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Abstract

We discuss the eigenvalue problem for general and structured matrix
polynomials which may be singular and may have eigenvalues at infinity.
We derive staircase condensed forms that allow deflation of the infinite
eigenvalue and singular structure of the matrix polynomial. The remaining
reduced order staircase form leads to new types of linearizations which
determine the finite eigenvalues and and corresponding eigenvectors. The
new linearizations also simplify the construction of structure preserving
linearizations.
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1 Introduction

We study k-th degree matrix polynomials
P = NeAp + N A+ o+ ML+ A, (1.1)

with coefficients A; € F™™ where F is the field of real R or complex C numbers.
The main topic of this paper is the construction of staircase forms and the
reformulation of matrix polynomials as first degree (linear) matrix polynomials
of larger dimension which expose spectral information including eigenvalues,
eigenvectors, Jordan-Kronecker chains, and singular chains (if any).
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Definition 1.1 (Linearization) Let P(\) be an m x n matriz polynomial of
degree k. A pencil L(A\) = AX +Y s called a linearization of P(\) if there exist
unimodular matriz polynomials E(X), F(\) such that

PN\ | 0 ]

(A matriz pencil E(X\) is unimodular if it is square with constant, nonzero
determinant independent of X.)

Note that in contrast to the usual definition of linearization, see e.g. [12, 19],
we do not require that the linear pencil L(\) = AX + Y, satisfies X, Y €
F(mt(k=Dn)xkn op Xy e Fhmx(nt+k-1)m) W allow the dimension to be
smaller than this, i.e. we allow s < (k — 1)min{m,n}, but the usual case is
certainly included.

Linearization makes it possible to use mature, well-understood, numerical
methods and software developed for linear matrix pencils and the associated
differential algebraic equations. Also, linear pencils have a Kronecker canonical
form that displays properties like index at infinity, Jordan structure and singular
structure—information that identifies the behavior and pathologies of associated
linear, constant coefficient differential algebraic equations. (Even for linear,
constant coefficient differential algebraic equations there is more to the story
than the Kronecker canonical form. See for example [3, 17].)

The (first) companion form linearization of the matrix polynomial (1.1) is

_Ak 00 --- 0] _Ak—l Ap_o -+ A AO_
0O I 0 --- 0 —1 o -~ 0 0
A0 0T O+ o —I P
Do o : .0 0
| 0 0 0 -+ T | 0 0 —I 0

Companion form linearizations are elegant and successful [12, 18, 19]. How-
ever, companion form linearizations may not share the structure of the original
matrix polynomial. For example, if the original matrix polynomial is symmet-
ric, skew-symmetric, even or odd, then the companion form linearization is
not. Thus, rounding errors in numerical computations on companion form lin-
earizations may destroy vital qualitative aspects of the spectrum like eigenvalue
pairing. Companion form linearization may implicitly differentiate Lagrange
multipliers or otherwise introduce artificial and unnecessary pathologies. (See
Example 1.6 below.) In particular, companion forms are not consistent with the
first order formulations for differential-algebraic equations used in multi-body
dynamics [8]. (See also [25] for optimal first order formulations in the context
of differential-algebraic equations.)

New classes of structure preserving linearizations introduced in [22] and
analyzed in [14, 15, 23, 21] hold much promise. Still a different family of lin-
earizations was introduced in [1, 2]. However, in order to use some of these
new linearization, certain eigenvalues must first be deflated from the matrix



polynomial in a structure preserving way. Numerically stable procedures for
such structured deflation is one of our goals here.

At this writing, a generalization of Kronecker canonical form to matrix
polynomials of degree greater than one is unknown and seems unlikely to ex-
ist. However, Jordan and Kronecker chains are partially generalized by the
concepts of Jordan triples, see [12]. In the context of index reduction methods
for differential-algebraic equations, a recent canonical form derived in [25] dis-
plays the information about the Kronecker structure at infinity and the singular
structure. This approach, however, uses non-orthogonal (non-unitary) trans-
formations and does not preserve structure, so as a computational method, its
numerical stability can not be guaranteed.

In this paper, we present staircase forms under orthogonal transformations
that allow computation of the structural information associated with the eigen-
value infinity and the singular parts of matrix polynomials. These results gen-
eralize concepts studied in the context of differential-algebraic equations in [25].
We present new first order formulations (linearizations) which we call trimmed
linearizations although a more apt term might be trimmed first order formula-
tions.

We show that trimmed linearizations properly reflect the structural informa-
tion about the finite eigenvalues. Hence, on the one hand, trimmed first order
formulations generalize the classical concept of linearization, if the matrix poly-
nomial is regular and has no eigenvalue infinity, and, on the other hand, they
correspond to first order formulations in constrained multibody dynamics [8]
and general higher order differential-algebraic systems [25]. Furthermore, we
show that they allow structure preservation under orthogonal/unitary trans-
formations. In all these aspects, our approach differs significantly from the
companion form approach.

Let us therefore recall the classical definitions of Jordan/Kronecker chains
for matrix polynomials.

Definition 1.2 Let P()\) = Z?:o N A; be a matriz polynomial of degree k,
where Ag, ..., A € F™" A, #£0.

i) The matriz polynomial P(\) is called regular if the coefficients are square
matrices and if det P(\) does not vanish identically for all X € C, other-
wise it is called singular.

e Define the adjoint P*()\) and the reversal rev P()\) of P(\), respectively,
by
k k
PX(\):= ) NAF and revP(A):=MNP(1/A) =) M4 (1.2)
=0 i=0

Here and throughout this paper * stands for either T, the transpose when
F=R and F =C, or*, the complex conjugate transpose when F = C.

Definition 1.3 ([19]) Let P()\) be a matriz polynomial as in (1.1).



A right (left) Jordan chain of length £+ 1 associated with a finite eigenvalue
A of P()\) is a sequence of vectors x; (y;), 1 =0, 1, 2, ..., L with x; (y;) nonzero
and the property that

A P(N)ao 0;
P(A)z1 + [§145 P(M)]zo 0; (1.3)
P(Nae+ [E & PWae—1 + ...+ [ 5PNz = 0,
) y P(A 0;
yT P(A) + volgy 75 P(V)] 0; 14
YEPO) + Bk PO+ + i [l PO = 0,
respectively.

A right Kronecker chain of length £4-1 associated with the eigenvalue infinity
of P(X\) is a right Kronecker chain of length ¢ + 1 associated with eigenvalue
A =0 of rev P(\). A left Kronecker chain of length ¢ + 1 associated with the
eigenvalue infinity of P(\) is a left Kronecker chain of length ¢ + 1 associated
with eigenvalue A =0 of rev P()).

For Kronecker chains associated with the singular parts of the matrix poly-
nomials we extend the classical definition for matrix pencils as in [9, 10, 19].

Definition 1.4 Let P(\) be a matriz polynomial as in (1.1).

A right singular Kronecker chain of length ¢ + 1 associated with the right
singular part of P(\) is defined as the sequence of coefficient vectors x;, i =0,
1, 2, ..., £ in a nonzero vector polynomial x(\) = x, N + ... + A\ 4+ zo of
minimal degree such that

P(N)z(\) =0, (1.5)

constdered as an equation in polynomials in .

A left singular Kronecker chain of length ¢+1 associated with the left singular
part of P(X) is defined analogously as a sequence of coefficient vectors y;, i = 0,
1, 2, ..., £ in a nonzero vector polynomial y(\) = yeA! 4+ ...+ i\ + 4o of
minimal degree such that

y(\)*P()\) = 0. (1.6)

Here y A\ * = yf X + ..+ yfA 4+

One difficulty with linearizations is that unimodular transformations from
the left may alter the lengths of left chains associated with the eigenvalue infinity
and the left singular chains, while unimodular transformations from the right
may alter the lengths of right chains associated with the eigenvalue infinity
and the right singular chains. Accordingly, Definition 1.1 puts different first
order formulations in the same class. This observation in the context of infinite
eigenvalues led to the definition of strong linearization in [11]. A linear pencil
L()) is a strong linearization of a matrix polynomial P(\) if it is a linearization



and, at the same time, rev L(\) is a linearization of rev P(A). The companion
form linearization of a matrix polynomial is a strong linearization. Although
strong linearizations avoid some anomalies, we demonstrate in Example 1.7
that a strong linearization of a singular matrix pencil may not preserve the
lengths of singular chains. Linearizations like the one in Example 1.6 below
correspond to systems of first order differential-algebraic equations that have
better computational properties (smaller index) than can be obtained from
strong linearizations.

Example 1.5 Consider the following matriz polynomial which has the struc-
ture of a constrained and damped mechanical system [8].

P(/\)_[A2+1>\+1 (1)}_/\2[(1) 8}+A[é 8}+“ H

Multiplying P(X\) on the left with the unimodular transformation

Q(A)_[g —(A2+1/\+1)}

we obtain the linearization

which has only degree 0. It is not clear whether it is best to treat T(\) as the
degree zero polynomial I, as the “degree one” polynomial AO+1 or as the “degree
two” polynomial A>0 + M0 + 1.

The companion form linearization of P(\) has an index 4 infinite eigenvalue.
Treating T'(\) as a degree two polynomial, the companion form linearization is
also a linearization of P(X) which has two index 2 eigenvalues at infinity. Re-
garding T(X) = N0+1 as a degree one matriz pencil, T () itself is a linearization
of P(\) which has two index 0 infinite eigenvalues.

A even more extreme example is the k x k identity polynomial which is unimod-
ularly equivalent to upper triangular matrix polynomials of arbitrary degree.

One of the motivations for studying matrix polynomials is the analysis of
higher order differential-algebraic equations like those arising in multi-body
dynamics. Consider what is done to obtain first order formulations for higher
order differential-algebraic equations.

Example 1.6 The Euler-Lagrange equations [8] of a linear constrained and
damped mechanical system are given by a differential-algebraic equation of the

form
Mi+Di+Ke+ Gy = f(t),

Gx = 0. (1.7)

Here M, D, K are mass, damping and stiffness matrices, G describes the con-
straint, f a forcing function, x is a vector of position variables and u a Lagrange
multiplier.



The associated matrix polynomial is

P(A)Z/\Q[]\g 8]+/\[€) 8}+[IG{ %T].

Under the usual assumptions, i.e. that M is positive definite and that G has
full row rank, it can be easily shown that according to Definition 1.3, P(\) has
Kronecker chains associated with the eigenvalue infinity of length 4.

The companion linearization is

M 0]0 0 DO‘KGT
0 0[0 0 0 0lG o0

L) = A 0o olr ol | = olo o (1.8)
0 00 I 0 —I|0 0

It corresponds to extending the two unknowns [z, u]7 in (1.7) to four unknowns
[y, v, 2, )" by introducing new variables y = @ and v = i (which correspond
toy = Az and v = Ap in (1.8)). The derivative of the Lagrange multiplier is
intuitively unsatisfying. In contrast, the first order formulation that is used in
multibody dynamics introduces only one new variable y = & (corresponding to

= Az below in (1.9)) and does not introduce a derivative of the Lagrange
multiplier p. This approach gives the linear matrix pencil

) M 0]0 D K|GT
LN)=X| 0 I|0|+|-I 0] 0 |, (1.9)
0 010 0 G| o

which (under the same assumptions) has a Kronecker chain associated with
infinity of length 3. Thus, the companion linearization has a longer chain than
necessary to obtain the solution of the differential-algebraic equation and this
should be avoided, since it is well known that longer chains at infinity create
difficulties for numerical solution methods, see e.g. [3, 17, 25].

It has been demonstrated in [25] for general linear high-order differential-
algebraic equations that even the formulation used in constrained multibody-
dynamics may have unnecessary long chains associated with infinity in the first
order formulation. Thus, it would be preferable to have first order formulations
where all chains associated with infinity are as short as possible. Finding such
linearizations is one of the goals of this paper.

The next example demonstrates that even strong linearizations may not
preserve the lengths of singular chains in a singular matrix polynomial.

Example 1.7 For the singular matrix polynomial

[)\2+)\ 0]

P = 1 0

following Definition 1.4, we obtain as right nullspace the vector-polynomial
x(A) = eg which creates a chain of length 1 and from the left y(\) = [A’:A]
which gives yg = —e1, y1 = e2, y2 = ez and thus the chain has length 3.



Considering the first companion linearization, we get

1 0/0 0 1 0]0 O
0 00 O 0 01 O
0 0|1 O + -1 0|0 O
0 0]0 1 0 -1(0 O

The right and left nullspace vector-polynomials are

0 1

A —A2 -
=g W= T

1 0

and clearly the right chain does not have the same length as in the original
matrix polynomial.

Instead of the companion form we may proceed similarly to the constrained
multibody system and introduce only one new variable. This gives the linear
pencil

i 100 100
LA)=A[0 0[0|+| 00]1
0 01 -1 00

with right and left nullspace vector-polynomials

0 1
d(N) = | 1]y = | XA
0 A+1

and thus both the left and the right chains have the correct length.

Motivated by the above examples, a goal of this paper is to find linearizations
that minimize the lengths of chains corresponding to eigenvalue infinity and,
in the singular case, minimize the lengths of singular chains. The paper is
organized as follows. In section 2 we recall some results on (structured) staircase
forms for matrix pairs under orthogonal /unitary transformations. In section 3
we then extend these results to matrix polynomials and show that some (but not
all) of the information associated with the eigenvalue infinity and the singular
parts can be obtained from the staircase forms. In section 4 we use these
staircase forms to obtain new (structured) trimmed linearizations.

2 Staircase forms for matrix pairs

In this section we discuss different types of equivalence relations and recall and
extend some staircase forms for structured pairs of matrices. We consider sev-
eral different structures simultaneously. These are real and complex tuples of
matrices with symmetry or skew symmetry under transposition (in the real or
complex case) and conjugate transposition (in the complex case). Whenever
we consider tuples, then we assume that the same operation is used for all co-
efficients of the tuple. Our transformation matrices are either nonsingular, real



orthogonal (in the real case) or unitary (in the complex transposed or conjugate
transposed case). We do not consider complex orthogonal transformations.

Definition 2.1 We denote the set of nonnegative integers by Ny.

(i) Two tuples of matrices (Ay,...,A1,Ag) and (By,...,B1,By), Ai,B; €
Fm™m 4=0,1,...,¢, £ € Ny, are called strongly equivalent, denoted by

(Afv o 7A17 AO) ~ (Bfa cee 7B17 BO)7
if there exist nonsingular matrices P € F"™™ and Q) € F™" such that
B;=PAQ, i=0,1,...,¢ (2.1)

If both P and Q are unitary (real orthogonal), then the two tuples are
called strongly u-equivalent, denoted by

(Ag, ..., A1, Ay)~(By,..., By, By).

it) Two tuples of matrices (Ay,...,A1,Ap) and (By,...,B1,By), A, B; €
F»" ¢=0,1,...,¢, £ € Ny, are called strongly congruent, denoted by

(Afv ey A17 AO) /E/ (va o 7B17 BO)?
if there exists a nonsingular matriz Q@ € F™™ such that
B; =Q*A4;,Q, i=0,1,...,¢. (2.2)

If Q is unitary (real orthogonal), then the two tuples are called strongly
u-congruent, denoted by

(Ag, ..., A1, A)) < (By,..., B, By).

At this writing, canonical forms under strong equivalence are only known for
the case ¢ < 2, by the Kronecker canonical form, [9, 10]. Condensed forms which
present partial information about the invariants associated with the eigenvalue
infinity and the right singular chains are studied in [25]. We are particularly
interested in such forms under strong u-equivalence transformations.

Lemma 2.2 ([}]) Let A,B € F™". The matriz pair (A, B) is strongly u-
equivalent to a matrix pair of the form

Ain Az 0 0 0 Bi1 B2 Biz X4 0
Ay A 0 0 O Byy Bya Bz 0 0
0 0 00O0|,| By Bs 55 0 0], (2.3)
0 0O 0 0 O Xy 0 0 0O O
0 0O 0 0 O 0 0 0 0 0
where the matrices
A A ]
SR S >
[A21 Aoy 14 41 33

are square nonsingular. (The matrices X;; can be even chosen to be diagonal.)
Any of the block rows or block columns may be void.



This condensed form displays some but not all of the singular and eigenvalue
infinity structure of the matrix pair. In order to derive the complete set of
invariants, the compression process has to be continued and leads to the so
called generalized upper-triangular (GUPTRI) form or staircase form, see [6, 7,
29].

If the matrices A, B have some symmetry structure, then this structure is
preserved under appropriate u-congruence transformations.

Corollary 2.3 If A, B € F™" satisfy A = +A*, B = +B*, where x is either
T or *, then the matriz pair (A, B) is strongly u-congruent to a matriz pair
(Q*AQ, Q*BQ) of the form (2.3), where Q is unitary, and the matrices

[An Al } _ 4 [ A App
Ag1 Ago Ag1 Ao

*
] , Du=1X), Z=12j

are square nonsingular. Furthermore, the symmetry structure of the original
pair is preserved. When both A and B are real, then the transformation matriz
Q@ can be chosen real, and (2.3) is in real condensed form as well.

Proof. We present a constructive proof for the case with A = AT, B = BT ¢
™™, The other cases can be proved in a similar way.
Step 1. Use a unitary (or real orthogonal) matrix @1 to compress A to

Q?AQI—[A 0},

0 0
where A is nonsingular (i.e. compute the Takagi decomposition, see e.g. [16]

when A is complex, or the symmetric Schur form when A is real). Apply a
congruence transformation to B with the same (1 to get

B B
T 11 12
Q1 BQ1 = ST A ,

partitioned conformable with QT AQ;.
Step 2. In the same way as for A, transform Bgo with a unitary (or real
orthogonal) matrix ()2 to

U Sy 0
QgB22Q2:|: 5’3 0]7

where Y33 is nonsingular. Let Q2 = Q1diag([, Qz) So,

, . A ‘ 0 0 Bu ’ By Bis
(Q2 AQ2, Q5 BQ2) = 010 0|,| Bly|Xs 0
0(0 0 BL1 o o

Step 3. Determine unitary (or real orthogonal) matrices Q3, Q4 such that

AT = A Y 0
Q%’BBQF[ o 0],

9



where X4 is nonsingular, (e.g. using the singular value decomposition, see e.g.
[13]). Let Q = Qadiag(Qs,I,Q4). Then the matrix pair (QTAQ, QTBQ) has
the form of (2.3). Obviously, the symmetry structure is preserved under these
congruence transformations. 0

It is possible to compress the middle blocks

Az 0 By Bag
0o 0|’ B3y Y33

in the pair (2.3) even further.

Lemma 2.4 The matrix pair
_ Nip O K1 Ko
= (1% o) L %))

with Koo € F™" invertible and N11 € F"~7""T s u-equivalent to

]\:711 J\:712 00 Ki Ko Kiz Kui

Noi Nog 0 0 {(21 1522 {(23 0
0 0 0 0|’ | K31 K32 Ki3 0 ’
0 0 00 Ky 0 0 0

where K14 and K41 have the same size and are both invertible, Nog € F"~7"7T,
and Kssz is a nonzero scalar if v is odd or is void when r is even.
Moreover, rank Ni; = rank Nao, and

(Nag, Koo — K23{~(32;1f(32) ~ (N11, K11 — K12K3,' Kor) if 7 is odd |

~ 2.4
(N22;K22) ~ (NH,KH — K12K2_21K21) if r is even. ( )

Proof. Since Ky is nonsingular, there exist unitary (real orthogonal) matrices
U1, V1 such that

R R Ky Y15 0
Ui KoV, = 291 0 0 R (2.5)
0 0 JXs3

where Y33 is a nonzero scalar when r is odd, or it is void when r is even,
and Y1 and X9 are both s x s (s = |r/2]) and invertible. This form can be
achieved e.g. by using the singular value decomposition followed by appropriate
permutations, and then we even have Koy = 0. Let Uy = diag(Ip,—r, Ul) and
Vi = diag(Ip,—r, Vl) We obtain

A~

Nii 0 0 0 Ku  Kip Ki3 K
0O 0 0 O Ko Koo Yo 0
U NV, U KVy) = N
(INV1, U1 KV 0 00 0| | Ky Xy 0 0
0 0 0 0 K41 0 0 233

Let Uy and V5 be unitary (real orthogonal) such that
AR R R O

10



where K4 and K4, are both s x s. Note that K3 is (n—r) x s and Kay is
s X (n —r). Partition

n—r S S n—r
A S ﬁn ﬁlz > n—r Vll ‘712
R o T R
2 n—r U21 U22 S V21 V22

Since Yo and X9y are invertible, it follows from X9 = U12K14 and 221 =
K41V21 that the matrices U12, Vgl and K14, K41 are all invertible. Since UQ, Vg
are unitary (real orthogonal) it follows from their C'S-decomposition, see e.g.
[13], that Us; and Viy are also nonsingular. Define Uy = Uldiag(Ug,I) and
Vo = Vidiag(Va, I). Then

]5711 ]5712 0 O f:(n f:(12 f(14 f:(13
Ngl NQQ 0 0 K21 K22 0 K23

N K = -
(ValVe, Th K Ve) 0 0 00| |Knu 0O 0 0
0 0 0 0 Kgl K32 0 233

(2.6)
Let P be a permutation that interchanges the last two columns of Uy KV, when
it is post-multiplied, and let U = PUy, V = V4o P. Then U,V are unitary (real
orthogonal), and

]\:711 ]Sflg 0 0 f?u f?m I:(IS Ky
Ngl NQQ 0 0 K21 K22 K23 0

NV,UKV) = s e
v U ) 0 0 0 0|’ [5'31 K3y Ksz 0
0 0 0 0 K 0 0 0

with Kgg = 233.
We now prove (2.4) for the case that r = 2s + 1 is odd. The even case
follows analogously. With the factorization (2.5),

Ki1 — K19K5y Koy = Kyp — (K12V1) (U1 K92 Vi)~ H(U1 K1)

A _1 A~
. . . Koy Y12 0 K
=Kn—[ K Kig Kiu ]| Za 0 0 K3
=K1 — Klszfglffm - f(1222_11f(31 + K1321_21K2222_11K31 - K142§1K41
K1 Kio

. I . .
=[] K51 . . . — K1y X3 K.
[ 13412 ] [K21 Koo ] [ _22_11K31} 142433 1341
From (2.6), we obtain that
U1 K13 + Uge X190 = 0,
K31 Vig + X1 Vag =0,
K3y = K41V12,
Koz = U1 K14,
- A ~ K1 Ko Vi
Koo — . A !
22 [U21 U22}[K21 K22:||:‘/22:|
Nay = Uz N11Via. (2.7)

11



Since Uy and Vig are invertible, from the first two equations of (2.7), we
have that
~ K355 = Uy Uso, — X K3y = Vaa Vit
Since X33 = Kgg, we can combine this with the other equations of (2.7) and
obtain

U (K11 — K12K55 Ko1)Via
R . 2 I . . .
1 K1 Kia —1
— _ . A A — K14
Ua1 ([ I —Ki353 | [ Ryt Ko ] [ o } 14253 K41> Via
Kn Kia ] [ I

= U ([ 1 Us'Uz2 | [ Ky Ko Vaa V35! } _KME?}}KM) Ve

~ ~ K1 Ki Via - g
— h . " — Kon XK
[ Un U ] [ Kyt Ko ] [ Vo ] 23255 K32

= Koy — K23K351K32-

Since NQQ = UglNHVlg, we have that (2.4) holds with invertible matrices Ugl
and Vm. Finally, that rankNgg = rank /N1 follows from ]\722 = [721N11V12. |

If the matrices K, N in (2.4) have symmetries, then the symmetry structures
can be preserved.

Lemma 2.5 Consider a pair of matrices
_ (| Nu O K Kiz
(NgK)_<|: O O:|7|:K21 K22:|>
with Koo € F™" invertible, and N1, € F*~""~T,

(a) If K = —KT,N = £NT € F™", then there exists a unitary matriz Q

such that
]?11 ]\:712 0 f{u f:<12 Ki3
(QTNQ,QTKQ) = Noy Nog 0 |, —{(1T2 Ky 0 |,
0 0 0 -KL, 0 0

where K13 is invertible and Noy € F'~707T,
Moreover, rankN1; = rankNoo, and

(Nag, K92) ~ (N11, K11 4+ K12 Koy K).

(b) If K = KT N = +NT € F™", then there exist a unitary matriz Q such

that
]5711 ]Ym 0 0 I:(ll f:(m f:(ls K4
T T Noy Nop 0 O KL, Ko Ky 0
N KQ) = - ~ ~
0 0 00 KL o o0 o

12



where K14 is invertible, Nog € C" """ and Kss is a nonzero scalar if r
is odd or is void if r is even.

Moreover, rank N1, = rank]\?gg and

(Nag, Koy — K3 K33 K35) < (N11, K11 — K12 Koy K1),
where the pair on the left is just (Nag, Kao) if 7 is even.
In general Q is complex unitary no matter whether F is C or R.

(¢c) If K = K*,N = £N* € F"" and Ky~ diag(I,, —1,), then there exist a
unitary matrix QQ such that

]Sfll ]Sflg 0 0 f?u f:(12 f?13 f(14
. x Na; Nag 0 0 Kiy Ky Ky 0
N KQ) = o ~ -
(RQ*NQ,Q"KQ) 0 0 00| | K K R 0
0 0 00 K, 0 0 o0

where f(m 1s invertible, Ngg e F*="""" and f(gg = f(g} s definite and
of size |w — p| X |w — pl.

Moreover, rankN1, = rankNoo, and

(Nag, Ko — f(23f{?;,)1f{;3) S (N1, K11 — K12 Koy Kiy).

(d) If K =—K*N =+N* € F"" and Kz < diag(il,, —il,), then there exist
a unitary matriz QQ such that

]Yn ]\:[12 0 0 K}l f:(12 f:(ls K4

" x Ny Ny 0 0 —Ki; Kz Ky 0
N KQ) = ~ - N

(@NQ.QKQ) 0 0 00| |-Ky -Ki Ky 0

0 0 00 “Ki{ 0 0 0

where Kq4 is invertible, Noyy € Fr=""=" " and K'33 = i§2 with 2 being
definite of size |w — p| X |w — pl.

Moreover, rankN11 = rankNgg, and
(Nag, Koo + Koz K33 K33) ~ (N1, K11 + K19Koy Kis).

In all cases the symmetry structure of the original pair is preserved. When
both N, K are real, in all cases but (b), Q can be chosen to be real orthogonal,
and the staircase forms are real as well.

Proof. The proof is essentially the same as that of Lemma 2.4. Note that
unitary (or real orthogonal) matrices U,V in Lemma 2.4 can be chosen to be
the same (which is @ here) due to the symmetry. The only part that still needs
a proof for all cases is the factorization form for K99 as in (2.5). We will prove
this case by case.

(a) If K = —K7T then Ky = —K1,. In this case r is even, since det Koy = 0
if r is odd.
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If K is real skew-symmetric, then Kos is also real skew-symmetric and thus
there exits an orthogonal matrix )1 such that K99 has the form

A A 0 A
Q?K22Q1—[_A 0}7

where A is real diagonal and nonsingular.

If K = —K" is complex, then Ky is also skew-symmetric and complex.
In this case one may use U, a product of Householder reflections to reduce
Kos to UIT Ko5U; which is tridiagonal. One then applies the permutation P, =
[e1,€3,...,6r—1,€2,€4,...,er] such that

0 by
(U1 P! KUy Py = [ ] ;

-xT 0
where X' is upper bidiagonal. One may reduce X' further to a diagonal matrix

by using the singular value decomposition.
(b) If K is complex symmetric, then Koo has the Takagi form

U{ K»U; = diag(a1,...,0,),

where Uj is unitary and oy, ..., 0, are positive scalars. If r = 2p is even, then
for D = diag(I,,il,) one has

(U1 D) Kop (U1 D) = diag(a1, . . -, 0p, —Opi1,- -, —02p).
For each j = 1,...,p we pair o; with —0,4; and consider the diagonal ma-
trix [%ﬂ _U??H] Considering the orthogonal matrix G; = [_C;J 2] with

¢; = /03/(0) + 0pts), $j = \/0pr;/ (05 + 0p;), We obtain

or [ oj 0 ] G = [ 0j = Optj  \/Ti0pt] ] '
TLO =0y |7 | VOt 0

Applying these transformations, we can determine a real orthogonal matrix Us
such that, with the unitary matrix Q1 := U1 DUs, we have

AT
QTKQQQ - |: :| )
1 1 >0

where Yo = diag(,/010p+1, - - -, /0p02p) is nonsingular and X1, = diag(o1 —
Op4+1y---,0p — O'Qp).

If r is odd, then one of the diagonal elements, say o,, will remain unpaired.
However, with the same procedure as in the even case we still can get a form
as (2.5).

If K is real symmetric, we begin with the Schur form of Kj and then
continue as before.

(c) By the assumptions, there exists a unitary matrix U; such that

UfKQQUl = diag(Zl, —Zg),
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where Xy = diag(o1,...,0,), X2 = diag(ow+1,...,0w4u), both with positive
diagonal elements. Suppose that @ > w, otherwise we may switch Y; and —2X

by a block permutation. We may pair o, —o,4; for j = 1,...,w and apply
the same transformations used in (b) to the matrix [UOJ _UO+} . In this way we
w+j

obtain a unitary matrix ()1 such that

2 212 0
QKpQi=| X, 0 0 |,
0 0 Js3
which is similar to (2.5) but X33 = —diag(oow+1,- - -, Owtp), Which is |u — w|

= wl.

(d) In this case a factorization like (2.5) can be obtained by considering
iK92 and applying the proof of part in (c¢). The other statements are obvious.
a

Remark 2.6 It should be noted that in case (b) of Lemma 2.5 we use unitary
transformations even in the case that K, N are real, since otherwise we cannot
perform the transformation with the diagonal matrix D and we will get a bigger
size block K33 as that in case (c).

Using Lemmas 2.4 and 2.5 we obtain the following corollaries.

Corollary 2.7 If A,B € F™", then the matriz pair (A, B) is strongly u-
equivalent to a matrixz pair of the form

Ann A 0 0 0 Bin Bz Biz Yy 0
Ay A 0 0 O Byy By Bsz 0 0
0 0 000O0|,| By B % 0 0],
0 0O 0 0 O X 0 0 0 O
0 0O 0 0 O 0 0 0 0O O

where the matriz Ass is square, X4 and X4 are square and invertible, Xs3 is
either void or a nonzero scalar, [ A1 Aoo ] has full row rank and ﬁéz has

full column rank.

Proof. We first apply Lemma 2.2 to (A, B) to obtain the strongly u-equivalent
pair

Ay A 0 0 0 5;11 1?12 5;13 Sy 0
12121 12122 000 B21 BQQ BQS 0 0
0 0 00 O0]|,| By By Y33 0 0
0 0 00 0 ¢ 0 0 0 0
0 0 000 o 0 0 0 0

We then apply Lemma 2.4 to

15



and obtain that the original pair is strongly u-equivalent to

[ %11 14:112 14:113 0|0 010 5;11 3312 ?13 5314 3;15 S0
A21 A22 A23 0|0 010 Bo1 Bao | Bag | Bag | X5 0 0
A31 A32 A33 0/0 010 B31 332 333 B34 0 0 0

0 0 0 |0|0 0|0 |,| Bax Bag | Bys| Xaa| O 0 |0

0 0 0 |0|0 0|0 By Xso| O 0 0 0 |0

0 0] 0 (0[O0 O0]0 ¢ 0] O0] 0] 0 o010
. 0 0 0 10j0 0j0O] | O 0 0 0 0 0 |0 ]

With some re-partitioning we then obtain the desired condensed form.
Because [ 411 412 ] is invertible, and
21 Ao
[ As1 Ass | = [As Az Asz | =Un [ Ay Agy 0 ] diag(I,V2),
A z‘:113 . f:112 .
[ A } = Agz | =diag(,Uz) | Ay | Va2,
22 -
A33 0

where ﬁgl and Vlg are invertible as in the proof of Lemma 2.4 along with unitary
matrices Ug, Vg, it follows that [ Ao Ago ] has full row rank and that [ﬁ;;]

has full column rank. 0O
We also have a corresponding result for structured pairs.

Corollary 2.8 If A, B € F*" satisfy A = £A* and B = +B*, then the matriz
pair (A, B) is strongly u-congruent to a matriz pair (Q*AQ, Q*BQ) of the form

Ayp A 0 0 0 Bi1 Bz Biz Xy 0

A1 Az 0 0 O Boy B Bz 0 0
0 0O 0 0 O0],| Bggt B 233 0 0 ,
0 0O 0 0 O Xya 0 0 0 O
0 0O 0 0 O 0 0 0 0 O

where @ is unitary, Ao is square, X4, Y41 are square and invertible of the
same size, and X33 is

(a) void if B=—BT and A = +AT,

(b) a nonzero scalar or void if B = BT and A = £AT,

(c) symmetric (Hermitian) definite or void if B = B* and A = £A*,

(d) wvoid orif2, where §2 is Hermitian and definite if B = —B* and A = £A*.

Furthermore, the symmetry structure of the original pair is preserved, and
[ Agy Aso ] has full row rank. If A,B are real, then the condensed form
can be chosen to be real in all cases but (b). In case (b), in general, Q) can only
be complex unitary.
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Proof. The condensed forms follow from Corollary 2.3 and Lemma 2.5. O
For pairs of the discussed symmetry structures the canonical forms are
known, [26, 27]. The staircase form for matrix pairs where both matrices are
symmetric (Hermitian) has recently been discussed in [20] and for the case that
one of the matrices is symmetric (Hermitian) and the other skew-symmetric
(skew-Hermitian) in [5]. We present here all these results in a combined way.
Theorem 2.9 For a matriz pair (N, K) with NJK € F*", N = £N*, and

K = +K*, there exists a unitary (or real orthogonal) matriz U € F™", such
that

U*NU =
i Nll s s Nl,m, Nl,m+1 Nl,m+2 s N1,2m 07 ni
. : . : Nm,—l,m+2 :
Nm,l T e Nm,m Nm,erl 0 Nim
Nm+171 ce R Nm—l—l,m Nm+1,m+1 l
Nm+2,1 T Nm+2,m71 0 qm
N2m,1 q2
L 0 q1
U*KU = (2.8)
Kll e Kl,m Kl,erl Kl,m+2 K1,2m+1 i nq
Km,l s EE Km,m Km,erl Km,m+2 Nm
Km+171 . e Kerl,m Km+11m+1 l s
Km+2,1 o ce Km+2,m dm
L sz+1,1 1l Q1

where q; > nj for j =1,2,...,m,

Njom+y1-; € FW9+ 1<j<m-—1,
Kjpmya—j = [ %5 O] €F9%, S eFv™,  1<j<m,
and the blocks X;, j =1,...,m are nonsingular.

The pair (Npm+1,m+1, Km+1,m+1) has the following block forms depending on
the structure of K.

(o) If K = —KT,N = £NT € F™", then Nps1m+1, Kmi1mi1 € FO and
Npg1,m+1 18 invertible.

(b)) If K =K' N =4NT € F*", then

Air 0 Dy @
(Nt 1,m+1, King1,m41) = ({ 011 0 } ’ [ 45%; QSZ D ’

Aq7 is invertible and ®o9 is either void or a nonzero scalar.
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(c) If K = K* N = £N* € F*" then

A 0 d1; P
e N () R )]

where Ay is invertible and Pog is either void or Hermitian (or real sym-
metric) definite.

(d) If K = —K*,N = £N* € F™, then

. A1 O P11 D12
(Nm+1,m+1, Km,mt1) = <[ 0 0 ] ’ { —P1y  1D22 }) ’

where Aq1 is invertible and $oo is either void or Hermitian definite.

In all cases the pencil ANy41.m+1 + Kmt1,m+1 5 reqular and all chains associ-
ated with the eigenvalue infinity for this pencil have length at most 1.
The form (2.8) can be chosen to be real when N, K are real in all cases but

(b).

Proof. We apply Corollary 2.8 to (N, K), so that it is strongly u-congruent to

Nii|Ni2 0]0 0 Kui | K2 Kiz| X4 O
Noi [ Nog 00 O Ko1 | Koo Koz | 0 O
0 0O 0]0 O0|,| K31 | Kz 233 0 0
0 0O 00 O 2 0 0 0 O
0 0 0|0 O 0 0 0 0 O

We then reduce the middle block pair ([]\%2 8] , [%2 g;ﬂ) successively by

using Corollary 2.8, until the block in Nos position becomes invertible. 0O

It has been shown in [5] how to obtain the full information about the lengths
of chains associated with the eigenvalues infinity and the singular chains of
AN 4+ K from a similar staircase form in the case of even pencils, where N =
—NT and K = K. This information can be obtained in a similar way for
the other structured pencils with the only difference in the block structure of
(Nm+1,m+1, Kmt1,m+1). Also, if one still needs the structure information for
the eigenvalue zero of AN + K, one may continue the reduction on the middle
block pair but in reversed order (Kp+1m+1, Nm+1,m+1)-

In this section we have studied (structured) staircase forms for matrix pairs.
In the next section we partially extend these results to matrix tuples.

3 Condensed forms for tuples of matrices

In this section we discuss staircase form for matrix tuples associated with ma-
trix polynomials. As mentioned in the introduction, it is an open problem
[12, 28] to find a canonical form for quadratic matrix polynomials under strong
equivalence. However, for pairs of matrices, i.e. linear matrix polynomials, in
general we do not need the complete canonical form to extract the informa-
tion about the singular blocks and the eigenvalue infinity. In the context of
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differential-algebraic equations, such a form has been derived in [25]. But this
form uses nonorthogonal transformations and only determines the information
about the right eigenvectors and chains. Here we derive staircase forms under
unitary (orthogonal) transformations that display the information about the
singular parts and the eigenvalue infinity.

The first step is given by the following Lemma.

Lemma 3.1 If N; € F™", ¢ = 1,...,k, and K € F™", then the tuple
(Ngy ..., N1, K) is strongly u-equivalent to a matriz tuple (Ng,...,Ni, K),
where all terms N;, i = 1,...,k, have the form

q1 ... . qr ‘ t | N, nq
L MO ML | MO N 0]
. : . o : N£21,7+2
Rim | N9 N | o, | "
Nri%l,l . N‘£21 P N7('21,T+1 S
Nloq Nioroa 0 pr
¢ P2
M, P
L 0 J
(3.1)
while the matrix K has the form
Qn ¢ | t | n. n1
[ Kn K, Kir1 | Kir42 Kiore1 ] mu
k = KTl KTT KT,TJrl KT,T+2 mr 5
Kri1a K1 | Ky s
KT+2,1 KT+2,T Pr
L Kort11 1 D
(3.2)
where

(i) pj > qj andn; >m; forj=1,...,7,
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N iy €Fmomn 1<j<7-1 i=1,.k,
Ny efes  1<j<r—1 i=1,..k
(ii)
K]',27+2*J' = [ Ej 0 ] e Fmin, Ej € Fmimi, 1<j<m,
K27'+2—j,j == |:1;]]:| S ]ij’qjv Fj S ]qu’qj7 1 S] S T,
Yjand Iy, j=1,...,7, are invertible and can even be chosen diagonal,

. ~<1) ~ ~
N 0 . Ki1 K
(iii) NT(:)_LTH = [ 11 ] eFs fori=1,....k, Kij1,41 = [ 1 ~12} € st

0 O K21 Ka2
and Nl(?, i=1,...,k, have no nontrivial common left or right nullspace,
Koy is either void (and NT(ZJZLT_H = "1(11) in this case) or is a nonzero
scalar.

Proof. In the following we use unitary (real orthogonal) transformations to
compress matrix blocks or determine the left or right nullspaces of matrices.
We refrain from depicting these unitary (real orthogonal) transformations and
we denote unspecified blocks by N or K.

We first determine the common left and right nullspace of N;, i =1,...,k,
i.e. we transform the tuple to

N® NY g [ Ky Ko ]
Ng,...,N1,K) ~ 1 1
( ks s V1, ) <[ 0 0 3 ) 0 0 3 K21 K22 )

by applying the same procedure for the pair case as in Corollary 2.7 (instead
of N alone there, here we are applying the transformation to all IV;’s simulta-
neously) to get

NN g0 NP ND o 0 Ky K Kz K
O I NP N 00 Ky Ky Ky 0
0 o ool | o 0 00| | K K X 0
0 0 00 0 0 00 Ky 0O 0 0

where Kig = [ &y 0] e Fom, Ky = [ ] € Fooan and 2y € P and
I € F% are invertible and X' is void or a nonzero scalar. (Hence n; > my
and p1 > q1).

We then repeat this process recursively with the middle blocks given by

NP o N3 o Kaz  Kas
0o o7 0 0| |[Kp X
until the first k matrices have no nontrivial common left and right nullspaces.
0

In the case that the tuple has extra symmetry structure, we get a structured
staircase form.
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Corollary 3.2 If N; = +N* € F*" i = 1,...,k and K = +K* €
F™n™ then the tuple (Nk, ..., Ny, K) is strongly u-congruent to a matriz tuple
(Ngy ..., N1, K), where all terms N;, i =1,...,k, have the form

mi mr ‘ S | n ny
T ND .. NN M N 0]
“ . N7('Z—)1,7'+2 :
N; = Nr(zl) Ny N§Zl+1 0 my,
N‘E%l,l () Nq(-zllq- N7('21,T+1 S
Ny o Npa,oy 0 T
] . .
NQ(T),l : n?
L 0 i

while the matriz K has the form

mi mr | S ‘ nr nq
K e e Koy Kiryi |[Kiry2 o0 o0 Kiorp1 ] ma
K= KTl N cee KT.,- K7-7.,-+1 KT,T+2 mr s
K‘r+1,1 K‘r+1,7’ K‘r+1,7’+1 S
KT+271 . ce K7-+277- nr
L K27-+1,1 1 n
where

(i) nj >mj forj=1,...,7,

(i) N3, jeFmmn,  1<j<r—1 i=1,...F
Kjoriaj=[%; 0]eFmm, X;efmm,  1<j<T,
Y, 3 = 1,...,7, are invertible and can even be chosen diagonal, and
depending on the symmetry structure we have N2(?+1_j,j = :t(N]%)TH_j)*,

Korio-jj = (Kj2r2-5),

; (@) . K K

(ii1) Ny)yrin = [Nél 8] € fori=1,....k Kryi711 = [K; Klﬂ ©
%%, and ]\71(;) , 1 =1,...,k, have no nontrivial common ~left or right
nullspace, and depending on the symmetry structure of K, Koo is either

void (and NT(QLTJA = Nﬁ) in this case), or a nonzero scalar, or Hermitian
definite, or i§2 with {2 Hermitian definite.
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Furthermore, all coefficients have retained their symmetry structure.

A condensed form for the general case is then as follows.

Theorem 3.3 If A; € F™" for i = 0,...,k, then the tuple (Ag,...,Ap) is

~

strongly u-equivalent to a matriz tuple (Ak, o Ag) = (UALV,...,UAV),

where all terms A;, i =0,...,k, have the form
q1 - qe | t | Ny . nq
A ... A A A A ]
A ... A A A, me (3.3)
A o A AR 5
A AT, pe
0 ' p
AéZ)Jrl,l A !
each of the blocks A§i%€+2—j7 1 =0,...,k, j =1,...,0 either has the form
[ 2 0] or [O 0 ], and each of the blocks Aé?-i—Z—j,j’ i =0,...,k, j =
1,...,¢ either has the form [1(;3] or [8]. Here X; and I'; again denote a non-
singular (possibly diagonal) matriz of appropriate size. Furthermore, for each
j only one of the A%H%g’ and one of the Ag@)+27jj are nonzero.
All the matrices in the tuple of middle blocks (A@’fl’m,...,Ag‘fLM) are

s x t. These matrices satisfy that

(i) either no k matrices from the tuple have a common left and right nullspace,

. AW 10 ) )

(ii) or Aé:)—l,é-i-l = [Ai{) Ag)] fori=0,1,...,k, where for iy € {0,1,...,k},
flggo) is a nonzero scalar and flg =0, flgl) =0 and flgz) = 0 for i # 1o,
and no k matrices from the tuple including Aéﬂ ¢41 have a nontrivial
common left and right nullspace.

Proof. The proof follows by the following recursive procedure. First we apply
Lemma 3.1 to N, = Ag,... N1 = A1 and K = Ay and obtain the u-equivalent
tuple of the forms (3.1) and (3.2). Then we continue with the middle block
tuple, given by

a ) k 1
(Ak7 <o 7A17 AO) = <N7(_~_)177—+17 R 7N7(—+)177—+17 KT+1,T+1) .

but we permute the tuple in a cyclic fashion, i.e., we apply Lemma 3.1 to
(Nk,...,N1) = (Ao, Ag,...A2) and K = A;. We again obtain a mid-
dle block that cannot be further reduced which we take as our new tuple
(Ak, LAY Ao). We then proceed again with the cyclically permuted tuple.
In each of these steps the middle block gets smaller and we proceed until for
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the current middle block no cyclic permutation yields a further size reduction
in the middle block. Note that in each step the part outside the middle block
(the wings) grows by adding structures that have the forms (3.1) and (3.2).

The process stagnates in two cases. The first case is that no k& matrices
from <Ak, A flo) have nontrivial common left and right nullspaces. The
second case is that the tuple has the block form

~ ~ (0 (0
g0 ey ) . O 0 PR 0 O ) Ag(i) Aég) )

where flgg) is a nonzero scalar. Although /lk, e ,fh have a common nullspace,
the procedure stops if no k matrices including Ag have a common nullspace.
Note that Ay may be in any one of the matrices Ag,..., A1, 4. O

For the case with symmetry structures we have the following Corollary.

Corollary 3.4 If A; = £AX € F™" fori = 0,...,k, then the tuple (Ay, ..., Ap)
is strongly u-congruent to a matriz tuple (Ay, ..., Ag) = (VFALV, ..., V*A V),

where all terms A;, 1 =0,...,k, have the form
mi “es my ‘ S ’ Ty RPN ny
A ... A A A A ]
A ... A (i)A A, me (3.4)
A . A Apiien S
A LAY, e
i' ' ni
Age)+1,1 i
and each of the blocks Agf)+2—jj it =0,....k, j = 1,...,0 either has the

form [EOJ} or [8], and (depending on the symmetry structure) Aggew—j =
i(Aé?+2_j7j)*, i=0,...,k, j=1,...,L. Here, X; again denotes a nonsingular
(possibly diagonal) matriz of appropriate size. Furthermore, for each j only one
of the Agguz—j 18 Monzero.

All the matrices in the tuple of middle blocks (Ag_?l £+1,...,A£_)17£+1) are
s X s. These matrices satisfy that

(i) either no k matrices from the tuple have a common left or right nullspace,

. (i) AR ADY . ,
1) or A = |- | fori=0,1,...,k, where forig € {0,1,...,k},
( ) £+1,64+1 |:Agl) Aég) f | f 0 { }
(depending on the structure of A, ), flgzo) 1s Hermitian definite or i§2 with
{2 Hermitian definite 'and flg =0, flgl) =0, flgg =0 fori#1ig, and no k
matrices including Agﬂ 41 Jrom the tuple have a nontrivial common left
and right nullspace.
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Proof. The proof is exactly the same as in the general case by applying Corol-
lary 3.2. O

Example 3.5 Consider the two 3 x 4 quadratic matrix polynomials
1 000 0110 00 00

PA={0100|XN+|1001|{AX+]|0010],
00 00 1 0 00 01 01

and

For both polynomials, no pair of coefficient matrices has a nontrivial common

left and right nullspace.
We reduce P(A) and Q()) to their Smith forms , see [19],

— )2 —
1A a2 PEALY 2 o 00X 00
001 AP Ty ey 1 ol-|00 o
L0 0 AN SToAEN 01 000
(1 A —\? 1 (1) 8 8 0 X2(A—=1) 0 0
oA e |y, e g o=l0 0 1o
(00 1 I 0 0 01

From the Smith forms of P(\) and rev P(A) (which we didn’t show) we can
determine that the polynomial P(\) has

(a) aright 3 x 4 singular block with a chain

1 1 -1 0
0 0 -1 0
0|’ -1 |’ 01’ 17
0 -1 0 1

(b) a simple eigenvalue 0 with a right eigenvector [ 210 -1 ]T and a
left eigenvector [ 1 00 ]T,

(¢) a2 x 2 Kronecker block associated with the eigenvalue infinity with right
(left) chain vectors

0 - 0 -1
0 0

Y ) 0 ) 0
! 0 1 0
0 0

The polynomial Q(\) has
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(a) aright 1 x 2 singular block with a chain

_ =0 O

1

1

0|
-1

(b) a 2 x 2 Jordan block associated with the eigenvalue 0 with a right (left)

chain
0 0 1 0
1 0
) ) 0 M 1
0 1 0 0
-1 0

(c) a 2 x 2 Kronecker block associated with the eigenvalue infinity with a
right (left) chain

0
0 1 0 -1
; ; 01, 0 ;
0 0 1 1
1 0

(d) and a simple eigenvalue 1 with a right eigenvector [ 010 -1 ]T and

a left eigenvector [ 1 1 -1 ]T.

In both cases, there seems to be no way to use further u-equivalence (u-
congruence) transformations to separate the blocks related to the singular part
and the eigenvalues 0 and infinity.

If no further reduction is possible by strong equivalence, then in [25] unimod-
ular transformations are employed, that allow a combination of the different
coefficients to reduce the tuple further. However, as we have pointed out, uni-
modular transformations change the length of chains and therefore the structure
associated with the singular part and the eigenvalue infinity.

It is an open problem to determine a staircase form under u-congruence for
tuples of more than 2 matrices that displays complete information associated
with the singular parts and the eigenvalue infinity. There is, however, a partic-
ular situation of stagnation in Theorem 3.3 or Corollary 3.4 where the complete
information is available. This is the case that (possibly after some further u-
equivalence transformations), the tuple of middle blocks in the condensed form
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k 1 0
(3.3), (AéJr)l,éH’ . ’AéJr)l,Hl’ AL_)MH), has the form
X 0 007 [AFkD AkD ¢ 0
0 0 0 0 AFY o 0
: o 0 0 0l,..., (3.5)
0 0 0 0 : : : :
L0 0 0 0 | 0 0 0 0
T AW A AW T (0 -0 -0
,H 1"1671 1k Agl) Agk) Ag,ll-i-l
(1 —1 (1 : : :
Al(<21,1 Al(cf)l,kfl Al(le,k ’ A0 A0 300
~(1) (1) k1 Kk kok+1
Ay Ak,kq 2 A0 A b
i 0 0 0 0 | k+1,1 k+1,k 0
where Yy, X1, ..., 2% are all invertible. It should be noted again that it is not

always possible to achieve the form (3.5) as Example 3.5 and the following
example show.

Example 3.6 Consider the regular symmetric matrix polynomial

Joalvol+loe]

which has double eigenvalues at 0,00 with (both right and left) Kro-
necker/Jordan chains
10 | -1
Iy = 1 y L2= 0

associated with infinity and
. 0
) 2 = _1/2

[1
=

associated with 0. No two coefficients have a common nullspace, and the matrix
polynomial is not in the form (3.5). There exist no strong equivalence (congru-
ence) transformations that reduce the matrix polynomial further to get it to
the form (3.5). On the other hand, performing unimodular transformations of
multiplying from the left and right to P(A) with the matrices

o V) A ]

Jelo ]

which is in the form (3.5) (with X} void) and even symmetric.

1 0
00

01

P(A)—)\Z[ L0

respectively, yields the Smith form

10

15()\):)\2[0 0
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In general, the tuple of middle blocks in the condensed form (3.3),

(Aéli)u s A&)M 1 Ag)u +1); can only be reduced by strong u-equivalence
to the form
(5. 0 .0 07 [AED A%D g o]
1(k—=1) (k-1
0 0 00 AFTD AT 0 L0
: o I 0 0 ... 010, .
0 0 0 0 . ) oo .
| 0 0 . 0 0 | 0 0 0 0 |
AL AN A 0] 7(0) ORE0)
M 1’_k ! L Ay Alk A17k+1
1 e (1 : " : :
Al(c—)l,l Al(c—)l,k—l A](i‘—)l g 0] A0 A© A0
(1) (1) (1) SRR kk ekt 1
Ay, Ap k-1 w0 A© A© A0
i 0 0 0 0 | k+1,1 - k+1,k k+1,k+1

This form can be obtained by a sequence of unitary equivalence transfor-

mations that exploit successively the left and right null spaces of Ak

041,041
the common left and right null spaces of Ag_?l ’ +1,Aé’j__llé) 41> and eventually
Aé’j-)l,é IRTREY ,Ag_)m +1- The matrix Xy is still nonsingular, but nothing can be

said about other diagonal blocks.

If the original tuple has a symmetry structure as in Corollary 3.4, then the
tuple of middle blocks in (3.4) can be transformed via strong u-congruence to a
form as (3.6), or possibly even to the form (3.5). In order to analyze the tuple
in (3.5), we introduce the strangeness index of a matriz polynomial analogous
to the corresponding concept for a differential-algebraic equation (DAE) with
the coefficients Aj;, see [25]. Such a DAE has the form

Aka:(k) + Ak_laf(kil) + -+ A1z + Aoz = f(t) (3.7)

with some imhomogeneity f. In simple words, the strangeness-index is the high-
est order of the derivatives of the inhomogeneity f that has to be required so
that a continuous solution = exists with the extra property that 2\ is defined
in the range space of A; for j = 0,...,k. If a system has strangeness-index 0,
then it is called strangeness-free. For more details on the strangeness-index see
[17]. The strangeness index generalizes the differentiation index [3] to nonsquare
and singular systems but the counting is slightly different. Ordinary differen-
tial equations as well as purely algebraic equations both are strangeness-free,
while ordinary differential equations have differentiation index 0 and algebraic
equations have differentiation index 1.

The discussion of this section shows that partial staircase forms under strong
u-equivalence (u-congruence) exist, but unfortunately these forms do not always
directly display all the structural information about the eigenvalue infinity and
the singular part.
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4 Polynomial Eigenvalue Problems and Trimmed
Linearizations

When solving a polynomial eigenvalue problem P(A)z = 0 or y*P(\) = 0,
i.e. if we want to compute eigenvalues, left and right eigenvectors as well as
deflating and reducing subspaces associated with the singular parts and the
parts associated with the eigenvalue infinity, then we can obtain some of this
information directly from the condensed form (3.3). If we partition the matrix
polynomial in the form (3.3) as

Pii(A) Pi2(A) Pis(A)
P(A) = | Par(A) Paa(A) 0 ; (4.1)
Pa(A) 0 0

then Ps1(A) has full column rank and P;3() has full row rank, when considered
as polynomial matrices, i.e. for some value of A. More specifically, Ps;()\) and
Py3(X\) are both in a block anti-diagonal form with each anti-diagonal block of
Ps31(A\) and Pi3(\) having form X! [g ] and X [ X 0 ], respectively, for some
integers ¢ and j.

Let z(\) be a polynomial vector such that P(A)xz(A) = 0. Define z(\) :=

Vax(A), where V is the transformation matrix from the right, and partition
F(A\) = [2T(\), 2T (N), 2 (\)]T according to the partitioning of (4.1). Then

Pll()\) Plg()\) Plg()\) l’l(/\)
Pgl()\) PQQ )\) 0 xg()\) =0
P31(N) 0 0 x3(\)

implies that z1(A) = 0. So, the right singular blocks of the polynomial P())
Pia(A)  Pi3()) fo
Pyo(N) 0
y(N) satistying y*(\)P(A) = 0, let g(A) = Uy(\) = [y{ (\), 43 (V),55 V],
where U is the transformation matrix from the left. Then §*(\)P(A\) = 0
implies that y1(\) = 0. So, the left singular blocks of P(\) are contained in
Po1(A)  Paa())
Ps1(A) 0
To see where the finite nonzero eigenvalues can be found, suppose that
P(Xo)xz = 0, where z is a nonzero constant vector and A¢ is a nonzero eigenvalue.
Let # = Vo = [2T,23 2717, Then P()\)# = 0, from which it follows that
P31(Ag)z1 = 0. From the block structure of Ps;()), it follows that Ps;(\g) has

Pio ()\) Pi3 ()\)
Poso(N) 0

the eigenvalue information about Ag. Now let [y, yd]7 be nonzero and satisfy

[ ][0 ™ ]

are contained in the submatrix polynomial . Similarly for

full column rank when Ag # 0. So, 1 = 0, and hence [ ] contains all

Because \g # 0, Pi3(\o) has full row rank. ;From y! Pi3(\g) = 0, it follows
that y; = 0. We conclude that all the eigenvalue information associated with
finite nonzero eigenvalues is contained in P ().
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Note that this does not apply to the eigenvalues 0 and infinity. For the
eigenvalue 0, P31(0) may not be full column rank unless all the full column

rank blocks [lﬂ appear in Agéb_m (j=1,...,¢) in (3.3). This is clearly not
always the case.
If the middle block tuple (Aél-?l,eﬂv e 7Aé(jr)1,€+1) in the staircase form (3.3)

can be reduced further to (3.5), then we can determine the information about
the eigenstructure associated with the nonzero finite eigenvalues from this block
as follows.

Assume that (AE?I,HI""’AX)LHI) is in the form (3.5). Consider the
eigenvalue problem Py(N)Z = 0 with & = [zf,27,...,2T]T. Then we can

turn this into a linear eigenvalue problem by introducing selected new variables
(which are different from the usual companion form construction). Let
201 = Azo, 202 = A201 = Nxo,. .., 2081 = M2 = N ay,

2 k=2
211 = AT1, 212 = A211 = AN, 21 k-2 = Az -3 = A" @,

Zg—2,1 = A\Tp_3.

Define

T T T T T T T T T T T
z=[Tg, 27,000 Ty, 20,15+ 05 Rk—2,1120,29+ + + 1 Rk—3,2) + + +» 20,k—25 #1,k—2> ZO,k:—l]

It can be easily verified that z satisfies Li(\)z = 0, with

Li(N) = AK¢ + Ny =

eY o) i) 7 (2) 7(2) i (2) F(k—1) (k-1 1
Al Al k-1 Al 0 A Alh—2 Ak An Al Tk
4 : A 4 s
) o) o) @ (2) ( R
(1 (1 (1 (2 (2 (2
A](c7)2 1 Azc—)2,k—1 A](c7)2 g O Ach)2,1 Al(c—)2,k72 Ao ko1 0 0 0
(1 (1 (1 (2 (2
Akzl)l Ak(—l),k—l Al O A AR k—2 22 0 0 0
(1 (1
AL AN = 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
I 0 0 0 0 0 0 0 0 0
)\ . . .
0 I 0 0 0 0 0 0 0 0
0 0 0 I 0 0 0 0 0
0 0 0 0 I 0 0 0 0
| 0 0 0 0 0 0 T 0 0|
o x(0) 7(0) 5(0) 1
All Alk Al,k+1 0 0 0 0 0
o R : S VU IR
1(‘1(]]31 ﬁ)};k Ak,k+1 0 0 0 0 0
Ak+11 Ak+1k o 0 0 0 0 0
0 0 0 —I 0 0 0 0 0
+ (4.2)
0 0 0 0 —I 0 0 0
e
0 0 0 0 0 —I 0 0 0
0 0 0 0 0 —I 0 0
0 0 0 0 0 0 —I 0
L 0 0 0 0 0 0 0 —I 1
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We will now analyze this pencil.

Lemma 4.1 The pencil Liy(\) = AKy+ Ny in (4.2) is reqular and strangeness-
free.

Proof. The off-diagonal blocks in the last row and column of the (1, 1) block of
N can be annihilated by Gaussian elimination with pivot Y. The only blocks
that have been changed after the elimination are the remaining blocks (but not
%) in the (1,1) block of N;. Now, if we delete the last row and column in the
first big block of the new L;(\) (which correspond to the eigenvalue infinity,
since X is invertible), then we obtain from the positions of X; and I blocks
that the remaining matrix of K is nonsingular. This implies, see e.g. [24], that
the pencil L; has no Kronecker blocks associated with the eigenvalue infinity of
size bigger than 1, i.e. is strangeness-free. 0O

Corollary 4.2 If Pyy()) is a matriz polynomial with coefficient matrices in the
form (3.5), then the linear pencil Ly(\) in (4.2) is a linearization according to
Definition 1.1.

Proof. Based on the block structure of Li()), it is not difficult to annihilate
its off-diagonal blocks (subdiagonal blocks first and then the blocks on the first
row) by multiplying two unimodular matrix polynomials E()), F(A) from the
left and right, respectively, resulting in

EO) L\ F(\) = [ Pra(2) 0 ] |

0 I

O

Definition 4.3 For regular strangeness-free matriz polynomials with the co-
efficient matrices of the form (3.5), the linearization (4.2) is called trimmed
linearization.

This terminology is motivated by the fact that in contrast to classical companion
like linearizations we have “trimmed” all the chains of the eigenvalue infinity
from X1q,..., X1 except for those chains corresponding to Xjp.

Example 4.4 Consider the matriz polynomial

I, 00 By 0 0 Cy1 Ca 0
PA=X| 0 00|4+AX| 0 I, 0|+]|Cy Cyu 0
0 00 0 0 0 0 0 I

with coefficient matrices already in the form (3.5). The trimmed linearization
18

B 0 0], Ch Cia 0] 0

B B 0 I, 0|0 Coyy Cy 0| 0
L) =MG+N=X o 0 ol o 11 o o ol oo |

I, 0 0[]0 0 0 0 [—Iy



which, by interchanging the last two rows and columns, is equivalent to

Biy 0 Iy |0 Cip Ciz 0 |0
A 0 I 0O} | Ca O 0|0
I, 0 00 0 0 —I,|0
0 0 0]0 0 0 0 |[In

It is easily seen that AK; + Ny has n3 chains associated with the eigenvalue
infinity of length 1.
In contrast to this, the companion linearization

L(\) = MK+N

[ Bi1 0 0 [I,, 0 0] [ C11 Ci2 0 0 0 0
0 I,, 0] 0 00 Cy Co 0 0 0 0
_ 0 0O 00 00O n 0 0 I, 0 0 0
I,, 0 01]0 0O 0 0 0 | —1In, 0 0 ’
0 I,, 0] 0 00 0 0 0 0 —Ip, 0
| O 0 I,,| 0 0 0] | 0 0 0 0 0 —In, |
s equivalent to
[ By 0 I, [0 0 07 [ C11 Ci2 O 0 0 0
0 I,, 0 1]0] 0 O Cy Ce 0 0 0 0
N I,, 0 0|00 O n 0 0 -1, 0 0 0
0 I,, 0 1]0] 0 O 0 0 0 —In, | O 0
0 0O 0|00 O 0 0 0 0 | In, 0
.| O 0 0|01, O] | 0 0 0 0 0 —1In; |

We see that \K+N has ns and ny chains associated with the eigenvalue infinity
of length 2 and 1, respectively.

Remark 4.5 The extra zero blocks in the coefficient matrices of P(\) in Ex-
ample 4.4 do not make P(\) anything special. In fact, the tuple (3.5) is strongly
equivalent to the tuple

(5 0 ... 001 [AFY 0o 0 ... 0]
0 0 0 0 0 g1 0 ... 0
: s 0 0 0 01, (4.3)
0 0 0 0
0 0 00] | 0 0 0|
B A (1 A(1 T r 2(0 2(0 2(0 T
AL e 0 0] [ s
: » : Do Asy Agy o Ayl 0
e e N L
Akfl,l e Akfl,kfl 0 0 A'o A'o ’ A.o )
0 ... 0 X 0 A9 A9 A9 o
0 ... 0 o 0] [0 0 .. 0 X,

This form can be obtained by performing block Gaussian elimination using
the blocks X; in (3.5) to eliminate above and to the left. We may carry out

31



the elimination starting with X, i.e. the last diagonal block of the coefficient
Agjr)l,f +1» and then proceed inductively.

Based on (4.3), we can even construct a trimmed linearization without the
eigenvalue infinity (as partially described in the proof of Lemma 4.1). However,
since the last step of removing all the blocks associated with chains associated
with infinity of length 1 cannot be performed by a strong u-equivalence, the

computation of such a trimmed linearization may be numerically unstable.

If in (4.1) we have Pi3(\) € F™%1 and r1 < s1, then the matrix polynomial
consists of more than a regular strangeness-free part and singular parts and
hence there exists further structural invariants associated with the eigenvalue
infinity. A similar argument holds for left chains associated with the eigenvalue
infinity if P3;(A\) € F™>%2 and ro > s9. The staircase form, however, does not
directly display these further invariants.

In the case of matrix pencils, these invariants, which are the length of the
Kronecker chains associated with the eigenvalue infinity and the singular parts
can be read off from the staircase form. If we are interested either only in left or
right eigenvectors associated with infinity in Pyo(A), then the strangeness-free
part associated with the eigenvalue infinity can be further reduced by unitary
(real orthogonal) transformation from the left (or right). For this consider the
matrix polynomial (3.5) in the middle block of (3.3). We have seen that with
the help of block Gaussian elimination we can split the part associated with the
eigenvalue infinity form the finite eigenvalues. If we want to do this with unitary
(real orthogonal) strong equivalence transformations, then in general it is not
possible to eliminate all blocks above and to the left of the block Xjy. But with
QR factorizations we can eliminate either above or to the left of Xy loosing,
however, the structure in the other blocks. This allows deflation of either the
left or the right deflating subspace associated with the eigenvalue infinity and
reduces the matrix polynomial to one that has only finite eigenvalues. According
to [30] it is reasonable to leave this part to the QZ algorithm applied to the
trimmed linearization.

It is obvious that the results for the infinite eigenvalue can immediately be
transferred to the eigenvalue 0 by considering the reverse polynomial. Thus,
we expect that for the eigenvalue 0 the classical companion linearizations may
create unnecessary long Jordan chains associated with the eigenvalue 0, and
using shifts for that matter also for any other eigenvalue. However, for each
finite eigenvalue a different shift and hence also a different trimmed linearization
needs to be considered. The procedure to do this is obvious, so we do not present

it here.
As mentioned in the last section, the tuple corresponding to Pa2(A) is not

always strongly u-equivalent to (3.5), but always to (3.6). Similarly, using (3.6)
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one can construct the linear pencil

Li(N) = AK¢ + Ny =

EN (1) 7D @ 7(2) 5(2) 7k F(k—1)
Al A o1 Ajy 0 A7l Aik—2 Ao Aql Al 2k
X X X X . (k—1) (k—1)
(1) i) (1) Cloae@ 7(2) 72 21 422 0
Aécf)z,l Al(c—)2,k—1 Aécf)z,k 0 A7(€27)2,1 Aéczf)z,kfz AI(cQ—)2,k—1 0 0 0
Ak(—ll),l Ak(—l) k—1 Ak(—l),k 0| A7 A k—2 ATk 0 0 0
~ <(1 ~(1
Akl Ak*l,l Akk 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
I 0 0 0 0 0 0 0 0 0
A ) . )
0 I 0 0 0 0 0 0 0 0
0 0 0 I 0 0 0 0 0
0 0 0 0 I 0 0 0 0
L 0 0 0 0 0 0 I 0 0
- (0 5(0) () .
Al Al A0 0 0 o oo
(o) £(0) 7(0) :
" & s | : N I
k41,1 Apfie Arfiett 0 0 0 0 0
0 0 0 —I 0 0 0 0 0
+
0 0 0 0 -1 0 0 0
: 0 ;
0 0 0 0 0 —I 0 0 0
0 0 A . 0 0 0 —I 0 0
0 0 A . 0 0 0 0 —I 0
L 0 0 S S 0 0 0 0 0 —I

The pencil f/t()\) may neither be regular nor strangeness-free. However, one
can still show that the linear pencil f/t()\) is a linearization of Py according to
Definition 1.1.

We can summarize the procedure that we have described as follows. The
staircase form allows partial deflation of the singular parts and parts those as-
sociated with the eigenvalue infinity directly on the matrix polynomial without
first performing a linearization. If the resulting middle block is regular and
strangeness-free then so is the trimmed linearization.

Since companion linearizations may increase the length of chains associated
with the singular part and the eigenvalue infinity, the numerical computation
of the corresponding subspaces becomes more ill-conditioned in the classical
companion linearization than in the trimmed linearization.

5 Structured linearizations for structured matrix
polynomials

If the matrix polynomial under consideration is structured, then we would pre-

fer the staircase form and the trimmed linearization to retain this structure.

As we have seen in Corollary 3.4 such a staircase form can be obtained by
using strong congruence transformations. So, if the matrix polynomials has
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all coefficients symmetric (Hermitian), or it has all coefficients skew-symmetric
(skew-Hermitian) or if is an even or odd matrix polynomial (which means that
the coefficients alternate between symmetric (Hermitian) and skew-symmetric
(skew Hermitian)), see [21], then this structure is preserved. Thus, as we have
described for a general matrix polynomial, part (or all) of the singular blocks
and part (or all) of the chains longer than 1 associated with the eigenvalue
infinity can be deflated in a structured way.

In the ideal case the tuple of middle blocks has the form (3.5). If we apply
the trimmed linearization to this middle block, however, typically the struc-
ture is not preserved. On the other hand some of the structured preserving
linearizations derived in [22, 21] cannot be used for (3.5) if it has the eigenvalue
infinity, see [21]. We thus have to find structure preserving trimmed lineariza-
tions. For this we modify the vector spaces of linearizations that were derived
in [22]. These spaces Li(P), and La(P) consist of pencils that generalize the
classical companion forms and are given by

L(P) = {L(A) —AX+Y L) - (A®L,) =v®P(\), v e F’f}, (5.1)
Ly(P) = {L()\) “AX+Y: (AT L) L) =w! @ PO\),we Fk](az)
where A = [ A= Nk=20 N1 ]T and ® denotes the Kronecker product.
The intersection of these spaces is DL(P) = L;(P) N La(P). The vector v in
(5.1) is called the right ansatz vector of L(\) € L1 (P), and the vector w in (5.2)
is called the left ansatz vector of L(\) € Ly(P). For DL(P) we need that the
left and right ansatz vectors are equal, i.e., v = w.

It was also shown in [21] how to easily construct structured linear pencils
using the column-shifted sum and row-shifted sum:

Definition 5.1 (Shifted sums) Let X = [X;;] and Y = [Y};] be block k x k
matrices in FE™<k1 with blocks Xij,Yij € F**". Then the column-shifted sum
XHBY, and row-shifted sum X Y of X and Y are defined to be

X1 o X O 0 Y -+ Yig
XBY = : : : + : : . c Fknxk(n—i—l),
| Xk 0 X O 0 Y -+ Y
[ Xll cee Xlk 0 .. 0
Xkl cee ka . T, :
L 0 -0 Yir -+ Yk

With P(A\) = S2F (XA, and L()\) = AX + Y, it follows that L(\) € Li(P)
with right ansatz vector v iff X BY = v®[Ag Ak—1 -+ Ap] and L(\) € Lo(P)
Ay
with left ansatz vector w iff X [BY = w! ® :
Ao
For the described symmetry structures, in [21], then classifications of vec-
tors that lead to structured linear pencils with the same structure, have been
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derived and it has been shown that structured linear pencils in DL(P) that are
constructed in this way are linearizations iff the polynomial

p(x;v) = vzt oaF Tl o+ v

that is constructed from the ansatz vector v has no root that coincides with
an eigenvalue of the matrix polynomial. It has also been shown that there
exist linear pencils in DIL(P) which are structured linearizations for any of the
discussed symmetry structures iff not both 0 and infinity are eigenvalues of
P(N).

In the following we will discuss the difficulties that arise if infinity is an
eigenvalue of a matrix polynomial

PO\ = N4, + X714+ 4+ MA + A,

with (Ag,..., A1, Ao) in the form (3.5) and how to obtain structured trimmed
linearizations in this case. Analogous constructions can be made for other
structured linearizations. An ansatz vector v that leads to an easily constructed
pencil in DL(P) is v = eg, but if P(\) has the eigenvalue infinity then this is not
a linearization. In general, if the leading coefficient matrix Ay is singular, then
P(\) still has infinity as an eigenvalue, and thus the approach in [21] cannot
be used. Let us nevertheless formally construct the resulting structured pencils
via the shifted sum approach.

If all the coefficient matrices of P(\) satisfy A; = A;-* or A; = —A;-*, j=

0,1,...,k, then the formally constructed linear pencil has the form
i A, T T ~Ap 0 ]
Ar Ak . : :
Ap As A, ... —A3 —Ay 0
| Ay A ... Ay A | | O ... 0 0 Ao |

(5.3)
If P(\) is x-even or %-odd, i.e., P(\) = P(=\)* or P(\) = —P(—\)*, respec-
tively, and IIj, = diag((—1)*"11,,...,(=1)°L,) then the formally constructed
linear pencil has the form A\X, + Y, = M1 X + I1,Ys with X, Ys as in (5.3).

Example 5.2 Consider the ansatz vector v = ey for P(\) = A2A + AB + C,
with one of the properties

i) A=A, B=B*, C=C*or A= —-A* B=-B* C=-C*,

ii) A= A*, B=—-B*, C =C* ie. P(\) = P(-=)\)*isevenor A= —A*
B = B*, C=-C% ie P(\)=—P(=\)*is odd.

Then the resulting linear pencils in DL(P) have the structures
. 0 A —-A 0
A sl
" 0 —-A A 0
Ao e
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respectively.

Example 5.3 Consider the ansatz vector v = e3 for P(\) = M3 A+ 2B+ \C +
D, with one of the properties

i) A=A, B=B*,C=0C*D=D* or A= -A* B=-B* C = -C*,
D = —D¥*,

ii) A=A*, B=-B*,C=C* D= —-D* ie. P(\)=—P(—\)*isodd or
A=—-A* B=B* C=-C* D=D*ie P(\)=P(—\)*is even.

Then the resulting linear pencils in DL(P) have the structures

[0 0 A 0 -4 0
)Ax| 0 A B|+|-A -B 0 |,
| A B C 0 0 D
[0 0 A 0 -4 0
i)AX{ 0 -A -B|+|A B 0|,
| A B C 0 0 D
respectively.

If the matrix polynomial has any of the described symmetry structures and is
in the form (3.5), then it is obvious that AX;+ Y5 as in (5.3) or in the odd/even
case AX, + Y, are singular, since in the first £ — 1 block rows both X, and Y
have the same zero block rows. Now let ji, ..., jr be the sizes of the invertible
blocks X1, ..., X in (3.5).

In order to obtain a trimmed linearization, we delete all these zero block
rows and columns. Setting Z;, = [ I;, 0 ] € F/v",

S =diag(Zji, Livvjos -+ Ljst.tinas In),
we obtain the trimmed linear pencils
AX, + Y, = ASTX,S + STV, S
in the symmetric/skew symmetric/Hermitian/Skew Hermitian case or
AXe + Y. = ASTX.S + §TY.S
in the odd/even case.

Theorem 5.4 Consider a matriz polynomial (1.1) with the coejﬁczent matrices
of the form (8.5). Then the trimmed linear pencils MX, + Yy, and M\X, + Y.,
respectively, are linearizations according to Definition 1.1.

Proof. We only consider the pencil AX s+ Ys The results for )\Xe + }76 can be
proved in the same way.
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By multiplication with the unimodular matrix

Ij 0 - - - 0
A

OJ1 L+, 0 ... ... 0

NIy | Mg |

0 0 J1+...+J3

U\ =
A i

Jl+.(.).+]k73 Ij1+~..+jk72 0
Ak_l]jl )‘2Ij1+...+jk_3 )‘IJ'1+---+J'k—2 I

we obtain that

0 P(\)
where
A
~ - Aj— ~
Wiy = —$7 N
Ay Apq ... As
with S = diag(Zj,, Zji+jas--->Ljs+.+ju_n), Which is constant and invertible.

Multiplying with
w3y

V(A) 0 I,

from the right and performing a block permutation that moves P(A) to the
leading diagonal block finishes the proof. O

Example 5.5 Consider P(\) = A3A + \2B + \C + D with A = A*, B = B*,
C = C*, D = D*, in the form (3.5), i.e.

XA Bi1 B2
_ 0 _ | Ba XB
A = 0 , B= 0 ,
i 0 0
[ C11 Ci2 Ci3 O D11 D12 D1z D
co— Co1 Co Cay3 0 D D31 Doy Da3 Doy
C31 C3 Yo 0|7 D31 D3y D3z D3y
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Then the structured trimmed linearization is

AX, + Y, =
[0 0 0 | X4 O 0 07
0 X4 0 |Bix Biz2 0 0
0 0 0 | By XY 0 O
A Ya| B Bi2|Cnn Ci2 Ci3 0
0 | Bar X |Co1 Cy Coz 0
0 0 0 |C31 C39 X O
| 0 0 0 0 0 0 |
0 =24 0 0 0 0 17
24| —Bi1 —Bia| O 0 0 0
0 —Byy —2Xp 0 0 0 0
+ 0 0 0 | Dy D2 Dig Dy |,
0
0
0

0 0
0 0 | D31 D3 D3z D3y
0 0

which is obviously strangeness-free. Multiplying with the unimodular matrix

i 0 00 0 0 07
M| I 00 0 00
0 0O I |0 0 0O
UN=|NI[M 0[I 000
0 0O XM|0 I 0O
0 0O 0|0 O I O
00 0l00 0 I|
from the left we obtain
0 N 0
ooy Wi [ Wi\ ] | X4 =B —Bia | Wia(A)
U(A)(Axsm)—[ 2 el AT S
0 | P())

It is easily verified that Wj; is nonsingular by eliminating the blocks
—B11,—Bi12,—Bo1. So AX + Y can be eventually turned into

3

In this section we have shown how to obtain structured trimmed lineariza-
tion in the important special case that the middle block has the form (3.5).

For palindromic matrix polynomials, see [21], using Cayley transformation
to obtain an even/odd matrix polynomial, applying the described procedure
and then inverting the Cayley transformation, a similar procedure can be used
to deal with eigenvalues —1, 1.

In the general case when the tuple of the coefficient matrices is in the form
(3.6), a trimmed linear pencil like AX, + Vs or AX. + Y. can be obtained in the
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same way. Unfortunately, this is a linearization of P(\) only when k = 2, i.e.,
if P(\) is a quadratic polynomial. In this case,

XA Bi1 Bia Ci1 Ci2 Ci3
A= 0 , B=| Ba1 DB , C=1 Cy Coy (o3
0 0 C31 C3p Csg

For the associated linear pencil AX s+ ffs, the corresponding matrix Wiy is Xy
which is nonsingular. If £ = 3 as in Example 5.5, then

0 —Xa 0
Wi=| -4 —Bu —-DBi2 |,
0 —Bo1 —DBa

which is nonsingular only if Bos is.

6 Conclusion

We have presented staircase forms for matrix tuples under unitary (real orthog-
onal) equivalence transformations that display some (but not necessary all) of
the structural information associated with the singular parts and the eigenvalue
infinity. We have shown how this information may be used to obtain new types
of trimmed linearizations that do not create unnecessary long Kronecker chains.
We have also shown how these deflations and linearizations can be performed in
a structure preserving way. We have mainly dealt with the eigenvalue infinity
and the singular part. Using spectral transformations, similar procedures can
be derived for any finite eigenvalue, leading to a different staircase like form for
each eigenvalue. How to combine staircase forms for several eigenvalues at a
time is currently under investigation.
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