OPTIMAL CONTROL OF LOW-FREQUENCY ELECTROMAGNETIC
FIELDS IN MULTIPLY CONNECTED CONDUCTORS *
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Abstract. Several classes of optimal control of electromagnetic fields are considered. Special
emphasis is laid on a non-standard H-based formulation of the equations of electromagnetism in
multiply connected conductors. By this technique, the Maxwell equations can be solved with reduced
computational complexity. While the magnetic field H in the conductor is obtained from an elliptic
equation with the curl o1 curl operator, an elliptic equation with the div 4V operator is set up for
a potential ¢ in the isolator. Both equations are coupled by appropriate interface conditions. In
all problems, the electrical current is controlled in the conducting domain. Several types of control
functions are discussed. In particular, the problem of sparse optimal control is investigated in a
package of electrical wires. For all problems, the associated sensitivity analysis is performed.
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1. Introduction. Our paper is a contribution to the fast developing numeri-
cal analysis of optimal control of electromagnetic fields. In associated mathematical
models, often a vector potential ansatz is used for the magnetic induction B, namely
B = curl A. In this case, the associated Maxwell equations have to be solved for a 3D
vector formulation in the whole computational domain. This domain should be taken
sufficiently large, so that the choice of standard boundary conditions will guarantee a
sufficiently precise solution.

The potential ansatz has the advantage of a certain simplicity but suffers in some
sense from a quite large computational complexity. Instead, a complicated geometry
of the conducting domain does not lead to essential difficulties.

Another way of modeling is the H-based eddy current formulation, where a stan-
dard scalar elliptic equation is given in the insulator and a vector formulation is only
needed in the conductor. This approach is theoretically slightly more complicated,
since several additional conditions must be required, if the conductor is not simply
connected. On the other hand, the computational savings can be considerable, if the
domain {2 that contains the whole setting has to be chosen large. Think of a torus of
moderate thickness with very big radius. The numerical analysis of underlying models
in E- or H-formulation is discussed extensively in [2].

The main aim of our paper is to study such an H-based formulation in the control
of electric and magnetic fields. In this way, our problems will be close to the setting
in [24], [25], but the associated mathematical analysis is essentially different.

Optimal control of electromagnetic fields is a quite active subject, important for
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various applications. We mention the control of induction heating as in [16], [17], [30],
heat sources such as in [29], the optimal control of MHD processes as in [4], [10], [12],
[13], [15], [18], [19], [26], optimal control problems for time-harmonic eddy current
problems as in [21], [22], inverse problems for electromagnetic fields as in [3], or the
control of magnetic fields in flow measurement as in [24], [25].

2. Models of electromagnetism.

2.1. Time-harmonic Maxwell and eddy current equations. For establish-
ing our eddy current formulation, we follow [2] and begin with the standard Maxwell
system

D
aa—t +J=culH (2.1)
B
%—t +culE=0 (2.2)
divD =p (2.3)
div B =0, (2.4)

where B, H, D, and E denote the magnetic induction, the magnetic field, the electric
induction, and the electric field, respectively.

These fields are related through some constitutive equations. A linear dependence
of the form D = ¢FE, B = pH is usually assumed, where the symmetric and (uni-
formly) positive definite matrices € and p are called electric permittivity and magnetic
permeability, respectively. We assume that the entries of £ and p are bounded and
measurable real functions on 2.

The (total) current J is the sum of the generated current and an impressed current
Je. By the generalized Ohm'’s law, we have

J=0E+J, (2.5)

where o is the electrical conductivity, that is assumed to be a symmetric and (uni-
formly) positive definite matrix in the conducting region and to vanish in the insulat-
ing region. Again, we assume that the entries of o are bounded and measurable real
functions on Q¢.

In time-harmonic models, it is assumed that J, is an alternating current of the
form

Je(x,t) = J(x) cos(wt + ¢),

where J is a real vector function that accounts for direction and strength of the cur-
rent, w is the angular frequency and ¢ is the phase angle. Expressing these quantities
in a complex setting, we have

Jo(x,t) = Re [J(x)e! 9] = Re [T, (x)e'“"].
The complex vector function J. will be our control; we assume that it is supported
in the conducting region, namely, it is vanishing inside the non-conducting region.

This time-periodic impressed current J. generates associated time-periodic solu-
tions in the form

EB(x,t) = Re [E(x)e' ], H(x,t) = Re [H(x)e'“"].
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Inserting these quantities in the Maxwell equations, and using D = eE and B = uH,
we finally arrive in a standard way at the equations of the time-harmonic Mazwell
system

curl H — (iwe + 0)E = J.
curl E +iwuH = 0.

We shall assume that the term iweE can be neglected (this is often the case for low-
frequency problems). Thus we end up with the time-harmonic eddy current system

curlH - ocE = J,

. (2.6)
curl E + iwpyH =0

that holds in the whole space R3.

2.2. Eddy current formulation in weak and strong form.

Assumption 2.1 (Geometry). In the paper, @ C R? is a bounded and simply con-
nected Lipschitz domain with connected boundary I'; ) is the “holdall” computational
domain containing all conductors. The subdomain Q¢ C ) that denotes the conductor
is a bounded Lipschitz set. We require that Q¢ is the union of finitely many disjoint
open and connected sets (Qc)i, 1 € {1,...,k}, the so-called (connected) components
of Qc. Assume further that clQc NOQ = 0. The set Qp := Q\ cl Q¢ stands for the
non-conducting domain. For simplicity, it is assumed to be connected.

DEFINITION 2.2. Let g € NU{0} be the number of all “handles” of Qr (precisely,
the rank of the first homology group of clQy, or, equivalently, the first Betti number
of Qr). Due to our assumption on S, it is also the number of “handles” of Q¢. If all
the components (Qc); are simply connected, we have g = 0.

This assumption allows fairly general forms of conductors (see Figure 2.1). For
instance, the conducting domain can include finitely many tori which might form
together more complicated geometrical figures like the Borromean rings. Also any
knot (for example, a trefoil knot) is allowed as a conducting domain. We mention these
geometrical examples, since their shape requires additional mathematical conditions
for the well-posedness of our equations.

The function spaces used in our paper are defined over the field of complex num-
bers. For instance, LP(D), 1 < p < o0, is defined as the space of all complex valued
functions v : D — C such that |v|? is integrable on D C R3. To distinguish this space
from the one with real-valued functions, we introduce

Ly (D) ={v:D — R, |v|? is integrable}.

The spaces L>(D) (complex) and L (D) (real) are defined accordingly.
DEFINITION 2.3. We denote by p;, j € {1,...,g}, a basis of the space of -
harmonic fields

HY ={v:Qr— R?® . curlv = 0 in Qr,div(uv) =0 in Qr, uv-n =0 on 92}, (2.7)

where n is the unit outward normal vector on 9. Classical result of algebraic topol-
ogy assure that the dimension of HY is indeed equal to the first Betti number of Q
(for a more detailed presentation of this aspect, see [2]).
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-

Fic. 2.1. Geometrical configurations (courtesy of Ana Alonso Rodriguez). Top: three internal
conductors of different topological shape are drawn, while the red domain is not a part of Q (the
first Betti number of Qr is g = 3). Bottom: the conductor Q¢ is a trefoil knot (left; the first Betti
number of Qy is g = 1) or the union of the three Borromean rings (right; the first Betti number of
Qr is g =3).

The functions p; are determined as follows. First, one constructs a basis TY,
j € {1,...,g}, of the first de Rham cohomology group as done in [1]. Then one
projects them on the subspace p-orthogonal to the gradients, namely, one considers
pj = Tg? — grad n;, where 7; is the solution to

n; € HY(Qr)/C : ugradnj-gradfz/ ,uT?-grad§ veée HY(Q)/C.
QI QI

It is easily checked that p; € H'; moreover, recalling that the loop fields T? satisfy

% Tg-ds:kznj,

where the cycles {o,}, n € {1,...,g}, are a basis of the first homology group of
clQr and K = (kyp;) is a non-singular matrix, it is easy to see that the fields p; thus
defined are linearly independent (just compute the line integral of a linear combination
of them on each cycle o,,).

Remark 2.4. The functions p; can be computed once “offline” before the numer-
ical solution of the optimal control problem is started. They are only needed when
at least one of the conducting subdomains (Q¢); is not simply connected (such as
a torus). Instead, when all the components of Q¢ are simply connected (e.g., balls,
cubes, balls with holes) these functions pj are not necessary (in fact, they are vanish-
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ing). However, we recall that Qg is assumed to be connected and this excludes that
the components of Q¢ are tori with interior holes or balls with interior holes.

From the Ampére equation (2.6); we see that the magnetic field satisfies curl H =
0 in Q; (remember that o and J,. are vanishing in Qy). Therefore, Hig, can be written
as Vy + Z?:l a;jp; (see, e.g., [2, Appen. A.3]). We are thus led to write the weak
formulation of our eddy current system in the state space

Vo ={(H,¥,a) € V that satisfy the interface conditions (2.8) below},

where
V = H(curl; Q¢) x H'()/C x CY
and
g
Hxn—wan—Zajpjxn:0 on I (2.8)
j=1

Both spaces V and V| are equipped with the norm

1/2
12, @)y = (I e + 101 @, e +lal?)

where

1/2
¥ty = ([ (curttt curl B+ 1010
Qc

and

N\ 1/2
1l e = ( /Q w-vw) |

In H'(Q;)/C, this H'-seminorm is equivalent to the standard norm of H'(£2;) (see,
e.g., [9, Chap. IV, Sect. 7.2]). The space Vg defined above is a (complex) Hilbert
space, because it is closed in V. Notice that the trace mappings H — H X n
and ¢ +— Vi x n are continuous from H(curl;Q¢) to H=Y/?(div,;T) and from
HY(Qp) to H~'Y/?(div,;T), respectively, where, for a smooth surface T, the trace
space H~'/2(div,;T") is defined as

H™Y2(div;T) :={Ae H2(M)® : Axn=0 on I',div, A\ e H 3(I)}

(see, e.g., [2, Appen. A.1], where also a more general characterization is discussed,
when T is a Lipschitz closed surface).

We also define the norms

1Qllae = (/Q |Q<x>|2)é, 1Qlee = (/Q H(X)QX) -Q(X))é,

and, analogously, the norms ||Q||s.0, and [|Q| 4.0, -

Let us introduce now the symmetric and positive definite matrix M by setting

Mnj:/ Py - P
Qr
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we will also use the vector norm |q|y = (Mq - ﬁ)%, where q € CY.

Finally, we define an antilinear form a : V x V — C by

z’w,uH~W+/ iwp Vi) - Vi + iwMeo - B.

alu,v] = / ot curl H - CurIW—i—/
Qc Q QI

C

The form a[-, ] is obviously continuous on V x V and it is also coercive (see, e.g., [2,
p. 37]).

DEFINITION 2.5. A triplet u = (H, ¢, ) € Vy is said to be a weak solution of
the eddy current model (2.11) below associated with J. € L*(Q¢)?, if

alu,v] = /Q o', crl W Vv :=(W,n,8) € V. (2.9)
Cc

We shall prove below that (2.9) is indeed the weak formulation of the system (2.11).

LEMMA 2.6 (Well posedness). For all J. € L*(Q¢)3, the equation (2.11) has a
unique weak solution (H, 1, o). There is a constant ¢ > 0 not depending on J. such
that

I(H, 9, a)llv < ¢l JTellac- (2.10)

Proof. The mapping © : H(curl; Q¢) — C defined by
O(W,n,3) ::/ o 1T, curl W
Q¢

(i.e., the coniugate complex value of the right hand side of (2.9)) is continuous and
linear on V| hence it belongs in particular to (Vy)’. Moreover, the antilinear form a
is coercive on Vg, hence the Lemma of Lax and Milgram ensures the existence of a
unique solution of the variational equation (2.9) and of a constant ¢o > 0 such that

I(H, ¥, a)llv < co [l (voy < clJelloc

holds. O

Let us denote by ng the unit outward normal vector on 9€2. For the sake of
completeness, now we prove that the variational equation is the weak formulation of
the following strong form of the eddy current problem (a similar procedure has been
applied in [2, p. 42-43]):

THEOREM 2.7 (Strong eddy current problem). If the solution (H, ¢, ) € Vy to
the variational problem (2.9) is sufficiently smooth, then it satisfies the strong eddy
current equations

curl(c~tcurl H) +iwp H = curl(c™1J,) in Q¢
Hxn = V¢xn+39_  ajp;xn onl
pH-n = pViy-n on T’ (2.11)
—div(pVy) = 0 in Qr

uViy-ng = 0 on 0f)
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and the geometrical conditions

(Ma)j = (iw)*l/rofl(curlﬂ—Jey(nxpj) vie{l,...,g}. (2.12)

Proof. (i) First, we assume that in (2.9) n = 0 and 8 = 0 holds. By the interface
conditions (2.8), which are to be understood as equations in H~'/2(div,;T), we have
then W xn =0on I and also W xn = 0 on I, since n is real. Integrating by
parts in the weak formulation (2.9), we obtain (remember that n is the unit outward
normal vector to €2y)

/U—l(W X n) -curl H +/ Curl(a_l CurlH) W+/ iw,uH~W
i e e (2.13)

= / o' (W xn)-J, +/ curl(c™1J.) - W
r Q¢

for all W € H(curl; Q¢). Here, and in all what follows, the integrals on the interface
I" are defined in the duality sense on H~1/ 2(div,;T). Since both integrals on I' vanish
by W x n = 0, this implies that the first equation of (2.11) holds in the sense of
distributions, because W can be chosen arbitrarily out of C§°(Q2¢).

(ii) Next, we allow 1 to vary while still 3 = 0 is required. Then, by the condition
(2.8) that holds in Vy, in particular we have

W xn=Vpxn. (2.14)

Note also that (2.9) holds not only for each n € H*(2;)/C but also for each n €
H'(Q;). We return to (2.9) but we can now use the first equation in (2.11), i.e., in
(2.13) the integrals on Q¢ can be skipped. Adding the terms related to n and 1,
performing an integration by parts and using (2.14), we find for the remaining terms

/ail(Vﬁxn)~cur1H—/U*1(Vﬁ><n)'Je

r r (2.15)

+/ iwﬁqul)-nQ—i—/iwﬁMVz/J-n—/ iwndiv(pVy) = 0.
o0 r Q

Selecting arbitrary n € C§°(€r), we deduce — div(uVi)) = 0 in the sense of distribu-
tions. This yields the fourth equation of (2.11) so that the integral on Q; in (2.15)
vanishes. Next, we vary 7 freely on 02 subject to 7 = 0 in a neighborhood of I'. Then
we also find pVi) - ng = 0 on 99, i.e., the last equation of (2.11).

(iii) In the next step, still assuming that 8 = 0, we verify the two interface
conditions on I' in (2.11). The first one is included in the definition of the space Vg
that underlies the definition of a weak solution. For the second one, let us start from
equation (2.15), that, from what we have proved in (ii) and taking into account (2.14),
can be re-written as

/0_1(W><n)-cur1H—/a_1(W><n)~Je+/iwﬁuV¢-n:0, (2.16)
r r r
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for each n € HY(Q;) . We transform the first two terms of this equation as follows:
/ail(W xmn)-(curlH—-J,.) = / o1 (Vi x n) - (curl H — J,)
r r

= 7/ V7 [o Y curlH — J,) x n] = / div [oc" (curl H — J.) x n]7  (2.17)
r r

:/curl[cfl(curleJe)]~nﬁ:f/z'w,uH~nﬁ,
r r

where we have used in the third equation the surface divergence div, that in particular
satisfies for each a € H (curl; Q)

—/Vﬁ- (a x n) :/divT(ax n)7n

r r

(see [23, p. 49]). Moreover, in the fourth equation above we have used the identity
div,(axn) =curla-n

(see, e.g., [2, Appen. A.1])), while in the fifth equation we invoked the first equation

of (2.11) that we had already obtained before.

Now, we insert (2.17) in (2.16) and arrive at
—/iw,uH~nﬁ+/iwﬁqu/J-n:O
r r

for each n € H'(Q), hence for each nr € H/2(T'). Dividing by iw yields the second
interface condition of (2.11), that holds in H—/2(T).

(iv) To verify the geometrical condition, we finally let also 3 vary in C9. Then,
in view of (2.8), W, n, 3 obey

g
Wxn:ann—i—Zﬁjpjxn on I (2.18)
j=1

Moreover, we have to take into account the term iwM -3 in the variational equation.
We return to (2.16), add iwMa - 3, and insert (2.18) for W x n. This yields

0:/(W><n)~a‘1(curlH—Je)+/iwﬁuV¢~n+ina~B
r r

g
z/(Vﬁxn+ZFjpj ><n)-o—*l(curlH—Je)+/iwﬁuV¢-n
r

i=1 r
+iwMa -3
Z/(Vﬁxn)-U_l(curlH—Je)—i—/iwﬁ;LVdJ-n (2.19)
r r

g
—/(Zb’?nx pj) ~U_1(cur1H—Je)+ina-B
it

g
:_/(ZﬁjnxPj)-U_l(curlH—Je)-s-ina.B’
ria
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in view of (2.17) and the second interface condition in (2.11). Since this must hold
for arbitrary B € C9, the last equation amounts to

iw(Ma)j:/a’l(curlH—Je)-(nxpj) Vie{l. ...
T

ie., (2.12) is verified. d
3. The optimal control problem.

3.1. The optimal current problem and its well-posedness. In our paper,
we will consider several optimal control problems. Here, we discuss the following
steady state optimal control problem of elliptic type, where the impressed current J.
is the control function.

As fixed data, vector functions Hy € L%(Q), Eq € L?(Q¢)? and constants vo >
0,va >0,vg > 0,vg > 0,v >0 with vo +va +vg +vg +v > 0 are given. In
Q; the reference magnetic field Hy is split as Vg + 219:1 aq,jp;. Moreover, a set of
admissible controls J,4 C L?(Q2¢)? is given and is assumed to be nonempty, bounded,
convex and closed. We will specify later possible choices for J,q.

Thanks to Lemma 2.6, for each control J. € J,q there exists a unique weak
solution of (2.11). To indicate the correspondence of this solution to the given control
Je, we denote this solution by (Hj_,vs,,cy. ). In what follows, we will skip the
subscript e from the controls and denote them just by J. Notice that J stands now
for the impressed current J. and is not equal to the total current that was formerly
denoted by J = cE + J..

As optimization criterion, we use the following (reduced) objective functional F,

Vo 12\ vp
F(J) = - IH,; — Hyll2 o + - VY — Va2 a, + > ey — a3y

(3.1)
Vg 1%
+ 2By — EalZa, + 5 19

where E; denotes the electric field associated with J. In the terms of F', the magnetic
energy and the electric energy (per unit time) of H and E, respectively, appear. These
weighted norms are more natural than the standard L?-norms and will later lead to
some simplifications in the adjoint equation. For the L?-norm, the theory is similar
and can be covered by setting 1 and o to one in all the terms that are associated with
the objective functional.

The electric field E is equal to E = o~ (curl H — J), hence

vo VA VB
F(J) = 5 |H; — Hyl? . + o> IV, — Vpa||% o, + 5 lay — ol

Vg —1 2 v 2 (32)
+ 72 JloH (curl Hy — 3) — B3, + & 1913,

This objective functional F' aims at minimizing the weighted distance to desired (or
measured) magnetic and electric fields, while the norm of the control function J is

included as a Tikhonov regularization term weighted by v.

The optimal control problem, written in short form, is

in F(J). (3.3)
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DEFINITION 3.1 (Optimality). A control J* € J,q is said to be optimal, if
FJ*)<FJ) VJedu.

THEOREM 3.2. The optimal control problem (3.3) admits at least one optimal
control denoted by J*. The optimal control is unique, if v > 0.

Proof. Thanks to Lemma 2.6, the mappings J — H;, J — ¢; and J — «y is
well defined, linear and continuous from L?(¢)3 to H(curl; Q¢), H'(Q;)/C and CY,
respectively. Therefore, the reduced objective functional F' is continuous and convex,
hence also weakly lower semicontinuous. Moreover, the set J,q of admissible controls
is weakly sequentially compact in L%(Q¢)? so that the existence of an optimal control
J € Jyq with

F(J*) = JIEI}IE(;F(J)
is an immediate consequence. Notice that F' is bounded from below by zero so that
the existence of a non-negative infimum is guaranteed. For v > 0, the functional F is
strictly convex and that implies the uniqueness of the optimal control. ]

3.2. Necessary optimality conditions. The next step of our analysis is the
derivation of first-order necessary optimality conditions for an optimal control J*. By
convexity of F' and J,4, they are also sufficient for optimality.

Prior to this, let us mention the following simple calculation concerning the direc-
tional derivative of the complex but real valued function g : z — |z|?. For any fixed
z € C and varying h € C, we have

lz+h? =22+ 2zh+Zh+|h]> = |2|> + 2Re[2 h] + |h|?.
Therefore, the complex function g has the directional derivative

2 2
g/(z)h:lmw

=2Re[zh] =2Re [z h]
t—0 t

(here, t € R). Notice that the mapping h — 2 Re [z h] is not complex linear. However,
it is real linear, because Re[Z ah] = aRe[zh] for all real a. The function g is not
holomorphic, i.e., not differentiable in the sense of complex analysis.

The directional derivative of the objective functional F' can be determined anal-
ogously. The derivative in the direction J at an arbitrary fixed (not necebbarlly opti-

mal or admissible) control J with associated magnetic field H:=H- 75 w = t¢7 and
o := a5 is given by

F’(j)J = Vc/Q Re [u(ﬁ —H,) -H,
+ VA/Q Re [1(Vi) — Viba) - Vibs) + vp Re [M(& — ay) - @]

+ VE/ Re [(a_l(curlﬁ —I) - Eq) - (curlH; — J)]
Qc
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Notice that 0’1(curlﬁ — j) =E:= E5. Re-arranging the terms , we see

F'(j)J:Re{ ch(ﬁ—Hd)~E

g;\

b [ va (V- Va) - Vi 4 v M(E - )

Qr

R (3.4)

+/ VE(E — Ed) -curlH;
Qc

[ (@B T4 [ 3.J}.
Q¢ Qc

Note that taking the real part of a complex number is an additive operation. In
(3.4), the variable direction J is appearing explicitly in the last two integrals, while
it occurs implicitly in the first four terms through the mappings J — Hj, J — ¢,
and J — a ;. By introducing an adjoint state, this implicit dependence on J can be
transformed in a standard way to an explicit dependence.

DEFINITION 3.3 (Adjoint equation). Let J € L%(Q¢)® be a given control with
associated states H := Hj, E .= Ej, 12 =13, a:=az, and let Hy € L2(Qc)3, g €
HY(Q7)/C, aqg € CI, B4 € L*(Qc)? be given as above. The equation for (W,n, 3),

/aflcurIWw:urlﬁ—iw/ ,uW-ﬁ—iw/ uVn -V —iwMpB-a
Qo Q¢ Qr

:/ Vc'/,L(I/‘\I—Hd)-ﬁ
Qe ~ (3.5)
+/Q Va1V — Viba) - VI + v M(6 — ag) - @

+ / VE(E —Ey) - cwrlH V(H, ¥, a) € Vy
Qc

is said to be the adjoint equation of equation (2.9). The solution (W 7,17,85) € Vo
is called the adjoint state associated with J.

COROLLARY 3.4. For all given Hy € L*(Qc)?, va € HY(Qr)/C, a4 € CY,
Eq € L*(Q¢)3, J € L%Qc)3, the adjoint equation (3.5) has a unique solution
(W3n7,87)-

This result follows as Lemma 2.6 by the Lemma of Lax and Milgram. Notice that
the mapping

(H, ¢, ) = veu(H—Hy) - H
Qc

+/Q vA (VD — Viba) - Vb + vp M(@ — ) -

+ / vp(E — Ey) - curl H
Qc

(i.e., the conjugate complex value of the right hand side of (3.5)) is linear and con-
tinuous from Vj to C, hence it belongs to (Vy)'.

To see that the adjoint state transforms the implicit appearance of the control J
in (3.4) to an explicit one, we prove the following auxiliary result:
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LEMMA 3.5. We have that

Re [Uc/Q ,u(ﬁ—Hd) -Hj +VA/ u(WZ—de%VE

Qr

+vp M (6 — o) - @7 + vg / (E - Ey) - curl H, (3.6)
Qc

= Re / ot cuerj-j,
Qc

where the function W 7 is the first component of the adjoint state (W 7,17, 87) asso-
ciated with J.

Proof. We write down the variational equation defining the weak solution Hy, ¢
and a7, and insert the solution (W 7,17, 87) of the adjoint equation as test function;
we obtain

/UﬁlcurlHycueri;Jriw/ pHJ~W7
Qc - Qc b
”w/ pVYy - Vis +iwMay - B3 (3.7)
Qr

:/ aflJ'curIWj.
Qc

On the other hand, inserting (Hj,vs, as) as test function in the adjoint equation
(3.5), we find

/a_lcurlm-curlwf—iw/ ME'Wj
Qc Qc
—iw/ Mv%'an_iWMTJ'ﬂf
Qr
:yc/ p(H-—Hy)-H, (3.8)
Q¢
+VA/ (Ve — Vibg) - Vips] + vp M(& — ovg) - &7
Qr

+I/E/ (E*Ed)~CuI‘IH7J.
Qc

We see that the left hand side of (3.7) is the complex conjugate of the left-hand side
of (3.8). Therefore, the conjugate complex value of the right-hand side of (3.7) is
equal to the right-hand side of (3.8), i.e.,

/ o eurl W5 J = Vc'/ p(H-—H,) H,
Qc Q¢
+VA/ M(V’LZ)\—V’(/Jd)'V%]—FVBM(a—ad)-aiJ
Qr
+ VE/ (E —Ey) - curl Hy.
Qc

The claim of the theorem follows by taking the real part of each side above. ]
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THEOREM 3.6 (Necessary optimality conditions). Let J* be an optimal control
of problem 3.3 and let Hy+ and E ;- be the associated optimal magnetic and electric
fields, respectively. Then there exists a unique solution (W j«,n;+,8;.) of the adjoint
equation (3.5) such that the variational inequality

Re / (a—l curl W — vp (Eje — Eq) + VJ*) T-T)20 VI (39
Qc

is satisfied.

Proof. The optimal control J* must obey the standard variational inequality
FIJI-J)>0 VJIeJu,. (3.10)

We show that this is equivalent to the variational inequality (3.9). We first consider
the expression (3.4) for F’(J) for the particular choice J := J* and have

F'(I*) (T —-J%)
= Re [VC/Q w(Hp —Hy)-Hjy_ -

+ VA/ w(Vys = Vo) - Viby_y» +vp M(ay — aq) - @j— g~
Qr

=+ VE/ (EJ* —_ Ed) . CuI’lH.],_]* — VE/ (EJ* —_ Ed) . (j — F)
Qc Q

C
+u/ J*-(J—J*)]
Qc
Thanks to Lemma 3.5, we obtain
F/(3%) (3 - 3°)
= Re [/ ot eurl Wy. - (T — J)
Qc

- P (3.11)
Qc Qc
= Re / (J_l curl Wy —vp (Ej« —Eg) + VJ*) (I =T,
Qc
where W ;. is the first component of the adjoint state associated with J*. ]
DEFINITION 3.7. For convenience, we define

Dy =0 el Wy —vp (Ej- — Ey). (3.12)

By this definition, the variational inequality (3.9) simplifies to
Re / (DJ* + I/J*) (T-T)>0 VIe (3.13)
Q¢

This is our main necessary condition that will be later used to handle various particular
cases for J.q.

The next result is important for the choice of the descent direction in gradient
type methods for the numerical solution of our optimal control problem.
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COROLLARY 3.8. At an arbitrarily given control J € L%(Q¢)®, the mazimum

F'(3)J,

m
Tlle,=1
i.e., the direction of steepest ascent, is attained by
_ Df +vd .
D5+ vJac

Proof. The integral in (3.11) can be written in terms of the inner product (-, -)g
of the space L?(Q¢)? by

C

F'(3)J = Re (D3+u3, J)

Qc

Invoking the Cauchy-Schwarz inequality, we estimate

FI(I<

Re (D7 +v3,3)

e}

<o+ 03]

Qc

it ||J|lo. = 1. This maximal value at the end of this inequality is attained by the
function J defined in the Corollary. a0

DEFINITION 3.9. The direction of steepest ascent of a differentiable function is
given (after normalization) by its gradient. Though our objective functional F is only
directionally differentiable and does not have a gradient, let us denote the direction of
steepest ascent of F'(J) as its reduced gradient:

VFJ):=D;+vl. (3.14)
This notion is introduced to shorten the arguments below.

3.3. The strong form of the adjoint equation. For completeness, and to
compare the adjoint equation with the state equation, we also present its strong
formulation. We obtain the following representation theorem, where, as before, we
write E = o~ (curl H — J).

THEOREM 3.10 (Strong adjoint equation). If the adjoint state (W,n, ) is suf-
ficiently smooth, then it satisfies the system

curl(c~t curl W) —iwu W = vou (ﬁ —H,)

+ vg curl (E — Ed) mn Qc
Wxn = Vyxn+39_ Bip;,xn onT
pW -n—pVn-n = —(iw) tvop (H—Hy) -n (3.15)

+ (iw) vap(Ve — Vipg) -1 on T
—div (uVn) = (iw) lva div (,u(ViZ— Via)) in Qp
pVn-ng = —(iw) wap(Ve — Vibg) -ng  on 99,
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with the geometrical conditions

(MB); = —(iw)™! [ (07 crll W — vg(E — Eg)) - (n x p;)

- - . (3.16)
—(iw) tvpM (o —aq);] Vje{l,...,g}

The result can be shown analogously to Theorem 2.7; therefore, we do not detail the
proof.

At first view, the adjoint system (3.15) exhibits a different structure than the
state equation. In particular, the vector field uVn is not divergence free. However,
we can cover both equations by the following unified form:

curl(c~teurl Q) +iwpQ = fo +curlFo in Q¢
an—Vxxn—ijlcjpjxn =0 on T
pQ-n—puVy-n = =£(iw) He-n—-Gr-n onT
—div(pVyx) = —divGy inQ; (3.17)
,U/VX'HQ = G['IIQ on 0N
Jrotewrl Q- (nx p;) Fiw(MS); = rj+ [ Fo-(nxp;)
vie{l,...,9}.

having sign + in the first and third equations and sign — in the last equation for the
state problem, and the other way around for the adjoint problem.

Precisely, for the state equation we have
fC:O, FC:U_lJe, G]ZO, 7“]‘:0,
whereas for the adjoint equation we have
fo =vou(H —Hy) , Fo = vp(E - Eq)
Gr = —(iw) 'vap(Vi — V) , 75 = —vp[M(& — aq)l; -
In particular, this says that, for the solution of the adjoint equation, the quantity
uW -n — uVn-n has a jump on I'; hence the overall field

,U,W in QC
pVn+ 329 Bipp;  in Q

has not a square-summable divergence, even if the desired fields pHy and pViy were
divergence free in QC and )y, respectively (thls property is true for the state variables,
that satisfy dlv(uH) = 0 in Q¢ and dlv(uvw) = 0 in Q7). In contrast to this, the
solution of the state equation is the magnetic field

ng{

HQ*{H in Q¢

v¢+25=1 AP in Q],
whose associated magnetic induction B = uHgq is divergence free, as the magnetic

Gauss law requires.

Example 3.11. Let us consider the particular choice v4 = veo and assume in
addition that the desired fields Hy and g are compatible on the interface, i.e.,

uwHg - n=upVipg-n onl. (3.18)
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Since also uﬁ ‘n = ,quz;- n holds on I', the second interface condition of the adjoint
system then simplifies to

W -n=uVn-n onl.

Therefore, the jump between uW -n and pVn - n disappears and the field Kq defined
here above is divergence free in §2, provided that the desired field Hy and Vg satisfy
div(pHg) = 0 in Q¢ and div(pVie) =0 in Q.

Remark 3.12. For the sake of completeness, let us also point out that the weak
form of (3.17) reads

/ JflcurlQ'Curlﬁiiw/ ,uQ~§:|:iw/ uVy - VO +iwM¢ -7
e e o (3.19)

:/ fcﬁ—F/ Fe - curlp + iw G[~V§—r'f7
Qc Q¢ Qr

for each (p,¥, ) € Vg, with sign + for the state problem and sign — for the adjoint
problem. The antilinear form at the left hand side is continuous and coercive in
V x V', for both choices of the sign. The right hand side is an antilinear functional
on V, provided that fc € L*(Qc)?, Fo € L2(Q¢)?, Gy € L*(1)3 and r € CY.

3.4. Discussion of the optimality conditions for different cases of J,,.
Let us discuss the conclusions of the necessary optimality conditions for several par-
ticular cases of J,q.

3.4.1. Unbounded complex control vectors. If v > 0, the unbounded con-
trol set

Jaa = L*(Qc)? (3.20)

can be used. Notice that the choice v = 0 is not appropriate in this case, because we
cannot prove the existence of an optimal control unless the desired fields Hy and E4
are in the range of the control-to-state mapping.

For unbounded controls, i.e., for J,4 = L?(Q¢)3, the equation Dy« +vJ* =0
is necessary and sufficient for the optimality of J*, i.e.

1
J'=——Dj-.
v
These conditions follow immediately from the variational inequality (3.9).

3.4.2. Complex control vectors bounded by box constraints. For all v >
0, the set

Jaa = {J € L*(Qc)? : |Re Jo(x)| < Remax, | Im Jp(x)] < Imypax

for £ =1,2,3, and for almost all x € Q¢} (3.21)

might be taken, if positive bounds Repax and Imy,,x must be imposed on the possible
currents.

If J,q is defined by box constraints as in (3.21), then we perform the following
standard discussion: Using the representation (3.14), the variational inequality (3.9)
can be re-written as

Re | VF(J*)-J*<Re | VFI*)-J VI
Qc Qc
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Expanding the terms under the integral, we find
/ Re(VF(J*)) - Re J* +/ Im(VF(J*)) - Im J*
Qc QC
§/ Re(VF(J*))-ReJ+/ Im (VF(J*)) - Im J VI e Jaa.
Qc Q

c

This inequality can now be evaluated by a sequence of standard steps. First of
all, we observe that Re J and Im J can be chosen completely independent. Therefore,
the inequality above is equivalent to the following two inequalities:

/ Re(VF(J*))~ReJ*§/ Re(VF(I)-Re J ¥J:|Re J()] < Remas,
Q¢ Qc

/ Im (VF(J*))-Im J*g/ Im(VF(J*)-ImJ VJ:|Im J(-)| < Impax.
Qc Qc

Here, the inequalities | Re J(+)| < Remax and [Im J(+)| < Imyy,ay have to be understood
in pointwise and componentwise sense. For instance, this means

|Re J¢(x)| < Remax for a.a. x € Q¢ and all £ € {1,2,3}.

These inequalities with control functions appearing under the integral can be discussed
further in a pointwise way (for this type of argument, see, e.g., [28, Sect. 2.8]). For
instance, the first inequality is equivalent to the condition that

Re VF(J*)(x) - Re J*(x) < Re VF(J*)(x) - v ¥v € R*: |uy| < Remax, £ € {1,2,3}

holds for almost all x € Q. All components of the vector v € R3 can be selected
independently. Then the inequality above means for the fth component that

min Re (VF(JI*))e(x)v = Re (VF(J*))e(x) Re J; (%),

vER:|v|<Remax

i.e., that, for a.a. x € Q¢, the minimum at the left-hand side is attained by Re J; (x).

Inserting the concrete expression for the reduced gradient VF' (see (3.14)), we
find

—Remax, if Re(Dy« +vJ*)e(x) >0

Re Ji(x) = { Remar, if Re (D + v3%)(x) < 0 (3.22)

for almost all x € Q¢ and all £ € {1,2,3}. The formula for the imaginary part is the
same with Im substituted for Re.

If the Tikhonov regularization parameter is positive, then this is equivalent to the
projection formula

N 1
Re J7 () = F-ticenn {3 Re (D)) (323)

for almost all x € Q¢ and all £ € {1,2,3}. Here, the projection function P, : R —
[a,b] is defined by

Plq,5(8) := max(a, min(b, s)).
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This projection formula (3.23) is a standard result of optimal control theory, but
it is not completely trivial. It can be explained by the fact that the minimizer v* of
the real function v — 5v? + dv in the interval [a, b] is

1
v* = arg 7jrerhilr’lb] {%UQ + dv} = }P’[a)b]{—;d}.

We refer to [28, Theor. 2.28].
Ezample 3.13 (Optimal control as inverse problem).

In electro-encephalography (EEG) or magneto-encephalography (MEG), magnetic
or electric fields associated to the electrical activity of the human brain are measured.
Then one looks for the electrical currents, located in certain regions of the brain, that
generated these fields. Under certain assumptions, this problem can be cast into the
form of our optimal control problem, where the desired fields Hy and Eg4 stand for the
measurements. Normally, these measurements can be taken only at the boundary T'
of the conductor, say at the surface of the human head Q¢ (which can be assumed to
be simply connected). Moreover, they are only given at certain points. Let us assume
that these measurements can be interpolated to get a measurement of pHg - n on the
interface I'. In view of the interface conditions on I', we have then also uVig-n on T.
Together with the homogeneous boundary conditions on 0S), we then can determine the
harmonic scalar potential 1g and hence also Vipg in Qy that can serve as measurement
n Q].

In the case of an inverse problem, one cannot prescribe any particular form or
direction of the unknown electrical current J.. Here the general class Jqq of arbitrary
bounded L?-controls is meaningful indeed, and the optimal control problem of minimiz-
ing the objective functional F is nothing more than the inverse problem to determine
unknown electrical currents by given measurements. Here, we have v = 0, vg = 0,
vp is not considered (since we have g =0), and finally v is a Tikhonov regularization
parameter that is standard for (ill posed) inverse problems.

Meaningful selections of Jaq are the definitions (3.20) and (3.21).

3.4.3. Electrical current in an induction coil. Another typical application
is the case where the electrical current is prescribed in an induction coil (see, e.g.,
[25]). A standard induction coil is composed by one wire that is twisted in many
windings around the core. Here, the direction of the electrical current in one point is
very precisely given by the direction of the wire in that point. The strength j of the
current is the only unknown that is to be determined.

In that case, the control J. has the form

Ny

Tex) = Qeoil

e(x)j

where j is a complex number, the unit vector function e is the direction of the wire
in the point x of the coil, Ny is the number of windings and Q. is the area of the
cross section of the coil that is perpendicular to the direction of the windings.

Let us assume for convenience that N,/Qeon = 1 to simplify our notation. This
does not cause any restriction, because this constant can be included by the choice of
the constants Repmax and Imy,,y in (3.25) below.
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Ezample 3.14. In [25] the following geometry was chosen for the induction coil,
which is topologically equivalent to a torus:

QCOM:{XER3:0<r1<x?+x§<r2,cl<x3<02},

where ro > 11 > 0 and ¢1 < co are given real numbers. Here the function e is defined
by

—T9
1 1 .
e(:171, xo, :cg) = i+l (E(I) m QCOII (324)
0 m QC \ cl Qcoi1~

In Qcon, € is a unit vector.
Notice that in this case the control is just one complex number. Here, the analogue
of (3.21) is

Joa={e(")j:|Re j| < Remax and |Im j| < Impax}- (3.25)

Next, we derive the necessary optimality conditions for this case. Let j* be
optimal and set J* = ej*. We begin with the general variational inequality (3.13)
and obtain

OgRe/ (DJ*—H/J*)-(j—?):Re/ (D +vej*)-e(j —j%)
Qc Qc

:/ Re(DJ*+yej*)~eRe(j—j*)+/ Im (D +vej*)-elm(j — j*)
Qc Qc

=Re(j —j") Re(Dy+-e+vj*)+Im(y —j*)/ Im(Dy+-e+vj*) V) € Jad -
Q¢ Qc

This inequality can be discussed as in Section (3.4.2). We deduce for v > 0

o _ [ “Remax, if fo Re(Dy- e+ %) >0
Re] B { Remax, if sz Re (DJ* -e_|_yj*) <0. (326)
If v > 0, we have the projection formula
- 1
Re ] = P[_Remax,Remax] { / Re DJ* . e} . (327)
v Joe

Analogous conditions are satisfied by Im j* with Im substituted for Re.

3.4.4. Electrical currents in a package of wires. The following situation is
somehow intermediate between the two cases mentioned above. Here, the induction
coil is composed of a package of single wires. The electrical currents in each wire
can be controlled separately. It is assumed that each one of these currents can be
controlled independently from the others. The cross section of this package of wires
can be viewed as a discrete approximation of a function j : Q.. — C that stands for
the strength of the current while the direction is still given by a function such as e
above.
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Let us consider the geometry of Example 3.14. Here, the strength j of the current
depends only on the radius r and the coordinate x3, while the direction of the current
is given again by e. In terms of cylindrical coordinates, this reads

Je = e(T,gO,Z)j(’/’,Z),
where 11 <7 <19, 0 < <27, ¢; <z < co.

In this situation, a useful set of admissible control functions might be
Jod = € jud (3.28)
where we take controls out of the complex space L?((rq1,72) X (c1,c2)),
Jaa = {3 € L*((r1,72) x (c1,¢2)) : |Re j| < Remax and |Im j| < Imyyay}

and the actual control function would be j € L?((r1,72) X (c1,¢2)).

Given a partition of the square [r1, 73] X [c1, ¢o] by finitely many small rectangles,
an associated finite-dimensional approximation of j by a step function would define the
finitely many single currents in the rectangles. These rectangles can be interpreted
as the cross sections of the wires of the package of wires. This view is certainly
academic but it gives an interpretation on how a controlled distributed current might
be generated.

The necessary optimality conditions are analogous to (3.22) and (3.23), but
(r1,72) X (c1,¢2) must be substituted for Q¢. For instance, the optimal solution
obeys the projection formula

1 2m
Re j*(rv Z) = P[*Remax,Remax] {—I/ / Re D ;- (Tv Z) . e(Ta ' Z) d@} (329)
0

for almost all (r, z) € [r1,72] X [c1, c2].

3.4.5. Real current vectors. A smaller but perhaps more realistic class of
controls J has the particular form

J(x) = e J(x), (3.30)
where J is a real vector function and ¢ is fixed. Here, J varies in the admissible set

Jad = {J S L]%{(QC)z; : _jmax S JZ(X) S jmax

31
for a.a. x € Q¢, all £ € {1,2,3}} (3:5)

with a given bound jpax > 0. To cover this ansatz by the optimal control problem
(3.3), we define the functional

f(J) = F(eJ)
and consider the problem

Jrgi}gd f(J). (3.32)

This is nothing more than a particular case of the optimal control problem (3.3)
subject to the particular control set defined by (3.30) and (3.31).
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The associated optimal control J* = ¢?®.J* has to obey the necessary optimality
conditions of Theorem 3.6, in particular the variational inequality (3.9), or, using the
notation (3.12),

Re/ Dy 403 T-T) >0 VI € Jos.
Qc

In view of the particular ansatz (3.30), this variational inequality can be simplified:
inserting the particular form of J, we find

Re / (D +ve®J*) e (T —=J)>0 VJE Jug,
Qc
or
/ (Dye +vJ*) - (J=J)dex >0 YJ € Juq, (3.33)
Qc

with
Dy :=Re(e D). (3.34)

The further pointwise discussion of (3.33) is analogous to (3.22) and (3.23), where
“Re” can be omitted, since all quantities in (3.33) are real.

4. Sparse optimal controls.

4.1. Introduction to sparse controls. In the problem of controlling the cur-
rent in a package of independent wires, the whole cross section of the induction coil is
densely filled with wires. However, it might happen as the result of numerical calcu-
lations that only some part of the wires is really important while the optimal current
in some others is negligible. In such cases, one might be interested to find out those
wires that are most important for achieving the desired goal of optimization. The
result would be a better geometry of the coil. This is an issue, where the method of
sparse controls might be useful.

Sparsity techniques originated from the field of image processing, where L' dis-
tance functionals are used for some purpose. In the context of optimal control of
partial differential equations, a first reference is [27], where this technique is applied
to problems with linear elliptic equations. This opened an active research in this
field. We refer to the contributions [5], [6], [7], [8], [14] to the application of sparsity
methods for different types of elliptic or parabolic PDEs.

To our best knowledge, the method of sparse control was not yet applied in the
control of electromagnetic fields. Though the underlying analysis does not essentially
differ from that in the papers mentioned above, we think it is worth presenting it for
our particular setting. Our analysis follows the steps outlined in [8]. However, since
our electromagnetic fields might be unbounded, we obtain a slightly weaker result.

To start the discussion of sparse control, we recall the problem (3.32) that has a
quadratic, hence smooth objective functional F'. For sparse controls, we add to this
functional a multiple of the L'-norm of J and consider the functional

3
RFURDY / ()], (4.1)
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where £ is the so-called sparse parameter. For convenience, we define
7)) = Jo i)l
3 3
9(J) = (o) =2 fgc | Je(x)]-

This motivates the following optimal control problem with sparse parameter x:

min (/) + rg(7)}. (4.2)

Again, the existence of an optimal control J* € J,4 follows by standard arguments. If
v > 0, then the objective functional of (4.2) is strictly convex and hence the optimal
control is unique.

We shall sketch below that the sparse parameter influences the size of the support
of the optimal control of the problem (4.2). The larger & is, the smaller is the support
of the optimal control.

To understand this effect that is meanwhile well studied (see, for instance, [5],
[6], [7], [8], [14], [27]), we first have to set up the associated system of necessary
optimality conditions. To this aim, we need the subdifferential 9v(j) of the convex but
non-differentiable functional v : L} (2¢) — R at an arbitrary but fixed j € Lk (Q¢).

This subdifferential is the set of all elements A € L (Q¢) such that

() = 10) + /Q A() (0(x) - j(x) Vo € Lh(Qc). (4.3)

It is hence defined by
V() = {r e LY (Qc) : (4.3) is satisfied}.

The following representation is known for 9v(j) (see, e.g., [20, Sect. 4.5.1]):

9(j) == {A € LT(Q0) :  satisfies (4.5) below}, (4.4)
1, ifjx)>0

Ax) =< [-1,1], ifj(x)=0 (4.5)
—1, ifj(x)<0.

After some easy computation, the subdifferential of g is obtained as
9g9(J) = {A = (A1, A2, A3) € L& (Q0)® : M € Ov(Je), £=1,2,3}; (4.6)
notice that g(J) = S25_, v(J).

4.2. Necessary optimality conditions. For the case k = 0, where the func-
tional (4.2) is differentiable, we derived the variational inequality (3.33) as necessary
condition. In the case x > 0, the variational inequality (3.33) has to be complemented
by the subdifferential of g. The following result is obtained:

THEOREM 4.1 (Necessary conditions for sparse optimal controls). Let J* be
the optimal control for the problem (4.2) and let J* := €'®J*. Then there exists a
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unique adjoint state (W j«,my«, gy« ) solving the adjoint equation (3.5) and a function
A* € 9g(J*) C LE(Qc)? such that the variational inequality

/ (Do + 0T+ KA - (J— J) >0 VT € Jua (4.7)
Qc

is satisfied. Here, we have Dj» = Re ("D j.), where
Dy = ot curl Wy« —vg (EJ* — Ed)

is defined according to (3.12).

Proof. The main line of proof is more or less standard in convex optimization.
However, it is not completely obvious how the associated ideas should be merged to
derive our result in the case of optimal control. We therefore detail the proof for
convenience of the reader.

Due to our notation, J* minimizes the functional
D= f+ kg

in the set J,q. In a first step, we derive an auxiliary variational inequality by differ-
entiating only the smooth part f of ®. For all 0 < s < 1 and arbitrary fixed J € J,q,
we have

O(J* 4 5(J — J*)) — B(J*)
I+ s(J =) = f(J)

S

0<

< +r(9(J) = 9(J%)

because g is convex. Passing to the limit s | 0, it follows
0< f{(INVT =T+ kg(J)—rkg(J") YJE Jua

This variational inequality is a standard result for minimizing the sum of a convex
and of a differentiable functional (see [11, Chap. II, Prop. 2.2]). It can be re-written
as

FINT +rkg(J) < (I +rg(J) VJE Jug.
In other words, we have

J* € arg Jrgbgd{f’(J*) J+rg(J))}. (4.8)

Next, we include the constraint J € J,4 in the objective functional. To this aim, we
introduce the indicator function

0, J € Jua
00, else.

w00 = {

We also define the linear part of the functional above by

oi T f’(J*)J:/Q (Dye +vJ%) - J.
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Thanks to (4.8), J* is the minimizer of the convex optimization problem
J* = argmin{p(J) + rg(J) + ¥ ,,,(J)},
and hence J* must satisfy the associated necessary optimality condition
0€dp+rg+Ty,)JTY). (4.9)

The subdifferential of 0¥, , is equal to the normal cone Ny, at J*, where

Ny (J*) = {z € LT (Qc)? : /

2 (J—J)de <0 VJe Jad},
Qc

if J* € Juq. For J* & Juq, we have N, (J*) = (). Applying the theorem of Moreau—
Rockafellar (see [20, Sect. 4.2.2]), we find

e +rg+ V5, )(J") =0p(J") + KkIg(J*) +0¥,,,(J7)
=Dy +vJ*)+kdg(J")+ Ny, ,(J*);

notice that the assumptions of the Moreau—Rockafellar theorem are satisfied, because
the functional ¢ + kg is continuous on the whole space L%(Q¢). By (4.9), we have

—(Dy- +vJ%) € K09(J") + Ny, (J7),

i.e., there exist A* € dg(J*) C L¥(Qc)? (notice that g : Ly (Qc)® — R, hence
the properties of dg remain true, if the argument .J even belongs to L2(Q¢)?) and
Z* € Ny, (J*) such that

—(Dye +vJ* + KA*) = Z* € Ny ().

By definition of Ny, ,(J*) this means
_/ (D + 0T 4 KA - (J = J) <0 ¥J € Jo,
Qc

the inequality being equivalent to (4.7). |

Let us describe a few consequences of this theorem. The main one is the sparsity
of the optimal control J*.

COROLLARY 4.2 (Sparsity). Assume v >0 and k > 0 and let J* be optimal for
the problem (4.2). Then, for ¢ =1,2,3,

Ji (x) =0 if and only if k = [(D+)e(x)] (4.10)

holds for a.a. x € Q¢. For almost all x € Q¢, the element A* = (A}, A5, \5) € 9g(J*)
is given by the projection formula

Ni6) = Pla{—-(Ds )i}, £ € {1,2,3). (4.11)

Proof. Let us fix £ € {1,2,3}. To avoid an extensive use of subscripts, let us
write for short D* := D ;-. First, we show the implication x > |Dj(x)| = J;(x) = 0.
Assume the contrary, i.e., J;(x) # 0. It follows from (4.7) that

Ji(x)>0 = (Dj+vJ;+rX)(x)<0
Ji(x) <0 = (D;j+vJ;+rX)(x)>0.
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If J;(x) > 0, then we have A} (x) =1 and the first case above implies
Di(x) +vJi(x) +r <0,
hence
0 < vJi(x) < —Di(x) —
must hold; this yields
k< —Dj(x), (4.12)

a contradiction. Analogously, if J; (x) < 0, then A} (x) = —1 and D} (x)+vJ} (x)—k >
0 must hold. This leads to

k < Dj(x), (4.13)
a contradiction. Altogether, we have proved that
£ [Dp(x)| = Ji(x)=0.
Next, we verify the converse implication J;(x) = 0 = k > |D}(x)|. From the
variational inequality (4.7) we deduce for almost all x € Q¢
0= (D} +vJj + 1 X)) = (D} + K A)().

hence |Dj(x)| = k|\}(x)|. By the definition of the subdifferential, we have |Aj(x)| < 1.
Therefore, k > |Dj(x)| must be satisfied.

Finally, let us confirm the projection formula (4.11). For Jj(x) = 0, we found
Dj(x) + kAj(x) =0, i.e. Aj(x) = —x~'Dj(x). Since |A\j(x)| < 1, this implies (4.11).
For J;(x) > 0 we have derived the inequality (4.12) that yields

D*
Nx) =1<— ()
K
Again, this complies with (4.11). Analogously, we invoke (4.13), if J;(x) < 0. d

In view of this result, we can expect that for increasing s the support of the
optimal control functions J; becomes smaller. This is expressed by the following
conclusion.

COROLLARY 4.3. Assume v > 0 and denote by J: the optimal control of the
problem (4.2) for given k > 0. Then there holds

lim meas{x € Q¢ : [(J})(x)| >0} =0 Vle{l,2,3}. (4.14)

K— 00

Proof. By the definition (3.31) of Jug, we have a bound ¢; > 0 such that
[l 2(c)s S 1 VJ € Jaa

This bound remains valid for all associated J = ei?.J, J € J,4, of the (complex) space
L?(Q¢)3. The control-to-state mapping J — (H,4 7, ;) defined by the state equa-
tion (2.9) is continuous from L?(Q¢)? to H(curl; Q¢) x (H'(27)/C) x CY. Therefore,
the mapping J — E; = o~ !(curl H; — J) is continuous in L?(2¢)3.
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In the adjoint equation (3.5), considered for J = J, the terms H; — Hy, Vio; —
Va, ay — ag, and o~ (curlHy — J) — E4 appear. In view of the continuity prop-
erties stated above, these terms depend continuously on J in the spaces H (curl; Q¢),
L?(Q¢c)3, €9, and L?(Q¢)?, respectively.

Therefore, also the mapping J — (W ;,n;,8,) is continuous from L2?(2c)? to
the associated spaces. Consequently, in this way, the boundedness of the admissi-
ble set Juq implies the boundedness of the set of all adjoint states (W ,n7,8;) in
H(curl; Q¢) x (HY(Q7)/C) x C9 that can be generated by J € Juq.

By the definition (3.12) of D, the set of all possible functions D; that are

generated by the controls J € J,q is bounded in L?(Q¢)3. Taking the real part of
e~ "Dy, this implies the existence of c3 > 0 such that

1Dsllz200ys < ez VJ € Jaa. (4.15)

In particular, this holds true for D* = D+, that is related to the optimal control J*.

After having found this bound, we argue by contradiction and assume that (4.14)
is not true. Then there exist £y € {1,2,3}, § > 0, and a sequence k,, — 00 as n — oo,
such that

meas(S,) >0 VneN,
where
Sn = {x € Qc : |(J5, e (x)| > 0} .

Let us write for short Dj := D;j: and D,

it = (Duz )e,- From Corollary 4.2,
condition (4.10), we deduce that

kn < |D} . (x)| ae. in S,.

’n,eo

Now we find

1/2
&s > D500y > ( / |D:;,eo<x>|2) > o (meas(5,))* > V3.

This is a contradiction to (4.15), since k,, — 00 as n — 0. d

Remark 4.4. By the particular form of J,q, we might expect a stronger result.
The set of all possible control functions J is bounded in LL(Qc)® by the constant
Jmax- If we were able to deduce from this fact that all associated functions Dj are
bounded in L (Qc)? by a joint constant as well, then we would obtain the existence
of some kg such that the optimal controls must vanish whenever k > kg. However, to
our knowledge a boundedness result for the state functions in the space L (Qc)? is
not available.

Acknowledgement. We thank Eduardo Casas (Universidad de Cantabria, San-
tander) for his hints on the proof of Theorem 4.1.
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