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Ä ©��c t¨�¤t¥c¨�¢u¨�©��a¤x¡>¤�¨�¥y²�®�¨A���l©x¢u£�¶�¨�¥%Ø3§"£�³�¨�¶NÙU£�©��c¨�¦�¨�¥^Ú-§$µtª��u£�¢j�X¡>¦l¨�¢m�u���X x¡�¢j�c£��n¤t¥c�l¦l¥X¡>§�¢F�>¼��u t¨A¼���¥u§

Ø ����� Ú
min



E

[
T∑

t=1

〈bt(ξt), xt〉
] ∣∣∣∣∣∣

xt ∈ Xt,
xt
£�¢ Ft

ÙU§�¨�¡�¢mµt¥X¡>´xª�¨
,∑t−1

τ=0At,τ (ξt)xt−τ = ht(ξt)
(t = 1, ..., T )





¡l¢�¢m�c¡l¥m�c£�©t¦È¤��l£�©���²�®a x¨�¥c¨
(ξt)

T
t=1

£�¢�¡
¢m�u���X x¡�¢j�c£��"¤t¥c���)¨y¢u¢A¡>©1¶ Ft = σ(ξ1, ..., ξt)
²6�u t¨'¢u¨)�X¢

Xt
¡>¥c¨��)ª���¢u¨�¶

¡>©x¶ 1¡C¸l¨�¤��lª�«� x¨�¶�¥X¡>ª��)�l©N¸�¨)³° Nµtª�ª�¢�²
bt(·)

¡l¥u¨'����¢m�$�)�N¨#n���£�¨�©��c¢�²
ht(·)

¥c£�¦� ��mÙU x¡>©x¶¯¢u£�¶�¨�¢$¡>©x¶
At,τ (·) ² τ =

0, . . . , t− 1
²�§�¡/�c¥u£��)¨y¢� x¡C¸N£�©x¦"¡l¤t¤t¥c�l¤t¥c£�¡>�u¨A¶�£�§"¨�©x¢u£���©x¢a¡>©x¶�¤���¢c¢m£�´tª�«�¶�¨�¤1¨�©x¶�£�©t¦��l©

ξt
¼��l¥

t = 1, . . . , T
�

o µx�X "£�¢�¬N©t�/®a©%¼���¥8¨)³�¤1¨y�^�X¡/�u£��l©tÙ_´x¡�¢m¨y¶%¢m�u���X x¡l¢m�u£���¤x¥u��¦l¥X¡>§�¢�²C¨ � ¦ � ²/��©��l¤t�u£�§�¡lª�£��j«%¡>©1¶$¶�µ1¡>ª�£Ç�j«�²>¶�¨����l§�¤1�lÙ
¢m£��u£��l©�§�¨)�u x�N¶x¢�²�¢m�c¡/�c£�¢m�u£���¡lª5¡>¤t¤t¥c�C³�£�§�¡>�u£��l©x¢F¡>©x¶'¢m�c¡l´t£�ª�£��j«=Ø3�)¼ � á é�äyâ Ú � o ��¢m���>¼!�c t¨�¢u¨n¥c¨�¢uµtª��c¢�¡>¥c¨n¨y¢u¢u¨�©��c£�¡lª�ª�«
´x¡l¢u¨�¶°�l©¿�c t¨�¼3¡l�)���u x¡>�

E
£�¢%¡Èª�£�©t¨�¡l¥��l¤�¨�¥X¡/�u��¥ �'Ì ¢%£��%®a£�ª�ª-´�¨'¢u¨�¨�©´�¨�ª��/® £�©¹æF x¡>¤t�u¨�¥ ä ²�¥c£�¢m¬°§"¨y¡l¢uµt¥c¨�¢

ρ
¡>¥c¨�µx¢uµx¡>ª�ª�«*´�«°©t�
§�¨�¡l©x¢�ª�£�©t¨y¡>¥ �'¾ ¨�©x�)¨�²6£�¼�®�¨'�X x¡l©t¦l¨"¼�¥c�l§ ¨�³N¤�¨��)�c¡>�u£��l©°�u�=¡È¥c£�¢u¬=§�¨�¡�¢mµt¥c¨�£�© Ø �l��� Ú)²

§�¡>©N«%¬N©t�/®a©�¥u¨y¢mµxªÇ�X¢q®a£�ª�ªt´�¨O©t��ª��l©t¦�¨�¥q¸/¡>ª�£�¶ �qp ¨�¸�¨�¥u�u t¨�ª�¨y¢u¢�²/�c t¨�¥c¨O¡>¥c¨a¥u¨y¢mµxªÇ�X¢q¡>´��lµ��-£�©x���l¥c¤1��¥c¡>�u£�©t¦���¨�¥u�c¡l£�©
¥u£�¢u¬
¼�µt©x�)�u£��l©x¡lª�¢�£�©��u�·ØR¢j�c���X x¡l¢m�u£���Ú���¤��u£�§�£�±y¡/�u£��l©¤t¥c�l´xª�¨�§�¢�²�¨ � ¦ � á ä çx² �Cì ² é ãN² élê ² éléCâU��Ä ©¿¤1¡>¥u�u£��)µtª�¡>¥y²!�c t¨
æF�l©x¶t£Ç�c£���©x¡>ª�Ù_ë�¡lª�µx¨)ÙI¡/�mÙ ß £�¢m¬°�uµx¥u©x¢���µ����u�¿´1¨� x¡C¸l¨�¸l¨�¥u«¯��¤t¤��l¥u�uµt©t¨�ª�«¯£�© ¢j�c�N�X 1¡l¢m�u£���¤t¥c�l¦�¥c¡l§�¢ �·¾ �/®F¨�¸l¨�¥y²
¼�¥u��§�¡l©
¨����l©t��§"£���¤��l£�©��n�>¼�¸N£�¨�®»©t�l�n¨�¸�¨�¥c«�¥c£�¢u¬�§"¨y¡l¢uµt¥c¨%£�¢�¢uµt£Ç�X¡>´tª�¨�¼���¥n¡>©N«È¡>¤t¤xª�£���¡>�u£��l© �OÄ ©*¤x¡>¥u�u£��)µtª�¡>¥y²
¼��l¥q§$µtªÇ�c£�¢m�c¡l¦l¨a¢m�u���X x¡l¢m�u£��F¤t¥u��¦l¥X¡>§�¢�£Ç��§�¡C«�´�¨����l§�¨a©t¨���¨�¢c¢u¡l¥u«A�c�A£�©x���l¥c¤1��¥c¡>�u¨�¥u£�¢u¬%§�¨�¡l¢uµt¥c¨�¢6¼��l¥q¤x¥u���)¨y¢u¢u¨�¢�²
£ � ¨ � ²��u�%§�£�©t£�§�£�±�¨v�u¨�¥c§�¢�ª�£�¬�¨

ρ (z1, . . . , zT )
®a£Ç�c 

zt = −∑t
τ=1〈bτ (ξτ ), xτ 〉

��¾ ¨�©1�)¨l²�£��F®��lµtª�¶�´1¨��)��©�¸�¨�©t£�¨�©��
�u�� x¡C¸�¨%¡>©
¨�©��c£�¥c¨%�)ª�¡l¢c¢a�l¼8¥c£�¢m¬�§"¨y¡l¢uµt¥c¨�¢a¡/�n x¡>©x¶
¢uµx�X ��u 1¡/�n¨�¸l¨�¥u«'¥c£�¢m¬�§"¨y¡l¢uµt¥c¨A¼�¥u��§Ý�c t£�¢n�)ª�¡l¢c¢a´�¨� x¡C¸�¨�¢
�l¤t¤��l¥u�uµx©t¨�ª�«'£�©�¢m�u���X x¡�¢j�c£���¤t¥c�l¦�¥c¡l§�¢ �
�Nµx�X 
¡��)ª�¡l¢c¢F®a£�ª�ª!´1¨�£�©��u¥c��¶�µx�)¨y¶�£�©*æF x¡>¤t�u¨�¥ ä ²t©x¡>§�¨�ª�«��c t¨��)ª�¡l¢c¢��>¼�¤1��ª�«N t¨y¶�¥c¡lª5¥u£�¢u¬�§"¨y¡l¢uµt¥c¨�¢ � æF��©x¶�£�Ù

�u£��l©x¢F£�§"¤xª�«N£�©t¦��c x¡/��¤��lª�«� x¨�¶�¥X¡>ª�¥u£�¢u¬�§"¨y¡l¢uµt¥c¨�¢-¡l¥u¨��)�� t¨�¥c¨�©���¡l©x¶����l©x¢u£�¢j�c¨�©��F®a£��u È¢m¨y�)��©x¶��l¥X¶�¨�¥F¢m�u���X x¡l¢m�u£��
¶��l§�£�©x¡>©1�)¨'¡>¥c¨�¤t¥c�/¸N£�¶�¨y¶ ��Ä ©ÃæF x¡>¤��c¨�¥ é �u t£�¢���ª�¡�¢u¢�®a£�ª�ª-´�¨�¨)³N�c¨�©x¶�¨y¶¿�u�È�c t¨�§$µtªÇ�c£�¤�¨�¥c£��N¶¯��¡l¢u¨ �!r ¥u£�¨7sx«�²
¤1��ª�«N t¨y¶�¥X¡>ªq¥c£�¢u¬=§�¨�¡�¢mµt¥c¨�¢�¡l¥u¨�¶�¨�Îx©t¨y¶¯¡l¢A�l¤t�u£�§�¡lª�¸/¡>ª�µt¨�¢%�>¼a�)¨�¥u�c¡l£�©¯¢u£�§�¤tª�¨�ª�£�©t¨y¡>¥%¢m�u���X x¡�¢j�c£���¤t¥c�l¦�¥c¡l§�¢ �
Ä © æF x¡l¤��u¨�¥�ç°£��"®a£�ª�ªa´1¨È¢m x�/®a©·�u 1¡/��²F£�©1¶�¨�¨y¶5²-¢u¨�¸l¨�¥c¡lªF¤x¥u��¤1¨�¥m�c£�¨y¢��l¼v¨)³�¤�¨��^�X¡/�c£���©�Ù_´1¡l¢u¨�¶·¢m�u���X x¡�¢j�c£���¤t¥c�>Ù
¦l¥X¡>§�¢O¥c¨�§�¡l£�©
¸/¡>ª�£�¶
¼��l¥A¢m�u���X x¡l¢m�u£��%¤x¥u��¦l¥X¡>§�¢a®a£��u *¤��lª�«N t¨�¶t¥c¡lª�¥c£�¢u¬È§"¨y¡l¢uµt¥c¨�¢v¡�¢v��´9tj¨��)�u£�¸l¨y¢ ��Þ  t£�¢�£�¢n¶tµt¨
�u�$�u t¨n¼3¡l�)�F�c x¡/�a¡$¤t¥u��´tª�¨�§Ê�>¼!�c t¨�¼��l¥c§ Ø �l��� Ú-®a£��u  E ¥u¨�¤tª�¡l�)¨y¶�´N«'¡%¤��lª�«N t¨�¶�¥X¡>ªb¥c£�¢u¬�§�¨�¡l¢uµt¥c¨ ρ ��¡l©'¨�¡�¢m£�ª�«´1¨"�c¥c¡l©x¢j¼���¥u§�¨y¶
£�©��c��¡�¢j�c���X x¡l¢m�u£���¤x¥u��¦l¥X¡>§�®a£Ç�c ¿¡l©°��´9tj¨��)�u£�¸l¨$���l©x¢u£�¢j�c£�©t¦��>¼-�u t¨�¨)³�¤�¨��)�c¡/�c£���©°�l¼F¡�ª�£�©t¨�¡l¥
¼�µt©x�)�u£��l©È®a t¨�¥c¨��u t¨���¥u£�¦l£�©x¡lª���´9tj¨��)�u£�¸l¨������)µx¥c¢�£�©
¢m��§"¨�¡�¶t¶�£��u£��l©x¡lª!¶�«N©x¡>§�£������l©x¢m�u¥X¡>£�©��c¢ �

ät�vun�;w�x;yizt�6�S{ew}|��	~#����z9{;~��!�Gz-~
� ¨)� Z ¶�¨�©t�l�u¨=¡ª�£�©x¨�¡>¥�¢m¤x¡��)¨
�l¼�¥c¨�¡lªa¥c¡l©x¶��l§ ¸/¡>¥c£�¡l´tª�¨y¢��l©Ë¢u�l§�¨
¤t¥c�l´x¡l´t£�ª�£��j«¹¢m¤1¡l�)¨

(Ω,F ,P)
��� ¨

¡l¢c¢mµx§"¨v�u x¡>� Z ���l©��c¡l£�©x¢-�u x¨A���l©x¢m�c¡l©��c¢�²�¨ � ¦ � Z = Lp(Ω,F ,P)
®a£��u È¢u�l§�¨

p ∈ [1,∞]
�qÌ �����l¥X¶�£�©t¦%�c��á ��èCâ ¡

¼�µt©x�)�u£��l©x¡lª
ρ : Z → R̄

£�¢���¡>ª�ª�¨y¶�¡�Ï^Ð�ÑmÒ$Ó�ÔXÕCÑ^Ö�ÏuÔv£Ç¼5£���¢c¡/�c£�¢mÎx¨�¢q�u t¨a¼���ª�ª��/®a£�©t¦A�j®F�%���l©x¶t£Ç�c£���©x¢8¼��l¥F¡>ª�ª
z, z̃ ∈ Z �Ø�£~Ú Ä ¼

z ≤ z̃ ²��c t¨�© ρ(z) ≥ ρ(z̃) � Ó"���Z���D���xÐ���Ðf�I��� �Ø�£�£�Ú º �l¥a¨y¡l�X 
r ∈ R ®�¨A x¡C¸l¨ ρ(z + r) = ρ(z)− r � �RÏuÕ��tÑ���Õ��RÐ����*Ðf�-�/Õ/Ï^Ð3Õ��Z�XÔ(� �Ì ¥u£�¢u¬�§"¨y¡l¢uµt¥c¨
ρ
£�¢O��¡>ª�ª�¨y¶����1�W�CÔ��
£�¼8£Ç�v¢c¡/�c£�¢mÎx¨�¢F�c t¨%�)��©x¶�£��u£���©

ρ(µz + (1− µ)z̃) ≤ µρ(z) + (1− µ)ρ(z̃)
¼��l¥�¡>ª�ª

z, z̃ ∈ Z ¡>©1¶ µ ∈ [0, 1]
�qÌ �)��©�¸�¨)³�¥c£�¢u¬�§"¨y¡l¢uµt¥c¨v£�¢���¡>ª�ª�¨y¶g�����xÔ)ÏuÔ#�-��£�¼�£Ç��£�¢��-�CÑ^Ðf�_Ðf�CÔ#�����-�/ÓX����Ô#��Ô��/ÖNÑ^²

£ � ¨ � ²
ρ(µz) = µρ(z)

¼��l¥O¡lª�ª
µ ≥ 0

¡l©x¶
z ∈ Z �



LNMGO�PGQSR9TGUWVSOXUZY5[#\^]_R9VS[#`SUWRN[�Y5ab[7cWMedNQSVG[7c-YfdgL9U-MihGUZVG]j]_Y.aGh ∗ �
Þ  t¨�¥c¨�£�¢O¡�©Nµt§�´�¨�¥O�l¼q¥u¨�¤t¥u¨y¢m¨�©��c¡/�c£���©'�c t¨���¥u¨�§�¢a¼��l¥v���l©N¸l¨�³�¡>©x¶�¨y¢m¤�¨���£�¡lª�ª�«'¼���¥v�)�� t¨�¥c¨�©��a¥u£�¢u¬�§�¨�¡�¢mµt¥c¨�¢�£�©
�u t¨nª�£��u¨�¥c¡>�uµt¥c¨O¨�§"¨�¥u¦�£�©x¦�¼�¥u��§ �)�l©N¸�¨)³�¶�µx¡>ª�£��j« ��p ¨)³N�y²�®�¨n��£Ç�c¨n��©t¨O�l¼5�u t¨y¢m¨n¥u¨�¤t¥u¨y¢m¨�©��c¡/�c£���©x¢-¡�¶t¡>¤t�u¨�¶"�c����µt¥
©t¨�¨y¶t¢ �8Þ  x¨�¥c¨)¼��l¥c¨l²�®�¨�¢m¨��

D := {f ∈ L1(Ω,F ,P) : f ≥ 0, E [f ] = 1} ,
�u t¨%¢u¨)�a�l¼8¡lª�ª!¶�¨�©x¢u£Ç�j«�¼�µx©x�^�c£���©x¢�¼��l¥

(Ω,F ,P)
�

 ���� �W¡1�B¢ £G¤I¥W¤§¦ Ô#�
ρ : Lp(Ω,F ,P) → R̄ ¨ Ðf�	� p ∈ [1,∞] ©«ª ÑcÑ^Ö�Ó�Ô¬�	�tÕ�� ρ Ñ)Õ��RÐ�Ñ	�Ô^Ñg�	�tÔ"®7���f�@� ¨ Ðf�B����1�-�_Ðf�xÖ�Ðf�¯�°��Ï����tÔ�Ï��¯��±

zn ↑ z0
Õ © Ñ © ⇒ lim

n→∞
ρ(zn) = ρ(z0)

² �tÔ#�g�	�tÔ³®7�1�f�@� ¨ Ðf� �
Ô�´)Ö�Ðf�/Õ1��Ô7�S�cÔ�Ñ��IÕ1�IÔ)Ó�Ô7�W���N���@µCÑ#±
ρ
Ð�Ñ%Õ§�����tÔ�ÏuÔ#�-��Ï^Ð�ÑuÒ�Ó�ÔXÕCÑ^Ö�ÏuÔ ⇐⇒ ∃Pρ ⊆ D �����-�/Ô��

: ρ(z) = sup
f∈Pρ

E [−fz] ∀ z ∈ Lp(Ω,F ,P)

¶ Ï����(® © º ��ª�ª��/®O¢F¼�¥u��§ á �yèCâ ²�æF�l¥c�lª�ª�¡l¥u«�ç ��� çX· à ¥c�l¤���¢u£Ç�c£���©�ç ���/ì · � ¨�§�§�¡"ç �Zä ã � ��¨�¨�¡>ª�¢m�ÈáZãN² ä ãN² élé/â_� �
p �/®Â®�¨%¡>¥c¨�¥u¨y¡l¶�«��c��¶�¨)Îx©x¨A�u t¨%��ª�¡�¢u¢��>¼8¤��lª�«� x¨�¶�¥X¡>ª5¥c£�¢u¬�§�¨�¡�¢mµt¥c¨�¢ �

�§� ¸�¹;º�»�ºI�W¹b£G¤f£G¤ Ì ¥u£�¢m¬�§"¨y¡l¢uµt¥c¨
ρ
��©

Lp(Ω,F ,P)
®a£��u �¢m��§"¨

p ∈ [1,∞]
®a£�ª�ªt´1¨O��¡>ª�ª�¨y¶¼�-�1�½���tÔ�µ/ÏuÕ��b£Ç¼��u t¨�¥u¨

¨)³�£�¢j�
k1, k2 ∈ N

²
c1, w1 ∈ Rk1

²
c2, w2 ∈ Rk2

²6¡�©x�l©t¨�§"¤t�j«
¤1��ª�«N t¨y¶�¥c¡lªq¢m¨��
Y1 ⊆ Rk1

²!¡>©x¶¿¡�¤1��ª�«N t¨y¶�¥c¡lª
�)��©t¨

Y2 ⊆ Rk2
¢mµx�X ��c x¡/�

Ø ät��� Ú
ρ(z) = inf



〈c1, y1〉+ E [〈c2, y2〉]

∣∣∣∣∣∣

y1 ∈ Y1,
y2 ∈ Lp(Ω,F ,P), y2 ∈ Y2,
〈w1, y1〉+ 〈w2, y2〉 = z





¼��l¥O¨�¸l¨�¥u«
z ∈ Lp(Ω,F ,P)

�a¾ ¨�¥c¨l² E ¶�¨�©t�>�c¨�¢��c t¨�¨�³N¤�¨��)�c¡>�u£��l©È�l© (Ω,F ,P)
¡l©x¶ 〈·, ·〉 ¡'¢c��¡lª�¡l¥a¤t¥u��¶�µ1�^�v��©

Rk1
�l¥
Rk2

�
¾ ¨�©1�)¨l²x¨)³�¤t¥c¨�¢c¢m¨y¶�£�©��u t¨�ª�¡>©t¦�µx¡>¦�¨A�>¼�¢m�u���X x¡�¢j�c£���¤t¥c�l¦�¥c¡l§�§"£�©t¦1²N¡�¤��lª�«N t¨�¶t¥c¡lª�¥c£�¢m¬�§"¨y¡l¢uµt¥c¨n£�¢a¦l£�¸l¨�©�¡�¢

�u t¨A��¤��u£�§�¡>ª5¸/¡>ª�µt¨A�>¼8¡$��¨�¥u�c¡>£�©��j®F�lÙU¢m�c¡l¦l¨n¢m�u���X x¡�¢j�c£��n¤t¥c�l¦�¥c¡l§Å®a£��u �¥X¡>©x¶���§ ¥u£�¦l ��uÙ_ x¡l©x¶�¢u£�¶�¨ �q� ¨Aµx¢m¨��c t¨
�u¨�¥u§¾�-�1�����xÔ�µ>ÏuÕ1��´�¨���¡lµx¢u¨l²1¼��l¥

#Ω < ∞ ²��u t¨�¢u¤x¡l��¨ Lp(Ω,F ,P)
��¡>©°´1¨"£�¶t¨�©��u£�Îx¨�¶=®a£Ç�c 

R#Ω
¡>©x¶
£�©=�c t£�¢

��¡�¢m¨A¡�¥u£�¢u¬�§"¨y¡l¢uµt¥c¨A¶t¨)Îx©t¨y¶�´�«°Ø ä���� ÚF£�¢a£�©x¶�¨�¨y¶È¡$¤��lª�«N t¨�¶t¥c¡lª1¼�µx©x�^�c£���©���© R#Ω �
¿ Ô�Ó�Õ>ÏuÒ ät� é © Ív¼!���lµt¥X¢m¨�²�¡%���l©N¸l¨�³$�)��§�´t£�©x¡>�u£��l©��>¼�Ø3©t¨�¦�¡/�u£�¸l¨CÚ�¨)³�¤�¨��^�X¡/�c£���©'¡>©x¶�¡�¤��lª�«N t¨�¶t¥c¡lªt¥u£�¢u¬$§�¨�¡�¢mµx¥u¨£�¢6¡>¦�¡>£�©%¡a¤1��ª�«N t¨y¶�¥X¡>ªl¥c£�¢m¬�§�¨�¡l¢uµt¥c¨ � � ¨)� µ ∈ [0, 1]

¡>©x¶
ρ
´1¨�¡a¤��lª�«� x¨�¶�¥X¡>ª�¥u£�¢m¬�§�¨�¡�¢mµt¥c¨q®a£��u $¶t£�§�¨�©1¢m£��l©x¢

kt
²

¸l¨y�^�u��¥c¢
ct
¡>©x¶

wt
Ø
t = 1, 2

Ú^²l¡l©x¶"¤1��ª�«N t¨y¶�¥X¡>ªt¢u¨)��À>�)��©t¨
Y1
À
Y2
��Þ  t¨�©"�u t¨a¥c£�¢u¬%§�¨�¡�¢mµx¥u¨

ρ̂ := µρ−(1−µ)E£�¢$¤��lª�«� x¨�¶�¥X¡>ªF®a£Ç�c ·�u x¨�¢c¡>§�¨�¶t£�§�¨�©1¢m£��l©x¢
kt
¡>©x¶�c t¨È¢u¡l§"¨�¢m¨��c¢

Yt
¡l©x¶¯¸�¨��^�c�l¥X¢

ŵ1 := w1
²
ŵ2 := w2

²
ĉ1 := µc1− (1−µ)w1

¡>©x¶
ĉ2 := µc2− (1−µ)w2

�qÞ  �µ1¢�²�¢u�>ÙI��¡>ª�ª�¨�¶ÈÓ�ÔcÕ��-ÁIÏ^Ð�ÑuÒ�ÁIÓ"��µlÔ#�ZÑ^²�®a t¨�¥c¨v¨�³�¤1¨y�^�c¡>�u£��l©
¡>©x¶�¥c£�¢u¬�¡>¥c¨��l¤��c£�§�£�±�¨�¶È¢u£�§$µtª��c¡>©x¨��lµ1¢mª�«l²t¶���©t�l�O©t¨�¨y¶'�c��´1¨%���l©x¢u£�¶�¨�¥c¨�¶�¢m¨�¤x¡>¥X¡/�c¨�ª�« �
p ¨)³N�y²5®F¨"¶�¨�¥c£�¸�¨$¶�µ1¡>ª8¥u¨�¤t¥c¨�¢u¨�©��c¡>�u£��l©x¢�¼���¥"Ø ä���� Ú �AÞ �'�c t£�¢n¨�©x¶5²5®�¨$¶���©t�l�n©t¨�¨�¶
�c��¡�¢u¢uµt§�¨%�c x¡/�

ρ
£�¢A¡

¥u£�¢u¬"§�¨y¡l¢uµt¥u¨n£�©��u x¨A¢u¨�©1¢m¨n�>¼Fá å�² �yèCâ ²N£ � ¨ � ²N�c x¡/�a£���£�¢�§��l©t�l�u��©t¨n¡l©x¶��c¥c¡l©x¢mª�¡/�c£���©'£�©�¸/¡l¥u£�¡>©�� ��� ¨����l©x��ª�µ1¶�¨n£�©
�lµt¥�Îx¥X¢m�O¥u¨y¢mµtª����u x¡>�

ρ
£�¢v¡"���l©N¸l¨�³�¼�µt©x�)�u£��l©x¡lª ��Þ ��¢j�X¡/�u¨A�c t£�¢�¥u¨y¢mµtª���²t®�¨Aµx¢u¨n�c t¨�©t�l�c¡/�c£���© K

Dρ := {u ∈ R : uw1 − c1 ∈ Y ∗1 , uw2 − c2 ∈ Y ∗2 } ⊆ D̄ρ := {u ∈ R : uw2 − c2 ∈ Y ∗2 }
¼��l¥��c t¨%¢m�lÙU��¡>ª�ª�¨y¶Âµ>ÖxÕ1��®)ÔXÕCÑ^Ð�Ã#��Ô$Ñ�Ô7�RÑ �
 ���� �W¡1�B¢Ä£G¤.Åe¤¼¦ Ô#�

ρ
ÃXÔ$Õ�®XÖ9�Z�#�RÐ�����Õ��;�(®¼�	�tÔ³®7�/Ï^Ó �DÆ ©fÇ �§��� Lp(Ω,F ,P) ¨ Ðf�	� p ∈ [1,∞) ©_ª ÑXÑ^Ö�Ó�Ô

� Ð �È���>Óv�S��Ô7�IÔ�ÏuÔ����>Ö�ÏXÑ�Ô�± 〈w2, Y2〉 = R É
� Ð~Ð �Èµ>ÖxÕ1��®)ÔXÕ/ÑXÐ�Ã�Ðf��Ðf�¯��± Dρ 6= ∅ ©² �tÔ#�

ρ
Ð�ÑqJ�xÐf�IÔ É ¦ Ð �1Ñ#����Ðf�fÊÈ�����-�_Ðf�xÖ-�>ÖNÑ É Õ��Zµ}���1�W�CÔ�� ©jË Ö�Ï��	�tÔ�Ï É Ðf�q�-�1�@µ/Ñ��f�xÕ1�

Ø ät� ä Ú
ρ(z) = inf

y1∈Y1

{
〈c1, y1〉+ E

[
max
`=1,2

u` (z − 〈w1, y1〉)
]}

K
Y ∗t
YZW!PRTCi�[>Q^f�VX\!SmQ^eyi-QXs

Yt
,W8/Q^\�V�eyQ^eCij`a[yP~gvW_iIP

Y
PRTCiq[>Q^f�VX\�SmQ^eyi

Y ∗
YZW!dCiIw/eyimd�o�g

Y ∗ = {y∗ : 〈y, y∗〉 ≤ 0 ∀ y ∈ Y } ,



LNMGO�PGQSR9TGUWVSOXUZY5[#\^]_R9VS[#`SUWRN[�Y5ab[7cWMedNQSVG[7c-YfdgL9U-MihGUZVG]j]_Y.aGh ∗ Ì
¨ Ðf�f�Í� ¨ �'ÏuÔXÕ1�i�1Ö�Ó"ÃXÔ�ÏXÑ u1

Õ��Zµ
u2

�	�tÕ���Õ>ÏuÔÎ�f�xÔ�Ô#�Zµ��-�/Ðf�W�3ÑÏ��®
D̄ρ ¨ ��Ð����*Ð�Ñ�Õ}���/Ó��xÕ��#�FÐf�W�UÔ�Ï��CÕ��!Ðf� R ©Ë Ö�Ï��	�tÔ�Ï^ÓX�/ÏuÔ É Ð ® p > 1 É �	�tÔ#� ρ Õ�µ/Ó"Ðf�RÑ��f�xÔÏµ>ÖxÕ1�!ÏuÔ%��ÏcÔ^Ñ�Ô#�-�IÕ1�_Ð��1�

Ø ät� é Ú
ρ(z) = sup

{
−E [λz] + inf

y1∈Y1

〈c1 + E [λ]w1, y1〉 : λ ∈ Lp′(Ω,F ,P), − (c2 + λw2) ∈ Y ∗2
}
,

¨ �tÔ�ÏuÔ 1
p + 1

p′ = 1 ©ÑÐ �X�tÕ>Ï��RÐ���Ö9��Õ/Ï É Ð ® Y1
Ð�Ñ�Õ§������Ô É �f�xÔ7� ρ Ð�ÑÑ�N�/Ñ^Ðf�RÐf�/Ô7�½�"�N�>Ó"����Ô7�bÔ��>ÖNÑ�Õ1�Zµ �¯ÆB©5Ò �§ÃXÔ����/Ó�Ô^Ñ

Ø ät� çNÚ
ρ(z) = sup {−E [λz] : λ ∈ Lp′(Ω,F ,P), − (c1 + E [λ]w1) ∈ Y ∗1 , − (c2 + λw2) ∈ Y ∗2 } .¶ Ï����(® © º £�©t£��u¨�©t¨�¢c¢�² � £�¤x¢c�X t£Ç�c±a�)�l©��c£�©Nµt£��j«l²>¡l©x¶%�c t¨�¥u¨�¤t¥c¨�¢u¨�©��c¡>�u£��l©x¢�Ø ät� é Ú�¡l©x¶�Ø ä�� ç�Ú�®a£�ª�ª�´�¨a¤t¥u�/¸�¨�¶�£�©�¡v§��l¥c¨¦l¨�©t¨�¥X¡>ª�¼�¥X¡>§�¨�®��l¥c¬�£�©=�N¨y�^�u£��l© é ² Þ  t¨���¥u¨�§ ét� å �

ß ¨�¤x¥u¨y¢m¨�©��X¡/�c£���©·Ø ä��Zä ÚO¼��lª�ª��/®O¢O¼�¥c�l§ � à ¶�µx¡lª�£��j«
¡>¤t¤xª�£�¨�¶=�u���u t¨�¢m¨y�)��©x¶=¢m�c¡>¦�¨�¤t¥c�l¦�¥c¡l§ ��p ¡>§�¨�ª�«l²5£��� x�lª�¶t¢
¼��l¥a¨y¡l�X 

y1 ∈ Y1
¡>©1¶�¨y¡l�X 

z ∈ R �u x¡>�

min {〈c2, y2〉 : y2 ∈ Y2, 〈w1, y1〉+ 〈w2, y2〉 = z} = max {u (z − 〈w1, y1〉) : uw2 − c2 ∈ Y ∗2 } .Ó µx¨O�u���)��§�¤tª�¨��u¨n¥u¨y�)�lµx¥c¢u¨O¡>©x¶�¶�µx¡>ª1¼�¨�¡�¢m£�´t£�ª�£��j«"�u t¨n¼�¨�¡�¢m£�´tª�¨n¢u¨)�X¢-�l¼!´1�l�u �¤x¥u��´tª�¨�§�¢F¡l¥u¨O©x�l©t¨�§"¤t�j«�¡l©x¶��c t¨
tj�l£�©��A��¤��u£�§�¡>ª�¸/¡lª�µt¨�£�¢AÎx©t£��u¨�¼���¥�¨�¡��X 

y1 ∈ Y1
¡>©1¶*¨y¡l�X 

z ∈ R � ��£�©x��¨��u t¨�¨�³�¤t¥u¨y¢u¢u£��l© z − 〈w1, y1〉
��¡>©

¥u¨y¡l�X *¡l©N«�¥c¨�¡lª8©�µx§�´�¨�¥�¡>©x¶=�u t¨"¼�¨y¡l¢u£�´tª�¨�¢m¨����l¼-�u x¨"¥c£�¦l ��n¤t¥c�l´xª�¨�§
D̄ρ = {u ∈ R : uw2 − c2 ∈ Y ∗2 }

¶t��¨y¢
©t�>�O¶�¨�¤1¨�©x¶��l©

y1
¡>©x¶

z
£���£�¢a�)ª�¨�¡l¥��u x¡>���u t¨�ª�¡/�u�u¨�¥a£�¢�´��lµt©x¶t¨�¶5²�£ � ¨ � ²1¡"���l§�¤x¡��^��£�©��u¨�¥u¸/¡lª5£�© R � Ív¼8���lµt¥X¢m¨�²�u t¨�§�¡>³N£�§�µx§ £�¢a¡>�m�X¡>£�©t¨�¶�¼��l¥

u
´�¨�£�©t¦'¡l©�¨�©x¶�¤��l£�©��O�l¼

D̄ρ
�

æF�l©N¸l¨�³�£Ç�j«��l¼
ρ
¼���ª�ª��/®O¢F¼�¥u��§ �u t¨A¼3¡��^�a�c x¡/�a�c t¨�¥u¨y¡>ª�Ù_¸/¡lª�µt¨y¶�¼�µt©x�)�u£��l©

(y1, z) 7→ 〈c1, y1〉+ E
[

max
`=1,2

u` (z − 〈w1, y1〉)
]

£�¢a���l©N¸l¨�³'�l©
Y1 × Lp(Ω,F ,P)

�qà ��¢m£��u£�¸l¨A t��§"��¦l¨�©t¨�£��j«��>¼
ρ
 t�lª�¶t¢a£�¼

Y1
£�¢a¡��)��©t¨ � �

Ä ¼q¡$¼�µt©1�^�u£��l©1¡>ª
ρ
��©

L1(Ω,F ,P)
£�¢O¶�¨)Î1©t¨�¶�´N«'¼���¥u§$µtª�¡�Ø ät��� Ú^²��c t¨%É�µt¨�¢m�u£��l©
¡l¥u£�¢m¨y¢�²�¼���¥O®a t£��X ��X t��£���¨A�>¼

ct
²
wt

¡>©x¶
Yt
Ø
t = 1, 2

Úv�u t£�¢�¼�µt©x�)�u£��l©x¡lªq£�¢�¡ØR�)�l©N¸�¨)³xÚO¥c£�¢m¬=§�¨y¡l¢uµt¥u¨"£�©*�c t¨�¢m¨�©x¢m¨��l¼ná ��èCâU� º �l¥c§�µxª�¡¿Ø ät� çNÚ
¤t¥c�/¸�£�¶�¨y¢�¡�¢uµ9n'�)£�¨�©��v�)¥c£��u¨�¥c£��l©'¼���¥O¡$¼�µt©x�^�c£���©x¡>ª��>¼��c t¨A¼��l¥c§ Ø ä���� Ú-�u��´�¨%¡��)�l x¨�¥c¨�©��a¥u£�¢m¬�§"¨y¡l¢uµt¥c¨ �
#Ï�-¡1�ZÔ�Ô�ÕN¡�Ö×£i¤5Øi¤Ñ� ¨)�

ρ
´�¨v¡�¼�µt©x�)�u£��l©x¡lªt�l©

Lp(Ω,F ,P)
�>¼b�c t¨�¼��l¥c§×Ø ä���� Ú�®a£��u 

Y1
´1¨�£�©x¦�¡A¤1��ª�«N t¨y¶�¥X¡>ªt�)��©t¨

¡>©x¶
1 < p < ∞ � � ¨����c t¨��)�l©1¶�£Ç�c£���©x¢��>¼ Þ  x¨��l¥c¨�§ ät� ç�´1¨�¢c¡/�u£�¢mÎx¨�¶ÃØ3�)��§�¤tª�¨��u¨"¥u¨y�)��µt¥c¢u¨l²b¶�µx¡lª�¼�¨�¡l¢u£�´t£�ª�£��j«�Ú

¡>©x¶�¡l¢c¢uµt§�¨n�c x¡/�
Λρ ⊆ D

®a x¨�¥c¨
Λρ

£�¢a¶�¨�Îx©t¨�¶�´N«
Ø ät� ã�Ú

Λρ := {λ ∈ Lp′(Ω,F ,P) : − (c1 + E [λ]w1) ∈ Y ∗1 , − (c2 + λw2) ∈ Y ∗2 } .
Þ  t¨�©

ρ
£�¢a¡��)�� t¨�¥c¨�©���¥u£�¢m¬�§"¨y¡l¢uµt¥c¨ �

¶ Ï����(® © ß ¨�¦�¡>¥X¶�£�©t¦ Þ  x¨��l¥c¨�§ ä���� ¡l©x¶ Þ  t¨���¥u¨�§ ä�� ç £Ç�=¥c¨�§�¡l£�©x¢��c� ¢m x�/® �u 1¡/� � £�¤x¢c�X t£��u±·�)��©��u£�©�µx£Ç�j« £�©
L1(Ω,F ,P)

£�§"¤xª�£�¨�¢����l©x¶�£��u£��l©ÀØ ät��� Ú �ÃÞ  x£�¢�²- t�/®�¨�¸�¨�¥y²8¼��lª�ª��/®O¢"´N«�u x¨�§���©t�>�c�l©t¨È�)��©�¸�¨�¥c¦l¨�©x�)¨��c t¨���¥u¨�§ �� ¨��
zn ↑ z0

²N�u Nµx¢ |z0 − zn| = z0 − zn ↓ 0
�q¾ ¨�©x�)¨�² |ρ(z0)− ρ(zn)| ≤ L · E [|z0 − zn|]→ 0

� �
Þ  t¨�¼���ª�ª��/®a£�©t¦'¥c¨�¢uµtªÇ��¤t¥c�/¸�£�¶�¨y¢v¡>©x�>�u x¨�¥n¢uµ9n'�)£�¨�©��A�)¥c£Ç�c¨�¥c£���©È¼��l¥A¡�¼�µt©x�)�u£��l©x¡lª6�l¼q�u t¨$¼��l¥c§ÜØ ät��� Ú��u��´1¨�¡

�)��©�¸�¨)³'¥c£�¢u¬'§�¨�¡�¢mµx¥u¨�£�©
��¡l¢u¨
Y1
£�¢�©t�>�v¡��)��©t¨ �

��¡1�-ÙJ�ZÚ�º	»�ºI�W¹Û£i¤.Üe¤�¦ Ô7�
ρ
ÃXÔ�ÕÎ®XÖ9�S�7�_Ð��1�bÕ1�³���

Lp(Ω,F ,P)
��®X�f�xÔ�®7�>Ï^Ó �¯ÆB©fÇ � ¨ Ðf�	� p ∈ [1,∞) ©Íª ÑXÑ^Ö�Ó�Ô�f�xÕ1�J���/Ó��Z��Ô7�IÔ�ÏuÔ����/Ö�ÏXÑ�Ô�Õ1�SµXµ/ÖxÕ1�*®)ÔXÕCÑ^Ð�Ã�Ðf��Ðf�I�Ï�-�1�@µ�Õ��ZµÏ�	�tÕ1�

D̄ρ ⊆ R−
Õ1�Zµ���Ô7�

c1 É w1
Õ��Zµ

Y1
ÃXÔ¼��®v�	�tÔq®7�>Ï^Ó

c1 = (ĉ1, 1) É w1 = (ŵ1,−1)
Õ1�Sµ

Y1 = Ŷ1 × R ÉJ¨ �tÔ�ÏuÔ ŵ1, ĉ1 ∈ Rk1−1 Õ1�Sµ Ŷ1 ⊆ Rk1−1 ©² �tÔ#�
ρ
Ð�Ñ%Õ � �N�������tÔ�µ/ÏcÕ1� �Ý�����-�/Ô���Ï^Ð�ÑuÒ'Ó�ÔXÕCÑ^Ö�ÏuÔÏ�1� Lp(Ω,F ,P) ©

¶ Ï����(® © Þ  t¨"§"��©t�>�c�l©t£��)£��j«È¤t¥c�l¤�¨�¥u�j«Ø3£�ÚO¼��lª�ª��/®O¢O¼�¥c�l§ �c t¨$¥c¨�¤x¥u¨y¢m¨�©��X¡/�c£���©·Ø ä��Zä Ún¡>©1¶
�u x¨�¼3¡��^���u x¡>�
u1
¡>©x¶

u2
¡l¥u¨A©t��©t¤1��¢m£��u£�¸l¨ �8Ä ©x¶�¨�¨y¶5²tª�¨)�

z, z̃ ∈ Lp(Ω,F ,P)
´�¨%¢uµx�X ��c x¡/�

z ≤ z̃ ��Þ  t¨�©�®�¨A x¡C¸l¨

E
[

max
`=1,2

u` (z − 〈w1, y1〉)
]
≥ E

[
max
`=1,2

u` (z̃ − 〈w1, y1〉)
]
, ∀ y1 ∈ Y1.



LNMGO�PGQSR9TGUWVSOXUZY5[#\^]_R9VS[#`SUWRN[�Y5ab[7cWMedNQSVG[7c-YfdgL9U-MihGUZVG]j]_Y.aGh ∗ Þ
Þ  t¨%�c¥c¡l©x¢uª�¡>�u£��l©
£�©�¸/¡l¥u£�¡>©x��¨��)��©x¶�£��u£��l©¹Ø3£�£~ÚO¼��lª�ª��/®O¢n´N«È¢u¨)�u�u£�©t¦

ỹ
(k1)
1 := y

(k1)
1 + r

¡l¢n¡����l©x¢u¨�É�µt¨�©x�)¨$�>¼q�u x¨
£�¶t¨�©��u£��j«

ρ(z + r) = inf

{
〈ĉ1, ŷ1〉+ y

(k1)
1 + E

[
max
`=1,2

u`

(
z + r − 〈ŵ1, ŷ1〉+ y

(k1)
1

)]
, ŷ1 ∈ Ŷ1, y

(k1)
1 ∈ R

}

= inf

{
〈ĉ1, ŷ1〉+ ỹ

(k1)
1 + E

[
max
`=1,2

u`

(
z − 〈ŵ1, ŷ1〉+ ỹ

(k1)
1

)]
, ŷ1 ∈ Ŷ1, ỹ

(k1)
1 ∈ R

}
− r

= ρ(z)− r
¼��l¥a¨y¡l�X 

r ∈ R ¡>©1¶ z ∈ Lp(Ω,F ,P)
� º £�©t£��u¨�©x¨�¢c¢O¡>©x¶��)��©N¸l¨)³�£��j«��>¼

ρ
¼��lª�ª��/®Â¼�¥u��§ Þ  t¨���¥u¨�§ ä�� ç � �

Þ  t¨$¡�¢u¢uµt§�¤��u£��l©1¢O�>¼ à ¥u��¤1��¢m£��u£��l© ä�� ê ¦�µx¡>¥X¡>©��u¨�¨�¨�¸�¨�©=¡�¢m�u¥c�l©x¦l¨�¥��j«N¤�¨��l¼�§"��©t�>�c�l©t£��)£��j«��u x¡l©
£�§�¤���¢u¨�¶
¨�¡l¥uª�£�¨�¥�¼��l¥%¥c£�¢u¬*§�¨y¡l¢uµt¥u¨y¢ � ��µx�X ¯¢j�c¥u��©t¦l¨�¥�§"��©t�>�c�l©t£��)£��j«=¤t¥c�l¤�¨�¥u�u£�¨�¢�¡l¥u¨�´x¡�¢m¨y¶¿�l©¯¢m�lÙU��¡>ª�ª�¨y¶¹Ðf�W�UÔD�lÏuÕ1��Ñ��%�1Á
���xÕCÑ��_Ð��X�/Ï�µ�Ô)ÏXÑ%��¥�Ñ��D�����xÕCÑ��_Ð��Xµ��/Ó"Ðf��Õ��Z�XÔ"Ï^Ö9��Ô)Ñ'Ø3¢u¨�¨'á ��éCâ ¼��l¥�¡�¥u¨y�)¨�©��v¢uµt¥c¸l¨�«tÚ � º �l¥O¥c¨�¡lª!¥c¡l©x¶���§Ý¸/¡>¥c£�¡l´tª�¨�¢
z
¡>©x¶

z̃
£�©
L1(Ω,F ,P)

²1¢j�c�N�X 1¡l¢m�u£���¶t�l§�£�©1¡>©x��¨�¥cµtª�¨�¢a¡l¥u¨�¶�¨�Îx©t¨�¶�´N«���ª�¡�¢u¢u¨�¢ F �l¼�§�¨�¡�¢mµx¥c¡l´tª�¨�¥c¨�¡>ª�ÙU¸C¡lª�µx¨�¶
¼�µt©x�)�u£��l©x¢���©

R ��Ì ¢m�u���X x¡�¢j�c£���¶���§"£�©x¡l©x�)¨A¥cµtª�¨A£�¢O¶�¨�Îx©t¨�¶�´N«

z �F z̃
£Ç¼

E[f(z)] ≤ E[f(z̃)]
¼��l¥�¨�¡��X 

f ∈ F ¢mµ1�X ·�u 1¡/���u t¨�¨)³�¤�¨��)�c¡/�c£���©x¢"¨)³�£�¢j� �·Ä §�¤1��¥m�X¡>©���¢u¤�¨��)£�¡>ªa��¡l¢u¨�¢�¡>¥c¨'�c t¨
�)ª�¡l¢c¢m¨y¢ Fnd
¡>©x¶

Fndc
�>¼�©t�l©x¶t¨��)¥c¨�¡�¢m£�©t¦�¡l©x¶°�>¼-©t��©x¶�¨y�)¥c¨�¡l¢u£�©t¦����l©x��¡C¸l¨�¼�µt©1�^�u£��l©1¢�²!¥c¨�¢u¤�¨��^�c£�¸�¨�ª�« �%Ä ©*�u t¨y¢m¨���¡l¢u¨�¢v�u t¨�¥cµtª�¨y¢

¡>¥c¨"¡lª�¢u�
��¡lª�ª�¨�¶!�ÏXÑ��°�>Ï�µlÔ�Ï�Ñ��%�����tÕ/Ñ��_Ð��Ýµ��/Ó"Ðf��Õ��Z�XÔ�¡>©x¶ÃÑ�Ô������ZµÂ�/Ï�µ�Ô)Ï�Ñ��%�����tÕ/Ñ��_Ð��!µ��>Ó$Ðf�bÕ1�Z�XÔ�¡>©x¶¿¶�¨�©t�>�c¨�¶
´N« �FSD

¡l©x¶ �SSD
²�¥u¨y¢m¤�¨��)�u£�¸l¨�ª�« � æFª�¨y¡>¥cª�«�²

z �FSD z̃
£�§�¤tª�£�¨�¢

z �SSD z̃
��Þ  t¨�¥u¨�ª�¡>�u£��l©

z �FSD z̃
£�¢

¨�É�µt£�¸/¡>ª�¨�©��q�u�
P(z > t) ≤ P(z̃ > t)

¼���¥�¨�¡��X 
t ∈ R � º µt¥u�u t¨�¥u§��l¥c¨l² z �SSD z̃

£�¢�¨�É�µt£�¸C¡lª�¨�©��q�u�A�u x¨v�)��©x¶�£��u£��l©
E[min{z, t}] ≤ E[min{z̃, t}] ¼���¥a¨�¡l�X  t ∈ R Ø3�)¼ � á �yé ²1�N¨y�^�u£��l© m>â Ú �
Ä ©·á � ãN² ��ê/â �c t¨"���l©x¢u£�¢j�c¨�©x��«��l¼-¥u£�¢u¬�§�¨�¡�¢mµx¥u¨y¢

ρ
®a£Ç�c °��¨�¥u�c¡>£�©=¢j�c���X x¡l¢m�u£���¶���§�£�©x¡l©x�)¨�¥uµtª�¨�¢ �F

£�¢�¢m�uµx¶�£�¨�¶ �
Ä ©�¤x¡>¥u�u£��)µxª�¡l¥�²�£Ç��£�¢�¢u¡l£�¶"�c x¡/�

ρ
£�¢°�����tÑ^Ð�Ñ��UÔ#�-� ¨ Ðf�	��Ñ�Ô����1�Sµ��>Ï�µlÔ�ÏnÑ��%�����xÕCÑ��RÐ��Îµ��/Ó"Ðf��Õ��Z�XÔ�£�¼ z �SSD z̃

£�§�¤tª�£�¨�¢
ρ(z) ≥ ρ(z̃)

�
��¡1�-ÙJ�ZÚ�º	»�ºI�W¹Û£i¤5ßi¤�¦ Ô7�

ρ
ÃXÔ�ÕÎ®XÖ9�S�7�_Ð��1�bÕ1�³���

Lp(Ω,F ,P)
��®X�f�xÔ�®7�>Ï^Ó �¯ÆB©fÇ � ¨ Ðf�	� p ∈ [1,∞) ©Íª ÑXÑ^Ö�Ó�Ô�f�xÕ1�����/Ó��Z��Ô7�IÔ�ÏuÔ����/Ö�ÏXÑ�Ô�Õ1�SµÍµ/ÖxÕ��B®)ÔXÕ/ÑXÐ�Ã�Ðf��Ðf�¯�§�N���@µ
Õ1�SµÝ�f�xÕ1�
D̄ρ ⊆ R− © ² �tÔ#� ρ Ð�Ñ����1�xÑ^Ð�Ñ��IÔ#�-� ¨ Ðf�	�*Ñ)Ô����1�Sµ�/Ï�µ�Ô)ÏAÑ��%�����tÕ/Ñ��RÐ��"µ��>Ó$Ðf�bÕ1�S�cÔ ©

¶ Ï����(® © Ó µx¨$�c� Þ  t¨���¥u¨�§ ä�� ç��c t¨�¥u¨�¤t¥c¨�¢u¨�©��c¡>�u£��l©¹Ø ä��Zä Ún t�lª�¶t¢A®a£��u 
u1, u2 ∈ R−

� Ó ¨)Îx©x¨�¼��l¥
y1 ∈ Y1

�c t¨
¥u¨y¡>ª�Ù_¸/¡lª�µt¨y¶"¼�µt©x�)�u£��l©

gy1

¦l£�¸l¨�©�´�«
gy1(t) := 〈c1, y1〉+ max`=1,2 u` (t− 〈w1, y1〉)

¼��l¥
t ∈ R �qp �l�u¨n�u x¡>� gy1£�¢��)��©N¸l¨)³�¡>©x¶!²�´�¨���¡>µx¢u¨v�l¼

u1, u2 ≤ 0
²�©t��©t£�©1�)¥c¨�¡l¢u£�©t¦ � � ¨��

z �SSD z̃
��Þ  t¨�© E [−gy1(z)] ≤ E [−gy1(z̃)]

¼���¥
¡>ª�ª

y1 ∈ Y1
¡l©x¶5²��c �µ1¢�²

ρ(z) = infy1∈Y1 E [gy1(z)] ≥ infy1∈Y1 E [gy1(z̃)] = ρ(z̃)
� �

¿ Ô�Ó�Õ>ÏuÒ ät� m © º �l¥�¡�¥u£�¢u¬�§�¨�¡�¢mµx¥u¨ ρ �u x¨�Õ����XÔ%�Z�IÕ1�Z�XÔ$Ñ�Ô#� Aρ £�¢v¦�£�¸�¨�©
´N« Aρ = {z ∈ Z : ρ(z) ≤ 0} á ä ² �yèCâU�� ¨��"�c t¨=�)��©x¶�£��u£��l©x¢"�l¼n�c t¨ Þ  t¨���¥u¨�§ ä�� ç°´�¨=¢c¡/�u£�¢mÎx¨�¶ � Þ  t¨�©!²�¢u£�©x�)¨
ρ
£�¢�¡¿���l©N¸l¨�³¯¼�µt©x�)�u£��l©x¡lªR² Aρ

£�¢�¡
�)��©�¸�¨)³È¢m¨�� �vÄ ¼j²b£�©*¡l¶x¶�£Ç�c£���©!²

Y1
£�¢�¡'���l©t¨��u t¨�© Aρ

£�¢�¡����l©N¸l¨�³����l©t¨ � ß ¨�¦�¡>¥X¶�£�©t¦*Ø ät� ã�Ú�£���£�¢v��´N¸�£��lµ1¢��u x¡>�
Aρ = {z ∈ Lp(Ω,F ,P) | ∀λ ∈ Λρ : E [λz] ≥ 0} = −Λ∗ρ

£�©��u t£�¢O��¡�¢m¨ � Ív¼��)��µt¥X¢m¨�²�£Ç¼
Ω = {ω1, ..., ωS}

²��u x¨�©
Λρ

£�¢a¡"¤��lª�«� x¨�¶�¥c�l©�£�©
RS
²��u Nµx¢ Aρ = −Λ∗ρ

£�¢O¡"¤1��ª�«N t¨y¶�¥X¡>ª5�)��©t¨ �
	�àiÕ-¢^Ù�ÔI�"£i¤.áe¤ � ¨O�)��©x¢u£�¶�¨�¥8�u t¨Xâ����Zµ/Ðf�_Ð��1�bÕ1��Áb��¥ ª �CÔ�ÏuÕ#��Ô#Á1ã1Õ1��ÖxÔ#ÁmÕ1�¯Á ¿ Ð�ÑuÒ%¡>��ª�¨�¸l¨�ª α Ø CV aRα �l¥ AV aRα Ú¶�¨)Î1©t¨�¶�´N«

CV aRα(z) :=
1

α

∫ α

0

V aRγ(z)dγ = inf
r∈R

{
r +

1

α
E
[
(r + z)

−
]}

,

®a t¨�¥c¨
V aRα(z) := inf {r ∈ R : P(z + r < 0) ≤ α} £�¢��c t¨
ë�¡>ª�µt¨�ÙU¡>�mÙ ß £�¢u¬Ã¡>�'ª�¨�¸l¨�ª α ∈ (0, 1)

ØR¢m¨�¨¯á �yè ²
�N¨��)�u£��l©�ç � ç â ¡l©x¶*á ä ç â Ú�¡l©x¶

a− = max {0,−a} ¶�¨�©t�>�c¨�¢��c t¨A©t¨�¦�¡/�u£�¸l¨A¤x¡l¥m�a�l¼�¡�¥c¨�¡>ªb©Nµt§$´1¨�¥ a ��p �>�c¨A�u x¡>�
Ø ät� ê Ú

inf
r∈R

{
r +

1

α
E
[
(r + z)

−
]}

= inf

{
y1 +

1

α
E
[
y

(1)
2

] ∣∣∣∣
y1 ∈ R, y2 ∈ R+ × R+,

−y(1)
2 + y

(2)
2 = z + y1

}
,

�u Nµx¢�²
CV aRα

£�¢8�>¼x�u t¨�¼��l¥c§ Ø ät��� Ú!´N«%¢u¨)�u�u£�©t¦
k1 = 1

²
k2 = 2

²
w1 = −1

²
c1 = 1

²
c2 =

(
1
α , 0

) ²
w2 = (−1, 1)

²
Y1 = R

¡>©x¶
Y2 = R2

+

²A¡>©x¶5²n t¨�©1�)¨l²n£Ç�È£�¢�¤��lª�«N t¨�¶t¥c¡lª � o ��¥u¨��/¸l¨�¥y² 〈w2, Y2〉 = R
²
Dρ = {−1} ¡l©x¶

D̄ρ =
[
− 1
α , 0

]
⊆ R−

²b�u Nµx¢��u x¨"¶�µ1¡>ªq¥c¨�¤t¥c¨�¢u¨�©��c¡>�u£��l©·Ø ä�� ç�Úv t�lª�¶t¢A¡>©x¶
CV aRα

£�¢A�)��©x¢m£�¢m�u¨�©���®a£Ç�c ¿¢u¨����l©x¶



LNMGO�PGQSR9TGUWVSOXUZY5[#\^]_R9VS[#`SUWRN[�Y5ab[7cWMedNQSVG[7c-YfdgL9U-MihGUZVG]j]_Y.aGh ∗ ä
�l¥X¶�¨�¥a¢m�u���X x¡�¢j�c£��A¶���§"£�©x¡l©x�)¨ �8Þ  x¨�¥c¨�¤x¥u¨y¢m¨�©��X¡/�c£���©°Ø ät� ä Ú� t�lª�¶t¢�®a£��u 

u1 = − 1
α

¡l©x¶
u2 = 0

�qÞ  t¨%�)��©x¶�£��u£��l©
−(c2 + λw2) ∈ Y ∗2

£�©��u t¨%¶�µ1¡>ª!¥c¨�¤t¥c¨�¢u¨�©��X¡/�u£��l©°Ø ä�� ç�Ú�£�¢�¨�É�µt£�¸/¡>ª�¨�©����u�
λ ∈

[
0, 1

α

] �q¾ ¨�©x��¨l²�Ø ä�� ç�ÚF´1¨y�)��§"¨y¢
Ø ät�Zì Ú

CV aRα(z) = sup
{
−E [λz] : λ ∈ Lp′(Ω,F ,P), λ ∈

[
0, 1

α

]
, E [λ] = 1

}

¼��l¥a¨y¡l�X 
z ∈ Lp(Ω,F ,P)

²
1 < p < +∞ � æF�l¥c�lª�ª�¡l¥u« ät� ã"¡>¤x¤tª�£�¨�¢�²��c �µ1¢�² CV aR £�¢v¡"���l t¨�¥u¨�©���¥c£�¢m¬'§�¨y¡l¢uµt¥u¨�²

�u�N� �
	�àiÕ-¢^Ù�ÔI�¬£G¤I¥Båe¤ æF��©x¢m£�¶�¨�¥F�c t¨�Ô����xÔ��7�IÔ�µ�ÏuÔD�lÏuÔ#�F��¥�Ô��7�tÔ��#�UÔ�µÈ�@�CÑXÑ%¶�¨)Î1©t¨�¶�´N«

ρ(z) = E
[
(z − γ)

−
]

®a£Ç�c "¢u�l§�¨-Ît³�¨�¶��u t¥c¨�¢u t�lª�¶
γ ∈ R �8Þ  t£�¢6¼�µt©1�^�u£��l©1¡>ª_²/�u�N�x²>��¡>©$´1¨�®a¥c£Ç�u�u¨�©"£�©��c t¨��u t¨F¼��l¥c§ Ø ät��� Ú�®a£��u 

k1 = 1
²

k2 = 2
²
w1 = 1

²
c1 = 0

²
c2 = (1, 0)

²
w2 = (−1, 1)

²
Y1 = {γ} ² Y2 = R+ × R+

�Ñp �l�u¨A�u 1¡/��²�¡l�)�uµx¡lª�ª�«l²
Y1
£�¢

�Z����¡��)��©t¨A t¨�¥c¨ � º µt¥m�c t¨�¥y² 〈w2, Y2〉 = R
²
Dρ 6= ∅

¡l©x¶
D̄ρ = [−1, 0] ⊆ R−

²��u Nµx¢��c t¨%¶�µx¡lª!¥u¨�¤t¥c¨�¢u¨�©��c¡>�u£��l©x¢
Ø ät� ä ÚA¡>©x¶ Ø ät� é Ún t�lª�¶¡>©x¶

ρ
£�¢%���l©x¢u£�¢m�u¨�©��A®a£��u ·¢u¨����l©x¶°�l¥X¶�¨�¥%¢j�c�N�X 1¡l¢j�c£���¶���§�£�©x¡l©x�)¨ ��¾ �/®F¨�¸l¨�¥y²

ρ
£�¢�©t�l�

�u¥X¡>©x¢uª�¡/�u£��l©È£�©N¸C¡l¥u£�¡>©��y²1£ � ¨ � ©t�l�A¡'¥u£�¢m¬�§�¨�¡�¢mµt¥c¨%£�©=�c t¨$¢u¨�©x¢u¨��l¼Oá åt² �yèCâU�°p ¨�¸l¨�¥m�c t¨�ª�¨�¢c¢�²�£��n£�¢vµx¢u¨�¶*¡l¢�¡�¥u£�¢u¬
§�¨�¡l¢uµt¥c¨n£�©
¢m��§�¨A¡l¤t¤tª�£���¡/�c£���©x¢ �

ét���·�iw)�b�fæ-zt�5�����ç|%�	~��
�  t¨�©¯¥X¡>©x¶t�l§ ¸/¡l¥u£�¡>´tª�¨�¢

z1, ..., zT
®a£��u 

zt ∈ Lp(Ω,Ft,P)
²
p ≥ 1

²�¡>¥c¨'�)�l©1¢m£�¶�¨�¥c¨�¶¿¡>©1¶*�c t¨�¡C¸/¡>£�ª�¡>´tª�¨
£�©t¼��l¥c§�¡>�u£��l©Ã£�¢�¥c¨�¸�¨�¡>ª�¨�¶·®a£Ç�c ¹�c t¨È¤x¡l¢c¢m£�©t¦¿�>¼n�u£�§"¨�²F£���§�¡C«¯´1¨y�)�l§�¨È©t¨y�)¨�¢c¢c¡>¥c«°�c�°µ1¢m¨È§�µxªÇ�c£�¤�¨�¥c£���¶Ã¥u£�¢u¬
§�¨�¡l¢uµt¥c¨�¢�Ø3¢u¨�¨¿á � ² � å â Ú �×� ¨�¡�¢u¢uµt§�¨��u x¡>��¡*Îxª��u¥X¡/�u£��l©¹�>¼

σ
Ù_Îx¨�ª�¶t¢ Ft

²
t = 1, ..., T

²q£�¢$¦�£�¸�¨�©!²q£ � ¨ � ² Ft ⊆
Ft+1 ⊆ F

²�¡>©x¶¿�c x¡/� F1 = {∅,Ω} ²q£ � ¨ � ²8�c x¡/� z1
£�¢�¡lª�®�¡C«�¢%¶�¨)�c¨�¥c§�£�©t£�¢m�u£�� �g� ¨�®a£�ª�ªF©t�/®Ê¦�¨�©t¨�¥c¡lª�£�±�¨��c t¨

�)��©x�)¨�¤��c¢��l¼��u x¨�¤t¥u¨�¸N£���µx¢a¢m¨y�^�c£���©��c�$�c t£�¢a§�µtª��u£�¤�¨�¥c£���¶�¼�¥c¡l§�¨�®��l¥c¬ �
¿ Ô�Ó�Õ>ÏuÒ ét��� © �  t¨�©�¶t¨�¡>ª�£�©t¦�®a£��u �§�µtª��u£�¤�¨�¥c£���¶�¥u£�¢m¬�§�¨�¡�¢mµx¥u¨y¢-��©t¨n 1¡l¢F�u��¶�¨)�c¨�¥c§�£�©t¨A®a t¨��u t¨�¥��u t¨�¥c¡l©x¶���§¸/¡>¥c£�¡l´tª�¨y¢�¥u¨�¤t¥u¨y¢m¨�©��AØ3¤1�l�u¨�©��c£�¡lª�ª�«'Îx©1¡>©x��£�¡lª�ÚnÐf�Z���>Ó�Ô)Ñ��l¥³�tÕ��/Ó�Ô#�-�RÑ%¡l¢�²�¨ � ¦ � ²�£�©á � å�² é çt² é å â ²x�l¥a£�¼6�c t¨�«� x¡C¸l¨
�u��´1¨�µt©x¶t¨�¥X¢j�c����¶
£�©°¡��)µx§�µtª�¡/�c£�¸�¨$¢u¨�©x¢u¨l²b£ � ¨ � ²!¡�¢n¡ ¨ ÔXÕ1���	�°�l¥��CÕ���ÖxÔ°�bÏ����XÔ)ÑXÑ"¡l¢�£�©¹á ä ² é/âU� Ív¼F�)��µt¥X¢m¨�²x�c t¨�l©t¨%��¡>©�¨�¡�¢m£�ª�«�´1¨%�u¥X¡>©x¢m¼��l¥c§�¨�¶�£�©��u���c t¨��>�c t¨�¥ � Ä ¼ Zt £�¢v¡>©È£�©1�)�l§�¨�²t�u x¨�©È�l©t¨%��¡>©
�)��©x¢u£�¶�¨�¥O¡l���)µt§$µtª�¡>�u£��l©
zt = Z1 + ...+Zt

²>£Ç¼
zt
£�¢�¡>©�¡l���)µt§$µtª�¡>�u¨y¶%¸/¡>ª�µt¨l²l�u t¨�©"�u t¨�£�©x�)��§"¨a£�¢8¦l£�¸l¨�©�´N«

Zt = zt−zt−1
�qÞ  t¥u��µt¦l x�lµ��

�u t£�¢a¤x¡l¤1¨�¥a®F¨����l©x¢u£�¶t¨�¥
z = (z1, ..., zT )

�u��´�¨%¡"¸C¡lª�µx¨�¤x¥u���)¨y¢u¢ �
� ¨�¦�£�¸�¨n�c t¨%¶�¨�Îx©t£��u£��l©È�>¼8�)�l x¨�¥c¨�©x��¨�£�©��u t¨�§$µtªÇ�c£�¤�¨�¥c£��N¶È��¡l¢u¨A¡�¢�£�©��c¥u��¶�µx��¨�¶ k £�©á ä ² é/âU�

�§� ¸�¹;º�»�ºI�W¹éèi¤f£G¤ Ì ¼�µt©x�)�u£��l©x¡lª
ρ
�l© ×Tt=1Lp(Ω,Ft,P)

£�¢O��¡>ª�ª�¨y¶*Ó"Ö9���_Ð �tÔ�Ï^Ð���µ§�����xÔ)ÏcÔ7�W�-Ï^Ð�ÑuÒ�Ó�ÔXÕCÑ^Ö�ÏuÔ�£Ç¼ �Ø�£~Ú Ä ¼
zt ≤ z̃t

¡ � ¢ � ²
t = 1, ..., T

²��c t¨�©
ρ(z1, ..., zT ) ≥ ρ(z̃1, ..., z̃T ) � Ó"���Z���D���xÐ���Ðf�I���Ø�£�£�ÚF¼���¥a¨�¡��X 

r ∈ R ®F¨A x¡C¸�¨ ρ(z1 + r, ..., zT + r) = ρ(z)− r � �RÏuÕ��tÑ���Õ��RÐ����=Ðf�-�/Õ/Ï^Ð3Õ��Z�XÔ%�Ø�£�£�£~Ú
ρ(µz1 +(1−µ)z̃1, ..., µzT +(1−µ)z̃T ) ≤ µρ(z1, ..., zT )+(1−µ)ρ(z̃1, ..., z̃1)

¼���¥
µ ∈ [0, 1] � ���1�W�CÔ���Ðf�I���Ø�£�¸tÚF¼��l¥

µ ≥ 0
®F¨A x¡C¸�¨

ρ(µz1, ..., µzT ) = µρ(z1, ..., zT ) � �-�CÑ^Ðf�RÐf�/Ô¼�N�>Ó"����Ô#��Ô�Ðf�¯��� �
¿ Ô�Ó�Õ>ÏuÒ ét� é © ¾ �/® �u¥X¡>©x¢uª�¡/�u£��l©¹£�©N¸/¡>¥c£�¡l©x�)¨�£�¢$�c�°´�¨
¶�¨)Îx©x¨�¶Ã£�©¹�u t¨È§�µxªÇ�c£�¤�¨�¥c£���¶Ã��¡l¢u¨�£�¢�¢m�u£�ª�ªa¢uµt´9tj¨��)���u�
¶�£�¢u��µx¢u¢u£��l©�£�©È�c t¨%�l©x¦l�l£�©t¦�¥c¨�¢u¨�¡>¥X�X �£�©ÈÎx©x¡l©x�)£�¡>ª5§�¡>�u t¨�§�¡>�u£���¢ � Ó £Ç½b¨�¥c¨�©��n¢uµt¦�¦l¨�¢m�u£��l©1¢�®F¨�¥u¨A§�¡l¶�¨�²x¨ � ¦ � ²t£�©
á é çt² ä�ä ² é å â ¢mµ1�X ��c x¡/�v©x�l©t¥X¡>©x¶t�l§ ¡>§���µt©��c¢a��¡l©È´1¨%¢u t£�¼~�u¨�¶È£�©��u£�§�¨�´�«�§�¨�¡>©1¢��>¼q�)¥c¨�¶�£��c¢ �-¾ �/®�¨�¸�¨�¥y²�¼�¥u��§
�u t¨�¸N£�¨�®a¤��l£�©����l¼8��¡>¤t£��c¡lª5¥u¨yÉ�µt£�¥c¨�§�¨�©��a¡>©1¶���¤��u£�§�£�±y¡/�c£���©�£��v¡>¤t¤�¨�¡l¥c¢�¥c¨�¡�¢m��©x¡>´tª�¨n�u��¬l¨�¨�¤�®a£Ç�c ¿á ä ² é>â_�
	�àiÕ-¢^Ù�ÔI�Íèi¤.Åe¤ Ä ©¿á äyâ ²Nêq³t¡>§�¤tª�¨ é ²�£��O®�¡l¢�¢m x�/®a©��c x¡/�

ρ(z) := −E
[

min
1≤t≤T

zt

]

£�¢a¡"§$µtªÇ�c£�¤�¨�¥c£��N¶È���l t¨�¥u¨�©��a¥c£�¢u¬�§�¨�¡�¢mµt¥c¨A�l© ×Tt=1L∞(Ω,Ft,P)
�

k 0~e§ë ìy� í�î1PRTCiadCiIw/eyY P_YZQ^e$YZWqW_fZYZ]^T)P_f g%dCY ïlij\3ime)P-W_YZeCSjiaVXeyQXP_TCij\�s�\RVX`aiIz5Q^\3rAz!VXW�SmQ^eyW_YZdCij\3imd�ðF�!TCiFw/\RW3P�P_YZ`aiFWRP_VX]^i�ñ�Y�, i^,�PRTCi
dCiIPRij\R`aYZeCYZW3P_YZSFWRP_VX]^i�ò6z!VXWqdCijeCQXPRimd$o�gAYZeCdCiIk

0
,F46ij\Ri^��P_TCiFs�Q^\3`�pCf�VcPRYZQ^e%YZWqVXd/VX[yPRijd$PRQnQ^py\8s�\RVX`aiIz5Q^\RrAz�Y PRT%YZeCdCiIk

1
s�Q^\6P_TCi

dCiIPRij\R`aYZeCYZW3P_YZS6P_YZ`ai8W3PUVX]^ijñ�Y�, i^,Z� F1 = {∅,Ω} òU,



LNMGO�PGQSR9TGUWVSOXUZY5[#\^]_R9VS[#`SUWRN[�Y5ab[7cWMedNQSVG[7c-YfdgL9U-MihGUZVG]j]_Y.aGh ∗ ó
¿ Ô�Ó�Õ>ÏuÒ ét� ã © � ¨)� ρt ´1¨ÈØ���©t¨)ÙU¤�¨�¥c£���¶xÚn�)�� t¨�¥c¨�©��n¥c£�¢m¬È§�¨�¡�¢mµt¥c¨�¢v�l© Lp(Ω,Ft,P)

²
t = 1, ..., T

� � ¨��A¼�µt¥m�c t¨�¥
∅ 6= S ⊆ {1, ..., T} ��Þ  x¨�©

ρ(z1, ..., zT ) = max
t∈S

ρt(zt)

£�¢�§$µtª��u£�¤1¨�¥u£���¶����l t¨�¥u¨�©�� � � ¨���¼�µx¥m�c t¨�¥
µt ∈ R+

²
t = 1, ..., T

¡>©1¶ ∑T
t=1 µt = 1

��Þ  t¨�©
¡>ª�¢u�

ρ(z1, ..., zT ) =

T∑

t=1

µtρt(zt)

£�¢n¡�§�µxªÇ�c£�¤�¨�¥c£���¶=���l t¨�¥u¨�©��O¥u£�¢m¬�§�¨�¡�¢mµt¥c¨ �aÞ  t£�¢v��¡>©
¨y¡l¢u£�ª�«�´�¨�¸�¨�¥c£ÇÎ1¨�¶�´N«��X t¨y�X¬N£�©t¦��c t¨%¼���µt¥v¤x¥u��¤1¨�¥m�c£�¨y¢a�>¼
Ó ¨�Îx©t£��u£��l© ét�Zä��
Ì ¢�¢u t�/®a©*£�©¹á ä ² é/â ²5�c t¨$¥c¨�¤x¥u¨y¢m¨�©��X¡/�c£���©=¥u¨y¢mµxªÇ��¼��l¥�Ø���©t¨)ÙU¤�¨�¥c£���¶xÚv¥u£�¢u¬
§"¨y¡l¢uµt¥c¨�¢"Ø Þ  t¨��l¥c¨�§ ä���� Ún��¡l©*´�¨

��¡l¥u¥c£�¨y¶'�/¸�¨�¥��u�"�u x¨�§�µtª��u£�¤1¨�¥u£���¶È��¡l¢u¨ �
 ���� �W¡1�B¢ôèi¤5Üi¤¼¦ Ô#�

ρ : ×Tt=1Lp(Ω,Ft,P)→ R̄
Õ1�Sµ�Ñ�Ô7�

DT :=
{
f ∈ ×Tt=1L1(Ω,Ft,P) : ft ≥ 0 (t = 1, . . . , T ),

∑T
t=1E [ft] = 1

}
.

ª ÑXÑ^Ö�Ó�Ô��f�xÕ1� ρ Ñ�Õ1�_Ð�Ñ	FÔ)Ñ¼�f�xÔJ®7���f�@� ¨ Ðf�B�Í�����-�_Ðf�xÖ�Ðf�¯���bÏ����xÔ�Ï��I��±
zt,n ↑ zt,0

Õ © Ñ © (t = 1, ..., T ) ⇒ lim
n→∞

ρ(z1,n, ..., zT,n) = ρ(z1,0, ..., zT,0).

² �tÔ#� É �	�tÔ³®7�1�f�@� ¨ Ðf� �
Ô�´)Ö�Ðf�/Õ1��Ô7�S�cÔ¼�-�1�@µ/Ñ7±
ρ
Ó"Ö9���RÐ �xÔ�Ï^Ð���µ§�����tÔ�ÏuÔ#�-��Ï^Ð�ÑmÒ�Ó�ÔXÕCÑ^Ö�ÏuÔ ⇐⇒ ∃Pρ ⊆ DT

�����-�/Ô��
: ρ(z) = sup

{
−∑T

t=1E [ftzt] : f ∈ Pρ
}

¶ Ï����(® © � ¨=¼��lª�ª��/®Ý�u t¨=£�¶�¨y¡l¢��l¼�á ä ² é/â ²�´xµ���£�©Ë¥u¨�¸l¨�¥X¢u¨���¥c¶t¨�¥ � Ín´N¸�£��lµ1¢mª�«l²
ρ
£�¢��)�� t¨�¥c¨�©���£Ç¼%¡l©x¶ �l©tª�«¹£�¼

�u t¨'���l¥c¥u¨y¢m¤��l©1¶�£�©x¦��l©x¨)ÙU¤1¨�¥u£���¶*¥c£�¢u¬
§�¨�¡�¢mµt¥c¨
ρ′
�l©

Lp(Ω
′,F ′,P′) £�¢��)�� t¨�¥c¨�©���£�©°�c t¨�µx¢uµx¡>ª�¢u¨�©1¢m¨�²!®a t¨�¥c¨

(Ω′,F ′,P′) ¡>©x¶ ρ′ ¡>¥c¨A¶t¨)Îx©t¨y¶È¡l¢�¼��lª�ª��/®O¢ �
Ω′ := Ω× {1, ..., T}
F ′ :=

{⋃T
t=1 (At × {t}) : At ∈ Ft

}

P′
(⋃T

t=1 (At × {t})
)

:= 1
T

∑T
t=1 P(At)

ρ′(z′) := ρ (z(z′))
¡>©x¶

z(z′)
£�¢F¶t¨)Îx©t¨y¶'´N«

z(z′)(ω) := (z′(ω, 1), z′(ω, 2), ..., z′(ω, T ))
�qÞ  t¨��l¥c¨�§ ä���� ¢c¡C«N¢��u x¡>�F�c t¨�¥c¨v¨�³�£�¢m�c¢�¡

�)��©�¸�¨)³�¢u¨)�a�>¼q¶�¨�©x¢m£��j«�¼�µt©1�^�u£��l©1¢ P ′ρ ⊆ D
¢mµ1�X ��c x¡/�y²�¼��l¥

z ∈ ×Tt=1Lp(Ω,Ft,P)
²

ρ(z) = ρ′(z′(z)) = sup {−E′ [f ′z′] : f ′ ∈ P ′}
®a£Ç�c 

z′(z)(ω, t) := zt(ω)
�gp �>�c¨'�u 1¡/�$¡lª�¢u�
�u x¨��)��©x¶�£��u£��l©x¢%¼�¥u��§ Ó ¨)Î1©t£Ç�c£���© ét�Zä ¡l¥u¨�¨yÉ�µx£�¸/¡>ª�¨�©��%�c�=�c t��¢u¨

¼�¥u��§ Þ  t¨��l¥c¨�§ ät��� ¼��l¥
(Ω′,F ′,P′)  t¨�¥u¨ �qr «�¢m¨��m�u£�©t¦

Pρ :=

{
f =

(
1

T
f ′(., 1),

1

T
f ′(., 2), ...,

1

T
f ′(., T )

)
: f ′ ∈ P ′ρ

}

�u t¨%¡�¢u¢u¨�¥u�u£��l©�¼��lª�ª��/®O¢ � �
p �/®Â®�¨%¡>¥c¨�¥u¨y¡l¶�«��c��¨)³N�u¨�©x¶ Ó ¨�Îx©t£��u£��l© ä��Zä �u�"�u t¨�§$µtª��u£�¤1¨�¥u£���¶���¡l¢u¨ �

�§� ¸�¹;º�»�ºI�W¹¬èe¤5ßi¤ Ì §�µtª��u£�¤1¨�¥u£���¶%¥c£�¢u¬A§�¨�¡l¢uµt¥c¨
ρ
�l© ×Tt=1Lp(Ω,Ft,P)

®a£Ç�c 
p ∈ [1,∞]

£�¢���¡>ª�ª�¨y¶�Ó"Ö9���RÐ �xÔ�Ï^Ð���µ
�N�������tÔ�µ>ÏuÕ1�a£�¼��u t¨�¥u¨'¡l¥u¨

kt ∈ N
²
ct ∈ Rkt

²
t = 1, . . . , T

²
wtτ ∈ Rkt−τ

²
t = 1, . . . , T

²
τ = 0, ..., t − 1

²�¡
¤1��ª�«N t¨y¶�¥X¡>ª5¢m¨��

Y1 ⊆ Rk1
²1¡>©x¶�¤1��ª�«N t¨y¶�¥X¡>ª!�)��©t¨�¢

Yt ⊆ Rkt
²
t = 2, . . . , T

²t¢mµ1�X ��c x¡/�

Ø éx��� Ú
ρ(z) = inf



E

[
T∑

t=1

〈ct, yt〉
] ∣∣∣∣∣∣

yt ∈ Lp(Ω,Ft,P;Rkt),
yt ∈ Yt,∑t−1
τ=0〈wt,τ , yt−τ 〉 = zt

(t = 1, . . . , T )



 .



LNMGO�PGQSR9TGUWVSOXUZY5[#\^]_R9VS[#`SUWRN[�Y5ab[7cWMedNQSVG[7c-YfdgL9U-MihGUZVG]j]_Y.aGh ∗ õ
¿ Ô�Ó�Õ>ÏuÒ ét� m © Þ  t¨�¥u¨y¡l¶�¨�¥F§�£�¦l ���®F��©x¶�¨�¥F®a N«l²�¼��l¥ T = 2

²��u x£�¢a¶�¨�Îx©t£��u£��l©�¶��N¨�¢�©t�>��¤t¥c¨��)£�¢u¨�ª�«����l£�©x�)£�¶�¨�®a£Ç�c 
�u t¨ Ó ¨)Îx©x£Ç�c£���© ät� ä ¼��l¥��c t¨��l©t¨�Ù_¤�¨�¥c£���¶°��¡l¢u¨ �"Þ  t£�¢A£�¢�¶�µx¨$�c���u t¨"¼3¡l�)�A�u x¡>��²!£�©¿�u t¨�ª�£Ç�c¨�¥X¡/�uµx¥u¨�²b�u t¨�¥c£�¢u¬
�>¼
¡�¤t¥c���)¨�¢c¢

z1, ..., zT
£�¢�¡>ª�ª��/®�¨�¶��c��¶�¨�¤1¨�©x¶*¡lª�¢u�'�l©

z1
¡>ª��u t��µt¦l È�c t£�¢v¸/¡>ª�µt¨$£�¢��)��©x¢j�X¡>©���²�£ � ¨ � ²5¶�¨��u¨�¥c§�£�©x£�¢m�u£��

Ø3¢u¨�¨$á ä ² é ² ä�äyâ Ú)²�®a t¨�¥c¨�¡�¢���©t¨)ÙU¤1¨�¥u£���¶�¥u£�¢u¬�¶t¨�¤�¨�©x¶t¢���©'�l©t¨�¢u��¡>ª�¡>¥F¥c¡l©x¶��l§Å¸/¡>¥c£�¡l´tª�¨O�l©tª�« �qp ¨�¸l¨�¥m�c t¨�ª�¨�¢c¢�²l�c t¨
�l©t¨�Ù_¤�¨�¥c£��N¶È��¡l¢u¨���¡l©
´1¨$¥u¨�¦�¡>¥X¶�¨y¶�¡�¢v¡'¢u¤�¨��)£�¡>ª���¡�¢m¨%�l¼ Ó ¨�Îx©t£��u£��l© éx�Zì ´�¨���¡>µx¢u¨%¼���¥

T = 2
�u t¨$¤x¡>¥X¡>§�¨)�c¨�¥X¢

Y1
²
c1
¡l©x¶

w1,0
��¡l©�¨y¡l¢u£�ª�«'´�¨%¢m¨��v¢mµx�X ��u 1¡/�

z1
¶��N¨�¢�©t�l�v�)�l©��c¥u£�´tµ��c¨n�c���u t¨A��¤��u£�§�¡>ª!¸/¡>ª�µt¨A�>¼aØ éx��� Ú �

 ���� �W¡1�B¢ôèi¤5ái¤¼¦ Ô#�
ρ
ÃXÔ$Õ�®XÖ9�Z�#�RÐ�����Õ��;�(®¼�	�tÔ³®7�/Ï^Ó �%Ò�©fÇ �§��� ×Tt=1Lp(Ω,Ft,P) ©jª ÑcÑ^Ö�Ó�Ô

� Ð �È���>Óv�S��Ô7�IÔ�ÏuÔ����>Ö�ÏXÑ�Ô�± 〈wt,0, Yt〉 = R (t = 1, ..., T ) É
� Ð~Ð �Èµ>ÖxÕ1��®)ÔXÕ/ÑXÐ�Ã�Ðf��Ðf�¯��± {u ∈ RT : −

(
ct +

∑T
ν=t uνwν,ν−t

)
∈ Y ∗t (t = 1, ..., T )

}
6= ∅ ©² �tÔ#�

ρ
Ð�Ñ ¦ Ð �1Ñ#���NÐf�	ÊÏ�����-�_Ðf�xÖ-�/ÖNÑ��1� ×Tt=1Lp(Ω,Ft,P)

Õ1�Sµ"�f�xÔq®7�1�f�.� ¨ Ðf� �!µ>ÖxÕ1�bÏuÔ%��ÏuÔ)Ñ�Ô7�W�UÕ��RÐ����Ý�N���@µCÑ ¨ �tÔ#�-ÁÔ7�/Ô�Ï
p ∈ (1,∞)

Õ1�Sµ 1
p + 1

p′ = 1
±

Ø éx� ä Ú

ρ(z) = sup





−E
[∑T

t=1 λtzt

]

+ inf
y1∈Y1

〈
c1 +

∑T
ν=1E [λν ]wν,ν−1, y1

〉

∣∣∣∣∣∣∣

λt ∈ Lp′(Ω,Ft,P) (t = 1, . . . , T ),

−
(
ct +

∑T
ν=t E [λν |Ft]wν,ν−t

)
∈ Y ∗t

(t = 2, ..., T )




.

Ð ® É Ðf�Õ�µ�µ>Ðf�RÐ���� É Y1
Ð�Ñ%Õ��N�������tÔ�µ>ÏuÕ1�q���1��Ô É��%Ò�©.Æ ��Ñ^Ð~Óv�S��Ð FÔ)Ñ¼�D�

Ø éx� é Ú
ρ(z) = sup

{
−E

[
T∑

t=1

λtzt

] ∣∣∣∣∣
λt ∈ Lp′(Ω,Ft,P),

−
(
ct +

∑T
ν=t E [λν |Ft]wν,ν−t

)
∈ Y ∗t

(t = 1, ..., T )

}
.

¶ Ï����(® © ¡�Ú � ¨�Îx¥X¢j�%¤t¥c�/¸l¨"�c t¨ � £�¤x¢c�X t£Ç�c±'�)��©��c£�©Nµt£��j«*�l¼ ρ � � ¨)� z̄, z̃ ∈ ×Tt=1Lp(Ω,Ft,P)
¡l©x¶

ε > 0
� Ó µt¨

�u�����l§�¤tª�¨)�c¨�¥u¨y�)�lµx¥c¢u¨%¡>©x¶È¶�µ1¡>ª!¼�¨y¡l¢u£�´x£�ª�£Ç�j«
ρ(z̄)

¡l©x¶
ρ(z̃)

¡>¥c¨AÎx©t£��u¨�ØR¢m¨�¨%¤x¡>¥u�v´1Úa�>¼8�u t¨$¤t¥u�N�l¼cÚa¡>©1¶��u t¨�¥u¨
¨)³�£�¢j�X¢

ȳ ∈ ×Tt=1Lp(Ω,Ft,P;Rkt)
¢mµ1�X ��c x¡/�

ȳt ∈ Yt
¡l©x¶ ∑t−1

τ=0〈wt,τ , ȳt−τ 〉 = z̄t
¼��l¥a¡lª�ª

t = 1, ..., T
²�£ � ¨ � ²

ȳ£�¢�¼�¨y¡l¢u£�´xª�¨�²t¡>©x¶
f(ȳ) ≤ ρ(z̄) + ε

²�£ � ¨ � ²
ȳ
£�¢
ε
Ù_��¤��u£�§�¡>ª �q¾ ¨�¥c¨l²

f
£�¢v¶�¨)Îx©x¨�¶�´�«

f : ×Tt=1Lp
(
Ω,Ft,P;Rkt

)
→ R , f(y) := E

[∑T
t=1〈ct, yt〉

]
.

p ¨�³���®�¨�¢u t�/® �u 1¡/���u t¨�¥u¨�¨)³�£�¢j�a¡$���l©x¢m�c¡l©��
LM > 0

¡>©x¶�¡>©'¨�ª�¨�§"¨�©��
ỹ ∈ ×Tt=1Lp(Ω,Ft,P;Rkt)

¢mµx�X ��u x¡>�
‖ȳ − ỹ‖RK ≤ LM ‖z̄ − z̃‖RT

¡>©x¶��c x¡/�
ỹt ∈ Yt

¡l©x¶ ∑t−1
τ=0〈wt,τ , ỹt−τ 〉 = z̃t

¼���¥
t = 1, ..., T

�
Þ �$¤t¥c�/¸l¨��u x£�¢�®�¨OÎx¥X¢j��©t�>�c¨v�c x¡/�y²�¼��l¥�¨�¡l�X 

t = 1, . . . , T
²l�c t¨�¦l¥X¡>¤t ��l¼5�u t¨A¢m¨��mÙU¸/¡>ª�µt¨�¶�§�¡l¤t¤t£�©t¦

Mt
¼�¥c�l§

R�u�
Rkt

¦l£�¸l¨�©�´N«
Mt(u) := {yt ∈ Yt : 〈wt,0, yt〉 = u} (u ∈ R)

£�¢�¤1��ª�«N t¨y¶�¥X¡>ª ��¾ ¨�©x��¨l²
Mt

£�¢ � £�¤x¢u�X x£Ç�c±'�)�l©��c£�©Nµt��µx¢�®a£��u ·¥c¨�¢u¤1¨y�^�%�c�
�u x¨ ¾ ¡lµx¢u¶t�l¥u½Ã¶�£�¢j�X¡>©x��¨
dH

�l©�c t¨
�)ª���¢u¨�¶�¢mµx´x¢m¨��c¢��l¼

Rkt
Ø3¢u¨�¨�á é�mCâ ²!á ä�ì ²-êq³t¡>§�¤tª�¨%å � é ã â Ú^²N£ � ¨ � ²t�u t¨�¥u¨A¨)³�£�¢j�v���l©x¢m�c¡l©��c¢

LMt > 0
¢uµx�X ��c x¡/�

dH (Mt(ū),Mt(ũ)) = max

{
sup

y∈Mt(ū)

d (y,Mt(ũ)) , sup
y∈Mt(ũ)

d (y,Mt(ū))

}
≤ LMt |ū− ũ|

 t�lª�¶t¢�¼���¥O¡>ª�ª
ū
¡l©x¶

ũ
£�©
R ��Þ  Nµx¢�²N¼��l¥O¡lª�ª ū, ũ ∈ R ¡>©1¶ ȳ ∈Mt(ū)

²t®�¨A x¡C¸l¨n�u 1¡/�
Ø éx� çNÚ

LMt |ū− ũ| ≥ sup
y∈Mt(ū)

d (y,Mt(ũ)) ≥ d (ȳ,Mt(ũ)) = min
y∈Mt(ũ)

‖ȳ − y‖ .
� ¨�¤x¥u�/¸�¨O�u x¨�¨)³�£�¢m�u¨�©x�)¨��l¼

ỹ
´N«'¸�¨�¥c£Ç¼�«N£�©t¦$�u t¨A¼���ª�ª��/®a£�©x¦�¡�¢u¢u¨�¥u�u£��l©�´N«'£�©1¶�µx�^�c£���©È®a£Ç�c �¥c¨�¢u¤�¨��^���c�

t �
∀ t ∈ {1, ..., T} ∃Lt > 0 ∃ ỹt ∈ Lp(Ω,Ft,P;Rkt) :�l� ‖ȳt − ỹt‖ ≤ Lt ‖(z̄1, ..., z̄t)− (z̃1, ..., z̃t)‖ , P−

¡ � ¢ �
,ä��

ỹt ∈ Yt,
∑t−1

τ=0〈wt,τ , ỹt−τ 〉 = z̃t , P−
¡ � ¢ �

.

t = 1 � �N¨�� ū := z̄1
²
ũ := z̃1

²N�u t¨�©!²1¶tµt¨��u�=Ø éx� çNÚ^² ∃ ỹ1 ∈M1(ũ) : ‖ȳ1 − ỹ1‖ ≤ LM1 |ū− ũ| = LM1 |z̄1 − z̃1|
t− 1 y t � � ¨$¢u¨)� ū := z̄t −

∑t−1
τ=1〈wt,τ , ȳt−τ 〉

²
ũ := z̃t −

∑t−1
τ=1〈wt,τ , ỹt−τ 〉

¡>©1¶
�)�l©1¢m£�¶�¨�¥v�u t¨�¼��lª�ª��/®a£�©t¦
¢m¨��mÙU¸/¡>ª�µt¨�¶�§�¡>¤t¤t£�©t¦�¢�¼�¥u��§

Ω
�c�
Rkt

¦l£�¸l¨�©�´N«

ω 7→Mt (ū(ω))
¡>©x¶

ω 7→ min
y∈Mt(ũ(ω))

‖ȳt(ω)− y‖.



LNMGO�PGQSR9TGUWVSOXUZY5[#\^]_R9VS[#`SUWRN[�Y5ab[7cWMedNQSVG[7c-YfdgL9U-MihGUZVG]j]_Y.aGh ∗ ö
r �>�u ¿¡>¥c¨$§�¨y¡l¢uµt¥c¡l´tª�¨�®a£��u ¥u¨y¢m¤�¨��)�n�c���u t¨

σ
Ù_Îx¨�ª�¶ Ft

¶�µt¨"�u���u x¨"£�©x¶�µ1�^�u£��l©¿ N«N¤1�l�u t¨y¢m£�¢A¡>©x¶°®F¨�ª�ª8¬N©t�/®a©
§�¨�¡l¢uµt¥X¡>´t£�ª�£Ç�j«"¥u¨y¢mµxªÇ�X¢-¼���¥a¢m¨��mÙU¸C¡lª�µx¨�¶�§�¡>¤x¤t£�©x¦�¢AØ�¨ � ¦ � ²bá ä�ì ² Þ  t¨��l¥c¨�§ � ç � é�ê/â Ú �8¾ ¨�©x�)¨�²N¶tµt¨��u��á ä�ì ² Þ  t¨���¥u¨�§
� ç � éNìyâ �c t¨�¥c¨'¨)³�£�¢j�X¢$¡=§"¨y¡l¢uµt¥X¡>´tª�¨'¢m¨�ª�¨y�^�c£���©

ỹt
�>¼a�u x¨�¢u¨��)��©x¶§�¡>¤t¤x£�©t¦ � º ¥u��§ Ø ét� ç�Ú�¡l©x¶�u x¨�£�©x¶�µx�)�u£��l©

 N«�¤��>�c t¨�¢u£�¢�®F¨A�l´t�c¡>£�©��u t¨�¨y¢j�c£�§�¡/�c¨

‖ȳt(ω)− ỹt(ω)‖ ≤ LMt |ū(ω)− ũ(ω)|
= LMt

∣∣∣z̄t(ω)− z̃t(ω)−∑t−1
τ=1 〈wt,τ , ȳt−τ (ω)− ỹt−τ (ω)〉

∣∣∣
≤ LMt

(
|z̄t(ω)− z̃t(ω)|+∑t−1

τ=1 ‖wt,τ‖ ‖ȳt−τ (ω)− ỹt−τ (ω)‖
)

≤ LMt L̂t ‖(z̄1(ω), ..., z̄t(ω))− (z̃1(ω), ..., z̃t(ω))‖
®a£Ç�c �¢u�l§�¨n���l©x¢m�c¡l©��

L̂t
� o ��¥u¨��/¸l¨�¥y²

ỹt(.)
´�¨�ª��l©t¦�¢��c�

Lp
¢u£�©1�)¨

ȳ
²
z̄
¡l©x¶

z̃
¶��"¢u� �8Þ  Nµx¢�²��c t¨�£�©x¶tµx�^�c£���©�¢m�u¨�¤

£�¢�¤x¥u�/¸�¨�¶�¡l©x¶��u t¨�¥u¨A¨�³N£�¢m�c¢a¡��)��©x¢j�X¡>©��
LM

Ø3�l©tª�«�¶�¨�¤1¨�©x¶�£�©t¦��l©
T
¡>©x¶

L1, . . . , LT
Ú�¢uµx�X ��u x¡>�

‖ȳ(ω)− ỹ(ω)‖ ≤ LM ‖z̄(ω)− z̃(ω)‖ (ω ∈ Ω).
Ív¼����lµt¥X¢m¨�²N�u t¨���´9tj¨��)�u£�¸l¨

f
£�¢ � £�¤x¢c�X t£��u±��)��©��c£�©Nµt��µx¢�²t¢u¡C«�²�®a£��u 
§���¶�µtª�µx¢

Lf > 0
�8¾ ¨�©x��¨l²t®�¨A�l´��X¡>£�©

ρ(z̃)− ρ(z̄) ≤ ρ(z̃)− f(ȳ) + ε ≤ f(ỹ)− f(ȳ) + ε ≤ |f(ỹ)− f(ȳ)|+ ε
≤ LfE [‖ỹ − ȳ‖RK ] + ε ≤ Lf (LME [‖z̄ − z̃‖RT ]) + ε

= Lf

(
LM ‖z̄ − z̃‖×Tt=1L1(Ω,Ft,P)

)
+ ε.

�N£�©x�)¨
ε
®�¡l¢��X t��¢m¨�©Ã¡>¥c´t£��u¥X¡>¥c£�ª�«l²-®F¨� x¡C¸l¨

ρ(z̃) − ρ(z̄) ≤ LfLM ‖z̄ − z̃‖
� æF x¡>©x¦l£�©t¦*�c t¨
¥c�lª�¨��l¼

z̄
¡>©x¶

z̃
ª�¨y¡l¶t¢��c� |ρ(z̃)− ρ(z̄)| ≤ LfLM ‖z̄ − z̃‖

²�£ � ¨ � ² � £�¤1¢u�X t£��u±=���l©��u£�©Nµt£��j«¹ t��ª�¶t¢'�l© ×Tt=1L1(Ω,Ft,P)
®a£��u 

§��N¶tµtª�µ1¢
L = LfLM

�qÄ ©��uµt¥c©!²��c t£�¢a£�§�¤tª�£�¨�¢ � £�¤x¢c�X t£��u±%�)��©��u£�©�µx£Ç�j«'��© ×Tt=1Lp(Ω,Ft,P)
�

´1Ú p �/®À®�¨�¤x¥u�/¸�¨n�c t¨�¶�µ1¡>ª!¥c¨�¤t¥c¨�¢u¨�©��X¡/�u£��l©¿Ø éx� é Ú��>¼
ρ
�³� ¨�§�¡>¬�¨�µx¢u¨A�l¼6�c t¨%¥c¨�¢uµtª��c¢��>¼�á m/â ¡l©x¶¿á äléCâ ²�¢m¨�¨

¡>ª�¢m��á ä>êCâU��Þ  t¨%¢m�u���X x¡l¢m�u£��n¤t¥u��¦l¥X¡>§ Ø ét��� ÚF£�¢O�>¼��c t¨A¼��l¥c§ � ØR� à Ú�£�©á m ²x�N¨y�^�c£���© é>â ²�£ � ¨ � ²
min

{〈
y, c+

〉
|y ∈ KE , T y − b ∈ KF

}

®a£Ç�c À�u t¨·¢u¤x¡l��¨�¢
E = Lp(Ω,F ,P;RK)

²
K :=

∑T
t=1 kt

²
F = Lp(Ω,F ,P;RT )

²%¶tµx¡>ª�¢u¤x¡��)¨�¢
E+ =

Lp′(Ω,F ,P;RK)
²
F+ = Lp′(Ω,F ,P;RT )

²t�)�l©x¨�¢
ΩE = {y ∈ E : yt ∈ Yt

¡ � ¢ �
(t = 1, ..., T )} ² ΩF = {0} ⊆

F
²
KE = PEE ∩ ΩE = PEΩE

¡>©1¶
KF = P−1

F ΩF = {v ∈ F : E [vt|Ft] = 0 (t = 1, ..., T )} �È¾ ¨�¥c¨l² PE£�¢O�u t¨�¤t¥u��tj¨��)�u£��l©È¦l£�¸l¨�©
´�«
PEy = (E [y1|F1] ,E [y2|F2] , . . . ,E [yT |FT ])

′ ¡>©1¶
PF
²
PE+

²
PF+

¡>¥c¨%¶�¨)Îx©x¨�¶
¡>©x¡lª���¦l��µx¢mª�«l²

c+ = (c′1, ..., c
′
T )
′ ∈ E+ Ø3���l©x¢m�c¡l©��"�l©

Ω
Ú)²
b = (z1, ..., zT )

′ ∈ F
¡>©x¶

T : E → F
£�¢��u x¨

§�¡>¤t¤t£�©t¦�¶�¨�Îx©t¨�¶�´N«
(Tu)(·) = A (u(·)) ®a£��u ��c t¨�§�¡/�u¥c£�³

A =




w′1,0 0 0 · · · 0
w′2,1 w′2,0 0 · · · 0

w′3,2 w′3,1 w′3,0

� � �
0��� ��� ��� � � �
0

w′T,T−1 w′T,T−2 w′T,T−3 · · · w′T,0



∈ RT×K .

p �l�u¨a�c x¡/�
A
£�¢F¡Aª��/®�¨�¥q´tª����X¬��c¥u£�¡>©x¦lµtª�¡>¥q§�¡/�c¥u£�³��c x¡/�F£�¢F�)�l©1¢j�X¡>©����l©

Ω
�qÞ  t¨v�)��¥u¥c¨�¢u¤��l©x¶�£�©t¦�¶�µx¡lªx¤t¥c�l¦�¥c¡l§

ØR� à_÷ Ú�£�©¿á mCâ £�¢a�l¼��u x¨A¼��l¥c§
max

{〈
b, v+

〉 ∣∣c+ − T+v+ ∈ K+
E , v

+ ∈ K+
F

}
.

º µt¥u�u x¨�¥y²�£���£�¢$¢u t�/®a©£�© á m>â �c x¡/�$�u t¨�¶�µx¡>ª��)��©t¨�¢$¡>¥c¨��>¼��u t¨�¼��l¥c§
K+
F = PF+Ω+

F = PF+F+ ∩ Ω+
F

¡>©x¶
K+
E = (PE+)−1Ω+

E =
{
y+ ∈ E+ :

(
E
[
y+

1 |F1

]
, . . . ,E

[
y+
T |FT

])
∈ Ω+

E

} �
Þ ¥X¡>©1¢mª�¡/�c¨�¶'´1¡l�X¬'£�©��u���lµt¥a©x�>�c¡>�u£��l©��u t£�¢a´�¨����l§�¨�¢�ØR¢m¨��m�u£�©t¦

λ = −v+ Ú

max

{
−E

[∑T
t=1λtzt

] ∣∣∣∣
c+ +A′λ ∈ K+

E

λt ∈ Lp′(Ω,Ft,P), t = 1, . . . , T

}
=: ρ̄(z).

� <�i8pCW_i�P_Tyi8W_pC[>ij\3W_Sj\RYZ[�P
+
TCij\3i�PRQFYZeCdyYZSuVcPRi�PRTCi�dyp/VXf�Q^o�|RijSIPRWu�CY�, i^,Z��dCp/VXflW_[CVXSmi^��})ijSjPRQ^\3W6YZeadCpCVXf�WR[/VXSjimWm�/VXdX|3Q^YZe)P5Q^[>im\RVcPRQ^\m�

dCpCVXf�SjQ^eCi^��z�TCij\RimVXWFPRTCiaWRpC[>im\3W_Sj\3YZ[yP ∗ dCijeCQXPRijWFPRTCia[>Q^f�VX\-SjQ^eCiOVXeyd A′ � w′ VX\Ri�PRTCi�PR\_VXeCWR[>Q^W_iOQXs!`OVcP_\3Y k A VXeCd$})ijSIPRQ^\ w �\3ijW_[>ijSjPRY })ijf g),5:6QXPRi8PRT/VcP6s�Q^\�V�SjQ^eCi
C
Y P!TCQ^fZdyW�PRT/VcP

C+ = −C∗ W_YZeCSji C+ =
˘
c+ :

˙
c, c+

¸
≥ 0 ∀ c ∈ C

¯ ,



LNMGO�PGQSR9TGUWVSOXUZY5[#\^]_R9VS[#`SUWRN[�Y5ab[7cWMedNQSVG[7c-YfdgL9U-MihGUZVG]j]_Y.aGh ∗ K(ø
Þ  t£�¢F£�¢�¨)³t¡l�)�uª�«
Ø ét� é ÚF¢u£�©x��¨

A
¡l©x¶

c+
¡>¥c¨n�)��©x¢m�c¡>©����l©

Ω
Ø~�c �µ1¢

(T+v+)(ω) = A′v+(ω)
Ú�¡l©x¶'£��� x�lª�¶t¢F�u x¡>�

Ω+
E =

{
y+ ∈ E+ : −y+

t ∈ Y ∗t P−
¡ � ¢ � } �

Ä �F¥c¨�§�¡>£�©x¢��u��¤x¥u�/¸�¨a�u x¡>��Ø ét��� Ú�¡l©x¶=Ø ét� é Ú8 x¡C¸�¨a�u x¨�¢c¡>§�¨O��¤��u£�§�¡>ª�¸C¡lª�µx¨�¢�²�£ � ¨ � ²�¢m�u¥c�l©t¦$¶�µx¡>ª�£��j«l²
ρ̄(z) = ρ(z)

�
Þ �'�u t£�¢�¨�©x¶5²b©t�l�u¨��u x¡>��Ø ét� é Úa£�¢v�u t¨�Ø3�)��©x��¡C¸�¨yÚa¶tµx¡>ª�£�©

E+ �>¼q�c t¨��)�l©N¸�¨)³È¤t¥u��¦l¥X¡>§ Ø ét��� ÚO£�©=�u t¨"¥u¨#sx¨)³�£�¸l¨
¥u¨y¡>ª r ¡>©x¡��X �¢u¤x¡��)¨

E
� æF�l§�¤tª�¨)�c¨�¥u¨y�)�lµx¥c¢u¨l²�¶�µx¡lªb¼�¨�¡�¢m£�´t£�ª�£��j«l²x¡l©x¶ � ¨�§�§�¡ � £�©á ä>éCâ ¨�©x¢uµt¥u¨��c x¡/�

−∞ < ρ̄(z) ≤ ρ(z) < +∞
Ø�®�¨�¡l¬�¶�µx¡lª�£��j«tÚ � Ó µt¨��c� Þ  t¨���¥u¨�§ ì £�©
á ä>é/â ²�©t�l¥c§�¡>ª�£Ç�j«�£�§�¤tª�£�¨�¢-¢j�c¥u��©t¦�¶�µx¡>ª�£��j« ��p �l¥c§�¡>ª�£Ç�j«�§"¨y¡>©x¢aØR�^¼ � á ä>éCâ Ú
�u x¡>��¼��l¥a�c t¨A¤1¨�¥m�cµt¥u´�¨�¶�¤t¥c�l´xª�¨�§ ¦l£�¸l¨�©�´N«

min
{〈
y, c+

〉
|y ∈ KE , T y − b− a ∈ KF

}
= ρ (z + PEa)

®a£Ç�c *¤�¨�¥u�uµt¥c´x¡>�u£��l©
a ∈ E £��� x�lª�¶t¢O�c x¡/�

lim infa→0 ρ (z + PEa) = ρ (z)
��Þ  x¨$ª�¡/�u�u¨�¥A�)��©x¶�£��u£��l©!²b t�/®�¨�¸�¨�¥y²

£�¢a¢c¡/�c£�¢mÎx¨y¶�¢u£�©1�)¨
ρ
£�¢a¨�¸�¨�© � £�¤x¢u�X x£Ç�c±A���l©��u£�©Nµt�lµ1¢ �qÞ  Nµx¢�£��O t�lª�¶t¢�£�©x¶�¨�¨y¶

ρ̄(z) = ρ(z)
�

��Ú º £�©x¡lª�ª�«l²N®�¨n´x¥u£�¨7sx«�¢u¬l¨��c�X '�c t¨�¨)³N�u¨�©x¢m£��l©��>¼!�c t¨�¤t¥u�N�l¼!¼��l¥F�u t¨�¶�µ1¡>ªb¥u¨�¤t¥c¨�¢u¨�©��c¡>�u£��l©=Ø éx� ä Ú^²N£ � ¨ � ²N¼���¥-�c t¨
��¡�¢m¨��c x¡/�

Y1 ⊆ Rk1
£�¢Ï�Z���O¡'�)��©t¨�´xµ���¡�¤��lª�«N t¨�¶t¥c¡lª6¢u¨)� � � ¨��

Y1
´�¨�¦l£�¸l¨�©
´N«È¡'§�¡>�u¥c£Ç³

D ∈ Rm×k1
¡>©x¶

¡�¸l¨y�^�u��¥
a ∈ Rm ®a£��u =¢u�l§�¨

m ∈ N ²1£ � ¨ � ² Y1 =
{
y1 ∈ Rk1 : Dy1 ≥ a

} ��Þ  t¨����l©x¶t£Ç�c£���©
y1 ∈ Y1

 x¡l¢O�u��´�¨
£�©��c¨�¦l¥X¡/�c¨�¶�£�©��u�$�u t¨����l©x¶�£��u£��l©

Ty− b ∈ KF
£�©�¤x¡l¥m��´1ÚF�>¼!�c t¨A¤t¥c���l¼ �qÞ  t¨�¥c¨)¼���¥u¨�²l�c t¨�¼��lª�ª��/®a£�©t¦$¶t¨)Îx©t£��u£��l©1¢

 x¡C¸l¨n�u��¥c¨�¤tª�¡l��¨��u t¨�¨y¡>¥cª�£�¨�¥��l©x¨�¢ �
F = Lp(Ω,F ,P;Rm+T ), ΩE =

{
y ∈ E : y1 ∈ Rk1 , yt ∈ Yt

¡ � ¢ �
(t = 2, ..., T )

}
, ΩF = Rm+ × {0}T

¡>©x¶��u x¨�§�¡>�u¥c£Ç³
A
¡>©x¶�¡>©x¶��c t¨�¸l¨y�^�u��¥

b
 x¡C¸�¨n�c��´1¨�¥c¨�¤tª�¡l��¨�¶�´N«

Ã :=

(
D 0 · · · 0

A

)
∈ R(m+T )×K ,

¡>©1¶
b̃ :=

(
a
b

) ®a£��u 
b = (z1, . . . , zT )′ ,

¥u¨y¢m¤�¨��)�u£�¸l¨�ª�« �'Þ  t£�¢%ª�¨y¡l¶t¢��c�
m
¡l¶t¶t£Ç�c£���©x¡>ªOØR¢u��¡>ª�¡>¥y²!©t�l©tÙ_¥X¡>©x¶t�l§'Ú�¶�µx¡>ª-¸C¡l¥u£�¡>´xª�¨y¢

v1, ..., vm
¡>©x¶°�c t¨�¶�µx¡lª

¤t¥c�l¦l¥X¡>§Ê¥c¨�¡�¶t¢

sup




〈a, v〉 − E

[
T∑

t=1

λtzt

]
∣∣∣∣∣∣∣∣

v ∈ Rm+ , λt ∈ Lp′(Ω,Ft,P) (t = 1, . . . , T ),

−
(
c1 +

∑T
ν=1 E [λν ]wν,ν−1

)
+D′v = 0,

−
(
ct +

∑T
ν=t E [λν |Ft]wν,ν−t

)
∈ Y ∗t (t = 2, ..., T )




.

Ä ©x¶�¨�¨�¶5²N�c t£�¢O£�¢a¨yÉ�µt£�¸/¡lª�¨�©����c�ÈØ ét�Zä Ú�¢u£�©1�)¨ � à ¶�µx¡lª�£��j«'ª�¨�¡�¶��c�

inf
y1∈Y1

〈
c1 +

∑T
ν=1E [λν ]wν,ν−1, y1

〉
= min {〈h, y1〉 : Dy1 ≤ a} = max

{
〈a, v〉 : D′v = h, v ∈ Rm+

}
,

®a t¨�¥c¨
h := c1 +

∑T
ν=1 E [λν ]wν,ν−1

��Þ  t£�¢a�)��§"¤xª�¨��u¨�¢��c t¨�¤t¥c�N�>¼ � �
#Ï�-¡1�ZÔ�Ô�ÕN¡�ÖÍèe¤�¥9åi¤�� ¨)�

ρ
´1¨�¡a¼�µt©1�^�u£��l©1¡>ªl��© ×Tt=1Lp(Ω,Ft,P)

�>¼��c t¨�¼���¥u§ÊØ éx��� Úb®a£��u 
Y1
´�¨�£�©t¦n¡O¤1��ª�«N t¨y¶�¥c¡lª

�)��©t¨ � � ¨��a�u t¨%���l©x¶t£Ç�c£���©x¢��>¼ Þ  t¨���¥u¨�§ ét� å"´1¨%¢c¡/�c£�¢mÎx¨�¶¿Ø3���l§�¤tª�¨)�c¨�¥c¨����lµt¥X¢u¨l²�¶�µx¡lª5¼�¨�¡�¢m£�´t£�ª�£��j«tÚF¡l©x¶È¡l¢c¢mµx§"¨

Ø éx� ã�Ú
Λρ :=

{
λ ∈ ×Tt=1Lp′(Ω,Ft,P)

∣∣∣−
(
ct +

∑T
ν=tE [λν |Ft]wν,ν−t

)
∈ Y ∗t (t = 1, ..., T )

}
⊆ DT .

Þ  t¨�©
ρ
£�¢a¡�§�µtª��u£�¤�¨�¥c£���¶��)�l x¨�¥c¨�©��a¥u£�¢m¬�§"¨y¡l¢uµt¥c¨ �

¶ Ï����(® © Ì ¢F¼��l¥væF��¥u��ª�ª�¡>¥c« ät� ãt²���©tª�«��u t¨��)��©��u£�©�µx£Ç�j«��)��©x¶�£��u£��l©�¼�¥u��§ Þ  t¨���¥u¨�§ éx� ê ©t¨�¨�¶t¢F�u�"´�¨n¸�¨�¥c£ÇÎx¨y¶' t¨�¥u¨�²
¢m£�©x��¨ Pρ := Λρ

¶t��¨y¢6�u t¨;tj�l´ �8Þ  t£�¢6���l©��u£�©Nµt£��j«%�)�l©1¶�£Ç�c£���©!²C t�/®�¨�¸l¨�¥�²y£�¢�¡l¦�¡l£�©�¡n�)��©x¢m¨yÉ�µt¨�©x��¨-�l¼��u t¨ � £�¤x¢c�X t£��u±
�)��©��c£�©Nµt£��j«'�l¼

ρ
¡l©x¶'�c t¨�§��l©t�l�u��©t¨��)�l©N¸�¨�¥c¦l¨�©1�)¨O�c t¨���¥u¨�§ � �

	�àiÕ-¢^Ù�ÔI�}èe¤�¥Z¥W¤ Ì ¢m�u¥X¡>£�¦l ��u¼��l¥c®�¡l¥c¶"¡>¤t¤x¥u��¡l�X "�u�$£�©x���l¥c¤1��¥c¡>�u¨a¥c£�¢u¬"£�©��c¨�¥c§�¢��>¼5�c t¨AæF��©x¶�£��u£��l©x¡lªÇÙUë�¡>ª�µt¨�ÙU¡>�mÙ
ß £�¢m¬�¡>�O¡>ª�ª5�u£�§�¨%¢j�X¡>¦l¨y¢��)�l©1¢m£�¢j�X¢�£�©
���l©x¢u£�¶t¨�¥c£�©t¦�¡"®F¨�£�¦� ��u¨�¶�¢uµt§

ρ1(z) :=
T∑

t=2

γtCV aRαt(zt)



LNMGO�PGQSR9TGUWVSOXUZY5[#\^]_R9VS[#`SUWRN[�Y5ab[7cWMedNQSVG[7c-YfdgL9U-MihGUZVG]j]_Y.aGh ∗ K�K
®a£Ç�c �¢u�l§�¨�®F¨�£�¦� ��c¢

γt ≥ 0
Ø�¨ � ¦ �

γt = 1
T−1 )

¡>©x¶�¢m��§�¨����l©�Î1¶t¨�©x��¨�ª�¨�¸�¨�ª�¢
α2, α3, ..., αT ∈ (0, 1)

��p �>�c¨n�c x¡/�
ρ1(z) =

∑T
t=2 γt infrt∈R

{
rt + 1

αt
E
[
(zt + rt)

−
]}

= inf(r2,...,rT )∈RT−1

{∑T
t=2 γt

(
rt + 1

αt
E
[
(zt + rt)

−
])}

= inf





T∑

t=2

γt

(
rt +

1

αt
E
[
y

(2)
t

])
∣∣∣∣∣∣∣

y
(1)
t − y(2)

t = zt + rt (t = 2, ..., T ),

y
(1)
t , y

(2)
t ≥ 0 Ft

ÙU§�¨�¡�¢mµt¥X¡>´xª�¨
(t = 2, ..., T ),

(r2, ..., rT ) ∈ RT−1





£ � ¨ � ²
ρ1

£�¢'�>¼��c t¨=¼���¥u§ Ø éx��� Ú�®a£��u 
k1 = T

²
kt = 2 (t = 2, ..., T )

²
c1 = (0, γ2, ..., γT )

²
ct = (0, γtαt )

(t = 2, ..., T )
²
w1,0 = e1

²
wt,0 = (1,−1) (t = 2, ..., T )

²
wt,t−1 = −et (t = 2, ..., T )

²
wt,τ = 0 (τ =

1, ..., t−2, t = 3, ..., T )
²
Y1 = RT

²
Yt = R+×R+ (t = 2, ..., T )

Ø�®a£��u 
et
¶�¨�©t�>�c£�©x¦A�u t¨

t
Ù_�u '¢m�c¡l©x¶t¡l¥c¶"´x¡�¢m£�¢

¸l¨y�^�u��¥�£�©
RT
Ú �

Þ  �µ1¢�²8�c t¨�¥c£�¢m¬¿§�¨�¡l¢uµt¥c¨
ρ
¶�¨)Î1©t¨�¶¯£�©·�c t£�¢�®�¡C«°£�¢�Ó$Ö9���_Ð �xÔ)Ï^Ð���µ}�N�������tÔ�µ/ÏcÕ1� � Ó µt¨��u� ß ¨�§�¡>¥c¬ éx� ã=£Ç��£�¢

Ó$Ö9�½�RÐ �xÔ)Ï^Ð���µ!�����tÔ�ÏuÔ#�-�_²x�c�N�x²�£Ç¼ ∑T
t=2 γt = 1

�OÞ  t£�¢v��¡>©=¡>ª�¢u��´1¨"¢m¨�¨�©
´N«�§�¨y¡>©x¢v�>¼FæF�l¥c�lª�ª�¡l¥u« ét����èt�aÞ  t¨$¢m¨��
�>¼6¼�¨�¡l¢u£�´tª�¨A§$µtªÇ�c£�¤xª�£�¨�¥X¢a£�¢�¦l£�¸l¨�©� t¨�¥u¨A´N«

Ø éx� ê Ú
Λρ1 =



λ ∈ ×

T
t=1Lp′(Ω,Ft,P)

∣∣∣∣∣∣

λ1 = 0,
0 ≤ λt ≤ γt

αt
(t = 2, ..., T ),

E [λt] = γt





¡>©x¶!²>�>¼b�)�lµx¥c¢u¨l²
Λρ1 ⊆ DT

� o ��¥u¨��/¸l¨�¥�²��u t¨O���l©x¶t£Ç�c£���©x¢�¼�¥u��§ Þ  t¨��l¥c¨�§ éx� åA¡>¥c¨�¢u¡>�u£�¢jÎx¨y¶ � æF��§�¤tª�¨��u¨�¥c¨��)��µt¥X¢m¨¡>©x¶�¶�µx¡lª5¼�¨�¡�¢m£�´t£�ª�£��j«*Ø��c¡>¬�¨
u = (0, γ2, ..., γT )

′ Ú �
p ¨)³N��®F¨v¤t¥u¨y¢m¨�©��F§��l¥c¨O£�©�¸��lª�¸l¨y¶$¨�³t¡>§�¤tª�¨�¢�²�®a t£��X '¨�³��c¨�©x¶��u t¨�æF�l©x¶�£��u£��l©1¡>ª�Ù_ë�¡lª�µt¨�ÙU¡>�mÙ ß £�¢m¬��u�%�c t¨v§$µtª��u£�Ù

¤1¨�¥u£���¶�¢m£��uµ1¡/�u£��l© �8Þ  x¨n�X x¡l¥c¡��^�u¨�¥u£�¢m�u£����u t£�©t¦$¡l´1��µ��
CV aR

£�¢��c x¡/�y²�£�©��c t¨n¶�µ1¡>ª�¥u¨�¤t¥u¨y¢m¨�©��c¡/�c£���©!²/�c t¨�¶t¨�©x¢u£Ç�j«
¼�µt©x�)�u£��l©x¢-¥u¨y¢m¤ � � ¡l¦l¥X¡>©t¦�£�¡l©�§$µtªÇ�c£�¤xª�£�¨�¥X¢�¡>¥c¨a´��lµt©x¶t¨�¶�¤��l£�©��j®a£�¢u¨�¼�¥u��§Å¡l´1�/¸�¨AØR�^¼ � êq³t¡>§�¤tª�¨ ät� å�Ú �8Þ  t£�¢-£�¶t¨�¡
®a£�ª�ª5´�¨A¼��lµt©x¶È¢u�l§�¨� x�/®Â£�©�¡lª�ª!�l¼��c t¨A¼��lª�ª��/®a£�©t¦�¨)³t¡l§"¤xª�¨y¢ �
	�àiÕ-¢^Ù�ÔI��èe¤�¥N£G¤ Ä ©Ë�c t£�¢�¨)³t¡>§�¤tª�¨l²�®�¨*¶�¨�Îx©t¨*¡§$µtªÇ�c£�¤�¨�¥c£��N¶Â�)�l x¨�¥c¨�©���¥u£�¢m¬�§�¨�¡�¢mµt¥c¨È®a t¨�¥c¨=©t�l��¨�¸�¨�¥c«
�u£�§�¨�¢m�u¨�¤��)��©��c¥u£�´tµ��c¨�¢F®a£Ç�c �¡%Ît³�¨�¶'®�¨�£�¦l �� ���  x¨�©�ª��N�l¬N£�©t¦�¡/���u x¨�¶�µ1¡>ªb¥u¨�¤t¥c¨�¢u¨�©��c¡>�u£��l©
Ø éx� ä Ú-¡l©x¶'¡/�a�)��©x¶�£�Ù
�u£��l©*Ø ét� ãlÚ)²�£��a´1¨y�)��§"¨y¢-��´N¸�£��lµ1¢q�u 1¡/��¨�¡l�X ��>¼!�c t¨�¶tµx¡>ª5�)��©x¢m�u¥X¡>£�©��X¢

ct +
∑T
ν=t E [λν |Ft]wν,ν−t ∈ −Y ∗t

 x¡�¢
�u�n£�§�¤tª�«

λt ≥ 0
¼��l¥

t = 1, . . . , T
�6Ì ©x¡>�uµt¥X¡>ª���¡>©x¶�£�¶t¡>�u¨�¼���¥6£�§�¤tª�«�£�©t¦ ∑T

ν=1 E[λν ] = 1
£�¢6�u t¨��)��¥u¥c¨�¢u¤1��©x¶�£�©t¦

�)��©x¢j�c¥c¡l£�©���¼��l¥
t = 1

²�®a t£��X �¥c¨�¡l¶x¢
c1 +

∑T
ν=1 E[λν ]wν,ν−1 ∈ −Y ∗1

�
p �/®�²1¢u¨)�u�u£�©t¦

kt = 2
Ø
t = 1, ..., T

Ú^²
c1 = (0, 1)

²
ct = (0, βt)

®a£Ç�c =¢m��§�¨
βt > 0

Ø
t = 2, ..., T

Ú�¢mµ1�X ��c x¡/�
∑T
t=2 βt ≥ 1

²
wt,0 = (1,−1)

Ø
t = 1, ..., T

Ú^²
wt,t−1 = (0,−1)

Ø
t = 2, ..., T

Ú�¡>©1¶
wt,τ = 0

Ø
τ = 1, ..., t− 2

²
t = 3, ..., T

Ú^²
Y1 = R× R ² Yt = R+ × R+ (t = 2, . . . , T )

ª�¨�¡l¶x¢-�c�

−
(
c1 +

∑T
ν=1E [λν ]wν,ν−1

)
∈ Y ∗1 ⇐⇒ λ1 = 0

¡>©1¶ ∑T
ν=1E [λν ] = 1,

−
(
ct +

∑T
ν=tE [λν |Ft]wν,ν−t

)
∈ Y ∗t ⇐⇒ 0 ≤ λt

¡>©x¶
λt ≤ βt (t = 2, ..., T )

¢m£�©x��¨
Y ∗1 = {0} × {0} ¡l©x¶ Y ∗t = R− × R− (t = 2, . . . , T )

�q¾ ¨�©1�)¨l²t�u t¨%¶�µ1¡>ª!¢u¨)�
Λρ2

£�¢a�l¼��c t¨A¼��l¥c§

Ø éx�Zì Ú
Λρ2 =



λ ∈ ×

T
t=1Lp′(Ω,Ft,P)

∣∣∣∣∣∣

λ1 = 0,
0 ≤ λt ≤ βt (t = 2, ..., T ),∑T

t=1 E[λt] = 1



 .

p �l�u¨��u 1¡/�F���l§�¤tª�¨)�u¨a¥c¨����lµt¥X¢u¨�¡l©x¶�¶�µx¡lª�¼�¨�¡�¢m£�´t£�ª�£��j«� x�lª�¶ �qÞ  �µ1¢�²�æF�l¥c�lª�ª�¡l¥u« éx���yè £�§�¤tª�£�¨y¢q�u 1¡/�q�u x¨a¼�µt©x�)�u£��l©x¡lª

ρ2(z) := inf




y

(2)
1 +

T∑

t=2

βtE
[
y

(2)
t

]
∣∣∣∣∣∣∣∣

yt ∈ Lp(Ω,Ft,P;R2) (t = 1, ..., T ),
y1 ∈ R× R, yt ∈ R+ × R+ (t = 2, ..., T ),

z1 = y
(1)
1 ,

zt + y
(2)
1 = y

(1)
t − y(2)

t (t = 2, ..., T )





�l¥'¢u£�§�¤tª�«
ρ2(z) = infr∈R

{
r +

∑T
t=2 βtE

[
(zt + r)−

]} £�¢'¡ Ó"Ö9���_Ð �tÔ�Ï^Ð���µÍ�-�1�����xÔ�µ>ÏuÕ1�%¡l©x¶ù�����tÔ�ÏuÔ#�-�"Ï^Ð�ÑuÒ
Ó�ÔXÕ/ÑXÖ�ÏcÔ�¼��l¥

1 < p <∞ � ë�¡l¥u£�¡>©��c¢8�l¼x�c t£�¢-¥u£�¢u¬%§�¨�¡l¢uµt¥c¨F¥c¨�¢uµtª��q¼�¥u��§��>�c t¨�¥F�X t�l£��)¨y¢6�l¼
wt,τ

²
τ = 2, . . . , t−2

²
t = 2, . . . , T

�



LNMGO�PGQSR9TGUWVSOXUZY5[#\^]_R9VS[#`SUWRN[�Y5ab[7cWMedNQSVG[7c-YfdgL9U-MihGUZVG]j]_Y.aGh ∗ K k
Þ  t¨v¥c¨�§�¡>£�©t£�©t¦%¨�³�¡l§�¤tª�¨y¢�¤t¥c¨�¢u¨�©���§�µtª��u£�¤1¨�¥u£���¶�¤��lª�«� x¨�¶�¥X¡>ª��)�l x¨�¥c¨�©��-¥c£�¢u¬$§�¨y¡l¢uµt¥u¨y¢q�c x¡/��¶�¨�¤�¨�©x¶'�l©��c t¨

Îxª��u¥X¡/�u£��l© {Ft}Tt=1

²t£ � ¨ � ²���©��u t¨�£�©�¼��l¥c§�¡/�c£���©}sx�/®Â�/¸l¨�¥��c£�§�¨ �
	�àiÕ-¢^Ù�ÔI�^èi¤I¥Bèe¤ Þ ��£�©1�)�l¥c¤��l¥X¡/�u¨��u t¨�£�©�¼��l¥c§�¡/�c£���©°¢m�u¥cµx�^�cµt¥u¨�®�¨"¡�¶t¡>¤t�n�c t¨�¤t¥c¨�¸N£���µx¢n¨)³t¡>§�¤tª�¨$£�©¢mµx�X ¡
§�¡>©t©t¨�¥"�u x¡>��¢mµx���)¨y¢u¢u£�¸�¨'�c£�§�¨�¢m�u¨�¤x¢'¡l¥u¨È¡l¢c¢m����£�¡>�u¨�¶ �Ã¾ ¨�©x�)¨�²-®�¨
�X t�N��¢u¨�¨�¸l¨�¥c«��u t£�©t¦¡l¢"´�¨)¼��l¥c¨l²F�l©tª�«¯�c t¨
¡l¢c¢m£�¦l©x§"¨�©��

wt,τ = 0
Ø
τ = 1, ..., t − 2

²
t = 3, ..., T

Úa x¡l¢v�u��´1¨"¥u¨�¤tª�¡l�)¨y¶
´N«
wt,1 = (0,−1)

Ø
t = 2, ..., T

Ú^²
wt,τ = 0

Ø
τ = 2, . . . , t − 2

²
t = 4, ..., T

Ú �$Ä ©¿¡�¶t¶�£��u£��l©!²!®�¨�¢m¨��
ct = (0, δt)

®a£Ç�c 
δt > 0

¼���¥
t = 2, ..., T

�
¾ ¨�©x�)¨�²N�u t¨%¶�µ1¡>ª�¢u¨)�

Λρ3

£�¢��>¼��u x¨A¼��l¥c§

Ø éx� m Ú
Λρ3 =



λ ∈ ×

T
t=1Lp′(Ω,Ft,P)

∣∣∣∣∣∣

λ1 = 0 ,
∑T
t=1 E[λt] = 1,

0 ≤ λt , λt + E[λt+1|Ft] ≤ δt (t = 2, ..., T − 1),
0 ≤ λT ≤ δT .



 .

Ì ¦�¡>£�©!²x�c t¨��)�l§�¤tª�¨)�c¨�¥c¨����lµt¥X¢m¨%���l©x¶t£Ç�c£���©=£�¢�¢c¡/�u£�¢mÎx¨�¶=¡l©x¶=¶�µ1¡>ª6¼�¨�¡l¢u£�´t£�ª�£��j«� x�lª�¶t¢v£�¼��c t¨$¤1¡>¥X¡>§�¨)�c¨�¥X¢
δt
¡>¥c¨

�X t��¢u¨�©�¢mµNn���£�¨�©��uª�«�ª�¡>¥c¦l¨ �8Ì ª��u��¦l¨��u t¨�¥�²1æF��¥u��ª�ª�¡>¥c« ét����è £�§�¤tª�£�¨y¢��u 1¡/�a�u x¨A¼�µt©x�^�c£���©x¡>ª

ρ3(z) := inf





y
(2)
1 +

T∑

t=2

δtE
[
y

(2)
t

]

∣∣∣∣∣∣∣∣∣∣∣

yt ∈ Lp(Ω,Ft,P;R2) (t = 1, ..., T )
y1 ∈ R× R, yt ∈ R+ × R+ (t = 2, ..., T ),

z1 = y
(1)
1 ,

z2 + y
(2)
1 = y

(1)
2 − y(2)

2 ,

zt + y
(2)
1 + y

(2)
t−1 = y

(1)
t − y(2)

t (t = 3, ..., T )





£�¢a¡�Ó"Ö9���_Ð �tÔ�Ï^Ð���µ¼�-�1�����xÔ�µ>ÏuÕ1��¡l©x¶b�����tÔ�ÏuÔ#�-��Ï^Ð�ÑmÒ'Ó�ÔcÕ/Ñ^Ö�ÏuÔ �
	�àiÕ-¢^Ù�ÔI�çèe¤�¥BÅ;¤ Ä ©·�c t£�¢"¡l¤t¤t¥c��¡��X !²��c t¨
�)��©x��¡>�u¨�©1¡/�u£��l©¯�l¼O�u x¨��c£�§�¨�¢m�u¨�¤x¢"£�¢$¨�¸�¨�©¹¢m�u¥c�l©x¦l¨�¥��u x¡l©¹£�©·�c t¨
¤t¥c¨�¸N£���µx¢�¨)³t¡>§�¤tª�¨ ��� ¨�¢u¨)�

kt = 2 (t = 1, ..., T )
²
c1 =

(
0, 1

T−1

) ²
ct = (βt, 0) (t = 2, ..., T )

®a£��u ¯¢m��§�¨
©Nµt§�´�¨�¥X¢ 1

T−1 < β2 ≤ β3 ≤ ... ≤ βT
²
w1,0 = (−1, 0)

²
wt,0 = (−1, 1) (t = 2, ..., T )

²
wt,1 = (0,−1)

(t = 2, ..., T )
²
wt,τ = 0

¼��l¥
τ > 1

²
Y1 = R× R ² Yt = R+ × R (t = 2, ..., T − 1)

²
YT = R+ × R+

�
Þ  t¨n¶�µ1¡>ª1���l©x¢m�u¥X¡>£�©��c¢ −

(
ct +

∑T
ν=tE [λν |Ft]wν,ν−t

)
∈ Y ∗t

£�§�¤tª�«��c x¡/�
λ
 x¡�¢q�c�%´1¨�¡�Ó�Õ>Ï��RÐf�B��Õ���Ô�®a£��u 

¥u¨y¢m¤�¨��)�a�u���c t¨AÎxª��u¥X¡/�u£��l©
(Ft)Tt=1

�FÞ  t£�¢a£�§"¤xª�£�¨�¢ E [λ2] = ... = E [λT ]
¡l©x¶

λt ≥ 0
¢m£�©x��¨

λT ≥ 0
�FÞ �l¦l¨��u t¨�¥

®a£Ç�c ¯Ø ét� ãlÚF®�¨A�l´��X¡>£�© �
Ø éx� å�Ú

Λρ4 =




λ ∈ ×Tt=1Lp′(Ω,Ft,P)

∣∣∣∣∣∣∣∣

λ1 = 0,
0 ≤ λt ≤ βt (t = 2, ..., T ),
λt = E [λt+1|Ft] (t = 2, ..., T − 1),
E [λ2] = ... = E [λT ] = 1

T−1




.

æF�l§�¤tª�¨)�c¨�¥c¨��)��µt¥X¢m¨'£�¢�¢u¡>�u£�¢jÎ1¨�¶¹¡l©x¶·¶�µ1¡>ª�¼�¨�¡�¢m£�´t£�ª�£��j«¯ t�lª�¶t¢"¢m£�©x��¨��c t¨�¸�¨��)�u�l¥
u ∈ RT ®a£��u 

u1 = 0
¡l©x¶

ut = 1
T−1

¼���¥
t = 2, ..., T

¶�¨)Î1©t¨�¢A¡*ØR�)��©x¢j�X¡>©��XÚv¨�ª�¨�§�¨�©��A�>¼
Λρ4

�$¾ ¨�©1�)¨l²6æF��¥u��ª�ª�¡>¥c« éx���yè ¡l¤t¤tª�£�¨y¢n¡l©x¶
�c t¨
¥u¨y¢mµxªÇ�c£�©t¦"¼�µt©1�^�u£��l©1¡>ª

ρ4(z) := inf





1

T − 1
y

(2)
1 +

T∑

t=2

βtE
[
y

(1)
t

]

∣∣∣∣∣∣∣∣∣∣

yt ∈ Lp(Ω,Ft,P;R2) (t = 1, ..., T ),
y1 ∈ R× R, yT ∈ R+ × R+,
yt ∈ R+ × R (t = 2, ..., T − 1),

z1 = −y(1)
1 ,

zt = −y(1)
t + y

(2)
t − y(2)

t−1 (t = 2, ..., T )





£�¢a¡�Ó"Ö9���_Ð �tÔ�Ï^Ð���µÝ�����xÔ)ÏuÔ#�-��Ï^Ð�ÑuÒ�Ó�ÔXÕCÑ^Ö�ÏuÔ�Ø3¡>©1¶5²t¶�µt¨A�c��£Ç�X¢a¶�¨)Îx©x£Ç�c£���©!²t§�µxªÇ�c£�¤�¨�¥c£���¶�¤��lª�«� x¨�¶�¥X¡>ª~Ú �
æF�l§�¤x¡>¥c£�©t¦$Ø ét� å�Úb¼���¥

βt = 1
(T−1)α

®a£Ç�c %�c t¨�¶tµx¡>ªN¥c¨�¤t¥c¨�¢u¨�©��c¡>�u£��l©'Ø ä���ì Ú��>¼��u x¨OæF��©x¶�£��u£��l©x¡lªÇÙUë�¡>ª�µt¨�ÙU¡>�mÙ ß £�¢u¬
£Ç���uµx¥u©x¢���µ��F�c x¡/���c t¨n§$µtª��u£�¤1¨�¥u£���¶'¥c£�¢u¬�§�¨�¡l¢uµt¥c¨

ρ4
¶t¨)Îx©t¨�£�©��c t£�¢�®�¡C«�£�¢�¡$¬�£�©x¶��>¼6��¡>©t��©t£���¡>ª�¨)³N�u¨�©x¢u£���©'�>¼

�u t¨$æF��©x¶�£��u£��l©x¡lªÇÙUë�¡>ª�µt¨�ÙU¡>�mÙ ß £�¢u¬�£�©��c¨�¥c§�¢��l¼Fá ä ²1��¨��^�c£���©x¢�ç�¡>©x¶
ã â ¡>©x¶��>¼�á ä�äyâ Ì �
Þ  t¨�©t¨)³N�O¨�³�¡l§�¤tª�¨A£�¢�§��>�u£�¸/¡/�c¨�¶�¼�¥u��§ �u x¨�¸�£�¨�®a¤��l£�©��a�>¼��u t¨�¸/¡>ª�µt¨A�>¼8£�©�¼��l¥c§�¡/�u£��l©Ø3�)¼ � á ��m ² � å â Ú �
Ì �!TCi�s�\_VX`aiIz5Q^\3rAYZeAPRTCijW_i�[/VX[>ij\3WFVXWRW_pC`aijW�PRT/VcPqPRTCi�`FpCf P_YZ[>ij\3YZQ�d�\3YZW_rA`aimVXWRpC\RiFYZW8dCiIPRim\3`aYZeCijd�Q^eCf g�o)g%VvWRiIPqQXs�ñ�W_SmVXf�VX\Dò

dCijeCWRY P~g%s�pCeySjPRYZQ^eCW Pρ ⊆ L1(Ω,F ,P)
\_VcPRTCij\FPRT/VXe ⊆ ×Tt=1L1(Ω,Ft,P)

,��!TCije��tPRTCiO\RYZWRr
ρ(z)

YZWF]^Y })ije"o)g�iIky[C\3ijW_WRYZQ^eCW�fZYZr^i
sup{− 1

T

PT
t=1 E [fzt] : f ∈ Pρ}

Q^\
sup{−E [fzτ ] : f ∈ Pρ, τ

W3P_Q^[y[CYZeC]�PRYZ`ai } ,�0~eCdCijijd�� Λρ4

YZW6eyQXP_TCYZey]vijfZWRiFoCp�P�PRTCiFWRiIP8QXs
dCijeCWRY P_YZijW!s�Q^\bPRTCiF2bQ^eCdCY PRYZQ^e/VXf {���VXfZpCiI{�VcP3{�9�YZWRr�ñ5ìy, ú�òU�/Y�, i^,Z�/VXfZf�dCijeCW_Y P~gOs�pCeCSIPRYZQ^eCW6o>Q^pCeydCijdAo�g 1

α

,



LNMGO�PGQSR9TGUWVSOXUZY5[#\^]_R9VS[#`SUWRN[�Y5ab[7cWMedNQSVG[7c-YfdgL9U-MihGUZVG]j]_Y.aGh ∗ K �
	�àiÕ-¢^Ù�ÔI�Ýèe¤�¥NØi¤ Ä ©°á � å â ²N�u x¨n¼���ª�ª��/®a£�©t¦�§$µtªÇ�c£�¤�¨�¥c£��N¶�¥c£�¢u¬�§"¨y¡l¢uµt¥c¨n®�¡l¢�¢mµx¦l¦l¨y¢j�c¨�¶ �ql £�¸l¨�©È¢u�l§�¨n���l©x¢m�c¡l©��X¢
0 ≤ d ≤ bT−1 ≤ ... ≤ b2 ≤ b1

¡>©1¶
bt−1 ≤ qt

¼��l¥
t = 2, ..., T

�u t£�¢�¥u£�¢u¬�§�¨y¡l¢uµt¥u¨°£�¢È¶�¨�Îx©t¨y¶ Þ �l©
×Tt=1Lp(Ω,Ft,P)

´N«

ρ5(Z) = − sup





E

[
b1A1 +

T−1∑

t=2

(btAt − qtMt) + dKT − qTMT

]∣∣∣∣∣
At ∈ Lp(Ω,Ft,P) (t = 1, ..., T ),

Kt = [Kt−1 + Zt −At−1]
+

(t = 2, ..., T ),

Mt = [Kt−1 + Zt −At−1]
−

(t = 2, ..., T )





®a£Ç�c 
K1 := 0

�$¾ �/®�¨�¸l¨�¥�²�£�©Ãá � å â
Z = (Z1, ..., ZT )

£�¢nµx©x¶�¨�¥X¢m�u�N��¶*¡l¢�£�©x�)��§�¨$¤t¥c���)¨y¢u¢n®a£Ç�c 
Z1 = 0

²b�u Nµx¢
�u t£�¢O¶�¨�Îx©t£��u£��l©È¶��N¨�¢a©x�>��Ît�O£�©���µt¥�¼�¥X¡>§�¨�®��l¥c¬ �
Þ  t¨�¥c¨)¼���¥u¨�²�®�¨"¥u¨�®a¥u£��u¨��u t£�¢�¶�¨)Î1©t£Ç�c£���©=�X¡>¬N£�©x¦��c t¨$¸/¡lª�µt¨�¤t¥c���)¨y¢u¢u¨�¢

z = (z1, ..., zT )
®a£Ç�c 

z1 = Z1 = 0
²

zt =
∑T
τ=1 Zτ

²q£ � ¨ � ²
Zt = zt − zt−1

¼���¥
t > 2

�¿Þ  t£�¢�¥c¨)¼���¥u§$µtª�¡>�u£��l©ª�¨�¡l¶x¢��u�*�u t¨�¥c¨�¤t¥c¨�¢u¨�©��c¡>�u£��l©ËØ éx��� Ú
®a£Ç�c 

kt = 3 (t = 1, ..., T )
²
Y1 = R × R × {0} ² Yt = R × R+ × R+ (t = 2, ..., T )

²
yt = (At,Mt,Kt)

²
wt,0 = (0,−1, 1) (t = 1, ..., T )

²
wt,τ = (1,−1, 0) (τ = 1, ..., t − 2, t = 3, ..., T )

²
wt,t−1 = (1, 0, 0)

(t = 2, ..., T )
²
c1 = (−b1, 0, 0)

²
ct = (−bt, qt, 0) (t = 2, ..., T − 1)

²
cT = (0, qT ,−d)

�
Þ �Èµt©x¶t¨�¥X¢j�X¡>©x¶*�u t£�¢A¥c¨)¼��l¥c§�µxª�¡>�u£��l©*©x�>�u¨"�c x¡/�

w1,0 = (0,−1, 1)
£�§�¤tª�£�¨y¢

M1 = −z1 = 0
¡>©1¶*�c x¡/�A¼���¥

t = 2, ..., T
�u x¨'¥u¨y�)µt¥X¢u£���©

Kt −Mt = Kt−1 + Zt − At−1
®a£Ç�c 

Kt ≥ 0
¡l©x¶

Mt ≥ 0
§�µx¢m�� t��ª�¶ ��Þ  t£�¢

¥u¨y�)µt¥X¢u£���©$��¡l©$´�¨��u¥X¡>©1¢j¼���¥u§�¨�¶�£�©��c�%¡n¥c¨���µt¥X¢m£��l©$�>¼��u t¨��j«N¤�¨��l¼1�c t¨O¶�¨�Îx©t£��u£��l©��>¼b§�µtª��u£�¤�¨�¥c£���¶$¤1��ª�«N t¨y¶�¥c¡lª�£��j« �
zt = Kt +

∑t−1
τ=1Aτ −

∑t
τ=2Mτ (t = 2, ..., T )

®a£Ç�c 
K1 = 0

��Þ  Nµx¢�²N�u x£�¢a¥c£�¢m¬'§�¨y¡l¢uµt¥u¨nÎt�X¢a£�©��c�$�c t¨A¼�¥X¡>§�¨�®��l¥c¬��>¼�Ó$Ö9���_Ð �xÔ)Ï^Ð���µ��-�1�½���tÔ�µ/ÏuÕ��q¥u£�¢u¬�§"¨y¡l¢uµt¥c¨�¢ �
º µt¥u�u t¨�¥u§���¥u¨�²�£Ç�O£�¢AÓ$Ö9�½�RÐ �xÔ)Ï^Ð���µÝ�����tÔ�ÏuÔ#�-��£Ç¼

b1 = 1
��Þ  t£�¢a��¡>©�´�¨%¢m t�/®a©�´N«ÈæF��¥u��ª�ª�¡>¥c« ét����èt��p �l�u¨A�c x¡/�

−
(
c1 +

∑T
ν=1E [λν ]wν,ν−1

)
∈ Y ∗1 ⇐⇒

∑T
ν=2E [λν ] = b1

¡l©x¶
λ1 = 0

¡>©x¶
−
(
ct +

∑T
ν=t E [λν |Ft]wν,ν−t

)
∈ Y ∗t (t = 2, ..., T ) ⇐⇒

d ≤ λT ≤ qT , 0 ≤ λt ≤ qt − bt,
∑T

ν=t+1 E [λν |Ft] = bt (t = 2, ..., T − 1),�u Nµx¢

Λρ5 =




λ ∈ ×Tt=1Lp′(Ω,Ft, P )

∣∣∣∣∣∣∣∣∣∣

λ1 = 0,
0 ≤ λt ≤ qt − bt (t = 2, ..., T − 1),
d ≤ λT ≤ qT ,
E [λT |FT−1] = bT−1,
E [λt|Ft−1] = bt−1 − bt, (t = 2, ..., T − 1)




.

º µt¥u�u x¨�¥y²8���l§�¤tª�¨)�c¨�¥c¨��)��µt¥X¢m¨�£�¢���´�¸N£��lµx¢uª�«°¢c¡/�u£�¢mÎx¨�¶¯¡l©x¶·¶�µx¡lª-¼�¨y¡l¢u£�´x£�ª�£Ç�j«¿ t��ª�¶t¢$¢m£�©x��¨'�u x¨�¸l¨y�^�c�l¥
u ∈ RT®a£Ç�c 

u1 = 0
¡>©1¶

uT = bT−1
¡l©x¶

ut = bt−1 − bt
¼���¥

t = 2, ..., T − 1
¶�¨)Î1©t¨�¢�¡ÈØ3���l©x¢m�c¡l©��^ÚF¨�ª�¨�§�¨�©��a�>¼

Λρ5

�
º µt¥u�u x¨�¥c§"��¥u¨�² ∑T

t=1 E [λt] = b1
¼���¥

λ ∈ Λρ5

²N�u Nµx¢��c t¨�£�©1�)ª�µx¢m£��l©
Λρ5 ⊆ DT

 t�lª�¶t¢�£�©x¶�¨�¨�¶�£Ç¼
b1 = 1

�
Ì ©=£�©��u¨�¥c¨�¢m�u£�©t¦'¢u¤1¨y�)£�Î1�%��¡l¢u¨%¡>¤t¤�¨�¡l¥c¢�¼���¥

d = 0
²
qt = bt−1 (t = 1, . . . , T )

¡>©x¶È®a£��u 
αt ∈ (0, 1)

²x®a x¨�¥c¨
1

(T−1)αt
= bt−1 − bt (t = 2, . . . , T )

¡l©x¶
0 = bT < bT−1 < . . . < b2 < b1 = 1

��Þ  t¨�©È®�¨A�l´��X¡>£�©

Λρ5 =



λ ∈ ×

T
t=1Lp′(Ω,Ft, P )

∣∣∣∣∣∣

λ1 = 0,
0 ≤ λt ≤ 1

(T−1)αt
(t = 2, ..., T ),

E [λt|Ft−1] = 1
(T−1)αt

(t = 2, ..., T )





¡>©x¶��u x¨�¥u£�¢m¬�§"¨y¡l¢uµt¥c¨
ρ5
�l© ×Tt=1Lp(Ω,Ft, P )

�X¡>¬�¨�¢F�u t¨A¼���¥u§
Ø éx���yè Ú

ρ5(z) = E
[

1
T−1

∑T
t=2 inf

{
ut−1 + 1

αt
(zt + ut−1)−

∣∣∣ut−1 ∈ Lp(Ω,Ft−1, P )
}]

.

Þ 0~eÏëû� � î~�
ρ5
YZW!SuVXfZfZijdnV°ñ�eCij])VcP_Y })i�ò�p�P_YZfZY P~gO`aimVXW_py\Riq\RVcP_Tyim\�P_TCVXeAV�\3YZW_ra`aimVXW_py\Ri^,1@AQ^\RijQm})im\j�/PRTCiqw/\RW3P!P_YZ`ai6WRP_VX]^ivñ�Y�, i^,Z��PRTCi

dCiIPRij\R`aYZeCYZW3P_YZSFWRP_VX]^i�òqYZW�dCijeCQXP_ijd$o�g%YZeCdyijk
0
PRTCij\Ri^,O4�im\3i^��PRTCi�s�Q^\R`FpCf�VcP_YZQ^e�YZW�VXdCVX[yP_ijd�P_QnQ^pC\8s�\RVX`aiIz5Q^\3rAz6Y PRT%YZeCdCiIk

1
s�Q^\

PRTCi�dCiIPRij\R`aYZeCYZW3P_YZS-P_YZ`aiFWRP_VX]^i�ñ�Y�, i),Z� F1 = {∅,Ω} òU,�0~e$VXdCdCY PRYZQ^e��NPRTCi�eyQXPUVcPRYZQ^eCW ct VXeCd at zbim\3i�\3ij[Cf�VXSjimd$o�g�PRTCi�dyijwCeCY P_YZQ^eyW
bt := ct+1

VXeCd
At := at+1

,



LNMGO�PGQSR9TGUWVSOXUZY5[#\^]_R9VS[#`SUWRN[�Y5ab[7cWMedNQSVG[7c-YfdgL9U-MihGUZVG]j]_Y.aGh ∗ K Ì
Þ  t¨

t
ÙR�c �¢uµt§�§�¡l©x¶'��¡>©�´�¨�£�©��u¨�¥u¤x¥u¨��u¨�¶�¡l¢F�u t¨%æF�l©1¶�£Ç�c£���©x¡>ª�ÙUë�¡>ª�µt¨)ÙI¡/�uÙ ß £�¢u¬��>¼

zt
���l©x¶t£Ç�c£���©t¨�¶�®a£��u �¥c¨�¢u¤1¨y�^�

�u�"�u x¨
σ
ÙRÎx¨�ª�¶ Ft−1

� æFª�¨�¡>¥cª�«l²5Ø éx���yè ÚF´1��£�ª�¢O¶��/®a©��u�"�c t¨��l©t¨�Ù_¤�¨�¥c£��N¶
CV aR

Ø ä�� ê Ú-¼��l¥
T = 2

�
¿ Ô�Ó�Õ>ÏuÒ ét����ê © Ív¼��)��µt¥c¢u¨l²�£���£�¢'£�©��u¨�¥u¨y¢j�c£�©x¦°�c�·�)��§"¤1¡>¥c¨��c t¨�¢u¨
¨)³t¡l§"¤xª�¨y¢ �ÀÞ �¿�u x£�¢�¨�©x¶5²�£���£�¢�µx¢u¨)¼�µtªv�u��)��©x¢m£�¶�¨�¥q�u t¨n¶�µx¡>ª1¥u¨�¤t¥c¨�¢u¨�©��c¡>�u£��l©x¢�²>£ � ¨ � ²��u t¨ � ¡>¦�¥c¡l©t¦l¨�§$µtªÇ�c£�¤xª�£�¨�¥�¢m¨��c¢

Λρj
Ø
j = 1, ..., 4)

��¾ ¨�©x��¨l²�¥u¨�¦�¡>¥X¶�£�©t¦
¼��l¥c§�µtª�¡l¢aØ ét��ì Ú)²�Ø ét� m Ú^²�¡>©x¶
Ø ét� å�Ú)²�£��-£�¢��l´N¸N£��lµx¢8�c x¡/�-¼��l¥

δt = βt
£Ç�� t�lª�¶t¢8�c x¡/�

Λρ4 ⊆ Λρ2 ⊇ Λρ3

²��u Nµx¢�²�¢u£�©1�)¨
Ø éx����� Ú

ρj(z) = sup
{
−∑T

t=1E [λtzt] : λ ∈ Λρj

}
,

�u t¨�¥u¨�ª�¡>�u£��l©
ρ4 ≤ ρ2 ≥ ρ3

£�¢%¸/¡>ª�£�¶ � Ín©°�c t¨��l�u t¨�¥% x¡l©x¶5²8�)�l§�¤x¡l¥u£�©t¦
ρ3
¡>©1¶

ρ4
¼���¥%�u x¨���¡�¢m¨

δt = 2βtª�¨y¡l¶t¢F�c�
Λρ4 ⊆ Λρ3

²N�u Nµx¢
ρ4 ≤ ρ3

�8¾ ¨�©x��¨l²
ρ3
£�¢�§��l¥c¨A��¡>µt�u£��lµx¢F�u 1¡>©

ρ4
£�©��c t£�¢a��¡l¢u¨ � o ��¥u¨��/¸l¨�¥y²�£Ç¼�®F¨A¢m¨��

γt = 1
T−1

¡l©x¶
βt = 1

(T−1)αt

²1¼��l¥c§�µtª�¡=Ø éx� ê Úa¢u t�/®O¢
Λρ4 ⊆ Λρ1 ⊆ Λρ2

²b t¨�©x�)¨�²
ρ4 ≤ ρ1 ≤ ρ2

�nÞ  Nµx¢�²
ρ2
£�¢

�u t¨�§���¢j�O��¡lµ��u£��lµ1¢��l¥�§���¢m�O¤1¨y¢u¢u£�§�£�¢j�c£��A�l¼��c t¨�¢u¨�¥u£�¢u¬�§"¨y¡l¢uµt¥c¨�¢ �
o �l¥c¨�¤t¥u¨y�)£�¢m¨�ª�« � º �l¥%¡�Ît³�¨�¶¿¥X¡>©x¶���§ ¸/¡>¥c£�¡l´tª�¨

z
ª�¨)�

λj = λj(z) ∈ Λρj
´1¨'¡�§�¡/³�£�§"£�±�¨�¥A¼��l¥A�c t¨�¶�µx¡lª

¥u¨�¤t¥c¨�¢u¨�©��c¡>�u£��l©x¢aØ ét���l� Ú��l¼
ρj
²�¥c¨�¢u¤1¨y�^�u£�¸l¨�ª�« �6Þ  t¨�©!²N¥u��µt¦l xª�«"¢m¤�¨�¡l¬�£�©t¦1²

λj
£�¢-´t£�¦�®a t¨�¥c¨

z
£�¢-¢u§�¡>ª�ªx£�©��)��§"¤xª�£�Ù

¡>©x��¨�®a£Ç�c 
�u x¨%¥u¨y¢m¤�¨��)�u£�¸l¨�¥c¨�¢m�u¥c£��)�u£��l©x¢ � º �l¥
j = 1

¡>©x¶
j = 4

²x�u t¨%®�¨�£�¦l ��c£�©t¦��l¼8�u t¨��u£�§"¨$¢j�c¨�¤x¢v£�¢OÎt³�¨�¶È£�©
¡l¶�¸/¡l©x�)¨A¢m£�©x��¨

E[λjt ]
£�¢�Ît³�¨y¶ � º �l¥

j = 2
�u t¨�®�¨�£�¦l ��u£�©t¦$�>¼��c t¨��u£�§�¨A¢m�u¨�¤x¢�£�¢�¸C¡l¥u£�¡>´xª�¨�²� x¨�©x��¨l²N�u x¨A¡C¸/¡l£�ª�¡>´tª�¨

¤t¥c�l´x¡l´t£�ª�£��j«�§�¡l¢c¢��l¼
λ2
£�¢��)�l©1�)¨�©��c¥c¡>�u¨�¶�¡>���u£�§�¨n¢m�u¨�¤1¢F¡>�-®a t£��X 

z
£�¢-ª��/® ��Þ  Nµx¢�²

ρ2
£�¢�¡�¬N£�©x¶��l¼!®F��¥c¢m�q�u£�§�¨

¢j�c¨�¤�¥u£�¢u¬'§�¨�¡l¢uµt¥c¨ �qÞ  t£�¢�§�£�¦� ��O´�¨%¶�¨y¢m£�¥c¡l´tª�¨n��¥a©t�>�y²x¶�¨�¤�¨�©1¶�£�©x¦��l©��u t¨%¡l¤t¤tª�£���¡/�u£��l© �
æF�l§�¤x¡>¥c£�©t¦

ρ1
®a£��u 

ρ4
²��l©t¨'¢u¨�¨y¢��u x¡>��£�©°�c t¨�Îx¥X¢m����¡l¢u¨

λ1
t

£�¢�´x£�¦
®a t¨�¥u¨
zt
£�¢%¢u§�¡>ª�ªR²�£�©1¶�¨�¤�¨�©x¶t¨�©��%�>¼

�u t¨��>�u x¨�¥%�c£�§�¨�¢j�c¨�¤x¢ �ÈÄ ©¯�u t¨�¢m¨y�)�l©1¶¯��¡l¢u¨l²
λ4 £�¢��)��§�¤tª�¨��u¨�ª�«¶�¨)�c¨�¥c§�£�©t¨y¶¯´N« λ4

T

¢u£�©x�)¨
λ4
t = E

[
λ4
T |Ft

]
´1¨y��¡lµx¢m¨��>¼O�c t¨È§�¡>¥u�u£�©t¦�¡lª�¨'¤x¥u��¤1¨�¥m�j« �·Þ  t£�¢"§�¨�¡l©x¢��u x¡>�$�c t¨È§�¡>³�£�§�£�±�¡/�c£���©ÂØ éx����� Ú��c¡>¬�¨�¢"¡>ª�ª��u£�§"¨
¢m�u¨�¤x¢
£�©��c�'¡l�����lµt©��O¢u£�§$µtªÇ�X¡>©t¨��lµx¢uª�«l²t£ � ¨ � ²x�u t¨�§�¡>³�£�§�£�±�¡/�c£���©������)µt¥X¢O¡>ª��l©x¦$�c t¨%¤x¡>�u x¢O�>¼8�u t¨%�u¥c¨�¨�ª�£�¬l¨A£�©t¼��l¥c§�¡>�u£��l©
¢j�c¥uµ1�^�uµx¥u¨$¦l£�¸l¨�©
´N«��u x¨�Îxª��u¥X¡/�c£���©

(Ft)Tt=1

��Þ  t£�¢nª�¡>�m�u¨�¥�¡>¤t¤t¥c��¡��X 
¢m¨�¨�§�¢O�c��´�¨$§���¥u¨$¨7n'�)£�¨�©��A£�©*��¡l¢u¨%�c t¨
¥u£�¢u¬��>¼5¤x¡>�u x¢-£�¢-�>¼b£�©��c¨�¥c¨�¢m� �qÞ  t¨�©�²

ρ1
§�¡C«�´�¨v§��l¥c¨a¤�¨�¢c¢m£�§�£�¢m�u£����u 1¡>©�©t¨y�)¨�¢c¢c¡>¥c« � º µt¥u�u t¨�¥u§��l¥c¨l²l£Ç��¶��N¨�¢q©t�l�

£�©1�)�l¥c¤��l¥X¡/�u¨n�u x¨�£�©�¼���¥u§�¡>�u£��l©
¢j�c¥uµ1�^�uµx¥u¨A�>¼��u x¨�¤t¥u��´tª�¨�§ � Ín©��u t¨��l�u t¨�¥a x¡>©1¶5²t�c t¨�§�¡>¥u�u£�©t¦�¡lª�¨A¤t¥c�l¤�¨�¥u�j«��>¼
ρ4
¢u¨�¨�§�¢O¸l¨�¥c«�¥c¨�¢m�u¥c£��)�u£�¸l¨ �
æF�l§�¤x¡>¥c£�©t¦

ρ3
¡>©x¶

ρ4
¼���¥A�u t¨���¡l¢u¨

δt = 2βt
ª�¨�¡�¶t¢��u�

Λρ4 ⊆ Λρ3

²5�u Nµx¢
ρ4 ≤ ρ3

�"¾ ¨�©x��¨l²
ρ3
£�¢A§��l¥c¨

��¡lµ��u£��lµx¢-�u 1¡>©
ρ4
£�©��u x£�¢���¡�¢m¨ � ß ¨�¦�¡>¥X¶�£�©x¦%�u x¨�¶�µ1¡>ª!¢u¨)�c¢F¼���¥

ρ5
²N��©t¨n��´��c¡l£�©1¢

Λρ5 ⊆ Λρ1

¼���¥
γt = bt−1 − bt¡>©x¶

αt = (bt−1 − bt)/(qt − bt)
²5¡>©x¶

Λρ5 ⊆ Λρ3

¼���¥
δt = qt − bt+1

�O¾ ¨�©x��¨l²
ρ1 ≥ ρ5 ≤ ρ3

²1£ � ¨ � ²
ρ5
£�¢Oª�¨�¢c¢

��¡lµ��u£��lµx¢�¼���¥��u t£�¢a�X t��£���¨��l¼6�c t¨%�)�N¨#n���£�¨�©��c¢ �
¾ �/®�¨�¸l¨�¥�²!��¡>µ��c£���µx¢u©t¨�¢c¢�£�¢A©t�l��©t¨���¨�¢c¢u¡l¥u£�ª�«=¡È¶�¨y¢m£�¥X¡>´tª�¨$¤x¥u��¤1¨�¥m�j«�²5´1¨y��¡>µ1¢m¨�£�©¡l¤t¤tª�£���¡/�c£���©x¢��l©t¨�µx¢uµx¡>ª�ª�«

 x¡l¢a�u��¤x¡C«�¡�¤t¥u£��)¨A¼���¥O´�¨�£�©t¦'��¡lµ��u£��lµx¢ �J�  x£��X 
¥c£�¢u¬�§�¨y¡l¢uµt¥u¨��c���c¡>¬�¨%¶�¨�¤�¨�©1¶t¢O t£�¦l xª�«��l©��u t¨�£�©��u¨�©��u£��l©È�>¼
�u t¨�¡l¤t¤tª�£���¡/�u£��l© �6Ä �O¢u¨�¨�§�¢��c x¡/�

ρ3
§�¡C«�´�¨A¡"¦�����¶��)�l§�¤t¥c�l§�£�¢m¨�²�¢u£�©x�)¨��u x¨�£�©�¼���¥u§�¡/�c£���©�¢m�u¥cµx�^�cµt¥u¨A£�¢F�c¡>¬�¨�©

£�©��c��¡������lµt©��O¡>©x¶��u x¨�¥c¨�£�¢a©t�"Ît³�¨y¶�®�¨�£�¦l ��c£�©t¦"�>¼��u x¨A�u£�§"¨%¢m�u¨�¤x¢ �
ç �v|%�	~��ü�×z9{;~��!�Gz-~��~�üý1�!�6�ZyG{�~)�5���buv�b��þ��S{eÿ�~

Ä ©��c t£�¢O¢m¨y�^�c£���©�®�¨�¢j�cµx¶�«��u t¨�¨�½�¨y�^�v�l¼6¥c¨�¤tª�¡l��£�©t¦�¨�³N¤�¨��)�c¡>�u£��l©�ÙU´x¡l¢u¨�¶��l´9tj¨y�^�c£�¸�¨�¢��>¼q¢m�u���X x¡l¢m�u£���¤t¥c�l¦l¥X¡>§"Ù
§�£�©t¦Ã¤t¥c�l´tª�¨�§�¢�´�« ¤��lª�«N t¨�¶�¥X¡>ªn¥u£�¢u¬�§�¨y¡l¢uµt¥u¨y¢ � Ä © ¤x¡l¥m�c£���µtª�¡l¥�²v®F¨¿¡>¥c¨=£�©��c¨�¥c¨�¢m�u¨�¶ £�©À�)�l©1¢m¨yÉ�µx¨�©x��¨�¢�¼���¥
¢j�c¥uµ1�^�uµx¥c¡lª8¡l©x¶*¢m�c¡l´t£�ª�£��j«=¤t¥c�l¤�¨�¥u�u£�¨�¢��>¼F�u t¨�¥c¨�¢uµtª��u£�©t¦È§"��¶�¨�ª�¢ �Î� ¨'¡l¢c¢uµt§�¨��c x¡/��¥X¡>©x¶���§�©t¨�¢c¢��N���)µt¥X¢A¡l¢A¡
Ø�¤���¢c¢m£�´tª�«§�µtª��u£�¸/¡>¥c£�¡>�u¨yÚ$¢m�u���X x¡l¢m�u£���¶x¡/�c¡°¤t¥c���)¨�¢c¢

(ξt)
T
t=1

¡l©x¶¹¢u¨)� Ft = σ(ξ1, ..., ξt)
²
t = 1, . . . , T

�b� ¨
�)��©x¢m£�¶�¨�¥�§$µtª��u£�¢j�X¡>¦l¨�¢m�u���X x¡�¢j�c£���¤t¥c�l¦�¥c¡l§�¢F�>¼6�u t¨A¼���¥u§

Ø�ç ��� Ú
min




E

[
T∑

t=1

〈bt(ξt), xt〉
]
∣∣∣∣∣∣∣∣

xt ∈ Xt,
Ht(xt) = 0,
Bt(ξt)xt ≤ dt(ξt),∑t−1

τ=0At,τ (ξt)xt−τ = h(ξt)

(t = 1, ..., T )





®a£Ç�c ¹�)ª���¢u¨�¶¯¢u¨)�X¢
Xt

 x¡C¸N£�©t¦
�u x¨�¤t¥c�l¤�¨�¥u�j«*�c x¡/�$�u t¨�£�¥��)��©N¸l¨)³ Nµtª�ªF£�¢�¤��lª�«N t¨�¶t¥c¡lªR²q�)��¢j�"�)�N¨7n'�)£�¨�©��X¢
bt(·)

²
¥u£�¦l ��uÙ_ x¡l©x¶*¢u£�¶�¨�¢

dt(·)
¡>©x¶

ht(·)
²6¡l©x¶¿§�¡>�u¥c£���¨�¢

At,τ (·) ² τ = 0, . . . , t − 1
²�¡>©1¶

Bt(·)
¡lª�ªq 1¡C¸�£�©t¦
¢uµt£Ç�X¡>´tª�¨

¶�£�§"¨�©x¢u£���©x¢q¡>©x¶$¤���¢c¢m£�´tª�«�¶�¨�¤�¨�©1¶�£�©x¦A¡�n�©t¨�ª�£�©t¨�¡l¥uª�«%��©
ξt
¼��l¥

t = 1, . . . , T
�8Þ  t¨a�)��©x¢m�u¥X¡>£�©��X¢8�)�l©1¢m£�¢j�q�l¼x¼��lµx¥

¦l¥c�lµt¤1¢�²t®a x¨�¥c¨A�u t¨�Îx¥c¢m�
xt ∈ Xt

§���¶�¨�ª�¢O¢u£�§�¤tª�¨%Îx³N¨y¶
�)��©x¢j�c¥c¡l£�©��X¢�²��c t¨�¢u¨����l©x¶
Ht(z) := z − E [z|Ft] = 0¨�©x¢uµt¥c¨�¢O�u t¨"©t�l©tÙU¡l©��c£���£�¤1¡/�u£�¸N£Ç�j«��>¼-�u t¨�¶�¨���£�¢u£��l©x¢

xt
²!¡>©1¶È�u t¨$�u x£�¥X¶=¡>©1¶
¼��lµx¥m�c *¡>¥c¨%�c t¨"���lµt¤xª�£�©t¦�¡l©x¶È�c t¨

¶�«N©x¡>§�£����)��©x¢j�c¥c¡l£�©��X¢�²�¥c¨�¢u¤1¨y�^�c£�¸�¨�ª�« �Jr « X (ξ)
®�¨%¶�¨�©t�l�u¨A�c t¨�¢u¨)�O�>¼�¶�¨y�)£�¢m£��l©1¢a¢u¡>�u£�¢j¼�«N£�©t¦'¡>ª�ª��)��©x¢m�u¥X¡>£�©��X¢��>¼

Ø�ç ��� Ú �



LNMGO�PGQSR9TGUWVSOXUZY5[#\^]_R9VS[#`SUWRN[�Y5ab[7cWMedNQSVG[7c-YfdgL9U-MihGUZVG]j]_Y.aGh ∗ K Þ
�  t¨�©=¥c¨�¤xª�¡��)£�©t¦"�u t¨$¨)³�¤1¨y�^�X¡/�u£��l©È�l¼��c t¨�¢m�u���X x¡�¢j�c£�������¢m�c¢ ∑T

t=1〈bt(ξt), xt〉
´N«�¢u�l§�¨�¤��lª�«� x¨�¶�¥X¡>ª!§$µtª��u£�Ù

¤1¨�¥u£���¶�¥c£�¢m¬'§�¨y¡l¢uµt¥u¨
ρ
¡>¤x¤tª�£�¨�¶��c�$�c t¨�¥X¡>©x¶���§ ¸l¨y�^�u��¥

(−∑t
τ=1〈bτ (ξτ ), xτ 〉)Tt=1

�>¼8©t¨�¦�¡/�c£�¸�¨n£�©��u¨�¥u§�¨�¶t£�¡>�u¨
�)��¢j�X¢�²�®�¨�¡>¥c¥u£�¸l¨�¡/�a�u x¨A¼��lª�ª��/®a£�©t¦"¥u£�¢m¬�¡C¸l¨�¥X¢u¨n¡>ª��u¨�¥u©1¡/�u£�¸l¨��c�"¤x¥u��´tª�¨�§ Ø�ç ��� Ú �
Ø�ç � ä Ú

min
{
ρ
(
−〈b1(ξ1), x1〉,−〈b1(ξ1), x1〉 − 〈b2(ξ2), x2〉, . . . ,−

∑T
τ=1〈bτ (ξτ ), xτ 〉

)∣∣∣x ∈ X (ξ)
}
.

Þ  t¨A¤1��ª�«N t¨y¶�¥X¡>ª5¥c£�¢u¬'§�¨�¡�¢mµt¥c¨
ρ
£�¢a¶t¨)Îx©t¨y¶�´�«'�u t¨�§�£�©t£�§�£�±�¡>�u£��l©È¤t¥u��´tª�¨�§

ρ(z) = inf

{
E
[∑T

t=1〈ct, yt〉
] ∣∣∣∣

Ht(yt) = 0, yt ∈ Yt,∑t−1
τ=0〈wt,τ , yt−τ 〉 = zt

(t = 1, . . . , T )

}
.

Þ  t£�¢�¦l£�¸l¨�¢�¥c£�¢m¨n�u���c t¨%É�µt¨�¢m�u£��l©�®a t¨)�c t¨�¥%Ø3ç �Zä Ú�£�¢�¨�É�µt£�¸/¡>ª�¨�©����u���u x¨��l¤��c£�§�£�±�¡/�c£���©�§���¶�¨�ª

Ø�ç � é Ú
min



E

[
T∑

t=1

〈ct, yt〉
] ∣∣∣∣∣∣

x ∈ X (ξ),
Ht(yt) = 0, yt ∈ Yt (t = 1, . . . , T ),∑t−1

τ=0〈wt,τ , yt−τ 〉+
∑t

τ=1〈bτ (ξτ ), xτ 〉 = 0 (t = 1, . . . , T )



 ,

®a t¨�¥c¨n�u t¨A§�£�©x£�§�£�±�¡/�c£���©�®a£��u �¥c¨�¢u¤1¨y�^���u�"�u t¨A��¥u£�¦l£�©x¡>ªb¶�¨y�)£�¢m£��l©
x
¡>©x¶'�u t¨�¸/¡>¥c£�¡>´tª�¨

y
¶�¨�Îx©t£�©t¦

ρ
£�¢a��¡>¥c¥u£�¨�¶

�lµ��O¢u£�§$µtª��c¡>©x¨��lµ1¢mª�« � Ív¼q�)�lµx¥c¢u¨l²��u x¨%¡>©x¢u®F¨�¥�£�¢�¤���¢u£Ç�c£�¸�¨ �
��¡1�-ÙJ�ZÚ�º	»�ºI�W¹ Å;¤�¥Z¤�� Ðf�xÐ~Ó"Ð@Ê)Ðf�B� ���Z©.Æ � ¨ Ðf�	�ÏuÔ)Ñ¯�tÔ��#���%� x Ð�Ñ'Ô�´)Ö�Ðf�/Õ1��Ô7�W�°�%�
Ó"Ðf�xÐ~Ó"Ð@Ê�Ðf� � ���Z©5Ò � ¨ Ðf�	�ÏuÔ)Ñ¯�tÔ��#��D�°Õ1�f�i�tÕ>Ð~ÏXÑ

(x, y)
Ðf���	�tÔ°®7�1�f�.� ¨ Ðf� �Ñ)Ô#�tÑ�Ô�± ² �xÔ!���Z�_Ð~Ó�Õ1�Ñ�CÕ���ÖxÔ^Ñ}��® ���W©.Æ �°Õ��Zµ ���W©5Ò �Â���>Ðf�Z��Ð�µlÔ
Õ1�Sµ°Õ"�tÕ>Ð~Ï

(x∗, y∗)
Ð�Ñ*Õ¿Ñ#�1�ÇÖ9�RÐ������(® ���W©5Ò �¯Ð � x∗

Ñ7�����/Ô^Ñ ���W©.Æ �ÃÕ��Zµ y∗ Ð�Ñ
Õ¿Ñ#����Ö9�RÐ������(®!�	�tÔ=Ó$Ðf�1Ð~Ó$Ð@ÊyÕ��RÐ����^��Ï���Ã#��Ô)Ó
µlÔI��1Ðf� �

ρ

((
−∑t

τ=1〈bτ (ξτ ), x∗τ 〉
)T
t=1

)
©

¶ Ï����(® © Þ  t¨"§"£�©t£�§�£�±y¡/�u£��l©°®a£Ç�c *¥c¨�¢u¤1¨y�^���u�È¡>ª�ª�¼�¨�¡l¢u£�´tª�¨$¤x¡>£�¥X¢ (x, y)
�>¼nØ3ç � é Ún��¡l©*´�¨"��¡>¥c¥u£�¨�¶
��µ��A´�«È§�£�©t£ÇÙ

§�£�±�£�©t¦�®a£��u È¥c¨�¢u¤1¨y�^���u�
y
²N�u Nµx¢a¡l¥u¥c£�¸N£�©t¦�¡/�

ρ

((
−∑t

τ=1〈bτ (ξτ ), xτ 〉
)T
t=1

) ²1¡>©x¶��u t¨�©�´N«'§�£�©t£�§"£�±�£�©t¦��c t¨
ª�¡>�m�c¨�¥�¥u¨y¢m£�¶�µx¡lª�®a£��u *¥c¨�¢u¤�¨��^���u�

x ∈ X (ξ)
�%¾ ¨�©x��¨l²��u x¨$��¤��u£�§�¡>ª�¸C¡lª�µx¨�¢��)�l£�©x��£�¶�¨�¡>©1¶5²b£Ç¼��c t¨"¤x¡>£�¥

(x∗, y∗)¢m��ª�¸�¨�¢AØ�ç � é Ú^²�£��c¢�Î1¥c¢m�O�)�l§�¤��l©t¨�©��
x∗
£�¢a¡�¢m��ª�µ��c£���©��l¼�Ø3ç �Zä Ú�¡>©1¶

y∗
£�¢a¡�¢m��ª�µt�u£��l©��>¼��c t¨�¤t¥c�l´tª�¨�§

Ø�ç � çNÚ
min

{
E
[∑T

t=1〈ct, yt〉
] ∣∣∣∣

Ht(yt) = 0, yt ∈ Yt,∑t−1
τ=0〈wt,τ , yt−τ 〉+

∑t
τ=1〈bτ (ξτ ), x∗τ 〉 = 0

(t = 1, . . . , T )

}
,

®a t��¢u¨��l¤��c£�§�¡>ª�¸C¡lª�µx¨�£�¢�tjµx¢m�
ρ

((
−∑t

τ=1〈bτ (ξτ ), x∗τ 〉
)T
t=1

) � æF�l©N¸l¨�¥c¢u¨�ª�«l²�£Ç¼
x∗
£�¢O¡�¢u�lª�µ��u£��l©��>¼�Ø�ç � ä Ú�¡>©x¶

y∗
¡"¢u�lª�µ��c£���©��l¼�Ø3ç � ç�Ú^²N�c t¨�¤x¡l£�¥

(x∗, y∗)
 x¡l¢��c�"´�¨%¡�¢m��ª�µt�u£��l©��>¼aØ�ç � é Ú � �

Þ  �µ1¢�²b§�£�©x£�§�£�±�£�©t¦�¡�¢j�c�N�X 1¡l¢m�u£���¤t¥c�l¦l¥X¡>§�®a£��u *¡�¤1��ª�«N t¨y¶�¥c¡lª�¥c£�¢u¬È§�¨�¡l¢uµt¥c¨%£�©
�u t¨"�l´Ntj¨��^�c£�¸�¨%ª�¨�¡l¶x¢O�c��¡
� �c¥c¡�¶�£��u£��l©x¡lª	�v¢m�u���X x¡l¢m�u£��O¤x¥u��¦l¥X¡>§Å®a£Ç�c �ª�£�©t¨y¡>¥�¨)³�¤�¨��^�X¡/�c£���©�Ù_´1¡l¢u¨�¶���´9tj¨��)�u£�¸l¨n¡l©x¶'®a£��u �¡l¶t¶t£Ç�c£���©x¡>ªb¸/¡>¥c£�¡l´tª�¨�¢
y
¡>©x¶°�)�l©1¢j�c¥c¡l£�©��c¢�²�¥u¨y¢m¤�¨��)�u£�¸l¨�ª�« �¼r �>�c !²��u t¨"¸/¡>¥c£�¡l´tª�¨�¢�¡>©x¶È�c t¨��)�l©1¢j�c¥c¡l£�©��c¢�¡>¥c¨����l©N¸l¨�©t£�¨�©��v¼��l¥A¢m�u���X x¡l¢m�u£��

¤t¥c�l¦l¥X¡>§�¢6¢m£�©x�)¨��c t¨a¸/¡>¥c£�¡l´tª�¨y¢8¡>¥c¨F©t£��)¨�ª�«$�)�l©1¢j�c¥c¡l£�©t¨y¶%´N«�¤��lª�«� x¨�¶�¥X¡>ªt¢u¨)�X¢�Ø3©t�A£�©��c¨�¦l¨�¥q¥u¨yÉ�µt£�¥c¨�§�¨�©��X¢cÚ �6Þ  Nµx¢�²
£Ç¼��u x¨=�l¥c£�¦�£�©1¡>ª�¨)³�¤�¨��^�X¡/�c£���©�Ù_´1¡l¢u¨�¶�¢j�c�N�X 1¡l¢m�u£���¤x¥u��¦l¥X¡>§ Ø�ç ��� Ú$ x¡l¢'���l©N¸l¨�©t£�¨�©���¤t¥u��¤1¨�¥m�c£�¨y¢�²-�u t¨�¥u¨
£�¢�¦�����¶
¥u¨y¡l¢u�l©È�c��¨�³N¤�¨��)�n�c x¡/���u x¨�¢u¨$¤t¥c�l¤�¨�¥u�u£�¨�¢�¡>¥c¨�§�¡l£�©��c¡l£�©x¨�¶=®a x¨�©*µ1¢m£�©t¦�¡�¤��lª�«� x¨�¶�¥X¡>ª�¥u£�¢u¬�§�¨y¡l¢uµt¥u¨�¼��l¥�¥u£�¢u¬
¡C¸l¨�¥c¢u£���© �
ç ���l� �G»�Õ�
�º�Ô�º�»�Ö×��a�G»����*�;Õ-Ú#»�º��'��¡1���-¡1ÕN¢×Ú�¤ �N�c¡>´x£�ª�£Ç�j«��l¼�¢m��ª�µt�u£��l©x¢�¡>©x¶'�l¤��c£�§�¡>ª�¸/¡>ª�µt¨�¢F�>¼�¢m�u���X x¡�¢j�c£��v¤t¥c�>Ù
¦l¥X¡>§�¢�®a£Ç�c ¥u¨y¢m¤�¨��)���u���u t¨�¤�¨�¥u�uµx¥u´x¡>�u£��l©¿�>¼��u t¨�µx©x¶�¨�¥cª�«�£�©t¦È¤t¥c�l´x¡l´t£�ª�£��j«=§�¨�¡�¢mµt¥c¨"£�¢%¡l©°£�§�¤1��¥m�X¡>©��%£�¢u¢uµt¨
¢m£�©x��¨�£�©�¡>¤t¤xª�£���¡>�u£��l©x¢��c t¨��u¥cµt¨�§�¨�¡l¢uµt¥c¨

P
£�¢qµx¢uµx¡>ª�ª�«%µt©t¬N©t�/®a©�¡>©x¶$ x¡�¢��u��´�¨O¡>¤t¤t¥c�C³�£�§�¡>�u¨�¶�´N«�¢m��§�¨��l�u t¨�¥

§�¨�¡l¢uµt¥c¨
Q � ��µx�X �¡l©
¡>¤t¤t¥c�C³�£�§�¡>�u£��l©'§�¡C«'´�¨�¦�¡l£�©t¨y¶�´N«�¢c¡>§�¤tª�£�©t¦"�u¨��X x©t£�É�µt¨y¢ �Ä ©=á ä�mCâ ¸/¡l¥u£��lµx¢-¢j�X¡>´t£�ª�£��j«�¥c¨�¢uµtª��c¢-£�©N¸l��ª�¸N£�©t¦�¶�£�¢j�X¡>©x��¨�¢

d(P,Q)
�>¼5¤t¥c�l´x¡l´t£�ª�£��j«�§�¨�¡�¢mµx¥u¨y¢q¡>¥c¨O¶�¨�¸�¨�ª��l¤�¨�¶"¼��l¥

¶�£�½�¨�¥u¨�©��F�j«N¤1¨y¢F�l¼FØ�§�¡l£�©tª�«tÚ�¨�³�¤1¨y�^�c¡>�u£��l©�ÙU´x¡�¢m¨y¶'¢j�c���X x¡l¢m�u£��a¤t¥c�l¦�¥c¡l§�¢ ��Ä ��£�¢�¢u t�/®a©��c t¨�¥c¨n�u x¡>����¨�¥u�c¡>£�©'£�¶�¨�¡lª
¤t¥c�l´x¡l´t£�ª�£��j«�§"¨��u¥c£���¢AØ3¢u¨�¨�á älèCâ ¼��l¥O¡l©�¨�³N¤���¢u£��u£��l©1ÚF§�¡C«'´�¨A¡�¢u¢u���)£�¡/�c¨�¶'®a£��u È�)ª�¡l¢c¢u¨�¢��>¼8¢j�c�N�X 1¡l¢m�u£��v¤t¥c�l¦�¥c¡l§�¢ �
¾ ¨�¥u¨�²>®F¨�´t¥c£�¨7sx«�¢u t�/®¯�c x¡/�8�c t¨�¢u¨O¢j�X¡>´t£�ª�£Ç�j«%¥c¨�¢uµtª��c¢�¥c¨�§�¡>£�©$¸/¡lª�£�¶%¼���¥q£�§�¤��l¥u�c¡l©�����ª�¡�¢u¢u¨�¢�£�¼1�c t¨a¨)³�¤�¨��^�X¡/�c£���©$£�¢
¥u¨�¤tª�¡l�)¨y¶'´N«�¡"¤��lª�«� x¨�¶�¥X¡>ªb¥c£�¢u¬�§�¨�¡l¢uµt¥c¨ ��� ¨�¥c¨�¢m�u¥c£��^�a�lµt¥X¢u¨�ª�¸l¨�¢-�u�"�c t¨A�j®F�lÙU¢m�c¡l¦l¨���¡l¢u¨� t¨�¥c¨�¢m£�©x�)¨�¢m�c¡l´t£�ª�£��j«
¤t¥c�l¤�¨�¥u�u£�¨�¢�¡>¥c¨n´�¨�¢m�aµt©x¶�¨�¥c¢m�u�N��¶'¼���¥a¢mµx�X �¤t¥c�l¦�¥c¡l§�¢ ��Ä ©��u x¨A���l©��u¨�³N���l¼�¶�£�¢j�X¡>©x��¨�¢��>¼�¤t¥c�l´x¡l´t£�ª�£��j«�§"¨y¡l¢uµt¥c¨�¢
£Ç�a�cµt¥c©x¢��lµ��a�c��´1¨�µx¢u¨)¼�µxª5�u��¡l¢c¢uµt§�¨n�c x¡/�

Ω = Ξ ⊆ Rn ¡l©x¶ F = B(Ξ)
�



LNMGO�PGQSR9TGUWVSOXUZY5[#\^]_R9VS[#`SUWRN[�Y5ab[7cWMedNQSVG[7c-YfdgL9U-MihGUZVG]j]_Y.aGh ∗ K ä
ç ���l���l� ¦ Ðf�bÔcÕ>Ï�� ¨ �1ÁUÑ��UÕ���Ôv�bÏ����lÏuÕ>Ó�Ñ © Ä ©¯á ät� ² Þ  t¨��l¥c¨�§ ét� é/â ¡l©x¶á ä�mCâ £��v£�¢v¢u t�/®a©��u x¡>�O�j®��>ÙI¢j�X¡>¦l¨A¢m�u���X x¡l¢m�u£��
¤t¥c�l¦l¥X¡>§�¢F®a£Ç�c �Ît³�¨�¶�¥u¨y�)��µt¥c¢u¨v�l¼6�c t¨A¼��l¥c§

Ø�ç � ã�Ú
min

{
−EP [〈b, x1〉+ 〈p(·), x2(·)〉]

∣∣∣∣
Wx2(ξ) = h(ξ)− T (ξ)x1,
x1 ∈ X1, x2(ξ) ∈ X2

}
,

®a£Ç�c 
X1

¡l©x¶
Ξ
´1¨�£�©t¦¿¤��lª�«� x¨�¶�¥X¡>ª�¢m¨��c¢�²

X2
¡=¤��lª�«N t¨�¶t¥c¡lª����l©t¨�¡>©x¶

p(·) ² h(·) ² T (·) ´�¨�£�©t¦¿¡�n�©t¨�ª�£�©x¨�¡>¥¼�µt©x�)�u£��l©x¢�Ø3�>¼
ξ ∈ Ξ

Ú^²x¡l¥u¨A¬N©t�/®a©��u��´�¨%¢j�X¡>´tª�¨ ä ®a£��u È¥c¨�¢u¤1¨y�^�a�c�$�c t¨�¤t¥c�l´x¡l´t£�ª�£��j«'§�¨)�c¥u£��
ζ2
¦l£�¸l¨�©�´N«

ζ2(P,Q) = sup
{
|EP [F ]− EQ [F ]| : F ∈ RΞ, |F (ξ)− F (ξ′)| ≤ max{1, ‖ξ‖ , ‖ξ′‖} ‖ξ − ξ′‖ , ∀ ξ, ξ′ ∈ Ξ

}

£Ç¼��u x¨A¼��lª�ª��/®a£�©t¦$�u t¥c¨�¨��)��©x¶�£��u£��l©x¢O t�lª�¶ �Ø�£~Ú ∀ (x1, ξ) ∈ X1 × Ξ ∃x2 ∈ X2 : Wx2 = h(ξ)− T (ξ)x1
Ø�¥c¨�ª�¡/�c£�¸�¨�ª�«'�)��§"¤xª�¨��u¨�¥c¨��)��µt¥X¢m¨CÚ^²

Ø�£�£�Ú ∀ ξ ∈ Ξ ∃ z : W ′z + p(ξ) ∈ X∗2
Ø3¶�µ1¡>ª5¼�¨y¡l¢u£�´t£�ª�£Ç�j«tÚ^²

Ø�£�£�£~Ú
EP
[
‖ξ‖2

]
<∞ Ø~Îx©t£��u¨$¢m¨y�)�l©1¶'§��l§�¨�©��X¢cÚ �

Ä ¼�®�¨�¨)³t�X x¡l©t¦l¨F¼�¥u��§×Ø3©t¨�¦�¡/�u£�¸l¨CÚ6¨)³�¤1¨y�^�X¡/�u£��l©$�u�%¡�Ø3�l©t¨�Ù_¤�¨�¥c£���¶xÚ�¤��lª�«N t¨�¶t¥c¡lª�¥u£�¢m¬�§"¨y¡l¢uµt¥c¨
ρ = ρP

¡l���)��¥c¶�£�©t¦
�u�
Ø ät��� Ú^²�®�¨��l´��X¡>£�©��c t¨�¤t¥c�l´tª�¨�§

min

{
ρ [〈b, x1〉+ 〈p, x2(.)〉]

∣∣∣∣
Wx2(ξ) = h(ξ)− T (ξ)x1,
x1 ∈ X1, x2(ξ) ∈ X2

}
,

®a t£��X �£�¢a¨�É�µt£�¸/¡>ª�¨�©����u�

Ø�ç � ê Ú
min




〈c1, y1〉+ EP [〈c2, y2(.)〉]

∣∣∣∣∣∣∣∣

Wx2(ξ) = h(ξ)− T (ξ)x1,
〈w2, y2(ξ)〉 − 〈p(ξ), x2(ξ)〉 = 〈b, x1〉 − 〈w1, y1〉 ,
x1 ∈ X1, x2(ξ) ∈ X2,
y1 ∈ Y1, y2(ξ) ∈ Y2




.

Þ  t¨Aª�¡>�m�c¨�¥a¤t¥c�l¦�¥c¡l§  x¡l¢a¡lª�§���¢m���u t¨%¢c¡>§�¨�¢m�u¥cµx�^�cµt¥u¨�¡�¢�Ø�ç � ãlÚF®a£��u 

x̂1 =

(
x1

y1

) ²
x̂2 =

(
x2

y2

) ²
X̂1 = X1 × Y1

²
X̂2 = X2 × Y2

²

Ŵ (ξ) =

(
W 0
−p(ξ)′ w′2

) ²
T̂ (ξ) =

(
T (ξ) 0
−b′ w′1

) ²
ĥ(ξ) =

(
h(ξ)

0

) ²
b̂ =

(
0
−c1

) ²
p̂ =

(
0
−c2

) ²
´tµ��O©t�/®Â�u t¨�¥c¨����lµt¥X¢u¨v§�¡/�c¥u£�³

Ŵ
£�¢�¥X¡>©x¶t�l§ ®a t£�ª�¨A�u t¨%����¢m�a���N¨7n'�)£�¨�©��

p̂
£�¢�©t��©�ÙU¥c¡l©x¶��l§ �

o �l¥c¨��/¸�¨�¥y²�£Ç¼q®�¨�¡>ª�¢m��£�§�¤1��¢m¨����l§�¤tª�¨)�c¨%¥u¨y�)��µt¥c¢u¨�¡>©x¶
¶tµx¡>ª5¼�¨y¡l¢u£�´x£�ª�£Ç�j«�¼��l¥O�u t¨$¤1��ª�«N t¨y¶�¥c¡lª5¥u£�¢u¬�§�¨�¡�¢mµx¥u¨
ρ
£�©È�u t¨"¢m¨�©x¢m¨��l¼q��¨��^�c£���© ä ²1£ � ¨ � ²6Ø3£�Ú 〈w2, Y2〉 = R

¡>©x¶¯Ø3£�£~Ú ∅ 6= {u ∈ R : uw2 − c2 ∈ Y ∗2 } ⊆ R−
²x�c t¨�©
®�¨

��¡l©¿���l©x��ª�µx¶t¨"´��>�c !²�¥c¨�ª�¡/�c£�¸�¨�ª�«=�)��§"¤xª�¨��u¨�¥c¨��)��µt¥X¢m¨"¡>©x¶¿¶�µx¡lªq¼�¨�¡�¢m£�´t£�ª�£��j«l²5¼���¥A�u t¨�¥c£�¢m¬*¡C¸�¨�¥X¢m£�¸l¨"¡>ª��u¨�¥u©x¡>�u£�¸l¨
Ø�ç � ê Ú �Ø�£~Ú ß ¨�ª�¡/�c£�¸�¨�ª�«��)��§�¤tª�¨��u¨A¥c¨��)��µt¥X¢m¨ �� ¨��

(x1, y1, ξ) ∈ X1 × Y1 × Ξ
²t�u x¨�© ∃x2 ∈ X2 : Wx2 = h(ξ)− T (ξ)x1

¡l©x¶
y2 ∈ Y2

��¡l©�´�¨��X t��¢m¨�©�¢uµx�X 
�u x¡>� 〈w2, y2〉 − 〈p(ξ), x2〉 = 〈b, x1〉 − 〈w1, y1〉

²��u Nµx¢
Ŵ (ξ)x̂2 = ĥ(ξ)− T̂ (ξ)x̂1

�
Ø�£�£�Ú Ó µx¡lª5¼�¨�¡�¢m£�´t£�ª�£��j« �� ¨��

ξ ∈ Ξ
� æF t�N��¢u¨

z
¢mµ1�X ¹�c x¡/�

W ′z + p(ξ) ∈ X∗2
¡l©x¶

v ∈ {u ∈ R : +uw2 − c2 ∈ Y ∗2 } ⊆ R−
²�¢m¨��

ẑ = (−vz, v)′
²N�u x¨�©È�l©t¨���´��c¡l£�©1¢

Ŵ (ξ)′ẑ + p̂ =

(
−v(W ′z + p(ξ))

vw2 − c2

)
∈ X∗2 × Y ∗2 = X̂∗2 ,

´N«'§�¡>¬N£�©x¦"µ1¢m¨A�>¼��u x¨A¼3¡l�^���c x¡/� −v ∈ R+
¡>©x¶��u 1¡/�

X2
£�¢O¡����l©t¨ �

�N£�©1�)¨F�u t¨F¥c¡l©x¶��l§�©t¨y¢u¢�¨�©��u¨�¥c¢6�l©xª�«��u x¨-ª�¡l¢m�6¥c�/®¿�l¼
Ŵ (ξ)

¨)³t�)¨�¤���¼���¥��c t¨F���N¨7n'�)£�¨�©��6£�©%�c t¨�§�¡l£�©$¶�£�¡l¦l��©x¡>ª_²
�u t¨%¢m�c¡l´t£�ª�£��j«�¥c¨�¢uµtª��c¢�¼�¥c�l§ á é�èCâ ¼��l¥O�u t¨%¥X¡>©1¶��l§ ¥c¨����lµt¥X¢u¨�¢u£Ç�cµx¡/�c£���©È®a£Ç�c 
�l©tª�«�ª��/®F¨�¥a¶�£�¡l¦l��©x¡>ª5¥X¡>©x¶t�l§�©t¨�¢c¢
¡>¤t¤xª�« �Þ  x¨�§���¶�¨�ªAØ3ç � ê Ú%®a£Ç�c Ã©t��©�ÙU¥c¡l©x¶��l§ �)��¢j�X¢�²q x�/®F¨�¸l¨�¥y²8£�¢�¡l¦�¡>£�©¹¢m�c¡l´tª�¨�®a£��u ¹¥c¨�¢u¤�¨��^�"�u�°�u x¨�¢c¡>§�¨
§�¨)�u¥c£��

ζ2
¡l¢�¼��l¥%Ø3ç � ãlÚ �

ä <�i�dCQ�eyQXP�]^Y })iaVv[y\RijSjYZW_i�dyijwCeCY P_YZQ^e�QXs5W3PUVXoCYZfZY P~g%Tyim\3i^��W_iji�ë ì���îts�Q^\8P_TyYZWu,Ñ
b\RYZi��Cg)�NW3PUVXoyYZfZY P~g�`aimVXeCW8P_TCVcP�Q^[yP_YZ`OVXft}^VXfZpyimW
VXeCdnW_Q^fZpyPRYZQ^e�WRiIP_W�o>imTCVm})ijñ�ú�p/VXe)P_Y P_VcPRY })imf g*ò�SjQ^e)P_YZe�pCQ^pCW8VcP�PRTCiqQ^\3YZ]^YZe/VXfN`aimVXW_py\Ri P z�Y PRT�\3ijW_[>ijSjP�PRQOVFdCYZW3PUVXeCSji d(P,Q)

,



LNMGO�PGQSR9TGUWVSOXUZY5[#\^]_R9VS[#`SUWRN[�Y5ab[7cWMedNQSVG[7c-YfdgL9U-MihGUZVG]j]_Y.aGh ∗ K ó
ç ���l�Zä�� ¦ Ðf�bÔcÕ>ÏnÓ"Ð½�NÔ�µ1ÁIÐf�-�IÔD��Ô�Ï�� ¨ ��ÁUÑ��IÕ#��ÔJ��Ï����lÏuÕ/Ó$Ñ © Ä ©*á ä�m ² Þ  t¨���¥u¨�§ é ã â ²�£��F£�¢�¢m x�/®a©��u x¡>��¤t¥c�l¦�¥c¡l§�¢q�>¼5�c t¨
¼��l¥c§
Ø�ç �Zì Ú

min

{
−EP [〈b, x1〉+ 〈p, x2(.)〉+ 〈p̄, x̄2(.)〉]

∣∣∣∣
Wx2(ξ) + W̄ x̄2(ξ) = h(ξ)− T (ξ)x1,
x1 ∈ X1, x2(ξ) ∈ X2 ∩ Zm, x̄2(ξ) ∈ X̄2

}

®a£Ç�c Ã¡°�)ª���¢u¨�¶bê�µx��ª�£�¶�¨y¡>©Ã¢u¨)�
X1
²-¡*¤1��ª�«N t¨y¶�¥c¡lªF¢u¨)�

Ξ
²q¤1��ª�«N t¨y¶�¥X¡>ª��)�l©x¨�¢

X2
¡>©x¶

X̄2
¡>¥c¨'¬N©t�/®a©¯�c�*´�¨

¢j�X¡>´tª�¨"®a£Ç�c *¥c¨�¢u¤1¨y�^���u���u t¨�¤t¥c�l´x¡l´t£�ª�£��j«È§"¨��u¥c£��
ζ1,phk

®a£Ç�c ¿¢u�l§�¨
k ∈ N £Ç¼-�u t¨"¼��lª�ª��/®a£�©t¦�¼��lµt¥����l©x¶�£��u£��l©1¢

¡>¥c¨�¢c¡/�c£�¢mÎx¨y¶ �Ø�£~Ú ∀ (x1, ξ) ∈ X1×Ξ ∃x2 ∈ X2∩Zm, x̄2 ∈ X̄2 : Wx2 + W̄ x̄2 = h(ξ)−T (ξ)x1
Ø�¥c¨�ª � �)�l§�¤tª�¨)�c¨O¥c¨��)��µt¥X¢m¨CÚ^²

Ø�£�£�Ú ∃ z ∈ Rr : W ′z + p ∈ X∗2
¡>©x¶

W̄ ′z + p̄ ∈ X̄∗2
ØR¶�µx¡>ªb¼�¨y¡l¢u£�´x£�ª�£Ç�j«tÚ)²

Ø�£�£�£~Ú
EP [‖ξ‖] <∞ Ø~Îx©t£��u¨AÎ1¥c¢m�a§"��§�¨�©��c¢XÚ^²

Ø�£�¸tÚ
W
¡>©1¶

W̄
 x¡C¸l¨A¥X¡/�c£���©x¡>ª5�)�N¨#n���£�¨�©��c¢��l©xª�«*Ø3¥c¡>�u£��l©x¡lª5¥u¨y�)��µt¥c¢u¨yÚ �

Þ  t¨A§�¨)�u¥c£��
ζ1,phk

£�¢a¦�£�¸�¨�©�´�«

ζ1,phk(P,Q) = sup
{
|EP [FχB ]− EQ [FχB ]| :B ∈ Bphk (Ξ), F ∈ RΞ, |F (ξ)− F (ξ′)| ≤ ‖ξ − ξ′‖∀ξ, ξ′ ∈ Ξ

}
®a t¨�¥c¨ Bphk(Ξ)

£�¢a�u x¨�¢m¨��v�>¼8¤��lª�«� x¨�¶�¥X¡��)��©��X¡>£�©t¨�¶�£�©
Ξ
®a£Ç�c =¡/�O§���¢m�

k
¼3¡l��¨�¢O¡l©x¶

χ
¶�¨�©t�l�u¨y¢a�u x¨��X x¡>¥X¡l�)Ù

�u¨�¥u£�¢j�c£��n¼�µt©1�^�u£��l©�²t£ � ¨ � ²
χB(ξ) = 1

£Ç¼
ξ ∈ B ¡>©x¶

= 0
�l�u t¨�¥u®a£�¢m¨ �

Ä ¼8®�¨�¨)³t�X x¡l©t¦l¨�¼�¥c�l§ Ø�©t¨�¦�¡/�c£�¸�¨yÚ�¨�³N¤�¨��)�c¡>�u£��l©��u�'¡�¤��lª�«N t¨�¶�¥X¡>ª5¥c£�¢m¬�§"¨y¡l¢uµt¥c¨
ρ = ρP

¡l���)�l¥X¶�£�©t¦"�u�=Ø ä���� Ú
®F¨A��´��c¡l£�©��u t¨�¤x¥u��´tª�¨�§

min




〈c1, y1〉+ EP [〈c2, y2(.)〉]

∣∣∣∣∣∣∣∣

Wx2(ξ) + W̄ x̄2(ξ) = h(ξ)− T (ξ)x1,
〈w2, y2(ξ)〉 − 〈p, x2(ξ)〉 − 〈p̄, x̄2(ξ)〉 = 〈b, x1〉 − 〈w1, y1〉 ,
x1 ∈ X1, x2(ξ) ∈ X2 ∩ Zm, x̄2(ξ) ∈ X̄2,
y1 ∈ Y1, y2(ξ) ∈ Y2




.

Þ  t¨Aª�¡>�m�c¨�¥a¤t¥c�l¦�¥c¡l§  x¡l¢��c t¨%¢u¡l§�¨A¢m�u¥cµx�)�uµt¥c¨�¡l¢�Ø�ç �Zì ÚF®a£Ç�c 

x̂1 =

(
x1

y1

) ²
x̂2 = x2

²
ˆ̄x2 =

(
x̄2

y2

) ²
X̂1 = X1 × Y1

²
X̂2 = X2

² ˆ̄X2 = X̄2 × Y2
²

Ŵ =

(
W 0
−q′ w′2

) ² ˆ̄W =

(
W̄
−q̄′

) ²
T̂ (ξ) =

(
T (ξ) 0
−b′ w′1

) ²
ĥ(ξ) =

(
h(ξ)

0

) ²

b̂ =

(
0
−c1

) ²
q̂ =

(
0
−c2

) ²
ˆ̄q = 0

�
Ì ¢�£�©��u x¨O¤t¥c¨�¸N£���µx¢8¤x¡l¥c¡l¦l¥X¡>¤t !²C�c t£�¢-�)��§�´t£�©t¨y¶$¤x¥u��¦l¥X¡>§  t¨�¥u¨v¢c¡/�c£�¢mÎx¨y¢8¥u¨�ª�¡>�u£�¸l¨�ª�«����l§�¤tª�¨)�u¨v¥u¨y�)�lµx¥c¢u¨a¡>©x¶

¶�µx¡lª6¼�¨y¡l¢u£�´x£�ª�£Ç�j«
£�¼F´��>�c !²-Ø3ç ��ì Ún¡>©x¶
ρ
²�¶t��¢u� �%Þ �� 1¡C¸l¨�¡>ª�ª6�c t¨��)��©x¶�£��u£���©x¢"Ø�£~Ún�u�Ø�£�¸�Ú�¢c¡/�c£�¢mÎx¨�¶*�l©t¨" x¡�¢v�c�

£�§�¤���¢u¨�¡l¶x¶�£Ç�c£���©x¡>ª�ª�«=�u 1¡/�$¡lª�¢u�
q
²
q̄
¡l©x¶

w2
 x¡C¸�¨��l©tª�«°¥X¡/�c£���©x¡>ªF�)�N¨7n'�)£�¨�©��X¢ �ÈÞ  t¨�©�²� x�/®F¨�¸l¨�¥y²!�c t¨�¢c¡>§�¨

¢j�X¡>´t£�ª�£Ç�j«*Ø3®a£Ç�c È¥u¨y¢m¤�¨��)�a�u�"�u t¨�§�¨��u¥c£��
ζ1,phk

Ú�¡l¢�¼��l¥��c t¨��l¥c£�¦l£�©x¡>ªb¤t¥c�l¦�¥c¡l§Å£�¢a¦�µx¡>¥X¡>©��u¨�¨�¶ �
ç �Zä�� �JÕ��W¡1ÕN¹��WºIÕN¹ }�BÔIÕ9àiÕ9»�ºI�W¹ ÕN¹�� �Ý�����Z¢^ÙJ�ZÚ�º�»�º��Z¹³¤ � ¨
�)��©x¢m£�¶�¨�¥"¡l¦�¡>£�©¯�c t¨È§�µtª��u£�¢j�X¡>¦�¨�¢m�u���X x¡l¢m�u£��
¤t¥c�l¦l¥X¡>§ Ø3ç ��� Ú�¡>©x¶�£��c¢a¥c£�¢m¬'¡C¸�¨�¥X¢m¨A¡>ª��u¨�¥u©x¡>�u£�¸l¨�Ø�ç � ä Ú^²�®a t£��X !²x¡����)��¥c¶t£�©t¦$�u� à ¥c�l¤���¢u£��u£��l©�ç ��� ²�£�¢��>¼��u t¨A¼���¥u§

Ø�ç � m Ú
min




E

[
T∑

t=1

〈ct, yt〉
]
∣∣∣∣∣∣∣∣∣∣

xt ∈ Xt, yt ∈ Yt,
Ht(xt) = 0, Ht(yt) = 0,
Bt(ξt)xt ≤ dt(ξt),∑t−1

τ=0At,τ (ξt)xt−τ = h(ξt),∑t−1
τ=0(〈wt,τ , yt−τ 〉+ 〈bτ+1(ξτ+1), xτ+1〉) = 0

(t = 1, ..., T )




.

Ín´N¸�£��lµ1¢mª�«l²�Ø�ç � m Ú! x¡l¢5�u t¨�¢u¡l§"¨F¢j�c¥uµx�)�uµt¥c¨-¡�¢-Ø�ç ��� Ú^²C´tµ��8¡l¶t¶t£Ç�c£���©x¡>ª�ª�«n®a£Ç�c 
T
¸l¨y�^�c�l¥!¸/¡>ª�µt¨y¶A¥c¡l©x¶��l§À¸/¡>¥c£�¡l´tª�¨�¢

¡>©x¶
T
¶�«N©x¡>§�£���Ø�¨yÉ�µ1¡>ª�£Ç�j«tÚ��)��©x¢m�u¥X¡>£�©��X¢ ��Þ  Nµx¢�²x¶�¨y�)��§"¤���¢u£��u£��l©�§"¨��u t��¶t¢a�u x¡>�v®F��¥u¬�¼���¥�Ø�ç ��� Ú�¡>¥c¨Aª�£�¬l¨�ª�«��u�

®F��¥u¬�¼���¥%Ø�ç � m Ú^²N�u�N� �q� ¨�¨�³N¨�§�¤tª�£�¼�«��c t£�¢O t¨�¥c¨A´�«��j®F�"£�§"¤��l¥u�c¡l©��v¶�µx¡>ª!¶t¨��)��§�¤1��¢m£��u£��l©�§�¨)�u x�N¶x¢ �
ç �Zä����l��� �XÔ#��Õ/Ï^Ð����"Ô����>Óv�-�CÑ^Ðf�_Ð��1� © �  t¨�©°¢u�lª�¸N£�©t¦�¤x¥u��´tª�¨�§�¢Oª�£�¬�¨�Ø�ç ��� Ú��l¥"Ø�ç � m Úa�l©x¨%µx¢uµx¡>ª�ª�«� x¡�¢O�c��¡>¤t¤x¥u�C³NÙ£�§�¡>�u¨

P
��¥�²1¨�É�µt£�¸/¡>ª�¨�©��uª�«l²

ξ
´N«�¡�Î1©t£Ç�c¨�©Nµt§$´1¨�¥n�l¼q¢c�)¨�©x¡>¥c£���¢%Ø3§"��¥u¨�¤t¥u¨y�)£�¢m¨�ª�« � ´�«È¡�Îx©x£Ç�c¨"¢c�)¨�©x¡>¥c£��"�c¥u¨�¨yÚ �Þ  t£�¢q��¡>©"´�¨a¨)³�¤t¥c¨�¢c¢m¨y¶%´N« ∞ > #Ω =: S

¡>©x¶$�l©t¨a��¡>©�¡l¢c¢mµt§�¨�®a£��u t��µ���ª���¢u¢��l¼1¦l¨�©t¨�¥X¡>ª�£��j«
Ω =

{
ξ1, ..., ξS

}
¡>©x¶ F = ℘(Ω)

�=Þ  x¨�©�u x¨�¤t¥c�l´tª�¨�§ £�¢�©t�=ª��l©t¦�¨�¥%£�©�Îx©x£Ç�c¨)ÙI¶�£�§�¨�©x¢m£��l©1¡>ªF¡l©x¶��¡l©¯´1¨�¢m��ª�¸�¨�¶¿´N«°¢m�c¡>©1¶t¡>¥X¶
§�£Ç³�¨�¶�Ù_£�©��u¨�¦�¨�¥�ª�£�©t¨y¡>¥8¤t¥c�l¦l¥X¡>§�§�£�©t¦O�c¨��X t©t£�É�µt¨�¢�²>´tµt�8£���£�¢6¸�¨�¥c«�ª�¡l¥u¦�¨F¢c��¡lª�¨�£�©�§���¢m�q��¡l¢u¨�¢ �6Þ  Nµx¢�²l¢u¤1¨y�)£�¡>ª�£�±�¨�¶
¶�¨����l§�¤���¢u£Ç�c£���©��c¨��X t©t£�É�µt¨�¢a¡l¥u¨��>¼8¦l¥c¨�¡>��£�©��u¨�¥u¨y¢j�%Ø3�)¼ � á ì ² ét� ² ä å â Ú �



LNMGO�PGQSR9TGUWVSOXUZY5[#\^]_R9VS[#`SUWRN[�Y5ab[7cWMedNQSVG[7c-YfdgL9U-MihGUZVG]j]_Y.aGh ∗ K õ
���)¨�©x¡>¥c£�� Ó ¨����l§�¤1��¢m£��u£��l©§�¨�¡l©x¢ � ¡>¦l¥X¡>©x¦l¨)ÙI¶�µx¡lª�£�±�£�©t¦��c t¨'©t��©�ÙI¡>©��u£��)£�¤x¡/�c£�¸N£��j«*�)��©x¢m�u¥X¡>£�©��X¢A�>¼�Ø�ç � m ÚA¡>©x¶

¢m��ª�¸N£�©t¦$�u t¨%¶�µ1¡>ª!¢c�)¨�©1¡>¥c£��lÙ_®a£�¢m¨ � ��¨)�m�c£�©x¦
mt := dimxt

®�¨���´��c¡l£�©��c t¨%¶�µx¡lª5¤t¥u��´tª�¨�§

max
{
D(λ1, λ2) : λ1t ∈ L1(Ω,F ,P;Rmt), λ2t ∈ L1(Ω,F ,P;Rkt)

}

®a£Ç�c ��u t¨%¶�µ1¡>ªb¼�µt©x�)�u£��l©
D(λ1, λ2)

¦�£�¸�¨�©�´�«

D(λ1, λ2) = min




E

[
T∑

t=1

(〈ct, yt〉+ 〈λ1t, Ht(xt)〉+ 〈λ2t, Ht(yt)〉)
]
∣∣∣∣∣∣∣∣∣∣

xt ∈ Xt, yt ∈ Yt,
Bt(ξt)xt ≤ dt(ξt),∑t−1

τ=0At,τ (ξt)xt−τ = h(ξt),∑t−1
τ=0(〈wt,τ , yt−τ 〉,

+〈bτ+1(ξτ+1), xτ+1〉) = 0




.

�N�lª�¸N£�©x¦��c t£�¢%¤t¥c�l´tª�¨�§ £�¢�¡>©£Ç�c¨�¥X¡/�c£�¸�¨�¤t¥u����¨�¢c¢ � D(λ1, λ2)
 x¡l¢��u�
´�¨��)��§"¤xµ��u¨y¶*¼���¥�¡�Ît³�¨�¶¤1¡>£�¥

(λ1, λ2)¡>©x¶Ã�c t¨�©
(λ1, λ2)

 x¡�¢��u�¯´�¨
µt¤b¶t¡/�c¨�¶ ¸N£�¡¯¢mµt´x¦l¥X¡l¶�£�¨�©��mÙ_�j«N¤1¨�§�¨)�c t��¶t¢�¡l©x¶ ¢m��l© � Ä ¼A�u t¨=¢u¨)�X¢
Xt

¡>¥c¨
©t�l©tÙU���l©N¸l¨�³b²��c t£�¢�¤t¥c���)¨�¶tµt¥u¨*�l©tª�«Ãª�¨�¡�¶t¢��u�¹ª��/®�¨�¥'´��lµt©1¶t¢��l¼��u t¨¿�l¤t�u£�§�¡lªv¸/¡>ª�µt¨°�>¼�Ø�ç ��� Ú'¡l©x¶ ¢uµt£Ç�X¡>´tª�¨
¦lª��l´x¡lª�£�±�¡>�u£��l©��c¨��X t©x£�É�µt¨y¢a´x¡l¢u¨�¶��l©��u x¨�¢u¨�ª��/®�¨�¥�´��lµt©x¶x¢� x¡C¸l¨��u��´�¨�µx¢u¨�¶�£�©È¡l¶x¶�£Ç�c£���© �
� £Ç�c 

ps := P ({ξs}) ² xst := xt(ξ
s)
²
yst := yt(ξ

s)
¡l©x¶

λsjt = λsjt(ξ
s)
�u t¨%¶tµx¡>ª5¼�µx©x�^�c£���©�¥c¨�¡�¶t¢

D(λ1, λ2) =

S∑

s=1

ps min





T∑

t=1

(〈ct, yst 〉+ 〈Hs
t (λ1t), x

s
t 〉+ 〈Hs

t (λ2t), y
s
t 〉)

∣∣∣∣∣∣∣∣∣∣

xst ∈ Xt, y
s
t ∈ Yt,

Bt(ξ
s
t )x

s
t ≤ dt(ξst ),∑t−1

τ=0At,τ (ξst )xst−τ = h(ξst ),∑t−1
τ=0(〈wt,τ , yst−τ 〉+

〈bτ+1(ξsτ+1), xsτ+1〉) = 0





¡>©x¶!²C�u Nµx¢�²>¶�¨����l§�¤1��¢m¨y¢6¡��)¥c��¢c¢!¢c�)¨�©1¡>¥c£���¢ ��Þ �n¶t¨�¥c£�¸�¨��u x¨�¡l´1�/¸�¨�¼��l¥c§»�>¼
D
²C�u t¨�£�¶t¨�©��u£��u£�¨�¢

E[〈λ1t, Ht(xt)〉] =
E[〈Ht(λ1t), xt〉]

¡>©1¶
E[〈λ2t, Ht(yt)〉] = E[〈Ht(λ2t), yt〉]

®�¨�¥c¨Aµx¢m¨y¶ �-¾ ¨�©x��¨l²x£�©x¢m�u¨y¡l¶��>¼8�l©t¨A¤t¥c�l´xª�¨�§Ý®a£��u 
S ·∑T

t=1 (mt + kt)
¸/¡>¥c£�¡>´tª�¨�¢��l©x¨���©tª�«% x¡l¢��c��¢m��ª�¸�¨

S
¢uµt´t¤t¥c�l´tª�¨�§�¢�¨�¡��X $®a£��u  ∑T

t=1 (mt + kt)
¸/¡>¥c£�¡l´tª�¨y¢6�u�

µt¤b¶t¡/�c¨q�u t¨-§�µtª��u£�¤tª�£�¨�¥c¢ ��Ä ©%���l§�¤x¡>¥c£�¢m��©n®a£��u ��c t¨vØR¶�µx¡>ª�£�±�¨�¶�¼���¥u§À�>¼N�c t¨yÚb¤xµt¥u¨�ª�«�¨)³�¤�¨��)�c¡/�c£���©�´x¡l¢u¨�¶�¤t¥c�l´xª�¨�§
Ø�ç ��� Ú��l©t¨� x¡l¢

T
¡l¶t¶�£��u£��l©1¡>ª�¨yÉ�µx¡>ª�£Ç�j«È�)��©x¢m�u¥X¡>£�©��X¢O¡>©1¶ ∑T

t=1 kt
¡l¶x¶�£Ç�c£���©x¡>ª6¸/¡>¥c£�¡l´tª�¨y¢a£�©=¨�¡��X =¢mµt´x¤t¥u��´tª�¨�§ �

p �l�u¨��u x¡>�a�u t¨%¶t£�§�¨�©1¢m£��l©x¢
kt
�l¼
yt
¡>¥c¨��j«�¤x£���¡>ª�ª�«�¢u§�¡>ª�ª!�)��§"¤1¡>¥c¨�¶��c���u t¨%¶t£�§�¨�©1¢m£��l©x¢

mt
�l¼
xt
�

ç �Zä��Zä���� Ô����lÏuÕ��-�NÐ��XÕ1� �"Ô����>Óv�-�CÑ^Ðf�_Ð��1� © Ä ©=§�¡>©N«�¤t¥c¡��^�c£���¡>ª�¡l¤t¤tª�£���¡/�u£��l©1¢O¤t¥c�l´tª�¨�§ Ø�ç ��� Úa¢m x�/®O¢��u t¨�¼��lª�ª��/®a£�©t¦
¬N£�©x¶��>¼q¢u¨�¤x¡l¥c¡l´t£�ª�£��j«�®a£Ç�c �¥c¨�¢u¤�¨��^���c��´tª����X¬�¢

xi = (xi1, . . . , xiT )
²
i = 1, . . . , I

²t�>¼8�)�l§�¤��l©t¨�©��c¢��>¼
x �

Ø�ç � å�Ú
min




E

[
I∑

i=1

T∑

t=1

〈bit(ξt), xit〉
]
∣∣∣∣∣∣∣∣

xit ∈ Xit,
Ht(xit) = 0,∑I
i=1 Bit(ξt)xit ≤ dt(ξt),∑t−1
τ=0Ait,τ (ξt)xi,t−τ = hit(ξt)




.

¾ ¨�©1�)¨l²x�u t¨
I
´tª����X¬N¢��l¼

x
¡>¥c¨A�l©tª�«����lµt¤tª�¨�¶È´N«��u t¨�¢uµt§ ∑I

i=1 Bit(ξt)xit
�³r «�¨�³t�X x¡>©t¦�£�©x¦�¼�¥c�l§ E

�c��¡
§�µtª��u£�¤�¨�¥c£���¶�¤��lª�«N t¨�¶�¥X¡>ª�¥c£�¢u¬$§�¨y¡l¢uµt¥u¨O�u t£�¢�¤t¥u��¤1¨�¥m�j«"£�¢-§�¡>£�©��c¡l£�©t¨y¶5²N´tµ��a¡>©�¡�¶t¶�£��u£��l©x¡lªx´tª����X¬��)�l©1¢m£�¢j�c£�©x¦%�>¼
�u t¨

yt
¸/¡>¥c£�¡l´tª�¨y¢�¡>©x¶

T
¡l¶t¶�£��u£��l©1¡>ªqØ3¶�«N©x¡l§�£��yÚ��)�lµx¤tª�£�©t¦��)��©x¢m�u¥X¡>£�©��X¢�¡>¤t¤�¨�¡l¥ �

Ø�ç ���yè Ú
min




E

[
T∑

t=1

〈ct, yt〉
]
∣∣∣∣∣∣∣∣∣∣

xit ∈ Xit, yt ∈ Yt,
Ht(xit) = 0, Ht(yt) = 0,∑I

i=1 Bit(ξt)xit ≤ dt(ξt),∑t−1
τ=0Ait,τ (ξt)xi,t−τ = hit(ξt),∑t−1
τ=0(〈wt,τ , yt−τ 〉+

∑I
i=1〈bi,τ+1(ξt), xi,τ+1〉) = 0
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¦l��¥u£��u t§�¢�¼���¥��)�l§�¤tµt�u£�©t¦�ª��/®�¨�¥8´��lµt©1¶t¢ ��l ¨��l¦l¥X¡>¤x t£���¡>ª�¶�¨y�)�l§�¤���¢u£Ç�c£���©$£�¢Stjµx¢m�F¡l©t�>�c t¨�¥q©t�l�u£��l©$¼��l¥ ¦ Õ#�lÏuÕ�� ��Ô
ÏuÔ#��Õ#�NÕ1�_Ð��1�ü�(®§���>Ö��Z��Ðf�B�^���1�tÑ��_ÏuÕ/Ðf�W�3Ñ �ÈÞ  t¨'ª�¡/�u�u¨�¥�§"¨y¡>©x¢�Ø3�)¼ � á ì ² ä å â Ú��c�*¡l¢c¢m£�¦l© Ft ÙU§"¨y¡l¢uµt¥X¡>´tª�¨ � ¡>¦�¥c¡l©t¦l¨§�µtª��u£�¤tª�£�¨�¥c¢

λ1t
¡>©x¶

λ2t
�u�È�c t¨��c t£�¥X¶¯¡>©1¶*Îx¼~�u ¹���l©x¢m�u¥X¡>£�©��A£�© Ø�ç ���yè Ú)²6¥c¨�¢u¤1¨y�^�c£�¸�¨�ª�«l²6¡l©x¶°�u�*¡l¥u¥c£�¸l¨�¡/���c t¨

¶�µx¡lª5¤t¥u��´tª�¨�§

max
{
D(λ1, λ2) : λ1t ∈ Lp′(Ω,Ft,P;Rnt+ ), λ2t ∈ Lp′(Ω,Ft,P)

}



LNMGO�PGQSR9TGUWVSOXUZY5[#\^]_R9VS[#`SUWRN[�Y5ab[7cWMedNQSVG[7c-YfdgL9U-MihGUZVG]j]_Y.aGh ∗ K ö
Þ  t¨�¶�µx¡lª5¼�µt©x�)�u£��l©

D(λ1, λ2)
¦l£�¸l¨�©�´N«

D(λ1, λ2) =

min




E
[∑T

t=1

(
〈ct, yt〉+

〈
λ1t,

∑I
i=1 Bit(ξt)xit − dt(ξt)

〉
+

λ2t

∑t−1
τ=0

(
〈wt,τ , yt−τ 〉+

∑I
i=1〈bi,τ+1(ξτ+1), xi,τ+1〉

))]
∣∣∣∣∣∣

xit ∈ Xit, yt ∈ Yt,
Ht(xit) = 0, Ht(yt) = 0,∑t−1

τ=0Ait,τ (ξt)xi,t−τ = hit(ξt)





¡>©x¶'´�«�¥c¨�¡l¥u¥X¡>©x¦l£�©t¦A®a£Ç�c �¥c¨�¢u¤1¨y�^�F�u�"´tª����X¬�¢F£�©��u t¨��l´9tj¨y�^�c£�¸�¨l²��u t¨A¶�µx¡lª1¼�µx©x�^�c£���©
D
¶t¨��)��§�¤1��¢m¨y¢-£�©��u�

I + 1§�£�©t£�§�£�±y¡/�c£���©�¢uµt´t¤t¥c�l´xª�¨�§�¢a¡l©x¶�£�¢��c t¨�©È�l¼��u x¨A¼��l¥c§

D(λ1, λ2) =

I∑

i=1

Di(λ1, λ2) +DR(λ2)− E
[
T∑

t=1

〈λ1t, dt(ξt)〉
]
.

Þ  t¨�¼�µt©x�)�u£��l©x¢
Di

���l¥c¥u¨y¢m¤��l©x¶'�u�
I
¦�¨��l¦�¥c¡l¤t t£���¡lª�¢uµt´t¤t¥c�l´xª�¨�§�¢a¡l©x¶

DR
�u�"�u x¨�¥u£�¢m¬�¢mµt´x¤t¥u��´tª�¨�§ �

Di(λ1, λ2) = min



E

[∑T
t=1

〈
Bit(ξt)

′λ1t + bit(ξt)
∑T

τ=tλ2τ , xit

〉]
∣∣∣∣∣∣

xit ∈ Xit,
Ht(xit) = 0,∑t−1

τ=0Ait,τ (ξt)xi,t−τ = hit(ξt)





DR(λ2) = min

{
E
[∑T

t=1

〈
ct +

∑T
τ=tλ2τwτ,τ−t, yt

〉] ∣∣∣∣
yt ∈ Yt,
Ht(yt) = 0

}
.

æF�l§�¤x¡l¥u¨y¶'�c���u t¨�ØR¶�µx¡lª�£�±�¨y¶�¼���¥u§×�>¼��u t¨CÚ�¤tµt¥c¨�ª�«�¨�³�¤1¨y�^�c¡>�u£��l©�ÙU´x¡�¢m¨y¶�¤t¥c�l´xª�¨�§ Ø�ç � å�Ú^²��c t¨�¢uµt´t¤t¥c�l´xª�¨�§�¢�¼���¥
�u t¨

xi
ÙU´tª����X¬N¢� x¡C¸�¨��u t¨%¢c¡>§�¨�¢j�c¥uµ1�^�uµx¥u¨�²N�u t¨�¥u¨�¼��l¥c¨n�c t¨%¢c¡>§�¨�¢m��ª�µ��c£���©È§"¨��u t��¶t¢a��¡>©È´�¨%¡>¤t¤tª�£�¨�¶ ��Þ  t¨���©tª�«

�X x¡>©x¦l¨
�)��©x¢m£�¢m�c¢�£�© �u t¨°¡l¶t¶�£��u£��l©1¡>ªa¼3¡��^�u��¥c¢ ∑T
τ=t λ2τ

�>¼
bit(ξt)

£�© �u x¨=�l´9tj¨y�^�c£�¸�¨ �ÂÄ ¼
Y1

£�¢'¡·���l©t¨È�c t¨
¢mµx´t¤t¥c�l´tª�¨�§�¼��l¥��c t¨n¡�¶t¶�£��u£��l©x¡lª

y
Ù_´xª����X¬�¥c¨�¤x¥u¨y¢m¨�©��X¢�¡%���l©t¨v���l©x¢m�u¥X¡>£�©t¨y¶$ª�£�©t¨�¡l¥-¢j�c���X x¡l¢m�u£��a¤t¥c�l¦�¥c¡l§�¡>©x¶���¡>©

´1¨%¢u�lª�¸l¨y¶'¨�³N¤xª�£��)£��uª�«l²t©1¡>§�¨�ª�«l²�£��O t�lª�¶t¢

DR(λ2) =

{
0 ,

£Ç¼ −
(
ct +

∑T
τ=t λ2τwτ,τ−t

)
∈ Y ∗t (t = 1, . . . , T ),

−∞ ,
�l�u t¨�¥u®a£�¢u¨ �

¾ ¨�©x�)¨�²N�u t¨%¶�µ1¡>ª!¤t¥c�l´xª�¨�§ ¥u¨y¡l¶t¢

max

{
I∑

i=1

Di(λ1, λ2)− E
[
T∑

t=1

〈λ1t, dt(ξt)〉
] ∣∣∣∣∣

λ1t ∈ Lp′(Ω,Ft,P;Rnt+ ), λ2t ∈ Lp′(Ω,Ft,P),

−
(
ct +

∑T
τ=t λ2τwτ,τ−t

)
∈ Y ∗t (t = 1, . . . , T )

}
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