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0 Introduction

This paper presents an approach to a derivation of links between assets and interest rates. The
basic idea is to build a framework where clearly motivated structural hypotheses are exploited
to yield natural economic results. This gives a transparent view how economic phenomena can
be explained as consequences from simple modelling assumptions.

Our starting point is a standard framework for a multi-asset economy. We then impose two
structural assumptions, one on the asset volatility matrix and one on the short rate (function),
and we derive from these model properties a close link between assets and interest rates. The
two assumptions are motivated in detail, and the derived result is both economically intuitive
and testable from observed data. Our main focus is on the theoretical analysis of our model,
but we also provide a short empirical part to illustrate how one could start to test our results.

In more detail, the paper is structured as follows. We present in Section 1 the basic setup
where the assets X and the pricing kernel are described by general Ito processes. Section 2
defines indices (= numeraires) as the value processes of self-financing portfolios with unit initial
capital and uses them to introduce the concepts of a spherical and a rigid volatility structure.
The volatility matrix o of X is called spherical if one can find an index I such that all asset
prices expressed in the numeraire [ have volatilities of equal magnitude. If these intrinsic
volatility vectors are even constant, o is called rigid. This corresponds to a market which
fluctuates in a Black-Scholes type fashion around a suitable (spherical) index 1.

Section 3 is mainly computational. We specialize the general setup to an autonomous Marko-
vian situation and compute the dynamics of the short rate (X)) under the assumption that the
function r is homogeneous of degree 0. This is motivated from a postulate of scale-invariance for
asset prices; see Section 3 for a more detailed discussion. Combining this with a rigidly spher-
ical volatility structure o, we derive in Section 4 a very intuitive link between the short rate
r(X) and the spherical index I. In the special case where the short rate volatility is constant,
we obtain a distinction into two basic regimes: The instantaneous correlation between index [
and short rate r(X) is positive or negative, depending on whether the forward rate curve at
the short end is downward or upward sloping. Finally, we provide in Section 5 a preliminary
study to illustrate how one could test such results on the basis of empirical data.

Of course, many questions remain. Our model is a stylized economy whose basic assumptions
may be criticized. Even if one accepts them, a thorough empirical study still needs to be
done. We have used in our statistical analysis very crude methods; dealing with nonstationary
situations will require more sophisticated tools. However, our main message is that fairly
general structural assumptions in a standard model can be enough to explain natural and

observed economic phenomena.

1 The basic setup

Our ultimate goal is to derive links between the dynamics of assets and interest rates from

simple structural assumptions in a general model. This section provides the basic framework.



We start with a probability space (2, F, P), a time horizon T, € (0,00) and a filtration
F = (F)o<t<t,, satisfying the usual conditions of right-continuity and completeness. As in
[HK], a unit is any strictly positive [F-adapted RCLL process N = (NVy)o<t<7.,, With Ny = 1.
For T € (0, Ty], a T-claim is an Fpr-measurable random variable C'r > 0; it describes the payoff
at time 7" of some financial instrument. We denote its price at time ¢ < T" by C; and assume
that there exists a unit N such that

Cr

Cy=NE | —
t t |:NT

f] (L1)

for a sufficiently large class of T-claims C'r; so + is a pricing kernel. More precisely, (1.1) should
hold for at least m processes X! ..., X" on [0,T,]. We think of X as a vector of basic asset
prices and take this as a given fundamental ingredient. Note that if we postulate (1.1) also for
any T and Cp = 1, we get from N the prices of all zero coupon bonds and thus an entire term
structure model within the same framework. But for the moment X is all we need.

For N, we assume that its dynamics are given by

dN,
Tt = (re + M) dt + A AW, (1.2)
t

with an JR™-valued Brownian motion W and predictable processes r (real-valued) and A (IR™-
Too

valued) such that [ (|ry|+[\|?) du < co P-a.s. This weak assumption is for instance satisfied
0

if I is the P-augmented filtration generated by W and N is a positive semimartingale with an

absolutely continuous finite variation part.

Remarks. 1) The processes X! ..., X™ describe the primary tradable assets in our market.
They are observable and their evolution will eventually determine everything else; we formalize
this later by imposing a Markovian structure.

2) One could view our setup as having n primary assets and m Brownian motions. If I is
generated by W, one might then distinguish between a complete (m < n) and an incomplete
(m > n) market. But our focus is on links between assets and interest rates, and so issues of

completeness versus incompleteness do not matter for us. o

To obtain more structure, we assume that the dynamics of our basic assets X on [0, T are
given by the SDEs

X
Xi

=dR} = pjdt+> o dW!, Xj=z{>0, i=1...,n (1.3)

j=1

Too
The drift vector p and volatility matrix o are IF-predictable processes such that [ |uf]du < oo
0

P-a.s. and the IR™-valued process o' = (6%7);_1__,, is W-integrable for each i. To exclude local

redundancies between assets, we suppose that

(FR) o, has full rank P-a.s. for every t € [0, T ].
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If n > m, this implies that oo, is invertible P-a.s. for every t. Note that we do not assume
the existence of a locally riskless asset; hence all the processes o’ can be nonzero.

Trading in X by self-financing strategies is here modelled by pairs (vg, a), where vy € (0, 00)
is the initial capital one starts with and the IR"-valued predictable R-integrable process a =
(at)o<t<T,, describes the fractions of total wealth held over time in the available assets. More

precisely, the current wealth at time ¢ must be positive and is

t t

1
Vi(vo,a) = v & ([’ dR), = vy exp /a;ras dW, +/ <a:us — 5\02%\2) ds |, (1.4)
0 0

and the fraction a of V;(vy, a) is currently invested in asset i. Fractions can be negative (we do
not exclude short sales), but must of course sum to 1 so that we have in addition the restriction
that a/ 1 =1, where 1 = (1 ... 1)T € IR". Again as in [HK], the value process V (a) of such a
strategy (1,a) with vy = 1 is called a numeraire (because it is a unit obtained by self-financing
trading) or a generalized index; see Section 2 for more details.

In combination with the pricing mechanism (1.1), our assumptions (1.2) and (1.3) about the
dynamics of N and X automatically enforce some relations between the parameters r, A and
1, 0. This is the well-known no-arbitrage restriction that the drift ;1 must be in the span of the

vector 1 and the range of the volatility matrix o.
Lemma 1 Assume (1.2), (1.3) and the pricing relation (1.1) for C = X', i=1,...,n. Then

(DCQ) there exist IF-predictable processes a (IR-valued) and (3 (IR™-valued) with 5 W -inte-
Too
grable, [ |o,|du < 0o P-a.s. and such that
0

e = a1l + oy 5 P-a.s. for every t € [0, Ty]. (1.5)
In fact, we can take o =r and 3 = \.

Proof. This is a standard argument. By (1.1) the product X N is a P-martingale. Combining
(1.2) and (1.3) gives its dynamics via the product rule, and the martingale property implies
that the drift part is zero. Written out, this gives (DC). |

Conversely, (DC) plus the dynamics (1.3) of X essentially give (1.2) and (1.1). More pre-

cisely:
Lemma 2 Suppose that X is given by (1.3). If (DC) holds, then

(AA) there exist a numeraire V(a) and a local P-martingale Z > 0 with Zy = 1 such that

ZX

@ 15 a local P-martingale.

Proof. The self-financing strategy (1,a) with a := (1 0 ... 0)T € IR" yields the numeraire

Via) =% Ifweset U:=— [a,du— [ 3] dW, and Z := V(a) E(U), then Z > 0 with Z, = 1,
0

and (DC) readily implies that Z and XZ/V (a) are local P-martingales. Hence we get (AA). m
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Remarks. 1) The absence-of-arbitrage type condition (AA) is up to some integrability issues
almost as good as (1.1) plus (1.2). To see this, suppose that Z and V' (a) have been constructed
V(a)

from (DC) as in the proof of Lemma 2. Then it is straightforward to check that N := —= =

1/E(— [aydu— [ BT dW) satisfies (1.2) with r = o and A = 3. Moreover, we also get (1.1) if
% is not only a local, but a true P-martingale. The reason for mentioning (AA) here is that
it is equivalent to (DC) if IF' is generated by W; see [RSS] for a proof of this result.

2) Our setup and the above results are very similar to Jamshidian [Ja]; see [RSS] for a
detailed discussion. But in the sequel, our objectives are different. Jamshidian [Ja] is mainly
interested in a particular class of derivatives; he proves that homogeneous payoffs (e.g., LIBOR
derivatives) can always be hedged under fairly general conditions. In contrast, our goal is to

study dynamic links between assets and interest rates under extra structural assumptions. ¢

Under one additional assumption that will come up again later, @ and 3 in (DC) are unique

and have a nice economic interpretation.

Lemma 3 Suppose that X is given by (1.8) and that (1.1) and (1.2) hold. (As a matter of
fact, (1.3) plus (DC) is also enough.) If we have m < n, (FR) and

(R1) 1 & range(oy) P-a.s. for every t € [0, Ty],

then there is at most one pair (o, ) satisfying (DC). Moreover, N := exp( [ r, du) is the unique

numeraire of finite variation.

Proof. We omit this argument; see Theorem 1 of [RSS]. n

Because N is tradable, Lemma 3 implies that (under the stated assumptions) r can be
interpreted as the instantaneous short rate for the classical savings account N, and X is the

market price of risk. As shown in Corollary 3 of [RSS], A can then be explicitly written as
A= (c"o) o (u—rl), (1.6)

and there is also an explicit expression for the short rate r in terms of p and o alone. Intuitively,
the setting of Lemma 3 corresponds to a complete market situation where the basic assets X
determine the prices of all other assets, including the entire term structure of interest rates.
In general (i.e., without the additional assumptions in Lemma 3), we can still interpret r
as a wvirtual short rate and A\ as a wvirtual market price of risk in the following sense. If we
define the (possibly not tradable) unit N := &( [ ry du) and assume that the local P-martingale

Z = L =&(— [ATdW) is a true P-martingale, we can rewrite (1.1) as

C, = N,E; [@ ]—}}
Nr

with the probability measure P defined by dP = ZTOO dP. Hence prices are obtained by
discounting with N and then taking conditional expectations under P , and so Pisan equivalent
martingale measure for X with respect to the unit N. Moreover, W := W + J A du is then a

Brownian motion under P.



2 Asset indices and volatility structures

In this section, we look at general asset indices (= numeraires) and construct a particular
one under a structural condition on the volatility matrix o of X. We start with any strategy
(1,a) and consider the process I* = V' (a). Explicitly, a = (at)o<t<r,, is thus an R™-valued IF-
predictable R-integrable process with a1 = 1, and the numeraire [* = £ ( J a’ dR) is obtained

by starting with one unit of initial capital and holding at each date ¢ the fraction a! of total

wealth in asset ¢ for ¢ = 1,...,n. The dynamics of I* are very simple:
ary - _ o NT
Ta = O dRy = iu(a) dt + a¢(a) ' dW; (2.1)
t

with zi(a) = a"p and the IR™-valued process G(a) = o "a. If we rewrite (2.1) as

n

dre dX}
B N i 2.2
I ;at Xi 22

we see that [? is observable from X if the strategy a is, and that at least at the instantaneous
level, the return of I% is a generalized convex combination of the returns of the X?. We call
1% the (generalized) indez associated to a. Because X and I* are both stochastic exponentials,
the I%-discounted assets X (a) := X/I* are readily seen to follow the SDEs

Cf(((()) = (4 — fu(a) = 31(a) 5i(a)) dt+ (5i(a)) " dWV,

with 6% (a) :== 0 — @7(a) for i = 1,...,n and j = 1,...,m. Intuitively, X?(a) describes the
multiplicative fluctuations of asset X* around the index 1%, and 5 (a) is the matrix of intrinsic
volatilities (with respect to I, to be accurate). Like the exchange prices in Platen [P00], the
X “(a) are ratios of two Itd processes and thus have a specific volatility structure.

To construct a particular index with good properties, we now introduce some terminology.

Definition. The volatility structure o of X is called spherical if there exists an index I* such
that all corresponding intrinsic volatilities %(a) are of equal magnitude, i.e., |of — G;(a)| =
const (t,w), P-a.s. for all t € [0,T] and ¢ = 1,...,n. Any such index I* is called a spherical

indez (for the volatility structure o).

Put differently, o is spherical if all volatility vectors o lie on a sphere with center of the form
7(a) = o "a for some a with a1 = 1. This formulation is more convenient to work with and is
equivalent to the above definition. In fact, due to (1.1) — (1.3), the drift fi(a) of any spherical

index [* is uniquely determined from &(a), because (DC) gives i = r1 4+ oA and therefore
fa)=p'a=ra"1+XNo"a=r+\é(a). (2.3)

Hence a spherical index [* is unique as soon as its volatility vector 7(a) is unique.



Proposition 4 Assume (1.1) — (1.3) and (FR), and recall that m = dim W, n = dim X. In

addition, assume

1) if m > n — 1: nothing extra.

2) if m =n—1: that (R1) holds.

3) if m <mn — 1: that o is spherical.
Then there exists a unique spherical index.

Proof. a) Existence follows if o is spherical. This is true in case 3) by assumption and clear
in case 1) because due to (FR), the n points o', ..., 0™ in IR™ always lie on a sphere in R™ if
m > n. For case 2), we have to use (R1). Generally, n = m + 1 vectors in IR™ lie on a sphere
if and only if they are not in a hyperplane of dimension < m — 1. However, the latter cannot
happen for o', ..., 0™ because (R1) excludes the case where the vectors lie in a hyperplane not
containing the origin and (FR) the case of a hyperplane through the origin.

b) If we have two spherical indices 1%, 1%, then |0° — &(ax)| = |o' — 5 (as)| for all i and thus
20" — o) a(ar) = 0> — |o')*  fori=2,...,nand k=1,2. (2.4)

Hence 5(a1)—a(az) is orthogonal to o' —a! fori = 2, ..., n. But we also know that (ax) = o' ax

and a] 1 =1 and therefore
glap) = (0" —o"1Nay +0'1Tap =o' + (0 — 0'1) Tay.

Hence G(a;) —a(az) = (0 —0'1)T(a; —ay) is also in the span of the vectors o —ot, i = 2,...,n,

and so we must have &(a;) — d(az) = 0. Uniqueness follows because (a) determines ji(a). =

The importance of a spherical index I is that it gives a numeraire in which relative asset
prices X (a) = X/I° have a simple volatility structure: the intrinsic volatilities 5% (a) = o’ —&(a)
always lie on a (random and time-dependent) sphere. This will become even simpler when we
assume that 6%(a) does not depend on w and ¢, because we then have a multidimensional
Black-Scholes type fluctuation around the reference level I*. Note that if the number n of
assets is fixed, we can always ensure existence of a spherical index by increasing the number m
of driving factors. This is especially useful if n is small, e.g., if we think of a situation with 3
or 4 representative assets that each summarize one market segment.

To construct a spherical index 1%, we need a generating strategy a. Although a need not be
unique, /* always is (under the assumptions of Proposition 4) so that the choice of a does not
matter. We need a itself later to generate I* from X via (2.2). Due to (2.4), a can be found as

a solution of the equations

o> =o' =2a"a(c" —0') =2 a ((c") 0" — (0") ") fori=2,...,n, (2.5)
=1



with the constraint that a'1 = 1. Note that (2.5) only involves quantities that are w-wise
computable from the asset price data X since we need the volatilities |o¢|* (only the lengths,

not the entire vectors) and the instantaneous return covariances

cd dx* dX?
ATl = — — A . 2.
w5l [ 5[5 (26)

As these can all be estimated from asset price data, I* is observable from X.

Definition. A volatility structure o is called rigid if there exists an IR™-valued process oy

such that o — oy is constant (in w,t) fori=1,...,n.
Lemma 5 A volatility structure o is rigid if and only if for all constant vectors b € IR"™ with

b'1 =1, the difference o' — o, is constant for i =1,...,n, where oy ==Y bio’.
=1
Proof. For any b € IR™ with b'1 = 1 and any process oy, we have

ai—a(b) :ai—ao—i—ao—a(b) :ai—ao—ij(aj—ao).

j=1
This shows the “only if” part, and the “if” part is obvious if we take as o any o). [ ]
Corollary 6 If the relative prices X/ X* have constant volatility vectors fori =1,...,n and

for at least one asset X*, then all relative price processes X'/ X7 have constant volatility vectors

fori,5=1,....,n, and then o is rigid. Hence

1) a rigid volatility structure may be seen as a Black-Scholes volatility structure for relative

prices.

2) the structural property of being rigid does not depend on the choice of discounting nu-

meraire I° as long as b is constant.

Definition. A volatility structure o is called rigidly spherical if it is spherical and rigid.

Theorem 7 If o is rigidly spherical, the unique spherical index can be generated by a constant
strateqy a € IR™ with a'1 = 1. The corresponding relative prices X'(a) = X'/I* then have

constant volatility vectors 6*(a) = o' — d(a) whose length is the same for all i.

Proof. Because o is spherical, the sphere center ¢ exists, satisfies |o" — 5| = |o! — 7| for
n
i=2,...,n and may be written as & = >_ a’c’ with a process a satisfying a'1 = 1. Hence
i=1
o' =G> —|o! =G> = (6" + o' —25) (0" — ') =0, i=2,...,n
and so

Zaj(ai—aj—kal—aj)T(ai—al):O, 1=2,...,Nn.
j=1



This is a system of linear equations for a whose coefficients are constant because of rigidity
and Lemma 5. Hence the solution a (which exists since o is spherical) may also taken to be

constant. The rest follows from Corollary 6. ]

The spherical index obtained from Theorem 7 will be linked to interest rates under a second

structural assumption on X.

3 Dynamics under homogeneity

From this section on, we specialize our general model to an autonomous Markovian diffusion
for X. This formalizes the idea that everything is determined by the basic assets X. We then
explore the consequences of imposing two structural assumptions: the volatility structure is
rigidly spherical, and the virtual short rate function is homogeneous of degree 0.

Instead of processes, p : IR, — IR" and o : IR}, — IR™™ are now functions assumed
sufficiently smooth and such that there exists a continuous IR" ,-valued process X on [0, 7]
satisfying the SDEs

dx:
Xi

= (XY dt+ >0 (X) AW, i=1. . (3:1)

J=1

(DC) and (FR) translate into the conditions that for every x € IR" ,

wlx) € Span(l,range(a(x))), (3.2)

rank(o(z)) = min(m,n). (3.3)
We keep the standing assumption (1.1) and make (1.2) more precise by assuming that

d% = (r(X) + A P) dt + A(X0) T AW, (34)

where r : IR — IR and A : IR}, — IR™ are also not processes, but sufficiently smooth
functions. As explained in Section 1, we think of r(X;) as the (virtual) instantaneous short
rate at time ¢ on a savings account.

Our first main assumption is now that
r is homogeneous of degree 0; (3.5)

so r(yx) =r(z) for all v > 0 and = € IR . How do we motivate this condition?

The basic idea behind (3.5) is a postulate of scale-invariance. A first line of argument uses
this in the situation of Lemma 3, a complete market where all prices and in particular the term
structure of interest rates are determined by X. The resulting short rate function then coincides
with the abstract function r from the dynamics (3.4) of N and can be explicitly expressed in

terms of p and o; see Corollary 4 of [RSS]. Now we exploit the idea of scale-invariance: Because
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all prices are relative to some unit, a simultaneous scaling of all asset prices should not affect
the return dynamics. Hence p and o should be homogeneous of degree 0, and this entails the
same for r which is directly given from p and o. By (1.6), the same is true for A, although we
do not use this here.

Alternatively, start with the pricing mechanism (1.1) and the dynamics (3.4) for N. Con-
ceptually, the coefficients » and A of N should only depend on the relevant asset prices, i.e., on
X to start with. If we now scale all prices by a factor v > 0, C' becomes vC' in (1.1), the new
relevant asset prices are vX instead of X, and these (instead of the obsolete values X) should
be plugged into r and A\. But economically, scaling prices does not change anything so that the
pricing rule (1.1) should still hold. Hence the dynamics of N should remain unchanged, and
thus the coefficients  (and \) should be homogeneous of degree 0.

Remark. The idea of scale-invariance also appears in [HN1, HN2], and even the condition
that p and o should be homogeneous of degree 0 can be found there. The main thrust of
[HN1, HN2] is that “any payoff function should be representable by a homogeneous function of
degree one in tradables”, and this is then exploited to give alternative derivations for a number
of well-known option pricing results. The same idea of homogeneity earlier already appears
in [Ja] who even proves that homogeneous payoffs can always be hedged under more general
conditions. Our thrust here is in a different direction, and in contrast to [HN1, HN2]|, we clearly

distinguish between economic intuition and mathematical derivation. o

For our subsequent analysis, it does not matter how we justify the assumed homogeneity of

r. We now proceed to explore its consequences, starting with a simple analytic lemma.

Lemma 8 Ifh: R", — IR is C* and homogeneous of degree 0, then

—~ ,Oh Oh i Oh —~ o 0%h
o, Sl =0 ik S =,
;x oot = ark le o =0 2" g

ik=1

Proof. By homogeneity, v +— h(yx) is constant on (0, 00) for each x € IR" . Differentiate to
get the first result, differentiate that with respect to z* to get the second one, and multiply by
2* and sum over k to get the third result by using the first one. [ ]

Now recall from Section 1 and Lemma 1 that W = W + f Ay du and

pw=rl+ol. (3.6)
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[t6’s formula, (3.6), the first property in Lemma 8 and the definition of W yield

dr(X,) = Za WX dt + = ZazakaXk(“ det+za—xzadwt)

_ 1 k zk; z
= 5 Z axlakaX (oo") dt+zaxX (o dW;)!

= X
= X

for the dynamics of (X)), where we drop the argument X, in most functions and set

dt + b(X,) " dW,

t)
) dt +b(X,)T dW,

ba) = @ S;Z(x)ai(x), (3.7)

i=1

éx) = clx)—(b" Zx xzaxk (z)(00 ) * (). (3.8)

zk:f

Now fix a function oy : R" — R™, set 67 := ¢ — ¢’ fori=1,...,nand j =1,...,m, plug

ref

o' = &' + 0y into (3.7) and use Lemma 8 and the R™-valued functions 6* := (6);_4

.....

get

) = Yo ) ) 3.9)

Differentiating with respect to 2%, multiplying by z*(*)" and summing over k gives

- . 82')" . n .a'r 80'
_ i,k ~ ~T\ik ) 7|2 i k;
Zx axk - wa 33;@3;1@(00 ) +§ :x axz’| o'* + § :"E 8 i ( O (3.10)

ik=1 i=1 ik=1

On the other hand, we can also plug ' = &' + 0. into (3.8) and use the first property in
Lemma 8, then the second one and then (3.9) to get

9%r

aﬂ(%k( gk (3.11)

. 1 < iy
—c—b" A= b o+ 5 ;19;

Finally, replace the second derivatives in (3.11) via (3.10) and use the first property in Lemma

8 to get
¢ = c—b'A
L  pOr, 706" 1m0 o
— T Ovet + = Z axl - QZZ ' %(0 ) 9k 2 ZZ e (]6']* = 62,)(3.12)
with 62, :== & Z |6|2. This is a general result on the structure of the virtual short rate dynamics

in homogeneous Markovian models.
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Definition. A Markovian volatility structure function o(z) is called (rigidly) spherical if the
process o(X) is (rigidly) spherical.

If o is spherical with spherical index I, (2.5) makes it clear that a;(w) is like o (X;(w)) a
function of X;(w), and so the same is true for 3, = o "a. If we then choose for o, the volatility
function &, of 1%, we see that the vectors 67 = o' — &, all have the same length (because o is
spherical) so that the last term in (3.12) vanishes. If o is also rigid, a can by Theorem 7 be
chosen constant in  and so 7 then also becomes constant in z due to Lemma 5. Hence the

double sum in (3.12) vanishes as well and we get (dropping all arguments X;)

Proposition 9 Assume (1.1) and (3.1) — (3.5). If o is rigidly spherical, we have

le—~_. . +0b d dre I~ _. .. —0b
A:_T_ - Xi(5 T = /_ _ XYt Tf, 1
¢= bt 5 D X g =g o) Fa X gy (3.13)

Remark. Models of rigidly spherical Markovian markets do exist, even if we add the condition
that the function b (the “short rate volatility” from (3.7)) should have the form b(z) = by (r(z))
for a function by : IR — IR™. See Appendix A. o

4 The main result

We continue under the same assumptions as in Section 3. Proposition 9 then tells us how the
P-drift ¢(X) of the virtual short rate 7(X) is related to the spherical index I%, the constant
intrinsic volatilities ¢, the assets X and the instantaneous volatility vector b(X) of r(X). Let
us now show how to transform this into a result with a clear economic interpretation.

First observe a well-known fact: In any term structure model with nice coefficients, the

risk-neutral short rate drift is equal to the slope of the forward rate curve at the short end, i.e.,
0

Ctg = =— . 4.1

to oT ft07T _— ( )

A proof of this result is given in Appendix B.
The second step is a minor additional assumption. Because the vector b(X) of instantaneous

volatilities is (as a vector) not observable, we assume that
b(z) = bo(r(z)) for some smooth function by : IR — IR". (4.2)

One possible motivation is that this goes towards a Markovian short rate model which is a
popular assumption in the literature. We provide below an alternative characterization of (4.2)

as a condition on the structure of the homogeneous function r.
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Theorem 10 Assume (1.1), (3.1) — (3.5) and that o is rigidly spherical. If (4.2) holds, then

X = —bo(r(X)) T3(X0) + 5 (ollbol) (r(X.,) (43)

-~/ )

If r(X) is the short rate on a savings account and the term structure has nice coefficients,

%(|50||50| )(r(Xw))  Jor eachto.  (4.4)

t=to

() X)) ()

-4

0
a_Tfto,T

T=to

+ = (Ibol[bo]") (7(Xs,))- (4.5)

l\')l»—t

t=to

Proof. By (4.2) and (3.9),

Zx a@:ﬂ = <b'0(r(:p))>Tbo(T(x)).

Since (b)) by = 3-Eb by = 3-L[bo|* = (Jbo||bo|’), (4.3) and (4.4) follow from (3.13). Using (4.1)
then gives (4.5). |

(4.5) is our main result on the link between interest rates and the spherical index I*. The
economic interpretation is as follows. Think of a fixed short rate and consider the effect of
a change in expected interest rates in the near future. Because the last term in (4.5) is then
constant, we see that higher expectations about future interest rates, in the form of an increased
slope of the initial forward rate curve, go with a decrease of correlation between the short rate
and the spherical index, and vice versa.

The central relation (4.5) is (almost) testable in the sense that (almost) all its ingredients
can be computed w-wise from observable data. For the left-hand side, we only need the initial
forward rate curve T +— f;, 7 near ¢y. The first term on the right-hand side can be written as

(dropping the argument X, )
—(bo e} T)Ta'a == —|bo (¢] 7"| ‘5@‘ p[am,

where

(bg o T)T_t_fa _ T r(X)),
oo Tl T (T4),) (200 o

is the instantaneous correlation at time ¢y between the return of the index I* and the short rate

Pray 1= (4.6)

(r(X). Since both I* (see the discussion in Section 2) and r(X) are observable, so are pja . and
the volatilities |by o r| of r and |G,| of I*. The final term in (4.5) becomes observable under an
auxiliary parametric assumption on by; for instance, we could try |by(r)| = Sr'/? if we believe
in a CIR-like model. Alternatively, we could use (4.5) to estimate the parameters in a model

for the function by.

13



The simplest case of (4.2) occurs if b(x) is a constant vector b,; this corresponds to a “semi-
Vasicek” type model for the short rate with constant volatility |b.|. The last term in (4.5) then

vanishes and we are left with the simplified relation

d are
)
Tty dt I .

This also has a very appealing and plausible economic interpretation: If the forward rate curve is

0
a_Tfto,T (47)

t=to

upward (downward) sloping, the short rate is negatively (positively) correlated with the spherical
index I*. In Section 5, we show some results from a very simple empirical study of (4.7).

To conclude this section, we provide the promised characterization of condition (4.2).

Proposition 11 If o is rigidly spherical, a sufficient condition for

b(z) =bo(r(z)) #0 (4.8)

is that
r(x) = cp(Jﬂ(x)) (4.9)
for some 7 and some strictly monotone C* function ¢ : [0,00) — IR, where J, : IR" — IR is

the homogeneous function
Jr(z) = H(xz)’rl with m € IR™\ {0} satisfying > 7 = 0.
' i=1

Conversely, (4.9) is also necessary for (4.8) if we have (3.3) (the analogue of (FR)) and either
m > n or the combination of m =n — 1 plus (the analogue of (RZ))

1 ¢ range(o(x)) for every x € IRY .. (4.10)

Proof. The sufficiency part is easy. Denote by ¢ the inverse function of ¢, differentiate
(4.9) and use (3.9) to get

b(z) = Jo(2)¢ (Jx(2)) Zﬂzﬁz = "™ (r(z))¢’ ( e ) ZWZO'Z = bo(r(x)). (4.11)

n

Note that v, := > 7’6" is a constant vector since o is rigidly spherical. The necessity part is
i=1
more involved; its proof can be found in Appendix C. ]

The proof of Proposition 11 shows in particular that b(z) is a scalar r(z)-dependent multiple
of a constant vector v, and gives with (4.11) an expression for the function by in terms of
©. Simple examples are ¢(z) = log z which leads to by(r) = b* for a constant vector b*, or
o(z) = (log z)ﬁ which gives by(r) = Cr® with another constant vector C. Hence our setup
contains a rich class of term structure models, and these have a Markovian short rate as soon

as (4.8) holds and the projection of 7,(x) on v, is a function of r(z) only; see (4.3).
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5 A first empirical study

This section presents a first empirical study for the simplified relation (4.7) deduced from
Theorem 10. We indicate how one could test (4.7) on the basis of market data. But this is only

very preliminary work, and a detailed statistical analysis still remains to be done.

5.1 Estimation of the required quantities

Our data come from the Euro asset market, but we do not consider all stocks. We take the
German index DAX, the French index CAC and the Dutch index AEX as representative price
processes and regard these three stock indices as our basic assets. We have daily close data for
them, and we also have data of riskless Euro yields for 1, 2 and 3 months time to maturity.
In order to test the relation (4.7), we construct for the above data the spherical index, obtain
the correlation between this index and the short rate, and determine the initial slope of the
forward yield curve. Since Theorem 10 is a local result, we carry out our estimations over rather

short time periods of four months. We outline the procedure in three steps below.

Step 1. Estimation of the spherical index
We first estimate the covariance matrix of the assets. We observe the assets X,z, j =
1,...,n (with n = 3 in our example) at N + 1 (daily) dates Ty, k =1,..., N+ 1. In view

of (2.6), we estimate the local return covariance rates by

NT i — 12 1 X£+1_X£Xli+1_Xli

4 5.1
Topn— T X/ Xi (5.1)

k=1

We solve the system of linear equations (2.5) using the estimates from (5.1) for (o¢)"o?
and obtain the estimated weights a‘ of the spherical index. The estimate for the squared

volatility norm of the spherical index is then computed via
0. =D a'a'(o")To. (5.2)

After computing the index weight estimates, we construct from the asset returns via (2.2)

a time series of estimates I%; of the spherical index . The result is shown in Figure 3.

Step 2. Covariance and correlation between short rate and spherical index
In view of the available data, we use the 1 month spot yield as approximation for the
short rate. Denote by r, a time series of this process observed at the dates T} and let
b, be the (constant) volatility vector of the short rate. The local covariance between the

short rate and the spherical index I is next estimated by

N A A~

= 1 1 I — 1%,

by = — 3 e (rpag — ) AL TR 5.3
; Thr — Tk( S I, (5:3)
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After computing an estimate for the squared short rate volatility norm by

1 (res1 —m)” r)?
b =— 5.4
| ‘ N — Tk’+1 _ Tk ? ( )
we may estimate the instantaneous correlation between I* and r by
_ b o,
Pro, = —=—=. (5.5)
[b.] |7l

Step 3. Estimation of the initial forward yield slope
In order to estimate at date ¢y the slope of the instantaneous forward yield curve at
the short end, we use riskless continuously compounded bond yields R;, 7. These are

connected with the zero coupon bond prices By, r via

log Byy 1

Rigr = — .
ot T —t

(5.6)

ORyy T
or

We estimate the value of Th{ﬂ by the slope of the regression line through the three

to

points given by the 1, 2 and 3 month yields and then use the relation

afto,T

T . aRto,T
a7 =2 lim

_ 97108 Di.r , 5.7
Tt T\uto oT? T™Nto OT ( )

where the second equality follows from (5.6) by standard calculus.

Remark. As already mentioned, (4.7) is a local result that involves instantaneous volatilities
and correlations. Steps 1 and 2 use time averages from time series to generate estimates for these
local quantities, and this usually works well only if the time series under consideration come
from stationary processes. The same comment applies to Step 3 where we have estimated the
desired slope by averaging over all observation dates the slopes obtained at each date. Once the
stationarity assumption is not met, the reliability of such crude estimates is drastically reduced

and more sophisticated methods are called for. o

5.2 Empirical results

On the basis of the previous description, we performed an analysis of the data in the periods
Jan — Apr 2001 and Jan — Apr 2002. During the period in 2001, the yield curve was downward
sloping; Figures 1 and 2 show the yield curves of the first and the last day of this period.
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¥Yield Curve from Jan 2, 2001
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Figure 1: Euro yield curve on Jan 2, 2001. Estimated
initial slope is ~ —0.0012

Yield Curve from Apr 30, 2001
505
5
495
m 49 — -
E 185 / —e— Yield Curve
48 =R
475 v
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0 1 2 3 4
Years

Figure 2: Euro yield curve on Apr 30, 2001. Estimated
initial slope is ~ —0.0006

From Step 1, we obtain estimates for the covariances of the three assets, the spherical index
weights and the spherical index volatility. The assets and the corresponding spherical index

estimates, both scaled by their initial values, are shown in Figure 3.

Assets and Spherical Index Jar-Apr 2001
1,1
1,06
1IN —DAX
D ” 4 7 2t I PRO CAC
095
— AEX
09 — S Index
085
038 T T T
Jan o1 Feb O1 Mz O Apr O1

Figure 3: Estimated weights of spherical index are apax = 0.8908,
dCAC = (0.6554 and dAEX = —0.5462.

For the period Jan — Apr 2001 we then obtain the following estimates:
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Short rate volatility |/b:| 0.0061

Spherical index volatility |7,|: 0.3097
Correlation pya, between index and short rate: 0.2169
Average initial slope of yield curve T'+— Ry, r: —0.0040
Average initial slope of forward rate curve T +— fi, p: 2 x —0.0040 = —0.0080

According to (4.7), the product of the first three numbers, 0.0061 x 0.3097 x 0.2169 ~ 0.0004,
should be equal to minus the last one, 0.0080. So we might conclude that the empirical results

for this example are roughly consistent with (4.7) with respect to sign and order of magnitude.

During the period in 2002, the situation on the interest rate market was quite different
from 2001. As we see in Figures 4 and 5, the sign of the initial slope of the yield curve was
changing from negative to positive. This already shows that an assumption of stationarity is

here probably violated and casts doubt on the reliability of the subsequent estimates.

Yield Curve from Jan 2, 2002
45
44 —
42 —
g 4 -
§ an
35
3.4
32 W
3 . .
n] 1 2 3 4
Years

Figure 4: Euro yield curve on Jan 2, 2002. Estimated
initial slope is ~ —0.0025

Yield Curve from Apr 30, 2002

////»
- /
4 / —s— Yield Curve

35 1

Rate

Figure 5: Euro yield curve on Apr 30, 2002. Estimated
initial slope is ~ 40.0029
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Assets and sphericalindex Jan-Apr 2002
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Figure 6: Estimated weights of spherical index are apax = 1.0251,
&CAC = 0.0778 and dAEX = —0.1029.

The resulting estimates for the period Jan — Apr 2002 are:

Short rate volatility \?):| 0.0021
Spherical index volatility 5,]: 0.2306
Correlation pra, between index and short rate: 0.0489
Average initial slope of yield curve T'+— Ry, : 0.0018

Average initial slope of forward rate curve T'+— f, r: 2 x 0.0018 = 0.0035

The product of the first three numbers is 0.0021 x 0.2306 x 0.0489 ~ 0.0000 and thus has no
unambiguous sign. Moreover, the forward rate curve is changing so much during that period
that we clearly cannot assume stationarity. Hence the estimate for the average slope is also not

reliable and we cannot say much about (4.7) on the basis of this second data set.

Appendix A: Existence of models

We show here that many rigidly spherical markets with a short rate volatility of the form b(x) =
bo(r(x)) exist. First choose a homogeneous rigidly spherical asset volatility structure with (3.3)
and set 7(z) := ¢(Jx(z)) asin (4.9). Then r(z) is also homogeneous, and Proposition 11 shows
that we have b(z) = by(r(x)). If we then choose some homogeneous function A(z), we obtain
a homogeneous p(x) from the drift condition (DC). This construction also illustrates that we
usually have enough freedom in the choice of our parameters to produce a model with (for

instance) a desired short rate process as output.

Appendix B: Proof of (4.1)

In this appendix, we prove the representation

. 0
Cto - a_Tfto,T’ (41)

T=tg
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for the risk-neutral short rate drift ¢. We start with the risk-neutral forward rate dynamics
dfyr = e dt + 5;—7“ AW,

to obtain for T'=1 > t,

t t

Te = [t = ftor + /%,t du + /511,f dw,.

to to
If we write a dot * for partial derivatives with respect to the second argument, we get

t t
dry = frou dt + Yoy dt+/%,t dudt + 6], th+/5lt dW,, dt (B.1)

to to
because all quantities are sufficiently smooth. Now the HJM drift condition says that

t

Yt = (ﬂt / Ou,s ds

u

since 7 is the risk-neutral forward rate drift. Plugging this into (B.1) yields

t t t t
dry = fio.0 dt + (/Slt/éu,sdsdu+/|5u7t|2du+/5ltqu) dt + 6, dW,.
to u to to

Letting ¢ \ to, we obtain (4.1).

Appendix C: Proof of Proposition 11

In this appendix, we prove that (4.9) is necessary for (4.8).

Step 1: For each x € IR}, x) 2

Ir () is uniquely determined by b(z) = by(r(x)) so that

or
Wl @) = (@) (1)

for functions fi,..., f, : IR — IR. To see this, suppose that we have the representation
“\ L Or ; “\ O ;
) =30 5 (wle'(e) = ' o)
from (3.7) for two homogeneous functions r and 7. Then we get for h :=r — 7 that
~ ;0h,
; @( z)o'(x) =0 and Zxaﬂ = (C.2)
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by Lemma 8. Now if m > n, the full rank condition (3.3) yields range(o(z)) = IR" and

therefore ' 2% (z) = 0 for i = 1,...,n due to (C.2). If m =n — 1, combining (3.3) with (4.10)

implies that span(l, range(a(w))) = IR" and we sce again from (C.2) that 2’ 2% (z) = 0. This

proves the assertion.

Step 2: Because of (C.1) and

Y oa 5; ()5 = b(x) = by (r(x)) #0,

i=1
there exists for any xo € IR" | an open ball Uy around w and an index j, such that

Jo or
OxJo

(z) = fjo(r(z)) #£0 for all x € Uy.

This implies the existence of constants 7" with 7° = 1 and > 7* = 0 such that
i=1
fior=7'fj,or  on U for all 4. (C.3)
To prove this, we may assume that jo = 1 so that f; or # 0 on Uy. For i # j, (C.1) implies

627” _(7fj_1 ,87’_@_(}2’]@

Oridri  Oxiad 1377 Qxt

rixd  xixd’

hence

7(r(a)) = %f () on Ui

This ODE has for each 7 the unique solution
fi(r(z)) = ' fi(r(x))

for a constant 7, and homogeneity of r enforces by Lemma 8 that > 7" = 0. This proves (C.3).
i=1

Step 3: The representation (C.3) holds a priori only on Uy, and the constants 7 could
depend on . We claim now that the 7 are global constants and that (C.3) holds on all of
IR? . Since IRY} | is o-compact, both assertions follow once we prove the following result: If we

have two representations
fior=m,f;,or with fjor#0 on Uy, for £ =1,2
with open balls Uy, U, such that U; N U, # (), then
fior=mifj, or=mfj0r holds on U; U Us. (C4)

To see this, use the shorthand g := f o r and note that we have g; = 7g;, = g, on Uy N Us;
hence m2g;, = g, # 0 on Uy N Uy, so 7> # 0, and then it follows that 7ig;, = mim?g,, on
Uy NU, so that 7¢ = wix?®. Using this, we have on U, that

i_J2

i, R
9i = T195, = ToT1 91 = T9Gj0,
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and so (C.4) follows.

Step 4: Now define the function 7 : IR, — IR by

N

(y) = r(exply]) = r(z)
with 2 = exp[y] := (exp(y1),. .. ,exp(yn))T. Then we have from (C.3)

aa—yfj(y) = {L‘J%(l') = ﬂ-jfjo (T(l‘)) — ﬂ-jfjo (,]z(y» (C5)

Choose H : R — IR with H' = 1/ f;, and integrate (C.5) with respect to ¢ for a fixed j to get

H(#(y)) = Ci(y) + 7'y, (C.6)
where C(y) does not depend on y?. Now differentiate (C.6) with respect to y* for i # j and use
(C.5) to get %&Sy) = r'. This yields C;(y) = 7'y" + C;;(y), where C; j(y) now depends neither

on y' nor on 3, and
H(i(y)) = Cijly) + 7'y + 7y
[terating this argument finally gives
H(f(y)) =C+ Zﬁiyi =C+ Zﬂ'i logz' = C + log J,(x)
i=1 i=1
with a constant C, and inverting H yields
r(r) =7(y) = H™ (C +log Jﬂ(x))

which is of the form (4.9).
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