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Abstract

We consider the solution of a system of stochastic generalized equations (SGE) where the
underlying functions are mathematical expectation of random set-valued mappings. SGE has
many applications such as characterizing optimality conditions of a nonsmooth stochastic op-
timization problem and a stochastic equilibrium problem. We derive quantitative continuity
of expected value of the set-valued mapping with respect to the variation of the underlying
probability measure in a metric space. This leads to the subsequent qualitative and quanti-
tative stability analysis of solution set mappings of the SGE. Under some metric regularity
conditions, we derive Aubin’s property of the solution set mapping with respect to the change
of probability measure. The established results are applied to stability analysis of station-
ary points of classical one stage and two stage stochastic minimization problems, two stage
stochastic mathematical programs with equilibrium constraints and stochastic programs with
second order dominance constraints.

Key words. Stochastic generalized equations, stability analysis, equicontinuity, one stage
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programming

1 Introduction

In this paper, we consider the following stochastic generalized equations (SGE):

0 € Ep[l(z,8)] + G(x), (1)
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where I' : X x 2 — 2Y and G : X — 2Y are closed set-valued mappings, X and ) are subsets of
Banach spaces X and Y (with norm ||-||x and [ - ||y’) respectively, £ : Q — Z is a random vector
defined on a probability space (€2, F, P) with support set = € R? and probability distribution
P, and Ep[-] denotes the expected value with respect to P, that is,

Ep[[(z,)] = / I(z,6)dP(¢)

= {/_ Y(&)P(dE) : ¢ is a Bochner integrable selection of I'(z, )} .

The expected value of I' is widely known as Aumann’s integral of the set-valued mapping, see
1, 2, 12].

The SGE formulation extends deterministic generalized equations [27] and underlines first
order optimality/equilibrium conditions of nonsmooth stochastic optimization problems and
stochastic equilibrium problems and stochastic games, see [24, 25] and references therein. In a
particular case when I' is single valued and G(z) is a normal cone of a set, (1) is also known as
stochastic variational inequality for which a lot of research has been carried out over the past
few years, see for instance [39, 5].

Our concern here is on the stability of solutions of (1) as the underlying probability measure
P varies in some metric space. Apart from theoretical interest, the research is also numerically
motivated: in practice, the probability measure P may be unknown or numerically intractable
but it can be estimated from historical data, or approximated by numerically tractable measures.
Consequently there is a need to establish a relationship between the set of solutions of true
problem and that of the approximated problem.

Let @ denote a perturbation of the probability measure P. We consider the following per-
turbed stochastic generalized equations:

0 € EQ[l'(z,8)] + G(x). (2)

Let S(Q) and S(P) denote the set of solutions to (1) and (2), respectively. We study the
relationship between S(Q) and S(P) as @ approximates P under some appropriate metric.

There are two issues that we need to look into: (a) When @ is “close” to P, does equation
(2) have a solution? (b) Can we obtain a bound for the distance between the solutions to (1)
and (2) in terms of certain distance between () and P? The first issue was investigated by
Kummer [15] for a general class of deterministic parametric generalized equations in terms of
solvability and further discussed by King and Rockafellar [14] under subinvertibility of a set-
valued mapping. The second issue was considered in [38] under the context of perturbation of
deterministic generalized equations.

In this paper, we derive quantitative continuity of Ep[I'(-,£)] with respect to the variation
of the probability measure P in some metric spaces. This leads to the subsequent qualitative
and quantitative stability analysis of solution mappings of the SGE. Under some metric regular
conditions, we derive Aubin’s property of the solution set mapping with respect to the change
of probability measure. The results are applied to study the stability of stationary points of a
number of stochastic optimization problems. This effectively extends the stability analysis in
the literature of stochastic optimization (see e.g. Rachev and Romisch [23] and Romisch [30])
which focuses optimal values and optimal solutions to stationary points. Moreover, the general



framework of probability measure approximation extends recent work by Ralph and Xu [24]
on asymptotic convergence of sample average approximation of stochastic generalized equations
where the true probability measure is approximated through sequence of empirical probability
measures, and has a potential to be exploited to convergence analysis of stationary points when
quasi-Monte Carlo methods are applied to nonsmooth stochastic optimization problems and
nonsmooth stochastic games/equilibrium problems.

The rest of the paper is organized as follows. We start in section 2 by recalling some
basic notions, concepts and results on generalized equations, set-valued analysis and Aumann’s
integral of a set-valued mapping. In section 3, we present the main stability results concerning
stochastic generalized equations with respect to the perturbation of the probability measure.
Applications of the established results to classical one stage and two stages linear stochastic
programs and two stage stochastic mathematical programs with complementarity constraints in
section 4 and finally we apply the results to stochastic programs with second order dominance
constraints in section 5.

Throughout the paper, we use the following notation. Z denotes a Banach space with norm
| - ||z and IR™ denotes n dimensional Euclidean space. Given a point z € Z and a set D, we
write d(z,D) :=inf,cp ||z — 2|z for the distance from z to D. For two closed sets C and D,

D(C,D) :=supd(z, D)
zeC

stands for the deviation of set C from set D, while H(C, D) represents the Hausdorff distance
between the two sets, that is,

H(C, D) := max (D(C, D), D(D,C)).

We use B(z,0) to denote the closed ball with radius ¢ and center z, that is B(z,0) := {z :
|z — z||z < 4}, and B to denote the unit ball {z : [|z]|z < 1} in a space. Finally, for a sequence
of subsets {S;} in a metric space, we follow the standard notation [1] by using limg_,o Sy to
denote its upper limit, that is,

lim Sg = {z : liminf d(z, S;) = 0}.
k—o0 k—ro0

2 Preliminary results

Let ¥ : X — 2Y be a set-valued mapping. ¥ is said to be closed at z if z, € X, x, — T,
yr € U(zg) and yp — g implies y € U(Z). ¥ is said to be upper semi-continuous (usc for short)
at ¥ € X if for every € > 0, there exists a constant § > 0 such that

U(z 4 0B) C U(x) + €B.

U is said to be lower semi-continuous (Isc for short) at € X if for every € > 0, there exists a
constant § > 0 such that
U(z) C ¥(z+ 0B) + €B.

¥ is said to be continuous at T if it is both usc and lsc at the point.



2.1 Existence of a solution

We start by presenting a result that states existence of a solution to the perturbed generalized
equations (2). The issue has been well investigated in the literature of deterministic generalized
equations. For instance, Kummer [15] derived a number of sufficient conditions which ensure
solvability (existence of a solution) of perturbed generalized equations. Similar conditions were
further investigated by King and Rockafellar [14]. Here we present a stochastic analogue of one
of Kummer’s results.

Assumption 2.1 Let Q) be a perturbation of probability measure P in a normed metric space
such that

(a) EQII'(x,&)] + G(x) is nonempty and conve;

(b) Eq[I'(x,&)] is uniformly lsc with respect to (w.r.t. for short) Q at Q = P, that is, for any
€ > 0, there exists a 6 > 0 such that

Ep[l(z, )] C EQ[I'(2,&)] + B
for all x € X and Q with ||Q — P|| < 6;
(c) for o« € Ry, the set

{mGX: inf CTu>a}
CEEQ[I'(%,8)]+G (@)

is open for each u in the dual space of Y. Here and later on a'b denotes the scalar product
of two wvectors.

The following result is a direct application of [15, Proposition 3].

Proposition 2.2 Let

A(P) := sup inf inf Tu.
(P) HuH:lIGXCGEP[F(I:Q]JFQ(I)C

Under Assumption 2.1, the perturbed generalized equations (2) have a solution for all Q suffi-
ciently close to P if A(P) < 0.

Assumption 2.1 (a) is satisfied when I'(x, §) and G(x) are convex set-valued mappings. In the
case when I' is the Clarke subdifferential of a random function and G(x) is a normal cone to a
convex set, the assumption is obviously satisfied. We will come back to this in Sections 4 and 5.
Assumption 2.1 (b) means uniform Hausdorff continuity of set-valued mapping Eg[I'(z, §)] w.r.t.
@ at Q = P in the case when the set-valued mapping is usc w.r.t. (. Under a pseudometric
to be defined in Section 3, the continuity is guaranteed when I'(x, §) is bounded and continuous
w.r.t. £ independent of x. Assumption 2.1 (¢) means that the set

{a: eX: inf ¢Tu < a}
(EEQI'(2,€)]+G(x)
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is closed and hence infzex infeep g r(z.6)+6(2) ¢Tu is well defined provided the quantity has a
lower bounded. Condition A(P) < 0 implies that for any u € B, there exists x € X such that
Infeep g r(z,6)+6(2) ¢Tu < 0. By [15, Proposition 2] or the separation theorem, the latter means
0 € EgI'(z,&)] + G(z). Note that since Ep[I'(x,§)] is often not computable, a more verifiable
condition for A(P) < 0 will be

sup inf inf (Tu<0

|ul|=12€X CET(2,€)+G(x)
for almost every £ € E; see similar discussions for nonsmooth stochastic Nash game in [25,
Theorem 4.5].

2.2 Metric regularity

Definition 2.3 A set-valued mapping ¥(z) is said to be calmness at point T with respect to X
if ¥(z) # 0 and there is a constant L > 0 such that

U(x) C¥(z)+ L||z —z||B, VYxe X,

it is said to be uniformly calm on set X with respect to X if ¥(Z) # () and there is a constant
K > 0 such that
U(r) CU(z)+ L||lxr —z|B, VzxeX,zcX;

it is said to be sub-Lipschitz continuous on X if it is nonempty, closed valued on X and for each
p > 0, there exists L, > 0 such that

H(U(z) N pB, U(z') N pB) < L,|jz — '), Vz, 2’ € X.

The calmness defined above is slightly different from the definition in [29] where the set
X is replaced by a neighborhood of z. If ¥(x) is a bounded set-valued mapping, then the
sub-Lipschitz continuity implies calmness. We need these concepts in Remark 3.2.

Definition 2.4 Let U : X — 2" be a closed set valued mapping. For z € X and § € ¥(z), ¥
is said to be metrically reqular at T for g if there exist a constant a > 0, neighborhoods of U of
z and V of g such that

d(z, ¥ Y(y)) < ad(y,¥(z)), Yz eU yecV.

Here the inverse mapping W~ is defined as U~!(y) = {z € X : y € ¥(x)} and the minimal
constant a < oo which makes the above inequality holds is called regularity modulus and is
denoted by reg U (z|y). ¥(x) is said to be strongly metrically reqular at z for g if it is metrically
regular and there exist neighborhoods Uz and Uy such that for y € Uy there is only one z €
Ua—g N \Ilil(y)

Metric regularity is a generalization of Jacobian nonsingularity of a vector-valued function
to a set-valued mapping [26]. The property is equivalent to nonsingularity of the coderivative
of ¥ at Z for § and to Aubin’s property of ¥~!. For a comprehensive discussion of the history
and recent development of the notion, see [10, 29] and references therein.

Using the notion of metric regularity, one can analyze the sensitivity of generalized equations.
The following result is well known, see for example [39, Lemma 2.2].



Proposition 2.5 Let \IJ,\il : X — 2Y be two set-valued mappings. Let T € X and 0 € ¥(Z).
Suppose that U is metrically reqular at & for 0 with the neighborhoods of Uz of x and Vi of 0. If
0 € ¥(z) with x € Uz, then

d (z, ¥71(0)) < aD(¥(x), ¥(x)),

where « is the regularity modulus of U at T for 0. If U(x) is strongly metrically reqular at T for
0, then

lz — z|| < aD(¥(x), ¥(z)).

Observe that the proposition does not give a bound on d(x, Z). Indeed, d(x,Z) > d(x, ¥~1(0)).
To estimate the former, we need a stronger local property.

2.3 Fubini’s theorem of Aumann’s integral

Let E be a Hausdorff locally convex vector space and E’ the dual space. Let S be a nonempty
subset of E. The support function of S is the function defined on E’ by

u— o(u,S) =supu'a.
acsS
The following result which is widely known as Hormander theorem establishes a relationship

between the distance of two sets in £ and the distance of their support functions over a unit
ball in £’

Lemma 2.6 ([/, Theorem II-18]) Let C,D be nonempty compact and convex subsets of E with
support functions o(u,C) and o(u, D). Then

D(C,D) = H1(731”32(1(0(1;,6) —o(u,D))

and

H(C,D) = max |o(u,C) — o(u,D)].

fJull<1

Let X and Y be a Banach space and Z a Hausdorff locally convex vector space (here we are
slightly abusing the notation as X and Y have already been used in the definition of generalized
equations (1)). Let y, p, and p, denote the bounded Borel measures in X x Y, X and Y respec-
tively. Consider a compact and convex set-valued mapping ¥ : X xY — 22 and its Aumann’s in-
tegrals [y, V(z,y)u(dzdy), [y [ Y (2, y)py(dy)ps(de) and [}, [ (2, y)ps(dr)py(dy), where
X and ) are nonempty compact subset of X and Y. The following proposition states that under
some appropriate conditions, the three integrals are equal.

Proposition 2.7 If VU is upper semi-continuous with respect to x and y, then



(i) o(V(x,y),u) is upper semi-continuous in x and y uniformly w.r.t. u;
if, in addition, ¥ is p-integrably bounded, then

(it) V(-,y) and ¥(z,-) are p, and p, integrably bounded for each y and x respectively, and

/XW\IJ(Ly)M(dxdy)ZA/JJW(x,y)My(dy)ux(dx):/y/xqj(x?y)ﬂx(dx)ﬂy(dy);

(iii) for any z’,x € X,
H( /y (! )y (). /y w<x,y>uy<dy>) < /y H( (2! ). U () ().

Proof. The results are well known, we give a proof for compactness.

Part (i). Since ¥ is upper semi-continuous w.r.t. x and y, it follows by Hérmander’s theorem
that

o(¥(@',y),u) — o(¥(z,y),u) <D(T(,y"), U(z,y))
which indicates that o(¥(x,y),u) is upper semi-continuous in x and y uniformly w.r.t. w.

Part (ii) is well known, see [40, Theorem 2.1]. Here we include a sketch of the proof for
completeness. By Hormander’s theorem (Lemma 2.6)

(// (@ y)py(dy) iz (o), // xyuxd:c)uy(dy)>
:||i1||11<)1{ <// (@, y) iy (dy) pa(de), >—a<// (z,y) pa (da) py (dy), ﬂ

Applying [21, Proposition 3.4] to the support function above, we have

(// = Uty () (), ) // )y (dy)a (dz)
<// (= 9)ptad)isy ), > // ) (d) oy (ly)

It follows from part (i) that o(¥(x,y),u) is upper semi-continuous in = and y. Since X and Y
are compact set ¥ (z,y) is bounded which implies the boundedness of o(¥(z,y),u). By Fubini’s

/ / (@, y), u)py (dy) pa (de) / / ) p (dw) puy (dy ).

The discussions above yield

o (/. | v pmtanuaan). [ xp@,ym(d@uy(dw)
Hul|<1 [/ / V(@ y), uiy(dy)a(de) / / w) e (daz) y (dy)

and

theorem



Part (iii). Following similar arguments as in the proof of Part (ii), we have

H( /y () dy), /y wx,y)uy(dy)) < /y sup |o(W(e,y),u) — o(W(w,y),u)| oy (dy)

flull<1
— /yH(\I/(:c’,y),\If(x,y))uy(dy)-

The proof is complete. |

3 Stability of stochastic generalized equations

Let #(Z) denote the set of all Borel probability measures on Z. For Q € Z(2), let Eg[{] =
J= £(w)dQ(E) denote the expected value of the random variable £ with respect to Q. Assuming
Q is close to P under some metric to be defined shortly, we investigate the relationship between
the solution set of stochastic generalized equations (2) and that of (1).

Let I'(z,€) be defined as in (1) and o(I'(x,-),u) its support function. Let X be a compact
subset of X. Define

F = {g() : 9(&) == (D@, &), u), foraz € X, ul < 1}. (3)

Then # consists of all functions generated by the support function o(I'(z,-),u) over the set
X xA{u:||u| <1}. Let

2(Q,P) = sup (Eqlg(&)] — Erlg(€)])

9(§)eF
and
A (Q, P) :=max (2(Q,P), 2(P,Q)).
It is easy to verify that

2(Q,P) > ”81”11<)1EQ[0(F(3:,§),U)] —Eplo(I'(z,&),u)] >0, VxelX.

We will use this relationship later on. Note that by [21, Proposition 3.4],
EQlo(T(x,8),u)] — Eplo(I'(z,§), u)] = o(Eq[l'(x, )], u) — o(Ep[o(I'(z, )], u).
By Lemma 2.6, the inequality above implies
2(Q, P) = D(Eq[l'(z,§)], Ep[l'(x,£)]) =0, VeeX

and hence
2(Q,P)=0 = Eg[I'(z,§)] CEp[I'(z,§)], VzrelX.

Likewise
H(Q,P)=0 = Eg[I'(z,8)] =Ep[['(z,§)], VredlX.

Neither ## nor Z is a metric but one may enlarge the set % so that J7(Q, P) = 0 implies
Q = P. We call 77(Q, P) a pseudometric. It is also known as a distance of probability measures
having (-structure, see [41].



Recall that for a sequence of probability measures {Py} in Z(Z2), Py is said to converge
weakly to P if

lim Epy[g(§)] = E[g(¢)]

N—o0

for every bounded continuous real-valued function g on =.

Let .%# be defined by (3) and {Py} C £(Z). We say .# defines an upper P-uniformity class
of functions if
lim 2(Py,P) =0
N—o00

for every sequence { Py} which converges weakly to P, and a P-uniformity class if

lim 7 (Py,P)=0.

N—oo

A family of functions .% is said to be equicontinuous at a point zq if for every € > 0, there exists
a 0 > 0 such that ||f(zo) — f(z)| < € for all f € .# and all z, xy such that ||zg —z| < 4. A
sufficient condition for .# to be a P-uniformity class is that .% is uniformly bounded and

P({{ € E: .7 is not equicontinuous at £}) = 0,
see [34]. In our context, the latter is implied by

lim sup H(I'(z,¢'),T(z,£)) =0 (4)
§—=8recx

for P-almost every €.

Theorem 3.1 Consider the stochastic generalized equations (1) and its perturbation (2). Let
X be a compact subset of X, and S(P) and S(Q) denote the set of solutions of (1) and (2)
restricted to X respectively. Assume: (a)Y is a FEuclidean space and I" is a set-valued mapping
taking convex and compact set-values in Y; (b) T' is upper semi-continuous with respect to x
for every & € E and bounded by a P-integrable function k(§) for x € X; (c¢) G is upper semi-
continuous; (d) S(Q) is nonempty for Q € P(Q) and 2(Q, P) sufficiently small. Then the

following assertions hold.

(i) For any e > 0, let

R =, b d(0.Ep[D(x.€)] + G(a)). (5)

Then R(e) — 0 as e — 0 and
D(5(Q), S(P)) < B~ 22(Q. P)),
where R71(e) := min{t € R : R(t) = €}.
(ii) For any € > 0, there exists a 6 > 0 such that if 2(Q, P) <0, then D(S(Q),S(P)) <e.

(i1i) If x* € S(P) and ®(x) := Ep[I'(z,£)]+G(x) is metrically reqular at =* for 0 with reqularity
modulus o, then there exist neighborhoods Uy~ of x* and Vi of 0 such that

d(z, S(P)) < aZ(Q, P) (6)



for x € S(Q)NUyx; if ® is strongly metrically reqular at =* for O with the same regularity
modulus and neighborhood, then

|z —2%|x <a2(Q,P) (7)
for x € S(Q) close to ®~1(0).

Proof. Let {rx} C X be a sequence such that xy — x as N — oco. Under conditions (a)
and (b), I'(z,&) is upper semi-continuous and integrably bounded, and the space Y is finite
dimensional (separable and reflexive). By [13, Theorem 2.8] (see also [18, Theorem 1.43]),

C EP [F(xaé)] . (8)

TN—T,TNEX TN—T,TNEX

lim sup EP[F(JUN,@}CEP[ limsup I'(zn,¢&)

Parts (i) and (ii). Let R(e) be defined by (19). We claim that R(e) > 0. Assume for a
contradiction that R(e) = 0. Then there exists a sequence {zxy} C X with d(zx, S(P)) > € such
that

Tim d(0.Ep[L(an,€)] + Glan)) = 0

which is equivalent to

0€ limsup (Ep[l'(zn,&)]+G(zn)). 9)

TN —T,TNEX

Since X is a compact set, we may assume without loss of generality that zny — a* for some
x* € X. Using the upper semi-continuity of G(x) and (8), we derive from (9) that

0 € limsup(Ep[['(zn, )] + G(zn)) CEp [limsup I’(a;N,f)] +G(z*) C E[l'(z*,&)] + G(z").

N—oo N—oo

This shows z* € S(P) which contradicts the fact that d(z*, S(P)) > e.

Let 0 := R(e)/2 and 2(Q, P) < §. Let p' := mingex d(0,G(z)). Under the closedness and
upper semicontinuity of G(+), it is easy to verify that p’ < co. Let

pi=p+ sup max(|[Ep[I(z, §)], [Ee[I (. E)]I).

Under condition (b) and compactness of X, it is easy to show that p < co. Let ¢t be any fixed
positive number such that ¢ > p. Then for any point = € X’ with d(x, S(P)) > e,

d(0, Eq[I'(z,£)] + G(x)) d(0,Eq[I'(z,£)] + G(x) NtB)
d(0,Ep[T'(z,&)] + G(z) NtB)
—D(Eq[T(x,)] + G(x) NtB,Ep[T(x, )] + G(x) NtB), (10)

v

where B denotes the unit ball in space ). Using the definition of D, it is easy to show that
D(Eq[L(z, )]+ G(x) NtB,Ep[l'(z,§)] + G(x) NiB) < D(Eq[L'(x,&)], Ep[I'(x,8)]),  (11)

see for instance the proof of [38, Lemma 4.2]. By invoking Hormander’s theorem and [21,
Proposition 3.4], we have

D(Eq[T(z, &)}, Ep[T'(z,8)]) = ”SIHJEI(U(EQ[T(%O]»U)—U(EP[F(w,S)]aU))
= ”iIHIEI(EQ[U(F(%é)aU)] — Ep[o(T'(z,£),u)]). (12)

10



By the definition of 2(Q, P),

”81”151(1[“3@[0@(%6),@] —Ep[o(T'(z,£),u)]) < 2(Q, P). (13)

Combining (10)—(13), we have

d(0, Eq[I'(z, )] + G(x)) d(0,Ep[l'(z,&)] + G(2)) — 2(Q, P)

R(e) — ¢
= 0>0. (14)
This shows z € S(Q) for any x € X with d(x, S(P)) > €, which implies
D(5(Q), S(P)) <e.
Let € be the minimal value such that $R(e) = 2(Q, P) = 6. Then (14) implies
D(S(Q), S(P)) < e=R™(22(Q. P)).

Part (iii). Let B denote the unit ball of J and ¢ be a constant such that

t > max{||[Eq[['(z, ]|, [Ep[T(z, ][I}

Then for any z € ®1(0) N X
0 € Ep[l(z,&)] + G(z) NtB.

Likewise, for z € S(Q),
0 € Bg[P(2,€)] + G(x) NB. (15)

On the other hand, the metric regularity of ®(x) at * for 0 with regularity modulus « implies
that there exist neighborhood U, of * and Vj of 0 such that

d(z,S(P)) < ad(0,®(z)) (16)
for all x € S(Q) N Uy~. Since
O(z) =Ep[l'(z,&)] +G(x) DEp[I'(z,€)] + G(z) NtB,

then
d(0, ®(x)) < d(0,Ep[l'(z,£)] + G(z) NtB)
and hence
d(z, S(P)) ad(0,Ep[I'(z, §)] + G(z) NtB)
D(Eq[I'(z,€)] + G(z) NtB,Ep[['(z,£)] + G(z) NtB) (17)
for all z € S(Q) N Uz+. The second inequality is due to (15) and the definition of . Note that
for any bounded sets C,C’, D, D, it is easy to verify that

D(C+C, D+ D) <D(C,D)+D(C, D).

<
<

Using this relationship and (11)—(13), we obtain

D(EQ[I'(x,8)] + G(x) NiB, Ep[L'(z,§)] 4+ G(z) NtB) D(Eq[l(x, &), Ep[T'(z,£)))

2(Q, P). (18)

Combining (16), (17) and (18), we obtain (6). Inequality (7) follows straightforwardly from (6)
and strong metric regularity. O

<
<
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Remark 3.2 Let us make a few comments about Theorem 3.1.

(i) In general, it is difficult to derive the rate function R(e). Here we consider two particular
cases that we may derive an estimate of R(e).
Case 1. Ep[I'(z,€)]) + G(x) is uniformly calm on X\S(P) with respect to S(P). By

definition
RO = nf - d(0.Epl(.€)] +G()
< bt D(ERT,E) + () N 6B EplT(x,6)] + G(x))

z€X, d(z,5(P))>e z*€S(P)
where § is a small positive constant. The uniform calmness property implies that there

exists a positive constant L such that

R(e) < inf inf Lz —z| = Le.
zeX, d(z,S(P))>ex*€S(P)

Note that the uniform calmness is only a sufficient condition. We may also derive similar
estimation under sub-Lipschitz continuity.
Case 2. I'(+,¢) is single valued for almost every ¢ and it is Lipschitz continuous over X
with integrable Lipschitz modulus x(£). Moreover G(x) = Nk (), where K is a polyhedral
in R™ and Nk (z) denotes the normal cone to K at point 2. Under these circumstances,
SGE (1) can be written as
0 € Ep[l'(z,&)] + Nk (x).

Observe that

d(0,Ep[l'(z,8)] + Nk (z)) = d(=Ep[I'(z, §)], Nk (2)).
By [11, Proposition 1.5.14],

d(—Ep[L(z,8)], N (x)) = inf{||FR (2)|| : = € I (2)}
where TI(z) denotes a projection of z on K and ITj' its inverse,
Fi%'(2) = Ep[D(Lk(2), )] + 2 — Mk (2).
It is easy to verify that F3°T(z) is Lipschitz continuous and its modulus is bounded by
E[x(£)] + 2. Moreover, since K is polyhedral, it follows by [20, Theorem 2.7] that N (x)
is polyhedral and through [20, Theorem 2.4], locally upper Lipschitz continuous. Using
the relationship
I Y(a) = Wk +I)(2),
where I denotes the identity mapping, we conclude that the set-valued mapping I1~!(x)
is locally upper Lipschitz continuous. Let #* € S(P) and z* € II"!(x*). Then
inf{[|FROT(2)]| : z € W' (@)} = nf{[|[FR(2)] : 2 € ' (2)} — | FRO (27
inf{(E[x(€)] +2)|lz — 2*|| : z € I (a)}.
With this, we may estimate R(e). By definition,

R = . dof o d(0.Ep[l(r.6)] + Nic(x)

IN

= e, d(i;}g(P))Ze(E[ﬁ(é)] +2)||z — 2*|| : 2 € T (2)
S inf C(E[k(&)] + 2)|Jx — =*||

zeX, d(z,S(P))>e
C(E[k(§)] + 2)e,
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where C denotes the constant associated with the local upper Lipschitz continuity of IT~1(-)
at point z*.

(ii) The assumption of Y to be a Euclidean space (finite dimensional) is only required in (8).
In some applications, I' may consist of components which are single valued. It is easy to
observe that so long as the set-valued components are finite dimensional, the conclusion
holds even when the single valued components are infinite dimensional. We need this
argument in Section 5.

4 Stochastic minimization problems

In this section, we use the stability results on the stochastic generalized equations derived in
the preceding section to study stability of stationary points of stochastic optimization problems.
This is motivated to complement the existing research on stability analysis of optimal values
and optimal solutions in stochastic programming [30].

4.1 One-stage stochastic programs with deterministic constraints

Let us start with one stage problems. To simplify notation, we consider the following nonsmooth
stochastic minimization problem

s.t. x € X,

where f : R® x R¥ — IR U {+00} is lower semicontinuous and for every fixed ¢ € Z, the
function f(-,€) is locally Lipschitz continuous on its domain but not necessarily continuously
differentiable or convex, P is the probability distribution of random vector ¢ : @ — = c RF
defined on some probability space (€2, F, P). Note that by allowing f to be nonsmooth, the
models subsumes a number of stochastic optimization problems with stochastic constraints and
two-stage stochastic optimization problems.

To simplify the discussion, we assume that Ep[f(-,&)] is well defined for some xy € X and
the Lipschitz modulus of f(-,§) is integrably bounded with respect to the probability measure
P. Tt is easy to observe that the assumption implies Ep[f(z,&)] is well defined for every x € X
and that Ep[f(-,£)] is locally Lipschitz continuous.

Let ¢ : IR® — IR be a locally Lipschitz continuous function. Recall that Clarke subdifferential
of ¥ at x, denoted by 0¢(x), is defined as follows:

OY(x) :==conv ¢ lim V(z') 3,
z'eD
' =z

where D denotes the set of points near = at which v is Fréchet differentiable, Vi (x) denotes
the gradient of ¢ at = and ‘conv’ denotes the convex hull of a set, see [6] for details.

13



Using Clarke’s subdifferential, we may consider the first order optimality conditions of prob-
lem (19). Under some appropriate constraint qualifications, a local optimal solution z* € X to
problem (19) necessarily satisfies the following:

0 € OEp[f(x, )] + Nx (). (20)

The condition is also sufficient if f(-,§) is convex for almost every £. In general, a point x € X
satisfying (20) is called a stationary point. A slightly weaker first optimality condition which is
widely discussed in the literature is

0e Ep[ﬁrf(x,ﬁ)] —i—Nx(.%'). (21)

The condition is weaker in that OEp[f(x,&)] C Ep[0, f(z, )] and equality holds only under some
regularity conditions. A point x € X satisfying (21) is called a weak stationary point of problem
(19). For a detailed discussion on the well-definedness of (20) and (21) and the relationship
between stationary point and weak stationary point, see [38] and references therein.

Let us now consider a perturbation of the stochastic minimization problem:

min,  Eq[f(z, )]

s.t. z € X, (22)

where @) is a perturbation of the probability measure P such that Eqg[f(x,&)] is well defined
for some x¢p € X and the Lipschitz modulus of f is integrably bounded with respect to Q.
In the literature of stochastic programming, quantitative stability analysis concerning optimal
values and optimal solutions in relation to the variation of the underlying probability measure
is well known, see for instance [30, 23]. Our focus here is on stationary points. Let X (P) and
X (Q) denote the set of stationary points of problems (19) and (22), and X (P) and X(Q) the
set of weak stationary points respectively. We use Theorem 3.1 to investigate stability of the
stationary points.

Theorem 4.1 Let f°(x,&;u) denote the Clarke generalized directional derivative for a given
nonzero vector u and

F :={g:9() = f(x,;u), forz € X, ||lu|| <1}.

(i) Assume: (a’) f(-,€) is Lipschitz continuous for every & and P-integrable modulus L(§);
(b’)Q e P(E); (¢’) X is a compact set; (d’) X(P) and X(Q) are nonempty. Then

D(X(Q), X(P)) < R'(22(Q, P)),
where R is the growth function

R(e) := inf d(0,E[0,f(z,8)] + Nx(z))

zeX,d(z, X (P))>e
and

2(Q, P) := sup (Eq[g(€)] — Ep[g(8)])-

geEF
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(i) Assume that there exists a non-decreasing continuous function h on [0,+00) such that
h(0) = 0, sup{h(2t)/h(t) : t > 0} < +o0 and

sup sup sup |~ (f(x + ru,€) — F(z,€) — ~(F(a+ru,€) — F(z, )| < h(llE - €ll) (23)

2€X 7€(0,6) ||ul|<1 ' T T
holds for all £,€ € E and for § > 0 sufficiently small. Then the estimate

s valid, where R is the growth function

R = nf o d(0,9B[f(r, )] + Nx(a)

and (p, the Kantorovich-Rubinstein functional

(h(P.Q) = inf / Bl - €1)dn(&. €), (24)

=X

[11

where the infimum is over all finite measures n on = x Z with Pin— Pon = P —Q and Py
denoting the ith projection of 7.

Proof. Part (i). For the proof we use Theorem 3.1. Therefore it suffices to verify the conditions
of the theorem for I'(z,£) = d,f(2,€) and G(x) = Nx(x). Conditions (a) and (c¢) of Theorem
3.1 are satisfied under the assumption that f is locally Lipschitz continuous w.r.t. = with P-
integrably Lipschitz constant and the fact that the Clarke subdifferential 0, f(z, &) is convex
and compact and upper semicontinuous w.r.t. x for every fixed £. Conditions (d) follows from
condition (d’) and the fact that OE[f(x,&)] C E[0,f(z,§)].

Part (ii). Analogous to the proofs of Theorem 3.1, we can derive

D(X(Q), X(P)) < R (2 sup D(OEq[f (. )], OEp(f (z,€)]) ).

zeX

In what follows, we use the notation Fp(z) := Ep[f(z,€)] and Fg(x) = Eg|[f(z,§)], and
estimate Dy := sup,cx D(0Fg(x),0Fp(x)). By Hérmander’s theorem and the definition of the
Clarke subdifferential,

D, = sup (o(u,0Fg(x)) —o(u,0Fp(z))
zeX,|lu||<1

= sup ( lim sup l(FQ(:IJ' + Tu) — Fg(2')) — limsup l(Fp(ﬂl:' + Tu) — Fp(x')))

zeX,||lul|<1 Na'—a,7l0 T ' —x,rl0T
1 1
< sup limsup |=(Fo(z' + Tu) — Fo(a')) — = (Fp(z' + Tu) — Fp(x’))‘
€X[[ul <1 2/ —a,ri0 | T T

= sup limsup ‘/Ej_(f(a:/+7'u,§) —f(x/,ﬁ))d(Q—P)(ﬁ)‘

zeX,||ul|<1 2’ —x,7,0

IN

p | [ FUe )~ 1 9@ - P

zeR™ ||u||<1,7€

Ch(Pa Q)

IN
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Here, we used for the first estimate the fact that the inequality

lim sup aj, — lim sup bk’ < lim sup |ag — by
k—o00 k—00 k—o00

holds for any bounded sequences {a;} and {b;}. For the final estimate we used the duality
theorem [22, Theorem 5.3.2] implying

Cr(P, Q) = sup

9EYGn

/g@ﬂP—@@%

where the set 4, is defined by

Gy ={g:Z—=R: [g(&) — g(§)| < h(||I€ =€), V¢, € € =}

and the conditions imposed for h are needed for the validity of the duality theorem. The proof
is complete. O

Remark 4.2 If the integrand f(-,€) is Clarke regular on IR" for every &, i.e., in particular, if
the integrand is convex, the functions g = f°(x, -;u) belong to the class ¢4, and, hence, we also
obtain the estimate

D(X(Q), X(P)) < R'(2G:(Q, P))

as a conclusion of part (i) of the previous theorem.
The Kantorovich-Rubinstein functional (P, @) is finite if the probability measures P and Q
belong to the set

72 =@ e #(E): [ hIEhdQ) < +oo).

Note that (j is a (so-called) simple distance on P, (E) (see [22, Section 3.2]) which means that
(i) P = Qi (4(P,Q) =0, (ii) Cu(P, Q) = Gu(Q, P), and (iii) ¢n(P, Q) < Kp(Ch(P, Q) +¢(Q, Q))
for all P,Q,Q € Z,(E), where K}, is a positive constant depending on function h. An important

special case is h(t) = t? with p > 1. In that case, one may deduce the Wasserstein metric of
1

order p or Ly-minimal metric £, by setting £,(P, Q) = (¢4(P,Q))? with 27, (Z) being the set of
all probability measures having finite pth order moments. 3
Alternatively, one might require in (23) that the term h(]|§ — &||) is replaced by

max{L, [P~ €]} 1€ — €]

for some p > 1. In that case the distance (}, is replaced by the pth order Fortet-Mourier metric
(p (see [22, Section 5.1])) and 27, (Z) by the set of all probability measures having finite pth
order moments.

In the case when f is convex w.r.t. x for almost every &, one can show that Eq[f(z,&)]
converges to Ep[f(x,§)] uniformly over any compact of IR" as 2(Q,P) — 0. By Attouch’s
theorem (29, Theorem 12.35]), which implies OEq[f(-,£)] converges graphically to OEp[f(-,&)].
However, the graphical convergence does not quantify the rate of convergence while Theorem
4.1 does.
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4.2 Two-stage linear recourse problems

In what follows, we consider a linear two stage recourse minimization problem:

mingerr ¢ @ + Eplv(z, )]

2
s.t. Azx =b,x >0, (25)
where v(z,§) is the optimal value function of the second stage problem
: T

s.t. T(€)x+ Wy = h(é), y >0,

where W € R is a fixed recourse matrix, 7'(§) € IR"*" is a random matrix, and h(§) € IR"
and ¢(§) € R™ are random vectors. We assume that 7'(-), h(-) and ¢(-) are affine functions
of ¢ and that = is a polyhedral subset of IR® (for example, = = IR*). If we consider the set
X ={zeR": Az = b,z > 0} and define the integrand f by

@) =clw+ (@)
the linear two-stage model (25) is of the form of problem (19). Let
¢p(z) = Eplv(z,£)].
By [36, Theorem 4.7], the domain of ¢p is a convex polyhedral subset of IR" and it holds
dom¢p = {zx € R" : h(§) —T(§)x € pos W, V¢ € E},

where “pos W” denotes the positive hull of the matrix W, that is, pos W := {Wy : y > 0}.
Next, we recall some properties of v.

Lemma 4.3 Let M(q(€)):={m € R" : W r < q(&)} be nonempty for every € € Z. Then there
exists a constant L > 0 such that v satisfies the local Lipschitz continuity property

[o(,€)~v(&,§)| < L(max{L, €[], 11}l 2~ +max{L, ||, | 2|} max{L, €], IEIHIE-EN) (27)

for all pairs (x,€), (%,€) € (X Ndom ¢p) X Z and some constant L.
Moreover, v(-,€) is convex for every £ € E.

Proof. v(z,&) is the optimal value of the linear program
min{b"y: Wy = a,y > 0}, (28)

where a = a(x,£) = h(§) — T(§)z and b = b(&) = ¢q(§). Let val(a,b) denote the optimal value
of (28). It is known from [35, 19] that the domain of val is a polyhedral cone in IR™ x IR" and
there exist finitely many matrices C; and polyhedral cones K, j = 1,...,¢, such that v and its
domain allow the representation

l
dom(val) = U K; and val(a,b) = (Cja) b if (a,b) € K;.
j=1
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Furthermore, it holds int j # 0 and K; NKC; =0, ¢ # j, 1,5 = 1,..., L. Hence, val satisfies the
following continuity property on its domain

[val(a,b) — val(@,0)| < L(max{L, [|bl|, |b][}]la — al| + max{L, |lall, |all}I|b - b])

with some constant L > 0. Moreover, val(-,b) is convex for each b. Hence, the mapping
x — v(z,§) = val(h(§) — T(&)x,q(§)) is convex for each £ € E. Furthermore, we obtain

[o(2,6) = 0(@,8)| < Jo(z,) —v(Z,€)| + [v(Z,€) —v(Z,€)]
< [val(h(&) = T(&)z,q(£)) — val(h(§) = T(£)F, ¢(¢))]
+val(h(§) — T(€)2,q(€)) — val(h(§) — T(§)Z, ¢(€))]
< L(max{L, ¢l lg©IHNT(€)(= — @)l
+max{1, [|h(&) — T(€)Z[l, [A(€) — TE)|}Ha(€) — a(€ll)
Using that h, ¢ and T" are affine functions of £ then leads to the desired estimate (27). 7

For each z € dom ¢p it follows from [32, Proposition 2.8] that

d¢p(x) = —Ep[T(€) " D(2,6)] + Ngom 4, (%), (29)

where 0 denotes the usual convex subdifferential [28] and D(x, ) the solution set of the dual to
(26), that is,
D(z,€) :=arg max (' (h(&) =T(&)z).
(@.6) = arg_mae T (1() = T(E)a)
The proposition below states an existence result and the first order optimality condition for the
two-stage minimization problem (25).

Proposition 4.4 Assume that X N dom ¢p is nonempty and bounded, M(q(§)) is nonempty
for each &€ € Z and P has finite second order moments, i.e., E[||£]|?] < co. Then there exists a
minimizer z* € X Ndom¢p of (25). Furthermore, x* € X is a minimizer of (25) if and only if
it satisfies the generalized equation

0 € Eple - T(€) " D(z,6)] + Nyndom op () (30)

Here, Ndeom¢p () denotes the normal cone to the polyhedral set X N dom ¢p.

Proof. Lemma 4.3 implies that E[v(z, )] is finite for every € X Ndom¢p. Hence, the
existence follows from Weierstrass theorem and the first order optimality condition from [29,
Theorem 8.15]. O

The polyhedral set dom ¢p may contain some induced constraints. If one assumes relatively
complete recourse, i.e., X C dom ¢p, the optimality condition (30) coincides with the one in
[32, Theorem 2.11]. Our interest here is to apply the stability results of stochastic generalized
equations in Section 3 to (30) when the probability measure P is perturbed. To this end, we
look at properties of the set-valued mapping I' given by

D(z.8) == T() ' Dl@.§) =~ T() arg max ' (h(§) = T($)e).
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Proposition 4.5 Let D(z,§) be defined as above and assume that M(q(§)) is nonempty and
bounded for every & € E. Then I is locally upper Lipschitz continuous at any (x,§) in (X N
dom ¢p) x Z and there exists L > 0 such that

D(&,€) C T, &) + L(max{L, [€]l, €]} )& — 2| + max{1, e[, [|2]} max{1, [€]], €] }*(I€ — £[)B

for all pairs (x,€), (,€) € (X Ndom ¢p) x Z. Here, B denotes the unit ball in IR".

Proof. Let S(a,b) denote the dual solution set of (28) Since the objective function of the dual
has linear growth, the upper semicontinuity behavior of the solution set S is very similar to that
of v (see (27)), namely,

S(a,b) C S(a,b) + Ly (max{1,|[b], [bll}la — a] +max{1, |la], |a]} b - bl})B

for some constant L; > 0 and all pairs (a,b), (&,b) € dom(v). Since it holds D(z, &) = S(h(€) —
T(&)z,q(&)) and h, ¢ and T are affine functions of £, D is locally upper Lipschitz continuous at
any pair (z,£) € X Ndom ¢p x Z and it holds

D(&,&) C D(,€) + L(max{1, [|]}, [|E]}(|1Z — 2| + max{1, |||, [|Z[|} max{1, [l€]|, ||} - €])B
The result follows in a straightforward way from the local upper Lipschitz property of D.

We are ready to state our quantitative stability result for the solution set S(P) of (25) if the
probability distribution P is perturbed by another probability distribution Q.

Theorem 4.6 Assume that (a) relatively complete recourse is satisfied, (b) M(q(§)) = {r :
WTr <q(€)} is nonempty and bounded for every € € Z, (¢) P has finite second order moments,
i.e., Ep[||€]|?] < +o0 and (d) X is nonempty and bounded. Then it holds for any probability
measure Q such that 2(Q, P) is sufficiently small

D(5(Q), S(P)) < R™1(22(Q, P)),
where the function R is defined by

R= b d(0.Ep[D.€)] + ()

and the distance 2 is defined in Section 3.

Proof: We intend to apply Theorem 3.1 to the stochastic generalized equation
0€ E[l'(z,8)] + Nx(x)

and check the corresponding assumptions. The set-valued mapping I' takes convex polyhedral
and compact values according to condition (b) and is upper semicontinuous with respect to x
for every fixed ¢ € = according to Proposition 4.6. The set D(x,&) is contained in M(q(€)),
thus, it suffices to show that

R(€) = llell + I T(€) " |u(€)  where 7|l < u(€) ¥ € M(q(€)) (31)
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is P-integrable. The set-valued mapping M assigning to each ¢ € IR" the set M(q) has closed
polyhedral graph, hence, is Hausdorff Lipschitz continuous on its domain (say, with modulus
Ly). Let € be fixed in = and € € = be arbitrary. Then we have for any © € M(q(&))

d(m, M(q(€))) < Lul§ — €lI-

Hence, there exists 7 € M(q(€)) such that ||« < ||7| + La||€ — €]|. Since M(q(€)) is bounded,
there exists a constant C' such that, we may choose the function p as pu(€) = C+ Las(||€]| + I|€]])-
We conclude that the function s given by (31) depends on ||£|| at most quadratically. Hence,
k is P-integrable according to assumption (c). Finally, we note that the normal cone mapping
Ny is upper semicontinuous and S(Q) is always nonempty due to the compactness of X and
the fact the S(Q) is the solution set of the minimization problem (26) with continuous objective
function. O

In order to compare the previous novel stability result for two-stage models with earlier ones,
it is of interest to characterize the distance ¢ and the function Rp in this particular case. While
the function Rp depends intrinsically of the probability measure P, we may provide more insight
of the distance 2.

Proposition 4.7 Let the assumptions of the previous theorem be satisfied. Then the function
class F defined by (3) is contained in the function class

F ={g:E = R:g(e) - g(€) < Cmax{L, €], IEI}2lI€ — ], V¢, € € =}

for some constant C' > 0. Consequently, the estimate

holds, where (3 denotes the third order Fortet-Mourier metric (see Remark 4.2).

Proof. Let u € R™ with |jul| <1, z € X and ¢,€ € . We consider g(¢) = o(I'(z,€),u) and
know from Proposition 4.5 that

9O =98 = (T8, oD, &),u) < DI(2,),T(w,6))
< Lmax{L, ], 2]} max{L, €]l NEI}2€ ~ €

Since X is bounded, we may choose the constant C' such that Lmax{1,|z|],||Z|} < C for all
reX. |

Since the distance (3 is slightly stronger than the second order Fortet-Mourier metric (2,
which appears in the stability analysis for two-stage models in [30], Theorem 4.6 is slightly
weaker than earlier ones. Note that Liu et al [17] also investigated stability of problem (19)
by looking into the impact on stationary points when P is approximated through a sequence of
probability measures. Theorem 4.1 strengthens [17, Theorem 5.3 by quantifying the rate of the
approximation/convergence of the stationary points.
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4.3 Two stage SMPEC

In this subsection, we consider application of the stability analysis established in Section 3 to a
two stage stochastic mathematical program with complementarity constraints (SMPCC) defined
as follows:

min EP[f(I)y(w)vg(w))]
z,y() eV
subject to x € X and for almost every w € Q:

9(z,y(w), {(w)) <0,
h(z,y(w),§(w)) = 0, (32)
0<G(z,y(w), W) L H(z,yw),£(w)) =0,

where X is a nonempty closed convex subset of R", f,g,h, G, H are continuously differentiable
functions from IR"™ x IR™ x IR? to IR,IR®,IR",IR™,IR™, respectively, £ : ) — Z is a vector of
random variables defined on probability (2, F, P) with compact support set = C IR?, and Ep|[]
denotes the expected value with respect to probability measure P, and ‘1’ denotes the perpen-
dicularity of two vectors, % is a space of functions y(-) : 2 — IR such that Ep[f(x, y(w),{(w))]
is well defined. Stability analysis of problem (32) has been discussed in [17] through NLP reg-
ularization. Our interest here is in a direct stability analysis on the stationary point of the
problem using the stochastic generalized equations scheme discussed in section 3.

Observe first that problem (32) can be written as

Py : min  J(z) = Ep[v(z,&(w))]

T

s.t. e X,

as long as Ep[(v(x,€))+] < oo and Ep[(—v(z,§))+] < oo, where (a)y+ = max(0,a) and v(z,§)
denotes the optimal value function of the following second stage problem:

MPCC(z, €) : min - f(z,y,)
S-t- g(fE, ya 5) S 07
h‘('r7 y7 f) = 07

0<G(z,y,§) L H(z,y,€) > 0.

The reformulation is well-known in stochastic programming, see for example [31, Proposition 5,
Chapter 1] and a discussion in [33, Section 2| in the context of two stage SMPECs.

Define the Lagrangian function of the second stage problem MPCC(z, §):
L(@,y,6 0, 8,u,0) = f(2,9,€) + 9(x,9,€) "o+ h(z,y,6) "8 — G(2,5,) "u— H(w,,6) " v.
We consider the following KKT conditions of MPCC(z, &):

(0= vy£($)y7£;a7ﬂ7uav)7
y € F(x,8),
0 S a L —9($ay,§) 2 07
O:UZ‘, i¢IG(x7y7£)7
OZ’Ui, Z¢IH(xvy7£)>
OSUi"UZ‘, iEIG(m7y7€)mIH(xay7£)a
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where F(z,£) denotes the feasible set of MPCC(z, £) and

IG(xvyug) = {Z ‘Gz(x7y7§) =0,i=1,--- 7m}7
IH(xaya‘g) = {Z ’Hl(x7y7§) = 07 1= 17 7m}-

Let W(z, &) denote the set of KKT pairs (y; «, 3, u, v) satisfying the above conditions for given
(x,€) and S(z,&) the corresponding set of stationary points, that is, S(x,¢) = II, W(z, ). For
each (y;a, B,u,v), y is a C-stationary point of problem MPCC(z,§) and («, 3, u,v) the corre-
sponding Lagrange multipliers. When the stationary points are restricted to global minimizers,
we denote the set of KKT pairs by W*(z,¢), i.e., W*(x,&) = {(y;, B,u,v) € W(z,£),y €
Ysor(2,€)}, where Yo (2, §) denotes the set of optimal solutions of MPCC(z, §).

Let (z*, ) be fixed. Recall that MPCC(z*, £) is said to satisfty MPEC-Mangasarian-Fromowitz
Constraint Qualification (MPEC-MFCQ for short) at a feasible point y* if the gradient vectors

{Vyhi(x*a y*7 6)}i:17"' 3 {VGZ(JZ*, y*7 é)}iEIg(x*,y*,ﬁ); {VHl(‘T*? y*a 5)}i€ZH(z*,y*,§)
are linearly independent and there exists a vector d € R™ perpendicular to the vectors such that
Vgi(ﬂj'*,y*,f)—rd<0, Vi EIg(l'*,y*,g),

where
Ig(x*ay*ag) = {Z |gl(l‘*7y*7§) = 07 1= 17 T ,S}.

The following results are derived in [17].

Proposition 4.8 Let z* € X. Suppose that there exist constants §, t* > 0, a compact set
Y C R™ and a neighborhood U of x* such that

0#{y: flz,y,6) <dandye F(z,£)} CY,

for all (z,&) € U x 2. Suppose also that problem MPCC(z*,§) satisfies MPEC-MFCQ at every
point y in solution set of MPCC(z*,§), denoted by Yso(x*,&). Then there exists a neighborhood
U of x* such that

(i) v(-,&) is locally Lipschitz continuous on U;
(ii) for any x € U and £ € E,
dpv(z,§) C @(z,8),

and ®(-,-) is upper semi-continuous on U X E, where

(I)(Qj‘,g) = COHV{ U vr£($7y7£;a>ﬁvu’ U)}

(Y30, 8,u,0) EW*(2,€)

Using 0,v(x,€) and ®(x,§), we can define the weak KKT conditions of problem (32)

0 € Ep[0yv(z,§)] + Nx(z) (33)
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and its relaxation
0 € Ep[(z, &)] + Nx (a). (34)

Both of the systems are stochastic generalized equations. If the probability measure P is per-
turbed by another probability measure @, the weak KKT conditions of problem (32) and its
relaxation should be:

0 € Eg[0zv(, §)] + Nx(z) (35)
and
0 € Eq[®(z,&)] + Nx(z), (36)

respectively.

Theorem 4.9 Let v°(z,&;u) denote the Clarke generalized directional derivative of v(x,€) and
for a given nonzero vector u

F ={g:9() =0z, u), forz € X, |lul]| <1}.

Let X(Q) and X (P) denote the set of solutions of (35) and (33) respectively. Then

A~

D(X(Q), X(P)) < R™'(22(Q, P)),
where R is the growth function

R(e) == inf (0, E[0, f(z, )] + Nx (2))

zeX,d(z,X (P))>e

and

2(Q, P) := sup (Eqlg(¢)] — Ep[g(€)]).

gEF

Remark 4.10 The key condition in the conclusion (i) of Theorem 4.1 is the Lipschiz continuity
of v(z,&) which follows from Proposition 4.8. It is possible to derive a conclusion similar to
Theorem 4.1 (ii). To see this, it suffices to verify the existence of a non-decreasing continuous
function h. To ease the technical details, let us consider a special case of MPCC(z, §)

MPCC/(z,§) : min  f(z,y,§)
y
st.  0<yl H(xz,y,§) >0,
where H is uniformly strongly monotone w.r.t. y, that is, there exists a positive constant C; > 0
such that ||V H (z,y,&)7Y| < C; for all z,y,£. By [37, Theorem 2.3], the complementarity
inequality constraint defines a unique feasible solution y(x, ) which is piecewise smooth provided
H is smooth w.r.t. z and £. Moreover, if H is uniformly globally Lipschitz continuous w.r.t. &,

then y(x, &) is also uniformly globally Lipschitz continuous w.r.t. . Assuming that f(x,y,§) is
continuously differentiable and uniformly globally Lipschitz continuous w.r.t. y and &, then

’U(IL‘,€) = f(x7y(1:a£)a£)
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is also piecewise continuously differentiable and uniformly globally Lipschitz continuous w.r.t.
€. Denote the Lipschitz modulus of y(z,-) and f(x,-,-) by L; and L9 respectively. Then

|U(‘T?£) - U('Zaflﬂ = |f($ay(x7£)7§) - f(l',y(l’,fl),flﬂ
Ly(lly(@, ) — y(a, &)l + 1€ = €'l))
Ly(Ly + 1)) = €Il-

Let L :=2Ly(Ly + 1) and h(t) := Lt. Then

<
<

sup sup sup l(v(az +7u,§) —v(x,§)) - 1(’U(CE +7u,€) — v(z, )| < h(l|E —€])
z€X 7€(0,0) |Jul|<1'T T

which means (23).

5 Stochastic semi-infinite programming

In this section, we discuss application of our perturbation theory developed in Section 3 to a
class of nonsmooth stochastic semi-infinite programming problem defined as follows:

H;in Ep[f(l',f)]

st. Ep[(n— G(z,8)4] <Epl(n—Y(£))+], ¥n € [a,b], (37)
x e X,

where X is a closed convex subset in IR", f,G : IR" x IR? — IR are continuously differentiable
functions, £ :  — Z is a vector of random variables defined on probability (2, F, P) with
support set = C IR?, Ep[-] denotes the expected value with respect to probability measure P,

and [a, b] is a closed interval in IR.

Problem (37) is a key intermediate formulation in the subject of stochastic programs with
second order dominance constraints. For the detailed discussions of the latter, see [7, 8, 9] and
the references therein. Liu and Xu [16] studied stability of optimal value and optimal solutions
of (37) through exact penalization. They also investigated approximation of stationary points of
the penalized problem when the latter is approximated by empirical probability measure (Monte
Carlo sampling). However, there is a gap between the stationary point of (37) and its penalized
problem: a stationary point of the latter is not necessarily that of the former.

Our focus here is to carry out stability analysis of the stationary point of (37) directly
rather than through its penalized problem. Moreover, we consider a general probability measure
approximation to P rather than restricted to empirical probability measure approximation.
Specifically if the probability measure () is a perturbation of P, we would like to analyze the
approximation of the stationary points of the following perturbed problem

min  Eql(z,¢)

s.t. Eql(n— G(x,€)+] <Eql(n —Y(£))4], Vn € [a,b], (38)
z € X,

as () tends to P. To this end, we need to consider the first order optimality conditions of the
problems.
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For the simplicity of notation, let

H(xvnvg) = (77 - G<$7£))+ - (77 - Y(E))-I—

It is easy to observe: (a) H(xz,n,&) is globally Lipschitz continuous in n uniformly w.r.t. « and
&, (b) H(x,n,&) is Lipschitz continuous w.r.t. x if G(x,§) is so and they have the same Lipschitz
modulus.

Recall that the Bouligrand tangent cone to a set X C IR"™ at a point z € X is defined as

follows:
Tx(z):={h e R":d(x +th,X) = o(t),t > 0}.

The normal cone to X at x, denoted by Nx(z), is defined as the polar of the tangent cone:
Nx(z):={heR":("h <0,Vh € Tx(x)}

and Nx(z)=0if x ¢ X.

Definition 5.1 Problem (38) is said to satisfy differential constraint qualification at a point
xg € X if there exist a feasible point x5 and a constant 6 > 0 such that

Z ¢T(zs —20) < =6

CeawEP[H($vn7§)]

for all n € Z(z), where I(xo) = {n : Ep[H(z,n,€)] = 0, n € [a,8]}.

The constraint qualification was introduced by Dentcheva and Ruszczynski in [9]. Under the
condition, they derived the following first order optimality conditions of (37) in terms of Clarke
subdifferentials.

Let 2 € X be a local optimal solution of the true problem (37) and assume that the
differential constraint qualification is satisfied at x*. Then there exists u* € .#4([a,b]) such
that (z*, u*) satisfies the following:

0 € VEp[f(z,6)] + [PEp[0,H(x,n,6)]p(dn) + Nx(z),
Ep[H(x,n,&]) <0, € [a,b], (39)

JPEp[H (z,n,6)]u(dn) = 0,

where .#4 ([a,b]) is the set of positive measures in the the space of regular countably additive
measures on [a, b] having finite variation, see [3, Example 2.63], [7] and the references therein.
We call a tuple (z*,u*) a KKT pair of problem (37), 2* a Clarke stationary point and p* the
corresponding Lagrange multiplier.

Under the similar condition, we can derive the first order optimality conditions of the per-
turbed problem (38) as follows:

0 € VEq[f(x,6)] + [ Eq[d.H(x,n, €)]u(dn) + Nx(z),
EQ[H (x,n,£)] < 0,Vn € [a,b], (40)

JPEolH (2,1, €)]p(dn) = 0.
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Our aim in this section is to investigate the approximation of the stationary points defined
by (40) to those of (39) as @ approximates P. To this end, we reformulate the optimality con-
ditions as a system of stochastic generalized equations so that we can apply Theorem 3.1. Since
G(x, &) is Lipschitz continuous in (z, &) and the modulus in z is bounded by a positive constant
Ly, H(z,n,§) is Lipschitz continuous in (z,7,£). Then by [38, Proposition 2.1], 9, H (z,n,§) is
measurable with respect to n,£. Moreover 9, H (z,n,&) is bounded by L;. By invoking Proposi-
tion 2.7, we have

b b
/Ep[@xH(x,n,f)]u(dn)—Ep [/ O H (z,n,&)p(dn)

Let
F(2,€) + [ 0aH (2,7, €)pu(dn)

INENTRIES (w ) i € [a,b]

Jy 90775 pu(dn)
and

Nx(x)
6o p) = | Ci(lad]) | (41)
0

To simplify the notation, let z := (z, u). Then we can reformulate the KKT conditions (39) as
the following stochastic generalized equations

0 € Ep[[(z,8)]+ G(2), (42)

where the norm in space €([a,b]) is || - ||oo- Obviously (42) falls into the framework of the
stochastic generalized equations (1). Likewise, we can reformulate the KKT conditions (40) as
the stochastic generalized equations

0 € Eql'(2,8)] + G(z). (43)

In what follows, we investigate the approximation of the set of solutions of (43) to that of (42)
as Q — P.

We need to introduce some new notation. Let Z denote a compact subset of X x .Z, ([a,b]),

F :={9(&) : 9(&) := o(L'(2,€), u), forz € Z, [Jul| <1}.

Let
25(Q,P) = sup (Eq[g(¢)] —Eplg(&)])

g(§)eF
and

H5(Q, P) == max (2(Q, P), 2(P,Q)).
Let S(P) and S(Q) denote respectively the set of stationary points of problems (37) and (38),

or equivalently the set of solutions of generalized equations (42) and (43). Let S(P):= S(P)NZ
and S(Q) :=S(Q)NZ

We are now ready to study the relationship between S(Q) and S(P), that is, the stability of
stationary points.
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Theorem 5.2 Consider the stochastic generalized equations (42) and its perturbation (43). As-
sume: (a’) G(x,&) is Lipschitz continuous in x for every & with modulus Ly (independent of x
and §), (b°) |G(x,§)| is bounded by a positive constant Ly (independent of x and &), (¢’) f(x,§)
1s Lipschitz continuous in x for every & and the Lipschitz modulus is bounded by an integrable
function k(§), (d’) S(P) and S(Q) are nonempty. Then the conclusions (i)-(iii) of Theorem 3.1
hold for S(P) and S(Q).

Proof. The thrust of the proof is to apply Theorem 3.1 to generalized equations (42) and its
perturbation (43), taking into account Remark 3.2 (ii) as the single valued components of T' is
infinite dimensional. To this end, we verify hypotheses of Theorem 3.1. Note that hypothesis
(c) is satisfied as G(-) (defined by (41)) is upper semicontinuous, while (d) coincides with (d’).
Therefore we are left to verify (a) and (b).

Observe first that 9, H (z,n,§) is convex and compact valued (bounded by L;) and by |2,
Theorems 1 and 4] of Aumann’s integral, f: 0 H(x,m,&)u(dn) is also compact and convex set-
valued. Since the other components of I'(z, u, &) are single valued, this shows I' is convex and
compact valued and hence verifies (a).

In what follows, we verify (b), that is, upper semi-continuity of I'(x, u, &) with respect to
(z, ) and its integrable boundedness. Let us look into the third component fab H(x,n,&)u(dn).
Under condition (b’), i.e., the boundedness of G(z,£), it is easy to see that H(x,n,§) is also
bounded (by L2). Moreover, since the Lebesgue measure y(-) is bounded, then f; H(x,n,&)p(dn)
is continuous w.r.t. (z, ).

Let us now consider the second component of I'(z, u,§), that is, the functional H(x,-,§)
defined on interval [a,b] w.r.t. z. By the definition

[H (2, &) — H(@, &)l = i 1(n = G(2,8)+ — (n — G(@",€))+]]
n€la,
< [G(2,8) - G, §)| < k(§)llz — ],
which implies the continuity of H(x,-,§) w.r.t. x.

Finally, we consider the first component of T'(z, i, §), that is, V, f(z, f)—i—ff Oz H(x,n,&)u(dn).
Since f is assumed to be continuously differentiable, it suffices to verify the upper semicontinuity
of f; O H (z,n,&)u(dn) w.r.t. (x,p). Using property of D, we have

p([ oot outan, [ oG nutin) )
<D < / " 0 H . O (), / 0. H(a. mf)u’(dn))
D ( / " 00 H (.. )l (), / b BxH(rv,n,é)u(dn)) .

Since 0, H (x,n,&) is convex and compact set-valued, by Hormander’s theorem and [21, Propo-
sition 3.4]

o(/ ot nan, [ 00 (0.0 i)

— sup ( / b[a@ﬂ(w’,n,s),u)—a@H(w,n,s),u)m%dn)).

[[ull<1
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It is easy to verify that 0, H(2',7, ) is upper semicontinuous in x for every fixed n and £ and it
is bounded by ||V,G(z,£)|| which is integrably bounded by assumption.
By [2, Corollary 5.2],
b b
i [ 0.H( 0, ' dn) € [ 0uH(wn, O ()

/
T’ —x a

which implies

o' —x

b b
o ([ ot n. @) < o ( [ outrton o tan).u)
for any u with ||u|| < 1. Through [21, Proposition 3.4], the latter inequality can be written as
b b
Tim [ 0(9:H (2,0, ), u)p'(dn) < / 0 (0 H (2,1, £), w)i' (dn). (44)
Let z; — x and uy be such that ||ug|| < 1 and

sup ( / (o0 H (1 1.€).u) — 00, H (2. .6). U)]u’(dn)>

lu|<1
b
- / (00 H (21,1, €), ) — 0 (0 H (2,7, €), ug)]1 ().

Assume by taking a subsequence if necessary that up — u. Using the continuity of the support
function w.r.t. v and the inequality (44), we obtain from

b
m [U(aﬂ»‘H(xka m, 5)7 uk) - U(axH(xv m, 5)7 Uk)]ﬂl(dn) < 0.

k—oco J,

Since xj is arbitrary, this implies

b
lim sup (/ [0(0.H (2,1, €),u) — a(&xH(x,n,f),u)]ul(dT])> <0.

!
T ull<1

On the other hand, it follows by [17, Lemma 5.1]

D ( / " 00 H (.. )0 (). / b 8xH(937n,§)u(d77)> =0

as i/ — p. The discussions above show that fab O H(x,1n,&)u(dn) is upper semicontinuous w.r.t.
(z, ).

To complete the verification of (b), we need to show the integrable boundedness of I'(x, u, ).
It is easy to observe that 0,H(x,n,&) is bounded by L; and hence ff O H(z,m,&)u(dn) is
bounded by Lju([a,b]). The boundedness of G(x,&) by Lo implies the same boundedness of
|H(z,-,¢&)||co and f; H(xz,n,&)p(dn). Together with the boundedness of V,f(z,£) (by an in-
tegrable k(§)), we have shown that I'(z, u, &) is integrably bounded. The proof is complete.

OJ
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