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Abstract

We consider a semilinear parabolic equation subject to a nonlinear dynamical
boundary condition that is related to the so-called Wentzell boundary condition.
First, we prove the existence and uniqueness of global solutions as well as the
existence of a global attractor. Then we derive a suitable Lojasiewicz-Simon type
inequality to show the convergence of global solutions to single steady states as
time tends to infinity under the assumption that the nonlinear terms f,g are
real analytic. Moreover, we provide an estimate for the convergence rate.

1 Introduction

In this paper, we consider the semilinear parabolic equation
ur — Au+ f(u) =0, (z,t) € Q x RT, (1.1)
subject to the boundary condition
—Aju+ du+u+ g(u) +u =0, (v,t) e T x RY, (1.2)
and to the initial condition
Uli=o = up(x), x € Q. (1.3)

Here, 2 C R"” (n € N, n > 2) is a bounded domain with smooth boundary I', A
is the Laplace-Beltrami operator on I', and v is the outward normal direction to the
boundary. We note that in the case n = 1, the operator A} simply does not appear

in the boundary, and that our result still holds with some modifications in the proof
(cf. also [31]).

The boundary condition (1.2) is inspired by some problems that are related to
multidimensional diffusion processes (cf. [28]) in a certain sense. It is well known
that the infinitesimal generator of a Feller semigroup, which is related to a certain
strong Markov process, can be described analytically by a Waldenfels operator W
and a Wentzell boundary operator L. If no jump phenomenon in the interior of €2
is considered, the operator W in the simplest case can be chosen as the Laplacian
A (which denotes the diffusion of the particle). In terms of local coordinates 2’ =
(1, ..., Tn_1), the Wentzell boundary operator L may have the following form:

Lu = Qu(x') — p(2")d,u(x’) + y(2"u(x") — (2 YWu(x'). (1.4)

Here, we also neglect the jump phenomenon on the boundary and the inward jump
phenomenon from the boundary. v, u,d € C°(T") satisfy v <0, ¢ >0, § >0. @ isa
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second order (possibly degenerate) elliptic operator on the boundary that corresponds
to the diffusion phenomenon along the boundary (like the Brownian motion on I').
The second to fourth terms in (1.4) represent absorption, reflection and sticking (or
viscosity) in the boundary condition, respectively (cf. [28, Chapter 7| for details). A
simple example for L might be

Lu = Aju — ,u —u — Aulp, (1.5)

where A|r represents the restriction of the Laplace operator A to the boundary T,
which should not be confused with the Laplace-Beltrami operator Aj. For the linear
heat equation u; — Au = 0 subject to the boundary condition Lu = 0, the Wentzell
boundary condition can be reduced to a linear dynamical condition (cf. [4]). Further-
more, if one considers a semilinear parabolic equation like (1.1), then the boundary
condition can be (formally) transformed into

—Aju+ dyu+u+ f(u) +u =0, (1.6)

which is a special case of (1.2) with g(u) = f(u). Since the nonlinearity g on the
boundary I' is arbitrary, our results below also apply for a class of nonlinear Wentzell
boundary conditions. For extensive discussions of the heat equation subject to various
Wentzell type boundary conditions, we refer to [3-5] and the references therein.

On the other hand, the dynamical boundary condition (1.2) is also related to some
phase transition problems in materials science. Various models describing isothermal
/ non-isothermal phase transitions in a bounded spatial region have been introduced
and studied in the literature. As far as the Cahn-Hilliard equation is concerned, some
physicists have recently pointed out that for certain materials a dynamical interaction
with the wall (i.e., I') must be taken into account (see, e.g., [21] and references therein).
This fact corresponds to considering a free energy functional that also contains a
boundary contribution. As a consequence, one deduces a (linear) dynamic boundary
condition of the form

u = Aju—0,u—wu, on (0,400)xT. (1.7)

Phenomenologically speaking, the boundary condition (1.7) means that the density
at the surface relaxes towards equilibrium with a rate proportional to the driving
force given by the Fréchet derivative of the free energy functional. The dynamical
boundary condition can also be associated with the well-known Caginalp model, which
is a non-isothermal second-order phase-field system in a certain bounded domain in
R™ (n < 3)(cf. [1,8,9,15]). There, a nonlinear dynamical boundary condition like
(1.2) was derived as a variational boundary condition such that the system tends to
minimize its total free energy. Our problem (1.1)—(1.3) can in some sense be regarded
as a subsystem of the Caginalp model in [8,9], subject to nonlinear dynamical boundary
conditions for the order parameter. In [8,9], the authors proved global existence and
uniqueness of the solution and analyzed the asymptotic behavior of the solutions;
they showed the existence of a global attractor, as well as of an exponential attractor,
and convergence to equilibrium as time tends to infinity. We refer to [1,6-11,13,15]



for extensive discussions on various evolution systems subject to nonlinear dynamical
boundary conditions.

In this note, we shall first prove global existence and uniqueness for problem (1.1)—
(1.3), as well as the existence of a global attractor. Then, we are interested in the
question whether the global solution to (1.1)—(1.3) will converge to an equilibrium as
time tends to infinity.

Before stating our main results, we make some assumptions on the nonlinearities

f9.
(Fla) f,g € C*(R).

To prove the result on convergence to equilibrium, we will instead of (Fla) need a
stronger condition:
(F1b) f, g are real analytic on R.

We further assume:

(F2)
1f(s)] <ec(1+]s]P), VseR, pel0,a),
where
+o00, ifn=2,
Q=
n—2’ if n > 3,
and
lg'(8)| < ec(1+1s]), VseR, qgel0,a),
where
. )Hoo, ifn=23,
B ﬁ, if n > 4.
(F3)

liminf f'(s) >0, liminfg'(s) > 0.

|s|—4+o00 |s|—=+o0
Remark 1.1. Assumption (F1a) is sufficient for the result on wellposedness. As-
sumption (F1b) is designed so that we can derive an extended Lojasiewicz-Simon type
inequality and use it to prove the convergence to equilibrium. Assumption (F2) implies
that the nonlinear terms have a subcritical growth. Actually from the argument in [8],
we do not have to suppose any growth assumption for n < 3 due to the validity of a
certain version of mazimum principle, which yields an L™ estimate (cf. [23, Lemma
A.2]). Assumption (F8) is a dissipative condition necessary to ensure global existence
of a solution to our problem (1.1)—(1.3). For simplicity of exposition, the nonlinear
terms f,g are assumed to depend only on w. However, the results in this paper still
remain true for nonlinear terms of the form f(x,u), g(z,u), under proper additional
smoothness assumptions with respect to x.

Throughout this paper, we simply denote by ||-|| the norm on L*(Q). C > 0
denotes a generic constant that may depend on €2, I' and the initial data, and it may
be different even in the same line. The specific dependence of C' in the subsequent



text will be pointed out explicitly. Sometimes in the proofs, we denote the solution
u(t) by w for the sake of simplicity.

As in [26], let V; be the Hilbert space, which is the completion of C'(Q2) with
respect to the following inner product and the associated norm:

(u,v)y, = / Vu - Vudzr + /(Vnu Vv +ww)dS, Vu,ve V. (1.8)
0 r

Here, V) denotes the covariant gradient operator on I'. Similarly, let Vo be the
Hilbert space that is the completion of C°(2) with respect to the inner product

(u,v)v, :/uvd$+/uvd5, YV u,v € V. (1.9)
0 r

Moreover, we introduce the space (cf. [6-8]) V; = H'(Q2) x HY(T), (i = 2,3...), which

is the completion of C*(2) with respect to the norm

ull?, = llull2q) + lule i

In general, any vector u € V; will be of the form (u,us) with u; € H(Q) and
up € HY(T'), and there needs not be any connection between u; and uy. We denote
Vi={u= (u,ulr) :ueV;} (i>1).

We are now in a position to state our main results.

Theorem 1.1. Suppose that (F1a), (F2), (F3) are satisfied. Then for any initial
datum ug € Vy, problem (1.1)-(1.3) admits a unique global solution such that

u € C([O,+oo);\72) N C([0, +00); Vo) N H(0, —|—oo;\~/'1).

Theorem 1.2. Suppose that (Fla), (F2), (F3) are satisfied. Problem (1.1)-(1.8)
admits a compact global attractor A C Vs.

Theorem 1.3. Suppose that (F1b), (F2), (F3) are satisfied. Then for any initial
datum ug € Vo, the unique global solution to problem (1.1)-(1.8) converges to an
equilibrium ) such that

lim([lu(t) = ¢llv, + llue(®)llvo) = 0. (1.10)

t—+

Moreover, we have the estimate
__0_
[u(t) = ¥llv, + llue®)lly,, < CA+1)" 2,  Vi=0. (1.11)

Here, C > 0 depends only on |uo|lvy, [©llv,, |2, and |T'|. ¢ is an equilibrium to
problem (1.1)-(1.3), i.e., a strong solution to the following nonlinear elliptic boundary
value problem
{ —AY+ f(¥) =0, inQ,
A+ 0+ +g(W) =0, onl.

In (1.11), 6 € (0,1) is a constant that depends on ¢ (c¢f. Lemma 3.1).

(1.12)
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Remark 1.2. Under assumptions (F1b), (F2), (F3), for any uy € Vi, we can
actually show that

u(t) = llv,s + [w(®)lv,, < Cs(1+8) T3, ¥Vit>5>0, (1.13)

where m > 1 is any positive integer, and Cs is a positive constant depending only on
luollvy, |¢llv, and 9.

Before ending this section, we point out some features of our problem. First, problem
(1.1)-(1.3) can be viewed as a subsystem of the Caginalp model studied in [8,9]. In
these papers, the space dimension is assumed to be less or equal to three; the authors
then are able to apply a proper maximum principle that implies an L*> estimate and
enables them to remove the growth assumption on the nonlinearities. Unfortunately,
the proof of this maximum principle relies on the continuous embedding H? — C
and thus is only valid in lower dimension case (n < 3). Here, we do not have any
restriction on the space dimension n. It would be natural to suppose proper growth
assumptions on the nonlinearities (cf. (F2)). We could prove the results by more
delicate a prior: estimates without using the maximum principle mentioned before.
Second, as far as the problem on convergence to equilibrium is concerned, it is well
known that in the case of higher spatial dimension, the situation is quite complicated
in that the stationary states can form a continuum (see, e.g., [17]). Moreover, a
counterexample for semilinear parabolic equations with C° nonlinearities was given
in the literature (see [25]), to show that there is a bounded global solution whose
w-limit set is diffeomorphic to the unit circle S*. A breakthrough was made in [27],
namely that, using the so-called Lojasiewicz-Simon inequality, any bounded global
solution of a semilinear parabolic equation will converge to a single stationary state
provided that the nonlinearity f is real analytic. Since then, a number of contributions
have been made for various types of nonlinear evolution equations. Concerning our
problem (1.1)—(1.3), since (1.2) is now a nonlinear dynamical boundary condition, the
classical Lojasiewicz-Simon inequality for homogeneous (Dirichlet/Neumann/Robin)
boundary conditions in the literature fails to apply. Moreover, it seems that it is not
straightforward to extend the proof for the Lojasiewicz-Simon inequality corresponding
to the linear dynamical boundary condition (cf. [2,34]) to the nonlinear case. As a
result, a nontrivial modification is required to treat the present problem. This can
be viewed as an extension of some previous results for the linear dynamical boundary
condition (cf. [1,2,14,31,34,35|) and can be used to prove the convergence result for
other evolution equations with boundary condition (1.2) (cf. [6-8]). We would like to
mention that in the very recent manuscripts [9,11], a proper £-S type inequality was
used to prove convergence result for some Cagnalp systems with nonlinear dynamical
boundary condition. Our proof is different from the ones given there (see Section 3).
Third, by delicate energy estimates and constructing proper differential inequalities,
we are able to obtain the same estimates for convergence rate in both lower and higher
order norms. This in some sense improves previous results in the literature (see, for
instance, [19,37]), and our approach can apply to other problems (cf. [9,14,30,32,33|).

The remaining part of this paper is organized as follows: Section 2 is devoted to the
proof of the existence and uniqueness of a global solution, and of the existence of a
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global attractor. In Section 3, an extended Lojasiewicz-Simon inequality is derived. In
the final Section 4, we prove the convergence to equilibrium and provide an estimate
for the convergence rate.

2 Wellposedness and Global Attractor

First we look at the linear problem

ug — Au = hy(z,t), (z,t) € Q x (0,00), (2.1)
—Aju+0u+u+u = ho(x,t), (x,t) €I x(0,00),

U|t:() = Uy, X E Q.

Problem (2.1)—(2.3) has been studied in the literature (see, for instance, [8,26]). In
particular, we have (cf. |8, Theorem 2.3|):

Proposition 2.1. Let uy € Vo, hy € H'([0,T]; L*(Q)), hy € H'([0,T]; L*(")). Set
Uy = (un, ulz), where

Uy = AUO -+ hl(O) € LQ(Q), U2 1= AHUQ — 8Vu0 — Ug + hQ(O) € LQ(F)
Then the linear problem (2.1)—(2.3) admits a unique solution such that
ue C([0,T];Va) N CH[0,T); Vo) N HY([0,T]; V). (2.4)

Moreover, for t € [0,T] the following estimates hold:

O, + [ e <€ [l + [ (Il + )] 23)

t t
ot | uetnlRr <€ |l + [ (Il + i) ] 20

t
J0IR, < € sk, + Woal? + Vil + | (Vo)1 + ) ) ]

(2.7)
where C > 0 is a constant that depends only on ||, || and is independent of T,t,
Up, U7 , hl, h2 .

Next, we state a local wellposedness result for problem (1.1)—(1.3). This can be
proved by using the idea in 8], namely to apply a proper contraction mapping principle
together with an approximation procedure and the uniqueness result (see Lemma 2.2
below). The details can be omitted here.

Theorem 2.1. Assume that (Fla), (F2), (F8) hold. If uy € Vs, then problem
(1.1)~(1.3) admits a unique local solution such that

u € C([0, Traz); V2) N CH[0, Thaz); Vo) N HY[0, Thaa): V1) (2.8)



In order to prove global existence, it suffices to obtain uniform a prior: estimates. In
what follows, we will derive (high-order) uniform bounds of u(t) via a formal argument.
However, this procedure can be made rigorous using an appropriate regularization
scheme (e.g. [8,37]).

The following lemma is useful for the derivation of a priori estimates.

Lemma 2.1. /23, Appendiz: Corollary A.1] Consider the linear problem

{ _A¢:h1(x)7 :CGQ7

—Njp+ 9,0+ ¢ =ho(x), z€l. (2.9)

Let the functions hy and he belong to H*(Q) and H*(I') respectively, where s > 0
and s+ 5 is not an integer. Then the solution (¢, ¢|r) to problem (2.9) belongs to
H*T2(Q) x H*T(T') and the following estimate holds:

9]

where C' is a constant independent of ¢ and s.

we+2() + [@lell a2y < Clhallae@) + k2l sn)), (2.10)

Theorem 2.2. [Global Eristence] Assume that (F1a), (F2), (F8) hold. Then the
solution u obtained in Theorem 2.1 exists globally, i.e., Thar = +00.

Proof. Denote
E(u(t)) = S u®)l, +/§2F(U(t))d$+/FG(U(t))dS, (2.11)

where F(2) = [ f(s)ds, G(z) = [} g(s)ds. It is easy to see that V ¢ € (0, Thaa),

d 2
S E@®)) + u(®)lly, =0, (2.12)

which implies that E(u(t)) is decreasing with respect to time. From the Sobolev
embedding theorem and the growth assumption (F2), we get

/Q Flu(t)dz = /Q /0 " s < 0 /Q /0 " s dsde

< C/Q(|U(t)| + u(t)[P*?)de < C <||U(t)||L1(Q) + ||U||’fp?2(m)
< C(lu®) @) (2.13)

Similarly,
/F G(u(t))dS < C(lu(t)]lmm). (2.14)

(2.12)-(2.14) imply that
E(u(t)) +/0 lue ()3, d7 < E(uo) < C(lluollvy), ¥t >0. (2.15)
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By assumption (F3), there exists a constant M > 0 such that f(s) <0 for s < —M
and f(s) > 0 for s > M. Consequently, the function F' is bounded from below by a

certain constant Cr. Hence,

| Ptz = crlal
Analogously,
/FG(u(t))dS > Ce|T).
Thus we can deduce that
E(u(t)) > %Hu(t)”%,l + Crpl|Q| + CqlT|.
Therefore, we have the uniform estimate

lu@®IR, < 2(E(u(t) - CrlQ| - Cell'])

Differentiating (1.1) and (1.2) with respect to ¢, we get
uy — Auy + f/(u)ut =0,
—Ajug + Opuy + up + g’ (w)uy + uy = 0.
Multiplying (2.20) by u; and integrating over €2, we obtain that
1d
2dt
It follows from (F3) that

- [ s <rul, - [ gtwnids < € lul,
Q T

<
< 2(C(Jluollv,) = Crlf = CelT]), Vi =0.

uwm+mwa+4fwﬁm+/JMﬁwza
I

(2.16)

(2.17)

(2.18)

(2.19)

(2.20)

(2.21)

(2.22)

(2.23)

where Cy, C, are constants depending only on f, g, respectively. Hence, we infer

from the assumption on vy and (2.15) that

t
um@wa+2lnmvmam

t t
< wmﬂm%+ﬂﬁﬂumvw%7+%aéHmvm;mw
t

_ H—Am+f@ww+HAmm—&ﬂm—m—gwwﬁmq+%%/HMUW%T

0
t
+%&Aumvm%mm
S 07

(2.24)



where C' depends on ||ug|lv, and is independent of T},4; .

We consider the elliptic boundary value problem

{ —Au=—u — f(u), x€Q,

—Aju+0u+u=—-u—gu), zel. (2.25)

From Lemma 2.1, it turns out that

lullv, < Cllue+ f(w)l[+[lue+g(w)ll2r) < Cllluellve + 1 ()l +llg(w)llz2ry), (2.26)

where C' is certain positive constant depending only on ||, |I'|.
According to (F2), we have

lf(s) < C(1+s”), seR, p1€[0,), (2.27)
with
400, ifn=1,2,
ap =
™2 it >3,
Thus,

IF ()]l < C+ CllullFen, g (2.28)

In what follows, we consider the case n > 4. For the easier cases n = 2,3, we refer to
Remark 2.1 below.

(1) If p1 € [0, 23], by the continuous embedding H*(2) — L(Q), 1 < ¢ < 2%,
and (2.19),
||f( )H < C -+ C”U’ L2P1(Q S C —+ CHU‘ 1;_111(9) S C (229)

(2) If p1 € ("5, ig), by the Gagliardo-Nirenberg inequality,

n—2 n
a= —— € (0,1). 2.30
10y > o Y (2:30)

el zzns ) < Cllullirzay el

Using the continuous embedding H'(2) — L%(Q) and (2.19), we get
If @) < C+Cllulliroy lullig, < €+ Cllul#g, (2.31)

where

n—2 n n—2(n+2
¢ =apr =P —-=1-
n—2

5 ; —m)e@n. (2.32)
A similar argument shows that for properly chosen ¢» € (0,1), we have
lg(@)ll2@ry < €+ Cllullar (2.33)
By Young’s inequality and (2.24),
lu(®lv, < awﬂww+wwwm+m<mmm>
< O OOy + Ol ey < €+ gy, (234
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As a result, we obtain the uniform estimate
[u@®)llv, < C, (2.35)
for all ¢ € [0, T}42), where C' is a constant that depends on ||ugl|v,, f,g,,T", but not
on T4 Now, we can conclude that the local solution w is indeed a global one.
The proof is complete. [
Remark 2.1. If n = 2,3, the situation is easier. Actually, due to (F8), we can apply
a mazimum principle (cf. [23, Appendiz: Lemma A.2[) to problem (2.25) to obtain

that
[ulloe ) + llulrllre@y < C(1+ [Judllv,) < C.

This is sufficient to prove (2.35). Moreover, in this case, we actually do not have
to assume any growth assumption on f,q (cf. [8]). However, for the case of higher
dimension, we do not have this property.

The following result yields the continuous dependence on the initial data, which also
implies the uniqueness of the solution to (1.1)—(1.3).

Lemma 2.2. Let uy, uy be two solutions to (1.1)~(1.3) corresponding to the initial
data ugy, uge € Vo, respectively. Then it holds

t
||U1(t)—U2(t)||3fl+/0 (lua (7) = w2 ()3, + Nl (w1 — u2)e ()Y, )dr < Ce™ uor — uez|,

(2.36)
where C' and L are positive constants depending on the norms of the initial data, on
Q and ', but not on time.

Proof. Subtracting the equations for u; from the equations for wuy, we get
(ug —u2)r — A(uy —ug)u+ f(ur) — fug) =0, (2.37)

—A||(u1 — Ug) + 8,,(u1 — 'LLQ) + (Ul — Ug) + g(ul) — g(uz) -+ (u1 — UQ)t =0. (238)

Multiplying (2.37) by (u; —us)¢, integrating over €2, and using the boundary condition
(2.38), we have

1d 2 2
Sy — ), + e —
= - /Q(f(ul) — f(u2))(ur — ug)ide — /F(g(ul) — g(u2))(u1 — ug)edS
< %Il(m — ua)l[¥y + 1f (ur) = f(ua)||* + lg(ur) — g(u2)|[72(r)- (2.39)
The mean value formula gives
fluy) — flug) = /0 I (sur + (1 — s)us)(ur — ug)ds. (2.40)
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Hence,
1f (ur) = flup)ll < max [|f(sur + (1 = s)uz)(ur — ug)l]. (2.41)

By Holder’s inequality and the Sobolev embedding H*™7(Q) — L (Q), nel0,1],

1£(ur) = flug)ll < max [f(E 525 o 11 — uall

2n
0<s<1 L7227 (Q)

= 0I£15a<}(1 (€ )HLH Q)||u1 — Uz g2-n(0), (2.42)

where & = suy + (1 — s)ug, s € [0,1]. From (F2), we have

7€y < € (1HIEITE ). (2.49)

=D (q)
When n < 4, we can just take 7 = 1 while for n > 5, we take n € (O,min{l, ﬁ}] )

Moreover,
in 2n

2-mn-2 a4

Then we have

[f(ur) = flu)l| < Jnax 17 (€ 22 g llun = w2l 2n (e
< C(llullvy, [[¥]lva)llur = uz gr2-n(q)
< C)lur = usllgpafey lua = w2l o
S eHul — UQHH2(Q) + CEHul — UQHHl(Q). (244)
A similar argument shows that
lg(ur) = g(uz)ll 22y < ellur — uallm2r) + Cellur — wallmir). (2.45)

Applying Lemma 2.1 to problem (2.37)—(2.38), we obtain that

|ur — uzllv,
< CO(ll(ur —ug)e + fur) = fu) || + [[(ur — ua)s + g(ur) — g(ua)l|r2r))
< CO([[(ur = u2)ellve + 1 f (u1) = fu)[| + [[g(u1) — g(u2)L2ry)
< %Hm — gllv, + C([(ur — u2)ellve + llur — uzllv,)- (2.46)
As a result,

lur = wsllv, < Culll(ur = w2)illve + [lur = wallv,), (2.47)

where C. is a constant depending on ||u1||v,, ||us||v,. The above estimate also implies

that
1

2072

—ually, < [[(ur = w2)illy, + [lur — waf5,- (2.48)
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Thus, we can infer from (2.44), (2.45), (2.39), and (2.48), that

d 1 1
aH(Ul - U?)H%/l + §H(Ul - U2)t”%/o + 4—C*HU1 - U2H%/2
1
< Sl =l + 1 () = Fu2)” + llg(wn) — glu) 72
1
< 3C. lur — uslf3y, + Lljur — uslf3,- (2.49)
The conclusion then follows from Gronwall’s inequality. [

We can see that the global solution u to problem (1.1)-(1.3) defines a semigroup
S(t) : Vo — Vg such that S(t)ug = u(t).

In the remaining part of this section, we want to prove Theorem 1.2, namely that
S(t) has a global attractor A in the phase space V. For this propose, we first show
that there exists a bounded absorbing set in V.

Lemma 2.3. Assume that (F1a), (F2), (F3) hold. There exists a positive constant
Ry such that the ball 3

By :={u € Va | [Jullv, < Ro}
s an absorbing set. In fact, for any bounded set B € Vs, there is some to = to(B) >0
such that S(t)B C By for every t > tg.

Proof. In the proof, we shall denote by ¢; (i = 1,2,...) constants that are independent
of w. Multiplying (1.1) by u, and integrating over (2, we get

1d
gl + iy, = = [ fwude — [ gluyuds (2.50)
Set
Yilt) = Bu(t) + a0l + Crl0] + Colr] (2.51)

We infer from (2.18) that
1
Vi) Z Sllu@®1%, + I, (2.52)

It follows from (2.12) and (2.50) that

d

%Yl(t) + HutH%,o + QHUJH%l <2 (— /Q f(u)udx — /Fg(u)ud5> ) (2.53)

Owing to assumption (F3), there exists some M; > 0 such that f'(s) >0, ¢'(s) >0,
for |s| > M;. Furthermore, there exists some M, > M; such that f(s)s > 0,
g(s)s > 0, for |s| > My. Consequently,

—/Qf(u)ud:v = —/|U>M2f(u)udx—/|u|§M2 fuw)udx < _/|u|§M2 fu)udx
< 19| lmax 1f(s)s| .= Chpy,p- (2.54)

s|<Ma
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Similarly,
—/g(u)udS <|I'| max [g(s)s| := Chpy,g- (2.55)
r |s|<M3
Again from (F3), we have (cf. [8])
F(s) — f(s)s < Cp 8+ Oy, G(s) —g(s)s < Cyy 8> + Cyy, (2.56)

where Cy,,Cy,,C,,,Cy, are independent of u. Hence,

/Q(F(U) = fwu)dz < Cyllull* + Cp, [0, (2.57)

ﬁwwwmwMMS3@mwam+@ﬂw (2.58)

We can conclude that there exist positive constants ¢; < 1, ¢y, independent of w,
such that

d
Ivi) +evit) < (2.59)
Therefore,
Yi(t) < e i(0) + 2, (2.60)
&1
which, together with (2.52), implies that
lu(®)I, < Cllluollv,)e™ + ca. (2.61)
Set
Ya(t) = Ya(t) + pllue (D)7, (2.62)

where 1> 0 is a constant to be determined later. We infer from (2.18) that

1
Ya(t) 2 Sllu@Iy, + @Iy, + pllu®)]l,: (2.63)
It follows from (2.12), (2.22), (2.50), that

d
Ya(t) + (1 = 2pmax{Cy, Co P w R, + 2pllwlly, + 2],

< 2( / Fluyudz — / (u)udS). (2.64)

1
4max{Cy, C,}’

by a similar argument as before, there exist positive constants cs,cg such that

Taking

= (2.65)

Ya(t) < e~Y5(0) + % (2.66)
5
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This together with (2.61) yields
lue(®)llvy < Cllluollva)e™™ + cs. (2.67)

According to (2.26), in order to estimate ||u(t)|v,, we have to estimate || f(u(t))||
and ||g(u(t))|/z2ry. From (2.31) and (2.61), we find that by the Gagliardo-Nirenberg
inequality

(1—a a;
1@ < eo + ewllul®)lley lu(®) | Fie
1 a a
< ot gllulmae + enllu®) "
et 1
S C12 + C(HuOHHl(Q))e 13t + EHU(t)HHQ(Q) (268)

Here, a is the same as in (2.30). Similarly,

e 1
lg(u(t)ll 2y < c1a + C([luollgrry)e™ " + §||U(t)HH2(F)- (2.69)
Then it follows from (2.26) and (2.67)-(2.69) that
[u(t)[lv, < 16+ C([Juollv,)e ™, (2.70)

which proves the assertion. O

The following lemma implies the compactness of the solution v in Vs for ¢t > 0.

Lemma 2.4. It holds
lu(®)|v, < Cs, ¥Yt>6>0, (2.71)

where 0 is arbitrary and Cs depends on &, ||uol|v, -

Proof. Multiplying (2.20) by —Auw,, and integrating over 2, we obtain that

2dt|| t||vl+||Aut||2—|—||utt||Lz(F /f utAutdx—/Fg’(u)ututtdS. (2.72)

First, we look at the first term on the right-hand side.
(1) If n = 2,3, it follows from Remark 2.1 that

1
<N @l lluallll Al < Sl Au]* + Cllue] > (2.73)

w)u Augdr

(2) If n=4,5,6, we have

W Audz| < [|f(w)] oyl ooyl Al (2.74)

whenever - + L =1 Take
Q1 q2 2

2n

(2.75)

qGq="n, (g2=

14



Then we can check that

4
n—2

1 =8 < o0, ifn=4, (2.76)

4 2n
< if n = . 2.
QIn_Q_n_47 orn 576 ( 77)

By the Sobolev embedding theorem,

1
/Qf/(U)utAutde < Ollellmz@)lluel ol Aw]| < Sl1Aw]* + Clludlng).  (2.78)
(3) If n> 7, we take in (2.74)
n(n — 2) 2n(n — 2)
= = ) 2.79
N 2(n—4)’ © =02 " 6n+ 16 (2.79)
Since
1o (2.80)
N E— '
we can see that
1 (WllLor @) < Cllullr2e))- (2.81)
By the Gagliardo-Nirenberg inequality,
a 1-a
luaell oz @) < Cll Auel|Jue| w Clluell 22, g (2.82)

where a = 2= € (0,1). As a result,

/ [ (w)us Augda
Q

< C(lulm) (||Aut||a||ut||§fz o T el Q)) A
1
< 1Al + Cllullin o). (2:83)

Similarly, we can prove that

1
/Fg’(u)ututtdS' < §||Utt’|%2(r) + Cllul 7 - (2.84)
Summing up, we have
d 2 2 2 2
2 el + 1w + flullzamy < Clludly,. (2.85)

Multiplying (2.85) by ¢, and integrating with respect to the time variable, we get

t

), + [ (18w + o) dr < [ 1+ OOl dr. (256)
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It follows from (2.24) that
9 1
lus ()|, <C {1+ 7)) Vt>0. (2.87)

Applying Lemma 2.1 to (2.25) with s = 1, we obtain that

lullvs < Clluw + F(wlla @) + llw + g(w)l[m @)
< Cllullvy +1f @)@ + l9(w)l| @) (2.88)

Similar as for || f'(u)u|| above, we can prove that
If@)lla@) < €+ Cllullfs ), 9@l < C+ Cllullfsr, (2.89)

with some aq, ay € (0,1). The conclusion (2.71) follows from (2.31), (2.87)—(2.89) and
Young’s inequality. The proof is complete. O

Proof of Theorem 1.2. On account of Lemma 2.3, Lemma 2.4 and a classical result

in dynamical systems (cf. [29, Theorem I.1.1]), we conclude the validity of Theorem
1.2, i.e., problem (1.1)—(1.3) possesses a compact global attractor A in Vj. O

Remark 2.2. Following the arqument in [8], it is possible to prove erxistence of an
exponential attractor, which also implies that A has finite fractal dimension. We will
not report the details here.

3 An Extended Lojasiewicz-Simon Inequality

In this section, we always assume that (F1b) holds. First, we collect some results on
the stationary problem. To this end, we consider the functional

1
E(u) = §Hu|]%,1 —i—/F(u)da:‘—i—/G(u)dS. (3.1)
Q r
Proposition 3.1. Assume that (F1b), (F2) hold. If ¢ € Vy is a strong solution to

problem (1.12), then + is a critical point of the functional E(lﬁ) in Vi. Conversely,
if W is a critical point of the functional E(u) in Vi, then ¥ € Vy is a strong solution

to problem (1.12). Moreover, » € C*(S).

Proof. If 1 € V, satisfies (1.12), then it follows from (1.12) that for any v € V,

/Q(—AQZJ + f(¥))vdx + /F(—Alp + 0 + U + g(v))vdS = 0. (3.2)

By integration by parts, and using the boundary condition in (1.12), we get
/(V@D Vo + f(Y)v)dx + /(VH@ZJVHU + v+ g()v)dS =0, (3.3)
Q r
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which, by a straightforward calculation, just means that

dE(v + ev)

— —0. (3.4)

e=0

Thus, ¥ is a critical point of F(¢) on Vi.

Conversely, if ¢ is a critical point of E with respect to V;, then (3.3) holds for any
v € Vy. It turns out that ¢ is a weak solution to problem (1.12). By the regularity
result (for instance, Lemma 2.1), and using the bootstrap argument, we can conclude
that ¢ € C°, and that 1 is a classical solution to problem (1.12). The proof is
complete. Il

In the following, we are going to derive an extended L.ojasiewicz-Simon type inequal-
ity. Since we are now dealing with a nonlinear boundary condition (in the presence of
g), it seems that we are not able to adapt the argument for a linear boundary condition
(cf. [2,30,34]) to conclude our result directly. Hence, nontrivial modifications have to

be made. Our proof is based on ideas in [18] and can also apply to other problems
(cf. [14]).

Let us denote

(3 ar)

It has been shown in [26] that A is a strictly positive self-adjoint unbounded operator
from

D(A)={ueV,: Aue Vy} (3.6)
into Vo (cf. also [12]).

Standard spectral theory allows us to define the power A° (s € R), and we infer
that there exist a complete orthonormal family {¢,},j7 € N, in V,, with ¢; € D(A?)
(s € R), as well as a sequence of eigenvalues 0 < A\; < Ay < ..., A\; — 00 as j tends
to infinity, such that

Agj = Ai¢j, JeN. (3.7)

In particular, D(A%) = V,, D(A) C V,. By a bootstrap argument, we have o; €

C>(Q), for all j € N (cf. [26]).

Following the idea in [18], we now introduce the orthogonal projection P, in Vj
onto K, := span{¢1, ..., }. For any u € V1, we have

(Au, wvy v, = [lull¥,, (3:8)

where (-, -)vs v, denotes the dual product between V; and its dual space V;. On the
other hand, it is easy to see that

(AU, u)V’I,V1 = (APmu7 Pmu)V'l,Vl + (A(u - Pmu)? (’LL - Pmu))V’l,Vl
> Ml PV, + Amllu — Paully,. (3.9)
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Therefore, it follows from (3.8) and (3.9) that

(A, uvyv, > gl + 3 Amllu — P, (3.10)
Then we have
(At AP vy, 2 sl + Al = Pl + Al Pl
> 2l + gAnlul?, (311)

Let v be a critical point of E(u). For any v € Vs, we consider the following linearized

operator: . ( 5VA 2A| » > N ( g’(v—|—1/1) 2’(v+w) > : (3.12)

with domain D = D(A). In analogy to [34, Lemma 2.3|, we can easily show that L(v)
is self-adjoint on Vj.

Associated with L(0), we define the following bilinear form b(w,w,) on V,: for
any w,ws € Vi,

b(wy, wy) = /(le-Vw2+f’(w)w1w2)d$+/ (Vywy - Vyjws + wiws + ¢' ()wiws) dS.
Q r

(3.13)
It follows from (3.11) that
f'@) 0 )
L0)+ AP = A+ + AP 3.14
W < 0 g (@14
is coercive in Vy, provided that
1
2 > max{[Lf (@)@ 19 () ey }- (3.15)

Since 1 € C*, we can choose m so large that (3.15) is satisfied. Denote A,,P,, by
II, that is,
IM:=\,P,: Vo — Vy. (3.16)

We define L£(v) : D — Vj by setting
L(v)h =TTh + L(v)h. (3.17)
It follows from (3.15) that £(0) : D — Vj is bijective. Moreover, it holds:
Lemma 3.1. For any w € Vi, (k=0,1,2...), the equation
L(0Vh = w (3.18)
admits a unique solution h € \7]€+2 such that
1PlIVise < Cllwllvy, (3.19)

where C' > 0 is independent of k.
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Proof. Since L(0) : D — V| is bijective, for any w € Vi, C Vj, (3.18) admits a unique
solution h. Moreover, we have

1
§||h||%/1 < (‘C(O)h7 h)Vo = (w’ h)Vo < CHh“Vo”wHVm (320)

which implies that
17]lv, < Cllwllv,- (3.21)

We rewrite the equation £(0)h = w in the form

{ —Ah = —f'()h — (L) +wy, z€Q, (3.22)

—Ayh+ 0,h+h = —g (W)h — (Th)y +wy, z €T,

where ITh = ((ITh)q, (ITu)y) with (ITh)y = [Ih|r, w = (w1, ws). It follows from Lemma
2.1 and (3.21) that for £k =0,

1hllv, < C( = f/()h = () + wil[r2@) + | = ' () h — (ITh)2 + wal|z2(r))
< ClIhllve + llwllve) < Cllwllve- (3.23)
Since ¢ € C*°, we can apply Lemma 2.1 with k£ = 1,2..., and a bootstrap argument
shows that (3.19) holds. O
Now set
u=1v-+1. (3.24)
We denote
E(w)=FE(u)=E(v+ ), (3.25)
and A f)
_( —Au+ f(u
M(u) = ( —Aju+0,u+u+ g(u) ) ' (3.26)

In the following we will use the equivalent form of M(u):
M(v) = M(u) = M(v + ). (3.27)
It is obvious that for any u € Vs, it holds M(u) € V, as well as

dE(u + ¢h)

de = (M(u), h)vo, VY he \71. (328)

e=0
Moreover, M (0) = M(z)) =0 (cf. Proposition 3.1).

Now we can state the main result of this section:

Theorem 3.1. Let ¢ be a critical point of E(u). Then there exist constants 6 € (0, 1)

and 3 > 0 depending on v, such that for any u € D satisfying ||[u — ¥|v, < B we
have

I = Aut f)l + I = Apu+du+tut gy > [Ew) = E@)[". (3.29)
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Proof. Let N : D — V; be the nonlinear operator defined by
N(w) = gw + M(w). (3.30)

Then N is Fréchet differentiable with derivative DN (w) = L(w).

We shall use the notion of analyticity of functions introduced in [36]. We also recall
the following result in [24]:

Lemma 3.2. The mappings L=(Q) > ur— f(u) € L®(Q) and L>®(T) > u+ g(u) €
L>(T') are analytic.

We now restrict NV to higher order spaces: N :== Nlv,,, : Vipa ND — Vy, with
integer k& > max{0, [2 — 2] + 1}. Since Vjyo — L=(Q) x L=(T), it follows from
Lemma 3.2 that Ny (w) is analytic in w € Vy,2. Because L£(0) is invertible, by the
implicit function theorem (for the analytic version see, e.g., [36, Corallary 4.37, p.172]),
there exist small neighborhoods of the origins, W7(0) C Vo ND, W5(0) C Vi, and
an analytic inverse W = N, ' such that W : Wy(0) — W;(0) is bijective. Besides, we
have

Ni(¥(g)) =g Vg€ Wa(0), (3.31)
U(Ni(v)) =v Yo e Wyi(0), (3.32)

and
[9(g1) = ¥(g2)llvip. <Cllgr —g2llvi, V91,92 € W2(0), (3.33)

HNk(Ul) _Nk:(UZ)HVk < CHUl - UQHV,HQ’ V’Ul,’Uz S Wl(()) (334)

Since W is analytic, it turns out that

T(¢) =& (xp (i figbi)) . R™ - R (3.35)

is analytic with respect to & = (&1, ...,&n), if |{|gm is sufficiently small such that
Mo =Y &g € Wa(0).
i=1
On the other hand, for NV : D — Vy, by the classical local inversion theorem, we

can see that N is still invertible. A similar argument in [18] shows that there exist a
neighborhood U;(0) of 0 in VoND, and a neighborhood Us(0) of 0 in Vy, such that

IN"Hg1) =N "Hg2)llv, < Cllgr = gallves Va1, 92 € Us(0), (3.36)
[N (v1) =N (v2)llve < Cllor —velly,,  Voi, 02 € Ur(0). (3.37)

In particular,
Nt=U=N1" on Wy(0) N Uy(0). (3.38)
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In what follows, we will show that for any v satisfying v € U;(0) and ITv = Z&@ €
i=1

W5(0) N U,(0), there holds
IV3(€)

Indeed, a straightforward calculation and integration by parts yield that

03(¢)
3

e < ClM(v)]lve- (3.39)

(M (¥ (TTv)), DV (TTv)¢; )y,

[[M (W (TTw)) v, | DW (TTw) 5 v,

ClIM (¥ (I1v))[lv,

CUM ¥ (ITv)) = M(v)[lvy + 1M (v)[[v,)- (3.40)
Recalling that v = N~ (M (v) + Iv), and using (3.36), (3.37), (3.38), we find that

IA A CIA

M (¥(TTw)) — M (v)]lv
IV (¥(TTw)) = N (0)]lv, + ([T (ITv) — ]|y,
CIN (1w + M (v)) — (1) v,

(
CIM(©)lv,- (3.41)

IA A IA

Combining (3.40) with (3.41) yields that

VA e = (Z

We now proceed to estimate |E(V(IIv)) — E(v)|. By the Newton-Leibniz formula, we
have

03(¢)
93

) < ClM()llvo- (3.42)

E(U () — ()] < /0 (M (v + t(U(Ilv) — v)), ¥(ITv) —v)VOdt‘. (3.43)

Using v = N"Y(M(v) + ITv), and referring to (3.41), (3.36), we obtain that

| E(W (M) — £(v) |
< s [+ () — ), [9(1T0) — v,
< CIM@), (max Mo + 1 (IT0) — ) — M)y + ||M<v>||vo)
< CIM@), (c max [[v+ H(¥ (L) — o) — o]y, + ||M(U)Hvo)
< CIM ()], (3.44)

Since J(§) = £(¥(IIv)) : R™ — R is real analytic for small |£|gm , and since VF(0) =
0, we have the following FLojasiewicz inequality for analytic functions defined on R™
(cf. [22]): for [¢] < fy,

VI |em = [3(€) = I(O0), (3.45)
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where 6 € (0,3), 51 > 0.
Thus, from (3.42), (3.45) and (3.44) we can infer that

CIM@)lv, > [V3Olen > [3(8) = 3(0)]"
= [ 3(8) — @) + E@) = 3O
> 2IEw) ~ 3O - CaE) - £)
> LIEW) ~ 30 ~ CIME)E. (3.46)
Hence,
E@) =IO < M@, (20 +20IME)IFHT). (347)

By properly choosing smaller § and 5 € (0,/;), we can show that for any v € D
satisfying ||v|lv, < /3, it holds

1M (v)llvy = 1Ew) = 30)'" = |E(u) — E()['". (3.48)
By the definition of M (v), (3.48) yields
| = But F@)+ 1|~ At du+ut gz > 1B — Q). (3.49)

The proof is complete. [

4 Convergence to Equilibrium

After the previous preparations, we are ready to finish the proof of Theorem 1.3.

4.1 Convergence to Equilibrium

From (2.12) it is clear that the energy F(u(t)) is decreasing with respect to time. On
the other hand, (2.18) implies that E(u(t)) is bounded from below. Consequently,
E(u(t)) serves as a Lyapunov functional for system (1.1)—(1.3).

The w-limit set of ug € \72 is defined as follows:
wlug)={¥(z) €Vy: 3 {t,}°,, t, — +oo, such that u(t,) — 1) in Vy}.

Then from well-known results on dynamic systems (cf. [29, Lemma I1.1.1]), we can
conclude the following result.

Lemma 4.1. The w-limit set of uy is a non-empty compact connected subset in V.
Furthermore, (i) it is invariant under the nonlinear semigroup S(t) defined by the
solution u(t), i.e., S(t)w(ug) = w(ug) for all t > 0. (it) E(u) is constant on w(up) .
Moreover, w(ug) consists of equilibria.
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We now first prove the convergence of ;.

Lemma 4.2. It holds
it v, = 0. (4.1)

Proof. Using Young’s inequality, we infer from (2.22), (2.23), that

1d
5 g lulle < Clluelly, < el + €. (4.2)

Besides, (2.15) implies that [;* [lu.(t)[|3,dt < oo. Then we can conclude (4.1) by
applying |37, Lemma 6.2.1]. O

We proceed to prove the convergence of u, following a simplified argument intro-
duced in [20], in which the key observation is that after a certain time t, the solution
u will fall into a small neighborhood of a certain equilibrium ¢, and stay there for-
ever. Since this procedure has by now become a standard argument, we just sketch
the proof. There is a sequence {t,}nen, t, — +00, such that

U(tn) - 1/)7 in V27 (43)
where 1) € w(ug) is a certain equilibrium. Therefore,

lim E(u(t,)) = E(¥). (4.4)

tn—+00

On the other hand, since E(u(t)) is decreasing in time (cf. (2.12)) and bounded from
below, there exists some F,, € R such that

tEeroo E(u(t)) = F. (4.5)
As a result, F(¢) = F, and
Jim_ B(u(t) = B(). (4.6)
We aim to show that
Jm {fu(t) = ¢fv, =0. (4.7)

To this end, we consider all possibilities.

(1). If there is a ty > 0 such that E(u(ty)) = E(¢), then we deduce from (2.12)
that u is independent of time for all ¢ > ¢;. Since (4.3) holds, we conclude (4.7).

(2). If there is some t; > 0 such that u satisfies the condition of Lemma 3.1 for all
t > 1y, ie., [|[u(t)—¢|lv, < B, then with the constant 6 € (0, 3) introduced in Lemma
3.1, we have

o1 dE(ult)

- (4.8)



Combining this with (3.29), (2.12) yields that

d 0
S(B(u(t) — BW) + Sl < 0. (4.9)

Integrating from ¢, to ¢, we find that
(B(®) - B@)"+ 5 [ lur)lodr < (Bu(t) - E@). (410
Since E(u(t)) — E(¢) > 0, we have

| Tl <+, (411

to
which yields that w(t) converges in Vo as ¢t — 4o00. Because the orbit is compact in
V3 (see Lemma 2.4), we can deduce from uniqueness of limit that (4.7) holds.

(3). It follows from (4.3) that for any € > 0 with ¢ < 3, there exists an integer N
such that for n > N, it holds

Juttn) = $llvo < lfulta) = ¥llv, < . (4.12)
(4.13)

Define
tn :=sup{ t > t, | ||u(s) — |y, < B, Vs € [tn,t]}. (4.14)

It follows from (4.12), and from the continuity of the orbit in Vy for ¢ > 0, that
t, > t, for all n > N. Then there are two possibilities:

(i). If there exists some nyg > N such that t,, = +oo, then, from the previous
arguments in (1) and (2), the theorem is proved.

(ii) Otherwise, for all n > N, we have t,, < t, < +00. Moreover, for all ¢ € [t,,1,],
E(Y) < E(u(t)). Then from (4.10), with ¢y being replaced by ¢, , and ¢ being replaced
by t,, we deduce that

tn 2 €
| Tl < 5Bt - Bw) <5 (415)
tn
Thus, it follows that
En
[utn) = Pllve < llultn) = Pllvg +/ [we(7)[[vodT < &, (4.16)
tn

which implies that for n — +o00, it holds

u(t,) — ¢ in V. (4.17)

Since (J,»5u(t) is relatively compact in Vs, there exists a subsequence of {u(%,)},
still denoted by {u(¢,)}, that converges to ¢ in V,. Namely, if n is sufficiently large,

[u(tn) —Yllv, <8, (4.18)
which contradicts the fact that by the definition of ¢, it holds ||u(t,) — ¥|lv, = 8
Summing up, we have proved the strong convergence of u in Vy (cf. (4.7)). O
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4.2 Estimates for the Convergence Rate

In this subsection, we shall show the estimate (1.11) for the convergence rate. This
can be achieved in several steps.

Step 1. Vj-estimate. As has been shown in the literature (cf., for instance, [19,37]),
an estimate for the convergence rate in a certain lower-order norm can be obtained
directly from the Lojasiewicz-Simon approach. From Lemma 3.1 and (4.9), we have

d

3 (Eu(t)) = E(@)) + C(E(u(?)) — E@)* 7 <0, Vit (4.19)

which implies that
E(u(t)) — E@) < C(1+t) ™7, Vt>t. (4.20)

Integrating (4.9) over (¢,00), where ¢t > t,, it follows that

/ () |vodr < C(1L + )77, (4.21)
t
By adjusting the constant C' properly, we obtain that

lu(t) = ¢llv, < C(L+1) ==, t>0. (4.22)

Step 2. Vj-estimate. Subtracting the stationary problem (1.12) from the evolution
equations (1.1)—(1.2), we get

(u =) = Alu =) + fu) = f(¥) =0, (4.23)

—Ayu =)+ 0(u—9) + (u—1) + g(u) — g(¥) + (u — ), = 0. (4.24)
Multiplying (4.23) by u;, and integrating over 2, we obtain that

% |3l vl + [ (P - F0) - s+ fow)ds
+ [ (G0 = Go) = gtwrut atwyyas| + ki, =0 (@29
Multiplying (4.23) by u — v, and integrating over 2, we have
3l = vl + = iR, + [ () = S = v)da
+ [ totw) = g = v)is =0, (4.26)

The Newton-Leibniz formula

Flu) = P+ f@)—0)+ [ [ Flszut (= sou—vpdsiz (421)
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yields that

(F( ) = F() = f()u+ f(d)) da

(1 — s2))(u — v)*dsdzdz| . (4.28)
Let £ =szu+ (1 — sz)w, (s,z € [0,1)).
(1) If n = 2,3, then it follows from Remark 2.1 that
1 f ()|l ey < C. (4.29)

Therefore,

/Q (F(u) — F() — f()u+ Fao)) do
< max [[f'(szut (1 s2)0)|pm@llu— 0I* < Cllu— oI, (4.30)

T s5,2€[0,1]

(2) If n =4, we have

‘ | — fu+ F)) do

1 (@l = Pl paeyllu — 2|l
C1+ [[€llZs @) llw = Dl llu —
Cllel zz@)llu = Pl avellu =

1
glhe = vl + Cllu = (431)

IA N IA

IN

(3) If n > 4, then it follows that

/Q (F(u) — F(6) — f(6)u+ f(0)) do

<UIFON noez Nu =l spes  (4.32)
LQ(n—4)(

L n2—4n+8 (Q)

From (F2), we have

17Ol oy < (1416075, ) < Cllelma) (133
D (Q) -1 (Q)
By the Gagliardo-Nirenberg inequality,
le =l zposy < Cllu— @/)II Q) IIU Yl (4.34)
Ln2—4n+ (Q)
Consequently,
[ (P = F ) = fw)u+ o) da
2(n—4) 4 1
< Cllu— ¢|IH1(Q) lu = ll7== < gllu— D%, + Cllu—|*. (4.35)
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Summing up, in all the cases (1), (2), (3), we have

1
< glu=dly, + Cllu =9I, (4.36)

/Q (F(u) — F() — f()ut fo)) da

Similarly, we can show that

/Q/Ol f'(su+ (1= s))(u —)*dsdx

/Q (F(w) — F(9))(u — p)de

< Sllu= R, +Clle— vl (4.37)
and
[ 160 = 60) ~ s+ a0 a| < gl =l + Clu— vl (439
1
[t = o) - 10| < Gl ol + Cllu— vl (439
Let
1 , 1 ,
nlt) = Sl VI, + 3l - Ik,

i / (F(u(t)de — F(b) + f(@)pde — f()u(t)) do
+ [ (Gule) = 60) = g(w)ult) + gw)v) ds. (1.40)
(4.36) indicates that there exists a constant Cy > 0 such that

(1) 2 Zlhut®) = vl — Cullu(t) — ¥R, (4.41)

Adding (4.25) and (4.26), we can conclude that

San(t) + Comn(0) + (DR, < Collut) — I, (1.42)

By Gronwall’s inequality, we have (cf. [30,33])
y(t) <C+1)Tm, Vi>0, (4.43)
which, together with (4.21) and (4.41), yields that
lu(t) = llv, < C(L+) T, Vt>0. (4.44)

Step 3. Vj-estimate. Multiplying (2.22) by 1 > 0, and adding the result to (4.42),
we have

d (n
T (5“%&“%0 + yl(t)) + Coyr () + g3, + (1 — nmax{Cy, Cy})||uel|?,
< Csllu— |3, (4.45)
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After taking 7 = —Qmax{lcﬁcg}, we can use a similar argument as for the estimate of
y1(t) to conclude that

20

Hue®)y, + () < CL+8) 7, Wiz 0. (4.46)
This and (4.41) imply that
e (®)|[v, < C(1+8) T2, V¢>0. (4.47)
By the elliptic estimate for (4.23)-(4.24) (cf. Lemma 2.1), we have

[u(t) = ¢llv, < Cllu®) + f(u®) = SOOI+ lut) + g(u(®)) = g(@)ll2r))
< Cllu®)llve + [1f (u(®)) = FO + llg(u(®)) = g(@)]l2(r))- (4.48)

Applying the same argument as in Lemma 2.2, we find that (cf. (2.47))

lu(®) = ¢llv, < Clu®llve + lult) = $llv,) < COU+1) ™, V>0, (449)

The proof of Theorem 1.3 is complete. O
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