IMPROVED DELSARTE BOUNDS
VIA EXTENSION OF THE FUNCTION SPACE

FLORIAN PFENDER

ABSTRACT. We present an extension of the Delsarte linear program-
ming method. For several dimensions it yields improved upper bounds
for kissing numbers and for spherical codes. Musin’s recent work on
kissing numbers in dimensions three and four can be viewed in our
framework.

1. INTRODUCTION

A spherical (n, N, a)-code is a set {x, ..., xy} of unit vectors in R" such
that the pairwise angular distance betweeen the vectors is at least «. One
tries to find codes which maximize N or « if the other two values are fixed.
The kissing number problem asks for the maximum number &(n) of non-
overlapping unit balls touching a central unit ball in n-space. This corre-
sponds to the special case of spherical codes that maximize N, for o = .
In the early seventies Philippe Delsarte pioneered an approach that yields
upper bounds on the cardinalities of binary codes and association schemes
[3][4]. In 1977, Delsarte, Goethals and Seidel [5] adapted this approach
to the case of spherical codes. The “Delsarte linear programming method”
subsequently led to the exact resolution of the kissing number for dimen-
sions 8 and 24, but also to the best upper bounds available today on kissing
numbers, binary codes, and spherical codes (see Conway & Sloane [2]).
Here we suggest and study strengthenings of the Delsarte method, for the
setting of spherical codes and kissing numbers: We show that by extending
the space of functions to be used, one can in some cases/dimensions im-
prove the bounds that are achievable by the Delsarte method.
Let X = (xy,...,xy) € R"Y be an (n, N, a)-code, and let
M = (z35) = ({xi,x;)) = X X € RN
be the Gram matrix of scalar products of the x;. Then
o z; =1, while z;; < cosafori # j,
e M is symmetric and positive semidefinite, and
e M has rank < n.
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Moreover, any matrix M € RY*¥ with these properties corresponds to
a spherical (n, N, «)-code. We get the following theorem with a one-line
proof.

Theorem 1.1 (Delsarte-Goethals-Seidel). Let M = (z;;) = XX for an
(n, N,a)-code X € R™V ., Letc > 0andlet f : [~1,1] — R be a function
such that

(i) S flay) >0,

ij=1
(i) f(t) < —c for —1 <t < cos«, and
(i) f(1)<1-—c

Then N < 1/c.

Proof. Let g(t) = f(t) + c. Then
N’e< N+ Y flayg) = Y glay) <> glwa) = Ng(1) < N.

ij<N ij<N i<N 0

To prove a bound on N with the help of this theorem, we need to find a
“good” function f (and it needs to work for every conceivable code).

We follow an approach by Conway and Sloane [2]. Start with a finite
set S of functions that satisfy (i) for every (n, N, «)-code. As (i) is pre-
served if we take linear combinations of functions in S with non-negative
coefficients, (i) holds for all functions in the cone spanned by S. Condi-
tion (ii) is discretized, and we formulate the following linear program. Let
S={f1,f2---, fe},and t,to, ... ts be asubdivision of [—1, cos a].

k

max c¢: » ¢fi(l) < 1-—c¢,

=1

k

Eczfl(tj) < —C, for 1 Sj < S,

=1

G > 0, forl1 <i<k.
Minor inaccuracies stemming from the discretization have to be dealt with.
Theorem 1.1 then yields a bound on N.

In Section 2, we will take a closer look at the set S which is classically
used in this method. All functions in this set have the stronger property that
for a fixed n, the matrix (f(x;;)) is positive semidefinite for all (n, NV, 0)-
codes, which implies condition (i).

In Sections 3 and 4 we explore further functions one could add to this
set, asking only for condition (i) to hold. However, we found no substantial
improvements to known bounds through the help of the functions described
in these sections.
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In Section 5 we present a family of functions f,, which can be added to
S. These functions have the property that the matrix (f,(z;;)) is diagonally
dominant and thus positive semidefinite for all (n, N, «)-codes for all n
and N, which is a strengthening of condition (i) slightly different from the
condition used classically. This yields improvements to some best known
bounds. In particular, we obtain improved upper bounds for the kissing
number in the dimensions 10, 16, 17, 25 and 26, which have not seen any
improvements in the last 25 years.

We will explore the limits to this approach in Section 6, and in the final
section we show how Musin’s recent work [7][8] on the kissing numbers in
three and four dimensions can be reformulated in our framework.

Acknowledgement. We would like to thank Oleg Musin for many produc-
tive discussions on this topic.

2. THE CLASSICAL APPROACH

To guarantee the condition (i) in Theorem 1.1, one looks for a function
f that will return a matrix (f(x;;)) which is positive semidefinite for all
sets of unit vectors (x;). The reason for this restriction is that one knows
a lot about these functions, by the following theorem of Schoenberg about
Gegenbauer polynomials. These polynomials (also known as the spherical
or the ultraspherical polynomials) may be defined in a variety of ways. One
compact description is that for any n > 2 and k& > 0, G}(t) is a polynomial
of degree %k, normalized such that G}}(1) = 1, and such that G{(¢) = 1,
G1(t) = t, Gy(t) = ”ff_‘ll, ... are orthogonal with respect to the scalar
product

+1 -

(ol h0) = [ gno - )i
—1

on the vector space R[¢] of polynomials; this product arises naturally in

integration over S™~! (see for instance [1, Sect. 6.4]).

Theorem 2.1 (Schoenberg [9]). If (z;;) € RV*Y is a positive semidefi-
nite matrix of rank at most n with ones on the diagonal, then the matrix
(Gp(wy;)) is positive semidefinite as well.

Schoenberg also proved a converse implication: If application of a con-
tinuous function f : [—1,1] — R to any positive semidefinite matrix (z;;)
of rank at most n with ones on the diagonal yields a positive semidefinite
matrix (f(x;;)), then f is a non-negative combination of the Gegenbauer
polynomials G7, for k& > 0.
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FIGURE 1. A plotof G4(t)

The Delsarte Method. To obtain bounds on N, given n and «, one takes
for S the Gegenbauer polynomials up to some degree k, and uses the linear
program described in the introduction. The minor inaccuracies arising from
the discretization can be dealt with by selecting a slightly smaller ¢. Then
Theorem 1.1 yields a bound.

To obtain bounds on « for given n and N, a similar technique is used.
One repeatedly uses the method from before with varying « until one finds
the smallest «, for which Theorem 1.1 forbids an (n, N, «)-code.

In most dimensions, the Delsarte method gives the best known upper
bound for the kissing number; in dimensions 2, 8 and 24 this bound is opti-
mal. In dimension three and four, this method gives the bounds £(3) < 13
and k(4) < 25, and it was proven that no lower bounds can be achieved this
way. The true values are 12 and 24, respectively, but the proofs are much
more complicated. See section 7 for more details.

3. EXTENDING THE FUNCTION SPACE

Instead of limiting ourselves to Gegenbauer polynomials, let us consider
the bigger space of candidates for f given by condition (i) in Theorem 1.1,
i.e. we look for other functions with >, . f({(xi,x;)) > 0 for every
(n, N, «)-code {x1,...xn}.

Definition 3.1. Let P} («) be the set of all functions f : [-1,1] — R, for
which

(i) f(1) =1,
(i) > i j<n f({xi,x;)) > 0 for every (n, N, av)-code {x1,...xn}.
We define
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Py = Pr(0),
7’”(04) =y Pr(@),
Py(a) =1, Py (o

),
Pn, P, P(«) and P accordingly.

Fact 3.2.

(i) Pr(a) CPR() fora < o'
(i) P (a) C Pi ().
(iii) If f € P™ is Riemann integrable, then fsn_l f({e1,x)) dx > 0.
(iv) If f € Pi(a)and N < n, then f(x) > —% for —% < x < cos a.
W) If f,g € Py(a),and 0 < c < 1,thencf + (1 —c)g € PR ().
(vi) All functions with f(z) > 0for -1 <z < 1larein?P.
(vii) G} € P™.

Proof. (i), (i), (v) and (vi) follow directly from the definitions, (vii) follows
from Theorem 2.1. To show (iii), observe that if N — oo, and the x; are
uniformly distributed over S, then the sum in Definition 3.1 divided by
N approaches the integral. To see (iv), note that for —% < x < cosq,
there is a regular simplex on & + 1 points with pairwise angular distance
arccos x > « inside S™~ 1, O

Statements (v)—(vii) show that P C P} contains all non-negative func-
tions, the Gegenbauer polynomials G}, and all convex combinations of
these functions. Next, we will explore the space P a little further. By
the following lemma we may restrict our observations to functions with

fla) < 1.
Lemma 3.3. For f € Py, the function g(z) = min(f(z), 1) lies in P}.

Proof. Suppose there are vectors x;, . ..,xy € S™ ! such that

S(g) = > g({xi,x;)) <0.

ij<N

Assume further that S(g) is minimal among all multisets of N vectors se-
lected from the set {x;,...,xy}. As f € Py, there are k, ¢ such that
(ko xe)) > 1and Y,y (0 x0)) < 3y 930, %2)).

Consider the configuration X, ..., %y € S™ !, obtained fromx,, ..., xy
when x; is replaced by x;. Then
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S g%, %)) =

ij<N
Y alxix)) =2 g((xexi) +2 ) g({xe,x:))
i,j<N i<N i<N
< Y gllxixg)).
i,j<N
Since S(g) is minimal, equality must hold and thus > .\ g((xx,x;)) =
Zngg<<X€aXz'>> whenever f({xx,x;)) > 1.

We may assume that x;,...,xy € S™ ! were chosen in a way that
min{ Nk + ¢ : f((xz,x¢)) > 1} < N? is maximal among the multisets
which achieve S(g). But xi,...,xy € S™! has a higher value for this
quantity, a contradiction. O

The next two facts show that P™ is substantially larger than just convex
combinations of Gegenbauer functions and positive functions.

Fact 3.4. Let 5 < w/2, and let

—1, for -1< ¢ <—cos§
ft) = 0, for —cosgg t <cosf
1, for cosf< t <1
Then f € P.
1,
0.5+
1 0.5 0.5 1
-0.5¢
— -1t

FIGURE 2. Aplotof f(t) from Fact 3.4 for 3 = %
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Proof. Suppose that f & P, and x;,...,xy € S™! is a minimal set with
>ijen J((Xi,x5)) < 0. Then >~y f({xi,x;)) < 0 for some 4, without
loss of generality we may assume that = 1. Let

IFi={j <N:(x;,x;) >cos 8}, I; == {j < N:(x;,x;) < —cos 2}.

Then > f({xi,x1)) = |I;}| = |I;7] < 0. Let j € I, we may assume
that j = 2. Then I; C I; and I; C I, as a consequence of the spher-
ical triangle inequality: If for unit vectors x;,x;, x;, the angular distance
between x; and —x; is at most g, and similarly between —x; and x, then
the distance between x; and x,, is at most 3. Therefore,

i %)) = 1| = |1 | > |17 | = [T
i<N

By inclusion/exclusion we get

3<i,j<N
D Fxnx)) =2) fl(xixa)) =2 f((xi %)) +0
i,j<N i<N i<N
< Z f((xi,x5)) <0,
1,j<N
a contradiction to the minimality of the set. O

Fact 3.5. The function f from Fact 3.4 is not a convex combination of
Gegenbauer polynomials and positive functions.

Proof. Let
g(z) = caap(a) + Y aGi()
k=0

with p(z) > 0, ¢, > 0and >°° | ¢ = 1. By the linearity of the integral,

7COS§ 7COS§ 7COS§
/ g(x) dz > mkin / Gy (z) dx > cosg —-1= / f(z) dx,
-1 -1 -1
and thus f(z) # g(x). O

4. RESTRICTING THE FUNCTION SPACE

It is often difficult to test for a function f : [—1,1] — R whether f €
Pr (o). We will focus on a smaller space reduce the difficulty.
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Definition 4.1. For 0 < o < 7, let R, (o) € P, () be the space of
functions f : [—1,1] — R, such that

1+ Zf((xoaxz'» >0

for every set xg, x1,Xa, ..., xy € S" ! with (x;,x;) < cosa forall 0 <
1<j<N.

Define R, R", etc. analogously to P, P, etc. in Definition 3.1.

So, instead of just requiring that the sum of all matrix entries in (f(x;;))

IS non-negative, we ask for all row sums to be non-negative. Again, we get
a number of statements similar to Fact 3.2.

Fact 4.2.

() Ry (a) C Ry (o) fora < o,

(i) Ry (a) € Ry H(a),

(iii) Let f € R%(«)and N < n, then f(t) > —4 for —% <t < cos .
(iv) If f,g e RY(a),and 0 < c < 1,thencf + (1 —¢)g € R% ().
(v) All functions with f(¢) > 0for —1 <t < lareinR.

(vi) Let f € R%, then f(t) > —55 for -1 <¢ < 1.

(vii) Let f € R™, then f(t) > 0for —1 <t < 1.

Proof. Statements (i)-(v) follow directly from the definitions. For (vi), sup-
pose that f(t) < —~ for some ¢. Then pick a pointx, € S*~!,and N —1
poiNnts x;, Xs, ..., xy_1 € S" 1 with (xq,x;) = x, showing that f ¢ R%.
The same argument works for (vii), just pick NV large enough. OJ

Statement (vi) in Fact 4.2 shows that we have nothing to gain by adding
functions in R, to the set S; we will have to use functions in R («) \ R%;.
The following rather technical lemma will be helpful in our proofs.

Lemma4.3. Let0 <y < 1and let

1 v ..yt
y 1 Do
_ . (N+1)x(N+1)
y ... y 1t
t ... t t 1

Then the following are equivalent.
() [t < \/y + F-
(i) M is positive semidefinite.
(iii) There is a code xg,x1,...,xy € S¥T! with (x¢,x;) = t and
(x;,xj) =y for1 <i<j<N.
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(iv) There is a code xo, %, ..., xy € SNt with 327 (xg,x;) = Nt
and (x;,x;) =y forl <i < j <N.
Proof. As noted before, (ii) and (iii) are equivalent, while (iii) = (iv) is
clear. We will show that (i) = (iii) and that —(i) = —(iv).
If [¢] < /v + 52, let

l—ye +yen € SV 1<i<N,

and
N

Xg = Zaei + beN+1 +cenqo € SN+1,
i=1
where

t — Nt 2
S v FERY | R K
(N—-1)y+1 (N-1)y+1 (N—-1y+1

A straightforward calculation shows that this is a code as described in (iii).

Now suppose thatt > /y + ¥, Letx = (1,...,1,d)" € RN*!, where

= —/N2y+ N(1 —y), and Iet M’ := XX be the Gram matrix of the
code from (iv), which looks like

1 v ..y 4
y 1 , . :
M = | - . c RAVHDx(N+1).
: . Yy In-1
Yo Y 1ty
ty ... iyt 1

with >~ #; = Nt. Although M is positive semidefinite we get
X' M'x = N+ N(N — 1)y + d* + 2dNt

1 —
< N+ N(N—1)y+d*+2dN y+Ty:0.

The same argument with d = /N2y + N (1 — y) yields a contradiction for

t< —\/y+ 1%’ U
The following lemma gives lower bounds for functions in R(«).

Lemma4.4. For 0 < a < 7, let f € R(«a), let z = cos o, and let

—/z+ 5 <t <—/z+ 35 forNeN

or —/z2< t <1
or t =1

Ne

S

—

~

S—
>—*02|H
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Then f(t) > ga(t) for =1 <t < z.
For a plot of g= (¢), see Figure 3 in Section 5.

Proof. First suppose that f(¢) < 0 for some ¢ with —/z < ¢ < z. Choose
N sothat f(t) < +. By Lemma 4.3, there is a code xo, x1, ..., xy € SV
with (xo,x;) = tand (x;,x;) =z for1 <i < j < N. Since f(t) < —,
we have SV | £((x0,x;)) < 0, and therefore f ¢ R(«), a contradiction.

Fort < —y/z choose N such that —/z + 152 <t < —\/z+ =5,

and let y < z such that —,/y + 1%’ = t. By Lemma 4.3, there is a code
X0, X1, - - -, Xy € SV with (xo,x;) = tand (x;,x;) =y for1 <i<j <
N. If f(t) < —, then SV, f({x0,x:)) < 0, and therefore f ¢ R(a), a
contradiction. O

Observe that g, ¢ R(«). A simple example of vectors showing this is

v1—=z 0
1
X1 = 0 , Xg = VvV1—=z , Xp = — ( +E)X1+X2 GSQ.
NE JZ (1 4 &)x1 + Xs|

Here, 1 + go({(x0,%1)) + ga({X0,X2)) =1 —1 — % < 0.
The following lemma enables us to reduce the vector combinations which
have to be tested when we are searching for a function f € R(«).

Lemma 4.5. Let z = cosa, let 6y < —y/z, and let f : [—1,00] — R. Let
n > N and let x, x1,...,xy € S" ! be aset of N + 1 points such that
(i) (xi,x;) <zforl<i<j<N,
(ll) <XZ‘,X0> < 6y for1 <i<N,
(iii) > f({xo,x;)) is minimal with respect to (i)-(ii),
(iv) (x;,x;) is pointwise maximal with respect to (i)-(iii).
Then the x; (: > 1) form a regular simplex with (x;, x;) = z for i # j.

Proof. For N < 1, the statement is trivial, so assume that N' > 2. We may
further assume that (xy_1,xy) is minimal among all the (x;,x;) (1 <i <
j < N). Letx; = (a},22,...,2%) . We rotate/reflect the set {xg, x1, ..., Xy}
(not changing any of the scalar products) such that x, = eq, :cj = 0 for
j>i+1landz{™ > 0foralli. By (i), 2} < —/z,and thus, z} - z} > =
By (i), (xi,x;) — } -} < 0, and therefore 27 > 0 and 27 < 0 fori > 2.
This implies that 2} - 2} + 27 - 27 > 2 for4,j > 2, and thus 3 > 0 and
x? < 0 fori > 3. Repeating this argument row by row we conclude that in

factz!_, > 0andz/ < Oforall 1 < j <i< N (and {x¢,x1,...,Xy_1} IS



IMPROVED DELSARTE BOUNDS 11

linearly independent).

1 <60y ......... < 6,
0 >0 <0 <0
(X0, X1, ..., XN) =
>0 <0
O .......... 0 >0

If (xy_1,Xn) < 2, adding a small ¢ > 0 to z¥ and adjusting 2™ accord-

ingly will increase (xy_1,xy) without changing any of the other (x;, xy)
(preserving (i)-(iii)), a contradiction proving the lemma. O

From this we get the following proposition, showing that Lemma 4.4 is
sharp in some sense.

Proposition 4.6. Let z = cosa, let k € N, and let

1 / 1—2
k .
ha(t) == 0 for —\/z+ };j < t <1 :
1 for t =1

Then bt € R(«).

Proof. Suppose for the sake of contradiction that 2* ¢ R(«). Then there
is a set of points x¢, x;,..., x4 € S* ! for some n > N + 1 such that
(xi,x5) < zand (xg,x;) < —@/z+,1€;+i for0 <i<j<k+1 By

Lemma 4.5, we may assume that in fact (x;,x;) = zfor1 <i < j <k+1.
But this is a contradiction to Lemma 4.3. 0

5. THE MAIN RESULT

One can add the functions from Proposition 4.6 to the set of Gegenbauer
polynomials in some dimension n, and this will give a larger set S. But in
most cases, this does not give an improvement to the known bounds on N
and «. This is different for the following function. With the inclusion of
this function in the set S, numerous improvements are possible.

Proposition 5.1. Let 0 < z = cosa < 1 and

2

=L for 1<t <—2
fa(t) = 0 for —/z< t <1
1 for t =1

Then f, € R(«).
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FIGURE 3. Aplotof fz(¢) and gz (¢)

Proof. Suppose that f, ¢ R(«a), then f, ¢ R%,(«) for some minimal N.
Further we may assume that n > N since R\ (o) € Riy,,(c) for all
n. Let X = (x1,Xg,...Xn,Xo) € R+ sych that {x;, xs,...xy} is
a spherical (n, NV, a)-code and so that S = Zﬁil fa((x0,%;)) is minimal.
As fo ¢ R 1(a), we have S < 0. Due to the minimality of IV, we have
<X0,XZ'> < —\/E f0r 1 S 1 S N.

By Lemma 4.5, we may assume that the x; (¢ > 1) form a regular simplex
with (x;,x;) = z for i # j. By symmetry we may assume that

Xi:\/ZeNHJr\/l—zeiES"*lforl§i§N.

Let xo = (z,22,...,2%)". Note that the choice of the x; implies that
zf < 0fori < N +1;ifx) > 0, then using —x}, instead would decrease S.
Further, =, = 0 for i > N + 1; otherwise we could decrease S by setting
x} = 0 and decreasing x5 *. We will show that we can choose x, such that
zi = ) forall i,5 < N. This implies that M = X "X is of the form of

Lemma 4.3 and thus

1—=2
N

(xo, ;) = 2hV/1 — 2> — /2 +

for 1 < ¢ < N, and therefore

ssz(@o,m) >14+Nf (-,/H 1;) —0,

a contradiction proving the proposition.
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Let X, € S™~! be defined as

N ( iyve N
- (T
om | ELES  rre
i=1

— Zfa (2 'z + 2hV/1 — 2)
i=1
N i N i
_ 2N Ié\fﬂ\/g > i (5)? I > e Th

V1—2 N N

where the last inequality is true since z)'™ < 0, and all other factors are

non-negative. Thus, X, minimizes .S, establishing the proposition. O

<0,

The function f,, shares the following property with the 1%

For every (n, N, o)-code X, the matrix ( f,(z;;)) is positive semidefinite.

This is an easy consequence of Gersgorin’s circle theorem (see [6]), com-
bined with the fact that (f,(z;;)) is symmetric and diagonally dominant
(i.e., 2fal(mi) > Y0 | falziy)| for 1 <i < N).

We can add fz to the Gegenbauer polynomials in dimension n to get
new bounds on the kissing numbers k(n) through linear programming as in
Section 1. This yields the new bounds in Table 1, where the known bounds
are taken from [2] (with the exception of the bound £(9) < 379 from [12]).
For other n < 30, the best currently known bounds were not improved.

Similarly, new bounds for the minimal angular separation in spherical
codes can be achieved. Some of them are shown in Table 2 (here, the lower
bounds are from [11]).

6. POSSIBLE IMPROVEMENTS

Let us consider how we might improve our bounds by further explor-
ing R"(«). Lemma 4.4 gives a lower bound for functions in R(«) us-
ing regular simplices as the extremal configurations. But in S™~!, there
can be at most n points x;,xa, ...,x, such that (xq,x;) = (xo,x;) and
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n | lower bound | Delsarte bound | new upper bound

9 306 380* 379
10 500 595 594
16 4320 8313 8312
17 5346 12218* 12210
25 196656 278363 278082
26 196848 396974 396444

* 1 379 and 12215 with some extra inequalities
TABLE 1. New upper bounds for the kissing number

n | N | lower bound | Delsarte bound | new upper bound
3113 57.13 60.42 60.35
3114 55.67 58.09 58.00
3115 53.65 56.13 56.10
3124 43.69 44.45 44.43
41 9 80.67 85.60 83.65
4110 80.40 82.19 80.73
4111 76.67 79.46 78.73
4122 60.13 63.41 64.38
4123 60.00 62.36 62.30
4124 60.00 60.50 60.38
5|11 82.36 87.30 85.39
5|12 81.14 84.94 83.15
5|13 79.20 82.92 81.54
5|14 78.46 81.20 80.30
51|15 78.46 79.73 79.30

TABLE 2. New upper bounds for « in (n, N, «)-codes

(x;,x;) = z = cosa. Thus, there may be functions f € R"™(«) for which

—+ < f(t) < ga(t) for some t > —, /2 + 122, The analysis gets much
more complicated, though, as one has to consider configurations which are
not regular simplices.

To keep the analysis manageable, we will require that f(¢t) > 0 for
t > —z and that f is monotone increasing. This way, one has to consider
only configurations such that x4, . . ., x,y are the vertices of a spherical poly-

tope, and —x; is inside this polytope. We get a new lower bound for such




functions:

ft) > ga

The proof is the same as the one of Lemma 4.4, but only using configura-
tions with up to n vertices other than x,. Observe that g ¢ R"™(«). But we
can use g%‘ in our linear program to find out the limitations of this approach
towards improvements of the kissing number bounds—thus we get lower
bounds to the upper bounds achievable with this method. The results up to

IMPROVED DELSARTE BOUNDS

1 1—2z
-~ for — Z+T§ t < —
(t) = Lfor —\/z4+E2< t <
0 for -2 < t <1
1 for t =1

dimension 16 are given in Table 3.

1—2
N+1?

hypothetical

n | lower bound | Delsarte bound | bd. using /7 | bd. using g%

3 12 13 13 12

4 24 25 25 24

6 72 82 82 80

7 126 140 140 135

9 306 330 379 366

10 200 595 594 561
11 082 915 915 877
12 840 1416 1416 1370
13 1130 2233 2233 2132
14 1582 3492 3492 3268
15 2564 5430 5430 5262
16 4320 8313 8312 8159

For dimensions three and four, using fz
ments to the bounds on the kissing numbers achieved with the Delarte
method—not enough to show that £(3) = 12 and k(4) = 24. Several
proofs for k(3) = 12 are known, the first one by Schiitte and van der Waer-
den [10]. For dimension four, only recently a proof for k£(4) = 24 was
found by Musin [7]. The same techniques also yield the arguably simplest

TABLE 3. Lower bounds for upper bounds on k(n)

7. MUSIN REVISITED: k(3) = 12 AND k(4) = 24

proof for dimension three [8].

alone gives marginal improve-

N<n
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Our techniques give a new framework for Musin’s proofs. We will give
a short sketch of this reformulation for dimension four. Similarly to g%,
3

define the function

—+x for —/HH < ¢ < 2%122,N<4
g(t) := 1 for — gg t < —0.6058
0 for —0.6058< t <1
1 for t =1

Run the linear program using S = {g,G1,G3, ..., Ga}, finding a linear
combination with non-negative coefficients

9
f=c+eg+) oGl
=1
maximizing ¢ while maintaining f(z) < 0 for z < 1 and f(1) < 1. The
:‘unction [ is not necessarily in P*(3) as g ¢ R*(%). To avoid this problem,
et

h(t) = min{—%‘?f’“)ﬂ} for t <
1 for ¢t >

If we can show that 2 € R*(%), then this will prove that

= N~

K(4) < 2

C

~ 24.79 < 25,

as

9
f:c+coh+Zci G?
i=1
is a function with f(x) < 0forz < and f(1) < 1.

Comparing A to the ninth degree polynomial used in Musin’s proof in [7],
one sees that they are identical up to a constant factor on [—1, —0.6058].
Since h(z) > 0 for z > —0.6058, Musin shows that one only needs to con-
sider configurations xg, x1,...,xy With V< 6. Musin’s further analysis
can be directly translated into a proof that » € R*(%).
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