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Abstract

We study a stationary thermistor model describing the electrothermal behavior of
organic semiconductor devices featuring non-Ohmic current-voltage laws and self-
heating effects. The coupled system consists of the current-flow equation for the
electrostatic potential and the heat equation with Joule heating term as source. The
self-heating in the device is modeled by an Arrhenius-like temperature dependency of
the electrical conductivity. Moreover, the non-Ohmic electrical behavior is modeled by
a power law such that the electrical conductivity depends nonlinearly on the electric
field. Notably, we allow for functional substructures with different power laws, which
gives rise to a p(x)-Laplace-type problem with piecewise constant exponent.

We prove the existence and boundedness of solutions in the two-dimensional case.
The crucial point is to establish the higher integrability of the gradient of the electro-
static potential to tackle the Joule heating term. The proof of the improved regularity
is based on Caccioppoli-type estimates, Poincaré inequalities, and a Gehring-type
Lemma for the p(z)-Laplacian. Finally, Schauder’s fixed-point theorem is used to
show the existence of solutions.
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1 Introduction

This paper is devoted to the analysis of a stationary thermistor model that was recently
introduced in [18] to describe electrothermal effects, such as self-heating and inhomoge-
neous current distributions, in large-area Organic Light-Emitting Diodes (OLEDs). The
model consists of the current-flow equation for the electrostatic potential ¢ and the heat
equation with Joule heat source term for the temperature 7" in a domain {2 and reads as

-V (O'(SU,T, |v90‘)v90) =0,

1.1
~V- (A@)VT) = (1-n)o (@, T, |Vel)| Vel -y
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Here, o and A are the electrical and thermal conductivities, respectively, and n € [0, 1] is
the efficiency of the light outcoupling, which describes how much of the electric power is
emitted as light and not converted into heat. The key feature of the model is that the
electrical conductivity o depends on the temperature and on the electric field E = —V.
In [18], for organic semiconductor devices o is proposed to be of the general form

IVl }p(ﬂv)—2
Vref/d

with oy being an effective conductivity, F'(z,T') is an Arrhenius-type temperature factor,
and Ve and d are a reference voltage and thickness, respectively. Notably, p(z) > 2 is a
power-law exponent that depends on the spatial coordinate. In particular, OLEDs are thin-
film heterostructure devices based on organic molecules or polymers, where each functional
layer (electrode layer, electron and hole transport layers, emitting layer, see Fig. |1 has, in
general, its own current-voltage characteristics and material parameters. In the electrode
(made of Indium-Tin-Oxide), for example, an Ohmic behavior can be observed, which
means that p(z) = prpo = 2. For organic semiconductor materials we have non-Ohmic
behavior corresponding to exponents porg > 2. This has been experimentally verified in
[9] and [11] (in [9] a value of porg = 9.7 was obtained for OLED materials from fitting to
experimental data).

o(z, T, |V|) = ao(x)F(x,T)[ (1.2)

To take this behavior into account, we allow p(z) to be piecewise constant with different
values in each substructure of the device. In particular, this means that the current-
flow equation in is of p(z)-Laplace type, which makes the mathematical analysis
challenging.

The temperature dependence of the conductivity is given by an Arrhenius-type factor

F(m,T):exp[—M(l—iﬂ, (1.3)
kg

where E,t(z) > 0 represents the activation energy in the materials, T}, is the ambient
temperature and kp is Boltzmann’s constant. Since the coefficient in front of the inverse
temperature is negative, a rising temperature leads to an increase of the electric current
for a constant applied voltage. By the Joule heat term in the second equation in ,
this leads to even higher temperatures in the device. Thus, a positive feedback loop is
obtained, which continuously heats up the structure. Often physical experiments of this
kind lead to the destruction of the device by thermal runaway, see [10].

In the zero-dimensional (i.e. spatially homogeneous) setting discussed in [I1], the current-
voltage characteristics for such devices show an S-shaped behavior for sufficiently high
activation energies (F,ey > 4kpTy). In particular, a region of negative differential resis-
tance appears, which was also experimentally verified. This mechanism, together with the
high resistivity of the optically transparent I'TO anode, is considered as explanation for
inhomogeneities in current distributions and unwanted pattern formation in the luminance
of large-area OLEDs, see [3, 9].

The system in ([L.1]) is complemented by boundary conditions that model the electrical
contacts and the thermal coupling to the environment. They read as

o=¢P on I'p, oT,|Ve)Ve-v=0 on Ty,

(1.4)
—ANx)VT -v=k(z)(T —Ty) on I :=00.
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Figure 1: Schematic cross section of an OLED with crossbar contacts.

Here, ©P is the Dirichlet data corresponding to the applied voltage at the contacts lo-
cated at I'p and I'y is formed by that part of 92 which does not belong to I'p. The
Robin boundary condition for the heat flow equation expresses the heat transfer to the
environment. The spatially dependent heat transfer coefficient k takes care of the varying
heat conduction of the surrounding materials. For a detailed discussion of the physical
background of the thermistor model, we refer to [1§].

For the mathematical analysis of the thermistor system in - several features
of OLEDs have to be taken into account: We work in nonsmooth domains with mixed
boundary conditions. The parameters p, Fact, 00, A, 7, and k jump at interfaces between
different materials. In particular, the exponent p is spatially varying and piecewise con-
stant and takes values in the range of 2 (Ohmic material, e.g. ITO contacts) to 10 (organic
semiconductor material). Thus, subdomains €; C 2 with different exponents p; > 2 have
to be considered in the problem.

To treat the spatially varying exponent p we work in the generalized Sobolev spaces
WP()(Q) (see Subsection or [5]). While the spaces W1P()(Q) share several char-
acteristics with their classical counterparts W1P((2) for constant p, there are a number of
properties (e.g. Poincaré and Sobolev inequalities), which do not follow naturally with-
out additional assumptions on p. In particular, many results for Wl’p(')(Q) rely on the
assumption that = +— p(z) is log-Holder continuous, which is not satisfied in our setting.

To prove the existence of solutions to - we apply Schauder’s fixed-point theorem
for the temperature distribution 7. First, for a given 7' we obtain a unique solution ¢(7")
of the current flow equation and prove L*-bounds and regularity results for the potential
©(T). Next, exploiting these regularity results we give a weak formulation for the coupled
problem and establish a priori estimates for the solution. Finally, we show that this
solution can be obtained via a fixed-point map @ : T T, where T solves the heat
equation for the Joule heat given by the electrostatic potential ¢(7) and F(T). In
particular, the proof follows the ideas in [I8], where the case of a constant exponent p was

considered.

The crucial point in this procedure now is the regularity result for ¢, which allows
us to exploit the elliptic theory for the heat equation. In particular, we show that
[Vo| € Ls*p('l(Q), where s* > 1 is a uniform exponent that does not depend on the

temperature 7. Following the ideas in [8] and adapting some steps to the case of two
different values of p in the localized situation depicted in Fig. 2] the higher regularity
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is obtained from Caccioppoli-type estimates, Poincaré inequalities, and a Gehring-type
Lemma in the version of Giaquinta-Modica (see [14, Theorem 6.6]) for the p(x)-Laplacian.
Let us note that higher regularity results for the p(z)-Laplacian are available in the log-
Holder continuous case [11, [0, 22, 23]. In particular, the regularity result presented here is,
as far as we know, the first result for nonsmooth exponents p(z).

Plan of the paper. We start in Section 2] with a non-dimensionalization of the thermistor
system - , which allows us to rewrite the system in a simpler, dimensionless form.
Moreover, we state the main assumptions on the data and the underlying domain and
introduce the function spaces LP()(Q) and W1P()(Q) for variable exponents. In Section
we proof the main result of this paper — the existence of solutions to the coupled thermistor
system — . Here, we apply Schauder’s fixed-point theorem and exploit that
solutions of the current-flow equation have a higher regularity in our setting. The proof
of the higher integrability of the gradient of ¢ is postponed to Section @ In particular,
the result is obtained by localization of the problem to squares and careful estimates that
are uniform with respect to the diameter of subsquares. Finally, inequalities and auxiliary
results that are used throughout the proofs are collected in the Appendix.

2 Preliminaries

2.1 Non-dimensionalization of the system

For notational simplicity we work with dimensionless quantities. To this end, we intro-
duce reference values Vg, Iy, Ty, and Lg for voltage, current, temperature, and spatial
coordinate, respectively. We set

. %) ~ T =N €T
and define the non-dimensionalized coeflicients
~ VoL N ~ FE.(Lox
5o(@) = X0 (rem),  B(a) = Zallof)
k1o
~ . _ ToLg ~ . ToL? .

We write the exponent p and the Arrhenius factor F' as
§E) = p(Lod).  F@ET) =esp[ - B@) (% -~ )] win o=
p(Z) = p(LoZT), z,T)=exp|—B(T)| = — = wi = —
’ T T T

and choose Vy and Lo such that (Vod)/(VieLo) = 1 is satisfied. Having in mind that
Ve = L%Vg we can rewrite the system in ((1.1)) — (1.4]) in a dimensionless form for @ and

T. Finally, in the resulting system of equations we drop the hats above the symbols and
arrive at

=V (o(z,T,|Vy¢|)Veg) =0 on Q, (2.1a)
~V - (A@)VT) = (1=n(j, T))o(x, T, [V|)|Ve|* on ©, (2.1b)



2 Preliminaries 5

where
o(z,T,|Vp|) = oo(x)F(z,T)|Ve[P® 2. (2.1¢)
The system is complemented with the mixed boundary conditions
o=¢” on T'p, o(x,T,|Ve)Ve-v=0 on Iy, (2.1d)
—MNx)VT -v=r(z)(T—T,) on T :=0Q, (2.1e)

where o is a function representing the non-dimensionalized Dirichlet values at all elec-
trical contacts.

2.2 Assumptions and notation

Here, we collect the essential assumptions on the domain 2 as well as on the given data
and fix the notation for the subsequent sections. In the following, we denote by C,.(y) C R?
the square with center y € R? and side length 27 and | - | is the supremum norm on R2.
We start with the definition of regular domains due to Groger.

Definition 2.1 (Regular domain [15]) We call G C R? regular, if G is bounded and
if for every 20 € OG there exist subsets U,o C R? and a bi-Lipschitz transformation
®,0 : Uyo — C1(0) such that Uyo is an open neighborhood of 2° € R?, ®,0(U,0) = C1(0),
and ®,0(x°) = 0. Furthermore, the image ®,0(Uy NG) is one of the following sets:

By ={y eR?: |yl < 1, y2 > 0},

E2 ::{y€R2:|y’oo<1> y220}7
Es:={y€ Ey:y2 >0 or,y >0}

Note that Poincaré-type inequalities and Sobolev’s embedding theorems are available on
regular domains, see e.g. [14, Theorems 3.11-3.13]. To treat the mixed boundary conditions
in , we consider G = QU 'y and make the following assumptions for the analytical
investigations:

Assumption (A1)

(i) © ¢ R? is a bounded Lipschitzian domain and I'p, I'y are disjoint open subsets of
I' := 99 satisfying mes(IT'p) >0, T =Tp Uy U(TpNTy), and Tp N Ty consists
of finitely many points. In particular, Q UT y is regular in the sense of Groger [15],
see Definition 211

(ii) Q satisfies Q@ = [JIZ, s, where ; are disjoint subdomains, and z + p(z) is such
that p(x) = p; € [2,00) for z € Q;.

(iii) There exists a finite number of points :L‘? e, forj=1,...,N, and x? € Q, forj =
N+1,..., M, with corresponding neighborhoods U; and one-to-one bi-Lipschitzian
maps @x? : U; — C1(0) such that mes(U; N ;) # 0 for at most two subdomains €2,
and ;,. Additionally, we assume that ®;(U;) is one of the model sets C;(0) given
in Fig. and Uj]\il(q)x(;)_l(Ci(O)) D Q is a finite covering of Q.
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Figure 2: Model sets C7(0) with different constant exponents p with p4 < pp and different
types of boundary conditions.

Assumption (A2)

(i) The Dirichlet datum satisfies ©? € W1°°(0Q).

(ii) The electrical conductivity o : @ x Ry x Ry — R is of the form o(z,T,z) =
oo(z)F (2, T)zP@® 2 where oy € L™(Q) satisfies 09 < 09 < g a.e. on Q. The

Arrhenius factor is of the form F(z,T) = exp[—f(z) (7 — T%)] with 8 € LL(Q) and
T, e R, T, > 0.

(iii) The heat conductivity A satisfies A € L>®(2) and A > ¢ > 0 a.e. on 2. The heat
transfer coefficient « is such that x € L3(T") and ||&|| 1) > 0.

(iv) The light-outcoupling factor n = n(x,T,j) is such that n : @ x R x R?> — R is a
Caratheodory function and n(z, T, j) € [0,1] holds f.a.a. z € Q and V(T j) € R x R%.

For constant p € (1,00), we work with the Sobolev spaces
WP(Q) = {u € LP(Q) : Du € LP(Q) for |a| < 1}

equipped with the norm
lallfyrp = D 1Dl
le|<1
and
WEP(QUTN) = {u e WYP(Q) : ulr, = 0}.
For p = 2, we also write H'(Q) instead of W12(Q). Moreover, the dual space of a Banach
space X is denoted by X*.

Following [I7, [7, [5], we introduce the generalized function spaces LP()(Q) and WhP0)(Q),
where x — p(z) is a measurable function satisfying p :  — (1, 00). In particular, we write
peP(Q) ifp: Q— (1,00) is measurable and define

p— :=essinfp(x), p4 :=esssupp(x)
e xe)
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and consider bounded variable exponents p € P() with py < oo. The generalized
Lebesgue space LP()(Q) consists of all measurable functions f for which the modular

Py (f) = /Q @)@ de

is finite, see [I7, [5]. With the Luxemburg norm

£l = inf {7> 0+ gy (L) <1}

-
LP0)(Q) becomes a Banach space and it holds that pp((f) < Lifand only if || f[| Lp() () < 1.

We collect some properties for Lp(')(Q) spaces for the case that 1 < p_ < p; < oo, for the
more general situation see [I7]: For all f with 0 < || f||;»() < oo it holds true that

o) (/N lprer) = 1, (2.2)

and [5, Lemma 3.2.5] ensures for all f € LP()(Q) the inequality

1 1 1 1
min {pp(-)(f)”— s Pp() () 7+ } < | fllze(y < max {Pp(-)(f)p— Py ()7 } (2.3)
Moreover, according to [I7, Formula (2.28)]

If pp <oo, then p,)(fn) =0 ifand only if | fullzec) — 0. (2.4)

The generalized Sobolev space W1P()(Q) is the class of functions on Q such that D*f €
LP0)(Q) for every multi-index a with |a| < 1. It is equipped with the norm

£ lwreer =D 1D Fll oo (2.5)

lo|<1

see [17] and [5, Def. 8.1.4., Rem. 8.1.5]. By the mapping u +— (u, Vu), the space Wl’p(')(ﬂ)
is a closed subspace of Lp(')(Q) X (Lp(')(Q))". Under assumption (A1) we introduce the
(closed) subspace Wé’p ¢ (Q) € WP (Q) of functions with homogeneous Dirichlet values
at I'p,

W5(Q) = {p e WO (Q) : glr, = 0}

equipped with the norm (2.5). The spaces W'P()(Q) and WLl)’p (')(Q) are separable, re-
flexive Banach spaces. Note, that for p_ > 2 we always have the continuous embedding
whrh)(Q) ¢ HY(Q).

In our estimates, positive constants, which may depend at most on the data of our problem,

are denoted by c. In particular, we allow them to change from line to line.

For the local treatment of the p(x)-Laplace expressions we make use of the following
inequalities: For an arbitrary, constant exponent p > 1 we consider the function z — |z|P,
which due to its convexity satisfies the inequality

21+ 22
2

P o \lep;rlza\p

for z1, 20 € R™. (2.6)
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Exploiting the subdifferential estimate gives the inequality
|21|P > |22|P 4 plz2|P 22 - (21 — 22) ifp>1, 2,2 €R". (2.7)
Additionally, we apply the inequality

(l1P7221 = [22/P222) - (z1—22) 2 27 (|2[P 72 + |22[P %) 21— 20|

> 22_19]21—22\’) ifp>2 2z, 29 €R", (28)
which can be found in [I9, Chapter 10]. Moreover, we use the lower estimate
(|21[P 221 — |27 220) - (z1—22) > c(|2] + |22])" P|zi—2a)? for 21, 20 €R?, (2.9)
see [16, Lemma A.1] (with F(A) = %]A\p). Finally, for p > 2 we note the estimate
Hz1|p_221 - |22]p_2z2‘ < C(‘21’+’22|)p72’21—22‘ for z1, z0 € R™. (2.10)

For a spatially dependent p € P() we have to distinguish in some integral estimates
the subsets of Q for which we have p(z) = 2 and p(z) > 2, respectively. Therefore, we
introduce the notation

Q={zeQ:plx)=2}, Q:=Q\Q, and po_:= ess}znfp(:v). (2.11)
zell

3 Analysis for the p(x)-Laplace thermistor model

3.1 Results for the current flow equation

In the first step, we turn our attention to the current-flow equation ([2.1af) for the potential
. In particular, we consider an arbitrary but fixed T', which is assumed to lie in the set
of relevant temperature distributions given by

T:={Tc H(Q)NL>®Q) : T >T, ae. on Q}. (3.1)
According to (A2), we find for 7" € T that
ooF(-,T) € L®(Q) and oo(x)F(z,T(z)) € [o0,a0el?le=/Ta) =i [01,00).  (3.2)

For fixed T € T, we introduce the operator Az : P + Wé’p(')(Q) — (Wé’p(')(Q))*

(Ar(0).t) s = [ o 1. T) Ve Vods, v e WpO(@),
Q

D

and consider the following problem: Find ¢ € o + Wé’p (')(Q) such that

(A7(0),v) 1wy =0 forallv e Wll)’p(’)(Q), (3.3)
D

which corresponds to finding a weak solution ¢ € P + Wll)’p (')(Q) of the current-flow
equation (2.1al) with boundary conditions (2.1d|) and fixed temperature distribution 7' € T
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Lemma 3.1 We assume (A1) and (A2). Let T € T be a fized given function. Then (3.3)
has exactly one solution p, and for almost all x € Q this solution is bounded by

essinf P < ¢(x) < esssup P. (3.4)
e z€Q

Moreover, there are constants c, > 0 and ciypy > 0, depending only on the data (€2, P,
00, 00, Tu, and B) but not on T, such that

lelwine < cor ooy (V) = /Q VelP® de < i (3.5)

Proof. In the following, we denote with h™ = max(0,h) the positive and with h~ =
max(—h,0) the negative part of a function h, respectively.

1. Uniform bounds. First, we show the bounds of solutions to (3.3). Let ©P := ||@P]|Le~,
P 1= ess infeqp”. Then, the test of (3.3)) with (¢ — pP)T € Wll)’p(')(Q) gives

_ 2 —
0= /Qa(x,T, |th|)’V(<p — ch)+’ dz > /Qal‘V(gp - goD)ﬂp(x) dz
leading to ¢ < ¢ a.e. in . On the other hand, the test of (3.3) with —(p—¢")~ ensures

. Q

and therefore ¢ > ﬁ a.e. in 2. Therefore, (3.4]) is verified.

To obtain the integral estimate (3.5]) for the powers of the gradient, we use the test function
o — P for (3.3)) to obtain

/U1\V<p\p(x)dx§/a(x,T,\Vgp])]V(dex
Q Q
:/U(l‘»T’|V90’)V90'V(90—50D)d1‘+/a(a:,T,!VSle)Vso-V«dex
& Q
S/U2IWI”(””)1IV@D\dx§/”1|vcp|P<f>dx+c/ VP P da,
Q 0 2 o

where we have used that the first term in the second line vanishes since ¢ is a solution to
(3-3). Together with the assumed L>-bounds for VP (see (A2)) and ¢ (see (3.4)), this
estimate leads to the desired estimate for [, [V[P®) dz and [, [¢[P®) dz. Thus, by (2-3)

we have proven (3.5).

2. Existence of a solution to (3.3]). Since we assume that p > 2 a.e. on {2 we obtain from
a pointwise application of (2.8) that

(Arpr — Arpa, 1 — 02) y100)
D
= AUOF(‘aT)(vallp(x)szl — Va2V 5) - V(o1 — o) da

> / 01227P@) |V (1 — o) [P@ dz > 0,
Q
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which verifies that the operator Ar is monotone. To prove the continuity of Ar, we take
an arbitrary sequence ¢, — ¢ — 0 in W;’p (')(Q) and show that Apy, — App — 0 in
Wllj’p(')(Q)*. Having in mind (2.10) we have to estimate

HAT‘PTL ATQOH 1?( (Q)*

= sup (Aron — A1, 0) 100
veW 5P (Q), [[vll 1, <1

xr)—2
< sup co3 (IVeon| + V)" 7|V (pn—) || V| dae

veW 5P (@), [[0ll 1,y <172 (3.6)

< sup {19 (en=0) 2000 190 2200
veW PO (), |[vlly1,p() <1

+ [ (19nlP @2 4+ V0P 2) 900 —p)[ V0] do .
Qo

The first term in the supremum can be estimated by ¢||V(¢n — @)l 100)[| VY| o). For the
second term we use the generalized Holder inequality with three factors (see Lemma [AT])

/ |f(x (@) dz < gl Lror gl Ly 1Al e

for every f € L”"(')(Q), g € L”/(')(Q), h € L””(‘)(Q), where %+ % + % = 1. We set
F=1VealPO 2 or | = Ve, g = [V(pn—gp)|, and h = |Vo|, 7(-) = 2L /() =
r"(-) = p(-). Note that pr(.)(|Vg0|p(')_2) = pp()(|Vep]), which is finite for ¢ and ¢y, too.
Thus, for all v € W5 () we find

(Arpn — Ao, U>W1,p(.) < [1 + H ’Vgpn|P(~)—2H p() + H |v(p|p(~)—2H o }
D LP()=2(Qq) LP()=2(Qp) (3.7)

X clIV(en = @)l oer [Vl Lo -

For w = ¢ or ¢y, (2.3) ensures that on ¢ and for pg_ defined in (2.11]

Po_~2 py=2
H|V'w‘p()72H p() Smax{p p() (\Vw’p(')ﬁ) PO= 5P p0) (|V,w|p(-)*2) o }
LP)=2(Qp) p(-)—2 p(-)—2
—2

Po——2 P4
= max { py) (Veol) ", gy ([Vu]) 7 |

which, due to (2.3]), can be estimated from above by terms which are uniformly bounded
for w = ¢ or ¢, for the sequence ¢, —¢ — 0 in Wllj’p(')(Q).

Here, we applied [5, Lemma 3.2.6] and the fact that due to the definition of the norm
in WLP(')(Q and ( we have the estimate [|V|[10) < cl[v[ly1p0)(q)- Thus, (3.6) and

ensure that HATgon — ATgoH 100 ) — 0 as ¢, — @ in W;)’p(')(Q).
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Next, we prove the coercivity of Ap. We apply (2.8)) to estimate
(AT, — 90D>W]3p<~>

> / o0 F(T)22 P01V (o — oP) P da — / oo F(T)|VeP P71V (o — 7)) da

Q @ (3.8)

> /90122—P+\V(<p — PP da — C\HVsOD!p(')‘lHL w00 [V — )l st
20

> copp(y (IV (0 = 7)) = CHIVSDDI”(')_IHL% IV (e = )l oo

The factor |||[VP[PO=1| .. in the last term is bounded since P € WH*(Q) and
Lp()—1

(2.3) holds. Since by assumption (Al) mes(I'p) > 0, the seminorm ||V (-)||;p) is an

equivalent norm on WLl)’p (')(Q), compare Corollary [A.T] According to (2.3) we can es-

timate p,.)(|V (e — ©P)]) from below, either by [|[V(¢ — ¢P)| ’;;M or [|V(e — PP

p(-)*
Note that both exponents are greater than 1. Dividing the previous estimate (3.8)) by
V(¢ — ¢P)|I1n) the right hand side goes to +oo if ||V (e — ¢P)||1p¢) — oo which guar-
antees that the operator Ap is coercive.

In summary, the main theorem of monotone operators (see [12), 21]) ensures the existence
of a solution to (3.3]).

3. Uniqueness. To show the uniqueness of the solution to (3.3 we assume that we had
two solutions ¢; and @9 with ¢; — P € WBP(')(Q), i = 1,2. Testing the equation (3.3
for both solutions with ¢1 — @9 € Wé’p (')(Q) and using (2.8)) gives

0= (App1 — Appa, p1 — 802>W11),p<~>
- / o F(T) (|1 P22V o1 — [VipalP® 2T 05) - V(o1 — ) da
Q

> / 0122 POV (191 — 2)|P®) da
Q

which ensures Vi, = Vg a.e. in . Since ¢ — g € Wll)’p(')(Q), the uniqueness of the
solution to (3.3) follows. O

The next step is to establish higher regularity of the weak solution ¢ to (3.3) for given
T € T, namely p € WhP0)s"(Q) with a uniform s* > 1, as well as to verify global upper
and lower bounds for all arbitrarily given T € T.

Theorem 3.1 We assume (A1) and (A2). Then there exist a constant s* > 1, p*(-) =
p(-)s* € P(Q) and a cpr > 0 depending only on the data (2, ¢P, 09, 70, Tu, B, p—, and
py) but not on T € T such that the solution ¢ to (3.3) belongs to WP ()(Q) with

Pp( (IV@) + ppe () () <

uniformly for all given functions T € T.

In the case that p is constant, Theorem 3.1 in [8] ensures the desired result. The general
case with spatially varying p is proven in Section [
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Corollary 3.1 We assume (A1) and (A2). Then for s* > 1 from Theorem [3.1] there exist
constants cg«, oo > 0 depending only on the data (€2, P, 09, 00, Ta, B, p—, and py) such
that for all given functions T' € T the solution ¢ to (3.3|) fulfills the estimates

|A=maoF D)V S e and  max|p(a)] < coc.
Proof. According to Theorem B.Il we know that p,-(.)(|Ve|) < ¢+ which together with

Assumption (A2) and (3.2) ensures that the expression (1—n)o(z, T, |Ve|)|Ve|? belongs
to L*"(Q). In particular, the norm can be estimated by

. 1 1
|(1=n)o0 F(T)| V[PV Lo = 020 () ([V0])5 < 02(cpr )5 =t e

1o < a2[| VeV

By Theorem Bl ¢ belongs to W ()(Q). Since p* := essinf,cq p* = s* essinfeqp > 2
and because of the continuous embeddings of the spaces Wh?"()(Q) < WP~ (Q) < C(Q)
the estimate (3.4)) from Lemma [3.]is satisfied for all z € Q. O

3.2 The coupled p(x)-Laplace thermistor problem

To tackle the complete p(x)-Laplace thermistor problem in (2.1]), we introduce the operator
A (9P + W PO(@) x (H'(Q) N L(Q)) = (W5 ()" x H' (@) by

(Al T), (7,T)) ;:/Q {o(2,T,|Vo|) Vo - V& + AN&)VT - VT }da
- [ =G 1ot 7.1V V4T da (39
+ /F KT —T)TAr  vge wsO(Q), vT e H'(Q)
and look for solutions to Problem (P)
A, T) =0, pe®+Wp @), TeH'(Q)NL®Q) (P)
which correspond to the weak solutions to the system - .

Theorem 3.2 (Bounds) We assume (A1) and (A2). Then there exist positive constants
Cp*, Cq*s Coo and an exponent ¢* > 2 such that any weak solution (p,T) to Problem (P)

fulfills
Pp= () (IVP]) + ppe () (9) < ¢pry - max|p(a)] < coo,

Tl < cgey To <T(x) <coo  forall x €.

Proof. 1. For the lower bound of the temperature we test (P) by —(0,(T" — 1,)”) and
obtain

//\\V(T—Ta)_\2dx+/n((T—Ta)_)2dF <0
Q T
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which by (A2) ensures that 7' € 7.

2. If (¢, T') is a solution to Problem (P) then ¢ is a solution to (3.3)) for 7', and the estimates
for the component ¢ of the solution to (P) result from Lemma B.I] and Theorem 3.1}

3. According to Corollary [3.1] the Joule heat term in the right-hand side of the heat
equation, (1-n)o(x, T, |V¢|)|Ve|?, belongs to L* () and its L* -norm can be estimated
by cs+. We use regularity results for second order elliptic equations with non-smooth data
in the case n = 2. According to [I5], Theorem 1] there is a ¢ > 2 such that the strongly
monotone Lipschitz continuous operator B : H(Q2) — H(Q)*,

(BT, w) := /(WT Vw + Tw)dz, we H(Q),
Q

maps W14(Q) into and onto W~14(Q) for all ¢ € [2,4]. Here, W~19(Q) means W (Q)*
with % + % = 1. Next we define ¢* € (2, ] by

- s* 2q
if e [1, _ ]
* 1 ' s*—1 q— 2 S
7= 25* £ s* - 2q ’ a  (q*)
i —
2 —s* s*—1 q—2

This definition guarantees that L (Q) — W14 (Q) = W@ (Q)*. Remark 13 in [15]
then ensures W14 -estimates for solutions to problems of the form BT = R(T), where R
is any mapping from W12(Q) into W~17 (Q). For our problem under consideration we
use

(RT)w) = [

Q
for w € W@ (Q). Thus, we find ¢, > 0 such that T € WH (Q) and ||Typrer < cqe-

4. The continuous embedding of W14 (Q2) into C(2) supplies the pointwise lower and
upper bound of the temperature distribution 7" which sharpens the result of Step 1. 0O

((1—77)0(33, T,Ve)|Vel* + T>w dz + /F k(Ty, — T)wdl,

Let us mention that according to the proof of Lemma 3.1l the upper and lower bounds
of the electrostatic potential ¢ of any solution to (P) are given by the upper and lower
bound of the Dirichlet function ”, respectively. The continous embedding WP~ (Q) <
C%1(Q) for p* > 2 and 0 < a1 < (p*—2)/p* and W4 (Q) — C%2(Q) for ¢* > 2 and
0 < as < (¢*—2)/q* in two spatial dimensions ensures the following regularity result for
solutions to (P).

Corollary 3.2 We assume (A1) and (A2). Then any solution (p,T) to (P) is Holder
continuous.

The following main result establishes the existence of weak solutions to the coupled p(z)-
Laplace thermistor system ([2.1)).

Theorem 3.3 (Existence of solutions) We assume (A1) and (A2). Moreover, letn €
L>(Q) satisfy n(z) € [0,1] for a.a. x € Q. Then there exists at least one solution to
Problem (P).
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Proof. 1. We intend to use Schauder’s fixed point theorem. We fix some ¢° satisfying 2 <
q° < ¢*, with ¢* being the exponent from Theorem and denote by cge = ¢4+ gocgr > 0
the product of the embedding constant ¢, 4o > 0 of the continuous embedding W4 () —
W14°(Q) and of the constant c,+ from Theorem 3.2l We work with the bounded, closed,
convex, nonempty set

M = {T c WLqO(Q) T < cqey, T > Ta}.

We consider the following mapping Q : M — M. For given T € M we solve problem ,
see Lemma [3.1] and get a unique solution ¢ € Wl’p*(’)(Q), see Theorem [3.1l Corollary
ensures that (1—n)o(z, T, |Ve|)|Ve|? € L*"(Q). Now we find the unique solution T of the
heat flow equation with the right hand side (1-n)o(x, T,|Ve|)|Ve|? € L (Q) C HY(Q)*,
where s* > 1 is the exponent from Theorem This is possible since the corresponding
operator L : H'(Q) — HY(Q)*,

<LT,w>:/>\VT-dex+//@deF, w e HY(Q),
Q r

is Lipschitz continuous and strongly monotone from H(Q) to H'()* (compare As-
sumption (A2)), which proves the solvability. The higher regularity of the solution is
guaranteed by the regularity result of Groger for second order elliptic equations with
non-smooth data in the case n = 2 (see [15]). Note that the Joule heat term be-
longs to L*° () ¢ Wh)' (Q)*. Arguing as in Step 3 of the proof of Theorem B2
we find that |||+ < cg+. The continuous embedding W4 (Q) — WL (Q) gives
1Tl wrae < cgegollTlypra < cqo. Moreover, T > T, is verified similar to the proof of
Theorem 3.2 By this procedure we define a mapping Q : M — M with T := Q(T) To
apply Schauder’s fixed point theorem, we show that Q : M — M is continuous as well as
compact.

2. We start with the continuity: Let T, — T in W4*(Q) and ¢,,, ¢ € W2()(Q) be the
corresponding solutions to the current-flow equation in . The continuity is proved
by four convergence results: First, we show that ¢, — ¢ in Wl’p(')(Q), then ¢, — ¢ in
Whpe()(Q), where pg = 0p + (1—6)p* and 6 € (0, 1) arbitrary. Next, we prove T,, — T in
H'(Q), and finally T}, — T in WHe(Q).

The test of (3.3) by ¢, — ¢ € Wll)’p (')(Q) gives

[ 0P @) (190l 2V = [Tl 7295) - Vi — ) da
@ (3.10)

- /Q 00 (F(T) = F(To))IVe"™ =2V - V(g — ) da.

In (3.10) we use (2.8)), O'0F(~,Tn) > 071, the definition of p,.), the Lipschitz continuity of
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F in T for arguments T > T, and Holder’s inequality to obtain
10 (V0 = 9l) = 1 [ [V = )P o

¢ / T — Tl VP19 (0 — )| da
Q (3.11)

< e|T — ol /Q VolP@ 1V (o0 — )| da

< e||T = T o= || Vo) (Pn = @)l Loer-

According to (2.3) and Lemma B3] we have

1 p_—1 py—1

p+—
p()—1 < , < = P
VPO o < max { 2UVeD) T (V6D 5} < max fe i el

1

190 = en)llser < max (196 = @n))7= 2y (I (2 = )P .

The continuous embedding W (Q) < L®(Q) ensures |[T — Ty ||z~ — 0 as n — oo.
Therefore, we conclude from (3.11f) the convergences

ey IV (@ = @n)l) = 0, V(e = @n)ll oy =0 asn — oo (3.12)

Here, we additionally used (2.4). Since p,—¢ € Wll)’p(')(Q), we obtain ||¢n, — ¢|ly1ee — 0,
see Lemma

Let be pg € P(Q) with pg(z) = Op(z) + (1-0)p*(z) for 6 € (0,1). Then by Holder’s
inequality

[ O35

Post /|U9P(:Jc HO=00" (@) 4 < clof?0)| %Hv(lfe)p*(.)HLli = cf|vrt HLl

= cpp()(©) ppr () ()

and similar for the gradient
Pos () (IV0]) < € ppy (IV0]) pe () (| V0]) 7

Using these inequalities for v = ¢,, — ¢, taking into account the bounds from Theorem [3.2]
the convergence @, — ¢ in WP()(Q), and the relation (2.4) we obtain

on — @ in WHPO(Q)  for all py < p*. (3.13)

Let T}, and T" denote the solutions to the heat flow equation with the arguments (Tn, ©n)
and (T ,go) in the Joule heat term, respectively. We test these equations by T,, —T. Taking
into account Assumption (A2), we find

HTn - TH%P

<c /Q (F@)IVal?®) — F(T)| V") [T, - T| da (3.14)

<e / (FEIToal?® — [V 4 [Vl @) | F(T,,) ~ F(T)]) T, ~ T da.
Q
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From the vector inequality (see [20, p. 379] or [4, Chap. 4, p. 257])
Hz1|p*221 — |22’p7222‘ < 3(p—1)|z1 — 22|(|z1| + ]22|)p*2 forp>2, z1,29€R"
we derive
1P =|22lP| = |21 [P %21 - 21— |22 P %22 - 20
< \21|Hzl\p_221—|z2\p_2zz‘ + sz\p_222H21—Z2\
< efp)|z1—za|(|z1] + |22])P 7.

Applying this inequality with the maximal ¢, = max,cq c¢(p(z)), p(z) € [p—,p+], and using
the boundedness and the Lipschitz continuity of F' for arguments greater or equal to Ty
we continue the estimate (3.14)) by

I T = T3

SCAKQWWF@KW%WHVMWQ1+WMWWﬁ—ﬂMn—me -
L L (e I [ Y [ e
+¢|||VelPO]

where s* and p* are defined in Theorem B.1] and

1 p(z) —1 1
@ p@ )

we can choose 6 € (0, 1) such that ess sup,¢q (

Ls*

1
s*

=1.

po(x) € (p(x), p*(2)), ~ 1, and jﬁ

: p(z) p(x) p(z)-1
Since i+ or < iy @ o) <1

and a corresponding ¢(0;-) € P(2). Additionally, we find some ¢ satisfying ¢(6;x) < g <
oo a.e. in Q such that |1, — T a0y < || T —Tllza < ¢(@)||Tn — Tl By (2.3) and
Theorem B.I] we estimate

o £l
H’V(p|?() 1“11% gmax{ (‘V(p‘)esssup 7pp (’v |)essm }SC,

and similar for ¢,,. For the treatment of the last line in (3.15]), note that by Theorem [B.1]
|||V<p\p(')HzZ* < ¢p= and ||T5, — T'|| ;7 < c(q)|| Ty — T'|| 2. Following all these arguments for

the terms in (3.15)) we arrive at
1T = T3 < e{lion = Pllwrraer + 1T = Tl fIIT0 = Tllan.

Dividing by ||T}, — T'|| ;1 and taking into account that ||}, — f\|Lw — 0 as n — oo as well

as (3.13) we finally obtain
T — T gr — 0.

Since ||Tnllyp1.at, |Tlyp1.a < cq« this convergence implies by interpolation arguments the
convergence T, — T in Wh4°(Q) for 2 < ¢° < ¢*.

3. To show that Q is compact we start with any sequence (TV ) T, € M. Since M is
bounded in Wh4° () and W4 (Q) is compactly embedded in L*°(Q2) we find a T' € L>(2)
and a subsequence (also denoted by (7},)) such that T, — T in L>(R). Therefore, we can
argue as in Step 2 of the proof to verify that QT — QT in Whe (Q).

Thus, we can apply Schauder’s fixed point theorem, which proves the theorem. [
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4 Proof of the higher regularity of the potential

Here, we prove Theorem B.1l by deriving the higher integrability of V(¢p—¢”). The higher
regularity of ¢ then results from the regularity assumption for ¢ in (A2) and the L*°-
estimate for . We proceed in several steps: First, we localize the problem to squares using
the model situations (a) — (h) in Fig.[2l Then, we derive Caccioppoli-type inequalities near
the boundary (Lemma and use reflection arguments to extend the estimates from half
squares to full squares (Lemma. The Caccioppoli-type inequalities for interior squares
can be derived similarly and are hence only shortly mentioned (Lemma . Finally,
we establish the higher integrability of the gradient by applying a Gehring-type lemma
(Subsection 4.5]).

4.1 Localization

As before, we denote by C1(0) C R? the unit square centered at 0 with side length 2 and
by C;(0) its upper half. For 2 € 9Q let ®,0 : U,o N Q — C;(0) and for 2° € Q let
®.0: Uy NQ — C1(0) be bi-Lipschitz transformations with ®,0(x) = y, which exist due
(Al). Let

N M
Qc(/ @;?1(% onu U ‘1’591(% (0))
=1 i=N+1

be a finite open covering of Q. If 2% € 9Q is such that I'p N Uyo # (), we denote fD =
®_0(I'p NU,) the localized part of the Dirichlet boundary.

Moreover, we have assumed that p takes at most two different constant values pa, pp
in the set @;01(01 (0)), which we always assume to satisfy p4 < pp. We find constants

0<1§7<5osuchthat for
Yi(y) == | det DD (y)|

it holds 7; € L>(C1(0)) and v < v(y) < 7 almost everywhere. For the center points =Y,
i=1,..., M we introduce

-1

U:z(poq);ol, vP ::goDo<I>xQ, v:=pod

K3

3(y) = 0(20 (1), T(®5 (1), Bly) :=p(P0 (1))
and neglect the dependency on x? of the transformation ® 0.

In the following, we concentrate on the covering of the boundary. For i = 1,..., N, we
9 € 99. Let 2° be one of them. According to the transformation formula, we
obtain for the solution to problem and for test functions p € Wll)’p (')(Q), having their
support in Uy N (QUTy), that

0= / 00(2) F(T())| V()" ?Vp(z) - Vip(a) d
U,0nQ

have x

B /mm o0 (7 (1)) F(T(@7" ()| Vo (@ () [

Ve (27 (y)) - Voo (27 (y)) | det DO (y)| dy
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which, for H(y) = D®|gp-1(y), gives us the “localized” relation
0= /C o) 5 (W)Y W) | V@) H )"V (V@) Hy)) - (Vy0(0) H(y) dy. (4.1)
1

Note that 0 < g1y < 07 < 027 a.e. in C; (0). Moreover, we introduce the notation

. . P— Pt . .
= min { min {e 2 €2 } : € is the smallest eigenvalue of D@IQDCI):EQ on Uy N Q},
1=1,..., 2 g g
P— P4
= max { max {€,° ,€;° } : € is the maximal norm of D@IQD(DIQ on U, N Q}
1=1,..., i i i

We have to discuss the different model cases for C(0) depicted in Fig. Note that
the situations (a), (c¢), (e) and (g) can be treated already by the methods provided in
[8]. Therefore, our discussion contains new ideas for the cases (d), (f) and (h) where
the corresponding z° € 9Q. The “interior” case (b) with z° € € follows from similar
arguments, hence, it is only briefly discussed.

4.2 Caccioppoli-type inequalities near the boundary

We consider additional squares Cs(y") with smaller side length 0 < 2s < 2 and center
at y°. In particular, for a given 3% € Cfr/4(0) and 0 < r < % we have Cs,.(y°) C C1(0).
We will often abbreviate C,.(y") with C, and C;F(3°) := {y € C.(3°) : y2 > 0} with C;F,
respectively. By (Al), p takes at most two different values (denoted pa4 < pp) in C;1(0).
For a given y”, we denote by C}  (resp. Cf, ) the part of C;F(y°) (resp. Cj,(y")), where
P takes the value pa, and m¥ (v) (resp. m},.(v)) stands for the mean value of a function
v on C’Xr (resp. CZ3T). For pp, we proceed analogously.

Lemma 4.1 We assume (A1) and (A2) and suppose that 2° € Q) and that ®,0 : Uyo N
Q — O} (0) is the corresponding bi-Lipschitzian map leading to one of the cases (c)-(h) in
Fig. @ Let ¢ be the solution to (3.3) for any T € T and v = p o @;01 the corresponding
localized part of p, vg = po <I>;01 —¢Po <I>;01. Let y° € C’1+/4(0) and 0 < r < %. Then there
exists a constant ¢; > 0 independent of y°, r and the involved T such that

037‘

/ |vv0|ﬁ(y) dy <& / Vol ’ﬁ(y) dy
cf 5
2 (4.2)

PB

= ra N
bt (] wwPray) e S vafray),
rbA oF rPB ng

3r

where pa = 2pa/(pa+2) and pp = 2pp/(pp+2), respectively.

Proof. We fix an arbitrary y° € C’1+/ 4(0) and consider 0 < r < %. Moreover, we take ¢ and

s such that § <t < s <r. We work with cut-off functions ¢ € C*(R?; [0, 1]) fulfilling

6

s—t’

§|Ct =1, g’Rz\Cs =0, |V§‘ < (43)
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where 6 > 1 does not depend on ¢ and s. For vy as above we have
V(o) = Vg 4+ voVE and  |Vo| < |Vag| 4 [VoP). (4.4)
Depending on the position of C; (yo) and p we consider different test functions for the

localized current-flow equation (4.1)). In particular, we choose T = (vg — k)&, where k € R
is a constant to be fixed. Assuming that T is an admissible test function we can use it to

test to obtain with
0= [ a5l Terw) " (Tor) - (690 + o-bVe] By (@5

This identity, together with the estimate in (2.8)) for z; = Vo(y)H(y) and 2, = VoP H(y)
as well as the definition of = and 7, gives a constant ¢; > 0 such that

01/ |Vvo\ﬁ(y)§dy < / f&fy(’VvH‘ﬁ(y)_ZVv — ‘VvDH‘ﬁ(y)_2VvD)H -VuoH dy
cy cf
=— / . Efy((vg—k)|VvH\ﬁ(y)_2 (VoH) - (VEH)
Cs
+ [ToP B2 (0P H) - (Voo H)g ) dy

</ (1o 0EL g7 4 eivuP ) ay
c s

where we have used (4.3)) and Young’s inequality for the last line. Exploiting that £ = 1
in C;" and ¢ < 1, we restrict to the smaller domain C;" in the left-hand side and finally
arrive with Holder’s and Young’s inequality at

-~ 1 = =~ —k|\P(y)
[ vwPoay< s [ vafdyre [ voPpo g | (o=kY" gy (40)
ot ot cf ct

s—1t

Case 1: If CF = CF and G NTp = 0 we set k = m’ (vo) and obtain with (&6) and
P(y) = pa for y € C;f the estimate

[ e
oy

1 vo—m’; (v pA
<5 [l ayee [ epay e [ (el g
Ar
1 c _ 2A
< ply Dply PA Pa
< 2/ [Vl dy—i—c/c Vo [PW) dy + 5t (/C+ |Vl dy)

3r A3r

In the last line we used the Poincaré-Sobolev inequality in Lemma [A.4] on C’X and for the
exponent py = 2pa (with a uniform embedding constant, note that C’ , contains at least
az2rxr rectangle§ In particular, we have that

C := max { max{Cps p,, Cprp; }, i =1,... ,m} is finite (4.8)
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(for Cpsp and Cpryp from Lemma[A.4] and Lemma[A.3] respectively, and p; being the
constant value of p on the subdomain ; C €2). Finally, we have enlarged the integration
domain to C’Zgr. Putting

ng ~
Z(t) = / VuolPW) dy, Wy = c(/ |V P4 dy) PAL Y = c/ (VoL |PW) dy
CtJr ct C;rr

A3r

(note that due to (3.5) in Lemma B3] and (A2) Wi and Y are finite), Wy = 0, R = r,
p="5, 1 =pa, po=1,and ¢t = 1 we can apply Lemma [AF to obtain from (£.7) that

pA

/ |V [P dy<c/c |VuP P dy+</c+ \Vvo]p*‘dy) ) (4.9)
3r A3

?

Case 2: If C;F = C'} and cinTp # () we use k = 0 and derive from (4.6 the estimate

/ Vo |P¥) d
cy

1 = ~ lvo| \Pa

< = ply) q / D1p(y) q / 0 d

< 2/0; |Vl y+c o Vo | y+c ot (s—t) y (4.10)
1 _ PA

< ply D\p(y) - / pa PA

< 2/0 V0| dy—l—c/ VoP P dy + t)PA< n V0| dy)

In the last line we used Poincaré-Friedrichs inequality in Lemma on Cj{37‘ and for the
exponent py (with a uniform embedding constant, note (4.8]) and that ngr contains at
least a r x 3r rectangle with Dirichlet boundary of length r). With the same meaning of
the quantities as in Case 1 we obtain by Lemma [A.5 from ([4.10])

PA
/ IVoPW) dy < c/ IVuP|PW) dy + (/ |Vug|P4 dy) A (4.11)
C;L CSr CXS'I‘
The estimates for Case 1 and 2 can be done analogously for the situation C;I = C’ET using
pp = 23{)1?3

Case 3: If |C |,|CE,.| > 0 and @ﬂ Tp =0 weset k= M}, (o) to obtain from ([4.6)

1 _
/ |V [P dy<2/ |V [P dy+c/c+\VvD]p(y)dy

+c/ (!vo—mggT(vo)\)Pde_i_/ (|U0 _mgs,r(vo)’)“ dy.
+ s—t + t—s
CB37‘ CAB?"

For the first term on the last line, we apply the Poincaré-Sobolev inequality in Lemma [A4]

on C’E3T and for the exponent pg = 2?1?3 (with a uniform embedding constant, note (4.8)

and that C§3r contains at least a r x 3r rectangle). Moreover, the second term in the last
line is estimated by the corresponding integral over C’J;, note that p4 < pp. Indeed, by
triangle inequality we have

(4.12)

[0, (00 sy < lo0-mi60) )+ [ (00) -, (00 s
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where the last term can be estimated as follows

Hm;;rr(vo)_mgfir(vo) HLPA (C;;) = ’mng(vO)_mJBg?)r (UO) ’ || 1 ”LPA (C;'T)

’033 | HUO_m;:r’(UO)HLl(Cg3T)||1HLPA(C;T)

+
= ’CE?’AHUO mgr Vo HLPA (Chy Hl“LPA’(CEST)H1HLPA(C§;)
1
= Mon—m=T ,
< !C’E;),T! HUO m3r(U0)HLpA(C§rT)H1”LPA (c&)HH’LRA(C@Q)’
where ;T + o= = 1. With this, we find

Cy
oo )y < (14 ) oo 0

S 2’?_37“‘
CBs, |

HUO m3, (v HLPA(C+)

Therefore, we apply the Poincaré-Sobolev inequality Lemma [A.4] now on C;;, and (4.8]) to
obtain for the second term in the last line of (4.12)

2|C5 1P
» P
|[vo—m g, (vo)| L‘;‘)A(C;«) < ch?;d |[vo—mi,.(vo)| L?’A(C+ < CHV’UOHLM (L)
T

where the constant in front of the right-hand side is chosen independently of r» and p. In
summary, we continue the estimate in (4.12)) by

1 ~
/\vvoyp ay <! / Va D dy +c [ 907 dy
C
° vy (4.13)

bPB

¢ PB Qo ) 7B ¢ / Pa qq ) P4
+(s—t)PB< /CESJWO’ v) +(57t)m( o ! u) ™

Since vy € W1Ps (C’E&,) and vy € Wl’ﬁA(Cg;) we set 1 = pp, 2 = pa,

PA

B N A
Wy = c(/ |V |PB dy)pB, Wy = c(/ | Vg [PA dy) s
C§3r C;r
and keep the other quantities as in the Cases 1 and 2 to apply Lemma This leads to

PE
/ |V [P dy<c/ |VuP Py dy+</ |V |PB dy) B
2 037‘ ngr

C ~ »PiiA
+(/ Vool dy) ™.
rPA C;r
Case 4: If |C} |,|Ch | > 0 and C3, N T'p # 0 we use k =0 in ([£.6) to obtain

1 -
/ | Vo[t dy<2/ |V wo[P dy+c/c+‘vUD‘p(y)dy
) (4.15)

p p
e (e (B
C;Sr S_t CXS’I‘ S_t

(4.14)
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For the first term in the second line, we applied the Poincaré-Friedrichs inequality in
Lemma, on ng,’r and for the exponent pg = 2?53 (with a uniform embedding constant,
note (4.8) and that ngr - C’;T contains at least a r x 3r rectangle with a Dirichlet
boundary of length r). Finally, the second term in the last line of is estimated by the
corresponding integral over C’;;, and then the Poincaré-Friedrichs inequality Lemma
on Cg; with p4 < pp is applied. The constant is uniform since C’;; contains at least a

Dirichlet boundary part of length r and (4.8]). In summary, we proceed with the estimate

in (4.15) by

VoD dy < - [ (VoW dy e[ |[oPW dy
lons 2 C;F ot
' o . (4.16)

PB

¢ ) / Pa qy)*r
+ o ( /nglv”d 0"+ g ( il v)

which is exactly the same as in (4.13)) of Case 3. Therefore, with the same arguments as
for Case 3, we obtain the estimate (4.14)) also for Case 4.

The estimates in the Cases 1 to 4 cover all situations (c) to (h) in Fig. [2l Hence, by adding
all (non-negative) terms on the right-hand sides of (4.9)) and (4.14) and taking also for the
Cases 1 and 2 the terms for pg into account, we end up with (4.2). O

Sl

4.3 Reflection

We extend the estimates from Lemma E.T]to full squares C, 2(y°) and Cs,.(y"), respectively.
To do this, we expand functions v from C;"(0) onto C (0) by reflection at the hyperplane
{y € R?: yp = 0}. Defining

) = J0ny2),ify € C(0),
W)= {U(yl, —y2), ify e Cr(0), 4

and extendmg the Dirichlet function v? and the exponent p by the same procedure to v

and p, respectively, gives v € WLaC )(C1(0)) provided that v € WO (CF(0)). We work
with 7y = 0 — oP.

Lemma 4.2 Let the assumptions of Lemma[f1] be fulfilled, and let y° € Cy,4(0) and
0<r< i. Then there exists a constant ¢a > 0 independent of y°, r and the involved T
such that

/ |Vv0\p dy < 02/ |UD|p dy
Cr 037'

(4.18)

~ PB

([ vmp Q)" + (L vmp ag)

Proof. We follow the ideas in [8] and discuss separately the following two cases.
Case A: C3,.(y") N{y € R? : yo =0} #
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i) In case of yJ > 0 we use the estimate

J

apply Lemma [47] and enlarge the integration domains from Cg;(yo) to Cs,-(y?), from
Cha (y°) to Casr(y°), from Ch, (y°) to Cpsr(y°) and change the integrands to the corre-
sponding prolongated quantities to verify the desired estimate of Lemma

i) If 49 < 0 we find for 7° = (39, —99) that

/ V0[P dy = / V3o P® dy < 2 / Vo [PW) dy.
C5°) Cy @) cL @)

r
2

|V%ﬁ@dys2/
9)

Va0 dy =2 [
C% (yO)

Voo P dy,
C% (yO)

(y

T
2

Next we exploit Lemma [£.1] and with the estimate

/’ mwwys/ WWdy—/ @1 dy
CL,.(@°) Cizr(7°) Cizr(y0)

for integrands w = Vug, Vo and s; > 0, i =1,...,m, we arrive at the desired result.
Case B: C3,.(3°) N {y € R%: yo = 0} = 0

i) If 8 > 0 then C;L/Q(yo) = CT/Q(yO) and O3, (y°) = C3,(y°) and vy = vo. Therefore we
can directly apply the result of Lemma [£.11

i) In case of y§ < 0 we find for 7% = (7, —8) that C, 5(3°), Cs.(3°) C {y € R? : 2 > 0}
which ensures

J

Thus, again Lemma [4.1] and arguments as in Case A ii) give the desired estimate. This
finishes the proof. [

Vi dy= [ Ry = [ [Tl dy,
%) o (7 Cr (@)

(y Cr(¥”)

r
2

4.4 Caccioppoli-type inequalities for interior squares

Lemma 4.3 We assume (A1) and (A2) and suppose that z° € Q and that ®,0 : U,oNQ —
C1(0) is the corresponding bi-Lipschitzian map producing the cases (a) or (b) of Fig. 4
Let ¢ be the solution to (3.3) for any T € T and v = po @;01 the corresponding localized
part of o, vg =po® t —pPod L. Let 0 e C1/4(0) and 0 <r < %. Then there exists a
constant ¢ > 0 independent of y°, v, and the involved T such that

/ |Vv0\’3(y) dy < 53/ |VUD|ﬁ(y) dy
Oy Csyr
(4.19)

PB

PA ~
c3 ( Ba g, 74 o C3 5 o
v PAd) (/ \% PBd) :

+ /cgrl vl dy )™ + CBM\ vo[PP dy

Proof. We work with the cut-off functions introduced in (4.3) and use the test func-
tion vy — ma,(vg) for case (a) and vy — mps,(vg) for case (b) of Fig. |2, where m 4,(vo)
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and mps,(vg) denote the means of vy on Cyu,(y°) and Cps,(y°), respectively. We can
follow all the arguments in the proof of Lemma [£.J] Case 1 and 3 substituting the sets
crY), Cf (40, C’j/Q(yo), Ca ("), Chs.(¥°), Cis,(¥°), C1(0) by the corresponding sets
Ct(yo)y Cs(yo)a Cr/Z(yo)z CBr(yO)’ CAST(yO)v CB3T(yO)v 01(0) Having in mind that the
uniform bound for the Poincaré-Sobolev embedding result in Lemma [A.4] covers also this
situation, we obtain the result. [

4.5 Higher integrability of the gradient

Our aim is to apply the Giaquinta-Modica Theorern to establish the higher integra—
bility of the gradient stated in Theorem B.Il If 2% € 09 let v, v be given as in ([(£.17),
while for 20 € Q we set ¥ = v, Ty = vg. First, we rewrite the 1nequaht1es and -
as follows: We estimate the second term in the right-hand side in and 4.19) by

PA PA PA

1 5 5 c c 5 5
— NPAd)pA<7( PAd)“ (/ N?’Ad)“, 42
= /C VRl a) ™ < /C ivnPtay) o ([ vman)™ @)

where the last term can be estimated by

1 _ 2A 1 _ LA
ai ([ vaay) < f(Hiwo\“H S )"
TpA CBSr rpA Pa (CB r LPA pA (CB3T‘)
PA
= - (Ivals )
A (Cpsr) (4.21)

~ s %A%i(?ﬂw ~ pa
< CHVUO”LPA(CBgr) " “ = CHVUOHLPA(CBM)

= c/ |Vg[P4 dy
Chsr

since 2p4 —pa(2+pa) = 0. Denoting by x¢ the characteristic function of a set C' C C1(0),
we introduce the functions

}pA )‘PB

T XCp1(0 |V’U0

9(y) = Xy 0) ()| Vo(y )
()Y ) '

h(y) = C(XcBl(O) ()| Voo (y)["* + \VU

With this, the left hand side in (#.18]) and ([4.19) can be written as 72 JCCT/Q gdy. Moreover,
dividing the inequality in (4.20)) by 2, we have for the first term in the right-hand side

PA PA PA
1 _~ A 1 DA Fa 51
r2+pa ( Vo[ dy) = r2+pa < gpA dy) = C( gpA dy) ’
Casr

where we have used again that 2p4 — pa(2 + pa) = 0. The last term in ) and -
can be estimated in a similar way using that 2pp — pp(2 + pp) = 0. Fmally, we can
estimate the right-hand side in and the first term in the right-hand side of
and via h to obtain

Fooavse(f oRa)? o o)
C/Qg y < chg y chg Yy

r

PB

c][ h(y) dy. (4.23)
Csr
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Let w:= H% > 1 such that w%, W% > 1 and define § := ¢*/“. We can write

1 g\ 2 1\
”g’Wdy:i”g’ww (f ngdy>pB:< )pB *ng~
[ = glitie, (f g5r2) "1y
and similar for p4. Since ps > pp we have % > % and can estimate
B bB B -3
TP (A ) L [ N U R
LYPB (Cay) Csr LPBPA (C3,)  LPBPA—PBPA (Cs,)
B
<Ilgll* zx MU ,pss

L PA(Csy) LPBPA~PBPA (Cs,)

Moreover, an elementary calculation shows that

PB PB 1 PA

(3617‘2)E|’1H537p35f‘ - (367“2)5A'

LPBPA—PBPA (Cs,.)

Concluding, this enables us to estimate the second term in the right-hand side of (4.23))
so that we end up with

PA

PA  \Fa 0 1
][ gdy < c{(][ gra dy) 4+ ][ h(y) dy} Vy € Ci(0), Vr e (0,7). (4.24)
CT/Q CSr 037‘ *

We are going to apply the Giaquinta-Modica result in Theorem For this, we set

Qr = C’i(()) and a := g—i and take g and h as in (4.22). Since by assumption (A2)

P € WH(Q), and we supposed pa < pp there is some b > 1 such that h € L¥(C1(0)).
~ 4
Then, (4.24)) guarantees the assumptions of Theoremfor allQQ C @Q C Qgr, where Q has
six times the diameter of (). Thus, the Giaquinta-Modica Theorem [A.2 and Remark
yield an exponent s* > 1 and a constant ¢ > 0 such that g = |V7y|P") € L' (C'1 (0)) and

3
Foowaretay<e{(f vaPva)” e f ww” ).
C 1 (0) C1(0) C
24
This ensures

/ Vil ay < e ( / V) dy) + / (X () IVT0 P2+ VoP Py |
€1 (0) C%(O) 021{( )

! 1@

If 20 € 09, restriction to the upper half square and back transformation by means of @;01
(or only back transformation by means of <I>;Ol if 29 € Q) leads to

@;Ol(cﬁ)mn

- (C1)NQ @73 (Cne

1

where g = ¢ — ¢P and xq, is the characteristic function of the set {x € Q : p(z) = pg}.
This finishes the proof of Theorem [B.11 since by (A1) there exists a finite number of sets
@;01(0 ) which cover €.

1
24
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A Appendix

Lemma A.1 (Generalized Holder inequality) Let r(-),r'(-),r"(-) € P(Q) be variable

exponents with r—,r’_ " > 1, r v, rl < oo, and ﬁ+ﬁlir)+ T,,%x) =1 a.e inQ. Then

/Q |f(@)g(x)h(z)| de < c(r—,rZ, PO Il e gl g 1A vy
for every f € LT(')(Q), g€ LTI(')(Q), h e LT”(')(Q).

Proof. We generalize the proof given in [I7] to the situation of three factors. We
suppose that | fll o), gl ), [hll L) # 0 and set pointwise a = f(z)/|fll e, b =
9@)/\lgll e, ¢ = h(@)/||h]l () and use the inequality

ar b
abc < o + o + R

integrate over {2 and apply (2.2) to find

|f(2)g(x)h()]
d
/Qufum.)\gum.)uhum.> !

< esssup L Py ( / ) + esssup L Py ( g
=0 @ OM e T e @) O gl
n 1 ( h )< 1 n 1 n 1
essSsup — PN 75— - - 7
Q pr”(m)pr ) WPl ey’ =

Then multiplication by || f|;-¢)llgll . IRl () gives the desired result. [

Theorem A.1 (Poincaré-Friedrichs inequality, [2, Theorem 5.4.3]) Let Q@ C R"
be a bounded Lipschitzian domain and p € [1,00). Then for every w € WLP(Q) with bound-
ary value zero on a set To C 98 of positive measure, we have ||[w||rrq) < C|[Vwl|r(q),
where the constant C > 0 depends only on n, p, I'g and 2.

The previous result is formulated for C' domains in [2], however, all arguments in the
proof work also for Lipschitzian domains.

Lemma A.2 (Poincaré inequality) LetQ C R? be a bounded Lipschitzian domain with
mes(I'p) > 0 and let p € P(Q) a variable exponent with 2 < p_ < p, < oco. Then there is
a constant ¢ > 0 such that

ol oy < el Voll oy for allv € WEPO(Q).

Proof. This lemma generalizes some assertion of [5, Theorem 8.2.18] to Sobolev functions
with mixed boundary conditions with zero boundary values on a part I'p of the boundary
with positive measure. Note that in the situation n = 2 and p_ > 2 for u € Wé)’p(')(Q) we
can make use of the following embedding results

WP (Q) < WEP-(Q) = LP+(Q) < LPO(Q)
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comp. [5 Lemma 8.1.8], classical Poincaré-Sobolev inequality for the constant exponents
p— > 2and py < oo, Poincaré-Friedrichs inequality Theorem [AT]for p~, and [17, Theorem
2.8]. Therefore we find with changing constants ¢ > 0 depending on 2, p_ and py that

1,p(-
o]l ooy < ellollprs < ellollyro < el Vol < el|Vollpae Yo e WHPO(Q)

which gives the desired estimate. [

From the definition of the W1P()(Q)-norm in (2.5) and the Poincaré inequality Lemma
directly follows

Corollary A.1 Let Q C R? be a bounded Lipschitzian domain with mes(T'p) > 0 and let
p € P(Q) with2 < p_ < py <oo. Then ||V-||;p) is an equivalent norm on Wp Le( )(Q),

1p(-
e Voll o < ollyrpe < el Vol Yo € WEPO (),

Lemma A.3 (Uniform Poincaré-Friedrichs type inequality) Let y° € C(0), p €
4

(0,%]. Let G C (y° + [=3p,3p]%) N [~1,1] x [0,1] be an azis parallel rectangle with length
(ao + a1)p and hight asp, where agp = mes(G N {y € R? : y; > 0, yo = 0}) is the length
of the Dirichlet boundary and aip = mes(G N {y € R? : y; <0, yo = 0}). Additionally we
assume that ag, az € [1,6] and a; € [0,6]. Let p € [p—,p4| be constant and p = %. Then
there is a constant Cprp > 0 such that

[0l < CorpllVel?s Vo € WE(G)

LP(G)2
for all G with admissible y°, p, ag, a1, as.

Proof. For p € (0, 3] and y° € C1(0) and ao, as € [1,6], a1 € [0,6] we introduce the affine

1
transformation V2 : 0 (0) — G by
py°,a0,a1,a2

aptai P
D _ 2 D
V p,y0,a0,a1,a2 (Z) - zZ+ b py°,a0,01,a2
0 azp
with a suited translation b% Note that

p,y%,a0,a1,a2"
det DV . (ap + a1)az o

| et py ,00,01, az‘ - 92 P

Let p € [p—,p+] be fixed. Then the Poincaré-Friedrichs inequality Theorem [AT] for the
embedding WHP(C{(0)) < LP(C;(0)) with the Dirichlet boundary part I'g := [2/3,1] x
{0} can be applied.

By construction, for functions w on G with zero Dirichlet values on fD the function
w(z) := w(VP (z)) has zero Dirichlet values at least on I'y = [2/3,1] x {0}. Apply-

p:y°,a0,a1,a2 R
ing the transformation formula, the classical Sobolev embedding result W1P(C;(0)) <
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LP(Cy(0)), Theorem [AT] and back transformation we obtain with (from estimate to esti-
mate changing) constants ¢ > 0 not depending on G

P _ . D
||w||LP(G) - /C+(0)|w(z)|1? | det Dvp,yoao,,al,a2| dz

1

e /C " (1) +|-(:)7) dz)
< sz(/c*+(0) |V .w(z) ]fgdz>

Lemma A.4 (Uniform Poincaré-Sobolev type inequality) Let 3’ € C 1 (0) and p €
(0,1]. Let G C y°+[-3p,3p]? C [—1,1] be an azis parallel rectangle with side lengths a1p

and agp, ay, ay € [1,6]. Moreover, let p € [p—,p+] be constant and p = %. Then there
is a constant Cpsy, > 1 such that

L
P

IN

hSHlps]

A

< CHVU)HI;;?((;)' O

. 1
o =m0 ) < sl Ve Yoo € WH@),  motw) = 0 [ wiw)
for all G with admissible y°, p, a1, as.

Proo~f. For all p € [p—,p4], the classical Poincaré-Sobolev inequality for the embedding
WLP(C1(0)) < LP(C1(0)) gives an embedding constant ¢, which continuously depends on

p, and C’gs = MmaXpelp_ p. ] ch is finite.
For p € (0,%] and y° € C1(0) and ay, as € [1,6] we introduce the affine transformation
4

VouOar,as : C1(0) = G by

YUy 0
2
Vo0,01,02(2) = s 2405400100
with a suited translation b, 0 4, 4,. Note that
aa det DV 0 ajasp? 1 1
|detDV;)y0a1a2|: 142 2’ | Py 7061,612‘: 1 2P2:7: ‘
T 4 ‘G’ 4a1a2p 4 |Cl(0)|

Therefore, the mean value mg(w) can be expressed by mg(w) = me, ()(w) with @(z) =
W(V,,40 a1,a5(2)). Using the transformation formula, the classical Sobolev embedding result
WP(01(0)) < LP(C; (0)) for the function w—mg, (0)(W), the classical Poincaré inequality
and back transformation we obtain with (from estimate to estimate changing) constants
¢ > 0 not depending on G

Hw_mG(w)Hip(G) a /C (0)‘@(2)_7”01(0) (@Hp | det DV, 40,0, 0, | d2
1
ya

<e( [ o, (@ me o @F + [9.86)F) az)”

<o(([ | IVBEP) SelVullsg O
1
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Lemma A.5 Let Z(t) be a bounded non-negative function on the interval [p, R|. Let for
all p <t < s < R the inequality

Z(t) < [Wl(s TR Wa(s — )2 Y} 1 Z(s) (A1)
with Wi, Wo, Y >0 and p1 > pz > 0 and 0 < ¢ < 1 be fulfilled. Then

Z(p) < c(p1,) {W1(R —p) M+ Wa(R—p) H2 + Y].
This lemma is taken from [I13, Lemma 6.1]. Some form of a generalized Gehring lemma is

Theorem A.2 (Giaquinta and Modica, Theorem 6.6 in [13]) Letbeg,h € LY(QR)
with g,h > 0 a.e. and assume that for every pair of concentric cubes QQ C QQ CC Qg where
Q has the double diameter of Q, we have for some constant w > 0

1

]égdxgw{(]ggadx)w ]ghdx},

with 0 < a < 1. Let the function h € L*(QR) for some b > 1. Then there exist constants
¢ >0 and s* > 1 such that g belongs to L (Qry2) and

*

]éR/Qgs*deC{<][QRgdx)s —l—]{?RhS*dx}. (A.2)

Remark A.1 As already mentioned in [§], an inspection of the proof of [13, Theorem
6.6] ensures that the result in the spirit of Theorem[A.2 remains valid if @ has six times
the diameter of Q. However, in this case the resulting estimate in 1s obtained with
g € LS*(QR/G) and the integration domain in the left-hand side of has to be Qprys

instead of Qg2

Acknowledgements

M.L. gratefully acknowledges the funding from the Einstein Foundation Berlin within the
Research Center MATHEON under the ECMath Project SE2 ”Electrothermal modeling
of large-area OLEDs”. A.G. was partially supported by the European Research Council
under ERC-2010-AdG 267802 AnaMultiScale. Both authors thank Thomas Koprucki for

stimulating discussions.

References

[1] E. Acerbi and G. Mingione, Functionals with p(x) growth and regularity, Atti Accad. Naz. Lincei Cl.
Sci. Fis. Mat. Natur. Rend. Lincei (9) Mat. Appl. 11 (2000), no. 3, 169-174 (2001).

[2] H. Attouch, G. Buttazzo, and G. Michaille, Variational analysis in Sobolev and BV spaces, in: MPS-
SIAM Series on Optimization, 2006.

[3] K.J. Bergemann, R. Krasny, and S.R. Forrest, Thermal properties of organic light-emitting diodes,
Org. Electron. 13 (2012), 1565-1568.



30

A. Glitzky and M. Liero

(22]
23]

N. Bourbaki, Intégration, Hermann, Paris, 1965.

L. Diening, P. Harjulehto, P. Hast6, and M. Ruzic¢ka, Lebesgue and Sobolev spaces with variable
exponents, Lecture Notes in Mathematics, Vol. 2017, Springer, Berlin, 2011.

M. Eleuteri, Holder continuity results for a class of functionals with non-standard growth, Boll. Unione
Mat. Ital. Sez. B Artic. Ric. Mat. (8) 7 (2004), no. 1, 129-157.

X. Fan and D. Zhao, On the spaces LP™® (Q) and W*P®)(Q), Journal of Mathematical Analysis and
Applications 263 (2001), 424-446.

A. Fiaschi, D. Knees, and S. Reichelt, Global higher integrability of minimizers of variational problems
with mized boundary conditions, J. Math. Anal. Appl. 401 (2013), 269-288.

A. Fischer, T. Koprucki, K. Gértner, J. Briickner, B. Liissem, K. Leo, A. Glitzky, and R. Scholz,
Feel the heat: Nonlinear electrothermal feedback in organic LEDs, Adv. Funct. Mater. 24 (2014),
3367-3374.

A. Fischer, P. Pahner, B. Liissem, K. Leo, R. Scholz, T. Koprucki, J. Fuhrmann, K. Gértner, and
A. Glitzky, Self-heating effects in organic semiconductor crossbar structures with small active area,
Org. Electron. 13 (2012), 2461-2468.

A. Fischer, P. Pahner, B. Liissem, K. Leo, R. Scholz, T. Koprucki, K. Géartner, and A. Glitzky, Self-
heating, bistability, and thermal switching in organic semiconductors, Phys. Rev. Lett. 110 (2013),
126601/1-126601/5.

H. Gajewski, K. Groger, and K. Zacharias, Nichtlineare Operatorgleichungen und Operatordifferen-
tialgleichungen, Akademie-Verlag, Berlin, 1974.

E. Giusti, Metodi diretti nel calcolo delle variazioni, Unione Matematica Italiana, Bologna, 1994.

, Direct methods in the calculus of variations, World Scientific Publishing Co., Inc., River Edge,
NJ, 2003.

K. Groger, A WhP-estimate for solutions to mized boundary value problems for second order elliptic
differential equations, Math. Ann. 283 (1989), no. 4, 679-687.

D. Knees, Regularity results for quasilinear elliptic systems of power-law growth in nonsmooth domains
— boundary, transmission and crack problems —, Ph.D. thesis, University of Stuttgart, 2005.

0. Kovécik and J. Rékosnik, On spaces L™ and W*P®)  Cgzechoslovak Mathematical Journal 41
(1991), 592-618.

M. Liero, T. Koprucki, A. Fischer, R. Scholz, and A. Glitzky, p-Laplace thermistor modeling of
electrothermal feedback in organic semiconductor devices, ZAMP, to appear, DOI: 10.1007/s00033-
015-0560-8 (2015).

P. Lindqvist, Notes on the p-Laplace equation, Report 102, University of Jyvéaskyla, Department of
Mathematics and Statistics, ISBN: 951-39-2586-2, 2006.

D.S. Mitrinovié, Analytic inequalities, Springer, Berlin, Heidelberg, New York, 1970.

E. Zeidler, Nonlinear functional analysis and its applications, vol. 2/B Nonlinear Monotone Operators.
Springer, New York, 1986.

V.V. Zhikov, On Lavrentiev’s phenomenon, Russian J. Math. Phys. 3 (1995), no. 2, 249-269.
, On some variational problems, Russian J. Math. Phys. 5 (1997), no. 1, 105-116 (1998).



	Introduction
	Preliminaries
	Non-dimensionalization of the system
	Assumptions and notation

	Analysis for the p(x)-Laplace thermistor model
	Results for the current flow equation
	The coupled p(x)-Laplace thermistor problem

	Proof of the higher regularity of the potential
	Localization
	Caccioppoli-type inequalities near the boundary
	Reflection
	Caccioppoli-type inequalities for interior squares
	Higher integrability of the gradient

	Appendix

