Generation of Multivariate Scenario Trees to Model Stochasticity in Power Management

Holger Heitsch and Werner Römisch

Humboldt-University Berlin, Institute of Mathematics 10099 Berlin, Germany

Abstract— Modern electricity portfolio and risk management models represent multistage stochastic programs. The input of such programs consists in a finite set of scenarios having the form of a scenario tree. They model the probabilistic information on random data (electrical load, stream flows to hydro units, market prices of fuel and electricity). Since the corresponding deterministic equivalents of multistage stochastic programs are mostly large scale, one has to find significant tree-structured scenarios. Our approach to generate multivariate scenario trees is based on recursive deletion and bundling of scenarios out of some given (possibly large) scenario set originating from historical or simulated data. The procedure makes use of certain Monge-Kantorovich transportation distances for multivariate probability distributions. We report on computational results for generating load-inflow scenario trees based on realistic data of EDF Electricité de France.

Index Terms— Stochastic programming, power management, scenario reduction, scenario tree construction

I. INTRODUCTION The operation of power systems under deregulated market conditions leads to an increasing interest in incorporating uncertainty and risk into optimization models (see [12], [33], [34]). The corresponding stochastic optimization models require decisions on the basis of given probabilistic information on random data. Typically, such models use a finite number of scenarios to model uncertainty of relevant data, e.g., [1], [3], [9], [10], [14], [30], [32]. Each scenario can be viewed as one realization of a certain multi-dimensional stochastic data process of the model. All scenarios and their probabilities represent an approximation of the probability distribution given by the random data. Clearly, a good approximation may involve a very large number of scenarios. But, due to computational complexity for most practical problems, the number of scenarios must be restricted to have the continuing ability to solve the stochastic model. The main challenge of scenario tree generation is to effect a compromise between a good approximation of the probability distribution and the dimension of the stochastic model.

During the last few years scenario modelling and the generation of scenario trees became a very active field of research in stochastic programming (see the survey [6]). Recently, existing methods and new techniques were refined and proposed, respectively, for generating scenario trees for multistage models. We mention here in chronological order (i) bound-based approximation methods [11], [8], [4], (ii) Monte Carlo-based sampling schemes [21], [5], [2], [31],

(iii) the moment-matching principle [19], [20], (iv) optimal approximations based on probability metrics [25], [18], [7], [13], and (v) the use of integration quadratures [23].

A systematic comparison, both theoretical and computational, of these approaches has not been undertaken so far. Some principles for the evaluation of scenario tree generation methods are presented in [22]. Potential shortcomings of the approach (iii) are discussed in [18].

We propose a technique that belongs to the group (iv) and is based on probability metrics that are associated with the stability of the underlying stochastic program. The input of the method consists in a finite number of scenarios that are provided by the user and, say, are obtained from historical data by data analysis and resampling techniques or from statistical models calibrated to the relevant historical data. Then the method constructs a scenario tree by recursive (optimal) scenario reduction [13], [14].

II. GENERATION OF SCENARIO TREES

A. Approximation of stochastic programs

The recent paper [28] surveys quantitative stability results for stochastic programs. It is shown there that the distances μ̂_r, r ≥ 1, of multivariate probability distributions given by Monge-Kantorovich (mass) transportation problems [27] are relevant for the stability of two-stage models. More precisely, μ̂_1 is relevant if either right-hand sides or prices are stochastic and μ̂_2 is important if both are stochastic. In case of multistage stochastic programs the distances μ̂_r as well as a functional measuring the ’distance’ of the information structures are indispensable for stability [17]. In the present paper, we concentrate on the functionals μ̂_r. The effects of distances of information structures are discussed in [17] and the forthcoming paper [16].

Let us consider the important case that both, the original and approximate probability distribution P and Q, respectively, have a finite support, i.e., a finite number of scenarios in some Euclidean space IR^s. Let the supports be given by

supp(P ) = {ξ^1, . . . , ξ^N }, supp(Q) = {ξ̃^1, . . . , ξ̃^M },

and the probabilities by

p_i = P ({ξ^i}) and q_j = Q({ξ̃^j }).

The Monge-Kantorovich functional μ̂_r for r ≥ 1 is defined as

μ̂_r(P, Q) = inf

{_N ∑ i=1 M∑ j=1 c_r(ξ^i, ξ̃^j )η_{ij} | | | ηij ≥ 0, (1) M∑ l=1 η_{il} = p_i, N∑ l=1 η_{lj} = q_j , i = 1, . . . , N, j = 1, . . . , M } . Thus, the functional μ̂_r represents the optimal value of a linear transportation problem. The non-negative cost function c_r is defined by

c_r(ξ, ξ̃) = max{1, ||ξ − ξ_0||, ||ξ̃ − ξ_0||}^{r−1}||ξ − ξ̃||, (2)

where ξ_0 is some fixed element in IR^s. The cost function can be viewed as a certain distance function on the set of all scenarios. In case r = 1 the cost function c_r coincides with the metric induced by the norm on IR^s.

B. Optimal scenario reduction

The scenario reduction approach was first developed in [7] and enhanced in [15]. Let us recall its main ideas: We consider a discrete distribution P with scenarios ξ^i and probabilities p_i, i = 1, . . . , N, and another discrete distribution Q supported by a subset of scenarios ξ^j , j ∈ {1, . . . , N} \ J, of P and probabilities q_j , j ∉ J, i.e, the index set J describes the set of deleted scenarios. The main result in [7] provides the best possible distance μ̂_r(P, Q) if the index set J is fixed, but the weights q_j vary. The optimal distribution Q^∗ is given by the optimal redistribution

q^∗_j = p_j + ∑ i∈J_j

p_i, j ∉ J, (3)

where the index sets J_j are given by

J_j = {i ∈ J : j = j(i)}

and j(i) is a selection of the index set of closest scenarios to ξ^i

j(i) ∈ arg min_{j∉J} c_r(ξ^i, ξ^j ), i ∈ J.

Hence, the optimal scenario reduction consists in adding each deleted scenario weight to that of some of those scenarios being closest with respect to c_r. The distance of P and Q^∗ is given by

D_J := μ̂_r(P, Q^∗) = ∑ i∈J p_i min_{j /∈J} c_r(ξ^i, ξ^j ). (4)

To determine an optimal index set J^∗ with a prescribed number of N −n elements, one has to solve the combinatorial optimization problem

J^∗ ∈ arg min{D_J : #J = N − n},

which is N P-hard. To determine a nearly optimal index set J with given cardinality in reasonable time, fast heuristic algorithms of forward and backward type are given in [15] and [13]. The forward strategy is adapted to the special situation of deleting recursively all but one scenarios. The backward strategy consists in the opposite approach, namely, in deleting recursively only one scenario.

Algorithm 1—Forward Reduction:

Step 0: J^0 := {1, . . . , N} Step m+1: u^{m+1} ∈ arg min_{u∈J m} D_J m_{\{u}}

J^{m+1} := J^m\{u^{m+1}} End: Optimal redistribution (3) w.r.t. J := J^n

Algorithm 2—Backward Reduction:

Step 0: J^0 := ∅ Step m+1: v^{m+1} ∈ arg min_{v /∈J m} D_J m_{∪{v}}

J^{m+1} := J^m ∪ {v^{m+1}} End: Optimal redistribution (3) w.r.t. J := J^{N−n}

C. Scenario tree construction

Next we describe two approaches for constructing scenario trees based on recursive scenario reduction. The first one has been given already in [13]. Both approaches fit into the general tree generation scheme given in [6]. The strategy consists in modifying a given fan of individual scenarios by bundling scenarios according to the scenario reduction technique. It can be shown that the constructed trees are much smaller than the given scenario fans, and nevertheless, they are good approximations with respect to the Monge-Kantorovich distance μ̂_1.

Let P be the probability distribution of a fan of multivariate data scenarios ξ^i = (ξ^i_1, . . . , ξ^i_T ) with probabilities π^i, i = 1, . . . , N, i.e., all scenarios coincide at the starting point t = 1, i.e., ξ^1 = . . . = ξ^N_1 =: ξ^∗_1 . The fan may be regarded as a

Fig. 1. Scenario fan of individual scenarios.

scenario tree with 1 + N(T − 1) nodes. Given P and ε > 0 we are looking for a probability distribution P_ε such that its scenarios form a scenario tree with root node ξ^∗_1 , less nodes than P , and μ̂_1(P, P_ε) ≤ ε.

Again there exist a backward and a forward variant. Let us start with the backward version. It is based on recursive scenario reduction on the time horizon {1, . . . , t}, where the time parameter t is reduced recursively from t = T to t = 2. For the time horizon {1, . . . , t} we consider the relative costs

c_t(ξ, ξ̃) := t∑ τ =1

‖ξ_τ − ξ̃_τ ‖, (5)

which corresponds to (2) on {1, . . . , t} for r = 1.

Algorithm 3—Backward Construction: Let ε_t > 0, t = 2, . . . , T , be such that^T ∑ t=2 ε_t ≤ ε.

Step 0: Let I_{T +1} = {1, . . . , N} and π^i_{T +1} = π^i for all i = 1, . . . , N.

Step m: Set t = T + 1 − m.

Determine a scenario index set I_t ⊆ I_{t+1} by scenario reduction, i.e., such that ∑ i∈I_{t+1} \I_t

π^i_{t+1} min_{j∈It} c_t(ξ^i, ξ^j ) ≤ ε_t.

Set π^j_t = π^j_{t+1} + ∑ i∈J_{tj}

π^i_{t+1}, where

J_{tj} = {i ∈ I_{t+1}\I_t : j = j_t(i)} and j_t(i) ∈ arg min_{j∈It} c_t(ξ^i, ξ^j ), i ∈ I_{t+1}\I_t.

Step T: Construction of P_ε: Determine recursively mappings α_t : I_T → I_t for t = T, . . . , 2, where α_T := id|_{IT} and such that

α_t(i) := { j_t(α_{t+1}(i)), α_{t+1}(i) ∈ I_{t+1}\I_t, α_{t+1}(i), else, for t = T − 1, . . . , 2.

Determine scenarios ξ̃^j for j ∈ I_T with ξ̃^j_1 = ξ^∗_1 , and ξ̃^j_t := ξ^{αt (j)}_t for t = 2, . . . , T . Finally, set π̃^j := π^j_T and P_ε := ∑ j∈I_T

π̃^j_T δ_{ξ̃}j .

Fig. 2. Illustration of backward scenario tree construction.

It can be shown that μ̂_1(P, P_ε) ≤ ε holds for any scenario tree P_ε constructed by Algorithm 3. Figure 3 displays an example demonstrating the recursive reduction of nodes by bundling scenarios for decreasing time horizon.

Next we focus attention on a new forward variant of scenario tree construction. The idea consists in applying the scenario reduction technique repeatedly for increasing time periods from t = 2 to t = T . The forward method is based on a successive clustering of scenarios, where the number of elements contained in a cluster is recursively reduced. Different from the

Fig. 3. Example of backward tree construction by reducing nodes of a given scenario fan recursively by modifying the tree structure using scenario reduction and bundling. The time horizon consists of 5 periods.

backward variant, scenario reduction is now applied separately to each cluster, where at time t only ξ_t is taken into account. Instead of (5), let the costs at time t now be defined by

c_t(ξ, ξ̃) := ‖ξ_t − ξ̃_t‖, (6)

which corresponds to (2) at t for r = 1.

Algorithm 4—Forward Construction: Let ε_t > 0, t = 2, . . . , T , be such that^T ∑ t=2 ε_t ≤ ε.

Step 1: Let I = {1, . . . , N} be the first cluster and let Z_1 := {I}.

Step t: Let Z_{t−1} = {I_1, . . . , I_{lt−1} } the clusters defined in Step t − 1.

(1) Chose ε_k ≥ 0 such that

l_{t−1}∑ k=1 ε_k ≤ ε_t (2) For k = 1, . . . , l_{t−1}: Determine a subset J_k ⊆ I_k and a selection j_k : I_k → I_k \J_k by scenario reduction such that j_k(i) = i for i ∈ I_k\J_k and ∑ i∈J_k

π^ic_t(ξ^i, ξ^{jk (i)}) ≤ ε_k.

(3) Set Z_t = {j^{−1}_k (i) : i ∈ I_k\J_k, 1 ≤ k ≤ l_{t−1}} with j^{−1}_k (i) := {j ∈ I_k : j_k (j) = i}. (4) Define some mapping α_t : I → I such that α_t|_{Ik} ≡ j_k.

Step T+1: Construction of P_ε: Let Z_T = {I^T_1 , . . . , I^T_{lT} } and let i_1, . . . , i_{lT} be some indices such that i_k ∈ I^T_k for k = 1, . . . , l_T .

Determine scenarios ξ̃^k with ξ̃^k_1 = ξ^∗_1 and ξ̃k_t = ξ^{αt (ik )}_t for t = 2, . . . , T and 1 ≤ k ≤ l_T .

Finally, set π̃^k := ∑ i∈I^T_k

π^i and P_ε =^{lT} ∑ k=1 π̃^kδ_{ξ̃}k .

Note that all clusters corresponding to one time step, that are all sets I_k of Z_t, are disjoint and their union cover all indices of I = {1, . . . , N}. Hence, the mappings α_t are well defined.

Fig. 4. Illustration of forward scenario tree construction.

Moreover, the values α_t(i) coincide for all indices i contained in the same cluster. See Figure 4 that shows the principle of the algorithm.

For Algorithm 4 the same result can be shown as for the previous Algorithm 3. Namely, the estimate μ̂_1(P, P_ε) ≤ ε holds for the probability distribution P_ε of any tree constructed by Algorithm 4. Figure 5 displays an example demonstrating the recursive reduction of nodes by bundling scenarios using the forward method.

Fig. 5. Example of forward scenario tree construction by reducing nodes of a given scenario fan recursively by modifying the tree structure using scenario reduction and clustering. The time horizon consists of 5 time periods.

III. APPLICATION The scenario tree generation approach was applied to construct scenario trees out of data scenarios provided by Electricité de France (EDF). The data consisted of a finite number of scenarios representing realizations of a bivariate stochastic process whose components are electrical load and water inflow for a time horizon of two years. Since the random data only enter right-hand sides of (in)equality constraints, the relevant probability metric for construction scenario trees is the Monge- Kantorovich distance μ̂_1 (cf. Section II-A).

The time horizon of the data was discretized with three time steps per day, where each time step is associated to a set of daily hours during which the demand does not change much. Table I and II show the discretization of the data for the time horizon of two years and provide the number of scenarios, the total number of time periods and the corresponding number of nodes of the initial scenario fan. The first node (root node) corresponds to the mean value of all scenarios at time period t = 1. The weekly amounts of water inflows have been uniformly distributed to the corresponding time steps of the week.

TABLE I DISCRETIZATION OF THE TWO-YEAR TIME HORIZON FOR THE DATA

PROVIDED BY EDF.

Random variable Discretization Number time steps electrical load 3 per day 2 184 water inflow weekly 104

TABLE II DIMENSION OF THE INITIAL SCENARIO FAN PROVIDED BY EDF

Number scenarios 456 time periods 2 184 initial nodes 995 449

Three series of tests of Algorithms 3 and 4 were performed to generate scenario trees such that (i) branching is allowed at all time steps, (ii) branching is only allowed at the beginning of a day, (iii) branching is only allowed at the beginning of a week. To measure the distances between the original and approximate probability distributions the relative tolerance ε_{rel} :=^ε_{εmax} was used in all test runs, where ε_{max} is the best possible distance between the probability distribution of the initial scenario fan and the distribution of one of its scenarios endowed with unit mass.

All test runs were performed on a PC with a 3 GHz Intel Pentium CPU and 1 GByte main memory.

A. Results of backward construction

For the backward variant of scenario tree construction individual tolerances ε_t at branching points were chosen recursively such that

ε_T = ε · (1 − q), q ∈ (0, 1) and ε_t = q · ε_{t+1}, t = T − 1, . . . , 2.

According to our numerical experience a choice of q ∈ (0, 1) closer to 1 leads to a higher number of remaining scenarios and branching points (stages). Choosing q closer to 0 leads to the opposite effect. For the test runs of Algorithm 3 we used q = 0.95.

Tables III–V display the numerical results for the series of tests (i)–(iii) and different relative tolerances. The second and third column compare the sizes of the initial scenario fan and the constructed scenario tree in terms of the numbers of scenarios and nodes, respectively. The last but one column contains the number of stages, i.e., the number of time periods where branching occurs. The computing times for constructing the trees can be found in the last column. The computing time already contains the CPU time of (about) 100 seconds for computing the distances of scenarios which are needed in all test runs.

TABLE III RESULTS FOR BACKWARD TREE CONSTRUCTION WITHOUT BRANCHING

RESTRICTION

ε_{rel} Scenarios Nodes Stages Time (sec) 0.10 442 584 270 151 172.86 0.20 429 371 046 150 129.11 0.30 417 268 201 146 117.42 0.40 405 193 014 135 110.83 0.50 393 140 536 115 106.30

TABLE IV RESULTS FOR BACKWARD TREE CONSTRUCTION WITH DAILY BRANCHING

RESTRICTION

ε_{rel} Scenarios Nodes Stages Time (sec) 0.10 442 584 793 128 134.17 0.20 429 373 569 124 115.47 0.30 417 269 850 125 110.41 0.40 405 196 182 120 107.4 0.50 393 144 009 110 104.93

TABLE V RESULTS FOR BACKWARD TREE CONSTRUCTION WITH WEEKLY

BRANCHING RESTRICTION

ε_{rel} Scenarios Nodes Stages Time (sec) 0.10 442 589 575 88 118.47 0.20 429 397 047 83 110.65 0.30 416 293 403 86 108.40 0.40 405 219 714 83 106.15 0.50 393 170 520 81 105.16

It turns out that for a small relative tolerance an approximate scenario tree can be constructed that contains only 50% of the original nodes. The pictures of Figure 6 and 7 show the structure of two generated scenario trees with weekly branching structure and epsilon tolerances ε_{rel} = 0.2 and ε_{rel} = 0.5, respectively.

B. Results of forward construction

In a second series of tests scenario trees were constructed out of the EDF data by the new Algorithm 4. In case of forward tree construction individual tolerances ε_t at branching points were chosen such that

ε_t = ε T [ 1 + q ( 1 − t T )] , t = 2, . . . , T,

where q ∈ [0, 1] is a parameter, that affects the branching structure of the constructed trees very similar to the case of backward construction. For the test runs we used q = 1.

Tables VI-VIII provide numerical results for Algorithm 4. Just as before, the tables correspond to the series of tests (i)- (iii), i.e., the first one contains results for trees without branching restriction, the second for trees with a daily branching structure, and the last by allowing branching only at the beginning of a week.

Fig. 6. Generated scenario tree based on EDF-data obtained by the backward construction with ε_{rel} = 0.2 and weekly branching structure.

Fig. 7. Generated scenario tree based on EDF-data obtained by the backward construction with ε_{rel} = 0.5 and weekly branching structure.

The numerical results illustrate that the forward variant of scenario tree construction performs as well as the backward version. Nevertheless, there are certain differences. Namely, it turns out that, for small relative tolerances, the trees contain less nodes in case of the backward tree construction compared to the forward variant. For increasing relative tolerances the new forward construction algorithm provides trees containing less nodes than the backward counterpart.

Figure 8 and 9 illustrate the generated scenario trees with weekly branching structure for ε_{rel} = 0.4 and ε_{rel} = 0.5. For these trees it turns out that about 15% of all nodes are sufficient to guarantee 40% accuracy, while 6% of the nodes still guarantee 50% accuracy.

ACKNOWLEDGMENT

This research was supported by the grant Scenario Trees and Risk by EDF Electricité de France, the project 03ROM5B3 of the German Ministry of Education and Research (BMBF) and the DFG Research Center MATHEON Mathematics for key technologies in Berlin.

TABLE VI RESULTS FOR FORWARD TREE CONSTRUCTION WITHOUT BRANCHING

RESTRICTION

ε_{rel} Scenarios Nodes Stages Time (sec) 0.10 378 743 087 129 108.11 0.20 305 529 994 162 109.15 0.30 216 289 324 161 114.18 0.40 145 138 175 121 134.11 0.50 93 67 696 84 202.42

TABLE VII RESULTS FOR FORWARD TREE CONSTRUCTION WITH DAILY BRANCHING

RESTRICTION

ε_{rel} Scenarios Nodes Stages Time (sec) 0.10 380 739 545 101 106.72 0.20 309 521 871 131 107.33 0.30 217 299 520 137 108.99 0.40 144 139 236 108 115.95 0.50 92 64 569 74 149.43

TABLE VIII RESULTS FOR FORWARD TREE CONSTRUCTION WITH WEEKLY BRANCHING

RESTRICTION

ε_{rel} Scenarios Nodes Stages Time (sec) 0.10 389 746 613 49 106.53 0.20 300 509 103 57 106.84 0.30 228 310 653 64 107.59 0.40 163 151 809 69 109.78 0.50 92 60 501 46 119.12

REFERENCES

[1] Bacaud, L., Lemaréchal, C., Renaud, A., Sagastizábal, C.: Bundle methods in stochastic optimal power management: A disaggregated approach using preconditioners. Computational Optimization and Applications 20 (2001), 227–244.

[2] Chiralaksanakul, A., Morton, D.P.: Assessing policy quality in multistage stochastic programming, Manuscript, University of Texas at Austin, 2003.

[3] Carpentier, P., Cohen, G., Culioli, J.-C., Renaud, A.: Stochastic optimization of unit commitment: a new decomposition framework, IEEE Transactions on Power Systems 11 (1996), 1067–1073.

[4] Casey, M., Sen, S.: The scenario generation algorithm for multistage stochastic linear programming, Mathematics of Operations Research (to appear).

[5] Consigli, G.; Dempster, M.A.H.: Dynamic stochastic programming for dynamic asset-liability management, Annals of Operations Research 81 (1998), 131–161.

[6] Dupačová, J., Consigli, G., Wallace, S.W.: Scenarios for multistage stochastic programs, Annals of Operations Research 100 (2000), 25–53.

[7] Dupačová, J., Gröwe-Kuska, N., Römisch, W.: Scenario reduction in stochastic programming: An approach using probability metrics, Mathematical Programming Ser. A 95 (2003), 493–511.

[8] Edirisinghe, N.: Bounds-based approximations in multistage stochastic programming, Annals of Operations Research 85 (1999), 103–127.

[9] Escudero, L.F., de la Fuente, J.L., Garcia, C., Prieto, F.J.: Hydropower generation management under uncertainty via scenario analysis and parallel computation, IEEE Transactions on Power Systems 11 (1996), 683– 689.

[10] S.-E. Fleten, S.W. Wallace and W.T. Ziemba: Hedging electricity portfolios via stochastic programming, in [12], pp. 71–94.

[11] Frauendorfer, K.: Barycentric scenario trees in convex multistage

Fig. 8. Generated scenario tree based on EDF-data obtained by the forward construction with ε_{rel} = 0.4 and weekly branching structure.

Fig. 9. Generated scenario tree based on EDF-data obtained by the forward construction with ε_{rel} = 0.5 and weekly branching structure.

stochastic programming, Mathematical Programming Ser. B, 75 (1996), 277–293.

[12] Greenberg, C., Ruszczyński, A., eds., Decision Making Under Uncertainty. Energy and Power, IMA Volumes in Mathematics and its Applications Vol. 128, Springer, New York 2002.

[13] Gröwe-Kuska, N., Heitsch, H., Römisch, W.: Scenario reduction and scenario tree construction for power management problems, IEEE Bologna Power Tech Proceedings (A. Borghetti, C.A. Nucci, M. Paolone eds.), 2003.

[14] Gröwe-Kuska, N., Römisch, W.: Stochastic unit commitment in hydrothermal power production planning, in: Applications of Stochastic Programming (S.W. Wallace, W.T. Ziemba eds.), MPS-SIAM Series in Optimization (to appear).

[15] Heitsch, H., Römisch, W.: Scenario reduction algorithms in stochastic programming, Computational Optimization and Applications 24 (2003), 187–206.

[16] Heitsch, H., Römisch, W.: Scenario tree modelling for multistage stochastic programs, in preparation.

[17] Heitsch, H., Römisch, W., Strugarek, S.: Stability of multistage stochastic programs, Preprint, Humboldt-University Berlin, 2005.

[18] Hochreiter, R., Pflug, G.: Scenario tree generation as a multidimensional facility location problem, AURORA Technical Report, Department of Statistics, University of Vienna, 2002.

[19] Høyland, K., Wallace, S.W.: Generating scenario trees for multi-stage decision problems, Management Science 47 (2001), 295–307.

[20] Høyland, K., Kaut, M., Wallace, S.W.: A heuristic for moment-matching scenario generation, Computational Optimization and Applications 24 (2003), 169–185.

[21] Infanger, G.: Planning under uncertainty: Solving large-scale stochastic linear programs, Boyd & Fraser Publishing company, 1994.

[22] Kaut, M., Wallace, S.W.: Evaluation of scenario-generation methods for stochastic programming, Stochastic Programming E-Print Series 14-2003 (<www.speps.info>).

[23] Pennanen, T.: Epi-convergent discretizations of multistage stochastic programs via integration quadratures, Stochastic Programming E-Print Series 19-2004 (<www.speps.info>).

[24] M.V.F. Pereira and L.M.V.G. Pinto: Multi-stage stochastic optimization applied to energy planning, Mathematical Programming 52 (1991), 359– 375.

[25] Pflug, G.: Scenario tree generation for multiperiod financial optimization by optimal discretization, Mathematical Programming, Ser. B 89 (2001), 251 – 271.

[26] Philpott, A.B., Craddock, M., Waterer, H.: Hydro-electric unit commitment subject to uncertain demand, European Journal of Operational Research 125 (2000), 410–424.

[27] Rachev, S. T., Rüschendorf, L.: Mass Transportation Problems, Vol. I and II, Springer, Berlin 1998.

[28] Römisch, W.: Stability of stochastic programming problems, Chapter 8 in [29], 483–554.

[29] Ruszczyński, A., Shapiro, A., eds.: Stochastic Programming, Handbooks of Operations Research and Management Science, Vol. 10, Elsevier, Amsterdam, 2003.

[30] Schmöller, H.: Modellierung von Unsicherheiten bei der mittelfristigen Stromerzeugungs- und Handelsplanung, Dissertation, RWTH Aachen, 2005.

[31] Shapiro, A.: Inference of statistical bounds for multistage stochastic programming problems, Mathematical Methods of Operations Research 58 (2003), 57–68.

[32] Takriti, S., Birge, J.R., Long, E.: A stochastic model for the unit commitment problem, IEEE Transactions on Power Systems 11 (1996), 1497– 1508.

[33] Wallace, S.W., Fleten, S.-E.: Stochastic programming models in energy, Chapter 10 in [29], 637–677.

[34] Weber, C.: Uncertainty in the electric power industry: Methods and models for decision support, Springer, New York, 2004.

BIOGRAPHIES

Holger Heitsch is a research assistant at the Institute of Mathematics of the Humboldt-University Berlin, Germany, where he graduated in 2001. E-mail: heitsch@math.hu-berlin.de Web: www.math.hu-berlin.de/~heitsch/

Werner Römisch is a Full Professor at the Institute of Mathematics of the Humboldt-University Berlin, Germany. His current research interests are in theory and solution methods for mixed-integer stochastic programming problems. He is actively working on several applications, especially in the electric power industry. He is co-editor of the Stochastic Programming E-Print Series (www.speps.info).

E-mail: romisch@math.hu-berlin.de Web: www.math.hu-berlin.de/~romisch/