
Ω ⊂ R2 m ν Uν

uν ν

vν

uν = uν
vν , ν = 1, . . . ,m.

uν
jν

jν = −Dν(·, v1 , . . . , vm)uν∇vν ,= −Dν ūν
vν ∇vν , ν = 1, . . . ,m,

Dν : Ω × Rm → R+

R ⊂ Zm
+ × Zm

+

(α,β) ∈ R

α1 1 + · · ·+ αm m ! β1 1 + · · ·+ βm m.

k(α,β)(a
α − aβ)

k(α,β) aν := (vν) ν



aα :=
∏m

ν=1 a
αν
ν ν

Rν(·, v1 , . . . , vm) :=
∑

(α,β)∈R

k(α,β)(a
α − aβ)(βν − αν).

S

S = {α− β : (α,β) ∈ R}

S⊥ m
Γ = ∂Ω

∂uν
∂t

+∇ · jν −Rν = 0 R+ × Ω, · jν = 0 R+ × Γ,

uν(0) = Uν Ω, ν = 1, . . . ,m.

(
)

n
n ∈ N c > 0

ν=1,...,m

{
(βν − αν)

(
aα − aβ

)}
≤ c

(
1 +

m∑

ν=1

anν

)

∀a ∈ Rm
+ , ∀(α,β) ∈ R.



Ω ⊂ R2 Γ := ∂Ω

m ∈ N R Zm
+ × Zm

+ (α,β) ∈ R
k(α,β) : Ω × Rm → R+ 0 < ck
ck < ∞ ck ≤ k(α,β)(x,y) ≤ ck x ∈ Ω ∀y ∈ Rm

Dν : Ω × Rm → R+

0 < cD cD < ∞ cD ≤ Dν(x,y) ≤ cD x ∈ Ω ∀y ∈ Rm

ν = 1, . . . ,m uν Uν ∈ L∞(Ω) 0 < cu cu < ∞ 0 < cU
cU < ∞ cu ≤ uν(x) ≤ cu cU ≤ Uν(x) ≤ cU x ∈ Ω ν = 1, . . . ,m

( 1)

u := (u1, . . . , um) v := (v1, . . . , vm) a := (a1, . . . , am)
X " Y ∼= Y ∗ " X∗

X := H1(Ω,Rm), Y := L2(Ω,Rm), W := X ∩ L∞(Ω,Rm).

A : W → X∗ E : X → X∗

〈Av, v̄〉 :=
∫

Ω

(
m∑

ν=1

Dνuν
vν ∇vν ·∇vν −Rν(

v)vν

)
dx,

〈Ev, v〉 :=
m∑

ν=1

∫

Ω
(uν

vν v) dx ∀v ∈ X.

( 1) (u, v)

u′(t) +Av(t) = 0, u(t) = Ev(t) t ∈ R+, u(0) = U,
u ∈ H1 (R+, X∗), v ∈ L2 (R+, X) ∩ L∞(R+, L∞(Ω,Rm)).

}

(u, v)

u(t)− U ∈ U :=
{
w ∈ X∗ :

(
〈wν ,1〉

)

ν=1,...,m
∈ S

}
∀t > 0.



u∗ :=
t→∞

u(t) u∗ ∈ U + U .
(u∗, v∗) u∗ ∈ U + U (u∗, v∗)

(u, v)

M
T

P1

K

L

xK

xL

xM

d�

m�

M = (P,V, E)

Ω R2 M = (P ,V, E)
P Ω̄ V E

R M = P
K xK ∈ P

K = {x ∈ Ω : |x− xK | < |x− xL| ∀xL ∈ P , xL .= xK} .

K NV(K)
K |K| M

(M) =
K∈V

(K).

K, L ∈ V K ∩L K ∩L = σ
σ ∈ E σ = K|L

K L mσ



Eint ⊂ E K ∈ V
EK ⊂ Eint ∀σ ∈ EK ∃L ∈ NV(K) : σ = L ∩K

xK xL ∈ P σ = K|L ∈ Eint
dσ

M = (P,V, E) (P, T )
P Ω̄ T

T = (xK , xL, xM ) ∈ P3 xJ ∈ P xJ .∈ T
T∩∂Ω .= ∅

xJ ∈ P xJ .∈ T

Ω R2 M = (P,V, E)

• XV(M) Ω R
K ∈ V wh ∈ XV(M)

K ∈ V wK

• p ≥ 1 Lp wh ∈ XV(M)

‖wh‖Lp =

(
∑

K∈V
|K||wK |p

)1/p

.

• H1 wh ∈ XV(M)

|wh|2H1,M =
∑

σ=K|L∈Eint

Tσ|wK − wL|2, Tσ :=
mσ

dσ
.

wK wL wh K L Tσ

σ = K|L H1

‖wh‖2H1,M = |wh|2H1,M + ‖wh‖2L2 .

f : Ω× Rm → R

fK(·) := 1

|K|

∫

K
f(x, ·) dx,

K ∈ V
K ∈ V

DνK(·) = 1

|K|

∫

K
Dν(x, ·) dx, RνK(·) = 1

|K|

∫

K
Rν(x, ·) dx,

k(α,β)K

K ∈ V

u(K)
ν =

∫

K
uν(x) dx = |K|uνK = uνK

vνK |K|, uνK =
1

|K|

∫

K
uν(x) dx



ν K uνK K ν ν =
1, . . . ,m

U (K)
ν :=

∫

K
Uν(x) dx, K ∈ V .

K
∫

K
∇ · jν dx =

∫

∂K
jν · nKdΓ ≈

∑

σ=K|L∈EK

−TσY
σ
ν Z(vνL, vνK)(vνL − vνK),

Z(x, y) =

{
x − y

x−y , x .= y,
x, x = y

, x, y ∈ R,

x [x, y] Zσ
ν = Z(vνL, vνK)

σ = K|L ∈ Eint DνK = DνK( v1K , . . . , vmK ) Zσ
ν

∇aν = aν∇vν
Y σ
ν Dνuν σ = K|L K L

Y σ
ν =

DνK +DνL

2

uνK + uνL
2

, σ = K|L.

DνK DνK = DνK( v1K , . . . , vmK )

uν = (u(K)
ν )K∈V , u = (u1, . . . ,um), uK = (uνK)mν=1,

vν = (vνK)K∈V , v = (v1, . . . ,vm), vK = (vνK)mν=1,

U ν = (U (K)
ν )K∈V , U = (U1, . . . ,Um),

aK = ( vνK )mν=1, aν = ( vνK )K∈V , ν = 1, . . . ,m.

〈uν ,vν〉RM =
∑

K∈V
|K|uνKvνK , 〈u,v〉RMm =

m∑

ν=1

〈uν ,vν〉RM .

S = [0, T ] ⊂ R+

S (tn)Nn=1 t0 = 0 tN = T

t(n)δ = tn − tn−1 < ∞ n = 1, . . . , N

tδN =
n=1,...,N

t(n)δ

Q = S×Ω D = (M, (tn)Nn=1)
(D) = { (M), tδN}

(D) → 0 Ê : RMm → RMm

Êv =
(
(ūνK

vνK |K|)ν=1,...,m

)

K∈V
,

Â : RMm → RMm

Âv =




∑

σ=K|L∈EK

−TσY
σ
ν Zσ

ν (vνL − vνK)− |K|RνK( vK )




K∈V,

ν=1,...,m

.



(u,v)

u(tn)−u(tn−1)

t
(n)
δ

+ Âv(tn) = 0, u(tn) = Êv(tn), n = 1, . . . , N

u(0) = U .

}
PD

Â

〈
Âv,w

〉

RMm
=

m∑

ν=1

∑

σ=K|L∈Eint

TσY
σ
ν Zσ

ν (vνL − vνK)(wνL − wνK)

−
m∑

ν=1

∑

K∈V
|K|RνK( vK )wνK ∀v, w ∈ RMm.

(u, v) PD (uh, vh)
PD

C > 0

( 1)

w ∈ Rk k ∈ N w ≥ 0 wi ≥ 0 wi > 0
i = 1, . . . , k w ( wi)ki=1

w ( wi)ki=1
S1 S2 S3

PD
S1 S2 (S3)

aν

aν,h(t, x) aν,h(t, x) = aνK(tn) t ∈ (tn−1, tn] x ∈ K K ∈ V aν,l(t, x)
aν aν,l(t, xK) =

aνK(tn) t ∈ (tn−1, tn] K ∈ V al al = (aν,l)mν=1 ah ah =
(aν,h)mν=1 vν KD

C(S,X∗)

(KDuh)(t) :=
1

t(n)δ

(
(t− tn−1)uh(tn) + (tn − t)uh(tn−1)

)
t ∈ (tn−1, tn].

uh K ∈ V
(KDuh)′ =

1

t
(n)
δ

(
uh(tn)−uh(tn−1)

)
t ∈ (tn−1, tn] vl ( vν,l)mν=1

P̂Duνh

TσK = {txK + (1− t)y : t ∈ (0, 1), y ∈ σ} ,
TσL = {txL + (1− t)y : t ∈ (0, 1), y ∈ σ} ,

σ = K|L ∈ E K L
xK xL ∈ P TσK TσL

Dσ = TσK ∪ TσL σ = K|L ∈ Eint Ω

P̂Duνh(x) =

{
uνK , x ∈ TσK ,

uνL, x ∈ TσL
∀σ = K|L ∈ E .



K

L

xK

xL

�

T�K
T�L

Dσ = TσK ∪ TσL σ = K|L

RνK

DνK Rν,h(x, ah(x)) = Rν,K(aK) Dν,h(x, ah(x)) =
Dν,K(aK) x ∈ K K ∈ V

(P̂DDν,h(ah))(x) L∞

( 1) P̂Duνh
P̂DDν,h(ah)

P̂Duνh(x) = uνK = uνh(x), x ∈ TK|LK , L ∈ NV(K), K ∈ V

uνh P̂Duνh (P̂DDν,h(ah))(x)
Dν,h(ah)

PD

Rν(·, (a1, . . . , aν−1, 0, aν+1, . . . , am)) ≥ 0 ∀ν = 1, . . . ,m, a ∈ Rm
+ ,

∃ s⊥ ∈ S⊥ : s⊥ > 0

uh PD U + Û
PD

I Ω ⊂ R2 Ω = ∪I∈IΩI

uν ν = 1, . . . ,m

θ γ ∈ (0, 1] uν ∈ C0,γ(ΩI) :=
{
w|ΩI , w ∈ C0,γ(R2)

}

ν = 1, . . . ,m I ∈ I
R > 0 γR ∈ (0, 1] k(α,β)|ΩI ∈ C0,γR(ΩI × BRm(0, R))

(α,β) ∈ R Dν |ΩI ∈ C0,γR(ΩI × BRm(0, R)) ν = 1 . . . ,m I ∈ I BRm(0, R)
Rm 0 R

P ∈ N D = (M, (tn)Nn=1)
Ω× S M=(P,V,E) K∈V EK ≤ P



(u,v) PD

F̂ (u) =
m∑

ν=1

∑

K∈V
|K|
(
uνK

( uνK
ūνK

− 1
)
+ ūνK

)

v ∈ RMm

D(v) :=
〈
Âv,v

〉

RMm

3 4 ( 1) D =
(M, (tn)Nn=1) ( 2) 0 < c1, c2 < ∞

M (uh, vh) PD

x∈Ω
uν,h(tn) ≥ c1 ∀n ≥ 1, ν = 1, . . . ,m

x∈Ω
uν,h(tn) ≤ c2 ∀n ≥ 1, ν = 1, . . . ,m

ν = 1, . . . ,m

0 <
D x∈Ω

aν,h(t),
D x∈Ω

aν,h(t) < ∞ ∀t ∈ S.

( 1) D = (M, (tn)Nn=1) ( 2)

t(n)δ <
cu
2C2

∀n = 1, . . . , N

C2

PD

tn−1 tn PD
(u(tn),v(tn)) (û(tn), v̂(tn)) (u(tn−1),v(tn−1)) PD

ã = v − v̂ S1 + S2 = S3

S1 :=

〈
u(tn)− u(tn−1)

t(n)δ

, ã(tn)

〉

RMm

−
〈
û(tn)− û(tn−1)

t(n)δ

, ã(tn)

〉

RMm

=

〈
ũ(tn)− ũ(tn−1)

t(n)δ

, ã(tn)

〉

RMm

S2 :=
m∑

ν=1

∑

σ=K|L∈Eint

TσY
σ
ν

(
(aνL − aνK)− (âνL − âνK)

)(
ãνL − ãνK

)

S3 :=
m∑

ν=1

∑

K∈V
|K|
(
RνK(aK)−RνK(âK)

)
ãνK .



Y σ
ν

(x− y)x ≥ 1
2(x

2 − y2) ‖ãν,h(tn−1)‖2L2 = 0 S1

S1 ≥
m∑

ν=1

1

t(n)δ

{
cu
2
‖ãν,h(tn)‖2L2 −

cu
2
‖ãν,h(tn−1)‖2L2

}
=

cu

2t(n)δ

‖ãh(tn)‖2Y .

( 1) S2 C1 > 0

S2 =
m∑

ν=1

∑

σ∈Eint

TσY
σ
ν (ãνL − ãνK)2 ≥ cDcu

m∑

ν=1

|ãν,h|2H1,M.

C2 > 0

|S3| ≤
m∑

ν=1

∑

K∈V
|K||RνK(aK)−RνK(âK)||ã| ≤ C2

m∑

ν=1

‖ãν,h‖2L2 .

C2 S1 + S2 = S3

m∑

ν=1

{
cu

(
1

2t(n)δ

− C2

cu

)
‖ãν,h‖2L2 + cDccu |ãν,h|

2
H1,M

}
≤ 0.

L2 ãν,h = 0
n = 1, . . . , N ν = 1, . . . ,m

PD

( 1) D = (M, (tnδ )
N
n=1)

( 2) (uh, vh) PD al
KDuh

D

{
‖al‖L2(S,X) + ‖KDuh‖H1(S,X∗) + ‖KDuh‖C(S,Y )

}
< +∞.

PD a(tn) 1/2(x2 − y2) ≤ (x − y)x
x, y ∈ R+ ( 1)

S1 :=
N∑

n=1

t(n)δ

〈
u(tn)− u(tn−1)

t(n)δ

,a(tn)

〉

RMm

≥
m∑

ν=1

(
cu
2
‖aν,h(tN )‖2L2 −

cu
2
‖aν,h(0)‖2L2

)
.

Â Zσ
ν

S1 = −
N∑

n=1

t(n)δ

〈
Âv(tn),a(tn)

〉

RMm

≤
m∑

ν=1

N∑

n=1

t(n)δ

{
−c1‖aν,h‖2H1,M + c1‖aν,h‖2L2 + c2

}
.



c1
H1

H1

c3, c4 > 0

D
‖al‖2L2(S,X) ≤

D

{
N∑

n=1

t(n)δ

m∑

ν=1

‖aν,h‖2H1,M

}

≤
D

m∑

ν=1

{
c3‖aν,h(0)‖2L2 + c4

N∑

n=1

t(n)δ (‖aν,h‖2L2 + 1)

}
< ∞.

D t∈S
‖uh(t)‖Y =

D t∈S
‖KDuh(t)‖Y < ∞

D ‖KDuh‖L2(S,Y ) < ∞ KD KDuh ∈ C(S, Y )

D ‖KDuh‖C(S,Y ) < ∞

D

∥∥(KDuh)
′∥∥2

L2(S,X∗)
=

D

N∑

n=1

∫ tn

tn−1

∥∥(KDuh)
′∥∥2

X∗ dt.

‖(KDuh)′(t)‖2X∗ w ∈ X wνK = 1
|K|
∫
K wν(x) dx

K ∈ V ν = 1, . . . ,m wh

∣∣∣∣∣

〈
uh(tn)− uh(tn−1)

t(n)δ

, w

〉

X∗

∣∣∣∣∣ =

∣∣∣∣∣

〈
uh(tn)− uh(tn−1),

w

t(n)δ

〉

Y

∣∣∣∣∣

=

∣∣∣∣∣

m∑

ν=1

∑

K∈V
|K|uνK(tn)− uνK(tn−1)

t(n)δ

wνK

∣∣∣∣∣

=

∣∣∣∣∣

〈
u(tn)− u(tn−1)

t(n)δ

,w

〉

RMm

∣∣∣∣∣

=
∣∣∣
〈
Âv(tn),w

〉

RMm

∣∣∣

( 1)

∣∣∣
〈
Âv,w

〉

RMm

∣∣∣ ≤
m∑

ν=1

{
c5|aν,h|H1,M|wν,h|H1,M + c6‖wν,h‖L2

}
.

• |wν,h|H1,M ≤ C‖wν‖H1(Ω)

• ‖wν,h‖L2 ≤ C‖wν‖H1 + ‖wν − wν,h‖L2

•

‖wν − wν,h‖2L2(Ω) =
∑

K∈V
‖wν − wνK‖2L2(K)

≤ C (Ω)2
∑

K∈V
‖wν‖2H1(K) = C (Ω)2‖wν‖2H1(Ω),



∣∣∣
〈
Âv,w

〉

RMm

∣∣∣ ≤
(
c7

m∑

ν=1

|aν,h|H1,M + c8

)
‖w‖X .

∥∥(KDuh)
′∥∥2

X∗ ≤
(
c7

m∑

ν=1

|aν,h|H1,M + c8

)2

‖al‖L2(S,X) < ∞

D

N∑

n=1

∫ tn

tn−1

∥∥(KDuh)
′∥∥2

X∗ dt ≤
D

c9

∫

S

(
m∑

ν=1

|aν,h|2H1,M + 1

)
dt < ∞

D D ‖KDuh‖L2(S,X∗) ≤ c10 D ‖KDuh‖L2(S,Y ) < ∞
D ‖KDuh‖H1(S,X∗) < ∞

PD

L2(S, Y )
L2(S,X)

( 1) D = (M, (tnδ )
N
n=1) ( 2)

â ∈ L∞(S, Y ) ∩ L2(S,X) û ∈ H1(S,X∗) ∩ L2(S, Y )
ah al uh

ah → â L2(S, Y ), al → â L2(S,X),

uh → û L2(S, Y ), KDuh ⇀ û H1(S,X∗)

(D) → 0 (û, v̂) = (û, â)

0 < cu ≤ cu < ∞

cu ≤
ν=1...,m x∈Ω

uν,h(x) ≤ uν,h ≤
ν=1,...,m x∈Ω

uν,h(x) ≤ cu,

( 1)

â ∈ L∞(S, Y ) ∩ L2(S,X), û ∈ H1(S,X∗) ∩ L2(S, Y ),

uh → u Y

al ⇀ â L2(S,X) L2(S, Y )

KDuh ⇀ û H1(S,X∗) L2(S, Y )



KDuh(t)⇀ û(t) Y Lp(Ω)m p ∈ [1,∞) t ∈ S

(D) → 0 KDuh(t)⇀ û(t)
Lp(Ω)m p ∈ [1,∞) t ∈ S uh → u
Y KD uh(0) = KDuh(0) → U Y
(D) → 0 U = û(0)

‖uh −KDuh‖2L2(S,X∗) =
N∑

n=1

∫ tn

tn−1

(tn − t)2
∥∥(KDuh)

′∥∥2
X∗ dt

≤ t2δ
∥∥(KDuh)

′∥∥2
L2(S,X∗)

→ 0

KDuh(t) − uh(t) → 0 X∗ uh(t) ⇀ û(t) X∗ t ∈ S
(D) → 0 D ‖al(t)‖Y < ∞ t ∈ S

al(t)⇀ â(t) Y t ∈ S

(ϕj)j∈N
L2(Ω) ε > 0 Nε > 0

‖w‖2L2(Ω) ≤
Nε∑

j=1

〈w,ϕj〉2L2(Ω) + ε‖w‖2H1(Ω) ∀w ∈ H1(Ω).

w = aν,l − aν,l′ ν = 1, . . . ,m
S

∥∥aν,l − aν,l′
∥∥2
L2(S,L2(Ω))

≤
Nε∑

j=1

∫ T

0

〈
aν,l − aν,l′ ,ϕj

〉2
L2(Ω)

dt+ ε
∥∥aν,l − aν,l′

∥∥2
L2(S,H1(Ω))

.

D ‖aν,l‖L2(S,H1(Ω)) aν,l Y t ∈ S

(aν,l)D L2(S,L2(Ω))
aν,l → âν L2(S,L2(Ω)) ν = 1, . . . ,m uh/uh = ah ah− al → 0 L2(S, Y )

‖uh/uh − â‖L2(S,Y ) ≤ ‖ah − al‖L2(S,Y ) + ‖al − â‖L2(S,Y ) → 0.

uh(t) ⇀ û(t) X∗ t ∈ S D ‖uh(t)‖Y < ∞ t ∈ S
uh(t) ⇀ û(t) Y t ∈ S

uh → u Y (uh)

uh(t)/uh ⇀ û(t)/u Y t ∈ S.

D ‖uh/uh‖L2(S,Y ) < ∞ uh/uh ⇀ û/u

L2(S, Y ) â = û/u ah
â â v̂ := â
( 1) c > 0

‖Rνh(ah)−Rν(â)‖2L2(S,Y ) ≤ c‖Rνh(ah)−Rν(â)‖L1(S,Y ) → 0,

‖uνhDνh(ah)− uνDν(â)‖2L2(S,Y ) ≤ c‖uνhDνh(ah)− uνDν(â)‖L1(S,Y ) → 0

D → 0



C∞
0 (Ω)m X ϕ ∈ C∞

0 (Ω)m

χ ∈ C∞
0 (S) ϕ = (ϕν(xK))K∈V,ν=1...,m ϕν,h(x) = ϕν(xK) x ∈ K K ∈ V

ϕν,l ϕ ϕν,l ∈ L∞(Ω) χ(tn) =
(χ(tn) + χ(tn−1))/2 n = 1, . . . , N

t(n)δ χ(tn) =
(t(n)δ )2

2t(n)δ

(χ(tn) + χ(tn−1))

=
1

t(n)δ

∫ tn

tn−1

χ(tn)(t− tn−1) + χ(tn−1)(tn − t) dt

=

∫ tn

tn−1

(KDχ)(t) dt, n = 1, . . . , N

(KDχ) → χ L2(S)
ϕχ(tn) t ∈ (tn−1, tn] n = 1, . . . , N n = 1, . . . , N S1+S2 = S3

S1 :=
N∑

n=1

t(n)δ χ(tn)

〈
u(tn)− u(tn−1)

t(n)δ

,ϕ

〉

RMm

,

S2 :=
N∑

n=1

t(n)δ χ(tn)
m∑

ν=1

∑

σ=T |L∈Eint

TσY
σ
ν (aνL − aνK)(ϕνL − ϕνK),

S3 :=
N∑

n=1

t(n)δ χ(tn)
m∑

ν=1

∑

K∈V
|K|RνK(aK)ϕνK

=
m∑

ν=1

∫

Q
(KDχ)(t)Rν,h(ah)ϕν,h dx dt.

Q = S × Ω

Ŝ1 :=

∫

S

〈
û′,ϕ

〉
X
χ dt,

Ŝ2 :=
m∑

ν=1

∫

S
χ

∫

Ω
Dν(â)uν∇âν ·∇ϕν dt dx,

Ŝ3 :=
m∑

ν=1

∫

S
χ

∫

Ω
Rν(â)ϕν dx dt.

S1

S1 =
m∑

ν=1

∫

Q
ϕν,h((KDuν,h)(t))

′(KDχ)(t) dx dt.

KDχ(0) = χ(0) = χ(tN ) = KDχ(tN ) = 0

S1 = −
m∑

ν=1

∫

Ω

∫

S
ϕν,h(KDuν,h)(t)((KDχ)(t))

′ dt dx.

ϕh → ϕ Y (KDχ)(t)′ → χ′ L2(S) KDuh → û L2(S, Y ) û ∈ H1(S,X∗)

D→0
S1 = −

∫

S
〈û,ϕ〉Y χ

′ dt = Ŝ1.



S3 S3 = S31 + S32

S31 :=
m∑

ν=1

∫

S
(KDχ)(t)

∫

Ω
(Rν,h(ah)−Rν(â))ϕν,h dx dt,

S32 :=
m∑

ν=1

∫

S
(KDχ)(t)

∫

Ω
Rν(â)ϕν,h dx dt.

ϕh → ϕ Y S32 → Ŝ3

S31 ≤
m∑

ν=1

‖(KDχ)(t)ϕν,h‖L2(Q)‖Rν,h(ah)−Rν(â)‖L2(Q).

D→0 ‖(KDχ)(t)ϕν,h‖L2(Q) = ‖χϕν‖L2(Q)

D→0 S31 = 0 D→0 S3 = Ŝ3

S2 = S21+S22

S21 :=
m∑

ν=1

∫

S
(KDχ)(t)

∫

Ω
(Dν,h(ah)uν,h −Dν(â)uν)∇aν,l ·∇ϕν,l dx dt,

S22 :=
m∑

ν=1

∫

S
(KDχ)(t)

∫

Ω
Dν(â)uν∇aν,l ·∇ϕν,l dx dt.

KDχ∇ϕν,l

c > 0

S21 ≤
m∑

ν=1

c‖∇aν,l‖L2(S,L2(Ω)2)‖uν,hDν,h(ah)− uνDν(â)‖L2(S,L2),

S21 → 0 (D) → 0 S22

al ⇀ â L2(S,X) (KDχ)ϕl → χϕ L2(S,X) D→0 S22 = Ŝ2

D→0 S2 = Ŝ2 S1 + S2 = S3 D→0 Si = Ŝi i = 1, 2, 3
(û, v̂) = (û, â)

(û, v̂) = (û, â)
â ∈ L2(S,X) Ŝ1 + Ŝ2 = Ŝ3

Ŝ1 :=

∫

S

〈
û′, â

〉
X
dt = Ŝ11 − Ŝ12,

Ŝ11 :=
m∑

ν=1

∫

Ω

û2ν(tN )

2uν
dx, Ŝ12 :=

m∑

ν=1

∫

Ω

U2
ν

2uν
dx,

Ŝ2 :=
m∑

ν=1

∫

Q
Dνuν |∇âν |2 dt dx, Ŝ3 :=

m∑

ν=1

∫

Q
Rν(â)âν dt dx.

PD a ∈ RMm ah al
S1 + S2 = S3

S1 :=
m∑

ν=1

∫

Q
(KDuν,h(t))

′ aν,h(t) dx dt, S2 :=
m∑

ν=1

∫

Q
Dν,h(ah)uν,h|∇aν,l|2 dx dt,

S3 :=
m∑

ν=1

∫

Q
Rν,h(ah)aν,h dx dt.



(x− y)x ≥ 1
2(x

2 − y2) ∀x, y ∈ R

S1 =
m∑

ν=1

N∑

n=1

∫ tn

tn−1

∫

Ω

(
uν,h(tn)− uν,h(tn−1)

tn − tn−1

)
aν,h(tn) dx dt

≥
m∑

ν=1

N∑

n=1

∫ tn

tn−1

∫

Ω

1

2uν,h

(
u2ν,h(tn)− u2ν,h(tn−1)

tn − tn−1

)
dx dt

=
m∑

ν=1

∫

Q

(
KDu2ν,h(t)

)′

2uν,h
dx dt

= S11 − S12,

S11 :=
m∑

ν=1

∫

Ω

u2ν,h(tN )

2uν,h
dx, S12 :=

m∑

ν=1

∫

Ω

u2ν,h(0)

2uν,h
dx.

uh(0) = (KDuh)(0)⇀ û(0) uh(tN ) = (KDuh)(tN )⇀
û(tN ) L4(Ω)m 1/uh → 1/u Y S12 → Ŝ12 S11 → Ŝ11 (D) → 0

S3 = S31 + S32

S31 :=
m∑

ν=1

∫

Q
aν,h(Rν,h(ah)−Rν(â)) dx dt

≤
m∑

ν=1

‖aν,h‖L2(S,L2)‖Rν,h(ah)−Rν(â)‖L2(S,L2),

S32 :=
m∑

ν=1

∫

Q
Rν(â)aν,h dx dt.

S31 → 0 ah → â L2(S, Y ) S32 → Ŝ3

S3 → Ŝ3 (D) → 0

S11 − S12 ≤ S1 = −S2 + S3 S11 + S2 ≤ S3 + S12

Ŝ11 +
D→0

S2 =
D→0

(S11 + S2) ≤
D→0

(S3 + S12) = Ŝ3 + Ŝ12

Ŝ3 = Ŝ11 − Ŝ12 + Ŝ2

D→0
S2 ≤ Ŝ2.

Dν,huν,h → Dνuν (x, t) ∈ Q
( 1)

√
Dν,huν,hϕν →

√
Dνuνϕν L2(Q)

ϕ ∈ L2(S, Y )
√
Dν,huν,h →

√
Dνuν (x, t) ∈ Q ∇al ⇀ ∇â L2(S, Y 2)

m∑

ν=1

∫

Q

(√
Dν,huν,h∇aν,l −

√
Dνuν∇âν

)
ϕν dx dt

=
m∑

ν=1

∫

Q

√
Dν,huν,h (∇aν,l −∇âν)ϕν dx dt

+
m∑

ν=1

∫

Q

(√
Dν,huν,h −

√
Dνuν

)
∇âνϕν dx dt → 0



ϕ ∈ L2(S, Y ) (D) → 0

D→0
S2 =

D→0

m∑

ν=1

∥∥∥
√

Dν,huν,h∇aν,l
∥∥∥
2

L2(Q)
≥

m∑

ν=1

∥∥∥
√

Dνuν∇âν
∥∥∥
2

L2(Q)
= Ŝ2.

D→0
S2 = Ŝ2.

‖al − â‖L2(S,X) → 0 (D) → 0 ( 1) c > 0

‖∇al −∇â‖2L2(S,Y 2) =
m∑

ν=1

∫

Q

Dν,h(ah)uν,h
Dν,h(ah)uν,h

|∇aν,l −∇âν |2 dx dt

≤ c
m∑

ν=1

∫

Q
Dν,h(ah)uν,h|∇aν,l −∇âν |2 dx dt

= c(S21 − 2S22 + S23)

S21 :=
m∑

ν=1

∫

Q
Dν,h(ah)uν,h|∇aν,l|2 dx dt

S22 :=
m∑

ν=1

∫

Q
Dν,h(ah)uν,h∇aν,l ·∇âν dx dt

S23 :=
m∑

ν=1

∫

Q
Dν,h(ah)uν,h|∇âν |2 dx dt.

S22 = S221 + S222

S221 :=
m∑

ν=1

∫

Q
(Dν,h(ah)uν,h −Dν(â)uν)∇aν,l ·∇âν dx dt

≤ ‖al‖L2(S,X)

m∑

ν=1

‖(Dν,h(ah)uν,h −Dν(â)uν)∇âν‖L2(S,L2),

S222 :=
m∑

ν=1

∫

Q
Dν(â)uν∇âν ·∇aν,l dx dt.

Dν,h(ah)uν,h → Dν(â)uν
S221 → 0 S23 → Ŝ2 (D) → 0

al ⇀ â L2(S,X) S222 → Ŝ2 S22 → Ŝ2 S21 → Ŝ2

S21 − 2S22 + S23 → 0 (D) → 0

( 1) D = (M, (tnδ )
N
n=1)

( 2) (û, v̂)
(uh, vh) PD

‖Fh(uh)− F (û)‖L2(S) → 0 (D) → 0.

Ψh(uh) := Fh(uh)− Fh(u∗h)

‖Ψh(uh)−Ψ(û)‖L2(S) → 0 (D) → 0.



c

‖ (uh/uh)− (û/u)‖L2(S,Y ) = ‖ ah − â‖L2(S,Y )

≤
‖ah − â‖L2(S,Y )

ν=1...,m x∈Ω âν(x)
→ 0

uh → û L2(S, Y )

S1 = ‖Fh(uh)− F (û)‖2L2(S)

≤ c‖ (uh/uh)− (û/u)‖2L2(S,Y ) + c‖uh − û‖2L2(S,Y ) + c T‖uh − u‖2Y → 0,

(D) → 0
u∗h = uh

u u∗ a∗h = a∗

‖Fh(u
∗
h)− F (u∗)‖2L2(S) ≤ c T

m∑

ν=1

‖a∗ν( a∗ν − 1) + 1‖L∞(Ω)‖uν,h − uν‖2L2(Ω) → 0,

(û, v̂)

( )

1 + 2 ! 3 ! 2 + 4.

1 2 3

4 2 R α1 =
(1, 1, 0, 0) β1 = (0, 0, 1, 0) α2 = (0, 0, 1, 0) β2 = (0, 1, 0, 1)

R1(a) = −k(α1,β1)
(a1a2 − a3),

R2(a) = −k(α1,β1)
(a1a2 − a3) +k(α2,β2)

(a3 − a2a4),

R3(a) = +k(α1,β1)
(a1a2 − a3) −k(α2,β2)

(a3 − a2a4),

R4(a) = +k(α2,β2)
(a3 − a2a4).

S S⊥

S = {(1, 1,−1, 0), (0,−1, 1,−1)}, S⊥ = {(1, 0, 1, 1), (0, 1, 1, 0)}.



S⊥ R1 +R3 +R4 ≡ 0 R2 +R3 ≡ 0

∫

Ω
(u1 + u3 + u4)(t) dx =

∫

Ω
(U1 + U3 + U4) dx,

∫

Ω
(u2 + u3)(t) dx =

∫

Ω
(U2 + U3) dx ∀t ≥ 0

K ∈ V

0 = R1(a
∗) = a∗1a

∗
2 − a∗3, 0 = R4(a

∗) = a∗2a
∗
4 − a∗3

2

D2(a1, a4) = D20

(
−ϕ3

ϕ1u1a1 + (1− ϕ1)u4a4
ϕ2u1a1 + (1− ϕ2)u4a4

)
,

ϕ1 ϕ2 ϕ3

1.6

‖δv‖L∞ ≤ εr δv
εr

Q = S × Ω
Ω ⊂ R2

Mi i = 1 . . . , 4 M5

M2



P T
M1 465 861 0.01
M2 2264 4360 0.05
M3 4454 8687 0.1
M4 22085 43666 0.5
M5 43973 87233 1

(u1, u2) (10−16, 10) (1, 1) (10−20, 1)
(u3, u4) (10, 1012) (1, 1) (10−11, 1)
(U1, U2) (1, 10−15) (1, 1) (10−20, 10−16)
(U3, U4) (10−15, 10−16) (1, 1) (1, 10−27)
(D1, D20) (10−10, 200) (10−10, 0.02) (10−10, 250)
(D3, D4) (10−10, 10−12) (10−5, 10−12) (10−10, 10−12)
(ϕ3,ϕ1,ϕ2) (3.37, 0.65, 0.95) (10, 0.01, 0.95) (0, 0.65, 0.95)
(k(α1,β1)

, k(α2,β2)
) (10−9, 103) (10+10, 10) (10−21, 0.1)

2 3

2

1 3 4

2

a∗1,h a∗2,h a∗3,h a∗4,h
M1 1.626 · 10−11 0.643 1.044 · 10−11 1.626 · 10−11

M2 1.549 · 10−11 0.624 9.670 · 10−12 1.549 · 10−11

M3 1.534 · 10−11 0.620 9.517 · 10−12 1.534 · 10−11

M4 1.515 · 10−11 0.615 9.319 · 10−12 1.515 · 10−11

M5 1.510 · 10−11 0.614 9.273 · 10−12 1.510 · 10−11

K ∈ V

S = [0, 1020]

D5 L2(S)



‖Ψhi‖L2(S) ‖Dhi‖L2(S)

D1 834; 4 0.027 1.835 · 108 3.082 · 107
D2 1104; 5 0.047 1.886 · 108 3.294 · 107
D3 1693; 4 0.11 1.890 · 108 3.339 · 107
D4 3513; 3 0.48 1.893 · 108 3.397 · 107
D5 5084; 3 1 1.894 · 108 3.414 · 107

S = [0, 1020]
D5 L2(S)

4

D5 D1

D1 D5

2

4

4

4

4



 0

 0.2

 0.4

 0.6

 0.8

 1

 1e-30  1e-20  1e-10  1  1e+10  1e+20

t

rel free energy D1
rel free energy D2
rel free energy D3
rel free energy D4
rel free energy D5

Ψhi Di i = 1, . . . , 5
1720

4

M1 M5

Ψh

4

Di i = 1, . . . , 4 D5 L2(S)

D5

∥∥∥Ψ̃hij

∥∥∥
L2(S)

=
∥∥Ψhi(uhi)−Ψhj (uhj )

∥∥
L2(S)

∥∥Ψhj (uhj )
∥∥−1

L2(S)
,

∥∥∥D̃hij

∥∥∥
L2(S)

=
∥∥Dhi(uhi)−Dhj (uhj )

∥∥
L2(S)

∥∥Dhj (uhj )
∥∥−1

L2(S)
.

D1 D2



t : 0.0 1.26 · 10−12 0.071 1.2 · 105 5.05 · 106 1020

u1,h1

u2,h1

u3,h1

u4,h1

u1,h5

u2,h5

u3,h5

u4,h5

D1 D5

t = 1.26 ·10−12 t = 5.05 ·106

D3 D4

D5

∥∥∥Ψ̃hij

∥∥∥
L2(S)



 0

 50

 100

 150

 200

 1e-30  1e-20  1e-10  1  1e+10  1e+20

t

rel free en diff D5 to D1
rel free en diff D5 to D2
rel free en diff D5 to D3
ref free en diff D5 to D4

Ψhi Di

i = 1, . . . , 4 D5

h = 1√
P L2(S)

h2 h1.3
1
h

P
∥∥∥Ψ̃hi5

∥∥∥
L2(S)

∥∥∥D̃hi5

∥∥∥
L2(S)

D1 465 834 3.222 · 10−2 9.7169 · 10−2

D2 2264 1104 5.551 · 10−3 3.5055 · 10−2

D3 4454 1693 3.171 · 10−3 2.2047 · 10−2

D4 22085 3513 4.561 · 10−3 4.8920 · 10−3

L2(S) Ψhi Dhi Di

i = 1, . . . , 4 D5 L2(S)
D5

M1



D ‖al‖L2(S,H1(Ω)) < ∞

‖al − ah‖L2(S,L2) → 0

D → 0

K Dσ σ = K|L

T1 := ‖al − ah‖2L2(S,L2(Ω)) =

∫

S

∫

Ω
(al(x)− ah(x))

2 dx dt

=

∫

S

∑

K∈V

∑

L∈NV (K)

∫

K∩Dσ

(al(x)− aK)2 dx dt.

al xK

T1 ≤ ( M)2
∫

S

∑

K∈V

∑

L∈NV (K)

∫

K∩Dσ

|∇al(xK)|2 dx dt

≤ ( M)2‖al‖L2(S,H1(Ω)) → 0

(D) → 0

∇w : XV(M) → L2(Ω)2

∇wal(x) := 2
aL − aK

dσ
tσ x ∈ Dσ, σ = K|L.

nσ σ = K|L ∈ Eint
tσ xK , xL −π/2

nσ

(al)l L2(S,H1(Ω)) ‖al‖L2(S,H1(Ω)) ≤ C

al â ∈ L2(S,H1(Ω))

al ⇀ â L2(S,H1(Ω)), ∇wal ⇀ ∇â L2(S,L2(Ω)2).

‖al‖L2(S,H1) al
L2(S,L2(Ω)2) ĝ ∈ L2(S,L2(Ω)2)

∇wal ⇀ ĝ L2(S,L2(Ω)2) ĝ = ∇â
χ ∈ C∞

0 (S) w ∈ C∞
0 (Ω)2

{g : g =
n∑

i=1

χiwi wi ∈ C∞
0 (Ω)2, χi ∈ C∞

0 (S)}

L2(S,L2(Ω)2)

{w : w = ∇ϕc + ϕr ϕc, ϕr ∈ C∞
0 (Ω)}

L2(Ω)2

ψ ∈ C∞
0 (Ω) ψl ψ

xK ψl(xK) = ψ(xK)



ψl → ψ H1(Ω)

∇sψ(x) :=
ψ(xL)− ψ(xK)

dσ
tσ +

ψ(xTσK )− ψ(xTσL)

mσ
nσ x ∈ Dσ, σ = K|L,

xTσK xTσL xK , xL
(−π

2 )

ψ =

(
ψy

−ψx

)
= −

(
ψx

ψy

)⊥
= −(∇ψ)⊥.

s ψ(x) := −ψ(xL)− ψ(xK)

dσ
nσ +

ψ(xTσK )− ψ(xTσL)

mσ
tσ x ∈ Dσ, σ = K|L.

ĝ(t) = ∇gr(t) + gc(t) gr(t), gc(t) ∈ H1(Ω) t ∈ S.

ĝ
∇â tσ nσ

S =

∫

S
χ

∫

Ω
∇al ·∇ϕr,l dx dt

=

∫

S
χ

∑

σ=K|L∈Eint

mσ

dσ
(aK − aL)(ϕr(xK)− ϕr(xL)) dt

=

∫

S
χ

∑

σ=K|L∈Eint

|Dσ|
(
2
aK − aL

dσ

)(
ϕr(xK)− ϕr(xL)

dσ

)
dt

=

∫

S
χ

∫

Ω
∇wal ·∇sϕr,l dx dt.

∫

S
χ

∫

Ω
∇â ·∇ϕr dx dt =

∫

S
χ

∫

Ω
ĝ ·∇ϕr dx dt

∇ĝr(t, x) = ∇â(t, x) (t, x) ∈ Q

ĝ
∇ ·

ψ ≡ 0

s ψ → ψ L2(Ω)2
∫

Q
χ∇wal · s ϕc dx dt

=

∫

S
χ

∑

σ=K|L∈Eint

|Dσ|
(
2
aL − aK

dσ

)(
ϕc(xTσK )− ϕc(xTσL)

mσ

)
dt

=

∫

S
χ

∑

σ=K|L∈Eint

(aL − aK)
(
ϕc(xTσK )− ϕc(xTσL)

)
dt

=

∫

S
χ
∑

L∈V
xL /∈∂Ω

∑

K∈NV (L)

aL
(
ϕc(xTσK )− ϕc(xTσL)

)
dt

= 0.



0 ϕc(xTσK )

∫

Q
χ ĝ · ϕc dx dt = 0,

ĝ ĝ(t, x) = ∇â(t, x) (t, x) ∈ Q

Ω RN {M}
(M) → 0 u ∈ L∞(Ω) uh

uh(x) = uK x ∈ K

uK =
1

|K|

∫

K
u(x) dx ∀K ∈ V ,

u Lp(Ω) p ∈ [1,∞) (M) → 0

p = 1 p ∈ (1,∞)

‖uh − u‖Lp ≤ (2‖u‖L∞)
p−1
p ‖u− uh‖

1/p
L1 .

ε > 0 Mε ⊂ Ω

u|Mε (Ω \Mε) <
ε

8||u||L∞
.

Mε δ > 0

|u(x)− u(y)| < ε

2 Ω
∀x, y ∈ Mε, |x− y| < δ.

(M) < δ |x− y| < δ

K \Mε := {x ∈ RN : x ∈ K, x /∈ Mε}

L1

‖u− uh‖L1 ≤
∑

K∈V

1

|K|

∫

K

∫

K
|u(x)− u(y)| dy dx

=
∑

K∈V

1

|K|

∫

K∩Mε

∫

K\Mε

|u(x)− u(y)| dy dx

+
∑

K∈V

1

|K|

∫

K∩Mε

∫

K\Mε

|u(x)− u(y)| dy dx

+
∑

K∈V

1

|K|

∫

K\Mε

∫

K
|u(x)− u(y)| dy dx

<
ε

2 Ω
Ω+ 2‖u‖L∞

ε

8‖u‖L∞
+ 2‖u‖L∞

ε

8‖u‖L∞
= ε

( 2) Ω D = (M, (t(n)δ )Nn=1) Q = S×Ω
ah → â L2(S, Y ) (D) → 0 ‖ah‖L∞(S,L∞(Ω,Rm)) ≤ R f : Ω×Rm → R+

0 < c, c < ∞ c ≤ f(x, y) ≤ c x ∈ Ω
∀y ∈ Rm γ ∈ (0, 1] f |ΩI ∈ C0,γ(ΩI × BRm(0, R))
I ∈ I BRm(0, R)) Rm 0 R

‖fh(ah)− f(â)‖L1(Q) → 0 (D) → 0.



D

Ξ := {x ∈ Ω : x ∈ K ∈ V |K ∩ ΩI | .= 0 ∧ |K ∩ ΩJ | .= 0 I .= J, I, J ∈ I}

|Ξ| ≤ 2θ (M) D ( 2)

S1 = ‖fh(ah)− f(â)‖L1(Ω) =
∑

K∈V

∫

K

∣∣∣∣
1

K

∫

K
f(y, ah(x)) dy − f(x, â(x))

∣∣∣∣ dx

≤
∑

K∈V

∫

K
S2(x) dx

S2(x) =
1

|K|

∫

K
|f(y, ah(x))− f(x, â(x))| dy

• x ∈ Ω \ Ξ

S2(x) ≤
c

|K|

∫

K
|ah(x)− â(x)|γ + |x− y|γ dy ≤ c|ah(x)− â(x)|γ + c (M)γ .

• x ∈ Ξ c f S2(x) ≤ 2c

c1

∫

S
S1 dt ≤

∫

S

(∫

Ω\Ξ
S2 dx+

∫

Ξ
S2 dx

)
dt

≤ c1 (M)γ + c1

m∑

ν=1

∫

Q
|aν,h − âν |γ dx dt.

γ ∈ (0, 1] q = 2/γ p = 2/(2− γ)

‖fh(ah)− f(â)‖L1(Q) ≤ c1 (M)γ + c1(T |Ω|)1−γ/2‖ah − â‖L2(S,Y ) → 0,

(D) → 0
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