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The paper introduces an identification problem arising in modern regional hyperthermia, a cancer
therapy aiming at heating the tumor by microwave radiation. The task is to identify the highly
individual perfusion, which affects the resulting temperature distribution, from MR measurements.
The identification problem is formulated as an optimization problem. Existence of a solution and
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the method are derived. Finally, numerical examples on artificial as well as clinical data are presented.
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1 Introduction

Regional hyperthermia [3] is a cancer therapy that aims at heating the tumor above a therapeutic
temperature of about 41°C in order to make it more susceptible to an accompanying radio or
chemo therapy. Energy is injected into the human body by microwave radiation originating from a
high frequency applicator. The resulting temperature is described by the elliptic bio heat transfer
equation [15]
—div(kVu) + w(u —uq) = f in Q,
ou (1)
Yy—4+u=g onl =0Q,

on
where the specific absorption rate (SAR) enters as the right hand side f. The Helmholtz term
models the cooling of tissue by perfusion by arterial blood with a constant systemic temperature of
ug = 37°C. The body Q is a bounded open domain in R® with boundary T. Its different tissue
types occupy finitely many subdomains ©;, i = 1,. .., nq, satisfying

n,
1

2

i
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Figure 1. Combined MR hyperthermia applicator (Charité, Berlin Buch).

We assume the temperature diffusion coefficient () > k > 0 to be piecewise constant and the
perfusion w to be piecewise continuous on the subdomains. The right-hand side f belongs to L2(2)
and g € L2(T") is satisfied for the boundary data.

In therapy planning, the antenna parameters for the applicator are determined for each individual
patient in order to achieve a therapeutically optimal temperature distribution. SAR values are
obtained by solving the time-harmonic Maxwell equations, and the temperature distribution is
predicted by (1) using a reference perfusion w = w(&, u(€)) (see [4]). Due to the self-regulating
capability of the tissue, this reference value depends on the temperature .

Unfortunately, the actual perfusion value varies significantly between different patients, and even
between different therapy sessions for the same patient. For a reliable optimization of the therapy
parameters, the identification of the actual perfusion value is necessary.

Modern combined magnetic resonance (MR) hyperthermia applicators (see Fig. 1) now provide for
the first time online distributed 3D measurements of temperature and perfusion. To the current
best knowledge, the data m provided by MR measurements can be modeled by

m = a(u — Upas) + b(W — Whas) in Qpm C O, (3)

where the piecewise constant and nonnegative sensitivities of m with respect to v and w,
respectively, satisfy a =~ b in muscle and a < b in fat. upag, Whas € L?(Q) are known offsets. Due to
measurement time constraints and artefacts in the data caused by motion of the patient and
inhomogeneities of the magnetic field, however, the data are subject to noise and moreover cover
only a subdomain €, of the human body. In favor of a simpler presentation we extend the
measurement parameters a, b, and m from ,, to Q with value zero.

In this article we consider the identification of a nonnegative perfusion w = w(§) from (1) and (3).
‘We impose a Tichonov regularization for w. Since the perfusion can be assumed to depend
continuously on the temperature in each subdomain €2;, but is typically discontinuous at tissue
boundaries, we employ a piecewise H'-norm for regularization.

Parameter identification problems for elliptic PDEs were studied by several authors. For example,
in the context of SQP methods in Hilbert space we refer to [12,14] for reduced SQP methods, for
the augmented Lagrangian algorithm to [7,8,11,13] and to [9,16] for augmented Lagrange-SQP
methods.

The paper is organized as follows. In §2, we formulate the identification problem as an optimal
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control problem and prove existence of a solution. The SQP algorithm is formulated in §3. § 4 is
devoted to numerical examples. Finally, we draw some conclusions in §5.

2 Optimality conditions

In this section we formulate the parameter identification problem as an optimal control problem
and present necessary optimality conditions for an optimal solution.

Throughout we suppose that Q C R? with d € {1, 2, 3} satisfies a uniform interior cone condition
(that is, there exists a fixed cone Kq such that each £ € T is the vertex of a cone Kq(§) C Q2
congruent to Kgq).

2.1 The optimal control problem

In view of (2) let us introduce the inner product
nQ
(w, @)y = Z/ (cww + AVw - Vi) dE  for w,w € H(Q) (4)
i=17 %

with scalar parameters a > 0,8 > 0 and the induced norm ||w||w = /(w,w)y . We define the
Hilbert space W to be the closure of H!(Q) with respect to || - || For 8 = 0 we obtain
W = L?(Q) and
W={we L2(Q) : w|gi S HI(QZ) fori=1,...,n0}
for 8 > 0. Throughout the remainder of the paper we suppose 3 > 0.

To write the elliptic differential equation (1) in a compact form we define the operator
é: HY(Q) x W — HY(Q) by

(&), ) sty 1 =/QWu-W>+(w(ufua>ff)¢>d5+%/rm(ufg)¢ds

for all ¢ € H'(Q) and for (u,w) € H'(Q) x W, where (-, )(mty g1 denotes the dual pairing
associated with H'(Q2) and its dual H'(Q2)’. Then we set

e=(—A+ID)7te: HY Q) x W — HY(Q).

Here, (—A + 1)1 : HY(Q) — H(Q) is the Neumann solution operator or Riesz isomorphism, i.e.,
for h € HY(Q)', v = (—A + I)~1h solves

/(W Vo +v¢)dE = (h, ) g1y g1 for all ¢ € H'(Q).
Q

Remark 1 We express the equality constraint in the Hilbert space H'(2) to simplify the
presentation throughout Sections 2 and 3. However in our numerical realization we deal with the
operator é(u,w) instead of e(u,w). For a numerical comparison of both formulations we refer the
reader to [16].

Since Q satisfies a uniform interior cone condition, H1(Q) is continuously embedded into L%(Q2) for
d <3, cf. [5, p. 151]. From the Holder inequality we find that the integral

/Qw(u—ua)qbdar for (u,w,¢) € H(Q) x W x H(Q)

and its Fréchet-derivatives with respect to the pair (u,w) are well-defined. Since the other terms in
the definition of the operator € are linear, we conclude that the operator e is twice continuously
Fréchet-differentiable and its second Fréchet-derivative is globally Lipschitz-continuous.

The next theorem ensures existence of a unique solution to the state equations for arbitrary
non-negative w € W.
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THEOREM 2.1 Suppose that Q is a bounded connected open set in R with smooth boundary, i.e.,
T" is a variety of dimension d — 1 of class C>* and Q2 lies locally on one side of I'. Then for every
w € L2(Q) with w > 0 a.e. in Q there exists a unique solution u = u(w) € HY(Q) of the equation
e(u,w) = 0. In particular, the set

E = {(u,w) € HY(Q) x W : e(u,w) =0 in H (Q)}
is nonempty. Moreover, u satisfies the estimate

||u||H1(Q) < C(||f||L2(Q) + ||9||L2(r) + ||w||L2(Q))
for some constant C > 0.

Proof Since Q is a bounded connected open set with smooth boundary, it is known that H'(Q) is
a Hilbert space endowed with the inner product

<u,v)F:/Vu-Vvdx+/uvds for u,v € H(Q)
Q r

and the induced norm |lu||r = /(u, u)r for u € H'(Q), and that || - ||r is an equivalent norm to
[l -zt () on HY(Q) (see [1, p. 133]). Utilizing Holder’s and Young’s inequalities, x(z) > & > 0,
v > 0, the continuous embedding H!(Q) — L5(Q) and us € L3(Q), the claim follows by the
Lax-Milgram lemma.

Remark 2 If Q) is only an open Lipschitz domain, we have to require that w > w on ) a.e. for a
positive constant w. The existence of a unique solution u = u(w) € H'(§) to the state equation
e(u,w) = 0 can be proved by utilizing the Lax-Milgram lemma. This positivity requirement for the
perfusion is realistic, since w = 0 only for necrotic tissue.

For brevity we introduce the Hilbert space
Z=H Q) xW

endowed with the Hilbert space product topology. Next we define the set of admissible parameters
Waq C W by
Waa ={w € W :w >0 a.e. in Q}.

Moreover, we set Zn,q = H'(Q) x Waq.
Remark 8 If Q) is only an open Lipschitz domain, we have to define
Waa ={w €W :w>wae inQ}

with some constant w > 0 instead. Due to Remark 2-b) the existence of a unique solution u to (1)
for every w € W,q is then ensured.

For z = (u,w) € Z we introduce the cost functional J: Z — R’ with Rt = {t € R:t > 0} by

1 1
J(z) = 5 ||a(u - ubas) + b(w - wbas) - m”%ﬂ(g) + 5 ”w - wref“%/Vv (5)

where wyof € W is a given reference perfusion. Moreover, let a,b € L°°(Q) satisfy a,b > 0 in Q a.e.
and m belongs to L2(€). It is obvious that J is twice continuously Fréchet-differentiable and its
second Fréchet-derivative is Lipschitz-continuous. Note that the regularization term contains the
scalar parameters o and  from (4), which have to be chosen in accordance to the measurement
error.

Summarizing, the parameter identification problem (1)—(3) can be written as

min J(z) subject to z &€ Z,q and e(z) =0. (P)
To prove existence of an optimal solution to (P) we shall make use of the following lemma.

LEMMA 2.2 If D C Z is weak sequentially closed and bounded, then the set D N E is weak
sequentially closed, where we have introduced the set E in Theorem 2.1.
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Proof If DN E is empty, nothing has to be shown. Otherwise let z = (u,w) € H!(Q) x W and
{zn}neN, zn = (un,wn), a sequence in D N E such that z, — z as n tends to infinity. From
zn € E for every n we infer that e(un,wn) = 0 holds. Then we obtain

lim [ &V(upn —u)-Vodé =0 forall ¢ € H(Q). (6)

n—oo [o

Since Q satisfies a uniform interior cone condition and 3 > 0, H*(Q2) and W are compactly
embedded into L*(Q) for d < 3, see [5, p. 161]. Hence, there exists a subsequence {zn;, Y ke N, such
that zn, — 2z in L*(R2) x L*(Q2). Furthermore, the sequence {zn, }xen is bounded in

L2%(Q) x L?(Q). Using Holder’s inequality we infer that

‘/Q(wnkunk —wu)pdg

= ‘/Q(wnkunk — Wy U+ Wy U — wu)p dE o

< (hwng 2 gy lms. =l gy + oy, =l g el ) 161125

k—oo

—3°0 forall ¢ € H(Q).

Analogously, we get
k—
| /Q (wny, — W)tad €| < l[wng, — wll 1y ltall g3 (0 191l oy =5 0 ®)

for all ¢ € HY(). Recall that the trace operator 1 : H1(Q) — H/2(T) is continuous and that
H'/2(T") is compactly embedded into L?(T'). Thus, we find

1 1 k—oo
[~ [ i = )] < = Wl i, = ull 2 o 912y = 0 ()

for all ¢ € H'(£2). Combining (6)-(9) it follows that
lleCzny,) — el g1 (qy = €Czn,) =€) g1y

_ sup ‘ /&; KV (Un,, —u) -V + (wnk (un), — uq) —w(u— ua))¢d£

H¢||H1(Q)=1
1 k—oo
+— [ k(un, — u)d)ds‘ — 0.
7 Jr

Hence, e(zn) = 0 implies that e(z) = 0 and z € E. Since D is weak sequentially closed, z € D holds,
such that the claim follows from z € DN E. O
Utilizing Theorem 2.1 and Lemma 2.2, the existence of an optimal solution to (P) can be proved.

THEOREM 2.3 Let Q2 satisfy the hypothesis of Theorem 2.1. Then (P) possesses at least one
optimal solution, z* = (u*,w*).

Proof From (5) it follows that J is radially unbounded, i.e., the level sets
DP = {(uvw) S Zad : J(uvw) S P}

are closed, bounded, and convex, and hence weak sequentially closed (see [21, Proposition 38.2]).
By Lemma 2.2, D, N E is nonempty and weak sequentially closed for sufficiently large p.
Moreover, convexity and continuity of J imply that J is weak sequentially lower continuous on Z.4
(see [21, Proposition 37.7]). Therefore a solution of (P) exists (see [21, Theorem 38.A]). g
The following result implies a standard constraint qualification condition.

THEOREM 2.4 If Q satisfies the hypothesis of Theorem 2.1, then for every z = (u,w) € Z,q the
operator ey (z) is bijective. Here ey (2) denotes the Fréchet-derivative of the operator e with respect
to the variable u at the point z. In particular, the Fréchet-derivative e’(z) is surjective.
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Proof The operator e, (z) is bijective if and only if for every h € H'(Q)’ there exists a unique
v € H1(Q) such that
—div(kVv) +wv=h in Q,

0 (10)
o X +v=0 onl.
on
The existence of a unique solution v to (10) follows by the same arguments as in the proof of
Theorem 2.1. O

2.2 First-order necessary optimality conditions

Let us introduce the Lagrangian functional L : Z x H1(Q) — R associated with (P):
L(z2) = J(2) + (e(2), N 1o

Problem (P) is a nonconvex programming problem, so that different local minima might occur.
Numerical methods will deliver a local minimum close to their starting point. Therefore, we do not
restrict our investigations to global solutions of (P). We will assume that a fixed reference solution
2% = (u*,w*) € Z,q is given, satisfying certain first- and second-order optimality conditions
(ensuring local optimality of the solution). The active set at z* is given by

A={e€Q:w"(&) =0for & € N}.

The corresponding inactive set is Z = Q\A.
In the following theorem we present first-order necessary optimality conditions for (P).

THEOREM 2.5 Suppose that z* = (u*, w*) € Z,q is a local solution to (P). Then there exist
Lagrange multipliers \* € H1(Q2) and n* € W such that

—div(kVA*) + w*A* + a(a(u® — upas) + b(w* — whas) —m) =0 n Q, (11a)
vy oA +A"=0 on T, (11b)

on
e(u™,w*) =0, (11¢)

C(b(a(u* - “bas) + b(w* - wbas) - m))+
C(A*(u* —ua)) + a(w* —wyer) + 0" =0 in A, (11d)
n"la<0 and 7|z =0, (11e)

where, for instance, n*| 4 denotes the restriction of the multiplier n* on the subset A of Q.
Furthermore, the linear bounded operator C : L2(Q2) — W 4n (11d) is given as follows: For
w=Ch €W we have w(§) = w;(§) for § € Q; a.e.,i=1,...,nq, where

—Aw; +w; = h‘gi in Q;, (12&)
w;

~& on 09;. (12b)
on

Proof Due to Theorem 2.4 there exists a unique Lagrange multiplier \* € H'(2) such that
Ly (2%, ) u =0 forallu € H (Q). (13)

From (13) we infer (11a) and (11b). Condition (11c) denotes feasibility and is clearly satisfied. Due
to the optimality of w* the following variational inequality holds:

Ly (", \")(w—w*) >0 for all w € Wyg.
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We set
<7"7 w w’“)W:Lw(u*vwﬁ)‘*)(wfw*)

[ (ol = ) b = ) = m) (0 = ) e ”
[ A = ) = w0t e o v w =y
for all w € Waq. Setting
P = B(a(u" — nas) + B — Whas) — 1) + A* (4" — Upas) € LA(Q) (15)
we infer from (12) that

0

/Qr(w—w*)dfz;/ﬂir(w—w*)dEZZ(Cr,w—w*)Hl(Qi) (16)

i=1
= (Cr,w —w")y, forallw € Wyq.

Combining, (14) and (16) we obtain (11d). For the proof of (11e) we refer the reader to [6]. d
For second order conditions we refer to [18].

3 SQP Method

In the following we neglect the inequality constraint w > 0 and consider instead of (P) the optimal
control problem
min J(z) subject to e(z) =0. 17)

Next we introduce the standard (local) Lagrange-SQP method:
Algorithm 1 (Lagrange-SQP method)
a) Choose (2°,A%) € Z and set n = 0.

b) Solve the following linear-quadratic minimization problem for dz"

1
min L;(z", A")6z" + 3 Lo (2™, ™) (627, 82™) Q™)
subject to e’(2™)8z" + e(2™) = 0.

c) Set 2”1 =27 4§27, AntL = A(2™,A\") and go back to step b) provided a certain stopping
criterium is not satisfied.

Remark 1 The linear-quadratic minimization problem (QP™) is well-defined provided the operator
L..(2™,\™) is coercive on the null space N(e'(z™)) of €’(2™) and €’(z™) is surjective. Due to
Theorem 2.4 the operator €’(z) is surjective for any z € Z,q. Moreover, the operator L,(z™,\") is
coercive on N(e'(2")) provided |la(a(u* — uo) + b(w* —wo) —m)||p2(q) is small;

see [18, Theorem 4.2].

Note that an open issue in Algorithm 71 is the Lagrange multiplier update formula described by the
mapping A : Z x H'(Q) — H!(Q). Different Lagrange multiplier updates possibly lead to different
rates of convergence. Here, we concentrate on the Newton Lagrange multiplier update.

For brevity, let us introduce the operator

F(z,\) = (LZ((ZZ’)A)) for (z,A) € Z.

Then the first-order necessary optimality conditions can be expressed as

F(2*,\%) = 0. (18)
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To find z* numerically we solve (18) by the Newton method. For that purpose we require the
Fréchet-derivative VF' of the operator F'. Setting M = VF we have

M(z, ) = (ng,(é’)k) el(g)*) for (2,A) € Z.

Now we formulate the Lagrange-SQP method with the Newton Lagrange multiplier update.

Algorithm 2 (Lagrange-Newton-SQP method)
a) Choose (20,A%) € Z and put n = 0.
b) Solve for (§z™,6A™) the linear system

6z"

M(2™,A"™) ((W) = —F(z",A"). (19)

c) Set (2"T1, A1) = (2™ + 62", A" +6A™"), n = n + 1 and go back to b) provided a certain
stopping criterium is not satisfied.

Remark 2

a) In the context of Algorithm 1, the Newton multiplier update Ay is given by
AN (2™, A") = A™ + AN", where

oA™ = (¢ (") LE. (2" A The! (7)) T
(e(z") = €/ (zM)LE, (2", A TLLE (2", AM)).

If z € Zaq holds and if ||la(a(u™ — uo) + b(w* — wo) — m)|| 2 (q) is small, the operator Ay is
well-defined; see Remark 1 and [10, Lemma 2.2.3].

b) Notice that in each iteration of Algorithm 2 the saddle-point problem (19) needs to be solved.

¢) If L,»(z,)) is coercive on N(e'(z)) and €’(z) is surjective for all (z,\) € Z belonging to a
neighborhood of (z*,\*) € Z, the SQP method is locally equivalent with the Newton method
applied to L'(z,\) = 0. Notice, that

In the following we show that for sufficiently well-matched data certain local solutions are unique,
and that the sequential quadratic programming approach converges quadratically.

THEOREM 3.1 There exist constants Cp > 0 and p > 0 independent of the actual measured data m
and the reference perfusion wyet, such that the following holds:
If

r= ||a(u('wref) - Ubas) + b(wref - wbas) - m”L2 <Cp (20)
for wret > w > 0 and u(wyer) satisfying (1), then there exists a local solution z* of (17) in the ball
B(2Y, pr), which is unique in B(2°,Cpp). If the SQP method is started at (u(Wyef), Wref,0), it
converges quadratically towards z*.

Proof We will use Kantorovich’s Theorem to prove convergence of Newton’s method applied to

F(z) = L'(2,)) with z = (2, ). Thus we have to verify its assumptions: invertibility of F’(z°), a

Lipschitz condition for F’, and a sufficiently small initial residual F(z°).

(i) Invertibility of F'(x°). F'(z°) is a saddle point operator with positive definite upper left block
L. (x0), since for any 6z € N(e’(2°)) we have

L22(2°)[62,62] = [|adu + bdw||7» + alldw]|fy > alsw]|Fy . (21)
Due to Theorem 2.4 there is a constant C'g such that ||dul| g1 < Cgl|dw| ;2 and hence
S 2
Loa(z9)62,62] > 022
\J1+C%

Note that Cg is indeed independent of w,es. Moreover, e’(20) satisfies the usual inf-sup-condition
again due to Theorem 2.4, such that the Brezzi theorem establishes a bound C of F/(x%)~1 in the
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space £(Z), where £ denotes the common space of all linear and continuous operators from Z into
itself.
(ii) Lipschitz condition for F’. Since

(F'(x1) — F'(x2)) [0z, dz] = 2/ (M = A2)dudw + (u1 — u2)dw + (w1 — wa)du) dE,
Q
F’ satisfies the Lipschitz condition

|F'(z1) — F'(z2)| < 2||(6u, (5w,5/\)||_2/ (A1 = A2)oudw + (u1 — u2)éw + (w1 — wa2)du) d§
Q
< 2||(6u, 5w,5/\)||720(9)(||)\1 = A2llpaq) 0ull (o) 16wl L2(q)

+ 10l La oy llur — w2l paoy 0wl 2 (q) + 1Al La (o ll0ull La o) llwr — w2”L2(Q)>
< Cpll(ur — u2, w1 —wa, A1 — A2)||
< Cpllzr — 22|

with Lipschitz constant C,.
(iii) Small initial residual. The starting point 20 leads to an initial residual

a(a(u® — upag) + bW — wpag) — M)
F(‘TO) = b(a(uo - ubas) + l()](wo - wbas) - m)

that leads to an initial Newton correction with
|F!(z®) "1 F(20)| < 2Ct max(a, b)r.

(iv) Kantorovich theorem. Combining the estimates (i) and (ii) yields the affine invariant Lipschitz
condition

I (@)~ (F' (21) = F'(22))]| < @olle1 — 22||
with Lipschitz constant @y = C;Cr,. Defining Cp = (4@oC max(a, b))~ !, the assumption r < Cp
and (iii) lead to

1
ho = @ol|[F'(z°) "1 F(2)|| = 200C; max(a, b)r < 3
Application of Kantorovich’s theorem (cf. [2, Thm. 2.1]) yields the existence of a solution point

x* € B(z, p—) with
1—+/1—2hg

wo

p— = < 4Ct max(a, b)r = pr

that satisfies the first order necessary condition L’(z*,A\*) = F(z*) = 0. z* is unique in B(z, p+)

with
_1+VI=2ho _ _

-1
= Cpp.
@0 0 DpP

P+
Moreover, the Newton iteration converges quadratically to x*.

(v) Second order sufficient condition. Let us introduce the path x(7) = 2° + 7(z* — 2°), 7 € [0,1],
with associated derivatives F'(1) = F’(z(7)). Since z(7) € B(z°,rp), the inverses F’(7)~1 are
uniformly bounded for all 7 due to the Banach perturbation lemma. Moreover, due to the Lipschitz
continuity of F’, the mapping 7 — F’(7)~! is continuous. We consider the function

s(t) = inf ((¢,0), F'(1)71(&,0)),

gz
which is again continuous. Note that due to the injectivity of F’(7)

s(7) (€5 Lzz(2(1))C)

= inf
CEN(e’(2(7)))

holds. Now assume that s(1) < 0. Due to the continuity of s there is a 7 € [0, 1] such that s(r) =0,
which implies the existence of a minimizing sequence (x € N(€/(2(7))) with (¢, L. (z(7))¢) — 0.
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o fat

e muscle
bone
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e tumor

Figure 2. Materials and geometry of the cross section. Measurements are available on Q,, = {fat,
muscle, tumor}. The area of the cross section is approximately 0.2 x 0.2 square meters.

Since L. (z(7)) is symmetric, this contradicts the boundedness of F/(7)~!. Thus, s(1) > 0 and
hence L. (z*) is positive definite on N(e’(z*)). Therefore, z* is indeed a local solution of the
minimization problem (17). g

Remark 3 Theorem 3.1 does not guarantee the admissibility of the solution. With Lo-regularity
results for elliptic problems with Robin boundary conditions, lower bounds on w* can be
established, including nonnegativity in the case of sufficiently well matched data.

Remark 4 The constants Cp and p established in Theorem 3.1 do typically increase with
increasing «. If assumption (20) is not satisfied, choosing a larger regularization parameter may
lead to a convergent method. Hence, performing a homotopy in «, starting with comparatively
large values, can be expected to perform well.

4 Numerical examples

To begin with, we study the identification capability of the algorithm on a 2D cross section of a
hyperthermia patient with artificial data. The cross section is chosen from the end of a treatment,
such that the temperature is already relatively high. See Fig. 2 for the geometry and material
distribution of the cross section. Choosing realistic perfusion profiles w and wy,s corresponding to
hyperthermia and normal conditions, respectively, we obtain the related temperatures u and up,g
by solving (1). The measurements m are evaluated on a 128 x 128 voxel grid representing Qm,
according to (3), adding independent white noise with variance o = 0.5. The noise level has been
chosen to produce the same total variation of the signal as is observed in clinical measurements.
The measurement parameters a and b (cmp. 3) are set equal to 1 on muscle and tumor,

a=0.1,b =1 on fat and zero elsewhere.

As a reference perfusion we choose wyer as w 4+ dw; + dwa, with a geometry-conforming systematic
offset w1 = —0.2w continuous on each subdomain €2;, and an additional geometry-violating offset
dwz = —0.2w that is discontinuous inside a subdomain. The chosen perfusions are depicted in
Fig. 3, with temperatures and measurements shown in Fig. 4.

As a starting point for the homotopy in the regularization parameter o we choose wyef, U(Wyet),
and A = 0 with a = 100, performing classical continuation up to o = 0.05. L2 errors are shown for
different values of 3 in Fig. 5. We divided the L? errors by the square root of the areas Q,, and
Q\Q to obtain average errors on these areas. With decreasing regularization the temperature
errors decrease until a certain point and increase for less regularization. The results with the least
errors are obtained for &« = 0.1, 3 = 0.001 and shown in Fig. 6. The average error of the starting
temperature u(wyes) (see Fig. 4 Middle) is 0.46 °C on Q. Despite up to 40 percent offset and 50
percent white noise in the measuring data the error is reduced to 0.15 °C by our method (Fig. 5).
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Figure 3. Perfusion data for the artificial setting. Left: normal perfusion wy,s. Middle: perfusion w
under hyperthermia. Right: reference perfusion w,cf with the geometry violating offset dws outlined
in black.

Figure 4. Temperature and measurement data for the artificial setting. Left: actual temperature
u(w). Middle: initial temperature error u(w) — u(wyef). Right: noisy measurements on Q.

As we can see the perfusion errors concentrate around Q\Q,, ={ vessels,bone }. One reason for
that behavior is due to the fact, that there is no measuring data available on Q\€,. Also the
perfusion in the vessels is more than 30 times higher than anywhere else, which leads to higher
absolute errors on Q\Qn,, see Fig. 5.

As a further example, we perform the identification for a clinical data set with unknown
temperature and perfusion. The only data available for verification is a local measurement from a
temperature probe, the position of which is indicated in the MR measurement data in Fig. 7, left.
On the right the SAR-values are shown, which enter the right hand side of the bio heat transfer
equation (1). Since the measuring data in the artificial example has the same total variation than
the clinical measurement we expect regularization parameters «, 3 of the same order of magnitude
to work well. For o = 5 and 8 = 0.001 the identified temperature and perfusion are shown in

Fig. 8. The temperature in the position of the local temperature measurement has been identified
as 44,5 °C compared to 44 °C measured directly. An area of low perfusion inside the tumor is
identified, which indicates a region of necrotic tissue in the tumor’s center.

5 Conclusion

Despite significant offsets and noise in the signal, the method is capable of identifying the
temperature with an error reduction to 30 % of the initial error on ,,. The resulting perfusion is
admissible except for a small area around the vessels. A rigourous treatment of the inequality
constraints seems to be necessary, see e.g. [17,19,20]. Since the violation of the constraints is
relatively small, however, a significant effect on the temperature field cannot be expected.

More information about the measurement parameters a and b, i.e. about the dependence of the
signal on perfusion and temperature, is needed to improve the clinical identifications.

A homotopy in the regularization parameters « and 3 is crucial for the unconstrained SQP method
to converge reliably. If SQP steps leave the admissible set W4, the BHTE (1) is not necessarily
solvable, and divergence is expected and occasionaly observed.
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Figure 5. L2-Identification errors: Top left: L2-temperature error on Q,,, Top right:
L2-temperature error on Q\Q,,, Bottom left: L2-perfusion error on €2,, Bottom right: L2-perfusion
error on Q\Qy, for different values of log(3). Note that the scales in the two bottom plots are

different.
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Figure 6. Errors for a = 0.1, 8 = 0.001, Left: Identified perfusion, Middle: perfusion error wiq — w,
Right: temperature error ujq — u(w)
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Figure 7. Left: Clinical measurement data. Invasive temperature measurement =~ 44 °C in
position 1. Right: Clinical SAR-values.

S5 )

Figure 8. Identified temperature (left) und perfusion (right) for « = 5,3 = le — 3. Lower perfusion
in necrotic tumor tissue is identified.
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