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Abstract

The long standing problem is discussed of how to deflate the part associated with
the eigenvalue infinity in a structured matrix pencil using structure preserving unitary
transformations. We derive such a deflation procedure and apply this new technique to
symmetric, Hermitian or alternating pencils and in a modified form to (anti)-palindromic
pencils. We present a detailed error and perturbation analysis of this and other deflation
procedures and demonstrate the properties of the new algorithm with several numerical
examples.
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1 Introduction

In this paper we develop numerical methods to calculate a structure preserving deflation
under unitary (or in the real case real orthogonal) equivalence transformations for the infinite
eigenvalue part in eigenvalue problems for structured matrix pencils

(AN — M)z =0, (1)

where N = oyN*, M = oy M* € K™, on,0n € {£1}, and * is either T, the transpose or
*, the conjugate transpose. Here K stands for either R or C.

Eigenvalue problems of this form arise in many applications, in particular in the context
of linear quadratic optimal control problems, see e.g. [9, 13, 16, 18, 20|, Ho, control problems,
see e.g. [1, 7, 15, 21], and other applications, see e.g. [10, 14].

In most applications one needs structural information about the Kronecker structure of
these pencils, see [19]. To compute this information in a numerically backward stable way, a
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structured staircase form under unitary congruence transformations has been derived in [5]
and implemented as production software in [4]. In the real case the unitary transformations
can be chosen to be real orthogonal but to simplify, in the following when we speak of
unitary transformations we implicitly mean real orthogonal transformations in the case of
real matrices.

The following result summarizes the staircase form.

Theorem 1 [Structured staircase form.] For a pencil AN — M with N = onyN*, M =
oM™ € K", there exists a real orthogonal, or unitary matriz U € K™", respectively, such
that

U*NU =
i N11 Nl,m Nl,m+1 Nl,m+2 Nl’gm 07 ny
. . . Nm717m+2
*
UNNlm Nnb,m Nm,m—i—l 0 Nm
* *
UNNl ma1 O'NNm m-1 Nm+1,m+1 l
* *
UNN1,m+2 UNNm—1,m+2 0 am
* .
oNNTom - q2
L 0 1l @
U*MU = (2)
i My, R My My g1 Mimy2 oo oo Migmi1r T m
*
O’MMLm e e Mp,.m Mpm+1 | My mt2 N
% *
UMMl,m+1 ce aMMm,m+l Mm+1,m+1 l 5
* *
JMMl,m+2 O’MMm,m_,'_Q qm
*
L oM M o011 1 @

where 1 > n1 > q2 2 N2 2 ... = G 2 Ny,

Njoms1—j € K"+t 1<7<m~—1,
[ A

Mj,2m+27j = [ Fj 0 ] € Knj’qj, Fj S an’nj, 1 <7 <m,
[ by

Mpiim+ar = o o2, S =ouEf e KPP Yo =oySh, € KW,

’ | UMEQ Y99
and the blocks Y92 and A and I'j, j =1,...,m are nonsingular.
Proof. The proof for the real case, oy = —1, and oy = 1 has been given in [5], the other

cases follow analogously. 0O
It is clear that the transformation introduced in Theorem 1 preserves the structure of
the pencil, but note that in the real case or in the complex case with * being the complex



conjugate this transformation is a congruence transformation, while in the complex case with
* being the transpose this is just a structure preserving equivalence transformation but not
a congruence transformation.

This staircase form allows to deflate the singular part and some of the infinite eigenvalue
parts of the pencil in a structure preserving way so that for eigenvalue, eigenvector and
invariant subspace computation only the central block ANy,41,m4+1 — Mm41,m+1 of the form
(1) has to be considered, which is regular and of index at most one, i.e., it has only finite
eigenvalue eigenvalues and infinite eigenvalues with Kronecker blocks of size one, due to the
fact that A and Y95 are nonsingular.

The staircase form has recently been extended to parameter dependent matrix pencils
arising in the control of differential-algebraic systems with variable coefficients, [9], where
however the transformation is more complex.

While it is clear how to deflate all the parts associated with higher (than one) indices
and singular parts using unitary transformations (despite the usual difficulties with rank de-
cisions), it remained for a long time an open problem how to deflate the remaining index
one part associated with the eigenvalue infinity in a structure preserving way using unitary
structure preserving transformations, i.e., to reduce the central sub-pencil to a sub-pencil
ANy — My of the same structure (with a nonsingular Ny) that contains all the information
about the finite eigenvalues. In this paper we solve this problem and develop a new tech-
nique for structure preserving deflation of infinite eigenvalues via unitary transformations.
We present an error and perturbation analysis and also several numerical examples that
demonstrate the properties of the new method, and also compare it to non-unitary structure
preserving transformations.

2 Deflation of index one part

A simple way to achieve a structure preserving but non-unitary deflation is to use the Schur
complement. Compute a factorization

) (3)

U*N — [ Ny }
of N with N; of full row rank. This can be done via the rank-revealing QR decomposition or
the singular value decomposition, see [8]. The critical part in this factorization is the decision
about the rank of NV, which is done in the usual way by setting the part associated to those
singular values which are smaller than the machine precision times the norm of N to zero,
see [6] for a detailed discussion of this topic.

Using the structure of the pencil, we have

Ny O

N:U*NU:[ . 0}, M =U*MU = (4)

My M
O'MME M22 ’

where N11 = O‘NNﬁ, M“ = O‘MM*

., 1 =1,2. By construction, Ny; is invertible, and since

AN — M is regular and of index at most one, Mas is also invertible.

Then, with
~ 1 0
L= = .~ , 5
[ _JMM221M1*2 I] ®
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one has

(UIPNWL) = I*NL= [ N 0 ] ,

~ ~ ~ S 0

UL*M(UL) = L*ML = —~

WD MUT) Al
with the Schur complement - L

S = M — GMMlgMile(Q.

Hence, AN — M is equivalent to the decoupled block diagonal pencil

(AN11 — S) @ (A0 — May).

This deflation procedure preserves the structure, but if Mgg is ill-conditioned with respect to
inversion, then the eigenvalues of the pencil AN1; —S may be corrupted due the ill-conditioning
in the computation of the Schur complement S. We analyze the properties of the Schur
complement approach in Section 4 and present some numerical examples in section 7.
Another possibility to deflate the part associated with the infinite eigenvalues is to use
equivalence transformations that are unitary but not structure preserving. Starting again

with the factorization (3), we form U*M = [ My

IY; ] partitioned analogously and let V be a
2

unitary matrix such that

MV = |0 D | (7)
with J/\ZQQ square nonsingular. Setting
N Ny N
N = U*NV — 11 12
{ 0 0o |’
o= v'my = | M M , (8)
0 My

then, since NH and ]\//.722 in (8) are nonsingular, we can eliminate ng and ]\712 simultaneously
by block Gaussian eliminations. It follows that AN — M is equivalent to the decoupled block
diagonal pencil R - .

(AN11 — My1) @ (X0 — May).

The computation of the sub-pencil )\J/\711 — ]\711 can be performed in a backward stable way,
but it has lost its symmetric structures and as a consequence it is hard to obtain the resulting
symmetric structure in the finite spectrum of AN — M in further computations. Thus this
method is inadequate for many of the tasks where the exact eigenvalue symmetry is needed.
We present some numerical examples to demonstrate this deficiency in section 7.

3 Deflation under unitary structure preserving transforma-
tions

To derive a structure preserving deflation under unitary structure preserving transformations,
consider the unitary matrices U, V obtained in (3) and (7). Form

N11 ng M11 M12
O’NNikQ N22 O‘MM{E M22 ’

VNV =: [ ] , VEMV =: [ (9)

S



Then we have the following surprising result.

Theorem 2 Consider a structured pencil of the form (1), which is reqular and of index at
most one. Then the finite eigenvalues of AN — M are exactly the finite eigenvalues of the
structured sub-pencil A\N11 — My in (9).

Proof. We show that the structured sub-pencil ANj; — Mj; of (9) is equivalent to the
pencils )\]\711 — ]\711 and )\NH — S obtained in the previous section, and thus contains the
finite eigenvalue part.

Let the unitary matrix

* RQu Q2 }
— UV =
@ [ Q21 Q2
be partitioned conformably to the block structure in (9). Then
AVENV — VMV = Q*[AN — M], (10)
and o
AANV — VMV = Q*[AN — M]Q. (11)

Based on (4), one has

[Nl]:U*N:[Nn O]U*, [Ml]:U*M: Mg* gm U
0 0 0 M2 UMM12 M22

and then MoV = { 0 1\722 } becomes

[UMME Mm}Q:[O ]\722}-
From this relation we obtain that
O’MMIEQU + M22Q21 =0 (12)

and . e s -
oMy = Mo Qiy, Moz = Moo Q. (13)

Since Mgg is invertible, so are ]\//.722 and Q2. For @, there exists a CS decomposition, see [8].
If the size n1 of QY11 is larger or equal than the size no of @22, then this has the form

C 0 S
[Wl* OHQH QQHZI 0]: 0 I 0 (14)
0 Wy Q21 | Q22 0 Z S m()_m\C |

where W1, Wy, Z1, Z5 are unitary matrices, C = diag(ci,...,cpn,) and S = diag(si, ..., Sn,)
are both diagonal with nonnegative diagonal entries satisfying C? + S? = I,,,. If n; < ng then

one has
cC|ls o

wy 0 Qu Q2 || Z1 0 | _ |—
e[ - S0l "




Furthermore, since Q99 is invertible, it follows that C' and thus also Q11 are invertible. Hence,
from (12) it follows that

Qu Q' = —ou My M, (16)
and from (10) and (8), one has the equivalence relation

ANy — My = QY [)\Nll - ]\711].

Using (16), the matrix L defined in (5) becomes

~ I 0
L= _ ,
[ QZIQM1 I ]
and, defining
B [ Q1 QE } ’
0 22
and using the fact that @ is unitary, it follows that

Q= LR.
Then from (11) it follows that
AVANV — VXMV = RX(AL*NL — L*ML)R, (17)
and comparing the (1,1) block on both sides leads to
ANy — My = Qfi (AN — 8)Qu1,

and then, since R . _
AN11 — My = (AN11 — S)Qu,

it follows that all three sub-pencils are equivalent. O
The relation (17) implies

R AV NV = V*MV)R™' = L¥X(AN — M)L = (AN11 — S) ® (A0 — Mayy).
Setting
_ —1
| Qu 0| [ Quu O [T Q@] _[Qu 0 >
L_[Qzlf =Llo 1) 7o » | L 0o I R,
we have ) = LR and also
R*AV*NV = VXMV)R™' = LX(AN — M)L = (ANy; — My1) ® (A0 — M),  (18)

which has the pencil (AN1; — Mi1) in the (1, 1) position.

The pencil \AV¥NV —V* MV, however, is unitarily congruent or equivalent to the original
pencil, and the finite eigenvalue part can be simply extracted from the (1, 1) block.

It follows from (18), that the columns of the matrices

o] (7]



form orthonormal bases for the right deflating subspaces corresponding to the finite and
infinite eigenvalues of AN — M, respectively. In contrast to this, (6) shows that the Schur
complement method simply uses the non-orthonormal basis with the columns of

a0t}
Q21Qf11 ’

i.e., the first block column of L for a structure preserving transformation to block diagonalize
AN — M.
For the original pencil AN — M, with V' = [V, V3] and U = [Uy, Uz}, the columns of

Vit | Q11
Vo1 ] =U [ Q21

span the right deflating subspaces corresponding to the finite and infinite eigenvalues, respec-
tively.
The minimal angle between the two right deflating subspaces is

o]

| [ 2]

U2

. 1 =ty _ _

Omin = min , = cos ' |V;*Us| = cos™! ,

M perange Vi, Oyerange U lz[y] [Vr e @zl

where | - | denotes the Euclidean norm for vectors and spectral norm for matrices. The
minimal angle measures the closeness of the two deflating subspaces. Based on (14) or (15),
suppose that the singular values of Q21 are cos 01, ..., o8 Onin{n, n,}, then except for possibly
some extra singular values at 1, the singular values of Q11 are sinfy,...,sin 0y, n,}, Where

01, Omin{ni no} € [0,7/2]. Thus, we have
Omin = min b;.

Introducing
— |~ _
p = | My M| = |Mi2 M|, (19)

and using (16), one has

cot Opin = maxcot d; = p,

J
and hence,
Oin = cot ™t p-

Thus the smallest singular values of Q)11 and Q)99 are given by

1
Omin(Q11) = Omin(Q22) = sin Opin = —F—— (20)
min min min m
and |Q12| = Q2] = —L=. If p is large, which happens commonly when Mg is nearly

1+p2
singular, then the numerical computation of S may be subject to large errors. On the other

hand, in this case the block Ni; = QTINHQH may be close to a singular matrix as well,
which may also lead to big numerical problems, in particular, when deciding about the rank
of N.

Let us summarize the methods for computing the sub-pencils AN1; — M1; in the following
algorithms.



Algorithm 1 Consider a reqular and of index at most one structured pencil AN — M with
N* =onN and M* = oy M.

1. Use a rank revealing QR or singular value decomposition to compute a unitary matrix

U such that
xar_ | M1
[ %]
where Ny is of full row rank. Partition U = [ Uy U; ] accordingly and set
My = UM
2. Use a rank revealing QR or singular value decomposition to determine a unitary matrix
V' such that -
M2V = [ 0 Mgg } 5 detMQQ 75 0.
3. Compute
Nii Nig } * [ My Mo ]
VANV = ., VMV = )
[ onNT;  Nao oMy Mo

and return AN11 — M11 as the pencil associated with the finite spectrum of AN — M.

Algorithm 1 requires two singular value decomposition or rank revealing QR factorizations,
as well as the associated matrix-matrix multiplications. The most difficult part is the rank
decision for the matrix N in Step 1, which will affect the number of finite eigenvalues and the
size and therefore also the conditioning of Ms.

An alternative version of Algorithm 1 is given in the following algorithm.

Algorithm 2 Consider a reqular and of index at most one structured pencil AN — M with
N* =onN and M* = oy M.

1. Use a Schur-like decomposition of N to compute a unitary matrix U such that

U*NU = [ ]\81 8 ] —. N, det Ny #0,
and compute
M-vrmu=| Moo Mo
O'MMl*Q Moo

2. Use a rank revealing QR or singular value decomposition to compute a unitary matriz

Q= [ Qi Q2 ] partitioned accordingly, such that
Qan Q22
|:O'MMik2 1\722]@:[0 Mzz}'
3. Compute

* 3 Ni1 N2 } * T [ My M }
NQ = CQFMQ = .
Q Q |: O'NNikQ N22 Q Q O'MMikQ M22

or, if only AN11 — M1y is needed, then
Nip = Qi NuQu, My = Qﬁ(ﬁll@n + M12Q21)-



Algorithm 2 uses in contrast to Algorithm 1 a structured Schur-like decomposition in the first
step, and performs two unitary transformations on the pencil. The other costs are comparable
to those of Algorithm 1.

We will perform the error and perturbation analysis for these algorithms as well as that
of the Schur complement approach in the next section.

4 FError and perturbation analysis

In this section we present a detailed error and perturbation analysis for the different deflation
procedures presented in the last sections.

Our error analysis for the structure preserving method under unitary transformations will
be based on Algorithm 2. The error analysis results for Algorithm 1 are essentially the same.

Let u be the unit roundoff and denote for each of the matrices defined in the previous
section the computed counterpart by the corresponding calligraphic letter, e.g., let U, Ni1
be the computed U and Nj; in Step 1 of Algorithm 2. Following standard backward error
analysis ([8]) there exists a unitary matrix U such that

./\711 0

U*(N + 6N,)U =
U*(N +6N,)U [0 0

B
where |U—U| = O(u), SN} = ox6N,, and [N, | = O(|N|u). For the computed M we have

M =U*(M + 6M,)U = M1
( ) OMMTQ ./\/l22

Mll /K/l;m ]

with M = o6 My, [6M,] = O(|M|u).
Setting X = U*U and, without loss of generality, expressing it as

X:I+5X:|:I+5XH 5X12 :|7

0Xo1 I+ 0X2

we obtain from the exact factorization (4) that

Nip + éﬁn 55712
O'N5Nik2 5N22

N = [ /\611 8 } = X*(N + U*6N, U)X = X*

] X, (21)

Introduce the condition number
kn = INJING = [Nl NG

and assume that ”5N11\\ < Umin(ﬁn). Then Ny + 6Ny is nonsingular and by comparing the
blocks on both sides of (21), we obtain

5X12(I + 5X22)_1 - —(NU —|- 5]\711)_16]\712 = O(HNU).
Using the CS decomposition of X (which is unitary), one has

10X12], [6X21] = O(knu),  [6X11], [6 X2 = O(kFu?).

10



Clearly, here kx measures the sensitivity of the null space of N. Hence,
Niw = (I+6X1)*Ni(I 4+ 8X11) + O(|N|u) = Niy + N1, [6N1] = O((k%u + 1) N ),
and from M = X*(M + U*6M,U)X, it follows that
M =M +6M, [sM]|=O(rky|M]|u). (22)
Partition M conformable to M and assume that
[6Mas| < oumin(Ma),

so that Mvgg is invertible, and let S be the computed Schur complement based on M. T hen,
under the assumption that a backward stable linear system solver is used for computing
Mz M, column-wise, one has

S — Mll — O'M/,\\/l/12ﬂ2_21]\\/l/\f2 + Es;

with
|Es| = O((JMu1] + plMaz| + p*[Maz|)u) = O((1 + p)*| M |u),

where p is defined in (19). Some elementary calculations and (22) lead to
S=S+E;+ Fs=:5+46S,

with
|Fs] = O((1 + p)*kn| M]u),

where F results from the errors introduced in M by performing the transformation with U.
Note that due to the structure of the error we could absorb E; into F;. Altogether, we have

/\J\~f11 -S= /\(Nll + (5./\711) + (S +4S),

with |ON1] = O((k3u+ 1)|N|u), and [§S] = O((1 + p)2kn|M]u).
It then follows that the columns of

ot | @0 |7
o My M, 1]

span the right deflating subspaces corresponding to the finite and infinite eigenvalues, respec-
tively, of the pencil
~ —~ E, 0
Am{M%OOD,

and )\/\711 -8, A0 — Mvgg are the corresponding computed sub-pencils associated to these
bases.
Let Q be unitary such that

[UMMVTQ M22]Q:[0 ﬁm]‘

Then o L
_UMMQ_QIMTQ = Q2191_117

11



and therefore the right deflating subspace associated with the finite eigenvalues is spanned
by the orthonormal columns of the matrix

§11
Qo |

Introducing

o | LY e

y_QQ_[ 021 I+5y22}’
it follows from (22) that
[0 /sz} :[UMMVE Mas }Qy:([() My }-Fé’)y, (23)
with N N
E=[& &= oubMp sMx |Q.

Using

—(]\722 + &) = 0or1 (I + V1),
it follows that

16V12], [6Ya1] = O(knEara), [0V, [6Ya2] = O(k% K3 u?),

where Ry = | My [[M] > 1.
Since UX(A(N + 6N,) — (M + 6M,))UQ is block upper triangular, and because of the
structure of the pencil, the columns of
~ 10
N

are the right deflating subspaces of A\(N +0N,,) — (M + §M,,) corresponding to the finite and
infinite eigenvalues, respectively. Hence, the minimal angle between these two subspaces is
given by

Su

U
Qa1

Omin = cos ™1 Q|
and, since égl = Q2 (I + 53211) + 22051, it follows that
1921] = [Qa1] + O(snFaru),

and hence B
Gmin = emin + O<CSC @min"iNgMu)

The perturbation in the deflating subspace associated to the finite eigenvalues can then
be measured by d := sin™! |A|, with

_ Q2 |\ =~ éu Q] én
Af_(U[sz})U[Qm]_[Qm]X[Qm]’

and the perturbation in the deflating subspace of the eigenvalue infinity can be measured by
oo = sin"! |A |, with
ITN'~[o0
= (la]) 7]

12



Inserting the obtained norm bounds, we have
o7 = O([6Ya1] + [0X]) = O(knEaru),  doo = O([6X12]) = O(knu).

It should be noted that in the case that IV is already in block diagonal form as N , which
is for example the case when N arises from the middle block of the staircase form (2), then
U = U = I, and the computed sub-pencil corresponding to the finite eigenvalues is given by

AN =S, S=S+Es, |B|=0((1+p)?|M]e),

where Ej is arising just from the computations of S. B
In Step 2 of Algorithm 2, for the computed Q version of (), there exists a unitary () such
that |Q — Q| = O(u) and

([UMMVTQ MV22}+E>@=[0 //\/\122}7 (24)
with | B = O(|Mas|u) = O(| Maz|u).
Introducing

IO B ) ST ST
Y_QQ_|: 0Yo1 I+5Y22:|7

then similar to (23) we obtain

—

oMy Mo |Q=[0 M |+ | onoMy My |Q= [0 N | +€,
with [€] = O(kn|M[u). Then from
([ 0 Mn ] +EQ+ &)Y = [ 0 Mo }
and by using the partitioning £EQ + £ = [ Fi11 Eqs ], we obtain
Yar1(I + 6Y11) ™! = —(Maz + E12) "' Euy, (25)
with |Ep| = O((HJ/W\QQ | + kx| M])u), and hence using the structure we obtain the estimates
161l 18%i2l = O E NN ) = O(n gy, + Fnfonr )

and
[0Y11], |6Y22] = O((r5z, + kR 2u?),

where kg = | M| | Myt
Using these estimates, the computed N7; and Mj; can be expressed as

N = éﬁﬂlléll + 0N,
with [6N11] = O(|Q11?|Nu), and
My = éﬁ(ﬂnén + Mu@m) + oM,

with [SMu] = O((IMur[|Qu] + [M2][Qa1)] Qui [ w).

13



Using the relation between M — M and AN — M , one has
N1 = Qi N1iQu1 + Aw,
with [Ax| = O((s3u+ 1)N[[|Qu[*n), and

My = @ﬁ(ﬁn@n + Mm@m) + A,
with Ay 1] = O((kn|M] + [Mu[|Qu1] + | Mi2]|Q21]) Q11 ]u). Since

QuQ7 = (Qu(I +0Y11) + Q0Ya1)(Qu1(I + 6Y11) + Q126Yay)
= (@@ + Q220Yo1 (I +6Y11) ' Q) (I + Q120Ya1 (I +0Y11) Q) "
= QuQii + Qo dYar (I +6Y11) Q1 (I + Qu20Yor (I +6Y11) Q) ™,
using (16), one obtains o
Mir = Q115Qu1 + At + Az,
where, by using (13),

Ay = —QTl(Q21Q1_11)*J\/4\225Y21(I +0Y11) L QT + Q126Yar (T + 5Y11)_1Q1_11)_1@11
= —Q3 M26Yar(I+6Y11) I+ Q' Q126Yar (I + 6Y11) 1) 1Q1 Quu.
Using (25), it follows that
A = Q3 E11 + o(u),
and hence, .
[An 2] = O(|Q21 | (| M22] + kx| M])u),
and N B
My = Q1 SQ11 + A,
with |Ans| = O((kn| M| + | Mag|Qa1] + Mi1|Q11]2)u). Here we have used the fact that

| Myz]| < [ Mia M| Maz| = Qa1 ]|| Maz].

In the situation that only the finite eigenvalues are considered, one can restrict the effort
to compute AN7; — My only. So if we set

on NS = QI NLQu1, oy ME, = @Tz(ﬂllén +M12@21),

@11
Q21

form an orthonormal basis for the right deflating subspace of )\N M1 corresponding to the
finite eigenvalues, where ./\/11 is a perturbed M of order O(Mnu) because of the inexact QR
factorization (24). The resulting sub-pencil is )\QHNHQH — QH(MHQH + M12Q21) and
the pencil AN1; — M1 is obtained by adding the extra error pencil AAx — Aj introduced
by the numerical computation of A3 and M;;. Similarly, the columns of

7

14

then the columns of



span the right deflating subspace of MW — M 1 corresponding to the eigenvalue infinity and
the columns of the matrices B

A
Q21 I

span the corresponding deflating subspaces of a pencil slightly perturbed from AN — M.

Setting
X Q12 1\ ~ | Qu (@] Qu 1R
Af_(U[QwD v @21]__%2] X[@m]’ e :=sin A,

<~ IN"~[o0 1R
A°°_<U[Q}> U_I]’ €oo i=58In"" |Ax],

we have €5, = 0o = O(knu), and similarly,

U

and

ef = O([6Yar] + [0X]) = O((rz,, + rnEn)u),

and the minimal angle between the two perturbed subspaces is given by
Omin = Omin + Of(csc Omin (K7, T KNEM)Q).
If AN — M is already in the form of AN — M, then U =U = I, and in this case,

AN = O(IN[1Qu1?w),  [An] = O((IM22]|Q21] + | M11]|Q11]*)w),
and it follows that

€ =0, €5= O(ﬁﬁnu), Omin = Omin + O(csc @minmﬂmu).

We may express N1 and Mg as
Ni = QF (N1 + AN)Qu1, M= Qi (S + Ayn)Qu
with B B B B B B
Ay = Q7 ANQT . Ay = QT AnQT.
and by using (20), we have
|[An] = O((kke+1)rd,, |N|u),
[Aml = O(kNIQE PIMI + £, I Ml + plQ1 | Maz] )w),

where kg, = |Q11] ||Q1_11 |-

Recalling from (20) that [Q1'| = \/1+ p?, and comparing the errors in the sub-pencils
AN — S and AN, — My, it follows that |Ajs| and |0S| have the same order, while |A |
can be larger than [6N71] by a factor HQQH. The latter will be of equal order only when ”2Qn
is not too large.

On the other hand, if we transform Aj\~/11 - S to
QY (ON1L — 8)Q11 = QT (AN11 — 8)Q11 + QT (AN11 — 68)Qun,
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then we have

H@ﬁéﬁn@ﬂ! = O((kjyu+1)|Qul*|N|u),
|Q1168Qu1] = O((1+ p)?[Qul*kn|M |u).

The first quantity has the same order as |Ay |, while the second one can be larger than |Aj/|
by a factor mén unless kg,, is not too large. So in terms of numerical stability, the error anal-
ysis results do not show which method has an advantage over the other. This is an unusual
circumstance in numerical analysis, where usually the methods based on unitary transfor-
mations in the worst case situation have smaller errors than the ones based on non-unitary
transformations. We will demonstrate this effect in the numerical examples in section 7.

5 An alternative point of view

Another way to understand the new unitary structure preserving method of deflating the
infinite eigenvalue part is to consider the extension trick introduced in [9]. Partition the
matrix U in (3) as U = [ Uy Us | with Uy of the same size as N;. For any eigenvector z
of AN — M corresponding to a finite eigenvalue ), it then follows from U*(AN — M)z = 0
that Uy Mz = 0. So the original eigenvalue problem is equivalent to the non-square, non-
symmetric eigenvalue problem

SHREAE

and we are only looking for eigenvectors in the nullspace of UFM. Let

z:=V*r =: [ A1 ]
Z2

be partitioned according to the block structure in (9). Then the eigenvalue problem (26) is
equivalent to the extended eigenvalue problem

o 008 L )

N11 N12 Mll M12 5
= | A| onNNJy Noo | — | omM ]\/{22 [ zl } =0.
0 0 0 My 2

Clearly then it follows that zo = 0 and
()\NH — M11)21 = 0.
Hence, an eigenvector of AN — M corresponding to a finite eigenvalue has the form x =

\% [ 28 ] , where 21 is an eigenvector of the sub-pencil AN1; —Mj;. More generally, the columns

of V 181 ] form an orthonormal basis for the deflating subspace of AN — M corresponding

to the finite eigenvalues.
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6 Palindromic and anti-palindromic pencils

Structured pencils that are closely related to those discussed before are the palindromic/anti-
palindromic pencils of the form
PV |

where A is an arbitrary real or complex square matrix, and o = %1, see [10, 17] for a detailed
discussion of the relationship. Assume further that the eigenvalue o (if it occurs) is semi-
simple, which corresponds to the regular and index at most one property for the structured
pencils discussed before. Applying a Cayley transformation, see [10, 11], the pencil AN — M
with

N:=A"—06A=—-0N*, M:=A"+0cA=0cM*
is a structured pencil of the form (1) with oy = —o and oj; = o, and the semi-simple

eigenvalue o becomes the eigenvalue oo and the pencil has index at most one. To this pencil
we can apply the discussed transformations V,U as defined in (3) and (7). Then

M,
My |-

Ny

UN(A* —0A) = [ 0

} , UX(A*+04) = [

Partitioning

AU=[ Ay A ], U*A:[Bl]

conformably, one has

N . AT—O’Bl M, . AT-}-O’Bl
0 o A;—UBQ ’ M2 - ’

and hence
Ay = 0By, My =208,
Furthermore, applying V' to Ma, we obtain MsV = [ 0 ]\/4\22 } , and hence BoV = [ 0 §22 ]
with Bay = 0 Mas /2.
Setting

V*AV: |: All A12 :|

Ag1 Ag
then

VXN = M)V = A el } N [ AT+ oA A5+ oA

ATQ — O‘A21 A;} — O'AQQ ATQ + O'A21 A;Z + O'A22 ’

and thus
)\NH — M = )\(ATI — O'AH) — (Ajlkl + O'AH)

is the sub-pencil of AN — M with the finite eigenvalues only. By taking the inverse Cayley
transformation, this is equivalent to the property that the palindromic sub-pencil

)‘ATI — O‘A11

contains all the eigenvalues of AA* — oA except the eigenvalue o, which has been deflated.
It should be noted though that the Cayley transformation or its inverse may lead to
cancelation errors if there are eigenvalues close to o but not equal to o.
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7 Numerical Examples

In this section we present several numerical tests to compare the computed finite eigenvalues
of the sub-pencils generated by the three methods: structured unitary equivalence transforma-
tion, Schur complement transformation, and the non-structured equivalence transformation.
All the tests were performed in Matlab ([12]) with double precision. All the tested pencils
were real, and we use relative errors to measure the accuracy of the computed finite eigen-
values, where the "exact” eigenvalues are computed with the Matlab code eig in extended
precision vpa. The tested pencils are all skew-symmetric/symmetric. The finite eigenvalues
of the sub-pencil extracted with the two structure preserving methods are computed with
the MEX code skewHamileig ([2, 3]). If the pencil associated with the finite eigenvalues was
extracted via non-structured equivalence transformations, we use the matlab code qz. We
also display the quantities ©min, 0, €f, €, as well as p defined in (19). Since Oy and @min
are always very close to Oy, we did not display them. We do not show ., either, since it
is the same as €.
The following quantities were produced from the numerical tests.

e Eumax, FESmax, Ehmax: The maximum relative error of the finite eigenvalues for a given
pencil with the structured unitary equivalence transformation method, the Schur com-
plement method, and the nonstructured equivalence transformation method, respec-
tively.

e Funin, Esmin, Ehpin: The minimum relative error of the finite eigenvalues for a given
pencil with the structured unitary equivalence transformation method, the Schur com-
plement method, and the nonstructured equivalence transformation method, respec-
tively.

e FEugu, Esgar, Ehgar: The geometric mean of the relative errors of the finite eigenvalues
for a given pencil with the structured unitary equivalence transformation method, the
Schur complement method, and the nonstructured equivalence transformation method,
respectively.

e Rejpyt: The maximum real part of the eigenvalues computed by the nonstructured equiv-
alence transformation method, in the case when all the exact finite eigenvalues are purely
imaginary.

Example 1 We tested a set of skew-symmetric/symmetric pencils X7 (AN — M)X, where
0 0 2

1
100
-1 0 0 0 3
N*OOOﬂ@O’M’ 5 @ \/&a,
0 0 -8 0 2

and X is a randomly generated nonsingular matrix. The finite eigenvalues of such a pencil
are always +iy/6 and 4iv/6/f, independent of X and a. If 8 is small in modulus, then N
is close to a singular matrix, and when « is small in modulus, then it can be expected that
the eigenvalue infinity part will affect the finite eigenvalues. Note that when 8 = 1, then the
pencil has two pairs of double eigenvalues.

We have performed the computations 10 times for each pair of (a, ) where each time a
different random X is generated. Tables la, 1b, 1c, and 1d show the results for each pair
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of (a,3). The three methods determine the finite eigenvalues with about the same order
of relative errors. The non-structured method produces slightly less accurate eigenvalues.
Because it forms non-structured sub-pencils, the computed eigenvalues are no longer purely
imaginary. The real parts of the computed finite eigenvalues grow as |3| is getting smaller.
For all three methods, in this example the errors seem insensitive to the value of «, while
they increase when || decreases. However, a does affect the deflating subspace associated
with the finite eigenvalues.

Eumax 4e — 15 9e — 15 2e — 14 4e — 14 6e — 14 6e — 14 Te — 14 8e — 14 2e — 13 4e — 13
Esmax 7e — 15 de — 14 le — 14 6e — 14 6e — 14 6e — 14 Te — 14 le — 13 6e — 14 5e — 13
Ehmax le — 14 8e — 14 2e — 14 le — 13 6e — 14 8e — 14 6e — 14 2e — 13 le — 12 5e — 13
Euyin 2e — 15 9e — 15 3e — 15 le — 14 5e — 15 6e — 15 2e — 14 le — 14 9e — 16 3e — 15
Esmin 0 le — 14 5e — 15 9e — 15 4e — 15 4e — 15 2e — 14 6e — 15 4e — 15 4e — 15
Ehp,in le — 15 4e — 14 le — 14 le — 14 6e — 15 3e — 15 5e — 15 9e — 14 6e — 15 2e — 15
Eug 2e — 15 9e — 15 8e — 15 2e — 14 2e — 14 2e — 14 3e — 14 3e — 14 le — 14 3e — 14
Esgm 0 2e — 14 8e — 15 2e — 14 2e — 14 2e — 14 4e — 14 3e — 14 2e — 14 4e — 14
Ehg s 4e — 15 6e — 14 2e — 14 4e — 14 2e — 14 2e — 14 2e — 14 le — 13 8e — 14 4e — 14
Repat 2e — 14 2e — 13 2e — 14 2e — 13 le — 14 de — 14 9e — 15 2e — 13 4e — 13 le — 13

€f 3e — 11 3e — 11 2e — 12 2e — 11 4e — 11 4e — 11 le — 11 2e — 11 le — 10 Te — 11
Sf 3e — 11 2e — 11 2e — 12 Te — 12 2e — 11 2e — 11 le — 11 2e — 11 le — 10 6e — 11
€oo 6e — 16 6e — 16 5e — 16 Te — 16 5e — 16 5e — 16 3e — 16 3e — 16 2e — 16 5e — 16
© 6e — 01 2e — 01 2e — 01 2e — 01 8e — 02 3e — 01 2e — 01 8e — 02 8e — 02 le — 01
P 1.4 4.7 4.0 6.4 13 3.5 6.5 13 13 7.6

Table 1a (a, ) = (1073, 1): Eigenvalue errors, errors in deflating subspaces, ©, p

1 2 3 4 5 6 7 8 9 10

Bumax | 8¢ — 13  3e — 12 6e— 12 7e—12 9e—12 2e—11 8e—11 8e— 11 3e — 10 2e — 09
ESmax | 3¢ —12 B3e—12 7e—12 9e—12 4de—11 3e—11 4de—11 4e—11 6e—10 2e— 09
Ehmax | 8¢ —12 7e—11 3e—10 8e—12 1le—10 3e—11 le—10 4e—11 1le—09 3e—09
Eupmin | 6e—14 4e—16 8e—14 4e—13 2e—14 9e—15 9e—13 3e—15 5e—16 1le— 11
ESmin | 6e—14 7Te—16 3e—14 2e—13 2e—15 9e—15 1le—12 6e—15 Te—16 le—11
Ehmin | be—14 4e—14 2e—12 4e—13 4de—14 8e—15 9e—13 9e—15 2e—15 le—11
Eugay | 2¢—13 3e—14 T7e—13 2e—12 4e—13 4e—13 9e—12 Be—13 4de—13 2e—10
Esgay | 4e—13  B5e—14 4e—13 le—12 3e—13 5e—13 8e—12 bBe—13 7Te—13 le—10
Ehgar | 6e—13 2 —12 2e—11 2e—12 2e—12 5e—13 le—11 6e—13 2e—12 2e— 10
Rehat | 2¢ —06 3¢ —06 7e —05 2e — 06 2e¢—05 7e—06 le—05 le—05 3e— 04 6e— 04

€f le — 08 8e — 08 5e — 08 8e — 10 2e — 07 le — 07 le — 07 le — 07 4e — 07 6e — 06
5f le — 08 8e — 08 5e — 08 8e — 10 2e — 07 le — 07 le — 07 le — 07 4e — 07 6e — 06
€00 2e — 12 2e — 11 6e — 12 6e — 12 4e — 11 le — 11 Te — 12 6e — 12 le — 10 3e — 11
5] 2e — 01 3e — 01 2e — 01 le — 01 le — 01 le — 01 5e — 02 le — 01 8e — 02 6e — 03
P 4.2 3.1 6.1 9.8 8.6 7.2 19 8.3 12 165

Table 1b (a, 3) = (1073,107°): Eigenvalue errors, errors of deflating subspaces, and O, p

Eumax 3e — 15 4e — 15 4e — 15 6e — 15 Te — 15 9e — 15 9e — 15 9e — 15 4e — 14 6e — 14
Esmax le — 15 4e — 15 8e — 15 5e — 15 4e — 15 8e — 15 4e — 15 2e — 14 2e — 14 4e — 14
Ehmax 3e — 14 8e — 15 3e — 14 4e — 15 5e — 15 2e — 14 3e — 14 3e — 14 4e — 14 3e — 14
Eupmin Te — 16 9e — 16 2e — 16 Te — 16 0 2e — 15 5e — 15 4e — 15 5e — 15 2e — 15
Esmin 2e — 16 4e — 16 le — 15 9e — 16 le — 15 le — 15 2e — 15 3e — 15 2e — 14 3e — 15
Ehpin 4e — 16 4e — 15 3e — 15 2e — 15 4e — 15 4e — 15 4e — 15 le — 15 8e — 15 le — 14
Eugas 2e — 15 2e — 15 9e — 16 2e — 15 0 5e — 15 6e — 15 6e — 15 le — 14 le — 14
Esgnm 5e — 16 le — 15 3e — 15 2e — 15 2e — 15 3e — 15 3e — 15 8e — 15 2e — 14 le — 14
Ehgar 3e — 15 5e — 15 le — 14 3e — 15 4e — 15 9e — 15 le — 14 Te — 15 2e — 14 2e — 14
Repat 3e — 14 2e — 14 3e — 14 3e — 15 le — 14 le — 14 3e — 14 Te — 15 3e — 14 3e — 14

€f 5e — 08 4e — 08 le — 07 2e — 07 2e — 08 2e — 07 4e — 07 le — 07 le — 06 4e — 07
Sf 4e — 08 3e — 08 le — 07 9e — 08 2e — 08 le — 07 3e — 07 le — 07 6e — 07 3e — 07
€00 2e — 16 5e — 16 3e — 16 3e — 16 3e — 16 Te — 16 3e — 16 2e — 16 2e — 15 5e — 16
S 2e — 01 7e — 01 3e — 01 2e — 01 4e — 01 3e — 01 2e — 01 7e — 02 2e — 01 2e — 01
P 4.6 1.2 3.7 5.8 2.4 3.8 4.9 14 4.6 5.0

Table 1c (o, 3) = (1077, 1): Eigenvalue errors, errors of deflating subspaces, and ©, p
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1 2 3 4 5 6 7 8 9 10

Eumax le — 12 2e — 12 9e — 12 3e — 11 3e — 11 3e — 11 52e — 11 9e — 11 le — 10 2e — 10
Esmax 2e — 11 2e — 12 Te — 12 5e — 12 2e — 11 3e — 11 7e — 11 le — 10 8e — 11 le — 10
Ehmax 2e — 11 3e — 11 3e — 11 Te — 11 3e — 10 le — 10 6e — 11 le — 10 9e — 11 le — 10
Eupin 5e — 16 le — 15 2e — 15 le — 13 4e — 15 2e — 15 9e — 14 le — 14 3e — 13 le — 15
ESmin 2e — 15 le — 14 9e — 16 2e — 13 5e — 15 3e — 15 4e — 14 4e — 15 2e — 13 6e — 15
Ehpin 6e — 15 9e — 14 7e — 15 3e — 13 3e — 14 le — 14 Te — 14 5e — 15 Te — 13 le — 14
Eugnm 3e — 14 4e — 14 le — 13 2e — 12 4e — 13 3e — 13 2e — 12 le — 12 5e — 12 4e — 13
Esgym 2e — 13 le — 13 8e — 14 9e — 13 3e — 13 3e — 13 2e — 12 7e — 13 4e — 12 8e — 13
Ehg s 3e — 13 2e — 12 8e — 13 5e — 12 2e — 12 le — 12 2e — 12 8e — 13 8e — 12 le — 12
Repat 4e — 06 6e — 06 2e — 05 le — 05 6e — 05 2e — 05 4e — 06 2e — 05 2e — 05 2e — 05

ef 2e — 04 4e — 04 le — 03 4e — 04 2e — 03 5e — 04 2e — 03 2e — 04 le — 04 2e — 04
of 2e — 04 4e — 04 le — 03 4e — 04 2e — 03 5e — 04 2e — 03 2e — 04 le — 04 2e — 04
€00 6e — 12 2e — 12 2e — 11 9e — 12 3e — 11 2e — 11 le — 11 3e — 11 4e — 11 3e — 11
€] 3e — 01 2e — 01 5e — 01 5e — 02 le — 01 4e — 01 Te — 02 5e — 02 2e — 01 Te — 02
P 3.8 5.6 1.7 21 10 2.5 14 20 4.0 14

Table 1d (a, 3) = (10~7,107?): Eigenvalue errors, errors of deflating subspaces, and O, p

Example 2 We tested a set of skew-symmetric/symmetric pencils X7 (AN — M)X, where

0 01 0 2 0 B8 0 100
Lo 00 -1 1o 20 8
N=1_100 0 %% M=|35 o o 0o|® \/aa’
0 10 0 0 8 00

and X is a randomly generated matrix. The finite eigenvalues of such a pencil are always +0
with both algebraic and geometric multiplicities of 2.

When |3] is tiny, then all the finite eigenvalues are close to zero and the eigenvalue con-
dition number is expected to increase. Tables 2a, 2b, 2¢, and 2d display the results for 4
different sets of («, 3) (with 10 pencils for each set as in Example 1), illustrating that the
three methods have essentially the same accuracy. The results also show that the relative
errors do increase when || is getting tiny, and that again, the choice of o does not affect the
accuracy very much. For this example, no method yields finite eigenvalues that are exactly
real.

1 2 3 4 5 6 7 8 9 10
Bumax | 2¢ — 16 2e — 14 2e — 14 2e — 14 2e— 14 2e — 14 Be—14 be—14 6e—14 7e—12
Esmax | 2¢ —15 3e—14 3e—14 9e—16 2e—14 2e—14 4de—14 9e—14 Te—14  3e—12
Ehmax | 2¢—14 6e—14 6e—14 5e—14 2e—13 2e—14 9e—14 6e—14 2e—13  6e— 12
Bumin | 2¢ —15 2e—14 2e—14 2e—14 2e—14 2e—15 9e—15 2e—14 2e—14 2e—14
ESmin | 9¢—16 3e—14 6e—15 9e—16 2e—14 Te—15 2e—14 2e—14 2e—15 5e— 14
Ehpin | 2¢ —15 8e—15 2e—14 5e—16 le—14 5e—16 Te—15 6e—14 le— 14 0

Bugpy | 2¢—15 2e—14 2e—14 2e—14 2c—14 6e—15 2c—14 3e—14 3e—14  de—13
BEsgym | 2¢—15 3e—14 2 —14 9e—16 2e—14 9e—15 3e—14 4de—14 4le—14 4de—13

Ehgn 5e — 15 3e — 14 3e — 14 8e — 15 4e — 14 5e — 15 3e — 14 6e — 14 4e — 14 0
e 8e — 12 9e — 11 9e — 12 2e — 11 4e — 11 4e — 12 5e — 12 3e — 11 9e — 12 2e — 10
o 4e — 12 4e — 11 9e — 12 le — 11 2e — 11 4e — 12 4e — 12 2e — 11 6e — 12 2e — 10
€00 4e — 16 5e — 16 6e — 16 3e — 16 4e — 16 4e — 16 2e — 16 5e — 16 3e — 16 5e — 16
[S] 3e — 01 3e — 01 5e — 01 2e — 01 3e — 01 3e — 01 3e — 01 5e — 01 2e — 01 3e — 02
P 4 4 3 8 5 5 4 3 6 40

Table 2a («, 8) = (1073, 1): Eigenvalue errors, errors of deflating subspaces, and O, p
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1 2 3 4 5 6 7 8 9 10

Eumax 9e — 05 2e — 04 2e — 04 3e — 04 4e — 04 4e — 04 5e — 04 7e — 04 3e — 03 2e — 02
Esmax 5e — 05 5e — 04 5e — 05 2e — 04 3e — 04 3e — 04 6e — 04 2e — 04 2e — 03 6e — 03
Ehmax 2e — 04 3e — 04 2e — 04 6e — 03 4e — 04 2e — 03 2e — 03 2e — 03 4e — 03 3e — 02
Eupin 9e — 05 2e — 04 5e — 06 7e — 05 4e — 04 5e — 05 5e — 04 5e — 05 2e — 05 2e — 04
Esmin 5e — 05 4e — 05 5e — 05 2e — 04 3e — 04 5e — 05 6e — 04 2e — 04 5e — 05 2e — 04
Ehpin 2e — 04 3e — 04 9e — 06 2e — 04 4e — 04 2e — 04 3e — 05 4e — 05 Te — 04 9e — 04
Eug 9e — 05 2e — 04 3e — 05 2e — 04 4e — 04 2e — 04 5e — 04 2e — 04 2e — 04 2e — 03
Esgm 5e — 05 2e — 04 5e — 05 2e — 04 3e — 04 2e — 04 6e — 04 2e — 04 3e — 04 8e — 04
Ehg s 2e — 04 3e — 04 5e — 05 9e — 04 4e — 04 4e — 04 3e — 04 2e — 04 2e — 03 5e — 03

€f 2e — 12 3e — 11 5e — 12 4e — 11 2e — 11 2e — 11 5e — 11 6e — 12 2e — 11 2e — 10
5f 2e — 13 2e — 11 4e — 12 2e — 11 2e — 11 2e — 11 4e — 11 5e — 12 le — 11 7e — 11
€00 3e — 16 4e — 16 3e — 16 4e — 16 4e — 16 3e — 16 3e — 16 5e — 16 4e — 16 7e — 16
© 5e — 01 5e — 01 3e — 01 4e — 01 2e — 01 3e — 01 7e — 02 3e — 01 2e — 01 2e — 02
P 3 3 5 4 9 5 20 4 6 80

Table 2b (a, B) = (1073,107°): Eigenvalue errors, errors of deflating subspaces, and ©, p

Eumax 9e — 15 le — 14 le — 14 2e — 14 3e — 14 3e — 14 5e — 14 5e — 14 2e — 13 4e — 13
Esmax 2e — 14 9e — 15 3e — 14 2e — 14 3e — 14 5e — 14 3e — 14 2e — 13 2e — 14 4e — 13
Ehmax 2e — 14 2e — 14 3e — 13 3e — 13 2e — 13 le — 14 6e — 14 2e — 13 3e — 13 4e — 13
Euyin 6e — 15 le — 14 Te — 15 2e — 14 3e — 14 3e — 14 4e — 15 5e — 14 4e — 15 8e — 15
Esmin 2e — 15 3e — 15 6e — 15 2e — 14 3e — 14 3e — 15 2e — 15 4e — 15 2e — 14 7e — 15
Ehp,in 9e — 15 7e — 15 3e — 14 6e — 15 3e — 14 7e — 15 3e — 15 2e — 13 2e — 15 7e — 15
Eug 7e — 15 le — 14 9e — 15 2e — 14 3e — 14 3e — 14 2e — 14 5e — 14 3e — 14 6e — 14
Esgm 5e — 15 5e — 15 2e — 14 2e — 14 3e — 14 2e — 14 8e — 15 3e — 14 2e — 14 5e — 14
Ehg s 2e — 14 2e — 14 6e — 14 5e — 14 7e — 14 8e — 15 2e — 14 2e — 13 3e — 14 5e — 14

€f 9e — 08 5e — 07 9e — 08 2e — 07 9e — 07 2e — 07 5e — 07 2e — 08 2e — 07 Te — 07
S Te — 08 2e — 07 9e — 08 9e — 08 3e — 07 le — 07 5e — 07 8e — 09 5e — 08 7e — 07
€00 5e — 16 3e — 16 4e — 16 Te — 16 4e — 16 3e — 16 3e — 16 4e — 16 3e — 16 6e — 16
© 3e — 01 5e — 01 2e — 01 7e — 01 3e — 01 Te — 02 3e — 01 Te — 02 5e — 01 2e — 01
P 5e 3 9 2 4 20 5 20 2 8

Table 2¢ (o, 3) = (1077, 1): Eigenvalue errors, errors of deflating subspaces, and ©, p

1 2 3 4 5 6 7 8 9 10

Eumax 3e — 05 3e — 05 5e — 05 2e — 04 3e — 04 4e — 04 7e — 04 3e — 03 le — 01 2e — 01
EsSmax 8e — 06 3e — 05 6e — 05 2e — 04 6e — 04 4e — 04 8e — 04 2e — 03 3e — 02 3e — 01
Ehmax 5e — 04 4e — 05 4e — 03 8e — 04 2e — 03 4e — 04 3e — 03 2e — 03 8e — 02 2e + 00
Euyin 2e — 06 3e — 05 5e — 05 2e — 04 le — 04 4e — 04 Te — 04 3e — 05 5e¢ — 05 9e — 05
Esmin 8e — 06 3e — 05 6e — 05 2e — 04 7e — 05 4e — 04 8e — 04 6e — 05 4e — 05 2e — 03
Ehp,in 2e — 05 4e — 05 2e — 04 2e — 04 3e — 04 4e — 04 Te — 04 4e — 04 9e — 05 2e — 04
Eug 6e — 06 3e — 05 5e — 05 2e — 04 2e — 04 4e — 04 Te — 04 3e — 04 3e — 03 4e — 03
Esgm 8e — 06 3e — 05 6e — 05 2e — 04 2e — 04 4e — 04 8e — 04 3e — 04 2e — 03 2e — 02
Ehg s 9e — 05 4e — 05 8e — 04 4e — 04 7e — 04 4e — 04 2e — 03 9e — 04 3e — 03 2e — 02

€f 4e — 08 2e — 08 5e — 07 5e — 07 2e — 07 7e — 07 2e — 07 6e — 07 9e — 07 2e — 06
S 3e — 08 3e — 08 4e — 07 5e — 07 3e — 07 8e — 07 2e — 07 3e — 07 4e — 07 2e — 06
€00 2e — 16 le — 15 3e — 16 Te — 16 4e — 16 7e — 16 3e — 16 5e — 16 6e — 16 3e — 16
(] 2e — 01 5e — 01 6e — 01 2e — 01 le — 01 8e — 02 Te — 02 6e — 02 2e — 02 5e — 03
P 6 3 2 5 20 20 20 20 90 300

Table 2d (o, 3) = (10~7,107?): Eigenvalue errors, errors of deflating subspaces, and O, p

Example 3 For skew-symmetric/symmetric pencils of the form X7(AN — M)X, where

0 0 10 2 0 B8 0 100
Lo 0 01 1o 20 8
N=121 0 00|%% M=|35 o o 0o|® \/aa’
0 -1 0 0 0 8 0 0

and X being a randomly generated nonsingular matrix, the finite eigenvalues of such are
always 4+ with both algebraic and geometric multiplicities of 2.
The numerical results are similar to those of Example 2 and are not presented here.
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Example 4 For skew-symmetric/symmetric pencils of the form X* (AN — M)X, where

0 0 10 008 1 100
o 0 01 oo o0 p
N=1"9 0 00]%" M=15000|® ‘/aa’
0 -1 00 1 80 0

and X a randomly generated nonsingular matrix, there exist two 2 x 2 Jordan blocks, one for
eigenvalue 8 and another for —f.

In this case it is expected that the computed finite eigenvalues have big errors due the
Jordan blocks, and when |3| becomes smaller, then the errors will get larger. Our numerical
results presented in Tables 3a and 3b confirm these expectations for two sets of («, ).

1 2 3 4 5 6 7 8 9 10

Fumax | 8¢ — 08 8e — 08 Oe — 08 1le — 07 2e—07 2e—07 2e—07 2 —07 2—07 le—06
Esmax 2e — 07 4e — 08 7e — 08 6e — 08 le — 07 2e — 07 5e — 08 2e — 07 2e — 07 8e — 07
Ehmax 2e — 07 8e — 08 2e — 07 2e — 07 2e — 07 4e — 07 3e — 07 4e — 07 6e — 07 2e — 06
Eupmin 8e — 08 8e — 08 9e — 08 le — 07 2e — 07 2e — 07 2e — 07 2e — 07 2e — 07 le — 06
Esmin 2e — 07 4e — 08 7e — 08 6e — 08 le — 07 2e — 07 5e — 08 2e — 07 2e — 07 8e — 07
Ehpi, | 8¢ —08 7e—08 2e—07 4e—08 2e—07 3e—07 3e—07 2e—07 5e—07 le—06
Bugny | 8¢ —08 8¢ —08 9¢—08 le—07 2e—07 2e—07 2e—07 2e—07 2¢—07 le—06
Esgm 2e — 07  4e — 08 7e — 08 6e — 08 le — 07 2e — 07 5e — 08 2e — 07 2e — 07 8e — 07
Ehg s 2e — 07 7e — 08 2e — 07 7e — 08 2e — 07 3e — 07 3e — 07 3e — 07 5e — 07 2e — 06

€f 2e — 09 2e — 09 3e — 09 8e — 10 3e — 10 8e — 11 7e — 09 3e — 10 4e — 09 3e — 09
Sf le — 09 3e — 09 3e — 09 9e — 10 4e — 10 2e — 10 2e — 09 3e — 10 2e — 09 3e — 09
€00 5e — 16 4e — 16 4e — 16 2e — 15 le — 15 3e — 16 5e — 16 6e — 16 3e — 16 8e — 16
© 3e — 01 4e — 01 4e — 01 6e — 01 2e — 01 3e — 01 2e — 01 5e — 01 le — 01 2e — 01
P 5 3 3 2 7 5 7 2 20 10

Table 3a (a, ) = (1072,1): Eigenvalue errors, errors of deflating subspaces, and 0, p

1 2 3 4 5 6 7 8 9 10
EUmax | e — 02  6e — 02 7e —02 8e—02 1le—01 1le—01 2e—01 B3e—01 4de—01 be—o0lL
ESmax | 5e —02 5e—02 8e—02 8e—02 8e—02 2 —01 7e—02 3e—01 2e—01 6e—01
Ehmax | 5 —02 6e—02 3e—01 3e—01 2 —01 9e—02 2—01 6e—01 3e—01 le+00
BEupmin | 5e —02 6e—02 7e—02 8e—02 1le—01 1le—01 2e—01 3e—01 4e—01 5e—01
ESmin | 5e —02 5e—02 8e—02 8e—02 8e—02 2 —01 7e—02 3e—01 2 —01 5e—01
Ehpin | 22—02 3e—02 2 —01 9e—02 5e—02 8e—02 2 —01 3e—01 3e—02 2e—01
Bugy | 5e—02 6e—02 7e—02 8e—02 1le—01 1le—01 2 —01 3e—01 4e—01 5e—01
Esgy | 5be—02 5e—02 8 —02 8e—02 8 —02 2—01 7e—02 3e—01 2e—01 6e—01
Ehgy | 3¢ —02 56—02 3e—01 2 —01 8 —02 9e—02 2 —01 5e—01 9e—02 de—01

€f 3e — 10 9e — 10 le — 09 2e — 09 3e — 09 2e — 10 le — 09 3e — 09 5e — 09 3e — 08
Sf 3e — 10 8e — 10 4e — 10 2e — 09 2e — 09 3e — 10 6e — 10 3e — 09 2e — 09 3e — 08
€00 4e — 16 7e — 16 5e — 16 6e — 16 3e — 16 9e — 16 2e — 16 4e — 16 7e — 16 5e — 16
© 4e — 01 5e — 01 2e — 01 2e — 01 4e — 01 3e — 01 6e — 01 le — 01 6e — 02 3e — 02
P 3 3 6 6 4 5 2 20 20 50

Table 3b (a, 3) = (1072,107%): Eigenvalue errors, errors of deflating subspaces, and ©, p

All the numerical tests confirm our expectations obtained from the error analysis and
illustrate that, surprisingly, the Schur complement approach and the approach via orthog-
onal structure preserving transformations deliver the same accuracy, despite possible ill-
conditioning. The unstructured orthogonal transformation, however, shows the expected
problems with purely imaginary eigenvalues.

8 Conclusions

We have presented and analyzed several methods to deflate the infinite eigenvalue part in a
structured regular pencil of index at most one. We have shown via a careful error analysis
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that it is possible to do this deflation via a structure preserving real orthogonal or unitary
transformation as well as with a Schur complement approach. Both methods yield similar
results in the perturbation and error analysis and this is confirmed in the numerical tests.
This is surprising, and counterintuitive to the general wisdom, that unitary transformations
typically perform better than transformations with potentially unbounded transformations.
Nonetheless, we suggest to use the unitary structure preserving transformations, since they
are very much in line with the staircase algorithm. Both methods are definitely preferable to
the non-structured unitary transformation.
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