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Abstract

This paper concerns hyperbolic systems of two linear first-order PDEs
in one space dimension with periodicity conditions in time and reflection
boundary conditions in space. The coefficients of the PDEs are supposed
to be time independent, but allowed to be discontinuous with respect to
the space variable. We construct two scales of Banach spaces (for the solu-
tions and for the right hand sides of the equations, respectively) such that
the problem can be modeled by means of Fredholm operators of index zero
between corresponding spaces of the two scales.

1 Introduction and main results

This paper concerns linear inhomogeneous hyperbolic systems of first order PDEs
in one space dimension of the type

O+ Opu + a(z)u + b(x)v = f(z,1)

O — 0pv + c(z)u + d(x)v = g(x,t) } O<sz<l teR (1.1)
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with time-periodicity conditions
u(z,t+ ) =u(x,t
( 2“’) (%) 0<zx<1,teR (1.2)
v (z,t+ ) = v(z, t)

and reflection boundary conditions

u(0,t) = rov(0,1)
v(1,t) = ru(l,t) } tek. (1.3)

Together with the periodic-Dirichlet problem (1.1)—(1.3) we consider its homoge-
neous adjoint variant

—0pu — Oyu + a(x)u + c(z)v =0
O+ D+ blaju +d(ap =0 f OSTSHIER (14)
t+28) = t
u(:c, +2w) u(x,)}ogxgl,teR, (1.5)
v (e t+ ) = (1)

v(0,t) = rou(0,1)
u(l,t)) = riv(1,t) } teR. (1.6)
Here w > 0 and 7,71 € R are fixed numbers, a,b,c,d : [0,1] — R are fixed
coefficient functions, and the right-hand sides f, ¢ : [0, 1] x R — R are supposed

to be 2U’T—periodic with respect to t.

Roughly speaking, we will prove the following: Suppose
1
a(z)+d(x)) dx

|rory| # eof( () : (1.7)
Then there exists a solution to (1.1)—(1.3) if and only if the pair (f, g) of the right
hand sides is orthogonal in L? ((0,1) x (0, 2X) ; R?) to any solution to (1.4)—(1.6).
Moreover, the dimension of the space of all solutions to (1.1)—(1.3) with f =g =0
is finite and is equal to the dimension of the space of all solutions to (1.4)-(1.6).

The main tools of the proofs are separation of variables (cf. (3.2)-(3.3)), inte-
gral representation of the solutions of the corresponding boundary value problems
of the ODE systems (cf. (3.6)) and an abstract criterion for Fredholmness which
seems to be new (cf. Lemma 8).

In order to formulate our results more exactly, let us introduce function spaces:
For [ =0,1,2,... and 7 > 0 we denote by H"” the vector space of all measurable
functions u : [0, 1] xR — R such that u(z,t) = u (z,t 4+ %) for almost all (z,t) €
[0,1] x R and that

;1
HquM :: 1+k2 72/)/87” u(z,t)e —iket dt‘ dx < oo. (1.8)
Z m=0

ke



It is well-known (see, e.g., [2], [7, Chapter 5.10], and [9, Chapter 2.4]) that H"
is a Banach space. In fact, it is the space of all locally quadratically Bochner
integrable maps u : R — H'(0,1), which are 2f*periodic and such that all gener-
alized derivatives up to the (possibly noninteger) order v are locally quadratically
integrable too. Further, we denote

W7 = H" x H",

VY oi= {(u,v) € W (Qyu + Opu, Opv — Opv) € W7},
The function spaces W7 and V7 will be endowed with the norms

1w, )13 = Nl Fon + v llZos

and
1(u, 0) [T = [l (w, 0) 5 + (B + Bz, Dv — D) [[5y -

It is easy to prove (see Lemma 4) that V7 is a Banach space. Moreover, if v > 1,
then for any (u,v) € V7 and any x € [0,1] there exist traces u(z,-),v(z,-) €

L? (R) (see Remark 6). Hence, for v > 1 it makes sense to consider the following
closed subspaces in V7:

V(rg,m1) = {(u,v) € V7: (1.3) is fulfilled},

Vi(ro,m1) = {(u,v) € V7 : (1.6) is fulfilled}.

Finally, let us introduce linear operators: For a,b,c,d € L>(0,1) we define A €
LV (ro,r); W), A€ LV (rg,r1); W?), and B, B € L(W7) by

u | | O+ Oyu+au ul| | b
A{v}'_{atv—&cv+dv}’ B[v}'_[cu}’

slu | | —Ou—0u+au Sslu | | o
A[U]’_[—atv—l—azijdv}’ B[v}'_[bu]'

Now we formulate our main result:

Theorem 1 Let v > 1, a,d € L*(0,1), b,c € BV(0,1), and suppose (1.7).
Then we have:
(i) The operator A is an isomorphism from V7 (rg,ry) onto W7.
(i) The operator A+ B is Fredholm of index zero from V7 (rg,r1) into W7.
(11i) The image of A+ B is the set of all (f,g) € W7 such that

S Sy

/(f(x,t)u(x,t) + g(z,t)v(x,t)) dedt =0 for all (u,v) € ker(A + B).



Remark 2 The operators B and B depend linearly and continuously (in the
operator norm of L(W?)) on the coefficient functions b and ¢ (in the L>(0,1)
norm). Hence, a perturbation argument gives the following result, which is slightly
more general than assertion (ii) of Theorem 1:

Let v> 1, a,d € L*(0,1), and suppose (1.7). Then there exists an open and
dense set M C (L*°(0,1))? such that (BV(0,1))*> C M and that for all (b,c) € M
the operator A+ B is Fredholm of index zero from V7 (rg,ry) into W7.

The present paper has been motivated by the investigation of so-called travel-
ing wave models, which are successfully used for modeling of dynamical behavior
of semiconductor lasers (see, e.g., [1, 3, 4, 5, 8]). In those models, systems of the
type (1.1) appear to describe the forward and backward traveling light waves in
the longitudinal laser direction. If one deals with multisection lasers consisting
of several sections with different electrical and optical properties, then the coeffi-
cient functions a, b, ¢, and d are discontinuous (piecewise constant). Note that in
the laser models the coeflicient functions and the reflection coefficients ry and
as well as the unknown functions u and v are complex valued, and the linear wave
system is coupled (via the coefficient functions) to a nonlinear balance equation
for the carrier distribution in the active zone of the laser. Hence, from the point
of view of applications to laser dynamics, our problem (1.1)—(1.3) is only a case
study. On the other hand, it is well known that the Fredholm alternative for the
linearization is a key for investigation of main properties of periodic solutions to
nonlinear differential equations, such as persistence via implicit function theorem,
bifurcation and synchronisation via Liapunov-Schmidt procedure (see, e.g., [6]).
In a forthcoming paper we will use our present results for applications to laser
models.

2 Some properties of the function spaces

In this section we formulate and prove some properties of the function spaces
HY W7, and V7, introduced in Section 1.
It is well known that for each v € H"Y we have

kEZ

u(x,t) = Zuk(x)eik“t with ug(x) = QK /u(x,t)e_ikw dt, (2.1)
7r
0

where the functions u;, belong to the classical Sobolev space H'((0,1);C), and
the series in (2.1) converges in the complexification of H%?. And vice versa: For



any sequence (ug)gez With

ur € H((O,1,C), m=wne S (1+ BV ulone <00 (22
keZ

there exists exactly one u € H" with (2.1). In what follows, we will identify
functions u € H" and sequences (uy)rez with (2.2) by means of (2.1), and we
will keep for corresponding functions and sequences the notations u and (ug)kez,
respectively.

Lemma 3 A set M C H7 is precompact in H* if and only if the following two
conditions are satisfied:
(i) There exists C' > 0 such that for all uw € M it holds

Z(l + k2)7/0 lug (2)|? dz < C.

keZ

(ii) For all € > 0 there exists 6 > 0 such that for all h € (—0,0) and alluw € M
it holds

1
, 2
Z(l + k*)7 /)uk(x + h)e™ ™ —up(z)| dr <,
keZ 0

where ug(x + h) :=0 for x +h & [0,1].

Proof.  Let us use the canonical isomorphism J from H%7 onto H°Y =
L2<(0, 1) x (0, 2{)), which is defined by

(Ju)(x,t) = Z(l + k2 2, () et
keZ
We have to show that J(M) is precompact in L? ((0, 1) x (0, 2:”)), i.e. that J(M)
is bounded in L? <(0, 1) x (O, 2;“)), and that for all £ > 0 there exists § > 0 such
that for all v € J(M) it holds
2

1
//|u(m—|—h,t+h) —u(z,t)Pdrdt < e, (2.3)
00

where u(z + h,t+ h) := 0 for z + h ¢ [0, 1]. Boundedness in LQ((O, 1) x (0, %’T))

is just condition (i7) of the lemma.



Now we show that (2.3) is just condition (47) of the lemma. This follows from

/1‘(Ju)(x +h,t+h)— (Ju)(x,t)fdmdt

o\g\;’

, 2
// Z 1 +k32 /2 [uk(x+h) tkw(t+h) _ ( ) zk:wt] da dt
keZ
2
/Z (1 + k3 up(x + h)e*h —uy(z)| da.
kez

Lemma 4 The space V7 is complete.

Proof. Let (u,v7)en be a fundamental sequence in V7. Then (u/,v7) ey
and (Oyu? 4+ O,u?, Opv? — 9,v7) jen are fundamental sequences in W7. Because W
is complete, there exist (u,v) € W7 and (@, 0) € W7 such that

(!, v7) — (u,v) and (9’ + Opu?, Opv? — D7) — (i, D)
in W7 as j — oo. It remains to show that d,u + 0,u = u and Oyv — J,v = ¥ in

the sense of generalized derivatives. But this is obvious: Take a smooth function
¢ :(0,1) x (0, 2;”) — R with compact support. Then

g
//u (O + Op)pdx dt = hm//uj((?tjt(?x)goda:dt
j—o0
0 0 0

27

1 Z
/(‘%—i—@ Yl o dx dt = //ﬂgoda:dt,
0 0 0

and similarly for v and o. O

= — lim

J—00

S~y

Lemma 5 Ifv > 1, then V7 is continuously embedded into (H1’7*1)2.



Proof. Take (u,v) € V7. Then (u,v) € (H*")*, hence (dyu, dpv) € (H*I71)",
By the definition of the space V7, (9,u, 9,v) € (HO’7_1>2- Hence (u,v) € (Hln_l)Q'
Moreover, we have

||(u,U)H?HM,1)2 = [lull o1 + WllF00-1 + 100l Fo1 + 10:0] G001
< fuldons + 031 + 10 + Qaullon-1 + 100 = Ovll00
H0wul[Froa—1 + 0] F07-1
< Cl(u, v)[I7,

where the constant C' does not depend on (u,v). O

Remark 6 Suppose v > 1. By Lemma 5, we have

VT (H*) ~ (Hl ((0,1);L (o 2—”)))2 - ((J ([0, 1); L? (o, %)))2

Therefore, for any x € [0,1] there ezists a continuous trace map

(wv) € V7 s (ula, ), 0(a, ) € (L? (0, %”))2

Now, let us consider the dual spaces (H7)*.
Obviously, for any v > 0 the spaces H*? are densely and continuously em-

bedded into the Hilbert space H*® = L*((0,1) x (0,2%)). Hence, there is a
canonical dense continuous embedding

HY s (HY)* ¢ [u,v]gon = (u,v) oo for all u € H*® and v € H*".  (2.4)

Here [+, -] o~ : (H®)* x H* — R is the dual pairing, and (-, -) go.0 : H*?x H*? —
R is the scalar product in H%0:

1
/uxt (x,t)dedt = Z/uk (2.5)
0

kezZ

(u, vHoo::2i

O\E\:’

Let us denote A
er(t) :=e*' for k € Z and t € R. (2.6)

If a sequence (¢g)rez With ¢ € L*((0,1); C) is given, then the pointwise products
orer belong to L? ((O, 1) x (0, %”) ;C). Hence, they belong to the complexifica-
tion of (H%")* (by means of the complexification of (2.4)), and it makes sense to

ask if the series
> onex (2.7)
converges in the complexification of (H%7)*.

7



Lemma 7 (i) For any ¢ € (H®)* there exists a sequence (py,)rez with

o€ L(O.DC), B = (1487 [ o) do<oe, (29
keZ

such that the series (2.7) converges to ¢ in the complezification of (H*V)*. More-
over, it holds

/g&k(x)u(x) dx = [, ue_] o~ for all u € L*(0,1). (2.9)
0

(i) For any sequence (r)rez with (2.8) the series (2.7) converges in the
complezification of (H*7)* to some ¢ € (H*)*, and (2.9) is satisfied.

Proof. (i) By the Riesz representation theorem, for given ¢ € (H®7)* and
k € 7 there exists exactly one ¢, € L?((0,1);C) with (2.9). The property
Pr = p_i follows directly from (2.9).

Now, take u € H%” with its representation (2.1), (2.2) (with [ = 0 there). We
have

Z/Hk? ou(@)(1 4 K (@) da

kEZ

‘[907 U g0y

g,

kEZ

Taking the supremum over all u € H*Y with ||ul|%0., = >, 7 (1+k?) f lug(z)]? doe =
1, we get

1
ooy = (14 k)™ / on(@)|2d < 0.
0

keZ

Similarly one shows that the series (2.7) converges in the complexification of
(H%7)*: For all u € H> we have

Y- Z PrCl, U =P~ Z Sokelwzukek

k| <ko HOw k| <ko keZ O

-5 o e G
|k|>ko |

<| S e [la@Pde| (2.10)

|k|>ko



and this tends to zero as kg — oo uniformly for ||u||go~ = 1.

(i) As in (2.10) one shows that (2.7) converges in the complexification of
(H®7)* to some ¢ € (H®)*. Moreover, (2.9) is satisfied, because for all u €
L*(0,1) we have

1
[p, ue_g] o = [Z @zel,uek] = Z<90lelauek HO.0 = /%
HO»Y

leZ leZ 0

Here we used (2.4) and (2.5). O

3 Proof of the isomorphism property

In what follows, we suppose the assumptions of Theorem 1 to be fulfilled. In this
section we prove assertion (i) of Theorem 1.

Fix (f,g) € W7. Then f(x,t) = > fx(z )eik’wt and g(z,1) = ng(@eikwt
keZ keZ
with f, gr € L?((0,1);C) and

keZ

SO+ k) /|fk )P 4 Jgu(@)?) de < oo. (3.1)

We have to show that there exists exactly one (u,v) € V7(rg,r1) such that dyu +
Oyu+au = f and 0w — 0,v+du = g. Writing u and v as series according to (2.1)
and (2.2), we have to show that there exists exactly one pair of sequences (ug)rez
and (vy)rez with ug, v, € H'(0,1) satisfying the boundary value problem

uy, + (a(x) + ikw)up = fru(z), v, — (d(z) + tkw)v, = —gr(), (3.2)

uk(0) = roug(0), vE(1) = ryug(l), (3.3)

and the estimates

SO+ Ry /|uk )2 + [un(@)]?) da < oo, (3.4)
keZ 4

1

Z(l + /{:2)7/ (Juy, (@) + ikwug(2)]* + |vj,(z) — ikwog(2)]?) do < 00. (3.5)

kez 0

Here we used Lemma 5 and Remark 6.



The estimate (3.5) follows from (3.1), (3.2), and (3.4). Hence, it remains to
show that there exists exactly one pair of sequences (uy)rez and (vg)gez with
ug, v, € H' ((0,1); C) satisfying (3.2), (3.3), and (3.4).

In order to simplify the formulae below, let us introduce the following notation:

ax) == /a(y) dy, 0(x):= /d(y) dy, Ag =m0 _pop emthomal),

0 0

A straightforward calculation shows that the boundary value problem (3.2), (3.3)
has a unique solution (ug,vi) € H' ((0,1);C?), and this solution is explicitely
given by

x

1 tkwy+a T
Uk(x) = e el /ek v (y)fk(y)der—owk(fk,gk) )

Ay,
Y (3.6)
. . 1
vp(z) = ettt /e_zkwy_(s(y)gk(y) dy + A_wk<fkagk)
0 k
with
1 1
wk(f7 g) — Tle—ikw—a(l) /eikwy-l-oz(y)f(y) dy_eikw+6(1) / e—ikwy—é(y)g(y) dy. (37>
0 0

Here we used assumption (1.7), which implies

1AL > 2D — |rori|e M| > 0 for all k € Z. (3.8)
From (3.6) and (3.8) it follows that
1 3
Jun(2)] + |vg ()| < C /(Ifk(:c)!2 +lge(2)[?) do (3.9)
0

for all z € [0,1], where the constant C' does not depend on k, fx, gx, and z.
Finally, (3.1) and (3.9) imply (3.4).

4 Proof of Fredholmness

In this section we prove that A + B is Fredholm, which is a part of assertion (i)
of Theorem 1.

10



Obviously, A+ B is Fredholm from V7 (rgy, ;) into W7 if and only if I + BA™!
is Fredholm from W7 into W7. Here [ is the identity in W7.

We are going to prove that I + BA™! is Fredholm from W7 into W using the
following

Lemma 8 Let W be a Banach space, I the identity in W, and C € L(W) such
that C? is compact. Then I 4+ C is Fredholm.

Proof. Since I — C? = (I — C)(I + C) and C? is compact, we have
dimker(I + C) < dimker(I — C?) < oo. (4.1)

Similarly one gets dimker(/ 4+ C)* < oo, hence codimim(/ + C') < co. It remains
to show that im(/ + C) is closed.
Take a sequence (w;);eny C W and an element w € W such that

(I + C)w; — w. (4.2)

We have to show that w € im(I + ().
Because of (4.1) there exists a closed subspace V' of W such that

W =ker(I+C)aV, (4.3)

Using the decomposition w; = u; + v; with u; € ker(I + C) and v; € V, we get
from (4.2)
(I+C)v; — w. (4.4)

First, consider the case when the sequence (v;) ey is bounded. As the operator
C? is compact, there exist v € W and a subsequence (vj, )ken such that C?v;, — v.
On the other hand, (4.4) yields (I — C*)v; — (I — C)w. Hence (4.4) yields
]}erolo vj, = (I — C)w + v, and, therefore,

w = kh_)rgo(l—l— Chj, =T+ C) (I —-C)w+w) €im(I +C).

Now, suppose that the sequence (v;);en is unbounded. Without loss of gen-
erality we can assume that

lim ||v;]] = oo. (4.5)
j—o00
From (4.4) and (4.5) we get
(I+C)-2_ 0, (4.6)
[l

11



hence v,
(I —C?*)—L —0. (4.7)

vl
On the other side, because C? is compact, there exist v € W and a subsequence
(vj, )ken such that

v,
Cc? : 4.8
ol e
Inserting (4.8) into (4.7), we get
Uiy eV (4.9)
[0

Combining (4.9) with (4.6), we get (I + C)v =0, i.e.
veVnker(I+C)and [jv]| =1

But this contradicts to (4.3). In other words: The sequence (v;);eny cannot be
unbounded. O

In order to use Lemma 8 with W := W” and C := BA™!, let us show that
(BA™Y)? is compact from W7 into W7,

Take a bounded set N C W7, and let M be its image under (BA™')% 1In
order to show that M is precompact in W7 = H%" x H°7, we use Lemma 3
“componentwise”. Condition (i) of Lemma 3 is satisfied because (BA™!)? is a
bounded operator from W7 into W7.

It remains to check condition (i7) of Lemma 3. The explicit representa-
tion (3.6) of A~! yields the following: For given (f,g) € N we have

2]-wer]f]-oesfz] 3]

if and only if

x

~ ikwx T —tkwy— 1
() = b@)@k +ole) /6 oy 5(y)0(y)uk(y) dy + A_wk(bvkacuk) )

k
0

T

p(x) = c(z)e Her—a@ /eikwyw(y)b(y)vk(y) dy + —20 wy (bug, cug) |,
K
0

12



where the functions wy are defined by (3.7) and the functions uy, v, € H'(0,1)
as the solutions to (3.2), (3.3) are given by the formulas (3.6). Hence

|ﬁk($ + h)@ikwh — ﬂ,k(ﬂf)‘
z+h
< b(l‘—i— h>62ikuh+5(x+h) / efikwyfé(y)c(y)uk(y) dy

xT

+ |b(z + R)edEH) (€2z‘kzwh B 1) /e—ikzwy—é(y)c(y)uk(y) dy + IUk(ch, cuy)
k

0
T

+ | (b + h)eP@H) — p(z)e’ ) / e W ey yuy (y) dy +
0

wg (bug, cuy)

Ay

On the account of (3.9) and the boundedness of N, we get the estimate

1 z+h 2

Z(l + k2)’y/ b(ZE + h)GQikwh-l-(S(I-i-h) / e—ikwy—é(y)c(y)uk(y) dy dr S ChQ,

keZ 4 0

where the constant C' does not depend on (f,g) € N. Similarly one gets (using
(3.7)-(3.9))

1
Z(l + Ek*)7 / |b(z + h)e® T — ()™ ‘2
keZ 0
2
% /eikwyzS(y)C(y)uk(y) dy + wk(bUAka cuy,)
k

0

T

dx

1
< C’/ |b(z + h)ed@th) b(x)e‘s(”&)‘z dz,
0

which tends to zero for A — 0 uniformly with respect to (f,g) € N (because of
the continuity in the mean of the function z +— b(z)e’@).

It remains to show that
1

S48 [ oo meten) (@25 )
keZ 4
2
wi (bvy, cuy,)

X /eikwy(S(y)C(y)uk(y) dy+ A— dx (410)
k
0

T

13



tends to zero for A — 0 uniformly with respect to (f,g) € N. Using (3.2), we
have for all k #£ 0

e Ve(y)ug(y) =
sikwy & ¢ ik d ik
= 21.200(34) (6 I (€™ ui(y)) — dy (e yuk(y)))

— 2i}€wc(y> (@—ikwy (fe(y) — aly)ux(y)) — di; (eikwyuk(y))> i

Moreover, assumption ¢ € BV (0, 1) yields

/es(y)c<y)d_y (e’k‘”yuk(y)) dy| < CHUkHLOO(O,l)7
0

the constant C' being independent of x, h, k, and u,. Using (3.9), it follows

T

/ &R0 o)y () dy| <
0

C
1+ |k

(HfchLZ(o,l) + HQkHL2(0,1))

for some C' > 0 not depending on x, h, k, fi, and gg. Similarly we proceed in the
integrals in wy,(bug, cug) (cf. (3.7)) in order to get

C
1+ |k
Hence, (4.10) can be estimated by

_ ikw 2
O+ R e — 1 (1l + el E20) )

kEZ

|wy, (buy, cug)| < (I1fell 220,y + 19kl 2200,1)) -

with some C' > 0 not depending on z, h, k, f, and gi. Using |e?*h — 1] < 2kwh,
we see that this tends to zero as h — 0 uniformly with respect to (f,g) € N.
Thus, M is precompact, i.e. (BA™')?is compact. Hence [+BA™! is Fredholm,
and therefore A + B is Fredholm.
In order to finish the proof of assertion (i) of Theorem 1, it remains to show
that the index of A+ B is zero. This will be proved in the next section.

5 Fredholmness of index zero

Directly from the definitions of the operators A, A, B, and B it follows

((A+ B)(u,0), (@,0)) = ((u,v), (A+ B)(4,7))
for all (u,v) € V7(ro, ) and (@, 0) € V7 (rg, 7). (5.1)

14



Here

((u,v), (¢ - Y up + vp) dr dt = Z URPy, + vkwk
— 1

kEZ

is the usual scalar product in the Hilbert space (H%?)* = L2 ((0,1) x (0,22) ; R?).
In order to prove that the Fredholm operator A+ B has index zero, it sufficies

to show that
dimker(A + B) = dimker(A + B)*. (5.2)

Here (A + B)* is the dual operator to A+ B, i.e. a linear bounded operator from
(W7)* into (V7 (rg,71))*. Using the continuous dense embedding

‘77<T07T1) — W' — (H0’0)2 - (W’Y)*7

it makes sense to compare the subspaces ker(A + B)* of (W7)" and ker(A + B)
of V(rg,m1):

Lemma 9 ker(A + B)* = ker(A + B).

Proof. Let [-,-] : (W7)* x WY — R be the dual pairing on W?. Then for all
(u,v) € V(rg, 1) and (@1, ) € V7 (rg, 1) we have

(@,0), (u,v)) = ((a,0), (A + B)(u,v))
0), (A + B)(u,v)] = [(A + B)"(a,0), (u,v)] . (5.3)

((A+B)
= [(a,

Here we used (2.4) and (5.1). Obviously, (5.3) implies ker(A+ B) C ker(A + B)*.
Now, take an arbitrary (¢,¢) € ker(A + B)*, and let us show that (¢,v) €
ker(A + B). By Lemma 7, we have (using notation (2.6)) ¢ = > prer and

keZ
P = > rer, with o, 1, € L?((0,1); C) and

kEZ

2}1+HWA(WA@F+WA@ﬂdx<m.

keZ

It follows that for all (u,v) € V7 (rg,71)

= [(A+ B)" (. 9), (u,0)] = [(¢,¥), (A + B)(u, v)]
—Z/ or(u’ ) + (a —ikw)u_g + bu_g) + Y (v', — (d — ikw)v_g + cu_y))dx.

kEZ
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Therefore
or (Up + (a — ihw)u_y, + bo_y,) + ¢y, (v, — (d — ikw)v_y, + cu_y,) =0

for all uy, v, € H'((0,1);C) with (3.3). By a standard argument, we conclude
that ¢, ¥ € H' ((0,1); C) and that they satisfy the differential equations

—¢;€ + (CL - Z'l{?w%@k + chp = 0, 2/};@ + (d - ka)iﬂk + by =0 (54)
and the boundary conditions

Ur(0) = rowk(0), @i(1) = r1¢(1). (5.5)
This yields, as in Section 3, that (p,) € V7(ro,71) and (A + B)(p,¢) =0. O

Lemma 9 implies that assertion (iii) of Theorem 1 is true. Hence, it remains
to prove (5.2), i.e. o
dimker(A + B) = dimker(A + B). (5.6)

Lemma 10 There exists kg € N such that for all (u,v) € ker(A + B) and all
(,0) € ker(A+ B) and all k € Z with |k| > ko we have uy = v, = Uy = U, = 0.

Proof.  Suppose, contrary to our claim. Then there exists, for example, a
sequence (u’,v?);en € ker(A + B) such that for all j € N there is k; € Z with
|k;| > j and uij # 0 or vij # 0. Without loss of generality we can assume that
k; # k; for j # [. Using the notation (2.6) again, we see that the functions
(uijekj,vijekj) belong to ker(A + B) and are linearly independent. On the other
side we know that ker(A + B) < oo, and this is a contradiction. O

Lemma 10 implies that

ker(A+B) = Z (urer, vger) : (ug,vx) solves (3.2), (3.3) with fr =g =0 p,

|k|<ko

ker(A 4+ B) = Z (prer, rer) : (o, Yx) solves (5.4), (5.5)
|%|<ko

It is known that, given k € Z, the number of linearly independent solutions to
(3.2), (3.3) with fx = gr = 0 (this number is zero, one or two) equals to the
number of linearly independent solutions to (5.4), (5.5). Hence, (5.6) is proved.
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