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Abstract

We consider the magnetization dynamics in the presence of a spin
torque as induced by a polarized current. The dynamic response is of
significant importance in magnetic multilayers and spintronic applications.
Based on the following Landau-Lifshitz-Gilbert equation

mt = m ×

`

αmt − γ heff − m × j
´

for m = m(t) ∈ S
2
,

we investigate the possibility of Hopf bifurcations at isolated stationary
points that give rise to periodic solutions, so-called precessional states.

1 Introduction

The basic evolution law in ferromagnetism is a gyrotropic reaction of the unit
magnetization vector m = m(t) ∈ S2 according to the Landau-Lifshitz equation
[8, 9]

mt = γ m × heff,

where × denotes the vector product on R3. The magnetization vector m can be
regarded as representing a coherent magnetization field on a spatially extended
body. In a mechanical analog the term on the left can be considered as the rate
of change of angular momentum, whereas the term on the right is the torque
that the effective field heff (incorporating external field and self interactions)
exerts on m. The Landau-Lifshitz equation describes a free precession of the
magnetization vector about the effective field. It is a Hamiltonian system on the
tangent bundle TS2, thus conservative. The parameter γ is called the gyromag-
netic ratio and agrees with the typical precession frequency under the influence
of a constant unit effective field.
The Landau-Lifshitz equation is an idealization and neglects any thermal damp-
ing or radiation effects present in a physical context. Introducing damping ef-
fects amounts to adding a counter-field that allows the magnetization vector
to turn towards the effective field until both vectors are parallel in the static
solution. As proposed by Gilbert [5], the counter-field is set to be proportional
to the velocity. Then

mt = m ×
(
γ heff − αmt

)
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is called the Landau-Lifshitz-Gilbert equation (LLG). It can be non-dimensiona-
lized by rescaling time by a factor of 1/γ, so we will assume γ = 1 in the
following. The dimensionless coefficient α > 0 is called the Gilbert damping
factor. It is a small parameter in practice, and the ratio 1/α represents the
typical relaxation time. If the effective field is given by

heff = −∇E(m)

with
E(m) = Q(m) − h ·m, (1)

where h is a constant applied field and Q(m) is a quadratic (self-)interaction
term (usually based on the micromagnetic model [8]) to be specified and dis-
cussed below, then LLG is dissipative with respect to the free energy E = E(m)
that serves as a Lyapunov function: For any solution m = m(t),

d

dt
E(m(t)) = −α |mt|

2 ,

and energy will be dissipated until a stationary point is reached asymptotically.
Observe that the ω-limit set consists only of stationary states, and in particular
no periodic solutions are possible within this framework.

LLG dynamics with a spin torque

We consider the effect of an additional non-variational forcing term of the form

m × m × j with j ∈ R
3

that acts in addition to the torque m× heff exerted by the variational effective
field and will be called spin torque in the sequel. This notion is closely related to
(and is in fact a simplified version of) magnetization dynamics in the presence
of polarized currents first considered by Slonczewski [11]. The time evolution of
the magnetization vector in the presence of a spin torque is then described by
the equation

mt = m ×
(
αmt + ∇E(m) − m × j

)
(2)

with E(m) as given in equation (1). Here the energy does not act as a Lyapunov
function for the system anymore, due to the non-variational contribution of the
spin torque term. Instead, we now have the power law

d

dt
E(m) = −α |mt|

2
+ (mt × m) · j, (3)

and the energy is not necessarily decreasing along trajectories anymore. Rather
the variable-sign term makes it possible for the energy to become periodic in
time, corresponding to periodic orbits of the magnetization vector on the unit
sphere. In physics, such states are known as precessional states and have been
the subject of much recent research. Possible applications include high-density
memory chips (magnetic random access memory, MRAM) and gigahertz oscil-
lators [11, 12].
A more elaborate version of spin torque effects has been investigated by Bertotti
et al. [2, 3]. In [2], results are presented for a system with a spin torque term
of the form

β m ×
m × j

1 + cpm · j
,
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where β and cp are parameters, and with an anisotropy term of the form

Q(m) =
1

2

(
D1m

2
1 + D2m

2
2 + D3m

2
3

)

with D1 < D2 < D3. This system is considered as a perturbation of an un-
damped system without a spin torque (i. e. α = β = 0), and qualitative results
are obtained by the use of Melnikov theory. The unperturbed system exhibits
multiple periodic orbits delimited by two homoclinic connections. These are
destroyed by the introduction of current and damping effects, but stable limit
cycles (i. e. stable precessional states) appear near trajectories of the unper-
turbed system when the current reaches a critical value. However, only the
aligned case where j and h both point in the direction of the easy anisotropy
axis is examined in this paper. In [3], the case j ⊥ h is considered, and the
formation of a limit cycle for large currents is inferred.

Results

In this paper we give a rigorous mathematical account to existence and stabil-
ity of periodic orbits for (2). More precisely, we will show in Section 2 that
in the aligned case where j and h are parallel to the anisotropy axis, circular
periodic orbits arise when the current-damping ratio |j| /α lies in a certain pa-
rameter interval which depends on the strength of the applied magnetic field.
In this setting, the dissipation due to Gilbert damping is exactly compensated
by the torque effect of the spin-polarized current forcing the system from its
magnetostatic equilibrium. Necessary and sufficient parameter conditions are
given. The periodic orbits themselves are constructed explicitly by exploiting
the SO(2) symmetry of the system in this case. This symmetry also shows
that the orbits are exactly circular, a feature which is generally lost when pass-
ing to other (non-aligned) mutual configurations of the current, magnetic and
anisotropy vectors. However, in Section 3 it is shown that the qualitative behav-
ior of the system nevertheless persists under this generalization. In particular,
the system retains the property of stable periodic orbits emerging when the
current is increased beyond a critical value, although their existence is now in-
ferred by qualitative arguments rather than explicit computation. Since all of
these periodic solutions ultimately originate at degenerate equilibrium points,
it is important to study the existence and location of equilibrium points other
than those previously employed for bifurcation analysis. This is done in Sec-
tion 4, and their stabilities are determined in a setting previously excluded by
nondegeneracy requirements.

Mathematical setting

We use an energy functional of the form (1), where the anisotropy term Q(m)
is given by

Q(m) =
λ

2
m2

3, (4)

so the effective field reads
heff = h− λm3ê3.

The parameter λ takes the values 0, ±1 and describes a directional tendency of
the electron spins, i. e. certain spin directions are favored over others in terms
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of energy minimizing. It is used to model different physical situations in which
the Landau-Lifshitz-Gilbert-ODE can be applied.
The micromagnetic models leading to the choice of an anisotropy term of the
form (4) are covered in Appendix B. The case λ = 1 is referred to as shape
anisotropy-dominated, while for λ = −1 the system will be called crystalline
anisotropy-dominated. The ê3 axis is called the easy axis in the crystalline
anisotropy model, while its orthogonal complement 〈ê3〉

⊥ is referred to as the
layer or sample plane. The value λ = 0 is a degenerate case of the system and is
included here for the sake of completeness. In the following, we will deal mostly
with the cases λ ∈ {±1} and transfer the results to the isotropic case λ = 0
wherever possible. When this is not feasible, we will treat this degenerate case
separately after presenting the main results.
It should be noted that the time reversal substitution t 7→ −t, h 7→ −h, j 7→ −j

effectively changes the system from shape anisotropy-dominated to crystalline
anisotropy-dominated, which implies that the phase portrait is in both cases the
same, but with the trajectories traversed in the opposite direction. In particular,
the stability of equilibrium points and periodic orbits is reversed by this sub-
stitution. Furthermore, there are no homoclinic connections in the undamped
system for our choice of anisotropy term, as there are for the one used in [2],
which precludes the use of Melnikov theory in the form described there.
The LLG equation (2) can be solved explicitly for mt by cross-multiplication
with m, giving

mt =
1

α2 + 1

[
− m × heff − αm × (m × heff)

+ αm × j − m × (m × j)
]
.

(5)

The factor 1/(α2 +1) can be removed by a time rescaling leaving the dynamical
properties (stabilities of equilibrium points etc.) of the system invariant, and
for simplicity we will do so in the course of proving some of the results below.
At first we will examine the special case of complete alignment, where the ap-
plied field and the current vector are perpendicular to the layer plane in the
shape anisotropy model, or parallel to the easy axis in the crystalline anisotropy
case. In this setting, the differential equation (2) exhibits a rotational symme-
try, by the use of which it becomes possible to compute its dynamical behavior
explicitly and determine exact conditions for the existence of a circular periodic
orbit. We will then proceed to examine a more general case, with the restricting
condition that jtan ⊥ htan, where jtan and htan denote the orthogonal projec-
tions of the respective vectors onto the layer plane 〈ê3〉

⊥, and show that the
limit cycle generation properties of the former special case are preserved under
this generalization, although the rotational symmetry of the circular orbits is
lost. Finally, we will examine under what conditions further equilibrium points
can arise and determine their stability in some special cases.

2 The case of complete alignment

Let h = h3ê3 and j = j3ê3, so the applied field and current vectors are aligned
into the anisotropy direction. Then the differential equation (2) is invariant
with respect to rotations around the ê3 axis. More specifically, let G be the
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maximal subgroup of SO(3) leaving ê3 fixed, i. e.

G =




R(α) =




cosα − sinα 0
sin α cosα 0

0 0 1




∣∣∣ α ∈ [0, 2π)




 ,

and let X : S2 → TS2 be the vector field defined by (5), i. e. if m(t) is a
trajectory of the system, then X(m(t)) = mt(t) for all t. Then the following
result holds true:

Lemma 1. The vector field X is G-invariant, i. e. for every R ∈ G and m ∈ S
2

we have
X(Rm) = RX(m).

Indeed, by making use of the facts that ê3 = Rê3 and R(a × b) = Ra × Rb,
one finds from (2) that

X(Rm) − RX(m) = αRm × [X(Rm) − RX(m)] ,

which upon scalar multiplication by [X(Rm) − RX(m)] yields

‖X(Rm) − RX(m)‖2 = 0.

Geometrically, one would expect that the only periodic solutions are orbits
exhibiting this rotational symmetry, and all other solution curves spiral “up”
and “down” the sphere to an equilibrium point or such an asymptotic limit
cycle. These considerations are made rigorous in the following lemma.

Lemma 2. Let h and j be multiples of ê3. Then the only periodic solutions
besides equilibrium points of the system (2) are circular orbits in a plane per-
pendicular to the ê3 axis (i. e. such that m·ê3 is constant) with constant angular
velocity.

Proof. Let m̃ ∈ S2 be a point with m̃t ⊥ ê3. If m̃ ∈ {±ê3}, then m̃ is
an equilibrium point, since then Rm̃t = (Rm̃)t = m̃t, which together with
m̃t ⊥ m̃ implies m̃t = 0. If this is not the case, we can choose ω ∈ R such that
m̃t = −ωm̃×ê3. Then the curve γ(t) = R(ωt)m̃ is a solution curve of the system
starting at m̃, since γ(0) = m̃ and γ′(0) = ωR′(0)m̃ = −ωm × ê3, and the
symmetry of the vector field defined by (2) is preserved, i. e. γ′(t) = R(ωt)γ′(0),
as an easy calculation shows. But γ(2π) = γ(0), so {γ(t)}t∈R

is either an
equilibrium point of (2) (which is the case if mt, and therefore the angular
velocity ω, are 0), or a circular periodic orbit.
Now let γ(t) be any other solution curve, i. e. one having ê3 · γ

′(0) 6= 0. Then
in order for γ(t) to constitute a periodic orbit, one has to have ‖γ′(t)‖ 6= 0 for
all t ∈ R. Since the scalar product ê3 · γ(t) is a differentiable function of t, and
by assumption there is T > 0 with ê3 · γ(T ) = ê3 · γ(0), there is t0 ∈ (0, T )
with ê3 · γ′(t0) = 0 by the mean value theorem. Therefore either γ(t0) is an
equilibrium point, contrary to the nondegeneracy of the vector field along γ,
or by the above results there is a solution curve through γ(t0), the velocity
vector of which is perpendicular to ê3 at all times, which is impossible, since
trajectories do not intersect.
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Remark. By symmetry, every equilibrium point on S2 \ {±ê3} has to be part
of a continuous band of equilibria obtained by rotating it around the ê3 axis. In
the proof of Theorem 1, we will see that such a band of equilibria can only exist
for j3 = 0.

If m(t) = R(ωt)m̃ is a periodic orbit of the type discussed in Lemma 2, the en-
ergy derivative (3) on this trajectory is constant, since by symmetry mt trans-
forms in the same way as m, and R(ωt) is an orthogonal transformation leaving
j fixed. The rate of energy change at any point on this orbit is

d

dt
E(m) = −α |mt|

2 + mt · (m × j)

= −α |ω|
2
|m × j|

2
− ωj3 |m × j|

2
,

which is zero for ω = −j3/α. In this case the energy loss due to dissipational
Gilbert damping is exactly balanced by the energy gain induced by the electrical
current j.
We will now show under which conditions the existence of such a circular peri-
odic orbit is possible, compute its exact location and determine its stability as
well as the type of the equilibrium points at ±ê3.

Theorem 1. Let λ ∈ {±1} and m0 := (0, 0, 1). Then if j = (0, 0, j3),
h = (0, 0, h3), the system (2) has exactly two non-degenerate equilibrium points
at ±m0 for all values of j3 and h3, and its dynamical behavior is completely
determined as follows:

(i) j3
α

< −h3 − 1: m0 is unstable and −m0 is stable; there are no periodic
orbits.

(ii) j3
α

= −h3 − 1: A Hopf bifurcation occurs at −m0 if λ = 1, and at m0 if
λ = −1.

(iii) −h3 − 1 < j3
α

< −h3 + 1: There is a periodic limit cycle

Γµ =

{
(m1, m2, µ)

∣∣∣ µ = λ

(
h3 +

j3
α

)
, m2

1 + m2
2 = 1 − µ2

}
⊂ S

2,

with angular velocity −j3/α, which is stable for λ = 1 and unstable for
λ = −1. The two equilibria have stability opposite to Γµ. If j3 = 0, the pe-
riodic orbit degenerates to a continuous band of non-hyperbolic equilibrium
points.

(iv) j3
α

= −h3 + 1: A Hopf bifurcation occurs at m0 if λ = 1, and at −m0 if
λ = −1.

(v) j3
α

> −h3 + 1: m0 is stable and −m0 is unstable; there are no periodic
orbits.

If λ = 0, we have the same stabilities as in (i) and (v) for j3/α < −h3 and
j3/α > −h3, respectively, while in case of equality the {Γµ}µ∈[−1,1] constitute a
continuous band of non-hyperbolic limit cycles.
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−m0 stable −m0 unstable

m0 stable

j3
α

m0 unstable

−h3 − 1 −h3 + 1

existence of a stable limit cycle

Figure 1: Stability of ±m0 and existence of a limit cycle for λ = 1
Stabilities and the signs of ±m0 are reversed for λ = −1

Remark. If no current is applied, i. e. j3 = 0, the angular velocity of Γµ is
zero, turning the limit cycle into a continuous band of non-hyperbolic equilib-
rium points with one positive eigenvalue and the second one equal to 0 (cf. the
remark following the proof of Lemma 2). Physically, this corresponds to a mu-
tual annihilation of the applied field action and the anisotropy effect. This effect
can also be viewed in the light of energy considerations: The energy functional
(1) with Q(m) as given in (4) has an extremal value at m3 = λh3 and does not
depend on m1 or m2. Since the energy becomes stationary there, the motion
must be mt = 0 by (3).

Proof. Inserting the ansatz

m(t) = R(ωt)m̃

into equation (2), and utilizing orthogonality of R(ωt) and the invariance of ê3,
one obtains

0 = ωR′(ωt)m̃ + (h3 − λm̃3)R(ωt)(m̃ × ê3)

− ωαR(ωt)m̃ × R′(ωt)m̃ + j3R(ωt)(m̃ × m̃ × ê3),

which can be further simplified by multiplying from the left with R−1 = RT

and noting that RTR′m̃ = −m̃ × ê3, giving

0 = (−ω + h3 − λm̃3)m̃ × ê3 + (ωα + j3)m̃ × m̃ × ê3. (6)

If m̃ 6= ±ê3, equation (6) shows that the relations

ω = h3 − λm̃3

ωα = −j3

have to be fulfilled in order for {R(ωt)m̃}t∈R to constitute a periodic orbit. Thus
for λ ∈ {±1} and j3/α ∈ [−h3 − 1,−h3 + 1] (so m̃3 = λ (h3 + j3/α) ∈ [−1, 1]),
there is exactly one circular orbit Γµ, as given in the formulation of the theorem,
with angular velocity ω = −j3/α, concurring with the value found by energy
considerations above. In the anisotropy-free case λ = 0, on the other hand,
every such orbit is a trajectory of the system as long as j3/α = −h3, while
otherwise there is no periodic solution. Since the angular velocity, and hence
the length of mt on Γµ, is proportional to j3, the degeneration of the limit cycle
into a continuous band of non-hyperbolic equilibria only occurs for j3 = 0.
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For the stability analysis, we convert the explicit equation (5) in its time-rescaled
form (i. e. without the factor 1/(α2+1)) into a complex planar dynamical system
by stereographic projection onto the tangential plane Tm0

S
2 to the unit sphere

at m0, which is given by the transformation formula




m1

m2

m3



 =
2

1 + |z|
2




z1

z2
1−|z|2

2



 ,




m′

1

m′
2

m′
3



 =
2

(
1 + |z|

2 )2




1 − z2

1 + z2
2 −2z1z2

−2z1z2 1 + z2
1 − z2

2

−2z1 −2z2




(

z′1
z′2

)
.

(7)

We obtain the system

(
z′1
z′2

)
=


−(αh3 + j3)z1 − (h3 − αj3)z2 + λ1−|z|2

1+|z|2
(αz1 + z2)

(h3 − αj3)z1 − (αh3 + j3)z2 + λ1−|z|2

1+|z|2
(−z1 + αz2)


 . (8)

Passing now to polar coordinates (z1, z2) = r(cos θ, sin θ) and solving for ṙ and
θ̇ yields

ṙ = r

[
−αh3 − j3 + αλ

1 − r2

1 + r2

]
,

θ̇ = h3 − αj3 − λ
1 − r2

1 + r2
.

(9)

Both derivatives are independent of θ because of the rotational symmetry of the
original system. The limit cycle radius for λ 6= 0 and j3/α ∈ [−h3 − 1,−h3 + 1]
is given by

rHopf =

√

−
j3 + α(h3 − λ)

j3 + α(h3 + λ)
, (10)

and the stabilities of Γµ and m0 can now be determined by writing ṙ = f(r) for
the radial part of equation (9) and differentiating once with respect to r, giving

f ′(r) = −j3 − αh3 + αλ
1 − r2

1 + r2
− 4αλ

r2

(1 + r2)2
. (11)

Substitution of the limit cycle radius (10) into (11) gives

f ′(rHopf) = −αλ

[
1 −

(
j3
α

+ h3

)2
]

,

which for λ = 1 is negative as long as j3 lies strictly in the interval specified
above. Therefore there is ε > 0 such that ṙ > 0 for rHopf − ε < r < rHopf and
ṙ < 0 for rHopf < r < rHopf + ε which implies that the limit cycle Γµ is stable
(see Figure 2). If λ = −1, Γµ is unstable by the same reasoning. For λ = 0 and
j3/α = −h3, the limit cycles are non-hyperbolic, since they form a continuous
band on the whole sphere.
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At the origin, i. e. m0 in the three-dimensional system, we have f ′(0) > 0 for
j3/α < −h3 + λ and f ′(0) < 0 for j3/α > −h3 + λ. In the intermediate case,
this derivative is 0, but from (9) we get

ṙ = −2α
r3

1 + r2
,

which is negative. Therefore m0 is unstable if j3/α is strictly less than −h3 +λ,
and stable otherwise, as indicated in Figure 1. This is true for all values of λ.
The remaining results follow by performing stereographic projection onto the
tangential plane T−m0

S2 at −m0 and proceeding in an analog fashion.

Figure 2: A stable limit cycle for λ = h3 = 1, j3 = −1, σ = ρ = 0, α = 1 with
a second equilibrium point at infinity

3 Hopf bifurcation in a more general case

In the completely aligned setting, periodic orbits are present in certain param-
eter ranges, and are circular due to the symmetry of the system. We now turn
to consider the more general case where we do not assume that the applied field
and the current vector are perpendicular to the layer plane anymore. We will,
however, require that j and h are chosen in such a way that either m0 = (0, 0, 1)
or −m0 is an equilibrium point of the system (2) as before. Under these weak-
ened conditions, a limit cycle may not always exist for j3/α lying in the whole
interval specified in Theorem 1. However, Theorem 2 shows that the occurrence
of a Hopf bifurcation at the parameter value j3/α = −h3+λ is nevertheless pre-
served under this generalization (see Figure 3). Since the rotational symmetry
of the system is lost, the limit cycle on the unit sphere is usually not circular
any more.
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Theorem 2. Let λ ∈ {±1}. If the system (2) has an equilibrium point at
m0 = (0, 0, 1), and we have h3 6= λ, then there is an open interval I ⊂ R about
−h3 + λ and an open neighborhood U ⊂ S

2 of m0 such that for j3/α ∈ I and
λ = 1, one has the following cases:

(i) j3
α

< −h3 + λ: There is exactly one periodic orbit inside U ∩ S
2, which is

stable, while the equilibrium point m0 itself is unstable.

(ii) j3
α

≥ −h3 + λ: There is no periodic orbit inside U ∩ S2, and m0 is stable.

If λ = −1, the inequality signs in (i) and (ii) are reversed, as are the stabilities
of m0 and the periodic orbit.
If there is an equilibrium point at −m0, the same results hold with appropriate
changes, i. e. bifurcation then takes place at −h3 − λ, the nondegeneracy con-
dition changes to h3 6= −λ, and the inequality signs have to be chosen in such a
way that whenever a limit cycle exists, j3/α lies in the interval (−h3−1,−h3+1).

Figure 3: A stable Hopf limit cycle for λ = 1, h3 = 2, j3 = −3.5, σ = −2, ρ =
−1, α = 2

At first, we will determine the conditions on j and h leading to an equilibrium
point at ±m0.

Lemma 3. The point ±m0 is an equilibrium of (5) (and hence of (2)) iff j

and h are chosen in such a way that the conditions

j1 = ∓h2 and j2 = ±h1 (12)

are fulfilled, i. e. one has
jtan ⊥ htan,

where jtan and htan denote the projections of j and h, respectively, onto the
layer plane 〈ê3〉

⊥.
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Proof. Substituting m = ±m0 and mt = 0 into (5) and noting that ê3 × heff =
ê3 × h, one obtains the condition

0 = ∓ê3 × heff − αê3 × (ê3 × heff) ± αê3 × j − ê3 × (ê3 × j)

= (I − ê3 ⊗ ê3)(αh + j) ∓ ê3 × (h − αj),

where I denotes the (3×3)-identity matrix. The lemma follows by examining the
first and second component of this vector equation (the third being zero).

From now on, we will restrict ourselves to an analysis of the case where m0 is
an equilibrium point, the results being easily transferable to the other case. Let

σ := j1 = −h2, ρ := j2 = h1. (13)

In order to simplify the ensuing calculations, we will invoke a change of variables
putting

j′ := αh + j,

h′ := h− αj.
(14)

Note that condition (12) is fulfilled by j′ and h′ iff it is fulfilled by j and h, so
we can write j′ = (σ′, ρ′, j′3) and h′ = (ρ′, −σ′, h′

3). By these substitutions, the
equation (5) takes on the simpler form

mt = −m × (h′ + m × j′) + λm3(m × ê3 + αm × (m × ê3)), (15)

where we have again rescaled time by a factor of (α2 + 1).
We can then perform stereographic projection again onto the tangential plane
Tm0

S2 to the unit sphere at m0, given by the transformation formula (7) as
before. Under this transformation, equation (15) is converted into a planar
system z′ = F (z) similar to (8), where F : C → C is given by

F (z) =



−j′3z1 − h′
3z2 + λ1−|z|2

1+|z|2
( αz1 + z2) − σ′Re(z2) − ρ′Im(z2)

h′
3z1 − j′3z2 + λ1−|z|2

1+|z|2
(−z1 + αz2) + ρ′Re(z2) − σ′Im(z2)



 . (16)

Lemma 4. The planar system z′ = F (z), with F given as in (16), has an
equilibrium point at the origin, and the eigenvalues of the functional matrix
there are given by

spec DF (0, 0) = {−α(h3 − λ) − j3 ± i (h3 − λ − αj3)} .

Proof. Since there are no constant terms, the origin is an equilibrium point for
(16). For |z| < 1, the term involving λ can be expanded into a power series

1 − |z|
2

1 + |z|
2 = 1 − 2 |z|

2
∞∑

k=0

(−1)k |z|
2k

,

and the functional matrix at the origin is therefore given by

DF (0, 0) =

(
−j′3 + αλ −h′

3 + λ
h′

3 − λ −j′3 + αλ

)

=

(
−αh3 − j3 + αλ −h3 + αj3 + λ

h3 − αj3 − λ −αh3 − j3 + αλ

)
,

with eigenvalues as claimed.
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In order to prove the existence of a limit cycle under certain conditions, we will
employ the Hopf bifurcation theorem (Theorem 5 in Appendix A).

Proof of Theorem 2. If one puts

j3(µ) = µ − α(h3 − λ),

conditions (i)-(iii) of Theorem 5 are trivially verified as long as h3 6= λ, i. e.
there is an effective magnetization in the m3 axis at m0. By Theorem 6 in
Appendix A, we have

Re(C1) =
1

16

{
(−12αλ − 4αλ − 4αλ − 12αλ)

+
1

h3 − λ

[
− 2ρ′(−2σ′ + 2σ′) + 2σ′(2ρ′ − 2ρ′)

+ 4σ′ρ′ − 4σ′ρ′
]}

= −2αλ < 0,

so condition (iv) is fulfilled as well. It follows that for j3 < −α(h3−λ) the system
(2) has exactly one stable limit cycle in a sufficiently small neighborhood of the
unstable equilibrium point m0, while in the opposite case j3 ≥ −α(h3 − λ)
there is no limit cycle inside this neighborhood, while the equilibrium point is
stable.

4 Further equilibria and their stability

If the magnetic and current vector are not both perpendicular to the layer plane,
the dynamic behavior of the system cannot be computed explicitly anymore, and
the existence of a periodic orbit can only be proven in a small neighborhood
of an appropriate choice of parameters. It might be possible to deduct the
existence of further limit cycles on the basis of global arguments, for which it
is necessary first to determine the location and stability of further equilibrium
points.
Suppose m0 is an equilibrium point of the system (2). By Lemma 3, this means

j = (σ, ρ, j3), h = (−ρ, σ, h3)

as in (13) (if h = (ρ, −σ, h3), the same results hold with −m0 in place of
m0). In Theorem 1, we have seen that in the aligned case σ = ρ = 0, there
are two equilibrium points at ±m0 = (0, 0, ±1) as well as an unstable limit
cycle, which for j3 = 0 degenerates to a continuous band of non-hyperbolic
equilibria. In case σ2 + ρ2 > 0, the latter degenerate behavior is ruled out,
and the number of possible equilibrium points of the system is confined to a
maximum of 4. In order to determine the conditions on the exact number for a
given parameter configuration as well as the locations of the equilibria besides
±m0, it is convenient to start with the transformed equation (15) and reverse the
substitutions (14) for j′ and h′ later. One then obtains the following additional
properties:
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Theorem 3. If m0 = (0, 0, 1) is an equilibrium point of the system (2) as
above, and we have σ2 + ρ2 > 0, there are at least one and at most three other
equilibrium points on S

2. Their third components are given by the solutions of
the cubic equation

[
(h3 − λm3)

2 + j2
3

]
(m3 + 1) + (σ2 + ρ2)(m3 − 1) = 0, (17)

and their first and second components can be computed via the formulas

m1 =
m3 + 1

σ2 + ρ2
(ρλm3 − ρh3 − σj3),

m2 = −
m3 + 1

σ2 + ρ2
(σλm3 − σh3 + ρj3).

(18)

Proof. The vector equation mt = 0 by (5) is equivalent to the three component
equations

0 = −h′
3m2 − σ′m3 + σ′ − (m · j′)m1 + λm2m3 + αλm1m

2
3 (I)

0 = −ρ′m3 + h′
3m1 + ρ′ − (m · j′)m2 − λm1m3 + αλm2m

2
3 (II)

0 = σ′m1 + ρ′m2 + j′3 − (m · j′)m3 + αλm3(m
2
3 − 1) (III)

Computing m2 ·(I)−m1 ·(II), one can factor out the zero (m3−1) there as well as
in (III). An additional solution m = (0, 0, −1) is introduced by this procedure,
which can be factored out later (from equations (I)-(III) it is apparent that this
is a solution only in the degenerate case where σ = ρ = 0). Resubstituting the
original expressions for j′ and h′, one is left with

0 = (αρ + σ)m1 + (−ασ + ρ)m2 − (m3 + 1)(αλm3 − αh3 − j3) (IV)

0 = (ρ − ασ)m1 − ( αρ + σ)m2 − (m3 + 1)( λm3 − h3 + αj3). (V)

From these, in turn, one can eliminate α by forming (IV)−α · (V) and α · (IV)+
(V), giving respectively

0 = σm1 + ρm2 + j3(m3 + 1) (VI)

0 = ρm1 − σm2 − (λm3 − h3)(m3 + 1), (VII)

from which one finally obtains the explicit expressions (18) for m1 and m2 in
terms of m3. Substituting these into the normalization condition m2

1+m2
2+m2

3 =
1 and factoring out the above mentioned zero (m3 + 1), leads to the equation
(17) for m3. In this form it is immediately apparent that all solutions lie in the
interval [−1, 1], and the bounds +1 and −1 are attained only for j3 = h3−λ = 0
and σ = ρ = 0, respectively, in which case the system (2) has a double zero
there. The first of these is just the critical case excluded in the treatment of the
Hopf bifurcation occurring in Theorem 2.

Corollary. Let λ ∈ {±1} and µ1, µ2 ∈ R be given by

µ1 = −
2

27
(λh3 + 1)

3
−

2

3
(λh3 + 1)

(
σ2 + ρ2 + j2

3

)
+ 2

(
σ2 + ρ2

)
,

µ2 =
1

3
(λh3 + 1)

2
−

(
σ2 + ρ2 + j2

3

)
.

(19)

Then the number of additional equilibrium points of (2) besides m0 is

13



• 1, if µ2 ≤ 0, or if µ2 > 0 and |µ1| >
√

4µ3
2/27,

• 2, if µ2 > 0 and |µ1| =
√

4µ3
2/27, and

• 3, if µ2 > 0 and |µ1| <
√

4µ3
2/27.

2 equilibria

3 equilibria

1 equilibrium

µ2

µ1

Figure 4: Bifurcation diagram in the µ1-µ2-plane for the 1-dimensional system

Proof. By a translation of the origin

m3 = x −
1

3
(1 − 2λh3) ,

equation (17) can be transformed into a monic polynomial equation without
quadratic term of the form x3 −µ2x−µ1 = 0 with µ1, µ2 given as above. One-
dimensional systems of this kind are well understood; the results concerning the
number of equilibrium points are presented in [10], pp. 344-346, and can be
obtained by standard analytic methods.

Remark. In the isotropic case λ = 0, the formulas in Theorem 3 can still be
applied, and

m = −
1

j2
3 + h2

3 + σ2 + ρ2




2σj3 + 2ρh3

−2σh3 + 2ρj3
j2
3 + h2

3 − σ2 − ρ2





is the only equilibrium point beside m0.

As remarked in the proof of Theorem 3, the system (2) has at least a double
zero at m0 = (0, 0, 1) iff j3 = 0 and h3 = λ. The equilibrium there then has
an identically zero functional matrix, making it hard to analyze by standard
methods. However, in this case we can say something more about the existence
and stability of the other equilibrium points on the sphere.
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Figure 5: A saddle point for λ = h3 = 1, j3 = 0, σ = 0.7, ρ = −0.7, α = 3

Theorem 4. If j3 = 0 and h3 = λ ∈ {±1}, the system (2) has

(i) for σ = ρ = 0, a triple zero at m0 = (0, 0, 1) and a single one at −m0,

(ii) for 0 < σ2 + ρ2 < 1, a double zero at m0 and two further distinct equilib-
rium points, of which one is a topological saddle point and the other one
a node, which is unstable for λ = 1 and stable for λ = −1,

(iii) for σ2 + ρ2 = 1, a double zero at m0 and a saddle-node at (−λρ, λσ, 0),
and

(iv) for σ2 + ρ2 > 1, only the doubly degenerate equilibrium point at m0.

Proof. From the formulas (19) in the corollary to Theorem 3, we get

µ1 =
2

3

(
σ2 + ρ2

)
−

16

27

µ2 =
4

3
−

(
σ2 + ρ2

)
,

and therefore

µ2
1 −

4

27
µ3

2 =
4

27

(
σ2 + ρ2

)2 (
σ2 + ρ2 − 1

)
,

and by the results presented there we immediately get the case distinction for-
mulated in the theorem. For the limiting case σ2+ρ2 = 1, the single equilibrium
point besides m0 can be computed explicitly via the formulas given in Theo-
rem 3, giving (−λρ, λσ, 0). By stereographic projection, this corresponds to
the point (z1, z2) = (−λρ, λσ) ∈ C, which in turn is an equilibrium point of the
planar system (16). There we can easily compute

DF (−λρ, λσ) = λ

(
ασ2 + ρσ ρ2 + αρσ

−σ2 + αρσ αρ2 − ρσ

)

15



with eigenvalues {0, αλ}. This is the basic setting for the occurrence of a
saddle-node bifurcation under a suitable perturbation. Sufficient conditions
are given in Theorem 7 in Appendix A. For the parameter values consid-
ered here, we can regard the system (2) as a one-parameter system by writing
(σ, ρ) = (µ cosϑ, µ sinϑ) with ϑ ∈ [0, 2π), such that the critical case (iii) in the
formulation of Theorem 4 corresponds to the bifurcation value µ0 = 1. In the
notation of Theorem 7, we have

z0 = v = λ

(
− sin ϑ

cosϑ

)
,

w = Fµ(z0, µ0) = D2F (z0, µ0)(v, v) =

(
cosϑ − α sin ϑ

α cosϑ + sin ϑ

)
,

and therefore

wT Fµ(z0, µ0) = wT D2F (z0, µ0)(v, v) = α2 + 1 6= 0. (20)

The assumptions of the Sotomayor criterion are therefore satisfied, and we have
a saddle-node bifurcation at µ = µ0, i. e. for σ2 + ρ2 = 1. The side of µ0

on which there are two equilibrium points is determined by the signs of the
expressions (20). Looking at the results obtained above, in the present case we
have two for µ < µ0 and none for µ > µ0. The sign of the non-zero eigenvalue
αλ of DF (z0, µ0) is that of λ, so the node arising in the bifurcation is a source
in a shape-anisotropy dominated system, and a sink in the case of crystalline
anisotropy domination.
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A Results from bifurcation theory

The Hopf bifurcation theorem

Even if the behavior of a dynamical system cannot be determined analytically, it
is nevertheless possible to give sufficient criteria for the occurrence of standard
kinds of bifurcations in terms of first and higher derivatives at the critical points.
The following theorem lists conditions for the generation of a limit cycle from
a stable or unstable node under suitable perturbations (see e. g. [4], p. 204):

Theorem 5 (Andronov-Hopf). Let I ⊆ R be an open interval containing 0,
and let

z′ = F (z, µ), F ∈ C∞(C × I, C), (21)

be a one-parameter family of smooth planar dynamical systems subject to the
following conditions:

(i) F (0, µ) = 0 for all µ ∈ I (i. e. the origin is an equilibrium point for all
parameter values)

(ii) the functional matrix DF (0, µ) at the origin has conjugate eigenvalues
α(µ) ± iβ(µ) for all µ, with α(0) = 0 and β(0) 6= 0

(iii) α′(0) 6= 0, where the prime indicates differentiation with respect to µ
(transversality condition)

(iv) Re(C1) 6= 0, where C1 is the coefficient of the third order term in the
complex normal form of (21) for µ = 0 (also called the third Lyapunov
coefficient)

Then there is a neighborhood U ⊆ R2 of the origin and an open interval I ′ ⊆ I
containing 0, such that the following statements hold true for all µ ∈ I ′:

(i) If Re(C1)α
′(0)µ < 0, the system (21) has exactly one limit cycle inside

U which is stable for Re(C1) < 0 and unstable for Re(C1) > 0, while the
origin has opposite stability.

(ii) If Re(C1)α
′(0)µ ≥ 0, the system (21) has no periodic orbits inside U , and

the origin is stable for Re(C1) < 0 and unstable for Re(C1) > 0.

Remark. If one has Re(C1) = 0 in condition (iv), a Hopf bifurcation of higher
order may nevertheless occur, as determined by the first non-zero coefficient in
the nonlinear part of the complex normal form of (21). If all these coefficients
are zero, (21) is equivalent to a linear Hamiltonian system for µ = 0, i. e. there
is a C∞-diffeomorphism eliminating all nonlinear terms.

The Lyapunov coefficient occurring in condition (iv) of the theorem can be
computed via the following formula by Guckenheimer and Holmes:

Theorem 6 ([6], p. 152). Let

d

dt

(
x
y

)
=

(
0 −β0

β0 0

) (
x
y

)
+

(
f(x, y)
g(x, y)

)
(22)
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be a smooth planar dynamical system with β0 6= 0. Then the real part of the
coefficient of the third order term in the complex normal form of (22) is given
by

Re(C1) =
1

16

{
(fxxx + fxyy + gxxy + gyyy)

+
1

β0

[
fxy(fxx + fyy) − gxy(gxx + gyy)

− fxxgxx + fyygyy

]}∣∣∣
x=y=0

.

The saddle-node bifurcation theorem

The next theorem from [10], p. 338, gives sufficient conditions for a so-called
saddle-node bifurcation, in which a stable or unstable node and a topological
saddle of an at least two-dimensional system coalesce into a non-hyperbolic
equilibrium point, and vanish both under further perturbation.

Theorem 7 (Sotomayor). Let I ⊆ R be an open interval about µ0 ∈ R, let

z′ = F (z, µ), F ∈ C∞(C × I, C)

be a one-parameter family of smooth planar dynamical systems with F (z0, µ0) =
0 for some z0 ∈ C, and suppose DF (z0, µ0) has a single zero eigenvalue with
eigenvector v and adjoint eigenvector w. Then if the following conditions are
satisfied,

(i) wT Fµ(z0, µ0) 6= 0 and

(ii) wT [D2F (z0, µ0)(v, v)] 6= 0,

then the equilibrium point z0 is a saddle-node for µ = µ0. For µ ∈ I on one
side of µ0, there are no equilibria in a neighborhood U of z0, while for µ on the
other side of µ0, there are exactly two equilibria in U , of which one is a node
and one is a saddle. The stability of the node is determined by the sign of the
non-zero eigenvalue of DF (z0, µ0).
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B Shape and crystalline anisotropy

The anisotropy polynomial used in this paper,

Q(m) =
λ

2
m2

3,

with λ ∈ {0,±1}, covers two of the most important physical situations in which
LLG dynamics apply, namely magnetostatic self-interaction in a thin ferromag-
netic layer (λ = 1) and spatial anisotropy due to the geometric arrangement
in magnetic materials exhibiting a crystalline structure (λ = −1). The effects
are complementary to each other and will partially cancel out when simultane-
ously present, but by a renormalization process the equation (2) can always be
reduced to a form with λ taking one of the above values.
The choice of λ = 1 is physically motivated by a magnetostatic interaction model
in an ideally soft thin magnetic film [7, 8]. Consider a thin infinite ferromagnetic
layer F = R2 × (0, δ) with δ ≪ 1, and a coherent magnetization m ∈ S2, which
we extend by 0 outside of F by setting m̄ = χFm, where χF is the characteristic
function of the region F . Then the magnetization distribution m̄ gives rise to
a magnetic stray field hstray subject to the Maxwell equations

curl hstray = 0 and div (m̄ + hstray) = 0 in R
3.

Expressing the stray field hstray = −∇u in terms of a magnetostatic potential
u : R3 → R, this translates into

∆u = div m̄ in F and

[
∂u

∂ν

]

∂F

= m̄ · ν = m · ν on ∂F ,

the symbol [·] denoting the jump across the boundary, and ν the outer nor-
mal. Since in our case magnetization only depends on the x3 coordinate, this
simplifies to

u′′ = 0 in (0, δ) and u′ = m3 at {0, δ},

or hstray = −m3ê3 in F . Thus the averaged magnetostatic energy due to stray-
field self-interaction is

Estray(m) = −
1

2
hstray · m =

1

2
m2

3.

The magnetic stray charges induced by the magnetization jump on the layer
surface coerce the electron spins to align into the film plane in order to minimize
energy, an effect known as shape anisotropy.
The case λ = −1 is distinguished from the former one in that the electron
spins, which tended to align into the layer plane 〈ê3〉

⊥ before, now minimize
energy by leaning towards ê3. Physically, this can be interpreted as an effect
known as crystalline anisotropy, which models the tendency of electron spins to
align to a certain easy axis (along ê3 in our case) in ferromagnetic bodies due
to atomic lattice structures. The strength of crystalline anisotropy relative to
magnetostatic self-interaction is modeled by an additional parameter Q in the
energy term (E(m) = − Q

2 m2
3 − h ·m), but by an appropriate rescaling of t, h

and j we can always assume Q = 1.
If both shape and crystalline anisotropy are present, they can be combined into
one term, which can be normalized by the same process, and we will have λ = ±1
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depending on whether shape or crystalline anisotropy prevails in strength, or
λ = 0 if the effects exactly balance each other. Thus the system will be referred
to as shape anisotropy-dominated, crystalline anisotropy-dominated or isotropic,
respectively.
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