DESCRIPTOR SYSTEMS: A GENERAL MATHEMATICAL FRAMEWORK FOR MODELLING, SIMULATION AND CONTROL

VOLKER MEHRMANN^∗ AND TATJANA STYKEL^†

Abstract. Descriptor systems present a general mathematical framework for the modelling, simulation and control of complex dynamical systems arising in many areas of mechanical, electrical and chemical engineering. This paper presents a survey of the current theory of descriptor systems, concerning solvability, stability, model reduction, controllability, observability and optimal control.

Key words. descriptor system, stability, controllability, observability, model reduction, optimal control

AMS subject classifications. 34A09, 93C, 93D20

Notation. We will denote by R^{n,m} the space of n × m real matrices. The matrix A^T stands for the transpose of A ∈ R^{n,m}. The rank of a matrix A ∈ R^{n,m} is denoted by rank A. An identity matrix of order n is denoted by I_n or simply by I. We will use C^k(I, R^n) to denote the set of k times continuously differentiable functions from I ⊆ R to R^n. Finally, ‖ · ‖ denotes the Euclidean vector norm and the spectral matrix norm.

1. Introduction. The mathematical description of the dynamical behavior of complex systems as they arise today in all areas of mechanical, electrical and chemical engineering is typically governed by differential equations, including balance equations, conservation laws, and constraints that couple these parts together [10, 18, 29, 62, 65]. In order to control the dynamical behavior also input and output variables are included. Modern CAD tools such as Matlab/Simulink [49] allow to generate these models automatically. In this paper we only study the time behavior, i.e., we assume that partial differential equations are already semidiscretized in space.

In a general mathematical framework, control systems can be written in the form

F (t, x, ẋ, u) = 0,

(1.1) y − G(t, x) = 0,

(1.2)

where F : I × D_x × D_ẋ × D_u → R^l and G : I × D_x → R^p are continuous functions, D_x, D_ẋ ⊆ R^n and D_u ⊆ R^m are open, I = [t_0, t_f ] ⊆ R, x : I → R^n is a continuously differentiable function and ẋ denotes the derivative of x with respect to t ∈ I. Here, x represents the state, u : I → R^m is the input or control and y : I → R^p is the output of the system. We will allow that the partial derivative of F with respect to ẋ, denoted by F_ẋ, is rank deficient. Since such systems contain both differential and algebraic equations, they are called differential-algebraic equations. In the control community, systems of the form (1.1), (1.2) are known also as descriptor systems, implicit systems or singular systems.

Example 1.1. As a simple mechanical example, we consider a cart-pendulum system shown in Figure 1.1 that consists of a cart of mass m_1 and a pendulum of

∗ Institut für Mathematik, MA 4-5, Technische Universität Berlin, Straße des 17. Juni 136, 10623 Berlin, Germany (mehrmann@math.tu-berlin.de). Supported by the DFG Research Center Matheon ”Mathematics for key technologies” in Berlin.

†Institut für Mathematik, MA 3-3, Technische Universität Berlin, Straße des 17. Juni 136, 10623 Berlin, Germany (stykel@math.tu-berlin.de). Supported by the DFG Research Center Matheon ”Mathematics for key technologies” in Berlin. 1

length L and of mass m_2. The motion of this system is described by the system in first-order form

ẋ_1 = x_4, ẋ_2 = x_5, ẋ_3 = x_6, m_1ẋ_4 = −2(x_1 − x_2)λ + u, m_2ẋ_5 = −2(x_2 − x_1)λ, m_2ẋ_6 = −2x_3λ − m_2g, 0 = (x_2 − x_1)^2 + x^2_3 − L^2,

(1.3)

where x_1 denotes the horizontal position of the cart, x_2 and x_3 are the horizontal and vertical positions of the mass m_2, λ is a Lagrange multiplier and u is an external force acting on the cart. If we are interested in the position of the pendulum only, the output equation has the form y = [x_2, x_3]^T . The last equation in (1.3) describes an algebraic constraint on the variables x_1, x_2 and x_3.

PSfrag replacements

Fig. 1.1. A cart-pendulum system

Linearization of (1.1), (1.2) along a nominal trajectory leads to a linear descriptor system with variable coefficients

E(t)ẋ = A(t)x + B(t)u, y = C(t)x,

(1.4)

where E, A : I → R^{l,n}, B : I → R^{l,m} and C : I → R^{p,n} are continuous matrix-valued functions. If we linearize (1.1), (1.2) along a constant solution, we obtain a linear descriptor system with constant coefficients

Eẋ = Ax + Bu, y = Cx,

(1.5)

where E, A ∈ R^{l,n}, B ∈ R^{l,m} and C ∈ R^{p,n}.

2. General analysis.

2.1. Solvability and index concepts. In this subsection we review some results on the existence and uniqueness of solutions of (1.1).

Definition 2.1. A function x : I → R^n is called a solution of system (1.1) if x ∈ C^1(I, R^n) and x satisfies (1.1) pointwise for a given input function u. It is called a solution of the initial value problem consisting of (1.1) and

x(t_0) = x_0,

(2.1)

if x is a solution of (1.1) and satisfies (2.1). An initial condition (2.1) is called consistent if the corresponding initial value problem has at least one solution.

There also exist weaker solvability concepts, such as impulsive smooth solutions, which can be used to handle inconsistencies or lower smoothness requirements, see, e.g., [37, 62].

In some applications such as robust control it is, furthermore, important to investigate whether the system is solvable for every input function and every initial value that is consistent with this input.

Definition 2.2. A control problem (1.1) is called consistent if there exists an input function u for which system (1.1) has a solution x. It is called regular (locally with respect to a given pair (x̂, û) satisfying (1.1)) if it has a unique solution for every sufficiently smooth input function u in a neighborhood of û and every initial value in a neighborhood of x̂(t_0) that is consistent for the system with the input function u.

Since for a particular input u, system (1.1) represents a differential-algebraic equation (DAE), it is clear that the solvability theory for control problems is related to that of DAEs. This theory has undergone major changes in the last 20 years, see [10, 28, 37, 62]. Using a behavior approach [33, 59], i.e., combining the variables x and u or even x, u and y into one vector of variables, the theory of descriptor systems can be obtained from the general theory of over- and underdetermined systems of DAEs, see [35, 37, 38]. In many applications, systems are not modelled as input-state systems in the form (1.1), but arise directly in the general form of an over- or underdetermined system

F (t, x, ẋ) = 0,

(2.2)

where no a-priori distinction between input and state variables is made. In this case, it is necessary to determine from the model the free variables (control inputs) and which variables can be considered as outputs.

There are many ways to derive the analytical theory and appropriate numerical methods for a general system of the form (2.2). We follow the derivative array approach of [15]. Assuming sufficient smoothness, we generate a nonlinear derivative array

F_ℓ(t, x, ẋ, . . . , x^{(ℓ+1)}) = 0,

(2.3)

which stacks the original equation (2.2) and all its derivatives up to level ℓ in one large system, i.e.,

F_ℓ(t, x, ẋ, . . . , x^{(ℓ+1)}) = � � � � F (t, x, ẋ) d dt F (t, x, ẋ) . . d^ℓ dt^ℓ F (t, x, ẋ)

� � � � .

We will denote partial derivatives of F_ℓ with respect to selected variables q from (t, x, ẋ, . . . , x^{(ℓ+1)}) by F_{ℓ;q}, e.g.,

F_{ℓ;x} = ∂ ∂x F_ℓ, F_{ℓ;ẋ,...,x}(ℓ+1) =[ ∂ ∂ẋ F_ℓ, . . . , ∂ ∂x^{(ℓ+1)}

F_ℓ ].

As basis for the existence of solutions of (2.2) and the construction of numerical methods, we introduce the following hypothesis, see [35, 37].

Hypothesis 1. Consider a system of nonlinear DAEs (2.2). There exist integers μ, r, a, d, and v such that the set

L_μ = {x_μ ∈ I×R^n ×R^n × . . . ×R^n : F_μ (x_μ ) = 0} associated with (2.3) and ℓ = μ is nonempty, and such that for every point x^0_μ = (t_0, x_0, ẋ_0, . . . , x^{(μ+1)}_0 ) ∈ L_μ , where x^{(j)}_0 denotes an algebraic variable, there exists a sufficiently small neighborhood of x^0_μ in which the following properties hold.

1. The set L_μ ⊆ R^{(μ+2)n+1} forms a manifold of dimension (μ + 2)n + 1 − r. 2. We have rank F_{μ;x,ẋ,...,x} (μ+1) = r on L_μ . 3. We have

corank F_{μ;x,ẋ,...,x} (μ+1) − corank F_{μ−1;x,ẋ,...,x} (μ) = v

on L_μ , where the corank is the dimension of the corange and corank F_{−1;x} = 0 by convention.

4. We have rank F_{μ;ẋ,...,x} (μ+1) = r − a on L_μ and there exist smooth full rank matrix-valued functions Z_2 and T_2 defined on L_μ of size (μ + 1)l × a and n × (n − a), respectively, that satisfy

Z^T_2 F_{μ;ẋ,...,x} (μ+1) = 0, rank Z^T_2 F_{μ;x} = a, Z^T_2 F_{μ;x} T_2 = 0

on L_μ .

5. We have rank F_ẋT_2 = d = l − a − v on L_μ and there exists a smooth full rank matrix-valued function Z_1 defined on L_μ of size l × d such that Z^T_1 F_ẋT_2 has full rank.

The smallest possible μ in Hypothesis 1 is called the strangeness index of system (2.2) and also of (1.1). Systems with vanishing strangeness index are called strangeness-free. If F is sufficiently smooth and satisfies Hypothesis 1 with μ, r, a, d and v, then every solution of (2.2) solves the reduced system

F_1(t, x, ẋ) = 0, F_2(t, x) = 0,

(2.4)

with F_1 : I × D_x × D_ẋ → R^d and F_2 : I × D_x → R^a, see [35, 37]. Making use of locally computed projection matrices Z_1, Z_2 and T_2, this system can be constructed locally using the implicit function theorem. It consists of d differential and a algebraic equations and is strangeness-free. However, it may still have undetermined components, since the dimension of x is, in general, larger than d + a. By splitting the variables (or coordinate partitioning), such free variables can be interpreted as controls.

Hypothesis 1 directly leads to numerical methods for the solution of general DAEs. Such methods have been implemented in FORTRAN subroutine libraries GELDA [39] and GENDA [41] for linear and nonlinear systems, respectively, and also in a MATLAB DAE Toolbox [40]. A survey on other available software for DAEs can be found in [37].

The strangeness index generalizes the most commonly used concept of the differentiation index, e.g., [10] to over- and underdetermined systems (at least in the linear case). Roughly speaking, the differentiation index is the minimum of times that all or part of system (2.2) must be differentiated with respect to t in order to determine ẋ as a continuous function of t and x. If the differentiation index is well-defined, then Hypothesis 1 is always satisfied. If both indices are defined, then the strangeness index is zero if the differentiation index is zero, and it is equal to the differentiation index lowered by one, otherwise.

Example 2.3. For a given fixed input function u, it is well known that the multibody system (1.3) has differentiation index 3, see [18]. Since Hypothesis 1 is satisfied with μ = 2, d = 4, a = 3 and v = 0, this system has strangeness index 2.

2.2. Index reduction. It is well known [10, 30, 37] that difficulties arise in the numerical solution of DAEs that are not strangeness-free, i.e., that have differentiation index larger than 1. Furthermore, in the control context, the solution of such systems may require derivatives of the input function which is in practice often only piecewise continuous. Finally, still today, except for special cases, no exact characterization is known of those systems of differentiation index larger than 1, for which the minimum principle of optimal control holds, see [25, 63].

For these reasons, in particular in the control context, one usually performs an index reduction and replaces the higher index system with an equivalent strangenessfree system that has the same solution set. There exist several different techniques for index reduction, see, e.g., [24, 28, 35, 36, 37, 38, 48, 50]. Here we briefly consider only the technique of index reduction by minimal extension [36].

As we have noted above, the reduced strangeness-free system (2.4) can be obtained from the derivative array (2.3) by computing the projection matrices Z_1, Z_2 and T_2. Since the derivative array consists of (μ + 1)l equations, where μ is the strangeness index of the system, the problem sizes that can be handled by this approach are limited. However, in many applications, like multibody systems or electrical circuits, the descriptor systems have a special structure that can be used to reduce the computational complexity and memory requirements. If we can identify those equations that are responsible for high index and that have to be differentiated, then we can construct a reduced-size derivative array. We can further decrease the computational effort by introducing a minimal number of new variables, so-called dummy derivatives [50] to obtain an index reduction. We will demonstrate this approach for the multibody system (1.3) of Example 1.1.

Example 2.4. Differentiating the last equation in (1.3) twice and eliminating the differentiated variables using other equations, we obtain the equations

0 = (x_2 − x_1)(x_5 − x_4) + x_3x_6,

(2.5) 0 = 2λ � (m_1 +m_2)(x_1 − x_2)^2 + m_1x^2_3 � (2.6) +m_1m_2 � gx_3 −(x_5 −x_4)^2 −x^2_6 � +m_2(x_2 −x_1)u.

A minimally extended strangeness-free system is obtained by putting equations (1.3), (2.5) and (2.6) together and replacing ẋ_3 and ẋ_6 by new variables, say x̂_3 and x̂_6. In this way we get a strangeness-free system of the form (2.4) given by

ẋ_1 = x_4, ẋ_2 = x_5, 0 = x_6 − x̂_3, 0 = −2x_3λ − m_2g − m_2x̂_6, m_1ẋ_4 = −2(x_1 − x_2)λ + u, m_2ẋ_5 = −2(x_2 − x_1)λ, 0 = (x_2 − x_1)^2 + x^2_3 − L^2, 0 = (x_2 − x_1)(x_5 − x_4) + x_3x_6, 0 = 2λ � (m_1 +m_2)(x_1 − x_2)^2 + m_1x^2_3 � +m_1m_2 � gx_3 −(x_5 −x_4)^2 −x^2_6 � +m_2(x_2 −x_1)u.

Looking in detail at this system, we may even omit the third and fourth equations that contain the newly introduced variables, and get a reduced strangeness-free system with the same number of equations and variables as the original system (1.3).

In recent years, the mathematical techniques for index reduction have been well established, so that (at least in theory) it is possible to transform most higher index systems to an equivalent strangeness-free form with the same solution set. Thus, in contrast to classical formulations in minimal coordinates, with this approach the physical interpretation of the variables is not modified and at the same time the resulting system has better properties concerning numerical simulation and control.

However, the computational effort to obtain this reduced strangeness-free formulation may be high if this is done by the available numerical methods. Furthermore, this process of index reduction is based on numerical rank decisions, which is a critical issue in finite precision arithmetic. On the other hand, the analysis of large classes of application problems shows that this computational effort can be significantly reduced by carefully analyzing the structure of the problems [36, 37].

With this analysis being available, however, it would be a much better approach to generate the resulting strangeness-free models in the first place. Thus, we suggest as a new modelling paradigm that the providers of automatic modelling tools should use this analysis to generate reduced strangeness-free models right from the beginning. For the example of multibody systems, as in Example 1.1, this would mean that in the process of generating the equations, immediately the first and second derivative of the constraint equations are generated as well, so that the reduced derivative array is available from the modelling tool, see [66]. A similar approach is also available for electrical circuit simulation [3, 4].

In the context of descriptor control systems, there also exists the possibility to achieve index reduction and regularization via feedback control. Transforming a control system via a behavior approach to the form (2.2), we can compute the reduced problem of the form

F_1(t, x, ẋ, u) = 0, F_2(t, x, u) = 0,

(2.7)

that is strangeness-free in the combined vector of variables x and u. However, in general, if one fixes a specific control u, then (2.7) is not necessarily strangenessfree. In this case, using an appropriate feedback u = K(t, x), we can construct a strangeness-free closed-loop problem

F_1(t, x, ẋ, K(t, x)) = 0, F_2(t, x, K(t, x)) = 0.

(2.8)

Since the reduced system is defined locally only, it is even sufficient to use a linear state feedback u = K̃x + w, where the function w has to satisfy appropriate initial conditions so that the closed-loop system becomes strangeness-free, see [35, 37, 38] for details. Under some further assumptions, an index reduction is also possible via output feedback.

2.3. Stability. Although the stability theory for ordinary differential equations has been established at the end of the 19th century by the fundamental work of Lyapunov [44], for DAEs only few stability results exist [28, 45, 46, 54, 55, 67, 70].

Definition 2.5. Let X_0 be a set of consistent initial vectors for the nonlinear system (2.2).

1. A solution x̂ of (2.2) is called stable in the sense of Lyapunov if (i) for all t_0 ≥ 0 and for all x_0 ∈ X_0, the initial value problem

F (t, x, ẋ) = 0, x(t_0) = x_0

(2.9)

has a unique solution x(t, x_0) defined on [0, ∞), and

(ii) for every ε > 0 there exists δ = δ(t_0, ε) > 0 such that ‖x̂(t)−x(t, x_0)‖ < ε for all t ≥ t_0 and for all x_0 ∈ X_0 with ‖x̂(t_0) − x_0‖ < δ.

2. A solution x̂ of (2.2) is called asymptotically stable if it is stable and if there exists δ_0 > 0 such that for the solution x(t, x_0) of (2.9) with ‖x̂(t_0)−x_0‖ < δ_0, we have that lim_{t→∞} ‖x̂(t) − x(t, x_0)‖ = 0.

Since the stability theory for general nonlinear DAE systems is a difficult open problem, we restrict ourself in the following to linear time-invariant systems of the form (1.5) with square matrices E and A. The stability properties of such systems are well understood and can be characterized in a purely algebraic way using the Weierstraß canonical form of the matrix pencil λE − A, see [17, 23, 28].

Definition 2.6. A pencil λE − A with E, A ∈ R^{m×n} is called regular, if m = n and det(λE − A) ≠ 0 for some λ ∈ C. Otherwise, the pencil is called singular.

Let λE − A be regular. Then there exist nonsingular matrices W , T ∈ R^{n,n} such that the pencil

λW ET − W AT = λ � I_{nf} N � − � J I_{n∞} �

is in Weierstraß canonical form. Here J and N are in Jordan canonical form, and N is nilpotent with index of nilpotency ν. The number ν is called the index of λE − A and the eigenvalues of J are called the finite eigenvalues of λE − A. Note that for the linear descriptor system (1.5), the differentiation index is just the index of the pencil λE − A. Subspaces W, T ⊂ R^n are called left and right deflating subspaces of λE − A if dim(W) = dim(T ) and W = ET + AT . The matrices

P_l = W^{−1} � I_{nf} 0 � W, P_r = T � I_{nf} 0 � T^{−1}

are the spectral projectors onto the left and right deflating subspaces of λE − A corresponding to the finite eigenvalues.

For linear time-invariant systems with a regular pencil, we have the following characterization of stability.

Theorem 2.7. [28] Let λE − A be a regular pencil and let u = 0.

1. The trivial solution x = 0 of system (1.5) is stable if and only if all the finite eigenvalues of λE − A lie in the closed left half-plane and the eigenvalues on the imaginary axis are simple.

2. The trivial solution x = 0 of system (1.5) is asymptotically stable if and only if all the finite eigenvalues of λE − A lie in the open left half-plane.

Note that if the trivial solution x = 0 of (1.5) with u = 0 is (asymptotically) stable and if P_lBu ∈ C^ν (I, R^n), then any solution of the inhomogeneous system (1.5) is also (asymptotically) stable.

Example 2.8. Linearization of the multibody system (1.3) along the equilibrium

[ 0, 0, −L, 0, 0, 0, m_2g/(2L) ]^T yields the linear time-invariant system (1.5) with

E = diag( 1, 1, 1, m_1, m_2, m_2, 0 ),

A =

� � � � � �

0 0 0 1 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 1 0 −m_2g/L m_2g/L 0 0 0 0 0 m_2g/L −m_2g/L 0 0 0 0 0 0 0 −m_2g/L 0 0 0 2L 0 0 −2L 0 0 0 0

� � � � � � ,

B = [ 0, 0, 0, 1, 0, 0, 0 ]^T , C = � 0 1 0 0 0 0 0 0 0 1 0 0 0 0 � . The pencil λE − A has the finite eigenvalues 0, 0 and ±i � (m_1 + m_2)g/(m_1L). Since the eigenvalue 0 is not simple, the linearized system is unstable.

The asymptotic stability of (1.5) can also be characterized via a projected generalized continuous-time Lyapunov equation

E^T XA + A^T XE = −P^T_r QP_r, X = P^T_l XP_l

(2.10)

with unknown matrix X.

Theorem 2.9. [67] The trivial solution x = 0 of system (1.5) with u = 0 is asymptotically stable if and only if the projected Lyapunov equation (2.10) has a unique symmetric, positive semidefinite solution X for every symmetric, positive definite matrix Q.

Thus, analogous to the case of ordinary differential equations, in theory, we can either use Lyapunov equations or eigenvalues to characterize the (asymptotic) stability of constant coefficient systems. However, the eigenvalues of λE − A may be very ill-conditioned in the sense that they may change largely even for small perturbations in E and/or A. Hence, eigenvalues that are computed numerically in finite precision arithmetic, may not always provide the correct information on the stability of dynamical systems.

Example 2.10. Let E = I_{20} and

A(ε) =

� � � �

−1 10

... ... ... 10 ε −1

� � � � .

All eigenvalues of λE − A(0) are −1 and lie in the open left half-plane. However, for ε = 10^{−18} , the matrix pencil λE − A(ε) has an eigenvalue λ =^{20} √ 10 − 1 which is in the right half-plane.

As an alternative to the use of eigenvalues in stability analysis, one can employ spectral parameters as in [27, 67]. These parameters not only characterize stability but also the sensitivity of the eigenvalues to perturbations in the matrix or matrix pencils.

Consider a stability parameter κ(E, A) = 2‖E‖‖A‖‖X‖, where X is symmetric, positive semidefinite and satisfies the projected Lyapunov equation (2.10) with Q = I.

We set κ(E, A) = ∞ if (2.10) does not have positive semidefinite solutions. If κ(E, A) is finite, then all the finite eigenvalues of λE − A lie in the closed half-plane � z ∈ C : Re(z) ≤ −

‖A‖_2 ‖E‖_2κ(E, A) � . The parameter κ(E, A) can also be used to estimate the solution x(t, x_0) of the consistent initial value problem

Eẋ = Ax, x(0) = P_rx_0.

(2.11)

We have a bound for x as a function of t and x_0 given by

‖x(t, x_0)‖ ≤ ce^{−t‖A‖/(‖E‖κ(E,A))} ‖P_rx_0‖

(2.12)

with c = � κ(E, A)‖E‖‖(EP_r +A(I − P_r))^{−1} ‖, see [67]. This estimate shows that the solution of (2.11) decreases exponentially if κ(E, A) is bounded.

A fundamental problem in the robustness analysis for descriptor systems is to estimate perturbations in the matrix coefficients that do not change the stability properties of the system. Such perturbations can be described by the stability radius defined via

r_V � E, A � = inf � ‖[ ΔE, ΔA ]‖ : [ ΔE, ΔA ] ∈ V and

∃ λ ∈ C^+ s.t. det � λ(E + ΔE) − (A + ΔA) � = 0 � , where V ⊂ C^{n,2n} is a vector space of admissible perturbations and C^+ denotes the closed right half-plane. The stability radius r_V � E, A) measures the smallest perturbation in V such that the perturbed matrix pencil λ(E + ΔE) − (A + ΔA) is singular or has a finite eigenvalue in the closed right half-plane. The stability radius for standard state space systems with E = I has been first considered in [32] and numerically reliable methods for its computation have been proposed in [12, 31, 60]. Unfortunately, these results are not immediately applicable to descriptor systems, since not only the spectrum but also the index and the regularity may change under perturbations. In general, any small perturbation of a pencil with singular E may yield an unstable system. Therefore, we have to restrict the set of perturbations. This can be done either with structured perturbations that preserve the physical properties of the system or with perturbations that do not change the structure of the deflating subspace corresponding to the infinite eigenvalue of λE − A. A lower bound for the stability radius for the pencil λE − A, allowing perturbations in A only, is given in [61]. A computable expression for the stability radius for regular pencils of index at most one is studied in [14]. Computationally accessible upper and lower bounds for smallest norm de-regularizing perturbations are discussed in [13].

3. Control theoretic concepts.

3.1. Controllability and observability. In this subsection we discuss controllability and observability of descriptor systems. In contrast to standard state space systems, for descriptor systems there are several different concepts of controllability and observability.

Definition 3.1. Consider a descriptor system (1.1), (1.2).

1. System (1.1), (1.2) is called completely controllable (C-controllable) if for any given initial state x_0 ∈ R^n and final state x_f ∈ R^n, there exists a control input u that transfers the system from x_0 to x_f in finite time.

2. System (1.1), (1.2) is called completely observable (C-observable) if the zero output of the descriptor system with u = 0 implies that this system has the trivial solution x = 0 only.

In general, descriptor systems will not be completely controllable or completely observable, since there exist constraint equations that fix the solution and the output onto a certain manifold. For this reason one also considers the following definition.

Definition 3.2. For system (1.1), a set R ⊆ R^n is called reachable from x_0 if there exists a control input u that transfers the system from x_0 to some x_f ∈ R in finite time. System (1.1) is called controllable within the reachable set R (R-control-lable) if one can reach any state in R from any consistent initial state x_0.

The corresponding dual concept to controllability within the reachable set needs an appropriate projection to the variables that are associated with the dynamical part of the systems. For general nonlinear descriptor systems this is difficult to describe. For linear time-invariant systems, however, an appropriate dual concept is as follows.

Definition 3.3. System (1.5) is called observable within the reachable set (R-observable) if the zero output of the descriptor system with u = 0 implies that all solutions of this system satisfy P_rx = 0, where P_r is the projection onto the right deflating subspace corresponding to the finite eigenvalues of λE − A.

Another problem arises for descriptor systems if input functions are used that are only piecewise continuous. If the strangeness index is larger than 0, then, since the solution may depend on the derivative of the input function, it may happen that for such controls no classical solution exists. In the case of linear time-invariant systems, it is possible to characterize the solution set using impulsive smooth distributions [37, 62]. In this situation the following concepts can be introduced.

Definition 3.4. Consider a linear descriptor system (1.5).

1. System (1.5) is called impulse controllable (I-controllable) if for any given initial state x_0 ∈ R^n, there exists a state feedback control u = Kx + w, such that the pencil λE − (A + BK) of the closed-loop system is regular and of index ν ≤ 1.

2. System (1.5) is called impulse observable (I-observable) if the output of (1.5) is continuous, when we use a step function as input.

For linear time-invariant systems (1.5) these controllability and observability concepts can be characterized algebraically/geometrically in terms of the matrices E, A, B and C, see [11, 16, 17, 71, 72].

Theorem 3.5.

1. System (1.5) is C-controllable if and only if rank [αE − βA, B] = n for all (α, β)∈C^2\{(0, 0)}.

2. System (1.5) is C-observable if and only if rank � αE^T−βA^T, C^T � = n for all (α, β)∈C^2\{(0, 0)}.

3. System (1.5) is R-controllable if and only if rank [λE − A, B] = n for all λ ∈ C.

4. System (1.5) is R-observable if and only if rank � λE^T − A^T , C^T � = n for all λ ∈ C.

5. System (1.5) is I-controllable if and only if rank [E, AK_E , B] = n, where the columns of K_E span the kernel of E.

6. System (1.5) is I-observable if and only if rank � E^T , A^T K_ET , C^T � = n, where the columns of K_ET span the kernel of E^T .

One can also show, see [17], that system (1.5) with a regular pencil λE − A is C-controllable if and only if it is R-controllable and rank [E, B] = n. Furthermore, system (1.5) is C-observable if and only if it is R-observable and rank � E^T , C^T � = n.

Note that the descriptor system (1.5) with a regular pencil λE − A of index ν ≤ 1 is I-controllable and I-observable. In view of the general analysis given in Section 2.2, one can show for linear time-invariant systems that the property of the system to be strangeness-free in the behavior setting is equivalent to I-controllability, see [35, 37, 38].

Example 3.6. Consider again the linear system (1.5) with E, A, B and C as in Example 2.8. Since

rank [E, AK_E , B] = rank � E^T , A^T K_ET , C^T � = 6,

this system is neither I-controllable nor I-observable and it is obvious that the system is not C-controllable and C-observable either. On the other hand, we have

rank [λE − A, B] = rank � λE^T − A^T , C^T � = 7,

for all λ ∈ C, i.e., the descriptor system is R-controllable and R-observable.

4. Model order reduction. Modelling of complex physical and technical processes described by partial differential equations, such as fluid flow or elastic mechanical structures, leads after semidiscretization in space to descriptor systems of very large order n, while the number m of inputs and the number p of outputs are typically small compared to n. Despite the ever increasing computational speed, simulation, optimization or real time controller design for such large-scale systems is impossible because of large storage requirements and computation time. A classical way out of this dilemma is the approach of model order reduction, where the original system is approximated by a reduced order system that is in some measure close to the original model. In the linear time invariant case (1.5) this would be a systems of the form

~E ˙~x = ~A ~x + ~B u, ~y = ~C ~x, (4.1)

where ~E, ~A ∈ R^{ℓ,ℓ}, ~B ∈ R^{ℓ,m}, ~C ∈ R^{p,ℓ} and ℓ ≪ n. Apart from having a much smaller state space dimension, it is also important that the reduced-order model preserves essential properties of the original system, like regularity, stability and passivity, and that the approximation error is small. There exist many different model reduction approaches for standard-state space systems, see [2, 8], but only two of them have been generalized for descriptor systems. These are balanced truncation [52, 53, 58, 68] and moment matching approximation [7, 19, 20, 22]. In this section we briefly describe the general idea of these model reduction methods.

4.1. Balanced truncation. Balanced truncation is one of the most effective and well studied model reduction approaches used in control theory [26, 42, 53]. Consider the descriptor system (1.5) with a regular pencil λE − A. Applying the Laplace transform to (1.5) we find

y(s) = C(sE − A)^{−1} Bu(s) + C(sE − A)^{−1} Ex(0),

where u(s) and y(s) are the Laplace transforms of the input u(t) and the output y(t), respectively. The rational matrix-valued function

G(s) = C(sE − A)^{−1} B

(4.2)

is called the transfer function of (1.5). It describes the input-output relation of (1.5) in frequency domain.

For any rational function G, one can find matrices E, A, B and C such that (4.2) holds [17]. A descriptor system (1.5) with these matrices is called a realization of G and denoted by G = [ E, A, B, C ]. The dimension of the matrices E and A defines the order of the realization. The transfer function G may have many different realizations that may be even of different orders. A realization [ E, A, B, C ] of G is called minimal if the dimension of the matrices E and A is as small as possible. However, since G is invariant under state space transformation, its realization of fixed order is not unique. This means that if [ E, A, B, C ] is a realization of G, then [ W ET, W AT, W B, CT ] is also a realization of G for any nonsingular matrices W and T .

For a given realization G = [ E, A, B, C ] such that all eigenvalues of λE − A have negative real part, we define the proper controllability and observability Gramians G_{pc} and G_{po} as the unique symmetric, positive semidefinite solutions of the projected generalized continuous-time Lyapunov equations

E G_{pc}A^T + A G_{pc}E^T = −P_lBB^TP^T_l , P_rG_{pc}P^T_r = G_{pc} and E^T G_{po}A + A^T G_{po}E = −P^T_r C^TCP_r, P^T_l G_{po}P_l = G_{po}.

The improper controllability and observability Gramians G_{ic} and G_{io} are defined as the unique symmetric, positive semidefinite solutions of the projected generalized discretetime Lyapunov equations

A G_{ic}A^T − E G_{ic}E^T = (I − P_l)BB^T (I − P_l)^T , P_rG_{ic}P^T_r = 0 and A^T G_{io}A − E^T G_{io}E = (I − P_r)^T C^TC(I − P_r), P^T_l G_{io}P_l = 0.

The proper and improper Hankel singular values of system (1.5) denoted by ς_j and θ_j , respectively, are defined as the square roots of the nonzero eigenvalues of the matrices G_{pc}E^T G_{po}E and G_{ic}A^T G_{io}A. If the realization G = [ E, A, B, C ] is minimal, it has exactly n_f proper and n_∞ improper Hankel singular values, where n_f and n_∞ are the dimensions of the deflating subspaces of λE − A corresponding to the finite and infinite eigenvalues, respectively.

Definition 4.1. A minimal realization G=[ E, A, B, C ] is called balanced if

G_{pc} = G_{po} = � Σ 0 0 0 � , G_{ic} = G_{io} = � 0 0 0 Θ � , where Σ = diag(ς_1, . . . , ς_{nf} ) and Θ = diag(θ_1, . . . , θ_{n∞} ).

A minimal realization can always be transformed by a state space transformation into a balanced form [68]. If the realization is not minimal, then it has uncontrollable and unobservable states that can be truncated without changing the input-output relation. Using the input-output energy interpretation of the proper Hankel singular values, see [68], we can also truncate the states of the balanced system that correspond to the small nonzero Hankel singular values. Such states are simultaneously difficult to reach and to observe and, hence, they have a small impact on the energy transfer from input to output. Unfortunately, this does not hold for the improper Hankel singular values. The equations associated with the improper Hankel singular values describe constraints of the system, i.e., they define a manifold in which the solution dynamics takes place. Therefore, a truncation of the states corresponding to the small nonzero improper Hankel singular values may lead to a physically inappropriate approximation.

Note that to perform order reduction we do not need to transform the descriptor system into a balanced form explicitly. Instead, we can combine balancing and truncation by performing the projection

~E = W^T_ℓ ET_ℓ, ~A = W^T_ℓ AT_ℓ, ~B = W^T_ℓ B, ~C = CT_ℓ,

where the projection matrices W_ℓ, T_ℓ ∈ R^{n,ℓ} determine the left and right subspaces associated with dominant proper and nonzero improper Hankel singular values. These matrices can be efficiently computed by a generalized square root method described in [52, 68]. One can show that the reduced-order system ~G = [ ~E, ~A, ~B, ~C ] computed by this method is asymptotically stable, minimal and balanced [52, 68]. Moreover, we have the following upper bound for the H_∞-norm of the error

‖ ~G − G‖_{H∞} := sup_{ω∈R} ‖ ~G(iω) − G(iω)‖ ≤ 2(ς_{ℓf +1} + . . . + ς_{nf} ),

where ς_{ℓf +1}, . . . , ς_{nf} are the truncated proper Hankel singular values. This bound allows an adaptive choice of the state space dimension ℓ = ℓ_f + ℓ_∞ of the reduced model depending on how accurate the approximation is needed. The main difficulty in balanced truncation model reduction for large-scale descriptor systems is that four matrix Lyapunov equations have to be solved. However, recent results on low rank approximations to the solutions of Lyapunov equations [43, 57, 69] make the balanced truncation model reduction approach also feasible for large-scale problems.

4.2. Moment matching. An alternative model reduction approach for descriptor systems is the moment matching approximation which can be formulated as follows. Suppose that s_0 ∈ C is not an eigenvalue of the pencil λE − A. Then the transfer function G(s) = C(sE − A)^{−1} B can be expanded into a Laurent series at s_0 as G(s) = C � I − (s − s_0)(s_0E−A)^{−1} E

�_{−1} (s_0E−A)^{−1} B = M_0 + M_1(s − s_0) + M_2(s − s_0)^2 + . . . ,

where the matrices

M_j = −C � (s_0E − A)^{−1} E

�_j (s_0E − A)^{−1} B

are called the moments of the descriptor system (1.5) at s_0. The moment matching approximation problem for the descriptor system (1.5) consists in determining a rational matrix-valued function ~G(s) such that the Laurent series expansion of ~G(s) at s_0 has the form

~G(s) = ~M_0 + ~M_1(s − s_0) + ~M_2(s − s_0)^2 + . . . , (4.3)

where the moments ~M_j satisfy the moment matching conditions

M_j = ~M_j , j = 0, 1, . . . , k.

(4.4)

If s_0 = ∞, then M_j are the Markov parameters of (1.5) and the corresponding approximation problem is known as partial realization. Computation of the partial realization for descriptor systems of a special structure has been considered in [9]. For s_0 = 0, the approximation problem (4.3), (4.4) reduces to the Padé approximation problem. Efficient algorithms based on Arnoldi and Lanzcos procedures for solving this problem have been presented in [19, 21]. For an arbitrary complex number s_0 ≠ 0, the moment matching approximation is the problem of rational interpolation or shifted Padé approximation that has been considered in [7, 19, 20, 22]. Apart from a single interpolation point one can construct a reduced-order system with the transfer function ~G(s) that matches G(s) at multiple points {s_0, s_1, . . . , s_k}. Such an approximation is called a multi-point Padé approximation or a rational interpolant [1]. It can be computed efficiently for descriptor systems by the rational Krylov subspace method [22, 64] While the moment matching approximation can be efficiently computed also for very large scale problems, stability and passivity are not necessarily preserved in the resulting reduced-order model, so that usually a postprocessing is needed to guarantee these properties.

5. Optimal control. Classical control applications such as stabilization of a system or path following can often be formulated in terms of optimal control problems. However, currently the theoretical basis of optimal control, such as the minimum principle is an open problem for general descriptor systems that are not strangenessfree. Only in very special cases necessary and sufficient conditions like the minimum principle have been derived [25, 51, 56, 63].

Let us consider linear systems with variable coefficients and consider the linearquadratic optimal control problem of minimizing the cost functional

I(x, u) =

t_f�

t_0 � x u �_T �

Q(t) S(t) S^T(t) R(t) � � x u � dt subject to the initial value problem

E(t)ẋ = A(t)x + B(t)u, x(t_0) = x_0,

(5.1)

where E, A ∈ C(I, R^{l,n}), B ∈ C(I, R^{l,m}), Q ∈ C(I, R^{n,n}), R ∈ C(I, R^{m,m}), S ∈ C(I, R^{m,n}) and Q(t) = Q^T (t), R(t) = R^T (t) for all t ∈ I = [t_0, t_f ]. It has

been shown in [34, 47] that if the matrix � Q(t) S(t) S^T(t) R(t) � is positive definite for

all t ∈ I and if x_∗ (t), λ_∗ (t) and u_∗ (t) satisfy the boundary value problem for the generalized Euler-Lagrange equations

E(t) � � ẋ λ̇ u̇

� � = A(t) � � x λ u

� � , x(t_0) = x_0, E^T (t_f )λ(t_f ) = 0,

(5.2)

where

E(t) = � � E(t) 0 0 0 −E^T(t) 0 0 0 0

� � ,

A(t) = � � A(t) 0 B(t) Q(t) A^T(t) + Ė^T(t) S(t) S^T(t) B^T(t) R(t)

� � , then x_∗ (t) and u_∗ (t) is the optimal solution of the optimal control problem min I(x, u) subject to (5.1). Unfortunately, these conditions are, in general, not necessary, since the solution of the boundary value problem (5.2) may not exist or may not be unique. Necessary optimality conditions for descriptor systems of strangeness index zero have been obtained in [5, 6, 34, 51].

6. Conclusion. Descriptor systems present a general framework for the modelling, simulation, control and optimization of complex physical systems. The mathematical analysis and numerical solution methods are well established, see [37] for a recent graduate textbook. However, major problems remain open. These include the stability analysis, the minimum principle, as well as model reduction methods for large-scale nonlinear descriptor systems.

REFERENCES

[1] B.D.O. Anderson and A.C. Antoulas. Rational interpolation and state-variable realizations.

Linear Algebra Appl., 137-138:479–509, 1990.

[2] A.C. Antoulas. Approximation of Large-Scale Dynamical Systems. SIAM, Philadelphia, PA, USA, 2005.

[3] S. Bächle and F. Ebert. Verfahren zur Simulierung und Untersuchung einer elektrischen Schaltung: Elementbasierende topologische Indexreduktion für differential-algebraische Gleichungen (DAEs) in der Schaltungssimulation. Deutsche Patentanmeldung Nr.: 102005023145.4, May 2005.

[4] S. Bächle and F. Ebert. Graph theoretical algorithms for index reduction in circuit simulation.

Technical Report 245, DFG Research Center Matheon, Technische Universität Berlin, Germany, 2004.

[5] A. Backes. A necessary optimality condition for the linear-quadratic DAE control problem.

Preprint P-03-16, Humboldt-Universität zu Berlin, Germany, 2003.

[6] A. Backes. Extremalbedingungen für Optimierungs-Probleme mit Algebro- Differentialgleichungen. Dissertation, Mathematisch-Naturwissenschaftliche Fakultät II, Humboldt-Universität zu Berlin, Germany, 2005.

[7] Z. Bai and R.W. Freund. A partial Padé-via-Lanczos method for reduced-order modeling.

Linear Algebra Appl., 332–334:141–166, 2001.

[8] P. Benner, V. Mehrmann, and D. Sorensen, editors. Dimension Reduction of Large-Scale Systems, volume 45 of Lecture Notes in Computational Science and Engineering. Springer- Verlag, Berlin, Heidelberg, Germany, 2005.

[9] P. Benner and V.I. Sokolov. Partial realization of descriptor systems. Preprint 2005-05, Fakultät für Mathematik, Technische Universität Chemnitz, Germany, 2005.

[10] K.E. Brenan, S.L. Campbell, and L.R. Petzold. Numerical Solution of Initial-Value Problems in Differential Algebraic Equations, volume 14 of Classics in Applied Mathematics. SIAM, Philadelphia, PA, USA, 2nd edition, 1996.

[11] A. Bunse-Gerstner, R. Byers, V. Mehrmann, and N.K. Nichols. Feedback design for regularizing descriptor systems. Linear Algebra Appl., 299:119–151, 1999.

[12] R. Byers. A bisection method for measuring the distance of a stable matrix to the unstable matrices. SIAM J. Sci. Statist. Comput., 9:875–881, 1988.

[13] R. Byers, C. He, and V. Mehrmann. Where is the nearest non-regular pencil. Linear Algebra Appl., 285:81–105, 1998.

[14] R. Byers and N.K. Nichols. On the stability radius of a generalized state-space system. Linear Algebra Appl., 188/189:113–134, 1993.

[15] S.L. Campbell. A general form for solvable linear time varying singular systems of differential equations. SIAM J. Math. Anal., 18(4):1101–1115, 1987.

[16] D. Cobb. Controllability, observability, and duality in singular systems. IEEE Trans. Automat.

Control, 29(12):1076–1082, 1984.

[17] L. Dai. Singular Control Systems. Lecture Notes in Control and Information Sciences, 118.

Springer-Verlag, Berlin, Heidelberg, Germany, 1989.

[18] E. Eich-Soellner and C. Führer. Numerical Methods in Multibody Dynamics. B.G. Teubner, Stuttgart, Germany, 1998.

[19] P. Feldmann and R.W. Freund. Efficient linear circuit analysis by Padé approximation via the Lanczos process. IEEE Trans. Computer-Aided Design, 14:639–649, 1995.

16 V. MEHRMANN and T. STYKEL

[20] R.W. Freund. Krylov-subspace methods for reduced-order modeling in circuit simulation.

J. Comput. Appl. Math., 123(1-2):395–421, 2000.

[21] K. Gallivan, E. Grimme, and P. Van Dooren. Asymptotic waveform evaluation via a Lanczos method. Appl. Math. Lett., 7:75–80, 1994.

[22] K. Gallivan, E. Grimme, and P. Van Dooren. A rational Lanczos algorithm for model reduction.

Numerical Algorithms, 12(1-2):33–63, 1996.

[23] F.R. Gantmacher. Theory of Matrices. Chelsea Publishing Company, New York, USA, 1959. [24] C.W. Gear, B. Leimkuhler, and G.K. Gupta. Automatic integration of Euler-Lagrange equations with constraints. J. Comput. Appl. Math., 12/13:77–90, 1985.

[25] M. Gerdts. Local minimum principle for optimal control problems subject to index two differential-algebraic equations systems. Technical Report, Fakultät für Mathematik, Universität Hamburg, Germany, 2005. To appear in J. Optim. Theory Appl., 2006.

[26] K. Glover. All optimal Hankel-norm approximations of linear multivariable systems and their L^∞-error bounds. Internat. J. Control, 39(6):1115–1193, 1984.

[27] S.K. Godunov. Problem of the dichotomy of the spectrum of a matrix. Siberian Math. J., 27(5):649–660, 1986.

[28] E. Griepentrog and R. März. Differential-Algebraic Equations and Their Numerical Treatment.

Teubner Texte zur Mathematik. Teubner-Verlag, Leipzig, Germany, 1986.

[29] M. Günther and U. Feldmann. CAD-based electric-circuit modeling in industry. I. Mathematical structure and index of network equations. Surveys Math. Indust., 8(2):97–129, 1999.

[30] E. Hairer and G. Wanner. Solving Ordinary Differential Equations II: Stiff and Differential- Algebraic Problems. Springer-Verlag, Berlin, Germany, 2nd edition, 1996.

[31] C. He and G.A. Watson. An algorithm for computing the distance to instability. SIAM J. Matrix Anal. Appl., 20(1):101–116, 1998.

[32] D. Hinrichsen and A.J. Pritchard. Stability radii of linear systems. Systems Control Lett., 7(1):1–10, 1986.

[33] A. Ilchmann and V. Mehrmann. A behavioural approach to linear time-varying descriptor system. Part 2. Descriptor systems. SIAM J. Cont., 44(5):1748–1765, 2005.

[34] P. Kunkel and V. Mehrmann. The linear quadratic control problem for linear descriptor systems with variable coefficients. Math. Control, Signals, Sys., 10:247–264, 1997.

[35] P. Kunkel and V. Mehrmann. Analysis of over- and underdetermined nonlinear differentialalgebraic systems with application to nonlinear control problems. Math. Control, Signals, Sys., 14:233–256, 2001.

[36] P. Kunkel and V. Mehrmann. Index reduction for differential-algebraic equations by minimal extension. Z. Angew. Math. Mech., 84:579–597, 2004.

[37] P. Kunkel and V. Mehrmann. Differential-Algebraic Equations. Analysis and Numerical Solution. EMS Publishing House, Zürich, Switzerland, 2006. To appear.

[38] P. Kunkel, V. Mehrmann, and W. Rath. Analysis and numerical solution of control problems in descriptor form. Math. Control, Signals, Sys., 14:29–61, 2001.

[39] P. Kunkel, V. Mehrmann, W. Rath, and J. Weickert. GELDA: A software package for the solution of general linear differential algebraic equations. SIAM J. Sci. Comput., 18:115 – 138, 1997.

[40] P. Kunkel, V. Mehrmann, and S. Seidel. A MATLAB package for the numerical solution of general nonlinear differential-algebraic equations. Preprint 16-2005, Institut für Mathematik, Technische Universität Berlin, Germany, 2005.

[41] P. Kunkel, V. Mehrmann, and I. Seufer. GENDA: A software package for the numerical solution of general nonlinear differential-algebraic equations. Preprint 730, Institut für Mathematik, Technische Universität Berlin, Germany, 2002.

[42] A.J. Laub, M.T. Heath, C.C. Paige, and R.C. Ward. Computation of system balancing transformations and other applications of simultaneous diagonalization algorithms. IEEE Trans. Automat. Control, AC-32(2):115–122, 1987.

[43] J.-R. Li and J. White. Low rank solution of Lyapunov equations. SIAM J. Matrix Anal. Appl., 24(1):260–280, 2002.

[44] A.M. Lyapunov. The general problem of the stability of motion. Internat. J. Control, 55(3):521– 790, 1992. (Translated by A. T. Fuller from Édouard Davaux’s French translation (1907) of the 1892 Russian original).

[45] R. März. Practical Lyapunov stability criteria for differential algebraic equations. In Numerical analysis and mathematical modelling, Banach Cent. Publ., 29, pages 245–266. Polish Academy of Sciences, Institute of Mathematics, Warszawa, Poland, 1994.

[46] R. März. Criteria for the trivial solution of differential algebraic equations with small nonlinearities to be asymptotically stable. J. Math. Anal. Appl., 225:587–607, 1998.

[47] R. März. Adjoint equations of differential-algebraic systems and optimal control problems. In

Proceed. Belarussian National Academy of Sciences, volume 7, pages 88–97. Institute of Mathematics, Minsk, Belarus, 2001.

[48] R. März. The index of linear differential algebraic equations with properly stated leading terms.

Results in Mathematics, 42:308–338, 2002.

[49] The MathWorks, Inc., Natick, MA. MATLAB Version 7.0.4.352 (R14), 2005. [50] S. Mattsson and G. Söderlind. Index reduction in differential-algebraic equations using dummy derivatives. SIAM J. Sci. Statist. Comput., 14:677–692, 1993.

[51] V. Mehrmann. The Autonomous Linear Quadratic Control Problem, Theory and Numerical Solution. Lecture Notes in Control and Information Sciences, 163. Springer-Verlag, Heidelberg, Germany, 1991.

[52] V. Mehrmann and T. Stykel. Balanced truncation model reduction for large-scale systems in descriptor form. In P. Benner, V. Mehrmann, and D. Sorensen, editors, Dimension Reduction of Large-Scale Systems, volume 45 of Lecture Notes in Computational Science and Engineering, pages 83–115. Springer-Verlag, Berlin/Heidelberg, Germany, 2005.

[53] B.C. Moore. Principal component analysis in linear systems: controllability, observability, and model reduction. IEEE Trans. Automat. Control, AC-26(1):17–32, 1981.

[54] P.C. Müller. On stability of mechanical descriptor systems. In R. Bogazc and K. Popp, editors, Dynamical Problems in Mechanical Systems, pages 55–66, Polish Academy of Sciences, Warsaw, Poland, 1994.

[55] P.C. Müller. Stability of nonlinear descriptor systems. Z. Angew. Math. Mech., 76(S4):6–12, 1996.

[56] P.C. Müller. Optimal control of mechanical descriptor systems. In Proceed. IUTAM Symp.

Interaction Between Dynamics and Control in Advanced Mechanical Systems, pages 247– 254, Kluwer Academic Publishers, Dordrecht, The Netherlands, 1997.

[57] T. Penzl. A cyclic low-rank Smith method for large sparse Lyapunov equations. SIAM J. Sci.

Comput., 21(4):1401–1418, 1999/00.

[58] K. Perev and B. Shafai. Balanced realization and model reduction of singular systems. Internat.

J. Systems Sci., 25(6):1039–1052, 1994.

[59] J.W. Polderman and J.C. Willems. Introduction to Mathematical Systems Theory: A Behavioural Approach. Springer Verlag, New York, USA, 1998.

[60] L. Qiu, B. Bernhardsson, A. Rantzer, E.J. Davison, P.M. Young, and J.C. Doyle. A formula for computation of the real stability radius. Automatica, 31(6):879–890, 1995.

[61] L. Qiu and E.J. Davison. The stability robustness of generalized eigenvalues. IEEE Trans.

Automat. Control, 37(6):886–891, 1992.

[62] P.J. Rabier and W.C. Rheinboldt. Theoretical and Numerical Analysis of Differential-Algebraic Equations, volume VIII of Handbook of Numerical Analysis. Elsevier Publ. Amsterdam, The Netherlands, 2002.

[63] T. Roubíček and M. Valášek. Optimal control of causal differential-algebraic systems. J. Math.

Anal. Appl., 269:616–641, 2002.

[64] A. Ruhe. Rational Krylov sequence methods for eigenvalue computation. Linear Algebra Appl., 58:391-405, 1984.

[65] W. Schiehlen. Multibody Systems Handbook. Springer-Verlag, Heidelberg, Germany, 1990. [66] A. Steinbrecher. Numerical Solution of Quasi-Linear Differential-Algebraic Equations and Industrial Simulation of Multibody Systems. Dissertation, Institut für Mathematik, Technische Universität Berlin, Germany, 2005.

[67] T. Stykel. Analysis and Numerical Solution of Generalized Lyapunov Equations. Dissertation, Institut für Mathematik, Technische Universität Berlin, Germany, 2002.

[68] T. Stykel. Gramian-based model reduction for descriptor systems. Math. Control Signals Systems, 16:297–319, 2004.

[69] T. Stykel. Low rank iterative methods for projected generalized Lyapunov equations. Preprint 198, DFG Research Center Matheon, Technische Universität Berlin, Germany, 2005.

[70] C. Tischendorf. On the stability of solutions of autonomous index-1 tractable and quasilinear index-2 tractable DAEs. Circuits Systems Signal Process., 13(2-3):139–154, 1995.

[71] G.C. Verghese, B.C. Lévy, and T. Kailath. A generalized state-space for singular systems.

IEEE Trans. Automat. Control, AC-26(4):811–831, 1981.

[72] E.L. Yip and R.F. Sincovec. Solvability, controllability and observability of continuous descriptor systems. IEEE Trans. Automat. Control, AC-26(3):702–707, 1981.