NUMERICAL VERIFICATION OF OPTIMALITY CONDITIONS

ARND ROSCH!, DANIEL WACHSMUTH?

Abstract. A class of optimal control problem for a semilinear elliptic partial differential equation
with control constraints is considered. It is well known that sufficient second-order conditions ensure
the stability of optimal solutions, the convergence of numerical methods. Otherwise, such conditions
are very difficult to verify (analytically or numerically). We will propose a new approach: Starting
with a numerical solution for a fixed mesh we will show the existence of a local minimizer of the
continuous problem. Moreover, we will prove that this minimizer satisfies the sufficient second-order
conditions.

1. Introduction. In this paper, we consider the optimal control problem (P) of
minimizing J(y,u) given by

1 v
Ty ) = 5y = vallda(y + S ulam) (1)
subject to the semilinear boundary value problem
(Ay) (=) + f(y(x)) = u(x) in O 12
y=20 on I '

and to the control constraints
a <u(x) <bae. in Q. (1.3)

In this setting, A is a uniformly bounded elliptic differential operator and €2 is a
bounded domain of RY, N = 2,3, with boundary I'. Moreover v is a fixed positive
number. Precise assumptions on and definitions of the quantities introduced above
are formulated at the end of this section.

Sufficient second-order optimality conditions are well established mathematical tools.
The development of such conditions for control constrained problems governed by
partial differential equations started with the papers of Goldberg and Troltzsch [7, §].
Two new trends lowered the gap between necessary and sufficient optimality condi-
tions a few years later. Dontchev, Hager, Poore and Yang [6] introduced strongly
active sets in the theory of sufficient second-order conditions. The idea is that no co-
ercivity is needed on subspaces where the first-order conditions are sufficient. The
equivalence of the coercivity condition with a positivity condition for the second
derivative of the Lagrangian for a class of semilinear elliptic problems was proven
by Bonnans [4].

Lipschitz stability results for optimal control problems governed by PDEs can be
proved using second-order optimality conditions, see for instance the papers of Ma-
lanowski and Troltzsch [11, 12] and Troltzsch [14]. Moreover, it is possible to show
locally quadratic convergence of the SQP-method, see Arada, Raymond and Troltzsch
[3]. These conditions are necessary to derive error estimates for discretized opti-
mal control problems, see Arada, Casas, and Troltzsch [2], and Casas, Mateos and
Troltzsch [5].
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Although sufficient second-order optimality conditions have great importance, there
is no method for verification (analytically or numerically) up to now. The numerical
verification of such conditions is the main concern of this paper. Our starting point is a
very realistic situation: A numerical solution of a discretized optimal control problem
is given with information on the mesh size and the discretization error. Under certain
conditions, we will show that a local minimum of the continuous problem exists in a
neighborhood of the numerical solution.

The paper is organized as follows: Section 2 is devoted to optimality conditions of the
continuous problem. In Section 3 we sketch our strategy. State equation, discretiza-
tion, and objective functional are estimated in the following sections 4-6. The main
theorem on verification of optimality conditions is stated and proven in Section 7. We
will discuss all assumptions and the results for a numerical example in Section 8.

Assumptions. At first, we want to specify the assumptions on the various in-
gredients of the considered optimal control problem.

(A1) Q C RN, N € {2, 3} is a bounded domain that is either convex and polygonal
or of the class C1.

We denote by || [| 1 (q) the full H' norm: [ly||%: oy = [[yll72q) + VY72 We will
denote the imbedding constants from Hg(Q) to LP(Q) by I, e.g.

lyllre) < pllylla@) Yy € HY(RQ).

A is a uniformly elliptic differential operator defined by

N

) =- 3 a%(«zm«(:c)%y(z)) +eola)y(x)

ij=1

with functions a;; that belong to C%1(€2), satisfying the condition a;;(z) = aj;(z)
and

SollyllFne) < (Ay,9),  (Ayi,ye) < dillvallmollvellme) Yy € Ho().
Let us denote by a(-,-) the bilinear form induced by A
a(u,v) = (Au,v).
(A2) The function f = f(y) : © — R is of class C? with f(0) = 0. It satisfies the

following conditions on boundedness and Lipschitz-continuity: For all M > 0 there
are constants cy, cy/, cpr > 0 such that

|f(y) = fFy2)l < eplyr — y2|
| (1) — F(y2)| < epr [y — vl
| (y1) = £ (y2)| < epr lyr — ol

hold for all |y;| < M, i =1,2. Moreover we require f'(y) > 0in R.

2. Optimality conditions for the continuous problem. A function y is
called weak solution of the semilinear elliptic equation (4), if it satisfies

a(y,v) + (f(y),v) = (u,v) Yo eV =HY Q) NC(WQ). (2.1)
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Solvability as well as regularity results for the weak formulation of the state equation
are stated in Section 4.

We define the Lagrange functional by

L(y,u,p) = J(y,u) — aly,p) = (f(¥),p) + (v, p). (2.2)
Then the necessary first-order optimality conditions are given by

L,(y,u,p)(v) =0 forveV, (2.3)
L,(g,4,p)(u—a) >0 for u € Upyg. (2.4)

Equation of (2.3) is equivalent to the adjoint equation defined by
a(v,p) + (F@po) = (g —yarv)  VoeV=H(@QNCEQ).  (25)

Existence and regularity results for the adjoint equation can be found in Section 4.

A sufficient second-order condition, henceforth called (SSC), is given by

(g @ @ D) (y, 1) = 8llulZ2q) (2.6)

for all (y,u) satisfying the linearized equation

a(y,v) + (f @y,v) = (u,v) VeV (2.7)
Here, the second derivative of the Lagrangian is given by

Ly @1 9)(y,u) = [|yll72() + vilulZ20) + (F (@97, D)- (2.8)
However,the solution (g, @, p) is unknown. Hence, it is impossible to show that (SSC)
holds in advance.

3. The discretized problem. Typically, control and state are discretized (for
instance by finite elements) to obtain numerical approximations (g, @p,pr) of solu-
tions of the continuous problem. Here, the following questions arise:

e Is the numerical solution close to a stationary point of the undiscretized
problem?

e Is the numerical solution close to a local minimum of the undiscretized prob-
lem?

In the article, we will derive conditions for the solution of the discretized problem
(Yn, Up, pr) that ensure the existence of a local minimizer of (P) in a specified neigh-
borhood of the numerical solution (yy,, @n, pr). Under additional assumptions, we can
even show that this unknown minimizer fulfills (SSC).

We will fomulate general assumptions for the discretization of the optimal control
problem. The assumption fits to finite element discretizations of the problem: The
state equation (2.1) is replaced by

alyn,vn) + (f(yn),vn) = (w,vn) — Vop € Vi, (3.1)
where Vj, C V is a finite dimensional space. The set of admissible controls is given by

Ul = {up €Uy 2 a <up(z) <b}, (3.2)

a
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where Uy, is the space of functions that are piecewise constant over the elements of a
triangulation of 2. We refer to Section 5 for the precise formulation of the assumptions
on the discretization.

The corresponding discretized adjoint equation is given by
a(vn, pn) + (f(Gn)pn, vi) = (Y = ya, vn) Vo € Vi, (3.3)

The discretized optimal control problem is given by: minimize J(yp,up) subject to
the discretized equation (3.1) and to the control constraint u € UZ,.

In the sequel, we assume that (§n,dp,pr) solves that discretized problem without
numerical errors. However, it would be sufficient for all results that the numerical
error is smaller than the discretization error.

Now, let us sketch our strategy: We assume a condition similar to (2.6): namely,
L{y iy (@ s ) (9, 0) = 00|22 (34)
holds for all (y,u) € V x Uy fulfilling the linearized equation?

a(y,v) + (f' (Jn)y,v) = (u,v) Yo e V. (3.5)

So we assume the coercivity for the discretized solution instead of the continuous
one. Note that this condition is required for all u € U,q (and not only in U",). The
inequality (3.4) means

191122 () + vilullzz) + (F7 (G1)y% on) = SllullZs(q)-

Since gy, pr are known, this can be verified easily. It would suffice for instance that
7" (gn(x))pn(x) > 0 holds on Q. Moreover, if (7,4, p) satisfy (SSC), then such an
assumption will be true for sufficiently fine discretizations.

The pair (@p,Jr) is not admissible for the undiscretized problem. Therefore, we
introduce the auxiliary state y” as the solution of the elliptic equation with right-
hand side uy,

a(y",v) + (fF(y"),0) = (an,v) Vv eV. (3.6)

Under the assumption that § in (3.4) is large enough, we will show the existence of a
radius r > 0 such that

J(y,u) — J(yh,ﬂh) >0 if ||u - ahHLQ(Q) =r.

This result will be the key for our argumentation: Since (y",uy) is an admissible
pair for the undiscretized problem, we obtain the existence of a local minimizer @
of (P) in the neighborhood {u € Uaq : [|u — n||r2(q) < 7} of 4y, see Section 6.
Under additional assumptions, this local minimizer is unique and fulfills the sufficient
condition (SSC). That is, we get the fulfillment of (SSC) as an a-posteriori result and
not as an a-priori assumption.

In order to get a computable bound for the radius r, all estimations has to carried
out carefully, and all constants have to be known. A representative collection of that
constants includes

3Let us remark, that we could also deal with a linearized equation in Vj, instead of V.
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embedding constants H}(Q) — LP(Q),
interpolation constants for the finite elements,
global bounds of the state,

norm of the solution operators of the PDEs.

In the following sections, we will estimate the several ingredients of the optimal control
problem and its discretization. The solution operator of the semilinear elliptic equa-
tion is studied in the next Section 4. The finite element discretization and associated
error estimates for the state equations can be found in Section 5. The difference of the
objective functionals J(y,u) — J(y", @) is investigated and estimated in Section 6.
The existence of a local minimizer @ of (P) in the neighborhood of @ is proven in
Section 7. Also the proof that @ satisfies (SSC) is contained in that section.
4. State equation. Now, let us study briefly the state equation.

THEOREM 4.1. The semilinear state equation admits a unique solution y € VN H?(Q)
for all w € L? and satisfies the estimates

1yl m2(0) < csllullzzo), (4.1)
[yl Lo () < espee||ullLz(o)- 4.2

Since Ugq is bounded, we have in addition
[yllLoe (@) < M (4.3)

for all solutions y associated to admissible controls .
For the proof we refer to Grisvard [9)].

Thanks to Theorem 4.1, we can interprete all assumptions of (A2), which were defined
on bounded sets, as global estimates:

(A2’) The function f = f(y) : © — R is of class C? with f(0) = 0. It satisfies the
following conditions on boundedness and Lipschitz-continuity: There are constants
cg,cpr,cpr > 0 such that

|f(y1) = Fy2)l < eplyr — y2l
|f" (1) = F(y2)] < epr lyr — yo
| (y1) = £ (y2)| < g lyr — wal

hold for all y1,y2 € R.

This assumption implies the boundedness of the derivatives of f: |f’'(y)| < ¢ and
|f"(y)| < c¢g for all y € R.

Now, let us prove Lipschitz continuity of the control-to-state mapping.
LEMMA 4.2. Letyy and ys be the solutions of (2.1) for controls uy and ug, respectively.
Then the estimate

lyr — vellr2() < llyr — w2llar ) < crllur — ual[z2() (4.4)
1s valid.
Proof. Subtracting the weak formulations for y; and ¥, and testing with the difference

V =y — ys2, we find

a(yr —y2,y1 — o) + (f(y1) = f(y2), y1 — y2) = (w1 — u2, 41 — ¥2).
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Using the coercivity of the bilinear form and the monotonicity of f, we get

a(yr — y2,91 — y2) + (f(v1) = f(y2),y1 — y2) = dollyr — y2||§{1(g)-
This implies

dollyr — ?/2”%[1(9) < lur = w2l 2o llyr — v2ll 2 ()

Consequently,

lyr — v2llm (@) < crllur —uz|lL2 (o)

I
is valid with ¢;, = 2. O
do

A similar estimate is available for solutions of the linearized system
a(y,v) + (f'(@)y,v) = (u,v)  YoeV=H(Q)NCQ). (4.5)
Here, 3 is a given function of V.
COROLLARY 4.3. The linearized state equation (4.5) admits a unique solution y for
each uw € U, and it holds
lyr — v2ll2) < llyr — vellar @) < cnllur — uzllr2 (o)
with the same constant cy, as in (4.4) above.

We conclude this section with the state of an existence result for the adjoint equa-
tion (2.5).

LEMMA 4.4. The adjoint equation (2.5) admits a unique solution. Moreover the
estimate
1Pl 12(0) < eplly — yallL2(e) (4.6)
is valid. For the proof we refer to Grisvard [9].
5. Finite element discretization. The state V is approximated by a finite-
dimensional subspace V}, C V. Here, we impose the following requirement.
(A3) The mesh parameter h is supposed to be smaller than 1. We assume the
existence of an operator iy, : V' — V}, with the following properties
ly = inyllr20) < cth®[[yllae(o) (5.1)
ly = inyll 1) < c2bllylla2(o)-

This assumption is a standard property of conform finite element discretizations.

The control is discretized piecewise constant on a mesh 7, containing open sets T
(finite elements):

Up = {qn € L2(Q) : qn|T = const for al T € Tp,}.

We require for the mesh 7p:
(A4) The diameter of the largest element of 7}, is bounded by h. Moreover,

U T=Q, T,nT;=0forall T;,,Tj € Tp,,i # j.
TeTy,
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Now, we give an error estimate for the semilinear equation.

LEMMA 5.1. Let y and yy be the unique solutions of the semilinear equations (2.1)
and (3.1), respectively. Then, the following error estimates are valid

ly — ynllr2) < cr2h® [yl a2 @), (5.3)
ly = ynlla ) < carbllylla2)-

Proof. Using the ellipticity assumption (A1) and the monotonicity of f in (A2’), we
find

dolly = ynller ) < aly —yn,y —yn) + (f(W) — fyn)y — yn)- (5.5)
The weak formulations for y and y; imply
a(y = yn,vn) + (f(y) = f(yn),vn) =0 Vou € Vi (5.6)
We use (5.6) with vy, = yp, — ipy. Inserting this equation in (5.5), we obtain
Solly — ynllzr ) < aly — yny —iny) + (F(W) = F(yn), y — iny)- (5.7)

Moreover, we can estimate

a(y —yn,y —iny) + (f) — flyn),y — iny) < 01lly — ynllarlly — inyll a1
+erlly = ynllzz ) ly — iyl 2 () -

Combining this inequality with (5.7), we find
Solly=ynllzr ) < Oully—unllm @ ly=inyll o @ +erlly—ynll 2@ lly—inyll 2 @) (5:8)
From this, we get easily
Solly — ynllz ) < 01lly — inyllmr @) + crlly —inyllz2(o)
or using assumption (A3)
Solly — ynllm (o) < Sre2hllyllazo) + crerh?(|yll m2(o)-
Hence, for h < 1 the constant cy1 can be chosen as
e = (61c2 + cper)/do.
Next, we introduce a solution g by
a(g,v) + (fgljhga v) = (e’ U)
with
o Y—UYn
e= —— .
ly — yh||L2(sz)

The expression f"g is defined by

1
firg = / P + sy — ) ds.
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Note, that |[e]|z2(q) = 1. Since f’ is globally bounded, we have

lglla2Q) < e

with some constant c¢j; > 0. Using these definitions, we find

ly — thL2(Q) = (e,y —yn)
=a(g,y —yn) + (" 9.y — yn)
=a(9,y — yn) + (9, )" (v — yn))
=a(g,y —yn) + (9, f(y) — f(yn)).

From (5.6) we obtain with vy, = ing

ly = ynllz2) = alg —ing,y — yn) + (9 — ing, f(y) — f(yn))
< d1llg = ingllmr @ ly = ynllmr) +crllg —ingllz)lly — ynllz2(o)
< dreaci B2\ gl 2oy llyll m2 ) + crerh® gl m2 o)1y — ynllz2@)

< ((51026}[1 CMh2 + CfClCch]\/[hg)Hy”HQ(Q).
Now, for h < 1 we have
cr2 = (01¢2 + crer)emren.

O

Applying these results, we can give error estimates for the auxiliary function y” in-
troduced in (3.6).

COROLLARY 5.2. It holds for the difference y" — 4,

ly" = inllr2q) < cr2csh®||tnll 20, (5.9)
||yh —ﬂhHHl(Q) < CchshHﬂhHLZ(Q). (510)

Proof. The claim follows directly from Lemma 5.1 and Theorem 4.1. O

6. Estimation of the objective functional, existence of a local mini-
mizer. Throughout the following sections, we assume the fulfillment of (A1), (A3),
and (A4), which are assumptions concerning the state equation and the discretiza-
tion.

Furthermore, we impose the following conditions on the discrete solution (g, @, Pp):

(A5) The solution (g, an,pn) satisfies the discretized state equation (3.1), the dis-
cretized adjoint equation (3.3), and the variational inequality

(I/ﬂh + D, Up — ﬁh) >0 Yuy € U(;ld'
We assume additionally that the coercivity condition (3.4)-(3.5) holds at (gn, @p, Pn)

with some § > 0. We require the regularities g, € L>(Q) and pj, € W1 ().

The latter assumption allows us to use the modified assumption (A2’) on the bounded
set {y € L®(Q) : ||ylleo < max(M, ||gnllec)}- Here, M is the global bound provided
by Theorem 4.1.
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Now, we will investigate the behavior of the objective functional in the neighborhood
of 1. The following lemma expresses J(y,u)—J (y", %) as the sum of several addends,
which will be estimated in the sequel.

LEMMA 6.1. Let u be an admissible control and y the associated state (solution of
(2.1)). Then we can represent the difference of the objective values as

J(y,u) — J(y", un) = L(Gn, un, pn) — L(y", tn, Pr) (6.1)
+Ly (G Uny Pr) (Y — Un) (6.2)
+Lu(Yn, Un, Pr)(u — Up) (6.3)
1 o _ _
+§Lzly,u)(yh7uhaph)(y_yhvu_uh)2 (64)
+79 (65)
where ro denotes a second order remainder term.
Proof. Since (y,u) and (y", ) fulfill (2.1), we find
J(ya u) - ‘](yhaah) = L(ya u;ﬁh) - L(yhaahvﬁh)
= L(y7 u)ﬁh) - L(ghvﬂhaﬁh)
+L(gh7ah>ph) _L(yhaahmph) (66)

The assertion is now obtained by a Taylor expansion
L(y7 u;ph) - L(ghy ﬂh7ﬁh) = Ly(ghu ﬂh,ﬁh)(y — :Uh) —+ Lu(gh, ﬁhuﬁh)(u _ ﬁh)
1
5 Ly (Fns s D) (Y = Gy v = Wn)* 72, (6.7)

a
Now, we will estimate the terms (6.1)-(6.5).

LEMMA 6.2. The discretization error in the Lagrange function can be estimated by

|L(y", @, Pn) — L(Gh, @n, Pr)| < cjh?(|tn| r2(0)- (6.8)

Proof. Here, we find for the objective

_ o 1 1
6 00) = I )] = | 510" vl 510~ vl

1 _ _ _
=[5 = Al + @ = - )
_ _ 1 _
< crzesh?||tn L2 (19n — yallL2) + §CchSh2||Uh”L2(Q))

It remains to estimate the term associated to the semilinear equation in the differ-
ence L(y", un,pn) — L(Jn,Un,pr). The semilinear equation is satisfied for the pair
(y", ). Consequently, this term vanishes. The pair (7, @z, ) fullfils only the equation
in V;,. However, the test function p, belongs to V}. Hence, this term vanishes, too.
Consequently, the assertion is true with

_ 1 _
cj = CL2CS(||yh — yd||L2(Q) + §CchSh2‘|uh”L2(Q))'
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O

LEMMA 6.3. The error in the adjoint equation can be estimated by

\Ly (G, tin, D) (Y — 9n)| < ey |gn — yalleze |yl 2y Yy € V. (6.9)

Proof. We start with
Ly(Gns @ny n) (Y — Gn) = (Tn = Ya> Y — Gn) — a(Pr, ¥ — Gn) — (f'(Gn)Pr> Y — Gn)-
Moreover, we define a function p” as solution of
a(p",v) + (f'(Gn)p", ) = (G — ya,v)  VweV. (6.10)
We obtain for v =y — g,
(Un = ya,y — Gn) = a(p",y — ) + (' @n)p" v — In)-
Therefore, we can continue using Galerkin orthogonality

Pry — n) + (f'(Gn) (0" = Pr),y — Un)
)

—Pn,y —iny) + (F @) (" = Bn),y — iny)
— Phyiny — Yn) + (f (Gn)(p h—ph) iy — Yn)
a(P" = P,y —iny) + (F' Gn) (0" = Dn),y — iny).

Ly(ghv ﬁhvﬁh)(y - gh) = (ph
( h
( h
( h
Consequently, we obtain

| Ly (G i, Dn) (y — Gn)| < 01llP" = Bull o ly — inyll )

+cpllp" = Brllz) 1y — inyllr2(o)-

The proving technique of Lemma 5.1 delivers

1" = bl o) < cabllp"lm2) and  [|p" — Pallr2) < cr2h®[p"[|m2(q). (6.11)

Moreover, we can apply the inequalties (5.1) and (5.2) for the interpolation error of
y. Finally, we get

Ly (Fhs @ns Pr) (4 — Gn)| < (can 81 + crzerh®)R2 0" | m2(0) 19l 520
Of course, the norm [|p"||g2(0) can be estimated by means of Lemma 4.4

19" 20y < cpllUn — vall L2, (6.12)

and (6.9) is obtained with ¢, = ¢,(cg161 + cpecp) it A< 1.0

LEMMA 6.4. The error in the optimality condition can be estimated by

L., (Gn, Gp, pp)(u — 1p) > —CuhH’u,—ﬂhHL’z(Q)HﬁhHWl,oo(Q) Vu € Ugyg. (6.13)

Proof. The optimality condition for uy is given by

(ﬁh + vup, up — ’ELh) >0 Yuy, € U;Ld. (614)
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This implies up, = a on all elements T}, where py, + vy, is a.e. positive. Analogously
up, = b holds on all elements T}, where pj, + vy, is a.e. negative. For the set T} of all
such elements we find for arbitrary u € Uyq

(pn + vap,u — ﬂh)lﬁ(Tﬁ') >0 Vu € Upygq. (6.15)

It remains to estimate the error on the set T} of elements where the expression py,+viiy,
changes the sign. Since @, is constant on each element, we find

‘ﬁh + Z/ﬂh‘ < h”ﬁhHWlx(Q) on T;L

From this, we conclude

(ﬁh—l-l/ﬂh,u—ﬂh)Lz(Té) > _|T}i|1/2h‘|u_ah”L2(T£) ﬁhHWLoo(Q) Yu € Uyqg. (6.16)

Combining (6.15) and (6.16), (6.13) is obtained with ¢, = |T}|'/2. O

LEMMA 6.5. Let u € Uyq be given together with the associated solution y of the
semilinear state equation (2.1). Then it holds with r = |[u — tp||L2(q)

Ly @ s ) (Y = Gnyw — n)? > 612 — dyhr® — doh®r — dgr® (6.17)

with constants d; specified below.

Proof. At first, let us define d as the solution of the linearized equation
a(d,v) + (f'(yn)d,v) = (u—ap,v) Yo e V.

Observe that d can be used as test function in the coercivity condition (3.4) whereas
y—yr would not be suitable there. Furthermore, we have by Corollary 4.3 the estimate

ldllz2) < crllu = unllL2(o)- (6.18)
Now, we rewrite the left-hand side in (6.17) as
Ll(y,u) (yhv ah7ph)(y - gha u— ﬂh)Q =
Ly @y @ny pn) (dsw = @n)? + Lyy (G, @n, Dr)[y — n — d, y — gn + ). (6.19)

The first addend gives the coercivity > 672 using the sufficient condition (3.4). The
second one can be estimated using (2.8) by

| Ly (Jn U Pr) Y — Yo — ds y — Y + d]|
< (L+eplpnllo=@) Iy = Gn = dll2@lly = Gn + dlL20).  (6.20)
Using (4.4),(5.9), and (6.18), we find
ly = Fn +dllz2) < 1y — ¥ 22) + 1¥" = nllz2) + ld] 22

< cpllu = tnllr2e0) + crzesh®|an L2 + crllu — @nllz2@) (6.21)

= 2CL7’ + CL2CS||ﬂh||L2(Q)h2-

We could treat y — ¢, — d in the same way. However, we need a sharper result. To
this end, we use the splitting y — g5, —d = (y — y" — d) + (y" — 7).
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The first function y — y" — d =: y; is the weak solution of
ayr,v) + (f' @)y, v) = = (F@) = f&") = f' @)y —y"). v) YoeV.

The right-hand side we transform to
F@) = F&") = @)y — ") = (F'G") = @) (v — ")
+ /01 [F' "+ sty — ") = F' (") (v — y")ds.
Its L?-norm is estimated by
17 @) = 1" = £ @) = 9" 2

_ 1
< cp (I = nllsnlly =9 luscor + gy =" e ) -

Hence, we can estimate
Iyllzz ) = lly = d = y" 2@y < crllfw) = F") = @)y = ") 2@
< cuer (I = mllscoly = s + 319" e )
Analogously to (5.9) we get a L*-error estimate for y — y" by Lemma 5.1
1y" = Gnllza) < Lacmrhes||unllrz(q)-
Applying Corollary 4.3, we find
ly — " 230y < Lally — 4" 20y < Lacer.
Altogether, we derived the estimate
ly —d = y"[lr2(0) < chep I3 (CHICsHUhHL?(Q) hr + %CL7'2> -
Now we can proceed with the estimation of L, already started in (6.20)
|Lyy (Yn, Uns Dr)y — Yo — dy y — Yn + d]|
< (L+eplpnllie@) Iy = gn = dll2@lly = In + dll 2o
< (L4 cpllpnllie)) ciepIi <Cchsllﬂh||L2(9) hr + ;CLT2>

(2crr + cpzes|unl L2 h?)
= dihr® + doh*r + dsr®

with constants defined by
do = (1+ cpr||pnll Lo (o) ches 11,
_ 1 _
dl = do . CchSHUh”L?(Q) . 26L + ECLCLQCSHuhHLz(Q) 5

dy = do - cgrcs|in || 2 ) - cr2cs||unll 12 Q)

ngdO'C%.
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Here, we used again h < 1. Finally, we obtain for the second derivative
Ly ) @ Wy D) (4 = Gy — @p)* > 0% — dihr? — doh®r — dgr?,

and the claim is proven. O

LEMMA 6.6. Assume that (2.6) holds. Then, the estimate
J(y,u) — J(y", ap) > 01 — arh® — aghr — azh®r — agr® — ashr? (6.22)

is valid for all (y,u) satisfying (2.1) and |[u — @p||z2(0) = 7.
Proof. Since (y,u) and (y", 4p,) fulfill (2.1), we find

J(ya U) - J(yhaﬂh) = L(ya U»ﬁh) - L(yhaﬂhvph)
= L(ya u7ﬁh) - L(g}“ﬂh,ﬁh)
+L(Gn, an, pn) — L(Y", wn, pn) (6.23)

The second difference was already estimated in Lemma 6.2. We will now focus on the
first difference

L(y,w,pr) — L(Gn, Gn, Pr) = Ly(Gn, Gn, Pr)(y — Un) + Lu(Gn, Gn, Pr) (w — Gp)

1 o _ _
+§L/('y,u) (Gns n, Dr) (Y — nyw — Gn)> + 712, (6.24)
Note that the quadratical part of the objective is approximated exactly. Only the
nonlinear function f causes the remainder part ro. We estimated all addends in the
Lemmas 6.3, 6.4 and 6.5. It remains to investigate the remainder term. Here, we find

|ro| =

L] @+t — ) — £ G0) (v — )t ds py
19 o Jo (6.25)

< geslly = onllzs @ IPrll = (@)-
We estimate the right-hand side of (6.25) using Lemma 4.2 and Corollary 5.2 as

ly = gnllzs) < lly — Y2 + ly" — Unllzs )
< cplsllu — Unl|L2(0) + caresIshl|un || L2 q)-

Using [lu — @p||12(0) = 7 and (a + b)* < 4(a® + b?) for positive a,b, we obtain
2
ra| < gcf“HﬁhHLx(Q) (P13 7° + (cnesIsl|tnl| r2(0))*h®) = cpir® 4 croh®.
By means of Lemma 6.2, 6.3, 6.4 and 6.5, and (6.25) we get

J(y,u) — J(y" un) > —c;llanll ) B* = cyllin — vall L2 1yl m2@)h®
— cullPrllwis () hr + 0r% — dihr® — dohPr — dsr® — ¢ — ¢p0h®.

Here, it remains to estimate ||y||g2(q):

Iyl a2y < esllullzz) < es(l|@nl2) +7)-
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Consequently, we obtain

J(y,u) = J(y",un) = 67 = (eyllin — yallL2@cslltinllL2 ) + er2) h?
— (cullPrllwr(@)) b — (eyllgn — yallL2@)cs + d2) BPr — (ds + 1) 1 — dihr®.

Setting
ay = cjllun| L2y + cyllUn — vallL2@ycs||tnll 2 ) + cro,
az = cyl|pnllwi.o (),
a3 := cy||Yn — yallr2()cs + d2
a4 :=ds + ¢
as = dq,

the assertion is obtained. O

Now, let us fix a mesh-size h with associated solution #@y. Suppose that the polynomial
given by (6.22) is positive for some r > 0. Then we have that the value J(y,u) is
greater than the J(y", ) for all u having L2-distance r to ;. Hence, there exists
a local minimum of the optimal control problem (1.1)—(1.3) inside the neighborhood
{u : ||u — 'L_Lh”LZ(Q) < ’l"} of uy,.

COROLLARY 6.7. Assume that there exists a positive value r such that
—ayr® 4+ (0 — ash)r? — (axh + azh®)r — a1h® > 0.
Then
J(y,u) = J(y",an) >0 (6.26)
holds for all (y,u) satisfying (2.1) and ||u — Up|[r2Q) =7

A sufficient condition that the assumption of the previous Corollary 6.7 is fulfilled is
given as the last result in this section.

COROLLARY 6.8. Let us assume that o := § — ash > 0 holds. Let us suppose further
that there exists ry > 0 that fulfills

3(azh h?)  [3a1h?
r4 > max { (azh + ash”) 5 B } (6.27)
o o

and if ag > 0 additionally

(o
< —. 6.28
Ty 30,4 ( )

Then the pre-requisite of Corollary 6.7 is satisfied.
Proof. The first condition (6.27) gives

2 2

5(5 —ash)ri = gari > (agh + azh®)ry +a1h® > 0.
If a4 is not zero then the second one implies %ari > a4ri > 0. Now, the polynomial
—ayr® + (8 — ash)r? — (axh + azh?)r — a;h? admits a positive value for r,. Thus, it
satisfies the assumptions of the previous Corollary 6.7. O

REMARK 6.9. The assumptions of Corollary 6.7 directly link the discretization pa-
rameter h to the coercivity factor §: the discretization has to be fine enough. If the
sufficient condition (2.6) holds for the solution of the original, undiscretized problem
then for sufficienlly small h the assumptions of Corollary 6.7 will be satisfied.
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7. Verification of optimality conditions. In the following, r denotes a fixed
radius fulfilling the assumptions of Corollary 6.7. We are now going to prove that in
a r-neighborhood of @), exists a solution of the optimality system connected with the
continuous problem (1.1)—(1.3).

THEOREM 7.1. There exist at least one control 4 with associated state § and ad-
joint state p in a r-neighborhood of up, fulfilling the first-order necessary optimality
conditions (2.3).

Proof. We investigate the optimal control problem for
U(:d = Uy N {u cU: ||u — ﬂhHL2(Q) < ’I"}.

This set is weakly compact. Hence, there exists at least one solution @ of the modified
problem. Since uy, is feasible and

J(ya u) - J<yh7ah) >0

is satisfied for all controls u with [[u — | z2(q) = 7, we have |4 — | z2(q) < 7. Con-
sequently, the local minimizer 4 of the modified problem is also a local minimizer for
the original problem. In particular, @ has to fulfill the first-order necessary optimality
conditions. O

As a consequence, we can give an error estimate for the associated state § and adjoint
state p in terms of r and h.

LEMMA 7.2. Let (§,4,p) fulfill the first-order necessary optimality conditions. Then
one can estimate the distance to the discrete solution by

19— Unllr2) < cyrm+ cyo h? (7.1)
and
19 — PullL2) < cp1r + cp2 B, (7.2)

with constants cy; and cp; independent of h, r, and (§, 4, p).

Proof. The difference § — 7, can be treated using the auxiliary function y”* defined
in (3.6)

19— Tnllzz@) < 19— 3" 2 + 19" = nllr2)
<crr+ CL2CSh2||’ELh||L2(52).

Here, we applied the estimate (5.9). The claim (7.1) follows with ¢;,; = ¢ and
Cy2 = CL2CSH’ahHL2(Q).

For the estimation of the adjoint states recall the definition of p" in (6.10) and the
correponding estimate (6.11)

1p" = Brll2() < cr2h?|Ip"|m2(0) < eper2h®|Gn — yallr2()-
Now, we introduce the splitting
16 = rllzec) < 1P — P 2@ + 19" = Pull L2,
and it remains to investigate d := p — p”. It is a solution of

a(d,v) + (f'(9)d,v) = (§ = Gn,v) = ((f' @) = f'(Gn))Pn,v) YoeV.
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Hence, we obtain
16— 1"l z2() < e (19 = FnllL2@) + (/D) = @n)pnll 2 )
<er (T+cplpnllze) 15— tnll2 .
And the estimate (7.2) is satisfied with cp1 = c (14 cp[|pnllL=(a)) ¢y1 and ¢pp =
cr, (14 cpllpnll o< 2)) cy2 + cperz|Gn — yall 2. O
With the same technique, we get a H'-error estimate for state and adjoint state.

COROLLARY 7.3. Under the assumptions of the previous Lemma we have

19 = gnllar ) < cor+ cares||nl|z2) b

and

16— Pl < cr (1+ cp Bl ) 119 — Unlla ) + cpcr |n — yall2 (@) h-

Next, we will introduce additional assumptions on 7 that guarantees that the control
4 fulfills a second-order sufficient optimality condition.

THEOREM 7.4. Under the assumption
0 — Chh2

cr

r<

every control @ in a r-neighborhood of uy fulfills together with its associated state 3
and adjoint p the coercivity

L/(/y,u) (Q7 a,ﬁ) (y> u)2 2 5/||u||%2(9) (7'3)
for all y given as solution of
a(y,v) + (f'(Dy,v) = (w,v)  VYoeV. (7.4)

Moreover, there exist only one local minimum in this neighborhood.
The constants ¢, and cp, will be determined in the course of the proof.

Proof. Let 4 be a stationary point with associated state §j and adjoint state p. Further,
let u € U be an arbitrary control with associated solutions y and y” of the linearized
equations (7.4) and (3.5) respectively. Then the pair (y, u) is suitable in (7.3), whereas
(y",u) can be utilized as test functions in (3.4).

At first, we have to estimate the difference d := y — y” as well as the sum y + y” in
terms of w and h. The difference fulfills the equation

0= a(d, )+ (f'(9)y,v) = (f (Gn)y",v) = ald, v) + (f'(§)d, v) + (/' (@) = [ (Gn)y", )
for all v € V. Testing with d itself, we obtain
I
Il < SIG@) = 1 @)Y o @

Hence, we can estimate d as solution of a linearized equation with right-hand side
—(f"(9) — f'(yn))y", which is estimated by

1(f"(9) - f/(gh))yh||L4/3(Q) <cply— ﬂh||L2(Q)HZ/hHL4(Q)

< cpllg = Unll2yerlallull 2 q)-
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Collecting all these inequalities, we find for d = y — y”
ly = y"lz2) < e Ll (f'(9) = F'(Gn)y" 220
<epdy iep g = gnllz @ vl L2 @)
The sum y + y" is estimated by

ly+ 3" 220 < 2cr]ullz2(o)-

Now, we can investigate the second derivative of the Lagrangian. We start with the
decomposition

L/(/y,u) (?7 ﬁ)ﬁ) (y7 U’)2 :Ll(/y)u) (:&7 fL)p) (y7 U’) - Lgy?u) (ghm ’U'hvph)(ya U)2
+ L/(I%u) (th ﬂha ﬁh) (y7 U)2 - L/(I%u) (ghy ﬂha ﬁh)(yhu ’LL)2
+ L{y oy G s 1) (9", ).

The last addend gives us the desired coercivity by (3.4). So we have to estimate the
two differences in this equation. The first one yields

Ll(ly’u) (ghm ﬁhuﬁh)(?J? ’LL)2 - Ll(ly’u) (gha ahuﬁh)(yh7 U)Q}

(—y"y+y")+ /Q F@n)pny —y") (y + ")

< (1 + ¢y HﬁhHLw(Q)) lly — yh||L2(Q)||y + yh||L2(Q)
< (14 eplIpnll oo () 26105  Tep 15— Gnll 2@ llull 720
C1

< Cilly - Z7h||L2(Q)||U||%2(Q)-

Let us proceed with the second difference

L0y 00 ) 10) = {0 ) 3,10
[ @n = £ mm s

<G @)D — " @n)nll 2o lullZ2 o) -

<" @) = " @n)nll L2 191740

Using Lipschitz estimates, we obtain for the right-hand side
1 @)p — " @)l L2y < 17 @)p — " @)bull2) + 1 (@)br — ' (Gn)Brll L2
< cpllp = bull2) + e lld = GnllL2@)llPrll L= ()

Hence, we arrive at

(e (@50 D) (Y, w) = LG oy (G s ) (y, 0)?

(y7u) s Uy 9 (y,u) hs Uh, Ph)\Y,

< 3 I35 (cpllp = pullLz) + e 1§ — Unllz@) 1Pnll = ) ||U||%2(sz)~

So, we find

"

Gy (@50 D) (g, 0)* > {5 — (L Iy ) 1P — Dl 2oy

— (Cy + L Iics||pnll o ) 19 — l?hHL?(sz)}||u||2L2(Q)
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Here, we can apply the estimates of [|p — pnllz2(q) and [|§ — Un||z2() of Lemma 7.2.
We get consequently

L{y oy (9, 8,0) (9 0)° 2 {8 — exr — enh®} [JulF2 (g
with
er = Chey, + 1 I3 (cprept + cpol|pnll Lo (@) cy1)
and
cn = Cicy, + 113 (cprep2 + cprlpall e ) cy2)

and the claim is proven. O
Finally, we will give an estimate of the neighborhood of @, where 4 is locally optimal.

THEOREM 7.5. Let the assumptions of the previous Theorem 7.4 be satisfied. Then
it holds with some § > 0

J(y,u) = J(§, 1) > 0w — ill|32q

or all admissible u € Uyq with ||u — 4|2 < 1’ for some sufficiently small r'.
(@) Y

Proof. By assumption (g, u,p) fulfills the necessary optimality conditions together
with the coercivity relation (7.3). Let (y,u) be another admissible pair. We have

J(9,4) = L(g,4,p) and J(y,u) = L(y,u,p),
since (¢, 4) and (y, u) are admissible. Taylor-expansion of the Lagrange-function yields
J(yvu) - J(@,’&) :L(yvuaf)) - L(Aa A?ﬁ)
1 Lo N "
+ L@ )y — G — @) + 7.
Since the necessary conditions (2.3) are satisfied at ¢, 4 with adjoint state p, the first

term vanishes. The second addend is nonnegative due to the variational inequality.
The remainder term ro satifisfies, confer (6.25),

1 . . 1 . .
ra| < écf”Hy — 74y llpllLee) < écf”C%IffHU — ]| 720) 18] 1.0 (7.6)

The pair (y — §,u — @) is not suitable as test function in (7.3), since y — § is not the
solution of a linearized equation. Let us introduce an auxiliary state d as the weak
solution of

a(d,v) + (f'(9)d,v) = (u — d,v) YveV.

When we use d instead of y — ¢, we make the small error r1 := (y — §) — d, which is
itself the weak solution of

a(ry,v) + (fir,v) = ((f7 = f/(9)d, v) YveV.
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with fyy = fol f(G+s(y—1))ds. Since f" and fé/ are non-negative, we get the estimate

) X 1 R
Irillzr) < ecll(fy = f/(@)dll L2 ) < §CLCf'Hy = Il lldl L)
| (7.7)
< §C%Cf’ff\|u — l|72(q)-

Substituting y — ¢ = d + r1, we obtain

1 VU o 1
5 Lo (8, @)y = 91° = 5 Lyy (9,8 )[d)* + Lyy (.0, 9)ld 1] + 5Ly (

The remainder term is given by

Fo = (ri,2d + )+ [ f(@)pri(2d +r1)dx
Q

and can be estimated by

1+ Cf’I43H15||H1(Q))||7"1HHl(Q)(||d||H1(Q) =+ ||7’1||H1(Q))

—~

72| <
< S+ ep Dl e ) ecllu — all 2 + lIrllav@)eter I3 lu = allZ2q)-

N | =

" (7.8)

with ro — 0 as |Ju — @[ g2 () — 0.
So far, we achieved the following estimate for the difference of the objective values

N Y 7P X
T(y,u) = J(5,0) = SL" (G, 0, p)[d u]* = [ra| = rollu = @72 q)-

In the next step, we apply the coercivity (7.3) given by Theorem 7.4. Furthermore,
we utilize the estimates of g, 71, and ro in (7.6), (7.7) and (7.8), respectively. To

shorten the estimates, let us assume |ju — @[/ 12(g) < R. And we obtain
. & 1s oo 3014 s om0
J(y,u) = J(§, @) 2{5 = gerer i+ cp Lilpl (o)) (2eL R+ Sepep L RY) 79)
, ) ) .
- gcf"IfR?’HpHHl(sz) } lu = @720

It remains to estimate ||p[|z1(q). Using the splitting
19l e @) < 1P — Pullar ) + 1PRll a1 ()

Corollary 7.3 provides us with a computable estimate of that norm

For R < Ry small enough, the factor in braces in (7.9) is greater than zero. This
implies quadratic growth of the objective functional in the neighborhood {u € U,q :

|lu— L2 < Ro}. O
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8. Example. In this section, we will apply our results to the consider the optimal
control problem of minimizing J(y,u) given by

1 v
J(y,u) = §||y - yd||2L2(Q) + 5”“”%2(9) (8.1)
subject to the semilinear boundary value problem

—(Ay)(z) + y3(x) = u(x) in Q

y=20 on T, (8:2)

and to the control constraints
— 0.1 <u(x) <0.5 ae. in Q. (8.3)

The domain € is the unit square 2 = (0,1)?, its boundary denoted by I'. The
parameter v was chosen as v = 0.1. The desired state y, is given by

yq = 8sinmxy sinwxy — 4. (8.4)
We find that the set of admissible controls is bounded in L?(2)
||u||L2(Q) <05= My VYuecUy.

8.1. The solution. At first, let us show the computed solutions for a fixed
discretization. The state and adjoint state were discretized using piecewise linear
and continuous functions on a regular triangulation of the domain. The control was
discretized according to (A3) by piecewise constant functions. See also Section 8.2.4
below for the discretization details. The grid consists of 20, 000 triangles with 10,201
nodes. The discretization parameter was h = \/5/100 =0.01414.... Here and in the
sequel ’...” means truncation of floating point numbers after 4 leading digits.

Fic. 8.1. Discrete solution up, and yp.

Now let us report about the norms of the solution, which are needed for the following
computations:

[ynll Lo 9y = 0.02580....., |lynllm (o) = 0.05638..., |lyn — yallr2(@) = 2-371...,
Jun || L2(0) = 0.2808...,
Ipnll Lo (@) = 0.1053 ..., [pallai) = 0.2334..., [[pallwiee) = 0.3441. ...

The set of elements T,i, where the control constraint is inactive, see Lemma 6.4, has
measure [T} = 0.7267. ...
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8.2. Computation of the constants. In the following small sections, we will
explain how all those constants involved in the proofs are computed.

8.2.1. Imbedding constants. At first, we will compute the imbedding con-
stants I, of the imbeddings HJ (2) — L?(£2). We obtain with the use of eigenfunction
of —A the constant of the imbedding in L%(Q) as

™

1
I, = — 0.2415...
2 +1

For the imbedding constants I, and Is we have the following. Because of the inequal-

ities ||ZIH%4(Q) < %||ZJH%2(Q)HV1U||2L2(Q) and ||y||6L6(Q) < %Hy”%‘l((z)HVyH%Q(Q)? see [13],

the imbedding constants Iy and I can be computed as

1 1/4 9 1/6
I, = (5 3) = VAt 0132, Iy = <§ j,}) = 0.5658. ...

Now, it remains to compute I3 for the imbedding in L3(f2). Using the interpolation
. . 1/3 2/3
inequality [|y[|rs(0) < ||y||L2(Q)||y||L4(Q)7 we find

Iy =0/°12% = 03454 .

The interpolation between L?(Q) and L5(£2) would give a larger imbedding constant

Iy = 121/2.7%/2 =0.3696... in our case.

8.2.2. Solution mapping u — y. At first, we investigate the bilinear form a.
We have |a(y1,y2)| < ly1llar @ llvz2ll g1 (o), which gives §; = 1. Furthermore it holds

a(y,y) = ||VZ/H%2(Q) = ||y||%11(sz) - ||y||%2(sz) >(1- Ig)”?l”%ﬂ(sz),
and we obtain o = 1 — I3 = 0.9417....

The Lipschitz constant of the solution mapping now is given by Lemma 4.2 as

In the following, we will apply the identity |y|g2q) = || — Ayllz2(q), which can easily
be proved by Fourier expansion. Now, let us estimate the constant cg of Theorem 4.1.
Since f(0) = 0 holds, we find for the nonlinear equation

Iyl o) < crllullr(a)-
Hence, we can derive
1Ayl 22y < IFW)llz2@) + llullz2@)
< ||yH3£6(Q) +ullzz@) < (Igc?iHUHiZ(Q) + Dlfullz2(0)
< (Ige M + V) ull L2 (),

which gives finally

lyll 2 0) < \/CQL + (Ie3 ME + 1)?|Jull 20

and the value of the constant cg = \/c2 + (Igc} MZ +1)2 =1.033....
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8.2.3. Global estimates of the nonlinearity. Furthermore, we need a L°°-
bound of the solutions to the state equation. Here, we will Stampacchia’s result,
see [10, 15].

COROLLARY 8.1. Let y be the solution of the nonlinear state equation (2.1) for a
given right-hand side u € L?(Q). Then it holds y € L*>(Q) with

Ll
1yl 0y < Sﬁlﬂll/mllwmm-

Proof. Let k be a real number. Define

y(x) =k ify(z) >k
v(z) =40 if [y(z)] <k,  Qk)={z: [y(z)] > k}.
y(x) +k  ify(z) < -k

Now, we test (2.1) by v,

a(y,v) + (f(y),v) = (v, v).

Because of f(0) = 0 and the monotonicity of f, it holds (f(y),v) > 0. The right-hand
side we estimate by

()| < ull 2@ lloll 2 () < Null 2@y l19llzs @) 1K) 2

5o\ 12 QR)PPIE (8.5)
S0l ) + == Jull s o,

< lull 2oy |QE) 2 I6[[v]| 72 0y <
Further, it holds
la(y, v)| > a(v,v) > dol[v]|F1(q)-

Now, we proceed with

1/3
1

ol @y > lleliio = ( [ (wl=k)as) (5.
6 Q(k)

For h > k we find since Q(h) C Q(k)

1/3 1/3 1/3
— 16 da — 1S d — 1) da
(/Q(k)um k) >d> >(/Q(h)<|y k) >d) ></Q(h)(h k) >d>

= (h = k)*[Q(n)["/.
Altogether, we obtain

do

I_g(h = kP IR < 1QR)PPIE ull g,

or, equivalently,

Rlul2a0))” 1
< 2,
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Then by a result of Stampacchia it holds |Q(d)| = 0 for

d:4I§||UHL2(Q) Qs
Vo
This implies
18
Vo
and the claim is proven. Due to the assumptions on f this estimate is valid for every
suitable choice of the semilinearity. O

lyllpoe @) < d =4 Q1Y [ul| 12 (),

12
In our case, the constant cgpo = 4%&“/6, see Theorem 4.1, hat the value
cspe = 1.3194.... Other choices of LP-spaces than L° in the estimates (8.5) and

(8.6) yield other values of cgr. Using the imbedding constants computed in this
section, p = 6 gave the smallest constant over all possible combinations from {3,4,6}.

Now, we can compute the global bound of the L>-norms of all possible states by
M = cgp My =0.7916.. ..
Then the Lipschitz estimates of f holds with the following constants:
¢y =3M*=1880...,
cpr=6M =4.750...,
cpr = 6.

8.2.4. Finite elements constants. The discrete space V}, is chosen to be the
set of continuous functions that are linear on the triangles of the triangulation 7', e.g.

Vi ={veC(Q):v|r, € P(Ty) VT, €T, vl =0}.
The unit square was triangulated uniformly by orthogonal and congruent triangles.

It is known that the interpolation operator fulfills the requirements (5.1) and (5.2) of
(A3). However, we could not find any estimate of the associated constant ¢; in the
literature. So we decided to define the operator ij as follows.

For y € Ha(2) N HE(Q), we set yp, := iny to be the solution of
a(yp,v) = (—Ay,v) Yv € V.
Then, upper bounds for the values of ¢; and ¢y can be found in [1, Theorem 5]:
c1 =02381..., c2=0.4888....

Before we can derive the constants of Lemma 5.1, we have to compute the constant
cpr that appears in the proof of that Lemma. The norm of the auxiliary function g
defined there can be estimated by ||g|| 1) < ¢r. The L% norm of its Laplacian is

[AgllL20) < llellz) + 11£3 gLz < 1+ llgllzz@er < 1+ cper.

Hence, we obtain ¢y = \/c% +(1+4cper)?=1.504....
Now, we can compute the desired constants as

crz = ((51(32 + CfCl)Cch]\/[ =1.398...,
CH1 = (6102 + cfcl)/éo =0.9936....
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8.2.5. Auxiliary constants. Now, let us investigate the auxiliary adjoint state
ph defined in (6.10). Here we want to compute the constant c, as used in (6.12). By
Corollary 4.3, we find

HPhHHl(Q) <crllyn — vallz2 )
And with
1Ap" |22y = 1" @n)p" 22y + 10 — vall L2 ()
< 3I2||Z7h|\2Loo(Q)||ph||H1(sz) + 1Tr — yall 2@
< BLaer|[gnll7< (o) + DIIgn — yall 20

we find ¢, = \/c% + (3Lacp[[Gn 13 gy + 1)2 = 1.032...

8.3. Verification results. Finally, we report about the estimates of the objec-
tive functional. The coefficients in the polynomial (6.22) were computed to

ap =3.578..., a0 =0.2933..., a3 =9.173..., ay = 0.003854 ..., a5 = 0.00805...,
which leads to the estimate
J(y,u) — J(yh7 ap) > —0.00385473 4+ 0.09989r% — 0.005983r — 0.0007157.

This polynomial admits positive values for r € [0.1202, 25.85]. That implies the
existence of a local minimizer % of J within the set

By, = {u €U : ||7.L - ﬂhHLZ(Q) < 01202}

Furthermore, it follows that the global minimizer of J belongs to that neighborhood,
since the upper bound 25.85 of the positivity interval is much larger than the diameter
of the set of admissible controls.

Regarding the check of the sufficient condition — coercivity of the second-derivative of
the Lagrangian — we achieved the following. For every r < 5.188, Theorem 7.4 gives
/

coercivity of L(’y ) With a positive ¢0’. Finally, Theorem 7.5 yields quadratic growth

of the cost functional in a L2?-neighborhood of @ with radius » = 0.8214. Hence, it
follows that the local minimizer @ of J, whose existence is proven above, is unique in
the specified neigborhood Bj,. Moreover, we know already that the global minimizer
belongs to that neighborhood. Consequently, the function @ is the unique globally
optimal control of our original problem (P). That is, the optimal control problem
(8.1)—(8.4) is uniquely solvable.

Let us emphasize, that we proved a-posteriori that the sufficient optimality condition
holds at the still unknown control 4. And we computed a approximation @ of that
control with a computable error bound ||& — || 2(q) < 0.1202.

8.4. Dependence on h. We computed the solution of the discrete problem for
a sequence of discretizations. Then we performed the calculation of the different radii
as above.

In the table, 7. denotes the smallest positive number, such that the polynomial in
the estimate in the estimation of the cost functional admits a positive value. That is,
r4 is an upper bound for the approximation error in the controls. Our computable
error bound decreases linearly with h, which is the expected convergence order for
piecewise constant trial functions for the control, [2].
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(1]
2]

3]

(4]
(5]
[6]

[7]

(8]

(10]
(11]
(12]
(13]
14]

(15]

H.

K.

K.

M

F

F

h T4
0.01414 0.1202
0.00707 0.05725
0.00354 0.02793
0.00177 0.01379
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