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Abstract

This article presents a finite volume scheme for transient nonlinear heat
transport equations coupled by nonlocal interface conditions modeling diffuse-
gray radiation between the surfaces of (both open and closed) cavities. The
model is considered in three space dimensions; modifications for the axisym-
metric case are indicated. Proving a maximum principle as well as existence
and uniqueness for roots to a class of discrete nonlinear operators that can be
decomposed into a scalar-dependent sufficiently increasing part and a benign
rest, we establish a discrete maximum principle for the finite volume scheme,
yielding discrete L°°-L°° a priori bounds as well as a unique discrete solution
to the finite volume scheme.
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1 Introduction

Modeling and numerical simulation of conductive-radiative heat transfer has become
a standard tool to support and improve numerous industrial processes such as crystal
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growth by the Czochralski method and by the physical vapor transport method (see
[DNR*90] and [KPSWO01], respectively) to mention just two examples.

The physical modeling of conductive-radiative heat transfer is well-understood (see
e.g. [SC78], [Mod93]), and, for models of diffuse-gray radiation, a mathematical
theory of existence and uniqueness of weak solutions has been developed in recent
years (see [LT01] and references therein). Mathematical treatments of discretization
methods in the context of conductive-radiative heat transfer are still scarce in the
literature, especially, if one is interested in nonconvex domains containing nonconvex
cavities. For such a general situation, the authors are only aware of [Tii98], where
a finite element approximation is considered for a stationary conductive-radiative
heat transfer problem.

Mathematical research on the finite volume method has been very active in recent
years (see [EGHO0] for an extensive survey). However, to the authors’ knowledge,
a finite volume discretization of the equations governing conductive-radiative heat
transfer has not yet been studied in a mathematical context, even though, as e.g.
shown by the numerical results in [KPSWO01] and [KP03], it has been used to develop
efficient and accurate codes for numerical simulations.

The purpose of this article is to derive and analyze a finite volume discretization
of transient heat equations coupled by nonlocal operators modeling diffuse-gray
radiation between surfaces of cavities within a rigorous mathematical framework.
The general setting is somewhat similar to [Tii98], however, in contrast to [Tii98],
in the present article, transient heat transport is treated, and heat conduction is also
considered inside closed cavities, with a jumping diffusion coefficient at the interface.
Moreover, the emissivity is allowed to depend on the temperature.

The finite volume scheme leads to a nonlinear and nonlocal system of equations, the
solvability of which is not at all obvious. The proof of existence and uniqueness of a
discrete solution is based on a maximum principle for the discrete nonlinear operator
as well as on monotonicty and regularity considerations. The maximum principle,
existence and uniqueness are first established for roots to a class of continuous
discrete nonlinear operators ‘H, where it is assumed that the components H; of H
can be decomposed into sufficiently increasing scalar-dependent continuous functions
b; and l~zi, and a Lipschitz continuous vector-dependent function g; such that g; —
h; satisfy a boundedness condition (s. Th. 4.2). Further research concerning the
convergence of the scheme and corresponding error estimates is currently under
way.

The paper is organized as follows: In Sec. 2, the governing equations of transient
conductive heat transfer are stated, completed by nonlocal interface and boundary
conditions arising from the modeling of diffuse-gray radiation. Section 2 also pro-
vides the precise mathematical setting. The discrete scheme is developed in Sec. 3,
where the nonlocal radiation operators are discretized in 3.3, also providing some
important properties of the resulting discrete nonlocal operators. Section 3.6 dis-
cusses modifications occurring in the axisymmetric case. The proof of existence and
uniqueness of a discrete solution to the finite volume scheme is the subject of Sec. 4,



where the root problem is solved in 4.1, and the finite volume scheme is considered
in 4.2. The main result is presented in Th. 4.5.

2 Transient Heat Transport Including Conduc-
tion and Diffuse-Gray Radiation

2.1 Transient Heat Equations

Transient conductive-radiative heat transport is considered on a time-space cylinder
[0,T] x Q, where:

(A1) T e RY, Q= QUQ, QN Q, = 0, and each of the sets 2, €, Q, is a
nonvoid, polyhedral, bounded, and open subset of R3.

The set € represents the domain of a solid apparatus enclosing gas cavities repre-
sented by €,. That €2, is enclosed by Qs means (see Fig. 1):

(A-2) 99, = 90U A8y, where U denotes a disjoint union. Thus, 3 := 9, = Q.NQ,,
and 02 = 09 \ 2.

Heat conduction is considered throughout 2. Nonlocal radiative heat transport is
considered between points on the surface X of €2, as well as between points on the
surfaces of open cavities (such as Oy and O, in Fig. 1). However, to avoid introducing
additional boundary conditions, open cavities are not part of €, i.e. heat conduction
is not considered in open cavities (see Sec. 2.3 below for details).

0, o0
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1 r_|
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1 —
: i 0, »=0,n0,
Qs OQ:aQS\E

Figure 1: Possible shape of a 2-dimensional section through the 3-dimensional do-
main ) = (U Q, with open cavities O; and O,. Note that, according to (A-2), €,
is engulfed by (), which can not be seen in the 2-dimensional section.

Transient heat conduction is described by

aagt(ﬁ) —div(k, VO) = fr(t,z) inQ,  (me{sg}), (2.1)
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where 0(t, ) € R] represents absolute temperature, depending on the time coordi-
nate ¢ and on the space coordinate x; the continuous, strictly increasing, nonneg-
ative functions ¢,, € C(R{,R{) represent the internal energy in the solid and in
the gas, respectively, ,, € R represent the thermal conductivity in solid and gas,
respectively, assumed constant for simplicity, and f,, is a heat source due to some
heating mechanism. In practice, for many heating mechanisms such as induction or
resistance heating, one has f, = 0.

Throughout this paper, (A-3) — (A-5) are assumed, where:

(A-3) For m € {s,g}, em : R — Ry is continuous and at least of linear growth,
i.e. there is C. € R such that

em(02) > (02— 0,) C- + em(0)) (62> 60, > 0).

(A-4) For m € {s,g}: K € RY.
(A-5) For m € {s,g}: fm € L=(0,T,L>®°(Qn)), fm = 0 a.e.

2.2 Nonlocal Interface Conditions

For simplicity, the temperature is assumed to be continuous at the interface >:
9(t7 ) rﬁsz 9(t7 ) rﬁg on X (t S [07 T])7 (22)

where| denotes restriction. Continuity of the heat flux on the interface between solid
and gas, where one needs to account for radiosity R and for irradiation J, yields the
following interface condition, coupling the two equations in (2.1) (m € {s, g}):

(kg VO)lg, eng + R(0) — J(0) = (ks V)], eng on . (2.3)

Here, “o” denotes the scalar product, and n, denotes the unit normal vector pointing
from gas to solid.

It is assumed that the solid is opaque, and R(6) and J(#) are computed according
to the net radiation model for diffuse-gray surfaces, i.e. reflection and emittance are
taken to be independent of the angle of incidence and independent of the wavelength.
At each point of the surface ¥ of the gas cavity, the radiosity is the sum of the emitted
radiation £(#) and of the reflected radiation J,(0):

R=F+J. (2.4)
According to the Stefan-Boltzmann law,
E0) =ce(d) - 6%, (2.5)

where it is assumed that



(A-6) 0 € RT, ¢: Ry —]0,1] is continuous.
Here, o represents the Boltzmann radiation constant, and e represents the potentially
temperature-dependent emissivity of the solid surface.

Using the presumed opaqueness together with Kirchhoff’s law yields
Jr=(1—¢)-J (2.6)
Due to diffuseness, the irradiation can be calculated as
J(0) = K(R(9)) (2.7)

using the integral operator K defined by

K(p)(x) = / Az, ) ol y) ply) dy  (ae. 7 € ), (2.8)

where the visibility factor A(x,y) is 1 or 0, depending on the points x and y being
mutually visible or not. The view factor w is defined almost everywhere by

(ng(y) @ (z — y)) (ng(x) ® (y — 7))
P
m((y—z)e(y—x))
According to [Tii97b, Lem. 2|, K is a positive compact operator from LP(3) into
itself for each p € [1, 00|, and, since ¥ forms an enclosure, ||K|| = 1. Moreover, for

the closed surface ¥, the following holds (conservation of radiation energy, [Tii97a,
Lem. 1]):

(a.e. (z,y) € X% oz # y). (2.9)

w(z,y) =

/EA(:E,y)w(:);,y) dy =1 (ae. z€). (2.10)

Combining (2.4) through (2.7) provides the following nonlocal equation for the ra-
diosity R(0):
R(0) — (1 —€(8)) K(R()) =ce(®) - 6" (2.11)

One can write (2.11) in the form
Go(R(0)) = E(0), (2.12)
where the operator Gy is defined by

Golp) = p— (1 —€(0)) K(p). (2.13)
For the following Lem. 2.1, it is not necessary to assume any regularity of ¢ and 6:

Lemma 2.1. If the functions ¢ : Ry —]0,1] and 0 : ¥ — R are measurable,
then, for each p € [1,00], the operator Gg maps LP(X) into itself and has a positive
muverse.

Proof. Since the function € o 6 is a measurable function with values in ]0, 1], the
lemma follows from [LT01, Lem. 2], where our eof plays the role of € in [LT01, Lem.
2]. |



Lemma 2.1 allows to state (2.12) as
R(0) = G, (E(9)). (2.14)
From (2.11) and (2.7), it is
R(0) — J(0) = —€(0) - (K(R(0)) —c6"), (2.15)
such that (2.3) becomes
(g VO)Ig, eng —€(0) - (K(R(0)) —06") = (ks VO)|g, en, on X. (2.16)

2.3 Nonlocal Outer Boundary Conditions

Definition 2.2. A family (4;);c; of subsets of R? is called a partition of A C RY iff
(with respect to the relative topology on A) A = J,.;4; and int A; N int A; = @ for
each i # 7.

Thus, in the sense of Def. 2.2, ({4, Q) is a partition of Q.

Definition and Remark 2.3. Let conv({2) denote the closed convex hull of 2, and
define O := int(conv(2)) \ Q, Tg := QN O, I' := 90, and Ty, := dconv(Q) N JO.
Then (I'g, I'py) forms a partition of I'. The set O is the domain of the open radiation
region (e.g., one has O = O; U Oy in Figures 1 and 2).

On the interface I'g between 2 and the open radiation region O, one has
/-@SVQons—l—Rp(H) — JF(H) =0 on FQ (217)

in analogy with (2.3), where ng is the outer unit normal vector to the solid. To
allow for radiative interactions between surfaces of open cavities and the ambient
environment, including reflections at the cavity’s surfaces, the set I',, as defined
above, is used as a black body phantom closure (see Fig. 2), emitting radiation at
an external temperature Gy,

(A-7) 0o € RS

Thus, € = 1 on I'yy, leading to
Rr(0)(z) = o 02

ext

(€ Tp). (2.18)

Here and in the following, it is assumed that the apparatus is exposed to a black body
environment (e.g. a large isothermal room) radiating at fe. A relation analogous
to (2.15) holds on I'g, and using it in (2.17) yields

ks VOen,—e(0) - (Kr(Rr(0)) —c6*) =0 onTg, (2.19)

where KT is defined analogous to K in (2.8), except that the integration is carried
out over I instead of over X.

On parts of 92 that do not interact radiatively with other parts of the apparatus,
i.e. on 00 \ I'g, the Stefan-Boltzmann law provides the outer boundary condition

ksVOen, —ce(d) (02, —0Y)=0 ondQ\Ig. (2.20)

ext
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Figure 2: For the domain of Fig. 1, the surfaces of radiation regions are shown.
The open radiation regions O, and O, are artificially closed by the phantom closure
I'oh. As in Fig. 1, Fig. 2 depicts a 2-dimensional section through the 3-dimensional
domain.

2.4 Initial Condition

The initial condition reads (0, z) = Oy (), x € Q, where it is assumed that

(A—S) Hinit € L (ﬁ, Ra_)

3 The Discrete Scheme

We assume (A-1) — (A-8) throughout this section.

3.1 Discretization of Time and Space Domain

A discretization of the time domain [0,77] is given by an increasing finite sequence
0=ty <---<ty =T, N eN. The notation k, := t, — t,_; will be used for the
time steps.

An admissible discretization of the space domain 2 is given by a finite family 7 :=

(wi)ier of subsets of Q satisfying a number of assumptions, subseqently denoted by
(DA-x).

(DA-1) T = (wj)ies forms a partition of Q according to Def. 2.2, and, for each i € I,
w; is a nonvoid, polyhedral, connected, and open subset of €.

From 7', one can define discretizations of € and §2,: For m € {s,g} and i € I, let

Wi = wi Ny, Ly, = {j €l: wy,; # @}, T = (Wmi)iel, - (3.1)



To allow the incorporation of the interface condition (2.16) into the scheme (see
(3.3a) and (3.7b) below), it is assumed that, if some @; has a 2-dimensional inter-
section with the interface X, then it lies on both sides of the intersection. More
precisely:

(DA-2) For each i € It Oregsi N X = Oregwy; N X, where Oy, denotes the regular
boundary of a polyhedral set, i.e. the parts of the boundary, where a unique
outer unit normal vector exists (see Fig. 3), Oregl) := 0.

s
" :
Qg

£

Figure 3: Illustration of condition (DA-2): € consists of the outer wall of the box
as well as of the region above the gray horizontal plane, which is contained in ¥; €,
consists of the region below that plane and engulfed by the wall. Both w; and ws
satisfy (DA-2) (where Oegws2 N'E = 0 = wy2), however w; does not satisty (DA-2)
(Oregws s NE # 0 = wg3).

Integrating (2.1) over [t,_1,t,] Xw, ;, applying the Gauss-Green integration theorem,
and using implicit time discretization yields

ty
k;l / (am(HV) - Em(éy_l)) — / Km V0, en, . = k:;1 / fm, (3.2)
Wm i awm,i

ty—1 Wm i

where 0, := 0(t,,-), and n,,, , denotes the outer unit normal vector to wy, ;.

The time discretization of the interface and boundary conditions (2.16), (2.19), and
(2.20), respectively, is also done implicitly, except for the temperature dependence of
the emissivity, which is discretized explicitly, thereby, e.g., substantially simplifying
the use of Newton’s method for the nonlinear solver. More precisely, the approxi-
mation R(6,_1,6,) of the radiosity R(f) is supposed to satisfy a discretized version
of (2.11), where €(6) is replaced by €(6,_1), and 6% is replaced by 6% (also cf. (3.15)
below). Analogously, Rr(6) is replaced by an approximation Rr(6#,_1,6,). The time
discretizations of (2.16), (2.19), and (2.20) thus read

(ke V8,)Ig, ong—c(0,_1)- (K(R(0,-1,0,))—00,) = (ks V 6,) g, en, on X, (3.3a)
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ks VO, eng —e(0,_1) - (Kr(Rr(6,-1,0,)) —00,) =0 on I, (3.3b)

and

ks VO, eng —oe(d,_,)- (0 0}) =0 on 00\ I, (3.3c)

ext

respectively.

3.2 Approximation of Space Integrals, Interface and Bound-
ary Conditions

The finite volume scheme is furnished by using the time-discrete interface and bound-
ary conditions (3.3) in (3.2) and by approximating integrals by quadrature formulas.
To approximate 6, by a finite number of discrete unknowns 6, ;, ¢ € I, precisely one
value 6, ; is associated with each control volume w;. Introducing a discretization
point z; € w; for each control volume w;, the 6,; can be interpreted as 0,(z;) (cf.
[FLO1]). Moreover, the discretization makes use of regularity assumptions concern-
ing the partition (w;);cr that can be expressed in terms of the x; (see (DA-3), (DA-4),
and (DA-5) below).

The first integral in (3.2) is approximated by
/ (Em(a/) - 5m(91/71)) ~ (gm(ey,i) - gm(ellfl,l)) : )\3(wm,i)7 (34)

where, here and in the following, Ay, d € {2,3}, denotes d-dimensional Lebesgue
measure. Approximation (3.4) is exact if 6, and 6,_; are constant inside w;y ;.

The boundary of each control volume w,, ; can be decomposed according to (see Fig.
4)

Owmi = (Owpmi N Q) U (Owp; NOQ) U (Qwp; ND). (3.5a)
Recalling (A-1), (A-2), and Def. and Rem. 2.3, outer boundary sets are decomposed

further into
&us,i N 89 = (&us,i N FQ) U (8&)8,1' N (89 \ FQ)), (35b)

whereas Ow,,; N 0 = 0.

To guarantee that there is a discretization point x; in each of the integration domains
occurring in (3.5), it is assumed that the discretization 7" respects interfaces and
outer boundaries in the following sense:

(DA-3) Foreachm € {s,g}, 1 € I,,: x; € Wy,;. In particular, if wy; # 0 and wy,; # 0,
then x; € ws’i N wgﬂ‘.

(DA-4) For each ¢ € I, the following holds: If A\y(w; NT'q) # 0, then x; € W; N Dg;
and, if A (w; N (9Q2\ Ig)) # 0, then z; € w; NI\ Ig (cf. Fig. 5).

Remark 3.1. Suppose a control volume w; has a 2-dimensional intersection with

both 92 and 3. Then, by (DA-2), ws; # 0 and w,,; # 0. Thus, by (DA-3), z; € X.
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Figure 4: Illustration of the decomposition of the boundary of control volumes w;, ;
according to (3.5a). The lower control volume ws is not admissible, as it has 2-
dimensional intersections with both ¥ and 02 (see Rem. 3.1).

On the other hand, by (DA-4), x; € 02, which means that (A-2) is violated. It is
thus shown that w; can not have 2-dimensional intersections with both 92 and X.
In particular, the lower control volume w3 in Fig. 4 is not admissible.

T T2 3
® @ ®
ame n 8wm,2
Wm,2
aWrn,l N 8(4)7n,4 Wm,1 Wm,3
——— ame n 8wm,5 T4
[ J
8wm77 N 8wm73
Wm 4
Owpy 7 N Ow
W5 5 Win.7 m,7 m,4
m,6
——— - 8wm77 ﬂ@wmﬁ

® @ ®
Ts Te Z7

Figure 5: Tllustration of conditions (DA-4) (with I'g = ) and (DA-5) as well as
of the partition of dw,,; N Q,, according to (3.8). One has nb,,(1) = {2,4,5} and
b (7) = {3,4,61.

Using the boundary condition (3.3c) leads to the following approximation:
- / KoV 0, om, & 0 e(0,14)- (04, — 01)-Xo(0wssN (OQ\T)). (3.6)
Ows iN(O\T) ’ ’

The nonlocal boundary condition (3.3b) and the nonlocal interface condition (3.3a)
yield

—/ ks VO, en, = —/ €(0,-1) - (KF(RF(H,,_l, 0,)) — 09;4,). (3.7a)
80.15,7;01—‘9 aws,ml“g

and

- /6 ﬂznmve,,onwm,,.:—/ €(0,-1)- (K(R(6,-1,0,)) —c¥,), (3.7b)

me{s,g} winX
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respectively. However, the approximation of the nonlocal terms Kr(Rr(6,_1,6,))
and K(R(0,-1,0,)) is more involved and is the subject of Sec. 3.3 below.

To approximate the integrals over Owy,; N €, this set is partitioned further (see
Fig. 5):
0w N Qyy = U 0wy ;i N Owp, (3.8)
j€nby, (1)
where nb,, (i) :=={j € Ly \ {i} : X\a(Owp,i N Owy, ;) # 0} is the set of m-neighbors of
1. Moreover, it is assumed that:

(DA-5) For each i € I, j € nb(z) := {j € I\ {i} : A(Ow; N Ow;) # 0} x; #

z; and =" = N, [gwnoe,, Where || - ||z denotes Euclidian distance,

llzi—a;]l,
and ny,, [gu,now; 18 the restriction of the normal vector n,, to the interface

Ow; N Owj. Thus, the line segment joining neighboring vertices z; and z;
is always perpendicular to Jw; N dw; (see Fig. 5, where the vertices x; are
chosen such that (DA-5) is satisfied).

The approximation of the integrals over dwy,; N {2y, is now provided by replacing
the normal gradient of 6, on Ow; N dw; by the corresponding difference quotient

/ Vo,en,, , ~ Z Ovg = O A2 (Ownm,; N Owy, ;) - (3.9)
Owm,iN Qm

jenbm (i) | —l"j! 2

Approximation (3.9) is exact if 6, is linear on the line segment connecting z; and
We now come to the discretization of the nonlocal terms. The approximation of the
source term then follows in Sec. 3.4 below.

3.3 Discretization of Nonlocal Radiation Terms

Similarly to the finite volume approximation of the local terms, the discretization
of Kr(Rr(0,-1,0,)) and K(R(6,-1,0,)) proceeds by partitioning the surface of the
respective radiation region (i.e. I' for Kr(Rr(0,-1,6,)) and ¥ for K(R(0,-1,6,)))
into 2-dimensional polyhedral control volumes (so-called boundary elements).

(DA-6) For a chosen fixed index “ph”, (Ca)acr, and (Cu)acrs, are finite partitions
(see Def. 2.2) of T'q and X, respectively, where

[Qﬁ]g :®7 ph¢ IQUIE, (310)

and, for each o € I (resp. a € Iy), the boundary element (, is a nonvoid,
polyhedral, connected, and (relative) open subset of I'q (resp. X), lying in
a 2-dimensional affine subspace of R®. For the convenience of subsequent
concise notation, let (p, := Iy and I := Ig U {ph}.

11



On both I'g and ¥, the boundary elements are supposed to be compatible with the
control volumes w;:

. o), : : .
(DA-7) For each o € I (resp. a € Iy), there is a unique i(a) € I such that
Ca € Owj(a) NTq (resp. o € dws (o) NT's). Moreover, for each o € IoU Iy;:

Ti(a) € C, (5. Fig. 6).

Definition and Remark 3.2. For each i € I, define Jo,; = {a € Ig : A2(Ca N
Ow;) # 0} and Jy,; := {a € Iy : Ao(Co N Ows;) # 0}. It then follows from (DA-1),
(DA-6), and (DA-7), that (Co N Ows)acu,, is a partition of dw; NT'g = dws; N g
and that ({4 M Owsi)acy, is a partition of dws; N X = W; N X (s. Fig. 6). Moreover,
(A-2) implies that at most one of the two sets Jo;, Jx; can be nonvoid (cf. Rem.
3.1 above).

i <3 w3
[pp—
> ‘ <4<.553 Jaa = {1}, Jao2 = {2,3},
3 <5\ Jos = {4}, Joa = {5.6}, Jos = {7}

Ws Wy

Figure 6: Magnification of the open radiation region O; and of the adjacent part of
Qs (cf. Figures 1, 2). It illustrates the partitioning of I'q into the (,. In particular,
it illustrates the compatibility condition (DA-7) as well as Def. and Rem. 3.2.

In the following, the discretization of Kr(Rr(6,_1,6,)) is considered. The procedure
is analogous for K(R(0,_1,6,)), except slightly simpler, since it does not involve the
phantom closure I'yy,.

The radiosity Rr(6,_1,6,) is approximated as constant on each boundary element
Cay @ € Ig. The approximated value is denoted by R,(u,_1,u,), depending on the
vectors u,_q = (0,_1,(9))gern: W = (0ui(3))gero- On Lpn, Rr(6) = o0, by (2.18).
Therefore, the Kr-analogues of (2.7) and (2.8) yield

Kr(Rr(0,-1,6,)) = > Rg(uy_1,w,) Ao+ 004 Aap (a € 1), (3.11)

Ca BEIQ

where

Aa,ﬁ = / Aw ((Ot,ﬁ) S [F X Ip) (312)
CaXCp

12



Remark 3.3. Since points on the same boundary element (, can never see each
other, A vanishes on (, X (,, such that A,, = 0. However, this fact will not be
exploited in the following since we want to present the theory in a way that translates
directly to the axisymmetric case, where, in general, A, , > 0 (cf. Sec. 3.6 below).

The A, g are nonnegative since Aw is nonnegative ([Tii97b, Lem. 2]). The forms of
A and w imply the symmetry condition

Ao =050  ((a,B) € Ir x I). (3.13)

Since I' = I'q U T, is a closed surface, the conservation of radiation energy (2.10)
yields

D Aas=X(C)  (a€l) (3.14)

Belr

Using (3.11) allows to write (2.11) in the integrated and discretized form

Ra<uu—17 uu) AQ(C&) - (1 - E(ey—l,i(a)» Z Rﬁ<uu—17 11,,) Aa,ﬂ
Belq (Oé S IQ)

= 0 €(0—1,i(a)) Oy i(o) M2(Ca) + 0 (1 = €(Bu—1,i(a))) O Maph
(3.15)
If the vectors wy,—1 = (0y-1,i(a))acio, a0d W, = (0,4(a))aci, are known, then (3.15)
constitutes a linear system for the determination of the vector (R, (u,—1,W,))acr,-

In matrix form, (3.15) reads
G(u,—1)R(u,_1,u,) = E(u,1,w) + Epp(u,-1), (3.16)

with vector-valued functions

R: (R))™ x (Ry)™ — (R, R(t,u) =(R.(1,u)),, . (3.17a)
E: (R x (Ry)™ — (Ry)"?,  E(d,u)=(E.(q,u),,
E,(0,0) :=0 €(iia) ui A\2(C), (3.17Db)
En: (RD)P — (R, Epn () =(Epna(®)) . s

Epha() :=0 (1 — €(@a)) O Aapn,  (3.17¢)

ext

(R is indeed nonnegative, see (3.18) and the proof of Lem. 3.7(a) below), and a
matrix-valued function

G: (R)® — R G1) =(Gan(®) sz

M) = (1 —€(ta)) - Aap  for o= 33,
Casll) = { — (1= €(ta)) - Aap for o # 6.
(3.17d)

Lemma 3.4. The following holds for each u € (R )%
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(a) For each a € Ia: 3 5cr () |Gas(@)] < (1 — €(ua)) Gan(u) < Gon(u). In
particular, G(u) s strictly diagonally dominant.

(b) G(u) is an M-matriz, i.e. G(u) is invertible, G™'(u) is nonnegative, and
Gop(u) <0 for each (o, B) € I3, a # .

Proof. (a): Combining (3.17d) with (3.14) yields

Yo 1Gas@< Y (1 —e(ua)) Ao

Bela\{a} Belr\{a}
= (1 - E(ua)) (/\2(Ca> - Aa,a) (Oé S IQ);

proving (a) since € > 0.

(b): According to (3.17d), the nonnegativity of the A, s yields that G, g(u) < 0 for
a # (3, whereas (a) shows that G, (u) > 0. Since G(u) is also strictly diagonally
dominant according to (a), G(u) is an M-matrix by [Axe94, Lem. 6.2]. [

Remark 3.5. If one were to relax (A-6) to allow €(f) = 0, thereby admitting com-
pletely reflecting and not emitting parts of the surface, then one could no longer
expect G(u) to be strictly diagonally dominant. However, as long as there is no
connected radiation region where e vanishes identically, G(u) is still weakly diago-
nally dominant, and one can still prove Lem. 3.4(b) using [Col68, §23, Th. 2|. In
consequence, the subsequent development can still be carried out and Lem. 3.7 can
still be proved. If € did vanish identically within some connected radiation region,
then, on the region’s surface, one had to remove R and J from the corresponding
interface condition.

Now, Lemma 3.4(b) allows to give a precise definition of R by completing (3.17a)
with

R(t,u) := G '(a) (E(q,u) + E,,(a)). (3.18)
Remark 3.6. The definition of R in (3.18) implies that (3.15) and (3.16) hold
with wy—1 = (0u—1,i(a))act, and U, = (0,i(a))act, replaced by general vectors i =
(Ga)acty € (RE)® and u = (uy)acr, € (Ry)™, respectively.

Finally, introducing the vector-valued function
Ve (R x (Rg)™ — (R)™, Vr(@,u) = (Vra(®,w)
Vea(@) = e(iia) 3 Ro(t,u) A + 0 €(iia) O Ao (3.19)
Belg
(3.11) provides the desired approximation of the nonlocal term in (3.7a):

6(9,,,1) ; KF(RF(euflv 91/))

~ e(eu—l,i(a)) Z R,@(uu—la ul/) Aoc,ﬁ +o 6(81/—1,2'(04)) Hélxt Aa,ph - VF,a(uu—la uu)-
Beln

(3.20)
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Working with the partition ((,)acrs, of ¥, a procedure analogous to the one described
above (where X plays the role of I', and ', = 0) leads to the definition of a vector-
valued function Vy, : (R{)™ x (R})™® — (R7)™=, Vg(u,u) = (Vs.(0,u))
providing the approximation of the nonlocal term in (3.7b):

a€els’

6(61/71) K(R<eufla (91/)) ~ E(eu—l,i(a)) Z Rﬂ(uufla ull) Aa,ﬁ = VZ,a(“llfb uu)-
o pely
(3.21)
For subsequent use, the following Lem. 3.7 states some properties of the functions
Vr and Vy. We introduce the following notation for u = (u;);c; € R? (where I can
be an arbitrary, nonempty, finite index set):

min (u) := min{w; : ¢ € I}, max(u) :=max{u,;: i € [}. (3.22)
Lemma 3.7. (a) Both Vi and Vy are nonnegative.
(b) For each (Q,u) € (RS’)IQ X (RO, a € Ig:
0 €(i,) min { min (u)*, 62, } Aa(Ca) < Vio(it, )
< 0 €(tty) max { max ( ext} A2 (Ca),
and, for each (0,u) € (Ry)™ x (R§)™, a € Iy:

0 €(fiq) min (u)* < Vi o (@, u) < 0 €(iy) max (u)* Ay (Cy).

(c) For each r € RT and u € (R{)'®, with respect to the maz-norm, the map
Via(,-) is (40 €(ta) (A2(Ca) — Aapn) %) -Lipschitz on [0,7]2.
Analogously, for each r € RY and u € (RY)™=, with respect to the maz-norm,
the map Vs, o (0, ) is (40 €(tia) A2(Ca) %) -Lipschitz on [0,7]=.

Proof. (a): Since 0 < € < 1, E and E,;, are nonnegative by (3.17b) and (3.17c),
respectively. Then R is nonnegative according to (3.18) and Lem. 3.4(b). The

nonnegativity of Vr is now a direct consequence of (3.19). An analogous argument
shows Vx > 0.

(b): Note that, since R(11, u) satisfies (3.15) by Rem. 3.6, one has

Ra(8,1) Aa(Ga) — (1 =€) D Rs(i,u) A

BEIq
< o max { max (u) ,9§Xt} ( €(tia) A2(Ca) + (1 — €(tia)) Aa,ph> (a € In),
= 0 max { max (u)4 ot ( 2(Ca) — 1 —e(u Z A, ﬁ)

Beln
(3.23)
i.e. G(u) R(1,u) < G(@1) Upax, where

Umax = (Umax,a)aelg7 Umax,a ‘= 0 max { max (u)4 ) egxt}a
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implying R(ﬁ,u) < Upay, as G71(1) > 0 by Lem. 3.4(b). Thus, R,(a,u) <
o max { max (u)*, 02} for each o € Ig. Likewise, one obtains that R.(a,u) >
o min { min (u)*, 0a} for each a € Ig. The estimates for Vi (@, u) now follow
from (3.19) by combining the estimates for R, (a,u) with (3.14).

An analogous argument shows the second part of (b).

(c): Observe that the function  — X - #* is (4\r3)-Lipschitz on [0, r], such that, by
(3.15), for each (u,u,v) € [0,7] x [0,r]2 x [0,r]/2, a € Iy:

(Ra(@, 1) = Ro(@,v)) A2(Ca) — (1= €(@ia)) Y (Ra(i,u) — Rg(@,v)) Aag

Belq

= 0 €(Uy) ‘ui — v§| Ao (Co) < 40 €(liy) [tta — va| Aa(Co) 7. (3.24)

Now, let a € Ig be such that Np.e = [|[R(Q,u) — R(Q, V)||max = |Ra(Q,u) —
R, (1, v)|. Then (3.24) implies

406(17104) ||u - VHmax )\2(€a) TS

(3.24)
Nax (goz) (]- - 6<ﬂo¢))‘ Z (Rﬁ(ﬁv u) - Rﬁ(ﬁ7 V)) AOévﬁ
Beln
Lem. 3.4(a)

> Nmax (Coa) (1 — ¢ ua ‘ Z Rﬁ u 11) Rﬂ(u V)) Aaﬁ

Belq
(3.14)

> Nmax ()\Q(Coc) 1 - 6 Z Aoc ﬁ) 2 Nmax G(U’Oé> AQ(COI)

Beln

showing that R(1, -) is (4 o r®)-Lipschitz on [0, ). The claimed Lipschitz continuity
of Vr(q,-) now follows from (3.19).

An analogous argument shows the second part of (c). [ |

3.4 Approximation of the Source Term and of the Initial
Condition

For the approximation of the source term, let

-[;f fwmlfm

fm,u'LN ]{Z >\3(Wm7z)

(3.25)

be a suitable approximation, where, in general, the choice will depend on the
regularity of f,, (for f,, continuous, one might choose fi,,; = fn(t,,z;), but
frmwi = (K Ma(wm)) ™t 17 fwm,i fm for a general f,, € L>(0,T,L>*(,))). How-
ever, a suitable approximation is assumed to satisfy:
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(AA-1) For each m € {s,g}, v € {0,...,N}, and i € I:

0 < fm,u,i < Hfm”Loc(tu—lztuyLoo(wm,i))'

ty

Remark 3.8. If (A-5) holds, then f,,,; == (k, Ag(wmi)) ™ o [, [ guarantees
(AA-1). If f,, is continuous, then (AA-1) is also satisfied for f,,,; = fin(tu, x:).

Let 0init; be a suitable approximation of 6;,;; on w;, ¢« € I. For a continuous iy,
one might choose Ot ; = Ginic(2;), in contrast to O := (Az(w;))™* fw, Oinie for a
general 0y, € Loo(ﬁ, ]ROJ“). A suitable approximation is assumed to satisfy:

(AA-2) For each i € I:
O S €SS inf(einit rwb) S einit,i S ||9init||L00(wi7Raf)7

where ess inf (0t [,;) denotes the essential infimum of ;;; on the set w;.

Remark 3.9. (AA-2) is satisfied for 0i,i1; = Oinit(z;) (for a continuous 6;,;;) and for
Omit.i = (Az(w;)) ™! fwi Oinie (for a general By ).

3.5 The Finite Volume Scheme
For u = (u;);er, define

ul7,:= (Uita))acia ufr,:= (Ui(a))acts - (3.26)

At this point, all preparations are in place to state the finite volume scheme in (3.27)
and (3.28) below. The terms in (3.28) arise from (3.2) after summing over m € {s, g}
and employing the approximations (3.4), (3.6), (3.9), (3.25), (3.20), and (3.21),

respectively. One is seeking a nonnegative solution (uy, ..., uy), u, = (Uy;)ier, to
U, = Ginit,i (1el), (3.27a)
Hyi(wy-1,u,) =0 (tel, ved{l,...,N}), (3.27Dh)

where, for each v € {1,..., N}:

Myt (RY) % (RF) — R,

Hoa(@u) =k, Y (em(w) — em(iis)) - As(wm,) (3.28a)
me{s,g}
U; — Uy
- Z Rm Z T )\2 (Gwm,i N 8wm,j) (328b)
me{s,g} jE€nbm, (i) sz - ‘rj||2
+ o (i) u - A (Qwsi NTa) = Y Via(flsg, uls,) (3.28¢)
OLEJQJ'
+ 0 e() - (uf — Oagy) - Ao (Ows; N (02 T)) (3.28d)
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+oe(i)uf - (winNT) = D Vaa(@lsy, ulsy) (3.28¢)

OLEJE,z

Z fm,u,i ' )\3(Wm,i)- (328f)

mée{s,g}

In general, many summands in (3.28) vanish, e.g. if w; C Q, and wy; = 0.

3.6 Modifications for the Axisymmetric Case

Suppose the space domains {25 and (), are axisymmetric, and, in cylindrical coor-
dinates (r, v, z), the considered space-dependent functions (here: 6, f; and f,) are
independent of the angular coordinate .

Then the circular projection (r,4,z) +— (r,z) can be used to reduce the model of
Sec. 2 as well as the finite volume scheme to two space dimensions. For the nonlo-
cal radiation terms R and J (see Sections 2.2, 2.3, and 3.3 above), the dimension
reduction for the axisymmetric case was carried out in [Phi03, Sections 2.4.3, 3.7.8].
Even though the cylindrical symmetry affects the calculation of visibility and view
factors, the essential properties of the radiation matrices proved in Lemmas 3.4 and
3.7 persist. We stress once more that, in our reasoning above, we have not used
Ao o =0, as, in general, it is not valid in the axisymmetric case.

In a more general context, it was shown in [Phi03, Sec. 3.6], how symmetry condi-
tions together with a change of variables can be used to reduce the space dimension
in a finite volume scheme. In the case of cylindrical coordinates, the change of
variables merely yields a factor r in the integrands occurring in (3.4), (3.6), (3.9),
(3.20), and (3.21), and thus in the corresponding terms in (3.28).

In consequence, for the axisymmetric finite volume scheme, analogous reasoning to
the contents of the following Section 4 can still be used to prove a maximum principle
as well as existence and uniqueness for the discrete solution, analogous to Th. 4.3,
Cor. 4.4, Th. 4.5, and Rem. 4.6 below.

4 Discrete Existence and Uniqueness

4.1 A Root Problem with Maximum Principle

The proof of the existence and uniqueness of a discrete solution to the finite volume
scheme (3.27) in Th. 4.3 and Th. 4.5 below is based on the solution to the root prob-
lem in Th. 4.2 below. Theorem 4.2 establishes a maximum principle for roots to a
certain type of continuous discrete nonlinear operator H. The maximum principle
is a consequence of the assumption that the components H; of H can be decom-
posed into scalar-dependent continuous functions b; and h;, and a vector-dependent
continuous function g; such that the b; are sufficiently increasing, and g; — h; satisfy
the boundedness condition in Th. 4.2(ii).
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Existence and uniqueness of the solution to the root problem in Th. 4.2 is founded
on the following Lem. 4.1, providing a unique root to continuous functions H :
[m, M} — R!, presuming the components H; of H can be decomposed into the
difference of a scalar-dependent, sufficiently increasing function h; and a vector-
dependent, Lipschitz continuous function g;.

Lemma 4.1. Let m,M € R with m < M. Given a finite, nonempty index set I,
consider an operator

H: [m,M]" — R, H(u) = (H;(u)) (4.1)

iel”
Assume there are continuous functions h; € C([m, M],R), g; € C([m, M]',R), i € I,
and families of numbers (Ly;)icr € (R)!, (Chi)ier € (RT)!, such that the following
conditions (i) — (v) are satisfied.

(i) For eachi € I, u e [m, M|': H;(u) = hi(u;) — g;(u).

(i) For eachi € I, u € [m, M]': hy(m) < g;(u) < hy(M).

)
)
(iii) Fach gi, i € I, is L, ;-Lipschitz with respect to the maz-norm on [m, M]’.
(iv) For eachie€ I and M > 6y > 6y > m: hi(62) > (02 — 01) Ch; + hi(01).

)

(v) Lgi < Ch; for each i€ 1.

I

Then H has a unique root in [m, M|!, i.e. there is a unique ug € [m, M]" such that

H(ug) = 0, where 0:=(0,...,0).

Proof. Define
f:m, M) — [m, M), fi:=h;'og. (4.2)

It is noted that the h; ' exist on [hy(m), h;(M)], as the h; are assumed continuous,
as well as strictly increasing on [m, M] by (iv). Moreover, h; ' can be composed
with g; by (ii).

According to (iv), h;

7
N
that each f; is Ci,i

point theorem yields that f has a unique fixed point ug = (ug)ier € [m, M]’.
According to (i), (iv), and (4.2), uy is a fixed point of f if, and only if, ug is a root
of H, i.e. the proof is complete. ]

Lis Ch {-Lipschitz, which, together with (iii) and (v), implies

-contracting. Then f is also contracting and the Banach fixed

Theorem 4.2. Let 7 C R be a (closed, open, half-open, bounded or unbounded)
interval. Given a finite, nonempty index set I, and given &t € 7!, consider a contin-
uous operator

H: ' — R, Hu)= (H;(u)) (4.3)

i€l
Assume there are continuous functions b; € C(t,R), h; € C(1,R), §; € C(t!,R),
i € I, such that the following conditions (i) — (iii) are satisfied.
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(i) There is u € 1 such that, for eachi € I, u e 7l:

(i) There are i, M € T, a family of nonpositive numbers (3)ic; € (Ry), and

a family of mnonnegative numbers (B;)ie; € (RJ)! such that, for each i € I,

uerl fer:
max { max (u) M} <40 = gi(u) — hy(0) < Bi, (4.4a)
6 < min {7, min (u) } = Gi(u) — hy(0) > 3;, (4.4Db)

where max (u) and min (u) are according to (3.22).

(iii) There is a family of positive numbers (Cy;)icr € (RT)! such that, for eachi € T
and 01,00 € T: 03 >601 = bi(0s) > (03 — 01) Ch,; + bi(01).

Letting
: B
ﬁ::min{g;i:iel}, B::max{cb;:iel}, (4.5)
m(a) := min {/m, min (a) + 3},  M(Q) := max {M, max (0) + B}, (4.6)
we have the following maximum pinciple: If ug € 7! satisfies H(ug) = 0 :=

(0,...,0), then ug € [m(w), M ()]

If, in addition to (i) — (iii), the following conditions (iv) — (vi) are satisfied, then
there is a unique ug € [m(w), M ()]’ such that H(ug) = 0.

(iv) For each i € I, there is L,;(0) € Ry such that g; is L,;(u)-Lipschitz with
respect to the maz-norm on [m(u), M (a)].

(v) Foreachi € I, thereis C;, ;(0) € Ry such that, for each 6y,0, € [m(q), M (1)]:

(vi) Lgi(@) < Gy + Cj (@) for eachi € 1.

Proof. We start by showing that, given (i) — (iii), each root of H must lie in
[m(w), M(w)])!. Consider u € 7/, max(u) > M(u). Let i € I be such that
u; = max (u). Then, since u; > M () > M, (4.4a) applies with § = wu;, yield-
ing

Gi(u) — hi(u;) < B;. (4.7)
Moreover, since u; > M () > max (@
and 6, = u; to get

+
Sy
Vv
=g

i, one can apply (iii) with 6y = u;

Combining (4.7) and (4.8) with (i), we find

Hz(u) Z (U,L — ’&Z) Cb,i — B,L > (fbl + B — ﬁz) Cbﬁ' — B,L Z O, (49)
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i.e. uis not a root of H. An analogous argument shows that, if u € 77 and min (u) <

m(1), then u is not a root of H, concluding the proof that each root of H must lie
in [m(a), M(a)]’.

It remains to show that H has a unique root in [m(a), M (u)]’. This is done by
an application of Lem. 4.1. If, for ¢ € I, h; € C([m(a), M(0)],R), h; :== b; + hi,
gi € C([m(n), M(@)]",R), gi(u) = b, (uz) + gi(u), then (i) 1mmed1ately implies
condition (i) of Lem. 4.1. The verification of conditions (ii) — (v) of Lem. 4.1 is the
remaining task of this proof.

Lem. 4.1(ii): One has to show
b (m(@)) + e (@) < (@) + Gi(w) < b (M(@) + b (M(@)  (4.10)

u
for each u € [m(u), M(u)]!, i € I. Since m(u) < m, one can apply (4.4b) with
6 = m(u), and, since m(u) < @;, one can apply (iii) with ¢; = m(q) and 0y = @;.
This yields

where the last inequality is due to m(u) < @; + £+ The first inequality of (4.10) is

proved by (4.11), and an analogous argument shows the second inequality of (4.10).
Lem. 4.1(iii): Each g;, i € I, is L,,; := L,;(0)-Lipschitz with respect to the max-
norm on [m(w), M(a)]’, since g; is L, ,;-Lipschitz with respect to the max-norm on
[m(w), M (a)]’ according to hypothesis (iv).
Lem. 4.1(iv): Letting Cy,; := Cy; + Cj ;(@), for m(a) < 6, < 6 < M (1), one has to
verify

hi(02) > (05 — 01) Chi + hi(61). (4.12)
Since h; = b; + h; on [m(i1), M ()], (4.12) follows by adding the conditions in (iii)
and (v).
Lem. 4.1(v): By hypothesis (vi), one has L,; = Ly;(0) < Cy; + Cj ; (@) = Cy; for
each 7 € I as needed.

Since all hypotheses of Lem. 4.1 are verified, Lem. 4.1 grants that H has a unique
root in [m(w), M (w)]?, thereby concluding the proof of Th. 4.2. |

4.2 Existence and Uniqueness of a Discrete Solution to the
Finite Volume Scheme, Maximum Principle

The following Th. 4.3 is the main building block for all the discrete existence and
uniqueness results provided subsequently. Theorem 4.3 can be considered as a dis-
crete existence result with maximum principle, locally in time. Given an arbitrary
vector u € (RJ)!, Th. 4.3 establishes that each root of the finite volume scheme
operator H,(u, -) of (3.28) satisfies a maximum principle. Moreover, Th. 4.3 proves
the existence of a unique root to H,(u,-), provided that the v-th time step k, is
sufficiently small.
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The upper and lower bound for the solution, respectively given by (4.13c) and (4.13d)
below, are determined by the external temperature .., by the max and min of u as
defined in (3.22), by the size of the time step, and by the values of the heat sources
in the time interval [t,_1,1,].

The condition on the time step size (4.15) arises from the nonlocal terms in (3.28),
namely, (3.28b), (3.28¢), and (3.28d). It depends on the constant Ly defined in
(4.13b) below, involving the ratios between the size of boundary elements and adja-
cent volume elements. Thus, Lv is of order h~! if h is a parameter for the fineness
of a space discretization constructed by uniform refinement of some initial grid.

Letting 1 = u,_1, as a direct consequence of Th. 4.3, for k, small enough, each non-
negative solution (uy,...,u,_1) to the finite volume scheme (3.27) with NV replaced
by v — 1 < N, can be uniquely extended to ¢t = ¢, (s. Cor. 4.4).

Finally, in Th. 4.5, we use an inductive argument to show that condition (4.15)
and the bounds from the maximum principle are sufficiently benign to guarantee a
unique solution to the entire finite volume scheme (3.27).

Theorem 4.3. Assume (A-1) - (A-8), (DA 1) - (DA- 7) (AA-1) and (AA-2).
Moreover, assume v € {1,..., N} and 0 = (u;)ies € ( ) Let

A m,t .
By, = max Z Fmwi j\(?uw)) el y, (4.13a)
me{s.g} o
Aa(w; NX) A2(Ca) — Aaph .
Ly =40 max el y, (4.13b)
v Az(wy) a;;,i As(w;)
m() := min { fex;, min (a) }, (4.13c)
M, (@) := max {Hext, max (i) + %Bﬁy} , (4.13d)

with min (@), max (@) according to (3.22), and C. according to (A-3).
Then we have the mazimum principle that each solution w, = (uy;)ier € (RE{)I to
M (w)=0 (il (4.14)
must lie in [m(a), M, (0)]!. Furthermore, if k, is such that
k, (M, (0)* —m(u)*) Lv < C., (4.15)

then there is a unique u,, € [m(u), M, (0)]! satisfying (4.14).

Proof. Before starting with the main part of the proof, we would like to point out
that, by choosing k, sufficiently small, one can ensure that (4.15) is satisfied.

Now, the goal is to apply Th. 4.2 with 7 = R§ and M, (1, -) playing the role of H.
To that end, we will define continuous functions b,;, h;, G, as well as numbers
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m, M € Ry, B € Ry, By € R{, Chui € RY, Ly, (@) € RY, and Gy (@) € RY
that satisfy the hypotheses of Th. 4.2 (where the quantities with index v correspond
to the matching quantities without index v in Th. 4.2). Condition (4.15) will only
be needed to prove hypothesis (vi) of Th. 4.2.

For each 7 € I, let

bi: R — R, bua(0) ==k, Y () - As(wma), (4.16a)
me{s,g}
)\2 8wm1 N (9wm ])
L= Km >0, 4.16b
=2 Z e — 2] (4.16b)
mée{s,g} jEnby,

CV,i(ﬁ> =0 E(ﬂz) . )\2 (&u&i N FQ)
+ 0 €(@;) - A2 (Ows; N (OQ\Tq)) + 0 €(;) - Aa(w; NE) >0, (4.16¢)

hi - Rf — R{, hi(f) :== 0 L,.; + 6* Cy (1), (4.16d)

- Uj
gl,ﬂ'(ll) = Z Km Z HZE—J . )\Q(Gwmﬂ- N awm,j)

me{s,g} jE€nby, (i) - x]H?
+ Y Vea(l, ulr,) + o e(i) 0k, - Ao (0ws; N (02 \ Ty))
OleJQ’l
+ Z VZ,O&( Iy u Z fm Vi * Wm,z’), (4.168)
acJs,; me{s,g}
m = M = Hexty 6@ = 07 Bl/,i = Z fm,l/,i ' )\3(wm,i)7 (416f)
me{s.g}
Chui =k, Ce - Ag(wi) > 0, (4.16g)
Lyi(0) =40 (i) | Y (Aa(Ca) = Aapn) + Xa(w; NE) | >0, (4.16h)
aGJgﬁi
Lgui(@) := M,(0)° Ly (@) + Ly, > 0, (4.161)
Chui(@) == Cypi + Ly + 4m(n)’ Cy (1) > 0. (4.16§)

Claim 1. For each i € I, € (Ry)’, the numbers L, ;, Cv (), Ly (@), Ly, and
the functions h;, §,,; are indeed nonnegative; the numbers C},; and Cj,;(01) are
indeed positive.

Proof. The assumed nonnegativity of k,,, o, and € implies that all summands in
(4.16b) and (4.16¢) are nonnegative, proving the nonnegativity of L, ;, Cy ;(@1), and
h;. Throwing in (3.14), the nonnegativity of Ly ;(@1) and L, ; is immediate from
their definitions in (4.16h) and (4.161), respectively. Using Lem. 3.7(a), (A-5) — (A-
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7), and (AA-1), one sees that g,; > 0. Finally, since C., k,, and A\3(w;) are positive,
so are Cp,,; and C},,,;(1) by (4.16g) and (4.16j), respectively. A

Claim 2. The numbers m(a) and M, (1) defined in (4.13c) and (4.13d), respectively,
correspond to the numbers m(t) and M (1) as defined in (4.6) in Th. 4.2.

Proof. Since, for each i € I, §; = 0 according to (4.16f), one has § = 0 by (4.5),
showing m () = min { Oext, min (1) + ﬁ}.

Since, for each i € I, B, ; :== Zme{s,g} fmwi - As(wm,i) according to (4.16f), one has

Bl/i . kl/
B=8B, ::max{cb;i : ZE[} :an7V

by (4.5), (4.13a), and (4.16g), showing M, (1) = max {GGXt, max () + é—”s nyl,}. A

The hypotheses (i) — (vi) of Th. 4.2 are now verified consecutively.
Th. 4.2(i): To show H,,;(@,u) = by; (1) + hi(u;) — byi(;) — Gui(u), observe

bui(us) = b)) = k' Y (em(w) — €m(ii) - As(wini),

me{s,g}

and definitions (4.16d), (4.16b), (4.16¢), and (4.16e) are designed such that
hi(u) = Gug(w) = Hyi(@,u) — &, Z (em(ui) = €m () - As(wm,i)-

me{s,g}

Th. 4.2(ii): One has to show that, for each i € I, u € (Rj)?, 6 € R{:
max { max (u) , fext } <6 = Gui(u) — hy(8) < B, (4.17a)
6 < min {fexs, min (u) } = Gui(u) — hy(6) > 0. (4.17b)
Considering Lem. 3.7(b) and Def. and Rem. 3.2, we see that

Z Via(Qlrg, ulr,) < oe(i;) max { max (u)”, o } A2(Ows; NTq),
Z Vo a(] g, uly) < oe(iy) max (u)* Ay(w; NE).

If 0 > ey and > max (u), then, by recalling (4.13a) and (4.16b) — (4.16f), we have

guz Z Rm Z sz — H2 (8wm,i N awm,j)

mE{S g} j€Enbpy,

+ o e(;) 0* - )\Q(Qwsi NTq) + o €(t;) 0* - Ao (Ows; N (02 T))

+ o e(t;) 0* - Ap(w; NX) + Z S - A3(Wm,i)

me{s,g}

—8L51+Q4CV2 Z fmul' wm,i) :Elz<9)+Bu,27

me{s,g}
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by (AA-1), an analogous computation shows g,;(u) > 0 L, ; + 0* Cy ;(a) = h(0),
proving (4.17b).

Th. 4.2(iii): That, for # > 6; > 0, one has b,;(02) > (02 — 01) Cp,; + b, ;(61) is
immediate from combining (A-3), (4.16a), and (4.16g).

Th. 4.2(iv): For each i € I, one has to show that g,; is L, ,;(0)-Lipschitz with
respect to the max-norm on [m(ﬁ)7 M, (w)]*. The function

P Vit |x

me{s,g} j€Enbp,

proving (4.17a). On the other hand, if 0 < 0. and 6 < min (u), then, as fy,,; >0

A2 (0w i N Owy, ) (ue (R)))
i x] “2
is L, ;-Lipschitz, L, ; according to (4.16b). Lemma 3.7(c) and Def. and Rem. 3.2
show that Zang Vro(Qlr,, ) is 40 e(a;) M, (w)? <>\2(8ws,i NTq) — ZaeJm Aa’ph>_
Lipschitz on [0, M, (@)]" and that }_ ., Vi o(Qlr, ) is 40 €(d;) M, (0)* Ay (w;NY)-
Lipschitz on [0, M, (1)]™. Recalling (4.16h) yields that the function

UHE VFa Im 19 E VZa 12, IQ)

OLGJQ»L aeJEz
is M,(a)? Ly, -Lipschitz on [ M,(w)]!. Therefore, by (4.16e) and (4.16i), g, is
L,.,.i(0)-Lipschitz on [m(q), M,(01)]" as needed.

Th. 4.2(v): Let i € I and M,(a) > 6, > 6; > m(ua). We need to show that
hi(02) > (B2 — 01) (Lyoq + 4m(i)? Cyi(@)) + hy(61).

Since 6 — 0" is a convex function on Ry, one has 05 > 4m()? (0 + 0;) + 0. As
Cyi(0) > 0, recalling (4.16d) yields
hi(02) = (02 = 01) L + 01 Lo + 4m(@)* (02 = 1) Cvi(@) + 0 Ov (1)
= (02 = 01) (Lyi + 4m(0)° Ov,i(8)) + hi(61),

thereby establishing the case.

Th. 4.2(vi): For each i € I, one has to show that Ly, (@) < C} (1), where Ly, ;(Q1)
and Cj,,;(01) are according to (4.161) and (4.16j), respectively.

Taking into account (4.13b), (4.16h), and (A-6), we have Ly () < Ly A3(w;).
Moreover, recalling A, ,n > 0 for each o € Jq, (4.16h), and Def. and Rem. 3.2, we
obtain

LVZ(INI) S 40‘ 6(&,) (Ag(awsi N FQ) + )\g(wi N E)) S 4CV Z(ﬁ)
These estimates for Ly ;(1), combined with (4.161) and hypothesis (4.15), yield
Lyi(@) < (M, () — m(0)*) Ly Ag(w;) +m()*4 Cvi(@) + Ly

<g_)\3(wz)—|—L i +4m()’ Oy (),

i.e., by (4.16g) and (4.16j), Ly, (@) < Cp (1) as needed.
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Hence, all hypotheses of Th. 4.2 are verified, and the conclusion of Th. 4.2 provides
a unique vector u, € [m(u), M, (0)]! such that H,;(t,u,) = 0 for each i € I. Since
Th. 4.2 also yields that u, is the only element of (R{) satisfying H,;(0,u,) = 0
for each 7 € I, the proof of Th. 4.3 is complete. |

Corollary 4.4. Assume (A-1) - (A-8), (DA-1) - (DA-7), (AA-1), (AA-2), and let
(ug, ..., up—1), n < N, u, = (uy;)ier, be a nonnegative solution to (3.27) (where
N s replaced by n — 1). Then each solution u, € (Ra“)l to Hpi(up—1,u,) =0
(for each i € I), where H,; is defined by (3.28), must lie in [m(w,_1), M, (u,1)]’,
with m(uw,_1) and M, (ua,_1) defined according to (4.13c) and (4.13d), respectively.
Furthermore, if k,, satisfies condition (4.15), then there is a unique u,, € (]Ra“)l that
satisfies Hyi(Wp—1,u,) = 0 for each i € I. [ ]

Theorem 4.5. Assume (A-1) - (A-8), (DA-1) — (DA-7), (AA-1) and (AA-2). Let

m = min {Hext, ess inf(@init)}, (4.18)
ty
M, = max {Ouc, [0nill @)} + 7 D Ifnlicoai=@m — (419)
¢ me{s,g}

for each v € {0,...,N}.

If (wo,...,un) = (Uni) wi)eqo,...NyxI € (Rg ) 710 N} is a solution to the finite vol-
ume scheme (3.27), then u, € [m, M,]! for each v € {0,...,N}. Furthermore,
of

k, (M} —m®) Ly <C.  (ve{l,...,N}), (4.20)
where Ly is defined according to (4.13b), then the finite volume scheme (3.27) has
a unique solution (o, ...,uy) € (RI)%Nt It is pointed out that a sufficient

condition for (4.20) to be satisfied is

max {k, : v €{1,...,N}} - (M} —m?®) Lv < C.. (4.21)

Proof. The proof is carried out by induction on n € {0,...,N}. For n =0, ug; =
Ginit; for ¢ € I is uniquely determined by (3.27a). By (AA-2), for each i € I, one has
m < ess inf(@mit) < Ginim < HeinitHL"O(wi,Rg) < ]\4'07 ShOWiIlg Uy € [m, MQ]I. 1\10\7\77 let
N >n > 0. Consider (ug,...,u,) € (RJ)*1%n} satisfying (3.27) with N replaced

.....

remains to show u,, € [m, M,]. By (AA-1):

S S A fmll oo tnr, tn, Lo @m.0)) < [ fmll 200 (0,6, L% (920)) - (4.22)

Using (4.22) in (4.13a), we infer

>\3<wm,i) o
Bf,n = max g fmﬂ%i . )\3(wi) e 1 S E ||fm||Loo(07tn’Loo(Qm)). (423)
me{s,g} me{s,g}
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Applying the induction hypothesis, and combining (4.23) with (4.13c) and (4.13d),
yields

m < min { Oext, min (w,_1) } = m(w,_1), (4.24a)
ky,
M,(u,_1) = max {Hext, max (u,_1) + ng’n}
Ky,
S Mna+ = > M mllee bz @) < Ma. (4.24b)
© mefs.g}

Thus, if u, € (Rf{ )I satisfies the equation H, (u,_1,u,) = 0, then, according to Cor.
4.4 and (4.24), for each i € I: m < m(u,—1) < up; < Mp(u,—1) < M,, showing
u, € [m, M,]".

Furthermore, if (4.20) is satisfied, then, by induction, there is (ug,...,u, 1) €

,,,,,

Since (4.20) implies (4.15), Cor. 4.4 provides a unique solution u,, € (Ra“)l to the
equation H,(u,_1,u,) = 0, thereby concluding the proof. |

Remark 4.6. (a) The L*>-bound for the solution and the upper bounds for the
time step sizes k, in Th. 4.5 can be improved by letting, for each v € {1,..., N},

= >\3(wm,i) .
Bryi=max$ > | fnllzstt 1.t 1o * Talw) L€ Iy, (425)

me{s,g}
and replacing t, >, cro o [l 0,05 (0,)) Y D20y ki By, in the definition
of M, in (4.19). Since (AA-1) implies By, < By, for each v € {1,..., N}, the
proof can be conducted analogous to the proof of Th. 4.5.

one wants to allow cooling, one needs to discard the condition f,, > 0 a.e. In
b) If 11 li d di d th dition f,, >0 i
(A-5). If one replaces (AA-1) with

€S8 lnf(f [(tl,,l,t,,)xazm’i) < fm,u,i < ess SuP(f r(tu,hty)xwm,i)a (426)

then one can easily extend all our results of the present section to the case
where f,, > 0 a.e. is no longer guaranteed. For instance, if the time step size
satisfies a condition analogous to (4.20), then one still has a unique solution to
the finite volume scheme (3.27), provided that

N
. . /\s(wmi) .

Z k, min Z essinf(f [, 1t )xwm:) - 1 €T

— i As(w;) (4.27)

< C. min {Qext, essinf (Hinit)}
to ensure u, > 0 for each v. A sufficient condition for (4.27) is

Ce I Bex ) inf (Oini
S essinf(f) < min {fex Tess inf (6 } (4.28)

me{s,g}
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