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1 Introduction

The deregulation of energy markets has led to several new challenges for elec-
tric power utilities. Electric power has to be generated in a competitive en-
vironment and, in addition, coordinated with several trading activities. Elec-
tricity portfolios for spot and derivative markets become important, and the
electrical load as well as electricity prices become increasingly unpredictable.
Hence, the number of uncertainty sources and the financial risk for electric
utilities have increased. These facts initiated the development of stochastic
optimization models for producing and trading electricity. We mention, for
example, stochastic hydro-electric and trading models [13, 32] and stochastic
hydro-thermal production and trading models [12, 18, 19, 28, 37, 38, 39]. For
an overview on stochastic programming models in energy we refer to [40].

Typical stochastic optimization models for producing and trading electric-
ity, however, are focused on (expected) profit maximization while risk man-
agement is considered as an extra task. Power utilities often separate the
planning of their hydro-thermal electricity production versus a preliminary
and simplified trading model from the risk management. However, alterna-
tively, risk management may be integrated into the (hydro-thermal) power
production and trading planning by maximizing expected profit and mini-
mizing (or bounding) a certain risk functional simultaneously [3, 9, 26]. Such
integrated risk management strategies promise additional overall efficiency for
power utilities.

Mathematical modeling for integrated risk management of an electricity
producing and trading utility leads to multi-stage stochastic programs with
risk objectives or risk constraints. In the present paper, we discuss two basic
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aspects of implementing such models: (i) the approximate representation of
the underlying probability distribution by a finite discrete distribution, i.e.,
by a finite number of scenarios with their probabilities, and (ii) modeling and
minimization of risk.

The first is typically an indispensable first step towards a solution of a
stochastic optimization model. On the other hand, this is a highly sensitive
concern, in particular, if dynamic decision structures are involved (multi-
stage stochastic programming [36]). Then, the scenarios of the approximate
distribution must exhibit t¢ree structure. Moreover, it is of interest to get
by with a moderate number of scenarios to have the resulting problem
tractable. We refer to the overview [6] and to several different approaches
[4, 5, 22, 20, 25, 27, 31] for scenario tree generation. In section 4 we will
present, respective approximation schemes relying on quantization or Monte
Carlo sampling and scenario reduction. This approach is based on suitable
stability results to ensure that the obtained approximated problem are indeed
related to the original (infinite dimensional) problem. Therefore, these stabil-
ity results will be presented in section 3. They involve distances of probability
distributions and, for the multi-stage case, a filtration distance that evaluates
the information increase over time.

The second topic requires the selection of appropriate risk functionals that
allow to quantify risk and preserve tractability of the optimization model.
We argue that polyhedral risk functionals satisfy both demands. These are
given as (the optimal values of) certain simple linear stochastic programs.
Well-known risk functionals such as AVaR (or CVaR) and expected polyhe-
dral utility belong to this class and, moreover, multi-period risk functionals
for multi-stage stochastic programs are suggested. For stochastic programs
incorporating polyhedral risk functionals it has been shown that numerical
tractability as well as stability results known for classical (non-risk-averse)
stochastic programs remain valid. In particular, the same scenario tree ap-
proximation methods can be used.

In a case study, we present illustrative numerical results from an electricity
portfolio optimization model for a municipal power utility. In particular, it is
shown that the use of different risk objectives leads to different risk aversion
strategies by trading at derivative markets. They require less than additional
1% of the optimal expected revenue.

2 Mathematical framework

Let ({2, F,P) be a probability space and let a number 7" € N of timesteps
be given. We consider a multivariate stochastic process £ = (&, ..., {r) where
& € L.(02,F,P;R?) with some d € N and r € [1, ], i.e., each component of &
has moments of order r. For abbreviation we set £ := (&, ..., &). We consider
a linear multi-stage stochastic program of the form



Scenario trees and risk aversion strategies for stochastic optimization 3

Ty € LT'(Qz U(é-t)JP; R )7

T
o . z: € X a.s.,
U(f) = wlf}llgT E ;(bt(ft)ﬂft) At,O-Tt +At,1(ft)-’ﬁt71 — ht(ft) a.s.
= (t=1,..,T)

(1)
with some numbers m;,n; € N and 1’ € [1,00], polyhedral sets X; C R™t,
technology matrices A; o1 € R™ *"™-7 recourse matrices A4;; € R™ XM,
and vectors hy € R™ and b; € R™*. Here, A; 1, ht, and b; may depend on &
(t =1,...,T) affinely linearly. The random vectors z; represent the decisions
for time ¢t = 1,...,T. They have to be o(£')-measurable, respectively, i.e., they
may ounly depend on the outcomes of & until time ¢ (nonanticipativity). The
vectors b; can be interpreted as cost factors.

Note that in (1) optimality of the stochastic costs (b (&), ) is determined
in terms of expectation, i.e., the optimization is risk-neutral. In section 5 and
6 we will consider the risk-averse alternative

x4 € Ly (Q; U(é‘t)7 ]Pz R )7
zy € Xt a.s.,
Aoz + A1 (&)me—1 = he(&) as. (2)

Z = — Zi:1<br(£r)7wr>
(t=1,..,7)

_ 7'p(zt17'-'>th)
T1,..., T *(1*’7) ]E[ZT]

where the objective is supplemented with a (multi-period) risk functional p
(risk measure). The number v € [0,1] is a fixed weighting parameter. The
random values z; represent the accumulated revenues at each time ¢. Clearly, it
holds that z; € L,(£2,0(¢%),P) with p € [1, oc] given by the relation 1% =141
The risk functional p is applied to a subset of J timesteps 1 < t; < t3 < ... <
t; = T. Note that, since risk functionals are nonlinear by nature, problem
(2) is no longer linear. However, it will be concentrated on the employment
of risk functionals from the class of polyhedral risk functionals which exhibit

a favorable sort of nonlinearity; cf. section 5.

3 Stability of multi-stage problems

Studying stability of the multi-stage stochastic programs (1) consists in re-
garding it as an optimization problems in the infinite dimensional linear space
x L Ly (£2,F,P;R™ ). This is a Banach space when endowed with the norm

T ,r,l
||y = (; E[|z|" ]) for 7' € [1,00) and [|z]|~ := ,max,_esssup |7,
where | - | denotes some norm on the relevant Euclidean spaces. Analogously,
¢ can be understood as an element of the Banach space x/_,L,.(2, F,P;R?)
with norm ||¢||,. For the integrability numbers r and 7' it will be imposed
below that



4 Andreas Eichhorn, Holger Heitsch, and Werner Rémisch

€ [1,00) , if only costs or only right-hand sides are random
ri=< 2 , if only costs and right-hand sides are random

T , if all technology matrices are random

5 , if only costs are random (3)
r':= < r , if right-hand sides are random but technology matrices aren’t

oo , if all technology matrices are random

with regard to problem (1). The choice of r and the definition of r' are moti-
vated by the knowledge on existing moments of the input process, by having
the stochastic program well defined (in particular, such that (bs(&;:), z¢) is in-
tegrable for every decision z and ¢t = 1,...,T') and by satisfying the conditions
(A2) and (A3) (see below).

Since r’' depends on r and our assumptions will depend on both r and
r', we will add some comments on the choice of r and its interplay with
the structure of the underlying stochastic programming model. To have the
stochastic program well defined, the existence of certain moments of ¢ has
to be required. This fact is well known for the two-stage situation (see, e.g.,
[36, Chapter 2]). If either right-hand sides or costs in a multi-stage model
(1) are random, it is sufficient to require r > 1. The flexibility in case that
the stochastic process ¢ has moments of order » > 1 may be used to choose
r" as small as possible in order to weaken the condition (A3) (see below) on
the feasible set. If the linear stochastic program is fully random (i.e., costs,
right-hand sides and technology matrices are random), one needs r > T to

have the model well defined and no flexibility on 7’ remains.

3.1 Assumptions

Next we introduce some notation. Let £ denote the objective function defined
on L.(2, F,P;R®) x L.(2, F,P;R™) - R by F({,z) := E[Z;‘ll(bt(&),mtﬂ
and
X()={re XtT:1Lr'(Q7U(§t)=]P; R™) [z € Xu, x4 € Xy(m1;6) (> 1)}
the set of feasible elements of (1) with
Xi(xp—1;&) = {x € R™ 1y € Xy, Arowe + Ar1 (&)1 = ha(&4)}

denoting the t-th feasibility set for every ¢ = 2,...,T. That allows to rewrite
the stochastic program (1) in the form

v(§) = Inf{F({,z) : x € X(£)}. (4)
and, for any € > 0, let

Se(&) :={r € X(§) : F(&7) <w(f) +¢}

denote the e-approzimate solution set (level-set) of the stochastic program (4).
Since, for £ = 0, the set S.(£) coincides with the set solutions to (4), we will
also use the notation S(&) := Sp(&). The following conditions will be imposed
on (4):
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(A1) ¢ € L,(2,F,P;R°), ie., [,]&(w)|]"dP(w) < oo, where r and 7' are
chosen according to (3).

(A2) There exists a d > 0 such that for any 3 € L.(02,F,P;R?) satisfying
[[E=E&||, < d,anyt=2,...,Tand any z; € X1 (&), z, € X (z,-1;&), 7 =
2,...,t — 1, there exists an ¢(&!)-measurable z; € X;(2,_1;&) (relatively
complete recourse locally around §).

(A3) The optimal values v(€) of (4) with input £ are finite for all £ in a
neighborhood of ¢ and the objective function F' is level-bounded locally
uniformly at &, i.e., for some ¢ > 0 there exists a 6 > 0 and a bounded
subset B of L, (2, F,P;R™) such that S, (§~) is contained in B for all
€€ L(0,F.P;R*) with |£ — €], < 6.

For any & € L,(2,F,P;R*) with [|€ — £||,, < 4, condition (A2) implies the

existence of some feasible Z in X(§) and (3) implies the finiteness of the
objective F(€, ) at any feasible Z. A sufficient condition for (A2) to hold is the
complete recourse condition on every recourse matrix A; g, i.e., A; o Xy = R,
t=1,...,T. The locally uniform level-boundedness of the objective function
F is quite standard in perturbation results for optimization problems (see, e.g.,
[35, Theorem 1.17]). The finiteness condition on the optimal value v(£) is not
implied by the level-boundedness of F' for all relevant pairs (r,7'). In general,
the conditions (A2) and (A3) get weaker for increasing r and decreasing r’,

respectively.

3.2 Optimal values

The first stability result for multi-stage stochastic programs represents a quan-
titative continuity property of optimal values. Its main observation is that
multi-stage models behave stable at some stochastic input process if both its
probability distribution and its filtration are approximated with respect to
the L,-distance and the filtration distance

T-1

D(6,€) :=sup inf > max {[lar — Elwe|o (€l 1 — Bz o (€l }
e>0 *€5e
(5)

i€Se(§) t=2
where E[-|o(¢")] and E[- |o(€")], t = 1,...,T, the corresponding conditional
expectations, respectively. Note that for the supremum in (5) only small &’s
are relevant and that the approximate solution sets are bounded for € € (0, gg]
according to (A3).
The following stability result for optimal values of program (4) is taken
from [24, Theorem 2.1].

Theorem 1. Let (A1), (A2) and (A3) be satisfied and the sets X1 be nonempty
and bounded. Then there exist positive constants L and § such that the esti-
mate

[0(©) = v(@1 < L (llg = &ll» + Di(&.9)) (6)
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holds for all random elements € € L,(£2, F,P;R®) with || — &||, < 4.
We note that the constant L depends on [[{||, in general.

3.3 Approximate Solutions

To prove a stability result for (approximate) solutions of (4) a stronger version
of the filtration distance Dy is needed, namely,

Di(.€) = sup Y ||E[ze|o(€")] — Elze|o (&)]|l,, (7)

2E€EB =2

where Bs = {2 : 2 - R™ : z is measurable, |z(w)| < 1for allw € 2}.
Notice that the sum is extended by the additional summand for ¢ = 7" and that
the former infimum is replaced by a supremum with respect to a sufficiently
large bounded set. If in addition to assumption (A3) we require that for some
g9 > 0 there exist constants 6 > 0 and C' > 0 such that |Z| < C for P-almost

every w € 2 and all all Z € S.,(§) with £ € L.(2, F,P;R*) and ||€ — &[], <4,

we have B ~

Sometimes it is sufficient to consider the unit ball in L,  rather than B (cf.
[22, 23]). However, in contrast to D¢ the distance Dj always satisfies the
triangle inequality.

Now, we state the second stability result that represents a Lipschitz prop-
erty of approximate solution sets ([23, Theorem 2.4]).

Theorem 2. Let (A1), (A2) and (A3) be satisfied with r' € [1,00) and the set

X1 be nonempty and bounded. Assume that the solution sets S(£) and S(§)
are nonempty for some § € L,(92,F,P;R*) with ||§ — &, < 6 (with § > 0
from (A3)). Then there exist L > 0 and € > 0 such that

de (5:9.5:9)) < £ (16— &l + D (€.0) o)

holds for any € € (0,€), where the functional d, denotes the Pompeiu-
Hausdorff distance.

4 Construction of scenario trees

We aim at generating a scenario tree &, such that the distances

1€ = &eellr and Dy (&, &) (10)

are small and, hence, the optimal values v(§) and v (&), and the approximate
solution sets S¢(£) and S (&.) are close to each other according to Theorems
1 and 2, respectively.
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4.1 Approach

The idea is to start with a good initial approximation é of £ having a finite
number of scenarios ¢ = (&1,...,£%) € R"® with probabilities p; > 0, i =
1,...,N, and common root, i.e., &§ = ... = &V =: &, These scenarios might
be obtained by quantization techniques [16] or by sampling or resampling
techniques based on parametric or nonparametric stochastic models of &.

In the following we assume that

I€ = €llr + Df(€,6) < e (11)

holds for some given (initial) tolerance £ > 0. For example, condition (11) may
be satisfied for Df given by (7) and for any tolerance € > 0 if é is obtained by
sampling from a finite set with sufficiently large sample size (see [22, Example
5.3]).

Next we describe an algorithmic procedure that starts from é and ends up
with a scenario tree process &, having the same root node &7, less nodes than
€ and allowing for constructive estimates of ||€ — & ||, -

The idea of the algorithm consists in forming clusters of scenarios based
on scenario reduction on the time horizon {1,...,t} recursively for increasing
time ¢. To this end, the L,-seminorm || ||, on L,.(£2, F,P;R®) (with s = T'd)
given by

1
€]l == (E[I&]7])" (12)
is used at step ¢, where | - |¢ is a seminorm on R® which, for each ¢ =
(617 .. .,£T) S ]Rs7 is given by ‘£|t = |(€1, P 76,5,07 .. ,0)|

The scenario tree construction algorithm determines recursively stochastic
processes &' having scenarios £ endowed with probabilities p;, i € I :=
{1,...,N}, and, in addition, partitions C; = {C},...,C/*} of the index set
I, ie.,

K,
cfncf =0 (k#k) and |JCF=1 (13)
k=1
The index sets CF € C;, k = 1,..., K;, represent clusters of scenarios (see

Figure 1 for an illustration). To define these clusters we aim to aggregate
similar scenarios at each time-period.

The initialization of the scenario tree generation procedure consists in
setting ' := ¢, e, " = ¢ i e, and C, = {I}. At step ¢ (with ¢ > 1) we
consider each cluster CF_; i.e., each scenario subset {étil’i}ie()t’tl: separately

and delete scenarios {€171+7 }jesr by the forward selection algorithm of [21]
such that

1
K- . Ft—1,i _ G157\ "
( | D je e pjminge e (€70 =€ ]|t)

is bounded from above by some prescribed tolerance. Here, the index set If
of remaining scenarios is given by
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Fig. 1. Illustration of the tree construction by recursive scenario clustering

Itk :Ctkfl\‘]tk'

As in the general scenario reduction procedure in [21], the index set JF is
subdivided into index sets JF, i € IF such that

JE= U Jf and  Jf={je Jfi=if(5)}
ielF
with ¥ (j) € argmin;e |gi—Li — gt=Lar,

Next we define a mapping a; : I — I such that

.k . . k
7 — Zt(])7.7€Jt;k:1,...,Kt,1
a(j) = { j , otherwise. (14)

T
=1

ar (i)
£tyi T <t
= T 3 ~ 15
ET { &L, otherwise (15)

Then the scenarios of the stochastic process £ = {£& are defined by

with probabilities p; for each i € I. The processes ét are illustrated in Figure
2, where £ corresponds to the ¢t-th picture for t = 1,...,7T. The partition C;
at t is defined by

Co={a;'(i):i€If k=1,...,K; ,}, (16)

i.e., each element of the index sets I} defines a new cluster and the new
partition C; is a refinement of the former partition C;_;.

The scenarios and their probabilities of the final scenario tree &, := éT
are given by the structure of the final partition Cr, i.e., they have the form

ft,,cr = (gik/ ;@(i)’.”’ (/Xt(i)a'-'a %T(Z)) and ﬂ-? = Z pj lf ie Cécﬂ (17)
jeck

for each k = 1,..., Kr. The index set I; of realizations of " is given by
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Ki_1
I, = U Ik,
k=1
For each t € {1,...,T} and each i € I there exists an unique index k(i) €

{1,..., K;} such that i € C’tkt(i). Moreover, we have C’tkt(i) ={i}U th’;"(i) for
each i € I;. The probability of the i-th realization of &* is 7 = Zjec:ct(i) Dj-
The branching degree of scenario i € I;_; coincides with the cardinality of
.

The next result quantifies the relative error of the ¢-th construction step
and is proved in [22, Theorem 3.4].

Theorem 3. Let the stochastic process f with fized initial node &, scenarios
&' and probabilities p;, i = 1,. .., N, be given. Let &, be the stochastic process

3 3

with scenarios & = (&5, ;’2("), o, tat(i), .. ,f;T(i)) and probabilities Tk if
i€Ck k=1,...,Ky. Then we have
T Ki1 ‘ "
1€ = &, < > 2 piminlg =&l | (18)

t=2 \ k=1 jegk

4.2 Flexible algorithm

Summarizing the above ideas yields the following scenario tree construction
algorithm that allows to control the tree structure as well as the approximation
tolerance with respect to the L,.-distance.

Algorithm 1 (forward tree construction)
Let N scenarios £ with probabilities p;, i = 1,..., N, fized root & € R? and

probability distribution P, r > 1 and tolerances €, €¢, t = 2,...,T, be given
T

such that Y e; < &,.
t=2
Step 1: Set &' :=¢ and C, = {{1,...,N}}.
Step t: Let C,_y = {C} {,.. .,Cﬁtl"}. Determine disjoint index sets IF and
JF such that IF U JF = CF |, the mapping a;(-) according to (14) and a
stochastic process ét having N scenarios ft’i with probabilities p; according

to (15) and such that

Ki 1
2. S — s . ! j
[€ =€ = D > piminig &l <<,
k=1 jegk !

Set C; ={a; *(i):ieIf, k=1...,K; 1}.
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—_—
<

t=1 t=2 t=3 t=4 t=5 t=1 t=2 t=3 t=4 t=5 t=1 t=2 t=3 t=4 t=5
—_— —
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—_—
— —] ——
— —] ——
— - —
————— —_——
e

f—— —_—
— _—
t=1 t=2 t=3 t=4 t=5 t=1 t=2 t=3 t=4 t=5 t=1 t=2 t=3 t=4 t=5

Fig. 2. Stepwise scenario tree construction for an example

Step T+1: LetCr = {C,..., C;fT }. Construct a stochastic process &, having
K scenarios £& such that ftkmt = ftat(z), t=1,...,7, if i € Ck with
probabilities k. according to (17), k=1,..., K.

While the first picture in Figure 2 illustrates the process f, the #-th picture
corresponds to the situation after Step ¢, ¢ = 2,3,4,5 of the algorithm. The
final picture corresponds to Step 6 and illustrates the final scenario tree &,.
The proof of the following corollary is also given in [22].

Corollary 1. Let a stochastic process é with fized initial node £, scenarios &
and probabilities p;, i = 1,..., N, be given. If &, is constructed by Algorithm
1, we have

T
||€ - gtrHr < th <e&p.
t=2

The next results states that the distance |v(§) — v(&.,)| of optimal values gets
small if the initial tolerance £ in (11) as well as €, are small (cf. [23, Theorem
3.4].
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Theorem 4. Let (A1), (A2) and (A3) be satisfied with r' € [1,00) and the set
X1 be nonempty and bounded. Let L > 0, § > 0 and C > 0 be the constants
appearing in Theorem 2 and (8), respectively. If (ai”)) is a sequence tending to

0 such that the corresponding tolerances aﬁ”) in Algorithm 1 are nonincreasing

forallt =2,...,T, the corresponding sequence (ft(:l)) has the property

limsup [0(€) — v(607)] < Lmax{1, Cle, (19)

n—o0

where € > 0 is the initial tolerance in (11).

5 Polyhedral risk functionals

The results and methods from section 3 and section 4 rest upon the linearity
of problem (1) to some extent. Hence, in general they are not valid for the risk-
averse problem (2) incorporating a general (nonlinear) risk functionals p such
as, e.g., Value-at-Risk (p = VaR,) or standard deviation. Also algorithmic
approaches for (1) might be destroyed by the incorporation of general risk
functionals. However, in this section we consider the risk-averse problem (2)
with p being chosen as a so-called polyhedral risk functional. This class of risk
functionals has been introduced in [8, 7]. The key feature of these functionals
is that they, though being non-linear, do not destroy mathematical structures
of stochastic programs such as linearity or convexity.

5.1 Definition

The reason for the favorable behavior of polyhedral risk functionals in (2) is
obvious from their definition: a polyhedral risk functional p is given by (the
optimal value of) a linear stochastic minimization problem of the form

y € x]_oLp(2,0(¢4), P RY)
i@. y;) yj €Y as. (j=0,..,J),
i Yi J ]T:0<UJj,nyj—T> =z, as. (j=1,..,J),

J

p(z) =inf ¢ E [
=0 ‘/ijyj,.,— =T; a.s. (_] = 0, ,J)

7=0

(20)
for every z = (z¢,,...,2t,) € X']7:1Lp((2,o(§tﬂ'),]f") with some p € [1,00). The
numbers k; € No, d; € Ny (j = 0,...,J), vectors ¢; € Rk r; € R% (5 =
0,...,J), wj, € Rbi—= (j = 1,..,J, 7 = 0,..., ), matrices V; , € R *ki-~
(j=0,...,J, 7 =0,..,j), and polyhedral cones Y; C R¥ (j = 0,...,.J) have
to be chosen in advance such that the resulting functional exhibits suitable
risk functional properties. Clearly, if definition (20) is inserted into (2) with!
v =1, one ends up with the problem

! The choice v = 1 is not restrictive at all since the so-called mean-risk objective
v p(2ty,y ., 2t,) — (1 — ) - E[zr] can be expressed as another polyhedral risk
functional of the form (20); cf. [8, 7].
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T € X/ Lo(2,A,P;R™), 2y € Xy as. (t>

y e x_ L(QAt],IPIR)yJGY as. (j >

[i( | '>] Apows + Apa (€)1 L= () s, (=2, T

[ C]’y]J 2= 2(2,6) == = Yo (b (&), ) (1= 1,..,T),
JT olwjryj—r) =2 as. (j=1,...,J),

S Virljor =15 a5, (= 0,.0,)

(21)

e., the non-linearity of the functional p is transformed into a problem of
the form (1) with additional decision variables y; and additional linear con-
straints. This fact is not only useful for stability analysis (see below), it is also
appreciated with regard to algorithmic issues. Note that this transformation
is also possible if integer variables are incorporated into (1).

Most well-known risk functionals (e.g., VaR, and standard deviation which
are both not polyhedral) depend on a single random variable z only rather
than on a finite sequence z,, ..., z¢,. In the framework of (2) this means J =1
and t; = T. Several coherence axioms for such single-period risk functionals
have been suggested in [1, 14, 30] which are broadly accepted. For medium-
and long-term economic activities (such as the model in section 6) one may
want to use multi-period risk functionals (J > 1) that take into account the
temporal development of profits and losses, e.g., to avoid liquidity problems
at intermediate time-periods. Also for this case coherence axioms are sug-
gested [2, 15, 33]. In both the one- and the multi-period case such axioms give
directions for the choice of the vectors and matrices in (20).

5.2 Properties

Because the arguments z;; in (20) appear on the right-hand sides of the con-
straits, it can be concluded that the functional p is always convez [8, 7]. Hence,
the theory of convex duality can be applied. This yields dual representations
for p which can be useful for interpretation and verification of coherence ax-
ioms, and for algorithmic approaches, too.

Theorem 5. ([8, 33, 7]) Let p be a polyhedral risk functional of the form (20)
and let the following conditions for Y;, cj, w; , and V; . be satisfied:

e complete recourse: <ZJ,"0) Y; =RE+ (j=1,...,J),
3,0

e dual feasibility: /_, D, ; # 0 with

Do (uv,uw) ER/ x RZ % .
r (1.]+ZV max{1 ]}’U,v v Wy, — J+Zu =j 1/*1/ ]Uw,, € Y* .

Then the functional p is finite, convex, and continuous on xleLp(Q, o(£4),P)
and it is representable by
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Aj € LP'(Q=U(£tj)=P)7
=su - i iz T pj € Ly (2,0(8Y),P; R%),
pl2) = sup B[S O, + i riD)] [ eb ] B uen]) € D, .

G =0,..,.J)
with p' € (1,00] being defined by 1/p+1/p' = 1.

The above dual representation can be read as follows: the supremum oper-
ator aims at making A large where z is small (in compliance with the respective
constraints). Hence, p(z) can be understood as a worst case weighted expecta-
tion of z (possibly biased by (u;,7;)). If p satisfies the coherence axioms from
[2], then (and only then) the constraints in the dual representation are such
that all the A\ multipliers are probability densities and (u;,7;) is always zero.

5.3 Single-period examples

For J =1 and t; = T, i.e., for the single-period situation, polyhedral risk
functionals can be found in economic literature.

Ezample 1. The Conditional or Average Value-at-Risk at level a € (0,1)
(CVaR, or AVaR,, cf. [34] and [14, Chapter 4.4]) is given by

AVaR,(z) := é/aVaRa(z)dd = inf {yg +1iE [(yo + z)f] } (22)

0 yoER

where the representation on the right is due to [34]. By introducing variables
for positive and negative parts of yg + z, respectively, AVaR,, can be rewritten
in the form (20) with J = ]., dg = d1 = 0, ko = ]., kl = 2, Co = 1, c1 =
(0,1), wip =(1,-1), w11 = -1, Y, = R, and ¥} = R. Hence, AVaR, is
a polyhedral risk functional. Moreover, complete recourse and dual feasibility
are satisfied and the dual representation of Theorem 5 reads

AVaR, (z) = sup {—E[AXz] : A € Ly (2, F,P), A€ [0,1] as, B[A] =1}

where the A multipliers can be interpreted as densities. We note that AVaR,,
is known to be a convex risk functional in the sense of [14], a coherent risk
functional in the sense of [1], and it is 1st and 2nd order stochastic dominance
consistent [30].

Ezample 2. Consider ezpected utility as a risk functional, i.e., p, (z) = —E[u(z)]
with some concave and non-decreasing utility function u : R — R. This ap-
proach goes back to goes back to [29]. Typically, non-linear utility functions
u: R — R are used within this framework. Of course, in such cases p,, cannot
be represented by a linear stochastic program. However, in cases when the
domain of the outcome z can be bounded a priori, it makes sense to consider
piecewise linear utility functions u. In this case, —u is convex and piecewise
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linear, hence, according to [35, Example 3.54] there exist £ € N, w € RF,
c € R¥ and v € {0,1}* such that

—u(p) =inf {{c,y) |y e R¥, y > 0 (w,y) =p, (v,y)=1}
for all i € R. For this case, the expected utility risk functional reads

. y1 € L,(02, A, P;R¥), y; >0 as.
pu(Z) = inf {E[<C7 yl)] (w,g,u)pi Z a.s., <’U), yl) =1 a.s. }
where [35, Theorem 14.60] is used to justify the interchange of infimum and
expectation. Hence, p, is a polyhedral risk functional with ky = dy = 0,
ki=k d=1c=cug=w, Vig=0,and V] = ]Rﬁ_l. The special case of
the ezpected regret (expected loss), i.e., the case that p(z) = E[(z — )] with
some target v € R, is obtained by setting k = 3, w = (v,1,—-1), v = (1,0, 0),
and ¢ = (0,0, —1).

5.4 Multi-period examples

For J > 1, i.e., for the multi-period situation, only few (polyhedral) risk
functionals are suggested in economic literature. However, the framework of
polyhedral risk functionals is constructive: various multi-period polyhedral
risk functionals have been proposed in [8, 7, 33] that can be understood as
multi-period extentions of AVaR,. They all satisfy the basic risk coherence
axioms from [2], but they differ with respect to the incorporation of the infor-
mation dynamics. We present a selection of those in the following (keeping the
original index numbers). It is assumed that the random variables z; represent
accumulated revenues as in problem (2).

Ezample 3. The functional

p2(%ty 5 - 2t,) i=1nfy cr {yo + %% Z;Zl E [(ztj + yo)i] } -

from [8] can be understood as AVaR, applied to a compound lottery, i.e.,
applied to zg given by 2z9(w) := 2,(,)(w) with + being uniformly distributed
on {t1,...,t;} and independent of z,,...,2z¢,. Clearly, p» can be represented
through (20) by introducing (stochastic) variables for the positive and the
negative part of z;; +yo, respectively, for j = 1,..., .J. Hence, it is a polyhedral
risk functional. It satisfies complete recourse and dual feasibility. The dual
representation according to Theorem 5 given by

Ae x?_ L(R2,0(£5),P), Y7 E[A] =1
(2) = —]E[ I\ ] j=1Lp{2, P 0)s 2uj=1 1l A
aims at placing the available probability mass of A to stages where z =
(2, ..., 2t,) takes low values.
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Ezample 4. The polyhedral risk functional p, from [8], though being defined
via an infimum representation of the form (20), is easier to catch by its dual
representation according to Theorem 5 given by

A € X‘jlzlLli(“Q:U(gtj):]P):
J 1 1o,
pa(z) =supg —E [Z]’:1 )\jzt]} A€o, c]as, E[N]=5 (G =1,....J)
X = BNy lo(€9)] as. (G = 1,00 — 1)

with z = (24,, ..., 21, ). Here, the multiplier process A has to be a martingale
and, hence, all timesteps are weighted equally.

Ezample 5. In [2] it was suggested to apply a single-period risk functional
to the pointwise minimum of z = (z,,..., 2¢,), i.e., to zp given by zg(w) :=
min{z, (w), ..., 2, (w) }. Doing so by using AVaR, yields the functional

pe(2) = infy er (?JO + éE [(Z‘/O +minj—q .y th)i])
= infy er (yo + é]E[max{O, —Yo = Rty —Yo T 2ty }])

which can also be represented in the form (20) by introducing (stochastic)
variables y;» = max{0, —yo — 2¢,, ..., —Yo — 2¢; } = max{y; 12, Yo — 2, } for
j=1,...,J; cf. [7]. Then, complete recourse and dual feasibility are satisfied
and there is also a dual representation according to Theorem 5.

5.5 Stability

At the first glance it seems as if stability of problem (2) with p being chosen
as a polyhedral risk functional (20) were covered by the results from section
3 due to the reformulation (21). However, a closer look to the latter problem
reveals that it is not completely of the form (1): the resulting recourse matrices
become stochastic when the dynamic constraints in (21) are integrated. Hence,
Theorem 1 and Theorem 2 are not valid for problem (21) and cannot be
suitably modified easily.

For this reason, stability of (2) is analyzed in [10, 7] systematically. Starting
with the finding of further continuity properties of p (stronger than plain
continuity as stated in Theorem 5), a stability theorem for the optimal values
(corresponding to Theorem 1) can be proven. However, the filtration distance
there is even more involved than Dy in (5) from Theorem 1.

For the justification of the scenario tree generation methods in section 4,
it is necessary to estimate these problem dependent objects by problem in-
dependent ones as in (8). In order to get a similar estimate for the involved
filtration distance for problem (2), it turns out to be necessary to impose fur-
ther technical conditions on p (beside complete recourse and dual feasibility).
However, these conditions can be shown to be satisfied for all known polyhe-
dral risk functionals from [8, 7, 33] as long as the integrability number p is
set to 1. We conclude that there is a theoretical basis for the scenario tree
approximation methods from section 4 also in the situation of the risk-averse
problem (2) if p is chosen as a suitable polyhedral risk functional.
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Fig. 3. Schematic diagram for the optimization model components

6 Case study

In this final section we apply the theoretical results presented above to a prac-
tical model for electricity portolio optimization. This shall demonstrate the
use of scenario trees as well as the effect of different polyhedral risk function-
als.

6.1 Model

The model is a mean-risk multi-stage stochastic program of the form (2)
considering a medium-term time horizon of one year in hourly discretization
(T = 8760). It is tailored to the situation of a municipal power utility serving
an electricity demand and a heat demand for certain customers; see Fig. 3.
Future demands as well as future market prices for electricity are stochastic
and some decisions have to made before these values are known exactly. It
is assumed that the power utility is sufficiently small such that it can be
considered as a price-taker, i.e., its decisions do not affect market prices.

Furthermore, it is assumed that the power utility features a combined heat
and power (CHP) production plant that can serve the heat demand completely
but the electricity demand only in part. Hence, additional sources of electricity
have to be used. Electricity can be obtained from the spot market of a power
exchange (such as the European Energy Exchange EEX), or by purchasing a
bilateral supply contract from a larger power producer. The latter possibility is
suspected to be more expensive, but relying on the spot market only is known
to be extremely risky. Spot price risk, however, may be reduced (hedged) by
means of derivative products. Here, we consider futures from EEX (Phelix-
futures, purely financial contracts).
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0 1000 2000 3000 4000 5000 6000 7000 8000 9000

Fig. 4. Branching structure of the input scenario tree of 40 scenarios (1" = 8760)

The practical purpose of this model is to evaluate given supply contracts
in comparison with relying on spot and future market only [9, 11]. In the
presentation here, however, we focus on the qualitative output with respect
to the effect of the different polyhedral risk functionals from section 5.

The stochastic input process £ = (&, ..., &) is approximated by a scenario
tree, cf. Fig. 4, generated from statistical models (see [11]) by the methods
from section 4. Each & consists of electricity demand &, heat demand &,
EEX spot prices &, as well as base and peak future prices §tfbm and ftfpm (for
each month m = 1,...,12). However, to avoid technical problems related to
arbitrage, the future prices are calculated as fair prices from the spot prices
in the scenario tree, i.e., the methods from section 4 are applied only to the
first three components &, €8, and & (t =1,...,T).

The decisions at each time ¢ consist of CHP production amounts, EEX
spot market volumes (electricity may be bought or sold), future stock, and
contract flexibility (if there is any). The CHP production is subject to sev-
eral technical (dynamic) constraints which are slightly simplified such that no
integer variables come into play, i.e., everything is linear. There are no par-
ticular constraints for spot and future trading, but the pricing rules for EEX
futures (initial margin, variation margin, transaction costs) make it necessary
to introduce some auxiliary variables and constraints. Finally, there are the
demand satisfaction constraints requiring that electricity demand and heat
demand are always met. The overall model (incorporating a polyhedral risk
functional) is linear, i.e., it is of the form (2) resp. (21). Of course, the latter
formulation is used for implementation.
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6.2 Simulations results

Together with a scenario tree (cf. Fig. 4) the overall optimization model is
a (large-scale) linear program. For the simulation results presented here, we
used a scenario tree of 40 scenarios and approx. 150000 nodes. The decision
variables are defined on the tree. For solving the linear program the ILOG
CPLEX 9.1 software was employed. We restrict the presentation here to the
case that no additional delivery contracts are involved (beside EEX futures).
Then, the different effects of the polyhedral risk functionals from section 5
can be observed best.

In Fig. 5 the accumulated revenues z; over time for each scenario, i.e., the
temporal developments of the company’s wealth, are shown after optimiza-
tion with different polyhedral risk functionals. Of course, the tree structure
of the input scenario tree can also be found in these outputs since the (op-
timal) revenues are stochastic in the same manner. Optimizing the expected
overall revenue E[z7] only (without any risk functional) yields large dispersion
(spread) at time T (cf. top of Fig. 5). The incorporation of the (single-period)
AVaR applied to z; reduces this spread considerably, but yields high spread
and very low values for z; at earlier time-periods ¢t < T'. Clearly, this behavior
is not acceptable for a (small) power utility. The multi-period polyhedral risk
functionals from section 5 are effective such that dispersion is somehow better
distributed over all time-periods.

The graphs in Fig. 5 suggest that the effect of py, ps, and pg is more or
less the same. However, Fig. 6 reveals that there are further differences among
these multi-period risk functionals. For the calculation of these graphs, the
fuel costs for the CHP plant have been augmented slightly in order to give
the cash value curves a different direction. The difference between the multi-
period functionals is, roughly speaking, that ps aims at equal spread at all
times, whereas ps and pg try to find a maximal level that is rarely underrun.

The different shapes of the cash value curves are achieved by different
policies of future trading. Future trading is revealed through the jumps in the
cash value curves and is explicitely shown in Fig. 7. These graphs display the
overall future stock volumes (in Euro) at each stage. If no risk is considered
then there is no future trading at all since, due to the fair-price assumption,
there is no benefit from futures in terms of the expected revenue. Using AVaR,
P2, or pg leads to extensive future trading activity, whereas the application of
p4 yields more moderate future trading activity.

Finally, we mention that, within this application model, the incorporation
of a polyhedral risk functional into the objective reduces the expected overall
revenue E[zy] only by approx. 1%. The additional computational effort arising
from the risk measure is also very moderate.
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7 Conclusion

We have presented a capacious theory for the framework of multi-stage
stochastic programming. Though appearing rather abstract at the first glance,
these results are highly relevant in practice: Problems become numerically
tractable by finite scenario tree approximation of the underlying stochastic
input data. Moreover, risk-averion requirements can be incorporated with-
out significant increase of complexity by means of polyhedral risk functionals.
In particular, there is a theoretical basis for the scenario tree approximation
methods in both cases, the risk-neutral and the risk-averse case. For illustra-
tion, we have presented an exemplary model for mean-risk optimization of an
electricity portfolio.
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