de

F is a unitary operator and called the incoming Fourier transform. The inverse incoming Fourier
transform F ! is given by

We note that
FKF'=M, (5.11)

where M is the multiplication operator on K given by
D(M) = {3 € K|\g(}) € K},
(Mg)(A) :=Ag(A), g€ D(M).

6 Carrier density

According to [KNRO1c] we call p : K — K a density matrix, if ¢ is a bounded, non-negative
operator. A density matrix p is called a steady state, if it commutes with K. For steady states p
there exists a function p(-) € L (R, B(CN*2)) such that the multiplication operator ¢ defined by

D(0) := {9 € K[e(N)g(}) € K},
(29)(A) == e(M)g(A), g € D(),

is unitarily equivalent to p, i.e.
o=F 'oF.
Since o > 0 we get o(A) >0 for a.e. A € R

The time evolution of a given density matrix p is given by
o(t) := e Hpe® e R,

cf. [LL71]. If p commutes with K, we have p(t) = p for all £ € R. This justifies the definition of
steady states.
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Definition 6.1 A bounded selfadjoint operator A on a Hilbert space K is called an observable.
We say that the observable A

1. is admissible with respect to g if pA is a trace class operator, i.e pA € B, (K),

2. is admissible with respect to K if Ex(A)A € %81 (K) for each bounded interval A C R, where
Ek(A) denotes the spectral projection of K on A.

If the observable A is admissible with respect to g, then its expectation value E,(A) with respect
to the density matrix p is defined by

E,(A) := tr(oA).

To calculate the carrier density we consider the observable U(w) given by

=

Uw))(z) =00 xu(2)f(z) ®0, f=f @f®fr €K,

for any Borel subset w C [a,b]. We remark that U(w) is a projection on K with ran(U(w)) C H.
Let us introduce some more notions: We set
p(z, A, N +1)
O(z,A) = )
¢(z, A,0)

and ®(z,\) denotes the the vector ®(z, ) with each element complex conjugated.
As in [KNRO1c] one proves the following lemma:

Lemma 6.2 Assume that m + % € L>(a,b), V € L%(a,b), Im(V) =0, kq,k1,- -, kN, kp € Cp,
and z1, -+ , T, € (a,b) such that z; < z2 < -+- < zZN.

1. The observable U(w) is admissible with respect to the minimal selfadjoint dilation K of the
mazimal dissipative operator H for any Borel set w C [a,b]. Furthermore, we get the repre-
sentation

tmmmwmnzAumnmmmmx

for any bounded Borel set A C R and any steady state p, where

Uw)(A) ::/D(w,)\) dz,

with
D(z,\) := ®(z,\) &(z, \)T

2. If the steady state p satisfies the condition

Cs:= iuﬁ VAZ + 1oVl (v +2) < 0o, (6.1)
€

then the observable U(w) is admissible with respect to o for any Borel set w C [a,b]. Further-
more we have

tr(eU@) = [ (@U@ ) dx

R



16 M. BArO, H. NEIDHARDT

We set

for z € [a,b] and A € R. Note that
U‘Q(ma)‘) = <Q()‘)T(I>($7)‘)a(§(ma)‘)> ) (6'2)

where o(A)T denotes the transposed matrix of g()). Since p()) is non-negative, we get by the
representation (6.2) that u,(z,A) > 0 for z € [a,b] and a.e. A € R If the condition (6.1) is
satisfied, we get by Lemma 6.2

IEQ(U(w)):/R/wug(x,)\)dmd)\,

for any Borel set w C [a, b]. Hence by Fubini’s Theorem we get

E, (U(w)) :/ug(w) dz, (6.3)

where

up(x) := /Rug(m,)\) dA >0, z¢€]a,b, (6.4)

thus u, € L(a,b). Clearly E,(U(-)) defines a measure which is absolutely continuous with respect
to the Lebesgue measure. Since E, (U(w)) can be interpreted as the number of carriers in w C [a, ],
its Radon-Nikodym derivative can be viewed as the carrier density of the system described by K.
Since K is the dilation corresponding to the maximal dissipative operator H and U(w) acts only
on H, we identify u, with the carrier density of the system described by H.

Note that
Uo(z,A) = Ey(n) (D(z, A)), (6.5)

for z € [a,b] and A € R. We call the matrix D(z, ) the carrier density observable and u,(z, A) the
carrier density of the system described by H at point = € [a,b] and energy A € R. This is justified
since (6.5) can be seen as expectation value of the carrier density observable.

Furthermore we have

u(z) = /R E,o (D(z,)), =€ [ab],

i.e. the carrier density for each point x is the sum of the expectation values of the carrier density
observable for the point = over all energies.

For real-valued h € L*°(a,b) we define the multiplication operator M (h) on the Hilbert space K by
(M(h)f)(z) = 0@ h(z)f(z) ®0, f=f-®f@fi K.
We note that M (x.) = U(w), in particular M(xq) = U(2) = PJ. Since
eM(h) = U(@)M(h),  h€L>(a,b),
we get that the observable M (h) is admissible with respect to p.
Lemma 6.3 Assume that m + % € L>°, V € L%*(a,b) real-valued, and kq,k1 - kN, k5 € Cp.

If the steady state o satisfies the condition (6.1), then the carrier density u, defined by (6.4) is a
non-negative L -function such that

b

tr(oM (h)) = / u,(z)h(z) de, (6.6)

a

for any real-valued function h € L°°([a,b]). In particular one has
lullirw) = tr(eU(w)) < Coll(K — i)~ Pi s, (6.7)

for each Borel set w C [a,b].
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Proof. By (6.3) we get that (6.6) holds for h = xq. By linearity (6.6) can be extended for
arbitrary step functions h. Since u, is from L'(a,b) and pU(Q) is of trace class, (6.6) admits a
continuation to all L°°-functions h, which proves the first part of the lemma.

Since (K —i) ' P is a trace class operator and since o(K — i) is a bounded operator whose norm
can be estimated by Cjy, we obtain

tr(o(K —i)(K — i) 'U(w)) < Coll(K — i) "' P||s, -
This verifies (6.7). O

Suppose that {o())}rcr is a measurable family of non-negative selfadjoint operators on CN*2. We
can find a family of unitary operators {V(A)}acr on CV*2 such that

(N 0 0
0 unv() 0 .- 0
e(A) =V () : : VN5,
0 e 0 wi(X) 0
0 0 ()
for a.e. A € R, where u.(\), 7 = a,1,--- ,N,b, are the non-negative eigenvalues of the matrix

0(A). Hence from equation (6.2) we obtain

(A) - 0

Hb
Ug(.’E,)\) = < . .
0 - pa(N)
Introducing the measurable family of orthogonal bases {e?(\),---,e?(A\)}rer, where e”(\) :=
V(Aer, we find

V)T®(z, ), VN T ®(x, ,\)> )

up(z, ) = Y ue (W), A e” ()P,

r=a,--,b

for z € [a,b] and X\ € R, where we used the fact that

¢(m7 >‘7 6{,()\))
VTN ®(z,\) = : . (6.8)
¢($7 )‘7 ea()‘))

7 Current density

We define the current density j,(z, A) at point z and energy A € R of the system described by the
dissipative operator H by

N+1 1
o) = Y- e )Im (s oA, "() Ba () ) (1)
7=0

See [LL71] for the motivation for this definition. We note that ¢(z, A, e” (X))’ exists only for z # z;,
j=1,---,N. Therefore, the definition (7.1) makes only sense for z € Uj-vzo(mj, Tjt1).

Equation (7.1) can be rewritten as

jo@,A) = Im (<9(A)TL<1>(m,A)', ‘I>(m,)\)>> . (7.2)
m(z)
Finally this can be expressed as

Je(z,A) = tr(e(A)C(z, A)),
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where
m($)¢(mAN+1)¢(m,)\,N+1) ()qS(m)\O) ¢(z, A\, N + 1)
Agfle AN VAT e 085 )
C(z,)) :=Im ) . (7.3)
mlm) ¢($7 A7 N+ 1),¢($7 A7 0) mlm) ¢($7 A,O)'(ﬁ(m, A7 0)

The current density is strongly related to the characteristic function of the operator H. This is
shown in the next theorem.

Theorem 7.1 Assume that m + % € L>=(a,b), V € L%(a,b), with Im(V) = 0, and kq, k1, -,
kN, kp € C1 as well as z1,-+- ,zn € (a,b) such that z1 < o < -+ < znN. Let g be a steady state.
Then the current density j,(z, ), z € [a,b], © # zj, A € R, is independent of x for € (zj,zj11)
and admits the representation

Jo(z,A) = tr(e(X)C(z, A)), (7.4)
where
N
C(z,A) = E;j(NOH(N) X(a5,0551) (%) (7.5)
j=0
and
1 . . ) )
E;(3) = 5 (PZOH()\)PJ{ - PiG)H(A)Pi) (7.6)
s
with
) 7 ) N+1
P’ = ZPZ, P = Z P, P, :=(,e,)e,.
z=0 z=7+1

Moreover, if tr(o(:)) € L}(R), then the total current j,(z) at point z € (zj,T;4+1),

jol) == /R Jol, A) dA,

s finite and can be estimated by
) 1
(@) < 5 [ tr(e(A)) dA. (7.7)
T JR

Proof. We have
Jo(z,A) = tr(e(A)C(z, ), (7.8)

where C(z,\) is given by (7.3). C(z,A) can be rewritten as

W(¢(: AN+ N+1),¢( AN +D)z) - W(e( AN +1,6(-,4,0))(x)
1 W($(, X, N) ),05( AN+1)(z) - W((,AN) ,A,N) ¢(:, 2, 0))(z
C(.’E,A) = - . .

- (7.9)
Clearly W(¢(-, A, 1), (-, A,m))(z) is constant for every z in each subinterval (z;,z;j1+1), for every
I,m=0,---,N + 1. Hence, j,(z,\)|( ) is constant.

TiHTj+1
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Let us compute C(z,))|(z;,0;41)- Since ¢(z, A, k) has to fulfil the boundary conditions (5.5) and

(5.6) (see also figure 1), we get
W(¢(7 >‘7 l): (75(7 >‘7 m))(m)\(m]-,ijrl) :W(¢(7 >‘7 l)7 ¢(7 >‘7 m))(m] + 0)
:W(¢(7 >‘7 l)7 ¢(7 >‘7 m))(m] - 0)

. 7 N N am
_ za?qﬁ(:cj, A Doz, A, m) + (Sjmﬁ

:W(¢(7 >‘7 l)7 ¢(7 A7 m))(m]—l + 0)
— ia?qﬁ(a:j, ADo(zj, A, m) + 0jm

P(zm, A1)

Ay ————————
Eqs(wma )‘7 l)

J
:TZz {"'“3‘“% A D§(r, A1) + s~ b l>} ,

for ,m = 0,---,N + 1 and | > j, where 6,,, = (er,e.,). Similar we obtain for all I,m =
07"'7N+17l§j7

W(¢(7 >‘7 l)7 ¢(7 >‘7 'nfl))("lj)l(a:J JLj41) :W((ﬁ(.’ﬂ, >‘7 l): (75(377 >‘7 m))(mj-l-l - 0)
:W(¢('7 A, l)7 qS(, A, m))(ijrl + 0)
+iogp1b(@ip, A D)B(j41, A, m) — 841, m%m
:W(¢('7 A, l)7 qS(, A, m))(szrZ - 0)
i 1(ii1, A Dd(Tj41,A,m) — j+1,m%¢(m]~+1,>\,l)

N+1
:; {iai‘ﬁ(mﬂ A D, A1) = 8rim (i, A_,n} .

Note that
(aT (M) eg,er) = —ard(zr, A, €)

3~
3

for all 7,6 =0,--- , N + 1. Hence we find

J
W (G020, (5 A m)) (2 (2 050) :\/% {~iVamard(er, A m) +8rm } ar@lor, A1) (7.10)
7=0

Z {i{aT(A) em,er) + (em,er) } (aT(N)*er, er)

for [ > j. Using equation (4.9) we get

W(B( 000, 30 X)) (@) (250540) = —zi Z A em, exMaTs (N er, ) (7.11)

1

o (PJ Ou(N) em,aT.(N)*e)

or

_%<P16H(>‘)*em7@H(>\)*Pi er) (7.12)
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forl > 7. If Il < j, then
N+1

- 1 ] -
W@ECAD, 60 A M@)o i) = o= D {iV2Tard(ar, \m) = 8rm } ar (e, A1)
T=j+1

(7.13)
| N
= LS RO emen) + (e e DT er, ).
T=75+1
Using again (4.9) we obtain
1 N+1
W(¢(7 )‘7 l)a QS(, )‘7 m))(m)\(zj,lj+1) = % Z <®H()‘)*em7 67—><04T*()\)*61, 6-,-> (714)
T=j+1
i
= %(Pi@H(A)*em,G)H(A)*eﬁ
which yields
- i . o
W(b(, A1), 60, X m)) (@) (25,0511) = 5 (PLOH(A) em, Or(X)"PL er) (7.15)
for | < j. Taking into account (7.9), (7.12) and (7.15) we find
1 . . . .
(C@, Nem, e)|(esa50) = 5= ({PLOHNPL = PLO&(N) P! }0u (A em, 1) (7.16)
for m,l =0,1,...,N + 1. Using notation (7.5) and (7.6) we immediately obtain (7.4).
From the above calculations we get for the total current j,(z), z € (z,2;41),
. 1
7e(@)] < le(N)C (@, Ml ovrz) < 5ol e +2) 12 (M)l ev+2).-
By (7.6) one gets
E;(\*E;(\) = PLOx(\) P Og(\)PL + P2Og(\)*PLOx(\)P’
which yields
E;j(N"E;(A) < L.
Hence ||Ej())|lg3(cnv+2) < 1 which verifies (7.7). O

Let us show that piecewise constant matrix-valued function C(z, ) is selfadjoint for each = # ;.
If z € (zj,%j4+1), then one gets

C(@,2)" = OrVE; ()" = 5-0n (N {PLOx(N)" P ~ PLOx(N)PI}.
T
One has
1 . ) ) . ) )
Cla,N)" =5 {PLOR(NPLO(N)'PL + PLOr(\)P{Or(\) P!
— PLOg(NPLOx(\)*PL — PLOx (NP Ox () P}
Since P1 + P/ =T and ©(A\)0g(\)* = I we find
1 . ) . ) . .
C(.’E, )\)* :T{—Pi@H(A)Pi(“)H(A)*Pi + Pz@H(A)PiG)H(A)*Pi
Y
—~ PlOg(N)P O\ P. + PP Og(\)PLOy(N)*PL}
which yields
1 . ) . .
Cla, )" = 5 {PLOr(N P, ~ PlOr(\) P }0r(N)" = C(z,))
Y

Since C(z, ) is selfadjoint it is useful, in correspondence to the current density, to make the
following definition.
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Definition 7.2 The piecewise constant matrix C(-, A) defined by (7.5) is called the current density
observable and the piecewise constant function

Jo(z, A) = tr(e(A)C (=, A))

is called the current density at point = € [a,b], z # z;, and energy A € R.

The definition is justified by the fact that the current density is the expectation value of the current
density observable at energy A € R and point z € R, i.e. j,(z,A) = E,»)(C(z,A)). Using this
notion we get

)= [ FaniCir

Let us consider the special case, where the steady state p is a function of K, i.e. o = f(K), for
some f € L>°(R), f > 0. In this case g belong to the bicommutant of K. As in [KNRO1c] we get
that in this case the current density is zero. This fact is proven by the following Corollary.

Corollary 7.3 Suppose that m + % € L*®(a,b), V € L%(a,b), such that Im(V) = 0, kg, K1, ,
kN, kp € Cy, as well as z1,-+- ,zn € (a,b), with z; < z2 < -+ < . Furthermore assume that
the steady state p is of the form o = f(K), where f € L*(R) is non-negative. Then j,(z,X) =0
forx £z, T=a,z1, - ,zN,b, and a.e. X € R.

Proof. Clearly we have o(\) = f(A)Igv+2, A € R. Thus we get for z € (z;,2,41)
jo(®,X) = F(Wtrew+2 (C(a, 3))
Using (7.5) and (7.6) we obtain
ol X) = FOVE(E; (2, )01 (N)7) = fN)r ((PLOr(NPL - PLOR(NPY) 0(N)).
Since

tr (PlOR(NP O (V") = tr (PLO#(NP 0 ()" P]) = tr (PO (N PLO#(N)P! )

and
tr (PP Or(NP{On(N)") = tr (P On(\P{OH(N)P?)
we have ‘ ) ‘
tr ((Pi@H(/\)Pi - PieH(A)p{) @H(,\)*) —
which proves j,(z,A) = 0. O

8 Current variations

In Theorem 7.1 we showed that the current density j,(z,\) is piecewise constant in z. Let us
calculate the current difference for some @ € (z;,z,11) and b € (241, Zj42):

1

3oB,3) = o3 N) = 56 (e ) = GOV
= %tr(g()\){PfH@H()\)PfH — PLOy(\)P 103 ()
= (e {Py1010) ~ 0N Pyi1 105 (V)
1

= (P o)) — O (Na(N)Or (N}Py1). (8.1)
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More general we get for a € (zj,zj11) and b € (T4 511, Tj1hi2)

~

Je(b,A) — Jo(a,A) = %tr(Q{e(/\) —0u(A)e(V)0r(N)}Q), (8.2)

where Q = ZJTJ;’; P,.

From equation (8.2) we see that the current difference depends essentially on the density matrix
o(A). For example, if po(A) commutes with ©g(A) we get that the difference is zero. Hence, the
current is constant. In the case that the difference in (8.2) is positive, the system is "losing” electrons
between the points @ and b. If the difference in (8.2) is negative, the system ”gains” electrons. The
effect of losing and gaining electrons is closely related to a recombination-generation process.

In the following we are going to construct a density matrix o(-), such that the r.h.s. of (8.2) is
expressed in terms of the density u,(z¢, A) and the a;’s.

Let Ryy,Gao € {1,---,N}:=T such that Ry, NGy, =0, Ra, UG, = T, and u(Xg) € CN*+? with
(u(Xo),er) =0, VYT € Ry, and (u(Xg),Om(Ao)es) =0, V7 € Gy, (8.3)
where )y € R is fixed. We define the operator g(Ag) by

g()\o)T = u()\o)u()\o)T.

The function f(z,Ao) given by

0
(:) = u(Xo)" ®(, N,
f(z,X0)
satisfies the following boundary conditions:
A(f (5 M) (@) = =k f (27, X0), VT € Ry, (8.4)
A(f(5 X)) (me) = —Fef(ze, Xo), VE € Ga,- (8.5)

Let w = [a, l;] C Q be a given interval and 7, := {j € T |z; € w}. The current difference is then
given by

Go(b,X0) — 7o(@, Xo) =Im <<u(,\0)TL~) (b, X0)", u(Xo)T® (b, A0)>>

m(b
—Im((u r_1_ i)Y wONTH (6
I (< (Ao) m(&)q)( o) u(Xo)Td( ,,\0)>>
:% > {W(f(wko),f(-,ko))(mf +0) — W(F(- X0), £ X0)) (@7 — o)}.

T€TH

Using the boundary conditions (8.4) and (8.5) we obtain

Job,Xo) = do(@X0) = Y Zlf(n )P = Y oflf(me do)

TETWNGx, £€TLNRA,

Z Oé72_ (V()\())‘I)(CBT,)\0)7V()‘0)(I>($Ta)‘0)>
TETLNGx,

— 3 a2 (V(0)®(ze, M), V(A0)D(ze, Mo))
£ETLNRA,

= Z 2uy(zr, Ao) — Z agug(mg,)\o).

T€TLNGr, €€TLNRA,
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Clearly a vector u(Ao) with the properties (8.3) always exists. In the following we will con-
struct a vector u(Ag) for almost every A9 € R, such that u(Xg) is determined up to two given
parameters. Let uq(Ag),up(Ao) € C be arbitrary. We are now going to construct the vector

u(Xo) = (u?(Xo), - ,u’(Xo))7.

We set Pg, := deg Pj and mg,  := #0),, i.e. the number of elements in Gy,.

The first condition in (8.3) implies that u?(Ag) = 0 for j € Ry,. Furthermore we set u®(\o) =
uqa(Xo) and u?(XAg) = up(Ao). The second condition in (8.3) can be rewritten to

Pg)\() G)H()‘O)*ngou = — (ub()\o)PgAU @H()\g)*eb + U,a()\g)PgAO @H()\g)*ea) . (86)

Since Pg, ©m(Xo)*Pg,, can be seen as a mg, X mg, -matrix, the equation (8.6) has a solution
for a.e. Ag if

detmgAO (ngo @H()‘O)*PQAO) #0,
where detp, g, (-) denotes the determinant in the vector space C™“%o .
[

Since (O(-)ej,ex) is a bounded analytic function on C_ (cf. [FN70]), we get that detyg, () is
also a bounded analytic function on C_. Hence detymg, (Om (X)) # 0 for a.e. Ag.

The remaining components of u, i.e. u’, j € Gy,, are then determined as the solution of the linear
equation (8.6).

Thus we proved that we can construct a density matrix p()\g) for a.e. Ao, such that we obtain a
loss and gain effect at predefined points z;. Furthermore we showed that one has two degrees of
freedom in the choice of p()g), namely u®(A\g) and u®(X).

By repeating the above procedure for every A € R we can construct a density matrix o()), for
every A € R. It can easily be seen that the condition (6.1) is satisfied if u®(A\) and ub(\) decay
sufficiently fast, e.g. u%(\),u’(\) have compact support.

We will give some examples: Assume that u®()\g),u?(Xg) € C are given and let Ry, = {1,-+-, N},
Gy, = 0. Clearly the vector

ur(Xo) := (u®(X0),0,--+,0,u(Xo))”
satisfies equation (8.3). Introducing the density matrix by
or(M)” == ur(Ao)ur(Xo)”,

we get
JER(b )‘0) _Jgp_ a )\0 Za Upp 113.,.7)\0)

i.e. the density matrix pg(Ao) is purely recombinative.

To obtain a density matrix which is purely generative we introduce the vector
ug(Xo) = Om(Xo)ur(Mo),

which satisfies equation (8.3) with ’R,AO =P and Gy, = {1,---,N}. As above we define the density
matrix by og(Xo)T := ug(Ao)ug(Ao)T and get

j@a(g A0) = Joc (G, Ao) = Za Upg (Tr, Ao)-

Thus pg(Ao) is purely generative. We note that

0G(A0) = O (Xo)or(X0)Om(Ao)". (8.7)
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9 Remarks

The definition of carrier and current density was formulated in terms of the complete orthonormal
system of eigenfunctions {¢(:, A,a), -+, d(-, A, b)}rer- Since the eigenfunctions behave on R_ like
free wave, they are called the incoming eigenfunctions. By equation (5.10) we can define another

system of orthogonal eigenfunctions by

R 1
qsout('a )‘7]) = E

which are called the outgoing eigenfunctions. By equation (6.8) the following relation holds

$®(A)Ej ('7)‘)7 .7: 07 7N+ ]-7

¢out (:I"a )‘7 b)
O (A)®in (z,\) = : = Boui(, A), (9.1)

¢out (:I"a )‘7 G,)

where we have set @;,(z,\) = ®(z, \).

Using the outgoing eigenfunction we define the “outgoing” carrier and current density by

w9 (2, ) = (o) Bour (2, ), Bous (2, 1))

e

-out -— Im TL CI,‘ l CI,‘
73403 = i (o) s s (0,0 o2, )

Using (9.1) we get

out sout

ug (m7)‘) :Ui@?ng;I(my)\), Jg (m7)‘) :ji(-l)ngG);{(m7)‘)7

where uign(m, A), ji,“(m, A) denotes the carrier, respectively current, density defined in the previous
sections.

The incoming and the outgoing carrier and current densities coincide, if p(A) commutes with the
characteristic function © g (A). As already mentioned above in this case neither loss nor gain effects
will occur.

In the previous section we gave an example for a purely recombinative density matrix pog(A) and
an example for a strict generative matrix pg(A). Using the relations (9.1) and (8.7) we get

Jé)nc (:B, )‘) = jg;t(ma )‘)
i.e. the generative matrix pg in the incoming representation becomes a recombinative matrix in
the outgoing representation.

Introducing the notions Pj" = (-,e;)e; and Py"* = (-, E;) E;, where E; = ©3()\)e;, we can rewrite
(8.1) as follows

Jo(b,A) = Je(a, A) = %tr(g(k){P}“ .y )

Let us consider two different dissipative Schrédinger operator H, and H, for the two different
species of particles (electron and holes), with m,,, my, V., Vp, K., Kjp, 5 =1,--+ ,N, and let z;,
j=1,---,N, be numbers within the interval (a,b) such that a < z; < --- < zxy < b. We denote
by u,, (%, A), respectively j,, (%, A), the carrier density, respectively current density, corresponding
to the density matrix g and the operator Hy, k = n,p.

Assume that the sets Gy = G and Ry = R are given. Let p,(X) and g,()) density matrices
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satisfying equation (6.1) such that

Fon (0, ) = o (@, ) Z ozTnugn Tr,A) — Z agynugn(mg,)\), fora.e. AeR (9.2)

TERNT. £egnT.,
Jop (b,\) — Jop (@, A) = — Z az’pugp (z+,A) — Z agypugp (ze, M) |, fora.e. A €R
TERNT, £egnT.,

(9.3)

By the consideration of section 8, such density matrices exists. Integrating (9.2) and (9.3) with
respect to A yields

j@n(b) Jon (@ Z a‘rann Tr) — Z ag nthen (¢, ), (9.4)

TERNT, £egnTy

jgp(g) _jgp(&) = - Z a'r p“gp mT - Z 0‘5 pUop 1'6) . (9-5)

TERNTL £egnT.

Integrating the stationary continuity equation (cf. (1.3)) over w gives
Jou(®) = 0, (@) = = (Jo, (B) = G0, (@) (9.6)

Matching equation (9.6) with (9.4) and (9.5) leads to a condition on the o, ’s and o s, i.e.

a? =u,,(z;,)), and a2 =u, (z,)), j=1,---,N. (9.7)

7,n 7,P

The equations (9.4),(9.5) can now be viewed as a stationary continuity equation with recom-
bination-generation term given by

/R(ugn(m),ugp(m))dm: D7 U (@) ug, () = Y g, (2)ug, (x5).

JEToNR JETLNG

To solve the nonlinear equation given by (9.7) we introduce the operators N} : ]Rf — ]Rf, given
by
Nk(a%,ka T 70‘?\],1:) = (qu (z1)," - )y Ugy, (zn)),

where k = n, p.

A solution of (9.7) is thus given by a fix point of the operator £ defined by
g(aim T 70‘%\!,71) = Np(Nn(a%,m T 70‘%\1,n))'

As in [KNRO1c, BKNRO02a] one can set up a dissipative Schrodinger-Poisson system using the
definition of carrier densities introduced in this article. In addition to the Schrédinger-Poisson
system considered in [BKNRO2a] the current is not constant. This system will be discussed in a
forthcoming paper.

In section 8 we constructed explicitly a density matrix o(-) such that loss and gain effects occur at
predefined points. Furthermore we showed that one has two free parameters in the choice of o(+),
ie. up(A) and u,(A). These two parameters give the possibility to couple (for example) a drift
diffusion model to the open quantum system. We intend to investigate this coupled system in a
forthcoming paper.

For simplicity we considered imaginary potentials of the form —0‘725(- — z;). A further step in
order to include recombination and generation into the model is to allow complex potentials, i.e.
Im(V) = —“72, where @ = a(z) € LP for some p > 1. This would give the possibility to model
recombination-generation rates on the whole interval Q.
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