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Abstract

We examine robustness of exponential dichotomies of boundary value problems for
general linear first-order one-dimensional hyperbolic systems. The boundary conditions
are supposed to be of types ensuring smoothing solutions in finite time, which includes
reflection boundary conditions. We show that the dichotomy survives in the space
of continuous functions under small perturbations of all coefficients in the differential
equations.

1 Introduction and main results

The concept of exponential dichotomy plays a crucial role in various aspects of the pertur-
bation and the stability theory [3, 4, 17, 18, 19]. An important problem here is robustness of
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the exponential dichotomy of a system, i.e., its stability with respect to small perturbations
in the system. This problem is extensively studied in the literature, e.g., in [6, 13, 14, 20] for
finite-dimensional case and in [2, 7, 15] for infinite-dimensional case. It should be noted that
the hyperbolic case (see, e.g., [16]) seems more complicated here in comparison to ODEs and
parabolic PDEs, mostly due to worse regularity properties of hyperbolic operators.

We address the issue of stability of exponential dichotomies for general linear one-
dimensional first-order hyperbolic systems

0y + a(x,t,e)0, + b(z,t,e))u=0, x€(0,1) (1.1)

subjected to (nonlocal) boundary conditions

n

us(0,8) = D p(®un(0,6) + > p(Bur(L,1), 1< j<m,

ui(Lt) = qu®ue(0,6) + Y gu(Bur(l,t), m<j<n.
k=1 k=m+1
Here u = (uy,...,u,) is a vector of real-valued functions, a = diag(a,...,a,) and b =

{bjr}7 =1 are matrices of real-valued functions, and 0 < m < n are fixed integers.
Set
I={(z,t) : 0<x <1, —00<t<o0}.

Assume that there exists g > 0 such that for all ¢ < g and all (z,t) € II the following
conditions are fulfilled:

a;, bk, Djk, ¢jr are continuously differentiable in z,¢,¢ for all j, k < n, (1.3)
a; >0forall j <m and a; <O forall j >m, (1.4)
intf la;] >0 for all j <n, (1.5)
sup {|a;|, |0za;|, |0:a;|, |0-a]} < oo for all j <n, (1.6)
z,t
sup {|pjkl, [kl bjrl; |0bikl, |Oibju]} < 0o for all j,k <n (L.7)
x,t

for all 1 < j # k <n there exist 81, v;x € C* ([0,1] x R x [0,&0))
such that bjx(z,t,0) = Bk(z,t,€) (ax(zx, t,e) — aj(x,t,0)) (1.8)
and bjk (2, 1,€) = Yr(2,t,€) (ar(z,t,€) — a;(x,t,€))

and

SUP {|ax/8]k:’a ‘8tﬁjk|7 |0x’7]k|a |0t’}/jk|a} <00 for all j 7é k. (]_9)
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Given s € R, set
(x,t) : 0<z<1,8<t< oo}

I, = {
We subject the system (1.1)—(1.2) by the initial conditions at time ¢t = s:
u(@,s) = o), e 0,1] (1.10)

and consider the initial-boundary value problem (1.1), (1.2), (1.10) in II; for arbitrarily
fixed s € R. Now we intend to switch to a weak formulation of the latter using integration
along characteristic curves: For given j < n, x € [0,1], t € R, and € € [0,&9] the j-
th characteristic of (1.1) passing through the point (z,t) € Il is defined as the solution
€ €10,1] = w;(&; x,t,€) € R of the initial value problem

1
a; (& w;(&x,t,€),€)

Oew;(&,t,€) = , wi(zsx,te) =t (1.11)

Write

cj(& x,t,e)
a;(& wi(&m te),e)

Due to (1.5), the characteristic curve 7 = w;(§;z,t, ) reaches the boundary of Il in two
points with distinct ordinates. Let x;(z,t, ) denote the abscissa of that point whose ordinate
is smaller. Let us introduce linear bounded operators R : C (Hs)n — C([s,00))" and

B C (ﬁs)n — C (ﬁs)n and an affine bounded operator S : C' (ﬁs)n — C (ﬁs)n by

J

§ /b
Cj(faxata 8) = eXp/ (f) (77,Wj<77;.1',t, 8)76) d777 dj(f,&?,lf,&“) =

n

(Ru);(t) = Y pr(un(0,8) + Y pu(tu(1,t), 1<j<m,

e wt (1.12)
(Ru);(t) =Y au(t)ur(0.6) + Y aqu(yun(1,t), m<j<n,
k=1 k=m+1
(Bu)(x,t) = cj(z;(z, t,€), 2, t,e)u; (xi(z, t, €), wi(z;(z, t,e);z,t,¢€)), (1.13)

and

(Ru);(t) if t>s,

pi(x) if t=s. (1.14)

(suytet) = {

By abuse of notation, we did not indicate the dependence of the above operators on s; in
fact, in the consideration below the value of s € R will be arbitrarily fixed.



Straightforward calculations show that a C'-map w : [0, 1] x [0,00) — R" is a solution to
(1.1), (1.2), (1.10) if and only if it satisfies the following system of integral equations

u;j(z,t) = (BSu),(x,1t)

_/( )dj(g,m,t,s)ijk(g,wj(f;x,t,s),5)uk(f,wj(§;x,t,e))d§, Jj <n.(1.15)
j(x,te IZ;}

Now, the notion of weak (continuous) solution in Il can be naturally defined as follows.

Definition 1.1 A continuous function u is called a continuous solution to (1.1), (1.2), (1.10)
in Il if it satisfies (1.15).

For given ¢ > 0, denote by U¢(t,s) : C([0,1])" — C([0,1])™ the evolution operator of
the system (1.1)—(1.10) whose existence is given by Theorem 2.1, i.e, a bounded operator
mapping the values of solutions at time s into their values at time ¢ and satisfying the
properties U¢(s,s) = I and U¢(t,s)U%(s,7) = U%(t,7) for all t > s > 7.

We examine robustness of exponential dichotomies for a range of boundary operators
ensuring that smoothness of solutions increases in finite time. With this aim we will assume
that the system (1.1)—(1.2) has a smoothing property studied in [9, 10].

Definition 1.2 Let ¢ > 0. The evolution operator U¢(t,s) to the problem (1.1), (1.2) is
called smoothing if, for every s € R, there exists t > s such that U¢(¢, s)p € C* ([0, 1])" for
every ¢ € C ([0,1])".

In the following definition the range of an operator P will be denoted by Im P.

Definition 1.3 Let ¢ > 0. We say that the system (1.1)—(1.2) has an exponential dichotomy
on R with exponent 5 > 0 and bound M if there exist projections P*(t),t € R, such that

(i) U=(t,s)Pe(s) = Pe(t)U%(t,s), t > s;

(ii) U5(t, 5)|m(p=(s)) for t > s is an isomorphism on Im(P*(s)), then U®(s,t) is defined as
an inverse map from Im(P%(¢)) to Im(P=(s));

(iil) |US(t, s)(1 — PE(s))|| < Me P9+ > s;

(iv) ||[U5(t, s)Pe(s)|| < MePt=9) t <.

Here and below by || - || we denote the operator norm in £ (C([0,1])™).
Now we formulate our main result.

Theorem 1.4 Suppose that the system (1.1)-(1.2) with € = 0 has an exponential dichotomy
and the corresponding evolution operator U°(t, s) is bounded:

sup ||U°(t, s)|| < oo. (1.16)

0<t—s<1



Moreover, assume that there is eg > 0 such that the following conditions are fulfilled: (1.3)-
(1.9) and
There exists k € N such that (B°R)" =0 for all e < . (1.17)

Then there exists €' < ey such that for all e < &' the system (1.1), (1.2) has an exponential
dichotomy.

Remark 1.5 Note that the boundary conditions (1.2) together with the property (1.17)
generalize boundary conditions appearing in models of chemical kinetics [1, 21].

2 Basic facts

The first fact follows from the results obtained in [8, 11] and entails, in particular, the
existence of an evolution operator.

Theorem 2.1 Under the conditions (1.3)-(1.9), for given ¢ > 0, s € R, T > 0, and
w € C([0,1))" fulfilling the zero-order compatibility conditions

i(0) = (Rp);(s), 1<ji<m
zj(l) = (Ri)j(s), m <]j <n, (2.18)

the initial-boundary value problem (1.1), (1.2), (1.10) has a unique continuous solution in
I and this solution satisfies the apriori estimate

H“‘|c(ﬁs\ns+T)" < C(D)llelleqo (2.19)
with a constant C(T) > 0 depending on T, but not on s, p, and € < &y.

The second fact can be readily obtained by [10, Theorem 2.7] and the argument used in
its proof. It states the smoothing property of the evolution operator as well as the fact that
the time at which the continuous solution to (1.1), (1.2), (1.10) reaches the C'-regularity
does not exceed a fix number d, whatsoever initial time s € R.

Lemma 2.2 Under the conditions (1.3)-(1.9) and (1.17) the evolution operator is smoothing
and satisfies the following property:

There exists d > 0 such that for any s € R and t as in Definition 1.2,

the inequality |t — s| < d is true for all € < eq. (2.20)

The third fact is a variant of [5, Theorem 7.6.10].



Theorem 2.3 Assume that the evolution operator U%(t, s) has an exponential dichotomy on
R and satisfies (1.16). Then there exists n > 0 such that for all € > 0 with

|U%(t,s) — US(t,s)|| <n, whenever t—s=2d
the evolution operator U¢(t,s) has an exponential dichotomy on R also.
Proof. Given s € R and € > 0, set
tn=s54+2dn, T, =U(to+2d(n+1),ty+ 2dn) for n € Z.

If the evolution operator U°(t, s) has an exponential dichotomy, then the sequence {7} has
a discrete dichotomy in the sense of [5, Definition 7.6.4].
By [5, Theorem 7.6.7], there exists nn > 0 such that for all € > 0 with

sup | T — Te|| <7
n

{T:t} has a discrete dichotomy.
Now we are in the conditions of [5, Excersise 10, p. 229-230] (see also a more general
statement [7, Theorem 4.1]), what finishes the proof. O

3 Proof of Theorem 1.4

Given s € R and ¢ > 0, let us introduce linear bounded operators D, F¢ : (' (ﬁs)n —
C (I,)" by

(D*w); (x,t) = —/.( )dj(f,x,t,g)Zbjk(é,wj(g;x,t,5),5)wk(§,wj(§;a:,t,a))d{,
j(z,te k;]'

(Fa.f)j (.Clj,t) - / ( )dj(£7$7t7€)fj<€>wj(§;xatag))dg'
zj(z,te

Here again we dropped the dependence of D and F*® on s, as throughout the proof s € R is

arbitrarily fixed. To simplify further notation, set

a(z,t) = a(z,t,0), b(x,t) =b(x,t,0),ci(x,t) =cj(x,t,0), dj(z,t)=d;(z,t,0),
a*(z,t) = a(z,t,e), b (z,t) =b(x,t,e), Bz, t)=B(v,t 5)
wi(&a,t) = w;(&2,t,0),  xj(x,t) =x;(x,¢,0), D=D° F=F"°
(3.21)
Fix arbitrary values s € R and ¢ < gy and an arbitrary initial function ¢ € C ([0, 1])"
n (1.10). Let w and v be the continuous solutions to the problem (1.1), (1.2), (1.10) with
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e =0 and ¢, respectively. By Lemma 2.2, the evolution operator U®(¢, s) is smoothing with
the time of smoothing not exceeding d. This means that starting at t = s + d the solutions
u and v are continuously differentiable and, therefore, satisfy the system (1.1) pointwise.
Hence, the difference u — v fulfills the equation

(O +a(x,t)0, +b(x,t))(u—v) = (a®(z,t) — a(z,t)) Opv+ (b°(z,t) — b(z,t)) v, (x,t) € ls4q
(3.22)
and the boundary conditions

(u; —v;)(0,8) = (R
(uj —v)(L,t) = (R

or, the same, the operator equation

- (3.23)

u—vlg, ,=BRu-v)+D(u—v)+ F((a" —a)dv)+ F((b"=b)v). (3.24)
A similar equation is true for u — v under the operator BR, what entails

u—v = (BR)?*(u—v)+ (I +BR)D(u—v)
+ (I+BR)F((a" —a)0,v)+ (I +BR)F((b*—-b)v).

Doing this iteration, on the k-th step we meet the property (see (1.17))
(BR)" (u—v)=0 (3.25)

and, hence, get the formula

k—1
u—vlg, =Y (BR)D(u—v)+Y (BR)'F((a° —a)dw) + Y (BR)'F ((I¥ —b)v).

=0 %

Ed
—
e
—_

I
<)
I
=)

i
In particular,

u— g = i:(BR)iD(u —v)+ Y (BR)'F((a® — a)0,v)

s+d

Ea
—_

Il
o

=0 %
k-1

+ > (BR)'F((F —b)v). (3.26)

=0

Therefore, on the account of Theorem 2.3, we are done if we show that, given n > 0, there
is ¢/ < g¢ such that
[(w = v)(s s+ 2d) o, < nllelleqom (3.27)



the bound being uniform in s € R, e < ¢, and ¢ € C ([0,1])". To derive (3.27), we estimate
each of the three sums in (3.26) separately.

To obtain the desired estimate for the first sum in (3.26), we first derive the formula for
D(u — v) contributing into this summand. To this end, use the operator representation for
u and v, namely,

u= BSu+ Du, v= B“Sv+ D,

where the functions U and v are restricted to I, \ T4, 24 and the operators B¢, S, and D*
are restricted to C (HS \ H8+2d)n. Note that, as it follows from the definition, B¢, S, and D¢

map C' (ﬁs \ HS+2d)n into C' (ﬁs \ H5+2d)n. Thus, for the difference we have
u—v=BS(u—v)+(B—-B)Sv+ D(u—v)+ (D — D), (3.28)
hence
D(u—v) = DBS(u—v)+ D (B — B%) Sv+ D*(u —v) + D(D — D). (3.29)
Our next objective is to rewrite the last equation with respect to the new variable
w = D(u —v). (3.30)

With this aim we substitute (3.28) into the first summand in the right-hand side of (3.29)
and get

w = D(BS)*(u—v)+ D+ BS)(B— B) Sv
+ D(I + BS)w+ D(I + BS)(D — D). (3.31)

Continuing in this fashion (again substituting (3.28) into the first summand in the right-hand
side of (3.31)), on the r-th step we arrive at the formula

+ DY (BS)w+ DY (BS)(D— D%)v. (3.32)

i=0 =0

Since (u —v)(-,s) = 0 on [0, 1], there exists o € N such that (BS)"(u —v) = 0. Therefore,
the resulting equation for w restricted to Il \ I, 24 can be written as

w = DTOZ(BS)i (B — B%) Sv + DTOZ(BS)Z'(D — D)u+ DmZ(BS)iw. (3.33)



Our goal now is to show the existence of a function « : [0,1] — R with a(¢) - 0ase — 0
for which we have

Hch(ﬁs\nsm)" < a(e)llellegon (3.34)

the estimate being uniform in s € R and ¢ € C([0, 1])" satisfying the zero-order compatibility
conditions (2.18). With this aim we first show that there is a function &(e) meeting the same
properties as «(e) such that the C (ﬁs \ Hs+2d)n—norm of the first two summands in the
right-hand side of (3.33) is bounded from above by &(e)||¢||c(o,))»- Afterwords, we use the
boundedness of the operators B, S, D restricted to C' ( \HS+2d) then apply Gronwall’s
inequality to (3.33), and this way derive (3.34). To this end, observe that the integral
operator D can be considered as Volterra operator of the second kind. This follows from the
fact that D can be equivalently defined by the formula

t n
(Dw); (z,t) = —/ dj(T,m,t)Zbjk((bj(T;x,t),T)wk(cDj(T;x,t),T) dr,
ti(x,t) k=1
e

where 7 € R — @;(1;2,t) € [0,1] is the inverse form of the j-th characteristic of (1.1) passing

through the point (z,t) € II, t;(x,t) is a minimum value of 7 at which the characteristic
T = w;(7; x,t) reaches OIl,, and

di(r, 2, t) = eXP/ bjj(@;(n;z,t),n) dn.
t

Thus, the estimate (3.34) will be proved as soon as we derive the upper bound a(e) ||| (o,
for the absolute value of the first two summands in (3.33). The idea behind the proof is a
smoothing property of the operators representing those summands. We prove this only for
one summand in each sum (when ¢ = 0). For all other summands we apply similar argument.

Thus, to get the desired estimate for the summand D(D — D*)v, it suffices to show that,
given j < n, the function (DDv), (z,t) is continuously differentiable in e and that the
derivative is bounded on I, \HS+2d uniformly in s € R and ¢ < ¢p. Indeed, following the
techniques from [9], fix a sequence v' € C* (ﬁ)n such that

o' = v in C (I \HS+2d)n as | — 00. (3.35)

We are done if we prove that 0. [(DDEUI)]. (x, t)] converges in C ( s\ HS+2d) as [ — oo and

that the limit function is bounded on I, \ II5;24 uniformly in s € R and ¢ < g;. Consider
the following expression for (DDEUl) (z,t):

o, = [ [ et i)

k=1 1i=1
k#£j i#k

vl (n, wi(n; & wi(€;2,t),€)) dndé (3.36)

X
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with
diki(§,n,x,t,e) = di(&, x,t)d(n, &, wi (& 2, 1), €)bri (0, wi(n; €, wi (&5 2, 1), €), €).

Let ;1 (z, t, €) denote the z-coordinate of the point (if any) where the characteristics w;(&; x, t)
and w(§;0,s,¢) if & < m and the characteristics w;(&; ., t,¢) and wi(§;1,s,¢) if & > m in-
tersect. Hence, z;;(z,t, €) satisfies the equation

wi(zn(z,t,e); 2, t) = wp(zje(x, t,€);0,8,¢€) (3.37)
if £ < m and the equation
wi(z(z,t,e); 2, t) = wp(zje(x, t,€); 1,8, €) (3.38)

if k& > m. Suppose for definiteness that j < m and k > m (similar argument works for all
other j # k). Thus, if z,,(x,t,¢) exists for some (z,t,¢), then the integrals in (3.36) admit
the decomposition

T 13 zjp(z,tE) 13 T 13
/ / dndé = / dnde + / / dnd¢,  (3.39)
Zj (I,t) xk(&ij (§§x7t)75) Tj (xvt) xk(gv‘-’-’j (&xat)va) xjk'(xﬂ:vg) 1

where the function xj (£, w;(&; z,t),€) in the right-hand side satisfies the equality

wi(zr (&, wi(&a,t),e); & wi(& . t),€) = s. (3.40)

Now we intend to show that the derivatives 0.2 (&, w;(&; x,t),€) and 0.z ;i (z, t, €) exist. With
this aim we introduce a couple of useful formulas:

1 v 8taj
(&; - 9y (n: 41
dafeints) = —te (%) e g G
ows(eiate) = ew [ (%2) nwstrant.2). )i (3.42)
¢\ 4
ousiiante) = e [ (%) ot
g J

*[(0.a;
X / ( 2]) (n,w;(m; 2, t,€),€)
3 a;

n .
X exp/ (%) (m, wj(m;z,t,e),e)dn dn. (3.43)

J
Then the existence of the derivatives 0.z (&, w;j(&;2,t),€) and O-x;x(z,t, €) follow from the
equalities (3.40) and (3.38), respectively. Furthermore, we derive the formulas

a&?xk<£7 wj(é-; Z, t)a 8) - _ak<xk<€?w]’(€; x, t)a 5)7 3)a4wk(xk(£7 wj(é-; z, t)a 8)7 éa wj(éh; T, t)? E)
(3.44)
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and

€
ap — 4

O:-xji(x,t,€) ( ) (zjr(z,t,e),w(xjp(x, t,e);x,t)) = Oswi(zji(z, t,€); 1, 5,€). (3.45)

a;ag,
Hence, on the account of the assumption (1.8), from the last equality we get

O (x,t,€)bjp(xjp(x, t, ), w;(xjp(x, t,€); 2, 1))

3.46
= (ﬁj-kajai) ()i, t,€),w;(zK(z,t,€); 2, t))Oswr(zje(x, t,€); 1,0,€). ( )

Now, using the regularity assumption (1.3), we are able to compute the derivative

O- [(DDEUZ) (z, t)}

- ZZ/ / 85 djki(g,7],.1',15,5)[73'19(5,0.)]'(5;%,25))
(z.t) Sz (§w;(&5m,t) €)

k=1 =1
k#j i#k

X l(n,wk( '5 w;(&; ;1) €)) dndg

(z,t) Jap(§w;(&m,t)e)

k=1 1i=1
k#j i#k

X C%wk(n;&wj(f;x,t),a?)@zvﬁ(mwk(n;f,wj(é;wat)ﬁ))dndf

+ Z Z (ﬂjkajai) (xjr(z,t,e),wi(xjr(x, t,e);x,t))Oaw;(z (2, t,€); 1, 5,€)

k=1 i=1
k#j itk
¢ l
« / (i€, m, .1, 20k (0, 565 0, ), 2)) dn
k(a:]k(ac te)wj(xj,(x,t,e)ix,t),€) §=zjh(@te)
x]k z,t,€)
Yy / 0. (€58 2, 1), )bl wy (€, 1))
k=1 i=1 (z,t)
k#j i#k

X [d]kl(£7 n,z, t’ E)Uﬁ (na wk(n; ga wj (57 xz, t)a 5))]

n=zy(§w;(&2,t),€)

— ZZ eajar) (ze(n,t,€), wy(zw(x, t,e); 2, 1)) Oaw;(wn(x, t,€); 1, 5, €)

k=1 1i=1
k#j i#k

3
X /1 [djm(é“, 0, @, 4 e)vi(n, wi(m; €, wi (&5 2, 1), s))} dr, (3.47)

E=xjp(z,t,e)

where 0,¢g here and below denotes the derivative of g with respect to the r-th argument. Note
that @y (2, (2, ¢, ), w;(zk(z,t,€);2,t),e) = 1, hence the third and the fifth summands in the
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right-hand side cancel out. The first and the fourth summands converge in C (ﬁs \ HS+2d) as
[ — oco. Our task is therefore reduced to show the uniform convergence of all integrals in the
second summand. For this purpose we will transform the integrals as follows: Changing the
order of integration and using (1.3) and (1.8), we get (to simplify notation in the calculation
below we drop the dependence of z; on z and t)

[ dstena e (€ 006,60, )
z; Jn
X 82“5‘(777Wk(77;§7%(5533,15)75)) dfd?]
- / / djki<§7777xvta6)8€Wk<7];£7wj(§;x7t)a6)bjk(£7wj(€;xat))
z; Jn

-1

X [(&%)(mé;%(&xi),e) (0ev?) (n, wi(m; & wy(&; 2, 1), €))dédn

= [ [ den ittt w6, 0).0) (B ) (€ w6, 1)
zj Jn

J

X 83wk(n;§awj<§;xvt>’5)(aﬁvé)(n7wk(n;§7wj(£;x7t)7€))d§dn
_ / / A€, 2,1, €) (Oe0h) (1, wnm; €, w3 (€ 2, £), €) )y

= —/ / agczjki(g,n,x,t,s)vﬁ(n,wk(n;g,wj(g;x,t),e))dédn

E=x

+ / [iji(£7n7$’t7€)vzl‘ (nvwk(n;€7wj(£;x7t)7€))} d’l] (348)

’ &=n

Here

d~jki(€7 n,x, ta 5) = djki(fa n,x, ta 5)aswk(777 57 Wj(f; z, t)a 5)

Now, the desired convergence follows from (3.35) and (3.41)—(3.43). The desired boundedness
of the limit function is a consequence of the assumptions (1.6), (1.7), and (1.9).

Returning to the formula (3.33), similar argument works also for the operators contribut-
ing into the first sum: Again, for + = 0, on the account of the definition of the operators D
and B¢, we have to show that the e-derivative of

(DB*') , (x,)
n o rria)
= Z / dj(€7 €, t)b]k(fa wj(f; €, t))ck(xk(fa w](£7 x, t)a 5)7 57 Wj(f; z, t)a 8)

k=
ki

X UII£<I/€<€7 Cdj(f; €, t)’ 5)7 wk(xk(€7 Wj(f; €, t)? 8)7 57 wj (57 x, t)u €)d£ (349>
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converges uniformly on II, \ IT, 24 and that the limit function is bounded uniformly in s € R
and € < gg. To show this, we differentiate (3.49) in ¢, use (1.8), and integrate by parts. To
be more precise, fix arbitrary 7 < m and k > m (similarly for all other j # k) and rewrite
the k-th summand in the right-hand side of (3.49) as (up to the sign)

zjp(z,t€)
/ d;(&, z, )b (&, w; (& x,t))ep(xk (€ wi(& 2, 1), €), 6 wi(& 2, t), €)

5 (x,t)
X (€ wi(& 1), €), 5)dE
+ / " )dj(f,:c,t)bjk(f,wj(f;:c,t))ck(Lg’wj(f;:E’t)’g)

X vp(Lwi(1; €, wi (& 2, 1),))dE (3.50)

Then the e-derivative of this expression equals

/Qc dj(gv z, t)bjk(gv Wj(g; x, t))asck(xk(ga Wj(f; xZ, t)v 6)7 €7wj(§; X, t), 5)

;(mvi(ﬂfk(f,wj(ﬁ;x,t),f),S)df

+ /:::’(:tva)dj(faiUJ)%k(fM(f;%t))ck(ﬂ?k(f,%(f;x,t)ﬁ)af?%(f;ﬂ?,t%fi)
x Deap(§ wj(& @, 1), €) O (w(& wy(& @, 1), €), 8)dE

- /() 06, 2, (6, 5 (65, ) (1, €, (6, 1),

O-wi(1; &, w; (& 2, 1), )0k (1, wi (15 €, w;(&;w,t),€))dE. (3.51)

X

For the first summand the desired convergence and the uniform boundedness of the limit
function is obvious. The last two summands are equal to

1 (w,t,€)
/ dj(€7 x, t)bjk<€> wj(f; x, t))ck(xk(ga w](§7 €, t)a 5)7 57 wj(é; Z, t)a E)

()
X asxk(fy wj(f; Z, t)a 5) [aka(fa wj(g; €, t)a 5)]_1 aﬁvllg(xk(§> Wj(g; x, t)a 5)7 S)df
+ / dj(&aI7t)bjk(§7wj(§;I7t>)ck(17§’wj(f;xat)7€>a€wk(1;gawj(é;x7t)15)

jk(xat75)

X D136y (€5,1), )] Oevh (Lo (11 €, wy (6, ), ). (3:52)
Next we use the formulas (3.40), (3.41), and (3.42) and calculate

)

Dearn (6,005 (€: 1, 1), €)= ak<xk<§,wj<s;x,t>7e>,s>( j)(£,wj<§;x,t>>

£
a;ay
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X 83wk<xk<§)wj(§;xut)75);£7wj(£;x7t)76)7

€
ap — 4

A€
a;ay

Now, due to the assumptions (1.3) and (1.8), we are in a position to bring the expression
(3.52) to a desirable form

zj(z,t€)
/ di(&, x, t)ep(zp(E, wi(& 2, t),€), & wi(& 2, t), )02k (€, wji(&; 2, t), €)

j(5t)
X ak<xk<£7 wj(f; x, t)a 5)7 8)83("-)]6(3716(67 Wj(f; z, t)a 8)7 57 wj(é_; xz, t)? E)
X (ajazﬁga'k) (57 wj(f; T, t))afvfc(xk(& Wj(f; x, t)v 5)7 S)d€

+ / dj(f,x,t)ck(l,f,wj(f;x,t),a)agwk(l;£,wj(£;x,t),€)

jk(l’,t,é‘)
X Oswi(1; € wj(& 2, t),€) (ajarB5,) (€ w;(& 2, 1)) Oevp (1, wi(L; &, wi (& @, 1), €))dE

x i (w,t,€)
= = [ et e 0., )i

rj(z,t)

! xjk(z,t,€)

+ eip(é x,t ) (zp(§, wi(& 2, t),€), 5) o
—/ e (& 2yt )k (1, wi(1; € wi(&; 2, 1), €))dE

xjk(2,t,€)

x

+ (& rt o) v (L wi(1: € wy(& 2, 1), €)) (3.53)

§:xjk(x,t,e)’
where
eir(€ x,te) =d; (€ x,t)ep(xp(€ w; (2, t),€), 6w, (& 2, t),€) 00k (€, wi (& 2, ), €)
Xak<$k‘<§’ wj(f; x, t)? 5)7 S)a3wk(xk(§7 W (57 z, t)v 6); 57 Wj(ﬁ; z, t>’ 5) (ajaiﬁj'k) (57 Wy (57 z, t)),
éjk(fa x, t7 8) = dj(ga z, t)ck(la 57 wj(f; T, t)? S)aewk(]-; 57 Wj(g; z, t)’ E)
x (ajagBix) (§, wi(& 2, 1)) Oswi(1; €, wi(&; 2, ), €).

To finish with the first summand in (3.26) it remains, similarly to (3.48), apply the conditions
(1.6), (1.7), (1.9), (3.35), and the formulas (3.41)—(3.43).

The last two summands in (3.26) are treated by means of the assumptions (1.5), (1.6),
(1.9) (entailing, in particular, the uniform boundedness of the operators B and F' restricted
to C (ﬁs \ HS+2d)) as well as by the smoothing apriori estimate

”UHC(ﬁs+d\Hs+2d)n + HaxUHC(ﬁerd\Herzd)n < CHSOHC([OJ])"? (3.54)
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where the constant C' > 0 depends on d but not on € < g5 and s € R. We are therefore
reduced to prove the estimate (3.54). To this end, we start with the operator representation
of v in Iyg \ 4424, namely,

v = B°*Rv + Dv.

After a number of iterations we derive the following formula suitable for our purposes:

N
—_

v="Y (B°R)" (D°B°R+ (D*)*) . (3.55)

s
Il
=)

The estimate (3.54) now readily follows from the smoothing property in x of the operators
D# B¢ and (DE)2 and the apriori estimate (2.19) with 2d in place of T'. Showing the smoothing
property of the operators D B¢ and (De)2 in z, we follow a similar argument as in the proof
above of the smoothing property in €. We illustrate this by example of the operator (D‘E)2
(and similarly for D®B*): We take into account that [(D‘E)2 vl}j (z,t) on gy g\ aq is given
by the formula (3.36) where by is replaced by b5,; x;(v,t) = 0 if j < m; and z;(z,t) = 1 if
Jj > m. Below we therefore drop the dependence of x; on x and t. Changing the order of
integration, we have

9, [((fo o), (. t)]
S / / Oulda(6.1, 0,6, )by 605 (6 .1, ), )]0 (1, (1 .05 (6 2, 1, ), ) Edy

k=1 1i=1

k#j i#k
+ ZZ/ / djki(f?777x>t7€)bjk(£7wj(5;x>t75)75)
b
X a3wk(777£7wj(£7x7t75)78)833("}](57‘1:7t?8>82U£(nawk(n7€7w](§7'rat78>7€))d£d77 (356)

Let us transform the second summand similarly to (3.48): For given k # j and i # k we
have (using the assumptions (1.3) and (1.8))

/ / €, 1,y (61, 2), )
83Wk 77 £,WJ(€7ZU t E) ) xw](gax t 6)82’0 (U;Wk(n 57(‘0](5755 t 5) ))dgdn
= [ [ dten it et et ), asein 9

X

bip(&,w;(&x,t,¢€),€) [(85wk)(n;§,wj(§;x,t,8),5) _1(8505)(77,wk(77;£,wj(§;m,t,€),5))d§d7]
= //djki(f,n,x,t,a)@ij(g;x,t,a)(akajyjk)(ﬁ,wj(g;J;,t,&?),g)
zj Jn

J

X
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X (0c0)(n, wi(n; €, wi (& 2,1, ), €))dEdn
= [ ] Gtn a0 @t .. 2). ) e
z; Jn

- _/ / aﬁdjki(€7n7‘rat76)vg <n7wk(n;€>wj(€;xat7€)a6))dé-dlr]
xz; Jn

T f=z
+ / |:djki(£777ax7ta€)v7€ (n7wk<n;€awj(€;xat7€)a5))] d?’],

; &=n

where

Jj“(ﬁ? n,z, t) = djkl' (57 n,z, i 8)83360]' (57 x,t, 8) (akaj7jk> (57 Wi (57 x,t, 6)7 8)'

Now in (3.56) we can pass to the limit as [ — oo and then to the right-hand side apply the
apriori estimate (2.19). Combining the resulting inequality with the formula (3.55) and the
apriori estimate (2.19) gives (3.54). The proof of Theorem 1.4 is therewith complete.
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