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Abstract. We present a new extension of the well-known Perron-Frobenius theorem to regular
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where the new condition holds, whereas conditions in previous literature are not satisfied.

Key words. Perron-Frobenius theorem; matrix pencils; differential-algebraic equation, descrip-
tor system, projector chain, tractability index, differentiation index.

AMS subject classifications. 15A18; 15A22; 15A48;

1. Introduction. The well-known Perron-Frobenius Theorem states that for an
elementwise nonnegative matrix, the spectral radius, i.e., the largest modulus of an
eigenvalue is itself an eigenvalue and has a nonnegative eigenvector. This result has
many applications in all areas of science and engineering, in particular in economics
and population dynamics see e.g. [2]. If the dynamics of the system, however, is
described by an implicit differential or difference equation, usually called differential-
algebraic equation (DAE) or descriptor system such as

Ei = Az + [, z(lo) = o,
or as a discrete time system
Exyy = Az + fi, w0 given,

where F, A are real n X n matrices, then the dynamics is described by the eigenvalues
and eigenvectors associated with the matrix pencil AE — A, or just the matrix pair
(E,A).

Due to the many applications, several approaches have been presented in the
literature to generalise the classical Perron-Frobenius theory to matrix pencils or
further to matrix polynomials. In [11] a direct generalisation of the nonnegativity
condition for A, y > 0 = Ay > 0, is given as a sufficient condition, ETy > 0 =
ATy > 0, for the existence of a positive eigenvalue and a corresponding nonnegative
eigenvector. In [1] a sufficient condition, (E — A)"1A > 0, for the existence of a
positive eigenvalue in (0, 1) and a corresponding positive eigenvector if (E — A)~!A is
irreducible, is proved. The relationship of the two ideas from [1] and [11] is studied in
[15]. In [14], the condition from [1] is imposed by requiring F — A to be a nonsingular
M-matrix and A > 0. Here, the structure of nonnegative eigenvectors is studied from
the combinatorial point of view. In [16] the Perron-Frobenius theory was extended to
matrix polynomials, where the coefficient matrices are entrywise nonnegative. Other
extensions concerning matrix polynomials are given in [6].
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The main drawbacks of the generalisation in [1] is that on the one hand it is a
restrictive condition, since E¥' — A is not necessarily invertible, and on the other hand
it does not have the classical Perron-Frobenius theory as a special case, where F = I.
Furthermore, only the existence of a nonnegative real eigenvalue is guaranteed instead
of the spectral radius being an eigenvalue. The condition in [11] has the classical
Perron-Frobenius as a special case but the condition is not easy to verify.

In this paper we propose a new approach to extend the classical Perron-Frobenius
theory to matrix pairs (E, A), where a sufficient condition guarantees that the finite
spectral radius of (E, A) is an eigenvalue with a corresponding nonnegative eigenvec-
tor. As mentioned before, our approach is motivated by the study of positive systems
of differential-algebraic equations, see, e.g., [3],[9]. It is based on the construction of
projector chains as they were introduced in the context in [8]. For the special case
E = I our new approach reduces to the classical Perron-Frobenius theorem for ma-
trices. We present several examples where the new condition holds, whereas previous
conditions in the literature are not satisfied.

2. Preliminaries.

2.1. The generalised eigenvalue problem. Let E, A € R"*™. A matrix pair
(E, A), or matrix pencil A\E — A, is called regular if E and A are square (n = m) and
det(AE — A) # 0 for some A € R. It is called singular otherwise. In this paper we
only consider square and regular pencils.

A scalar A € C is said to be a (generalised) eigenvalue of the matrix pair (E, A) if
det(AE—A) = 0. A vector x € C"\{0} such that (A\E—A)z = 0is called (generalised)
eigenvector of (E, A) corresponding to .

If E is singular and v € C™ \ {0}, such that Ev = 0 holds, then v is called
eigenvector of (E, A) corresponding to the eigenvalue co. The equation

AEv = Awv, (2.1)

is called generalised eigenvalue problem. The set of all finite eigenvalues is called finite
spectrum of (E, A) and is denoted by o7(E, A). The set of all eigenvalues is called
spectrum of (E, A) and is defined by

| os(E,A), if E is invertible,
o(E, ) := { or(E,A)U{oco}, if E is singular.

In the case that F is invertible, we denote by p(FE, A) the spectral radius of (E, A)
defined by
p(E,A) = nax Al

If E is singular, then we denote by py(E, A) = maxyc,, (g, )|\l the finite spectral
radius of (E,A). Vectors vy,...,v; form a Jordan chain of the matrix pair (E, A)
corresponding to an eigenvalue \ if (A\F — A)v; = —Fv;—1 for all 1 < ¢ < k and
vg = 0. A k-dimensional subspace Sgef C C™ is called right deflating subspace of
(E, A) corresponding to A, if there exists a k-dimensional subspace W C C" such that
ESf\ief C W and ASfaf C W. Let A1, ..., A\, be the pairwise distinct finite eigenvalues
of (E, A) and let ng'f ,7=1,...,pbe the corresponding deflating subspaces associated
with these eigenvalues. We call the subspace defined by

Sir =870 085 (2.2)
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the right finite deflating subspace of (E, A).
Two matrix pairs (E, A) and (E, A) are called equivalent if there exist regular
matrices W, T such that

E=WET, A=WAT. (2.3)
In this case we write (E, A) ~ (E, A).
THEOREM 2.1 (Weierstrafl canonical form). Let (E, A) be a reqular matriz pair.

Then, we have
e (41 )

where J is a matriz in Jordan canonical form and N is a nilpotent matriz also in
Jordan canonical form.

Proof. See, e.g., [7]. O

LEMMA 2.2. Let (E,A) be a regular matriz pair. Let A be chosen such that
AE — A is non-singular. Then, the matrices

E=ME—-A)"'Eand A= \E—-A)"'A

commaute.

Proof. See, e.g., [5], [10]. O

2.2. Projectors and index of (E, A). A matrix Q is called projector if Q% = Q.
A projector @ is called projector onto a subspace S C R™ if im@Q = S. It is called

projector along a subspace S C R™ if ker @ = S. We will make use of the following
well-known property of projectors.

LEMMA 2.3.
1. Py, Py are two projectors onto a subspace S if and only if P, = PoP; and
Py, =P P;.
2. P1, Py are two projectors along a subspace S if and only if P, = P1P» and
P,=PP.
Proof.

1. “=”For all x € R" we have Pobx € im P, = S = im P; and, hence, Pox =
Py P,x. Analogously, we show P = PPy .
“<"From P; = PPy, we have im P; C im P, and from P, = P; P>, we have
im P, C im P; and, hence, P;, P> project onto the same subspace.

2. “="Let Q1 =1 — P, and Q2 =1 — P>. Then,

PiPo=(1-Q1)I-Q2)=1-Q1—Qa+Q:1Q2=1-0Q =P,

since, by 1. we have Q1Q2 = Q2. Analogously, we show P, = P, P;.

“<="Let Ql =1 — P, and QQ =1-PF;. Then, from P, = P1P2, we have
QQ = QlQQ and from PQ = PQPl, we have Ql = QQQl. By 1. we have
im @y = im @2 and, hence, ker P; = ker P5.

Let (E, A) be a regular matrix pair. As introduced in [8] we define a matrix chain

by setting
Ey:=FE, Ay:=A and (2.5a)
Ei+1 = El — AiQi7 Ai+1 = Alé, for 1 Z O, (25b)
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where Q; are projectors onto ker F; and P; = I —Q;. Since we have assumed (E, A) to
be regular, there exists an index v such that E, is nonsingular and all E; are singular
for i« < v, [12]. Note, that v is independent of a special choice of the projectors
Q;. We say that the matrix pair (F, A) has (tractability) index v and denote it by
ind(E, A) = v. It is well known that for regular pairs (E, A) the tractability index is
equal to the differentiation index, see, e.g., [4], and it can be determined as the size
of the largest Jordan block associated with the eigenvalue infinity in the Weierstrafl
canonical form of the pair (E, A), see [10, 12]. In the following we, therefore, only
speak of the index of the pair (F, A).

LEMMA 2.4 ([12]). Let (E,A) be a matriz pair and define a matriz chain as in
(2.5). Furthermore, define sets S; by
S; = {y eR": Aly € im El} (26)

Then, if E;y1 is nonsingular, we have that

Qi = —Q:E LA

is a projector onto ker E along S;.

Proof. The matrix —QiEi__FllAi is a projector since

(- Qz z+1 ) :Qi z'_+11(A'Qi)QzEz+1A —QiEz'—Jrll(Ei_EiH)QlEzHA -
Ql z+1

For any z € R™ the decomposition
z-(I—i—QZ ’L+1 Az - Q.E ’L+1 Aiz =121+ 29

is unique and we have that zo € ker F;, since Qi is a projector onto ker F; and for z;
we obtain

Az = (I—FAZQZE;_ll)AZZ = (I+ (El — Ei+1) z+1)A z=F; El-i—l

Az € im E;,
i.e. z1 € S;. Hence, Q; := —QiEi__kllAi is a projector onto ker E along S;. 0O

For the construction of special projectors in the higher index cases in Section 3.3,
we will need the following properties.

LEMMA 2.5. Let (E,A) be a regular matriz pair of ind(E,A) = v and define
a matriz chain as in (2.5), where the projectors Q; are chosen such that QJCZ =0
holds for all 0 < i1 < j <v—1. For 0 <1 < v —1 we define projectors @Q; onto
ker E; by setting QQ; = —QiEllei and P; =1 — Q;. Then, Q;Q; = 0 holds for all
0<i<j<v-1.

Proof. The matrix —QiEflA- is a projector for all 0 < < v — 1, since
(~QiE, " A))° = Qi (Bi ~ Em)QlE 1A =
= —QiE;'Ei1QiE, —Q:E; A,
where we have used that E,Q; = (Fjy1 — Ai+16~2i+1 — = A, 1Q,1)Qi = Ei1 Q.
To show that Q;Q; = 0 holds for all 0 < i < j < v —1, let 7,5 be arbitrarily
chosen fixed indeces 0 < i < j < v — 1. Then, we have that
QiQi= QB AjQiE Ay = QB APy P QB N Ay =
= QBT A(I = Qi) (I — Qj—1)QiE Ay = QE, M 43(Qi — Qi) =
=0.



Generalisation of the Perron-Frobenius theory to matrix pencils 5

Note that by definition and Lemma 2.4, we have that Q),,_1 is a projector onto
ker E,_1 along S,_1. This projector Q,_1 is called canonical in [13].

2.3. Nonnegative matrices. A matrix 7' € R"*", T' = [t;;]}';,_; is called non-
negative and we write 7' > 0 if all entries ¢;; are nonnegative. The classical Perron-
Frobenius Theorem, see, e.g., [2, pp. 26/27], states as follows.

THEOREM 2.6 (Perron-Frobenius Theorem). Let T > 0 have the spectral radius
p(T). Then p(T) is an eigenvalue of T and T has a nonnegative eigenvector v corre-
sponding to p(T). If, in addition, T is irreducible, then p(T) is simple and T has a
positive eigenvector v corresponding to p(T). Furthermore, if w > 0 is an eigenvector
of T, then w = av, o € Ry.

3. Perron-Frobenius theory for matrix pencils. Several generalisations of
the classical Perron-Frobenius Theorem 2.6 have been presented in the literature. In
[1] the condition (E — A)™'A > 0 is shown to be sufficient for the existence of an
eigenvalue A\ € (0,1) and a corresponding nonnegative eigenvector. In [11] a direct
generalisation of the nonnegativity condition y > 0 = Ay > 0 of A is given as a
sufficient condition ETy > 0 = ATy > 0 for the existence of a positive eigenvalue
and a corresponding nonnegative eigenvector.

In the following two subsections we present a different, projector-based extension
of the Perron-Frobenius theory to regular matrix pairs (E, A) that has a number of
advantages over the existing conditions in the literature. In Section 3.1, for the case
of index one pencils, we prove an easily computable sufficient condition in Theorem
3.1 that guarantees that the finite spectral radius of (F, A) is an eigenvalue with a
corresponding nonnegative eigenvector. We present several examples where the new
condition holds, whereas the conditions in [1] and [11] are not satisfied. In the general
case (where the index may be arbitrary) presented in Section 3.2, we have to impose an
additional condition on the projectors, see Lemma 3.5, that is satisfied naturally in the
index one case. The general sufficient condition that we then prove in Theorem 3.6
is in the index one case the same as in Theorem 3.1 and also guarantees that the
finite spectral radius of (E, A) is an eigenvalue with a corresponding nonnegative
eigenvector. In Corollary 3.7, we prove two further conditions that are equivalent
to the condition in Theorem 3.6. All conditions have the classical Perron-Frobenius
theory as a special case when F = 1.

3.1. Regular matrix pairs of index at most one. In this subsection we
study regular pairs (F, A) of index at most one.

THEOREM 3.1. Let (E,A), with E;A € R™"™, be a regular matriz pair with
ind(E,A) < 1. Let Qo be a projector onto ker E along the subspace Sy defined as in
(2.6) fori=0, ie.,

So:={yeR": Ay € im E}, (3.1)

let Pp=1—Qqg, and Ay = APy. Then FEy := E — AQy is nonsingular and if we have
that

E{'A; >0, (3.2)

then the finite spectral radius py(E, A) is an eigenvalue of the matriz pair (E, A) and
there exists a nonnegative eigenvector v corresponding to pr(E, A). If EflAl, m
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addition, 1is irreducible, then py(E,A) is simple and v > 0 is unique up to a scalar
multiple.

Note, that if ind(E, A) = 0, meaning that F is regular, then we have that Qo =0
and F; = FE and the condition in Theorem 3.1 reduces to the one of the classical
Perron-Frobenius theorem for £~ A.

Proof. Consider the generalised eigenvalue problem (2.1). Since (E, A) is regular
of ind(E, A) < 1, we have that F; as defined in (2.5) is nonsingular, see [12], and we
can premultiply equation (2.1) by Ey 1 By also using that Py + Qo = I, we obtain

ETYAE — A)(Po+ Qo)v =0
& (AE'E — E; APy — E; P AQo)v = 0.

Furthermore, we have EflE = Py since E1 Py = (E — AQo) Py, = E and —EflAQO =
—Qo since E1Qo = (F — AQo)Qo = —AQo. Hence, we obtain

(M — ETA)Py + QoJv =0,

which after multiplication by Py and Qg from the left is equivalent to the system of
two equations

{ Po[(A — E;YA) Py + Qolv = 0,
Qol(M — Ey ' A)Py + QoJv = 0.

We have that @ is a projector onto ker E' along Sy and by Lemma 2.4 we conclude
that —QOEl_lA is also a projector onto ker E along Sy. Hence, by part 2. of Lemma
2.3 or by Lemma 2.4, we have that (—QoE; ' A)Py = Qo Py = 0. Therefore, by writing
Py =1 — Qq in the first equation, the two equations reduce to

Qov =0.

Since Py = PyP,y, this is equivalent to

{ (M — E; Y A)Pyo = 0,

{ (M — E; Y APy)Pyv = 0, (3.3)

Qov =0.
Setting z = Pyv, y = Qov and v = Pyv+Qov = x+y, we obtain a standard eigenvalue
problem in the first equation and a linear system in the second equation. ;From the
first equation we know from the Perron-Frobenius Theorem that if £ APy > 0, then
the spectral radius of E; YAP, is an eigenvalue with a corresponding nonnegative
eigenvector. If E; AP, is in addition irreducible, we have that p(E;'AP) is a
simple eigenvalue and there is a corresponding positive eigenvector that is unique up
to a multiple. Set \ := p(E; ' APy) and let & = Pyv be the corresponding nonnegative
(positive) eigenvector. Then, we obtain

E['APyi = A
& APyi = \Ey 2
& APy = ME — AQo)i:
& APyPyv = NEPyv — AQoPov
& A(Pyv + Qov) = \Ew
& Av = S\E’U,
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which is the generalised eigenvalue problem (2.1). Hence, p(E; *APy) = ps(E, A) and
the proof is complete. 0O

REMARK 3.2.

1. Considering the case £ = I in Theorem 3.1, we have Py = I, and the condition
E; LA, > 0 reduces to the condition A > 0 of the classical Perron-Frobenius theorem.
2. Condition EflAl > 0, written out, reads as

(E— A(I — Py)) " 'APy > 0,
which, without the projectors, would be the condition in [1]:
(E—-A)~tA>o0.

Yet, whereas (E — A(I — Py)) is nonsingular by construction, the matrix E — A is not
necessarily invertible. Hence, the new condition finds a much broader applicability.

EXAMPLE 3.3. Consider the pair (E, A) given by

2 2 1 0
E—[O O] and A—[O 1]

We have ind(F, A) = 1 and the pair has only one finite eigenvalue A = 0.5 with

. v . .
eigenvector v = { 1} , where we may normalise the eigenvector so that v; > 0.

0

To check the sufficient condition (3.2) of Theorem 3.1, we choose a projector QO
onto ker Ey, e.g.,
~ 1 0
QO = |:_1 O:| )

and get
~ ~ 1 2
Ey =Ey— AoQo = {1 O]
For the inverse we obtain

~_ 0 1
Bt = L 1} :
2 2
and a projector Qo onto ker E along Sy is given by
~ o~ 0 -1
Qo =—QoE; Ay = {0 1 ] .
We then have

2 3 1[5
E].:EO_AOQOZ O 1 ) El = O

| Nl
—_
| I

and we set Py = I — Q. Condition (3.2) then reads

_ _ L3771 o1 1 i1
El _El P, = |2 2 — 12 2
AL =B AO_[O —1] [0 1} [0 0}_{0 0]20’
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and we can apply Theorem 3.1.
For this example, the theories in [1] and [11] cannot be applied, since (E—A) "' A =

1 } such that ETy > 0 but

[1 2] # 0 and there exists a vector, e.g., y = [_1

0 -1
ATy #0.

EXAMPLE 3.4. Consider a pair (F, A) with ind(E,A) =1 and F = [ 0 0
Air An
A1 Az
in this form, ind(E, A) = 1 is equivalent to Aaz being nonsingular, see, e.g., [10]. We

choose any projector Q)¢ onto ker F, e.g.

~ 0 0
QOZ[O I:|7

and compute F; and E; . We obtain

En 0]

where E'1; is nonsingular and A = [ ] is partitioned accordingly. For a pencil

- B _ B -1 1 1
Ey=F - AQo = {E” Au] Bt = [Ell By Al?Azz] '

0 —Axp 0 —Ag)
Then, we determine a projector Qp onto ker E along Sop = {y € R" : Ay € im E'} as

A1, [0 0] [ER —ERtARAGT [An A 0 0
Qo =—Qob A= {o I} [ 0 “ay | An Am| T A As 1)

1 0

Furthermore, we get Py = [—A_lAgl 0
22

} and then compute E; and F;'. We obtain

Ey — A Ay A —-A
El =F - AQO = |: " _3422122 21 _A;z] ’

E[t = [ —1E1_11 —1 —1 _E1_111A12A3_%1 1}
—Ayy An By Ay Aoi By AnAsyy — Ay,

Condition (3.2) then reads as

E;'ARy = Byl ~Epy A Ay Ann An I 0
! _A521A21E;11 A;21A21E;11A12A;21 - A;gl A21 A22 —A2_21A21 0
EilAS O:|
= _ _ > 0,
LA221A21E111AS 0] =

where AS = A11 — A12A2_21A21.

Consider again the eigenvalue problem
(AE — A)v =0.

In our case we obtain

AE1 — Aqy _A12] {Ul} —0
—Agy —Aga| |v2 ’
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Since F1; is nonsingular, we can rewrite this system as

{ ()\I — EilAll)Ul — EilAlgvg = O,
—Asiv1 — Apva = 0,
which is equivalent to
(M - Ef'Ag)v = 0,
_ 3.4
{ vy = —Ayy Asiuy, (34)

where Ag = Aqq — A12A;21A21. Condition (3.2) gives EfllAS > 0 and, by the Perron-
Frobenius Theorem, we obtain from the first equation of (3.4) that p(EAg) =: A
is an eigenvalue and with a corresponding eigenvector v; > 0. Using this, from the
second equation of (3.4) we obtain

Vg = —A2_21A21’Ul = —A71A2_21A21A1}1 = —)\71A2_21A21E1_11A51)1 Z O,

since —A2_21A21E1_11A5 > 0 by (3.2) and we have A >0 and v; > 0 from the first
equation of (3.4).

3.2. Regular matrix pairs of general index. In this section we consider
a regular matrix pair (E,A) of ind(E,A) = v. For v > 1 we need to define the
matrix chain in (2.5) with special projectors. The following Lemma 3.5 guarantees
the existence of projectors with the required property. The canonical projectors as
defined in [13] fulfil the condition of Lemma 3.5. An alternative way to construct
these projectors along with some examples is presented in Section 3.3.

LEMMA 3.5. Let (E, A), with E; A € R™"*" | be a reqular matriz pair of ind(E, A) =
v. Then, a matriz chain as in (2.5) can be constructed with special projectors Q;, P;
such that Q;v = 0 holds for all v € S;l»ef and for all 0 <i < v.

Proof. From [12] we know that for a regular matrix pair (E, A), we have that
ker E; Nker A; = {0} (3.5)
holds for all 0 <4 < v. Furthermore, from (3.5) or from [12] we obtain that
ker E; Nker E; 11 = {0} (3.6)
for all 0 < i < v —1. We now show by induction that we can construct projectors @;

such that ;v = 0 holds for all v € S}lef and for all 0 < 7 < v. For the existence of

such a Qq, we have to show that ker EyN S}i»ef = {0}. Suppose that € ker EyN S?ef.
Then from Eyzr = 0 we obtain that x = 0, since otherwise, by definition, = would
be an eigenvector of (F, A) corresponding to the eigenvalue co. Thus, we can choose

the projector Qo onto ker Fy along some subspace M, that completely contains S;lef .
This ensures Qov = 0 for all v € Sl?ef. Now, suppose that Q;v = 0 holds for all
v E S}i»ef and for all 0 < i < k for some k < v — 1. Note that for the complementary
projectors P; = I — @y, this implies that Pjv = v for all v € S;lef. To construct a
projector Q41 onto ker Ey1 such that Qx4+1v = 0 holds for all v € S?ef, we have to

show that ker Fiq1 N S;lef = {0}. For this, suppose that 0 # = € ker Ex11 N S;lef.
Then, by using the assumption, we obtain

0= Ek-i—lx = (EQ — A()QO — ... Aka)fL' = EO,T,
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from which we again conclude that x = 0, since otherwise, by definition,  would be
an eigenvector of (F, A) corresponding to the eigenvalue oo. Thus, we can choose the
projector Q41 onto ker Fy 1 along some subspace M1 that completely contains
S’?ef. This ensures Qr+1v = 0 for all v € S}i»ef and completes the proof. 0O

Note that for v = 1, condition Qov = 0 holds naturally for all v € S;lef and in
particular for all eigenvectors, see (3.3).

The following theorem states the main result of the present work. We prove a
new, broadly applicable Perron-Frobenius-type condition for matrix pairs (E, A) in
the general index case.

THEOREM 3.6. Let (E,A), with E;A € R™ "™ be a regular matriz pair of
ind(E, A) = v. Let a matriz chain as in (2.5) be constructed with projectors Q;, P; as
in Lemma 3.5. If

E;'A, >0, (3.7)

holds, then the finite spectral radius py(E,A) is an eigenvalue and there erists a
corresponding nonnegative eigenvector v > 0. If E; YA, is, in addition, irreducible,
then we have that py(E, A) is simple and v > 0 is unique up to a scalar multiple.

Proof. Consider the generalised eigenvalue problem (2.1)
(AE — A)v =0.

If v is an eigenvector corresponding to a finite eigenvalue, i.e., v € S ?ef, then we have
Q;v =0 for all 0 < i < v and we can equivalently express (2.1) as

ME—-A40Qo—A1Q1—...—A_1Qu_1) —A)v =0
< (AE, —Ap =0
s M-E'Aw=0 (3.8)

By construction, we have that © = Py - - - P,_10 and we obtain that (3.8) is equiv-
alent to

(M —E;'A)Py---P,_16=0
& (M —E;'APy---P,_|)Py---P, 10 =0
& (M —E'4,)0=0.

By the Perron-Frobenius Theorem, we obtain that A := p(E;'A,) is an eigenvalue
and there exists a corresponding eigenvector © > 0. Hence,

E;YA 0= )b
& APy Py_10 = \E,d

& Av = /\(E — AOQO — AlQl — ... Ayleyfl)’[)

& Ab = \Eb,
which is the generalised eigenvalue problem (2.1). Hence, we have that p(E,14,) =
pf(E,A) is an eigenvalue and ¢ > 0 is a corresponding eigenvector. If, in addition,

E; 1A, is irreducible, then we have that ps(E, A) is simple and v > 0 is unique up to
a scalar multiple. 0O
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COROLLARY 3.7. Let P be a projector onto the right finite deflating subspace
S?ej let E be defined as in Lemma 2.2 and let EP denote the Drazin inverse ofE
Under the assumptions of Theorem 3.6 the conditions

E;YAP, > 0, (3.9)
E7'AEPE >0 (3.10)

are equivalent to condition (3.7).
Proof. See [13] or Appendix A. [
REMARK 3.8. Condition

E;'A >0, (3.11)

can also be proved to be sufficient in Theorem 3.6, see Equation (3.8), yet there is no
evidence for it to ever hold.

3.3. Construction of projectors. In Section 3.2, Lemma 3.5, we have proved
the existence of special projectors for constructing the matrix chain in (2.5) in order to
establish a sufficient condition in Theorem 3.6 for py(E, A) to be an eigenvalue with a
corresponding nonnegative eigenvector. In this section we show how these projectors
can be constructed. A different way to construct (canonical) projectors that fulfil the
condition of Lemma 3.5 is given in [13].

Consider a regular matrix pair (E, A) of ind(E, A) = v. We make the following
observations:

1. For fixed projectors Qq, ..., Q,—_2, the projector QJ,,_; is uniquely defined by
being a projector onto ker F,,_1 along S, _1, since if there were two projec-
tors Q,_1, Qujl with these two properties, by Lemma 2.3, we would obtain
Qufl = Qvlevfl = Qvfl- )

2. Consider the sets S; as defined in (2.6). We have that S?ej C Sy, since for any
vE S}i»ef there exists a w € S?ef such that Av = Ew, and hence, Av € im E,
ie., v € Sp. Furthermore, we have that Sop C 51 C ... C S,_1, see [12], and
therefore, S?ef C S, —1. (From this we conclude that @, _1v = 0 holds for all

vE S}i»ef .
In the followmg, recursive constructions of matrix and projector chains, we denote by
E(l Q @ P(l the i-th iterate of E;, A;, Q);, P; in the recursive construction.

Wlth the chain constructed in (2.5), we set E(l) Ej, A; 1) — = Aj, Q; 1) — = Qj,
and P") = P;.

If the index is ind(E, A) = v = 1, then we take any projector Qél) onto ker F and
having computed E%l) we set ng) = —Qél)(E§1))’1A. By using ng), we compute
E§2) and its inverse and use it to check the sufficient condition in Theorems 3.1 (or
Theorem 3.6) that now reads (E{*)~1AP? > 0.

For v = 2 we already have to construct the projectors recursively. We choose
any projectors Qél), Qll) onto ker Eél) ker E(l) respectively. We then determine Eél)
and set Q§2) = —le)( 1)) 1A 1). Then we have va =0 forall v € Sdej By

using ng) compute Eé ). We proceed by setting QO = —Qél)( 2)) 11481 , which is
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def def

a projector by Lemma 2.5. For any v € 5;" we have w € 5, such that
0 = (B A = ~Qf ) = (1 0 0P s =,

since Q?)w = 0. Here we have used the properties (E§2))’1A§1)QE1) = —QZ(-l) for
i =20,1 and

EP = EM — AWM — 40
o 1= (E)ED - (BF) AN - (B?) 1A
e 1= (ED)ED + QY + 0.

By using Q((J2) we compute E%Q) and A§2). Now, we proceed as in the case v = 1
to define Qg?’) as a projector onto ker E£2). To ensure that it projects along S; we
again compute Eég), set Q§4) = —Qgg)(Eég))_lAgz) and obtain that QYQ’U =0 for all
v e S}lef . Finally, we compute E£4). The sufficient condition of Theorem 3.6 is then

checked with E§4) instead of Ey and reads E£4)AP(§2)P1(4) > 0. For an illustration of
the recursive construction of the projectors in the index 2 case with the properties
required in Theorem 3.6, see Figure 3.1.

2 2
él)’Q(l) o2, p®
Q) A(l) BV QY Q A@)\E@) QW p
E(l E® B

2

FI1GUre 3.1. Illustration of the recursive construction of projectors in the index 2 case. Top
down, we have the chain matrices in increasing order. From left to right, we have the successive
calculation of these.

Before proceeding to the calculation of projectors in the general index case, we
present two index 2 examples, where condition (3.7) of Theorem 3.6 holds, whereas
the conditions in [1] and [11] do not hold.

EXAMPLE 3.9. Consider the matrix pair (F, A) with
0 110 1 00
E=]10 0]0 and A=|0 1|0
0 01 0 02

We have that (E, A) is regular with ind(F, A) = 2 and there is one finite eigenvalue

pr(E,A) =2 and a corresponding eigenvector [O 0 Ug]T, which can be chosen so
that v3 > 0.

We compute the matrix chain by setting, e.g.,
-1

L [roo , , 10
=10 o0 o, EW=E-4Q"=]0 0 0
00 0 0 0 1

)

AW = 4P =

o O O
o = O
N OO
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We choose, e.g.,

100 0 0 0
QM=11 0 o|l, and PP =|-1 1 o,
0 0 0 0 0 1
and compute
-1 1 0 0 -1 0
EN =EM —APQM =1-1 0 0] and (ES")'=1]1 -1 0
0 0 1 0 0 1
Then, we compute the projector onto ker E%l) along S by setting
2 1 1 1 010
QY =—@(E") Al =0 1 0
0 0 0
and determine
— 10 -1 -1 0
EP =W _aAPQ® =10 -1 0| and (E)y'=|0 -1 0
0 0 1 0 0 1
We set
1 10 0 -1 0
B = _QWEP)4g=10 0 0| and PP =0 1 o0,
0 0 0 0 0 1
and compute
-1 0 0 0 -1 0
EP=E -4 =10 0 0| and AP =4P% =10 1 0
0 0 1 0 0 2
0 0 0
Choosing Qgg): 0 1 0], we determine
0 0 0
-1 1 0
EP =EP —APQ®P =0 -1 ol =E and (EY) = (B,
0 0 1

13

and verify that Q(4) Q(B)( ) 1A(2) QP. We finally set P = J — Q§4)

The sufficient condition (3.7) of Theorem 3.6 then holds, since
-1 1 0[]0 0 O 0 0 O
EMNTAPPPY =10 -1 0|0 0 ol =]0 0 of >0
0 0 2]1(0 0 1 0 0 2

The condition in [1], however, is not satisfied, since

-1 -1 0] [t 0 0O -1 -1 0
(E-A)1A=|0 -1 0[|0 1 0|=|0 =1 0] #0.
0 0 1]]0 0 2 0 0 2
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Also the condition in [11] does not hold, since, e.g., for y = [—1 1 1}T we have
Ey >0 but Ay # 0. Note, that we have P, = P(J(Z)Pl(4), yet, condition (3.11) does not
hold, since (ESY)=14 # 0.

EXAMPLE 3.10. Consider the regular matrix pair (E, A) of ind(E, A) = 2, where

E11 E12 0 0 0 0 0 A14
By Ey» 00 o Am 0 0
E=10 0 0o ™ A=|¢ ¢ 45 o0
0 0 0 0 Ay 0 0 0

Note, that every regular matrix pair of index 2 can be equivalently transformed into
such a form, where Aq4, A41, Ass, Eoo are square regular matrices, see [10]. We choose

0 0 0 O
(()1): 8 8 ? 8 and compute
0 0 0 I
I 0 0 O E11 E12 0 —A14
@ [0 I 00 1) _ |Ea1 Ea 0 0
=10 0 0 of ™ EB7=10 o _—44 o0
0 0 0 O 0 0 0 0
Choosing
I 0 0 O
1) |—-Ex'Ex 0 0 0
1 - O~ 0 0 0f”
AlE;; 0 0 0
where Ell = E11 — E12E2_21E21, we obtain
[ 0 0 0 O 0 0 0 0
—1
(1 _ | EygEr I 0 0 W _ |0 Ax 0 0
P = ONOIO’Al_O 0 o o
~AlFEn 0 0 T Ag 0 0 0
By Eia 0 —Aiy
g Eo1 + A22E2_21E21 FEao 0 0
2 0 0 —Ass 0 ’
I —An 0 0 0
[0 0 0 —Al
(EM)~1 = 0 Egy' 0 By (Eay + Ao By By ) Ay
2 0 0 —Az i 0
|—AL AL ERE, 0 —AR(BEn — BBy As By Exn )AL

We verify that Q?) = —le)(Eél))flAgl) = le) and, hence, P1(2) = Pl(l)v A§2) =
AP, B = By and ()7 = (B3Y) 7. Setting

0 0 0
2 1 2)\— 0 0 0
A14(E1y — FEroBEy Ago By Ey)  —A14E19FSy Agy 0
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we compute

I 0 0 0
2 _ 0 1 0 0
B = ) 0 0 0 0’
—A14(E11 — B12Eyy Apo By o) A1aE19E5, Az 0 0
Ei(I 4+ Ep' An)Eyy By Enp(I+ Ep'tAn) 0 —Ay
2 _ (2 _ Eos Eao 0 0
E® = E-4Q = ; : a0 |
0 0 0 0
—Ei1 + Ero(I + By Asg)Egy' Es E12Eyyt Ay 0 0
(2) _ (2) _ 0 Ago 0 0
AT = AR = 0 0 0 0
Ayq 0 0 0
Choosing
I 0 0 O
3 |=Fy'Ex 0 0 0
L 0 0 0 0}’
0 0 0 O
we determine
[0 0 0 O
p® _ [Ex'BEan 1 0 0
1 0 0 I of’
0 0 0 T
[E11 + E12Eyy Ao Eyy' Eey Fio + E1aEgy Ags 0 —Aug
E(3) _ Es1 + A22E2_21E21 FEoo 0 0
2 0 0 —Asz 0 |
L —An 0 0 0
0 0 0 _A211
(E(3))—1 _ 0 Egy' 0 By (Ear + Ao Egy' B ) Ay
2 0 0 —AZ} i 0
—A7l AL E(I+ Eyp'An)Ey 0 —ANE1 — FioFoy Aso(I + Eqgyt Ago) Exy Foy )AL

We verify that Q§4) = —Q%B)(E§3))’1A§2) = QP and, hence, P1(4) = P1(3), E§4) =
Eég) and (E§4))_1 = (Eég))_l. The sufficient condition (3.7) of Theorem 3.6 then
reads as

0 0 0 0
—1 —1 —1
(V=1 4(2) p(4) _ Eoyy AnaEgy En Esy Az 0 0 >
(E2 ) Al Pl - 0 0 0 0 —0
A;41E12E;21A22E;21A22E;21E21 A;41E12E;21A22E;21A22 0 0

Consider again the eigenvalue problem

(AE — A)v =0.
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For the given F and A, we obtain

AE AE1o 0 —Aia| |1

)\Egl )\EQQ — A22 0 0 V2| 0
0 0 —A33 0 V3 e

—A14 0 0 0 V4

Since A41 and Ags are nonsingular, we obtain v; = v3 = 0 and the following system
of equations

AE12v2 — Aygvy = 0
(AE2 — Ag2)va = 0,

which is equivalent to

{ (AI—E2_21A22>'U2 = 0,
V4 = )\A;41E12’U2.

Condition (3.7) gives Eay" Agy > 0 and, hence, we obtain from the first equation that
p(EQE1 Asg) =: )\ is an eigenvalue and there exists a corresponding eigenvector vg > 0.
By using this, we obtain from the second equation that

Vg = AA;41E121)2 = A;41E12E;21A2202 = —/\71141741E12E521A22E521A2202 Z O,

since 141_41E12E2_21 A22E2_21A22 >0 by (3.7) and A > 0, v2 > 0 from the first equation.

The condition in [1], however, is not necessarily applicable, since F — A may not
be invertible if Fay — Ao is not. Also the condition in [11] will not hold in most cases,

since we may choose y1,¥ys in y = [yl Y2 Y3 ydT such that Fy > 0 and choose
ys,ya such that Ay # 0.

We proceed with the construction of the special projectors as required in Theo-
rem 3.6 in the case that v > 2. To begin with, we choose the projectors Q((Jl), ceey Ql(,l_)l
as in [12] such that QE—DQEH = 0 for all 7 > 4. Then, we define the projector Qf 1
onto kerEl(,l)1 along S,_; by setting Q @ = Q(l) (E(l)) 1Ayl)1 as in Lemma 2.4
and setting P( ) =1-Q,- @) ; and EP = E(l) - A(l) ,(j)l

Next, we set Ql(,2)2 = Q(l) ( ) 1A(1) This is a projector by Lemma 2.5 and
we obtain Qv =0 for all v € Sdef This follows, since for all v € Sdef

w e S}i»ef with Av = Fw and thus

there exists

Qf/2220 _ _Q(1)2 E(2) _IA(122U _ Q(l) (E(2)) 1A(1)3P(1)31) _

v

( 1% 124
— —QWL(EP) AN, (1 - Qv = —QWM,(EP) 1AW v — Q,QM v =
(

)
) ¢
= -QED) AL PO = = QW ,(EP) Agv =
= QLB Eow = Q1 - QY — @V — ... = @YY, - QP )w =

By using the new projector Q _o we redefine the last part of the chain by setting
P( =1- QV 2 E (2) = Eil—)z - A,(jl—)zQISQ—)za AI(JQ—)]. = Az(/l—)zszQ—)z and EISS) = Ez(/2—)1 -
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(2)

L1 we may need to redefine Q ; and Ql(i)l as in

A(2) V 1 Since we have a new £
the 1ndex 2 case.

Then we proceed by setting Ql(,2_) Q(l) ( )’1A,(jl_)3 and show in the same
manner that Q,(j2_)3v = 0 for all v € S}i»ef . With the same procedure we redefine
all projectors down to ng). We redefine the matrix chain using the final projector

82) and proceed by applying the same proceedure as if we had a chain of length
v — 1. Eventually, we obtain a matrix chain with projectors that satisfy the condition

Ql(?i“)v =0 for all v € S}i»ef and for all i = 0,...,v — 1. In total, we have to make
Oy 2¢ = 2¥ — 1 updates of the projectors ;. The sufficient condition of Theorem
3.6 is then checked with E( 1) instead of F,_; and reads

EZ)ApPp® ... p*) >0
2v ov—1 v
o BP)A Ip2 >

4. Conclusions. We have presented a new generalisation of the Perron-Frobenius
Theorem to regular matrix pairs (E, A) of arbitrary index. We have constructed pro-
jector chains that allow to derive a new sufficient condition. The new generalisation
reduces to the classical Perron-Frobenius Theorem if £ = I and is different from
previous such generalisations. We have demonstrated the broad applicability of the
new generalisation by several examples.

Appendix A. Proof of Corollary 3.7.
Proof. In [13], the canonical pI‘OJGCtOI‘S Py --- P, are constructed such that the
condition Q; = —QZ AR P,, 1E A holds for all i. For the canonical projectors,

conditions (3.7), (3.9), (3.10) are equivalent, since Py ---P,_; = P, = EPE, see [13].
Now, we show that for projectors Py, ..., P,_1 as constructed in Section 3.3, we have
Py---P,_q = 160 - -Pl,_l, where PO, cee Pl,_l are canonical projectors as introduced
n [13]. For a matrix pair of ind(E, A) = v, we have the projector decomposition
I = PO H 'P,/,1 + P() s 'PU,QQV,1 + ...+ P()Ql + Qo. Furthermore, we have the
property, see [13],

im(Py- P, 2Qu-1+...+ PoQ1+ Qo) =imQop+...+imQ,_1.

For the canonical projectors Q; as constructed in [13] and for the projectors @Q; as
constructed in Section 3.3, we have im Q); = im @); for all . Hence,

im(Py - PyoQuo1+ ...+ PoQ1+ Qo) =im(Py- -+ Py_2Quo1+ ...+ PoQ1 + Qo).

Therefore, we conclude that ker Py --- P,_1 = ker ]50 . Ij’,,,l since Py--- P, _2Q,_1+
o+ PQ1+Qo=1—Fy---P,_1 is a projector and

dim(im Py - -- P,_) = dim(im Py - -- P,_1) = n — dim(ker Py - - - P,_1).

On the other hand, we know that im P C im I --- P,_1, since for any x € R" we get
P.x € S?ej and Py---P,_1P,x = P,x. This together with the dimension argument

gives us P, = PO---P,,_l =F---P,_4.
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Condition (3.10) is sufficient, since EPE = P,. This can be verified by trans-
forming EPE into Weierstrafl canonical form. If

E_(SE—A)lE_<sW{I O}T—W[J O]T>1W{I O}T_

0 N 0 I 0 N
N (A 0
=T { 0 (sN - n| T
then
D -1 sl—J 0
EP—T [ . O]T,
and
D et |[SI—J 0] [(sT —J)7! 0 B
ETE=T [ 0 OH 0 N-nnN|TT
_ | L0
=T {0 0 T=PF,
a
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