STATE-CONSTRAINED OPTIMAL CONTROL OF SEMILINEAR ELLIPTIC
EQUATIONS WITH NONLOCAL RADIATION INTERFACE CONDITIONS
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Abstract. We consider a control- and state-constrained optimal control problem governed by a semilinear elliptic
equation with nonlocal interface conditions. These conditions occur during the modeling of diffuse-gray conductive-
radiative heat transfer. The nonlocal radiation interface condition and the pointwise state-constraints represent the
particular features of this problem. To deal with the state-constraints, continuity of the state is shown which allows
to derive first-order necessary conditions. Afterwards, we establish second-order sufficient conditions that account
for strongly active sets and ensure local optimality in an L2-neighborhood.
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1. Introduction. In this paper, an optimal control problem is investigated that arises from
the sublimation growth of semiconductor single crystals such as silicon carbide (SiC) or aluminum
nitrite (AIN). To be more precise, the physical vapor transport (PVT) method is considered, where
polycrystalline powder is placed under a low-pressure inert gas atmosphere at the bottom of a
cavity inside a crucible. The crucible is heated up to 2000 till 3000 K by induction. Due to the high
temperatures and the low pressure, the powder sublimates and crystallizes at a single-crystalline
seed located at the cooled top of the cavity, such that the desired single crystal grows into the
reaction chamber (see [11, 16] for more details). Here, we focus on the control of the conductive-
radiative heat transfer in the reaction chamber, which is denoted by €2,. More precisely, we aim at
optimizing the temperature gradient in 2, by directly controlling the heat source u in €, := Q\Qy,
where € denotes the domain of the entire crucible including the gas phase. Thus, the objective
functional, considered here, reads as follows:

1
(P) minimize J(u,y) := 7/ |Vy — z|? do + g/ u? dz,
2 Jq, 2 Jo,

where y denotes the temperature, z is the desired temperature gradient, and ( is a given positive
real number. Because of the high temperatures, it is essential to account for radiation on the
outer boundary I'y := 9 and on the interface T, := Q4 N Q,. Thus, y is given by the solution
of the stationary heat equation with radiation interface and boundary conditions on I',. and Ty,
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respectively:
—div(ks Vy) = u in Q,
—div(ky Vy) =0 in Q,
o(2), () e o
/{sﬂ +eolylPy =eoy; on Ty,
ong

where ng is the outward unit normal on I'y, and n, is the unit normal on I, facing outward with
respect to (2;. Furthermore, o represents the Boltzmann radiation constant, ¢ is the emissivity,
and K, kg denote the thermal conductivities in €, €, respectively. Moreover, g, denotes the
additional radiative heat flux on I',, which is discussed in more details in Section 1.2. In addition
to the stationary semilinear heat equation, the optimization is subject to the following pointwise
state- and control-constraints:

ug(z) < w(z) < wp(z) a.e. in Qg
(1.1) va(z) < ylz) < ypla) a.e. in Qg
y(@) < Ymax(z) ae. in Q.

Here, u, and uy, reflect the minimum and maximum heating power. Furthermore, y|q, has to be
bounded by ymax to avoid melting of the solid components of crucible in ;. Finally, the state-
constraints in €}, are required to ensure sublimation of the polycrystalline powder and crystallization
at the seed, respectively.

The pointwise inequality constraints on the state and nonlocal radiation on I', represent the
crucial points of the problem. First, pointwise state-constraints are known to be theoretically and
numerically difficult to handle since the associated Lagrange multipliers are in general only regu-
lar Borel measures, see Casas [5, 6], Alibert and Raymond [2] and Bergounioux and Kunisch [4].
Moreover, due to nonpositivity of G, the nonlinearity in the state equation in (P) is in general not
monotone (see for instance [17]) such that standard techniques cannot be applied. The analysis of
the purely control-constrained counterpart to (P) is already comparatively comprehensive. Based
on the results of Laitinen and Tiihonen [12] for the nonlinear state equation, first-order neces-
sary conditions for this problem are derived by Meyer, Philip, and Troltzsch in [15]. Moreover,
in [14], second-order sufficient conditions are established incorporating a generalized two-norm-
discrepancy. However, these results cannot immediately be transfered to problem (P) due to the
presence of pointwise state-constraints. Therefore, the inclusion of state-constraints represent the
genuine contribution of this paper and requires to significantly extend the analysis of the aforemen-
tioned references. First, one has to show the continuity of the solution to (SL) which is performed
in Section 2 by means of results on maximum elliptic regularity by Groger [10] and Elschner et
al. [9]. Based on this, a duality argument allows to discuss the adjoint equation involving measures
as inhomogeneity (cf. Section 4), which leads to the derivation of first-order conditions in a stan-
dard way (see Section 5). Finally, in Section 6, second-order sufficient conditions are established
that account for strongly active sets and guarantee local optimality with L2-quadratic growth in an
L?-neighboorhood, i.e. the two-norm discrepancy can be avoided. The associated analysis follows
the lines of a very recent contribution by Casas et al. [7].

1.1. General Assumptions and Notation. We start now by introducing the general as-
sumptions of the problem statement including the notation used throughout this paper. If X is a
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linear normed function space, then we use the notation ||- || x for a standard norm used in X. More-
over, we set X2 := X x X. The dual space of X is denoted by X*, and for the associated duality
pairing, we write (., .)x- x. If it is obvious in which spaces the respective duality pairing is consid-
ered, then the subscript is occasionally neglected. Now, given another linear normed space Y, the
space of all bounded linear operators from X to Y is called B(X,Y"). For an arbitrary A € B(X,Y),
the associated adjoint operator is denoted by A* € B(Y™*, X*), and for its inverse, if it exists, we
write A=* := (A*)~L. If X is continuously embedded in Y, we write X — Y. The trace operators
on I',. and I'y are denoted by 7. and 79, respectively. Throughout the paper, they are considered
with different domains and ranges. For simplicity, the associated operators are always called 7, and
70 and we will mention their respective domains and ranges, if it is important. Furthermore, to
improve readability, we sometimes neglect the trace operators in arguments of boundary integrals.
The function 1 € L>°(T'y) satisfies 1(z) = 1 a.e. on I'g, while U/ denotes the set of admissible controls
with respect to the control constraints, i.e. U = {u € L*() | us(z) < u(z) < up(z) a.e. in Q}.
Further, A function v € L?(Q,) is called feasible for (P) if it satisfies the inequality constraints in
(1.1). Finally, by ¢ we denote a generic positive constant which can take different values on different
occasions. Now, concerning the data specified in (P), we impose the following assumptions:

ASSUMPTION 1.1.

(A1) The domain Q C RN, N € {2,3}, is a bounded open domain with a Lipschitz boundary Tg.
Moreover, 0y C Q is an open subset of Q with a boundary I', C §2. In two dimensions, I
is assumed to be a closed Lipschitz surface which is piecewise C*°, whereas it is of class C*
in the three dimensional case. The subdomain Qs is defined by Qs = Q\ Q,. The distance
of 'y to Ty is supposed to be positive.

(A2) The desired temperature gradient z is given in L*(Q4)™ and 3 > 0 is a fized constant.

(As) The fized function k € L>(2) in the semilinear equation (SL) is defined by

| ks(x) ifzeQs,
r(w) = { kg(x) if x € Qg,

where ks € L™(85) and kg € L™(8,) representing the thermal conductivity of solid and
gas, respectively. Moreover, & satisfies K(x) > Kmin a-€. in Q, with a fived kmin € RT\ {0}.

(Ay) Bye € L*(TyUT,.), we denote the emissivity satisfying 0 < emin < e(x) <1 a.e. on T, UTy.
The term o represents the Boltzmann radiation and is assumed to be a positive real number.
The inhomogeneity on the boundary T is given by a fized function yo € L>°(Tg) satisfying
yo(x) >0 >0 a.e. onTy.

(As) The bounds in the state constraints are Ymax,Ya, Yo € C(Q) with yp(x) > ya(x) > 0 for
all x € Qy, Ymax(x) > 0 for all x € Q, and Ymax(x) > yo(x) for all x € T,. For the
control-constraints, we assume g, uy € L*(Q) with 0 < uy(z) < up(x) a.e. in Q.

(As) There is a feasible point (y°,u®) € C(Q) x L%(Qy) satisfying the state equation and the
inequality constraints in (1.1).

1.2. Some well-known results. In the following, we recall some significant results regarding
the nonlocal radiation on I',. as well as the solvability of the state equation. The results have been
discussed in details in [17], [12], and [15]. We start with the following definition.

DEFINITION 1.1. The radiative heat fluz q, on 'y is defined by

¢ = (I = K)I - (1 = )K)) 'eoly’ly = Goly’ly,
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where the integral operator K is defined by

(Ky)(x) = / w(z, 2)y(2) ds.,

T

with a symmetric kernel w. In the case of two-dimensional domain, the kernel w is formally given
by

[nr(2) - (2 = 2)][ne(2) - (2 = 2)]

w(x, z) = E(x, 2) 3 —af? , Vax,zel,,
and in the case of a three-dimensional domain
w(z, 2) = Z(x, 2) [ (z) - (@ = 2l (@) - (2 — @) , Va,zel,.

wlz — x|
Notice that = denotes the visibility factor which is defined by

- [0 ifzEnQ, #0,
“(W)—{ 1 ifzzNQ, =0.

For the properties of w and K we refer the reader to Tiihonen and Laitinen, [17]. The following
lemma (see [12, Lemma 8] for the proof) provides some significant properties of the operator G,
which will be useful for our analysis.

LEMMA 1.1. The operator G := (I — K)(I — (1 —¢)K) e is linear and bounded form LP(T,)
to LP(T;) for all1 < p < 0.

In the following, we shortly discuss the existence of solutions of the semilinear equation (SL). To
that end, let us introduce the space

Vi={ve H Q)| rveL’T,),mv e L°(Ty)}.

Moreover, we define the operator associated to the left-hand side of (SL) that is formally obtained
by integration of (SL) by parts over the boundaries I', and T'y. .
DEFINITION 1.2. The operator A :V — V* is given by
(A(y),v) := / kVy - Vv dx—i—/ (GolyPy)v ds +/ eolyPyv ds, y,veV

Q " To
with G : L°/*(T,) — L¥4(T,).
Notice that thanks to the definition of V', the operator A is well-defined and continuous. Further-
more, B, : [*(Q,) — V* and Ey : L?/*(Ty) — V* are defined by
(1.2) (Es u,v) ::/ wdr YveV and (Eyz) :2/ zvds YveV.

Qs o

Clearly, E and Ej are linear and bounded in their respective spaces.

DEFINITION 1.3. A function y € V is said to be a (weak) solution of (SL) if y satisfies the
following operator equation

(1.3) A(y) = Bsu+ Egeoyy in V*.
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To show the existence of solutions according to this definition, the theory of monotone operators
is not applicable here, since the operator G is not positive, i.e. v(z) > 0 a.e. on I, does in general
not imply (Gv)(xz) > 0 a.e. on I';, see [13] for details. However, the existence of weak solutions
can be verified by Brezis’ Theorem for pseudomonotone operators, cf. [18]. In fact, Latinen and
Tiithonen showed in [12] that A is pseudomontone giving in turn the existence of weak solutions
of (1.3). The uniqueness then follows from a comparison principle (cf. [12]). Furthermore, Meyer
et al. [15] showed the boundedness of the solution. We summarize these results in the following
theorem:

THEOREM 1.1. Let Assumption 1.1 be satisfied. Then for each u € L*(Qy), there emists a
unique solution y € V to (SL) in the sense of Definition 1.3. Moreover, the solution is bounded,
i.e. y € L*(Q), and satisfies

(1.4) 191l Lo ) + 1yll oo (r,ure) < Q1+ [[ullz2 (@) + lvollTisrg))
with some constant c(2) > 0.

2. Continuous solutions. Our goal in the upcoming sections consists of providing the first-
order necessary optimality conditions for (P). To accomplish this task, we will utilize the Karush-
Kuhn-Tucker theory (see Section 5 below). Mainly, we follow the lines of [6]. However, to apply this
technique, one has to consider the state constraints in a space such that the convex set, defined by
these constraints, admits a nonempty interior. Here, we choose the space of continuous functions,
denoted by C(Q). Therefore, it is at first necessary to show the continuity of the solutions to (SL).
The subsequent analysis follows a classical bootstrapping argument. Based on Theorem 1.1, one
shows that, (SL) admits solutions in the space W4(Q) with ¢ > N. Afterwards the continuous
embedding W14(Q) — C(Q), ¢ > N, implies the desired continuity. We start with a lemma that
represents the key-point within the proof of continuity.

LEMMA 2.1. There is a positive real number § with N < § < 6 such that the operator B(f) :
Wha(Q) — Wha (Q)*, 1/q+1/¢ = 1, defined by

(B(f)y,v) = / KVy-Vodo+ [ fyvds, yeWhI(Q),ve W (Q),
Q To

is continuously invertible for all ¢ € [N,q| and all nonnegative functions f € L*°(Ty) that are
positive on a set of measure greater than zero.

Proof. In the two-dimensional case, N = 2, the assertion is an immediate consequence of a
result of Groger [10, Theorem 1]. In three dimensions, N = 3, we apply a result of Elschner et
al. [9]. First, the Lax-Milgram lemma implies that for every functional g € H'(Q)*, there exists a
unique solution y € H(Q) of

(2.1) / kVy - Vudz + fyvds = g(v) Yo € HY(Q).
Q To

Let g € Whe (Q)* be arbitrarily fixed. Since ¢ > 2, the dual space Wl’q,(Q)* is continuously
embedded in H(2)*. Consequently, there exists a unique solution y € H(Q) of (2.1) with g €
W' (Q)* in the right hand side of (2.1).
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Now, consider the following equation

(2.2) /Wn-Wd:H/nvdx:g(v)— fyvd8+/yvda: Vo e Whi'(Q).
Q Q To Q

Due toy € H'(Q2) and N = 3, it holds that y € L5(Q) and 79y € L*(Ty). Hence, since f € L*°(Ty),
we have fy € L*/3(Ty)*. For this reason, since ¢’ € [6/5,3/2] and because of the continuity of the
trace operator from W16/5(Q) to L*/3(Ty) for N = 3, the right hand side of (2.2) defines an element
€ e Wha' (Q)* with

<&V >y ) wi ()= 9(0) */ fyvd8+/ yvdz Vv e W (Q).
Iy Q

Therefore, in view of our assumptions on Q for N = 3 (cf. Assumption 1.1) and Remark 3.18 in
[9], there exists a real number § > 3 (independent of f, g) such that for all ¢ € [3, 4], (2.2) admits a
unique solution n € W9(Q). Moreover, the solution can be estimated by

(23) Inllwroe) < el oy < e (lolhwroray + 0+ 1Flw)lylme ) < cllghyr -

with a constant ¢ > 0 independent of g. Clearly, due to H(Q) ¢ W4 (Q2), n also solves
/HVWVvd:EJr/(nfy)vdx:g(v)f fyvds, Yove HY(Q).
Q Q To

Subtracting the equation (2.1) from the above equation and inserting v = y — 1 in the resulting
equation, we have

(2.4) 00 (i, 1} 1= 9120y < / KV (1 — y)Pde + /Q (n— y)?dz = 0.

Notice that we have used (A3) in Assumption 1.1 for the latter inequality. Obviously, (2.4) implies
that n(z) = y(z) a.e. in  and a.e. on I', UT'y. Therefore, possibly after a modification on a set of
measure zero, we have y = n in WH4(Q).

Thus, for ¢ € [3, ¢], the operator equation
B(fly=g inWh(Q)"
admits a unique solution in W14(Q) for every given g € W' (Q)*. Moreover, (2.3) yields the
continuity of B(f)~!: Whe (Q)* — Whe(Q). 0
For the rest of this paper, let us fix an arbitrary g € (N, §). Next, let us redefine the notion of
weak solutions of (SL).
DEFINITION 2.1. The operator A, : Wh4(Q) — W' (Q)* is defined by

(Ay(y),v) := / kVy - Vo dm—l—/ (GolylPy)v ds—i—/ ealyPyv ds
Q T, To
with y € WH1(Q), v € WH4(Q), and G : L>(I',) — L>°(',). Moreover, similarly to (1.2), the
operators E, s : L?(25) — Wh (Q)* and Ey o : L>=(Lg) — W (Q)* are given by
(Eq,su,v) := /
Q

wdz, YveWh(Q) and (Eq,0 2,0) ::/ zvds, VUGWl’q/(Q).
X To

s
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Then, analogously to Definition 1.3, a function y € W4(Q) is said to be a (weak) solution of (SL),
if it fulfills the operator equation

(2.5) Ay(y) = By su+ Eygeoys in WHT(Q)*.

Notice that A, is well defined since y € Wh4(Q2), ¢ > N, implies 7,y € L>=(I',) and 1oy €
L>(Ty), respectively. Moreover, E, . : L*(,) — W9 (Q)* is continuous because of W' (Q) —

o . _ N¢ _ N
L5 (Q) with ¢’ = N,qq/ = (Nfl)qqfq > 2 for ¢ < 6.

THEOREM 2.1. For every u € L?(Qs), there exists a unique weak solution y € W14(Q) of (SL)
in the sense of Definition 2.1. Moreover, the following estimate holds true

(2.6) Iyllwia@) < e (14 [lull2.) + 9ol e ) + el 7200 + 190l )

with a constant ¢ > 0 independent of u,yq.

Proof. As stated above, we apply Lemma 2.1 to the state equation (SL). First, we observe that
the solution of (1.3) for an arbitrary u € L?(Q), again denoted by y, solves

(2.7) /mVy-Vvdx—&—/ yvds:/
Q Ty Q

with ag(y) := y — eoly]*y and ag(y) := Goly|[>y. Due to Theorem 1.1, we have ag(y) € L>(Ip)
and ag(y) € L>®(T;). Now, let us consider the following equality

uvdx—/ ag(y)vds—l—/ (eoys + ao(y))vds Yo eV
r r

s T 0

(2.8) (B(1)n,v) :/ uvdw—/ ag(y)vds—i—/ (eoys + ao(y))vds Vo€ wha'(Q).
Qs j To
Lemma 2.1 implies that B(1)~! € B(W4'(Q)*, W14(£2)). Moreover, the right hand side in (2.8),
denoted by w,, defines a functional in W17 (Q)*, which is demonstrated in the following. As
mentioned above, embedding theorems imply W14 (Q) — L2(Q) if ¢ < 6. Moreover, the trace
operators 7, and 7o are continuous from W7 (Q) to L" (') and L™ (T'g), respectively, with ' =

(%:1;}1' =7 ij;)é)_qlv > 1. Hence, Hélder’s inequality implies
Hwy||W1,q/(Q)* = sup |/ uv dx —/ ag(y)v ds+/ (aayé +a0(y))vda:|
HUHWLq/:l Qg r To

< sup (||UHL2(QS) vll2@) + lac @)l Lo @y llvllLr e,y

(2.9) B loll yr1,q7 =1
+ (leayioll o ro) + ||Oéo(y)||Loo(ro))HvllLl(ro)>

< e(llullz2 @) + G Bz ) 1910 ()
+ ol zo (o) + 19l Lo (o) + 19l 2oe (ro))

with a constant ¢ > 0 independent of u, yo, and y. Together with (1.4), the latter inequality ensures
lwyllw.a(q)+ < co. Therefore, (2.8) admits a unique solution n € W4(Q), satisfying

(2.10) Inllwace) < 1B g @ wrag) lwyllwne @
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An argument analogously to the proof of Lemma 2.1 implies that
n =y in WH(Q).

For this reason y € W14(Q) is the unique solution of

(2.11) B(1)y = w, in WH7 (Q)*,

Thanks to the definition of B(1), (2.11) is equivalent to

/nVy'Vvdx—i—/ yvds:/
Q Ty Q

Thus, by the definition of ag(y) and ag(y), y € W4(Q) is the unique solution of

U’Ud[L'—/ ag(y)vds—i—/ (eoys + ao(y))vds Vver’q/(Q),
r

s s 0

/F;Vy~Vv da:—l—/ (Goly|*y)v ds+/ eolyPyv ds:/ uvdac—l—/ coypu ds VUEWl’q,(Q).
Q

FT Fo Qs 1—‘0

Hence, for every u € L?(Q), (2.5) admits a unique solution y € W14(2). Finally, (2.6) follows
from (2.10) together with (2.9) and (1.4). O

REMARK 2.1. Thanks to WH4(Q) — C(Q), the solution of (SL) is continuous.

Based on Theorem 2.1, we define the control-to-state-operator G : L?(25) — W14(Q) associated
to (P), i.e. the solution operator for (SL), that assigns to each u € L2({)) the weak solution
y € Wh4(Q). With this setting at hand, the optimal control problem can equivalently be stated as
follows:

min fu) = J(u,G(u))
(P) subject to  y,(x) < (E.G(u))(z) < yp(x) Ve Q,,
(EcG(u)(7) < Ymax(z) Yz € Qs,

where E. denotes the embedding operator from W14(Q) to C(£2). Notice that f(u) is clearly well
defined since G(u) € WH1(Q) C H(Q).

3. Differentiability of the control-to-state-operator. Next, let us turn to the linearized
version of (SL). First, recall a result of Meyer, Philip, Tréltzsch [15], that is the following maximum
principle:

LEMMA 3.1. Suppose that u € L?() satisfies u(z) > 0 a.e. in Qg, while yo € L>(Ty) fulfills
yo(z) >0 >0 a.e. on Ty according to Assumption 1.1. Then, the weak solution y of (SL) satisfies
y(x) >0 >0 a.e. in Q and a.e. on T, and Ty.

Now, let u € L?(2) with associated state § € W4(Q2). Moreover, we assume for the rest of
this section that @(z) > 0 a.e. in €, such that Lemma 3.1 implies () > 0 a.e. on I'; and Ty.
Next, we turn to the derivative of the operator A,, as given in Definition 2.1, at the point y. We
already mentioned that 7. and 7y are continuous from W14(Q) to L>°(T,) and L°(T'y), respec-
tively. Furthermore, the Nemyzki-operator ®(y) := |y|3y is continuously Fréchet-differentiable from
L>(T',UTy) to L>=(I',UTy). Since all other parts of A, are linear and continuous in their respective
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spaces, in particular G : L>°(T,) — L*°(T,.), A, is clearly Fréchet-differentiable from W14(Q) to
wid (2)*, and its derivative at 7 in an arbitrary direction y € W14(1) is given by

(3.1) (A;(g)y,v) = /Q/ny -V dz + 4/ (Golg|Py)v ds + 4/ eolg|Pyv ds, Vv € Wwhd Q).
T, To

By the same arguments, A, is also twice continuously Fréchet-differentiable and the second deriva-
tive at ¢ in arbitrary directions y;,y2 € W14(Q) is given by

(Gol|g|lgyr1y2)v ds + 12/ eo|y|gyiye vds, Vv € Wl’q/(Q).
o

(3.2) (AN, pel,v) = 12 /

Iy

Notice that A”(y) is clearly continuous from Wh2(Q) x W4(€) to W' (Q)*. Now, consider the
operator equation

(3.3) Ay =w in WH(Q)

with a given w € W4 (Q)*. Our aim is to show the existence of a unique solution to (3.3). In
[13], an analogous equation in H'(Q)* is investigated. By means of an numerical example, it is
illustrated that the Lax-Milgram lemma cannot be applied to derive existence of solutions because
of the non-positivity of G (see [13] for details). Instead of that, the Fredholm alternative is employed
to prove existence and uniqueness. Here, we argue similarly which is demonstrated in the following.
First, we introduce a linear operator F(y) : L>°(T',) — W1 (Q)*, defined by

(F(g)y,v) := 4/ (G0|g|3y)v ds Yv e Wl’q,(Q).

[d

As already stated in Section 2, the trace operator is continuous from W1 (Q) to L™ (I'), #' > 1.
Hence, thanks to y € L*°(T',.), F'(§) is linear and continuous. Then, together with the Definition of
B in Lemma 2.1, (3.3) is equivalent to

(B(ao) + F(7)7)y = w,

where ag is defined by & := 4ec|y|* such that @y € L>(Ty). Moreover, here and in the following,
7, is considered as an operator from W14(Q) to L>=(T,). Now, since g(x) > 6 > 0 a.e. on T,
Lemma 2.1 is applicable such that

(34) y = B(ao)™ (w — F(§)1y) = B(ao) " w — B(ao) ™ F(§)7ry.-

Applying 7, to (3.4), we infer further

(3.5) (I +7B(ao) " F(y)) vy = 7 B(ag) " w.

Let us now define a linear and continuous operator F(y) : L*°(T',) — L*°(T';) by
F(§) :=B(60) " F(5),

and hence (3.5) is equivalent to

(3.6) (I+F@)rry = 1.B(ao) *w in L>¥(T,).
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We point out that, due to ¢ > N, the trace operator 7, is compact from W14(Q) to L>°(T,) (see
[1]). Hence, F(7) is compact as well.

ASSUMPTION 3.1. The operator F(j) : L=(T',) — L*>®(T'.) does not admit the eigenvalue
A=-1

THEOREM 3.1. Let i € L?*(Qs) with i(x) > 0 a.e. in Qs and denote the associated state by
§ = G(u). Moreover, suppose that Assumption 3.1 holds true. Then, for every w € W14 (Q)*,
there exists a unique solution y € W14(Q) to (3.3) that satisfies the following estimate

(3.7) Iyllwra) < cllwlyra -

with a constant ¢ > 0 independent of w. Hence, Al (7)~" € B(WL (Q)*, Wh4(Q)) holds true.

Proof. Thanks to the compactness of F(7), the theory of Fredholm operators implies that,
either A = —1 is one of countable many eigenvalues of F(§), or I + F(§) is continuously invertible.
Hence, Assumption 3.1 ensures that (I + F(3))~! € B(L>°(T,.)) such that

7y = (I + F(5) " 7 B(ao) " w.
Inserting this in (3.4), we have
(3.8) y = B(ao) (I - F(y)( + F ()~ 7. B(ao) .
Since Assumption 3.1 ensures that
(1 +F @) ez r,) < oo,

(3.8) immediately implies (3.7). d

THEOREM 3.2. Let 4 € L*(Qs) with w(z) > 0 a.e. in Qs. Furthermore, suppose that As-
sumption 3.1 is fulfilled. Then, there exists an open neighborhood U (@) of u in L?(§) such that
G : L?(Qs) — WH9(Q) is on U(u) twice continuously Fréchet-differentiable. Moreover, the first
derivative of G at u in an arbitrary direction u € L?(Qs) is given by

(3.9) G (u)u = Al (9)  E, s u.

q

with § = G(u). The second derivative of G at  in arbitrary directions ui,us € L*(§) is given by
G"(w)[u1,u2] = AL () (— AL () Y1, v2]),

where A7(y) is defined as in (3.2) and y; = G'(@)u;, i = 1,2.
Proof. First of all, Let us introduce the operator T : W4(Q) x L2(Q,) — W4 (Q)* given by

(3.10) T(y,u) = Ay(y) — By su— Ey0c0yg.

Further, we set § = G(u) and hence, by the definition of the solution operator G, § € W14(Q) is
the unique solution of

A7) = By s i+ Eygeoys in WHT (Q)*.
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Thus, it holds that T'(j,@) = 0. Moreover, Since A, : Wh(Q) — W14 (Q) is twice continu-
ously Fréchet-differentiable, T : Wh4(Q) x L2(Q,) — W1 (Q)* is twice continuously Fréchet-
differentiable. By (3.10), 8,T(y,u) : Wh(Q) — Wh (Q)* is given by

0,T(y,u) = A'(y).

Therefore, Theorem 3.1 implies that 9,T(y,u) ! € B(W4' (Q)*, Wh4(£2)). Thus, taking account
of the implicit function theorem, there exists an open neighborhood U(w) of @ in L?(Q) such
that the control-to-state operator G : L%(2,) — W14(Q) is on U(#) twice continuously Fréchet-
differentiable. The first derivative of G at % in an arbitrarily direction u € L?(Qy) is given by

(3.11) G'(wyu = —0,T(j,u) 0T (§,u)u = Al(y) " Eq s u.

Moreover, the second derivative of G at 4 in arbitrary directions u1,us € L?(€) is given by

" (w)[ur, uz] = =0, T (5,0)~ 03, T (5, W) [y1, y2] = Ay(5) ™" (— A7 (W) ly1, y2),
where y; = G'(@)u;, @ = 1,2. Notice that 97,7 = 97, T = 0 and 9,,T = 0 was used for the
computation of G”. O

REMARK 3.1. Notice that the additional assumption a(x) > 0 a.e. in Qs is automatically
fulfilled for all u e U, since ug(z) >0 a.e. in Qs.

In view of the definition of A} (g) in (3.1) and formal integration by parts, the equation A;(y)y =
E, su in (3.11) can be considered as the variational formulation of the following linear PDE:

—div(ks Vy) = u in
—div(ky Vy) =0 in Qq

3.12 i
( : Kg (3nry)g — Ks (On,y)g — 4Ga|yl3y =0 onl,
’isanoy+460|gj|3y20 on Iy,
Similarly, Aj(7)n = —Ay(9)[y1,y2] is interpreted as variational formulation of
—div(ks Vy) =0 in Q4
—div(ky Vy) =0 in ©
(3.13) g 9

Kg (amy)g — ks (On,Y)s — 4G0\g|3y = —12Goly|yy1y2 onl,
ﬁsanoy + 450‘g|3y = _1250‘g|g Yi1y2 on FOv

DEFINITION 3.1. Letu € L?(€), @(x) > 0 a.e. in Qs, and § = G(u) be given. Then, a function
y € Wh4(Q) is said to be a (weak) solution of (3.12) for u € L*(Q) if it satisfies the following
operator equation:

A;(g)y =FE,su in wie (Q)*,

where A} (y) is as defined in (3.1). Moreover, n € W4(Q) is the (weak) solution of (3.13) for
given y1,y2 € WH9(Q) if it fulfills

A= —Al@)yr,ya] in WH(Q)".
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4. Adjoint equation involving measures. In this section, we discuss the adjoint equation
to (3.3), given by

(4.1) A m)p=g in WH(Q),

where A/ (y)* : Wh'(Q) — W14(Q)* denotes the adjoint of A/(7) and g is a given element of
Wh4(Q)*. We already know from Theorem 3.1 that, under Assumption 3.1, A (y) is an isomorphism
from Wh9(Q) to W9 (Q)*. Thus, the adjoint operator Al (7)* : W4 (Q) — Wh4(Q)* is in turn
continuously invertible and consequently, (4.1) admits a unique solution p € Wl’q/(Q), qJd =-L <

g—1
N
~—7, due to ¢ > N.

LEMMA 4.1. Let i € L*(Q) with associated state §j = G(u) satisfy u(z) > 0 a.e. in Q.
Furthermore, suppose that Assumption 3.1 is satisfied. Then, Al (7)™ € B(Wh4(Q)*, W (Q))
holds true.

The concrete form of A (7)* follows from
<A;(g)*Pa V) (Wiays wia = (D, A;(ﬂ)wm,qg(wl,q/)* = <A;(27)”»P>(W1,q')*7wl,q’

:/F;Vp~Vvdx+4/ (GU|§|3v)pds—|—4/ eolglPpvds Vv e WH(Q).
Q

r To

Since the embedding W14(Q2) — C(Q) is continuous and dense, one has the embedding C(Q)* —
Whe(Q)* with the associated embedding operator EZ. Further, we define by M () the space of
all regular Borel measures on the compact set Q. By the Riesz-Radon theorem, cf. [3], it is well
known that the dual space C(2)* can be isometrically identified with M(Q) with respect to the
duality pairing

(1, ) e @y c@) = /ﬁwdu, ¢ €C(Q), p e M(Q).

According to this, we are allowed to insert regular Borel measures as inhomogeneity in (4.1).
Moreover, given a p € M(), the operator equation

(4.2) AG)'p=En in WhQ),

is equivalent to

/KVp~Vvdx—|—4/ (Ga@|3v)pd8+4/ eo|g|®pv ds
Q

r, To

(4.3) = (B}, v)wia(o), wia()
= (1 Ecv)e@y- @) = /ﬁEcv dp Vv e Whi(Q).

As mentioned in Section 2, the trace operator is continuous from W14 (Q) to L™ (I',), r' =

% > 1. Moreover, v € Wh4(Q) clearly implies v € L"(T';) due to the continuous em-

bedding W4(Q) — C(Q). Hence, if we consider G as an operator from L"(T,) to L"(T,.), one
obtains

/ (GolglPv)pds = / ol (G p)v ds,
I T,
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where G* : L™ (I',) — L™ (') is the adjoint of G, i.e. G* = e(I—(1—¢)K*)) "' (I—K*) (cf. Definition
1.1). Notice in this context that K is formally self-adjoint due to the symmetry of its kernel. In
view of this and formal integration by parts, (4.2) and (4.3), respectively, can be considered as a
variational formulation of the following linear PDE with measure data on the right hand side:

—div(ks Vp) = po, in Qs
—div(kg Vp) = pjo, in

4.4 b )
(44) K <8p> s <8p> —40ly’G*p=pyr, onT,
Ty g Ny S

KsOnoD + 4eo|y)®p = pr, on o,

where pq,, o, #ir,, and pr, denote the restrictions of u on €y, g, T, and I'g, respectively. In

other words, p € M(Q) is decomposed into pu = Ko, T e, + /e, + 14T, Where pio s fia,s Hir,
and pr, are Borel measures concentrated on 4, Q, Iy, and T'o.

DEFINITION 4.1. Let j € WH4(Q) be given. Then, a function p € Wl’q,(Q), q < %, is said
to be a (weak) solution of (4.4) if it satisfies the operator equation (4.2).

Clearly, Lemma 4.1 implies that there is a solution of (4.4) in the sense of Definition 4.1.
Furthermore, the right-hand side in (4.2) can be estimated by

(EX i, y)wia(o),wha(Q)

| EZpllwra)- = sup

0 lyllwr.ace)
(1, Ecy)e @y c@ Joydu
< c sup (j L0 ° — :C||/~L||M(§)
y#0 Hy“c(g) y#0 HyHc(Q)

such that one obtains the following result:

THEOREM 4.1. Let i € L?(Qy) with ii(x) > 0 a.e. in Qs and the associated state is denoted
by § = G(u) € Wh4(Q). Furthermore, suppose that Assumption 3.1 is satisfied. Then, A,(y)™* €
B(Wha(Q), Wl’q,(Q)) and consequently, for every u € M(Q), there exists a unique solution p €
wld (Q) of (4.4) in the sense of Definition 4.1 that satisfies

HpHWlwfI’(Q) <c ||N||M(§)
with a constant ¢ > 0 independent of .

5. First-order necessary optimality conditions for (P). Before we establish Karush-
Kuhn-Tucker (KKT) type optimal conditions for (P), let us shortly address the existence of an
optimal solution. Clearly, thanks to (Ag) in Assumption 1.1, standard arguments imply the exis-
tence of at least one (global) optimum (cf. also [15, Theorem 5.2]). Due to the nonlinearities in
the state equation, uniqueness of the optimal solution can certainly not be expected. Let us now
introduce the notion of local optima:

DEFINITION 5.1. A feasible control @ of (P) is called a local solution for (P), if there exists a
positive real number e such that f(u) < f(u) holds for all feasible u € L?(Q) with |u—1[2(q.) < €.

Throughout this section, let @ € U be a local solution of (P), and assume that Assumption
3.1 is fulfilled at u. Notice that everything what follows also holds for a global optimum of (P).
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To apply the KKT theory, the existence of an interior (Slater) point with respect to the state
constraints in (1.1) has to be assumed. This assumption is referred to as the so-called ”linearized
Slater condition”:

DEFINITION 5.2. Let u € U be a local solution of (P), and assume that Assumption 3.1 is
fulfilled at a. We say that u € U satisfies the linearized Slater condition for (P), if there exists an
interior point ug € U such that

Ya(2) + 6 < EcG(u)(x) + EG' () (uo — u)(z) < yp(x) — 0 Yz €Qy,
E.G(u)(x) + E.G' (u)(uo — u) (%) < Ymax(z) — 8 Va e Q,

<

with a fixed § > 0.

Notice that @ € U automatically satisfies @(z) > 0 a.e. in Q, (cf. Remark 3.1) such that
Assumption 3.1 implies that G’ (@) : L?(Q) — W14(Q) is well defined.

DEFINITION 5.3. The Lagrange functional £ :U x M(25) x M(Q4) x M(Q,) — R for (P) is
given by
‘C(unu) = f(u) + <:U/S?Ecg(u) - ymax)s + </J/Zaya - Ecg(u)>q
+ (po, EG(u) — y) g,

with (-, )¢ = (-, '>c(§g)*’c(§g); {5 )s = (- '>c(§s)*1c(ﬁs); and pr = (us,ug,ﬂg)-
Since G is twice continuously Fréchet-differentiable at @ (see Corollary 3.2), it is straight forward

to see that f is twice continuously Fréchet-differentiable at @, and its derivative at u € L?(£) in
an arbitrary direction u € L?(€2,) is given by

f(a)yu = /Q (VG(a) — 2) - VG (@)udx + B/Q tudr.

g

Due to G(u) € Wh4(Q2) and z € L?(,)Y, the first addend defines an element of W4(2)* such
that linear and continuous operator L : W14(Q) — W14(Q)* exists with

(Ly,v) == /Q (Vg —2)-Vvde, veWhH(Q)

g

where § = G(u) € W14(Q). With this setting, f'(u)u = (Lyj,G'(i)u) + B(u,u). Notice that since
f and G are continuously Fréchet-differentiable at @, £ is continuously Fréchet-differentiable at «
such that the following definition makes sense:

DEFINITION 5.4. let u € U be a local solution of (Pl, and suppose that Assumption 3.1 is
fulfilled. Then, ps € M(Qs), pg € M(Qy), and M_Z € M(Qy) are said to be Lagrange multipliers
associated to the state constraints in (P), if it holds that

(5.1) OuL(tyu)(u—1) >0 Yuel,

a b
(5.2) ps >0, pg >0, pg >0,

(53) L (Ecg(ﬂ) - ymax)dus = /ﬁ (ya - Ecg(ﬂ))dﬂz = L (Ecg(ﬂ) - yb)dﬂz = O’

s g 9
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where we set y = (us,,ug,ug).

Notice that if v € M(Q), then we write
v>0 < /7de20 Vye{yeCQ)|y(xz) >0Vx € Q}.
9)

The following theorem states the first-order necessary optimality conditions for (P), i.e. the existence
of Lagrange multipliers in the sense of Definition 5.4. The proof can be found for instance in [6]

THEOREM 5.1. Let @ be a locally optimal solution of (P) satisfying the linearized Slater con-
dition. Furthermore, let Assumption 3.1 be satisfied. Then, there exist corresponding Lagrange
multipliers (ps, pg, pl) € M(Qs) x M(Qy) x M(Qy) according to Definition 5.4 such that (5.1)-
(5.3) are satisfied.

Next, let us transform (5.1)—(5.3) into the optimality system of (P) by introducing the adjoint
equation. First, by the definition of £ and (3.11), (5.1) is equivalent to
(5.4 (A (@)™ (LY + Elps — Bl g + B pg) Bq.s(u — )
' +(Bu, u—a)2q,) >0 Yuel.

Consider now the following operator equation
(5.5) AL())*p=Ly+ Ejpus — Efpl + Efp in WhHi(Q)*

which is equivalent to

//ﬂVp'Vvdx—l—él/ (Go|gj|3v)pds+4/ eolgPpv ds

Q T, To

(5.6)

:/ (Vﬂfz)-VvdH/f Ecvdﬂs*/i Ecvdu;+/7 Ewvdpl, YoveWhi(Q)
Q a.

g

(cf. (4.2) and (4.3)). As in case of (4.4), (5.6) can be considered as the variational formulation of

Qg 9

—div(kgVp) = —Ay +divz + (ug — Hg)lo, in g,
—div(ksVp) = Hs|Qs in Qj,
0 0 0y
(5.7) Kg <8p> — Ks <8p> —Adol|gPG*p = _8;1/ +z-n, on Ty,
g s " (uy = pe + ps)ir,
0
“sal + 420y’ p = pgr, on Ip.
o

Again, the multipliers are decomposed into their restrictions on €, 4, I';, and I'g, respectively.
Analogously to Definition 4.1, we define solutions to (5.7):

DEFINITION 5.5. A function p € Wt (Q) is said to be the weak solution of (5.7) if it satisfies
(5.5).

Clearly, thanks to Lemma 4.1, there exists a unique solution of (5.7) in the sense of Definition
5.5 (cf. Theorem 4.1). Using the definition of p and (5.4), (5.1) can be transformed into

(5.8) gﬁ(ﬂ,,u)(uﬂ)—/ﬂ(p+ﬂﬂ)(uﬂ)dw20 Yuel.



16 C. MEYER, I. YOUSEPT

By standard arguments, a pointwise evaluation of this equation implies
_ 1
(5.9) i = Paaf{ — Bp(w)},

where Puq @ L2(Qs) — L?(Q) denotes the pointwise projection operator on the admissible set U.
In this way, we find the following theorem that states the first-order necessary optimality conditions
for (P):

THEOREM 5.2 (First-order necessary optimality conditions for (P)). Let 4 € L?*(Qs) be an
optimal solution of (P) with the associated state §j = G(u) € WH4(Q), ¢ > N. Suppose further that
u satisfies Assumption 3.1 and the linearized Slater conditions. Then, there exist an adjoint state
peWhi(Q), ¢ < 5, and Lagrange multipliers ju, € M(S,), pe € M(Qy), and pb € M(Qy)
such that the following relations are satisfied:
the state equation (SL) in the sense of Definition 2.1
the adjoint equation (5.7) in the sense of Definition 5.5
the projection formula (5.9)
the nonnegativity of the Lagrange multipliers (5.2)
the complimentary slackness conditions (5.3).

It is straight forward to see that, if u,,u, € Wl’q/(QS), then P,q is continuous from W14’ ()
to Whe (Q) such that the following regularity result for the optimal control is obtained:

REMARK 5.1. If ug,up, € Wh4'(Q,), then the optimal control @ is a function in Wh4' (),
! N
¢ < §N—1-

6. Second-order sufficient optimality conditions for (P). In the following, we present
second-order sufficient optimality conditions for (P) that guarantee local optimality in an L2-
neighborhood. The investigation of second-order sufficient optimality conditions for semilinear
control problems with pointwise state constraints was originally undertaken by Casas et al. in [8].
They suggested second-order optimality conditions that deal with strongly active sets. However,
owing to the presence of the two-norm discrepancy, the result only provides sufficient optimality
conditions for local solutions in L>°(2). Later on, Casas et al. [7] modified this result and arrived
at sufficient conditions that are in some sense less restrictive than the original one. In particular,
under certain assumptions, these conditions ensure the existence of local solutions in L?(£2). The
result is, however, not directly applicable for (P) since we here deal with a nonmonotone operator
G and the objective functional in (P) is different from that considered in [7]. However, thanks
to Theorem 3.2, we obtain analogous second-order sufficient conditions for the existence of local
solutions to (P) in L2?(£);). At this point, let us underline that the proof of Theorem 6.1 below
basically follows the lines of a similar technique proposed in [7]. First of all, let us define the oper-
ator S : L?(Q,) — C(Q) by S = E.G. Since the embedding W14(Q2) — C(Q) is compact (note that
g > N) and by the continuity of G, the operator S = E.G : L?(Q,) — C() is as well compact.

DEFINITION 6.1. Let 4 € U be a feasible control of (P) with the associated state G(a) = .
We assume that there exist pg, pb € M(Qy), ps € M(Q) and p € Wha'(Q),1< ¢ < N/(N —1),
satisfying (5.1)-(5.3) and (5.7).

(i) The conver, closed subset Hy C L?(Qy) is given by:

> 0 i alx)=

Hy = {h S LQ(QS) ‘ h(.%‘) = { ; 0 if ﬂ(x) = Zb
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(1t) The subset Cy C Hy is defined as follows:
Ca ={h € Ha | h satisfies (6.1),(6.2) and (6.3)}

(6.1) h(z) =0 if p(z)+ pu(r) #0
> 0 if y(x)=yalz), €,
(6.2) yn(x) =9 < 0 if glx)=yp(x), €y
< 0 if §(@) = ymax(®), v € Q4
(6.3) K;yhduZ=:ngzw42:l;yhdﬂs:07

where yp, = §'(a)h.
(i) We say that u satisfies the second order sufficient condition (SSC) if

0L

u?

(SSC) (@, p)h? > 0

holds true for every h € Cz \ {0}.

THEOREM 6.1 (Second-order sufficient optimality conditions for (P)). Let u € U be a feasible
control of (P) and let Assumption 3.1 be fulfilled. Furthermore, assume that there exist u_‘;,ug €
M(Qy), ps € M) and p € WH'(Q), 1 < ¢’ < N/(N — 1), satisfying (5.1)-(5.3) and (5.7). If
u additionally satisfies (SSC), then there exist positive real numbers € and § such that

1)
f(u) + 5”“ - ﬂ”%%gs) < f(u),

holds true for every feasible control u of (P) with ||u — 1l 2q,) < €. Hence, u is a local solution of
(P) according to Definition 5.1.

Proof. Let us assume the contrary: There exists a sequence {uy}32, C L*(€2;) of feasible
controls of (P) such that:

1 . _
64) @)+l —alaq, > ) R EN and Tim [lug — allsaca, = 0.

We define hy := i(uk —u) with ap := |lup — @l/z2(q,). Thus, ||hx]/z2(0.) = 1 holds for
all k € N. For this reason, there exists a subsequence denoted w.l.o.g. again by {hr}72,, which
converges weakly in L?(Q) to some h € L?(Qy), i.e., hy — h as k — oo.

First, we show that %(ﬂ, p)h = 0. Since uy, is feasible for all k& € N, the first order necessary
conditions, see (5.1), imply

1 0L oL
0< ——(@,p)(ur —a) = %(a,u)hk Vk € N.

Thus, since hy — h as k — oo, we find

oL oL -
< 1i — (1 = —(u
(6.5) 0< khm 5 (@, p)hy, 5 (@, p)h.
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On the other hand, the feasibility of uy, for (P) implies that £(ug, 1) < f(ux) and hence from (6.4)
we infer that

1 1
(6.6)  Lluk,p) < flur) < fl@) + o lur — ll72(q,) = L@ 1) + 7l = illf2,) VEEN,

where we used the complementary slackness conditions (5.3). Furthermore, Theorem 3.2 implies
the existence of an open Ball B,.(u), with radius r > 0, around @ in L?(€2) such that G is twice
continuously differentiable on B, (@). Since {uy}7°, converges strongly to @ as k — oo, there exists
in particular an index number ky € N such that

(6.7) up € By(a), Yk > ko.

Notice that we define uit := {ug + t(@ — ux) | t € [0,1]} and hence for all k& > ko, ur@t C B,(@).
Consequently, for every k > ko, there exists a point wy between uy and @ (i.e. wy € ugu) such that

oL oL
(6.8) L(ug, p) — L(a,p) = %(wk,u)(uk —u) = ak%(wk,u)hk VEk > k.

Therefore, from (6.6)-(6.8), we obtain:

oL 1 _
(6.9) %(wk,u)hk < %Huk — UHLZ(QS) Vk >k

Due to the strong convergence of u; to 4 in L?(Qy), it holds that lim wy = @ in L?(Q,) and

k—o0
consequently g—ﬁ(wk,,g) — ‘g—ﬁ(ﬂ, w) strongly in L2(£2,)*, as k — oo. For this reason, the weak
convergence of hy, to h in L?(,) implies:

oc  _

o B ,
Jim %(wm#)hk = %(%H)h-

From the above equality and by (6.4) as well as (6.9), we infer further

oL -

—(a, p)h <

5, (&7 <0,
which implies together with (6.5)

oL, .-

Next, we show that h belongs to Hy, cf. Definition 6.1. Since uy, is feasible for (P) for every k € N,
one finds that

hi(x) = ag(ug, — ) = { i 8 E Zg; a((x)

u
up(x).

Consequently, {h;2 }92, C Hg. Since Hg is convex and closed, the weak limit h belongs to Hy. Now
let us prove that h € Cgz. This is shown in three steps:

(i) The weak limit h € Hy satisfies the condition (6.1):
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From the projection formel (5.9), we infer that

> 0 if a(xr) =u.(x),
(6.11) plx)+fulz)=<¢ = 0 if wu(x) <a(z) <uq(z),
< 0 if  a(x) =up(z).
Moreover, since b € Hag,
(6.12) (p+Bu)h >0 ae. in Q

On the other hand, (6.10) implies that

,_ 0L

= %(ﬂw)ﬁ = /Qs(p+ﬂﬁ)7ld$

(cf. (5.8)). Consequently, by (6.12), h(x) = 0 if p(z) + Ba(z) # 0 such that h satisfies (6.1).

(ii) The weak limit h € Hy satisfies the condition (6.2):
Let us set § = S(@) and define the sets A,, Ap and Apax by:
Aui= (o €T | 9(2) = (@)},
Ay :=A{z € Qy | Y(z) = yp(2)},
Amax = {2 € Qs [ J(2) = Ymax(2)}-
Since uy, for every k € N, is feasible for (P), we obtain for all k € N:

S(ux)(x) — y(x)

>0 V o
lur — ullz20,) — red

Additionally, by passing to the limit & — oo, we obtain due to the continuous Fréchet differentia-
bility of G : L*(Qs) — W9(Q) at @ and the compactness of the embedding W14 (Q) — C(Q) :

7/ — = . _
S/(ﬂ)ﬁ: lim Sl(ﬁ)hk = lim M = lim M
k—o0 k—oo ||uk — UHLQ(QS) k—oo ||Uk — ’UJHL2(QS)

in C(Q).

Thus, S’(a)h =: y; satisfies: y;(z) > 0 for all x € A,. In a similar way, we show y;(x) < 0 for all
x € Ay and yj,(z) <0 for all z € Apax.

(iii) The weak limit h € Hy satisfies the condition (6.3):

The complementarity slackness conditions (5.3) imply that uf = 0 on Q,\ Aq, ug =0on Q,\ A
and g = 0 on Qg \ Amax. In view of (6.10), we hence obtain

oL, .- _\T a
(6.13) 0=——(a mh=f'(a)h +/ Yndps +/ yrdug — / Yndpg
au Amax -Ab -Aa
On the one hand, we have due to the non-negativity of us, ug, ,ug and (ii)

(6.14) /yﬁdufS,SO, / Ypdps <0 and —/ Ypdpg < 0.
Ap

Amax a
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On the other hand, by the assumption (6.4)

L s
f/(ﬂ)fL: lim fl(ﬁ) — hm M
k=00 k—oo |lug — | p2q,)
(6.15) .
= lim M < lim 1IIUk—ﬂHm(m) =0.
k—oo ||ug — @l p2(q,) ~ k—oo k ‘

From (6.13), (6.14), and (6.15), we infer that

/ yrdps :/ yrdi, :/ yrdpg = 0.
-Amax Ab A

a

Therefore, since pg = 0 on Qg \ Amax, 2 =0 on Qg \ A, and pf) =0 on Q, \ Ay, (iii) is verified.

Thus, we have just shown that A € Cz. Let us now demonstrate that ~ = 0. From this, we
obtain the desired contradiction. Again, since G is twice continuously differentiable on B, (@), for
each k > kg there exists a point 2, € L?(,) between uy and @ (i.e. zp € upu) such that

oL ai %L

‘C(ukhu) = ‘C(ﬂnu) + ak%(ﬂ’/‘)hk + 2 ou a2 (Zk7 )hi V k> ko,

where ko is as defined before in (6.7). By rearranging and dividing by ai /2, the above equation is
equivalent to

2
25 0o — 1)+ S 0l = (o) — Ll

6212 _ 9L
[W(U’M) - W(zk,u)]hi Y k> k.

Hence, since uy, is feasible for (P) and [|h||z2(q,) = 1 for all k € N, the latter equality together
with (5.1) and (6.6) imply that

0L
u? (@,

where BQ(LZ(QS)) denotes the space of bounded bilinear forms from L?(Q) x L%(£),) to R. Notice
that 24 (-, 1) is continuous from L2() to B2(L2(€)), and hence since klim 2z, = U in L?(Qy),
—00

L 0L

1,07
(6.16) i, < - p g2 (@) = 55 Gr w22, VE 2 ko,

ou?
the right hand side of (6.16) converges to zero as k — oco. We consider now the left hand side of
(6.16). For each k € N, we set yj, := G'(#)hy, and wy, := G”(u)h} and hence

0L _
@(%M)hi =Vyrlliai,) + (VG = 2, Vwr) 2 (0,) + Blhll72q.)

(6.17) b "
-I-/wk dus+/wk d,ug—/wk dg-
0. aQ, Q,

Obviously, since G’ (u) is continuous and linear from L?(€2,) to W14(Q) and hy — h in L?*(Qs), one
finds

(6.18) Viyr — Vy; in L*(Q) as k — oo,
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with y; = G'(@)h. Moreover, the second term of the right hand side of the equality (6.17) can be
written as follows, cf. [13] p. 79,

(6.19) (V5 — 2. V) () = —12 / (Golglgu?)q ds — 12 / colglgia ds.
T 0

Here, ¢ is the solution of the following PDE
—div(kyVg) = —Ag +divz  in Qg,

—div(ksVq) =0 in Qs,
Ip dp 13 dy
a —RkRs |\ 77— -4 G q=— iz Frv
i), () - rrera =gl esn o
0
ﬁs—q+4<€0|g\3q:0 on Ty,
3n0

i.e. (5.7) without the multipliers on the right-hand side. It is straight-forward to show that As-
sumption 3.1 implies the existence of a unique solution ¢ € H(Q), cf. [13]. Now, since hj, converges
weakly to h as k — oo, and due to the compactness of the embedding W14(Q) < C(Q), we obtain
klir{:O yr = yp in C(Q) with y; as defined above. Hence, from (6.19), one finds:

khjfolo(vﬂ — 2, Vwg) L2 (9,) :klif{:o{ - 12/(GU|Z7\273J1%)Q ds — 12/€0|Z7|37912<q ds}
T, To

— 12 / (Golglgy?)q ds — 12 / eolglgla ds
r, Ty

=(Vy — z, vwﬁ)L2(Qg)

(6.20)

where w;, = G”(@)h? or equivalently w;, = —(AL (%)) Ay (9)[yr. v] (see Theorem 3.2). In view
of (3.2), AJ(y) is obviously continuous from C(Q) x C() to Wha' (Q)*. Thus, together with the
compactness of the embedding W4(Q) — C(Q), Theorem 3.1 implies that klim wy = wy, in C(Q)
(recall that wy, = G”(u)hj, or equivalently wy = —(A,(y)) " Ay (7)[yk, yx]). Therefore, one obtains

as k — oo:
wkdug—>/7 wp,dpg, ﬁ wkduge/ w,;d,ug, [ wkdps—>[ widfts.
Qg Qg Qg Q. Qs

(6.21) /Q

Applying (6.16)-(6.21) and together with the weak convergence of hy, to h in L?(£2,), we continue
with

9

oL, - _ .
S @ 10h® =V laqa,) + (V5 = 2 V)i, + B3,

—I—/w;LdMS —/wﬁdu;—&-/wﬁdug

o, a, a,
0L 9

< liminf W(Uaﬂ)hk
. 1 02L 02L

< lim {% + ||W(U7M) - W(zkaﬂ)”Bz(LQ(Qs))} =0.
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For this reason and since h € Cy, (SSC) implies that h = 0. Thus, we have y; = 0 and w;, = 0 and
consequently, klim (Vy — 2z, Vwy)r2(q,) = 0. In view of (6.16), (6.17), and since [|hx|[z2(q,) = 1 for

all k € N, we therefore arrive at

1,.0°L _ a
1= |[hell72(q,) SB[W(U,MW% = (V§ = 2z, Vwi)2(0,) +/wkdﬂg - /wkdﬂg - /wEdﬂs]
o a, &,
11 2L 0L

<5l H52@m - 5z e mlisaeq

- (Vg — Z,Vwk)p(gg) + /wkdug — /wkduz - /wkdus], Vk>kp.

Qq Qq Q.
Finally, by passing to the limit k — oo, the theorem is verified. |
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