u-VALUES AND SPECTRAL VALUE SETS FOR LINEAR PERTURBATION
CLASSES DEFINED BY A SCALAR PRODUCT
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Abstract. We study the variation of the spectrum of matrices under perturbations which are self- or skew-adjoint with
respect to a scalar product. Computable formulae are given for the associated p-values. The results can be used to calculate
spectral value sets for the perturbation classes under consideration. We discuss the special case of complex Hamiltonian
perturbations of a Hamiltonian matrix in detail.
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1. Introduction. p-values are well established tools in stability analysis of uncertain systems and
in eigenvalue perturbation theory [10, 13, 22, 27]. They can be used to characterize several important
quantities including stability radii, structured eigenvalue condition numbers [14] and the structured dis-
tance to uncontrollability [16]. The relationship of spectral value sets with p-values will be displayed
below. There is a vast literature on the problem of calculating p-values with respect to various pertur-
bation classes [1, 3, 5, 15, 23, 24]. In this paper we give computable formulae for p if the underlying
perturbation class is a set of self-adjoint or skew-adjoint matrices with respect to a scalar product. The
scalar product is assumed to be defined by a unitary matrix, see Section 6. It will be shown that in this
case the associated p-values can be obtained by solving a simple one parameter optimization problem.

We use the following notation. The symbols N, R, C represent the sets of positive integers, real
numbers and complex numbers respectively. By C"*™ we denote the set of n by m matrices with entries
in C. Furthermore, C* = C"*! is the set of column vectors of length n. The conjugate, the transpose
and the conjugate transpose of A€ C"*™ will be written A, AT and A*. If A is square then o(A) and
p(A) = C\ 0(A) denote its spectrum and its resolvent set. The n x n identity matrix will be written I,,.
By a perturbation class A we mean a nonempty closed subset of C!*9 which is star shaped with respect
to 0 € C'™*9 ie. if A € A then tA € A for 0 <t < 1. We now give the definition of y-values.

DEFINITION 1.1. Let A C C'*9 be a perturbation class and let || - || be a norm on C*4.
e The p-value of M € CI*! with respect to A and | - | is
pa(M) = (inf{ |Al; Ac A, 1ea(AM)}) " . (1.1)

Thus pa (M) is the inverse of the smallest norm of a A € A such that 1 is an eigenvalue of the
matric product A M. If there is no such A € A then ua(M) = 0.
o Ifl = q then the u-value of M of second kind is defined as

fa(M):=inf{||Al; A€ A, det(M—A)=0}. (1.2)

Thus fia (M) is the structured distance of M to the set of singular matrices. We have pa(M) =0
iff M is singular, and pia(M) = oo iff there is no A € A such that det(M — A) = 0.
It is easily seen that fia(M) = pa(M~1)~! if M is nonsingular. Furthermore, if the underlying
norm is the spectral norm then

peixa (M) = omax (M), and  ficaxn (M) = omin(M), (1.3)

where opax(+) and opin () denote the maximum and the minimum singular value respectively.
We now briefly discuss the relationship of p-values with the perturbation analysis of eigenvalues.
Consider matrix perturbations of the form

A~ Ay =A+BAC, AeA, |A] <, (1.4)

where A € C"*", B € C™*!, C € C9*™ are fixed matrices. The set of all eigenvalues of all matrices Aa
given by (1.4) is called a spectral value set (stuctured pseudospectrum). It is denoted by
oa(A,B,C;8):= | o(A+BAC)
AEA, A< (1.5)

—{s€C;IA € A : |A|| <6, and det(sl, — (A+ BAC)) = 0}.
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Let G(s) := C(sl, — A)"'B, s € p(A), be the transfer function of the triple (4, B,C). From the well
known equivalence [9, Proposition 2.3]

s€o(A+ BAC) & 1€0(AG(s)) (1.6)
it follows that
na(Gs) = (inf{|Al ; A€A, sea(A+BAC)}) ™Y, sep(A). (1.7)
This in turn yields
oa(A,B,C;0) = o(A) U {s € p(A); pa(G(s)) > 671}, 6> 0. (1.8)

For the case B =C = I,, and A C C"*" we simplify notation and denote the associated spectral value
sets by

oa(A;6) i=0oa(A L, 1;0)=  |J o(A+A). (1.9)
A€A, ||A]<é

From the definition of y it is immediate that for A € C**",

fa(sl, —A) =inf{||A|| | AcA, sco(A+A)}, seC, (1.10)
oa(4;6)={seC; pa(sl, —A)<éd}, 6&>0. (1.11)

The statements (1.8) and (1.11) yield that spectral value sets can be calculated by evaluating the functions
s+— pua(G(s)) and s — pa(sT, — A) respectively.

The organization of this paper is as follows. In Section 2 we provide useful characterizations for pu
with respect to Hermitian, symmetric and skew-symmetric perturbations. These characterizations are
then used in Sections 4 and 5 to compute the associated p-values by maximizing or minimizing a certain
eigenvalue of a Hermitian pencil. Some facts on Hermitian matrices which are needed in the proofs
are given in Section 3. In Section 6 we show how the results obtained so far can be extended to the
perturbation classes of self- and skew-adjoint matrices with respect to a scalar product. The last section
deals with a special case: p-values and spectral value sets for Hamiltonian perturbations of Hamiltonian
matrices.

2. Hermitian, symmetric, and skew-symmetric perturbations . In this section we consider
p-values with respect to the perturbation classes A € {Herm(n), Sym(n), Skew(n)}, where

Herm(n) = {AeC™"; A*=A1},
Sym(n) = {AeCmm; AT =A}, (2.1)
Skew(n) = {AeC™"; AT =-A}.

First, we give a characterization of y which holds for arbitrary perturbation classes A C C'*9. Let
va(z,y) :=inf{ [All; Ac A, Az =y}, reClyecCh
Note that
va(z,y) = |lyll/[l] for all z 7# 0, (2.2)

since Az =y implies ||All]|z|| > |ly]|-
LEMMA 2.1. For any M € CI%!,

pa(M) = (inf{ va(Mv,v); veC™, [l =1 })7".
If M € C™*"™ and A C C™™"™ then

pa(M) =inf{ va (v, Mv) ; veC", |v|| =1 }.
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Proof. This follows from the equivalences

1eo(AM) < A(Mv) = v for some v with |[v| =1,
det(M — A) =0 < Av = Mv for some v with ||v]| = 1.

a

Throughout the rest of this paper the underlying norm || - || is the spectral norm. The proposition
below gives the v-values for the classes defined in (2.1).

ProproSITION 2.1. Let z,y€C", x #£ 0. Then

(@) Vierm(2,y) = {llyll/llxII if yzeR,

%) otherwise,
yll/llzl| if yTo =0,
(0) vsgen(,y) = 1911/l _
o0 otherwise,
(©) vsym(x,y) = llyll/l=]l.
Proof. Without loss of generality we may assume that ||z|| = 1.

(a). Let o := z*y. Suppose there exists A€ Herm(n) such that Az = y. Then o = 2*Az€R. Thus,
Vierm(2,y) = 00 if o € R. Assume now that o €R and the vectors x and y are linearly independent. Let
B:=|ly —azx| and z := 371 (y — az). Then ||z|| = 1, 2*2 =0, y = ax + Bz and o? + 3% = ||y||*>. Let

Ay := axz™ + B(za* + x2%) — azz™.

Then Ag € Herm(n) and Agz = y. A straightforward computation yields that AjAg = AZ = ||y||?(zz* +
zz*). Since the unit vectors z and z are orthogonal to each other we have |za* 4+ zz*|| = 1. Hence

A0l = VI[A Aol = |ly|| and therefore vyerm(x,y) = ||ly||, using (2.2). Suppose now that oo € R and
2 and y are linearly dependent, and set Ay := axzz*. Then y = ax, Ag € Herm(n), Aoz = y and

[Aoll = |af = [lyll. Thus vherm(z,y) = [yl
(c). Let o := xTy. Suppose first that z (the conjugate of z) and y are linearly independent, and let

z = B71(y — ax), where 8 := ||y — az|| # 0. Then we have ||z|| = ||z|| =1, 2*2 = 0= 2"z, y = aZ + (2
and |af? + 5% = [|y||*. Set
Ay := aZz* + B(Za* + T2%) — azz”.

Then Ag € Sym(n) and Agx = y. By a straightforward computation one obtains AjAg = ||y||?(zx* +22%).
Thus ||Ao|| = |ly||. Suppose now that Z and y are linearly dependent, and set Ay := azz*. Then y = oz,
Ap€Sym(n), Aoz =y and || Aol = [ = [|y|.

(b). If there exists A € Skew(n) such that Az = y then 27y = 27Ax = 0. Suppose the latter
condition holds. Then the skew-symmetric matrix

Ag = yx* —zy’

satisfies Agz = y and ||Ag]| = ||y||. O
The statement of Proposition 2.1 is covered by the results in [20]. We have given a proof here for the
convenience of the reader.
By combining Proposition 2.1 with Lemma 2.1 we obtain the Theorem below.
THEOREM 2.2. Let M € C™"*". Then the following holds.
(a) If the Hermitian matriz M), = %(M — M*) is definite then pgerm (M) =0 and pgerm (M) = co.
Otherwise
WHerm (M) = max{ ||[Mv| ; veC", |v||=1, v*"Mpv =0}, (2.3)
BHerm (M) = min{ ||Mv|| ; veC", ||v||=1, v*Mpv=20}.

(b) Let My = 4(M + M"). Then forn > 2,
iskew(M) = max{ |[Mv| ; veC", |v] =1, v Mo =0} (2.4)
fiskew (M) = min{ |Mv|| ; v € C™, |jv]| =1, v" My =0}. (2.5)
(¢) We always have
psym (M) = max{ [[Mv|; veC”, |lv| =1} = omax(M),
Lsym (M) = min{ | Mv||; veC”, ||v||=1} = omin(M).
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Proof. By (2.3) and Proposition 2.1,
prerm(M) = (inf{ verm(Mv,v) ; veC”, ol =1 })71a (2.6)

[[Mv]|=t if 0 = S((Mv)*v) = v*Mpv

i if o]l = 1. (2.7)
00 otherwise.

VHerm(Mva v) = {

Hence jigrerm(M) = oo™t = 0 if M}, is definite. Otherwise (2.6) and (2.7) yield (2.3). The proof of the
other statements is analogous. For (2.4) and (2.5) one needs the fact that v" M v = 0 for some nonzero
v € C™if n > 2 (see Lemma 5.3). Hence pgew (M) # 00 # fiskew(M). O

Note that the p-values for the symmetric case coincide with the p-values for the unstructured case
A = C"™ (see relation (1.3)). For the sake of computation of p-values for the Hermitian and the skew-
symmetric case we provide now a reformulation of the characterizations in Theorem 2.2. To this end we
introduce the following notation. For H, Hy, H; € Herm(n), S € Sym(n) we define

) sup{ v*Hov; ve€C", v*Hiv=0, |v]| =1},

m ) == inf{v*Hov; veC", v*Hiv=0, |v]| =1},
mns(H,S) = sup{v*Hv; veC" vITSv=0, |v|=1},
) inf{ v*Hv; veCn, vT'Sv =0, lv =1}

(2.8)

We have the following corollary to Theorem 2.2.
COROLLARY 2.3. Let M €C™ ", M), = &-(M — M*), M, =
(a) if My, is not definite,

(M + MT). Then

1
2

NHerm(M) =V mp, (M*M, Mh)v
leerm(M) =\ my, (M*M7 Mh)7

(b) ifn>2,

/LSkew(M) = \/Mps (M*Ma Ms)v
ﬁSkew(M) = \Vmy (M*M, Ms)

Thus, in order to calculate the p-values for the Hermitian and the skew-symmetric case it remains
to give computable formulas for the quantities defined in (2.8). This is done in the following sections.

3. Some facts on Hermitian matrices. This section contains results on Hermitian matrices which
are needed later on. In the sequel Ay (H) > Ao(H) > ... > A\, (H) denote the eigenvalues of H € Herm(n)
in decreasing order. We also use the notation Amax(H) := A1 (H), Amin(H) := A\ (H). Furthermore,
Ey(H) stands for the eigenspace belonging to Ay (H),

Epy(H):={veC"| Hv=M\(H)v }.

Note that Ay(H) = v*Hv for all v € ER(H) with ||[v|| = 1. Let S denote the set of k-dimensional
subspaces of C™. The Courant-Fischer principle states that

A(H)=max min v*Hv = min max v Hov. (3.1)
VES) veEY VESH k41 vey
o]l =1 ol =1
In particular,
Amax(H) = max v*Ho, Amin (H) = min v Hw. (3.2)
velCr velCn
o] =1 o] =1

Furthermore, (3.1) implies the following well known inclusion result for the eigenvalues of H + F'.

Ae(H) + Amin(F) < Ae(H + F) < Ae(H) + Amax (F), H,F € Herm(n). (3.3)
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Let Z C R be an interval and let H : Z — Herm(n) be an analytic function. We consider the maps
or:T =R gu(t) = A(H(1))

Suppose that the eigenvalue ¢ (7) has constant multiplicity for all 7 in a neighbourhood of t € Z. It is
well known that in this case ¢y, is differentiable at ¢ and the derivative satisfies

dr(t) = v*H(t)v,

where H (t) denotes the derivative of H(-) at t and v € E(H(t)), ||[v|| = 1. If ¢ changes multiplicity at
t then the function ¢ (-) is not necessarily differentiable at ¢t. However, the right and the left derivative
always exist.

PROPOSITION 3.1. Let t € Z. Suppose that ¢(t) = ¢;(t) for ko < j < ki and ¢i(t) # ¢;(t) for
1<j<kyandky <j<n. Let VeCki=kotl) pe o matriz whose columns form an orthonormal basis
of the eigenspace E(H(t)). The right derivative of ¢y (-) at t exists and is given by

lim Pr(t+h) — ¢r(t)
h

h—0+

= Mkt (VFH@)V) = 0" H(t)o,

where ve E(H(t)) is any unit vector satisfying v = V& for some € € By, 1 (V*H(E)V), €] = 1. The
left derivative of ¢ () at t is given by

i Ot = dk(t = h)

h—0+ h

= Mero 1t (VFH)V) = v*H(t)v,

where ve Ey(H(t)) is any unit vector satisfying v = V& for some £ € Ey_p, 41 (V*H(H)V), ||€]| = 1.

Proof. This follows from [2, page 149]. See also [19, Theorem 8.4]. O

COROLLARY 3.2. Suppose t is not the right boundary point of T and the function ¢ : T — R attains
a local minimum at t. Assume further that ¢y (t) > éry1(t). Then v*H(t)v > 0 for all v € En(H(t)).

The statement below can be found in [12]. An analogous result for singular values has been derived
in [21, 23]. We give a proof for completeness.

PROPOSITION 3.3. Let t be an interior point of T and suppose that ¢i(-) attains a local extremum
at t. Then there exists 0 # v Ey(H(t)) such that v* H(t)v = 0.

Proof. Assume the local extremum is a minimum. Then the right derivative of ¢, is nonnegative and
the left derivative is nonpositive. Hence, according to Proposition 3.1 there exist vg, v1 € Ex(H(t)) \ {0}
such that vg : (t)vg > 0 and v} : (t)vy < 0. If these inequalities are strict in both cases then vy and v; are
linearly independent, and hence the vectors vg = (1 — 0) vo + § v € Ey(H(t)) are nonzero for all # €0, 1].
By continuity we have vjH(t)vg = 0 for some 6. The proof for a local maximum is analogous. 0

4. Computation of my (Hy, H1) and mp(Ho, H1). In this section we provide useful characteriza-
tions of the quantities my, (Ho, H1), Ty, (Ho, H1) defined in (2.8).

THEOREM 4.1. Let Hy, Hy € Herm(n) and ¢(t) = Amin(Ho + ¢ H1), t € R.

(i) The function t — ¢(t) is quasiconcave ! , and

my,(Ho, Hy) :ilé]g(b(t) (4.1)

(i) If Hy is indefinite then the supremum in (4.1) is attained at some to in the interval [t1,t2], where

)\max(HO) - )\min(HO) Amax(]{O) - /\min(HO)

! )\max(Hl) ? |>\min(H1)| ( )
(iii) If Hy is semidefinite but not definite then
my, (Ho, H1) = Amin(V*Ho V'), (4.3)

where V' is a matrix whose columns form an orthonormal basis of ker Hy.

'Let Z be an interval. A function f : Z — R is said to be quasiconcave if each superlevel set {x € Z; f(z) > c}, c € R, is
an interval. f:Z — R is said to be quasiconvex if each sublevel set {x € Z; f(x) < c}, ¢ € R, is an interval. A continuous
function f : Z — R is quasiconcave (quasiconvex) iff each local extremum of f is a global maximum (minimum).
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(i) If Hy is definite then my,(Ho, H1) = 0.
(v) If Hy is positive (negative) semidefinite then the function ¢(-) is increasing (decreasing).
(vi) If Hy is positive (negative) definite then the function ¢(-) is strictly increasing (strictly decreasing)
and lim;_, o ¢(t) = co (limy—, — o () = 00).
Proof. We will need the following inequalities which are consequences of (3.3).
)\min(HO) + )\min(t Hl) S (b(t) S )\max(HO) + )\min(t H1)7 (44)
¢(t*) + Amin(t Hl) S ¢(t* + t) S ¢(t*) + Ama.x(t H1)7 t7t* S R. (45)
Note that

Amin(H1)t if t >0,

Amin(t H1) =
(tH0) {/\maX(Hl)t if t <0.

For any unit vector v € C™ satisfying v*Hyv = 0 and any ¢t € R we have by (3.2),
o(t) <v*(Hy +t Hy)v = v*Hyv.
This implies

sup ¢(t) < my,(Ho, Hy). (4.6)
teR
Suppose now that the function ¢(-) attains a local extremum at ty. Then by Proposition 3.3 there exists
a unit vector vy satisfying (Ho + to H1)vo = ¢(to) vo and viHivg = 0, whence viHovg = ¢(tg). Thus
my, (Ho, H1) < ¢(to) < sup,ep ¢(t), and then (4.6) yields

sup ¢(t) = ¢(to) = my,(Ho, H1).

teR
Thus each local extremum of ¢ is the global maximum. This implies that the function ¢ is quasiconcave.
Suppose now, that H;j is indefinite and let t1,¢5 be defined as in (4.2). Then for ¢ & [t1,t2], Amax(Ho) +
Amin(t H1) < Amin(Ho) = ¢(0). By combining this with (4.4) we obtain ¢(t) < ¢(0). Consequently, ¢
attains a local maximum at some tg € [t1,t2]. We thus have shown (i) and (4.1) for the case that H;
is indefinite. Suppose now, that H; is semidefinite. Then v*Hyv = 0 if and only if v € ker H;. If Hy
is definite then ker H; = {0}. This implies (¢3¢) and (iv). (v) and (vi) are immediate consequences of
(4.4) and (4.5). Thus (4.1) holds for the case that H; is definite. We now prove (4.1) for the semidefinite
case by contradiction. Assume without loss of generality that H; is positive semidefinite but not definite.
Assume further, that (4.1) fails. Then by (v) and (4.6) there are unit vectors v, k € N, and an € > 0
such that

v (Ho + k Hy)vg, = ¢(k) < my,(Ho, H1) — €,

whence
1
0 <wiHyvg < E(mh(Ho, Hy) — v Hovy, — €). (4.7)

By compactness there is a subsequence vy, which converges to a unit vector 0. It follows from (4.7)
that 0*Hy0 = 0. But then 0*Ho0 > my,(Ho, H1) by definition of my, (Hy, H1). Therefore my, (Ho, H1) —
v, Hovr, — € <0 for k; large enough. The latter contradicts (4.7). O

REMARK 4.2. The function

(Ho, H1) — my,(Ho, H1) (4.8)

is discontinuous at (Hg, Hy) if Hy is semidefinite but not definite, since then an arbitrarily small pertur-
bation of Hy can change the dimension of ker Hy. However, if Hy is indefinite then the function (4.8)
is continuous at (Ho, Hy). This is seen as follows. If Hy is indefinite, then Hy + Ey is indefinite for all
EyeU. ={FE € Herm(n); ||E|| < €}, € > 0 sufficiently small. Let
a = max{ Amax(Ho+ F) = Amin(Ho + E); E €U, },
Ty = —a/ min{ A\yax(H1 + E); E€U.},
T = CL/ mln{ |)\min(H1 + E)‘, E el }
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Then by part (ii) of Theorem 4.1 we have for all (Eg, E1) € U?,

my, (Ho + Eo, H1 + E1) = max Amin(Ho+ Eo + t(H1 + E1)).
te[Ty, To]

The right hand side of the latter identily is a continuous function of (Ey, E1) since the mazimum is taken
over a compact set.

REMARK 4.3. The quasiconcavity of the function t — Apin(Ho+tH1),t € R, can also be shown in the
following way. The first relation in (3.2 ) yields that the function t — Amax(Ho +tH1),t € R, is convex
for any Ho, Hy € Herm(n). Thus t — —Amax((—Ho) + t(—H1)) = Amin(Ho + tH1) is quasiconcave.

REMARK 4.4. If Hy is indefinite the my,(Ho, H1) can easily be computed via (4.1) and (4.2). If Hy
is semidefinite but not definite then (4.3) can be used for computation.

For mp(Hy, H1) we have the following result. Its proof is analogous to that of Theorem 4.1. and
therefore omitted.

THEOREM 4.5. Let Hy, Hy € Herm(n) and ¢(t) = Amax(Ho +t Hy), t € R.

(i) The function t — ¢(t) is convex , and

mp(Ho, Hy) = tlgnf@ o(t). (4.9)
(i) If Hy is indefinite then the infimum in (4.9) is attained at some to in the interval [t1,t2], where

)\max(HO) - Amin(HO) Amax(HO) - )\min(HO)

! )\min(Hl) ’ 2 Amax(Pll) ( )
(iii) If Hy is semidefinite but not definite then
mh(HOa Hl) - Amax(V*HOV)a (411)

where V' is a matrix whose columns form an orthonormal basis of ker Hy.
() If Hy is definite then mp(Ho, H1) = —00.
(v) If Hy ist positive (negative) semidefinite then the function ¢(-) is increasing (decreasing).
(vi) If Hy is positive (negative) definite then the function ¢(-) is strictly increasing (strictly decreasing)
and limy_, _ o, ¢(t) = —oo (limy_,o ¢(t) = —00).
5. Computation of m, (H,S) and mys(H,S). We now treat the Hermitian-symmetric case. Re-
call the definition in (2.8),

Mins(H,S) =sup{ v*Hv; veC", v' Sv=0, ||jv| =1}, H € Herm(n), S € Sym(n).

If S = 0 then mMps(H,S) = Amax(H). Suppose that rank(S) = 1. Then S can be written in the form
S = xz" for some nonzero z € C". Hence, forany v € C"*, v ' Sv = (v'2)2. Let V={v € C"; v 'z =0}.
Then

s (H,S) = mps(H,zx') = sup v*Ho. (5.1)
veV,||v||=1

If n = 1 then V = 0. Thus s, (H, 22 ") = —co. Suppose n > 2 and let V € C**(»~1) be a matrix whose
columns form an orthonormal basis of V. Then (5.1) yields

ns(Hyzx') = max  (VE*H(VE) = Amax(VHV).
gecn—1 jig||=1
If rank(S) > 2 then m,s(H,S) can be computed by minimizing the second largest eigenvalue of a
hermitian pencil. The precise statement is as follows.
THEOREM 5.1. Suppose rank(S) > 2. Let t1 = 2||H||/02(S), where 02(S) denotes the second largest
singular value of S. Then

_ o H tS
mhs(H,S)—Og%gth([tS F])

The function to be minimized is quasiconver.
We split the proof into several lemmas. Let us introduce some notation.
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e For t € R we set

e For a unit vector v € C",

Note that U, is a 2-dimensional subspace of C?", and

[ﬂ] F(t) {ﬁ] = (|21 + |22|?) v* Hv + 2t R(z120v " Sv), 21,25 € C. (5.2)
220 Z2 U

LEMMA 5.1. For any H € Herm(n), S € Sym(n) we have Typs(H,S) < infier ¢(t).
Proof. Let v € C" be a unit vector satisfying v’ Sv = 0. Thus by the Courant-Fischer max-min-
principle and (5.2),

t) > min z"Hx=v"Hv forallteR.
€Uy, |lz]|=1

Hence, ¢(t) > mps(H,S). O
LEMMA 5.2. Let vy,...,vq be a basis of the eigenspace Ex,(H). Then

Egk_l(F(O)) = E2k(F(O)) = @;‘l:luvj’

where @ denotes the direct sum.

The simple proof is left to the reader.

LEMMA 5.3. Let V be a subspace of C" of dimension dimV > 2. Then to any S € Sym(n) there is
a nonzero v € V satisfying v’ Sv = 0.

Proof. For 21,22 € Clet vy, », = 21 V1 + 22 V2, where vy, v2 € V are linearly independent vectors. The
function (21, 22) — v, , Sv,, ., is a homogeneous quadratic polynomial and has a zero (z1,22) # (0,0).

21,72
a

LEMMA 5.4. The following statements are equivalent.

(i) Mps(H,S) = ¢(0) = Apax(H).

(i3) Either dim Ey(H) > 2, or dim Ey(H) =1 and v' Sv =0 for v € E1(H).

(iii) The function R 3t — ¢(t) attains its minimum at t = 0.

Proof. By Lemma 5.2 we have Apax(H) = ¢(0).

(i) < (it). First note that mps(H,S) < max{v*Hv; v € C", ||v]| = 1} = Amax(H). Equality holds
if and only if there is a unit vector v € F;(H) such that v Sv = 0. By Lemma 5.3 the latter condition
is satisfied if dim E1(H) > 2.

The implication (i) = (i4i) follows from Lemma 5.1.

(#91) = (4). Since (4) is satisfied if dim Fy(H) > 2 we may assume that dim Eq(H) = 1. Then
by Lemma 5.2, E5(F(0)) = E1(F(0)) = U, for a unit vector v € E1(H). Furthermore, from (i#) and
Corollary 3.2 it follows that 0 < z*F(0)z for all z € F5(F(0)). In other words, we have for all z;, 25 € C,

0< {ﬂ} [0 S} {Q] = 2R(21 220" S).

29U S 0] |zv
This implies v " Sv = 0. Thus T (H, S) = v*Hv = ¢(0). O
LEMMA 5.5. Suppose the function R 3t — ¢(t) has a local extremum at tg # 0. Then there is a unit
vector v € C™ satisfying v* Hv = ¢(tg) and v’ Sv = 0. Hence, ¢(ty) < mps(H,S).

Proof. If the assumption of the Lemma holds then by Proposition 3.3 there is a nonzero vy € C?*,
such that

F(to) vo = ¢(to) vo, (5.3)
vi F(to)ve = 0. (5.4)
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Let
Hy:=H — ¢(t0) In; Vo = |:§:| y T,y E c".

Then (5.3) is equivalent to the equations

Hoz = —tSy, Hyy = —to Sz, (5.5)
which imply
*Hox = —tox'Sy=1y"Hoyy (5.6)
v*Hoyy = —tox'Sx=—tyy' Sy. .
Since tg # 0 it follows that
z' SyeR,
y' Sy =axTSx.

We have that v F(to)ve = 2R(z" Sy). Thus, (5.4) and (5.7) yield
' Sy =0. (5.9)

Now let

1 if 7Sz =0,
ﬁ = . 2Tg

Brey B | otherwise.

Then we have
(z+ By) " S(x+ Py) = «" Sz + 5%y Sy + 262" Sy
=g Sz + (22T Sz 42627 Sy (using (5.8) and (5.9))
——— ——
=—2T Sz =0
= 0’
and
(x & By)"Ho(x £ By) = «* Hox + |B]y" Hoy + 2R(z" Hoy B)
= —to((1+|B*) 2T Sy +2R(zT Sz 3) ) (using (5.6) and (5.9))
M Y=

=0 =0

=0.

At least one of the vectors x + Gy is nonzero and can therefore be divided by its norm. The resulting
vector v € C™ has the required properties. O

LEMMA 5.6. The function R 3 t — ¢(t) satisfies ¢p(t) = ¢p(—t) for all t € R. If rank(S) > 2 then ¢
attains its minimum in the interval [0,t1], where t1 = 2||H||/o=2(S).

Proof. Let T = _g” IO} Then F(—t) = T F(t)T~. Thus ¢(t) = ¢(—t). Next, we give a lower
bound for ¢(t).

tS 0

tS] [0 tS*
ts 0]

The eigenvalues of [ 0 ] are the singular values of S and their negatives. In

particular,

Ao (LOS th — 05(tS) = |t] 72(S).

Furthermore,

B(0) = Ao (ﬁ)[ %D = Amax (ﬁ)[ %D = Amax(H) < [ H].
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We conclude that

o= ([ ) o ([ S]) v ([ 2]) > s -im

Thus, if |¢| > t; then ¢(t) > ¢(0). Consequently ¢ attains its minimum at some ¢y € R with |to] < 1.
Since ¢(t) = ¢(—t) there exists a minimizer ¢y > 0. O
We now summarize the results and finish the proof of Theorem 5.1. By Lemma 5.1,

s (H, ) < inf (1), (5.10)

By Lemma 5.6 the infimum is attained for some ¢y € [0,t1]. If ¢ = 0 is a minimizer then equality holds
in (5.10) by Lemma 5.4. If ¢y # 0 is a local extremum then equality hold in (5.10) by Lemma 5.5. This
in particular shows that each local extremum is a global minimum. Thus ¢ is quasiconvex, and the proof
is complete.

From Theorem 5.1 and the fact that mps(H,S) = —my,,(—H, —S) one easily obtains the following
result.

THEOREM 5.2. Let H € Herm(n), S € Sym(n) with rank(S) > 2, and t; = 2||H||/02(S). Then

_ H tS
mhs(H,S) = Imax )\211—1 (LS ﬁ:|> .

0<t<t;

The function to be mazimized is quasiconcave.
REMARK 5.3. With the same reasoning as in Remark 4.2 one can show that the functions

Herm(n) x Sym(n) > (H,S) — mns(H, S),
Herm(n) x Sym(n) > (H,S) — my,,(H,S)

are continuous at all (H,S) with rank(S) > 2.

6. Self- and skew-adjoint matrices. We now treat p-values with respect to linear subspaces
which are induced by a scalar product on C". Specifically we show that these u-values are closely related
to the p-values with respect to Hermitian, symmetric and skew-symmetric perturbations.

For nonsingular IT€ C"*™ we consider the scalar products

(z,y)n = x* 1y, z,yeC", xe{x, T}

Depending on whether x = T or x = % the scalar product is a bilinear form or a sesquilinear form. We
assume that II satisfies a symmetry relation of the form

IT* = ¢oIl, with ¢g = —1 or ¢y = 1. (6.1)

A matrix AeC™*" is said to be self-adjoint (skew-adjoint) with respect to the scalar product (-, )y if

(Az,y)n = €e(z,Ay)n for all z,yeC", (6.2)
and € =1 (e = —1). The relation (6.2) is easily seen to be equivalent to
AT = eIIA. (6.3)

We denote the sets of self- and skew-adjoint matrices by
struct(IL, *,¢) :={ A € C"*"; A*II = eIIA }.
The relation (6.1) implies that (6.3) is equivalent to
(ITA)* = eg e IIA. (6.4)

We thus have the lemma below.
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LEMMA 6.1. Let II, A € C"*™. Suppose IT* = €Il with e¢g = —1 or ¢¢g = 1. Then the following
equivalences hold.

I[IA € Herm(n) if e =1, x = %,

ITA € Sym(n) ifege=1, =T,
A€ struct(Il, , €) <

ITA € Skew(n) ifege=—1, =T,

+illTA€ Herm(n) if e = —1, x = *.

In many applications II is unitary. The most common examples are IT € {diag(Ix, —In—k), En, Jn},
where

e [0 Blecmn g | o [eom -
" 1

For unitary II the p-values of the associated self- and skew-adjoint classes can be expressed in terms of
the p-values for Herm(n), Sym(n) and Skew(n):

COROLLARY 6.1. Suppose I1 € C"*™ is unitary and satisfies II* = eIl with eg = —1 or ¢g = 1. Let
struct = struct(Il, x,€). Then for any M e C**™,

,U/Herm(MH*) Zf €E =1, * = x,
,UfSym(MH*) Zf ce=1, =T,

:U’struct(M) - ' (66)
,U'Skew(MH*) if epe=—1, x=T,
,U/Herm(:l:ZMH*) Zfﬁoé: —17 * = %,

and

.EHerm(HM) if&oe =1, x ==,

~ /ijm(HM) iféoﬁ = 17 * = —I—,

Mst'ruct(M) = (67)
fiSkew (ITM) ifege=—1, x=T,

/jHerm(iZ‘ HM) ifCOE = —1, * = k.

Proof. Since II is unitary, we have
struet (M) = (inf{ ||A]| ; A€struct, 1€ o(AM)})™?
= (inf{ [|[HA| ; A€struct, 1€ o((TIA)(MIT*))} )™, (6.8)

Pstruct(M) = inf{ ||A]l ; Aestruct, det(M —A)=0}
= inf{ |[TIA| ; Aestruct, det(IIM —IIA) =0 }. (6.9)

Thus, the first three identities in (6.6) and (6.7) are consequences of the first three equivalences in Lemma
6.1. On replacing in (6.8) and (6.9) II by +iII one obtains the fourth identity in (6.6) and (6.7) from the
fourth equivalence in Lemma 6.1. O

7. Application: Spectral value sets for Hamiltonian matrices. A matrix which is skew-
adjoint with respect to the sesquilinear form induced by J,, is called Hamiltonian. Let

Ham(n) := {A € C*" " ; A*J, = —J, A}
denote the set of complex Hamiltonian matrices. Each H € Ham(n) has block structure
A C }

with A € C"*" and B,C € Herm(n).

i = [B — A
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vy=1 v=13 vy=25 vy=26
8 8 8 8
e 17 o 1 Q ) 6
4 4 4 4
2 2 2 2
; | ¢ | a» |
2 2 -2 -2
-4 -4 -4 -4
-5 @ -5 @ -6 -6
S 0 5 S 0 5 % 0 5 0 5

®

-8 -8 -8 -8
-5 0 5 -5 0 5 -5 0 5 -5 0 5

X

I 1 1
=2 B N o N S [=2] o
1 1 1
=2 B N o NN S [=2] o
1 1 1
@S> A N O N M O
x x x
1 1 1
o> A~ N O N M O
x x x x

FiG. 7.1. The sets ogam(Hy;1) (upper row) and ognxn (Hy;1) (lower row).

The spectral value sets of H with respect to unstructured perturbations are by (1.3) and (1.11),

Ocnxn (H;6) = U oc(H+A) = {se€C; omm(sl,—H) <8}, §>0.
AeCnxn ||Al<éS

The spectral value sets with respect to Hamiltonian perturbations are

OHam(H;8) = U o(H+A) = {se€C; f(s)<d}, 6>0, (7.1)
A€Ham(n), |A|l<d
where
f:C—R, f(s) == tigam(s I, — H). (7.2)
By Corollary 6.1 we have f(s) = fgerm(®(s)), where ®(s) = J,(sl, — H) = —sI_Bil—A SI"SA

Since L2 — (Rs) Jp, and ®(s)*®(s) = (s I, — H)*(s I, — H) we obtain from Corollary 2.3 and

2i
Theorem 4.1,

£(s) = \/my (@(s)@(s), T2 )

VvV, ((sI, — H)*(sI, — H), —i(Rs) J, )

Vmy,((sI, — H)*(s I, — H), 0) if s € iR,

vVmy,((sI, — H)*(sI, — H), iJ,) otherwise,

Omin(s I, — H) if s € iR,

\/I{l&g{ Amin ((8In — H)*(sI, — H)+tiJ,) otherwise.
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Furthermore, by (4.2) the maximum in (7.3) is attained for some ¢ € R satisfying
t] < Omax(s Iy — H)? — omin(s I, — H)?.

REMARK 7.1. Since f(s) = omin(s I, — H) for s € iR, the structured and the unstructured spectral

value sets coincide on the imaginary azis. Precisely, iR N o gam(H; ) = iR N ognxn(H;6).

PROPOSITION 7.2. Let H € Ham(n), and consider the function f defined in (7.2).

(i) The restriction of f to the set C\iR is continuous. Hence, for each 6 > 0 the set o gam (H;0)\ iR
is an open subset of C.

(i) Let s € C\ iR. Then f(s) = omin(sIn — H) iff there exists a right singular vector v # 0 to
Omin (8 I, — H) satisfying v*J,v = 0.

(iii) Let s € iR be an eigenvalue of H. Let E = {v € C"; Hv = sv} be the associated eigenspace,
and let D(s,e) ={z € C; |s—z| < e} denote the open disk of radius € > 0 about s. Then the
following assertions are equivalent.

(a) The function f is discontinuous at s.
(b) We have v*J,v # 0 for allv € E\ {0}.
(c) There exist € >0 and 6 > 0 sucht that o gm(H;0) N D(s,¢€) C iR.

Proof. From Remark 4.2 we obtain that the function

g:C—R,  g(s)=vmy((sly—H)*(sI, — H), iJy)

is continuous. By definition of m;, we have for all s € C that g(s) < omin(sI, — H). Equality holds iff
there exists a right singular vector v # 0 to the singular value oy (s I, — H) such that v*J,v = 0. If s
is an eigenvalue of H then the singular vectors to omin(s I, — H) = 0 are the eigenvectors belonging to
s. Hence, all statements of the proposition follow from (7.1) and the fact that f(s) = g(s) for s € iR and
f(s) = omin(s I, — H) for s € iR. O

The upper row in Figure 7.1 shows the spectral value sets 0 gqm (Hy; 1) for the Hamiltonian matrices

:{0 el

H v B 0

~ ] , B =diag(1,6,—6), C =diag(1,6,—6), ~e€{1,1.3,5,6}.
The lower row in the figure shows the sets ocnxn (H,; 1) for comparison. The crosses mark the eigenvalues
of H,.

Acknowledgments. The author thanks Daniel Kressner for valuable comments on an earlier version
of this paper.
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