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Abstract

We study perturbations of a stochastic program with a probabilistic constraint
and r-concave original probability distribution. First we improve our earlier results
substantially and provide conditions implying Holder continuity properties of the
solution sets w.r.t. the Kolmogorov distance of probability distributions. Secondly,
we derive an upper Lipschitz continuity property for solution sets under more restric-
tive conditions on the original program and on the perturbed probability measures.
The latter analysis applies to linear-quadratic models and is based on work by Bon-
nans and Shapiro. The stability results are illustrated by numerical tests showing
the different asymptotic behaviour of parametric and nonparametric estimates in a
program with a normal probabilistic constraint.
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1 Introduction
We consider the following optimization problem with chance constraints:
(P)  min{g(z) |z € X, P({ < h(z)) = p}-

Here ¢ is an s-dimensional random vector defined on some probability space (2,4, P),
g : R™ — R is an objective, X C R™ is some abstract constraint set, A : R™ — R?*
defines a system of inequalities and p € (0,1) is some probability level. The meaning of
the probabilistic constraint above is that the system of inequalities ¢ < h(z) has to be
satisfled with probability p at least. The most prominent representative of (P) is given
by linear constraints, i.e. h(z) = Az for some matrix A. By p := Po {1 € P(R?) (the



space of Borel probability measures on R*) we denote the probability distribution of ¢.
Throughout the paper we shall make the following basic convexity assumptions:

g is convex, X is closed and convex, h has concave components and
the probability measure u is r-concave for some r < 0.

(BCA)

The latter property means that u” is a convex set function, i.e.,
WA + (1 - \)B) < \(A) + (1 - N (B)

holds true for all A € [0,1] and for all Borel measurable and convex A, B C R* such
that AA + (1 — A\)B is Borel measurable too. Note that many prominent multivariate
distributions (e.g. normal, Pareto, Dirichlet or uniform distribution on convex, compact
sets) share the property of being r-concave for some r < 0 (see [12]).

Introducing the distribution function of the probability measure p as F,(y) = u(z €
R?|z < y), the problem (P) can be equivalently rewritten as

(P)  min{g(z) |z € X, Fu(h(z)) > p}.

Usually, only partial information about y is available, and (P) is solved on the basis of
some estimation v € P(R?) of p. Typically, v is chosen as a parametric or nonparametric
estimator of u. Hence, rather than the original program (P), some substitute

(P)  min{g(z) | z € X, F,(h(z)) > p}

is solved. Although, at least in principle, arbitrarily good approximations v of u can
be obtained, it is by no means obvious that the solutions of (P,) will well approximate
those of (P = P,) as v tends to u. A counterexample illustrating 'wrong convergence’ or
emptiness of approximating solutions is provided by Example 15 in the appendix.

Although the original data are supposed to be convex, we do not make any assumptions
on the data of the perturbed problems (P, ). This allows to admit the important class of
empirical approximations which lack any convexity or smoothness properties. Since, in
general, the solutions of (P,) are not unique under the assumptions (BCA), we have to
deal with solution sets. The dependence of solutions and optimal values on the parameter
v is described by the set-valued mapping ¥ : P(R®) = R™ and the extended-valued
function ¢ : P(R?) — R via

Y(v) = argmin{g(z) |z € X, F,(h(z)) > p}
p(v) = inf{g(z) |z € X, F,(h(z)) > p}.

We are interested in conditions formulated for the data of the original problem (P) such
that ¥ and ¢ behave stable locally around the fixed measure u. In order to measure
distances among parameters and among solutions, we mostly rely on the Kolmogorov
metric between probability measures

di (v, v2) = sup |Fuy (2) — B, (2)] - (1,02 € P(RY))
z€ERS



and on the Hausdorff distance between closed subsets of R™

du(A, B) = max {sup d(a, B),sup d(b, A)} (A, B CR™).
acA beB

Qualitative stability results in the sense of dgy(¥(u), ¥(v)) — 0 as dx(u,v) — 0 have
been obtained in [5] based on earlier works like [15] and [6]. These results guarantee that,
under the imposed conditions (see Theorem 1 below), cluster points of approximating
solutions will be solutions of the original problem and that any solution of the original
problem is the limit of a sequence of approximating solutions. For further work in this
direction we refer to [4, 9, 11, 17, 18].

Beyond qualitative stability it is of much interest to know how fast solutions or optimal
values of approximating problems converge to original solutions, which is a question of
quantitative stability. Recall that ¥ is Hausdorfl-Holder continuous with rate k > 0 at u,
if there are L, > 0 such that

drr (¥ (), U()) < Llde(u,v)* Vo € P(R?), dic(,v) < 6. (1)

There exists an immediate link between Hausdorfl-Holder continuity with rate x of the
solution set mapping and exponential bounds for empirical solution estimates. Consider
independent s-dimensional random vectors &;,...,¢&x on (Q, A, P) having common distri-
bution u. Then, vy(w) := N7! Zf\il 8¢,(w) (with &, denoting the Dirac measure placing
mass one at z € R®) is an empirical measure approximating u as N — oco. The deviation
between the original solution set and its empirical approximation can be estimated as
follows (see Proposition 6 in [6]):

4C > 0VN € NVe > 0
P(du(U(u),¥(vn)) >¢€) < C[N - A, é, &, L)]&_O'5 exp(—2N - (g, 4, &, L)), (2)

where A(g,d,k,L) = [min{cs, (5/L)1/"‘}]2 and 4, L, k refer to (1).

Conditions for Hausdorfl-Holder continuity of ¥ at rate x = 1/2 were obtained in [6]
for the special case of linear chance constraints with convex-quadratic objective and in [7]
for the more general setting of the above data assumptions (BCA). The first part of this
paper is devoted to a substantial improvement of the previous results in two directions:
firstly, the mentioned results relate to so-called localized solution sets rather than to the
solution sets themselves. This technical restriction seemed to be a necessary consequence
of considering non-convex perturbations of the original convex measure. It turns out,
however, that one can exploit additional arguments provided in [5] in order to get rid
of localizations. Of course, statements on stability of solution sets themselves as in (1)
are easier to interpret than their localized counterparts. Secondly, all previous results on
quantitative stability of U essentially relied on the condition

U(p) Nargmin{g(z) |z € X} =0, (3)

which means that no solution of (P) is a solution of the relaxed problem with the chance
constraint removed and vice versa. In this paper we shall obtain the same results without
requiring such kind of strict complementarity condition.



Specializing our setting to linear chance constraints, the best (largest) rate we can
obtain is & = 1/2 provided that the random variable has at least dimension s = 2. Of
course, the exponential bound in (2) improves with increasing x. Thus, it is of much
interest to find conditions ensuring even Hausdorfl-Lipschitz continuity of ¥ (k = 1).
It is interesting to note that a Lipschitz rate results for linear chance constraints with
1—dimensional random variable ¢ (but with arbitrary dimension of the decision variable
z). Yet, this observation seems to be too restrictive for practical relevance. The second
part of the paper investigates more reasonable settings and conditions for Lipschitz rates.
Two basic additional requirements turn out to be crucial then: firstly the approximating
measures v can no longer be arbitrary but have to be restricted to class C*! in a sense to
be precised. Secondly, the strict complementarity condition (3) which was dispensable for
the Holder rate k = 1/2, has to be incorporated into the set of conditions now. Doing so,
one may derive an upper Lipschitz result for solution sets, but now with respect to a C**-
type distance between probability measures which is stronger than the previously used
Kolmogorov distance. Such a result might be useful for studying the asymptotic behaviour
of nonparametric density estimators (cf. [16], Sect. 24) of the original distribution u.

2 Holder Stability

The main result of this section is stated with the technical details of proof left to the
appendix. We start by recalling a result on qualitative stability of solution sets and
quantitative stability of optimal values which is needed for the proof of our main theorem
but which is also of independent interest:

Theorem 1 (see [5], Th. 1) In addition to the basic convezity assumptions (BCA), let
the following conditions be satisfied at the fized probability measure u € P(R?):

1. ¥(u) is nonempty and bounded.

2. There exzists some & € X such that F,(h(Z)) > p.

Then, ¥ : P(R?®) = R™ is upper semicontinuous in the sense of Berge at u, and there
exist constants L,§ > 0, such that

U(v) £ 0 and |p(v) — ¢(p)| < Ldx (v, p) for all v € P(R®) with dx(v,u) < 6.

We note that the Lipschitz estimate for ¢ in the previous theorem is restricted in the
sense that one of the measures () has to be kept fixed. A full Lipschitz result, where
both measures are allowed to vary freely around u does not hold true under the given
assumptions (see Example 1 in [8]).

The key for obtaining quantitative stability results for solution set is a two-level decom-
position of the parametric program (P,). To this aim, we introduce the following objects,



where V is an open ball containing ¥(u) under the boundedness assumption of Theorem

1:

Yy = [AMXNcdV)+RNF([p/2,1])

n(y) = inf{g(z) |z € X NclV, h(z) >y},
o(y) = argmin {g(z)]|z € X NclV, h(z) >y} (y € Yv)
Y(v) = argmin{n(y) |y € Yy, F.(y) 2p} (v € P(R%)

Note that o and 7 denote the solution set and optimal value, respectively, of a lower level
parametric program, the parameter y of which refers to right-hand side perturbations of
the inequalities defined by the mapping h. In contrast, the multifunction Y represents the
solution set of an upper level parametric program, where the explicit inequality constraint
reduces to a description based on distribution functions F,. This allows to separate the
influence of F, and h in the inequality defining (P,). The relation between lower and
upper level solution sets and optimal values on the one hand and overall solution set and
optimal value of (P,) is characterized in Proposition 10 in the appendix.

Now, we are in a position to state the main result of this section which is proved in the
appendix (following the proof of Prop. 12).

Theorem 2 In addition to the basic convezity assumptions (BCA), let the following con-
ditions be satisfied at some fized p € P(R?):

1. ¥(u) is nonempty and bounded.
2. There exzists some & € X such that F,(h(Z)) > p.

8. F is strongly convez on some conver open neighbourhood U of Y (u), where r < 0
is chosen from (BCA) such that y is r- concave.

4. o is Hausdorff Holder continuous with rate k=1 on Yy.

Then, U is Hausdorff Holder continuous with rate (2)' at u, i.e., there are L,6 > 0
such that

drr (¥ (1), U(v)) < Lldr(, )7 Vo € P(R?), dic(,v) < 6.

The first assumption of Theorem 2 is of technical nature. It can be enforced, for instance,
by compactness of X (the nonemptiness of the compact constraint set is then a conse-
quence of the second assumption). The second assumption can be interpreted as a Slater
condition (see proof of Prop. 12). In special situations, its verification is possible without
explicit knowledge of the measure u. For instance, in the situation of linear chance con-
straints under nonnegativity restrictions (h(z) = Az, X = R7), it suffices to know that
A > 0 and that A does not contain zero rows. Indeed, for v := Al with 1 =(1,...,1),
one has v; > 0 for all :. Consequently, limy_,o F,(Av) = 1. Since p < 1, there is some
A > 0 such that F,(Av) > p. Hence, F,(Az) > p for & := A1 € X, which is condition
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2. in Theorem 2. An alternative situation occurs when X = R™

and A has linearly
independent rows.

The third assumption of Theorem 2 is satisfied for r- concave measures (r < 0) for
which F] is strongly convex on bounded, convex sets (because Y (u) is compact, see
Prop. 10). An example for such measure is the multivariate normal distribution with
independent components, as it is shown in Proposition 14 in the appendix. To prove the
same result in the correlated case appears to be much more involved. But even measures
lacking the mentioned property of ’global’ strong convexity may still satisfy the third
assumption. For instance, the uniform distribution over multidimensional rectangles is r-
concave for any r < 0 and F}] is strongly convex on this rectangle. All one has to know then
is that Y'(u) is contained in the rectangle too. Unfortunately, not all uniform distributions
over polytopes share the required strong convexity property (e.g., the uniform distribution
over the triangle conv{(1,0),(0,1),(1,1)} is r- concave for any r < 0 but F}, fails even
to be strictly convex on this triangle). If h is linear, i.e., h(z) = Az, then the strong
convexity assumption can be simplified in the sense that it is supposed to hold on some
convex open neighbourhood U of A(¥(u)).

In the last assumption of Theorem 2, it is assumed that some Holder continuity of o
with respect to the Hausdorff distance is known. This is the case, for instance, for linear
mappings h, polyhedral sets X and convex-quadratic functions g . Then the Holder rate
for o equals 1 (see Th. 4.2 in [10] or Prop. 2.4 in [7]) and we have the following Corollary
to Theorem 2:

Corollary 3 In addition to the basic convezity assumptions (BCA), let g be convez-
quadratic, h linear and X polyhedral. Then, supposing the first three assumptions of
Theorem 2, ¥ is Hausdorff Hélder continuous with rate 1/2 at u, i.e., there are L,6 > 0

such that
da(Y(p), ¥(v)) < L\/dg(p,v) Vv e P(R?), dg(p,v) < é.

Apart from this application to linear chance constraints defined by A, there is also a chance
of identifying a Holder rate of o in the more general situation considered here, when A
has concave components (see Prop. 2.4 in [7] for more details).

Example 16 in the appendix demonstrates that the Holder rate obtained in Theorem 2
and in Corollary 3 is sharp. This observation is refined in Example 17 in the appendix, in
order to show that the Holder rate 1/2 in Corollary 3 is realized, in particular, by discrete
approximations of x. In both of these counter-examples, the objective function was defined
by a degenerate convex quadratic form. Using more sophisticated constructions, one could
verify the sharpness of the Holder rate also in case of linear or strongly convex objective
functions g (e.g., Example 2.10 in [7]).

On the other hand, all these examples live in R% The following Proposition which
is proved in the appendix (following the proof of Prop. 13) confirms that the Holder
rates of Theorem 2 and Corollary 3 can be improved as long as the random variable £ is
one-dimensional (the decision variable z is arbitrary). Moreover, in this special case no
strong convexity assumption is needed for the measure x (condition 3. in Theorem 2):



Proposition 4 In addition to the basic convezity assumptions (BCA), let s = 1 and
assume conditions 1.,2. and 4. of Theorem 2. Then, ¥ 1s Hausdorff Holder continuous
with rate k™' at u. In the context of Corollary 3, ¥ is even Hausdorff Lipschitz continuous
(rate K = 1) at p. O

3 Lipschitz Stability

The Lipschitz result of Proposition 4 (in the context of Corollary 3) is based on the
one-dimensionality of the random variable which is rather restrictive in stochastic pro-
gramming. In order to derive Lipschitz stability in a multivariate setting, one has to
impose further conditions and also to restrict the class of considered measures (for the
original as well as the approximating one). The subsequent analysis relies on general sta-
bility results obtained in [1, 2]. The following theorem gives a reduction of those results
to the setting which will be of interest here:

Theorem 5 (see [2], Th. 4.81) Consider the parametric optimization problem
min{ ()| G(z,u) € K},

where f :R™ = R, G: R™xU — R% U is a Banach space, K = R x{0},,, 1+ ¢ = q.

Denote by S(u) := arg min{f(z)|G(z,u) € K} the parametric solution set and fiz some

parameter ug € U. Let the following conditions hold true:

1. f and G are C* functions (differentiable with Lipschitz continuous derivative).
2. S(uo) # 0 and S 1s uniformly bounded in a neighbourhood of uq.

3. f satisfies a second order growth condition with respect to S(ug), i.e., there ezist a
netghbourhood V of S(uo) and a constant ¢ > 0 such that

f(z) > fo+cdist®(z,S(uw)) Vz eV, Glz,u) € K
(fo = inf{f(2)|G(z,u) € K}).

4. For all x € S(ug) it holds that

{VeGi(z,u0) tizt,..q0 U {VGi(z, %0) }ier(x)

18 a set of linearly independent vectors in R™, where
I(z) ={j € {1,...,q1}|Gi(z,u) = 0}.
Then, S is upper Lipschitz at ug, i.e., there are constants L,§ > 0 such that

dist(z, S(uo)) < L||lu —uol| Vz € S(u)Vu e U, ||u—uo|| <.



In order to apply Theorem 5 to our parametric problem (FP,), we have to interpret the
parameter u as distribution functions F, where v € P(R®). However, condition 1. requires
to restrict the admissible class of measures to those having C''* distribution function. More
precisely, we introduce the following space:

C;’l(R") := {f € C*(R™)|f is bounded and has a bounded, Lipschitzian derivative}

With the norm

1,1 v T _v
1Al = max{:gﬂgnu(mn,sup Vi@, suwp V@) f<y>||}7

sERN 2,yER™ oy |z —yl|

C;’l(R”) becomes a Banach space.
In the parametric problem (P,), let us specify the general convexity assumptions

(BCA) in the following sense:

e The objective function g is convex-quadratic, i.e., g(z) = (z, Hz) + (¢, z) for some
positive semidefinite (m,m)-matrix H (H = 0 possible) and some ¢ € R™.

o h(z) = Az, where A is a matrix of order (s,n).

e X is a polyhedron and has an explicit description
X={zeR"(0j,2)<a; j=1,...,4); (Biz)=b(i=1,...,8)}

e For some fixed probability measure u € P(R?) it holds that yx is r-concave for some
r < 0.

In this setting, the following result was proved in [6] (Th. 8):
Theorem 6 Let the following conditions be satisfied at u fized in the setting above:

1. ¥(u) is nonempty and bounded.

2. F}, 1s strongly convez on some convez open neighbourhood U of the compact set

Alw(w))
3. There ezists some & € X such that F,(AZ) > p.
4. U(u)Nargmin{g(z) |z € X} = 0.
Then, there ezist a neighbourhood V of U (u) and a constant ¢ > 0 such that

a(z) > () + cdist®(z, ¥(p)) Ve VNX, F,(Az) > p

Now, we are in a position to formulate the desired stability result:
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Theorem 7 Let the following conditions be satisfied at u fized in the setting above:

1. ¥(u) is nonempty and bounded.

2. F}, 1s strongly convez on some convez open neighbourhood U of the compact set

A ().
3. F, c C;''(R®).

4. For all z € Y(u), the following set is linearly independent, where J(z) = {j €
{17 s 7ql}| <O£j,:11> = a’j}:

{VF.(Az) - A} U{a;}, 0 U {Biti=1, -
5. ¥(p) Nargmin{g(z) | z € X} = 0.

Then, the solution set mapping ¥ s upper Lipschitz continuous at u in the accordingly
restricted class of probability measures, 1.e., there are constants L,d > 0 such that

dist(z, W) < L|Fu — Ry Vo € U(v) Vv € P(R?), F, € G (R, |~ FJi" < 6.

Proof.

We are going to apply Theorem 5 with U := C;’l(Rs), u = Fu, 1 =G+ 1, o =
g2, Gl(mau’) =P u(Aa:), Gj(mau’) = <O£j_1,:11> (.7 =2,...,q1+ 1)7 Gl(mau’) = <BZ7:E
(z=1,...,d2). Then, obviously, the constraint sets in Theorems 5 and 7 coincide for all

u:=F, € C;'(R®), v € P(R®):
G(z,u) € K <=z € X, u(Az) > p.
In particular, S(u) = ¥(v). The partial derivatives of G are calculated as
—Vu(Az)A L
VoG(z,u)=| o j=1,...,@) |, VuG(z,u)= ( 0 ) :

B}"(,L'er“’qz G1+da

where Lu = —u(Az). From the definition of ;"' (R®) one easily verifies that G belongs to
the class C!, hence, assumption 1. of Theorem 5 is satisfied.
Next, we show:

there is some & € X such that F,(Az) > p. (4)

To this aim, choose some z € ¥(u) according to condition 1. in our theorem. Then,
z € X and F,(Az) > p. Owing to condition 4., there is a solution v of the linear system

(V(F,0A)(z),v) =1, (aj,v)= (Gi,v)=0 (€ J(z),t1=1,...,3).

Then, for £ > 0 sufficiently small,  := z 4 ev satisfies (4). Now, (4) along with condition
1. entails upper semicontinuity of ¥ at p via Theorem 1, whence assumption 2. of
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Theorem 5. The quadratic growth of f required in assumption 3. of Theorem 5 follows
from Theorem 6 together with (4) upon taking into account that fo = ¢(u). Finally,
assumption 4. of Theorem 5 follows immediately from condition 4. in our theorem (recall

that V,G1(z,u) = —VF,(Az) - A). O

When comparing the last Theorem with Corollary 3 which imposes the same data re-
quirements, the stronger Lipschitz result is mainly based on two additional assumptions
(leaving apart the condition 4. of linear independence in Theorem 7 which can be un-
derstood as a modification of the Slater type condition in the previous results): firstly,
condition 5. requires that the chance constraint F,(Az) > p affects the solution of the
problem. If this condition is violated, no Lipschitz rate can be expected for solutions
even when all remaining assumptions of Theorem 7 hold true. This can be seen from
a small modification of Example 16 upon replacing the uniform distribution there by
some bivariate normal distribution with independent components in order to meet the
data requirements of Theorem 7. In that example, the solution set of the fixed problem
with chance constraint is the same as the solution set of the unconstrained problem with
removed chance constrained. As a consequence, a Holder rate of 1/2 results.

Secondly, the probabiliy measures in Theorem 7 are restricted to have distribution
functions in the space C;’l(Rs). This applies for the fixed measure y as well as to its per-
turbations v (see statement of the result in Theorem 7) Again, without such restriction no
Lipschitz rate could be obtained. We refer once more to Example 2.10 in [7] (which would
have to be slightly modified in the same sense as before). In this example, all assumptions
of Theorem 7 are satisfied. However the perturbed measures are just Lipschitz continuous
and do not belong to C;’l(Rs). They are constructed in such a way that the perturbed
solution set ¥(v) grows at a Holder rate of 1/2 away from the unperturbed solution set
W ().

Although the result in Theorem 7 is stronger than that of Corollary 3 in that it
improves the Holder rate towards a Lipschitz rate, it provides only an upper estimate
whereas the estimate of Corollary 3 is two-sided by relying on the Hausdorff distance.
Furthermore, even the upper estimate of Theorem 7 is slightly weaker than its one-sided
counterpart in Corollary 3, since, by definition of ||||;1 and of dg, one has

|F,, — F,|l;" < dx(v1,v2) forall vy,1, € P(R?), F,,, F,, € C;''(RY).

Of course, imposing new restrictions raises the question of which class of probability
measures still meets the new assumptions. Theorem 7 requires that both the original
and all the perturbed measures have distribution functions in C;’l(Rs). The following
proposition identifies two classes of such measures:

Proposition 8 Let v € P(R?).
1. If v 1s a nondegenerate multivariate normal distribution, then F, € C;’l(]Rs).

2. If v is the distribution of a random vector with independent components and if
the I1-dimensional distributions v; € P(R) of these components have bounded and
Lipschitzian densities f,., then F, € C;’l(Rs).
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Proof. Ad 1.: Without loss of generality, one may consider standard normal distributions
(zero mean and unit variances). It is well known then (e.g. [12], p. 203), that the partial
derivatives of F, can be calculated as

OF, . .
92, (z) = Fo(&:) - f(zs) (e=1,...,3),

where ﬁ}, is the distribution function of some nondegenerate multiv 7 € P(R*™1), z; €
R* ! and f is the density of the 1-dimensional standard normal distribution. Taking into
account that F,, F; and f are bounded (say by some M > 0), it follows immediately
that F, € C'(R?) is bounded and has bounded derivative. Since F, (as a nondegenerate
multivariate normal distribution function) and f are Lipschitzian on R*~! and R, respec-
tively, it follows that the partial derivatives of F, are Lipschitzian on R* (as products of
functions which are bounded and Lipschitzian on R?). Hence, F, € C;"'(R*).

Ad 2.: Clearly, F, is bounded as a distribution function. By the assumption of indepen-
dence, F, = F,, --- F,, , where F,, are the marginal distributions of v. Since the marginal
densities f,, were assumed to be Lipschitzian, the F,, and, hence, F, itself are of class C*.
The assumed boundedness of the f,, yields that the F,, are Lipschitzian. Furthermore,

O0F,
:fl/1 FugFus
6:111
Therefore, gf’l’ is bounded and Lipschitzian according to the assumptions. The same
argumentation applies to the other partial derivatives, whence F,, € C;’l(Rs). O

4 Illustration of the Stability Results

In this section we illustrate the obtained stability result for a simple 2-dimensional exam-
ple. We consider the problem

min{z; + z3|P(& < z1,& < z3) > 1/2},

where £ is assumed to have a distribution x4 which is normal with independent components
of mean zero and unit variance. Clearly, this problem satisfies the basic data assumptions
(BCA). The solution set of this problem consists of a singleton ¥(u) = {q,q}, where
g ~ 0.55 is the 1/v/2-quantile of the 1-dimensional standard normal distribution. First,
we check the assumptions of Theorem 2. Obviously, ¥(u) is nonempty and bounded. Next,
a Slater point certainly exists, any & with &, = Z, > g satisfles F,(2) > F,(q,q9) = 1/2.
Furthermore, as p is a normal distribution with independent components, F is strongly
concave for any r < 0 and on any bounded, convex set (see remarks below Theorem 2).
As a consequence, F is strongly concave on some convex, open neighbourhood of ¥(u).
Summarizing, the first three assumptions of Theorem 2 are satisfied. Finally, in our
example, g is linear (in particular: convex-quadratic), X = R? is trivially polyhedral and
h is linear as the identity. Hence, Corollary 3 guarantees the Hausdorff Holder continuity
with rate 1/2 of the solution set mapping V¥ for any approximation v € P(R?®) of p.
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du (¥ (v), ¥(p)) . a)

3 1.2
2.5 1
2 0.8
1.5 0.6
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0.5 . 0.2
e di(p,v)
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le(v)—e(u))] Cq) .4
3 1.2
1
> 0.8
H 0.6
0.4
, dc(uy)  OF

0.6 0.8 1

Figure 1: Tllustration of stability results for simulated data

We want to focus now on two specific approximations both of which are based on a
sample Zi,...Zy of observations of £. The empirical measure derived from this sample
is defined as v = N1 Zf\il dz,, where 8z is the Dirac measure placing mass one at the
point Z. The empirical measure is a suitable approximation when no information at all
is available about the true measure p. If, on the other hand, partial information about w
is given, better adapted approximations may be favorable. For instance, if we know that
¢ in our problem is some nondegenerate multivariate normal distribution (but do not
know its parameters), then a parametric approximation defining a normal distribution
with mean and (co-) variances estimated from Zi,...Zy may be useful. We want to
symbolize this parametric approximation by /. Of course, with increasing sample size
N, dx(v,p) and dg (v, ) will tend to zero in a probabilistic sense, and dg (v, u) will
do so even faster than dx (v, u). The issue we want to address here is convergence of the
approximating solution sets, i.e., dependence of dg (¥ (v), ¥(u)) on dx (v, 1) . To this aim,
several thousand samples of ¢ were simulated according to its distribution p. The sample
size varied up to a few hundred.

Figure 1 a) illustrates the results for the parametric (black dots) and empirical (gray dots)
approximations. Clearly, in both cases the approximating solutions converge to the true
solution when the approximating measure converges to the true measure. Indeed, this
kind of qualitative stability is already ensured by the first two assumptions of Theorem 2
via Theorem 1. From a quantitative point of view, however, the solution sets of parametric
approximations seem to converge much faster (in the worst case) than those of empiric
approximation. This is particularly obvious in a region close to the origin which has
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been magnified in Figure 1 b). According to the diagram, there is no doubt that there
exists an upper Lipschitz estimation for the parametric approximation, whereas in case
of the empiric estimation increasingly large ratios between the two distances seem to
be possible when dg(v,u) tends to zero. This suggests a Non-Lipschitzian relation in
accordance with the observation from Example 17 that discrete approximations may lead
to Holder rate 1/2 for the stability of solution sets. At least, Corollary 3 guarantees that
the corresponding cloud of points lies below some function a+/dg (v, u), where oo > 0 is
sufficiently large.

As far as the parametric approximation is concerned, its Lipschitzian behavior is
supported by Theorem 7. To see this, recall that both the original and the approximating
measures are normal distributions, hence, their distribution functions belong to the space
C,'(R®) according to Proposition 8. Furthermore, the gradient of a (nondegenerate)
normal distribution function is always nonzero which yields condition 4. of Theorem 7.
Finally, owing to the fact that the objective function in our example is linear, condition 5.
of Theorem 7 is trivially fulfilled. It has to be noted, that Theorem 7 provides a Lipschitz
result with respect to the distance ||F, — Fl,||;’1, whereas Figure 1 b) even suggests a
Lipschitzian relation with respect to the stronger Kolmogorov distance dx (u, v).

As far as optimal values are concerned, Theorem 1 guarantees a Lipschitzian estimation
for any approximating measure. This is observed empirically in Figure 1 ¢) for the example
of empirical approximation (the better behaved parametric case is omitted here).

Finally, we may reduce our example to a 1-dimensional setting, i.e., to the problem

min{z|P(¢ < z) > 1/2},

where ¢ is assumed to have a standard normal distribution x. In this situation, the de-
pendence of Hausdorff distances between solution sets on Kolmogorov distances between
measures is seen from Figure 1 d) to be of Lipschitzian nature for both types of approxima-
tions (black dots on top of gray dots). Again, this observation is supported by our results
via Proposition 4, according to which the Lipschitz rate results for any approximating
measure.

5 Appendix

Lemma 9 Forr <0 and v € P(R®) it holds: If F,(y) > w >0 for ally € Q C R?, then
there exist constants ¢,d > 0 such that

|Fo(y) — Fi(y)| < cdr(v,0') Vy e QVe' € P(R?), dx(v,v') < 6.
Proof. Note that
lu" — 7| < |r|max{u""", v" "} u —v| Vu,v>0.
Then, choosing ¢ := w/2, one has
F.(y)>w/2>0 Vye @V e PR, dx(v,v') < 6.
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Fix c as |r| (w/2)"1. 0

The next lemma provides a two-level decomposition for solutions and optimal values of
the parametric problem (P, ):

Proposition 10 (see [5/, Lemma 1) Under the assumptions of Theorem 1 let V be an
open ball containing W(u). With the notations introduced in front of Theorem 2 it holds
that

1. Yy 1s convez and compact.

2. T is convez, finite and lower semicontinuous on Yy .

3. There is some § > 0 such that for all v € P(R®) with dg(u,v) <

e(v) = inf{n(y) |y € Yv, F.(y) > p} (5)
U(v) = o(Y(v)) (6)

4. Y : P(R*) = R* is upper semicontinuous at .

The following Proposition allows separately to study quantitative stability of lower and
upper level solution sets, respectively, in order to derive quantitative stability of the overall
solution set:

Proposition 11 In addition to the assumptions of Theorem 1 suppose that

1. 'Y is Hausdorff Holder continuous with rate 1/2 at p, 1.e., there are constants p,§ > 0
such that

du(Y (1), Y (v)) < pdil*(p,v) Vv € P(R?), di(p,v) < 6.

2. o is Hausdorff Holder continuous with rate k™1 on Yy, i.e., there exists L > 0 such
that
du(o(z),0(y)) < Ld® (y,z) Vz,y € Yy.

Then, ¥ is Hausdorff Hélder continuous with rate (2)~! at p. More precisely, it holds
that

drr(U(), ¥ (v)) < Lp™ [drc (1, 0)]®Y Vv € P(RY), di (s, v) < 6.

Proof. For a nonempty and closed subset @ C R® and y € R* denote by proj?(y) the
projection of y onto . Note that for v € P(R*) with dg(u,v) < ¢ and small enough

8, one has ¥(v) # 0 (Theorem 1) and Y (v) # 0 by (6). Furthermore, the sets Y (v) are
closed. Indeed, by definition and by (5), they can be represented as

Y(v)={y € Ww|F,(y) > p} N {y € Yv|n(y) < o(v).
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The first set on the right is closed due to the upper semicontinuity of distribution functions
and by statement 1. of Proposition 10. The second set is closed because of the lower
semicontinuity of 7 (statement 2. of Proposition 10). Consequently, proj applies to these
sets Y (v). Recalling that Y (v) C Yy, it follows from the assumptions and from (6), that
for v € P(R®) with dg(p,v) < 6

da(¥(u),¥(v)) = max{ sup d(z,¥(v)), sup d(z’,¥(u))}

ze¥(p) z'e¥(v)
— max{ sup sup d(a,0(Y(v))), sup sup d(B,0(Y(u))}
yeY (1) aca(y) y' €Y (v) BEa(y')
< max{ sup sup d(a,a(proj’ M (y))),
yeY (1) aco(y)
sup sup d(B,co(pros” “W(y")))}
y' €Y (v) Bea(y’)
< Lmax{ sup d* (y,proj* M (y)), sup d&* (y',proj” ¥ (y))}
y€Y (1) y'eY (v)
< L |max{ sup d(y,Y(v)), sup d(y,Y(u))}
yeY (1) y'eY (v)
< L{da(Y(w),Y(w)"
< Lp" [di(p,v)]®9”

O

The next proposition, which may be considered as the technical core of our analysis,
provides a verifiable condition for the upper level solution set Y being Hausdorft Holder
continuous with rate 1/2. The key here is an argument of strong convexity.

Proposition 12 Under the assumptions of Theorem 1 consider the parametric program
(B) min {r(y) |y €Yv,F(y) >p} (v€P(R?)

near p € P(R?), the solution set mapping and optimal value function of which are given
by Y and ¢, respectively (see Prop. 10). Let the following assumption be satisfied in
addition, where r < 0 refers to the exponent of concavity of u

o F] is strongly convex on some convezx open neighbourhood U of Y (u).

Then, Y is Hausdorff Hélder continuous with rate 1/2 at u.

Proof. Setting b,(y) := Fi(y) — p" for v € P(R®), the original problem (P,) may be
written as

(P) min {r(y) |y € Y,bu(y) < 0}.

As a consequence of the r- concavity of u (where r < 0), F, is a convex (possibly extended-
valued) function. Therefore, b, is a convex function finite-valued on Yy (see definition of
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Yy). Then, in view of 1. and 2. in Proposition 10, (P,) is a convex program which satisfies
the Slater condition b,(g) < 0 for some y € Yy. Indeed, we may choose z* € ¥(u) # 0
(first assumption of Th. 1), hence z* € X NV and b,(h(z*)) < 0. Furthermore, z € X
taken from the second assumption of Theorem 1 satisfies b,(h(z)) < 0. With F, being
nondecreasing as a distribution function, the composition F o h is convex too due to F
being nonincreasing (r < 0) and to h having concave components. Therefore, b, o h is
convex and, for sufficiently small A > 0, z) := Az + (1 — X)z* satisfies b,(h(z))) < 0.
Now, one may take g := h(zy).
Statement 4. in Proposition 10 and Lemma 9 guarantee that for some ¢,¢’ > 0

Y(v) CU, b(y) — b.(y)| < cdr(p,v) Vy€ Yy, Vve PR, de(u,v) <é. (7)

Finally, the additional assumption on strong convexity of F] on U means in particular
that

bu(y1/2 +y2/2) < bu(y1)/2 + bu(y2)/2 — pllys — v2l|* Vyn,y2 €U (8)

for some p > 0. We proceed by case distinction with respect to the relation between Y ()

and the solution set @ := argmin{n(y) | y € Yy} of the relaxed problem (P,) where the
chance constraint b,(y) < 0 is omitted.

case 1: Y(p)N @ = 0.

Choose some y* € Y (u) (recall that Y (u) # 0 due to ¥(u) # 0 and to (6)). Since 7 and
b, are finite-valued on Yy (statement 2. of Prop. 10 and ¢(u) = n(y*) > —oo (see (5)),
the Slater condition shown above for problem (ﬁu) ensures the existence of a Lagrange

multiplier A* > 0 such that (cf. [13], Cor. 28.2.1)
m(y*) = min {m(y) + A*bu(y) [y € Yv} and A"b,(y*) = 0. (9)

By the case 1- assumption, one has A* > 0 and so 7 + A*b, is strongly convex on Yy N U
due to the additional assumption in this lemma. This implies

lly =P S 7(y) + Abuy) —7(y")  forall yeYynU. (10)
for some p > 0 (due to A\*b,(y*) = 0 and y* being a minimizer in (9)). In particular, y* is

the unique minimizer of (ﬁu), ie., Y(u) = {y*}. For an arbitrary v taken from (7), (10)
applies. Using the results of Proposition 10 and the fact that b,(y) < 0 for all y € Y (v)

one arrives at the asserted Holder continuity with respect to the Hausdorff distance:

da(Y (1), Y(v)) = sup dy,y*) <52 sup [r(y) — n(y*) + M (Fi(y) — p)]"
yeyY (v) yeY (v)
< ~—1/2 _ )\* b —b 1/2
< p sup [p(v) — @(p) + A" (bu(y) — b.(v))]
yeY (v)
< 5 [Ldk(p,v) + Nedi (p,v)]'?
< VAL A+ M) g ()

for all v € P(R?), dx(u,v) < min{é’, 8} and with L,é > 0 from Theorem 1.
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case 2: Y(u)N@Q #£ 0.

In this case, Y (u) has the simple representation

V() ={y € Q| bu(y) <0} (11)
Note that @ is closed and convex by the properties of 7 and Yy stated in Proposition 10.

case 2.1 JgyeY(u),bu(y) <0.
Then, g is a Slater point of the constraint b,(y) < 0 with respect to Q. Then, by the
Robinson-Ursescu Theorem (cf. [14]), the inverse H~! of the multifunction

H(t) := {y € Qbu(y) <t}

is metrically regular at all points (y,0) with y € Y (u). This amounts to the existence of
neighbourhoods U, and constants ¢, L, > 0 such that

d(y', H(t)) < Lymax{bu(y') — 1,0} V1" € (—ey,6)Vy' € QN U, (12)

Now, let v € P(R®) be arbitrary such that dx(u,v) < § with &' from (7). If ¢’ €
H(—cdg(u,v)) (where c refers to (7)), then vy’ € @ and

bul') < —edsc(,) < min{0,5,(/) — bu(y")}
by definition of H and of d (, ). Tt follows that
H(—edie () € V() N Y (4], (13)
Combining (12) with (13), we obtain for all v € P(R®) with dx(p,v) < min{é’,c e, }:

max{d(y’,Y (1)), d(y’, Y (¥))} < d(y', H(—cdx(p,v))) < Ly max{bu(y’) + cdx(u,v),0}
< Lycdg(p,v) Yy' €eY(p)NU,
- { 2Lycdg (p,v) Yy eY(wv)nU,

where in the second estimation the relation b,(y") < bu(y') — b(v') < cdr(p,v) was
used (see 7). Summarizing, each y € Y (u) is supplied with neighbourhoods U, of y and
constants &, L, > 0 such that

Lydg(p,v) VY €Y(u)NU, VvePR), dx(p,v) <éy
Lydg(p,v) Yy' e Y()NU, Yve PR, dx(u,v) < é,.

d(y', Y (v))
d(y', Y (1))
The compactness of Y(u) C Yy (statement 1. of Prop. 10) then allows to extract

constants €*, L > 0 and an open set U containing Y (u) such that for all v € P(R®) with
dx(p,v) < €* one has

VANVAN

Ldg(u,v) Vy€Y(u)
Ldk(p,v) YyeY()nU.

VANVAN
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By upper semicontinuity of Y (statement 4. of Prop. 10), one has Y (v) C U for all
v € P(R®), dx(p,v) < €' with some ¢’ > 0. Hence, even Hausdorfl Lipschitz continuity
of Y at u follows from the above inequalities: dg(Y (1), Y (v)) < Ldg(u,v) for all v €
P(R?), dx(p,v) < min{e*, e'}. This, of course, implies the asserted Hélder continuity
with rate 1/2.

case 2.2 b,(y) =0 Vy € Y(u).

The convexity of Y (u) along with (8) yield that Y (u) reduces to a singleton, say Y (u) =
{y*}. Then, b,(y*) = 0and y* € @ C Yy by (11). For any v satisfying (7), lety € Y(v) C
U be arbitrary, hence y € Yy and b,(y) < 0. Put

A i=inf{A >0 | b.(Ay* + (1 — N)y) <0}

Then, X' € [0,1]. Define y' := XNy*+ (1 — X')y. Assume first that A’ > 0. Since the convex
function a(A) = b,(Ay* + (1 — A)y) is upper semicontinuous on [0,1] and continuous on
(0,1), it follows that b,(y") = 0. Since, for X' > 0, b,(y) > 0, one has y' # y and
b.(y/2 + y'/2) > 0 according to the definition of y’. Then, (7) and (8) yield

cdx (1, 1) > bu(y) —bu(y) > bu(y)/24bu(¥')/2 > buly/2+y' [2)+p |y — ¥'I* = plly — ¥/,

whence
ly = 'll < V/e/pv/dic(u, v). (14)

In the excluded case of A’ = 0, the same inequality follows trivially from y' = y. Now,
we want to estimate the distance between y’ and y*, hence, without loss of generality, we
may assume that y' # y*. Then, ' < 1 and ¢ ¢ @ (if ¥y’ € @, then vy’ € Y(u) due to
b.(y") = 0 and (11), whence a contradiction to Y (u) = {y*}). Now, y ¢ @ since y* € @
and @ is convex (otherwise the contradiction y' € Q). Consequently, m(y) > m(y*). Put,
y" = y*/2+ y'/2, hence y"' = >"2i1y* + 1_T>"y, which is a convex combination of y* and y.
Then, y"” € Yy N U due to convexity of Yy, N U. It follows that

rl") < 2 hn(y) + T () < )

If b,(y")

") <0, then a contradiction to y € ¥(v) results, hence b,(y") > 0. Again referring
to (7) and

(8), it follows that

edi (, ) > b, (y") = bu(y") > —bu(¥*/2+9'/2) > —(buly) +b.¥))/2+ oy — |
= plly =¥

Combining this with (14), one arrives at the desired estimation

du(Y(p),Y(v)) = sup, ly — v*|l < 2+/c/pv/di (g, v).

Collecting the previous results allows to prove our main theorem on Holder rates:
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Proof of Theorem 2:

The first two assumptions of the Theorem serve to apply Theorem 1 in Propositions 10,
11 and 12. By virtue of the third assumption, Proposition 12 guarantees Hausdorff Holder
continuity of Y (upper level solution set) at p with rate 1/2. Combining this with the
last assumption of the Theorem (Hélder rate for the lower level solution set), Proposition
11 provides the stated result. O

In the case of a 1-dimensional random variable, the assertion of Proposition 12 can be
sharpened even without the strong convexity assumption made there:

Proposition 13 If s = 1 then, under the assumptions of Theorem 1, Y is Hausdorff
Lipschitz continuous (i.e., Hausdorff Holder continuous with rate k = 1) at p.

Proof. We consider the parametric program from Proposition 12 which Y is the solution
mapping of: _

(P,) min {n(y) [y € Yv,F(y) 2p} (v € P(R))
We have Yy = [a, b] for some a,b € R (see 1. in Prop. 10). Choosing some z* € ¥(u) C X
according to the assumption of Theorem 1 , it follows that h(z*) € Yy # 0, hence a < b.
Since F), is upper semicontinuous and nondecreasing as a distribution function, one gets

{yeR|F(y) 2 p} =[a(v),o), oa(v):=min{y € R| F(y) > p}.

Clearly, {a(v)} is the solution set of a parametric program of type (P, ) (see introduction)
which at the fixed measure p satisfies the basic data assumptions (BCA) (with g(z) =
h(z) = z and X = R). Since p € (0,1) and F, is a distribution function, there exists
some § € R with F,(g) > p. Now, Theorem 1 allows to derive the existence of L, > 0
such that

la(v) —a(p)| = le(v) — o) < Ldx(p,v) Vv € P(R),dx(p,v) <4,

where ¢(v) refers to the optimal value function of the parametric problem defining a(v).

Summarizing, we may rewrite (P,) as

(P) min {r(y) |y €b(v).B} (v €PR)),
where b(v) := max{a(v), a} satisfies
1b(v) — b(p)| < Ldg(u,v) Vv € P(R),dx(p,v) < é. (15)

We argue that b(v) < b for all v € P(R) with dg(u,v) < § and some § > 0. This is
obvious from (15) if b(p) < b. If b(u) = b, then we refer to some y € Yy with F,(g) > p
(see proof of Prop. 12). Consequently, a = b = gy and F,(b) > p. Then, F,(b) > p and,
hence, b(v) < b for all v € P(R) with dx(u,v) < § := F,(b) — p.

Now, 7 is a lower semicontinuous, convex and finite function on the nonempty intervals
[b(v),b] C Yy (see Prop. 10). In particular, Y (v) # 0 for all v € P(R) with dg(p,v) < 6.
Elementary calculus shows that

dur(Y (), Y (1)) < b(v) = b(u)] Vo € P(R), dx(p,v) < 5.

19



Along with (15), this yields the assertion of the Lemma.

Proof of Proposition 4:
Proposition 13 yields the Hausdorff Lipschitz continuity of Y at u. This means that the
Holder rate equals 1, so Proposition 11 provides the stated result.

O

Proposition 14 Let u have an s-dimensional normal distribution with independent com-
ponents. Then, the logarithm of the distribution function F,, of u is strongly concave on
any bounded, convez subset C' C R°. As a consequence, for any r < 0, F} is strongly
convez on C'.

Proof. We assume first the case of a 1-dimensional standard normal distribution having
the distribution function ® and the density ¢(z) = (27)~*/2 exp(—=z2/2). With ¥ := log ®,
one has that ¥/ = ¢/® and

T = % with 68(z) = ¢(z) + 28 (). (16)

We argue that 6(z) > 0 for all z. Evidently, this is true for z > 0, and, for z < 0, one
gets

) = wlo) e [ p@it =)+ [ ot [ (- 0pple)it

o0

- / (2 — £)p(€)dE > / (—o)p(£)dt = —2(22) > O,

o0 — o0

From (16), it follows that ¥"(z) < 0 for all z. Now, let F,, be the distribution function of
a l-dimensional normal distribution with mean m and variance o2. Then, for

¥ :=log F, =log ®(c7(z — m)) = ¥(o(z —m))

one has that U"(z) = 072¥"(z) < 0 for all z. Therefore, on each compact interval I C
R, ¥" is bounded above by some negative constant, which implies that log F,, is strongly
concave on I with some modulus k(1) > 0: for all z,y € I and all A € [0, 1], one has

log Fy(Az + (1 — X)y) > Aog F,.(z) + (1 — X) log F,u(y) + (A1 — X)(z — y)*.

Finally, let F,, be the distribution function of an s-dimensional normal distribution with
independent components. Assume that m is the mean Vector and Y is the diagonal
covariance matrix of this distribution with nonzero variances o2. Then,

Fu(z) = Fu(z1) - Fu,(z,) Vz €RS,
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where the F),, are the distribution functions of 1-dimensional normal distributions with
mean m; and variance o?. Let C' C R* be any bounded convex subset and choose I C R
large enough that C C I°. It follows that for all z,y € C and all A € [0, 1]

log Fu(h + (1= A)y) = > log Fu(Ami + (1 — Ny:)
=1

8

Z()\log Fu(@i) + (1 — A)log F,(w:)

FRDML - Az — w)?)
= Alog Fu(z) + (1 — A)log Fu(y) + £(I)A(L — A) [}z — o],

Y

which is the asserted strong concavity of log F,, on C. The last statement of the proposition
follows from the fact that continuity and strong concavity of log F,, on some compact
convex subset of {z|F,(z) > 0} implies F; to be strongly convex on that same subset for
each r < 0 (see [6], Prop. 4).

O

Example 15 Letm =2, s =2 and

min{zy — z1|(z1,22) € X, P(& < 21,6 < @) > 1/4}, X = {(z1, z2) |21 + 22 < 3/2},

where &€ = (€1, &) is assumed to have a uniform distribution u over the triangle
conv{(1,0),(0,1),(1,1)}.

Clearly, our basic convezity assumptions (BCA) are satisfied. The distribution function
of € 1s easily calculated as

min{l, min{z?, 22, (z; + o — 1)*}} 4fz1 >0,2, >0, z; + 22 >1
Fu(z1,z2) = 0 else

Accordingly, the constraint set becomes

{z € X|F,(z) >1/4} = {(z1,z2)|e1 +22<3/2, 21 >1/2, 29 > 1/2, 21 + 22 > 3/2}
= {(z1,z2)|ws + 22 = 3/2, z € [1/2,1]},

and the (unique) solution of this problem is (1,1/2). Now, consider a sequence of perturbed
measures vy, defined by uniform distributions over the (shifted) triangles

conv{(1+nt n7 ') (n"14+n "), (1+n 1 1+n 1}

Then, F,, calculates much like F, but with the shifted arguments z; — n™', zo — n .
It follows that v, — p in the sense of Kolmogorov distance. However, the feasible set

becomes empty:
{(z1,29)|z1 + 22 <3/2, 21 > 1/2+n" 2y >1/2 40" 2y + 20 >3/2+n7 '} =0.
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Hence, there are no solutions at all for this special sequence of approziamting problems.
Finally, consider a different sequence of perturbed measures. To this aim, let v be the
uniform distribution over the square [1/2,1] and define the sequence v, := (1—n"Yu+
n~'v of probability measures. The induced distribution functions calculate as F,, = (1 —
nY)E, +n"'F,, where F, has the ezplicit representation given above and

F.(z1,%3) = 4 % (max{min{zy,1},1/2} — 1/2) * (max{min{z,, 1},1/2} — 1/2).
We claim that (3/4,3/4) is the only feasible point in the perturbed constraint set
M, = {z € X|F,, (z) > 1/4}.

Indeed, one easily checks that F,(z), F,(z) < 1/4 for allz € X. Since F,,, is a strict con-
vex combination of F,, and F,, any point  of M, must satisfyz € X and F,(z) = F,(z) =
1/4. However, the only z € X with F,(z) = 1/4 is evidently T = (3/4,3/4), which at
the same time fulfills F,,(z) = 1/4. As the only feasible point, T trivially coincides with
the solution set W,, of all the approzimating problems. Consequently, the approzimating
solutions do not converge towards the solution (1,1/2) of the original problem.

Example 16 In problem (P), let m = s =2, X = R?, h(z) = z, g(z) = (z1 + 25 — V2)?,
p = 0.5 and p = uniform distribution over the unit square [0, 1]2. Fuvidently, these data
satisfy all the basic assumptions formulated in the introduction (in particular, u is log-
concave, hence r-concave for any r < 0). Next we verify the assumptions of Theorem
2: since the distribution function of u satisfies F,(z) = z1z2 for all (z1,z,) € [0, 1]2, 1t
follows that ¥(u) = {( \/7 \/7 which entails 1. in Theorem 2. It is elementary to
verify that one may assume Y () C [0 0,1 (after shrinking the open ball V' O U(u) used
in Prop. 10). Evidently, F}, is strongly convez for anyr < 0, whence 8. With z := (1,1),
one has F,(z) = 1 > p, which is 2. Finally, since g is convez-quadratic, X is trivially
a polyhedral set and h is linear, it follows that o is Hausdorff Lipschitz continuous (see
remarks above Corollary 8). This provides 4. with k = 1, and, thus, Theorem 2 ensures
that ¥ is Hausdorff Hélder continuous with rate 1/2 at u. This rate is sharp. Indeed,
considering the perturbed measures v, € P(R?) defined for € > 0 as uniform distributions
over the squares [—e,1 — 5]2, a straightforward calculation shows that

U(v,) = conv{(ac,b.), (be,ac)} and dx(p,v.) =e(l+¢),

where a,. /b, = \/7:l: \/e(v/2 4 €). Consequently,
di(P(n), ¥(e)) = V21/e(V2 +€) > Ve(l +¢) = Vi (u,ve),

which shows that the Holder rate 1/2 cannot be improved in this ezample.

Example 17 In the previous example, we fix an € > 0 and consider the associated
measure v, which is a uniform distribution over the square [—e,1 — 5]2. Certainly, v,
can be approzimated by a discrete measure U, (by placing an increasing number of uni-
formly distributed atoms in the square). In particular, U, may be chosen such that
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di (Ve, V) < di(p,ve)/3. It follows that, due to dg(p,v.) = e(l+¢€) — 0 (fore — 0), one
also has that dx (u, 7. ), i.e., U, approzimates pu for e — 0. Applying the triangle inequality
yields that

dK(I/E, I;E) S dK(,u, I;E)/?) ‘|‘ dK(VE, 1;5)/3,
whence dg (ve, Ue) < dx(p,7:)/2. Furthermore, one easily checks from the data in Ezample
16 that all the perturbed problems

(P.) min{g(e)|F., () > 0.5}

continue to satisfy the assumptions of Corollary 3: the basic data assumptlions remain
valid (v, is a uniform distribution over a square similar to p), the point ¢ := (1,1)
satisfies F,,(2) = 1 > p and the solution set U(v,) is nonempty and bounded. Finally,
similar to F, it holds that F,, 1is strongly convez for any r < 0. Now, Corollary 3 applies

w
to v, as the original measure and U, as the perturbed measure. Since U, may be choosen

arbitrarily close to v., we may assume that
dic(vey7%) < (21) 2 (9(1), B(1.)),
where L refers to the constant from Corollary 8. Now, the corollary provides

At (U (2.), ¥(1.)) < L\/dx (e, v2) <dia (¥ (), (1)) /2.

Summarizing, one may tnvoke the estimation from Ezample 16 and exploit the triangle
wmequality for the Hausdorff distance to arrive at

dp(¥(p), ¥(7)) du(¥(p), ¥(ve)) — du (¥ (), ¥(ve))
drr (W (1), ©(1.))/2 > /A ()2
\/dK(:uW’;E) - dK(VeaﬂE)/z > V dK(,u,,IJE)/Z/Z

Vi (m,5)/(21/2).

From Ezample 16 we know that dx(p,v.) = e(l4+¢) — 0 (fore — 0). Since dg(ve, ) <
di (p,ve)/3, it follows that U, is a discrete approzimation of . Now, the above chain of

AVARAVARLYS

inequalities confirms, that discrete approzimations may reslut in a Hélder rate 1/2 for
stability of solutions of program (P) under the assumptions of Corollary 3.
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