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Abstract

This paper concerns linear first-order hyperbolic systems in one space dimension of
the type

n
8tuj + aj(mat)axuj + ijk(xat)uk = fj(x’t)a S (07 1)a .7 = 17 R
k=1

with periodicity conditions in time and reflection boundary conditions in space.
We state a kind of dissipativity condition (depending on the coefficients a; and b;;
and the boundary reflection coefficients), which implies Fredholm solvability of the
problem, i.e., either there is a nontrivial solution to the homogeneous problem (in
this case the space of such solutions has finite dimension) or the nonhomogeneous
problem is uniquely solvable for any right-hand side (in this case the solution de-
pends continuously on the right-hand side). In particular, under those conditions no
small denominator effects occur. Our results work for many non-strictly hyperbolic
systems, but they are new even in the case of strict hyperbolicity.

Finally, in the case that all coefficients a; are t-independent, we show that the
solutions are C°°-smooth if the data are C**°-smooth.

Key words: first-order hyperbolic systems, time-periodic solutions, reflection boundary
conditions, no small denominators, Fredholm solvability.
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1 Introduction

1.1 Problem and main results

This paper concerns general linear first-order hyperbolic systems in one space dimension
of the type

Oyu; + a;(z,t)0pu; + Z bip(x, t)uy = fi(z,t), z€(0,1), j=1,...,n (1.1)
k=1
with time-periodicity conditions
uj(x,t +2m) = uj(z,t), x€[0,1], j=1,....,n (1.2)
and reflection boundary conditions
u;(0,t) = rik(t)up(0,t), j=1,...,m,

k=m-+1 13
Tjk<t)uk(17t)a j =m-+1,...,n
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Here m < n are positive integers. Throughout the paper it is supposed that the functions
rik - R = R and aj, bjg, fj : [0,1] x R — R are 2m-periodic with respect to ¢, and that the
coefficients 7, a; and bjj, are C'-smooth. Additionally, we suppose that

aj(x,t) #0 forallz € [0,1],t e Rand j=1,...,n (1.4)

and that

<
for all 1 < (1.5)

bjr(,t)

Roughly speaking, we will prove the following: If a certain dissipativity condition on
the data a;,b;; and rjj is satisfied (which is the case, for example, if the functions |rj|
withl <j<mandm+1<k<norwithl <k<mandm-+1<j <n are sufficiently
small (see (1.13)), then a Fredholm alternative is true for the system (1.1)—(1.3), i.e

# k < n there exists by, € C'([0,1] x R) such that
k(7

J
b; )(ak(a?, t) —aj(z,t)) for all x € [0,1] and t € R.

e cither the system (1.1)—(1.3) with f = (f1,..., fn) = 0 has a nontrivial solution
(then the vector space of those solutions has a finite dimension),

e or for any continuous right-hand side f the system (1.1)—(1.3) has a unique solution
u = (uq,...,u,) (then the map f — wu is continuous with respect to the supremum
norm).

In order to formulate our results more precisely, let us introduce the characteristics
of the hyperbolic system (1.1). Given j = 1,...,n, x € [0,1], and ¢t € R, the j-th



characteristic is defined as the solution & € [0,1] — 7;(¢,x,t) € R of the initial value
problem

1
Oeti(&, x,t) = o En) 7i(z,x,t) =t. (1.6)
Moreover, we denote
L ¢ bjj(%ﬁ'(ﬁ»%ﬂ)
et = e [ O o
Q6 at) = —9&nh (1.8)

a; (ga Tj (éa z, t))

Straightforward calculations (see Section 2) show that a C'-map u: [0,1] x R — R" is a
solution to the PDE problem (1.1)—(1.3) if and only if it satisfies the following system of
integral equations

n

uj(x,t) =¢;(0,2,t) Z ik(75(0, z, ))uk (0, 75(0, z, 1))

k=m+1
- [ e Zb]k €73 (E D)) un(€, 56, )
’ k#]
+/ di(&, x, t) ;& 1(& z,t))dE,  j=1,...,m, (1.9)
uj(x,t) =c¢;(1,2,t) f:rjk(Tj(l,x,t))uk(l,Tj(l,x,t))
1 kn=1
+/ dj(gax>t)ijk(€77j<€7$at))uk(gaTj(gaxwt))dg
oy
1
—/ (& e O f (67 (6 2, ))dE, j=m+1,... . (1.10)

This motivates the following definition:

Definition 1.1 (i) By C,, we denote the vector space of all continuous maps u : [0, 1] X
R — R™ which satisfy (1.2), with the norm

lulloo := mmax max, max fu; (@, 1)]

(ii) A function u € C, is called a continuous solution to (1.1)-(1.3) if it satisfies (1.9)
and (1.10).

(iii) A function u € C ([0,1] x R;R") is called a classical solution to (1.1)-(1.3) if it
satisfies (1.1)-(1.3) pointwise.



Finally, we introduce R?, R' € C,, by

exp< /w ((é’:j((g v t))))df) Zn: 176(75(0,2,t)| for j=1,...,m,

Rg](.f,t) = 1 b (£ (£ t m k=m+1
ji\S> Ti\S, 25
exp/ rie(Ti(Lz,t)] for j=m+1,... n,
x CLj(f,Tj(&fE,t kg Y
and
? Oa, ; t
R?(x,t) exp/ 14, (8,7 (8, ))dS for j=1,...,m,
1 . 0 a’](ga/]—]<€>m t))
Rj(z,t) == - / Deay (€, 75(€, x, t))dg for i = m 4 1
(x,t) exp | — orj=m con,
AT IR L e anp ! |
and write
S?:= max max max R)(z,t), T°:= max max maxR)(z,t), (1.11)
1<j<m 0<z<l tcR m+1<j<n 0<z<l tcR 7
S':= max max maxR;(z,t), T':= max max maxR}(z,t). (1.12)
1<j<m 0<z<l tcR m+1<j<n0<z<1 teR J

Denote by K the vector space of all continuous solutions to (1.1)—(1.3) with f = 0.
Now we formulate our result:

Theorem 1.2 Suppose (1.4), (1.5) and
SOTY < 1. (1.13)

Then the following is true:

(i) dim K < oo.

(ii) The vector space of all f € C, such that there exists a continuous solution to
(1.1)-(1.3) is a closed subspace of codimension dim KC in C,,.

(#ii) Either dim IC > 0 or for any f € C, there exists exactly one continuous solution
u to (1.1)-(1.3). In the latter case the map f € C, — u € C,, is continuous.

(iv) Suppose that the functions f; are continuously differentiable with respect to t and
that

ST < 1. (1.14)

Then any continuous solution to (1.1)-(1.83) is a classical solution to (1.1)-(1.3).
(v) If all coefficients a; are t-independent and if all functions a;,bjy, f; and rj; are
C*°-smooth, then any continuous solution to (1.1)-(1.3) is C*-smooth.

It is well-known that the Fredholm property of the linearization is a key for many local
investigations of time-periodic solutions to nonlinear ODEs and parabolic PDEs. This is
the case for Hopf bifurcation, for saddle node bifurcation or period doubling bifurcation of
periodic solutions as well as for small periodic forcing of stationary or periodic solutions



(see, e.g. [4] for ODEs and [6] for parabolic PDEs). But almost nothing is known whether
similar results are true for nonlinear dissipative hyperbolic PDEs.

The first aim of the present paper is to open the door for those local investigations of
time-periodic solutions to nonlinear dissipative hyperbolic PDEs. In particular, in [9] we
apply our results to prove a Hopf bifurcation theorem for semilinear dissipative hyperbolic
PDEs.

The second aim is applications to semiconductor laser dynamics [11, 14, 15]. Phe-
nomena like Hopf bifurcation (describing the appearance of selfpulsations of lasers) and
periodic forcing of stationary solutions (describing the modulation of stationary laser
states by time periodic electric pumping) and periodic solutions (describing the synchro-
nization of selfpulsating laser states with small time periodic external optical signals,
cf. [2, 16, 17, 18]) are essential for many applications of semiconductor laser devices in
communication systems.

Remark that in [7] and [8] we proved similar results for the autonomous case, i.e., the
case, when the coefficients a;, bj; and rj; are t-independent. There the weak formulation
of the problem (1.1)—(1.3) was a system of variational equations, and we used the method
of Fourier series in anisotropic Sobolev spaces as in [19]. In the present paper the weak
formulation of the problem (1.1)—(1.3) is the system (1.9)—(1.10) of integral equations, and
we use the method of integration along characteristics in C-spaces. The corresponding
dissipativity condition to (1.13) in the present paper is (1.7) in [7] and (1.11) in [8].
They imply that there is a uniform positive lower bound for the absolute values of the
denominators in the Fourier coefficients of the solutions, i.e., that there are no small
denominators.

Our paper is organized as follows:

In Section 1.2 we comment about the assumptions (1.5) and (1.13). In Section 2
we show that any classical solution to (1.1)—(1.3) is a continuous solution in the sense of
Definition 1.1, and that any C''-smooth continuous solution is a classical one. In Section 3
we introduce an abstract representation of the system (1.9)—(1.10). Moreover, we show
that in the “diagonal” case, i.e., if b;, = O for all j # k, there exists exactly one continuous
solution to (1.1)—(1.3) for every f € C,. The Fredholm solvability stated in the assertions
(i)-(iii) of Theorem 1.2 is proved in Section 4, while the solution regularity given by the
assertions (iv) and (v) is proved in Section 5.

1.2 Some Remarks

Remark 1.3 about assumption (1.13) Here we show that, if (1.13) is not fulfilled, the
assertions of Theorem 1.2 are not true, in general. With this aim we consider the following
example of a problem of the type (1.1)—(1.3) satisfying all but (1.13) assumptions of
Theorem 1.2: Set m = 1,n = 2,a(x,t) = —as(x,t) = a = const, bjp(x,t) =0, f;(z,t) =
0, and 712 = r9; = 1. In this case the system (1.9)—(1.10) reads as

uy(z,t) = uz(0,t — ax), (1.15)
ug(z,t) = ui(1,t + a(x — 1)), (1.16)



and S = T° = 1, i.e., (1.13) is not satisfied. Inserting (1.16) into (1.15) and putting
r =1, we get
U1<1,t) :ul(l,t—Qa). (117)

If a/27 is irrational, then the functional equation (1.17) does not have nontrivial contin-
uous solutions. If o

—:EWithpEZandqu,

2r ¢

then any 27 /g-periodic function is a solution to (1.17). In other words,

. [0 ifa/2r€Q,
dlmlc_{oo if /27 € Q.

Hence, the Fredholm solvability conclusion of Theorem 1.2 is failed if /27 € Q. Moreover,
in the case a/21 € Q there exist continuous solutions to (1.1)—(1.3) which are not classical
one’s.

Remark 1.4 about assumption (1.5) Roughly speaking, assumption (1.5) means that
a certain loss of strict hyperbolicity, caused by leading order coefficients a; and a; with
j # k, must be compensated by a certain vanishing behavior of the corresponding lower
order coefficients bjy.

Let us show that, if (1.5) is not fulfilled, the assertions of Theorem 1.2 are not true,
in general. With this aim we consider the following example of the problem (1.1)—(1.3)
satisfying all but (1.5) assumptions of Theorem 1.2: Set m = 1,n = 2, a4(x,t) = as(x,t) =
1,bll<l',t) = blg(I,t) = bzg(l’,t) = O,bgl(l‘,t) = 3/2,f1(l’,t) = fg(l’,t) = 0, and 7"(1)2 =
ri, = 1/2. In this case the system (1.9), (1.10) reads as

1
ul(xat) = 5”2(07t - Q?),

us(x,t) = %ul(l,t —x+1) +§/ ur (&, — o+ t)dE.

It is easy to verify that any continuous 27-periodic map U : R — R creates a solution

w () = Ult—2),  us(e,t) = (2 _ ;) Ut — )

to this system. In particular, we have dim I = 0o, and there exist continuous solutions
o (1.1)—(1.3) which are not classical one’s.

Let us remark that, surprisingly, an assumption of the type (1.5) is used also in
quite another circumstances, for proving the spectrum-determined growth condition in
LP-spaces [3, 12, 13] and in C-spaces [10] for semiflows generated by initial value problems
for hyperbolic systems of the type (1.1), (1.3).

Remark 1.5 about sufficient conditions for (1.13) The following sufficient condi-
tions for (1.13) are obvious: First, if the coefficients a; and b;; are given and fixed, then
(1.13) is fulfilled if

max max max |rj(t)| is sufficiently small
1<j<mm+1<k<n teR



and /or if

max  max max |r;(t)| is sufficiently small.
m+1<j<n 1<k<m teR

Second, if the coefficients r;; are given and fixed, then (1.13) is fulfilled if

b:i(x,t) . )
max min min 35 (1) is sufficiently large

1<j<m 0<a<1 teR a;(z,t)

and/or if

bii(x,t) . .
max Imax max 3 (1) is sufficiently small.

m+1<j<n0<ae<1 teR a;(w,t)

In particular, this is the case if for all € [0, 1] and t € R we have
aj(z,t) <O0for j=1,...,mand gj(z,t) >0for j=m+1,...,n (1.18)

and

max max maxb;;(x,t) is negative and sufficiently small.
1<j<n 0<z<L1 teR

It is easy to verify (see (2.3)) that a;(z,t)0,7;(&,z,t) <Oforall j=1,...,n, &z €|0,1],
and ¢ € R. Therefore, the functions u;(0, 7;(0; z, t)) with indices j such that a;(z,t) <0
describe waves traveling to the left, and the functions wu;(1, 7;(1; x,¢)) with indices j such
that a;j(x,t) > 0 describe waves traveling to the right. Hence, it is natural to prescribe
reflection boundary conditions at the left interval end z = 0 for those indices j such that
a;j(z,t) > 0 and at the right interval end x = 1 for those indices j such that a;(z,t) < 0.
Therefore, in most of the applications (1.18) is true.

2 Integration along characteristics

Let us show that a C'-function u : [0,1] x R — R" satisfies the system (1.1) of first-
order partial differential equations, the time-periodicity conditions (1.2) and the boundary
conditions (1.3) if and only if it satisfies the system (1.9)-(1.10) of integral equations. The
type of calculations is well-known, so we do this for the convenience of the reader.

Standard results about initial value problems for ordinary differential equations yield
that the functions 7; : [0,1] x [0,1] x R — R are well-defined by (1.6), and they are
C'-smooth. Moreover, it holds

(& @t +2m) = 75(E, @, 1) + 2m,
(@, &, mi(& 2, 1)) =t

and
1 v ata'(an'(nvx>t>)
8£T‘ 7x’t = - exp/ ’ ’ d ’ 23
](f ) aj(x,t) ¢ aj(n77j(n7$7t))2 ! ( )
* 3t@'(77a7'(77a1’>t))
a T 7x’t = X / J J d 24
K ](g ) P I3 aj(77>7j(777$7t))2 ! ( )

7



forall j=1,...,n,&x€[0,1], and t € R. From (2.3) and (2.4) follows
(0 + a;(x,1)0:) o(75(&, ,)) = 0 (2.5)

forall j=1,...,n, z €[0,1], t € R and any C'-function ¢ : R — R.
Now, let us show that any C'-solution to (1.9)-(1.10) is a solution to (1.1)-(1.3). Let
u be a C'-solution to (1.9)-(1.10). Then (2.5) yields

(0 + a; (2, 8)8z) (rx(7;(0, 2, 1))ur(0, 750, z, 1))
= (0 + a;(x, 1)) (rji (7 (1, 2, 1) Jux(1, 75(1, 2, 1))
= (O + a;(x,1)0;) (b (&, 75(&, 2, 1) )ur (€, 75(€, 2, 1))
= (0 + a;(x,1)0:) f5(§, 75(8,2,1)) = 0,

and (1.7), (1.8), and (2.5) imply

(O + a;(2,1)0x) ¢;(€, ,t) = —bjj(x, t)c;(€, =, 1),

(O + aj(x,1)0:) d;(§, 1) = —bj;(x, 1)d; (&, ).
Hence the partial differential equations (1.1) are satisfied. The time-periodicity conditions
(1.2) follow directly from (1.9), (1.10), and (2.1), while the boundary conditions (1.3)
follow from (1.9), (1.10), and (2.2).

Finally, let us show that any C'-solution to (1.1)-(1.3) is a solution to (1.9)-(1.10).
Let u be a C'-solution to (1.1)-(1.3). Then

8tuj(§7 Tj(§7 x, t))
aj(£7 Tj(£7 T, t))

<_ Z bjk(£7 Tj(£7 z, t))uk(£7 Tj(£7 €, t)) + fj(£7 Tj(£7 €, t))) .

(f TJ(f z t)) = aﬁvuj(é.?Tj(g’xvt)) +

B 1
a; (ga Tj (57 L, t))

d§

This is a linear inhomogeneous ordinary differential equation for the function u;(-, 7;(-, z, 1)),
and the variation of constants formula (with initial condition at £ = 0) gives

u;(x,t) = uj(xj,Tj(ﬂij,x,t))eXP/Ox ( ajj((g :j((g T, ))))) %

naTj( ))
/exp/( a;(n,7;(n, ,>>>‘“7
Jk(gvTJ(&Lt))uk‘(f Tj(f )) + fj<€77—j(§7xvt))
> 0, (61, (€ 1, 1)) ¢

k4 J( 77-]

€.

Here and in what follows we use the notation

_J 0 for j=1,...,m,
xj'_{l for j=m-+1,...,n. (2.6)

Inserting the boundary conditions (1.3) for j = 1,...,m, we get (1.9) and inserting (1.3)
for j =1,...,m, we get (1.10).



3 Abstract representation of (1.9)—(1.10)

The system (1.9)-(1.10) can be written as the operator equation
u=Cu+ Du+ Ff, (3.1)

where the linear bounded operators C, D, F' : C,, — C,, are defined as follows:
Denote by C,, the space of all continuous maps v : [0, 1] x R — R™ with v(x,t+27) =
v(z,t) for all z € [0,1] and ¢t € R, with the norm

|0]|l0 = max max max |v;(x,t)|.
1<j<m 0<z<1 teR

Similarly we define the space C,,_,,. The spaces C,, and C,, x C,,_,, will be identified, i.e.,
elements u € C, will be written as u = (v, w) with v € C,,, and w € C,,_,,,. Define linear
bounded operators K : C,_,, = C,, and L : C,, = Cp,_, by

(Lv);(x,1) —cjlthr]k 7i(L, 2, t)op(1,75(1, 2,t)), j=m+1,...,n,
=1 (3.2)
(Kw);(x,t) :=¢;(0,2,1) Z 7k(7;(0, 2,t))wi(0,7;(0,2,t)), j=1,...,m.
k=m+1

Then the operator C' is defined as
Cu = (Kw, Lv) for u = (v,w). (3.3)
The operators D and F' are given by

(Du)](x,t) = /x dj(f,l’,t) Zbjk(éaTj(é?xvt))uk(£77—j(£7x7t))d£7 (34)
(FDwt) = [ a6 006 (6 m0) e (35)

Lemma 3.1 Suppose (1.13). Then I — C' is an isomorphism on C,,.

Proof. Let f = (g,h) € C, with g € C,, and h € C,,_,,, be arbitrary given. We have
u=Cu+ fifand only if v = Kw+g¢g, w= Lv+h, ie., if and only if

=K(Lv+h)+g, w=Lv+h.

Hence, if
1K 2comica | Ll 2Cmicnm) < 1, (3.6)

then I — C' is an isomorphism from C, onto C,. In order to prove (3.6) we use (1.11) and
get the estimate

n

|Kw|l.e = max max max |¢;(0,x,t) Z k(75(0, z, t))wy (0, 7;(0, 2, 1))

1<j<m 0<z<1 teR
k=m+1

< Jwlleo max max max R)(z,t) = S°||wlls  for all w € Cop. (3.7)
1<j<m 0<z<1 teR



Similarly,

< 0 =T7° : :
| Lv|| oo < ||v||oomj{1112§<§n01£3§1 I{lez]lRXRj(x,t) T ||v||l  for all v € Cp, (3.8)

Hence, assumption (1.13) yields (3.6). O

4 Fredholm property

In this section we prove the assertions (i)—(iii) of Theorem 1.2. Hence, we suppose that
the assumptions (1.4), (1.5) and (1.13) are satisfied.

We have to show that the operator I — C'— D is Fredholm of index zero from C, to C,,.
Unfortunately, the operator D is not compact from C, to C,, in general, because it is a
partial integral operator (cf. [1]). But by Lemma 3.1, the operator [ —C' — D is Fredholm
of index zero from C, to C, if and only if

I — (I — C)™'D is Fredholm of index zero from C, to C,, (4.1)

and for proving (4.1) we use the following Fredholmness criterion (cf., e.g. [5, Theorem

XI1.5.2)):

Lemma 4.1 Let W be a Banach space, I the identity in W, and A : W — W a linear
bounded operator with A% being compact. Then I + A is a Fredholm operator of index
zero.

Now, for (4.1) it is sufficient to show that the operator (I — C)™'D(I — C)™'D is
compact from C, to C,, i.e., that

D(I — C)™*D is compact from C, to C,,. (4.2)

Because of D(I — C)™'D = D? + DC(I — C)7'D, the statement (4.2) will be proved if
we show that
D? and DC' are compact from C, to C,. (4.3)

Let us denote by C! the Banach space of all u € C,, which are C'-smooth, with the
norm ||u|/oo + ||0xu/|co + || O¢tt]|so- By the Arcela-Ascoli theorem, C} is compactly embedded
into C,,. Hence, for (4.3) it suffices to show that

D? and DC map C,, continuously into C!. (4.4)

The definitions (3.2), (3.3) and (3.4) imply that for all u € C} we have d,u,du € C}

and
GxC’u = C’nu + C’lgﬁtu, 8tCu = Cglu + ngatu,

(91Du = DHU -+ Dlgﬁtu, 8tDu = D21U + D223tu (45)

10



with linear bounded operators Cj, Djj : C,, — C,,, which are defined by

Z OpCjr(z, t)ug (1, 75(1, 2, ) forj=1,...,m,
(Cuw)j(z,t) == ¢ 5"

Z&Ecjk(x,t)uk(o,Tj(l,x,t)) forj=m+1,...,n,
k=1

> 0uri(L ez, ur(l, (1, 2,t)) for j=1,...,m,

(Crou)j(z,t) == ¢ Pt
> 0,70, 2, t)ejp(m, )u(0, 7 (1,2, 8))  for j=m+1,...
k=1
> (e, hu(l,75(1,2,t) for j=1,...,m,
(Cgl’(L)j(.CE,t) = k;m#»l
Z@tcjk(x,t)uk(O,Tj(l,x,t)) for j=m+1,...,n,
k=1

> om(L e, (1,751 2,1)) for j=1,...,m,

(ngu)j(:v,t) = k;erl
Z 0v7;(0, 2, t)cjr(z, t)uk(0, 75(1, 2, t)) forj=m+1,...,
k=1
and
(Dllu)j(x,t) = Z/ 8:(:djk(£ax7t)uk(€77_j(€7$at))d€7
o
(D12U)j(l’,t) = Z/ aij<§7x7t>djk(£a xat)uk(é-’/rj(gvxa t))df,
S
(Dara)i(ot)i= > [ D6, hun(€, 76, )
S
(D22u)j($7t) = Z/ atTj<£7x7t>djk(§7 l’,t)Uk(f,Tj(f,ZE, t))df
S
Here
(1) = ri(tj(L,z,t)cj(l,z,t) forj=1,....m, k=m+1,...,n,
Cik\Tsb) = rik(75(0,2,t)c;(0,z,t) for j=m+1,....n, k=1,...,m
and

djk<€7 z, t) = _d]'(€7 z, t>bjk<€7 Tj(é? z, t))

11

7n’

n

(4.6)



By (4.5) we get for all u € C}

axDQ’LL = DHDU -+ D12(D11u -+ Dlzat'u,), (9th16 = D21DU + DQQ(DQl’u -+ DggatU),
(9IDC’u = DnCU —+ Dlg(CuU + Clgatu), GtDC’u = DglCu + D22(021U + C'228tu).

Now, taking into account the density of C! in C,, in order to show (4.3) it suffices to prove
the following statement:

Lemma 4.2 There exists a positive constant such that for all u € C} we have
| D2,05| 00 + || Dag0stt| 0o + || D12C12051 |00 + || Da2Ca20st| 0o < const ||u|so-
Proof. Forany j=1,...,n and u € C} we have
(Dip0u);(x,t)
=ZZ/7EM%MM@%WWMMMM¢WWWW(M)
= ot Jaj Sy
kA LAk
with
dja(§,m, 2, 1) = Oym;(&, @, 8)0mi(n, &, 75(&, @, 1)) d; (€, , 1) dia(n, §, 75(&, @, 1))

On the other hand, (1.6), (2.3) and (2.4) imply (for all £,n,z € [0,1] and t € R with
8,5Ul(777 Tk(n7€77—j(€7xvt)>> 7& O)

%ul(na Tk(777 fa Tj(£7 z, t)))
3tul(77, Tk(na 57 Tj(€7 €, t)))
= 8:r7—k<7]7 57 Tj (57 z, t)) + aﬂk(ﬁ; 57 Tj<€7 x, t>>a§7—j (57 xz, t)

1 1
~ominenten) (o~ eeey) . U8

Hence, (1.5), (2.3) and (2.4) yield that for all £,n, 2z € [0,1] and ¢ € R it holds
djkl(§7 x, t)b]k(§7 Tj(§7 x, t))atul(nv Tk(na 57 Tj(§7 X, t)))

- ~ d
= djkl (57 n,x, t>b]k<§7 Tj (57 z, t))d_gul<n7 Tk(na 57 Tj (57 x, t))) (49)

with
Czjkl(€7 1,2, t) = ay (57 Tj(f? Z, t))ak(€7 Tj(S? z, t))aﬂ_j (5’ xz, t)dj(€7 xz, t)dkl(nv 57 Tj(S? z, t))

Remark that the values by (z,t) are not uniquely defined for (z,t) with a;(z,t) = a(z,t)
by the condition (1.5), but, anyway, the right-hand side (and, hence, the left-hand side)
of (4.9) does not depend on the choice of b;; because %ul(n,m(n,g,rj(&x,t))) = 0 if

aj(z,t) = ap(z,t) (cf. (4.8)).
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Let us check if for all j # k and k # [ the partial derivatives 6§ijl exist and are
continuous: For the factor a;(&,7;(&,2,t)) this is the case because a; and 7; are C'-
smooth, the same for the factor a,(&, 7;(&, x,t)). For the factor 0,7;(€, x,t) this is the case
because 9,7; is C'-smooth (cf. (1.4) and (2.3)). Finally, for the factors d;(¢,z,t) and
dik(n, &, 7;(€, z,t)) this follows from (1.8) and (4.6).

Applying Fubini’s theorem and partial integration, we get, for example for the terms
in (4.7) with 1 < j, k < m,

T £
/0 / dﬂd@,n,a:,wbjk(s,n(s,x,t))@w(n,mn,g,n(s,x,t»)dndf]

T .T~ - d
[ e 6,0, 0) et o 6. 00 e

/0 / d%(cijkl(g,n,m,t)zsjk@,fj(g,x,t))) ul(n,m(n,&n(&x,t)))didn'

<

E=x

+

[ [t b e 0 70, 6,36, 0)]

< const ||u|so-

:

&=n

Similarly one can handle the other terms in (4.7) in order to get || D3,0:u||oo < const ||u]|so-
The estimate || D2,0;ul|oo < const |[u]|s can be proven in an analogous way.
It remains to show that

HDuClgatuHoo + HDQQCQQ@tu”OO S const Hu”oo for all u € C711

Let us do this for the term DyyCo0;u (the calculations for D15C120,u are similar). For
any u € C} we have (using notation (2.6))

<D220228tu)j (xa t) = Z Z / ejkl(é-u z, t)b]k(£7 Tj (57 z, t>>atul ('rj7 Tk<1’j7 57 Tj (é-? xZ, t)))d£
k=1 |=1 Y %j
k#j

with

ejr(§, 2, 1)

B { -0, (&, 2, )0 (1, €, 75(&, 2, 8))di (&, v, t) e (€, 15(€, 2, t)) for [ =1,...m,
ol —0m(& 2, t)0rmk(0,€, (8, 1)) d (&, @y t) e (E, (€, t)) for L=m + 1, .. n.

Using (4.8), we get for [ =1,...,m
ejkl(€7x7t)bjk(§>7_j(§>xat))atul(177k<17€77_j(€>xat)))

- éjk:l(ga xz, t)l;jk<€> Tj(f? x, t))%ul(17 Tk’(lv 67 Tj(ga €, t)))

with
€&, m, x,t) = —a;(&§,1(& 2z, t)ar(§, 15(&, 2, 1) 0y (€, x, t)d; (€, x, t) e (n, &, 75(€, , t)).
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Hence, we can integrate by parts in order to get

/x ejkl(gv xz, t)bjk(gv Tj (67 xz, t))atul(L Tk(l’ 57 Tj (f, Z, t)))d§

J

/x éjkl(gv Z, t)gjk(fa Tj(§7 z, t))%ul(lv Tk(17 ga Tj(éa z, t)))df

J

< const ||u||oo-

Similarly one can proceed in the case [=m +1,...,n. O

Remark 4.3 about smoothness assumptions on the coefficients bj;, In fact, for
our results we do not need to assume that the partial derivatives 0,b;; exist. We need
that b;; is continuous and that the partial derivatives 0;b;; exist and are continuous.

What concerns the coefficients bj, with j # k, in the proof of Lemma 4.2 we only used
that

/r Bjk(§77—j(§7x7t))%”l(Lﬂf(Lf,Tj(f,l’,t)))dg < const |lul|s for all w € CE. (4.10)

J

For that the assumption by, € C) (cf. (1.5)) is sufficient, but not necessary. For example,
if aj, ar and by, and, hence, bj, are t-independent, then for (4.10) it is sufficient that
bjk S BV(O, 1)

5 Solution regularity

In this section we prove the assertions (iv) and (v) of Theorem 1.2. Hence, we suppose
that the assumptions (1.4), (1.5), (1.13) and (1.14) are satisfied. Remark that (1.13)
implies (1.14) if all coefficients a; are t-independent.

To prove assertion (iv), assume that the functions f; are continuously differentiable
with respect to t. Let u be a continuous solution to to (1.1)—(1.3). We have to show that
the partial derivatives d,u and J,u exist and are continuous. For that it is sufficient to
show that J;u exists and is continuous, since then (1.9) and (1.10) imply that also d,u
exists and is continuous.

Because of (3.1) we have

(I — Cyu= D(C + Dyu+ (I + D)Ff. (5.1)

Denote by C~711 the subspace of all v € C, such that the partial derivative 0;v exists and
is continuous. By assumption we have f € C1. Moreover, from (3.4) and (3.5) it follows
that the operators D and F map C into CL. Therefore, (4.4) implies that the right-hand
side of (5.1) belongs to C}. Hence, it remains to prove the following fact:

Lemma 5.1 If for i € C, and f € C! it holds it = Ct+ f, then @ € C.
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Proof. We proceed as in the proof of Lemma 3.1. In particular, we use the Banach
spaces C,, and C,_,, and the linear bounded operators K : C,_,, — C,, and L : C,, —
Cpn—m, which are introduced there. Further, by CN}n we denote the space of all v € C,,
such that the partial derivatives dyv exist and are continuous. Similarly the space C!_
is introduced. Then we have C,, = Cp, X Cp_pp and CL = CL x C .

Now, suppose that there are given u € C,, and f € C~}L such that
u=Cu+ f. (5.2)

Then @ = (9,@) with certain o € Cp, @ € Cyyn and f = (§,h) with certain § € CL,
h € C! . . We have to show that @ € C}, i.e., that

veCl,

weCl . (5.3)

Because of (3.3) and (5.2) we have & = K (Lo +h)+§, @ = Lo+ h. Moreover, (3.2) yields
that K maps C!_, into C! and that L maps C! into C!_, . Hence, for proving (5.3) it
suffices to show that

(I - KL)™'geC}, for any g € C},. (5.4)

For any v > 0 the spaces C~,1n are Banach spaces with the norms
[olles, = llvlloe + 71100 ]|
Hence, for proving (5.4) it suffices to show that there exists v > 0 such that
KLl gy <1

with the norm corresponding to 7. For that we have to show that there exists a constant
¢ < 1 such that

1K Lv||oo + Y]|OLK L||0s < € (|[0]loo + 7]|Osv]|o) for all v € CL.

Because of (3.7) and (3.8), this estimate will be proved if we show that

— G070 ~
10K Lvl|oo € 2" ||0]lo + c|| O]l for all v € CL. (5.5)
f)/

For proving (5.5), let us calculate 9;K Lv. Similarly to (4.5) we have for all v € cl
and weC}_
O Kw = Kiw + KyOyw, 0;Lv = Liv + LyOyw

with linear bounded operators Ky, K5 : C,_,, — C,, and Ly, Ly : C,, — C,_,, defined as
follows (cf. (3.3) and (4.5)):

(Kyw)j(z,t) = Z Orcj(w, )wi (1, 75(1, 2, 1)),

k=m+1
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(Kow)j(x,t) = > Om(Lz,t)ein(x, thwp(1, 75(1, 2, 1)),

k=m+1

(Lyw)j(a,t) = > Oheju(x, t)v(0,7;(0, 2, 1)),
k=1

(Lov)j(x,t) == 0m(0, 2, t)eju(x, t)ve(0,7(0, 2, 1)).
k=m+1

Therefore, for v € CL, it holds

”8tKLvHOO = ”KlLU + KQ(Ll'U + LzatU)HOO
<MLL + KoL e[l + 12 La | 2 1000 oo

Now, (1.12) and (2.4) yield || Kaa|lz(c
get

y < St and || Laslzienic < T'. Hence, we

n—m ?Cm nf'm)

10:K Lo |oo < | K1 L + KaLi|lgien [0]loo + S'TH|0p0]|oo- (5.6)
By assumptions (1.13) and (1.14) we have S°T° < 1 and S'T' < 1. Fix ¢ such that
max{S°T", S'T"'} < ¢ < 1. Then choose v so small that
c— SO0
—
Finally, (5.6) implies (5.5). O

The proof of assertion (iv) is therewith complete.

To prove assertion (v) of Theorem 1.2, suppose that all coefficients a; are t-independent.
Then (2.4) yields that 0;7;(&, x,t) = 1. Therefore in (4.5) we have

| KL+ KoLy £,y <

022 = (C and D22 =D. (57)

Let u be a continuous solution to (1.1)—(1.3), i.e., a solution to (1.9)—(1.10), and
suppose that all functions a;, bji, f; and r;j;, are C*°-smooth.

First we show by induction that all partial derivatives OFu, k = 1,2, ... exist and are
continuous.

For k = 1 this follows from assertion (iv) of Theorem 1.2.

Now suppose that all partial derivatives du, ..., %u exist and are continuous. Then

as in (4.5) one gets (cf. (5.7))

k-1 k—1
0fCu =Y Cioju+ Cofu, OyDu =Y D;0lu+ Doju
j=0 j=0

with linear bounded operators C;, D; : C, — C, such that Cjv, Djv € C} for all v € C}.
Now we proceed as in (5.1): From (I — C — D)u = F'f it follows

E

-1
(I-C—D)Ofu=0Ff - (C;0{u+ D;0ju) = Ry, € C,

J

Il
o
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and, hence,

(I - C)0fu= D ((C+ D)oFu+ Ry) + Ry, €Cp.

By Lemma 5.1, 9Fu € C!, i.e., 0"+'u exists and is continuous.
Finally we show that the partial derivative 9dlu exists and is continuous for all
k,l € N. From (1.1) it follows

Doty (2,1) = —— ( £, 1) — Oy (2, 1) — ijk(x,t)uk(:c,t)) | (5.8)

a;()

All partial derivatives with respect to ¢ of the right-hand side (and, hence, of the left-hand
side) of (5.8) exist and are continuous, i.e., d,0lu; exists and is continuous for all [ € N.
Therefore the partial derivative with respect to z of the right-hand side (and, hence, of
the left-hand side) of (5.8) exists and is continuous, i.e., 92u; exists and is continuous and

1 n n
8£Uj = ? ((ljax (f] - 6tuj - ijkuk> - c%aj (f] - 8tu]' - ijkuk>> . (59)

J k=1 k=1

Again, all partial derivatives with respect to t of the right-hand side of (5.9) exist and are
continuous. Hence, 9%0}u; exists and is continuous for all [ € N. Therefore the partial
derivative with respect to x of the right-hand side of (5.9) exists and is continuous, i.e.,
D3u; exists and is continuous. By continuation of this procedure we get the claim.
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