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1 Introduction

The so-called control variational method was introduced in several recent papers by
the authors (see [1, 10, 11, 13]), especially in connection with problems that are
related to the theory of Kirchhoff-Love arches or to various models of plates. Also
the full three-dimensional linear elasticity system has been studied in [13]. Much of
this material can be found in the recent monograph [7].

The basic idea is to refine the standard variational approach from the theory of
partial differential equations by using the tools of modern optimal control theory.
This offers more flexibility and allows to derive new results, both from a theoretical
and a numerical point of view.

It should be noted that already Pironneau and Glowinski (cf. [8, 9]) pointed out
that optimal control methods can be successfully applied to the numerical solution
of the biharmonic equation.

In this paper, we study via the control variational method the generalized Naghdi
model for three-dimensional curved rods, which was introduced by Ignat, Sprekels,
and Tiba in [5]. In the next section, we will recall this model, and in Section 3 we
demonstrate how optimal control theory can be applied to its study.

We underline that there are several possible ways to do this, which argues for the
flexibility of our method. We also mention the simplicity of the control approach:
for instance, the state equation used by us can be solved explicitly.

Finally, let us note that other approaches to curved rods can be found in the papers
[3] and [14].

2 The Naghdi model

Let § € W2>(0,L)*, L > 0, be the parametrization of a three-dimensional Jordan
curve, which will be the line of centroids of the curved rod, and let w C IR* be some
two-dimensional domain, which is not necessarily simply connected. If £,7,b denote
the local orthonormal frame associated at each point x3 € [0, L] with the curve 6,
we define the geometric transformation

F:Q=wx]0,L[— F() =Q c R,
F(z) = F(x1,79,23) = 0(x3) + 21 7(x3) + 22b(x3)
V (x1,19) Ew, V23 €]0,L]. (2.1)



In the following, we will need the Jacobian of ', J = VF, and its inverse, J(z)™! =

(hij(7)); j=13- We have

— Ctll'z _ Ctg.??g _ Ctgl'g
YdetJ(@) 0 detJ(z) 0 det J(z)
o ctox ctsw
-1 b Cl1xy 201 301
(@) Fatsm 2t asm Plasm |00 @Y
t1 to ts
det J(Z) det J(z) det J(z)
det J(Z) =1 — fxy — axy. (2.3)

The computations to verify (2.2), (2.3) are elementary and can be found in |7,
Chapter 6]. Moreover, in [7| the construction of a local frame is given that differs
from the classical Frenet or Darboux frames and requires just C*[0, L]* regularity
for 6. The coefficients a,3,c € L>=(0, L) appearing in (2.2), (2.3) are similar to
the torsion and curvature known from classical differential geometry and may be
obtained by the “equations of motion™:

(2.4)

We also assume that the selection of axes in w C IR? is made in such a way that

0= /.Tldl’ldl’g = /xgd.rldl’g = /Il.CCQdQ?ldQ?Q,

w w w

(2.5)

which is usual in the literature on curved rods, see [6]. If the diameter of w is
sufficiently small, then |z1],|z3| are small, and since 5 and a are bounded on
[0, L], relation (2.3) shows that we may assume that

det J(z) > K >0 Vze. (2.6)

Then it is known that F: Q — Q is a one-to-one transformation, and this justifies
the geometric definition of the curved rod  C R?, see [4, Thm. 3.1-1].



The generalized Naghdi model may be stated as the following variational equation:

B(y,v) = S\/Z [Nz‘(ﬁs) h1i(Z) + Bi(ws) hai() + (7 (23) + 21 N; (3)
Q

ij=1

+ 72 Bi(73)) hsz‘(f)] [Mj(xs) h1(Z) + Dj(xs) haj(Z)
+(1,(25) + 1 M (25) + 25 D) (3)) by (gs)] det J() d7

+M/Z |: Ig hlj ) + Bl(]?g) hgj(f) + (TZ(;Tg) + 21 N:(l’g)

0 =<J

25 Bl(3)) hag (2) + Nj(s) hai(®) + By (s) hay()
(7! (w3) + 21 N(ws) + 22 B, (x)) hgi(i)]
| Mis) by (®) + Di(s) hos () + (s () + 21 M (5)
+ @ Dj(3)) haj () + M;(3) hii(Z) + Dj(ws) hai(7)
o+ lglan) a M(a) + 2 Do ) hai(2)| det J(z) di
+2g/§; i(23) hi(T) + By(ws) hoi(2) + (7/(23) + 21 N} (23)
D B )| [MiCea)hii(@) + Di(as) hai(2)
(ph(ws) + @ M(s) + w3 D)) hai(@) | det J(z) da

/ Fo(5) (te(ws) + 21 My(xs) + 12 Do(s)) det J(7) di 2.7)

(=1

for any test functions i = (p1, o, p3), M = (My, My, M3), D = (Dy, Dy, D3) in
HY(0,L)3. We have © = (ji, M, D) € H}(0,L)°, and § = (71, 7o, 73, N1, Na, N3, By,
By, Bs) € H}(0,L)° is the vector of the unknowns. The bilateral null conditions,
given by the choice of the space H}(0, L), correspond to a clamped curved rod. The
model (2.7) is deduced from the linear elasticity system under the assumption that
the displacement ¢ has the form

(@) = 7(x3) + 21 N(23) + 22 B(as), VieQ, (2.8)

with Z = (71,22, 23) = F~1(2) € Q. A similar form is imposed for the test functions.

It should be clear that 7T describes the translation of the points on the line of
centroids, and the vectors N + 7, B + b reflect the deformation of the orthogonal
frame in the cross section (which remains plane but not necessarily orthogonal to
the tangent of the new centroid line, i.e., to 6 + 7). This allows for shear and
for length or volume changes after the deformation. The vector f = (fi, f2, f5)
represents the body forces acting on the curved rods, A > 0, & > 0 are the Lamé
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coefficients that characterize the elastic material, and the model is valid only for
small displacements.

The assumption (2.8), which is in fact a first-order approximation of the displace-
ment, enters the category of polynomial models for curved rods and allows to obtain
realistic results even for the corresponding shape optimization problems; see [2]. We
have called such a model a generalized Naghdi model in view of a certain similarity
with Naghdi models for shells (cf. [4, 12]).

3 The control problem

We do not explain “how and why” this particular problem has been chosen, and we
underline that this choice is not the only possible one (see the last remark in this
section). The basic property of the chosen optimal control problem is that it solves
system (2.7) and has a simple structure.

We formulate it now:

Min {)\/ Z Ui(T ) det J(Z) dz + ﬂ/Z[Uij(:i:) + U;s(7))? det J(z) dz

+20 Z z)det J(Z)dz — 2 Z fi(@) [mi(x3) + 1 Ni(x3)
/: >/
+ 29 B;(x3)] det J(z) dz} (3.1)

subject to the state system

NZ(I3> h1j<i’) + Bz<l’2) hgj (Zf) + [T;(Ig) + 2 N{(ZL’3) + T B;(l‘g)] h3j (Zf) = UU((Z’) in Q s

(3.2)
N;(0) = B;(0) = 7;(0) =0, i=1,3, (3.3)

and to the control constraints
U = {Uj}i;ut3 € V C L (Q)°. (3.4)

Here, V is the closed linear subspace that is generated from all functions in L?(0, L)
having zero mean value (i.e., their integral over [0, L] vanishes), used on the position
of 7/, N/, B}, i =1,3. Then Nj;, B; can easily be computed by simple integration,
and one can form all the combinations indicated on the left side of (3.2) to gener-
ate V.

The state equation (3.2) is an ordinary differential system in the variable z3 € [0, L],

while (21,72) € w appear as parameters. The constraint {Uj;}, ;_13 € V) ensures
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that (3.2) has a unique solution that also satisfies

(L) = Ni(L) = Bi(L) = 0, i=T1,3. (3.5)

One could impose (3.5) as a state constraint in the problem (3.1)—(3.3), but we
prefer to impose the restriction (3.4), which is explicit and constructive.

Theorem 3.1 The optimal control problem (3.1)—(3.3) has a unique optimal “pair”
U*:{UZ },L] 13€V and[ N* B:]Z:ﬁeH(%(O,L)g

1

Proof. Let £(U) denote the cost functional (3.1). Then

L
/Z G (2)+U(T d:}:+/z T x—cZ/ 24 N2+ B2)2 dus
Q

1<J =1

(3.6)

where a > 0, @ > 0, are constants obtained from \, /i, |fi|%2(m, (2.3), and simple
binomial inequalities.

Using (3.2) in (3.6), and again some binomial inequalities, we obtain (where we
denote z; := 7/ + 21 N + 22 B)):

OK,C(U) Z Z [Nz hlj + Bl hgj + z; hgj + Nj hli + Bj hQi + Zj h3i]2 dT
QO <J

3 L

3
—|—/Z[Nlhlz+Blhgl+Zlh31]2 dff — CZ/[TZQ+NZQ+B3]2 d$3
o =1 Q

=1

3 3 L
> /Z(zi hs; + 2z hsi)? dT + /ZZE h2, di — éZ/[Nf + B2 dxs
Q < o =1 =17

3 L

_CZ/[%Q"‘Nf*'B?]éd%- (3.7)
=/

2

Here, in the structure of the constant ¢ > 0, we also use that h;; € L>(), i,j =
1,3. We apply in (3.7) the following identities:

- Z Zi hgj—i‘zj hg, Z h = Z Z h + = Z Zi h3z+Z] h3]) s (38)

z<g z<]



L L
// )2dz + 2 /7’1’ N d:zcg/xl dx, dxs + 2 /TZI B! dxg/xg dzq dzo
0 “ 0

w 0 w

+
St~

L
(M) d$3/$% drydry + / dxg/wg dzq dzo
0

w w

L
+2 /Nl’ B;dxg)/xl Ty dry dry > 6/ [(7))? + (N])? + (B)?] dxs, (3.9)
0

with ¢ := min {meas(w), [ a3dwydzy, [ 23dwydr,},

3 3
h2 = t = > ¢ in Q. .
2 H detJ ; detJ dotgz =70 m (3.10)

7=1

Relations (3.9), (3.10) are a consequence of (2.5), respectively, of (2.2), (2.3). From
(3.7)—(3.10) we can infer that

3 L
U) +(‘:Z/T + N? + B2 dus
0

=1

3
2 éz [|Ti|§{3(O,L) + ‘Ni‘%{g(o,L) + ’Biﬁ{g(o,L)]
i=1

3
~ 2
— O [Nl + 1Bilion) (3.11)

=1

where ¢, é’, ¢ are some positive constants that do not depend on 7;, N;, B;, Uy, 1,j =
1,3.

Lemma 3.2 There is some 6 > 0 such that

3 L
U) + EZ/ [TE+N3+B§}% dr;
=1 0

3
= 52 [|Ti|%13(O,L) + |Ni|§{&(O,L) + |Bi|12f{3(07]4):| (3.12)
i=1

V 7, Ny, B; € Hy(0,L), i=1,3, obtained by (3.2) from any {Us}; ;—i53 € V.
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Proof. Owing to (3.6),

L
aL(U) + EZ/[TZ?JFNEJFBEP drs > 0.
0

i=1
Assume that (3.12) is false. Then, to any ¢ > 0 there are some U® = {U}, ;_13 €
V,and {77, N;, B{ },_13 # 0 associated with it by (3.2), such that

3

2 2 2
52 [|7'f|Hg(o,L) + N o) + |Bf|Hg(o,L)]
=1

3
> /Z (U5 (z) + Us(2)]° de + /Z(U;)?dx > 0. (3.13)
o i<i o i

Notice that we may assume

3

2 2 2
E |:|TZ'E|H6(O7L) + |Ni€|Hé(07L) + |B§|H5(07L)} =1
i=1

by scaling with the square root of this factor (if it differs from unity) in the equation
(3.2) and in the first and last term of (3.13). Then we may assume that

Tia_)Ti7 Ni8_>Ni7 BZE_>B1’ Z:L_g’
weakly in H}(0, L) and strongly in L*(0, L) .

Moreover, by virtue of the state equation (3.2), we also see that Uj; — Uij weakly
in L*(€2), on a subsequence. Also, {7;, N;, B;},_13 satisfy together with {Uj;}; i_13
equation (3.2), while {U;;} € V.

Passing to the limit in (3.13), we find that

/Z[UU@) + U;i(2))? dz + / 3 (Ug)?dz = 0. (3.14)
o i<i o =1
From (3.14) it follows that
Nihi + Bihoyy + 2zihg; =0, i=1,3, (3.15)
Nihy + Bihoj + zihsj + Njhy + Bihy + zjhs; =0, i #j.  (3.16)

Now fix j = jo in (3.16), and let ij,i2 be the two possible choices of indices i
satisfying the condition in (3.16).



We multiply (3.15), written for ¢ =4; or iz, by hsj,, and subtract the result from
(3.16) with j = jo, multiplied by hs;, , respectively, hg;, . Adding the results to the
relation (3.15), written for ¢ = j, and multiplied by hsj, , we see that

3
%o Y W3 =T, (N.B), jo=T173, (3.17)
=1

where fj is some linear expression of N, B. By (2.2), we obtain from (3.17) that

where, again, ['; is linear in NV, B.

Giving (x1,22) € w several independent values, and taking into account (3.3), we
conclude that all the limit points {7;, Ny, Bi},_13, {Uij}; =13, are identically zero
in their domains of definition.

Since the convergence of {77, N{, Bf},_13 is strong in L*(0, L)%, we can pass to

the limit in (3.11), combined with the first inequality in (3.13), to arrive at the
contradiction
0>¢>0.

This ends the proof of Lemma 3.2. -

Proof of Theorem 3.1 (continued): Let {Uj}, ,_3 and {7, N]*, Bl'} be a
minimizing sequence in V x L?*(0, L)? for the problem (3.1)-(3.4). Clearly, £(U™)
is majorized from above, and inequality (3.12) shows that {7", NJ', B]'},_73 is
bounded in Hj(0, L)?. Consequently, by (3.2), {U/:}; ;13 is bounded in L*(Q)°.
Let {7/, N}, B} },_13 and {U};}, ;_t3 denote their respective weak limits, on a sub-
sequence. Clearly {U}}; ;_73 € V, since V is a closed linear subspace. Now, we can
pass to the limit in (3.2) and use the weak lower semicontinuity of (3.1) to conclude
that {77, N;, B/ },_13 and {U};}, ,_13 indeed give an optimal pair for the problem
(3.1)—(3.4).

The uniqueness is an automatic consequence of the next result and of (3.2). -

Theorem 3.3 The optimal state {7}, N}, B },_13 is the unique solution to the sys-
tem (2.7) that governs the generalized Naghdi model.

Proof. For any {Vj;}, ;_13 € V, we define the system in variations by
M;(3) haj(T) + Di(ws) hoj(T) + [i(2s) + 1 Mi(zs)
+ 23 Di(ws)] hay(2) = Viy(x), i) = 1.3, (3.19)

M;(0) = D;(0) = ;(0) =0, i =T1,3. (3.20)



Next, we perform admissible variations about the optimal pair, given by
{Ti*a Ni*7 Bz*}zzﬁ + )‘{,ul? Mia Di}i:f{i? and {UZ}z,]:T,B + )‘{‘/ij}i,j:ﬁa AelR.

Subtracting the associated costs, dividing by A > 0 or A < 0, and taking the
limits as A — 0, the minimum property of {U}}, ;73 yields the associated Euler
equation,

3,7=1 1<)

ozX/
Q
3

+4u/ZU*VQZ det Jdx — Q/Zfi[ui%—a:l]\/[i—l—.rgDi] det J dz ,

Q i=1

3

Z (U3 Vi + U35 V] det J dz + 2,&/2 U5+ US] (Vg + V] det J dz

A {V;j}i,jzl,ii eV. (321)

If the Vj; are replaced as in (3.19), (3.20), and the U} are replaced as in (3.2), then
a simple computation shows that (3.21) becomes (2.7), which is known to have a
unique solution. -

Proposition 3.4 If {U} is known, then {7}, N}, Bf },_13 can be computed explic-
itly.

Proof. Starting from (2.2), one can check the following orthogonality-type relations

3 3 3
D hiby =0, > hgiby =0, > hyby =1, (3.22)
j=1 j=1 j=1

3 3 3
Zhlj n; = 1 s Zhgj n; = 0, Zhgj n; = O, (323)
j=1 j=1 j=1

3
_Cxy _cn 1
2 it = ~ @ J(@ Zh?f T detJ(@) Zh?’] = @ B2
j=1

Consequently, multiplying the equations (3.2) containing N, B}, z; by n; (respec-

177

tively, b;,t;) and adding for j = 1,3, we obtain from (3.22) (3.24) the relations

3
— Z Uiby, =173, (3.25)

ny, i=1.3, 3.26
Z i (3.26)
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(7)) + x1 (N]) + 2o ( ZU* t; det J(z Z Sy CTy

Z “bicxy, i=1,3. (3.27)

Thus, integrating (3.27) over [0, 3], and subtracting (3.25), (3.26), we get the
explicit formula for {7;'},_73, which completes the ones given by (3.25), (3.26). g

Remark: Let us denote by L;(U;;) the right-hand side of (3.27). Then we can
perform the following substitution in (3.1):

Z/fi[7i+x1Ni+$gBi] det J dz

3

:_Z/T+x1B+'T2 /fZ Xy, T2, )detj(x17x2, )dpda:
= IQ
3

- _Z/Lz zj)/fi(ﬁﬂx’%ﬂ) det J(z1, 22, p) dpdZT .
= IQ 0

In this way, the optimal control problem (3.1)—(3.4) can be transformed into a
mathematical programming problem defined on V C L%*(Q)?, since the state is
completely eliminated from the cost. However, one has to solve (3.2), or use (3.25)—
(3.27), to compute the solution of (2.7), and we recommend to solve (3.1)—(3.4)
directly, which is closer to the main problem given by (2.7).

Proposition 3.5 The directional derivative of L(Uy;), 4,7 = 1,3, in the direction
{Vij}ij=13 €V is given by

(VL) AVis}) = / S Ui Vi + Uy Vil det J a5

i,7=1

+2M/Z Usj + U] [Vij + Vi) det Jdz + 4M/ZU”V” det J d

o =<J

3
—2 /ZLZ(‘/;J)/ f,;(ﬂ/’l,flfg,p) det J(.’El,l’g,p) dpdl_f (328)
; 0
Q i=1

Here, (-,-) is the scalar product in L?(2).

Proof. The computation of the directional derivative at an arbitrary point
{Ui;}i j=13 € V is similar to the deduction of the Euler equation (3.21). The last
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integral may be rewritten by using (3.19), (3.20), and the variant of (3.25)—(3.27)
associated with (3.19), (3.20), in the following way:

3
/Zfi[ui+lei+I’2Di] det J dz

) =1
3 3
= —/ Li(‘/;j)/fi(mlax%p) det J(z1, 22, p) dpdz,
o =1 0

as in the previous remark.

Remark: Using (3.28), one can solve (3.1)—(3.4) by standard gradient with projec-
tion methods.

We close this section with an abstract variant of problem (3.1)-(3.4). To this end,
let V' C H be two separable Hilbert spaces with dense and continuous embedding,
which are endowed with the scalar products (-,-)y and (-,-)y, respectively. Let
Ay, Ay 0V — V* (V* is the dual of V| while H is identified with its dual) be

linear, continuous, symmetric, and positive definite operators.

We briefly comment on the equation

Under the above assumptions, equation (3.29) has a unique solution y € V. We
associate with it the optimal control problem

1

) 1
viin {Slulh + 5o v} (330

AlPy=g+mw, (3.31)
where ¢ is the unique solution of A}/Q g=f and Ai/Q : V' — H is the square root
of Ay, that is,

(A y, A% o)y = (Ary, vy forall yv € V.

Clearly, A}/ % s symmetric and positive definite, and equation (3.31) has a unique
solution for any w € H. Moreover, since the cost functional (3.30) is coercive and
strictly convex, it is well known that the control problem (3.30), (3.31) has a unique
optimal pair [y*,w*] € V x H .

We now take arbitrary variations of the form

Yy '+ Az, NeR, zeV, andw" + v, v = Ai/zz.

Then the same argument as for (3.21) gives the Euler equation associated with
(3.30), (3.31):
(W v)u + (A2y", 2)vexy = 0. (3.32)
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In (3.32), we replace
v=A"z, andw' = APy — g = APy - AT
to obtain that
0= (Asy", 2y + (A 2y" — AT fL AV o)y
= (A", 2)vexy + (ALY, 2)vexv — (f, 2)vexv,

for any z € V. This shows that y* solves (3.29), which is a result that is similar to
Theorem 3.3.

Remark: Notice that the solution to (3.30), (3.31) does not require the inversion
of Ay; that is, in solving (3.29), we may separate the “good” part of A; of the
differential operator and work just with it.

Remark: One may use (3.30), (3.31) directly in connection to (2.7) with V =
H}(0,L)° and H = L?(0, L)?, which is an alternative choice to (3.1)—(3.4). However,
the construction of the square root of an operator may be a difficult task, so we do
not pursue this idea, here.
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