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Abstract

Canonical forms are developed for several sets of complex matrices that are nor-
mal with respect to an indefinite inner product induced by a nonsingular Hermitian,
symmetric, or skew-symmetric matrix. The most general result covers the case of
polynomially normal matrices, i.e., matrices whose adjoint with respect to the indefi-
nite inner product is a polynomial of the original matrix. From this result, canonical
forms for matrices that are selfadjoint, skewadjoint, or unitary with respect to the
given indefinite inner product are derived.

1 Introduction

Let F denote one of the fields R or C, and let H € F™*" be invertible. If H is (skew-)
symmetric, then H induces a nondegenerate (skew-)symmetric bilinear form on F™ via
[z, y] .= yT"Haz for z,y € F*. Analogously, if F = C and H is Hermitian, then H induces a
nondegenerate Hermitian sesquilinear form on C” via [z,y] := y*Hz for z,y € C".
For a matrix M € F"*", the H-adjoint of M is defined to be the unique matrix M ™
satisfying
[z, My] = [M™z, y] for all z,y € C".

Thus, M* = H='M*H. (Here and throughout the remainder of the paper, M* denotes
MT in the case that [-,-] is a bilinear form, and M* (the conjugate transpose of M) in
the case that [-,] is a sesquilinear form.) A matrix M € F™*" is called H-selfadjoint,
H-skew-adjoint, or H-unitary, respectively, if M* = M, M¥ = —M, or M* = M1,
respectively. These three types of matrices have been widely discussed in the literature,
both in terms of theory and numerical analysis, in particular for the case of a sesquilinear
form or under the additional assumptions ' = R. Extensive lists of references can be found
in [1, 13, 17, 19].

H-selfadjoint, H-skewadjoint, and H-unitary matrices are special cases of H-normal
matrices. A matrix M € C™" is called H-normal if M commutes with its H-adjoint,



ie., if MMM = MM M. Observe that the structure of pairs (M, H) is invariant under
transformations of the form

(M,H) — (P"*MP,P*HP), P € F"™" nonsingular. (1.1)

(This corresponds to a change of bases x +— Px in the space F".) Thus, M is H-selfadjoint,
H-skewadjoint, H-unitary, or H-normal, respectively, if and only if P~'AMP is P*HP-
selfadjoint, P* H P-skewadjoint, P* H P-unitary, or P*H P-normal, respectively.

Canonical forms for H-selfadjoint and H-skewadjoint matrices under transformations
of the form (1.1) are well known for the case of Hermitian H (see, e.g., [3, 6, 13]) and
for F = R in the case of symmetric or skew-symmetric H (see, e.g., [3, 4, 13]). They
are implicitly known for F = C and the case of symmetric or skew-symmetric H by the
canonical forms for pairs of complex symmetric or skew-symmetric matrices given in [23].
(Observe that, for example, for symmetric H, a matrix M € C"*" is H-selfadjoint if and
only if HM is symmetric. Thus, a canonical form for the pair (M, H) under transformations
of the form (1.1) can be easily obtained from the canonical form for the pair (HM, H) of
symmetric matrices under simultaneous congruence.)

Canonical forms for H-unitary matrices seem to be less familiar. For the case of Her-
mitian H, they have been developed in [8], and for F = R and the case of skew-symmetric
H, they can be obtained from [21, Theorem 5|. For the case F = R and symmetric H, a
canonical form is given in [2] for the special case that M is diagonalizable (over the complex
field). In addition, canonical forms for H-unitary matrices for some particular choices of
H have been developed in [16, 20] under similarity transformations that leave H invariant.

On the other hand, the problem of finding a canonical form for H-normal matrices has
been proven to be as difficult as classifying pairs of commuting matrices under simultaneous
similarity, see [7]. So far, a classification of H-normal matrices has only been obtained for
some special cases, see [7, 10, 11].

From this point of view, the set of all H-normal matrices is “too large” and it makes
sense to look for proper subsets for which a complete classification can be obtained. A first
approach in this direction has been made in [8], where block-Toeplitz H-normal matrices
have been defined (see Section 2 for the definition). A complete classification for block-
Toeplitz H-normal matrices has then be given in [9] for the case that H is Hermitian and
defines a Hermitian sesquilinear forms. However, in the case that H defines a complex
or real bilinear form that is symmetric or skew-symmetric, there exist H-selfadjoint, H-
skewadjoint, or H-unitary matrices that fail to be block-Toeplitz H-normal (see Section 2
for details). Thus, the approach via block-Toeplitz H-normal matrices only makes sense
for the case of a Hermitian sesquilinear form.

In [18], several subsets of the set of H-normal matrices have been considered with the
emphasis of finding a subset that is ‘large enough’ in order to contain all H-selfadjoint, H-
skewadjoint, and H-unitary matrices, but that is still ‘small enough’ such that a complete
classification its elements can be obtained. A suitable set with there properties is the set
of polynomially H-normal matrices. A matrix X € C"*" is called polynomially H-normal
if there exists a polynomial p € C[t] such that X™* = p(X).



In this paper, we develop canonical forms for polynomially H-normal matrices. It will
turn out that canonical forms for H-selfadjoint, H-skewadjoint, and H-unitary matrices
are special cases of the general form. We only consider the complex case here, i.e., H
is Hermitian and defines a Hermitian sesquilinear form on C" or H is (skew-)symmetric
and defines a (skew-)symmetric bilinear form on C™. The real case will be discussed in a
subsequent paper.

The paper is organized as follows. In Section 2, we compare block-Toeplitz H-normal
matrices and polynomially H-normal matrices and we introduce the notion of H-decom-
posability. In Section 3, we discuss how to decompose a matrix into a block diagonal
matrix with indecomposables diagonal blocks. Section 4 is devoted to similarity transfor-
mations that leave the set of upper triangular Toeplitz matrices invariant. These similarity
transformations will be used in Section 5 to obtain canonical forms for polynomially H-
normal matrices that are similar to a Jordan block. Finally, we present canonical forms
for polynomially H-normal matrices and deduce from the general result canonical forms
for H-selfadjoint, H-skewadjoint, and H-unitary matrices. Section 6 contains the case of
Hermitian H, Section 7 the case of symmetric H, and Section 8 the case of skew-symmetric
H.

Throughout the paper, we use the following notation. If it is not explicitly stated
otherwise, H always denotes an n X n invertible matrix that is either Hermitian and induces
a sesquilinear form [+, ], or it is symmetric or skew-symmetric and induces a bilinear form
[+,-]. A matrix A = A; @@ Ay denotes a block diagonal matrix A with diagonal blocks
Ay, ..., A (in that order). e; is the i-th unit vector in F". A = (aa(),(j)) € F™*", where
a(i), 5(7) are functions of the row and column indices i or j, respectively, denotes a matrix
A whose (i, j)-entry is given by aa@) () for i = 1,...,m;j = 1,...,n. The symbols R,,
Y., and J,(\) denote the n x n reverse identity, the n x n reverse identity with alternating
signs, and the Jordan block of size n associated with the eigenvalue A, respectively, i.e.,

1 0

0 1 0 (—1)"
1 0 (=1t 0 |
0 A

A matrix A € F"*" is called anti-diagonal if R, A is diagonal. Also, recall that M* is the
conjugate transpose of the matrix M and that M™* (or M™ respectively) stands for M7 (or
H'MTH, respectively) whenever we consider the case of symmetric or skew-symmetric
H, and it stands for M* (or H-'M*H, respectively) whenever we consider the case of

Hermitian H. Finally, M~* := (M*)~' = (M~1)*.



2 Block-Toeplitz H-normal matrices and polynomi-
ally H-normal matrices

An important notion in the context of classification of matrices that are structured with
respect to indefinite inner products is the notion of H-decomposability. A matrix X € F"*"
is called H-decomposable if there exists a nonsingular matrix P € F™*" such that

PXP=X,®X,, P*HP=H & H,,

where X, H; € F™™ and X,, Hy, € FO=x(=m) for some 0 < m < n. Otherwise, X is
called H-indecomposable. Clearly, any matrix X can always be decomposed as

PUXP=X\® - ©Xy, PHP=H & & H, 21)

where X is Hj-indecomposable, j =1, ..., k. Thus, it remains to classify indecomposable
matrices.

As pointed out in the introduction, block-Toeplitz H-normal matrices have been in-
vestigated in [8, 9] in order to obtain a complete classification for matrices from a subset
of the set of H-normal matrices. An H-normal matrix X is called block-Toeplitz if there
exists a decomposition as in (2.1) such that each indecomposable block X is similar to
either one Jordan block or to a matrix with two Jordan blocks associated with two dis-
tinct eigenvalues. The reason for the notion “block-Toeplitz H-normal” is obvious by the
following theorem (proved in [8]).

Theorem 2.1 Let X € C"". Then X is block-Toeplitz H-normal if and only if there
exists a nonsingular matrix P € C™" such that

PIXP=X,® --®&X, and PHP=H & - &H, (2.2)

where, for each j, the matrices X; and H; have the same size, X; is indecomposable, and
the pair (X;, H;) has one and only one of the following forms.

1) H; = €R,,, where ¢ € {1, -1} and X; is an upper triangular Toeplitz matriz with
nonzero superdiagonal element;

2) X; = Xj @ Xjo and Hj = Rayp,, where Xj1, X5 € CPi*Pi are upper triangular
Toeplitz matrices with nonzero superdiagonal elements and the spectra of X;1 and
Xjo are disjoint.

In [18], it has been shown that polynomially H-normal matrices are block-Toeplitz H-
normal for the case of Hermitian H. (The converse, however, is false, i.e., there are block-
Toeplitz H-normal matrices that are not polynomially H-normal, see [18].) However, this
is no longer true for the case of real or complex H that is symmetric or skew-symmetric, be-
cause the following examples show that already H-selfadjoint and H-skewadjoint matrices
need not be block Toeplitz H-normal.



Example 2.2 Let S = J5(0). Then there exists no invertible symmetric H € F?*? such
that S is H-skewadjoint. Indeed, setting H = (h;j), ho1 = h12, we obtain from the identity
STH = —HS that

[0 0 ]_[0 loH hlz]__{hu h12H0 1}_{0 —hn}
hll h12 10 h12 h22 h12 h22 0 0 0 _h12 .

This implies h1; = his = 0 in contrast to the invertibility of H. Next consider

o [ﬂém _2.0) } =R

It is easily seen that Sis H -skewadjoint. By the above, S must be H -indecomposable, but
S has two Jordan blocks associated with 0. Thus, S is not block-Toeplitz H-normal.

Example 2.3 Let A = 0 € F?*? and H = ¥,. Then H is skew-symmetric and A is H-
selfadjoint. Clearly, A is H-indecomposable, because there do not exist invertible diagonal
skew-symmetric matrices. But A has two Jordan blocks associated with 0. Thus, A is not
block-Toeplitz H-normal.

These examples show that the set of block-Topelitz H-normal matrices does not contain
all H-selfadjoint and H-skewadjoint matrices in the case of symmetric or skew-symmetric
H. (One can also find examples of H-unitary matrices that are not block-Topelitz H-
normal.) Therefore, we suggest to investigate polynomially H-normal matrices instead.
Indeed, any H-selfadjoint matrix A, H-skewadjoint matrix S, and H-unitary matrix U
is always polynomially H-normal. This follows immediately from the identities A* = A,
S* = —S, and U* = U~!, using in the latter case that the inverse of an invertible U is a
polynomial in U. We conclude this section by providing some properties of polynomially
H-normal matrices that will frequently be used in the following.

Proposition 2.4 Let H € F™"*" be nonsingular and X € F"*" be polynomially H-normal.
1) There is a unique polynomial p € F[t] of minimal degree such that X™ = p(X).

2) If (v1,...,v) is a (possibly complex) Jordan chain for X associated with A € C, then

1

<.
|

P00 =3 Zp Ny j= 1, (2.3)

I
R

1%

3) We have p(Tx(N)) = p(A) I + po(Tk(0)), where

1

mp(k_l) (Nt (2.4)

/ 1 i
po(t) = p'(N)t + p" (Ve + -+ +

4) P'(X) # 0 for all eigenvalues A € C of X having partial multiplicities larger than one.

bt



5) If H is Hermitian, then p(p(X)) = X. If H is (skew-)symmetric, then p(p(X)) = X.

Proof. 1) follows easily from [12, Theorem 6.1.9] noting that the Lagrange-Hermite inter-
polation problem always has a unique solution, while 2) and 3) follow from [12] formula 6.1.8
which is

() D) g (V) e ]
0 p(n) PO T :
p(Jn(A))= 0 p(y) : : (2.5)
: : ' ' P'(A)
[ 0 0 p(A) 1

The same formula implies 4), because p(X) = H'XTH in the case of a bilinear form
and p(X) = H'XTH in the case of a sesquilinear form. Thus, the dimensions of the
cigenspaces Eig(X) and Eig(p(X)) of X and p(X), respectively, must be equal. Finally,
the additional assumption on H implies X = (X™)* and then 5) follows from

X = (X = (p(xN" = H'p(X)"H = p(H ' X" H) = p(X") = p(p(X))

in the case that H is symmetric or skew-symmetric, and in the case that H is Hermitian,
5) follows from

X = (X)) = B 'p(X)"H = H'p(X")H = p(H ' X"H) = p(X1) = p(p(X)). O

Definition 2.5 Let H € F™*" be nonsingular and let X € F"*™ be polynomially H-normal.
Then the unique polynomial p € F[t] of minimal degree such that X™* = p(X) is called the
H-normality polynomial of X.

3 Decomposition of polynomially H-normal matrices

In this section, we investigate decomposability of polynomially H-normal matrices and
discuss spectral properties of indecomposable polynomially H-normal matrices.

Proposition 3.1 Let X € C™" be polynomially H-normal with H-normality polynomial
p and let A\, € C be eigenvalues of X. Furthermore, let (vq,...,v;) be a Jordan chain
for X with respect to A and let (wy, ..., wy,) be a Jordan chain for X with respect to p,
where m > 1. Then for alli=1,...,1,j=1,...,m, andn =0,...,min(i — 1,m — j) the
following conditions are satisfied:

1) if H is Hermitian:

o) [w5,0) = (PO Twsansvia] if = p(N) and if [wg, 0] =0 for o +v < i+ j;



b) [wy,v0] =0 if i +j < m;
¢) [wj,vi] =0 ifi+j >m and p # p(\).

2) if H is symmetric or skew-symmetric:

"
a) [wj,v;] = (p’()\)) [Wjtn, Viey] if o= p(N) and if [w,v,] =0 for o +v <i+j;
b) lwj,v;] =0 ifi+j<m;
c) [wj,vi] =0 if i+ 5 >m and p # p(\);

Proof. We only prove the result for the case that H is Hermitian. The proof in the

symmetric or skew-symmetric case proceeds completely analogously. Let vy := 0 and
wp := 0. Then
X)v; = ~ L A d Xw; =
p(X)v; = ZO P Nviey and - Xwj = pwj +wj

fori=1,...,01;7=1,...,m, because of (2.3) and because (wy, ..., w,,) is a Jordan chain.
If p=p(A) and if j < m and ¢ > 1 are such that [w,,v,] =0 for o + v < i+ j then

(wj,vi] = [Xwj1,vi] — plwjrr, vi] = w1, p(X)vi] — p(A)[wjt1, vi]
7 1 T
= (w1, Y Jp(u)(/\)vi—u — [wj+1, p(A)vi]

v=0

7

1
= |wipr, Y Jp(y)(/\)vi—u = p/(N)[wjt1, vi1].

v=1

Repeating this argument implies a). The remainder of the proof proceeds by induction on
k =i+ j (including the cases i = 0 and j = 0). The case k = 1 is trivial. Thus, assume
k> 1. Ifi=0orj =0 then there is nothing to prove. Thus, let 4,j > 0. First let us
assume p(A) = g and k < m. Using j + i — 1 < m, the induction hypothesis [w,,v,] =0
for 0 + v < k, and a), we obtain that

[wj,vi] = (W)i_l[wmb@l] = (p’(A)y_l([meavl] - M[wj+i,vl]>
= ()" (v (X)) = POy ] ) = 0.

Next consider the case p(\) # p. Then the induction hypothesis yields [w;_1,v;] = 0 and
lwj,v,] = 0 for v < i. Thus, we obtain that

plwj,vi] = [ijavz‘].: [(Xwj, vi] = [wj—1,vi] = [Xwy, vi] = [w;, p(X)vi]
= [wj 3 %p(u)o‘)”i—u] = p(\)[w;, vi]

which implies [w;, v;] = 0. This concludes the proof of b) and ¢). O

7



Proposition 3.2 Let X € C™™" be polynomially H-normal, and let V be a nontrivial
X-invariant subspace that is H-nondegenerate. Then X is H-decomposable.

Proof. Without loss of generality, we may assume that (eq,...,e,,) is a basis of V. (Oth-
erwise apply a suitable transformation on X and H.) Then X and H have the block

forms
| X X - Hy Hy
X—[ 0 ng} and H_{j:Hf; Hﬂ},

where X1, Hy; € C™. Then 1 < m < n — 1, because V is nontrivial. Since V is
H-nondegenerate, we obtain that H;y; is nonsingular. Setting

[ L, H3'Hy
= ]

we obtain that

Xll X12

X=PlXp=
[ 0 Xoo

] and ﬁ:P*HP:[H” 0 }

0 Hy

with suitable matri~ces~)~( 12,]:[22; Note that with X also p(f( ) is block upper triangular.
Then the identity X*H = Hp(X) implies X5 = 0. Hence, X is H-decomposable. [

Proposition 3.3 Let X € C™" be polynomially H-normal with H-normality polynomial
p. Furthermore, let (vy,...,v;) be a Jordan chain for X and letV := Span(vy, ..., v;).

i) V is nondegenerate if and only if [vy,v;] # 0.

ii) Let B := (vq,...,v,) be an extension of (vi,...,v;) to a basis of C" that consists of
Jordan chains for X. If any Jordan chain in B different from (vy,...,v;) has length
smaller than [, then V is nondegenerate.

Proof. If [vy,v] = 0, then by condition b) in Proposition 3.1 we have [vq,v;] = 0 for
7 =1,... 0l and hence V is degenerate. To prove the converse, assume V is degenerate and
let v € V'\ {0} be such that [v;,v] =0 for j =1,...,l. Then v = c;v1 + - - - + ¢v; for some
c1,...,0 € C. Let v be the largest index such that ¢, # 0. Then

l

0=[v,0—vt1] = [V, V1—pi1] = ¢ Ve [u, 1],

by conditions a) and b) in Proposition 3.1. Here ¢ = p’()) in the case of a bilinear form or
¢ = p'(\) in the case of a sesquilinear form, where A is the eigenvalue associated with the
Jordan chain (vy,...,v;). In particular, (=% # 0. (For [ > 1 this follows from condition 4)
in Proposition 2.4 and for [ = 1 the exponent [ — v is zero.) But then, we necessarily have
[v, v1] = 0. This conludes the proof of i).

For the prove of ii), assume that V is degenerate. Then by i) we have [v;,v1] = 0.
Moreover, the fact that all Jordan chains in (v;11,...,v,) have size smaller than [ and
condition b) in Proposition 3.1 imply that [v;,v;] = 0 for j = 1,...,n. This contradicts
H being nonsingular and the inner product being nondegenerate. Consequently, V is
nondegenerate. [




Proposition 3.4 Let X € C™™" be an H-indecomposable polynomially H-normal matrix
with H-normality polynomial p and let Eig(X) be the space of all eigenvectors of X.

a) dim Eig(X) < 2.

b) If dimEig(X) = 1 and if X\ is the eigenvalue of X, then p(\) = X in the case of
Hermitian H and p(\) = X\ in the case of symmetric or skew-symmetric H.

c) If dim Eig(X) = 2, then there exist two Jordan chains (vy,...,vy) and (wy,. .., wy)
for X associated with the eigenvalues \ and u, respectively, such that C* = V+W,
where V := Span(vy, ..., v,) and W := Span(wy, ..., w,,) are H-neutral. In partic-
ular, n = 2m 1is even.

Moreover, if H is Hermitian, then p(A) = u# X =p(u). If H' = eH, where e = +1,
then p(A) = pu and p(u) = X and we have u = X\ only if ep’(N\)™ ! = —1.

Proof. Let (vy,...,v,) be a Jordan chain for X of maximal length m and let A € C
denote the eigenvalue associated with that chain.

If [m,v1] # 0 then V = Span(vy,. .., v,,) is nondegenerate by condition i) in Proposi-
tion 3.3. But if V is nondegenerate, then Proposition 3.2 implies n = m and hence X has
only one eigenvector up to scalar multiplication which implies dim Eig(X) = 1. Moreover,
condition c) in Proposition 3.1 implies p(\) = X in the case of Hermitian H and p(\) = A
in the case of symmetric or skew-symmetric H.

If [vy,,v1] = 0, then the fact that the inner product is nondegenerate implies that
there exists a Jordan chain (wy,...,w;) for X associated with an eigenvalue p € C such
that [w;,v1] # 0. Then condition c¢) of Proposition 3.1 implies 1 = p(A) in the case of
symmetric or skew-symmetric H and p = p()\) in the case of Hermitian H. Now, condition
b) in Proposition 3.1 implies [ > m, in fact [ = m due to the maximality assumption.
Furthermore, [w,,, w;] = 0, because otherwise Span(wy, . . ., w,,) would be nondegenerate in
constrast to the H-indecomposability of X. We claim that & = Span(vy, ..., vy, wy, ..., w;)
is nondegenerate. Indeed, let

Uv=aqU1 + o F U + frwr o B, 0, 00, B, B €C

be such that [v,z] = 0 for all z € V. Assume v # 0 and let k be the largest index such that
ar # 0 or B # 0. Then conditions a) and b) in Proposition 3.1 and [vp,, v1] = 0 = [wW,y,, w1 ]
(or, equivalently, [vg, Vym—gi1] = 0 = [wk, Wpy—g41] iImply

= [U>wm—k+1] = O‘k[vk:wmflﬁrl] = Cozk[vm,wl],

= [Ua Um—k-l-l] = ﬂk[wkv Um—k+1] = gﬁk[wh Um]a

where ( and £ are nonzero constants. Thus, we obtain a, = 3; = 0, a contradiction. Hence
v = 0, i.e., U is nondegenerate. Then Proposition 3.2 implies n = 2m and, therefore,
dim Eig(X) < 2. Next, we show that the Jordan chains (vy,...,v,) and (wy, ..., w,) can
be chosen in such a way that they span H-neutral subspaces. We consider two cases.



Case (i): p # A. By condition ¢) in Proposition 3.1, we obtain from [w,,,v1] # 0 that

A = p(p) in the case of symmetric or skew-symmetric H and A = p(u) in the case of
Hermitian H. This implies A # p(\), or A # p(A), respectively. Hence, by condition c¢) in
Proposition 3.1, both V and W are necessarily H-neutral.

Case (ii): p = . First, we consider the case of Hermitian H. Then

—m—1 m—1
(w1, V] = P'(A) W, 1] =p/(N) [vr, W]
Now let a € C and consider (v; + aws, ..., vy, + qw,,) which is a Jordan chain associated
with A. Clearly, a can be chosen such that
m—1
[v1 + Qwy, Uy + QW] = alwy, vy,] + @lvr, wy] = ap’(N) (01, W] + @[v1, wy] # 0

(For example, choose o = 1 if [vy,w,,] # —p’(/\)mil[vl,wm] and o = i else.) But then
Span(v; + awy, ..., U, + qw,,) is nondegenerate by Proposition 3.3 in contrast to the
indecomposability of X. Thus, case (ii) does not occur in the case of Hermitian H.

Next, consider the case that HT = ¢H, where ¢ = £1. Repeating the argument just
made with o« = 1, we obtain that (vy + w1, ..., v, +w,,) is a Jordan chain associated with
A satisfying

[V1 + Wy, U + W] = (1 + 5p,(>‘)m_1)[vl7 Wy

which is nonzero unless ep’(A\)™ ! = —1. Thus, case (ii) only occurs in the case that
ep’(A\)™ 1 = —1, because otherwise X would be H-decomposable.
Assume that the Jordan chains (vy,...,v,) and (wy,...,w,,) associated with A and

i = p(A), respectively, are chosen in such a way that
[Um>vj] =0= [wmv wj]

for j = 1,...,k, where k is maximal. Then k > 1 because [v,,,v1] = 0 = [wy,, wq]. Let
V = Span(vy, ..., v,) and W = Span(wy, ..., w,,). Clearly, V and W are H-neutral if and
only if £ = m. Assume k < m. Then [v,, vki1] # 0 or [wy,, wry1] # 0. Without loss of
generality, we may assume that [v,,, vr+1] # 0. Then by condition a) in Proposition 3.1,
we have that

[V, Vky1] = €[Vky1,Vm] = 5P,(/\)m_k_1[vma Vk4)
which implies ep/(A\)™ %=1 = 1. Set
ms ~ ) <
C::_[v Ugt1] nd 5= vj forz_k
2[vm,w1} Vj + cwj for 7>k
Then (01, ...,7y) is a Jordan chain for X associated with A and
[6m71~}j] = [Uﬂ”wvj] + C[wmfkvvj] =0

for j = 1,...,k because of m — k + j < m and condition b) in Proposition 3.1. On the
other hand, we obtain from

[wm—k‘7 Uk-f—l] - 5[Uk+1, wm—k‘] - gp/()\)m_k_l[vma wl] - [Uma wl]
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and [Wy,—g, w1] = 0 that
[r&"rru ﬁk-{-l} — [Uma Uk—i—l] + C[Um7 wl] + C[wm—k7 Uk-‘rl] + C2 [wm—ku wl] =0.

If necessary, an analogous modification of the Jordan chain (w,...,w,,) yields a Jordan
chain (@y,...,w,,), where [, w;] = 0 for j = 1,...,k + 1. (Note that the vectors
U1y ..., O, W1, ..., Wy, are linearly independent, because the vectors v, = vy and w; = wy
are.) This contradicts the maximality assumption on k. Hence k = m, and V and W are
H-neutral. O

Corollary 3.5 Let X € C™" be an H-indecomposable polynomially H-normal matriz
with H-normality polynomaial p. If there exist two linearly independent eigenvectors of X,
then n = 2m is even and there exists a nonsingular matriz P € F™" such that

Tm(A) 0
0 p(Tn(N)

where € = 1 and XA # p(X\) in the case of Hermitian H, and X\ # p(\) or A = p(\) and
ep(\)™ ! = —1 in the case that HT = eH, where e = £1.

PXP— *], PTHP:[ U Im] (3.1)

el, O

Proof. By Proposition 3.4, we may assume that, after an appropriate change of bases, X
and H have the forms

[ ) w0 ]

It is clear that H;, is nonsingular and Hyy = ¢ H 1*2, where € and A satisfy the conditions in
the statement of the corollary. Hence, setting P = I,, ® Hy,", we obtain using X* = p(X)
that P~*X P and P*H P have the forms (3.1). O

4 Transforming upper triangular Toeplitz matrices

In this section, we will collect some technical results that will be used in the following
section for the reduction of polynomially H-normal matrices towards canonical form. We
include the real case her, i.e., F may be either C or R. Let us start with a nilpotent
Jordan block 7,,(0). If H is such that [7,(0) is polynomially H-normal with H-normality

polynomial p, then J,(0)*H = J,(0)TH = Hp(jn(())) or, equivalently,

(BuH) ™ J,(0) R H = p(,(0)

which implies that the similarity transformation with R, H transforms 7,(0) to an upper
triangular Toeplitz matrix. (Here, we used that R,J,(0)R, = J,(0)” or, more generally,
R,TR, = T7T for any Topelitz matrix T € F*™.) In this section, we will focus on
transformation matrices like R, H and analyze their structure.
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It is well known that a matrix 7" commutes with 7,(0) if and only if 7" is an upper
triangular Toeplitz matrix, see [5]. These matrices will play an important role in the

following and we use the following notation for them: for ag,...,a,_1 € C we denote
apg ap ... QAp—1
0 a
T(ao,...,an_l) = 0 .
0 0 . aq
0O 0 O ao
As a general convention, we interprete a matrix denoted by T'(ag, a,as,...,a,_1) as the

scalar ag if n =1, as T'(ag,a1) if n = 2 and as T'(ag, a1, as) if n = 3. Moreover, we denote

T(n) : setof all n x n upper triangular Toeplitz matrices
Tr(n) : set of all n x n upper triangular Toeplitz matrices T'(ag, a1, ..., an_1),
where ag = -+ = ap_1 = 0,a; # 0.

In particular, 77(n) consists of all upper triangular Toeplitz matrices that are similar to the
Jordan block 7,,(0). This means that for ay,...,a,_1 € F, a; # 0, there exists a nonsingular
matrix @ such that Q~*7,(0)Q = T(0,ay,...,a,_1). The set of all transformations of this
form will be denoted by G(n), i.e

G(n) ={Q e F" | Q7' J(0)Q € T (n)}.

Proposition 4.1 The set G(n) is a group. Moreover, if Q € G(n), then R,Q*R,, € G(n)
and R,QTR, € G(n).

Proof. Clearly, G(n) is closed under matrix multiplication, because elements of 7;(n) are
just sums of powers of 7,(0). Let Q € G(n), that is, T := Q7' 7,(0)Q € T;(n). We show
by induction on k that Q7,(0)*Q! € Tx(n) for k =n —1,...,1. Then the statement for
k =1 implies Q' € G(n). First, let kK =n — 1. Then

Q' Tu(0)" ' Q=T"" = aZ, (0)"
for some o € F\ {0}, because T"* € T,,_1(n). This implies Q.7,(0)" Q"' = L.7,(0)"*
Next, let k <n — 1. Then
Q7' 7(0)'Q =T" = Z@Jn
for some B, ...,0,-1 € F, where 5, # 0. The induction hypothesis for £k +1,...,n — 1
implies

an(o)inl = é(jn(o)k - Z_: Bjjn(o)j> € %(n%

j=k+1

€Tg41
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which concludes the induction proof. Hence, G(n) is a group. For the remainder of the
proof, let @ € G(n) be such that

Qiljn(())Q = T(Oa ag, ... 7an71)-
Then noting that R,T*R,, = T for any T' € T (n), we obtain that

(RQ " Ra) "' Tn(0)(RaQ ™" Ry) = (Ra@Q Ry)(RnJu(0)" Ri)(RaQ™"Ry,)
= RnT(O, ay, ... ,Clnfl)*Rn = T(O,a_l, c. ,&n,1>.

Thus, R,Q*R, € G(n) and since G(n) is a group, we also have R, Q*R,, € G(n). The
proof for R,Q" R, € G(n) is analogous. [

What do the elements of G(n) look like? The answer is given in a more general sense

in the next result.

Proposition 4.2 Let ay,...,a, 1 €F, a1 #0, let T =T(0,a1,...,a,-1) € T1(n), and let
p > n. Then for any q € F*, the matriz Q = (¢;j) € FP*" given by

n C]T
SR, T
N FCE (41)
qTTnfl
satisfies o
J,(0)Q = QT. (4.2)

On the other hand, any matriz Q satisfying (4.2) is uniquely determined by its first row,
say q*, and has the form (4.1). In particular, Q is upper triangular, and for k =1,... n,
l=0,...,n—k, we obtain that

Qe = 0 qu (4.3)
I+1
Qe+l = Z i Q-1 Joi—i3 (4.4)
i=1
Qe = (k—1Daiarqn + af g + fular, - an g, - qu), (4.5)
where fi € F depends onay, ..., a1, qu1,- .., qu, but not on a1 or qi41, and where a,, = 0.

Proof. It is well known (see, e.g., [5] chapter VIII, §1) that the solutions X of the equation
J»(0)X = XT form a vector space of dimension n. A straight forward computation
shows that any @ of the form (4.1) is indeed a solution to J,(0)X = X7T. Thus, @
is uniquely determined by the n entries of the first row ¢” and we immediately obtain
the identities (4.3) and (4.4) by comparing the two sides in (4.1). We will now prove

13



identity (4.5) by induction on k. If k = 1, then (4.5) is trivially satisfied with f;; = 0 for
l=0,...,n—k. If k>1and l €{0,...,n —k — 1}, then (4.4) implies

I+1 !
k41,4141 = E Qi ktl—j+1 = Q1Gkk T Q1qk k+1 + g A5Gk k+1—j+1- (4.6)
=1 j=2

By the induction hypothesis, we obtain that g x4,—;+1 does neither depend on a;41 nor on
qri41 for 7 =2,...,1. Moreover, using (4.3) and the induction hypothesis for gy i, we
obtain that

Qe 1 h+140 =  Q41Qrk + O1Qr k1 + frl

= d"lagq o ((/f — Da"arqi +ai g + sz) + fu

k—1 k
= kai" aigu + aiquisn + ferls

where fkl € Fand frr1; = ]?kl + a1 fi; may depend on aq,...,a;, q1, ..., qy, but do neither
depend on a;+1 nor on ¢ ;41. This concludes the proof. 0O

Example 4.3 If n = p = 4, then any Q € F* satisfying 7,,(0)Q = QT'(0, ay, as, az) has
the form

qd11 d12 13 q14
| 0 aiqun aqu +arqiz  asqir + azqi2 + arqiz
@= 0 0 a? 2 2
1911 102411 + aiq12
0 0 0 atq

for some q11, 12, q13, 14 € F.

Proposition 4.4 Letn > 2 and let H be such that R,H € G(n), i.e., there exists a matriz
T:=T(0,a,...,a,) € Ty(n) such that J,(0)TH = HT.

1. If H is symmetric, then a; = 1 if n is even, or a; = £1 if n is odd.

2. If H 1s skew-symmetric, then n is even and a; = —1.
. . h2,., . . h2,,, .
3. If H s Hermitian, then a; = \h::l e if n =2v is even or a; = :|:|hy”:2 ,e ifn=2v+1
15 odd.

If one of the conditions 1)-3) is satisfied and if, in addition, the last row of H is a multiple
of the first unit vector e, then ay = -+ = a,_1 = 0 and H is anti-diagonal.

Proof. Let M = R, H = (my;) = (hnt1-:;). Then

T (0)M = R, (RyTJn(0)R)H = R, J,(0)TH = MT
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and M is upper triangular by Proposition 4.2. Since M is nonsingular, we have furthermore
that mq; # 0. First, let n = 2v be even. Then Proposition 4.2 implies that

Myt 41 = A1Myy, if H is symmetric;
My, = —Myst1 pg1 = — A1 My, if H is skew-symmetric;
Mytio41 = a1 Myy, if H is Hermitian.
Thus, a; = 1 if H is symmetric, a; = —1 if H is skew-symmetric, and a; = Im e if H is

Hermitian. On the other hand, if n = 2v + 1 is odd, then Proposition 4.2 1mphes that

— Myyopra= Gimy,, if H is symmetric;
vy My 2012 = a1° My, if H is Hermitian.

2
Thus, a; = £1 if H is symmetric and a; = j:h;n#”|2 if H is Hermitian. (The case that H
is skew-symmetric does not appear, because H is assumed to be invertible.)
Finally, assume that the last row of H is a multiple of the first unit vector, that is,

mia = -+ = my, = 0. Then Proposition 4.2 implies that M has the form
el
el'T
M =myp . )
elfm-1
i.e., the rows of M are just the first rows of I, T, ..., T™ ! multiplied by m;. Since each

T* is an upper triangular Toeplitz matrix, it is completely determined by its first row and
we immediately obtain that

m m n
Tk:%jn(o)u... 7;“ T (0"t k=1,...,n—1. (4.7)
11 11

Assume that not all a;, j = 2,...,n — 1 are zero. Let [ € {2,...,n — 1} be the smallest
index such that a; # 0, i.e.,

T = a1 7,(0) + a1 Jn(0) + - - + ap_1 T (0)" 1. (4.8)

By (4.7), L“l“‘ is the coefficient of 7,,(0)"~1 in 777!, On the other hand, using (4.8) to
compute 7", we obtain that

Tnf _a’l ljn( ) (n—l) n—Il— 1aljn(0)n71

This implies my,_j+1,, = mai(n — laf™ =1g,. However, we have that Mp—i—1n = £my if
H is (skew-)symmetric or m,_;_1, = £my if H is Hermitian, and we have that my;, = 0.
This implies a; = 0 in contradiction to the assumption. Thus, ay = --- = a,_1 = 0. In

particular, T' is just a scalar multiple of a Jordan block and it follows from (4.7) that
Mi1; = 0for j =k +2,...,n, k=1,...,n—1. Thus, M is diagonal, i.e., H is anti-
diagonal. 0O
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5 H-normal matrices similar to a Jordan block

As an application of the results in Section 4, we obtain a canonical form for H-normal
matrices that are similar to a Jordan block. Since the reduction process in the real case
is similar to the one in the complex case, we include the real case here, i.e., FF may be
either C or R. For the case of Hermitian H, the reduction technique is based on ideas
that are similar to the ideas used in [9]. In particular, the canonical form (5.1) and (5.2)
in Theorem 5.2 could be derived starting with Theorem 1 and 2 in [9]. However, an
independent proof is given here in order to make the paper self-contained and to be able
to emphasize the differences in the cases of Hermitian H, (real or complex) symmetric H,
and (real or complex) skew-symmetric H. We start with a remark that can be verified
straight forward.

Remark 5.1 Let A = (a;;), B = (b;j),C = (¢;5) be n x n matrices and D = (d;;) = ABC.
1) RnA = (an+1_i7]’) and ARn = (ai7n+1_j).
2) If A, B, and C are upper triangular, then for [,k = 1,...,n we have

koo
dlkzg E ai;bjicig.

i=l j=l

Theorem 5.2 Let H € F"*" be nonsingular and Hermitian or (skew-)symmetric, and let
A € F™™ be polynomially H-normal with H-normality polynomial p € F[t]. Furthermore,
let A be similar to the Jordan block J,(\). Thenp(\) = X and |p'(\)| = 1 if H is Hermitian,
or p(A) = X and p'(\) = £1 if H is symmetric or skew-symmetric. Moreover, one of the
following cases applies:

1) if H is Hermitian, then there exists a nonsingular matriz Q € C™*™ such that

QTAQ = M, +ePT(0,1,iry, ... irn_1) (5.1)
Q"HQ = eR,, (5.2)

where the parameter € = £1 is uniquely determined, and the parameters 6 € [0, )
andry,...,r, € R are uniquely determined by A and the coefficients of the polynomial
p and can be computed from the identity

N, 4+ e OT(0,1, —irs, ..., —irp_) = p<)\In O TN, it ... ,irn,1)>;

2) if HY = +H and p'(\) = 1, then H is symmetric and there exists a nonsingular
matriz ) such that

QilAQ = jn<)‘)7 QTHQ = 5Rn7 (53)

where ¢ is uniquely determined and e =1 if F =C and ¢ = £1 if F = R;
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3) if HY = £H and if p'(\) = —1, then H is symmetric if n is odd and H is skew-
symmetric if n is even; moreover there exists a nonsingular matriz () such that

QrAQ = T(\1,ag,as,...,6,_1) = T(\ 1,a9,0,0a4,0,...) (5.4)
QTHQ = &%, (5.5)

where ¢ = is uniquely determined and ¢ = 1 if F = C ore = £1 f F = R, and
where a; = 0 for odd j and the parameters a; for even j are uniquely determined
by A and the coefficients of the polynomial p and can be computed from the identity

T(A —1,a9,0,a4,0,...) :p<T()\, 1,ay,0,a4,0,. .. )).

Proof. Without loss of generality, we may assume that A = 7,(\). From the identity
A* = p(A), we immediately obtain that p(A) = X in the case of Hermitian H and p(\) = A
in the case of (skew-)symmetric H. Without loss of generailty, we may assume A = 0.
Indeed, it follows from Proposition 2.4.3 that Y = A — A[,, = J,(0) is polynomially H-
normal with H-normality polynomial py, where py is given in (2.4), because of

H'Y*H=HYX*—\,)H = p(jn(/\)> — A, = po (Jn(0)> = po(Y)
in the case of Hermitian H or
HYWTH = HY(XT - \[)H = p(jn()\)) — M, = po (jn(O)) =po(Y)

in the case of (skew-)symmetric H. (Recall that by (2.4), the coefficients of py depend on
A and on the coeflicients of p.)

Thus, let A = 0 and p(t) = ap+ayt+- - -+a,_1t""L. Then the fact that A is polynomially
H-normal implies

TV H = Hp(jn(0)> — HT(ag, ..., an). (5.6)

Clearly, we have g = 0. Moreover, (5.6) implies 7,(0)R,H = R, HT (v, . .., ), that is,
R,H € G(n) and hence, R, H is upper triangular. The main idea is now to simplify H by
applying a congruence transformation on H with a matrix Q) = (¢;;) € G(n). By Propo-
sition 4.2, the matrix @ satisfying Q7' 7,(0)Q = T(0,a4, ..., a,_1) is uniquely determined
by the parameters qi1,...,qn,a1,...,0,_1. It is our aim to choose these parameters in a
way such that the transformed matrices A and H become as simple as possible. We will
consider two different cases.

Case (1): H is Hermitian. Then Proposition 4.4 implies that |a;| = 1. Consider the
matrix M = (m;;) = R,Q*"HQ = (R,Q*R,,)(R,H)Q. Then by Remark 5.1, the elements
of the first row of M satisfy

ki
mig = Z Z Qn—j+1,n hnfjJrl,iQiku k=1,...,n. (5-7)

i=1 j=1
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By (4.5), the only summands in (5.7) that possibly depend on ay or ¢ (where a, := 0)
are qn—nhnlqlk and Tn—kt1.n hn—k+1£Qk- Proposition (4.3) implies that h,_py1 5 = o h
and ¢, = a¥'¢1;. Using this and (4.5), we obtain that mq; has the form

mig = Ch Y@ o qur + (( /f)a?_k_l akqi1 + G?_kﬂ>alf_lhn1alf_1%1 + Sk, (5.8)

where Sy = Si(a1,...,a5-1,q1,---,q1k—1) does neither depend on a; nor on ¢i;. Now
choose a; = € to be the square root of @y with argument 6 € [0,1I). (Recall that
|ai| = 1.) Then oy = @;? and (5.8) becomes

my = a G haqu + ((n —k)al P @ qn + a1 T >Q11hn1 + Sk,

n—1

— _ _ _ a
= a'" ' hy (QH Quk + Tk quu + (0 — k)ayag |qu|* + ]i 3k>- (5.9)
nl
Note that a” ' h,; is real. Indeed,
a’f‘l hyp = a?‘lh—nl = a’f‘lhl =al” la?_lhnl = a?‘l R

Then we set ¢1; = 1/4/|a}™ ar ! hn1| and we succesively choose

1 ay?™! > e 1 <a’f‘1 )
ap = Im Sk ) e, qr = =—Re S, k=2,....n—1
* (n — k)i ( hna ‘ t 2q11 B g

which implies my, = 0 for K =2,...,n — 1. Observe that (5.9) for k = n takes the form

min = a?il hn1q11 <q1n + E) + 'Sn‘

Since a?’l ha1, q11, and my, = h,, are real, so must be S,,. Then choosing
n—1

1 af
2q11 I

gives my, = 0. Since R,H,Q € G(n), we obtain that R,Q*R, € G(n) and then also
M = R,Q*HQ € G(n). But then, Proposition 4.4 implies that Q*H( is anti-diagonal.
Observe that the anti-diagonal elements of H := (h;;) := Q*H() have the forms

din = —

n

n—l h
7 _— n—k k—1 k-1 nl
hn+17k,k = Mgk = Qn+1fk,n+1fkhn+lfk,kak =a; q1104 hn1a1 qi1 = f =é&,
|(I hn1|
where € = 1 if a7 @ Thy > 0and e = —1 else. (We have h,; # 0, because of the nonsingu-

larity of H.) Thus, Q*HQ = R,,. By construction, we have that

Q'AQ =T(0,ay,...,an_1) = PT(0,1,iry, ... iTH_1),
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where 79, ...,7,_1 € R. It remains to show uniqueness of these forms. First, we show that
the parameters r,...,7,-1 € R and 6 € [0, 7) are uniquely determined by the coefficients
of the polynomial p. Indeed, since p(t) = ayt + ast? + -+ - + @, 11", we obtain from the
special structure of A= Q'AQ that

p(g) = a1e”T(0,1,iry, ..., irn_1) + T(0,0, 59,83, ..., 5p_1),

where s; may depend on «q,...,a;,r2,...,7;_1, but it does not depend on r;. A straight
forward computation shows H 'A*H = e‘i‘gT(O 1, —irg,...,—ir,_1), because H = eR,,.
Then we obtain from the identity p(A) = H'A*H that

€T (0,1, + 8o, ..., iTn, + 5n,) = € OT(0,1, —iry, ..., —irp_1). (5.10)
Thus, 6 € [0,7) is uniquely determined by the identity a;e? = e~ and the parameters
rj can be succesively obtained as the unique solutions of 2ir; = —s;, because s; only
depends on r; for ¢ < j. Thus, the parameters 3, ..., 7, 1 are uniquely determined by the

coefficients of p. Concerning the parameter ¢, assume that Z~ 1AZ = A. Since A is an
upper triangular Toeplitz matrix with nonzero superdiagonal element aq, it follows easily
that Z = (zw) must be an upper triangular Toeplitz matrix as well. Then con31der1ng
H:=2"HZ = R,(R,Z*R,)Ry,HZ, it follows by Remark 5.1 that the (1,n)-entry hy, of
H has the form R

hin = ZithinZnn = €|211)*.

Thus, we can never change the sign of £ with a transformation that leaves A invariant.
This proves uniqueness of the parameter € and concludes the proof of Case (1).

Case (2): H is symmetric or skew-symmetric. Then Proposition 4.4 implies a; = £1.
Consider the matrix M := (m;;) := R,QTHQ. Then a calculation analogous to the
calculation that lead us to (5.8) yields

mie = a} " quhaque + ((n — k)a} " aggn + a?_kqlk>&]f_1hn1alf_1%1 + Sk, (5.11)
where Sy = Si(a1, ..., ak-1,q11, .-, q1,-1) does neither depend on aj nor on gy;. We will

distinguish two subcases.
Subcase (2a): oy = 1.
In this case H is necessarily symmetric by Proposition 4.4 and (5.11) becomes

m = 27 quibniquk + (n — k)al 2arg hoy + Sk, (5.12)
Set g = -+ = Qp—1 — 0 and qdi1 = ]-/Vhll if F = (C, or qi1 = 1/\/|h11| ifF = R,

respectively. Then succesively define
-8

ik = =1
2@711 1(]11hn1

for k = 2,...,n. Then my; = 0 and as in Case (1), we conclude that QTHQ is anti-
diagonal. In particular, QT HQ and Q=1 AQ have the forms (5.3), where e = 1 if F = C or
e = hy/|hi| = £1 if F = R, respectively. Uniqueness of ¢ is shown as in Case (1).
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Subcase (2b): a; = —1.
By Proposition 4.4, H is symmetric if n is odd and skew-symmetric if n is even. Moreover,
(5.11) becomes

mix = a} " quiha quk <1 + (—1)k_1> + (n = k)aT 2ap? hoy (= 1)1 + Sy, (5.13)

Then we set q11 = 1/vhyy if F = C, or qg1; = 1/4/|h11]| if F = R, respectively, and then

successively
0 S if k |
ik =Y, af = po If K 1s even,
(n = k)athmat
-8,

207 il

a =0, qix:= if k is odd,
fork=2,...,n—1, and ¢y, := 0 if n is even or ¢, := —Sn/Qa’f_lqnhnl if n is odd. Then
we obtain mq, = 0 for k = 2,... n. (Note that if n is even then m;,, = 0 follows from the
fact that H is skew-symmetric.) Then we conclude as in Case (1) that H := QT HQ is anti-
diagonal. In particular, QTHQ and A := Q~'AQ have the forms (5.4) and (5.5), where
e=1ifF=Core=hy/|h1| ==x1if F =R, respectively. Uniqueness of the parameters
¢ and a; for even j is shown analogous to Case (1). Indeed, the identity H—'ATH = p(A)
now becomes

T(O, —1, as, O, Ay, 0, ce ) = T(O, —1, —ag + S9,83, —Q4 + S4, 85, ... ), (514)
where s; may depend on ay, ..., o; and a; for « < j, but it does not depend on a;. Thus, the
parameters as, ay, . .. can be succesively obtained as the unique solutions of the identities

2a9; = s9; and, consequently, they are uniquely determined by the coefficients of p. [

Remark 5.3 The uniqueness property of Proposition 5.2 is the reason why we transformed
the matrix A in Subcase (2b) to the special upper triangular Toeplitz form where every

other superdiagonal is zero. Because if A =T(0,1,as,as,...,a, 1), then (5.14) becomes
T(07 _17 (_1)20’27 R <_1)n71an*1> = T<07 _17 —Qg + S2,..., —0Qp—1 + Snfl)-
Thus, only the parameters a; with even index j are determined by ss,...,s,-2 and the

parameters a; with odd index j have to be specified in another way. We did this by setting
all of them to zero.

6 The case of Hermitian H

In this section, we present a canonical form for polynomially H-normal matrices for the case
that H is Hermitian. Then, we recover from the general result the well-known forms for H-
selfadjoint and H-unitary matrices. We do not consider H-skewadjoint matrices, because a
matrix S € C"*" is H-skewadjoint if and only if ¢S is H-selfadjoint and thus, the canonical
form for H-skewadjoint matrices is an immediate consequence of the canonical form for
H-selfadjoint matrices.
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6.1 Canonical forms for polynomially H-normal matrices

Theorem 6.1 Let H € C"*" be Hermitian and nonsingular and let X € C™*™ be polyno-
maally H-normal with H-normality polynomial p. Then there exists a nonsingular matrix
Q such that

Q'XQ=X,9---0X,, QHQ=H & - ©H, (6.1)

where X; is Hj-indecomposable and where X; and H; have one of the following forms:

i) blocks associated with eigenvalues \; € C satisfying p(A;) = A;:
Q'X;Q = NI, + € T(0,1,irj0,...,ir50,1) and Q H;Q =¢;R,,,  (6.2)
where n; €N, g; = %1, 0; € [0,7), and 152,...,7j5,-1 €R;

ii) blocks associated with a pair (A\j, ;) € C x C of eigenvalues, where j1; = p(A;) # A;,
p(uj) = Ay, and Re(};) > Re(py) or Im(A;) > Im(p;) if Re(A;) = Re(xy):

0-1X.0 Tm; (Aj) 0 . and QO H.O = { 0 In, ] (6.3)
J 0 p(jmj()\j>) ! Ly 0 7 '

where m; € N.

Moreover, the form (6.1) is unique up to the permutation of blocks, and the parameters 6;,
and v, ..., Tjn;—1 1 (6.2) are uniquely determined by \; and the coefficients of p and can
be computed from the identity

/\—j[n]v + e_iejT(O, 1, —irm, ceey —Z.’f'j,njfl) = p<)\][n] + eiej T(O, 1, Z.T'j72, .. 7irj,nj—1)>'

Proof. Clearly, X can be decomposed as in (6.1) into blocks X, that are H;-indecom-
posable. Thus, it is sufficient to investigate the case that X is H-indecomposable. Let
Eig(X) be the space of eigenvectors of X. Then Proposition 3.4 implies dim Eig(X) < 2.
Case (1): dim Eig(X) = 1. Let X be the eigenvalue of X. In particular, X is similar to the
Jordan block 7,(\) and thus, Theorem 5.2 implies the desired result.

Case (2): dimEig(X) = 2. Then, the result follows directly from Corollary 3.5. In
particular, A # pu = p(\).

It remains to show uniqueness of the form (6.1). Thus, consider two canonical forms
(QT'XQ1,QTHQ,) and (Q5'XQ2, Q5HQ,) for the pair (X, H). Then the fact that the
parameters 1, ..., 7,1 and 6; are uniquely determined by A; and the coefficients of the
polynomial p and the uniqueness of the Jordan canonical form of X imply that, apart from
permutations of blocks, these two forms can only differ in the parameters €; in blocks of
the form (6.2). After eventually having permuted blocks in a suitable way, assume that

Q11XQ1 X @0 Xy QIHQ1=H1 & ---® Hyy (6.4)
Q' XQo=X01®- - B Xoy Q5HQo=Hy @&+ ® Hy (6.5)
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are partitioned conformably such that X; = Xy;, for j = 1,...,[, that each X;; has only
one eigenvalue \; with p()\;) = A; for j = 1,...,¢ — 1, X;, only has eigenvalues )\, with
p(Ar) # M, and that the spectra of Xy; and Xi; are disjoint for i # j, 4,7 = 1,..., /L.
(Thus, X1, = Xg, contains all blocks of the forms as in (6.3).) Let P € C™*™ be such that

P'OQT'XQ1P=Q;'XQ, and P*QiHQ P = Q5HQ,.

Then X;; = Xy; and the disjointness of spectra of X;; and X,; for ¢ # j imply that P is
block diagonal with a diagonal block form P = P, @ - - - @ P, conformable with (6.4). (This
follows from the well-known fact that the Sylvester equation AY —Y B = 0 has the unique
solution Y = 0 if the spectra of A and B are disjoint.) In particular,

f)jilejf)j = X2j = le and .P;Hljpj = ng.

Hence, it suffices to consider the case that X has only one eigenvalue A satisfying p(\) = .
To this end, assume that

X=Q'XQi=Xn @ ® Xy, H:=QHQ =e Ry @ - ®eR,, (6.6
Q' XQo=Xn @ @ Xy, Ho:=Q3HQy=0Ry @+ ®6R, (6.7

where X3, = Xy, = T'(A, eie,ag,...,anj_l), £j,0; € {=1,+1} for j = 1,...,k and, fur-

thermore, n; > .-+ > ng. Then all we have to show is that for a fixed size, say n,,,
where
NY 2o 2 Nyp1 > Ny =+ 00 = Ny > Nyl = 700 = Ny
the tuple of signs (e,,, ..., Emse) is a permutation of the tuple of signs (d,,, ..., dmie). Let
Q = Q7'Qs. Then Q7' XQ = X and Q*H,Q = H,. Partition Q conformably with (6.6).
Qu .. Qu
Q= ST
Qrt - Qi

Then the blocks Q; 1 € C"*"m+i j =0,...,¢, have the forms

Nm,
"m Qi+t
Qi,erj = |: 0 for n; > Nm,
n; — Nm
Nm — N4 n;
or Qi,m—l—j = n [ 0 Qi,m‘f‘j} for N; < N,

where Qi7m+j is upper triangular. Indeed, we have that X ,,,4;Qim+; = Qim+;X2i. Since
Xim4+; 1s an upper triangular Toeplitz matrix with nonzero superdiagonal, there exists

P +j € G(ny,) such that P, (X my; — A[nm)PT;ij = Jn,,(0). then

T (0) Pt Qi+t = Pt j Qi+ Xoi
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and by Proposition 4.2, the matrix P,,4+;Q; m+; has the form (4.1). Since P,,1; is upper
triangular, it follows that ); .+, has the desired form (for n; > n,,; for n; < n,, use a corre-

sponding variant of Proposition 4.2). Note that fori, 7 = 0,..., ¢, we have in particular that
X1m+i = Xom4j. Thus, we can choose P, ; = P, and we find that PmHQmH,mHPn;L

commutes with 7, (0). But then, Pm+ij+i7m+an_z—1i-i and also Q+im+; are upper tri-
angular Toeplitz matrices and the diagonal of @, 4im+; is constant. Denote the diagonal
element of Qptim+j DY @mtim—+j- Now, consider the equation Q*EHQ = [;TZ. Then for the
block 0,4 Ry, in FIQ, we obtain the identity

k
6m+jR”m = Zqu;erjRnyQu,m—i-j- (68)

v=1

Observe that, due to the special structure of the blocks ), ;,+;, only the summands for
v =m,...,m+{ have an influence on the antidiagonal of d,,,;R,,,,. Thus, considering the
(N, 1)-element of the matrix in both sides of (6.8), we obtain that

m—+£
5m+j = Z EvQum+t Qum+e
v=m
for j =0,...,¢. Then setting
dmm oo qm+2,m
Amm+e¢ -+  Qm+Lm+e

we obtain that diag(dp,,. .., 0mie) = Q*diag(em, . . ., emer)Q. But then Sylvester’s Law of
Inertia implies that (g,,,...,Em1e) is a permutation of (&, ..., 0mae). This concludes the
proof. O

Remark 6.2 Theorem 6.1 can also be derived from the results in [9]. On the other hand,
the proof of uniqueness of the parameter ¢; uses the same techniques as does the proof of
uniqueness for the case of H-selfadjoint X. For this case, uniqueness has been shown in
various sources, see, e.g., [6, 14]. Here, the proof of uniqueness has been included for the
sake of independentness and self-containedness of the paper.

6.2 Canonical forms for H-selfadjoint matrices

Theorem 6.3 Let H € C"*" be Hermitian and nonsingular and let A € C"*" be H-
selfadjoint. Then there exists a nonsingular matriz () such that

Ql'AQ=A0--- A, QHQ=H @ - &H, (6.9)

where A; is Hj;-indecomposable and where A; and H; have one of the following forms:
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i) blocks associated with real eigenvalues \; € R:
Q'A;Q =Tn,(N) and Q°H;Q =¢e;R,,, (6.10)
where nj € N, g; = £1;
it) blocks associated with a pair (/\j,xj) of conjugate complex eigenvalues:

jmj (A]) 0 0 Imj :|

where m; € N and Im(\;) > 0.

Moreover, the form (6.9) is unique up to the permutation of blocks.

Proof. A is H-selfadjoint if and only if A is polynomially H-normal with H-normality
polynomial p(t) = ¢. Thus p(\) = X if and only if A € R. Moreover, p'(t) = 1 for all t € C.
Then, the result follows directly from Theorem 6.1. Indeed, the blocks of the form (6.2) in
Theorem 6.1 satisfy

N, + e 9T(0,1, —irja, ..., —ir,-1) = NjIn, + € T(0, 1,010, ..., 1155, 1)
which implies 6; =0, and rjo =---=7r;,, 1 =0. 0O

Remark 6.4 Theorem 6.3 coincides with the canonical form for H-selfadjoint matrices
derived in [6]. This form is related to the canonical form for pairs of Hermitian under
congruence, see [22, 14]. Indeed, if (G, H) is the canonical form for the pair (HA, H)
under congruence, then (H~'G,H) is the canonical form for the pair (A, H) under the
transformation (1.1).

6.3 Canonical forms for H-unitary matrices

Theorem 6.5 Let H € C"*" be Hermitian and nonsingular and let U € C*™*™ be H-
unitary. Then there exists a nonsingular matriz () such that

QlUQ=U,® --oU, QHQ=H & - &H, (6.12)
where U; is Hj-indecomposable and where U; and H; have one of the following forms:
i) blocks associated with unimodular eigenvalues \; € C, |\;| = 1:
Q'U;Q = A, + €T(0,1,irg, ... irp1) and Q H;Q=¢e;R,,, (6.13)

where nj € N, e; = £1, and

arg(\;) + 5 for arg();) € [0, %)
0; =< arg(\;) — 5  for arg();) € [3, 37”) (6.14)
arg(\;) — 37” for arg(\;) € [37”, 27)



Moreover, v, = 0 for odd k and the parameters ry for even k are real and uniquely
determined by the recursive formula

k
1 if arg(\;) € [0,T)U[2F, 27 1 £l
r2 = ? f 50) [W 233 [2 ) v Tk= 75 Zrzwrz.(&_y) (6.15)
—5  ifarg(N) €[5, F) 2\ ’

for4 <k <mnj;
i) blocks associated with a pair ()\j,X;l) of nonunimodular eigenvalues:

where m; € N and |\;| > 1.

Moreover, the form (6.12) is unique up to the permutation of blocks.

Proof. Since U is H-unitary, we have U~ = p(U). (In particular, this implies p(A) = A ™!
for all eigenvalues A € C of U.) Thus, the result is a special case of Theorem 6.1 and the
parameters ¢; and 7, ..., 7r,_1 are uniquely determined by A; and the coefficients of p. The
formula for #; and the recursive formula for the parameters r; in blocks of the form (6.13)
follow from equating to zero the entries in the matrix UUM — I, i.e.,

(6.17)

J

<)\j]nj+€i6jT(07 17 2.7"2, s 7irn—1)) <X_]I’I’LJ +€_i0jT(0, 1, —'L.’I"Q, ey _irn—l)) = In

Comparing the (1,2)-elements in both sides of (6.17), we obtain ;e + \je~% = 0. If
arg(\;) = ¢, i.e., \j = €®, we obtain "% %) 4 ¢(9=0) = () or, equivalently, e*(¢=%) = —1
which reduces to

2(¢ —0;) = m+ 2km for some k € NU{0}.

Thus, noting that §; € [0, 7), we obtain that it has the form as given in (6.14). In particular,

Njei =i if arg(\;) € [0,2) U2, 27) and A" = —i else. Comparing the (1, 3)-elements
in both sides of (6.17), we obtain
irgh;e® + 1 —irg\je

which implies 75 = 3 if arg();) € [0, ) U[2F, 2m) and ry = —3 else. Finally, comparing the

(1, k + 1)-elements in both sides of (6.17), we obtain that

k—2

irk)\jezej 4+ irp_1 + ( E 'r’,,rkl,> — gy — irphe

v=2

for k =3,...,n — 1 which implies r, = 0 for odd k and (6.15) for even k. Concerning the
blocks of the form (6.16) note that p(jmj()\j)> =T, (Nj)7" 0

25



Remark 6.6 A slightly different version of Theorem 6.5 has been proved in [9]. The
difference of the forms lies in the representation of the blocks of the form (6.16). In [9],
the corresponding block is represented as Q'U,;Q = T} & Ty and Q*H;Q = Ry, where
Ty, T, € C%*™ are upper triangular Toeplitz matrices. Moreover, the first ten parameters

Ta,..., T are listed in [9]. For the case arg(\;) € [0,5) U [2, 27) these parameters are
_1 _1 _ 1 _ 5 _ 7
T2 =3, Ty =3, Te = 16> s =138 10~ 355>

2431

_ 21 _ 33 429 _ 715
12 = T024> T14 = 30280 716 = 32768° 718 = G536 20 = 262144

Remark 6.7 It is interesting to observe that the blocks of the form (6.13) share the
property with the blocks of the form (5.4) that every other superdiagonal is zero.

7 The case of complex symmetric H

In this section, we derive canonical forms for the case that H is symmetric. Here, we have
to distinguish H-selfadjoint and H-skewadjoint matrices, because both sets of matrices are
invariant under multiplication with complex numbers, and thus, if A is H-selfadjoint then
so is 1 A.

7.1 Canonical forms for polynomially H-normal matrices

Theorem 7.1 Let H € C™*" be symmetric and nonsingular and let X € C™™™ be polyno-
maally H-normal with H-normality polynomial p. Then there exists a nonsingular matrix
Q@ such that

Q'XQ=X10--®X,, QHQ=H & - ® H, (7.1)

where X; is Hj-indecomposable and where X; and H; have one of the following forms:
i) blocks associated with \; € C satisfying p(A\;) = A\; and p'(N\;) =1 if n; > 1:
Q' X,Q =T (N and QTH,Q =R, (7.2)
where n; € N;
ii) odd-sized blocks associated with \; € C satisfying p(A\;) = A; and p'(N\;) = —1:
Q'X;Q =T\, 1as,...,a0,-1) and Q"H;Q=13,,, (7.3)
where nj € N is odd, nj > 3, and a = 0 for odd k;
iii) paired even-sized blocks associated with \; € C satisfying p(\;) = Aj and p'(\;) = —1:
Tm; (Aj) 0

0 I,
0 p(Tn, ()

Q'X;Q = [ )T] and QTH;Q = {Im. 0 ] . (74)

where m; € N is even.
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iv) blocks associated with a pair ()\jaﬂj)_ € C x C, satisfying pn; = p(Aj) # Aj and
Re(;) > Re(s;) or m(;) > Tm{ys;) if Re(A;) = Re(u;):

jmj ()‘J) 0

, 0 In
0 (T, 00)

Q'X;Q = [ and  QTH,;Q = {1 s } , (7.5)

where m; € N.

Moreover, the form (7.1) is unique up to the permutation of blocks and the nonzero pa-
rameters ay, in (7.3) are uniquely determined by \; and the coefficients of p and can be
computed from the identity T'(\j, —1,a2,0,a4,0,...) = p(T(/\j, 1,a9,0,a4,0, ... ))

Proof. Again, X can be decomposed as in (7.1) into blocks X; that are H;-indecomposable
and it is sufficient to investigate the case that X is H-indecomposable. Let Eig(X) be the
space of eigenvectors of X. Then Proposition 3.4 implies dim Eig(X) < 2.

Case (1): dimEig(X) = 1. Let X\ be the eigenvalue of X. In particular, X is similar
to the Jordan block J,(\) and thus, Theorem 5.2 yields the existence of blocks of the
forms (7.2) and (7.3). Indeed, note that in the case p’(\) = —1, Theorem 5.2 implies that
n is necessarily odd.

Case (2): dimEig(X) = 2. Then, the result follows directly from Corollary 3.5. If A
denotes one of the eigenvalues of X, then we have, in particular, either A # pu = p(\)
or A = p(A) and p/(A)™"! = —1 which is only possible for the case that p’(A\) = —1 and
m is even. (In the latter case, the block is indeed Hj-indecomposable, because blocks of
type (7.3) must be odd-dimensional.)

Uniqueness of the form (7.1) follows immediately from the uniqueness of the Jordan canon-
ical form of X and the uniqueness statement in Theorem 5.2. 0O

7.2 Canonical forms for H-selfadjoint matrices

Theorem 7.2 Let H € C™ " be symmetric and nonsingular and let A € C"™™ be H-
selfadjoint. Then there exists a nonsingular matriz () such that

QilAQ:jnl(Al)@"'®jnp<Ap)a QTHQ:Rru GB@Rnp (76)
Moreover, the form (7.6) is unique up to the permutation of blocks.

Proof. A is H-selfadjoint if and only if A is polynomially H-normal with H-normality
polynomial p(t) = ¢. Then p/(t) = 1 for all t € C and p(\) = A for all eigenvalues A € C of
A. Thus, the result follows immediately from Theorem 7.1. O

7.3 Canonical forms for H-skewadjoint matrices

Theorem 7.3 Let H € C"" be symmetric and nonsingular and let S € C"™" be H-
skewadjoint. Then there exists a nonsingular matrix Q) such that

Q'SQ=S%®---®S, QTHQ=H ® - ©H, (7.7)

where S; is Hj-indecomposable and where S; and H; have one of the following forms:
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i) blocks associated with \; =0, where n; € N is odd:
Q7'S;Q =Tn,(0) and Q"H;Q=13,; (7.8)
ii) paired blocks associated with \; = 0, where m; € N is even:

T, (0) 0

Q7'5Q = [ 0 —(jmj (0)>T

] and  QTH,Q = [[0_ ]gv’}; (7.9)

iii) blocks associated with a pair (A\j, —\;) € C x C, satifying Re(\;) > 0 and m; € N:

Q_lsAQ _ jmy(/\]) 0 . and QTHQ _ |: 0 [m]' } (7 10)
J 0 —<jmj (/\7‘)) ’ Imj 0 . .

Moreover, the form (7.1) is unique up to the permutation of blocks.

Proof. S is H-selfadjoint if and only if S is polynomially H-normal with H-normality
polynomial p(t) = —t. Then p/(t) = —1 for all t € C. Thus, the result follows immediately
from Theorem 7.1. Note that the parameters ay in the blocks of the form (7.3) turn out
to be zero from the identity T'(0, —1,as,0, ay,...) = =T7(0,1,a2,0,a4,...). O

Remark 7.4 The canonical forms for H-selfadjoint and H-skewadjoint matrices are re-
lated to the canonical forms for pairs of symmetric matrices or a pair consisting of a
symmetric and a skew-symmetric matrix given in [23, 15]. (See also Remark 6.4).

7.4 Canonical forms for H-unitary matrices

Theorem 7.5 Let H € C™" be symmetric and nonsingular and U € C™*™ H-unitary.
Then there exists a nonsingular matrix () such that

QlUQ=U,®---9U, Q'HQ=H @ --©H,, (7.11)
where U; is Hj-indecomposable and where U; and H; have one of the following forms:
i) blocks associated with \; = § = £1, where n; € N is odd:
Q'X;Q=T(0,1,r2,...,7n,—1) and QTH;Q=73,,. (7.12)
Moreover, v, = 0 for odd k and the parameters ry for even k are real and uniquely

determined by the recursive formula

1
Ty = 56, rp=—=0 ZTQ.VTQ.(Q_V) , 4<k<ng (7.13)



ii) paired blocks associated with \; = £1, where m; € N is even:

1x.0 - Tm; (Aj) 0 r d THO - 0 Iy, 714
iii) blocks associated with a pair (\;, /\j_l) € Cx C, where Re();) > Re()\j_l) or Im(\;) >
Im(A; ") if Re(\;) = Re(A;!), and m; € N:
jmj ()‘]) 0 0 I
“1x.0 = - TH.O = mj
0'X,Q [ A (ij(Aj)) T] and  QTH,Q {Imj ; ] (7.15)

Moreover, the form (7.11) is unique up to the permutation of blocks.

Proof. The result is a special case of Theorem 7.1. Since U is H-orthogonal, U is polyno-
mially H-normal and the H-normality polynomial satisfies U~ = p(U). In particular, this
implies p(A) = A~! for all eigenvalues A € C of U. Thus p(\) = X if and only if A = +1.
Let @ be such that U := QvflUQv is in Jordan canonical form. Then

Up(U) = Q'UQQ'p(U)Q = I.
In particular, if 7, () is a Jordan block of U, we obtain that 7, (A\)p(J,(A)) = I,. Observing
that p(J,()\)) has the form as in (2.5), we obtain that Ap’(A) + p(A) = 0 whenever there
exists a Jordan block of size larger than one associated with A. Thus, if p(A) = A (or,
equivalently, A = +1) and if there exists a Jordan block of size larger than one associated
with A, then p’(\) = —1. Thus, the result follows from Theorem 7.1. The recursive formula
for the parameters r; in blocks of the form (6.13) follow from equating to zero the entries
in the matrix UU"! — I as in the proof of Theorem 6.5. Here, the equations become
k—2
20ry —1 =0 and 2(57’k+27“y7“k_y:0 fork=3,...,n;, —1. O

v=2

8 The case of complex skew-symmetric H

In this section, we present a canonical form for polynomially H-normal matrices for the case
that H is skew-symmetric. Again, we have to distinguish H-selfadjoint and H-skewadjoint
matrices.

8.1 Canonical forms for polynomially H-normal matrices

Theorem 8.1 Let H € C™*" be skew-symmetric and nonsingular and let X € C™*" be
polynomially H-normal with H-normality polynomial p. Then there exists a nonsingular
matrixz () such that

QilXQ:Xl@@Xpu QTHQ:Hl@@HIH (81)

where X; is Hj-indecomposable and where X; and H; have one of the following forms:
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i) even-sized blocks associated with \; € C satisfying p(\j) = A; and p'(\;) = —1:
Q_lXjQ :T(Aj’]-va%"'aanj—l) and QTH]Q = ZTL]‘? (82)
where nj € N is even, ay, = 0 for odd k, and p'(\;) = —1;

ii) paired odd-sized blocks associated with \; € C satisfying p(A\;) = A\; and p'();) = —1

jmj (/\]) 0

Q—lXjQ = [ 0 p(jmj()\j)>T

] and QTH]Q: {—I 0‘

where m; € N is odd;
iii) paired blocks associated with \; € C satisfying p(A\;) = A; and p'(\;) = 1:
jmj (/\]) 0

Q—lXjQ = [ 0 p(jmj()\j)>T

0 I,
] and QTHJ-Q:[_[ | OJ}’

(8.4)

where m; € N, m; > 1;

i) blocks associated with a pair ()\j,uj). € C x C, satisfying p; = p(N\;) # \;j and
Re(A;) > Re(p;) or Im(X;) > Im(p;) of Re(A;) = Re(u;)-

jmj (/\J) 0 0 [mj :|

-1 ) _ T ) _

(8.5)

where m; € N.

Moreover, the form (8.1) is unique up to the permutation of blocks and the nonzero pa-
rameters asy, in (8.2) are uniquely determined by X\; and the coefficients of p and can be
computed from the identity T'(\;, —1, as,0,a4,0,...) = p(T(/\j, 1,a3,0,a4,0, ... ))

Proof. Clearly, X can be decomposed as in (8.1) into blocks X; that are Hj-indecom-
posable and it is sufficient to investigate the case that X is H-indecomposable. Let Eig(X)
be the space of eigenvectors of X. Then Proposition 3.4 implies dim Eig(X) < 2.

Case (1): dim Eig(X) = 1. Let X be the eigenvalue of X. In particular, X is similar to the
Jordan block 7, (M) and thus, by Theorem 5.2, we have that p’(\) = —1, that n is even,
and that X and H can be transformed into the forms (8.2).

Case (2): dimEig(X) = 2. Then, the result follows directly from Corollary 3.5. If A
denotes one of the eigenvalues of X then, in particular, we either have A # p = p(\) or
A =p(\) and p'(\)™ 1 =1 (if m > 2)) which is possible for m = 1, for p’(\) = —1 and
odd m > 1, or for p’(A\) =1 and m > 1.

Uniqueness of the form (8.1) follows immediately from the uniqueness of the Jordan canon-
ical form of X and the uniqueness statement in Theorem 5.2. 0O
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8.2 Canonical forms for H-selfadjoint matrices

Theorem 8.2 Let H € C"*" be skew-symmetric and nonsingular and let A € C"™" be
H -selfadjoint. Then there exists a nonsingular matriz () such that

QAQ = [jmlo“l) jml?mT}@'“@meo(Ap) Jm,,?kp)T]7 =0

T - 0 I, 0 I,
QTHQ = [—Lm olee| L o (8.7)
Moreover, the form (8.6)-(8.7) is unique up to the permutation of blocks.

Proof. A is H-selfadjoint if and only if A is polynomially H-normal with H-normality
polynomial p(t) =¢. Then p/(t) = 1 for all ¢ € C and p(\) = A for all eigenvalues A € C of
A. Thus, the result follows immediately from Theorem 8.1. O

8.3 Canonical forms for H-skewadjoint matrices

Theorem 8.3 Let H € C™" be skew-symmetric and nonsingular and let S € C**™ be
H-skewadjoint. Then there exists a nonsingular matriz () such that

Q'SQ=S®---®S,, QHQ=H ® - ©H, (8.8)
where S; is Hj-indecomposable and where S; and H; have one of the following forms:

i) blocks associated with \; = 0, where n; € N is even:

Q7'S;Q =T, (0) and Q"H;Q=3,; (8.9)
i) paired blocks associated with \; = 0, where m; € N is odd:
0150 — Tm; (0) U i otHo=| 9 I s
e 0 _<‘7mj(0)> " a _Imj 0 7 .
iii) blocks associated with a pair (A\;, —\;) € C x C, where Re()\;) > 0 and m; € N:
-19.0 = ’ T d OTH.Q = mi |
v 0 _<‘7mj()\j)> wd GO I, 0
(8.11)

Moreover, the form (8.1) is unique up to the permutation of blocks.

Proof. S is H-skewadjoint if and only if S is polynomially H-normal with H-normality
polynomial p(t) = —t. Then p/(t) = —1 for all t € C. Thus, the result follows immediately
from Theorem 7.1. Note that the parameters as., in the blocks of the form (7.3) turn out
to be zero from the identity 7'(0, —1,as9,0,ay4,...) = =7(0,1,a9,0,a4,...). O

Remark 8.4 The canonical forms for H-selfadjoint and H-skewadjoint matrices are re-
lated to the canonical forms for pairs of skew-symmetric matrices or a pair consisting of a
symmetric and a skew-symmetric matrix given in [23, 15]. (See also Remark 6.4).
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8.4 Canonical forms for H-unitary matrices

Theorem 8.5 Let H € C™ " be symmetric and nonsingular and U € C™"™ H-unitary.
Then there exists a nonsingular matriz () such that

QUQ=U,®---0U, QHQ=H & - & H, (8.12)
where U; is Hj-indecomposable and where U; and H; have one of the following forms:
i) even-sized blocks associated with \; = 0 = £1, where n; € N is even:
Q'X;,Q=T(,1,r2,...,7n,—1) and QTH;Q=25,,, (8.13)

Moreover, r, = 0 for odd k and the parameters ry for even k are real and uniquely
determined by the recursive formula

k1
1 S
o = 567 T = —55 217“2.,/742.(12@1,) 9 4 S k S n]a (814)

ii) paired blocks associated with \j = £1, where m; € N is odd:
Tm; (Aj) 0
0 (Fm)
iii) blocks associated with a pair ()\j,)\j_l) € C x C, satisfying Re(\;) > Re()\j_l) or
Im(};) > Im(A;') if Re();) = Re(A; '), where m; € N:
Tm; (Aj) 0
0 (Fm)

0 I,

Q7' X,Q = [ ] , and Q"H;Q = [ . } ; (8.15)

Moreover, the form (8.12) is unique up to the permutation of blocks.

Proof. The proof is analogous to the proof of Theorem 7.5 and the result turns out to be
a special case of Theorem 8.1. 0O

9 Conclusions

The set of polynomially H-normals turns out to be an adequate set of H-normal matrices
that simultaneously describes the behaviour of the sets of H-selfadjoint, H-skewadjoint,
and H-unitary matrices in the context of classification. The typical scheme of the canonical
form for polynomially H-normal matrices can also be observed in the canonical forms for
H-selfadjoint, H-skewadjoint, and H-unitary matrices, not only in the case that H is
Hermitian and induces a sesquilinear form, but also in the case that H is symmetric or
skew-symmetric and induces a bilinear form. There are basically two types of eigenvalues
of polynomially H-normal matrices:
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1) eigenvalues that occur in pairs ()\,p( )) or ()\,p(/\)), respectively, where A # p(\) or
A # p(\), respectively;

2) eigenvalues A\ for which the pairing degenerates, because of A = p(A\) or A = p(}),
respectively.

In the case of Hermitian H, the set {A € C|X = p(A\)} may be infinite. In the case of
H-selfadjoint matrices it is the real line and in the case of H-unitary matrices it is the
unit circle. In the case of symmetric or skew-symmetric H, the set {A € C|\ = p(\)} is
either C (as in the case of H-selfadjoint matrices when H is symmetric) or finite (possibly
empty). Moreover, Jordan blocks for a fixed size m that are associated with an eigenvalue
of type 2) may be forced to occur in pairs. Information on whether this happens or not
can be obtained from the value p’(\). In particular, this implies that polynomially H-
normal matrices need not be block-Toeplitz H-normal in the case that H is symmetric or
skew-symmetric.
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