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Abstract. The authors propose a recycling MINRES scheme for a solution of subsequent
self-adjoint linear systems as appearing, for example, in the Newton process for solving nonlinear
equations. Ritz vectors are automatically extracted from one MINRES run and then used for self-
adjoint deflation in the next. The method is designed to work with a preconditioner and arbitrary
inner products. Numerical experiments with nonlinear Schrédinger equations indicate a substantial
decrease in computation time when recycling is used.
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1. Introduction. Sequences of linear algebraic systems frequently occur in the
numerical solution process of various kinds of problems. Most notable are implicit
time stepping schemes and Newton’s method for solving nonlinear equation systems.
It is often the case that the operators in subsequent linear systems have similar spec-
tral properties or are in fact equal. To exploit this, a common approach is to factorize
the operator once and apply the factorization to the following steps. However, this
strategy typically has high memory requirements and is thus hardly applicable to
problems with many unknowns. Also, it is not applicable if subsequent linear opera-
tors are even only slightly different from each other.

The authors use the idea of an alternative approach that carries over spectral
information from one linear system to the next by extracting approximations of eigen-
vectors and using them in a deflation framework [18, 2, 27, 19]. For a more detailed
overview on the background of such methods, see [8]. The method is designed for
Krylov subspace methods in general and is worked out in this paper for the MIN-
RES method [24] in particular. This is motivated by the fact that all observables of
quantum-dynamical systems are self-adjoint.

The idea of recycling spectral information in Krylov subspace methods is not new.
Notably, Wang, de Sturler, and Paulino proposed the RMINRES method [36] that
includes the extraction of approximate eigenvectors, i.e., Ritz vectors and a modifica-
tion of the MINRES method that includes these vectors in the search space for the
following linear systems (augmentation). The RMINRES method with augmentation
of the search space is mathematically equivalent to the standard MINRES method
applied to a projected linear system [8]. Krylov subspace methods that are applied
to projected linear systems are often called deflated methods. In literature, both aug-
mented and deflated methods have been used in a variety of settings; we refer to the
review article by Simoncini and Szyld [31] for a comprehensive overview.

The method proposed here differs from RMINRES in that it preserves self-
adjointness and allows for arbitrary preconditioners and inner products (see sec-
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tion 2.2). As an added benefit, the approach can also incorporate spectral information
that is explicitly provided. This is of particular interest for problems which are known
to have a small number of eigenvalues that harm the the Krylov convergence, e.g.,
eigenvalues of large or small magnitude. An important field of application here are
nonlinear problems that bear some kind of continuous symmetry, e.g., gauge invari-
ance [17]. Even if distinctly definite, linearizations of these problems around any
nontrivial solution typically have a nontrivial null space, i.e., one or more eigenvalues
which are exactly 0.

As a landmark example for this class of problems, we will consider nonlinear
Schrédinger equations. Nonlinear Schrodinger equations and their variations are used
to describe a wide variety of physical systems, most notably in superconductivity,
quantum condensates, nonlinear acoustics [34], nonlinear optics [10], and hydrody-
namics [22]. Although the existence of steady state solutions is proven in certain
cases, analytic expressions for realistic systems are often impossible to obtain. Hence,
numerical solution methods are of particular importance for gaining insight in the
physics of the system. For the solution of nonlinear Schrodinger equations with New-
ton’s method, a linear system has to be solved with the Jacobian operator for each
Newton update. The Jacobian operator is self-adjoint with respect to a nonstandard
inner product which renders most default approaches unusable. In general, the Jaco-
bian operator is indefinite and thus the MINRES method with the appropriate inner
product is a suitable choice for solving the occurring linear systems. In order to be
applicable in practice, the MINRES method has to be combined with a preconditioner
that is able to limit the number of MINRES iterations to a feasible extent [29]. Due
to the special structure of the nonlinear Schrédinger equation, the Jacobian operator
exhibits one eigenvalue that moves to zero when the Newton iterate converges to a
nontrivial solution and is exactly zero in a solution. Because this situation only occurs
in the last step, no linear system has to be solved with an exactly singular Jacobian
operator but the severely ill-conditioned Jacobian operators in the final Newton steps
lead to convergence slowdown or stagnation in the MINRES method even when a
preconditioner is applied. One important instance of nonlinear Schrédinger equations
is the Ginzburg-Landau equation that models phenomena of certain superconduc-
tors. We propose a recycling MINRES method and show how it can help to improve
the convergence of the MINRES method and thus the overall time consumption of
Newton’s method for the Ginzburg-Landau equation.

The paper is organized as follows: section 2 gives a brief overview on the precon-
ditioned MINRES method for an arbitrary nonsingular linear operator that is self-
adjoint with respect to an arbitrary inner product. The deflated MINRES method is
described in subsection 2.2 while subsection 2.3 presents the computation of Ritz vec-
tors and explains their use in the overall algorithm for the solution of a sequence of self-
adjoint linear systems. In section 3 this algorithm is applied to the Ginzburg-Landau
equation. Subsections 3.1 and 3.2 deal with the numerical treatment of nonlinear
Schrédinger equations in general and the Ginzburg-Landau equation in particular.
In subsection 3.3 numerical results for typical two- and three-dimensional setups are
presented.

2. MINRES.

2.1. Preconditioned MINRES with arbitrary inner product. This sec-
tion presents well-known properties of the preconditioned MINRES method. As op-
posed to ordinary textbook presentations this section incorporates a general Hilbert
space. For K € {R,C} let H be a K-Hilbert space with inner product (-,-), and
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induced norm ||-|| ;. Throughout this paper the inner product (-,-), is linear in the

first and anti-linear in the second argument and we define L(H) := {£L : H —
H | L is linear and bounded}. We wish to obtain z € H from
Azx =b (2.1)

where A € L(H) is (-, -) y-self-adjoint and invertible and b € H. The self-adjointness
implies that the spectrum o(.A) is real. However, we do not assume that 4 is definite.
If an initial guess xg € H is given, we can approximate z by iterates

Tn =20+ Yn with Yn € ,Cn(Av TO) (22)

where rg = b — Az is the initial residual and KC,,(A, rg) = span{rg, Arg, ..., A" 1rg}
is the nth Krylov subspace generated with A and rg. We concentrate on minimal
residual methods here, i.e., methods that construct iterates of the form (2.2) such
that the residual r,, := b — Axz,, has minimal ||-|| ;-norm, that is

Irnllg =116 = Aznlly = b = A(zo + yn)llg = llro — Aynll 4
= im0 = Ayl = min [p(A)ro 23
where I1Y is the set of polynomials of degree at most n with p(0) = 1. For a gen-
eral invertible linear operator A, the minimization problem in (2.3) can be solved by
the GMRES method [26] which is equivalent to the MINRES method [24] if A is self-
adjoint because then the Lanczos algorithm can be used to obtain a (-, -) ;-orthonormal
basis of the Krylov subspace K., (A, o).

To facilitate subsequent definitions and statements for general Hilbert spaces, we
use a block notation for inner products that generalizes the common block notation
for matrices:

DEFINITION 2.1. For k,1 € N and two tuples of vectors X = [x1,...,x3] € HF
andY = [y1,...,y] € H' the block inner product (-,-) ; : H* x H' — K*! is defined
by

<X7 Y>H = [(x’n y])]{} =1,....k -

i
Jj=1,..1

A block X € H¥ can be right-multiplied with a matrix just as in the plain matrix
case:

DEFINITION 2.2. For X € H* and Z = [Zijli=1,...k € K*!, right multiplication is

defined by

J=1,...,0

k
XZ = [Z zijxi] S H'.
1=1

j=1,...,1

Because the MINRES method and the underlying Lanczos algorithm is often
stated for Hermitian matrices only (i.e., for the Euclidean inner product), we recall
very briefly some properties of the Lanczos algorithm for a linear operator that is
self-adjoint with respect to an arbitrary inner product (-, -) ;. If the Lanczos algorithm
with inner product (-,-),, applied to A and the initial vector v; = 1o/ |70l has
completed the nth iteration, the Lanczos relation

AV, =V T, (2.4)
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holds, where the elements of V,,41 = [v1,...,vp41] € H""! form a (-, ) y-orthonormal
basis of K, 41(A,10), i.e., span{vi, ..., vpt1} = Knp1(A,ro) and (Vigr, Vag1)y =
I,i1. The matrix T,, € R*"1" is real-valued (even if K = C), symmetric, and
tridiagonal with

Ty, = [(Avi, vj) gli=1,. .41
j=1,....n
The nth approximation of the solution of the linear system (2.1) generated with the
MINRES method and the corresponding residual norm, cf. (2.2) and (2.3), can then
be expressed as

Tn, =0+ Vpz, with 2z, € K" and
HrnHH = |lro — AVnanH = HV"-H(”TOHH €1 _Inzn)”H = HHTOHH €1 _Inzn”Q'

By iteratively computing a QR decomposition of T, , the minimization problem in
(2.3) can be solved without storing the full matrix T,, and, more importantly, the full
Lanczos basis V,.

If N :=dimH < oo and the elements of U € HY form a (-, ) y-orthonormal
eigenvector basis of H, then AU = UD for the diagonal matrix D = diag(Ay,...,An)
with A’s eigenvalues A1, ..., Axy € R on the diagonal. Let r§ € K¥ be the represen-
tation of rq in the basis U, i.e., ro = Ur{. According to (2.3), the residual norm of
the nth approximation obtained with MINRES can be expressed as

— 3 U
Irally = min (A0S

< [[76'll, min (D)1l (2.5)

= min HUp(D)TgHH = min HP(D)T(()]HQ

[
pellf pell?

From ||T6JH2 = HUT([)]HH = ”TO”H and HP(D)”Q = MaX;e{1,...,.N} |p()\¢)\7 we obtain the
well-known MINRES worst-case bound for the relative residual norm [12, 15]

75l o -
+— < min max i)l 2.6
7ol ;; — pemd ie{1,..,N} P33l (2:6)
This can be estimated even further upon letting the eigenvalues of A be sorted
such that Ay < ... < Ay <0 < As41 < ... < Ay for a s € Ny. By replacing the
discrete set of eigenvalues in (2.6) by the union of the two intervals I~ := [A1, \] and
I :=[As41, A\n], one gets

Il & : .
min  max X)) < min max A
ol ~ pemd ie{1,....N} pA)] < pelld Ael-UI+ POV

VIMANT = VXA 1]

[n/2]
<2 ,
\/|)‘1>‘N| + \/|)‘s>‘s+1|

where [n/2] is the integer part of n/2, cf. [12, 15]. Note that this estimate does not
take into account the actual distribution of the eigenvalues in the intervals I~ and
I*. In practice a better convergence behavior than the one suggested by the estimate
above can often be observed.

In most applications, the MINRES method is only feasible when it is applied with
a preconditioner. Consider the preconditioned system

M Az =M (2.8)

(2.7)



where M : H — H is a (-, -) y-self-adjoint, invertible, and positive-definite linear
operator. Note that M~ A is not (-, -) ;-self-adjoint but self-adjoint with respect to
the inner product (-, -) \, defined by (z,y) \, = (Mz,y) y; = (x, My) ;. The MINRES
method is then applied to (2.8) with the inner product (-,-),, and thus minimizes
HM‘lb — M‘lAmH - From an algorithmic point of view it is worthwhile to note
that only the application of M~! is needed and the application of M for the inner
products can be carried out implicitly; cf. [7, chapter 6]. The convergence bound in
(2.7) then refers to the eigenvalues of M~*A and the goal of preconditioning is to
achieve a more favorable spectrum of M ™! A with an appropriate M~!.

2.2. Deflated MINRES. In many applications even with the aid of a precon-
ditioner the convergence of MINRES is hampered — often due to the presence of one
or a few eigenvalues close to zero that are isolated from the remaining spectrum. This
case has recently been studied by Simoncini and Szyld [32]. Their analysis and nu-
merical experiments show that an isolated simple eigenvalue can cause stagnation of
the residual norm until a harmonic Ritz value approximates the outlying eigenvalue
well.

Two strategies are well-known in the literature to circumvent the stagnation or
slowdown in the convergence of preconditioned Krylov subspace methods described
above: augmentation and deflation. In augmented methods the Krylov subspace is
enlarged by a suitable subspace that contains useful information about the problem.
In deflation techniques the operator is modified with a suitably chosen projection in
order to “eliminate” components that hamper convergence (e.g., eigenvalues close to
the origin). For an extensive overview of these techniques we refer to the survey article
by Simoncini and Szyld [31]. Both techniques are closely intertwined and even turn
out to be equivalent in some cases [8]. Here, we concentrate on deflated methods and
first give a brief description of the recycling MINRES (RMINRES) method introduced
by Wang, de Sturler, and Paulino [36] before presenting a slightly different approach.

The RMINRES method by Wang, de Sturler, and Paulino [36] is mathematically
equivalent [8] to the application of the MINRES method to the “deflated” equation

PLAT = Pib (2.9)

where for a given k-tuple U € H* of linearly independent vectors (which constitute
a basis of the “recycled” space) and C := AU, the linear operator P; : H — H
is defined by Pz = = — C(C, C);(C’, x), for an arbitrary inner product. Note
that, although P; is a (-,-)-self-adjoint projection, P;.A in general is not. How-
ever, as outlined in [36, section 4] an orthonormal basis of the Krylov subspace can
still be generated with MINRES’ short recurrences and the operator P;.A because
Kn(P1 A, Pirg) = Kn(P1APYF, P1rg). Solutions of equation (2.9) are not unique for
k > 0 and thus = was replaced by z. To obtain an approximation z,, of the original
solution z from the approximation Z, generated with MINRES applied to (2.9), an
additional correction has to be applied:

Tn = Prin + U(C,C) 5 (C,b)

where Py : H —» H is defined by Py := 2 — U(C, C) ;' (C, Az) ;. As outlined in [8,
section 5], the RMINRES method may suffer from breakdowns which can be cured
by using the adapted initial guess Zo := Pyzg + C(C, C);(U, b) -

Let us now turn to a slightly different deflation technique for MINRES which
we formulate with preconditioning directly. We will use a projection which has been
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developed in the context of the CG method for Hermitian and positive-definite oper-
ators [21, 3, 35]. Under a mild assumption, this projection can also be used in the
indefinite case with the MINRES method. Our goal is to use approximations to eigen-
vectors corresponding to eigenvalues that hamper convergence in order to modify the
operator with a projection. Consider the preconditioned equation (2.8) and assume
for a moment that the elements of U = [uy,...,u;] € H* form a (-, -) m-orthonormal
basis consisting of eigenvectors of M ™! A, i.e., M~ AU = UD with a diagonal matrix
D = diag(\1, ..., \x) € R®*. Then <U,M71AU>M = (U,U) D = D is nonsingular
because we assumed that A is invertible. This motivates the following definition:

DEFINITION 2.3. Let M, A € L(H) be invertible and -, -) ; -self-adjoint operators
with positive-definite M. Let U € H* be such that <U,M_1AU>M = (U, AU) is
nonsingular. We define the projections Py, P : H — H by

Pz =1 — MTTAU(U, M~ AU) | (U, 2)

(2.10)
Pz =z — AUU, AU), (U, z)

The assumption in definition 2.3 that <U,M_1AU > m 1s nonsingular holds if
and only if range(M 1 AU) N range(U)*M = {0} or equivalently if range(AU) N
range(U)+# = {0} which is fulfilled for good-enough approximations of eigenvectors.
Applying the projection Py to the preconditioned equation (2.8) yields the deflated
equation

PuM AT = PpyM ™10 (2.11)

The following lemma states some important properties of the operator Py M1 A.
LEMMA 2.4. Let the assumptions in definition 2.3 hold. Then

1. PyM=t = M~1P.

2. PA = AP* where P* is the adjoint operator of P with respect to (-,-)y,
defined by P*x =« — U(U, AU);(AU, x) g

3. PUM A= MTTPA= MYAP* is self-adjoint with respect to (-, ) v,

4. For each initial guess To € H, the MINRES method with inner product (-, -)
applied to equation (2.11) is well defined at each iteration until it terminates
with a solution of the system.

5. If &, is the nth approzimation and Pp M~ 1b—Py M1 AZ, the correspond-
ing residual generated by the MINRES method with inner product (-,-) \, ap-
plied to (2.11) with initial guess To € H, then the corrected approximation

Tn = P*E, + UU, AU) (U, b) (2.12)
fulfills
M- M Az, = PuM b — P M AZ,,. (2.13)

(Note that (2.13) also holds for n =0.)
Proof. 1., 2. and the equation in 3. follow from elementary calculations. Because

(PMM ™ Az, y) = (PAz, )y = (Az, P*y) y = (2, AP*y) yy = (2, PAy)
= <:E,'PMM_1A3/>M-

holds for all ,y € H, the operator Py M1 A is self-adjoint with respect to (-, I m-
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4. has been proved in [8, Theorem 4.1] for GMRES with the Euclidean inner
product which can easily be generalized to arbitrary inner products. GMRES is
mathematically equivalent to MINRES in our case due to the fact that Py, M1 A is
self-adjoint.

5. follows from 1. and 3. by direct calculation:

M7 — M7 Az, = M7Hb— AU(U, AU) (U, b)) — MTLAP* T,
= M7'Pb - PyM AT, = PAM b — PAMTEAZ,.

|

Now that we know that MINRES is well-defined when applied to the deflated
and preconditioned equation (2.11) we want to investigate the convergence behavior
in comparison to the original preconditioned equation (2.8).

LEMMA 2.5. Let the assumptions in definition 2.8 and N = dim H < oo hold.
If c(M7YA) = {\1,..., \n} is the spectrum of the preconditioned operator M~ A
and for k > 0 the elements of U € H* form a basis of the M~' A-invariant subspace
corresponding to the eigenvalues A1, ..., A\ then the following holds:

1. The spectrum of the deflated operator PpM ™A is

U(IPMMil‘A) = {0} U {>‘k+la ceey )\N}

2. Forn >0 let x,, be the nth corrected approzimation (cf. item 5 of lemma 2.4)
of MINRES applied to (2.11) with inner product (-,-) \, and initial guess To.
The residuals vy, := M~1b — M~ Az,, then fulfill

A im0V (2.14)
Iroll o ~ peMS ie{k+1,....N}

Proof.

1. From the definition of P in definition 2.3 we directly obtain Py M1 AU =
0 and thus know that 0 is an eigenvalue of P (M~ A with multiplicity at least
k. Let the elements of V € HY~* be orthonormal and such that M~* AV =
VD, with Dy = diag(Ag11,...,An). Then (U,V),, = 0 because M1A
is self-adjoint with respect to (-,-),,. Thus P,V = V and the statement
follows from Py M~ LAV = VDs.

2. Because the residual corresponding to the corrected initial guess is ro =
PuM~L(b — AZy) € range(U)t* = range(V), where V is defined as in
1., we have ro = Vr{ for a ry € KVN~=*. Then with Dy as in 1. we obtain by
using the orthonormality of V' similar to (2.5):

7l pg = min [p(PpM AV, = min [Vp(Da2)rg || = min [|p(D2)rg ||,

I

IN

min ma. i)l
I7ollxe Ppelld ie (b pi N} [p(A)]

|
Implementational notes. Item 1 of lemma 2.4 states that Py M~! = M~1P and
thus the MINRES method can be applied to the linear system

MTIPAT = M~1Pb (2.15)

instead of (2.11). When an approximate solution ,, of (2.15) is satisfactory then the
correction (2.12) has to be applied to obtain an approximate solution of the original



vectors other

U k -
C =AU k -
E=(UC), or E7! - k2

(a) Storage requirements.

applications of vector inner solve
A M~1  updates products with E
Construction of C and E k - - k(k+1)/2 -
Application of P or P* - - k k 1
Application of correction - - k 2k 1

(b) Computational cost.

Table 2.1: Storage requirements and computational cost of the projection operators
P and P* (cf. definition 2.3 and lemma 2.4).

system (2.1). Note that neither M nor its inverse M~! show up in the definition
of the operator P or its adjoint operator P* which is used in the correction. Thus
the preconditioner M~! does not have to be applied to additional vectors if deflation
is used. This can be a major advantage since the application of the preconditioner
operator M ™! is the most expensive part in many applications.

The deflation operator P as defined in definition 2.3 with U € H* needs to store
2k vectors because aside from U also C := AU should be pre-computed and stored.
Furthermore the matrix E := (U,C), € KF* or its inverse has to be stored. The
adjoint operator P* needs exactly the same data so no more storage is required. The
construction of C needs k applications of the operator A but — as stated above — no
application of the preconditioner operator M~!. Because E is Hermitian k(k + 1)/2
inner products have to be computed. One application of P or P* requires k inner
products, the solution of a linear system with the Hermitian k-by-k matrix E and &
vector updates. We gather this information in table 2.1.

Instead of correcting the last approximation Z, it is also possible to start with
the corrected initial guess

zo = P*To + UU, AU ; (U, b)Y, (2.16)

and to use P* as a right “preconditioner” (note that P* is singular in general). The
difference is mainly of algorithmic nature and will be described very briefly.

For an invertible linear operator B : H — H the right preconditioned system
ABy = b can be solved for y and then the original solution can be obtained from
x = By. Instead of xy the initial guess yo := B~ lxg is used and the initial residual
ro = b— AByg = b — Az equals the residual of the unpreconditioned system. Then
iterates

Yn = Yo+ 2n with 2z, € K, (AB,19)
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and x,, := By, = xg + Bz, are constructed such that the residual r, = b — ABy,, =
b— Az, is minimal in ||-|| ;. If the operator AB is self-adjoint the MINRES method
can again be used to solve this minimization problem. Note that yg is not needed
and will never be computed explicitly. The right preconditioning can of course be
combined with a positive definite preconditioner as described in the introduction of
section 2.

We now take a closer look at the case B = P* which differs from the above descrip-
tion because P* is not invertible in general. However, even if the right preconditioned
system is not consistent (i.e., b ¢ range(AP*)) the above strategy can be used to solve
the original linear system. Let us with zo from equation (2.16) construct iterates

T =20+ Py, with y, € K,(MTTAP* 7o) (2.17)
such that the residual
=M1 - M Az, (2.18)

has minimal ||-|| ,,-norm. Inserting (2.17) and the definition of zy into (2.18) yields
rn = M7YPb — M71P Ay, with v, € Ko,(MTLAP* rq) = K (M™IPA,rg). The
minimization problem is thus the same as in the case where MINRES is applied to
the linear system (2.15) and because both the operators and initial vectors coincide
the same Lanczos relation holds. Consequently the MINRES method can be applied
for the right preconditioned system

MTIAP* y = M, =Py (2.19)

with the corrected initial guess z¢ from equation (2.16). The key issue here is that
the initial guess is treated as in (2.17). A deflated and preconditioned MINRES
implementation following these ideas only needs the operator P* and the corrected
initial guess x¢. A correction step at the end then is unnecessary.

2.3. Ritz vector computation. So far we considered a single linear system and
assumed that a basis for the construction of the projection used in the deflated system
is given (e.g. eigenvectors are given). We now turn to a sequence of preconditioned
linear systems

My Ay = Mg bt (2.20)
where M;), A¢;y : L(H) are invertible and self-adjoint with respect to (-,-) ;, M
is positive definite and (b € H for i € {1,...,M}. To improve the readability
we use subscript indices for operators and superscript indices for elements or tuples
of the Hilbert space H. Such a sequence may arise from a time dependent problem
or a nonlinear equation where solutions are approximated using Newton’s method
(cf. section 3). We now assume that the operator M&il)A(i+1) only differs slightly
from the previous operator M@;A(i). Then it may be worthwhile to extract some
eigenvector approximations from the Krylov subspace and the deflation subspace used
in the solution of the ith system in order to accelerate convergence of the next system
by deflating these extracted approximate eigenvectors.

For explaining the strategy in more detail we omit the sequence index for a
moment and always refer to the ith linear system if not specified otherwise. As-
sume that we used a tuple U € H* whose elements form a (-, -) -orthonormal basis
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to set up the projection Ppq (cf. definition 2.3) for the ith linear system (2.20).
We then assume that the deflated and preconditioned MINRES method with inner
product (-,-) ,, and initial guess Ty computed a satisfactory approximate solution
after n steps. The MINRES method then constructed a basis of the Krylov sub-
space K, (PmM ™LA, rg) where the initial residual is rog = PpM (b — AZg). Due
to the definition of the projection we know that K, (PpyM LA, 79) Ly range(U)
and we now wish to compute approximate eigenvectors of M~1A in the subspace
S = Kn(PmM LA, ro) Urange(U). We can then pick some approximate eigenvec-
tors according to the corresponding approximate eigenvalues and the approximation
quality in order to construct a projection for the deflation of the (i+1)st linear system.
Let us recall the definition of Ritz pairs [23]:

DEFINITION 2.6. Let S C H be a finite dimensional subspace and let B: H — H
be a linear operator. (w,p) € S x C is called a Ritz pair of B with respect to S and
the inner product (-,-) if

Bw — pw Ly S.

e

The following lemma gives insight into how the Ritz pairs of the operator M~1.A
with respect to the Krylov subspace K, (PyM A, 79) and the deflation subspace
range(U) can be obtained from data that is available when the MINRES method
found a satisfactory approximate solution of the last linear system.

LEMMA 2.7. Let M, A: H — H be linear, invertible, and (-,-) ;-self-adjoint
and let M be positive-definite. Furthermore, let U € H* be such that (U, Uy = I
and let Paq be defined as in definition 2.3.

Assume that the Lanczos algorithm with inner product (-,-) v, applied to the op-
erator P M ™LA and an initial vector v € ramge(U)LM proceeds to the nth iteration
and the Lanczos relation

PuM AV, =V, T, (2.21)

holds with Vy, 11 = [v1,...,0p01] € H" ML, Vat1, Vag1) g = Ing1 and T, = [OTE)L 5 } c

R L™ where s, € R is nonnegative and T,, € R™" is tridiagonal, symmetric, and
real-valued. Let S := Kp(PpyM T A,v) Urange(U) and w = [V,,,Ulw € S for a
w € Ktk

Then (w,p) € S x R is a Ritz pair of M~1A with respect to S and the inner
product (-,-) v if and only if

T, + BE-'BY B] .  _
BH E| W= pw (2.22)
where B := (V,,, AU) ; and E := (U, AU) .
Furthermore, the squared ||| \,-norm of the residual M~ Aw — pw is

9 In+1 E 0
M Aw — pw|, = (Gw)" | BY F E|Gu (2.23)
E I,
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where

B
B=(Voy1,AU)y = [<Un+1vAU>H] 7
F p—

<AU7M_1AU>H and

G=| E"'BH I with I, = { ”} :
0
0 —/.LIk

Proof. (w, i) is a Ritz pair of M~ A with respect to S = range([V,,, U]) and the
inner product (-,-) \, if and only if
M7 Aw — pw Ly S
(s, Mt Aw — pw), =0 Vse S
([Vo, U], MTYA = pT) [V, UT) 0 = 0
(Va, UL, MTLAV,, UD) 0 = pi([Vi, U, [V, U]) @
([Vo, UL, MTTAV,, U @0 = pad

1117

where the last equivalence follows from the orthonormality of U and V,, and the fact
that range(U) L Kpn(PMmM ™LA, v) = range(V;,). We decompose the left hand side
as

—1 1

(U MAV vy |
The Lanczos relation (2.21) is equivalent to
MTLAV, =V, (1 T, + MTLAUU, AU (AU, V) (2.24)

from which we can conclude with the (-, -) \,-orthonormality of [V;, 41, U] that

Vi, MTLAV) = (Vo Vag1) (T, + Vi, MTLAUY (UL AU (AU, V) g
=Ty + (Vo AU) 1 (U, AU) 1 (AU, V) .

The characterization of Ritz pairs is complete by recognizing that B = <Vn, M=LAU > M=
Vo, AU) gy = (U, M AV,,) L and E = (UMAUY = (U, AU) .

Only the residual norm equation remains to show. Therefore we compute with (2.24)

M Aw — pw = MTTAV,, Ul — plV,, Ul
T,—pl, O ]

E-'BY 1, |@

0 —,qu

= [Vpy1, MTLAU, U]

= [Vps1, M~ LAU, U)Gw.

The squared residual ||-|| ,,-norm thus is

M Aw — pw|y, = (G@) Y [Viy1, MTLAU, U, [V, MTLAUL U G
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In+1 B 0
where <[Vn+1,./\/l_1.,4U, U, [Viy1, M™LAU, U]>M = | BY F E| can be shown
0 E I

with the same techniques as in 1. and 2. O

REMARK 1. Lemma 2.7 also holds for the (rare) case that K,(PpM™ 1A v) is
an invariant subspace of Pp Mt A which we excluded for readability reasons. The
Lanczos relation (2.21) in this case is PmM LAV, = V,, T,, which does not change
the result.

Lemma 2.7 shows how a Lanczos relation for the operator PpqM 1A (that can
be generated implicitly in the deflated and preconditioned MINRES algorithm, cf. end
of section 2.2) can be used to obtain Ritz pairs of the “undeflated” operator M~ A.
An algorithm for the solution of the sequence of linear systems (2.20) as described
in the beginning of this subsection is given in algorithm 1. Additional to the Ritz
vectors this algorithm can include auxiliary deflation vectors Y (%),

Algorithm 1 Algorithm for the solution of the sequence of linear systems (2.20).
Input: For i€ {1,..., M} we have:
e My € L(H) is (-, ) y-self-adjoint and positive-definite. > preconditioner

o Ay € L(H) is (-, -) y-self-adjoint. > operator
o b0, xéi) €H. > right hand side and initial guess
e Y() ¢ Hl& for l(iy € No. > auxiliary deflation vectors (may be empty)
. W=[]eH° > no Ritz vectors available in first step
2: fori=1— M do
3: U = orthonormal basis of span[I, Y ®)] with respect to (-, '>M<i>'
4: C=AnU, E=(U,C)y, set up P* > cf. definition 2.3
5: o = ’P*xéz) +UE~ XU, b(”>H > corrected initial guess
6:

28, Va1, T, B = MINRES (A(;), bsy, M), P*, o, €)

MINRES is applied to /\/la)lA(i):E(i) = ./\/l&)lb(i) with inner product
;) My right preconditioner P*, initial guess xzg and tolerance ¢ > 0,
cf. section 2.2. Then:

e The approximation asgf) fulfills HM(;)lb(i) — M@;A(i)ng) <e.

My

e The Lanzcos relation M(_i)lA(i)P*Vn = Vp+1T,, holds.
o B = (V,,,C) is generated as a byproduct of the application of P*.

T Wiy e v oy Wmy P1y - v s By Py v o5 P = thZ(Ua Vn+1517L7B? CvE7M(_l)1)
Ritz(...) computes the Ritz pairs (wj, ;) for j € {1,...,m} of /\/l(_i)lA(i)
with respect to span[U, V,,] and the inner product (-, ~>M(,,), cf. lemma 2.7.

Then:
® wy,...,w, forma (- '>M<,_)—orthon0rmal basis of span[U, V,,].
e The residual norms p; = HM&;A(i)wj — [jw; HM(v) are also re-
turned.
8: W = [w,,...,w;,] for pairwise distinct 41,...,i, € {1,...,m}.

\ Pick k Ritz vectors according to Ritz value and residual norm.
9: end for
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Applications of Inner Vector
A M1t M products updates
Orthogonalization - - ko k(k+1)/2 Ek(k+1)/2
Setup of P* and initial guess g & - - k(k+5)/2 2k
n MINRES iterations n n - n(k +2) n(k+7)
Computation of Ritz vectors - k - k2 k(k+mn)

Table 2.2: Computational cost for one iteration of algorithm 1 (lines 3-8) with n
MINRES iterations and k deflation vectors. The number of computed Ritz vectors
also is k. Operations that do not depend on the dimension N := dim H are neglected.

Implementational notes. We now comment on the implementational side of the
determination and utilization of Ritz pairs while solving a sequence of linear systems
(cf. algorithm 1). The solution of a single linear system with the deflated and precondi-
tioned MINRES method was discussed in section 2.2. Although the MINRES method
is based on short recurrences due to the underlying Lanczos algorithm — and thus only
needs storage for a few vectors — we still have to store the full Lanczos basis V1
for the determination of Ritz vectors. The Lanczos matrix T, € R™T1L.7 ig no issue
because it is tridiagonal and symmetric. However, by employing a “good” precondi-
tioner that limits the number of iterations we are able to satisfy memory constraints
in many applications (cf. section 3.3). Deflation can then be used to further improve
convergence by directly addressing parts of the preconditioned operator’s spectrum.
An annotated version of the algorithm can be found in algorithm 1. Note that the
orthonormalization in line 3 is redundant in exact arithmetic if only Ritz vectors are
used and the preconditioner does not change. An overview of the computational cost
of one iteration of algorithm 1 is given in table 2.2.

3. Application to nonlinear Schrodinger problems. Given an open domain
Q C RY, d € {2,3}, nonlinear Schrodinger operators are typically derived from the
minimization of the Gibbs energy in a corresponding physical system and have the
form

S): X =Y,

) ) (3.1)
SW):=(K+V+g[Y[F) inQ

with X C L?(Q) being the natural energy space of the problem, Y its dual. If
the domain is bounded, the energy space X may incorporate boundary conditions
appropriate to the physical setting. The linear operator K is assumed to be symmetric
and positive-semidefinite, V' : 0 — R be a given scalar potential, and ¢ € R a
given coupling parameter. A state 1]) : 0 — C is called a solution of the nonlinear
Schrodinger equation if

S() = 0. (3.2)

Generally, one is only interested in nontrivial solutions 1[} # 0. The function 1& is often
referred to as order parameter and its magnitude [1|? typically describes a particle
density or, more general, a probability distribution. Note that, because of

S(exp{ix}v) = exp{ix}S(¢) (3.3)
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one solution 1/; € X is really just a representative of the physically equivalent solutions
{exp{ix}v : x € R}.

For the numerical solution of (3.2), Newton’s method is the method of choice.
Given a good-enough initial guess vy, the Newton process generates a sequence of
iterates ¥ which converges towards a solution ﬁ of (3.2). In each step k of Newton’s
method, a linear system with the Jacobian J (k) of S at ¥y needs to be solved. The
linear operator J(v) is given by

JW): X =Y,
TW)p = (K+V +29[¢°) ¢ + g9*.
Despite the fact that states ¢ are generally complex-valued, J(¢) is linear only if

X and Y are defined as vector spaces over the field R with the corresponding inner
product

(3.4)

(g = R 2y - (3.5)

This matches the notion that the specific complex argument of the order parameter
is of no physical relevancy since |at|? = ||a|y|? for all « € C, 1 € X (compare
with (3.3)).

Moreover, the work in [28] gives a representation of adjoints of operators of the
form (3.4), from which one can derive

COROLLARY 1. For any given ¢ € Y, the Jacobian operator J(v) (3.4) is
self-adjoint with respect to the inner product (3.5).

An important consequence of the independence of states of the complex argument
(3.3) is the fact that solutions of (3.10) form a smooth manifold in X. This results in
the linearization (3.4) in solutions always having a nontrivial kernel. Indeed, for any
P eX

T@) () = (K+V +2g[¢*) (W) — giv?y =1 (K +V + glv]*) v =iS(¢),  (3.6)

so for nontrivial solutions 1/; e X,y #0, F(@ZA)) = 0, the dimension of the kernel of
J (@) is at least 1.

Besides the fact that there is always a zero eigenvalue in a solution 5 and that
all eigenvalues are real, not much more can be said about the spectrum; in general,
J(¥) is indefinite. The definiteness depends entirely on the state v; if ¢ is a solu-
tion to (3.1), it is said to be stable or unstable depending whether or not J (1) has
negative eigenvalues. Typically, solutions with low energies tend to be stable whereas
highly energetic solutions tend to be unstable. For physical systems in practice, it is
uncommon to see more than ten negative eigenvalues for a given solution state.

3.1. Principal problems for the numerical solution. While the numerical
solution of nonlinear systems itself is challenging, the presence of a singularity in a
solution as in (3.6) adds two major obstacles for using Newton’s method.

e Newton’s method is guaranteed to converge towards a solution & @-superlin-
early in the area of attraction only if & is nondegenerate, i.e., the Jacobian
in Z is regular. If the Jacobian operator does have a singularity, only linear
convergence can be guaranteed.

e While no linear system has to be solved with the exactly singular J (@[AJ), the
Jacobian operator close the solution J (@ZA) + 0v) will have at least one eigen-
value of small magnitude, i.e., the Jacobian system becomes ill-conditioned
when approaching a solution.
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Several approaches have been suggested to deal with this situation, for a concise
survey of the matter, see [13]. One of the most used strategies is bordering which
suggests extending the original problem S(i) = 0 by a so-called phase condition to
pin down the redundancy [1],

0=38(1,\) = <S(?(;S ’\y) : (3.7)

If y and p(-) are chosen according to some well-understood criteria [14], the Jacobian
systems can be shown to be well-conditioned throughout the Newton process. More-
over, the bordering can be chosen in such a way that the linearization of the extended
system is self-adjoint in extended scalar product if the linearization of the original
problem was self-adjoint. This method has been applied to the specialization of the
Ginzburg-Landau equations before [28] (3.10), and naturally generalizes to nonlinear
Schrodinger equations in the same way. The major disadvantage of the bordering ap-
proach, however, is that it is not clear how to precondition the extended system even
if a good preconditioner for the original problem is known. This renders bordering
unfeasible for the discretization of nonlinear PDEs with a large number of unknowns.

In the particular case of nonlinear Schrodinger equations, the loss of speed of
convergence is less severe than in more general settings. Note that there would be no
slowdown at all if the Newton update d1, given by

T ()5 = =S(¥), (3.8)

was consistently orthogonal to the null space i@ close to a solution 1[) While this is
not generally true, one is at least in the situation that the Newton update can never
be an exact multiple of the direction of the approximate null space iy». This is because

J (@) (eiy) = =S(¥), «€eR,

together with (3.6), is equivalent to

aiS() = ~S()

which can only be fulfilled if S(¢) = 0, i.e., if ¢ is already a solution.

Consequently, loss of @-superlinear convergence is hardly ever observed in nu-
merical experiments. Figure 3.1, for example, shows the Newton residual for the
two- and three-dimensional test setups, both with the standard formulation and with
the bordering 3.7 as proposed in [28]. Of course, the Newton iterates follow differ-
ent trajectories, but the important thing to note is that in both plain and bordered
formulation, the speed of convergence close the solution is comparable.

The more severe restriction is in the numerical difficulty of solving the Jacobian
systems in each Newton step due to the increasing ill-posedness of the problem as
described above. However, although the Jacobian has a nontrivial near-null space
close to a solution, the problem is well-defined at all times. This is because, by self-
adjointness, its left near-null space coincides with the right near-null space, span{iz@},
and the right-hand-side in (3.8), —S(%), is orthogonal to i) for any :

= R (i), Kib)2) + R ({0, Vo)a) + R (g1 ([0, [¢*),) = 0. (3.9)
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The numerical problem is hence caused only by the fact that one eigenvalue approaches
the origin as the Newton iterates approach a solution. The authors propose to handle
this difficulty on the level of the linear solves for the Newton updates using the
deflation framework developed in section 2.

3.2. The Ginzburg—Landau equation. One important instance of nonlinear
Schrodinger equations (3.1) is the Ginzburg—Landau equation that models supercur-
rent density for extreme-type-II superconductors. Given an open, bounded domain
Q CRY d e {2,3}, the equations are

K= (1= [y,
0= (3.10)
n- (—iV — A)y.
The operator K is defined as
K: X =Y,

) ) (3.11)
Ky :=(-iV — A)%p

with the magnetic vector potential A € HZ,(€2) [5]. The operator K describes the
energy of a charged particle under the influence of a magnetic field B =V x A, and
can be shown to be Hermitian and positive-semidefinite; the eigenvalue 0 is assumed
only for A =0 [29]. Solutions ¢ of (3.10) describe the density 1|2 of electric charge
carriers and fulfill 0 < |1/A1|2 < 1 pointwise [16]. For two-dimensional domains, they
typically exhibit isolated zeros referred to as wortices; in three dimensions, lines of
zeros are the typical solution pattern (see figure 3.2).

Discretization. For the numerical experiments in this paper, a finite-volume-type
discretization is employed [4, 29]. Let Q") be a discretization of Q with a triangu-
lation {73}, U™, T; = Q™) and the node-centered Voronoi tessellation {V;}7_;,
Uy Vi = QM Let further e;; denote the edge between two nodes 4, j. The
discretized problem is then to find ¥/(™ € C" such that

vke{l...n}: 0= (SWy®) = <K<h>¢<h>)k —o (1= 1R2). (312)

where the discrete kinetic energy operator K (") is defined by

Vo™ M) e cn . <K(h)¢(h)7¢(h)> _
S s [(0 - U + (u - Tge) 8] (3.13)

edges e; ;

with the discrete inner product

< NG ¢(h> ZWM (h)

and edge coefficients a; ; € R [29]. The magnetic vector potential A is incorporated
in the so-called link variables,

Ui,j = exp (—1/ €5 A(’LU) d’UJ) .

J
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along the edges e; ; of the triangulation.

REMARK 2. In matriz form, the operator KM is represented as a product KM =
D7YK of the diagonal matriz D', D;; = |Vi|, and a Hermitian matriz K.

This discretization preserves a number of invariants of the problem, e.g., gauge
invariance of the type v := exp{ix}, A := A+ Vy with a given x € C'(2). Moreover,
the discretized energy operator K" is Hermitian and positive-definite [29]. The
discretized Jacobian operator is self-adjoint with respect to the discrete inner product

(p.00), = <Z Vil 94 EJ‘)) (3.1
k=1

and the statements (3.6), (3.9) about the null space carry over from the continuous
formulation.

REMARK 3 (Real-valued formulation). There is a vector space isomorphism « :
C"™ — R?™ between R?™ and C™ as vector space over R given by the basis mapping

(M) _ (2 (M) _ (2

=e; ", a(lej =€pt;-

In particular, note that the dimension of Cg is 2n. The isomorphism o is also iso-
metric with the natural inner product (-,-)p of Cg, since for any given pair ¢, € C"
one has

< (22) ’ @Z) > = (R, RY) + (I, IV) = (¢, V) -

Moreover, linear operators over C% generally have the form Ly = A+ B with some
A, B € C"*"™ and because of

Lw=XMv < (aLla Yaw = law,

the spectral properties also exactly convey to its real-valued image aLa™.

This equivalence can be relevant in practice as quite commonly, the original com-
plex-valued problem in C™ is implemented in terms R2™. Using the natural inner
product in this space will yield the expected results without having to take particular
care of the inner product.

3.3. Numerical experiments. The numerical experiments are performed with
the following two setups.

TEST SETUP 1 (2D). The circle Qop = {x € R? : ||z|2 < 5} and the mag-
netic vector potential A(x) = m x (x — zo)/||x — xo||* with m = (0,0,1)T and
xo = (0,0,5)T, corresponding to the magnetic field generated by a dipole at xo with
orientation m. A Delaunay triangulation for this domain was created using Trian-
gle [30], bearing 3299 points. With the discrete equivalent of vo(x) = cos(rz) as
initial guess, the Newton process converges after 27 iterations with a residual of less
than 10710 in the discretized norm (see figure 8.1). The final state is illustrated in
figure 3.2.

TEST SETUP 2 (3D). The three-dimensional L-shape

Qsp = {z € R? 1 ||z]|0o < 5}\R3,

discretized using Gmsh [11] with 72166 points. The chosen magnetic vector field is
constant Bsp(x) = 371/2(1,1,1)T, represented by the vector potential Asp(x) =
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Newton step Newton step

Fig. 3.1: Newton residual history for the two-dimensional setup 1 (left) and three-
dimensional setup 2 (right), each with bordering (- - - ) and without (——) With initial
guesses Y2P (x) = cos(my) and 3P (x) = 1, respectively, the Newton process delivered
the solutions as highlighted in figure 3.2 in 22 and 27 steps, respectively.

¥

(a) Cooper-pair density b) Cooper-pair density [¢|? at the
2. surface of the domain.

(d) Isosurface with []? = 0.1 (see
(b)), argt at the back sides of the
cube.

Fig. 3.2: Solutions of the test problems as found in the Newton process illustrated in
figure 3.1.
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%B;;D x x. With the discrete equivalent of ¥o(x) = 1, the Newton process converges
after 22 iterations with a residual of less than 10710 in the discretized norm (see
figure 3.1). The final state is illustrated in figure 3.2.

For both of representative setups, a Newton run was performed where the linear
systems (3.8) were solved using MINRES to exploit self-adjointness of J*). Note that
it is critical here to use the natural inner product of the system, (3.14). All of the
numerical experiments incorporate the preconditioner proposed in [29] that is shown
to bound the number of Krylov iterations needed to reach a certain relative residual
by a constant independently of the number n of unknowns in the system.

REMARK 4. Neither of the above test problems have initial guesses which sit
in the cone of attraction of the solution they eventually converge to. As typical for
local nonlinear solvers, the iterations which do not directly correspond with the final
convergence are sensitive to effects introduced by the discretization or round-off errors.
It will hence be difficult to reproduce the shown solutions without exact information
about the point coordinates in the discretization mesh. Nevertheless, the numerical
results hold true for any converging Newton iteration, independently of their final
state.

Figure 3.3 shows the relative residuals for all Newton steps in both the two- and
the three-dimensional setup. Note that the residual curves late in the Newton process
(dark gray) exhibit plateaus of stagnation which are attributed to the low-magnitude
eigenvalue associated with the near-null space vector ip)(").

Figure 3.3b incorporates deflation of said vector via the framework as described in
section 2. The incorporation of the preconditioner and the customized inner product
3.14 is crucial here. Clearly, the stagnation effects are remedied and a significantly
lower number of iterations is necessary to reduce the residual norm to 1071°. While
this comes with extra computational cost per step (cf. table 2.1), this cost is negligible
compared to the considerable convergence speedup.

REMARK 5. Note that the initial quess To is adapted according to (2.16) before
the beginning the iteration. Because of that, the initial relative residual ||b— Axol|/||b—
AZg|| cannot generally be expected to equal 1 even if To = 0. In the particular case of
U = iy, however, we have

xo =P T + U (U, J()U)x " (U, =S(®))g = P*To

since (Y, S(¢) = 0 (3.9), and the initial relative residual does equal 1 if o =0 (cf.
figure 3.3b). Note that this is not true anymore when more deflation vectors are added
(cf. figure 3.3¢).

As indicated in section 2, the idea of deflation can be taken further by noting that,
towards the end of the Newton process, a series of very similar linear systems needs
to be solved. This leads to the idea of extracting spectral information of the previous
MINRES iteration use for deflation in the present process. For the experiments,
those 12 Ritz vectors from the MINRES iteration in Newton step k& which belong
to the Ritz values of smallest magnitude were added for deflation in Newton step
k+1. As displayed in figure 3.3c, the number of necessary Krylov iterations is further
decreased roughly by a factor of 2. Note also that in particular, the characteristic
plateaus corresponding with the low-magnitude eigenvalue to not anymore occur. This
is particularly interesting since no information about the approximate null space was
explicit specified, but automatically extracted from previous Newton steps.

Technically, one could go ahead and extract even more Ritz vectors for deflation in
the next step. However, at some point the extra cost associated with the extraction of
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(c) Deflation of 12 Ritz vectors corresponding to the Ritz values of smallest magnitude.

Fig. 3.3: MINRES convergence histories of all Newton steps for the 2D problem (left)
and 3D problem (right). The color of the curve corresponds to the Newton step: light
gray is the first Newton step while black is the last Newton step.
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T,/To

0 10 20 30 0 10 20 30
number of deflation vectors p number of deflation vectors p

Fig. 3.4: Wall-times T}, needed for MINRES solves for the test setups with deflation of
those p Ritz vectors from the previous Newton step which correspond to the smallest
Ritz values. As in the figure 3.3, light gray lines correspond to steps early in the
Newton process. All times are displayed relative to the computing time Ty without
deflation. The dashed line at T},/To = 1 marks the threshold below which deflation
pays off.

the Ritz vectors (table 2.2) and the application of the projection operator (table 2.1)
will not justify a further increase of the deflation space. The efficiency threshold
will be highly dependent on the cost of the preconditioner. Moreover, it is in most
situations impossible to predict just how the deflation of a particular set of vectors
influences the residual behavior in a Krylov process. For this reason, one has to reside
to numerical experiments to estimate the optimal dimension of the deflation space.
Figure 3.4 shows, again for all Newton steps in both setups, the wall time of the
Krylov iterations as in figure 3.3 relative to the solution time without deflation. The
experiments show that deflation in the first few Newton steps does not accelerate the
computing speed. This is due to the fact that the Newton updates are still significantly
large and the subsequent linear systems are too different from each other to take profit
from carrying over spectral information. As the Newton process advances and the
updates become smaller, the subsequent linear systems become similar and deflation
of a number of vectors becomes profitable. Note, however, that there is a point at
which the computational cost of extraction and application of the projection exceeds
the gain in Krylov iterations. For the two-dimensional setup, this value is around
12 while in the three-dimensional case, the minimum roughly stretches from 10 to 20
deflated Ritz vectors. In both cases, a reduction of effective computation time by 40%
could be achieved.

REMARK 6. Note that throughout the numerical experiments performed in this
paper, the linear systems were solved in up to the relative residual of 10710, In prac-
tice, however, one would employ a relazation scheme as given in, e.g., [6, 25]. Those
schemes commonly advocate a relaxed relative tolerance ny in regions of slow con-
vergence, and a more stringent condition when the speed of convergence accelerates

toward a solution, e.g.,
T =y < 23l >a
([l
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with some v > 0, a > 1. In the specific case of nonlinear Schrodinger equations, this
means that deflation of the near-null vector iv) (cf. figure 3.3b) becomes little effective
if M is higher than where the stagnation plateau appears. The speedup associated
with deflation with a number of Ritz vectors (cf. figure 3.3c), however, is effective
throughout the Krylov iteration and would hence not be influenced by a premature
abortion of the process.

REMARK 7. As opposed to the CG method, there is no consensus on what im-
plementation of the MINRES procedure s least prone to round-off errors. In general,
the MINRES iteration can be unstable to the point of complete stagnation well above
machine precision [33] (see the stagnating process in figure 8.3a). This is attributed
to the implicit loss of orthogonality of the Ritz vectors due to round-off errors and can
thus remedied by storing all computed Ritz vectors and reorthogonalizing against the
set in each MINRES iteration. This essentially leads to the GMRES process.

All numerical experiments in this paper have been conducted with and without
explicit reorthogonalization and despite the observation of a loss of orthogonality in
the Ritz vectors, the convergence speedup with Ritz vectors from the previous step was
not noticeably affected.

REMARK 8. The methods described and developed in this paper are implemented
in the Python package pynosh [9] made available under a free and open source license
(GNU General Public License 3). All experimental results presented in this section
can be reproduced from the data published with the source code.

4. Conclusions. For the solution of a sequence of self-adjoint linear systems
such as occurring in Newton process for a large class of nonlinear problems, the au-
thors propose a MINRES scheme that takes into account spectral information from
the previous linear systems. Central to the approach is the cheap extraction of Ritz
vectors (section 2.3) out of a MINRES iteration and the application of the projec-
tion (2.10). As opposed to similar recycling methods previously suggested [36], the
present one consistently preserved self-adjointness of the projected operator, explicitly
incorporates the use of a preconditioner, and allows for inner products other than the
default />-inner product.

These properties are then crucial for the application to nonlinear Schréodinger
equations (section 3): The occurring linearization is self-adjoint with respect to a
nonstandard inner product (3.14), and the computation in a three-dimensional set-
ting is not feasible without a preconditioner. The authors could show that for the
particular case of the Ginzburg-Landau equations, the deflation strategy reduces the
effective run time of a linear solve by up to 40% (cf. figure 3.3c). Moreover, the defla-
tion strategy was shown to automatically handle the singularity of the problem that
otherwise leads to numerical instabilities.

It is expected that the strategy will perform similarly for other nonlinear problems.
While adding a number of vectors to the deflation will always lead to faster Krylov
convergence, it only comes with extra computational cost in extracting the Ritz vector
and applying the projection operator. The optimal number of deflated Ritz vectors is
highly problem-dependent, in particular the computational cost of the preconditioner,
and can thus hardly be determined a priori.

The proposed strategy naturally extends to problems which are not self-adjoint
by choosing, e.g., GMRES as the hosting Krylov method. For asymmetric problems,
however, the effects of altered spectra on the Krylov convergence is far more involved
than in the self-adjoint case [20]. This also makes the choice of Ritz vectors for
deflation difficult.
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