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Abstract

We introduce a transformation between the generalized symplectic
pencils and the skew-Hermitian/Hermitian pencils. Under the trans-
formation the regularity of the matrix pencils is preserved, and the
equivalence relations about their eigenvalues and deflating subspaces
are established. The eigenvalue problems of the generalized symplectic
pencils and skew-Hermitian/Hermitian pencils are strongly related to
the discrete-time and continuous-time robust control problems, respec-
tively. With the transformation a simple connection between these two
types of robust control problems is made. The connection may help
to develop unified methods for solving the robust control problems.
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1 Introduction

We investigate the relationship between the generalized symplectic pencils of

the form .
0 F 0
)\SD—AD:)\[_G* O}—{_F* D} (1)
and the skew-Hermitian/Hermitian pencils of the form
0 F 0 G
/LSC—Ac—/\{_F* 0]_{6* D:|7 (2)
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where F,G,F,G € C*™ D,D € C™™ and D* = D, D* = D. In this paper
A* stands for the conjugate transpose of A. Both pencils play the central
role in optimal and robust control, see, e.g., [7, 10, 3, 14]. The generalized
symplectic pencils are related to the discrete-time control problems and the
skew-Hermitian /Hermitian pencils are related to the continuous-time control
problems. For instance, the discrete-time linear quadratic optimal control
problem

. 1 = T . Q S T
S I B A
subject to  Ez1 = Axy + Bug zo = 2V,

with Q* = @, R* = R, is related to the eigenvalue problem of the generalized
symplectic pencil

0 |E 0 0 |A B
A A0 0| —| -E[Q S|, (3)
-B*|0 0 0 |S* R

see, e.g., [9, 11, 7, 3]. The continuous-time linear quadratic optimal problem

1Lz Q S x
w18 R[]
subject to B4 = Az + Bu z(0) = 27,

with Q* = Q, R* = R, is related to the eigenvalue problem of the skew-
Hermitian/Hermitian pencil

0 |E 0
wl —E*10 0] —
0 |0 0

see, e.g., [4, 11, 7, 3].

It is well-known that the discrete-time and continuous-time robust con-
trol problems are closely related. For instance, a discrete-time control prob-
lem is usually obtained from its continuous-time counterpart by discretriza-
tion. The eigen-structures of the generalized symplectic pencils and skew-
Hermitian/Hermitian pencils are also closely related. Both of them have
certain symmetry. For instance, the eigenvalues of \p — Ap are symmetric
with respect to the unit circle, and the eigenvalues of u€c — Ac are sym-
metric with respect to the imaginary axis. These two sets of eigenvalues can



be simply connected with the Cayley transformation ([5, 7, 3]). For this rea-
son many efforts have been made in order to find a simple relation between
these two types of pencils so that the related robust control problems can be
treated in a unified way. The Cayley transformation seems to be a natural
choice. Unfortunately, if the Cayley transformation or its inverse transfor-
mation is applied directly to the pencils, the transformed pencils may loss
the matrix structures as in (1) or (2). One way to remedy this is as fol-
lows. First, reduce the pencils to matrices by deflating the blocks associated
with the eigenvalue infinity. Then use the Cayley transformation to connect
the resulting matrices ([5, 7, 3, 8]). However, new problems arise from this
approach. Firstly, it is not always possible to do the deflation. Secondly,
even if it is possible, matrix inversion is usually involved. This makes the
transformed matrices complicated. More seriously, this may cause stability
problem for numerical computations.
In this paper we introduce a simple one-to-one transformation

,uEC - AC = T()\(S'D - AD)

with . . .
F=G+F, G=G-F, D=D.

The transformation makes a direct connection between the generalized sym-
plectic pencils and the skew-Hermitian/Hermitian pencils. More importantly,
we will show that under this transformation the eigenvalues of the pencils
Ap—Ap and pu€c— Ac are connected basically in the same way as under the
Cayley transformation, and the corresponding deflating subspaces are also
simply connected. Consequently, under the transformation 7', the general-
ized symplectic pencils and the skew-Hermitian/Hermitian pencils and their
eigen-structures can be treated equally. Therefore, an equivalence relation
between the underlying robust control problems can be established.

The paper is organized as follows. In Section 2 we provide some basic
definitions and properties about the eigen-structure of a general pencil. In
Section 3 we give some properties about the eigen-structures of the pencils
Ap—Ap and p€c— Ac. We also give some well-known properties about the
Cayley transformation in this section. In Section 4 we give our main results.
We provide the precise relations about the eigenvalues and the deflating
subspaces of the pencils \p — Ap and uEc — A¢ under the transformation
7. Conclusions are given in Section 5.



2 Preliminaries

In this section we introduce some basic concepts and properties about the
eigen-structure of a general matrix pencil.

Definition 1 Consider a pencil \EE — A € C™™. A scalar \g € C is a finite
eigenvalue of A\E — A if there exists a nonzero vector v € C™ such that

MFEr = Ax, Ex #0.

AE — A has the eigenvalue infinity if there exists a nonzero vector x € C™
such that
Ez =0, Ax # 0.

Definition 2 A pencil \E — A € C™™ is reqular if E, A are square (n = m),
and det(cE — A) # 0 for some ¢ € C.

Proposition 3 Suppose that \E — A is reqular. Then \q is a finite eigen-
value of N\E — A if and only if det(\E — A) = 0. oo is an eigenvalue of
AE — A if and only if det E = 0.

Proof. Omitted. DO
The set of the eigenvalues of pencil AE — A (including the eigenvalue
infinity) is denoted by A(F, A). When E = I, it is simply denoted by A(A).

Definition 4 Suppose A\E — A € C™" is reqular.

1. A matriz U € C™" spans the right deflating subspace of AE — A cor-
responding to a finite eigenvalue Ay, if r is the algebraic multiplicity of
Xo and there exists a matriz T € C™" such that A(T') = {\o} and

EUT = AU, rank EU = r.

A matriz V€ C™" spans the left deflating subspace of A\E — A corre-
sponding to a finite eigenvalue \g, if v is the algebraic multiplicity of
Xo and there exists a matriz S € C™" such that A(S*) = { Ao} and

E*VS = A"V, rank E*V =r.
2. A matrix U € C™" spans the right deflating subspace of AE — A cor-

responding to the eigenvalue oo, if r is the algebraic multiplicity of oo
and there exists a nilpotent matrix T € C™" such that

EU = AUT, rank AU = r.
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A matrix V€ C™" spans the left deflating subspace of AE' — A corre-
sponding to the eigenvalue oo, if v is the algebraic multiplicity of oo
and there exists a nilpotent matriz S € C™" such that

E*V = A"V S, rank A*V =r.

When AE — A is regular, it is well-known that the right and left deflating
subspaces corresponding to a single eigenvalue )y (including oo) are unique,
we denote them by R, and L), respectively.

Proposition 5 Suppose \E — A € C™" s regular.

(a) The matrices U,V € C™" span the right and left deflating subspaces of
AE — A, respectively, corresponding to a finite eigenvalue Ao, if and
only if r is the algebraic multiplicity of Ao and

EUT = AU,  E'VS=A"V,  detV*EU #0
for some matrices T, S € C™" with A(T') = A(S*) = { o}

(b) The matrices U,V € C™" span the right and left deflating subspaces of
AE — A, respectively, corresponding to the eigenvalue oo, if and only if
r s the algebraic multiplicity of co and

EU = AUT, E*V = A*VS, det VAU # 0
for some nilpotent matrices T, S € C"".

Proof. The results are simply from the Weierstral form of the regular
pencil A\E — A ([13]). O

3 Eigen-structures of generalized symplectic
pencil and skew-Hermitian/Hermitian pen-
cil, and Cayley transformation

In this paper we always assume that the pencils (1) and (2) are regular. So
we first give some necessary conditions about the regularity.

Proposition 6 If the generalized symplectic pencil \ép — Ap defined in (1)
15 reqular, then
m —rank D <n <m.
If the skew-Hermitian/Hermitian pencil nc — Ac defined in (2) is reg-
ular, then
m—rankﬁgngm.



Proof. If \p — Ap is regular, then there is a complex number ¢ such

that
0 cF —d

F*—cG* =D 7 0.
The blocks cF' — G, F — ¢G € C™™ must have full row rank, since otherwise
det(c€p — Ap) = 0. So we have n < m.

Suppose p = rank D. Let D = @ [? 8] Q* be the Schur form, where
> € CPP is diagonal and nonsingular. Denote

det(cEp — Ap) = det

p o m-—p p m=p
FQ=n[F, F |, GQ=n |G G, |

Then
% 0 CF1 —Gl CFQ_GZ
|:[(;L 22:| (CSD—AD)[[(;L g:|: Fl*—CGy{ - 0
Fif—cGy 0 0

Similarly, cF5 — G5 and Fy — ¢G5 must have full column rank, since otherwise
det(c€p — Ap) =0. Som —p <n.

The second part can be proved in the same way. 0O

Next, we will give some properties about the eigenvalues and deflating
subspaces of a general skew-Hermitan/Hermitian pencil. The results are
well-known.

Proposition 7 Consider the reqular skew-Hermitian/Hermitian pencil u€ —
A e C"" with € = —&* and A= A*. We have the following properties.

(a) po is an eigenvalue of p€ — A if and only if —fig is also an eigenvalue of
nE — A. Moreover, 1y and —jfig has the same algebraic and geometric
multiplicities.

(b) The matrices U andV span R, and L,,, respectively, corresponding the
eigenvalue gy (including oo), if and only if U and V also span L_,
and R_p,, respectively.

Proof. The results are simply from the structured Kronecker canonical
form, see, e.g., [2,1,6]. O

We will also show the properties about the eigen-structure of the gener-
alized symplectic pencil Aép — Ap. But first let us give the following lemma
that will be used later.



Lemma 8 Suppose that the pencil \Ep — Ap defined in (1) is regqular, and
Ao 1$ a finite eigenvalue of \Ep — Ap with algebraic multiplicity r.

If Ao 1s also an eigenvalue of the pencil \G*— F™* with algebraic multiplicity
r1, let the matriz Uy; € C™™ satisfy

G*UHTH = F*Ull, rank G*Ull =T

for some Ty € C™™ with A(T11) = {Xo}. Then there exists a matriz

. Ull U12 n+m,7’
o= |G e

such that
SDUT:ADU, SDU:’F,
where T = [Tél %z] and A(T) ={ o}, i.e., U spans Ry, of Nép — Ap.
If N\o is also an eigenvalue of the pencil \F' — G with algebraic multiplicity
r9, let the matriz Vi1 € C™"™ satisfy

F*Vi1511 = G*Viy, rank F*Vi; = 7y

for some Sy € C™>" with A(S},) = {Xo}. Then there exists a matriz

_ ‘/11 ‘/12 n+m,r
V—{ 0 VQQ]EC

such that
ELVS = ALV, rank &LV =,

where S = [Sél g;ﬂ and A(S*) = { o}, i.e., V spans Ly, of Nép — Ap.

Proof. Since \ép — Ap is regular, det(cEp — Ap) # 0 for some scalar c.
From the block structure ¢G* — F* must have full column rank. That implies
that the sub-pencil A\G* — F”* doesn’t have any right singular blocks. If A\ is
an eigenvalue of A\G* — F*| its right deflating subspace is unique ([12]). So
the matrix Uy is well-defined. Clearly the matrix U;; also satisfies

Ep [ [/81 }Tn =Ap { Uél ] , rank €p [ Ugl } =rank G*Uy; = rq,

ie., [Uél] spans a subspace of R, of Aép — Ap. Therefore, [

extended to the matrix U as required.
Note that the pencil A&}, — A}, has the same block structure as Ap — Ap.
So the second part can be proved in the same way. [

U1

0 } can be

7



The eigen-structure of Alp — Ap is relatively complicated. But as one
can see from the following theorem, it has also some interesting symmetry.
The results given below are essentially the same as those in [7, Proposition
4.18]. The only improvement is the relation about the eigenvalues 0 and oo .

Theorem 9 Suppose that the pencil NEp — Ap defined in (1) is reqular.

(a) Let \g be a nonzero finite eigenvalue of A\ép — Ap with algebraic multi-
plicity r. Then the matrices

T T
_n Ul _n Vvl n+m,r
v=n [l v ] eer

satisfy
EpUT = ApU, ELVS = ALYV, det V*ERU # 0

for some T, S € C™" and A(T) = A(S*) = { o}, if and only if

satisfies

ERUT = AU, EpVS™t=ApV,  detU*EpV #0.
Consequently, both \g, \;' are the eigenvalues of \Ep — Ap with the
same geometric and algebraic multiplicities. Moreover, U, V' span Ry,
and L,, respectively, if and only if U,V span ﬁ;oa and R;\al, respec-
tively.

(b) Suppose 0 € A(Ep, Ap). Let

rr—nr re T —Tg
n Uiy Uia ~n Vi Via n+m,r
U= m |: 0 U22 :|7 V= m |: 0 ‘/22 :| €C

be the matrices that span the right and left deflating subspaces Ry and
Ly, respectively, generated as in Lemma 8 with A\g = 0, and satisfy

EpUT = ApU, ERVS = A}V, rank EpU =rank EHV =r



with the nilpotent matrices

T1 r—1T T2 T —T9
At T T T2 Sh Sia
T_T—Tl[o T5 }7 S_T—TQ{O Soo |
Let
= Ui Un'Tis + UiaTs V= Vii ViiSiz + ViaSa
10 Uz ’ 1 0 Vao
and ¢ 5 g
S AT ATV AT & 11 P11912
R I
Then

EU = ALUT, EpV =ApVS,  rank ALU = rank ApV =r-

Consequently, if 0 € A(Ep, Ap) and has algebraic multiplicity r, then
oo € A(Ep, Ap) and has algebraic multiplicity at least r. Moreover,
if U,V defined above span Ro and Ly, respectively, then U,V span a
subspace of Lo and R, respectively.

Proof. The proof is given in Appendix A. 0

The above theorem shows that the nonzero finite eigenvalues of the gen-
eralized symplectic pencil Ap — Ap are paired as (A\g, \y'). Their deflat-
ing subspaces are also simply related, though it is not as simple as in the
skew-Hermitian/Hermitian pencil case. When )\j is on the unit circle, i.e.,
Ao = 5\51, the matrix V' can be chosen as [U[}QT}, and the matrix U can be

chosen as | "% ] . So in this case one basis matrix U or V can determine both

Va
the deflating subspaces R, and L,,. The eigenvalue 0 corresponds to the

eigenvalue oco. But usually A\ép — Ap may have more eigenvalues oo than 0.

Example 1 Consider the generalized symplectic pencil

010 0 [1 1
MXp—Ap=A| -1]0 0| -] —-1]|1 1
—110 0 011
Simple calculations yield
—1
EpUy - 0= ApU, EpVi-0=ApVi, Ui=| 1 |, Vi=| 0 [|;
—1 1



and

01 0 -1
EDUQ = ADUQ |: :| s U2 = 0 1 ,
0 0
1 0
01 0 0
EpVa = ApVs o W= 1 1
00 10

Clearly Ap — Ap has the eigenvalues 0 and oo with algebraic multiplicities
1 and 2, respectively. Based on Theorem 9 (b), from Uy, V; we get

R 0 R 0
U= 11, V=101,
-1 1

which are just the first column of V5 and Us, respectively. Note that in this
example, r; =19 = 0.

In the end of this section we give some well-known properties about the
Cayley transformation. The Cayley transformation considered in this paper
is the one-to-one transformation (if we consider co as a "number”) in the
complex plane defined by

= pN) = (A=A +1)"
Its inverse transformation is
A=p () =+ p1—p)

The correspondence between A and p under the Cayley transformation is
summarized in Table 1.

Ao =1 0 1 JA<1 A =1 Al > 1
wl 1l oo —1 0 Rep<0 Repu=0 Repu>0

Table 1: Correspondence between A and pu = p(\)

The following property is obvious.

Proposition 10 If pn = p(X) then —i = p (\™'). Conversely, if X = p~* (1)
then A=t = p=Y(—p0).

10



Proof. the proof is trivial. O
The matrix version of the Cayley transformation is

p(A) = (A= DA+ D).
The matrix pencil version is
puF — B :=p(AE —A)=u(A+FE)—- (A—-E).

The Cayley transformation preserves the regularity of the matrices pencils.
Also, when A\E — A is transformed to uF' — B, the eigenvalues are transformed
according to the rule given in Table 1, while the deflating subspaces remain
unchanged.

Proposition 11 Let \E — A€ C*"" and pF' — B = u(A+ E) — (A— E).
(a) AE — A is reqular if and only if uF — B is reqular.

(b) Suppose N\E — A is reqular. Ay is an eigenvalue (including co) of \E — A
if and only if py = p(Xo) is an eigenvalue of uF — B. Let Ry,, Ly, be
the right and left deflating subspaces of \EE — A corresponding to A,
and let Ry, L, be the right and left deflating subspaces of uF' — B
corresponding to . Then Ry, = Ry, and Ly, = L,,.

Proof. The results can be found in [5, 7, 8]. [
Let Aép — Ap be defined in (1). Define

Mf—B = p(/\gD—AD) = M(AD+8D)_(AD_€D)
B 0 G+F 0 G-F

The pencil uF — B has the following extra property.
Proposition 12 The eigenvalues of the pencil pF—B are paired as (o, —fio)-

Proof. The result is simply from Theorem 9 (a) and Proposition 10. O

4 Relation between \ép — Ap and puéc — Ac

Let F o
0 0
)\SD_AD_|:_G* 0 :| _|:_F* _D_’
and . -
0 F 0 G
“50‘“40—“[_1&* 0}_[6** D |

11



We define the transformation
e — Ac =T (Np — Ap)
with . 3 3
F=G+F, G=G-F D=D.
The inverse transformation of 7 exists and is
MNp—Ap =T Hu&c — Ac)

with 1. 1. i

F:§(F—G), G:§(F+G), D=D.
The transformation 7 can be interpreted as the composition of the Cay-

ley transformation and an annihilation: apply the Cayley transformation to
Ap — Ap to obtain the pencil uF — B in (5), which now can be written as

o[ B85

then simply drop off the block D in F to get u€c — Ac.

We begin to show the relation about the eigen-structures of the pencils
Ap — Ap and u€c — Ac under the transformation 7. Our first result is
about the regularity.

Theorem 13 Under the transformation T the pencil \Ep — Ap is reqular if
and only if nEc — Ac is regular.

Proof. By Proposition 11 (a), it sufficient to show that uF — B is regular
if and only if u&c — Ag is regular.

If uF —B regular, we have det(uF —B) # 0. This implies that det(uF —B)
is a nonzero polynomial of . So one can always choose a scalar ¢ # —1 such
that det(cF — B) # 0. The same argument applies to u€c — Ac.

For a scalar ¢ # —1, by using the block forms, we have
0 cF -G }

—cF —-G* (¢c—1)D

_detd (t=a™t ?] {_cﬁ*o_é* CF_BG] [é (1—00)ID

:det([ (1—5)_1[ ?}(cé‘c—flo){é (1_00)1])'

Clearly, det(c€c — Ac) # 0 if and only if det(cF — B) #0. O
The relations about the eigenvalues and the deflating subspaces of the
pencils A\ép — Ap and puEc — Ac are presented in the following theorem.

det(cF — B) = det {

12



Theorem 14 Suppose AEp — Ap is reqular and pEc — Ac = T (Ap — Ap).

(a) Let N\g # —1 be a finite eigenvalue of \Ep—Ap with algebraic multiplicity
r. Then the matrices

r r
_n Ul _n ‘/1 n+m,r
U_m[Uz}’ V_m{VJE(C

satisfy
EpUT = ApU, ERVS = ALV, det V*ERU # 0,
for some matrices T, S € C"" with A(T) = A(S*) = {\o}, if and only

if the matrices

0:[U1(21[;;T)]’ ‘7:[%(5‘25)]

satisfy

EcUT = AU, EVS=ALV,  detV*EU #0,
where T = p(T), S = p(S), and A(T) = A(S5*) = {0} with 1o = p(Xo).
Consequently, —1 # \g € A(Ep, Ap) if and only if py € AM(Ec, Ac). o

and po have the same algebraic and geometric multiplicities. Moreover,
U,V span Ry, and Ly, of Nép — Ap, respectively, if and only if U,V
span R, and L, of n€c — Ac, respectively.

(b) Suppose —1 € A(Ep, Ap) with algebraic multiplicity r. Let

™ T—T
_n Ull U12 n+m,r
U= m { 0 Usy } eC ,

be the matrix that spans R_1 of Ap — Ap, generated as in Lemma 8
with A\g = —1, and satisfies

EpUT = ApU, rank EpU =71

where
(&1 r—"r
A T T'o T _ 1
T_T_m[o jh}ec, AT) = {-1}.

13



Then
~ _ 2U11 U12(T22 + I)

v 0 2Uy

and the nilpotent matrix

T - (T + )T —I)7Y —(T — 1) M o(Toe + I)(Toe — 1)
a 0 (Too + 1) (Toa — I)7!

satisfy . o .
EcU = AcUT, rank AcU = r.

Consequently, if —1 € A(Ep, Ap) and has algebraic multiplicity r, then
o0 € A(&c, Ac) and has algebraic multiplicity at least r. Moreover, if
U defined above spans R_1 of Np — Ap, then U spans a subspace of
Reo (and L) of néc — Ac.

(c) Let r_q, ro, and ro be the algebraic multiplicities of the eigenvalues
—1,0,00 € A(Ep, Ap), respectively, and 71, 7_1, and T be the alge-
braic multiplicities of the eigenvalues 1,—1,00 € A(E¢, Ac), respec-
tively. Then

flzf,lzro, foo—F?:l:’le—i‘Too

Consequently, under the transformation T , ro eigenvalues oo € A(Ep, Ap)
become 1 € A(Ec, Ac). the rest eigenvalue oo € A(Ep, Ap) correspond
to oo € A€, Ac). Under the inverse transformation T 1, r_y eigen-
values oo € A(Eq, Ac) become —1 € A(Ep, Ap) and the rest eigenvalue
oo correspond to oo € A(Ep, Ap).

Proof. The proof is given in Appendix B. 0O
The correspondence between the eigenvalues of \p — Ap and uéc — Ac
is summarized in Table 2.

Nep — Ap | oo “1 0 1 N<0 P=1 [N>1
NN 1 1T 1 ! ! )
e — Ac | 1 oo —1 0 Repu<0 Rep=0 Repu>0

Table 2: Correspondence between the eigenvalues of Aép — Ap and puEc — Ac

Recall that by Theorem 9, if U = [gﬂ spans Ry, of Aép — Ap corre-
sponding to the finite eigenvalue )y, then U= [U[}j] spans ,C/‘\al of \p—Ap.
Theorem 14 shows that U = U + U spans R, of péc — Ac. Note that by

14



Proposition 7, U also spans L_z, of n€c — Ac. This shows how the deflating
subspaces of Ag, )\ and g, —jip are precisely related under the transforma-
tion 7. The same argument applies to V/, V, and V.

Theorem 14 shows that if we know the eigen-structure of A\p — Ap,
we also know the eigen-structure of uéc — Ac. The only missing part is
the deflating subspaces corresponding to 1 € A(&¢, A¢). But by Propo-
sition 7, they can be obtained from the deflating subspaces correspond-
ing to —1 € A(Eq, Ac). Conversely, if we know the eigen-structure of
uEc — Ac, we essentially know the eigen-structure of £p — Ap. However,
Theorem 14 doesn’t tell how to extract the information about the eigenvalue
—1 € A(€p, Ap) from 0o € A(Ec, Ac). Tt seems that extra work needs to be
done in order to check if —1 € A(Ep, Ap). One way is to check the singularity
of &p + Ap. The following result provides an alternative way.

Proposition 15 Consider the regular pencils p€c — Ac and \ép — Ap =
T Y (u€c — Ac) as in (2) and (1), respectively. Suppose that the matriz Q
has full column rank and spans the null space of F. Let D = Q*DQ. Then
—1 € A(€p, Ap) if and only if at least one of the following conditions holds.

(i) rank F < n.
(ii) D is singular.

Moreover, let p = rank ' and rank D = q. Then the dimension of the right
eigenvector space of Nep — Ap corresponding to —1 is n+m — 2p — q.

Proof. Let
~ X 0 =,
w3 8]
be the singular value decomposition of F, where ¥ € CP? is positive diagonal,

WeC™ and Q € C™™ are unitary. Since the last m — p columns of () also
span the null space of F', without loss of generality we express

Q=[0: Q].

~ 0 0 .
p=vio AV

be the Schur form of D, where A € C%4 is diagonal and nonsingular. Define

P:diag(W',[Ql QV]).
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Then by (6),

0 0]l 0 0 0 0 |Gy G G
0 0/ 0 0 0 0 0 |Gy Go Gos
P (uF-B)P=p| =X 0| D Dz Dig |—| G}, Giy| Dy D1y Dis
0 0|Dj, 0 0 Gt, G5 | Dy, 0 0
0 0/Dy 0 A Gty Giy| Dy 0 A

Clearly, rank F = 2p + ¢. So F is nonsingular if and only if 2p + ¢ = n + m.
Since p <nand ¢ < m—p=rank@, 2p+q = n+m if and only if p = n and
q = m — p. This implies that F is singular if and only if p < n or ¢ < m —p,
or both. Since F = Ap + Ep, when F is singular, the null space of F is just
the right eigenvector space of Aép — Ap corresponding to the eigenvalue —1.
So the dimension of the eigenvector space equals dimF = n +m — 2p — q.
0

Note that the result given above is only related to blocks in uéc — Ac.
However, this result still can’t provide the complete information about the
deflating subspaces of Ap — Ap corresponding to —1. For this it seems that
one has to work on the pencil Aép — Ap directly. Another way to remove
this difficulty is to use the Cayley transformation

/Lg(j - .AC = 7;()\5D - .AD)
B 0 G+abF | 0 G —aF
- Pl (G+aF) 0 (G—aF) D |

where « is a unit complex number and —« &€ A(Ep, Ap). Under this trans-
formation, similar results as in Theorem 14 can be derived. The advantage
is that no finite eigenvalue in A(Ep, Ap) will correspond to co € A(E¢, Ac),
and vice versa. So the above problem never occurs. However, such a trans-
formation is not a good choice for real pencils, since it can not keep them in
real form.

We give two examples to illustrate the behavior about the eigenvalue oo
and the deflating subspaces under the transformation 7.

Example 2 The generalized symplectic pencil

(a # b) has the eigenvalues —1 and oo with the algebraic multiplicities 2 and
1, respectively. With simple calculations we have

-1 -1 -1 -1

gDUl{ 0 -1 0 -1

]:ADUh ezsvl[ }:A*Dvl,
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where

a b—a a —b
Ul = 1 0 5 ‘/1 = —1 O 3
1 0 1
and
0 0
gDUQ = ADUQ . O, 5;‘/2 - A*D‘/g . O, U2 = O 5 ‘/2 = 1
1 -1

Under the transformation 7 the corresponding skew-Hermitian/Hermitian
pencil is

0]0 1 02 1
wEe —Ac=p| 010 0| =120 a
—1/0 0 1la b
Simple calculations yield
. |0 % 0 3 0 —a a—2b
EcU=AU|[0 0 1|, U=1]12 0 0
0 00 0 2 2

This shows that under the transformation, all the eigenvalues of Aép — Ap
become oo € A(E¢, Ac). We can also get the relations about the deflating

subspaces. By Theorem 9 (a), from U; and T' = [Bl :H, we get
) [ a b—a } T —a —b 10
U= 10 = 1 0 =V 0 1|
0 1 0 1

Hence range U= range V) = L_;.
Based the fact that r; = 0, by Theorem 14 (b) we have

. X 0 —a
U=U,+U=1|2 0 ,
0 2

which is just the submatrix formed by first two columns of U.
Finally let us check the result in Proposition 15. Note that in our example
n =1, m = 2. In the pencil u&c — Ac,

F=[0 1], D—[g Z}

So e; = [(1)] spans the null space of F. Since p = rank F = 1, and ¢ =
¢t Dey = 0, we conclude that —1 € A(Ep, Ap) and the dimension of the right
eigenvector space is n +m — 2p — ¢ = 1, which is obviously true.
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Example 3 Consider the pencil in Example 1,

0]10 0]1 1
XNp—Ap=X| -1]0 0| -] =11 1
—-110 0 0 [1 1
We had
0
EpUy -0 =ApU;, EpVi-0= ALV, Uy = 1|1, "i=
-1
and
01 . . 0 1
where
0 —1 0 O
Uy,=10 1 , Vo = 1 1
1 0 -1 0

The corresponding skew-Hermitian/Hermitian pencil is

021 0/0 1
pEc—Ac=p| —2]0 0| =] 0]1 1
—-1]0 O 111 1
It is easily verified that for
0 ) ~1 i 0
Ul — 2 3 ‘/1 == 0 y U2 = 1 s
—2 2 —2
we have
—~EcUh = AcUn, —EVL = A
EcVi = AcWi, gLl = AL,
EclUy = AcUs - 0, ELUy = ALU; - 0.

This shows that under the transformation 7, 0 € A(Ep, Ap) corresponds
to —1 € A(&g, Ac), one eigenvalue oo of Ap — Ap corresponds to 1 €
A(&c, Ac), and another one corresponds to co € A(E¢, Ac). Moreover, it is
easily verified that [71 and f/l are just the vectors derived from U; and Vj,

respectively, by using the formulas in Theorem 14 (a).

Finally, we just point it out that for real pencils a real version of Theo-

rem 14 can be developed basically in the same way.
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5 Conclusion

We have shown that the transformation 7 sets up the one-to-one relation be-
tween the generalized symplectic pencils and the skew-Hermitian/Hermitian
pencils. More importantly, under this transformation the regularity of the
pencils is preserved, and the eigenvalues and the deflating subspaces are also
simply connected. We should mention that the pencils derived from the ro-
bust control problems usually have the block forms similar to (3) and (4),
which look more special than (1) and (2). However, any pencil like (1) can
be transformed to (3) by simply compressing the block F. Similarly, any
pencil as (2) can be transformed to (4) by compressing the block F. There-
fore, with 7 and 7! the pencils (3) and (4) can also be transformed back
and forth. This provides a simple connection between the discrete-time and
continuous-time robust control problems.

Acknowledgement. The author thanks Ralph Byers from the University of
Kansas and Volker Mehrmann from TU Berlin for their valuable suggestions
and comments.
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Appendix A

Proof of Theorem 9

(a) By using the block structures, the matrix equation EpUT = ApU

yields

FU,T = GU,, —-G*U,T = —F*U, + DU,.

Multiplying the first equation by —1 and post-multiplying the second equa-
tion by T" we have

—GU, = —FU,T, F*(U\T) = (G*(U,T) + DU,)T,

which can be written as

e L S
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or equivalently, E5U = ALUT.
Conversely, because T is nonsingular, one can express

- [uor
U—{UQ}.

Then by reversing the above steps we can get EpUT = ApU from the equa-
tion E5U = A%LUT.

Because the pencil A&}, — AJ, has the same block structure as Aép — Ap,
the equivalence relation between £5VS = A%V and £,V = ApVS can be
established in the same way.

We still need to prove the equivalence between det V*EpU # 0 and
det U*EpV # (0. Using the relations

FU,T = GUs, GVyS = FVs,

which are from the equations EpUT = ApU and E;,V S = A}V, respectively,
we have

UEpV = TUIFVy — UGS = T*U;GV,aS — T*US F* Vi .S
= T*(U;GVy— Ui F*V})S = —T*(V*EpU)*S.

Since both T" and S are nonsingular, it is clear that det U*EpV # 0 if and
only if det V*EpU # 0.

The above relations show that if A\g € A(Ep, Ap) and has algebraic mul-
tiplicity r, then A\;' € A(£p, Ap) and has algebraic multiplicity at least 7.
But the algebraic multiplicity can’t be bigger, since otherwise by the duality
the algebraic multiplicity of Ay will be larger than r. The rest follow simply
from the above relations.

(b) The equation EpUT = ApU implies

FUyTy = GUsy,
G*U11T11 - F*Ulla
_G*<U11T12 + U12T22) = —F*Um + DUQQ. (7)

By using the above equations,

* T Tll T11T12
ADU[ bt ]
_ 0 —F Ull U11T12+U12T22 Tll T11T12
G* D 0 U22 0 T22
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0 —FUgT5
| G*UnTn G*UnTuTy + [G*(UnTis + UiaTo) + DUy |Th
7o —GUp
| F*Un FrUnTip + FrUp Ty }
_ [0 —G} [ Unn UnTia + U1
0 0 Uso

} =&U.
Next we show that rank EpU = r implies rank AEU = r. By using the last
equation in (7) we have

A*U—{ 0 —FUy }_{ 0 —FUys
b G*Uy G*(UnTie + UinTae) + DUy GUyy FUyg |-

If A% U is rank deficient, then there exists a nonzero vector

™ T
Tr =
r—nr )

such that A% Uz = 0. This implies
—FUQQQ?Q = 0, G*Ulll'l + F*Ulgilfg =0.
We first show xy # 0. Otherwise x; # 0 and G*Uy127 = 0. But then

xTq . 0 FU22 I o
2 I < A R
which contradicts to rank EpU = 7.

Now Combining G*Ulll'l + F*Ulgl'g = (0 with G*UHTH = F*UH, which
is the second equation in (7), we have

Ty —x

G* [ Unn Urao } [ 0 0

:| = I [ U11 U12.§62 } .
Since it is assumed that A\G* — F'* has only r; eigenvalues 0, the above relation
implies rank [ Uir Ujazo } = r1. Because rank Uy; = ry, we have

Uiy = Upis

for some vector xz3 € C".
Now [;x3} # 0, but it is easily verified that
2

=0.

EpU [ —I3 ] _ [ FUyxs

X2 G*(U11$3 - U12I2)

22



Then rank EpU < r, which again is a contradiction. Hence it must be
rank A*DU = r. Obviously the pencil Ap — Ap has at least r eigenvalues oo
and U span a subspace of L.

By the duality, the relation about V and V can be proved in the same
way.

Appendix B

Proof of Theorem 14. Let uF — B = p(Aép — Ap) as in (6).
(a) It is easily verified that the equations

EpUT = ApU, ELVS = ALV
are equivalent to
FUp(T) =BU, FVp(S)=DBV.

Clearly, A(p(T)) = A(p(S)*) = {no}, where pig = p(Xo). Since Ag # —1, 00,
we have g # oo, 1.
From FUp(T) = BU, we have

FUsp(T) = GU,, —F*Uip(T) = G*Uy + DU, (I — p(T)).

Because
I—p(M)=1—-(T-01)(T+D)"'=2T+1)",

and p(T) and T 4 I commute, multiplying the first equation by 2 and post-
multiplying the second equation by T + I, we get

FQUy)p(T) = G(2Uy), —F*U(T + Np(T) = G*UL(T + 1) + D(2Uy).

So we have
0 F1[U(I+7T) (T) = 0 G|[U(I+T)
_F* 0 2, |PM T 6 D 20, |
which is just o .
EUT = AcU.

Conversely, suppose that U satisfies
EUT = AcU,
with A(T) = {0} and j # oo, 1. Let
T=p Y T)=I+T)I-T)"
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Then A(T) = {Xo}, where A\g = p~"(p10) # —1, 00. Because I+7 is invertible,
we can express U as

- | "0

Define U := [gﬂ By reversing the above steps we can show that U and T'
satisfy
EpUT = ApU.
Similarly, we can show that £,V .S = A5V if and only if E5V S = ALV
We now prove that det V*E,U # 0 and det V*EoU # 0 are equivalent.
From the equations EpUT = ApU and ELV S = ALV, we have

FU,T = GU,, GVLS = FVs.

V*EU = 2(I +9)'V'(G+ F)Uy =2V (G + F)'Uy (I +1T)
= 2(I + SV (GUy + FUy) — 2(VirG* + Vi F¥YUL (I + T)
= 2(I+ S)"V{'(FUT 4+ FUy) = 2(Vy'G* 4+ S*VyG*)UL (I + T)
= 20+ S)VfFU,(I+T)—-2(I1+S)"VyG*U,(I+T)
= 2(I+S)"(VyFU, — V5 G*UL)(I +T)
= 2(I+8)*(V*EpU)I +T).
Since (I + S)* and (I +T) are nonsingular, it is clear that det V*EoU # 0 if
and only if det V*EpU # 0. The rest are obvious.

(b) When A(T) = {—1}, it is easily verified that EpUT = ApU implies
FU = BUT, where

T = (T+I)(T-1)"
(T + )T —I)7Y =2(Ty — 1) ' Ta(Te — 1)1
|: 0 (T22+[)(T22—I)_1
Tu T
{ 0 Th ] '

The equation FU = BUT gives

FU22 = GUZQTQQ
—FUny = —GUnTn
—F*Uu = —G*<U11T12 + U12T22) + DUQQ(TQQ — ])
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Since Thy — [ = 2(Tyy — I)~!, multiplying the first and the second equations
by 2 and post-multiplying the 3rd equation by (T + I'), we have

F(2U22) = é(2U22)T22

—F*(?UH) = —é*(2U11)T11
— U (Toy + 1) = —G*(—QUn)(Thy — I) ' TioTy + Urg(Tao + 1) 1)
+D(2U22)T22.

With these equations we have
EcU = AUT,

where U, T are as given in the theorem. 3
We now show that rank EpU = r implies rank AcU = r. From the
equation EpUT = ApU, we have

FUxpTy = GUy
G'UnTnw = F'Un
—G* (U Te + UnT) = —F*Uya+ DUsp.

By using these relations,

Al = 0 2(G — F)Uyy
T | 2(G = F) Uy (G = F)*Up(Tay + I) + 2DUsy,

{ 0 2FUp(Toy — 1) ]
QG*Ull([ - T11> (G + F)*Ulg(j - TQQ) - 2G*U11T12 '

If AcU is rank deficient, then there is a nonzero vector z = [2} such that
AcUz = 0. This implies
FUsy(Toy — Ny = 0 (8)
and
20G* U (I — Tiy)ar + (G + FYUa(I — Tas) — 2G* Uiy Tia) 70 = 0. (9)

We have o # 0. Otherwise x; # 0 but G*Uy1(I — T11)z; = 0. Because
A(Ty,) = {—1}, we have (I — T11)x; # 0. Then

=0

EpU [ (I = Tha)as } _ [ —GUn(I = Tin)x

0 0
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implies rank EpU < r. This contradicts to rank EpU = r. Now rewrite (9)
as

G*[2U11((I — TH)ZEl — TIQ.TQ) + Ulg(] — TQQ)IQ] = —F*Uu(] — TQQ)IQ.
Combining it with G*Uy117; = F*Uyy, which is from EpUT = ApU, we have

- Tu 2((I —Tw)ar — T
G [ Uip —Um(] — T22)x2 } 61 (( 111311 12x2)
= F* [ Ull _U12<I — T22)SC2 ] .

Since Uj; spans the right deflating subspace of A\G* — F* corresponding to
the eigenvalue —1, we have

U12(I - T22)5U2 = Uy, (10)

for some vector z3. Let z = [(I:Tz;’m] Because A(Ty) = {—1} and x9 # 0,

we have z # 0. But (8) and (10) imply

FUQQ([ — TQQ).CEQ

—G*(=Unws + Ura(I — Tho)o)

(C:DUZ: [

which contradicts to rank EpU = r again. So we have rank ACU =r.

The rest are obvious.

(c) By Theorem 9, if 0 € A(Ep, Ap) and has algebraic multiplicity
ro, then there are at least ry eigenvalues co € A(Ep, Ap). From part (a)
these 7y eigenvalues 0 correspond to ry eigenvalues —1 € A(Eq, Ac). So
7_1 = 19. By Proposition 7 (a), uéc — Ac has also ry eigenvalues 1. So
71 = 719. Under the transformation 7, no finite eigenvalue in A(Ep, Ap)
corresponds to 1 € A(Eq, Ac). So these ry eigenvalues 1 must be from ry
eigenvalues co € A(Ep, Ap). Now, if ro, > 1, then there are additional
Too — To eigenvalues oo € (Ep, Ap). Clearly, these eigenvalues have to corre-
spond to oo € A(E¢, A¢). Since other eigenvalues co € A(E¢, Ac) are from
—1 € A(ép, Ap), we have

Too =Too —T0+T_1=7Toc —T1+7_1,

or equivalently,
foo—i_?:l =T +7T_1.
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