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GQ : L2(Q) → W (0, T )

G : L2(Q) → L2(Q)

S : L2(Q) → L2(Ω).
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ū
i��Õ|npvzgi�kn��uw��tj�l�|ejk~iCj¥��z{�
��ejkyi¡����¬vz{¬.|~p¥�<|Ì�\�s�ø�<|~z`k�|�sKeÓzco½i�tj¬j��|n��i�t.��m¤mq�¡|n��m��jz{¬.� i�k�|np�zgi�kn��uw��tj�l�¥iwt�z}¦

� p�z\�±z`|npvis¬�i��5ejkyisi�����mc�lt¥�l��ilu�iwrjm�|~i-|~pvzWiwtvzW��t�¡g��t}|yz`kn�W�j����z`k�z`|c�l�ï¦~k!m@nï¦�} zW¬viYtvi�|:ejkyi¡��z+|~pj��m
k~z{m~rj��|{�smn��tjo½z#gÌzÍ�l�����<|=o½i�t¥oMz�tw|~kq�¡|n��tvuCiwt-|~pvzÍ��t}|yz`kn��i�k�e�iw��t}|=�±z`|npvis¬F� i�kwevk~iGj¥��z{� ³ �%´§kq�¡|npvz`kÌ|~p¥�lt
|~i+¬j��mno½rjm~m¤|np�zºk~z{�ø�<|~��iwt�g���|~p.|~pvzcrjt�k~z`uwrj�ø�<k~��x`z�¬�evk~iGj¥��z{�
¦:bjiw����i'g£��tvu¢k ª9��n ��g¤zg|~kn�ltjmy� i�kn�5|npvzº�0�Ih�z{¬
oMiwt}|yk~iw� f my|q�¡|~zÅoMiwtjmy|ykq�l��t}|~mG��t}|~i0oMiwt}|~kyiw��oMiwtjmy|ykq�l��t}|~m{¦§��mn��t�u0|~pvzÅiGeÓz`kq�¡|~i�k~mG��t}|~kyi�¬jr¥oMz{¬���t^�}z�oM|n��iwt�©j�
gÌz�o`�ltig£k~��|~z

y + εu = Gu + εu = (G + ε I)u.

}Jz£��t}|yk~i�¬vr¥oMz
w := y+εu

�<m��ctvz4g*�<r�hv�����ø�<k�s+oMiwtw|~k~i��ï¦ � pvz{t
u = D w

�Cg£pvz`k~z
D : L2(Q) → L2(Q)

��m£¬�zP�jtvz{¬fjKs

D = (G + ε I)−1.
³ ­C´

D
��m7g¤z����Õ¬vz4�¥tvz{¬��¥�lm=|npvz�tvz.h�|Gk~z{m~rj��|£m~pvi'g�mP«

Ã�ÈKË�Ëoä�ë�Í¼ÎÝÍ�÷ ¸@Ó0ºCÔ�Ô
ε 6= 0 ï ¹ Ð|Ñ ¸
× Ñ Ó2ºC¹�¸@Ó D

Ñ2ø »Ù¾/¹Ã¾0º@½6Û�»Ù¾ Ò ¸@½,¹¼»�½ÝÜÝ¸@ÜK¾:»�½
L2(Q) ß

ð%Ó2¸9¸�Þ ß be��k~m~|7g¤z�m~pvi'g |np¥�¡|G|npvzÅ��z`knt�z��Õi��
G + εI

��mG|ykn�����ø�<�ï¦ � i0m~z`zÍ|npj��m{�jo½i�tjm~��¬vz`kG|~pvzÅz9y}r¥�<|n��i�t

Gu + εu = 0.
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ut − ∆u − c0u = −1
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∂nu + αu = 0

u(0) = 0.
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yt − ∆y − c0y =
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(w − y)

∂ny + αy = 0
³ m�´

y(0) = 0.
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min F (w) =
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F ′(w)v = ((SD)∗(SDw − yd), v) + κ (D∗Dw, v) .

}Jz+o`�lt���¬vz{t}|~����s-��|7g£��|npY|npvzÅ��rjtjo½|~��iwt

g := (SD)∗(SDw − yd) + κD∗Dw ∈ L2(Q),
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ηb ∈ L2(Q)
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ηa(x, t) = g(x, t)+

ηb(x, t) = g(x, t)−

myi±|np¥�<|
g = g+ − g− = ηa − ηb
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S∗(SDw̄ − yd) + κDw̄ − D−∗ηa + D−∗ηb = 0,
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(ηa, w̄ − ya) = (ηb, yb − w̄) = 0,

ηa(x, t) ≥ 0, ηb(x, t) ≥ 0,
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Q,

w̄(x, t) − ya(x, t) ≥ 0, yb(x, t) − w̄(x, t) ≥ 0
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S∗(SDw̄ − yd) + κDw̄ + ε(ηb − ηa) + G∗(ηb − ηa) = 0.�
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p = G∗(ηb − ηa) + S∗(Sū − yd),
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ȳ = Gū ,
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p + κū = ε(ηa − ηb),
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−pt −∇ · (A∇p) = ηb − ηa
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∂np + αp = 0
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p(T ) = ȳ(T ) − yd
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∫∫

Q

ln (y + εu − ya) + ln (yb − εu − y) dxdt
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min Fµ(w) =
1

2
‖SDw − yd‖2

Ω +
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2
‖Dw‖2
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−µ

∫∫
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ln (w − ya) + ln (yb − w) dx dt,
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ejkyiGj¥��z{�
�,j¥rv|º|~pvz\��i�u}�¡kn��|npv�0�øo�eÓz{t¥�l��|�s�|~z`k~�3o`�lt^i�tj�ZsijÓzVg¤z{���?¬vz4�¥tvz{¬^� i�k

w ∈ L2(Q)
g���|np

ya <

w < yb

�v¦ zw¦R��t
Q
¦ � pvz`k~z`� i�k~zw�<|npvz��l¬j�0��m~m~�Zj¥��zGmyz`|§i�� ³ £&´e��m§iCeÓz{t0��t±myiw�±z£myz�tvm~zw¦[��il|n�øoMzG|~p¥�<|

Fµ(w)
��m��±o½i�t}��z.h-��rjtjo½|~��iwt¥�l�ï¦
� i¶ejkyi¡��z^|npvz�z4h���m~|yz{t¥oMz^i��+� m~i���rv|n��iwt il�qejk~iCj¥��z{� ³ £&´M�§g¤z��@e{e¥�Zs ���±z`|np�i�¬ |~p¥�<|Yp¥�lm=j�z{z{t

��t}|yk~i�¬jrjo½z{¬���t�k ªPm'n ¦�dï|0oMiwtjm~��¬vz`k~m+|npvzY�0��tj���±��x®�¡|n��iwt�i��
Fµ

��t)��o½��iwmyz{¬�m~r{j¥myz`|±�ltv¬����<|+|npvz�mn�l�±z
|n���\z}���jt¥�l���Zs�eÓz`kn�0��|~mÍ|yi
m~pvi'g�|npj�<|Å|~pvz0m~i���rv|n��iwt

wµ
p¥�lmÅmyiw�±zVeÓiwm~��|n���lz±¬j��my|q�lt¥oMz\|~i�|~pvz"jÓiwrjtj¬vm9«

}JzCpj����z
ya + τ ≤ wµ ≤ yb − τ

� i�k£myiw�±zÅmnr�rFo½��z�tw|n�Zs-m~�.�<���
τ > 0

|~p¥�<|£¬vz4eÓz{tj¬jm£iwt
µ
¦

�v¦�ª�¦ ¸#"�ÿ��.þPÈ�ý	$GÈ,Í bji�k7�{h�z{¬
τ > 0

��gÌzCoMiwtjm~��¬vz`k=|npvzC�lr�h������ø�<k2sxejkyiGj¥��z{�

³ ¨gr�h,´
min

ya+τ≤w≤yb−τ
Fµ(w).

d t
o½i�t}|~kn�lmy|G|yi ³ £&´M��|npvzC�l¬j�±��mnm~�Zj¥��zÍmyz`|Gi��e|~pj��m7ejk~iCj¥��z{� ��m�o½��iwmyz{¬�¦
} z�¬vz4�¥tvzÅ|~pvzÅ� iw����i'g���t�u0�l¬v�0��m~mn�Zjj��zÅmyz`|nmP«

W := {w ∈ L2(Q) | ya ≤ w ≤ yb

�j¦ zw¦R��t
Q},

³ ³l²�´

Wτ := {w ∈ L2(Q) | ya + τ ≤ w ≤ yb − τ
�j¦ zw¦R��t

Q}.
³ ³vª�´

·tÇ�È�É,Ê�ÈKË&%cÍ¼ÎÝÍ�÷ ¸@Ó Ñ � Ñ Ó��
0 < τ < cQ/3 ï º@½6Û5Þ.¸@Ó#ºCÔ�Ô µ > 0 ï ×(Ó2¸ í Ô Ñ/Ö'��( Ü ø � Ð º'¾�º&Ü�½Ý»��.Ü Ñ ¾4¸CÔÚÜ{¹¼»�¸@½

wτ,µ ß
ÏcÐ|Ñ Ó Ñ »Ù¾tº í ¸@Ü�½6Û c

½6¸C¹wÛ Ñ × Ñ ½6Û@»�½KØ¢¸@½
τ
º@½6Û

µ
¾
Ü Ò/Ð ¹ Ð ºC¹ »Ã¹ Ð ¸CÔZÛ'¾ ‖wτ,µ‖L∞(Q) ≤ c.

ð%Ó2¸9¸�Þ ß dï|G��mGo`��z��<kÌ|~p¥�<| Wτ

��m=tviwt�fïz{�"ev|�sw�voMiwt}�lz4hÕ�vo½��iwmyz{¬��ltj¬=j�iwrjtj¬vz{¬�¦
Fµ

��m=m~|ykn�øoM|n�ZsFoMiwt}��z.h-�ltj¬
oMiwt}|~��tsrviwrjmWi�t

Wτ

���ltj¬	pvz{t¥oMzigÌz��<���Zs ��i'g¤z`k±myz{�0�øoMiwt}|~��tsrviwrjm{¦ � pvz`k~z`� i�kyz}�§my|q�<tj¬¥�<k~¬#�<k~u�rj�±z{t}|nm
m~pvi'g8|~pvzCz.hv��my|~z{t¥oMz�i��§�0rjtv�zysrvz+myiw��rv|~��iwt�il� ³ ¨ºr�hÝ´M¦ � pvz+rjtv��� i�kn� jÓiwrjtv¬vz{¬jtvz{m~mºil�R|~pvzCm~i���rv|n��iwt���m
�lt�iCjs����iwrjm£oMiwtvm~zPysr�z�tjo½zÍi��?|npvz&jÓiwrvtj¬vz{¬jtvz{m~m�il�

Wτ ⊂ W
��t

L∞(Q)
¦

��+¨



d t�|np�z0o{�<m~z+i���iwtvz½f m~��¬vz{¬Ûo½i�tjmy|~kq�<��t}|nm
y + εu ≤ yc

i�k
yc ≤ y + εu

� � pvz`i�kyz{� �v¦�ª\o`�ltjtvil|)jÓz
m~pvi'g£tY��tF|npj��m%g=�9sw�smn��tjo½zº|~pvzÅ�lm~myivo½�ø�<|~z{¬

Wτ
��m=tvi�|wjÓi�rjtj¬vz{¬�¦5¡�z`k~zw�}|np�zÍ� iw����i�g���tvu~vÝz{�0�.�+�@e|ej����z�m

|npj�<|�o`�ltijÓzCm~pvi�g�t�oMiw�"e¥��z`|~z{�Zs-�ltj�l��i�u�iwrvm£�lm�vÝz{�0�.�\©j¦ÿ³W��tok ªPm'nï¦
Ã�ÈKË�Ëoä)%�ÍÙç�Í)÷ ¸@Ó�ºCÔ�Ô

µ ≥ 0 ï »Ã¹ Ð ¸CÔZÛ'¾�¹ Ð ºC¹ Fµ(w) → ∞ » Þ ‖w‖ → ∞ º@½6Û
w ≤ yc

¸@Ó
w ≥ yc ï

Ó Ñ ¾�× Ñ�Ò ¹¼»�� Ñ Ô*� ß
� pvz���rvt¥oM|n��iwt

Fµ

��m£¬j��kyz®oM|~��iwt¥�l���ZsF¬j���Óz`k~z{t}|~�ø�@j¥��z��<|
wτ,µ

��t
�l���Ý¬j��k~z�oM|n��iwtvm
w − wτ

g£��|np
w ∈ Wτ

¦
� p�z�iCej|n���.�<����|�s0i��

wτ,µ

uw���lz�m

F ′
µ(wτ,µ)(w − wτ,µ) ≥ 0 ∀w ∈ Wτ ,

g�p�z{kyz
F

′

µ

¬�z�t�i�|~z{mÌ|~pvzÍ¬j��kyz®oM|~��iwt¥�l�Ó¬�z{k~���<�<|n����zgil�
Fµ

¦R¨�o`oMi�kn¬j��t�uW|yi\|~pvzÍ¬vz4�¥tv��|n��iwtFi��
Fµ

�Kg¤zciGjj|n�l��t
|np�z��<�<k~�ø�<|n��i�t¥�l�Õ��t�z9y}r¥�l����|�s

(gτ,µ, w − wτ,µ)Q ≥ 0
³ ³�³�´

� i�k��l���
w ∈ Wτ

��g�pvz`kyzÅ|np�z���rvt¥oM|n��iwt
gε,µ ∈ L2(Q)

��mG¬vz4�¥tvz{¬ijKs

³ ³<©�´
gτ,µ := (SD)∗(SDwτ,µ − yd) + κD∗Dwτ,µ − µ

wτ,µ − ya

+
µ

yb − wτ,µ

.

��z.h�|{�{g¤z�¬vz4�¥t�z�|�gÌi.�lr�h������ø�<k2s.��rjtjo½|~��iwtjm{�vt¥�<�±z{�Zs

pτ,µ := (SD)∗(SDwτ,µ − yd)
�ltj¬

θτ,µ := κD∗Dwτ,µ.

}JzÍm~pvi�g |npj�<|Ì|~pvz4sF�<k~z:jÓi�rjtj¬vz{¬Y��t
L∞(Q)

�srjtj��� ilkn�0�ZsVg���|np.kyz�m�eÓz�oM|Ì|yi
τ
�ltv¬

µ
¦ � iW|npv��m=�l���
��gÌz

tvz`z{¬�|np�z�� i�����i'g���tvu+k~z{m~rj��|�¦
Ã�ÈKË�Ëoä+%cÍzÌcÍxÏcÐ|Ñ ¸
× Ñ Ó�ºC¹�¸@Ó
¾

D
º@½6Û

D∗ º@Ó Ñ~Ò ¸@½,¹¼»�½ÝÜÝ¸@ÜK¾:»�½ L∞(Q)
Þ.¸@Ótº@½,��Û@» Ö�Ñ ½|¾
»�¸@½

N ß
ð%Ó2¸9¸�Þ ß � i¢�¥tj¬ u = Dw

��gÌzWp¥����zW|yi�myiw����z+|npvzWzPysr¥�<|~��iwt
εu + Gu = w

¦qd t�����z4g�il� ³ m�´��ltj¬ ³ Å�´ô�
|npv��m£��m=zPysrj���<�l��z{t}|=|yi±|npvzÍ� iw����i'g���t�uW|�g¤i±m~|yz4e¥mP«[}Jz�myiw����z)�jknmy| ³ m�´�|~i"�¥tj¬

y
¦ ��z.h�|{��gÌzÍiGjj|n�l��t

u
jKs

� i�k~�Wrj�ø� ³ Å�´ô¦ � pj�ltv��m�|~i � pvz`i�k~z{� ©j¦ p��¥|~pvz+�.�@e{e¥��tvu
w 7→ y

��mg����tvz��<kº�ltv¬^oMiwt}|~��tsrviwrjmg��t
L∞(Q)

¦
� p�z{kyz`� i�k~zw�w|npvzcmn�l�±zcpviw��¬vmÌ|yknrvzº� i�k¤|npvzc�.�'e|e¥��tvu

u 7→ ε−1(w− y(w))
¦ � pj��mÌm~pvi'g�m¤|~pvzÍo½i�t}|n��tsrv��|�s

i��
D
¦

� pvzqevk~isi��e� ilk
D∗ ��m��lt¥�<��i�u�iwrjm{�vm~��t¥oMz G∗ ��m£kyz{�ø�<|~z{¬Y|~iF�lt
�l¬@¦ iw��t}|7e¥�<kq�@j�iw���øoºzPysr¥�<|~��iwt�|npj�<|�p¥�lm

|np�zCmn�l�\z&ejkyiGeÓz`k~|~��z�m£�<m£zPysrj�<|n��iwt ³ m�´ô¦
���µ



� pvzÅ� iw����i'g£��tvu"v�z{�0�0�±�lm~myz`k~|nm=|npvz
L∞ f�jÓiwrvtj¬vz{¬jtvz{m~m£i�� p

�ltv¬
θ
¦

Ã�ÈKË�Ëoä+%cÍIë3ÍxÏcÐ|Ñ Ó Ñ »Ù¾0º�×|¸'¾
»Ã¹¼»�� ÑtÒ ¸@½|¾/¹�º@½,¹
cp,θ

¾
Ü Ò/Ð ¹ Ð ºC¹

‖pτ,µ‖L∞ + ‖θτ,µ‖L∞ ≤ cp,θ

Ð ¸CÔZÛ'¾&¹¼Ó
Ü Ñ Þ.¸@ÓtºCÔ�Ô
0 < τ < cQ/3

º@½6Û=ºCÔ�Ô
µ > 0 ß

ð%Ó2¸9¸�Þ ß }Jz�p¥����z

‖pτ,µ‖L∞(Q) + ‖θτ,µ‖L∞(Q) ≤ ‖(SD)∗(SDw − yd)‖L∞(Q) + κ‖D∗Dw‖L∞(Q).

d tF����z4g i�� � pvz`i�k~z{��©j¦ p±�ltj¬=vÝz��±�.�~�v¦ñ©v���l����iGeÓz`kn�<|~i�k~m=�@e|eÓz��<k~��tvuW��tF|npj��m¤� i�k~�Wrj�ø�C�<k~zÍoMiwt}|~��tsrviwrjm
��t

L∞ f m�e���oMz{m¤iwt-�lm~m~i�o`�ø�¡|~z{¬F¬vi��.�l��tjm{¦:��ilk~z`i¡��z`k��Gg¤zÍpj����zc�lm~m~rj�±z{¬F|~p¥�<| yd ∈ L∞(Ω)
¦ � pvz`kyz{� ilk~zw�

|np�z�kyz{mnrv��|Gi��e|~pvz0vÝz��±�.�\��m£�lt����0�±z{¬j�ø�¡|~zÅo½i�t¥o½��rjm~��iwt�¦
�

� pvz\�0�l��t
k~z{m~rj��|gi��§|npv��mºmyz�o½|~��iwt���|~pvz+z4h���m~|yz{t¥oMzCi��§|npvz\oMz{t}|~kn�l�3e��<|npÝ�Õo`�lt�jÓzWmnp�i'g�t�oMiw�Ve¥��z`|~z{�Zs
�lt¥�<��i�u�iwrjm�|yi�|npvzFz{�����Zej|n�øo0o`�lmyz-¬j��mno½rjm~myz{¬ ��t k ªPm'n ¦���z`��z`ky|npvz{��z{m~m��3gÌzxjjkn��z.-|sJmy��z`|noôpJ|~pvz�ejk~isil�G� i�k
oMiwt}��z{tj��z{t¥oMzci��?|npvzÅk~z��l¬�z{k{¦ � i±|npj��m��l���
�Kg¤z�¬vz4�¥tvzÅ|npvz�myz`|nm

M+(τ, µ) := {(x, t) ∈ Q | gτ,µ(x, t) > 0} ,

M−(τ, µ) := {(x, t) ∈ Q | gτ,µ(x, t) < 0} ,

M0(τ, µ) := {(x, t) ∈ Q | gτ,µ(x, t) = 0} .

Ã�ÈKË�Ëoä/%cÍ0%�Íq÷ ¸@Ó�ºCÔ�Ô
µ > 0 ï ¹ Ð|Ñ Ó Ñ º@Ó Ñ ×|¸'¾
»Ã¹¼»�� Ñ ½ÝÜ Ö í Ñ Ó
¾ τ+(µ)

º@½6Û
τ−(µ)

¾
Ü Ò/Ð ¹ Ð ºC¹ ï Þ.¸@Ó�ºCÔ�Ô

0 < τ < τ(µ) := min{τ+(µ), τ−(µ)} ï ¹ Ð|Ñ ¾ Ñ ¹Ã¾ M+(τ)
º@½6Û

M−(τ)
Ð º1� Ñ&ÖxÑ º'¾
Ü�Ó Ñ32�Ñ Ó�¸ ß

ð%Ó2¸9¸�Þ ß ¨/my|q�ltj¬j�<kn¬�z`�<�l��r¥�¡|n��iwt-i�� ³ ³�³�´ s���z{��¬jmG� ilk��l���±iwmy|£�l���
(x, t) ∈ Q

|np¥�<|

wτ,µ(x, t) =







ya(x, t) + τ, (x, t) ∈ M+(τ, µ)

yb(x, t) − τ, (x, t) ∈ M−(τ, µ).

¨º���\iwmy|Gz`��z`k2s�g�pvz`k~zÍi�t
M+(τ, µ)

�Ýv�z{�0�0���v¦ p0���"e¥����z{m

0 < gτ,µ(x, t) = pτ,µ(x, t) + θτ,µ(x, t) − µ

τ
+

µ

yb(x, t) − ya(x, t) − τ

≤ cp,θ −
µ

τ
+ 2

µ

cQ

.
� á



bjilk
τ ↓ 0

�s|npvzÍk~��uwp}|=p¥�ltv¬�m~��¬vzc|~z{tj¬vm=|~i −∞ �j�\oMiwt}|ykq�l¬j�øoM|~��iwt.� i�k£�l���%mnr�rFo½��z�tw|n�Zs.m~�.�l���
τ > 0

�vmn�9s

τ < τ+(µ)
¦���iwtjmyzPysrvz{t}|~�Zs}�

M+(τ, µ)
��m�i��§�±z��lm~rvk~z�x`z{kyiF� i�k�|np�z�myz

τ
¦G¨ºt¥�l��ilu�iwrjm~�Zsw�

M−(τ, µ)
o`�lt

jÓz�p¥�ltv¬j��z{¬�¦
�

��i'gúg¤z+o`�ltY� i�k~�Wrj�ø�<|yzÍ|~pvz��.�l��t-k~z{m~rj��|Gi��?|npj��m£myz�o½|~��iwt�¦

·tÇ�È�É,Ê�ÈKË %�Í54^Í#÷ ¸@Ó"ºCÔ�Ô
µ > 0

º@½6ÛfºCÔ�Ô
0 < τ < τ(µ) = min{τ+(µ), τ−(µ)} ï ¹ Ð|Ñ ¾4¸CÔÚÜ{¹¼»�¸@½ wτ,µ

¸�Þ
³ ¨gr�h,´�»Ù¾q¹ Ð|Ñ Ü�½Ý»��.Ü Ñ ¾4¸CÔÚÜ{¹¼»�¸@½

wµ

¸�Þw×(Ó2¸ í Ô Ñ/Ö ³ £&´ ß

ð%Ó2¸9¸�Þ ß �}��t¥oMz Q = M0(τ) ∪ M+(τ) ∪ M
−
(τ)

�ltj¬Û|~pvz0myz{|
M+(τ) ∪ M

−
(τ)

p¥�lmÅ�±z��lm~rvkyz±x`z`k~i�� ilk

0 < τ < min{τ+(µ), τ−(µ)} ��gÌzÅp¥����z

gτ,µ(x, t) = 0
�j¦ zw¦R��t

Q.

� p�z{kyz`� i�k~zw����|£pviw��¬jmG|~p¥�<|

F
′

µ(wτ,µ)h =

∫∫

Q

gτ,µ(x, t) h(x, t) dxdt = 0 ∀h ∈ L2(Q),

�ltj¬�pvz{t¥oMz
wτ,µ

mq�¡|n��m��jz{m=|npvz�tvz�o½z{m~mn�<k2sFiGev|n���.�l����|�s-oMiwtv¬j��|n��iwt-� i�k7ejkyiGj¥��z{� ³ £&´M¦§¢%s�oMiwt}��z.hv��|�sw�s|np�z
tvz�oMz{mnmn�<k�sJoMiwtj¬v��|n��iwtjm+�¡k~z-m~r{r.o`��z{t}|�� i�kCiGev|n���.�l����|�sw¦
�}|yk~iwtvu�o½i�t}��z.hv��|�s�s���z{��¬jmCrjtv�zysrvz{tvz{m~m ³ tvi�|~�øo½z
|npj�<|

κ > 0)
¦ d t�����z4g i��?|npv��m��

wτ,µ

��mG|np�zCrvtj�zysrvz�myiw��rv|~��iwt
wµ

i�� ³ £&´M¦
�

Ä0É,Ê'É(ã¼ã�äÝÊ9å6%�Í876Í�÷ ¸@ÓtºCÔ�Ô
µ > 0 ï ¹ Ð|Ñ ¾4¸CÔÚÜ{¹¼»�¸@½ wµ

¸�Þ �:9 �V¾4ºC¹¼»Ù¾� Ñ ¾

³ ³�p�´
ya(x, t) + τ(µ) ≤ wµ(x, t) ≤ yb(x, t) − τ(µ),

º ß Ñ ß »�½ Q.

î Ð|Ñ Ó Ñ τ(µ) > 0
»Ù¾#ØC»�� Ñ ½ í � ÏcÐ|Ñ ¸@Ó Ñ/Ö<; ß�=�ß

ð%Ó2¸9¸�Þ ß ¢�s � pvz`i�kyz�� �v¦ñ°v�6g¤z\p¥���lz
wτ,µ = wµ

� i�kÍ�l���
0 < τ < τ(µ)

¦Å¢%s
|~pvz\¬vz4�¥tj��|~��iwt�i�� ³ ¨gr�h,´M�

wτ,µ
mn�<|n��m��jz{m

ya(x, t) + τ(µ) ≤ wµ(x, t) ≤ yb(x, t) − τ(µ)

� i�k��l���
τ < τ(µ)

�j�ï¦ z}¦��v��tvzPysrj�l����|�s ³ ³�p�´¤��m£mn�<|~��m2�vz�¬Ý¦
�

¨g� |~z`kÅp¥������tvu�myiw����z{¬�|npvz"ejkyiGj¥��z{�3i��¤z.hv��my|yz�tjo½zw�Ý��z`|ÅrjmÍ��z`kn����s��ltv¬Ûk~z½fï� i�k~�Wrj�ø�<|yz\|~pvz±iGej|n���0�l����|�s
oMiwtj¬j��|~��iwtjm ³ ªPm�´�ò ³ ªPÅ�´M¦�} zÌ¬vz{tvi�|~z%jKs

uµ

|np�z=iCej|n���.�<�soMiwt}|yk~iw��g���|~p+m~|n�<|~z
yµ

uw���lz�tqjKs
εuµ+yµ = wµ

¦
�+ñ



� p�z+�<mnmyivo½�ø�<|yz{¬��l¬@¦ iw��t}|£my|n�<|~zÅ��m
pµ
¦§aºz4�¥t�z

ηa,µ
�ltj¬

ηb,µ
jKs

³ ³C��´
ηa,µ =

µ

yµ + εuµ − ya

, ηb,µ =
µ

yb − εuµ − yµ

.

��rj��|n�Ze¥�Zss��tvu ³ ³l©�´�jKs
(D∗)−1 = (εI + G∗)

�{g¤zÅiGjv|q�l��t���tY����z4g i��
Dwµ = uµ

�<tj¬
Suµ = yµ

|np¥�¡|

³ ³<°�´
S∗(yµ(T ) − yd) + κu + ε(ηb,µ − ηa,µ) + G∗(ηb,µ − ηa,µ) = 0.

}JzCmyz`|

³ ³�­G´
pµ := S∗(yµ(T ) − yd) + G∗(ηbµ − ηa,µ).

� p�z�tÝ�¥�ltj�l��i�u�iwrvm=|~i ³ ª®­C´M�
pµ
�
yµ
�
uµ

myiw����zÍ|~pvzC�l¬@¦ iw��t}|=zPysr¥�<|~��iwt ³ ªPm�´M¦R��i�kyz`i¡��z`k�� ³ ³l°�´�j�z®oMiw�\z�m

pµ + κu + ε(ηb,µ − ηa,µ) = 0.

� pv��m£��mGzPysrv���l�<��z�tw|G|yi ³ ªPÅ�´ô¦��srj�0�.�¡kn��x{��tvu±r{e �{g¤zÅu�z`|G|~pvzÅiGej|n���0�l����|�s.m�s�my|~z{�

³ ³@m�´
yt −∇(A∇y) + c0y = u

��t
Q,

∂ny + αy = 0
i�t

Σ,

y(0) = 0
��t

Ω,

³ ³@Å�´
−pt −∇(A∇p) + c0y = −ηa,µ + ηb,µ

��t
Q,

∂np + αp = 0
i�t

Σ,

p(T ) = y − yd
��t

Ω,

p + κu + ε(−ηa,µ + ηb,µ) = 0
�j¦ zw¦§��t

Q,
³ ©�²�´

³ ©vª�´ ηa,µ ≥ 0, y + εu − ya ≥ 0, ηa,µ(y + εu − ya) = µ
�j¦ zw¦§��t

Q,

ηb,µ ≥ 0, yb − εu − y ≥ 0, ηbµ(yb − εu − y) = µ
�j¦ zw¦R��t

Q.

��il|n�øoMzÍ|np¥�¡| ³ ³C��´Ìo`�lt=jÓz�k~z4gGkn��|~|yz{t��lm
µ = ηa,µ(yµ + εuµ − ya)

�
µ = ηb,µ(yb − yµ − εuµ)

¦

�v¦ñ³v¦ Ä0É(ý?>6È�Ê�û,ÈKý	$GÈ(Í d t��}z�oM|n��iwt¢�v¦�ª�g¤zgz{m~|n�@j¥����m~pvz{¬±|npvzgz4h���m~|yz{t¥oMz�i��Ý|~pvzÍoMz{t}|~kn�l�Ýe¥�<|np
µ 7→ wµ

� i�k
�l���c�{h�z{¬

µ > 0
¦7�£i'g g¤z0ejk~ivoMz`z{¬-g£��|npfejkyi¡����tvu.|~pvzWoMiwt}|n��t}rj��|�s-i��:|npvz+�0�@e|e¥��tvu

µ 7→ wµ

�ltv¬
|np�z
��ö



oMiwt}��z`kyu�z{t¥oMzc|yi'gG�¡kn¬jmG�Wmyiw��r�|n��iwt
w̄
i�� ³ ª{²�´�ò ³ ª�ª�´M¦3}JzÅ���"e¥���øo½��|n�Zs±¬j���Óz{kyz{t}|n�ø�<|yzº|npvzc��rjt¥oM|n��i�t

F
g���|~p

k~z{m�eÓz�oM|G|~i
µ
�ltv¬�z{m~|~���.�<|yzÍ|npvzC�<knoÍ��z{tvu�|~p�il�e|~pvzCo½z{t}|ykq�l�6e��<|np���t�|~pvz

L∞ f���i�k~�
¦
� pvz�rjtj�zy}rvz��0��tj���0��x`z`k

wµ

i�� ³ £&´Ì��m=|npvz�myiw��rv|~��iwtYi��

H(wµ; µ) := (SD)∗(SDwµ − yd) + κD∗Dwµ − µ

wµ − ya

+
µ

yb − wµ

= (D∗S∗SD + κD∗D)wµ − D∗S∗yd −
µ

wµ − ya
+

µ

yb − wµ

= 0.

¢%s@�¤i�kyiw���ø�<k2s��v¦ÿ­���gÌzºp¥���lz
wµ − ya ≥ τ(µ)

�ltj¬
yb −wµ ≥ τ(µ)

� i�kÌ�l���Óm~r{r.o`��z{t}|~�Zs±m~�.�<���
µ > 0

¦

H
��m±bjk��®oqpvz`|ýf ¬j���%z`kyz�tw|n�ø�@j¥��z-��t	�l���=¬v��k~z�oM|n��iwtjm

w ∈ L∞(Q)
� ilk0�l���

µ > 0
¦uvÝz`|

∂µH
¬vz{tvi�|yz�|np�z

¬vz`kn���<�<|~����z�i��
H
g£��|np
k~z{m�eÓz�oM|g|yi

µ
�<tj¬���z{|

∂wH
jÓz+|~pvzW¬vz`k~���l�¡|n����z�il�

H
g���|np�k~z{m�eÓz�oM|g|~i

w
¦ � p�z

¬vz`kn���<�<|~����z
∂wH

��m

∂wH(w; µ) = D∗S∗SD + κD∗D +
µ

(w − ya)2
+

µ

(yb − w)2
.

³ ©�³�´

dï|�mn�<|~��m��jz{mG|np�zÅz{my|n���.�<|yz

(v, ∂wH(w; µ)v) = (SDv, SDv)Ω + κ (Dv,Dv)

+µ

(

v

(w − ya)
,

v

(w − ya)

)

+µ

(

v

(yb − w)
,

v

(yb − w)

)

≥ κ
1

‖D−1‖2
‖v‖2.

¢%sivÝz{�0�.����¦ñ©j�
∂wH

��m�oMiwt}|~��tsrviwrvmG��t
L∞(Q)

� i�k��l���
w ∈ L∞(Q)

g���|~p
ya ≤ w ≤ yb

�v¦ zw¦R��t
Q
¦

}JzCm~pvi�g |npvz&jÓiwrvtj¬vz{¬jtvz{m~m£i��e|~pvz���t}�lz{k~myz
(∂wH)−1 ��t L∞(Q)

¦

·tÇ�È�É,Ê�ÈKË %�Í5AcÍ:÷ ¸@Ó�ºCÔ�Ô
µ > 0 ï ¹ Ð|ÑVÖ º
×�×(»�½KØ ∂wH(w; µ) : L∞(Q) → L∞(Q)

»Ù¾xº í » � Ñ�Ò ¹¼»�¸@½ ßCB ¹Ã¾
»�½,� Ñ Ó
¾ Ñ »Ù¾�Ü�½Ý» Þ.¸@Ó Ö Ô*� í ¸@Ü�½6Û Ñ Û§Þ.¸@ÓtºCÔ�Ô µ > 0 D » ß Ñ ß ¹ Ð|Ñ Ó Ñ~Ñ2ø »Ù¾/¹Ã¾0º cinv > 0

¾
Ü Ò/Ð ¹ Ð ºC¹

‖∂wH(w; µ)‖L∞→L∞ ≤ cinv

Þ.¸@ÓtºCÔ�Ô
µ > 0

º@½6Û#Þ.¸@Ó0ºCÔ�Ô
w ∈ W.

� pvz&ejkyisi��e��m£|~pvz�mn�l�\zC�lmG|np�z�i�tvzÅ� i�k�vÝz{�0�.�tp�¦�ªÅ��tlk�ªPm'nï�¥oM�ý¦:|npvzC�<kyuwrj�±z{t}|n�<|n��iwt-|~pvz`k~zw¦

� ù



·tÇ�È�É,Ê�ÈKË %cÍ5EcÍq÷ ¸@Ó
µ → 0 ï wµ

Ò ¸@½,� Ñ Ó�Ø Ñ ¾¢¹�¸ î º@Ó2Û'¾i¹ Ð|Ñ ¾4¸CÔÚÜ{¹¼»�¸@½ w̄
¸�Þ ³ ª`²�´�� ³ ª�ª�´ ß ÏcÐ|Ñ Ó Ñ »Ù¾-º

Ò ¸@½|¾/¹�º@½,¹
c > 0 ï ¾
Ü Ò/Ð ¹ Ð ºC¹

‖wµ − w̄‖L∞(Q) ≤ c
√

µ

Ð ¸CÔZÛ'¾5Þ.¸@Ó0ºCÔ�Ô�¾
ÜGF Ò » Ñ ½,¹�Ô*�V¾ Ö ºCÔ�Ô
µ ß

� pvz)ejk~i}i��?��mG�<t¥�l��i�u�i�rjm¤|yi\|~pvzciwtvzci�� � pvz`i�k~z{� p�¦ñ©+��t�k�ªPm'n%� i�kÌ|npvzcz{�����Zej|~�øogo`�lmyz)g���|~p��0j¥���ø�<|yz{kn�l�
oMiwtjmy|~kn�l��t}|{¦¤¡�i'g¤z`��z`kW��|\��m\�±ilk~z-|yz®oqpjtv�øo{�<�Ì��t ����z4g�i��£iwr�kVj¥���ø�¡|~z`kq�l�ÌoMiwtvm~|ykq�l��tw|nm{¦ � pvz`k~z`� i�kyzw�[gÌz
ejkyz�myz{t}|G|~pvzÅ��rj���cevk~isi��?� i�k�oMiwt}�lz�tv��z�tjo½zci��?|npvzÅkyz®�<¬vz`k�¦
ð%Ó2¸9¸�Þ ß be��k~m~|{��gÌz\z�my|n�@j¥����m~p��lt

L2 f£z{my|n���.�<|yzWi�� ∂µH
�Ý|npvz{t�gÌz±��tv� z`k��lt

L∞ f�jÓiwrjtj¬Û� k~i��3|npj�<|�¦Vd t
��|npv��kn¬�my|~z4e �[gÌz-z�my|~���.�<|~zY��jÓi�rjtj¬�� i�k+|npvzY¬j��my|q�<t¥oMz=jÓz`|�gÌz`z{t |�gÌi�eÓiw��t}|~mWiwt |~pvz�oMz{t}|~kn�l��e��<|~p�¦
be��t¥�l���Zsw�Kg¤zCoôp�z®on�.|npvz&�jk~m~|Gi�kn¬�z{kGiCej|n���.�<����|�sFo½i�tj¬j��|n��i�tjm{¦
� pvz�¬vz`kn���<�<|~����zci��

wµ

g���|npYkyz�m�eÓz�oM|£|yi
µ
��mGuw���lz�t¢jKs

w
′

µ = −∂wH(w; µ)−1∂µH(w; µ),
³ ©�©�´

g���|~p

∂wH(w; µ)−1 =

(

D∗S∗SD + κD∗D +
µ

(wµ − ya)2
+

µ

(yb − wµ)2

)−1

�ltj¬

³ ©'p�´
∂µH(w; µ) = − 1

w − ya
+

1

yb − w
.

d t�ejkyz4e��<kq�¡|n��iwt\i��Ó|npvz§ejkyisi��ý�CgÌz���tw|~k~is¬jr¥oMz£|~pvz�� iw����i'g£��tvuciGe�z{kn�<|~ilk�m2ej����|~|n��t�u�¦ebjkyiw�
D = ε−1(I−

DG)
�ltj¬

D∗ = ε−1(I − G∗D∗)
g¤zÅu�z`|

D∗D =
1

ε2
(1 + G∗D∗DG − (G∗D∗ + DG)).

³ ©���´

vÝz`|£rjm�¬vz4�¥tvzÅ|~pvzÅiGeÓz`kq�<|yi�k
K

�lm

K := D∗S∗SD +
κ

ε2
(G∗D∗DG − (G∗D∗ + DG)).

³ ©�°�´

��i�gúgÌzCo`�lt=g£kn��|yz ³ ©w³G´Ì�lm

∂wH(wµ; µ) = K +
κ

ε2
I +

µ

(wµ − ya)2
+

µ

(yb − wµ)2
.

³ ©w­G´
���



³ ��´
L2 f í ¸@Ü�½6Ûl¦�}Jz���t}|~kyi�¬jr¥oMzÅ|~pvz�¬j�ø�<u�i�t¥�l�6ejk~z�oMiwtj¬v��|n��iwtj��t�u\iGeÓz`kq�<|yi�k

φ(µ) =

√

κ

ε2
+ µ

(wµ − ya)2 + (yb − wµ)2

((wµ − ya)(yb − wµ))2
.

³ ©Cm�´

dï|g��mºo½��z��<k��v|np¥�¡|
φ(µ) > c =

√
κ

ε
> 0

¦Gbjkyiw�H�¤ilk~iw���ø�<k�sf�v¦ÿ­~gÌz���tvi'g��j|np¥�<|�|np�z{kyz+��mgmyiw�\zWoMiwtjmy|n�lt}|

c̄ = c̄(µ) =
√

κ
ε2 + c µ

τ(µ)4
> 0

�
c = c(ya, yb),

m~r¥oqp�|npj�<|£� i�k§�{hsz�¬
µ
|np�z���rjt¥oM|n��i�t

φ(µ)
��m7jÓiwrjtj¬�z�¬c«

0 < c ≤ φ(µ) ≤ c̄ < ∞ ¦ �Rk~z½fhoMiwtj¬j��|~��iwtj��tvu
w

′

µ

jKs ³ ©Gm�´ô��gÌzÍu�z`|

φ(µ)w
′

µ =

(

φ(µ)−1

(

K +
κ

ε2
+

µ

(wµ − ya)2
+

µ

(yb − wµ)2

)

φ(µ)−1

)−1

·φ(µ)−1

(

1

w − ya

− 1

(yb − w

)³ ©CÅ�´

= (φ(µ)−1Kφ(µ)−1 + I)−1φ(µ)−1

(

1

w − ya

− 1

yb − w

)

.

�#js����iwrvmn�Zsw�
φ(µ)

mn�<|n��m��jz{m

0 <

√
κ

ε
≤ φ(µ)

�ltj¬
0 <

√
µ

√

(w − ya)2 + (yb − w)2

(w − ya)(yb − w)
≤ φ(µ),

pvz{t¥oMz
φ(µ)−1 <

ε√
κ

�<tj¬
φ(µ)−1 ≤ 1√

µ

(w − ya)(yb − w)
√

(w − ya)2 + (yb − w)2

¦�} zÅz{my|n���.�¡|~z

∥

∥

∥

∥

φ(µ)−1 µ

w − ya

− µ

yb − w

∥

∥

∥

∥

=

∥

∥

∥

∥

φ(µ)−1 (yb − w) − (w − ya)

(w − ya)(yb − w)

∥

∥

∥

∥

≤
∥

∥

∥

∥

∥

1√
µ

√

(w − ya)2(yb − w)2

(w − ya)2 + (yb − w)2
· (yb − w) − (w − ya)

(w − ya)(yb − w)

∥

∥

∥

∥

∥

≤ 1√
µ

∥

∥

∥

∥

∥

√

(w − ya)2(yb − w)2

(w − ya)2 + (yb − w)2
· (w − ya) + (yb − w)

(w − ya)(yb − w)

∥

∥

∥

∥

∥

=
1√
µ

∥

∥

∥

∥

∥

(w − ya) + (yb − w)
√

(w − ya)2 + (yb − w)2

∥

∥

∥

∥

∥

.

�s��t¥oMz
φ−1Kφ−1+I

��m �weÓiwm~��|~����z§¬vz4�¥tj��|yz§iGeÓz`kq�¡|~i�k ³ ��tÍ� ��oM|{����|���mÝtvi�|~pj��tvu£z{��myzR|npvz{t
φ−1∂wH(w; µ)φ−1 ´ô�

gÌzÅp¥����z ‖(φ−1Kφ−1 + 1)−1‖ ≤ cK |Q| g���|~p�myiw�±z cK > 0
�<tj¬

(w − ya) + (yb − w)
√

(w − ya)2 + (yb − w)2
<

√
2

���



pviw��¬vmG� i�k��l���
w − ya > 0

�
yb − w > 0

�j¦ zw¦§��t
Q
��gÌz��0�9sFz�my|~���.�<|~z

‖φ(µ)w
′

µ‖ ≤ cK

√
2|Q| 1

µ

�ltj¬=�¥t¥�l���Zs

‖w′

µ‖ = ‖φ−1(µ)φ(µ)w
′

µ‖ ≤ ‖φ−1(µ)‖‖φ(µ)w
′

µ‖

≤ εcK

√
2|Q |√
κ

1√
µ

= c
1√
µ

.
³ pw²�´

³ ����´
L∞ f í ¸@Ü�½6Ûl¦R�gm~��tvu0|~pvz�m�e¥����|y|n��tvu ³ ©l°�´ô�{g¤zÅu�z`|G� kyiw� ³ ©�©�´�|np�z�kyz4ejk~z{myz{t}|q�<|~��iwt

w
′

µ =

(

κ

ε2
I +

µ

(wµ − ya)2
+

µ

(yb − wµ)2

)−1(
1

wµ − ya

− 1

yb − wµ

)

−
(

κ

ε2
I +

µ

(wµ − ya)2
+

µ

(yb − wµ)2

)−1

Kw
′

µ.
³ p¥ª�´

} z�¬vz4�¥tvzÅ|~pvz�m~z`|

Q̂ := {(x, t) ∈ Q | ya(x, t) + τ(µ) ≤ wµ(x, t) ≤ yb(x, t) − τ(µ)}.

�#js����iwrvmn�Zsw�
Q̂ ⊂ Q

�ltj¬ijKsI��i�k~iw���ø�¡k2s¢�v¦ ­ {Q\Q̂} p¥�lmG�±z��lm~rvk~zÍx`z`k~i�¦*d t�|~pvzÅ� iw����i�g���tvu���g¤zÅrjmyzÅ|~pvz
J�iwrjt�u.��tvzPysr¥�l����|�sF��tY|npvzÅ� i�k~�

ax + b
x
≥ 2

√
ab
¦

v�z`|

λ = λ(x, t) :=















max

{

1

wµ(x, t) − ya

,
1

yb − wµ(x, t)

}

(x, t) ∈ Q̂

0
z{��myz

.

¢%sY��|~m£¬vz4�¥tv��|n��iwt�����|£pviw��¬jm
λ ∈ L∞(Q)

�ltv¬

λ(x, t) ≥ 1

2

(

1

wµ(x, t) − ya

+
1

yb − wµ(x, t)

) �j¦ z}¦R��t
Q.

}JzC¬�zP�jtvzC�±m�e¥����|~|~��tvu\i��
Q
jKs

Qa :=

{

(x, t) ∈ Q |λ(x, t) =
1

wµ(x, t) − ya

}

,
³ p}³�´

Qb := Q̂\Qa,
³ pw©�´

¨K!



zw¦ñ�
λ = 1

yb−w

iwt
Qb
¦§b¥rvky|npvz`k~�±i�k~zw�KgÌz�p¥�{��z

(

κ

ε2
I +

µ

(wµ − ya)2
+

µ

(yb − wµ)2

)−1

≤
(

κ

ε2
I +

µ

(wµ − ya)2

)−1

�ltj¬
(

κ

ε2
I +

µ

(wµ − ya)2
+

µ

(yb − wµ)2

)−1

≤
(

κ

ε2
I +

µ

(yb − wµ)2

)−1

�j¦ z���t
Q
¦3}Jz�g£������z�my|~���.�<|~z ‖w′

µ‖L∞(Q)

iwt
Qa

�ltj¬
Qb

m~z4e��¡kq�<|yz��Zsw¦*�ºt
Qa

g¤z�p¥�{��z7jKs\��|~m§¬vz4�¥tj��|n��i�t

λ = 1
w−ya

¦�} zÅiGjv|q�l��t-� k~iw� ³ p¥ª�´

‖w′

µ‖L∞(Q) =

∥

∥

∥

∥

∥

(

κ

ε2
I +

µ

(wµ − ya)2
+

µ

(yb − wµ)2

)−1

(

1

wµ − ya

− 1

yb − wµ

− Kw
′

µ

)
∥

∥

∥

∥

L∞(Q)

≤
∥

∥

∥

∥

∥

(

κ

ε2
I +

µ

(wµ − ya)2
+

µ

(yb − wµ)2

)−1

(

1

wµ − ya

+
1

yb − wµ

− Kw
′

µ

)
∥

∥

∥

∥

L∞(Q)

≤
∥

∥

∥

∥

∥

(

κ

ε2
I +

µ

(wµ − ya)2

)−1
(

2λ − Kw
′

µ

)

∥

∥

∥

∥

∥

L∞(Q)

≤
∥

∥

∥

∥

(

( κ

2ε2
I +

µ

2
λ2
)−1

λ

)

−
( κ

ε2
I + µλ2

)−1

Kw
′

µ

∥

∥

∥

∥

L∞(Q)

≤
∥

∥

∥

∥

( κ

ε2λ
+ µλ

)−1
∥

∥

∥

∥

L∞(Q)

+

∥

∥

∥

∥

ε2

κ
Kw

′

µ

∥

∥

∥

∥

L∞(Q)

.

¢%sLJ�i�rjtvuNM m£��tvzPysr¥�l����|�s}��gÌzÍz�my|~���.�<|~z κ

2ε2λ
+

µ

2
λ ≥

√
κµ

ε

¦�be��t¥�l���Zsw�KgÌzÍiGjj|q�<��t

‖w′

µ‖L∞(Q) ≤
∥

∥

∥

∥

( κ

ε2λ
+ µλ

)−1
∥

∥

∥

∥

L∞(Q)

+
ε2

κ
‖K‖2,∞‖w′

µ‖2

≤ ε√
κµ

+
ε2

κ
‖K‖2,∞

cK

√
2|Q |√
µ

.

¨ºtj�l��i�u�iwrvmn�Zsw��gÌzÅulz{|G|~pvz�mn�l�±zÅkyz{mnrv��|Giwt
Qb

¦§¢¤i�|np���tvzPysr¥�l����|~��z�m¤uw����zÅrjm

³ pCp�´ ‖w′

µ‖L∞(Q) ≤
c√
µ

�v¦ zw¦R��t
Q.
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³ ������´ O�»Ù¾/¹�º@½ Ò
Ñ ¹�¸�¹ Ð|Ñ ÔÚ» Ö »Ã¹5×|¸@»�½,¹ ¦=¡g������tvu�tvi�g z{my|n���.�¡|~z ³ pGpK´º� i�k ‖w′

µ‖
� |npvzF¬j��my|n�lt¥oMzxj�z{|�gÌz`z{t

|�g¤i"eÓi���t}|nmGiwtY|np�z+oMz{t}|ykq�l��e¥�<|np���m�jÓiwrjtv¬vz{¬fjKs

‖wµ1
− wµ2

‖L∞(Q) ≤
µ2
∫

µ1

‖w′

µ‖L∞(Q)dµ ≤ c

2
(
√

µ2 −
√

µ1)

� i�k
0 < µ1 < µ2

¦ � pvz`k~z`� i�kyzw�}� i�kG�lt�sFmyzPysrvz{t¥oMz
(µk)k∈N

g���|np
µk → 0

�}|npvzÅoMi�k~kyz�m�eÓi�tj¬j��tvu\myzPysrvz{t¥oMz

(wµk
)k∈N

i��we�iw��t}|nmÍiwt�|~pvzFoMz{t}|~kn�l�[e��<|np�� ilkn�0mÅ�P�Ì�lr¥oqp�s}f myzPysrvz{t¥oMz.�ltj¬Jpvz{t¥oMzw��|~pvzFoMz{t}|~kn�l�*e¥�<|np
oMiwt}��z`kyu�z{m=|yi'gG�<k~¬jmGmyiw�±zÅ�����0��|�eÓiw��tw|

w̄
¦ �R�<mnm=|~i±|np�zC�����±��|

µ1 ↓ 0
�lz{k~�Z�jz{mG|~pvzÅz`k~kyi�k7jÓiwrvtj¬

‖wµ − w0‖L∞(Q) ≤ c
√

µ.

³ ���|´ ÷ »�Ó
¾/¹#¸@Ó2Û Ñ Ó~½ Ñ�Ò
Ñ ¾
¾4º@Ó�� Ò ¸@½6Û@»Ã¹¼»�¸@½|¾�¦Í�gm~��tvuY|~pvz�v �<ulkq�ltvulz\�Wrj��|~�Ze¥����z`kc�@e{ejk~i�h����.�<|n��i�tjm
ηa,µ =

µ
w−ya

�ltj¬
ηb,µ = µ

yb−w

��gÌz�g£kn��|yz
F

′

(wµ) = ηa,µ − ηb,µ

¦�bvk~iw� vÝz{�0�.����¦Æp"gÌzÍ��tvi'g��

‖ηa,µ − ηb,µ‖L∞(Q) ≤ ‖pµ‖L∞(Q) + ‖θµ‖L∞(Q) ≤ cp,θ.

agzP�jtj��tvu±|npvz�myz`|nm

Ma :=

{

(x, t) | ya(x, t) ≤ wµ(x, t) ≤ ya(x, t) + yb(x, t)

2

}

Mb :=

{

(x, t)

∣

∣

∣

∣

ya(x, t) + yb(x, t)

2
< wµ(x, t) ≤ yb(x, t)

}

= Q\Ma,

gÌzÍiGj¥myz`k~��z
ηa,µ(x, t) − ηb,µ(x, t) ≤ cp,θ

iwt
Ma

�vpvz{t¥oMz

0 ≤ ηa,µ(x, t) ≤ cp,θ + ηb,µ(x, t) = cp,θ +
µ

yb(x, t) − wµ(x, t)

�j¦ z}¦R��t
Q.

¢%s
yb(x, t) − ya(x, t) ≥ cQ

�j¦ z}¦R��t
Q
��gÌz�o`�lt�z{my|n���.�<|yz

yb(x, t) − wµ(x, t) ≥ yb(x, t) − ya(x, t) + y(x, t)

2
=

1

2
(yb − ya) ≥

cQ

2
,

pvz{t¥oMz

ηb,µ(x, t) =
µ

yb(x, t) − wµ(x, t)
≤ 2µ

cQ
.

¨�¨



�ºt�|np�z�il|npvz`k£p¥�ltv¬��
ηa,µ

��m�jÓiwrjtv¬vz{¬fjKs

ηa,µ(x, t) ≤ cp,θ +
2µ

cQ

≤ 2cp,θ = c
�j¦ zw¦R��t

Q

� i�k¤m~r{r.o`��z{t}|~�Zs\m~�.�l���
µ
¦*d tFm~rj�0�.�¡k2sw�GgÌzgp¥����z�i�t

Ma
|np¥�<|

ηb,µ → 0
���

µ → 0
�ltj¬

ηa,µ
��m jÓiwrvtj¬vz{¬

jKs.myiw�\zÅoMiwtvm~|n�lt}|
c
¦§¢�s.|~pvzcmq�<�±zÍ�<k~uwrv�±z{t}|q�<|~��iwt��GgÌzºu�z`|¤iwt

Mb
|~p¥�<|

ηa,µ → 0
���

µ → 0
�ltj¬

ηb,µ

��m7j�iwrjtj¬vz{¬ijKsYmyiw�±z�oMiwtjmy|q�ltw|��vpvz{t¥oMz ‖ηa,µ‖L∞(Q) ≤ c
� ‖ηb,µ‖L∞(Q) ≤ c

¦
bjk~i��

ηa,µ(wµ − ya) = µ
�ltj¬

ηbµ(yb − wµ) = µ
�j¦ zw¦R��t

Q
��gÌzÍiGj¥myz`k~��zÍ|np¥�¡|

µ|Q| = (ηa,µ, wµ − ya) = (ηb,µ, yb − wµ).

¢%s�|~pvztjÓiwrjtv¬vz{¬jtvz{m~mºi��
ηa,µ

�ltv¬
ηb,µ

�,gÌzWo{�<t��<mnm~rj�\z+|npj�<|cm~r{j¥myzPysrvz{t¥oMz{mc�<k~z0gÌz��<���Zs�oMiwt}��z`k~u���tvu
��t

L2(Q)
¦#} ��|npvi�rv|c��iwm~mºi���ulz�t�z{kn�l����|�sw�ÝgÌz±o`�lt��lm~m~rj�±z

ηa,µ ⇀ ηa,0

�
ηb,µ ⇀ ηb,0

��t
L2(Q)

¦Í¨g��iwtvu
g���|~p�m~|yk~iwt�uFoMiwtw��z`k~u�z{t¥oMz

wµ → w0

��t
L2(Q)

��g¤zÅiGjj|n�l��t

0 = (ηa,0, w0 − ya) = (ηb,0, yb − w0).

�#js����iwrvmn�Zsw�
ηa,0 ≥ 0

�ltv¬
ηb,0 ≥ 0

�=�ltj¬#pvz{t¥oMz�|np�z�tvz�o½z{m~mn�<k2s�iCej|n���.�<����|�s�oMiwtj¬j��|~��iwtjm0pviw��¬�¦ ¢%s
rjtj�zy}rvz{tvz{mnmGi��?|np�z�iCej|n���.�<��oMiwtw|~k~i��ï�v��|£p�iw��¬jm

w0 = w̄
¦

�

°j¦#QW�ób � � �,]^b��*]óÂÓ��b � ���[®K²§�[]^b�����¯
¨AoMiwt¥oMz4ej|nrj�l�¤��tw|~z`kn��i�k&eÓiw��t}|W�l��uli�kn��|~pj����t ��rjt¥oM|~��iwt m2e¥��oMzYo`�ltojÓz-¬vz{mnoMkn�ZjÓz{¬oj�s�|npvzF� iw����i�g���tvu

my|~z4e¥m{¦
¨º��uli�kn��|~pj� d��

R�Ð ¸9¸'¾ Ñ
0 < σ < 1 ï 0 < eps ï º@½6Û¢º@½�»�½Ý»Ã¹¼»�ºCÔ@Þ
Ü�½ Ò ¹¼»�¸@½ w0 ∈ L∞ ¾
Ü Ò/Ð ¹ Ð ºC¹

ya + τ ≤ w0 ≤ yb − τÐ ¸CÔZÛ'¾5Þ.¸@Ó�¾4¸ ÖxÑ
τ > 0

º@½6Ûx¹�º'é Ñ
µ0 > 0 ßTS Ñ ¹ k = 0 ßg�pv����z

µk > eps
¬�iIU

µk+1 = σµk �
dk+1 = −∂Hw(wk; µk+1)−1H(wk; µk+1)
wk+1 = wk + dk+1�WV/�,XWª

Y

� pvzgoMi�¬vz½f myzPysrvz{t¥oMz���t\|np�z�g£pj����z½f ��isiGeVeÓz`ky� i�kn�0mRi�tvzgo`�ø�<mnm~�øo`�l�{�£zPgG|~iwt±my|~z4e0� ilk�m~i�������tvuÍ|np�z�zPysrj�¡f
|n��i�t

H(wk+1; µk+1) = 0
� i�k7�{h�z{¬

µk+1

¦
¨2µ



d tJ|np�z0� iw����i'g£��tvu���gÌz0¬vz{tvi�|~z±|npvz.myiw��rv|n��i�tjmÍi�� ³ £&´Í�lm~myivo½�ø�<|yz�¬�g£��|npÛ|npvz�e��<kn�l�±z`|~z`k
µk

jKsÛm~r{jvf
mnoMkn�Zej|~m��¡�ï¦ zw¦

wµk

��mR�#eÓi���t}|:iwt+|np�z£oMz{t}|ykq�l��e��<|~p±�ltv¬\myiw����z{m
H(wµk

; µk) = 0
¦5�ºtW|~pvzÌi�|np�z{k:p¥�ltj¬Ý����z`|

wk �
k = 1, 2, ...

¬vz{tvil|~z�|~pvzC��|~z`kn�<|~z{mGil�R¨º��uli�kn��|~pj� d�� �lm~myivo½�ø�<|yz�¬=g£��|np�|npvzqe¥�<kq�l�\z{|yz`k
µk

¦¤be��uwr�k~z
ªÍ������rjmy|~kn�<|~z{mÌ|npvz�m~��|nr¥�¡|n��iwt�¦

wµk

wk−1

wµk−1

w̄

wk

wµk+1

wk+1

Z�bÃ²5`�] �\[^]`_1acbedTf*g�d:hjiGg�d�klacmonqpsrcachtf*g�uvbxw�y+i.z|{}g�uvd~i�k�kta���f�iGg�d�{���acfsz�gjk�acz�g�uvd~��d:z�g�hji.pN��iGg�u,�

�gtj¬vz`k�i�rvkº�lm~m~rj�"ej|~��iwtjm{�v|np�zt��z4g£|yiwt
�±z`|np�i�¬fevk~i¡����¬�z�mG� i�k§�{hsz�¬
µk

�±rjtj�zy}rvz+myiw��r�|n��iwt
wµk

¦wdï|
oMiwt}��z`kyu�z{m*ysr¥�l¬�kq�<|~�øo{�<���Zs}�¡���Ó|np�z�my|q�<ky|n��tvu)eÓiw��tw| ³ ��t\|~pvz�be��uwrvkyz}�Cg¤z�oqpvisiwmyz

wk−1 ´?��m§mnr�rFo½��z�tw|n�Zs+o`��i�m~z
|~i

wµk

¦
� i�evk~i¡��zÍ|npvzCoMiwt}�lz{kyu�z{t¥oMzÍil�eiwr�k��±z`|np�i�¬���tY��rjt¥oM|n��i�t�m�e��lo½zw��gÌzÅmnp�i'g |np¥�¡|

‖wk − wµk
‖ ≤ c

√

µk
�ltj¬ ‖wk − w̄‖ ≤ cσk

pviw��¬vmG� i�k£myiw�±z�oMiwtjmy|q�ltw|
c > 0

¦l�Ì��z��<k~�Zs}�s��|£pviw��¬jm=|np¥�¡|

wk+1 − wk = dk+1.

d t oMiwtw|~kq�<m~|F|yi�|npvz�¨º��u�ilkn��|npv� �v¦�ª^��t k�ªPm'nï�£|~pvz���z4g£|yiwt oMi�kyk~z�oM|~i�kF��mY�lm~m~rj�±z{¬ |~iujÓz�z.hj�lo½|F� i�k
m~���"e¥���øo½��|�sw�¡�ï¦ zw¦�gÌz��lm~mnrv�±z£|yi+oMiw�Ve¥rv|~z

dk+1 z4hv��oM|n�Zsw¦���z{ky|q�l��tv�Zs}�¡|npj��m§��m�tvi�|§k~z��l����my|n�øo�� i�k���ejkn��oM|n�øo`�l�
���"e¥��z{�±z{t}|n�<|n��i�t�¦o¡£i'gÌz`��z`k��*g¤z
¬�iJtvi�|0�l��� �<|\z{my|n���0�<|n��tvuÛp�z{kyz
�l���Ìz`k~kyi�knmW|np¥�<|\i�o{o½rvk±��t	��k~z��l�
oMiw�"e¥r�|q�<|~��iwt�¦
d t	�}z�oM|n��iwt��v��g¤zFp¥����z.z{my|n���.�¡|~z{¬�|npvzF¬j��my|q�ltjo½z.il�=|�g¤i�eÓiw��tw|nm�iwtJ|np�zYoMz{t}|~kn�l�5e��<|np ��tJ|np�z

L2 f
�ltj¬

L∞ f tvi�k~�
¦¢d t |~pj��mCmyz�o½|~��iwt��^gÌz.�.�<��z0rjmyzFi��Ì|np�z¢��z4g£|yiwt�fh�-s�myi¡��my������pÛ|npvz`i�kyz{� |~i
z{my|n���.�<|yz
|np�zC¬v��m~|n�lt¥oMz�jÓz`|�g¤z`z�t

wk �ltj¬ wµk

¦
¨ á



°j¦�ª�¦ Ê�$GäÝãÃÈ��óý�É(Ê'Ë��@Í vÝivo`�l�%tvi�k~�0mG�<kyzÅ�+�<�l��rj�@j¥��zº|yisiw�%��t-|~pvz�oMiwtw|~z.h�|Ìil�?��t}|yz{k~��i�k�eÓiw��t}|=�±z`|np�i�¬jm{¦
¡�z`kyz&gÌz&g£�����Ýrvm~zÅ|~pvz�mqo`�l��z{¬Ytvi�kn�

‖w‖µ := ‖φ(µ)w‖L∞(Q) ,

g�p�z{kyz
φ(µ)

��mº¬�zP�jtvz{¬���t ³ ©Cm�´M¦�bji�kg|~pvz+|npvz`i�k�s�i����@r.t�zWmno`�l��z{¬�tvi�k~�0m{�,gÌzCk~z`� z`kg|yi¤k!�'nï¦gbe��knmy|��ÝgÌz
ejkyi¡����¬vzÅmyiw�±zÍk~z{m~rj��|nm=iwt�|~pj��m£mno`�l��z{¬�tvi�kn��¦

Ã�ÈKË�Ëoä�4^Í¼ÎÝÍ�÷ ¸@Ó0ºCÔ�Ô
w ∈ L∞(Q) ï ¹ Ð|Ñ ½6¸@Ó Ö ‖ · ‖µ

¾4ºC¹¼»Ù¾� Ñ ¾�¹ Ð|Ñ~Ñ ¾/¹¼» Ö ºC¹ Ñ

‖w‖L∞(Q) ≤ ε√
κ
‖w‖µ.

ð%Ó2¸9¸�Þ ß dï|£pviw��¬jm7jKsF|npvz�¬vz4�¥tj��|~��iwtYil� ‖ · ‖µ

�ltj¬
φ(µ)

|np¥�¡|

‖w‖µ = ‖φ(µ)w‖L∞(Q) ≥ ‖
√

κ

ε2
w‖L∞(Q) =

√

κ

ε2
‖w‖L∞(Q).

�

� pvz^� i�����i'g���tvu oMiwrvt}|~z`k2e¥�<k~|.i�� � pvz`i�k~z{� �v¦!m � i�k.|npvz�mno`�l��z{¬ t�i�kn� o`�ltæj�zÛm~pvi'g£t oMiw�Ve¥��z`|~z{�Zs
�lt¥�<��i�u�iwrjmÌ|~ixv�z{�0�0���v¦ö©\��tok�ª4m@nï¦

Ã�ÈKË�Ëoä�4^Í�ç�ÍxÏcÐ|Ñ Ó Ñ »Ù¾)¾4¸ ÖxÑ~Ò ¸@½|¾/¹�º@½,¹
cφ ï 1 ≤ cφ < ∞ ï »�½6Û Ñ × Ñ ½6Û Ñ ½,¹%¸�Þ µ ï ¾
Ü Ò/Ð ¹ Ð ºC¹

‖∂wH(w; µ)ηb‖µ ≤ cφ‖φ(µ)−1ηb‖L∞(Q) ∀ ηb ∈ L∞(Q)

Ð ¸CÔZÛ'¾&¹¼Ó
Ü Ñ Þ.¸@ÓtºCÔ�Ô
w ∈ B(wµ; θ

√
µ) := {w ∈ L∞(Q) : ‖w − wµ‖µ ≤ θ

√
µ} î »Ã¹ Ð ¾4¸ ÖxÑ θ < 1 ß

ð%Ó2¸9¸�Þ ß � pvz&ejk~i}i��:��m£�lt¥�l��ilu�iwrjm=|yi0|~pvzÅiwtvzÅi��[vÝz��±�.���v¦ö©\��tok ªPm'n ¦�} zÅu�z`|G|np�z�z{my|n���0�<|~z

‖∂wH(w; µ)−1ηb‖µ = ‖φµ∂wH(w; µ)−1ηb‖L∞(Q)

≤
(

1 +
ε2

κ
√

|Q|
‖K‖L2(Q)→L∞(Q)

)

‖φ−1
µ ηb‖L∞(Q),

g�pv�øoôpYuw���lz�mGrvm£|~pvzCoMiwtjmy|q�ltw|
cφ

¦
�

Ã�ÈKË�Ëoä�4^ÍzÌcÍ�÷ ¸@Ó0ºCÔ�Ô
w ∈ Bµ(wµ; θ

√
µ)

º@½6Û=ºCÔ�Ô
0 < θ < 1 ï ¹ Ð|Ñ Þ.¸CÔ�ÔZ¸ î »�½KØ Ñ ¾/¹¼» Ö ºC¹ Ñ ¾ Ð ¸CÔZÛx¹¼Ó
Ü Ñ

w − ya ≥ (1 − θ)(wµ − ya)¨�ñ



º@½6Û

yb − w ≥ (1 − θ)(yb − wµ).

ð%Ó2¸9¸�Þ ß ¢�sY��|nmG¬vz4�¥tj��|n��i�t���|np�zC¬v�ø�<u�iwt¥�<��evk~z�oMiwtj¬j��|~��iwtvz`k φ(µ)
mn�<|~��m2�vz�m

√

µ

(wµ − ya)2
≤ φ(µ)

�ltj¬
√

µ

(yb − wµ)2
≤ φ(µ)

� i�k��l���
ya < wµ < yb

¦
bji�k��l���

w ∈ Bµ(wµ; θ
√

µ)
g¤zÅiGjv|q�l��t

∥

∥

∥

∥

w − wµ

wµ − ya

∥

∥

∥

∥

L∞(Q)

=

∥

∥

∥

∥

w − wµ√
µ

√

µ

(wµ − ya)2

∥

∥

∥

∥

L∞(Q)

≤ 1√
µ
‖φ(µ)(w − wµ)‖L∞(Q)

=
1√
µ
‖w − wµ‖µ < θ < 1.

bjkyiw�
wµ − ya > 0

�j¦ zw¦R��t
Q
gÌzÅulz{|G|~pvz`k~z`� i�kyz

±(w − wµ) ≤ θ(wµ − ya)
�j¦ zw¦§��t

Q,

pvz{t¥oMzw�{j�sY�Wrj��|~�Ze¥�Zs���tvuW|npvz��0��t}rjmýfï��z`knm~��iwt¢jKs
(−1)

�<tj¬��<¬j¬j��tvu±iwtij�i�|np�m~��¬vz{m
(wµ − ya)

�

w − ya ≥ (1 − θ)(wµ − ya).

¢%s-|~pvz�mn�l�±zC�¡k~uwrj�\z�tw|q�<|~��iwt¢g¤zCo{�<t�z{my|n���0�<|~z

yb − w ≥ (1 − θ)(yb − wµ).

�

Ã�ÈKË�Ëoä�4cÍIë3Í@�¼ì »�×,¾ Ò/Ð »Ã¹ 2 Õ R ¸@½6Û@»Ã¹¼»�¸@½�� ÷ ¸@ÓiºCÔ�Ô
0 < θ < 1 ï θ

¾
ÜGF Ò » Ñ ½,¹�Ô*�-¾ Ö ºCÔ�Ô ï º@½6Û¤ºCÔ�Ô w ï ŵ ∈

Bµ(wµ, θ
√

µ) ï ¹ Ð|Ñ Þ.¸CÔ�ÔZ¸ î »�½KØ ì »�×,¾ Ò/Ð »Ã¹ 2tÒ ¸@½6Û@»Ã¹¼»�¸@½ Ð ¸CÔZÛ'¾P¿

³ p���´ ‖∂wH(w; µ)−1(∂wH(w; µ) − ∂wH(ŵ; µ))(w − ŵ)‖µ ≤ 4cφ

(1 − θ)3√µ
‖w − ŵ‖2

µ.

¨2ö



ð%Ó2¸9¸�Þ ß � pvzÍ�.�l��t-��¬vz��Ci�� |~pvz)ejk~isil�?��mG�lt¥�l��i�uliwrjm¤|yi\|~pvz)ejk~isil� i���v�z{�0�0�"�v¦��C��t¤k ªPm@n%� i�k=rjtj���ø�<|yz{kn�l�
oMiwtjmy|~kn�l��t}|~m�¦ � pvzF¬j�ZrFo½rj��|�sÛpvz`kyz-��m�|np�z-�±i�kyz-oMiw�"e¥���øo`�<|yz�¬�my|~k~r¥oM|nrvkyz.i��

φ(µ)
��g�pj�<|Ckyz{mnrv��|nmC��t �

�±i�kyzÅ|yz®oqpjtv�øo{�<��evk~isi��ý¦§bvi�k�oMiwt}��z{tj��z{t¥oMzÍi��?|np�z�kyz��l¬vz`k���g¤z&eÓz`ky� i�kn� ��|£pvz`k~z���t�¬vz`|q�<���ï¦
�gm~��tvuxvÝz��±�.�±°j¦ÿ³���gÌzÍiGjj|q�<��t

‖∂wH(w; µ)−1(∂wH(w; µ) − ∂wH(ŵ; µ))(w − ŵ)‖µ

≤ cφ‖φ−1
µ (∂wH(w; µ) − ∂wH(ŵ; µ))(w − ŵ)‖L∞(Q)

= cφ

∥

∥

∥

∥

φ−1
µ

(

µ

(w − ya)2
+

µ

(yb − w)2
− µ

(ŵ − ya)2
− µ

(yb − ŵ)2

)

· (w − ŵ)

∥

∥

∥

∥

L∞(Q)

,

g�p�z{kyz\|npvz0oMiwtvm~|n�lt}|)e¥�<k~|~mci��
∂wH(w; µ)

�¡k~z±o½i��"eÓz{tjmn�<|~z{¬�jKs�|~pvz0oMiwtjmy|q�ltw|)e��<ky|nmci��
∂wH(ŵ; µ)

�
oM�ý¦e|np�zÍ¬�zP�jtj��|n��iwt0i��

∂wH(w; µ)
��t ³ ©w³�´:i�k ³ ©}­G´ô�}k~z{m�eÓz�oM|n����z{�Zsw¦:¢�s�vÝz{�0�.�C°j¦ö©0g¤zºiGjv|q�l��t

w− ya ≥

(1 − θ)(wµ − ya)
�ltj¬

yb − w ≥ (1 − θ)(yb − wµ)
¦��gm~��tvu±|~pvzÅ� ��oM|{��|np¥�¡|G|npvz0v��Ze¥mnoqpj��|~x�oMiwtjmy|n�lt}|=i��

x−2 � i�k x ≥ a > 0
��mGuw����z{t=jKs

2a−3 �{g¤zCo`�ltYz{my|n���.�<|yz

‖∂wH(w; µ)−1(∂wH(w; µ) − ∂wH(ŵ; µ))(w − ŵ)‖µ

≤ cφ

∥

∥

∥

∥

φ(µ)−1

(

2µ

(1 − θ)3(wµ − ya)3
+

2µ

(1 − θ)3(yb − wµ)3

)

(w − ŵ)2

∥

∥

∥

∥

L∞(Q)

=
2cφ

(1 − θ)3

∥

∥

∥

∥

(

µ

φ(µ)3(wµ − ya)3
+

µ

φ(µ)3(yb − wµ)3

)

φ(µ)2(w − ŵ)2

∥

∥

∥

∥

L∞(Q)

≤ 2cφ

(1 − θ)3

∥

∥

∥

∥

µ

φ(µ)3(wµ − ya)3
+

µ

φ(µ)3(yb − wµ)3

∥

∥

∥

∥

L∞(Q)

‖w − ŵ‖2
µ

≤ 2cφ

(1 − θ)3

(

∥

∥

∥

∥

µ

φ(µ)3(wµ − ya)3

∥

∥

∥

∥

L∞(Q)

+

∥

∥

∥

∥

µ

φ(µ)3(yb − wµ)3

∥

∥

∥

∥

L∞(Q)

)

‖w − ŵ‖2
µ

}JzYm~pvi'g |np¥�¡| ∥
∥

∥

µ
φ(µ)3(wµ−ya)3

∥

∥

∥

L∞(Q)

�<tj¬ ∥
∥

∥

µ
(φ(µ)3(yb−wµ)3

∥

∥

∥

L∞(Q)

�<kyz¢jÓiwrvtj¬vz{¬ujKs
c
√

µ
¦�b:��k~my|���gÌz

p¥���lz

φ(µ)3(wµ − ya)
3 =

(
√

κ

ε2
(wµ − ya)2 +

µ(wµ − ya)2

(wµ − ya)2
+

µ(wµ − ya)2

(yb − wµ)2

)3

≥ (
√

µ)3 ,

¨ ù



�ltj¬�� kyiw��|np¥�¡|�g¤z\u�z`| ∥
∥

∥

µ
φ(µ)3(wµ−ya)3

∥

∥

∥

L∞(Q)
≤ µ/µ3/2 = 1/

√
µ
¦&} ��|~p�|np�z±mq�<�±z0�¡k~uwrj�\z�tw|q�<|~��iwt��

gÌzÍu�z`| ∥
∥

∥

µ
(φ(µ)3(yb−wµ)3

∥

∥

∥
≤ 1/

√
µ
¦R¨º��|yi�u�z`|npvz`k{��|~pj��m7ss��z���¬vm=|npvz0v��Ze¥mnoqpj��|~x�oMiwtj¬v��|n��iwt

³ pw°�´ ‖∂wH(w; µ)−1(∂wH(w; µ) − ∂wH(ŵ; µ))(w − ŵ)‖µ ≤ 4cφ

(1 − θ)3√µ
‖w − ŵ‖2

µ.

�

} ��|npF|npj��m7v��Ze¥mnoqpj��|yxÍoMiwtjmy|q�<t}|G�<|=p¥�<tj¬��KgÌzÍ�<kyzÅ�@j¥��zº|~i~ejkyi¡��zº|~pvzÅo½i�t}��z`k~u�z{t¥oMzgi�� ¨º��u�ilkn��|npv�±d��:¦

°j¦ñ³v¦ ¸��.þ9ÿ¼Ëlä|þ9ÿÃÉ(ýuÉ

%þ9Ç�ÈfÈ�Ê�Ê�É,Ê ‖wk − w̄‖L∞(Q)

Í � i~ejk~i®��zº|~pvzÅoMiwt}��z`kyu�z{t¥oMzgi���|npvzc��t}|yz`kn��i�k�eÓiw��t}|
�±z`|np�i�¬�¬vz4�¥tvz{¬ijKs-¨º��u�ilkn��|npv� d��:�{g¤z�p¥�{��zÅ|yi.m~pvi�gC��|~p¥�<| ‖wk − w̄‖L∞(Q) → 0

� i�k
k → ∞ ¦

·tÇ�È�É,Ê�ÈKË 4cÍ0%cÍ§ì3Ñ ¹ ‖w0 − wµ1
‖µ1

≤ θ
√

µ0σ
º@½6Û

0 < σ < 1 ß ÏcÐ|Ñ ½�¹ Ð|Ñ »Ã¹ Ñ Ó2ºC¹ Ñ ¾ wk ¸�Þ ( ÔÆØ�¸@Ó
»Ã¹ Ð�Ö

B ð Ò ¸@½,� Ñ Ó�Ø Ñ ÔÚ»�½ Ñ º@Ó/Ô*�x¹�¸ î º@Ó2Û'¾q¹ Ð|Ñ ¾4¸CÔÚÜ{¹¼»�¸@½ w̄
¸�Þw×(Ó2¸ í Ô Ñ/Ö�� ð���¿

‖wk − w̄‖L∞(Q) ≤ cσk.

ð%Ó2¸9¸�Þ ß }Jz�p¥����z

‖wk − w̄‖L∞(Q) = ‖wk − wµk
+ wµk

− w̄‖L∞(Q)

≤ ‖wk − wµk
‖L∞(Q) + ‖wµk

− w̄‖L∞(Q)

³ ps­G´

≤ ε√
κ
‖wk − wµk

‖µk
+ ‖wµk

− w̄‖L∞(Q).

� p�zÍmyz�oMiwtj¬xe��<ky|Ìi�� ³ ps­G´�o`�ltxjÓzºz�my|~���.�<|~z{¬�jKs0|np�zÍ��z{tvul|np.il�?�+myz`uw�±z{t}|�i��Ý|npvzÍoMz{t}|~kn�l�,e��¡|np^«:rvmn��t�u
� p�z{ilk~z{� �v¦!Åqs���z{��¬jm ‖wµk

− w̄‖L∞(Q) ≤ c
√

µk = c
√

µ0σ
k/2 ¦*��i'gàg¤zºp¥����zg|~iWm~pvi'gC�w|npj�<|¤|npvzºtvi�k~�

i��:|np�zt�jk~m~|�e��<ky|gil� ³ p�­C´Go`�lt-jÓz0jÓiwrjtv¬vz{¬�jKs
c
√

µk
g£��|np��FoMiwtjmy|q�<t}|

c < ∞ ¦w}JzW��tw|~z`k2ejkyz`|
wk �lm

|np�zq�vknmy|���|yz{kn�<|~zÍil�e|~pvz0��z4g£|yiwt��±z`|npvi�¬Y� i�kG|npvz&ejkyiGj¥��z{�

³ p�m�´
H(w; µk) = 0

g���|~pYmyiw�±zÍmy|q�¡k~|n��t�u~eÓiw��t}|
wk−1 o½��iwmyzcz{tvi�rvuwpY|yi wµk

��g£pvz`k~z
wµk

��mÌ|~pvzÅmyiw��rv|n��i�tFi�� ³ p�m�´M¦ � i±m~pvi'g
|np�zwjÓiwrvtj¬��'gÌzÌrjmyz¤|npvz¤k~z4�¥tvz{¬~��z4g£|yiwt�fh�-s�myi¡��my������p�|~pvz`i�k~z{�
��evk~i¡����¬�z�¬C��t=k °'n � � p�z{ilk~z{� ª�¦��v¦ebe��knmy|��
gÌzÅp¥����z�jKsivÝz{�0�.�\°j¦Æp±|~pvzC�@r.tvz�o½i®�l�¡kn�ø�lt}|7v �Zejmqoqpj��|yx�oMiwtj¬j��|~��iwt

‖H ′

(w)−1(F
′

(w) − H
′

(ŵ))(w − ŵ)‖µ ≤ ω‖w − ŵ‖µ¨K�



|npj�<|£pviw��¬jmG� i�k��<���
w
�
ŵ
g���|np

ω = 4cz

(1−θ)3
√

µ

¦�bvk~iw� � p�z{ilk~z{� ª�¦��W��tok °'n �{g¤zÅu�z`|

‖wk − wµk
‖µk

≤ 4cφ

(1 − θ)3√µk

‖wk−1 − wµk
‖2

µk
.

bjkyiw� iwrvk��lm~mnrv�"ej|n��i�t=gÌzÅ¬vz{¬jr¥oMzqjKs-��tj¬vr¥oM|n��iwtY|npj�<|

‖wk−1 − wµk
‖µk

≤ ck

√

µk = ck
√

µ0σ
k/2.

� pv��mGuw����z{mGrjm

‖wk − wµk
‖2

µk
≤ 4cφ

(1 − θ)3
√

µk
c2
kµk =

4cφ

(1 − θ)3
c2
k

√
µ0σ

k/2.

� i�u�z`|~pvz`k7g£��|np ³ p�­C´M��g¤zC�<kykn����z��<|

‖wk − w̄‖L∞(Q) ≤
(

4cφ

(1 − θ)3
c2
k

√
µ0 + c

√
µ0

)

σk/2.

� pv��m7ejkyi¡��z{mG|~pvzCo½i�t}��z`k~u�z{t¥oMz
wk → w̄

¦
�

Ä0É,Ê'É(ã¼ã�äÝÊ9å�4^Í54cÍ)÷ ¸@Ó Ñ � Ñ Ó��
ε > 0 ï ¹ Ð|Ñ ¾ Ñ �.Ü Ñ ½ Ò
Ñ ¾x¸�ÞV¾/¹�ºC¹ Ñ ¾ yk := SDwk º@½6Û�¸�Þ Ò ¸@½,¹¼Ó�¸CÔ�¾

uk :=

1
ε
(wk − yk)

Ò ¸@½,� Ñ Ó�Ø Ñ ÔÚ»�½ Ñ º@Ó/Ô*�x¹�¸�¹ Ð|Ñ ¸
×6¹¼» Ö ºCÔ6¾/¹�ºC¹ Ñ
ȳ
º@½6Ûx¹ Ð|Ñ ¸
×6¹¼» Ö ºCÔ Ò ¸@½,¹¼Ó2¸CÔ

ū ï Ó Ñ ¾�× Ñ�Ò ¹¼»�� Ñ Ô*� ß
­�¦3�0`�¯Å�,]^bÃaÕ�[®
�{ô:�[¯&Â,®s�,°

­�¦�ª�¦ Àiÿ��.$GÊ'È�þ9ÿ���ä{þ9ÿÃÉ(ýlÉ

5þ9Ç�È�ÉN��þ9ÿ¼ËoäÝã¼ÿ�þ
å��.å��.þPÈ�ËªÍ d tY�}z�oM|n��i�t��v¦�ª��Gg¤zgp¥����z£��t}|~kyi�¬jr¥oMz{¬±|npvz£iGej|~� f
�.�l����|�s�m2ssm~|yz{� ³ ³Cm�´�ò ³ ©vª�´Ý� i�kRiwr�k*ejk~iCj¥��z{�
¦[d tW����z4g	il�Ói�rvkR|~z{my|Rz.hj�l�Ve¥��z{m��'gÌz�g£������rjmyzG|npvz=z.h�|~z{tj¬vz{¬
� i�k~� ³ ��´¤il�eiwr�k�evk~iGj¥��z{�
�s� i�k§g£pj�øoqp�|~pvz�|~pvz`i�k2s¢g¤i�k~�sm��lm7gÌz{���ï�voM�ý¦ �£z{�.�<ky�Y©±��t^�}z�oM|n��iwt�©j¦���mn��t�u
³ ©vª�´M��g¤z&gGkn��|~z

ηa = µ
εu+y−ya

�ltj¬
ηb = µ

yb−εu−y

�ltj¬=gÌz�pj����zÅ|yi0m~i�����zÍ|npvzÅiGev|n���.�l����|�sFm�s�my|yz��

yt −∇ · (A∇y) + c0y = u + f
��t

Q,

∂ny + αy = g
iwt

Σ,
³ p�Å�´

y(0) = y0

��t
Ω,

−pt −∇ · (A∇p) + c0p = − µ

εu + y − ya

+
µ

yb − εu − y

��t
Q,

∂ny + αy = 0
iwt

Σ,
³ �l²�´

y(0) = y(T ) − yd

��t
Ω,¨K�



κu + p − εµ

εu + y − ya

+
εµ

yb − εu − y
= 0

�j¦ zw¦R��t
Q.

³ �vª�´

�cr�kC|~z{my|Cz4hv�l�"e¥��z{mC�<k~zF¬vz4�¥t�z�¬ ��tJiwtvz½f ¬j���\z�tvmn��i�t¥�l��¬�iw�.�l��tjm
Ω = (a, b)

¦-vÝz`|
0 = t0 < t1 <

... < tn = T
jÓz0��e¥�<k~|~��|n��iwt
i��

[0, T ]
�Ý�ltj¬�¬vz{tvil|~z~jKs

δk = tk − tk−1

|~pvzW|n���±zWmy|~z4eÛm~��x`z�m{¦caºz4�¥t�z

yk = y(·, tk)
�
uk = u(·, tk)

�
pk = p(·, tk)

�
(ya)k = ya(·, tk)

�
(yb)k = yb(·, tk)

�
k = 0, 1, ..., n

¦£�gm~��tvu
�lt����"e¥���øo½��|§��rv��z{k£mnoôp�z��\zÅ� i�k£¬j��mno½kyz`|n��x{��tvu ³ p�Å�´Ì�ltv¬ ³ �l²�´¤��t�|n���\z}�KgÌzCp¥�{��zÅ|yiFmyiw����z��±myzPysrvz{t¥oMzÅi��
z{�����Zej|n�øo�ejk~iGjj��z��±m

−∇ · (A∇yk+1) +
1 + δk+1c0

δk+1
yk+1 =

1

δk+1
yk + uk+1 + fk+1,

∂nyk+1 + αyk+1 = gk+1

³ �l³�´

� i�k
k = 0, ..., n − 1

�vm~|n�<k~|~��tvu.�¡|

y(·, 0) = y0.

� igu�z`|:�£��rj���ZsÍ¬j��mnoMk~z`|~z�m2ssm~|yz{�
��g¤zÌrvm~zÌ����t�z®�¡k3�¥tj��|yz¤z{��z{�±z{t}|~m |yic¬j��mnoMk~z`|~��x{z§|npvz¤z{�����Zej|~�øo§m~r{j|evk~iGj¥��z{�0m{¦
vÝz`|

a = x0 < x1 < ... < xn = b
jÓz��te��<ky|n��|n��i�t-i��

(a, b) = Ω ⊂ R
g£��|npY�±z{m~p�m~��x`z{m

hi = xi+1 − xi

�

i = 0, ..., n − 1
¦Y¢%sÛrjm~��tvu^my|q�<tj¬¥�<k~¬ p¥�<|���rjt¥oM|~��iwtjm&g���|np

ϕi(xj) = δij i, j ∈ I
�3g�pvz`kyz

I ⊂ N
��m

|np�z.myz`|Íi��¤��tj¬j�øoMz{mci��¤|np�z0tvi�¬�z�m
xi

��gÌz0o{�<t���¬vz{t}|n����s
|npvz0oMisz4rFo½��z�tw|nmci���|npvz0b[��� �'e|ejk~i9hv���.�<|~��iwt
i��:�\��rjt¥oM|~��iwt=jKsY|~pvzÅ�<�l��rvz{mGi��?|np�z���rjt¥oM|n��i�t

f
��tY|npvzCt�i�¬vz{m

f(x) ≈
∑

i∈I f(xi)ϕi(x)
¦ d t��<����g�p¥�¡|

� iw����i'g£m{�9gÌzÌ��¬vz{t}|~����sÅ|~pvzÌ��rjtjo½|~��iwtjm
f
�
y
�
u
�¡z`|qol¦3jKsÅ|npvz{��k:oMisz4rFo½��z�tw|?��z�oM|~i�k~m

(f(xi))
�
(y(xi))

�
(u(xi))

�ltj¬�¬vz{tvi�|~zÅ|~pvz{� j�s-|npvz�mn�l�±zÅtvi�|~�Z�jz`knm{�v�ï¦ z}¦���g¤z&g������6g£kn��|yz
f
��tjmy|yz®�<¬

(f(xi))
z{|nol¦

¢%s-|np�zCmy|~���Õtvz{m~m£�0�<|~k~�Ih

�
= (Kij), Kij =

∫

Ω

(aij∇ϕj) · (∇ϕi) dx,

�.�lm~mG�.�<|~k~�øoMz�m
¾

k+1 = (Mij)k+1, Mij,k+1 =

∫

Ω

1 + δk+1c0

δk+1
ϕjϕi dx,

¯¾ = (M̄ij), M̄ij =

∫

Ω

ϕjϕi dx,

�ltj¬Y|npvz��.�<|ykn�øoMz{m£�<mnmyivo½�ø�<|yz{¬=g���|~pY|npvz&jÓiwrvtj¬¥�<k�s
Γ
�

�
= (Qij), Qij =

∫

Γ

αϕjϕi ds,

µ�!



Ç
= (Gi), Gi =

∫

Γ

gϕi ds,

|np�z+b[����k~z4ejkyz{m~z{t}|n�<|n��i�t-i��e|~pvzÅz{�����Zej|n�øoºm~r{j{ejk~iGjj��z��±m£��mGuw����z{t=j�s

y0 = y(0)

(
�

+
¾

k+1 +
�

)yk+1 =
1

δk+1

¯¾ yk +
Ç

k+1

³ �<©�´

+ ¯¾ (uk+1 + fk+1),

� i�k
k = 0, 1, ..., n − 1.
¨ºt¥�l��ilu�iwrjm~�Zsw�s|~pvzC�l¬@¦ iw��t}|=zPysr¥�<|~��iwt���m£¬j��mnoMk~z`|~��x{z{¬¢jKs

(
�

+
¾

k +
�

)pk = ¯¾
(

µ

yk + εuk − (ya)k

)

− ¯¾
(

µ

(yb)k − yk − εuk

)

+
1

δk

¯¾ pk+1

³ ��p�´

� i�k
k = n − 1, ..., 0

�ltj¬

pn = yn − yd.

� p�z��lz®oM|yi�knm µ
yk+εuk−(ya)k

�ltv¬ µ
(yb)k−yk−εuk

�<k~zÅ¬vz4�¥tvz{¬fj�s
(

µ

yk + εuk − (ya)k

)

i

=
µ

(yk)i + ε(uk)i − ((ya)k)i

�ltj¬
(

µ

(yb)k − yk − εuk

)

i

=
µ

((yb)k)i − (yk)i − ε(uk)i
,

k~z{m�eÓz�oM|n����z{�Zsw¦
� pvz{myzÅz9y}r¥�<|n��i�tjm£�<k~z�oMiwr{e¥��z{¬Y|npvkyiwrvuwpY|npvz�¬j��mnoMk~z`|~zÍ�lz{k~m~��iwtYi��e|~pvzÅu�kq�<¬j��z{t}|GzPysrj�<|n��iwt

³ �C��´
κuk + pk +

εµ

βk − yk − εuk

− εµ

yk + εuk − αk

= 0,

� i�k
k = 0, ..., n

¦
} zC�<kykq�ltvulzÍ|npvzCoMisz4rFo½��z{t}|G�lz®oM|yi�knm£�lm=� iw����i'g£m9«

z =
[

yT
0 , yT

1 , . . . , yT
n , uT

0 , uT
1 , . . . , uT

n , pT
0 , pT

1 , . . . , pT
n

]T

µ.�



¨g��u�i�kn��|~pj� �q�Ì¨ºd
³ ��´�aºz4�¥tvz.zPysrj��¬j��my|q�<t}|���tj��|n�ø�l�*e¥�<k~|~��|n��iwtjm

T0 = {t0, t0 + δt, ..., T}
i��

[0, T ]
�<tj¬

Ω0 = {a =
x0, x0 +h, ..., xn = b} i�� Ω = (a, b)

��g�pvz`kyz
δt

�ltv¬
h
�<kyz�|np�z#�{hsz�¬.��tv��|n�ø�l�jmy|yzPejmn��x`z{m���t±|n���±z

�ltj¬�m2e¥��oMz}�sk~z{m�eÓz�o½|~����z{�Zsw¦
³ ����´��Ìpvisi�m~z

z0 = (yT
0 , uT

0 , pT
0 )T � z��lm~�Zj¥��zw�¤z}¦ö�j¦

ya ≤ y0 + εu0 ≤ yb

�ltj¬
p0

o{�<tæjÓz^|q�¡��z{t
�<k2j¥��|ykq�<k~���Zsw¦

³ ������´Í¨ºm~myz��0j¥��zÅ|~pvz��.�¡|~kn�øoMz{m
K
�
Mk

�
M̄
�
Q
�¥�ltv¬�|npvzÅ��z�oM|~ilk

G
¦

³ ���Ý´��Ìpvisi�m~z
µ0 > 0

¦q��iw�"e¥rv|yzC�±myiw��r�|n��iwt-i��
F (z; µ0) = 0

jKs-|np�zt�£z4g£|~i�t
��z`|~pvi�¬�¦
³ �Ý´q�£z4�¥tvzÅ|~pvz�m2e¥��oMzC�ltj¬Y|n���±zÅ¬j��mno½kyz`|n��x��<|n��i�t¢jKs-mnrv��|q�@j¥��zÅ�\z{|~pvi�¬jm{¦
³ ����´q�£z��lm~myz{�tj¥��z.�<���§�.�<|~k~�øoMz�mÅ�ltj¬ o½i��"eÓiwmyz±|npvzF�lm~myivo½�ø�<|~z{¬�m�s�my|yz�� �.�<|ykn�Ih

Ξ
¦�d t}|yz`k2eÓiw�ø�¡|~z

ziwt}|~i±|~pvz�tvz4g u�k~��¬jm{¦

�ltj¬=g£kn��|yzÅ|~pvzÅiGej|n���0�l����|�sFoMiwtv¬j��|n��iwtvm£�lm��±t�iwtj����tvz��<kGm�s�my|~z{�

F (z; µ) := Ξz + Ψ(z) + Φ = 0,

g�p�z{kyz
Ξ
��m£�W�ø�<k~ulz}�sm�e��<knmyzÅ�.�<|~k~�IhÝ�sz{m~myz{t}|n�ø�l���Zs"j¥rj����¬Yil��j¥��ivon��mT�

+
¾

k +
� iwtY|~pvz�¬v�ø�<u�iwt¥�<�Ý�ltj¬

¯¾ i�t |npvz�m~r{j%¬v�ø�<u�iwt¥�<�ï¦
Ψ
��m\����rjt¥oM|~��iwt |np¥�¡|0oMi¡��z`k~m+|npvz�t�iwtj����tvz��<k~��|�s �ltv¬

Φ
��m±����z�o½|yi�k+|np¥�¡|

oMiwt}|n�l��tjm=|np�z+oMiwtvm~|n�lt}|7e��¡k~|nm=i��?|npvzÅzPysr¥�<|~��iwtjm ³ �l©�´�ò ³ �C��´M¦
�ct�z0¬j�ZrFo½rj��|�s���t�|~pvz0¨g��u�i�kn��|~pj� d�� ��mÍpvi'g�|~ii�¥tj¬���m~rj��|n�@j¥��z\��tj��|n�ø�<�?��rjt¥oM|n��iwt

w0 ¦C¨º��u�i�k~��|npj�
���¤¨ºd ejkyi¡����¬vz+�±� z��lm~�Zj¥��zÅ��tj��|n�ø�<�Ý��rjtjo½|~��iwt�|npj�<|ºo`�ltfjÓzCz.h�eÓz�oM|~z{¬
m~r{rFo½��z{t}|~�Zs�o½��iwmyz�|~i

wµ0

¦G�
i�k~z½f
i¡��z`k{��|~pvzÅ|n���±z��<tj¬
m�e��lo½zÅ¬j��mnoMk~z`|n��x��<|~��iwtjmGo`�lt=jÓz+�<¬¥�@ej|yz�¬�¬jrvkn��t�u0|~pvzCoMiw�"e¥rv|n�<|n��i�tjm{¦
� pvz.m�e��<|n�ø�<�Ru�k~��¬jm��.�Ps�oqp¥�lt�u�z"jÓz`|�gÌz`z{tÛ|npvz.¬j���Óz{kyz{t}|Å|~���±z0m~|yz4e¥m{¦F¨�� |~z`k�¨º��u�ilkn��|npv� �q�Ì¨ºd���m

�¥tj��m~pvz{¬��}|npvz%¦ iw��t}|¤k~z4�¥t�z��\z�tw|Ìi��?�l���Óm�e��<|~�ø�l��u�k~��¬jmÌ��mÌ|n�<��z{tY�lm¤|npvz:�{h�z{¬Ym�e��<|~�ø�l��u�k~��¬F� i�kÌ¨º��u�i�k~��|npj�
d��:¦ � p�z0¬j��mnoMk~z`|n��x`z{¬^��z`knm~��iwt^i��¤¨g��u�i�kn��|~pj� d�� ��mÅmy|q�¡k~|~z{¬�g���|np

z0 = z
¦\bvi�k��<���§oMiw�"e¥rv|n�<|n��i�tjm{�6gÌz

rjmyz{¬+���¡|n�ø�@jW­�¦�ª�¦ö²#��ª.p�iwtC���ez{t}|n��rj� d��#�.��oqpj��tvz5g���|~pFª®dc¢��±z{�±ilk2sw¦ � p�z¤����tvz��<k?m~r{j{ejk~iGjj��z��±me�¡k~z
myiw����z{¬tjKsC¬j��kyz®oM|R�±z`|np�i�¬jm{¦:bvi�k:k~z4�¥tj��tvuÍ�±z{m~pvz{mR��tW¨º��u�i�k~��|npj� ���¤¨ºd\��g¤zGrjmyz{¬W� i�k:|~���±zÌk~z4�¥tvz{�±z{t}|
i�¬vzwª9�¡m§g£��|np�|~pvzCmyz`|~|~��tvu��Gz�� � i���V�ª½z½fh©j�¥����h,�gkn¬vz`k`V�ª��¥�<tj¬�¢=acb�VgiwtÝ¦¤bvi�k£|~pvz�u�k~��¬�k~z4�¥tvz{�±z{t}|
��t�m2e¥��oMz}��gÌz�rjmyz�¬
�lt�z`k~k~ilk���tj¬j�øo`�<|yi�kG��rjt¥oM|~��iwt�m~���0���ø�<k=|yi.|~pvz�iwt�zC¬�z�mnoMkn�Zj�z�¬���tok�ª/nï�|g�pv�øoôp�¬vz`|~z�oM|nm
|np�zW�.�'h����.�±il� ‖f‖ �Ýg�pvz`k~z f

��m�|~pvzCkn��uwpw|ºp¥�<tj¬�mn��¬�zCi����0z{�����Zej|n�øo&��a)��¦ � pvzWm�e��<|~�ø�l��ulkn��¬���m���h�z{¬
��t��l���Õ|~���±z�my|~z4e¥m{¦

µ
¨



­�¦ñ³v¦ ¸#"3äÝË��[ãÃÈ��CÍ

¸#"3äÝË��[ãÃÈ�76Í¼Î,Í }JzÅ|~z{my|~z{¬�iwr�k£�±z`|npvi�¬=jKs-|np�zqevk~iGj¥��z{�

min J(y, u) :=
1

2
‖y(T ) − yd‖2

L2(Ω) +
κ

2
‖u‖2

L2(Q)

m~r{j{¦ z®oM|G|yi

yt − ∆y = u
��t

Q,

∂ny + 10y = 0
iwt

Σ,

y(0) = y0

��t
Ω,

�ltj¬Y|~i0|~pvz��0�Ihsz�¬�oMiwt}|yk~iw� f my|n�<|~zÅoMiwtjmy|~kn�l��t}|nm

y + εu ≥ ya := max{−100(t(t − 1) + x(x − 1)) − 49.0, 0.5} �v¦ zw¦R��t
Q.

}JzWoôp�isiwmyz
Ω = (0, 1) ⊂ R

1 � T = 1.
bjrvk~|~pvz`k�����z`|§jÓz

yd ≡ 0
�<tj¬

y0 = sin (πx)
u�����z{t�¦§�#js����iwrvmn�Zsw�

|npv��m7ejkyiGj¥��z{� �j|nm£��t�iwr�kGu�z{tvz`kq�l�Ýmyz`|~|~��tvu"g���|~p
α = 10

¦
d t#iwrvk0z.hj�l�"ej��z�m{��|~pvz`k~z
��m0tvi r�e|eÓz`kxj�iwrjtj¬

yb
�%jjrv|F��|0��m.o½��z®�¡k0|~p¥�<|0i�rvk.�±z`|np�i�¬*oMi¡��z`knm\|np�z

iwtvz{m~��¬vz{¬Ûo`�lmyz0�<m)g¤z����ï�%oM�ý¦Åiwr�k�oMiw�0�\z�tw|nm#jÓz`� i�k~z"vÝz{�0�.�=�v¦ÿ³�¦0d tÛo½i�t}|~kn�lmy|c|~iY|~pvz±tvz.h�|cz.hj�l�Ve¥��zw�
pvz`k~zÍ|npvzÅz.hj��oM|GiGev|n���.�l�ÝoMiwt}|yk~iw�

ū
�ltv¬�|npvzC�lm~myivo½�ø�<|yz�¬-��rjt¥oM|n��i�tjm

ȳ
�
p
�ltj¬

ηa
�<kyz�rjt���tvi'g£t�¦

� pvz0��tj��|~�ø�l�e��rjt¥oM|n��iwt�� i�kÅ¨g��u�i�k~��|npj� ���¤¨ºd gG�<m
w0 ≡ 2

¦ � p�z.��tv��|n�ø�l�:my|~z4e¥m~��x`z{m)gÌz`k~z
h = 0.01

�ltj¬
δt = 0.005

¦od t	¨º��u�ilkn��|npv� d��:��g¤z
oqpvisiwmyz
σ = 0.8

�
µ0 = 10−3 ���ltv¬ eps = 10−5 ¦ be��uwr�k~z

³
mnp�i'g�mC|np�z�oMiw�"ejrv|~z{¬ iGej|n���0�l��myiw��rv|~��iwtjm
ūµ

�
ȳµ

�
p̄µ

�§�<tj¬
ηa = µ

εūµ+ȳµ−ya

� i�kC|npvzFk~z`uwrj�ø�<k~��x`z�¬
ejkyiGj¥��z{� g£��|np

ε = 10−3 �ltj¬ κ = 10−3 ¦

¸#"3äÝË��[ãÃÈ�76Í�çcÍ d t�iwrvk£myz®oMiwtv¬�z.hj�<�"e¥��zw��gÌz�oMiwtjm~��¬vz`kG|~pvz�m~����uwp}|n�ZsF�\i�¬j�Z�jz{¬=ejk~iCj¥��z{�

min J(y, u) :=
1

2
‖y(T ) − yΩ‖2

L2(Ω) +
κ

2
‖u‖2

L2(Q) +

∫∫

Q

yQy dxdt,

µ�µ
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Z�b¼²*`�] �+�
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ūµ

� � 	��(� û òqûïü
ȳµ

� � ���%òô÷:¡ þMîñú½û^� û òqûïü
p̄µ

òqú¡÷ � ÷��%ß�ò
�ôí òôú��MüRð�ù®óñûïîöì<óñîÿü í
ηa

�

m~r{j{¦ z®oM|G|yi

yt − ∆y = u + f
��t

Q

y = 0
iwt

Σ

y(0) = y0

��t
Ω

�ltj¬Y|~i0|~pvz��0�Ihsz�¬�oMiwt}|yk~iw� f my|n�<|~zÅoMiwtjmy|~kn�l��t}|nm

ya ≤ y + ε(u + f)
�v¦ zw¦R��t

Q.

� p�z^�ø�lmy|0|yz{k~� ��t	|npvz
iGj|¦ z�oM|n���lz���rjt¥oM|n��i�tªgG�<mF�l¬j¬vz{¬#|~i o½i�tjmy|~knrjo½|F�lt#z.hj�l�"ej��z-g£��|np#z.h�ej���øo`��|~�Zs
��tvi�g�t iGev|n���.�l��myiw��rv|~��iwt�¦ � pj��mC|yz{k~�"¬visz{mWtvi�|Woqp¥�ltvu�z.i�rvk+|~pvz`i�k2sw¦i}Jz-m~���"e¥�Zs�pj����zF|yiÛ�l¬j¬ ��|nm
¬vz`kn���<�<|~����z

yQ

|yi0|npvzÅk~��uwp}|Gp¥�ltj¬�m~��¬vzÅi��?|np�z+�<¬@¦ iw��t}|=zPysr¥�<|~��iwt�¦
µ á



} z�oMiwtvm~|yknr¥oM|W�lt iCej|n���.�<�¤myiw��rv|~��iwtlg�pj�øoqp ��rv�Z�¥��mC|npvz-iCej|n���.�<����|�s�oMiwtj¬j��|~��iwtjm ³ p�Å�´�ò ³ ��ª�´c� ilk+|np�z
rjtvkyz`uwrj�ø�<k~��x{z{¬¢ejk~iGjj��z����v�ï¦ zw¦���� i�k

ε = 0
¦

� pvz���t}|yz{ulkq�l� ∫∫
Q

yQy dxdt
��tY|~pvzÅiGj|¦ z�oM|n���lzÍ��rjtjo½|~��iwt���z��l¬jmG|yi±|npvzC�l¬@¦ i���t}|GzPysrj�<|n��iwt

−pt + ∆p = yQ − µ

y − ya

��t
Q

p = 0
i�t

Σ

p(T ) = y(T ) − yd

��t
Ω

��tjmy|~z��l¬Yi�� ³ �<²�´M¦
ÄtÉ(ý	�.þPÊ'ü	$Cþ9ÿÃÉ(ý É?
fþ9Ç�È ÉN��þ9ÿ¼ËoäÝã@�4É(ã¼ü3þ9ÿÃÉ(ý�Í }JzJoqpvisiwmyz

Ω = (0, π)
�ltj¬

T = 1
�g�ltj¬ g¤z

¦ýrjmy|Y¬vz4�¥tvzÛ|npvz�iCej|n���.�<�ºmy|q�<|yz�jKs
ȳ(x, t) := e−t sin (x)

¦ � i�u�z`|np�z{k�g£��|np
y(·, 0) = sin (x)

�ltj¬

y(·, T ) =
z −1 sin (x)

gÌzÅiGjj|n�l��tY� kyiw� ³ p�Å�´Ì�ltj¬
yt − ∆y = 0

|npvzCoMiwtj¬j��|~��iwt
ū + f = 0

¦
bjk~i��"|~pvzFu�kq�<¬j��z{t}|�zPysr¥�<|~��iwt ³ �vª9´Å�ltv¬

ε = 0
g¤zFu�z`|

f = 1
κ
p
¦-�£z4hs|���gÌz-o½i�tjmy|~knrjo½|C|~pvz-my|q�<|yz

oMiwtjmy|~kn�l��t}|=m~r¥oqpY|~p¥�<|
ȳ
|~iwrjoôp�z�m=|~pvz�jÓiwrvtj¬

ya

iwtv�Zs.iwt��Wm~z`|
(t1, t2)×

{

π
2

} ¦ � pj��mGmyz`|£pj�lmG�±z��lm~rvk~z
x`z`k~i��<myiÍ|~p¥�<|[gÌzGo½i�tjmy|~knrjo½|§�)v �<u�kq�<tvu�z½f �Wrj��|~�Ze¥����z`ke�lm§�gk~z`uwrv�ø�<k§¢¤ilk~z{���±z��lm~rvk~zw¦^}Jz£oqpvisiwmyz

t1 = 0.3
�ltj¬

t2 = 0.6
¦ � pvz&jÓi�rjtj¬

ya

��m7�{hsz�¬=jKs
ya(x, t) = η(t)η(x)

g���|~p

η(t) =



























1
2

t−t1
t0−t1

+
z −t1 t

t1
t ∈ (0, t1)

z −t t ∈ (t1, t2)

z −t2 t−1
t2−1

+ 1
8

t−t2
1−t2

t ∈ (t2, 1)

�ltj¬

η(x) =















3
π
− 0.5 x ∈ (0, π/2)

2.5 − 3
π

x ∈ (π/2, π).

� p�z+�<¬@¦ iw��t}|Gmy|q�<|yz���m�oMiwtvm~|yknr¥oM|yz�¬=jKsF|npvzC�ltjmn�<|yx
p = ϕ(t)v(x)

¦ � i±|npj��m��l���
����z`|

ϕ(t) =















− sin2 ( π
t2−t1

(t − t1)) t ∈ (t1, t2)

0
z���myzw¦

µ
ñ



� pvz�¬vz`kn���<�<|~����zci��
ϕ
��mGuw����z{t¢jKs-|np�z+oMiwtw|n��tsrvi�rjmG��rjtjo½|~��iwt

ϕ
′

(t) =















− 2π
t2−t1

cos ( π
t2−t1

)(t − t1) sin ( π
t2−t1

(t − t1)) t ∈ (t1, t2)

0
z{��myzw�

g�pv�øoôp���m£o½i�t}|n��tsr�iwrjm{¦5�£z.h�|���gÌzÅ��t}|~kyi�¬jr¥oMzÅ|~pvzCoMiwt}|n��t}rviwrjm�e¥��z�o½z4g£��m~zÍ����tvz��<k=��rjt¥oM|n��i�t

v(x) =















2
π
x x ∈ [0, π

2
]

2 − 2
π
x x ∈ [π

2
, π].

� p�zÛmyz�oMiwtj¬ ¬vz`kn���<�<|~����z�il�
v(x)

g���|~p kyz{m2e�z®oM|-|yi
x
��mY� �Wrv��|n�Ze¥��z
i��Å|npvz

δ
f ¬j��my|~k~�Zj¥rv|~��iwt^«

vxx =

− 4
π
δπ

2
(x)

¦ � pvzC�l¬'¦ iw��t}|GzPysr¥�<|~��iwtYu�����z{mGrjm

−pt − pxx = −µ + yQ,

myi"gÌzCo`�lt�m~z`|

µ = ϕ(t)vxx = −ϕ(t)
4

π
δπ

2
≥ 0

�ltj¬

yQ = −ϕ
′

(t)v(x).

�#js����iwrvmn�Zsw�
µ
�ltj¬

y − yc

��rj�Z�¥���Õ|~pvzCoMiw�Ve¥��z{�±z{t}|q�<k�sFm~�ø��on��tvz{m~m£o½i�tj¬j��|n��i�tjm
∫∫

Q

(y − ya) dµ(x, t) = 0

y − ya ≥ 0
�j¦ zw¦R��t

Q

µ ≥ 0
��t

Q.

dc������t�u�|npvz�iGej|~���.�l�¤m~i���rv|n��iwtvm��*g¤z��<k~z��@jj��z�|~iÛm~pvi'gAoMiwt}��z`kyu�z{t¥oMzYkn�<|~z{mW� i�k
uµ

j�s
µ → 0

¦¤} z
oqpvisiwmyz

κ = 10−2 � ε = 10−6 � σ = 0.8
�
µ0 = 10−3 �:�ltv¬ eps = 10−5 �{h�z{¬�¦�be��uwrvkyz-©�m~pvi�g�m�|np�z

tsrj�\z{k~�øo`�l�Õm~i���rv|n��iwtvm�¦
} ��|np�|~pvz+uw����z{t
z.hj��oM|ºmyiw��rv|~��iwtjm�� i�kg|~pvzWrjtvkyz{u�rj�ø�<kn��x`z{¬-evk~iGj¥��z{� �ltj¬�iwr�kÍoqpviw�øoMzCi��§m~�.�l���

ε
�,gÌz

o`�lt
m~pvi'g/����t�z®�¡kgoMiwt}��z`kyu�z{t¥oMz���t
u
�ltj¬

y
¦=b:��u�rvk~zqp ³ o9´Ìmnp�i'g�m£|npvz��<�l��rvz�il�R|~pvz�iGj|¦ z�oM|n���lzÅ��rjt¥oM|~��iwt

Jµ

¦

µ�ö
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ūµ

� � 	��(� û òqûïü
ȳµ

� � ���%òô÷:¡ þMîñú½û^� û òqûïü
p̄µ

òqú¡÷ � ÷��%ß�ò
�ôí òôú��MüRð�ù®óñûïîöì<óñîÿü í
ηa

�

d t � �@j¥��zFª��Ýg¤z0ejk~z{myz{t}|g|~pvz+z`kyk~i�k~m�i��:|npvz+myiw��rv|~��iwtjmg�ltj¬
|np�z+�<�l��rvz�i��R|~pvz+iGj{¦ z�oM|n����zÅ��rjt¥oM|~��iwt
|yi
�*hj�<�"e¥��zC³+� i�k£myz{��z®oM|yz�¬Y�<�l��rvz{m=i��

µ
¦

µ ‖yµ − ȳ‖/‖ȳ‖ ‖uµ − ū‖/‖ū‖ ‖pµ − p̄‖/‖p̄‖ J(y, u; µ)
8.0−2 2.2954 4.3332−1 4.3332−1 ­�¦ö©jª{©�²

4.3980−3 1.7467−2 2.9738−2 2.9738−2 °j¦�ª�³CÅGÅ
7.3787−4 3.8415−2 6.6231−3 6.6234−3 °j¦�ª�³vª�ª
3.0223−4 2.0936−2 4.0684−3 4.0685−3 °j¦�ª�³l²@p
9.9035−5 1.3354−2 3.1801−3 3.1799−3 °j¦�ª�³l²w³

£ �*­�®s�W[�] Ò üýó òqûïî!�½üÓü í íïþôí���þ/�{û � ü,�yþMð¤ì<ù�ûïüý÷ � þMóÿù�ûïîÿþôú'�
yµ

�
uµ

�ôòôú®÷
pµ

ò
�K$Õüýóÿó`ò
�K�ôòôóÿù®ü+��þ/�
Jµ(y, u)÷®ü ìwüýú®÷®îÿú��=þMú

µ
�

µ ù
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