FAKULTÄT II MATHEMATIK UND NATURWISSENSCHAFTEN

Institut für Mathematik

Classes of Cycle Bases by

Christian Liebchen and Romeo Rizzi

No. 2005/18

Classes of Cycle Bases^∗

Christian Liebchen and Romeo Rizzi

8th August 2005

Abstract In the last years, new variants of the minimum cycle basis (MCB) problem and new classes of cycle bases have been introduced, as motivated by several applications from disparate areas of scientific and technological inquiries. At present, the complexity status of the MCB problem has been settled only for undirected, directed, and strictly fundamental cycle bases.

In this paper, we offer an unitary classification accommodating these 3 classes and further including the following 4 relevant classes: 2-bases (or planar bases), weakly fundamental cycle bases, totally unimodular cycle bases, and integral cycle bases. The classification is complete in that, for each ordered pair (A, B) of classes considered, we either prove that A ⊆ B holds for every graph or provide a counterexample graph for which A ⊈ B. The seven notions of cycle bases are distinct (either A ⊈ B or B ⊈ A is exhibited for each pair (A, B)).

All counterexamples proposed have been designed to be ultimately effective in separating the various algorithmic variants of the MCB problem naturally associated to each one of these seven classes. We even provide a linear time algorithm for computing a minimum 2-basis of a graph. Finally, notice that the resolution of the complexity status of some of the remaining three classes would have an immediate impact on practical applications, as for instance in periodic railway timetabling, only integral cycle bases are of direct use.

1 Introduction

Currently, cycle bases are a hot topic in discrete mathematics. In particular, the minimum cycle basis problem recently has attracted many researchers. To a large extent, this is motivated by the fact that cycle bases serve as input of algorithms to solve several practical applications. Most often, the computation time of the algorithm for the application increases with the weight of the cycle basis that it receives as input. The practical applications arise in electrical engineering (Bollobás [4]), chemistry (Gleiss [9]), and planning of public transportation (Liebchen and Peeters [20]). For further fields of applications, we refer to the numerous references in [3, 6, 8, 14].

∗Supported by the DFG Research Center Matheon in Berlin.

In 2002, Golynski and Horton [10] proposed a speed-up of Horton’s classical O(m^3n)-algorithm [14]. In 2004, there were two papers that presented a completely different approach to computing a minimum cycle basis of an undirected graph ([3, 17]). The O(m^2n + mn^2 log n)-algorithm of Kavitha et al. constitutes the fastest known deterministic algorithm for general graphs.

Even more recently, the minimum cycle basis problem has also been studied for other classes of cycle bases. Galbiati and Amaldi [8] and Amaldi et al. [1] investigated the minimum strictly fundamental cycle basis problem. For cycle bases of directed graphs, Kavitha and Mehlhorn [16] presented the first polynomial-time algorithm. Liebchen and Rizzi [21] presented a conceptually very simple Õ(m^{3.376}n) algorithm. This has already been improved to O(m^3n+ m^2n^2 log n) ([12]).

With this paper, we open new lines of research for the minimum cycle basis (MCB) problem. In addition to strictly fundamental cycle bases, undirected cycle bases, and directed cycle bases, we propose to compute an MCB also among the classes of 2-bases (or planar bases), weakly fundamental cycle bases, totally unimodular cycle bases, and integral cycle bases.

We establish several implications between these classes in Sections 3 and 4. Complementary results are given in Section 5, where we provide graphs from which we conclude that no further implications hold in general. Surprisingly, the latter takes more effort and some of these constructions are not trivial. In any case, in each of our examples we could restrain ourselves to graphs that have a unique minimum cycle basis. This way we identify several new variants of the minimum cycle basis problem. More precisely, for general graphs, computing a minimum cycle basis among a certain class of cycle bases is different from computing an MCB among any of the other classes. In Section 6 we present a linear time algorithm for computing a minimum 2-basis of a graph.

Notice that the refined classification of cycle bases is of strong relevance for practical applications. For instance, in periodic railway timetabling, only integral cycle bases are applicable ([20, 19]). Unfortunately, for this particular class of cycle bases the complexity of the corresponding MCB problem is still open. It is only known that these do not form a matroid ([21]). Moreover, the only complexity result for a subclass of integral cycle bases is the NP-hardness result for strictly fundamental cycle bases that was obtained by Deo et al. [6].

With weakly fundamental cycle bases and totally unimodular cycle bases we consider two subclasses of integral cycle bases that still generalize strictly fundamental cycle bases. As for any two classes of cycle bases we establish that their corresponding MCB problems differ, any answer to the complexity status of the MCB problem restricted to either weakly fundamental or totally unimodular cycle bases could already be regarded as a better “approximation” of the complexity of the minimum integral cycle basis problem.

2 Notation

In a graph G = (V, E), an Eulerian subgraph is a set of edges F ⊆ E such that every node in V is incident with an even number of edges in F . A circuit is a non-empty and connected Eulerian subgraph of degree at most 2.

In a digraph D = (V, A), a circulation is a weighting w : A → Q such that ∑ a∈δ^− (v) w(a) = ∑ a∈δ^+(v) w(a) holds for every node v in V .

Let D = (V, A) denote a directed graph. As usual, we define n := |V | and m := |A|. An oriented circuit C = C^+ ˙∪ C^− ⊆ A of D consists of forward arcs C^+ and backward arcs C^−, such that reorienting all arcs in C^− results in a directed cycle in which all arcs point into the same direction. The incidence vector γ_C of an oriented circuit C is a vector in {−1, 0, 1}^A with entry 1 (−1) in component a if a is a forward (backward) arc of C. The cycle space of D is the vector subspace C_D of Q^A that is generated by the incidence vectors of oriented circuits of D. In practice, the cycle space of D can be regarded as the space of the circulations of D. Recall that the dimension of the cycle space of a connected digraph D = (V, A) is the cyclomatic number ν := |A| − |V | + 1 ([4]).

Definition 1 (Directed Cycle Basis) A directed cycle basis of a directed graph D is a set of oriented circuits whose incidence vectors form a basis of C_D.

For a set of oriented circuits the cycle matrix Γ has the incidence vectors of the circuits as its columns.

For a directed graph D, we obtain the underlying undirected graph G(D) by removing the directions from the arcs A, i.e. e = {i, j} ∈ E if and only if there exists an arc a = (i, j) ∈ A or an arc a = (j, i) ∈ A. For a set of arcs A^′ ⊆ A the projection onto G(D) is obtained by removing the directions from the arcs A^′. The cycle space of an undirected graph G = (V, E) is the vector subspace C_G of GF(2)^E that is generated by the incidence vectors of the circuits of G. Here, GF(2) denotes the Galois field over {0, 1}. In practice, the cycle space of G can be regarded as the space of the Eulerian subgraphs (or ∅-joins) of G.

Definition 2 (Cycle Basis) A cycle basis of an undirected graph G is a set of circuits of G whose incidence vectors form a basis of C_G.

Throughout this paper we assume any (directed) graph to be 2-connected. This does not impose a limitation because in general the cycle space of a (directed) graph is the direct sum of the cycle spaces of its 2-connected components.

3 Classes of Cycle Bases

Definition 3 (Undirected Cycle Basis) A set of oriented circuits of a directed graph D is an undirected cycle basis of D, if their projections onto G(D) form a cycle basis of G(D).

Lemma 4 ([20]) Every undirected cycle basis of a directed graph D is also a directed cycle basis of D.

Proof. Let {C_1, . . . , C_ν } be an undirected cycle basis of D. Assume it was not a directed cycle basis of D. Then we had λ_1, . . . λ_ν ∈ Q—at least one being nonzero—such that λ_1γ_{C1} + · · · + λ_ν γ_{Cν} = 0. (1)

We may assume w.l.o.g. that λ_i ∈ Z for all i ∈ {1, . . . , ν} and gcd({λ_i | λ_i ≠ 0}) = 1.

Now, we take the componentwise projection of (1) onto GF(2). Since we scaled the coefficients λ_i such that at least one is an odd integer, this provides a non-trivial linear combination resulting in the all-zero vector. But this contradicts the fact that {C_1, . . . , C_ν } is an undirected cycle basis. □

Definition 5 (Integral Cycle Basis) A set B = {C_1, . . . , C_ν } of oriented circuits of a directed graph D is an integral cycle basis of D, if every oriented circuit C of D can be written as an integer linear combination of circuits in B, i.e.

∃λ_i ∈ Z : γ_C = λ_1γ_{C1} + · · · + λ_ν γ_{Cν} . (2)

Definition 6 (Totally Unimodular Cycle Basis) A directed cycle basis B = {C_1, . . . , C_ν } of a directed graph D is a totally unimodular cycle basis of D, if its cycle matrix is totally unimodular.

The following lemma is a direct consequence of the fact (cfr. [27]) that the polyhedron {Ax = b} is integral whenever b is integral and A is totally unimodular.

Lemma 7 Every totally unimodular cycle basis is an integral cycle basis.

Theorem 8 (Theorem 19.3 in [27]) A matrix Γ is totally unimodular, if and only if every subset of its columns can be partitioned into two sets such that the sum of the columns in one set minus the sum of the columns in the other set provides a vector with entries only in {−1, 0, +1}.

The following definitions of special classes of cycle bases are formulated in terms of undirected graphs. Nevertheless, they immediately apply to directed graphs, too.

Definition 9 (Weakly Fundamental Cycle Basis (Whitney [31])) A set B = {C_1, . . . , C_ν } of circuits of an undirected graph G is a weakly fundamental cycle basis of G if there exists some permutation σ such that

C_{σ(i)} \ (C_{σ(1)} ∪ · · · ∪ C_{σ(i−1)}) ≠ ∅, ∀i = 2, . . . , ν. (3)

Lemma 10 If a cycle basis B of a graph G = (V, E) is not weakly fundamental then there exists an edge e ∈ E such that it is contained in at least three circuits of B.

Proof. Let σ denote a permutation that satisfies Condition (3) for the circuits B_i := {C_{σ(1)}, . . . , C_{σ(i)}}, but no circuit C ∈ B \ B_i can extend σ in accordance with Condition (3). In particular,

∀C ∈ B \ B_i, ∀e ∈ C : |{C^′ ∈ B \ B_i | e ∈ C^′}| ≥ 2. (4)

Assume no edge e in ⋃ C∈B\B_i C is contained in at least three circuits of B.

Then Inequality (4) was tight for every edge. But then, ∑ C∈B\B_i C = 0 (over

GF(2)), contradicting the fact that B is a cycle basis of G. □

Definition 11 (2-Basis) A set B of circuits of an undirected graph G is called a 2-basis if B is a cycle basis of G and every edge is contained in at most two circuits of B.

What we call a 2-basis has also been called a simple basis by Diestel [7] or a planar basis by Gleiss [9]. The term 2-basis reflects more closely the definition and can e.g. be found in the books [24, 25]. We also borrow from [24] (Theorem 2.4.5) the following statement of MacLane’s theorem.

Theorem 12 (MacLane [22]) A 2-connected graph G has a 2-basis, if and only if it is planar. In this case, any 2-basis of G consists of all facial cycles, except one, of some planar embedding of G.

Clearly, in the above, we can always assume that the missing facial cycle is the one corresponding to the infinite face, since it is well known that any face of a planar embedding can be made to become the infinite face.

Lemma 13 Every 2-basis is weakly fundamental.

Proof. Let B = {C_1, . . . , C_ν } be a 2-basis of G. Consider a planar embedding of G as from Theorem 12. We can always assume that the missing facial cycle is the one corresponding to the infinite face. We hence define σ iteratively by moving from the boundary of the planar embedding of G towards its “center”.

Let C = {e_1, . . . , e_k} be the boundary of the infinite face of G. Denote by C_{ei} the unique circuit in B that contains e_i ∈ C. In the first iteration, we define

C_{σ(n)} = C_{e1} , . . . , C_{σ(n−k+1)} = C_{ek} .

Then, we remove the edges of C from G and proceed in the same way for the 2-connected components of the remaining graph. □

Lemma 14 Every 2-basis is totally unimodular.

Proof. Let B = {C_1, . . . , C_ν } be a 2-basis of G and refer to a planar embedding of G as from Theorem 12 and where the missing facial cycle is the one corresponding to the infinite face. Notice that the cycle matrix of B is the incidence matrix of the dual graph with the column corresponding to the node associated to the infinite face removed. The claim follows from a theorem of Poincaré [26] stating that a {0, ±1}-matrix with at most one +1 and at most one −1 in every row is totally unimodular. □

Definition 15 (Strictly Fundamental Cycle Basis) A set B of circuits of an undirected graph G is a strictly fundamental cycle basis of G, if there exists some spanning tree T ⊆ E such that B = {C_e | e ∈ E \ T }, where C_e denotes the unique circuit in T ∪ {e}.

The following well-known inclusion is a direct consequence of the fact (cfr. [27]) that network matrices are totally unimodular.

Lemma 16 Every strictly fundamental cycle basis is totally unimodular.

Lemma 17 ([28]) A cycle basis B is strictly fundamental if and only if

∀C ∈ B : C \ ⋃ C^′∈B\{C}

C^′ ≠ ∅. (5)

Proof. Assume B is strictly fundamental and more precisely B = {C_e | e ∈ E \ T }, where T is a spanning tree and C_e denotes the unique circuit in T ∪ {e} for every e in E \ T . Then, for every circuit C_e in B, we immediately have

{e} ∈ C_e \ ⋃ C^′∈B\{C_e}

C^′.

Conversely, assume Condition 5 holds for a cycle basis B. For every circuit C in B, let e_C be any edge contained in C but in no other circuit of B. Notice that T := E \ {e_C : C ∈ B} has precisely m − (m − n + 1) = n − 1 edges and is acyclic since no circuit of T can be written as linear combination of circuits in B. Hence T is a spanning tree and the claim follows. □

Corollary 18 Every strictly fundamental cycle basis is weakly fundamental.

Proof. By Property (5), we may select any permutation σ in order to ensure Condition (3). □

Lemma 19 The rows and columns of a cycle matrix Γ of a weakly fundamental (strictly fundamental) cycle basis can be permuted such that Γ = ( L W ) , (6)

where L is a lower triangular (diagonal, resp.) matrix with all entries of the diagonal in {−1, +1}. In particular, det L = ±1.

Proof. This follows immediately from Definition 9 (Lemma 17, resp.). □

4 Characterizations

We provide characterizations for subclasses of directed cycle bases that are based on their cycle matrices. Hence, we start by giving two algebraic lemmata.

Lemma 20 ([19]) Consider a connected digraph D, with a directed cycle basis B and the corresponding m × ν cycle matrix Γ. A subset of ν rows Γ^′ of Γ is maximal linearly independent, if and only if they correspond to arcs which form the co-tree arcs of some spanning tree.

Proof. To prove sufficiency, consider a spanning tree T of D, and let a_1, . . . , a_ν be the co-tree arcs. Consider the cycle matrix Φ with the incidence vector of the unique circuit in T ∪ {a_i} in column i. As B is a directed cycle basis, there is a unique matrix R ∈ Q^{ν×ν} for combining the circuits of Φ, i.e. ΓR = Φ. By construction, the restriction of Φ to the co-tree arcs of T is just the identity matrix. Hence, R is the inverse matrix of Γ^′.

Conversely, if the arcs that correspond to the n − 1 rows which are not in Γ^′ contain a circuit C, take its incidence vector γ_C . As B is a directed cycle basis, we have a unique solution x_C ≠ 0 to the system Γx = γ_C . Removing both from Γ and from γ_C the n − 1 rows that contain C, we obtain Γx_C = 0. Therefore, x_C provides a non-trivial linear combination of the zero vector, proving Γ^′ to be singular. □

Lemma 21 ([19]) Let Γ be the m × ν cycle matrix of some directed cycle basis B. Let A_1 and A_2 be two non-singular ν × ν submatrices of Γ. Then we have det A_1 = ± det A_2.

Proof. By Lemma 20, the ν rows of A_1 are the co-tree arcs a_1, . . . , a_ν of some spanning tree T . Again, consider the cycle matrix Φ with the incidence vector of the unique circuit in T ∪ {a_i} in column i. We know that Φ is totally unimodular (Schrijver[27]), and we have ΦA_1 = Γ, cf. Berge[2]. Considering only the rows of A_2, we obtain Φ^′A_1 = A_2. As det Φ^′ = ±1, and as the det-function is distributive, we get det A_1 = ± det A_2. □

The above lemma allows to define the determinant of a directed cycle basis.

Definition 22 (Determinant of a set of ν oriented circuits) Let B denote a set of ν oriented circuits in a directed graph D. Consider the matrix Γ with the incidence vectors of B as columns. Let Γ^′ be the ν × ν submatrix of Γ that arises when deleting the arcs of some spanning tree of D. We define

det B := | det Γ^′|.

By the following lemma we are able to extend this definition to undirected graphs.

Lemma 23 Let B be a set of ν circuits of an undirected graph G. For every orientation D of G and any orientation of the circuits of B, the determinant of the resulting set of ν oriented circuits is the same.

Proof. All we have to notice is that reorienting an arc of a directed graph is equivalent to multiplying the corresponding row of the cycle matrix by −1. Similarly, reorienting an oriented circuit is equivalent to multiplying the corresponding column of the cycle matrix by −1. Of course, none of these operations changes the absolute value of the determinant of the cycle matrix. □

Definition 24 (Determinant of a set of ν circuits) The determinant of a set B of ν circuits in an undirected graph is the determinant of the ν oriented circuits obtained by any orientation of both the arcs of G and the circuits in B.

Lemma 25 ([19]) A set of ν oriented circuits is a directed cycle basis, if and only if its determinant is a positive integer.

Proof. The cycle matrix of a set of ν oriented circuits is integral. □

Lemma 26 ([19]) A directed cycle basis has odd determinant, if and only if it is an undirected cycle basis.

Proof. We may compute the determinant of an integral matrix using Laplacian expansion. This involves only addition, subtraction, and multiplication of pairs of integer numbers. In particular, in order to compute the determinant of an integral matrix, the same elementary operations are conducted in the same order as for computing the determinant of a binary matrix of the same dimension.

Now, let Γ be the cycle matrix of an undirected cycle basis of a directed graph. Let Γ^′ be the projection of Γ onto {0, 1}. From the above considerations, we deduce that every intermediate value that appears in performing Laplacian expansion for Γ^′ is the projection onto {0, 1} of the corresponding intermediate value that appears in performing Laplacian expansion for Γ. In particular,

det Γ^′ = 0 ⇔ det Γ = 2k, for some k ∈ Z. □

Lemma 27 ([19]) A directed cycle basis has determinant one, if and only if it is an integral cycle basis.

Proof. Let B be a directed cycle basis. For the systems of linear equations that we are going to solve, we may consider only ν linear independent rows. By Lemma 20, such rows are the co-tree arcs of some spanning tree T . For this proof, we denote by Γ the non-singular square submatrix of the cycle matrix of B that is induced by the rows that correspond to the elements in A \ T . The same applies for the incidence vector of an arbitrary oriented circuit C.

B is integral, if and only if for every cycle C of D there exists a vector x ∈ Z^ν such that Γx = γ_C , i.e. x = Γ^{−1}γ_C . (7)

It is known that an integral matrix has determinant ±1 if and only if its inverse is integral, too (e.g. Theorem 4.3 in [27]). Hence, if B has determinant one, then B is integral because γ_C is always integral. In turn, if B is integral, Equation (7) holds in particular for any γ_C = e_i. But this implies Γ^{−1} to be integral. □

Corollary 28 ([20]) Every integral cycle basis is an undirected cycle basis.

Proof. This follows immediately from Lemma 27 and Lemma 26. □

Corollary 29 Let B be a totally unimodular cycle basis of a directed graph D. Then every oriented circuit C of D can be written as a {−1, 0, +1} linear combination of the circuits in B.

Proof. By Corollary 28, B is also an undirected cycle basis. Denote by G the underlying undirected graph of D. The absolute value operator | · | can be generalized to vectors in the obvious way. Under this convention, |γ_C | is the incidence vector of the projection of C onto G.

As B is an undirected cycle basis, there exists a set I of indices of the set of basic circuits whose GF(2) sum provides |γ_C |. Consider the columns of the cycle matrix Γ of B indexed by I. We know that there exists at least one partition of I that satisfies the condition of Theorem 8 and provides the vector y ∈ {−1, 0, +1}^m.

Notice that |y| is obtained as GF(2) sum of the columns of B indexed by I, whence |y| = |γ_C |. As C is a circuit, changing the orientation of a proper subset of its edges would leave the cycle space. Hence, y = ±γ_C . In case of y = −γ_C , the unique {−1, 0, +1} linear combination of C is precisely the negative of the combination of y. □

Corollary 30 ([20]) Every weakly fundamental cycle basis is an integral cycle basis.

Proof. This follows immediately from Lemma 27 and Lemma 19. □

As we can define a spanning tree for every graph, every graph has a strictly fundamental cycle basis. From the inclusions that we identified and that are visualized in Fig. 1, we conclude that every graph has some cycle basis that is part of every class of cycle bases—occasionally with the exception of 2- bases, cf. Theorem 12.

PSfrag replacements

Figure 1: Relationships between classes of directed cycle bases.

5 Examples of Cycle Bases

We present examples that are complementary to the inclusions being visualized in Fig. 1. More specifically, consider a pair (I, J) of subclasses of (directed) cycle bases, for which the arc (I, J) is not in the transitive closure of the graph displayed in Fig. 1. For each of these pairs we provide a (directed) graph together with a (directed) cycle basis B such that B ∈ J \ I.

In the next section we summarize some complexity results for the minimum cycle basis problem for several subclasses of directed cycle basis. Consider a subclass S of directed cycle bases. For a directed graph D with a conservative weight function w : A → Q, we are looking for a basis B of C that minimizes ∑ C∈B ∑ a∈C w_a (8)

among the cycle bases of S. If we do not explicitly define a weight function, we assume w = 1.

The cycle bases that we present in this section are the unique minimum cycle basis of their graphs. From this, we will conclude that in order to compute a minimum cycle basis among some specific subclass of (directed) cycle bases, there have to be designed tailored algorithms for each of the subclasses.

Example 1 Let C_3 be the simple graph with 3 vertices and 3 edges. Its unique minimum cycle basis is both strictly fundamental and a 2-basis.

Example 2 (2-basis) The sunflower graph SF(3) in Fig. 2 contains precisely four circuits with three edges. These are independent, whence they constitute its unique minimum cycle basis B. Obviously, B is a 2-basis. And, by Lemma 13, B is also weakly fundamental.

In contrast, B is not strictly fundamental. In particular, the triangle not being incident with the infinite face shares each of its edges with one other triangle. Hence, none of its edges can serve as chord with respect to some

Figure 2: The sunflower graph SF(3) has a unique minimum cycle basis that is a 2-basis.

spanning tree. This example has been inspired by [15].

Example 3 (strictly fundamental cycle basis) The planar graph G in Fig. 3 has precisely three triangles. These share the edge e. Every spanning tree T with e ∈ T induces the unique minimum cycle basis B of G. Hence, B is strictly fundamental.

However, B is not a 2-basis. In particular, the edge e is covered by three basic circuits. But this is forbidden in 2-bases.

A planar graph on 8 vertices and

PSfrag replacements

Figure 3: A graph whose unique minimum cycle basis is strictly fundamental but not a 2-basis.

10 edges whose minimum cycle basis is not a 2-basis can already be found in [18].

Example 4 (totally unimodular cycle basis) The graph in Fig. 4 is obtained by putting the graph in Example 3 “on top” of the graph in Example 2. It has six triangles which constitute its unique minimum cycle basis B. By the arguments given in the previous examples, B is neither a 2-basis nor strictly fundamental.

But B is totally unimodular. To that end consider the cycle matrix Γ of B. We use the fact that a matrix M is totally unimodular if and only if the matrix (e_i|M) is totally unimodular, e_i

Figure 4: A combination of the graphs of Examples 2 and 3.

being some unit vector. It can be seen easily, that by recursively eliminating rows and columns of Γ that only contain a unit vector, we eliminate Γ completely. Hence, Γ is totally unimodular.

Example 5 (totally unimodular cycle basis - not weakly fundamental)

Consider first the graph V_8 in Fig. 5.

Actually, any graph V_{2n} defined by V (V_{2n}) = N_{2n} and E(V_{2n}) = {{i, i + 1 .mod. 2n} : i ∈ N_{2n}}∪{{i, i+n} : i ∈ N_n} could more generally act as basic building block in deriving our example, but the Wagner’s graph V_8 is our favorite here since it has a long history in attempts of exiting from the plane._{Figure 5: Wagner’s graph V8.} Clearly, ν(V_8) = 5 and the directed circuits C_1 = 2 − 3 − 7 − 6, C_2 = 3 − 4 − 0 − 7, C_3 = 4 − 5 − 1 − 0, C_4 = 5 − 6 − 2 − 1, C_5 = 6 − 5 − 4 − 3 − 2 form an undirected cycle basis for V_8 since their independence can be certified by the odd sets Σ_1 = {{2, 6}, {5, 6}} which has odd intersection only with C_1 (see Fig. 6 on the left), Σ_2 = {{2, 6}, {5, 6}, {3, 7}} which has odd intersection only with C_2 (see Fig. 6 on the right), Σ_3 = {{1, 5}, {2, 3}, {2, 6}} which has odd intersection only with C_3 (mirror what for C_2), Σ_4 = {{2, 3}, {2, 6}} which has odd intersection only with C_4 (mirror what for C_1), Σ_5 = {{2, 3}, {2, 6}, {5, 6}} which has odd intersection only with C_5 (see Fig. 6 in the middle).

Figure 6: Certificates of independence for C_1 (left), C_2 (right), and C_5 (middle).

When edges {6, 7}, {7, 0}, {0, 1}, {1, 2} are assigned length 2 and all other edges receive length 1, then all circuits of V_8 have length at least 5, and C_1, C_2, C_3, C_4, C_5 are actually the only 5 circuits of length precisely 5, whence they form a minimum cycle basis.

Consider now the graph G in Fig. 7 obtained by taking six copies of V_8, say on nodes {a_0, a_1, . . . , a_7}, {b_0, b_1, . . . , b_7}, {c_0, c_1, . . . , c_7}, {d_0, d_1, . . . , d_7}, {e_0, e_1, . . . , e_7}, {f_0, f_1, . . . , f_7}, and {g_0, g_1, . . . , g_7} after performing the following node identifications: g_0 → f_0 → e_0 → d_0 → c_0 → b_0 → a_0, with b_1 → a_7, b_2 → a_6, c_1 → b_7, c_2 → b_6, d_1 → c_7, d_2 → c_6, e_1 → d_7, e_2 → d_6, f_1 → e_7, f_2 → e_6, and g_1 → e_7, g_2 → e_6, g_7 → a_1, g_6 → a_2.

Figure 7: A graph G with a totally unimodular cycle basis which is not weakly fundamental.

Clearly, n(G) = 31, m(G) = 60, and ν(G) = 30. Moreover, if we take the 5 circuits C_1, C_2, C_3, C_4, C_5 for each one of the 6 copies of V_8 comprising G, we get 30 circuits whose independence can be assessed by taking the six corresponding copies of each of the odd sets Σ_1, Σ_2, Σ_3, Σ_4, Σ_5. Hence, these 30 circuits form an undirected cycle basis of G. Consider now the weighting introduced above, namely, the 12 edges which are common to two distinct copies of V_8 have length 2 and all other edges have length 1. Under this weighting, no other circuit of G has length smaller than 6, whence these 30 circuits form the unique minimum cycle basis of G. This cycle basis is not weakly fundamental since each edge is contained in at least 2 circuits.

Claim These 30 circuits of G constitute the unique minimum cycle basis of G. This basis is totally unimodular but not weakly fundamental.

Proof. Let Γ be the cycle matrix associated to this cycle basis B. It remains to show that Γ is totally unimodular. Assume the contrary and let Γ^′ be a minimal square submatrix of Γ with det Γ^′ ≠ 0, ±1. Therefore, by the minimality assumption, each row and each column of Γ^′ contains at least two nonzero elements. Consider now the graph H with V (H) = B and such that {C^′, C^{′′}} ∈ E(H) if and only if C^′, C^{′′} ∈ B and there exists an edge e of G with e ∈ (C^′ ∩ C^{′′}) \ ⋃ C∈B\{C^′,C^{′′}} C. Observe that H is connected. Since each row

and each column of Γ^′ contains at least two non-zero elements, and since H is connected, it follows that Γ^′ contains all the 30 columns of Γ. Therefore, every submatrix of Γ with less than 30 columns is totally unimodular. We are now in position to derive the total unimodularity of Γ based on Theorem 8. Indeed, let B^′ be any subset of the columns of Γ. If |B^′| < 30, then the corresponding matrix is totally unimodular, whence the columns of B^′ can be partitioned into two sets such that the sum of the columns in one set minus the sum of the columns in the other set provides a vector with entries only in {−1, 0, +1}. If on the contrary B^′ = B then we propose to partition B^′ as B^′ = B^′ ∪ ∅. Indeed, each edge of G belongs to at most 3 circuits of B and, under the orientation of the circuits proposed when defining C_1, . . . , C_5 and by the node identifications employed in obtaining G from the 6 copies of V_8, each edge of G gets traversed in each direction. □

Example 6 (weakly fundamental cycle basis) Consider the orientation of complete bipartite graph K_{3,3} that is displayed in Fig. 8. The oriented cycles C_1 = (1, 2, 5, 4), C_2 = (1, 2, 3, 6), C_3 = (3, 4, 5, 6), and C_4 = (1, 4, 3, 6) constitute a weakly fundamental cycle basis B of K_{3,3}. Having noticed that the arcs (2, 3) and (5, 6) are only used by C_2 and C_3,

PSfrag replacements

Figure 8: An orientation of the complete bipartite graph K_{3,3}.

respectively, one can easily deduce an ordering in accordance with Definition 9.

Consider the submatrix Γ^′ of the cycle matrix of B that is induced by the arcs (1, 2), (3, 6), and (4, 5) together with the cycles C_1, C_2, and C_3,

Γ^′ =

1 1 0 0 1 −1 −1 0 1 .

Obviously, det(Γ^′) = 2 providing that B is not totally unimodular.

As K_{3,3} has girth four, B is also a minimum cycle basis. To make it the unique minimum cycle basis, we suggest the following weighting:

w(a) =

2, if a = (3, 6), 4, if a = (2, 5), 5, if a = (2, 3) or a = (5, 6), and 3, otherwise.

Example 7 (integral cycle basis) When every two vertices of the graph displayed in Fig. 9 and sharing a same label are identified with each other, the resulting simple graph G_{Ch} consists of 17 vertices and 52 edges. This graph has been considered by Champetier [5] who also obtained and proposed it by means of its “planarized” representation in Fig. 9.

PSfrag replacements

Figure 9: Champetier’s graph [5] has a unique minimum cycle basis that is integral but not weakly fundamental.

There are precisely 36 triangles in G_{Ch}: they are the finite faces of the “planarized” visualization of G_{Ch} in Fig. 9.

Claim The 36 triangles in G_{Ch} constitute the unique minimum cycle basis B of G_{Ch}. B is integral but not weakly fundamental.

Proof. Consider some orientation D of G_{Ch}. Further, orient all the circuits C ∈ B clockwise, with respect to Fig. 9. Next, consider the sum C^′ over Q of all the triangles, γ_C′ = ∑ C∈B γ_C .

C^′ is the 4-cycle that links the labeled vertices. In the visualization of Fig. 9, this translates to following the outer bold circuit clockwise, or follow its representation as path from left to right.

Replace C^′ with any circuit of B to obtain another set B^′ of ν circuits. On the level of their cycle matrices Γ and Γ^′, consider the transformation matrix R such that Γ^′ = ΓR. With R = [r_1, . . . , r_ν ], we have r_i = 1 for some i ∈ {1, . . . , ν}, and r_j = e_j for all j ≠ i. Hence, R constitutes a unimodular transformation and thus B and B^′ have the same determinant.

Observe that the cycle basis B^′ is weakly fundamental. By Lemma 30 we deduce that B is an integral cycle matrix. But B is not weakly fundamental as every arc is part of two or three triangles—this has also been observed in [9]. Finally one can verify that there are no further triangles in G_{Ch}. □

Claim The cycle matrix Γ of the minimum cycle basis B of Champetier’s graph is not totally unimodular.

Proof. We profit from the characterization of total unimodularity that we quoted in Theorem 8.

Consider the columns of Γ that correspond to the seven triangles that are numbered from 1 to 7 in Fig. 10. Splitting these seven columns of Γ into plus and

PSfrag replacements

Figure 10: A certificate in Champetier’s graph that the unique minimum cycle basis is not totally unimodular.

minus columns corresponds to traversing the seven corresponding basic circuits clockwisely or counter-clockwisely in the visualization of Fig. 10. To prevent that in a row that corresponds to an edge different from {C, D} we obtain a value +2 or −2, the seven basic circuits have to be oriented either all clockwisely or all counter-clockwisely. But this results in traversing the edge {C, D} twice in the same direction which retranslates into a value not in {−1, 0, +1} in the row that corresponds to this edge. □

Remark 31 Leydold and Stadler [18] considered a minimum cycle basis of K_9 that is not weakly fundamental. Liebchen and Peeters [20] provide an even smaller example on K_8, and proved this to be node-minimal. However, these cycle bases are not the unique minimum cycle bases for their graphs.

Example 8 (undirected cycle basis) Consider the generalized Petersen graph P_{11,4} (cf. Figure 11) with the following weight function

w_{ij} =

4, if i and j are outer vertices, 5, if i and j are inner vertices, 12, otherwise.

Figure 11: A weighted version of the generalized Petersen Graph P_{11,4} has a unique minium cycle basis that is not integral.

Claim (P_{11,4}, w) has precisely 12 circuits of weight at most 44. These constitute the unique minimum cycle basis.

Proof. We start by computing the dimension of the cycle space of P_{11,4}. As we have n = 22 and m = 33, any cycle basis consists of ν = 12 circuits.

We refer to an edge e with w_e = 12 as spoke. This enables us to analyze the weight of any circuit of (P_{11,4}, w). To that end, notice that the spokes are a cutset that separates the inner vertices of P_{11,4} from its outer vertices. Hence, every circuit contains an even number of spokes.

There are only two circuits that do not contain any spoke: The outer circuit has weight 44 whereas the inner circuit has weight 55. Any circuit with at least four spokes will be too heavy and thus does not need to be investigated in detail.

We discriminate the circuits that contain two spokes according to the number of outer edges they use. As there are always two possible choices for the path through the inner edges, we only consider the shorter one in Table 1. Similarly, the shortest possible circuits use at most 5 =

⌊_{11} 2 ⌋ outer edges. In particular,

Number of outer edges 1 2 3 4 5 Number of inner edges 3 5 2 1 4 Weight of the shorter circuit 43 57 46 45 64

Table 1: Weights of the circuits in (P_{11,4}, w) that use two spokes.

we consider the set B that consists of the outer circuit and of the 11 circuits that use precisely one outer edge.

Assume B was not a cycle basis. Then, there exists a non-trivial linear combination of the zero vector, over GF(2). If such a combination made use of any of the 11 circuits that use precisely one outer edge, then it had to use each of these circuits in order to cancel out the spokes. But then, there is no circuit left that may cancel out the inner edges. Hence, B is the unique minimum cycle basis of (P_{11,4}, w). □

Claim B is not an integral cycle basis.

Proof. We prove that B is not an integral cycle basis by considering the orientation D of P_{11,4}, and of the basic circuits that provides the rational cycle matrix Γ in Equation (9). There, we select all the spokes and 10 of the inner edges as spanning tree T , whose corresponding rows we omit.

Γ|_{A\T} =

0 B B B B B B B B B B B B B B @

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

1 C C C C C C C C C C C C C C A

. (9)

We compute det Γ by performing Laplacian expansion first on the eight columns that only contain a unit vector. We conclude

| det Γ| = | det(

1 1 0 0 1 0 1 0 1 0 0 1 0 1 1 1 )|

= | | | | | | 0 1 0 0 0 1 1 1 1

| | | | | − | | | | | 1 0 0 0 0 1 1 1 1

| | | | | + | | | | | 1 0 0 0 1 0 1 1 1

| | | | | | = |1 − (−1) + 1| = 3.

In other words, the unique minimum cycle basis B of (P_{11,4}, w) is not an integral cycle basis. □

Example 9 (directed cycle basis [21]) Consider the generalized Petersen graph P_{7,2} (cf. Figure 12) with the following weight function

w_{ij} = { 2, if i and j are inner vertices, 3, otherwise.

Figure 12: Any orientation of a weighted version of the generalized Petersen Graph P_{7,2} has a unique minimum cycle basis that does not project onto a basis of P_{7,2} [21].

Claim There are precisely eight circuits in (P_{7,2}, w) that have weight at most 14.

Proof. We borrow the notation of the proof of Claim 5. By the same argument, we only have to consider circuits that contain either zero or two spokes.

Notice that we may assume a circuit that contains two spokes to contain at most three consecutive outer edges and at most three consecutive inner edges, too. Among these circuits, the seven circuits that contain two outer edges and one inner edge have weight 14. The eighth circuit of weight (at most) 14 is the

Number of outer edges 1 2 3 Number of inner edges 3 1 2 Weight of the shorter circuit 15 14 19

Table 2: Weights of the circuits in (P_{7,2}, w) that use two spokes.

one that precisely contains the seven inner edges. All other circuits have weight at least 15. □

Claim The eight circuits in (P_{7,2}, w) having weight at most 14 do not constitute a cycle basis of P_{7,2}. In contrast, for every orientation D of P_{7,2}, these circuits are the undirected projections of the unique minimum cycle basis of D.

Proof. The sum over GF(2) of the incidence vectors of the eight circuits of weight 14 is a non-trivial linear combination of the zero vector.

To prove that these eight shortest circuits in (P_{7,2}, w) are the projection of a directed cycle basis of every orientation of P_{7,2}, we demonstrate that their determinant is two. To that end, we consider orientations D of P_{7,2} and of the eight circuits that provide the rational cycle matrix Γ in Equation (10). There, we select all the spokes and 6 of the outer edges as spanning tree T , whose corresponding rows we omit.

Γ|_{A\T} =

0 B B B B B B B B @

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

1 C C C C C C C C A . (10)

Again, we compute det Γ by performing Laplacian expansion first on the five columns that only contain a unit vector. We conclude

| det Γ| = | det(

1 1 0 1 0 1 0 1 1 )| = | − 2| = 2. □

Summary Fig. 13 relates the examples of this section to the lemmata of the previous section. We conclude that there have to be designed tailored algorithms for computing a minimum cycle basis among any of the subclasses of directed cycle bases that we investigated.

6 Complexity of Minimum Cycle Basis Problems

Finally, we list how the different classes of cycle bases behave with respect to the minimum cycle basis problem.

Theorem 32 ([6]) The minimum strictly fundamental cycle basis problem is NP-hard.

Theorem 33 The minimum 2-basis problem is solvable in linear time for planar graphs, possibly with weights on the edges.

Proof. Two planar drawings of the same graph are equivalent when the sequence of the edges in clockwise order around each node is the same in both drawings.

PSfrag replacements

Figure 13: Map of directed cycle bases.

The equivalence classes of planar drawings are called combinatorial embeddings. A combinatorial embedding of a planar graph can be found in linear time [25].

Let us first consider the case when G is 3-connected. If G is 3-connected, then G has a unique combinatorial embedding (Whitney [30]) and hence a unique dual G^∗ which can also be computed in linear time. By Theorem 12 we only have to identify a face C of G that has maximum weight. Then, a minimum 2-basis of G consists of all the faces of G, except C. Notice that C is also the vertex of G^∗ maximizing the total weight of the edges incident with it, and hence can be easily found.

When G is not 3-connected then things are less straightforward. By Theorem 12 we are essentially asked to find a maximum weight circuit C of G such that C is the boundary of some face in some planar embedding of G. We call such a circuit C of G a plain circuit.

Clearly, when the embedding is not unique, a maximum weight plain circuit might be more elusive. Nevertheless, we can still assume that G is at least 2- connected since the cycle space of a graph is the direct sum of the cycle spaces of its 2-connected components and since the union of a set of 2-bases for the 2-connected components of G would result in a 2-basis for G itself.

Luckily enough, the SPQR-tree data structure is meant to represent all the combinatorial embeddings of a 2-connected planar graph. Gutwenger and Mutzel [11] presented the first linear time algorithm to compute SPQR-trees based on the linear time algorithm for dividing a graph into 3-connected components by Hopcroft and Tarjan [13]. SPQR-trees are a rather complex data structure and discussing them here in full would be out of scope. Actually, we believe that the direct and friendly introduction to SPQR-trees offered in Sections 2.2–2.5 in the thesis of Weiskircher [29] should suffice to our scope. We refer to it and recall here, also rather broadly, the few notions necessary to fully specify our algorithm.

We take for granted that the SPQR-tree of G is a directed tree whose nodes are labeled with a letter in {S, P, Q, R}. (We are actually referring to what in Weiskircher’s thesis is dubbed a Proto-SPQR-tree). Moreover, a subgraph G_v of G is associated to each node v of G. For example, the whole graph G is associated to the root r of T . Also, the nodes labeled with Q are precisely the leaves of T and a different edge of G (comprising its endnodes) is associated to each of them. To each node v of T is also associated a skeleton graph S_v giving a rough representation of the subgraph of G associated to v. Each skeleton graph also contains a further edge e_v called the virtual edge which is very relevant in gluing the various pieces of the SPQR-tree representation of G together. For each node v, only S_v is explicitly represented in v whereas G_v can be reconstructed from the pieces of information that are stored in the subtree of T rooted at v. When v is a Q node, then S_v is obtained from G_v by placing the virtual edge e_v in parallel with the unique edge of G_v . Otherwise, when v is not a leaf of T , then the subgraphs associated to the children of v are also subgraphs of G_v and in S_v are represented by virtual edges. In this way, S_v is either a circuit (when v is labeled S), or a bunch of at least three parallel edges (when v is labeled P ), or a 3-connected graph (when v is labeled R), or two parallel edges (when v is labeled Q). We refer to Section 2.3 of [29] and

Figure 14: The structure of biconnected graphs and the skeleton of the root of the corresponding (Proto-) SPQR-tree (from [29]).

to Figure 14 for an adequately precise notion of S, P , and R nodes. The main property of T is the following (see Theorem 2.3 in [29]).

A combinatorial embedding of G uniquely defines a combinatorial embedding of the skeleton of each node of T . Conversely, fixing the combinatorial embedding of the skeleton of each node of T uniquely defines a combinatorial embedding of G.

To compute a maximum weight plain circuit of G we go from the leaves of G up to the root in a way which might resemble dynamic programming. Indeed, for each node v of T we compute two objects:

C_v : the maximum weight plain circuit of G_v not containing the virtual edge of S_v (assuming such a circuit exists);

P_v : the maximum weight plain circuit of G_v containing the virtual edge of S_v.

In the end, where r is the root of T , then the best among C_r and P_r is an optimal plain circuit of G. It remains to specify how these pieces of information can be computed going up the tree towards the root.

One point is that no weight (you might think of a 0 weight) is associated to virtual edges. When v is a Q node, then C_v is left undefined and P_v is the unique cycle in S_v. When v is an S node, and v_1, v_2, . . . , v_k are the children of v, then C_v is the best among C_{v1} , C_{v2} , . . . , C_{vk} and P_v := S_v ΔP_{v1} ΔP_{v2} . . . ΔP_{vk} . When v is a P node, and v_1, v_2, . . . , v_k are the children of v, where we assume w.l.o.g. that w(P_{vi} ) ≥ w(P_{vi+1} ) for i = 1, 2, . . . , k − 1, then P_v := P_{v1} whereas C_v is the best among P_{v1} ΔP_{v2} and the best circuit among C_{v1} , C_{v2} , . . . , C_{vk} . Finally, when v is an R node, and v_1, v_2, . . . , v_k are the children of v, then, before computing P_v and C_v , we assign to every non-virtual edge e_i of S_v which is not an edge in G the weight of P_{vi} where v_i is the child of v where the expansion of edge e_i takes place. At this point, in S_v, which is 3-connected, we can compute both the best plain circuit P which contains the virtual edge e_v and the best plain circuit C which does not contain e_v. This can be done in time linear in the size of S_v , essentially as mentioned above. Now, P_v and C_v are obtained from P and C by replacing each non-virtual edge e_i occurring in these objects but which is not an original edge of G with the path obtained from P_{vi} by removing its virtual edge. In other words, when e_i occurs in P or C it is actually a placemark for a longer path to be expanded (by taking the symmetric difference with P_{vi} ).

We have finished the description of the rules for going up the tree. Each one of these rules, when applied to v, takes linear time in the size of S_v. The sum of all these sizes is linear in the size of G since the SPQR-tree representation of G is known to be linear. □

Theorem 34 ([14]) The minimum cycle basis problem is polynomially solvable for undirected graphs.

Theorem 35 ([16, 21]) The minimum cycle basis problem is polynomially solvable for directed graphs.

Remark 36 The asymptotical complexity of both minimizing over weakly fundamental cycle bases and minimizing over integral cycle bases is open for general graphs. Neither of these classes induces a matroid [21].

Theorem 37 ([18]) Every minimum cycle basis of a planar graph is weakly fundamental.

Corollary 38 The following problems are polynomially solvable for planar graphs:

1. the minimum directed cycle basis problem;

2. the minimum cycle basis problem;

3. the minimum integral cycle basis problem;

4. the minimum weakly fundamental cycle basis problem;

5. the minimum 2-basis problem.

Proof. This follows from Theorems 33, 34 and 37 in conjunction with Lemmata 28 and 30. □

Proposition 39 ([23]) Every minimum cycle basis of a graph G is strictly fundamental, if and only if G is planar and none of its duals has a double claw, where a double claw between two vertices u and v is a subgraph consisting of three internally node-disjoint paths between u and v.

7 Conclusions

We present seven classes of cycle bases of directed graphs. A directed graph with a directed cycle basis strictly smaller than any undirected cycle basis showed that undirected cycle basis are a proper subclass of directed cycle basis and that finding minimum cycle basis over the two classes demands for two distinct algorithms. All other classes considered are proper subclasses of undirected cycle basis. We proved all the existing inclusions among these classes and, whenever A and B are two classes with A not included in B, we gave a counterexample digraph whose unique minimum undirected cycle basis was in A but not in B. In conclusion, by means of these eight counterexample digraphs we establish that none of these classes coincide and also that the minimum cycle basis problem has to be treated differently for any of these classes. We proposed a linear time algorithm for the minimum 2-basis problem. Our last remark is that, for several of these classes, the complexity status is still open, despite the fact that there are practical applications building just upon these classes.

References

[1] Edoardo Amaldi, Leo Liberti, Nelson Maculan, and Francesco Maffioli.

Efficient edge-swapping heuristics for finding minimum fundamental cycle bases. In Celso C. Ribeiro and Simone L. Martins, editors, WEA, volume 3059 of Lecture Notes in Computer Science, pages 14–29. Springer, 2004.

[2] Claude Berge. The Theory of Graphs and its Applications. John Wiley & Sons, 1962.

[3] Franziska Berger, Peter Gritzmann, and Sven de Vries. Minimum cycle bases for network graphs. Algorithmica, 40(1):51–62, 2004.

[4] Béla Bollobás. Modern Graph Theory, volume 184 of Graduate Texts in Mathematics. Springer, 2002. 2nd printing.

[5] Christophe Champetier. On the null-homotopy of graphs. Discrete Mathematics, 64:97–98, 1987.

[6] Narsingh Deo, M.S. Krishnomoorthy, and G.M. Prabhu. Algorithms for generating fundamental cycles in a graph. ACM Transactions on Mathematical Software, 8(1):26–42, 1982.

[7] Reinhard Diestel. Graph Theory, volume 173 of Graduate Texts in Mathematics. Springer, 2nd edition, 2000.

[8] Giulia Galbiati and Edoardo Amaldi. On the approximability of the minimum fundamental cycle basis problem. In Klaus Jansen and Roberto Solis- Oba, editors, WAOA, volume 2909 of Lecture Notes in Computer Science, pages 151–164. Springer, 2003.

[9] Petra M. Gleiss. Short Cycles. Ph.D. thesis, Universität Wien, 2001.

[10] Alexander Golynski and Joseph Douglas Horton. A polynomial time algorithm to find the minimum cycle basis of a regular matroid. In Martti Penttonen and Erik Meineche Schmidt, editors, SWAT, volume 2368 of Lecture Notes in Computer Science, pages 200–209. Springer, 2002.

[11] Carsten Gutwenger and Petra Mutzel. A linear time implementation of spqr-trees. In Joe Marks, editor, Graph Drawing, volume 1984 of Lecture Notes in Computer Science, pages 77–90. Springer, 2000.

[12] Ramesh Hariharan, Telikepalli Kavitha, and Kurt Mehlhorn. A faster deterministic algorithm for minimum cycle bases in directed graphs. Kurt Mehlhorn’s List of Publications 191, Max-Planck-Institute Saarbrücken, 2005.

[13] John E. Hopcroft and Robert Endre Tarjan. Efficient planarity testing. J.

ACM, 21(4):549–568, 1974.

[14] Joseph Douglas Horton. A polynomial-time algorithm to find the shortest cycle basis of a graph. SIAM Journal on Computing, 16(2):358–366, 1987.

[15] Elzbieta Hubicka and Maciej M. Sysło. Minimal bases of cycles of a graph.

In M. Fiedler, editor, Recent advances in graph theory, pages 283–293. Academia Praha, 1975.

[16] Telikepalli Kavitha and Kurt Mehlhorn. A polynomial time algorithm for minimum cycle basis in directed graphs. In Volker Diekert and Bruno Durand, editors, STACS, volume 3404 of Lecture Notes in Computer Science, pages 654–665. Springer, 2005.

[17] Telikepalli Kavitha, Kurt Mehlhorn, Dimitrios Michail, and Katarzyna E.

Paluch. A faster algorithm for minimum cycle basis of graphs. In Josep Diaz, Juhani Karhumäki, Arto Lepistö, and Donald Sanella, editors, ICALP, volume 3142 of Lecture Notes in Computer Science, pages 846–857. Springer, 2004.

[18] Josef Leydold and Peter F. Stadler. Minimal cycle bases of outerplanar graphs. Electronic Journal of Combinatorics, 5, 1998.

[19] Christian Liebchen. Finding short integral cycle bases for cyclic timetabling. In Giuseppe Di Battista and Uri Zwick, editors, ESA, volume 2832 of Lecture Notes in Computer Science, pages 715–726. Springer, 2003.

[20] Christian Liebchen and Leon Peeters. On cyclic timetabling and cycles in graphs. Technical Report 761-2002, TU Berlin, Mathematical Institute, 2002.

[21] Christian Liebchen and Romeo Rizzi. A greedy approach to compute a minimum cycle basis of a directed graph. Inf. Process. Lett., 94(3):107– 112, 2005.

[22] Saunders MacLane. A combinatorial condition for planar graphs. Fundamenta Mathematicae, 28:22–32, 1937.

[23] Russel E. Mardon. Optimal Cycle and Cut Bases in Graphs. Ph.D. thesis, Northwestern University Evanston, Illinois, 1990.

[24] Bojan Mohar and Carsten Thomassen. Graphs on Surfaces. Johns Hopkins University Press, 2001.

[25] Takao Nishizeki and Norishige Chiba. Planar graphs: theory and algorithms, volume 32 of Annals of Discrete Mathematics. North-Holland Publishing Co., Amsterdam, 1988.

[26] Henri Poincaré. Second complément à l’analysis situs. Proceedings of the London Mathematical Society, 32:277–308, 1900. reprinted in: Œuvres de Henri Poincaré, Tome VI, Gauthier-Villars, Paris, 1953, pp. 338–370.

[27] Alexander Schrijver. Theory of Linear and Integer Programming. Wiley, 2nd edition, 1998.

[28] Maciej M. Sysło. On cycle bases of a graph. Networks, 9:123–132, 1979.

[29] René Weiskircher. New Applications of SPQR-trees in Graph Drawing.

Ph.D. thesis, Universität des Saarlandes, 2002.

[30] Hassler Whitney. Non-separable and planar graphs. Transactions of the American Mathematical Society, 34:339–362, 1932.

[31] Hassler Whitney. On the abstract properties of linear dependence. American Journal of Mathematics, 57:509–533, 1935.

Reports from the group

“Combinatorial Optimization and Graph Algorithms”

of the Department of Mathematics, TU Berlin

2005/18 Christian Liebchen and Romeo Rizzi: Classes of Cycle Bases 2005/11 Rolf H. Möhring and Heiko Schilling and Birk Schütz and Dorothea Wagner and Thomas Willhalm: Partitioning Graphs to Speed Up Dijkstra’s Algorithm.

2005/07 Gabriele Di Stefano and Stefan Krause and Marco E. Lübbecke and Uwe T.Zimmermann: On Minimum Monotone and Unimodal Partitions of Permutations 2005/06 Christian Liebchen: A Cut-based Heuristic to Produce Almost Feasible Periodic Railway Timetables 2005/03 Nicole Megow, Marc Uetz, and Tjark Vredeveld: Models and Algorithms for Stochastic Online Scheduling

2004/37 Laura Heinrich-Litan and Marco E. Lübbecke: Rectangle Covers Revisited Computationally 2004/35 Alex Hall and Heiko Schilling: Flows over Time: Towards a more Realistic and Computationally Tractable Model 2004/31 Christian Liebchen and Romeo Rizzi: A Greedy Approach to Compute a Minimum Cycle Bases of a Directed Graph 2004/27 Ekkehard Köhler and Rolf H. Möhring and Gregor Wünsch: Minimizing Total Delay in Fixed-Time Controlled Traffic Networks 2004/26 Rolf H. Möhring and Ekkehard Köhler and Ewgenij Gawrilow and Björn Stenzel: Conflict-free Real-time AGV Routing 2004/21 Christian Liebchen and Mark Proksch and Frank H. Wagner: Performance of Algorithms for Periodic Timetable Optimization 2004/20 Christian Liebchen and Rolf H. Möhring: The Modeling Power of the Periodic Event Scheduling Problem: Railway Timetables — and Beyond 2004/19 Ronald Koch and Ines Spenke: Complexity and Approximability of ksplittable flow problems 2004/18 Nicole Megow, Marc Uetz, and Tjark Vredeveld: Stochastic Online Scheduling on Parallel Machines 2004/09 Marco E. Lübbecke and Uwe T. Zimmermann: Shunting Minimal Rail Car Allocation 2004/08 Marco E. Lübbecke and Jacques Desrosiers: Selected Topics in Column Generation

2003/050 Berit Johannes: On the Complexity of Scheduling Unit-Time Jobs with OR-Precedence Constraints

2003/49 Christian Liebchen and Rolf H. Möhring: Information on MIPLIB’s timetab-instances 2003/48 Jacques Desrosiers and Marco E. Lübbecke: A Primer in Column Generation 2003/47 Thomas Erlebach, Vanessa Kääb, and Rolf H. Möhring: Scheduling AND/OR-Networks on Identical Parallel Machines 2003/43 Michael R. Bussieck, Thomas Lindner, and Marco E. Lübbecke: A Fast Algorithm for Near Cost Optimal Line Plans 2003/42 Marco E. Lübbecke: Dual Variable Based Fathoming in Dynamic Programs for Column Generation 2003/37 Sándor P. Fekete, Marco E. Lübbecke, and Henk Meijer: Minimizing the Stabbing Number of Matchings, Trees, and Triangulations 2003/25 Daniel Villeneuve, Jacques Desrosiers, Marco E. Lübbecke, and François Soumis: On Compact Formulations for Integer Programs Solved by Column Generation 2003/24 Alex Hall, Katharina Langkau, and Martin Skutella: An FPTAS for Quickest Multicommodity Flows with Inflow-Dependent Transit Times 2003/23 Sven O. Krumke, Nicole Megow, and Tjark Vredeveld: How to Whack Moles 2003/22 Nicole Megow and Andreas S. Schulz: Scheduling to Minimize Average Completion Time Revisited: Deterministic On-Line Algorithms 2003/16 Christian Liebchen: Symmetry for Periodic Railway Timetables 2003/12 Christian Liebchen: Finding Short Integral Cycle Bases for Cyclic Timetabling 762/2002 Ekkehard Köhler and Katharina Langkau and Martin Skutella: Time- Expanded Graphs for Flow-Dependent Transit Times 761/2002 Christian Liebchen and Leon Peeters: On Cyclic Timetabling and Cycles in Graphs 752/2002 Ekkehard Köhler and Rolf H. Möhring and Martin Skutella: Traffic Networks and Flows Over Time 739/2002 Georg Baier and Ekkehard Köhler and Martin Skutella: On the k-splittable Flow Problem 736/2002 Christian Liebchen and Rolf H. Möhring: A Case Study in Periodic Timetabling

Reports may be requested from: Sekretariat MA 6–1 Fakultt II – Institut fr Mathematik TU Berlin Straße des 17. Juni 136 D-10623 Berlin – Germany e-mail: klink@math.TU-Berlin.DE

Reports are also available in various formats from

http://www.math.tu-berlin.de/coga/publications/techreports/

and via anonymous ftp as

ftp://ftp.math.tu-berlin.de/pub/Preprints/combi/Report-number-year.ps