A SURVEY ON MODEL REDUCTION OF COUPLED SYSTEMS

TIMO REIS^∗ AND TATJANA STYKEL^†

Abstract. In this paper we give an overview of model order reduction techniques for coupled systems. We consider linear time-invariant control systems that are coupled through input-output relations and discuss model reduction of such systems using moment matching and balanced truncation. Structure-preserving approaches to model order reduction of coupled systems are also presented. Numerical examples are given.

Key words. Coupled systems, model reduction, balanced truncation, moment matching

AMS subject classifications. 15A22, 30E05, 47A30, 65F, 93C05, 93A15

1. Introduction. Modelling and simulation of complex physical and technical processes yield coupled systems that consist of ordinary differential equations, differential-algebraic equations and partial differential equations. Such systems arise in many practical applications including very large system integrated (VLSI) chip design and micro-electro-mechanical systems (MEMS), e.g., [10, 14, 21, 52, 58]. As the number and density of components on a single chip increase and feature sizes decrease, different physical effects such as thermal interaction, electromagnetic radiation, substrate noise and crosstalk cannot be ignored anymore. Furthermore, the design of micro- and nano-structures requires the development of new multi-physical models describing their complex internal behavior. Another application area of coupled systems is in subdomain decomposition. Partial differential equations on complicated spatial geometries may be represented as a system of partial differential equations on simpler domains coupled, for example, through boundary conditions.

As the mathematical models get more detailed and different coupling effects have to be included, the development of efficient simulation and optimization tools for large-scale coupled systems is a challenging task. Such systems consist of several subsystems whose inputs and outputs are coupled via additional algebraic relations. The subsystems usually have a high number of internal variables that leads to large memory requirements and computational complexity. To handle such large systems in simulation, control and optimization, their model order reduction (or reduced-order modelling) is indispensable. A general idea of model order reduction is to approximate a large-scale system by a reduced model of lower state space dimension that has the same behavior as the original system.

In the last years, many different model reduction methods have been developed in computational fluid dynamics, control design and electrical and mechanical engineering, see [3, 11, 47] for books on this topic. In this paper we review recent progress in dimension reduction of coupled systems. In structural dynamics, model reduction methods based on subsystem structuring have been of interest already for a long time [16, 35, 43]. Here, we will not consider these method, but will rather focus on general concepts of model reduction of coupled systems developed in [42, 53, 60].

∗Institut für Mathematik, MA 4-5, Technische Universität Berlin, Straße des 17. Juni 136, 10623 Berlin, Germany (reis@math.tu-berlin.de).

†Institut für Mathematik, MA 3-3, Technische Universität Berlin, Straße des 17. Juni 136, 10623 Berlin, Germany (stykel@math.tu-berlin.de). Supported by the DFG Research Center Matheon ”Mathematics for key technologies” in Berlin. 1

This paper is organized as follows. In Section 2 we introduce linear time-invariant coupled systems and give their closed-loop formulation. Section 3 deals with model order reduction of coupled systems. To make the paper self-contained, we briefly review model reduction techniques of balanced truncation and moment matching approximation. Furthermore, we report two approaches for reduced-order modelling of coupled systems based on the reduction of closed-loop systems (Section 3.1) and on structure-preserving model reduction (Section 3.2). The discussion of the advantages and disadvantages of these approaches is presented in Section 3.3. Finally, in Section 4 we consider some numerical examples.

2. Coupled systems. Consider a system of k coupled linear time-invariant generalized state space subsystems in the first-order form

E_jẋ_j (t) = A_j x_j (t) + B_j u_j (t), y_j (t) = C_j x_j (t), (2.1)

or in the second-order form

M_jẍ_j (t) + D_j ẋ_j (t) + S_j x_j (t) = B_j u_j (t), C_{j2}ẋ_j (t) + C_{j1}x_j (t) = y_j (t), (2.2)

that are coupled through the relations

u_j (t) = K_{j1}y_1(t) + . . . + K_{jk}y_k(t) + H_j u(t), j = 1, . . . , k, (2.3) y(t) = R_1 y_1(t) + . . . + R_k y_k(t). (2.4)

Here E_j , A_j , M_j , D_j , S_j ∈ R^{nj ,nj} , B_j ∈ R^{nj ,mj} , C_j , C_{j1}, C_{j2} ∈ R^{pj ,nj} , x_j (t) ∈ R^{nj} are internal state vectors, u_j (t) ∈ R^{mj} are internal inputs and y_j (t) ∈ R^{pj} are internal outputs. Furthermore, K_{jl} ∈ R^{mj ,pl} , H_j ∈ R^{mj ,m}, R_j ∈ R^{p,pj} , u(t) ∈ R^m is an external input and y(t) ∈ R^p is an external output. Coupled systems of the form (2.1)–(2.4) are also known as interconnected or composite systems. The first-order systems of the form (2.1) arise in simulation of linear RCL circuits that consist of resistors, capacitors, inductors, voltage and current sources only [2, 34, 62]. In this case the components of the state vector x_j (t) are the nodal voltages, the inductor currents and the currents through the voltage sources, u_j (t) contains the currents and voltages of the current and voltage sources, respectively, and y_j (t) consists of the voltages across the current sources and the currents through the voltage sources. The linear RCL circuits are often used to model the interconnections of VLSI networks. They can also be described by the second-order systems (2.2), where x_j (t) consists of the nodal voltages only. Systems of the form (2.2) appear also in mechanical and structural dynamics. In this case, x_j (t) is the displacement vector and u_j (t) is the acting force. Furthermore, systems (2.1) and (2.2) arise from spatial discretization of instationary linear partial differential equations that describe, for example, heat transfer, vibrations, electromagnetic radiation or fluid flow.

Since the second-order system (2.2) can be rewritten as an equivalent first-order system of the form (2.1), in the following we will consider the coupled system (2.1), (2.3), (2.4) only adding comments on (2.2) if necessary. The matrices E_j in (2.1) may be singular, but we will assume that the pencils λE_j − A_j are regular, i.e., det(λE_j − A_j ) ≢ 0 for j = 1, . . . , k. In this case we can consider the transfer functions of (2.1) given by G_j (s) = C_j (sE_j − A_j )^{−1}B_j . If E_j x_j (0) = 0, then applying the Laplace transform to (2.1), we find that y_j (s) = G_j (s)u_j (s), where y_j (s) and u_j (s) are the Laplace transforms of y_j (t) and u_j (t). Thus, G_j (s) describes the input-output relation of system (2.1) in the frequency domain.

The transfer function G_j (s) is called proper if lim_{s→∞} G_j (s) < ∞, and improper, otherwise. System (2.1) is asymptotically stable if the pencil λE_j −A_j is stable, i.e., all its finite eigenvalues have negative real part. The transfer function G_j (s) of (2.1) is called stable if it has no poles in the closed right half-plane. Clearly, the asymptotically stable system (2.1) has the stable transfer function G_j (s). Note that the stability of G_j (s) does not, in general, imply that λE_j − A_j is stable. However, for any stable transfer function G_j (s) one can find a generalized state space representation (2.1) such that G_j (s) = C_j (sE_j − A_j )^{−1}B_j and λE_j − A_j is stable, see [36]. Let H_∞ be the space of all proper and stable rational transfer functions. We provide this space with the H_∞-norm defined for G ∈ H_∞ by

‖G‖_{H∞} := sup_{ℜe(s)>0} ‖G(s)‖_2 = sup_{ω∈R} ‖G(iω)‖_2,

where ‖ · ‖_2 denotes the matrix spectral norm.

Let n = n_1 + . . . + n_k, p_0 = p_1 + . . . + p_k and m_0 = m_1 + . . . + m_k. Consider the coupling block matrices

R = [ R_1, . . . , R_k ] ∈ R^{p,p0} , H = [ H^T_1 , . . . , H^T_k ]^T ∈ R^{m0,m},

and K = [K_{j,l}]^k_{j,l=1} ∈ R^{m0,p0} together with the block diagonal matrices

E = diag(E_1, . . . , E_k) ∈ R^{n,n}, A = diag(A_1, . . . , A_k) ∈ R^{n,n},

B = diag(B_1, . . . , B_k) ∈ R^{n,m0} , C = diag(C_1, . . . , C_k) ∈ R^{p0,n}.

(2.5)

Let G(s) = C(sE − A)^{−1}B = diag � G_1(s), . . . , G_k(s) � . If I − G(s)K is invertible, then the input-output relation of the coupled system (2.1), (2.3), (2.4) can be written as y(s) = G(s)u(s), where y(s) and u(s) are the Laplace transforms of the external output y(t) and the external input u(t), respectively, and the closed-loop transfer function G(s) has the form

G(s) = R � I − G(s)K

�_{−1} G(s)H = R G(s) � I − KG(s)

�_{−1} H. (2.6)

A generalized state space realization of G(s) is given by

E ẋ(t) = A x(t) + B u(t), y(t) = C x(t), (2.7)

where E = E ∈ R^{n,n}, A = A + BKC ∈ R^{n,n},

B = BH ∈ R^{n,m}, C = RC ∈ R^{p,n}.

(2.8)

Note that I − G(s)K is invertible if and only if the pencil λE − A − BKC is regular. Moreover, if G(s) and (I −G(s)K)^{−1} are proper, then the coupled system (2.1), (2.3), (2.4) is well-posed in the sense that the closed-loop transfer function G(s) exists and it is proper. In a schematic way, an example of a coupled system is shown in Figure 2.1.

The model reduction problem for the coupled system (2.1), (2.3), (2.4) consists in an approximation of the global mapping from the external input u(t) to the external output y(t). In other words, we want to find a reduced-order model

~E ˙~x(t) = ~A ~x(t) + ~B u(t), y(t) = ~C ~x(t),

(2.9)

PSfrag replacements

Fig. 2.1. Coupled system.

with ~E, ~A ∈ R^{ℓ,ℓ}, ~B ∈ R^{ℓ,m}, ~C ∈ R^{ℓ,n} and ℓ ≪ n that approximates the closedloop system (2.7). In the frequency domain, the model reduction problem can be reformulated as follows: for given G(s) = C(s E − A)^{−1}B, find an approximation ~G(s) = ~C(s ~E − ~A)−1 ~B such that ~E, ~A ∈ Rℓ,ℓ and ‖ ~G − G ‖ is small in some system norm. For instance, the approximation error can be estimated in the H_∞-norm. Apart from having a small state space dimension ℓ, it is also required that the reduced-order system (2.9) preserves essential properties of (2.7) like stability and passivity. Note that passivity, in general, means that the system does not produce energy and it is important system property, especially in circuit design [2].

3. Model reduction approaches for coupled systems. There exist two main possibilities for model order reduction of coupled systems. The first approach is to consider all subsystems together in the closed-loop form (2.7) and to compute the reduced-order system (2.9) by applying any model reduction method to (2.7). The second approach consists in replacing subsystems (2.1) by reduced-order models that are coupled then through the same interconnection relations. In this section we discuss these two approaches in more detail and mention their advantages and disadvantages.

3.1. Model reduction of the closed-loop system. Most of the model reduction methods for linear time-invariant dynamical systems are based on the projection of the system onto lower dimensional subspaces. Using these methods for the closedloop system (2.7), we can compute the reduced-order model (2.9) by projection

~E = W^TE T , ~A = W^TA T , ~B = W^T B, ~C = C T , (3.1)

where the projection matrices W, T ∈ R^{n,ℓ} determine the subspaces of interest. For example, in modal model reduction the columns of W and T span, respectively, the left and right deflating subspaces of the pencil λ E − A corresponding to the dominant eigenvalues [18, 44]. Balanced truncation model reduction is based on the projection of system (2.7) onto the subspaces corresponding to the dominant Hankel singular values of (2.7), see [46, 54]. In the moment matching approximation, one choose the projection matrices W and T whose columns form the bases of certain Krylov subspaces associated with (2.7), e.g., [5, 22]. In the next subsections we briefly describe balanced truncation and moment matching methods.

3.1.1. Balanced truncation. One of the most studied model reduction techniques is balanced truncation, an approach firstly proposed for standard state space systems in [19, 27, 46, 54] and then extended to generalized state space systems in [45, 50, 56]. An important property of balanced truncation model reduction methods is that stability is preserved in the reduced-order system. Moreover, the existence of computable error bounds allows an adaptive choice of the state space dimension ℓ of the approximate model. A disadvantage of these methods is that (generalized) Lyapunov equations have to be solved. However, recent results on low rank approximations to the solutions of matrix equations [9, 12, 29, 33, 40, 49] make the balanced truncation model reduction approach attractive for large-scale problems.

Consider the closed-loop system (2.7) with the stable pencil λ E − A. For simplicity, we will assume that the matrix E is nonsingular. However, all results of this subsection can also be extended for systems with singular E, see [45, 56] for details. The balanced truncation model reduction method is closely related to the controllability Gramians P and the observability Gramian Q that are unique symmetric, positive semidefinite solutions of the generalized Lyapunov equations

E PA^T + A P E^T = −B B^T , (3.2) E^TQ A + A^T Q E = −C^T C . (3.3)

The matrix P E^TQ E has nonnegative eigenvalues, and the square roots of these eigenvalues σ_j = � λ_j (P E^TQ E) define the Hankel singular values of system (2.7). We will assume that σ_j are ordered decreasingly. System (2.7) is called balanced if P = Q = diag(σ_1, . . . , σ_n). The Hankel singular values characterize the ‘importance’ of state variables in (2.7). States of the balanced system corresponding to the small Hankel singular values are difficult to reach and to observe at the same time. Such states are less involved in the energy transfer from inputs to outputs, and, therefore, they can be truncated without changing the system properties significantly [46]. Thus, a general idea of balanced truncation is to transform system (2.7) into a balanced form and to truncate the states that correspond to the small Hankel singular values. In practice, balancing and truncation can be combined by projecting system (2.7) onto the dominant subspaces of the matrix P E^TQ E. This can be done in a numerically efficient way using the following algorithm that is an obvious generalization of the square root method [39, 59].

Algorithm 3.1. Generalized square root balanced truncation method. Given system (2.7) with the transfer function G(s) = C(sE − A)^{−1}B, compute the reduced-order system (2.9).

1. Compute the Cholesky factors L_P and L_Q of the Gramians P = L_P L^T_P and Q = L_QL^T_Q, that satisfy the generalized Lyapunov equations (3.2) and (3.3).

2. Compute the singular value decomposition

L^T_P E^TL_Q = [ U_1, U_2 ] � Σ_1 0 0 Σ_2 � [ V_1, V_2 ]^T ,

where [ U_1, U_2 ] and [ V_1, V_2 ] have orthonormal columns, Σ_1 = diag(σ_1, . . . ,σ_ℓ) and Σ_2 = diag(σ_{ℓ+1}, . . . , σ_r) with r = rank(L^T_P E^TL_Q).

3. Compute the reduced system (2.9) with ~E = W^TE T , ~A = W^TA T , ~B = W^T B and ~C = C T , where W = L_QV_1Σ^{−1/2}_1 and T = L_P U_1Σ^{−1/2}_1 .

One can show that the reduced-order system ~G(s) = ~C(s ~E − ~A)^{−1} ~B computed by this algorithm is stable and the H_∞-norm error bound

‖ ~G − G ‖_{H∞} ≤ 2(σ_{ℓ+1} + . . . + σ_r) holds, where σ_{ℓ+1}, . . . , σ_r are the truncated Hankel singular values of system (2.7), see [19, 27, 51]. To solve the large-scale generalized Lyapunov equations (3.2) and (3.3) for the Cholesky factors without forming the Gramians P and Q explicitly, we can use the ADI method [40, 49], the cyclic Smith method [33, 49] or the sign function method [9, 12].

Apart from the balanced truncation method considered here, other balancingbased model reduction techniques have been developed, see [32, 47]. These are LQG balancing, stochastic balancing, positive real balancing and bounded real balancing. All these techniques are related to algebraic Riccati equations and aim to capture specific system properties like closed-loop performance, minimum phase property, passivity and H_∞-gain.

3.1.2. Moment matching approximation. An alternative model reduction approach for linear time-invariant systems is a moment matching approximation based on Krylov subspace methods, see [3, 5, 22] for recent surveys on these methods. Suppose that s_0 ∈ C is not an eigenvalue of the pencil λ E − A. Then the matrix A − s_0E is nonsingular, and the transfer function G(s) = C(s E − A)^{−1}B of the closedloop system (2.7) can be expanded into a Taylor series at s_0 as

G(s) = − C � I − (s − s_0)(A − s_0E)^{−1}E

�_{−1} (A − s_0E)^{−1}B = M_0 + M_1(s − s_0) + M_2(s − s_0)^2 + . . . ,

where the matrices

M_j = − C � (A − s_0E)^{−1}E

�_j (A − s_0E)^{−1}B

are called the moments of system (2.7) at the expansion point s_0. The moment matching approximation problem consists in determining a reduced-order system (2.9) whose the transfer function ~G(s) = ~C(s ~E − ~A)^{−1} ~B has the Taylor series expansion at s_0 of the form

~G(s) = ~M_0 + ~M_1(s − s_0) + ~M_2(s − s_0)^2 + . . . , (3.4)

where the moments ~M_j satisfy the moment matching conditions

M_j = ~M_j , j = 0, 1, . . . , q. (3.5)

For s_0 = 0 and q as large as possible, the approximation (3.4), (3.5) coincides with the matrix Padé approximation of G(s), e.g., [8]. For an arbitrary complex number s_0 ≠ 0, the moment matching approximation is the problem of rational interpolation [1]. Besides a single interpolation point, it is also possible to construct a reducedorder system with the transfer function ~G(s) that matches G(s) at multiple points {s_0, s_1, . . . , s_l}. Such an approximation is called a multi-point rational interpolant and has been studied in [25, 30]. Furthermore, one can consider the Laurent expansion of G(s) at s_0 = ∞ given by

G(s) = M_{−d+1}s^{d−1} + . . . + M_{−1}s + M_0 + M_1s^{−1} + M_2s^{−2} + . . . ,

where the coefficients M_j are known as Markov parameters of system (2.7). In this case, computing the approximation

~G(s) = ~M_{−d+1}s^{d−1} + . . . + ~M_{−1}s + ~M_0 + ~M_1s^{−1} + ~M_2s^{−2} + . . .

with M_j = ~M_j for j = −(d − 1), . . . , −1, 0, 1, . . . , q reduces to the partial realization problem [13, 28].

In order to determine the reduced-order system (2.9) satisfying the moment matching condition (3.5), the explicit computation of the moments can be avoided by using the following connection between the Padé (or Padé-type) approximation and the right and left block Krylov subspaces

K_{qr} ( A^{−1}_0 E, A^{−1}_0 B ) = Im [ A^{−1}_0 B , A^{−1}_0 EA^{−1}_0 B , . . . , (A^{−1}_0 E)^{qr −1}A^{−1}_0 B ], K_{ql} (A^{−T}_0 E^T, A^{−T}_0 C^T) = Im [ A^{−T}_0 C^T, A^{−T}_0 E^TA^{−T}_0 C^T, . . . , (A^{−T}_0 E^T)^{ql−1}A^{−T}_0 C^T ],

with A_0 = A − s_0E.

Theorem 3.1. [26, 30] Consider the closed-loop system (2.7) and the reducedorder system (2.9), (3.1) with some projection matrices W, T ∈ R^{n,ℓ}. Let s_0 ∈ C be not an eigenvalue of λE − A and λ ~E − ~A, and let M_j and ~M_j be the moments of systems (2.7) and (2.9), (3.1), respectively.

1. If K_{qr} (A^{−1}_0 E, A^{−1}_0 B) ⊆ Im T and W = T , then M_j = ~M_j for j = 0, . . . , q_r−1. 2. If K_{qr} (A^{−1}_0 E, A^{−1}_0 B) ⊆ Im T and K_{ql} (A^{−T}_0 E^T, A^{−T}_0 C^T)⊆ Im W, then M_j = ~M_j for j = 0, . . . , q_r + q_l − 1.

This theorem proposes to take the projection matrices T and W as the bases of the Krylov subspaces K_{qr} (A^{−1}_0 E, A^{−1}_0 B) and K_{ql} (A^{−T}_0 E^T, A^{−T}_0 C^T ), respectively. Such bases can be efficiently computed by Lanczos or Arnoldi process [5, 20, 25] in the single-input single-output case and Lanczos- or Arnoldi-type methods [22, 24, 30, 48] in the multi-input multi-output case.

While the Krylov-based moment matching methods are efficient for very large sparse problems, the reduced-order systems computed by these methods have only local good approximation properties. So far, there is no global error bound, see [5, 6, 31] for recent contributions on this topic. The location of the interpolation points strongly influences the approximation quality. The optimal choice of these points remains an open problem. Another drawback of the moment matching methods is that stability and passivity are not necessarily preserved in the resulting reducedorder model, so that usually a post-processing is needed to guarantee these properties. Recently, passivity-preserving model reduction methods based on Krylov subspaces have been developed for standard state space systems [4, 55] and also for structured generalized state space systems arising in circuit simulation [23, 24, 38, 48].

3.2. Structure-preserving model reduction. Model order reduction of the closed-loop system (2.7) does not preserve the interconnection structure in the approximate system (2.9). Although many different model reduction methods have been developed for linear dynamical systems, structure-preserving reduced-order modelling of coupled systems only recently has received an attention [42, 43, 53, 60]. Instead of reduction of the entire system (2.7), one can replace each subsystem (2.1), or some of them, by a reduced-order model

~E_j ˙~x_j (t) = ~A_j ~x_j (t) + ~B_j ~u_j (t), ~y_j (t) = ~C_j ~x_j (t),

(3.6)

where ~E_j , ~A_j ∈ R^{ℓj ,ℓj} , ~B_j ∈ R^{ℓj ,mj} , ~C_j ∈ R^{pj ,ℓj} with ℓ_j ≪ n_j , and then to couple these subsystems through the same interconnection relations

~u_j (t) = K_{j1} ~y_1(t) + . . . + K_{jk} ~y_k(t) + H_j u(t), j = 1, . . . , k, (3.7) ~y(t) = R_1 ~y_1(t) + . . . + R_k ~y_k(t). (3.8)

Note that since the internal outputs y_j (t) are replaced by the approximate outputs ~y_j (t), due to (3.7), the internal inputs u_j (t) in (3.6) should also be replaced by the approximate inputs ~u_j (t). Let ~E = diag( ~E_1, . . . , ~E_k), ~A = diag( ~A_1, . . . , ~A_k), ~B = diag( ~B_1, . . . , ~B_k), ~C = diag( ~C_1, . . . , ~C_k).

If the reduced-order pencils λ ~E − ~A and λ ~E − ~A− ~BK ~C are regular, then the reducedorder closed-loop system has the form (2.9) with ~E = ~E, ~A = ~A + ~BK ~C, ~B = ~BH, ~C = R ~C. (3.9) The transfer function of this system is given by ~G(s) = R�I − ~G(s)K�^{−1} ~G(s)H = R ~G(s)�I − K ~G(s)�^{−1}H,

where ~G(s) = diag( ~G_1(s), . . . , ~G_k(s)) with ~G_j (s) = ~C_j (s ~E_j − ~A_j )^{−1} ~B_j , j = 1, . . . , k.

The reduced-order subsystems (3.6) can be computed by projection ~E_j = W^T_j E_j T_j , ~A_j = W^T_j A_j T_j , ~B_j = W^T_j B_j , ~C_j = C_j T_j , (3.10) where the projection matrices W_j , T_j ∈ R^{ℓj ,ℓj} are determined for every subsystem either independently or using interconnection structure as it was proposed in [42, 60]. Note that in this case the matrix coefficients of the reduced-order system (2.9) have the form (3.1) with the block diagonal projection matrices W = diag(W_1, . . . , W_k), T = diag(T_1, . . . , T_k). (3.11) The following theorem gives a bound on the H_∞-norm of the error ~G − G. For the time being, we assume that all the subsystems are asymptotically stable.

Theorem 3.2. Consider the coupled system (2.1)–(2.4) with asymptotically stable subsystems and consider the reduced-order coupled system (3.6)–(3.8). Let Π_l = diag(ξ_1I_{p1} , . . . , ξ_kI_{pk} ), Π_r = diag(ξ_1I_{m1} , . . . , ξ_kI_{mk} ), where ξ_j = 1 if ~G_j ≠ G_j and ξ_j = 0, otherwise. Let

g_1 = ‖Π_rK(I − GK)^{−1}‖_{H∞} , g_2 = ‖R(I − GK)^{−1}Π_l‖_{H∞} , g_3 = ‖(I − KG)^{−1}KΠ_l‖_{H∞} , g_4 = ‖Π_r(I − KG)^{−1}H‖_{H∞} . If 2 max{g_1, g_3} max_{1≤j≤k} ‖ ~G_j − G_j ‖_{H∞} < 1, (3.12)

then the absolute error ~G − G is bounded as ‖ ~G − G ‖_{H∞} ≤ min{c_1, c_2} max_{1≤j≤k} ‖ ~G_j − G_j ‖_{H∞} , (3.13)

where c_1 = 2g_2(‖H‖_2 + g_1‖GH‖_{H∞} ) and c_2 = 2g_4(‖R‖_2 + g_3‖R G‖_{H∞} ).

Proof. The result immediately follows from [53, Theorem 3.1]. Note that Theorem 3.2 provides not only the approximation error bounds but also gives sufficient criteria for the stability of the reduced-order system. Indeed, if G is stable, ‖GH‖_{H∞} or ‖R G‖_{H∞} is bounded and condition (3.12) holds, then Theorem 3.2 implies that ~G is also stable. Further aspects of stability of coupled systems can be found in [37, 53].

3.2.1. Subsystem model reduction by balanced truncation. Now we apply the H_∞-norm estimates provided by balanced truncation to the coupled system (2.1)–(2.4), where all subsystems are asymptotically stable. As a consequence of Theorem 3.2 we obtain the following error bounds for the closed-loop system (2.9) computed by the balanced truncation model reduction method applied to the subsystems.

Corollary 3.3. Consider the coupled system (2.1)–(2.4) with asymptotically stable subsystems and consider the reduced-order coupled system (3.6)–(3.8), where subsystems (3.6) are computed by Algorithm 3.1 applied to (2.1). Let

γ = 2 max_{1≤j≤k}(σ^{(j)}_{ℓj +1} + . . . + σ^{(j)}_{nj} ),

where σ^{(j)}_{ℓj +1}, . . . , σ^{(j)}n_j denote the truncated Hankel singular values of the jth subsystem (2.1). Further, let g_1, g_3, c_1 and c_2 be as in Theorem 3.2. If 2γ max{g_1, g_3} < 1, then the H_∞-norm of the error ~G − G can be bounded as

‖ ~G − G ‖_{H∞} ≤ γ min{c_1, c_2}. (3.14)

Note that the computation of the a priori error bounds (3.13) and (3.14) for largescale systems is expensive, since we need to calculate the H_∞-norm of the transfer functions of the state space dimension n_1 + . . . + n_k. Similar to Theorem 3.2 and Corollary 3.3, we can also obtain the a posteriori error bounds like (3.13) and (3.14), with G replaced by ~G.

An essential assumption in Theorem 3.2 and Corollary 3.3 was the asymptotic stability of the subsystems (2.1). However, the asymptotic stability of the involved subsystems is neither necessary nor sufficient for the asymptotic stability of the closedloop system (2.7). Nevertheless, unstable subsystems can be artificially represented as a coupling of stable subsystems, and we are then in the situation of Theorem 3.2 and Corollary 3.3. A possibility for the representation of an unstable subsystem (2.1) as a coupling of stable ones is based on the coprime factorization.

Consider the transfer function G_j (s) = C_j (sE_j − A_j )^{−1}B_j which is not necessary in H_∞. Such a transfer function admits a representation G_j (s) = N_j (s)D_j (s)^{−1}, where D_j ∈ H_∞ is square and N_j ∈ H_∞ has the same matrix dimensions as G_j . If, additionally, there exist X_j , Y_j ∈ H_∞ such that X_j (s)D_j (s)+Y_j (s)N_j (s) = I, then D_j and N_j are called right coprime factors of G_j . For system (2.1) with no unstable and coevally uncontrollable modes, the coprime factors can be determined via a state feedback matrix F_j ∈ R^{mj ,nj} with the property that the pencil sE_j − A_j − B_j F_j is stable and of index at most one [15, 61]. In this case, N_j and D_j can be chosen as

N_j (s) = C_j (sE_j − A_j − B_j F_j )^{−1}B_j ,

D_j (s) = F_j (sE_j − A_j − B_j F_j )^{−1}B_j + I.

Then the extended transfer function

G_{ext,j} (s) = � N_j (s) D_j (s) − I � (3.15)

is stable and has the generalized state space representation

E_jẋ_j (t) = (A_j + B_j F_j )x(t) + B_j v_j (t), � y_{1j} (t) y_{2j} (t) � = � C_j F_j � x_j (t).

(3.16)

Coupling this system with itself by the relations

v_j (t) = −y_{2j} (t) + u_j (t) = [ 0, −I ] � y_{1j} (t) y_{2j} (t) � + u_j (t),

y_j (t) = y_{1j} (t) = [ I, 0 ] � y_{1j} (t) y_{2j} (t) � , (3.17)

we obtain the coupled system which has the same transfer function G_j (s) as (2.1). Such a coupled system is shown in Figure 3.1. Note that the state space dimension of (3.16) coincides with that of (2.1).

PSfrag replacements

Fig. 3.1. Coprime factorization as a coupled system.

In the following, we discuss the benefit of the coprime factorization to the structure-preserving model reduction of the coupled system (2.1), (2.3), (2.4) with possibly unstable subsystems. Without loss of generality, we may assume that the first q subsystems are unstable and the corresponding right coprime factorizations are given by G_j (s) = N_j (s)D_j (s)^{−1} for j = 1, . . . , q. The unstable subsystems can now be replaced by the asymptotically stable models (3.16) with the internal inputs and outputs satisfying (3.17). In this case, the coupling relations (2.3) and (2.4) take the form

v_j (t) = −y_{2j} (t) + u_j (t) 1 ≤ j ≤ q, = K_{j1}y_{11}(t) + . . . + K_{jq}y_{1q}(t) − y_{2j} (t) + K_{j,q+1}y_{q+1}(t) + . . . + K_{jk}y_k(t) + H_j u(t), u_j (t) = K_{j1}y_{11}(t) + . . . + K_{jq}y_{1q}(t) q < j ≤ k, + K_{j,q+1}y_{q+1}(t) + . . . + K_{jk}y_k(t) + H_j u(t), y(t) = R_1y_{11}(t) + . . . + R_qy_{1q}(t) + R_{q+1}y_{q+1}(t) + . . . + R_ky_k(t).

The closed-loop transfer function of the new extended coupled system is given by G_{ext}(s) = R_{ext}(I − G_{ext}(s)K_{ext})^{−1}G_{ext}(s)H, where

K_{ext} = K diag � [I_{p1} , 0], . . . , [I_{pq} , 0], I � −diag � [0, I_{m1} ], . . . , [0, I_{mq} ], 0 � , R_{ext} = � R_1 0 · · · R_q 0 R_{q+1} R_{q+2} · · · R_k � and G_{ext}(s) = diag � G_{ext,1}(s), . . . , G_{ext,q} (s), G_{q+1}(s), . . . , G_k(s) � with G_{ext,j} (s) as in (3.15). It has been shown in [53] that G_{ext}(s) coincides with the transfer function G(s) of the closed-loop system (2.7). This allows us to apply Theorem 3.2 and Corollary 3.3 to the extended coupled system with all subsystems being asymptotically stable in order to obtain the error bounds for the reduced-order system, see [53] for details.

Another structure-preserving balancing-based model reduction method for coupled systems has been considered in [60]. It has been proposed there to project the subsystems (2.1) with E_j = I onto the dominant eigenspaces of the matrices P_{jj} Q_{jj} , where P_{jj} and Q_{jj} are the diagonal blocks of the controllability and observability Gramians P = [P_{jl}]^k_{j,l=1} and Q = [Q_{jl}]^k_{j,l=1} of the closed-loop system (2.7). Clearly, in the generalized state space case we should consider the matrices P_{jj} E^T_j Q_{jj} E_j . A drawback of this approach is that the stability is not necessarily preserved in the reduced-order subsystems (3.6). Furthermore, we cannot make use of the error bound (3.13) since there are no global error estimates on ~G_j − G_j .

3.2.2. Krylov subspace structure-preserving techniques. In this subsection we review structure-preserving model reduction methods based on Krylov subspaces. These methods have been previously proposed for second-order systems from structural dynamics, MEMS simulation and electronic circuit design [7, 23, 57] and then extended to coupled systems in [60]. A general framework for Krylov-based structure-preserving model reduction methods for partitioned systems can be found in [41, 42].

As it was mentioned above, for general projection matrices W and T , the reducedorder system (2.9), (3.1) does not preserve the interconnection structure. This can be avoided if we take the block diagonal projection matrices W and T as in (3.11). However, in order to guarantee the moment matching conditions (3.5), the diagonal blocks in W and T have to satisfy certain subspace conditions given in the following theorem.

Theorem 3.4. Let Ŵ = [ Ŵ^T_1 , . . . , Ŵ^T_k ]^T and T̂ = [ T̂^T_1 , . . . , T̂^T_k ]^T with Ŵ_j , T̂_j ∈ Rnj ,ℓ. Assume that the reduced-order systems (3.6) are computed by projection (3.10), where W_j , T_j ∈ R^{nj ,ℓj} have full column rank and satisfy

Im Ŵ_j ⊆ Im W_j , Im T̂_j ⊆ Im T_j .

Let M_j and ~M_j be the moments of the closed-loop systems (2.7), (2.8) and (2.9), (3.9), respectively.

1. If K_{qr} (A^{−1}_0 E, A^{−1}_0 B) ⊆ Im T̂ and W_i = T_i for i = 1, . . . , k, then M_j = ~M_j for j = 0, . . . , q_r − 1.

2. If K_{qr} (A^{−1}_0 E, A^{−1}_0 B)⊆ Im T̂ and K_{ql} (A^{−T}_0 E^T, A^{−T}_0 C^T )⊆Im Ŵ, then M_j = ~M_j for j = 0, . . . , q_r + q_l − 1.

Proof. See [42, Theorem 4.1] and [60, Lemma 7].

A natural way to determine the projection matrices T_j and W_j is to compute the QR decomposition or the singular value decomposition of the matrices T̂_j and Ŵ_j such that the columns of T̂ = [ T̂ T_1 , . . . , T̂ T_k ]T and Ŵ = [ Ŵ T_1 , . . . , Ŵ T_k ]T span the Krylov subspaces K_{qr} (A^{−1}_0 E, A^{−1}_0 B) and K_{ql} (A^{−T}_0 E^T, A^{−T}_0 C^T ), respectively. The matrices T̂_j and Ŵ_j , in turn, can be computed simultaneously by applying Lanczosor Arnoldi-type method to the closed-loop system (2.7). The following theorem shows that T̂_j and Ŵ_j can also be generated by Krylov subspace methods applied to the subsystems (2.1) separately.

Theorem 3.5. Consider the closed-loop system (2.7), (2.8). Let s_0 ∈ C be neither an eigenvalue of the pencil λE − A nor an eigenvalue of the pencil λ E − A. Then

K_{qr} ( A^{−1}_0 E, A^{−1}_0 B ) ⊆ K_{qr} ((s_0E − A)^{−1}E, (s_0E − A)^{−1}B ),

K_{ql} (A^{−T}_0 E^T, A^{−T}_0 C^T ) ⊆ K_{ql} ((s_0E − A)^{−T}E^T, (s_0E − A)^{−T}C^T ).

Proof. These inclusions can be proved similarly to the case E = I, see [60, Lemma 6].

3.3. Comparison of two approaches for model reduction of coupled systems. The computation of the reduced-order model (2.9) by applying a model reduction method to the closed-loop system (2.7) has a couple of disadvantages. First of all note that the behavior of coupled systems is determined by different interconnected subsystems that are usually governed by entirely different physical laws and they often act in different spaces and time scales. There is no general model reduction technique, which can be considered as optimal, since the reliability, computation time and approximation quality of reduced-order models strongly depend on system properties. In model reduction of the closed-loop system (2.7), we ignore the special properties of the subsystems and destroy the coupling structure. Also in structurepreserving model reduction, where the projection matrices W_j and T_j are determined from the closed-loop system (2.7), we do not make use of subsystem s properties. If we slightly change the coupled system, for example, by adding new subsystems, by replacing some of them by new ones or by changing the coupling configuration, we have to re-compute the reduced-order model again.

Subsystem model reduction, where the projection matrices W_j and T_j are computed separately from the subsystems (2.1), is free of these difficulties. In this approach, every subsystem can be reduced by a most suitable model reduction method that takes into consideration the structure and properties of the subsystem. If error estimates for subsystems are available, then using bound (3.13) we can evaluate how well the subsystems should be approximated to attain a prescribed accuracy in the reduced-order closed-loop system (2.9). Finally, subsystem model reduction is attractive for parallelization, since all k subsystems may be reduced simultaneously using k processors.

On the other hand, separate reduction of the subsystems usually yields the approximate model (2.9) of larger state space dimension than the system computed by projection of the closed-loop system (2.7). Furthermore, subsystem model reduction is often restricted to coupled systems whose subsystems have a small number of internal inputs and outputs.

4. Numerical examples. In this section we present two numerical examples to demonstrate the properties of the discussed model reduction approaches for coupled systems. The computations were performed using MATLAB 7.

Example 4.1. Consider a heated beam whose temperature is steered by a PI-con-troller as shown in Figure 4.1. The transfer function of the PI-controller is given by G_1(s) = k_P + k_I s^{−1} and it is realized by the descriptor system � 1 0 0 0 � ẋ_1(t) = � 0 0 0 1 � x_1(t) + � k_I −k_P � u_1(t),

y_1(t) = � 1 1 � x_1(t).

(4.1)

A SURVEY ON MODEL REDUCTION OF COUPLED SYSTEMS 13

PSfrag replacements

Fig. 4.1. A heated beam with a PI-controller.

The heat transfer along the 1D beam of length 1 is described by ∂θ ∂t (t, z) = κ

∂^2θ ∂z^2

(t, z),

where t > 0 is the time, z ∈ [0, 1] is the position, θ(t, z) is the temperature distribution and κ is the heat conductivity of the material. On the left-hand side of the beam, the temperature flux is controlled by an input u_2(t), whereas the beam is assumed to be perfectly isolated on the right-hand side. From this, we get the boundary conditions ∂θ ∂z (t, 0) = u_2(t), ∂θ ∂z (t, 1) = 0.

The temperature is measured at z = 1 and it forms the output of the system, i.e., y_2(t) = θ(t, 1) and y(t) = y_2(t). By a spatial discretization of the heat equation with n_2 + 1 equidistant grid points, we obtain the system

E_2ẋ_2(t) = A_2x_2(t) + B_2u_2(t), y_2(t) = C_2x_2(t), (4.2)

where E_2 = I_{n2} and

A_2 = κ(n_2 + 1)^2

� � � � � �

−1 1

1 −2 1

... ... ...

1 −2 1 1 −1

� � � � � � , B_2 =

� � � � � � κ(n_2 + 1) 0 . . 0 0

� � � � � � , C_2 =

� � � � � �

0 0 . . 0 1

� � � � � �

T

.

The interconnection of the PI-controller and the beam is expressed by the relations

u_1(t) = u(t) − y_2(t), u_2(t) = y_1(t).

Note that both the subsystems (4.1) and (4.2) are not asymptotically stable, since their transfer functions G_1(s) = C_1(sE_1 − A_1)^{−1}B_1 and G_2(s) = C_2(sE_2 − A_2)^{−1}B_2 have a pole at the origin. The stabilizing state feedback matrices can be chosen as

F_1 = [ 0, −1 ] , F_2 = [ −n_2 − 1, 0, · · · , 0 ] .

In this case, we obtain an extended coupled system with the stable subsystems G_{ext,1}(s) and G_{ext,2}(s) as in (3.15) and the interconnection matrices

K_{ext} = � 0 −1 −1 0 1 0 0 −1 � , H = � 1 0 � , R_{ext} = [ 0, 0, 1, 0 ].

PSfrag replacements (a) PSfrag replacements (b) Fig. 4.2. Example 4.1: (a) the absolute error ‖ eG_{ext,2}(iω)−G_{ext,2}(iω)‖_2 and the error bound γ;

(b) the absolute errors ‖eG(iω) − G(iω)‖_2 and the error bounds γ_{ext} and γ_{cl}.

In our experiments, we took the numerical values k_P = k_I = κ = 1, n_2 = 1000. The second subsystem G_{ext,2} has been approximated by a reduced model ~G_{ext,2} of order ℓ_2 = 21 computed by balanced truncation. Figure 4.2 (a) shows the absolute error ‖ ~G_{ext,2}(iω) − G_{ext,2}(iω)‖_2 for the frequency range ω ∈ [ 10^{−1}, 10^4 ] and the error bound γ that is twice the sum of the truncated Hankel singular values of G_{ext,2}. We chose ℓ_2 such that γ < 10^{−6}. The resulting approximate closed-loop system with the transfer function ~G(s) has order ℓ = 23. Figure 4.2 (b) shows the absolute error ‖~G(iω) − G(iω)‖_2 and the a posteriori error bound γ_{ext} = γ min{c_1, c_2}, where c_1 and c_2 are as in Theorem 3.2 with G, K and R replaced by ~G_{ext} = diag(G_{ext,1}, ~G_{ext,2}), K_{ext} and R_{ext}, respectively. Comparing the approximation errors, we see that due the coupling the error in the closed-loop system is larger than the error in the subsystem.

Furthermore, we applied the balanced truncation method to the closed-loop system and selected the order of the reduced model as a minimal integer ℓ such that the error bound γ_{cl} = 2(σ_{ℓ+1} + . . . + σ_n) is smaller than γ_{ext}. We obtained the reduced model of order ℓ = 5 with the approximation error comparable with the error in subsystem model reduction, see Figure 4.2 (b). Note, however, if we change the parameters k_P , k_I and κ, then the closed-loop system is also changed, and we need to re-compute the reduced model. On the other hand, the reduced closed-loop system computed by subsystem model reduction can easily be modified by changing the first subsystem and re-scaling the matrix coefficients in the reduced-order second subsystem.

Example 4.2. Consider the delay-differential system

ẋ(t) = −x(t − 1) + u(t), y(t) = x(t). (4.3)

This system can be represented as an interconnection of

ẋ_1(t) = 0 · x_1(t) + � 1, −1 � u_1(t),

y_1(t) = x_1(t)

(4.4) with the system Ĝ_2 representing the pure unit delay ŷ_2(t) = u_2(t − 1). The coupling relations are

u_1(t) = � 0 1 � ŷ_2(t) + � 1 0 � u(t),

u_2(t) = y_1(t), y(t) = y_1(t).

The second subsystem has the transfer function Ĝ_2(s) = e^{−s} and, due to its irrationality, its system realizations have an infinite dimensional state space [17, 52]. The delay can be achieved by the following partial differential equation with boundary control and observation ∂f ∂t (t, z) = − ∂f ∂z (t, z),

f(t, 0) = u_2(t), f(t, 1) = ŷ_2(t).

(4.5)

A spatial discretization of this equation with n_2 equidistant grid points leads to the subsystem as in (4.2) with E_2 = I_{n2} and

A_2 = n_2

� � � � � �

−1 1 −1 1 ... ...

−1 1 −1

� � � � � � , B_2 =

� � � � � �

0 0 . . 0 n_2

� � � � � � , C_2 =

� � � � � �

1 0 . . 0 0

� � � � � �

T

.

The transfer function of this subsystem is given by

G_2(s) = n_2 (n_2 + s)^{n2} . The closed-loop system is a finite dimensional approximant of the originally infinite dimensional delay-differential system (4.3). The estimation of the discretization error in the H_∞-norm is treated in [52].

The first subsystem (4.4) is not asymptotically stable since G_1(s) has a pole at the origin, whereas the second subsystem satisfies G_2 ∈ H_∞. A stabilizing state feedback matrix can be taken as F_1 = [ 0, 2 ]^T . The interconnection matrices are

K_{ext} = � � 0 −1 0 0 0 0 −1 1 1 0 0 0 � � , H = � � 1 0 0 � � , R_{ext} = [ 1, 0, 0, 0 ].

For the second subsystem, we chose n_2 = 1000. This subsystem has been approximated by a reduced model of order ℓ_2 = 41 computed by the balanced truncation method. The absolute values of the frequency responses ~G_2(iω) and G_2(iω) of the original and reduced-order subsystems are given in Figure 4.3 (a), whereas the absolute error ‖ ~G_2(iω) − G_2(iω)‖_2 and the error bound γ = 2(σ^{(2)}_{ℓ2+1} + . . . + σ^{(2)}_{n2} ) are presented in Figure 4.3 (b). In Figure 4.4 (a) we plotted the absolute values of the frequency responses G(iω) and ~G(iω) of the original and the reduced-order closed-loop systems. Figure 4.4 (b) shows the error ‖~G(iω) − G(iω)‖_2 and the a posteriori error bound γ_{ext} = γ min{c_1, c_2}, where c_1 and c_2 are as in Theorem 3.2 with G, K and R replaced by ~G_{ext} = diag(G_{ext,1}, ~G_2), K_{ext} and R_{ext}, respectively.

16 T. REIS and T. STYKEL

PSfrag replacements (a) PSfrag replacements (b) Fig. 4.3. Example 4.2: (a) the absolute values of frequency responses G_2(iω) and eG_2(iω);

(b) the absolute error ‖ eG_2(iω) − G_2(iω)‖_2 and the error bound γ.

PSfrag replacements (a) PSfrag replacements (b) Fig. 4.4. Example 4.2: (a) the absolute values of frequency responses G(iω) and eG(iω);

(b) the absolute error ‖eG(iω) − G(iω)‖_2 and the error bound γ_{ext}.

REFERENCES

[1] B. Anderson and A. Antoulas, Rational interpolation and state-variable realizations, Linear Algebra Appl., 137-138 (1990), pp. 479–509.

[2] B. Anderson and S. Vongpanitlerd, Network Analysis and Synthesis, Prentice Hall, Englewood Cliffs, N.J., 1973.

[3] A. Antoulas, Approximation of Large-Scale Dynamical Systems, SIAM, Philadelphia, PA, 2005.

[4] A. Antoulas, A new result on passivity preserving model reduction, Systems Control Lett., 54 (2005), pp. 361–374.

[5] Z. Bai, Krylov subspace techniques for reduced-order modeling of large-scale dynamical systems, Appl. Numer. Math., 43 (2002), pp. 9–44.

[6] Z. Bai, R. Slone, W. Smith, and Q. Ye, Error bound for reduced system model by Padé approximation via the Lanczos process, IEEE Trans. Comput. Aided Design, 18 (1999), pp. 133–141.

[7] Z. Bai and Y. Su, Dimension reduction of large-scale second-order dynamical systems via a second-order Arnoldi method, SIAM J. Sci. Comp., 26, (2005), pp. 1692-1709.

[8] G. Baker, Jr. and P. Graves-Morris, Padé Approximants. Second edition, Encyclopedia of Mathematics and its Applications, 59, Cambridge University Press, Cambridge, 1996.

[9] U. Baur and P. Benner, Factorized solution of Lyapunov equations based on hierarchical matrix arithmetic, Preprint 161, DFG Research Center Matheon, Technische Universität Berlin, Germany, 2004.

[10] T. Bechtold, Model Order Reduction of Electro-Thermal MEMS, Ph.D. thesis, Albert- Ludwigs Universität Freiburg, 2005.

[11] P. Benner, V. Mehrmann, and D. Sorensen, eds., Dimension Reduction of Large-Scale Systems, vol. 45 of Lecture Notes in Computational Science and Engineering, Springer- Verlag, Berlin, Heidelberg, 2005.

[12] P. Benner and E. Quintana-Ortí, Solving stable generalized Lyapunov equations with the matrix sign function, Numerical Algorithms, 20 (1999), pp. 75–100.

[13] P. Benner and V. Sokolov, Partial realization of descriptor systems, Preprint 2005-05, Fakultät für Mathematik, Technische Universität Chemnitz, Germany, 2005.

[14] D.S. Bindel, Z. Bai, and J.W. Demmel, Model reduction for RF MEMS simulation, in Applied Parallel Computing: 7th International Conference (PARA 2004, Lyngby, Denmark, June 20-23, 2004), J. Dongarra, K. Madsen, and J. Wasniewski, eds., vol. 3732 of Lecture Notes in Computer Science, Springer-Verlag, Berlin/Heidelberg, 2006, pp. 286–295 [15] A. Bunse-Gerstner, R. Byers, V. Mehrmann, and N. Nichols, Feedback design for regularizing descriptor systems, Linear Algebra Appl., 299 (1999), pp. 119–151.

[16] R. Craig Jr. and M. Bampton, Coupling of substructures for dynamic analysis, AIAA J., 6 (1968), pp. 1313–1319.

[17] R. Curtain and H. Zwart, An Introduction to Infinite Dimensional Linear Systems Theory, Springer-Verlag, Berlin, Heidelberg, New York, 1995.

[18] E. Davison, A method for simplifying linear dynamical systems, IEEE Trans. Automat. Control, AC-11 (1966), pp. 93–101.

[19] D. Enns, Model reduction with balanced realization: an error bound and a frequency weighted generalization, in Proceedings of the 23rd IEEE Conference on Decision and Control, Las Vegas, 1984, IEEE, pp. 127–132.

[20] P. Feldmann and R. Freund, Efficient linear circuit analysis by Padé approximation via the Lanczos process, IEEE Trans. Computer-Aided Design, 14 (1995), pp. 639–649.

[21] C. Felippa, C. Park, and C. Farhat, Partitioned analysis of coupled mechanical systems, Comput. Methods Appl. Mech. Engrg., 190 (2001), pp. 3247–3270.

[22] R. Freund, Model reduction methods based on Krylov subspaces, Acta Numerica, 12 (2003), pp. 267–319.

[23] R. Freund, SPRIM: structure-preserving reduced-order interconnect macromodeling, in Technical Digest of the 2004 IEEE/ACM International Conference on Computer-Aided Design, Los Alamos, CA, 2004, pp. 80–87.

[24] R. Freund and P. Feldmann, The SyMPVL algorithm and its applications in interconnect simulation, in Proceedings of the 1997 International Conference on Simulation of Semiconductor Processes and Devices, Ney York, 1997, pp. 113–116.

[25] K. Gallivan, E. Grimme, and P. V. Dooren, A rational Lanczos algorithm for model reduction, Numerical Algorithms, 12 (1996), pp. 33–63.

[26] K. Gallivan, A. Vandendorpe, and P. Van Dooren, Sylvester equations and projectionbased model reduction, J. Comp. Appl. Math., 162 (2004), pp. 213–229.

[27] K. Glover, All optimal Hankel-norm approximations of linear multivariable systems and their L^∞-errors bounds, Internat. J. Control, 39 (1984), pp. 1115–1193.

[28] W. Gragg and A. Lindquist, On the partial realization problem, Linear Alg. Appl., 50 (1983), pp. 277–319.

[29] L. Grasedyck, Existence of a low rank of H-matrix approximation to the solution of the Sylvester equation, Numer. Linear Algebra Appl., 11 (2004), pp. 371–389.

[30] E. Grimme, Krylov Projection Methods for Model Reduction, Ph.D. thesis, University of Illinois, Urbana-Champaign, 1997.

[31] S. Gugercin, Projection Methods for Model Reduction of Large-Scale Dynamical Systems, Ph.D. thesis, Rice University, Houston, Texas, 2003.

[32] S. Gugercin and A. Antoulas, A survey of model reduction by balanced truncation and some new results, Internat. J. Control, 77 (2004), pp. 748–766.

[33] S. Gugercin, D. Sorensen, and A. Antoulas, A modified low-rank Smith method for largescale Lyapunov equations, Numerical Algorithms, 32 (2003), pp. 27–55.

[34] M. Günther and U. Feldmann, CAD-based electric-circuit modeling in industry. I. Mathematical structure and index of network equations, Surveys Math. Indust., 8 (1999), pp. 97– 129.

[35] W. Hurty, Dynamic analysis of structural systems using component modes, AIAA J., 3 (1965), pp. 678–685.

[36] V. Ionescu, C. Oară, and M. Weiss, Generalized Riccati Theory and Robust Control:

18 T. REIS and T. STYKEL

A Popov Function Approach, John Wiley and Sons, Chichester, UK, 1999. [37] M. Karow, D. Hinrichsen, and A. Pritchard, Interconnected systems with uncertain couplings: explicit formulae for μ-values, spectral value sets and stability radii. To appear in SIAM J. Control Optim.

[38] L. Knockaert and D. De Zutter, Laguerre-SVD reduced-order modeling, IEEE Trans. Microwave Theory Tech., 48 (2000), pp. 1469–1475.

[39] A. Laub, M. Heath, C. Paige, and R. Ward, Computation of system balancing transformations and other applications of simultaneous diagonalization algorithms, IEEE Trans. Automat. Control, AC-32 (1987), pp. 115–122.

[40] J.-R. Li and J. White, Low rank solution of Lyapunov equations, SIAM J. Matrix Anal. Appl., 24 (2002), pp. 260–280.

[41] R.-C. Li, Structural preserving model reductions, Technical Report 2004-02, Department of Mathematics, University of Kentucky, 2004.

[42] R.-C. Li and Z. Bai, Structure-preserving model reduction using a Krylov subspace projection formulation, Comm. Math. Sci., 3 (2005), pp. 179–199.

[43] B.-S. Liao, Z. Bai, and W. Gao, What are the important modes of subsystems: a momentmatching approach, 2005. Submitted for publication.

[44] S. Marschall, An approximate method for reducing the order of a linear system, Contr. Eng., 10 (1966), pp. 642–648.

[45] V. Mehrmann and T. Stykel, Balanced truncation model reduction for large-scale systems in descriptor form, in Dimension Reduction of Large-Scale Systems, P. Benner, V. Mehrmann, and D. Sorensen, eds., vol. 45 of Lecture Notes in Computational Science and Engineering, Springer-Verlag, Berlin/Heidelberg, 2005, pp. 83–115.

[46] B. C. Moore, Principal component analysis in linear systems: controllability, observability, and model reduction, IEEE Trans. Automat. Control, 26 (1981), pp. 17–32.

[47] G. Obinata and B. Anderson, Model Reduction for Control System Design, Springer-Verlag, London, 2001.

[48] A. Odabasioglu, M. Celik, and L. Pileggi, PRIMA: Passive reduced-order interconnect macromodeling algorithm, IEEE Trans. Circuits and Systems, 17 (1998), pp. 645–654.

[49] T. Penzl, A cyclic low-rank Smith method for large sparse Lyapunov equations, SIAM J. Sci.

Comput., 21 (1999/2000), pp. 1401–1418.

[50] K. Perev and B. Shafai, Balanced realization and model reduction of singular systems, Internat. J. Systems Sci., 25 (1994), pp. 1039–1052.

[51] L. Pernebo and L. Silverman, Model reduction via balanced state space representation, IEEE Trans. Automat. Control, AC-27 (1982), pp. 382–387.

[52] T. Reis, Systems Theoretic Aspects of PDAEs and Applications to Electrical Circuits, Ph.D.

thesis, Fachbereich Mathematik, Technische Universität Kaiserslautern, 2006. [53] T. Reis and T. Stykel, Stability analysis and model order reduction for coupled systems, Preprint 241, DFG Research Center Matheon, Technische Universität Berlin, 2005. Submitted for publication.

[54] M. Safonov and R. Chiang, A Schur method for balanced-truncation model reduction, IEEE Trans. Automat. Control, AC-34 (1989), pp. 729–733.

[55] D. Sorensen, Passivity preserving model reduction via interpolation of spectral zeros, Systems Control Lett., 54 (2005), pp. 347–360.

[56] T. Stykel, Gramian-based model reduction for descriptor systems, Math. Control Signals Systems, 16 (2004), pp. 297–319.

[57] T.-J. Sun and R. Graig Jr., Model reduction and control of flexible structures using Krylov vectors, J. Guidance, Dynamics and Control, 14 (1991), pp. 260–267.

[58] C. Tischendorf, Coupled Systems of Differential Algebraic and Partial Differential Equations in Circuit and Device Simulation. Modeling and Numerical Analysis, habilitation thesis, Institut für Mathematik, Humboldt-Universität zu Berlin, Berlin, Germany, 2003.

[59] M. Tombs and I. Postlethweite, Truncated balanced realization of a stable non-minimal state-space system, Internat. J. Control, 46 (1987), pp. 1319–1330.

[60] A. Vandendorpe and P. Van Dooren, On model reduction of interconnected systems, in Proceedings of the 16th International Symposium of Mathematical Theory of Networks and Systems (Leuven, Belgium, July 5-9, 2004), B. De Moore, B. Motmans, J. Willems, P. Van Dooren, and V. Blondel, eds., Katholieke Universiteit Leuven, 2004.

[61] A. Varga, Computation of coprime factorizations of rational matrices, Linear Algebra Appl., 271 (1998), pp. 83–115.

[62] J. Vlach and K. Singhal, Computer Methods for Circuit Analysis and Design, Van Nostrand Reinhold, New York, NY, 1994.