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2 A foreword

The present thesis is a cumulative dissertation. It covers research done in three
rather distinct areas of mathematics and has at its core six published papers.
This thesis also includes some individual work done by the author, inspired by
the papers and usually quite close in topic to them. Due to the very niche and
rather minor nature of some of these individual results, the author has chosen
not to pursue separate journal publication for them.

Section 3 discusses results concerning Balian-Low subspace phenomena, Sec-
tion 4 deals with quantitative approximation with complex valued or curse of
dimensionality avoiding neural networks and Section 5 mainly explores some
applications of a novel construction technique for Riesz exponential bases devel-
oped in the mid 2010s by Kozma and Nitzan. Section 6 contains the full arXiv
text of the six papers. References within the thesis to specific results from the
6 papers are based on the published versions.

The ordering of Sections 3, 4, 5 and the papers discussed within is chrono-
logical from the perspective of the author’s involvement with them. Broadly
speaking, the structure of these sections is the same, with an introduction to
the topic and a discussion of the related state of the art, followed by an overview
of the results of our relevant papers and, lastly, any additional work done by
the author of the present thesis inspired by or closely related to the papers.

The main goal of the exposition style chosen for this thesis was to keep
the technical formalities already fully detailed in the papers to a minimum in
the main body of the thesis, as long as this did not hamper legibility and the
flow of ideas. The otherwise unpublished material, especially in the subsections
with additional work done by the author, is presented in full formality. The
emphasis in writing the parts paraphrasing content contained in the six papers
was to streamline the presentation of the intuitive flow of ideas and to illustrate
the author’s perception of the respective topics.



3 Balian-Low phenomena for subspaces

This section is based on three papers:

¢ ’A Balian-Low theorem for subspaces’ (co-authored with D.G. Lee, G.
Pfander and F. Philipp), published in The Journal of Fourier Analysis
and Applications in 2019, henceforth referred to as Paper 1, [Car+19];

e ’A quantitative subspace Balian-Low theorem’ (co-authored with D.G.
Lee, F. Philipp and F. Voigtlaender), published in Applied and Compu-
tational Harmonic Analysis in 2021, henceforth referred to as Paper 2,
[Car+21];

e 'A Balian-Low type theorem for Gabor Riesz sequences of arbitrary den-
sity’ (co-authored with D.G. Lee, F. Philipp and F. Voigtlaender), pub-
lished in Mathematische Zeitschrift in 2023, henceforth referred to as Pa-
per 3, [Car+23].

The section is organized as follows. Subsection 1 briefly discusses some gen-
eral harmonic analysis concepts and how the Balian-Low theorem has impacted
Gabor analysis. Furthermore, we address the context that inspired our three
papers. Subsection 2 broadly discusses the main ideas of each paper, with a
focus on the development and contributions to each paper and the connections
between them. Finally, subsection 3 highlights some peripheral results and ideas
of the author that were meaningful in the development of the papers, but were
replaced with simpler or more general versions in the published manuscripts.

3.1 Harmonic analysis and the Balian-Low theorem

The bedrock tool of harmonic analysis is the Fourier transform, densely defined
on the space L%(R) of square integrable functions on the real line as

f(e) = /R ¢ 2mE {(2) do.

The Fourier transform viewed as an operator is an isometry
F:L*(R) — L*(R)

where one usually regards R as the time axis and R as the frequency axis.
Conceptually, the Fourier transform establishes an equivalence between the time
and the frequency content of a signal.

Perhaps the most fundamental illustration of this correspondence is Plancherel’s
formula concerning the Fourier series of a function with compact support.

Theorem 1 (Plancherel’s formula). Let {c, }nez be an arbitrary (2(Z) sequence
(i.e., Y ez len|?> < 00). Then there exists a unique signal f € L?([0,1]) sat-
isfying f(n) = ¢, for allm € Z. f can be written as an L? function as
f(@) =3, ez cn€®™™, with convergence in the L* sense.



Informally put, this implies that a signal supported on [0,1] (in time) is
fully determined by the magnitude of its integer frequencies. From a differ-
ent perspective, Plancherel’s formula implies that the pure frequency signals
x — e¥™"% gpan (in fact form an orthonormal basis for) the set of of all square
integrable signals with time domain [0,1]. This latter viewpoint motivates a
more detailed look at various notions of bases in a Hilbert space.

Definition 1. Let H be a Hilbert space with respect to the inner product (-,-) :
H x H — C. A collection of vectors {hp }nez is called

e o Frame if there exist constants A, B > 0 such that for any element h € H
the following double-sided inequality holds

AllR]1Fr <Y [Chs ha) [P < Bllh| -
neZ

e o Riesz basis if the h,, vectors span H and there exist constants A, B > 0
such that for any coefficient sequence {cp}nez € €2 the following double-
sided inequality holds

Al{en I3 < 1D enhnllE < Bll{en}3-
ne”Z

Alternatively, a Riesz basis is a frame with no redundancy.

e an Orthonormal basis if it is a Riesz basis with the additional property
that
<hna hm> = 5n,m~

Remark 1. There are other equivalent definitions for all of these notions. A
detailed discussion can be found in Chapter 5.1 of [Gré01]. One often extends
these definitions to frame (or Riesz or orthonormal) sequences if the conditions
are satisfied only for a proper subspace (namely the subspace spanned by the
elements of the frame or Riesz or orthonormal sequence) of the ambient Hilbert
space H.

The crucial aspect of these different notions of a basis for a Hilbert space is
that they give rise to reconstruction formulas (non-unique in the case of a frame
and unique for Riesz and orthonormal bases). Given a frame {hj,},, one can
define the frame operator

S H—H, S(h)=) {hha)ha,
which is a boundedly invertible self-adjoint operator on H (Chapter 5.1 in
[Gro01]). This allows the construction of the canonical dual frame {h,},

given by h, := S7'h,. A direct computation using the linearity and self-
adjointness of S~! gives the reconstruction formulas

h = Z(h, hnﬂzn = Z<haﬁn>hn

n



which hold for all h € H, implying that any signal in H can be encoded with-
out loss as a discrete linear combination of the frame signals with coefficients
determined by inner products with the dual frame (or vice-versa).

Returning to the classical Fourier context, setting H = L2([0, 1]) and f,,(x) =
2™ for all n € Z, the Fourier series can be rewritten as f(n) = (f, f_n) (the
minus arising from the conjugation in the second term of the complex inner
product) and then Plancherel’s formula becomes

F=> s fn)fon="> (f: fu) fn-

nez neZ

Viewing the Fourier series as a frame for L?([0,1]) (it is in fact an ONB)
with frame operator being the identity, it is self-dual, meaning that fn = f, and
thus Plancherel’s formula is simply the generic frame reconstruction formula for
the Fourier transform.

Gabor analysis focuses on studying basis properties of discrete (or contin-
uous) collections of functions that are time and frequency translations of each
other.

Definition 2. Given constantsu € R andn € R, the time shift or translation
and frequency shift or modulation operators are defined, respectively, as

e T, : L*(R) = L3(R), T,f(x)= f(z—u).
o M,:L*(R) = L*(R), M,f(z)=e>™""f(z).

Their composition m(u,n) = M,T, is called the time-frequency shift op-
erator.

Given a fized L? function g called a Gabor window and a discrete time-
frequency set I' C R x R, the associated Gabor system is given by

(9,1) = {m(u,m)g : (u,n) € T'}.

The L? closure of the linear span of the Gabor system is called the associated
Gabor space and is denoted by G(g,T").

The example of the Fourier ONB for L?([0,1]) can be rephrased in this
language as follows. Setting g := Ljp,1; and I = {0} x 7., we have that (g,T) is
an ONB for the Gabor space G(g,T') = L?([0,1]) as the pure frequency signals
are just integer modulations of the characteristic function.

Definition 3. A subset A C R? is called a (non-degenerate) lattice if there

exists some (invertible) matriz A such that A = AZ?. Its density is the quantity
1
det A*

Remark 2. e Starting from this point we shall omit writing R (and A for
subsets) for the frequency azxis and we will instead write R (or A for sub-
sets) since the symmetry between time and frequency domains in Gabor
analysis makes the overburdened notation superfluous.



e There are works discussing Gabor frames and bases in the general case of
arbitrary discrete sets T C R? (e.g. [FS07]), but we restrict our work to
reqular Gabor systems where the time-frequency set is a (non-degenerate)
lattice A C R?.

The prototypical (non-degenerate) example of a Gabor basis is the system
(Ljo,15, Z?) which forms an ONB for L?(R). This can be seen as a consequence of
the fact that if f € L%(R), then for any integer n € Z, the restriction f - Ljnnt1)
is an element of L?([n,n + 1]) which admits as an ONB the Gabor system
(]1[0,1]7 {—TL} X L) = (]l[n,n+1]7 {0} X Z)

The main practical issue with the basis (]l[o,l],ZZ) is the fact that the fre-
quency content of the characteristic function is not well-localized with respect
to the 2-norm:

]1/[0,\1](5) :/Rei%igw]l[o,l](x)dx

1 .
_ / 6_27”£zd$
0

1— 67271'2'5
2mié
eﬂ'ii _ e—ﬂi{
2mi€

= sinc(€)e ™%,

—mi€

sin Tx

where the (normalized) sinc function is defined as sinc(z) = =272,

Definition 4. A signal f € L*(R) is said to be well-localized in the time-
frequency plane if its position and momentum are both square integrable ([Bat88]),
i.e., if

X $2l" F 2 0.
/R| f(@)2d /R\ﬁf(ﬁ)l de <

Having in mind the fact that the momentum of the signal «Sf({:) 18 the Fourier
transform of the derivative of f, we define the mizxed Sobolev space

H' = {f € L*(R) : z — z - f(z) € L*(R) and £ — £f(€) € L*(R)}
as the set of well-localized square integrable signals.

With this definition, one can see that the characteristic function 1jg ) is
well-localized in time, but not in frequency as x — x - sinc(z) is not square
integrable. The system (1jg1],Z?) forms a basis for L?*(R) at the cost of the
localization of the Gabor window. The fact that this phenomenon is general,
i.e., that it occurs for all windows, is the Balian-Low theorem.

Theorem 2 (Classical Balian-Low,[Bal81; Fra85; Bat88; Dau90; BHW95]). Let
g € H'. Then the Gabor system (g, A) cannot form a Riesz basis for L*(R).



Remark 3. e The theorem was stated for ONBs by Balian and Low inde-
pendently, but their suggested proofs had some technical issues. The first
formal proof for the ONB setting that the author is aware of belongs to Bat-
tle and has a strong physics flavor ([Bat88]). Daubechies provided a ‘con-
temporary’ proof that extended the result to Riesz bases as well ([Dau90]).

o In order for any window to have the chance to form a Riesz basis with time-
frequency shifts from a lattice, the density of that lattice must necessarily
be 1 (Corollary 7.5.2 in [Gré01]). Restricting to A with density 1, the
system (g, A) cannot even be a frame if g is well-localized (due to Ron-
Shen duality, Theorem 7.4.3 in [Gré01], see for instance Corollary 8.4.3
in [Gro01]).

Fundamentally, the Balian-Low theorem states that too much regularity’ of
the window prevents the Gabor system from forming a basis for the space of
square integrable signals. There is a second well-established meaning of 'regu-
larity’ in this context in the literature.

Theorem 3 (Amalgam Balian-Low, [BHW95]). Let W (Co, £') be the Wiener
amalgam space

W(Co, 0") == {f € L*(R) : || flloo1 = Z ILf - Lnonsaplloe < 00, f continuous}
nez

If the Gabor system (g,aZ x bZ) forms a Riesz basis for L?*(R), then g ¢
W (Co, ') and g ¢ W(Co,(").

Remark 4. Due to the ubiquitous nature of the Feichtinger algebra Sy in har-
monic analysis ([Fei81], p.246 of [Gré01]),

So={f € L*(R) : Vyf(u,n) = (f.m(u,n)f) € L' (R*)},

the amalgam Balian-Low theorem is usually stated in the following, slightly
weaker way: if g € Sy, then (g,\) cannot be a Riesz basis for L*(R). Note that
the Feichtinger algebra is invariant under the Fourier transform, i.e., f € Sy if
and only if f € Sy. Additionally, Sy C W(Co, £1).

A crucial observation made by Cabrelli, Molter and Pfander was that amal-
gam regularity of the Gabor window not only prevents the Gabor system from
being a basis for L?(R), but also limits the ’size’ of the associated Gabor space
for which the system is basic. More precisely, the Gabor space cannot contain
any time-frequency shifts of the window that are not already in the lattice giving
rise to the Gabor system.

Theorem 4 ([CMP16]). Let A C R? be a rational density lattice and let g € Sp.
If (g,A) forms a Riesz basis for the proper subspace G(g,A) C L?*(R), then
m(u,m)g ¢ G(g, \) whenever (u,n) ¢ A.

This result raised two clear questions.



Problem 1. Does classical regularity (i.e., g € H') also prevent the Gabor
space from containing additional time-frequency shifts of the window?

Problem 2. Once one looks at Gabor systems (g, A) forming Riesz sequences
(i.e., the associated Gabor spaces are proper closed subspaces of L*(R)), the
density of the lattice A can in principle take any value smaller than 1. The use
of a winding number argument on the Zak transform of the window in the proof
of Theorem 4 is contingent on the density of A being rational. Is this just a proof
artifact or does Theorem 4 fail if the density of A is allowed to be irrational?
Can one drop the rational density condition in the classical reqularity setting?

These two questions are the motivation for the three papers presented in
this section.

3.2 A brief overview of the three papers

Broadly speaking, the main results contained in the three papers are as follows:
e Paper 1 solves Problem 1 in the affirmative.

e Paper 2 extends and uses the results in Paper 1 to show that if g € H*
and (g,A) is a Riesz sequence, then the distance between m(u,n)g and
G(g,A) (measured in L?(R)) is proportional to the Euclidean distance
between the time-frequency pair (u,n) and the lattice A.

e Paper 3 settles the first part of Problem 2. We show that the rational
density condition on A is indeed superfluous if g € Sy.

Before discussing each paper in more detail, we provide some more general
remarks and context about the work done.

The author of the present thesis was first introduced to the topic and the
paper [CMP16] and the two arising questions by his advisor, G. Pfander, during
the author’s Master’s degree. The main result of the author’s Master thesis was
to show that a relaxation of the amalgam regularity condition (namely that
the Zak transform, formally introduced in Definition 5 below, of the window
is assumed to be continuous on almost every section) does not necessarily lead
to subspace Balian-Low phenomena. Explicitly, examples were constructed of
Gabor windows with almost every section continuous Zak transform that formed
Riesz sequences with lattices of the form Z x PZ, for some natural P, such
that the associated Gabor spaces contained additional time-frequency shifts. A
full characterization of the permissible time and frequency coordinates of the
additional shits was also included.

Therefore, the continuation of this project into the PhD period of the au-
thor’s studies was natural and constituted the main focus of the initial phase of
the PhD. The development of the last two papers was partially covered by the
author’s involvement in the DFG project PF 450/11-1. The team working on
the project grew organically by the author discussing the problem and partial



solutions and ideas with the other members of his advisor’s workgroup. Vir-
tually all of the main ideas present in the final form of the three papers were
obtained during group discussions over the blackboard (a notable exception that
springs to mind is the use of the Walnut representation in Step 1 of the proof of
Theorem 8 in Paper 3, an idea that came from F. Voigtlaender and D.G. Lee;
another exception would be one of the equivalent conditions of Theorem 11 in
Paper 3 that was the idea of F. Philipp).

The three papers are presented in chronological order of their development.
Paper 1 and Paper 2 were relatively close chronologically speaking. Some
time elapsed between the formulation of Theorem 11 in Paper 3 and the final
version of that manuscript. The essential idea of looking at irrational rotation
algebras to make use of Theorem 11 was suggested to us by K. Grochenig at
the SampTA conference in 2019.

3.2.1 Paper 1

As mentioned before, the key tool for the amalgam subspace Balian-Low theo-
rem in [CMP16] was the Zak transform.

Definition 5. Let f € L'(R) N L?(R). The Zak transform (Chapter 8.1 in
[Gré01]) is almost everywhere defined on R? as

Zf(z,w) = Z f(x + k)e2mike

keZ
with L? convergence.

The definition extends to a unitary operator Z : L2(R) — L?([0,1]?) due to
the quasi-periodicity of the Zak transform,

Zf(x+m,w+n) =™ Zf(x,w) forall (z,w) € R? and all m,n € Z.

The main properties of the Zak transform are collected in Lemma 2.2 (of
Paper 1) and an exploration of the symmetries of the Zak transform in the
context of a Gabor system can be found in Section 2.

On a rational density lattice, the condition of the Gabor space containing
a time-frequency shift of the Gabor window can be equivalently rewritten as
a functional equation involving the Zak transform and an additional bivariate
function h (see Step 3 in the proof of the main theorem of [CMP16] or the proof
of Proposition 4.1 in Paper 1). Crucially, due to the nature of this functional
equation, the helper function h inherits the regularity of the Zak transform.

In the case of the window g being in the Feichtinger algebra Sy, the Zak
transform Zg is easily seen to be continuous. This implies that the helper
function h is also continuous and allowed the authors of [CMP16] to use a
winding number argument (Proposition 3 in [CMP16]) to derive divisibility
restrictions on the time-frequency parameters of any shift (u,n)g contained in
the Gabor space G(g, A). These restrictions ruled out any time-frequency pairs
not already contained in the lattice A.

10



In the classical Balian-Low setting of g € H', the major difficulty to overcome
was the fact that the Zak transform Zg is not necessarily continuous.

The key find to address this issue was the work of Gautam ([Gau08]). To
our knowledge, he was the first to realize that the correct regularity condition
on the Zak transform of a well-localized window ¢ was local vanishing mean
oscillation, i.e., that g € H' implies Zg € VMO,,.(R?) (a detailed discussion of
VMO functions can be found in Section 3 of Paper 1). In fact Gautam proved
the following version of the Balian-Low theorem.

Theorem 5 ([Gau08]). Let g € L?(R). If the Gabor system (g,Z*) forms a
Riesz basis for L2(R), then Zg ¢ VMO;o.(R?). Moreover, Zg ¢ VMO;,.(R?)
implies that for any p,q € (1,00) with % + % =1 we have

/R 2P lg()|Pde / €1913(6)Pde = oo.

The main result of Paper 1 is a generalization of this and solves in slightly
more generality Problem 1.

Theorem 6 (Theorem 1.4 in Paper 1). Let g € L?(R) and let A C R? be a
rational density lattice. If the system (g, A) is a Riesz sequence and if w(u,n)g €
G(g,A) for some (u,n) & A, then for any p,q € (1,00) with % + % =1 we have

z|P|g(x)|?dx - 1 5(&)|2d¢ = oo.
/R|||g< )2 /Rm GO Pde

Conceptually, the proof of Theorem 6 follows along the steps of the proof
of the main theorem of [CMP16], by first reducing to the case of A = %Z X
PZ with P,(Q coprime integers using symplectic operators and then writing a
characterization of an additional time-frequency shift in the Gabor space as a
functional equation involving Zg and a helper function hA. The winding number
argument for V. MOy, (R?) functions (like h) is given in Proposition 3.6 and relies
on approximating both the Zak transform and h with continuous counterparts.

An interesting additional result obtained is the following.

Theorem 7 (Theorem 1.5 in Paper 1). Let g € L*(R) and let A = AZ? for
some A € GL(2,Q). If (9,A) is a Riesz sequence and mw(u,n)g € G(g,A) for
some pair (u,n) ¢ A, then Zg ¢ VMO;,.(R?).

Considering the fact that either g € Sy or g € H! imply Zg € VMO,,.(R?),
this result provides a unified framework for Balian-Low subspace phenomena
(both classical and amalgam regularity assumptions) under the condition that
the lattice A not only has rational density, but consists only of rational vectors.
This additional restriction (concerning the lattice) stems from the fact that, as
far as we were able to prove, the space of vanishing oscillation functions is not
fully invariant under symplectic operators (a more detailed discussion of this
can be found in Proposition 3.11 of Paper 1).

11



3.2.2 Paper 2

This work can be viewed as a quantitative extension of Paper 1 in the case of
classical regularity. The motivation is loosely based on an OFDM communica-
tion viewpoint.

Assume a signal f € G(g, A) is transmitted through a linear channel modeled
by a simple time-frequency shift operator m(u,n). The task of the receiver is
to recover the original signal f from the distorted signal m(u,n)f using the
canonical dual frame reconstruction formula. Due to the Balian-Low theorem,
if g is well-localized in time and frequency (which is often desirable), it is possible
that the distorted signal w(u,n)f will fall outside the Gabor space G(g, A) and
therefore the receiver will only have access to Pgm(u,n)f (the projection of the
distorted signal onto the Gabor space) instead of the actual distorted signal.
The question in this toy model therefore is, assuming the original signal was
the window itself, can the off-band energy loss ||(Id — Pg)m(u,n)g|lr>®) be
quantified?

This is answered in the affirmative by the main result of Paper 2.

Theorem 8 (Theorem 1.3 in Paper 2). Let g € H!' and let A C R? be a rational
density lattice such that the system (g, \) forms a Riesz sequence. Then there
exist constants C1,Cy > 0 such that for all (u,n) € R?

Ci- diSt((ua n)a A) < diSt(W(uv 77)9» g(gv A)) <Cs- diSt((uv 77)7 A),

where the outer distances are Euclidean and the inner distance is measured by
the L? norm.

The proof of this result relies on the observation that the time-frequency
map Sy : R? — L?(R) given by S,(u,n) = m(u,n)g is (Fréchet) differentiable if
g € H' with the derivative at (0,0) given by (u,n) — —ug’ + 2minXg, where X
is the position operator mentioned before (X f(x) = zf(z)). This is discussed
in Lemma 3.2 (of Paper 2).

Section 2 (of Paper 2) recasts the distances involved in Theorem 8 in terms
of matrix operators using the regularity of the Zak transform of the window and
Section 4 shows that the function —ug’ + 2winXg cannot lie in the Gabor space
when (u,n) # (0,0) under the given assumptions, based on Theorem 6.

This establishes the estimate of Theorem 8 in a small neighborhood of the
lattice A and then a compactness argument together with Theorem 6 is used to
extend this to the rest of the time-frequency plane.

3.2.3 Paper 3

As previously pointed out, the fundamental tool for the main results of both
[CMP16] and Paper 1 was rewriting the condition of w(u,n)g € G(g, A) in terms
of a functional equation involving the Zak transform Zg and a helper function
h. Exploiting symmetries of the Zak transform and the lattice, one could cancel
out the Zak transform and be left with a functional equation involving just h.
Through this equation, the regularity of h was sufficient to derive constraints on

12



the time-frequency parameters (u,n) that ruled out time-frequency shifts not
already contained in the lattice A.

Crucially, the step of canceling out the Zak transform relies on the lattice
A being symplectically equivalent to a lattice with rational vectors. Since sym-
plectic operators preserve the density of the lattice, it is clear that this technique
cannot be extended to general lattices A (i.e., lattices with irrational density).

Initially, we were only able to prove a different characterization of m(u,n)g €
G(g,A) independent of Zak transform methods, which is contained in Theorem
11 (of Paper 3). The main component of this characterization (condition (iv)
in Theorem 11) was a new biorthogonal relation involving the window, the dual
window and the adjoint lattice.

Interestingly, this was sufficient for proving that Problem 2 is true in the
special case of a Gaussian window.

The generalization to arbitrary g € Sy (Theorem 1 of Paper 3) was made
possible by the suggestion of K. Grochenig to look at the traces of projections
on the irrational rotation algebra generated by the translation and modulation
operators of a time-frequency shift contained in the Gabor space (a precise
statement is given in Theorem 14 and discussed in the Appendix of Paper 3).

3.3 Additional work done by the author

The author of this thesis would like to bring forth two results he worked on
that were rendered superfluous by the eventual technical development of the
papers discussed here. The author considers these results too minor to warrant
an independent publication.

The first result is a technical characterization of VMO functions that was
motivated by what can only be described as a case of ‘group miscomputation’.
During the early phases of the development of Paper 1, we struggled with
showing that the space of locally vanishing mean oscillation functions was closed
under multiplication and under taking arithmetic inverses (assuming the original
function is bounded away from 0). The characterization gave rise to a proof of
these facts, although in a unnecessarily technically involved way (as can be seen
from Lemma 3.3 and Corollary 3.4 of Paper 1).

The second result was the simplified toy-model case that inspired the general
interplay between the differential equations on the Zak transform and the dis-
tance bounds obtained in Paper 2. Due to the restricted nature of this simple
case, the proof is much more straightforward.

3.3.1 A characterization of VMO functions

As stated before, the inspiration for finding a technical characterization of VMO
functions was the need to prove that the function space VMO;,. was closed
under multiplication and taking (arithmetic) inverses of functions bounded away
from 0. We include the relevant definitions here. Theorem 9 characterizes
vanishing mean oscillation functions in terms of the ‘non-separatness’ of their
ranges and Propositions 1 and 2 prove the desired closedness results.
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The much more natural Lemma 3.3 in Paper 1 ended up replacing Theo-
rem 9 as the simpler tool to establish closedness results. Corollary 3.4 in Paper
1 made the initial purpose of this side note obsolete (i.e. Propositions 1 and 2),
but Theorem 9 might still present some technical interest on its own.

Definition 6. An L}, (i.e., locally integrable) function f is said to have van-
ishing mean oscillation if

lim sup i/ |f(z) — foldx = 0.
a0 |Q|<a <l Q

Here Q is allowed to be any finite length open interval and |Q)| is the Lebesgue
measure of Q). Additionally, fo is the average value of the function f over such
an interval Q, i.e.

fo=ry [ @)
Q
Then the space VMO is defined as
VMO = {f € L, : f hasvanishingmean oscillation}.

Definition 7. We say that an f € L has locally separable range if there
exist r,c > 0 and there exists a sequence of triplets of sets {(Qn,Un, Va)}nen
satisfying Qn is an interval with |Q,| < % and Uy,,V, C Q. such that the
following two conditions hold simultaneously for all n:

1. infuep, yev, |f(z) — f(y)| > c,

ANA
2 min(ig.1 1ga) 2 7

Remark 5. [t is important to point out that the second condition makes this
definition not trivial i.e., not trivially satisfied by pretty much any function.
Indeed, without the second condition, one could simply take any r,c > 0 and any
sequence of intervals {Qn}n and simply set U,,V, = @ for all n. Equivalently,
since we are dealing with equivalence classes of functions defined up to zero sets,
one could also take Uy, V, to be arbitrary null subsets of Q.

Some typical examples of functions that have locally separable range would be
step functions or functions defined as the characteristic functions of fat Cantor
sets.

Theorem 9. Let f € L. Then f ¢ VMO if and only if f has locally separable
range.

Proof. <= Since f has locally separable range we know there exist r,c > 0
and a sequence {(Qn, Un, V) }nen as in the definition.

Pick @ := @, arbitrarily from the family of intervals and let fg be the
average of f on (). For simplicity of notation we shall also set U := U,, and
V :=V,. By triangle inequality it follows trivially that

max(dist(fo, f(U)), dist(fo, f(V))) > &
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since otherwise we would have that dist(f(U), f(V)) < c¢. Without loss of
generality, let us assume that inf,cp |f(2) — fo| = dist(fq, f(U)) > 5.
Then we have that

& /Q 0) = faldo = &y [ 1£10) = falds

1 c
>*/ Sdx
Ql U3

Q wie
- 8=

3

>

<

Since n € N was chosen arbitrarily, it is obvious that f cannot have vanishing

mean oscillation.
= Let ||f|| := ||fllc < o0 be the essential supremum of f and assume

that f does not have vanishing mean oscillation. Then there exists a constant
¢ > 0 and a sequence of intervals {Q }nen such that, for any n, ﬁ an |f(z)—
fq.ldz > ¢ and |Q,| < L. This of course in particular implies that | f|| > 0.

We partition each of the intervals @, into Sy, := {z € Q,, : |f(z)— fq,| > 5}
and T,, := {z € Qn : |f(z) — fo.| < §}

Therefore we have that

c< iy [ 156 - fo,ldo

n

=@ [ @)~ fa,

do+ /T (@) ~ folda

1 1 c
<y [ 2o g [ e
Sn
<2122 + 4,

1Snl
and then that 0. > 4Hf\| for all n.

Now let W, := {x € Q, : | f(x)—fq,| < §} and suppose that lim,, % #
0. Then, by possibly passing to a subsequence of intervals, we can find a uniform
bound ¢ > 0 such that I‘gj > t for all n. Now we can simply set U, =
Sn,Vn = W, and the function f has locally separable range with constants
r= min(m,t) and §

So we may assume without loss of generality that lim,,_, || in‘ = 0. Now

let A,, be the annulus in the complex plane centered at fg, with inner radius
¢ and outer radius 2|/ f||. The previous limit being 0 implies that for n large

enough we have that |f‘ (An)l > 2 and that |‘g ‘ <4

Now let us partition the annulus A, into 6 congruent slices of angular width
% and consider the preimages under f of these slices. At least one of them,
which we bhall denote by U, satisfies, by the pigeonhole principle, the inequality

% > 1 5 and therefore ||g “ >3 4 . Without loss of generality we can rotate
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the coordinates to make sure that the image f(U,) corresponds to the slice of
the annulus spanning between the angles —% and .

Let V,, be the preimage under f of the half of the annulus opposite to f(U,)
i.e., the left half spanning between the angles 5 and 37” or the half obtained by
removing f(U,,) and its two immediately adjacent slices.

Let us denote by Q; the preimage of the right half plane centered at fq,
and by Q. that of the left half plane. Then in view of the fact that fq, is the
average of the function we have that f - f@)— an dx =—/ 0. /(@)= fq,dz and
therefore that | [, R(f(z) — fq,) da:| | Jor R( an)dx| Where R(z) is
the real part of the complex number z.

Now clearly | [, R(F(z) — fo,)da| = | f,,, RUF(x) — fo,)dal > & cos £[U,| =
V3|17, |.

On the other hand, we also have that

[ BU@ g0 <1 [ RU@ = o)l 41 [ R~ fo )

< / 2 £z + / <d
V, W,

n n

=2 f Vel + §IWal.

Combining the two inequalities and dividing by |Q,,| we obtain that

VBe  V3c|Un|
50 — 8 |Qn\

< 27| %
<2l Il + 555,

Jk\(‘:

[Va | > (2v3-1)c > c
[Qn] = 200] | 100 f11 -
Moreover, it is easy to see that dist(f(Uy,), f(V,)) > § and therefore we

have that f has locally separable range with constants r = min(%, ﬁ\lfl\) and
¢ thus completing the proof.

SO

Proposition 1. The space L™ NV MO is closed under multiplication.

Proof. Let f,g € L NVMO and assume that fg ¢ VMO. Then fg must
have locally separable range so there exist constants 7,¢ > 0 and a sequence
{(Qn,Uyn,V,)} as in the definition. In particular, for any n we have that
|f(2)g(x) — f(y)g(y)| = cfor all x € U,y € V.

From triangle inequality it follows that ¢ < |f(x)||g(z) —g(y)|+|g(W)|| f(z) —
FW)l < |Iflllg(z) = 9@)l + llgll[f(x) — f(y)l. Therefore we must have that for
all z € Uy, y € V, either |f(x) — f(y)] > 377 or that lg(z) — g(y)| > -

Let t := m > 0. Then for any z € U,,,y € V,, we have that

t<|f(x) = fW)|+1g9(x) —g(y)]
<|f(x) = fo.l +1fW) — fo.l +l9(x) — g9q.1 + l9(y) — 9q..|-
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Now we can integrate over U, and V,, (all functions are essentially bounded
and the domains of integration have finite measure) to get

UV < /U /V (17(2) = faul + 17 W) — faul +19() — go.] + 9(v) — go.)dudz

- /U (@) — fouldz + U] /V @) — fouldy

Vil /U 19(&) — go, dez + U /V 19(9) — g0, |dy

< maz(|Uy |Va])( /U 1r@) = fauldo+ /U la(@) g0, ldx)

< mar(U| V(| 150) = Faulde + | 1o(e) = g o)

Therefore we must have that ﬁan If(x) — fo,|dz + \Qilnl Jo, la(z) —

9, |dz > tw > tr for any n. But this immediately implies that
f and g cannot simultaneously have vanishing mean oscillation, a contradic-
tion. U

Proposition 2. Let f € LNV MO be essentially bounded away from 0. Then
also 4 € VMO.

Proof. Assume % has locally separable range. Then we can find constants r, ¢ >
0 and a sequence {(Qn,Un, Vi) }nen as in the definition.

Then for any n we will have that |ﬁ — ﬁ| > c for any x € U,y € V,,.
But this immediately implies that |f(x) — f(y)| > CH%H_Q, so f has locally

separable range with constants r and c||%||_2, a contradiction. O

3.3.2 A toy-model case: the derivative of the time-frequency map
does not lie in the Gabor space

Proposition 3. Consider the lattice A = 7. x 27 and let g € H' such that (g, \)
is a Riesz sequence. Then g' ¢ G(g,A).

Sketch of proof. First, note that ¢’ = —(—1)g’ + 2mi0X g is the derivative of the
time-frequency map evaluated at (—1,0).
Step 1 The Riesz sequence condition implies that the inequality

24 < |Zg(z,w)* + |Zg(z + 1, w)|* < 2B (1)

holds almost everywhere with A, B being the Riesz sequence constants (see for
example Lemma 2.3 of Paper 1 or the discussion on page 6 of [CMP16]).

Step 2 Assume that ¢’ € G(g,A). Then there exists some locally square
integrable bivariate function h that is % periodic in the first coordinate and 1
periodic in the second coordinate such that

" Zg(x,w) = h(z,w)Zg(z,w),
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where 0 is the derivative with respect to the time coordinate (see for example
Lemma 2.4 of Paper 2).
Step 8 Solving the elementary PDE leads to

Zg(l‘, (,U) = Zg(o7 U.})efdr h(s,w)dS.
Plugging this solution into equation (1) gives that

0<24< ‘Zg(o’w)‘Q(e%Rme h(s,w)ds + 62§Rf01+1/2 h(s,w)ds>’

which implies that Zg(0,w) # 0 for a.e. . Moreover, since the complex expo-
nential is never 0, this also gives us that Zg(z,w) # 0 for a.e. x.

With this in mind, we can compute the absolute value of |Zg(z + 1,w)| in
two ways.

On the one hand, using the quasiperiodicity of the Zak transform with re-
spect to the time coordinate,

Zg(z + L,w)| = 2™ Zg(z,w)| = [ Zg(z,w)]. (2)

On the other hand, making use of the solution to the PDE and the % peri-
odicity of h with respect to the time coordinate,

|Zg(x + L,w)| = | Zg(0,w)els ™ M| = | Zg(z,w)| - oo " M2 (3)

Combining equations (2) and(3), and since |Zg(x,w)| # 0 for a.e. z, gives
‘6f01/2 h(s,w)ds| -1

Now we can write, using the % time-periodicity of h once again,

1Zg(x + L,w)| = |Zg(0,w)eld M)z elo* hedds| — | zg(2 W), (4)

which holds almost everywhere.

Step 4 Plugging equation (4) into equation (1) implies that the Zak transform
is essentially bounded above and below, i.e., that A < |Zg(z,w)|?> < B holds
almost everywhere.

But this implies that the Gabor system (g, Z x Z) is a frame for L*(R) (see
Corollary 8.3.2 in [Gr601]), which contradicts the classical Balian-Low theorem
as g € H. O
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4 Neural network approximation

This section is based on the following two papers:

e 'Neural network approximation and estimation of classifiers with classi-
fication boundary in a Barron class’ (co-authored with P. Petersen and
F. Voigtlaender), recently accepted for publication in Annals of Applied
Probability, henceforth referred to as Paper 4, [CPV20];

¢ 'Quantitative Approximation Results for Complex-Valued Neural Net-
works’ (co-authored with D.G. Lee, J. Maly, G. Pfander and F. Voigt-
laender), published in STAM Journal on Mathematics of Data Science in
2022, henceforth referred to as Paper 5, [Car+22].

The section is organized as follows. Subsection 1 shortly addresses the cur-
rent role of neural networks in the framework of machine learning and discusses
the state of the art and some of the open questions in the field. Subsections 2
and 3 frame Paper 4 and Paper 5 in the context of the main motivation behind
them, i.e., avoiding the curse of dimensionality and complex variable networks,
respectively, and provide a summary of the main results and techniques of the
two papers as well as details about the author’s contribution. Subsection 4 is a
brief note on some other neural network papers and collaborations the author
was involved in in a more minor capacity.

4.1 Machine learning and neural networks

On a fundamental level, statistical learning is the field concerned with con-
structing and fine-tuning mathematical models to fit given numerical data or
empirical observations and measurements with the goal of maximizing the pre-
dictive power of the obtained models. Classical examples range from empirical
derivations of physical laws and constants from experimental data via regression
or interpolation to classification via separating surfaces using support vector ma-
chines with non-linear kernel (feature) maps (see for example Chapters 5 and 6
of [MRT18]).

In this context, machine learning is the application of computation resources
to aid in the development and testing of the models of statistical learning. The
impact the development of computing technologies has had on statistical learn-
ing cannot be overstated. As a historical anecdote, it bears pointing out that
the orbital calculations performed by a small army of highly trained engineers
at NASA during the Apollo program less than 60 years ago can now be done
virtually instantaneously and with no errors on an inexpensive commercially
available laptop. However, the massive impact and adoption of machine learn-
ing in more and more areas of everyday life cannot be explained purely by the
speedup of processing data. The development of computation technology has
opened the door to modeling data that is intractable to human analysis, either
due to the sheer amount of data involved or due to the complexity of the models
needed to make predictions based on the data.
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The current machine learning revolution, while technically predicated on the
evolution of computing solutions, is inextricably correlated to the development
of the theory of neural networks (and in particular deep neural networks). The
widespread adoption of neural networks in concrete practical implementations
in a variety of areas, ranging from classification and pattern recognition to
numerically solving differential equations [EY18; HSN20; Pfa+20] is a complex
phenomenon with multiple likely reasons:

e Neural networks of different architectures offer a significant amount of
flexibility and adaptability to concrete modeling scenarios. Historically,
convolutional nets have been employed in image classification problems
with state of the art defining success [KSH17; He+15]. Recurrent networks
form the backbone of many language processing, speech recognition and
automated translation applications (e.g. [SVL14]). Graph neural networks
have recently been used to efficiently solve typical big data graph problems
in areas ranging from medicine and biology [Sto+20; Duv+15] to social
media [Mon+19].

e From a theoretical perspective, the simplest architecture of networks, feed
forward neural networks, has provided a rich research field with numer-
ous applications in classical function analytic scenarios, like approxima-
tion spaces [Gri+22; GV21] and finding numerical solutions for differential
equations [GH21; Elb+22].

e Hypothesis classes of fixed architecture neural networks usually exhibit
a large degree of expressivity. This is a classical field of study of neu-
ral networks with quite a few universality theorems showing that specific
architectures yield dense subspaces of common function spaces [Les+93;
Yar22; HS17]. This permits the approximation of complicated models
with comparatively simpler neural networks.

e Expressivity typically does not come at the cost of unquantifiable or 'bad’
information theoretic complexity of the chosen hypothesis class of neural
networks. There are numerous works bounding the complexity of neural
network hypothesis classes in terms of classic measurement tools like VC
dimension [KM97; Bar+19], Radamacher complexity (e.g. [GRS18]) or
entropy numbers (e.g. [GV21]). The existence of these bounds allows for
guaranteed loss bounds for typical learning algorithms (e.g. empirical loss
minimization).

Despite the many positives, the field of study of neural networks is still rela-
tively young and there are still numerous open questions and poorly understood
phenomena. To name a few:

e There still exists a large gap between the practical results of neural net-
works and most theoretical guarantees. Moreover, the extent to which
neural networks can be used is intuitively atypical, considering the fact
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that, historically, optimal algorithmic solutions to fundamentally differ-
ent problems usually implied very different hypothesis classes of models.
A more fundamental explanation of the ubiquity of neural networks as
optimal algorithmic solvers is one of the holy grails of the field.

Function spaces of realizations of given network architectures tend to
exhibit exotic properties (e.g. ’very high’ non-convexity, [PRV21]) and
the weights responsible for achieving a specific realization are highly non-
unique, implying that a neural network realization viewed as a function
from the space of weights to its outputs is typically very badly conditioned.

There is no clear overarching theory for the existence of adversarial exam-
ples in classification problems. It is well documented in practice [Bro+17;
Eyk+18; TVG19] that correctly classified images that are very slightly per-
turbed (even imperceptibly so to most observers) can lead to erroneous
classification (such perturbations are what are referred to as adversarial
examples [Sze+13; GSS14]). A major objective of practical implementa-
tions of neural networks where safety is a concern is the development of
training algorithms that guarantee robustness to adversarial examples.

Commonly, in image classification problems, although a specific architec-
ture and training algorithm can be chosen to provide state of the art
generalization error bounds, the computational complexity of the model
explodes as the dimension of the input grows. This is known as the curse
of dimensionality. Obviously, for practical applications, hypothesis classes
that avoid the curse of dimensionality while still being expressive enough
to tackle a wide range of problems are in high demand. This topic will be
further discussed in the next subsection.

The most common iterative training algorithm for neural networks is, by a
very large margin, (stochastic) gradient descent (see for instance [ALS19]).
Some non-intuitive phenomena related to the use of gradient descent in
network training are currently under investigation in the literature, e.g.
implicit bias ([Gun+17; LMZ18]), double descent fitness curves ([Bel+19;
MM22]).

In the next two subsections, we shall exclusively focus on feed forward neural
networks. We conclude this subsection with a formal definition of such networks
and some of the associated notions.

Definition 8. Let F be the field of real or complex numbers. Let L € N and
din = do,d1,. .., doyt := dy, be natural numbers. Let ¢ : F — F be a non-linear
function. A feed forward neural network is a tuple of pairs

= ((A17 b1)7 (Ag,bg), LR (ALa bL))

such that each Aj is a matriz with d;_1 columns and d; rows with entries in F
and each b; is a vector in Féi .
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din, and doye are called the input and, respectively, output dimension. L is
called the number of layers of the network. If L = 2 (i.e., if the network just
has the input layer followed by a single internal or hidden layer), the network
is called shallow. If L > 2, the network is called deep.

’LU(CD) = max(do, dl, ey dL)
1s called the width of the network and

N((I)) :d0+d1++dL

is the number of neurons of the network. The entries of the matrices A; and
vectors b are called the weights of the network and

L
W(®) = (I145llo + [1bllo)

j=1

is the number of (non-zero) weights, where || X || is the number of non-zero
entries of a matriz or vector X. Additionally,

@[] := max([|Axlloc, - - s [[ALlloos [b1lloc, - -5 (102 ]lo0)

1s called the norm of the network, i.e., its largest weight in absolute value.
The realization of the network is the function Ry® : Fdin — Fdout given by
the composition
Ry®=Tro(poTL1)o---0(poTy),

where Tj : Fdi-1 — F% s the affine operator given by Tijx = Ajz+b;. Crucially
the application of the activation function ¢ is component-wise,i.c., ¢(x) :=
(6(21), 6(2), - -, Swm))T for any @ = (w1, 3, 7)T € F™.

Finally, the architecture of the network ® is the configuration of neurons
per layer, i.e., the tuple (dy,d,...,dy) together with the positions of non-zero
weights on each layer.

4.2 The curse of dimensionality and Barron functions

As previously discussed, computational suitability of a given machine learning
model for a concrete task is sometimes not sufficient, in the sense that some
additional flexibility for related tasks is desired while keeping in check the com-
putational complexity.

As a toy example, consider a model that needs to determine the coordinates
of a particle in a unit sized box with precision no worse than % (for each coor-
dinate). Let z = (z1,...,24) be the position of the particle and let I = [0,1]¢
be the unit box. In one spatial dimension, d = 1, it will suffice to do just two
measurements, namely |z — 1| and |z — 2| and compare the two and declare
the position to be either i or % (based on the smallest distance). In dimension
d = 2, we would need to do 4 measuremens, namely |z; — &| and |z; — 2| for
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each i € {1,2}. More generally, in arbitrary dimension d, 2¢ measurements
would be necessary, so the computational complexity of the algorithm would be
exponential in the dimension. This phenomenon of exponential dependency on
the input dimension of the overall complexity of the model is referred to as the
curse of dimensionality.

Note that at the expense of this ‘bad’ dependency on the input dimension, all
the (binary) states of the particle in the box are differentiated. It is not difficult
to avoid the curse of dimensionality if compromises can be made in terms of the
expressivity of the hypothesis class of models. For example, if we only cared
about the (binary) position of the particle in the first log, d coordinates, the
overall complexity would be linear in d, but we would not distinguish between
states that differ in the larger index coordinates.

A major goal of machine learning is to construct models with sufficient ex-
pressive power to cover most practical necessities but with a mild dependency
on input dimension (i.e., avoiding the curse of dimensionality and having at
most polynomial dependency of the complexity on the input dimension). This
allows successful models to be relatively cheaply adapted to a wider range of
concrete problems. Arguably the most common practical application of machine
learning where the dependency on input dimension is a crucial aspect is image
classification. This is because images are typically interpreted as binary or RGB
matrices which are vectorized and then fed as inputs. For even the most ba-
sic example, the hand drawn digit classification problem based on the MNIST
database (http://yann.lecun.com/exdb/mnist/), the pictures are 28 x 28 pix-
els large resulting in an input dimension of 784. Current image classification
problems have input dimension in the order of 10° or more (for instance, for
ImageNet [Den+09], it is quite standard to rescale all the images to 256 x 256
pixels).

Paper 4 is inspired by the work of A. Barron (in particular [Bar93]), who
constructed a class of Lipschitz continuous functions that can be approximated
by shallow networks with N neurons with accuracy N~'/2 independent of the
input dimension (therefore avoiding the curse of dimensionality). Crucially,
Barron also showed that these functions (commonly referred to as Barron class
functions in the literature) are sufficiently rich to cover a wide range of models (a
detailed discussion with examples of Barron functions can be found in Chapter
IX of [Bar93]).

The main goal of Paper 4 is to adapt the works of Barron to classification
problems. We are therefore interested in classifiers under the assumption that
the boundary between different classes is of Barron class. We consider ‘tube-
compatible’ measures 1 (a fairly general class of measures that includes Lebesgue
measures and product measures, see Section 1.1, Definition 3.5 and Corollary
3.6 in Paper 4) and show that the characteristic function 1g, where Q is a set
with Barron class boundary, can be approximated with respect to the measure
1 to arbitrary precision by networks without the curse of dimensionality.

Theorem 10 (Theorem 1.1 in Paper 4). Let u be a tube-compatible measure
with parameter o € (0,1] and let Q C R? be a set with Barron class boundary.
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Then for any N € N, there exists a ReLU network ® with 3 hidden layers (i.e.,
L =4) and O(d + N) neurons satisfying ||®|| = O(d + N'/2) such that

HILQ - qu)HLp('u) = O(d3/(2p)N—a/(2p)).

Remark 6. e Crucially, the approximation error depends polynomially (sub-
quadratically) on the input dimension.

o We are using the rectified linear unit (ReLU, o(x) = max(0,x)) activa-
tion function, which is the most commonly used activation function in the
current literature. The adaptation of the classic Barron result for ReLU
networks (as opposed to the original setup with Heaviside activation in
[Bar93] is done in Proposition 2.2 in Paper 4).

The precise construction of the approximating networks is given in Theo-
rem 3.7 of Paper 4 where we show that once we choose a desired approximation
error, we can fix an architecture that will work for any set Q (with Barron class
boundary). Moreover an upper bound on the total number of weights W (®) is
obtained and a quadratic dependence on the input dimension d for W is shown
to be sufficient.

The remainder of Paper 4 is structured as follows.

Section 4 uses entropy-type bounds to show that the approximation rate
obtained in Theorem 3.7 is asymptotically optimal. Theorem 4.3 shows that
networks with at most W weights cannot achieve approximation rates better
than O(W—1/2-1/(d=1)) " wwhereas the result of Theorem 3.7 shows that a rate
of O(W~1/2) is achieved with our construction.

Section 5 provides error bounds for the performance of the use of empirical
risk minimization in determining the weights of ® in Theorem 5.1. The remain-
der of this section is a first attempt at a discussion of the optimality of this rate,
however this has mostly been superseded by the more recent work [PV21].

Section 6 motivates the restriction of the main result to tube-compatible
measures by using a version of the no-free-lunch theorem to show that for sets
with infinite VC-dimension and general measures, no non-trivial minimax ap-
proximation results can be achieved. Then we show in Lemma 6.4 that the class
of sets with Barron class boundary does indeed have infinite VC-dimension.

Finally, Section 7 addresses the different versions of so-called Barron spaces
seen in the literature and appropriate embeddings between them are shown.

The main contribution of the author of the present thesis was in adapting
the ideas of the coauthors [PV18] for network approximation of classifiers with
smooth boundaries to the Barron boundary setting, the construction of the
precise architecture in Theorem 3.7 as well as the size bounds found therein and
the formalization of the suitable tube-compatible measure class. Most of the
results in the paper were obtained in group discussions. Section 7 was, however,
entirely done by F. Voigtlaender and P. Petersen.
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4.3 Quantitative universality of neural networks over the
complex numbers

Despite the overwhelming success of and research interest in neural networks,
the vast majority of formal literature on the topic is focused on real ReLLU
neural networks, i.e., networks that have vectors of real numbers as inputs and
outputs and that use the ReLU activation function g(x) = max(0,z). However,
recent applied works (for example, [WY18; VSL17]) have shown that in some
concrete instances (for example magnetic resonance imaging) where the problem
to be modeled is natively expressed with complex numbers, it is beneficial to
use complex valued neural networks. Empirically, it was shown in [VSL17] that
using complex networks instead of splitting the real and imaginary parts of the
inputs and feeding them through appropriately sized real networks has clear
advantages.

It is interesting to point out that complex valued networks share a non-trivial
relation to their real valued counterparts under the identification C% = R2?.
Namely, complex valued activation functions are structurally richer than real
valued ones, but the condition of linearity over C? is more restrictive than the
equivalent notion over R??. It is likely that the case-by-case advantages of one
class of networks over the other is dependent on the interplay between these two
phenomena in the context of the concrete problem at hand.

Motivated by a universal approximation theorem for complex networks ob-
tained in [Voi20], the main goal of Paper 5 is to provide a systematic quan-
titative approximation template for the study of complex valued networks and
to apply it to one of the most natural choices of a complex activation function,
the so-called modReLU activation function

U(z):{o if 2] <1

z— ﬁ else.

We are interested in approximating functions g : C¢ — C with Sobolev-type
smoothness in the sense of real variables, i.e., the space F,, 4, see Section 1.2 in
Paper 5 for details.

The main result is

Theorem 11 (Theorem 1 in Paper 5). For any smoothness parameter n € N
and input dimension d € N, there is a constant C = C(n,d) > 0 such that
for any € € (0,1) there exists a fivzed modReLU-network architecture with at
most C - 1n(2/e) layers, at most C - e=24/™ . 1n*(2/e) weights, all bounded by
C -4 such that for any g € Fn.a there exists a network ® with the prescribed
architecture satisfying

l9(2) — Rs®(2)| < e

for all z in the unit cube of C?.

Remark 7. It is important to point out that these rates are exactly what one
would expect via the identification C? = R2? (for instance, [Yarl7]), so ap-
plications where the complex structure is relevant will incur no added cost to
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approximation rates. Additionally, we stress that the architecture only depends
on the approximation accuracy, smoothness parameter and ambient dimension.
Only the weights of ® depend on the individual function g to be approximated.

The majority of Paper 5 is dedicated to the proof of Theorem 1.

Section 1.4 discusses the limited literature on complex valued networks with
an emphasis on the role of the complex activation function and the rather sur-
prising result in [Voi20] that, in the complex valued case, the class of universal
activation functions is different for shallow networks and for deep networks.
Also a short review of other complex activation functions is given.

Section 2 shows that one can construct shallow modReLU-networks to ap-
proximate the real and imaginary part of the input and an architecture is given
(Proposition 3).

Section 3 contains a proof that the square of the real (or imaginary) part
can be approximated and an architecture is given in Proposition 8. This is
heavily inspired by the idea of Yarotski [Yarl7] to show that z + 22 can be
approximated using ReLLU networks.

Section 4 extends this to an approximation of the product of two complex
numbers via a simple polarization argument (Proposition 9 and Corollary 10).

Section 5 constructs a partition of unity based on the modReLU activation
function.

Section 6 combines the previous steps to give a proof of Theorem 1 by looking
at the Taylor approximation of g relative to the constructed partition of unity.

Finally, Section 7 uses entropy-type bounds to show that the approxima-
tion rate obtained in Theorem 1 is essentially optimal (modulo log factors).
Specifically, Theorem 12 shows that if one can achieve approximation rates of €
via networks with at most O(¢~7) weights bounded polynomially in £~!, then
necessarily v < 2d/n.

The main contribution of the author of the present thesis regarding Paper 5
had to do with the specific architecture constructions and size bounds, especially
in Section 6. The vast majority of the results were achieved in group discussions,
with the notable exception of Section 7 that was written by F. Voigtlaender.

4.4 Additional work done by the author

The author of the present thesis has a relatively long-standing interest in the
work of F. Voigtlaender concerning neural networks and is often the first reader
for a lot of his recent papers. The author also took part in the design of F.
Voigtlaender’s grant proposals concerning machine learning and is currently
collaborating with him and T. Rémer on the topic of adversarially robust net-
works.

The author has had minor contributions in terms of editing and technical
suggestions for the following papers:

e The universal approximation theorem for complex-valued neural networks,
F. Voigtlaender, https://arxiv.org/pdf/2012.03351, author appears
in acknowledgements.
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e [P sampling numbers for the Fourier-analytic Barron space, F. Voigtlaen-
der, https://arxiv.org/pdf/2208.07605, author appears in acknowl-
edgements.

e Optimal learning of high-dimensional classification problems using deep
neural networks, P. Petersen and F. Voigtlaender, https://arxiv.org/
abs/2112.12555.
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5 Structured Exponential Riesz bases

This section is based on the paper 'A note on exponential Riesz bases’ (co-
authored with D.G. Lee), recently accepted for publication in Sampling The-
ory, Signal Processing, and Data Analysis, henceforth referred to as Paper 6,
[CL22].

The section is organized as follows. Subsection 1 discusses the background
of exponential bases. Subsection 2 introduces the specific structured exponen-
tial bases that Paper 6 discusses and the literature context and provides an
overview of the results in Paper 6. Finally, Subsection 3 contains some addi-
tional work done by the author of this thesis on the topic of exponential bases.

The work done in this section provides partial answers to WP1 from the
DFG project PF 450/11-1.

5.1 Exponential bases

As the pure frequencies {z +— €2™"* : n € Z} form the Fourier basis (an

orthonormal basis) for the space L?([0,1]) of square integrable function on the
unit interval, a natural question to ask is if there exists an similar Fourier
basis for the space of square integrable functions supported on some arbitrary
bounded measurable (with positive measure) set S.

Definition 9. Let S C R? be a bounded set with positive measure and let
A C R? be a uniformly discrete (in the sense that infy, x,en A1 — Aa| > 0) set
of frequencies. Define the collection of functions

E(A) := {e¥™ N 1g(1) : A e A}

The set E(A) is said to be an orthogonal (Riesz) basis of exponentials
for L2(S) if the collection E(A) forms an orthogonal (or, respectively, Riesz) ba-
sis for L2(S). To simplify notation, we shall say that A is orthogonal (Riesz)
spectral for S.

Example 1. In this notation, Z is orthogonally spectral for [0,1]. This is
just the restatement of the fact that Fourier basis is an orthonormal basis for
L?([0,1]) using the fact that the Lebesgue measure of the unit interval is 1.

Remark 8. o There is essentially no distinction between discussing orthog-
onal and orthonormal exponential bases. Indeed, if A is orthogonally spec-
tral for S, then by definition (e*™**111(S)(-),e?™ A2 1(S)(+)) 12(s) = 0
whenever Ay # Ay. Moreover, ||62”’\']l(5)(~)||%2(s) = u(S) for all X € A.

So by rescaling all the pure frequencies by the same factor \/ﬁ, we get a

orthonormal basis for L*(S). We will therefore stick to the not-normalized
orthogonal bases to simplify notation.

e The uniform discreteness of the frequency set is a mecessary condition.
Indeed, if A is not uniformly discrete, then it cannot be Riesz spectral for
any bounded set S (see for example Remark 1 in [KN15]).
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o We will hereafter omit the multiplication by the characteristic function
of S in our notation for the set £(S). However, it is fundamental to
understand that if we say that A is spectral for a set S, then the pure
frequency functions defined by A are understood as functions defined on
S. This is crucial when discussing bases for unions of sets. As we will
see below from Lemma 1, Ay = 27 is orthogonally spectral for |0, %] and
Ay = 27Z + 1 is orthogonally spectral for [%, 1]. Combining the frequency
sets we get Z = Ay U Ay and this is orthogonally spectral for [0,1] if we
extend the domain of both even and odd pure frequency functions to be the
entire unit interval. For example, 1jg 17 is not in the span of{e%i%']l[o)%] :

k S Z} U {€2ﬂi(2k+1).1[%,1]  k S Z}

Lemma 1. Let S = [a,b] be some non-degenerate bounded interval, i.e., —oco <

a < b<oo. Then for any c € R, the set b%Z—&— ¢ is orthogonally spectral for S.

a

Sketch of proof. First of all, note that ﬁZ + ¢ is orthogonally spectral if and
only if ;2-7Z is. This is because E(;-Z + ¢) = > 1, 4)()E(31-Z) and

. —a —a
€™ Lian ()13 = b —a.
Next note that ﬁZ is orthogonally spectral for [a,b] if and only if it is
orthogonally spectral for [0,b — a]. This follows from the fact that for any
n € Z, the function  — €2™5a% is b — a periodic and so for any sequence

{en}n € €% we have that
|| Z CnGZWiﬁ.”LQ([O,b—a]) — || Z CnGZWiﬁ.”LQ([a’b])'
nez neL

Finally, consider the dilation operator Dy_, : L?([0,1]) — L2([0,b — a])
given by Dyp_o(f)(z) = \/17177 ((b — a)x). Since this is an isometry and since

the Fourier basis is orthonormal, it follows that ﬁZ is orthogonally spectral
for [0,b — a]. O

Lemma 1 can be seen as a definition for the Fourier basis on an arbitrary
bounded interval. As mentioned before, a natural question is whether any
bounded positive measure set admits a Fourier basis (in this context we mean
an orthogonally spectral set of frequencies).

The answer to this question is mo, in general. Possibly the most natural
example of this is that the unit ball in any dimension d > 2 admits no orthogonal
basis of exponentials [IKP99]. The most famous attempt of a characterization of
subsets of R? that admit an orthogonal basis of exponentials is due to Fuglede.

Conjecture 1 (Fuglede’s conjecture, [Fug74]). A set S C R? admits an or-
thogonal basis of exponentials if and only if S tiles RY, i.e., if there exists some
discrete translation set T C RY such that R = U,er{S + v} with the union
disjoint up to zero sets.

Fuglede proved the conjecture under the additional assumption that either
the candidate frequency set A or the tiling set I' are restricted to be lattices in R?
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in [Fug74]. However, without one of these additional restrictions, the conjecture
is in general false. Tao showed that both directions of the conjecture can fail
in dimension d > 5 ([Tao04]) and this was later extended to dimensions d = 3
and d = 4 (see for example [Mat05; KM06]). The validity of the conjecture in
dimensions d = 1 and d = 2 remains open to the author’s knowledge.

Since the orthogonality of the pure frequency functions seems to prevent
sets without particular geometric features from having orthogonal spectral sets
and since it is often sufficient for applications to consider Riesz bases instead of
orthonormal bases, the obvious question is whether all sets admit Riesz bases
of exponentials or if the sets that do not can be characterized.

Recently, it was shown in [KNO21] that even in dimension d = 1 there exist
sets with no Riesz bases of exponentials. The set proposed by Kozma, Nitzan
and Olevskii in [KNO21] is rather exotic (the construction of the set relying
on self-similarity). For ‘tamer’ sets S, specifically finite unions of intervals in
d = 1, there exist positive and partially constructive methods for obtaining
Riesz spectral sets. Additionally, under appropriate dilations, the frequencies
can all be chosen to be integers.

Theorem 12 (Avdonin [Avd91], Seip [Sei95]). Let S C [0, 1] be a non-degenerate
interval. Then there exists a frequency set A C Z that is Riesz spectral for S.

Theorem 13 (Combining Riesz bases for intervals,[KN15]). Let S C [0,1] be
a finite union of non-degenerate intervals. Then there exists a frequency set
A C Z that is Riesz spectral for S.

The landmark paper [KN15], of which Theorem 13 is the main result, is
remarkable not only for proving the existence of Riesz spectral sets for finite
unions of intervals, but for introducing a novel ‘constructor method’ for gener-
ating Riesz spectral sets for general sets S under some conditions.

Prior to [KN15], to the author’s knowledge, there existed only three classical
tools of constructing Riesz spectral sets and they all referred specifically to sets
S that are intervals:

1. Lemma 1 that yields translations of lattices for the frequency set.

2. Kadec’s j-theorem ([Kad64] or [You0l] for a modern reference): If
A = {\, : n € Z} satisfies the condition sup,, |\, —n| < %, then A is Riesz
spectral for [0, 1].

3. Avdonin’s theorem ([Avd74] or [AI95] for a modern reference), a power-
ful generalization of Kadec’s theorem where the size of the perturbation of
the Fourier basis has to be smaller than i in the average: Let A = {\, }nez
be a uniformly discrete sequence. If there exists a natural number N and
a constant 0 < § < i such that

(m+1)N

| > (Am—n)| <oN

n=mN+1

for all m € Z, then A is Riesz spectral for [0, 1].
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It bears pointing out that using Avdonin’s theorem alongside dilation and
translation techniques similar to those of Lemma 1, one can explicitly construct
an integer frequency Riesz spectral set for any interval S C [0, 1], recovering
Theorem 12.

Indeed, similar to Lemma 1, one can assume without loss of generality that
S = 1[0,a] for some 0 < o < 1. Then the scaled version of Avdonin’s lemma
implies that if A = {\, : n € Z} satisfies

(m+1)N

> w-B=aN

n=mN-+1

for all integers m and for some fixed natural N and some fixed constant 0 <
0 < i, then A is Riesz spectral for S.

Now there are two cases. If a = % € Q for some coprime naturals p < ¢,
then the reference lattice will be 1Z. We can take A = {[L*] : n € Z}, N =p
and § = 0 and the conditions of the scaled Avdonin theorem will be satisfied.

If o ¢ Q, then one can again take A = {[Z| : n € Z}. For any § > 0, the
existence of some large natural number N that satisfies the scaled Avdonin the-
orem is then guaranteed by Weyl’s equidistribution theorem (a stronger version
of which is Proposition 7 discussed in Paper 6).

The new method for constructing Riesz spectral sets which is the core of
[KN15] and the main tool behind the present section is the following technical
lemma.

Lemma 2 (Lemma 2 in [KN15] ). Let S C [0,1] be an arbitrary set with positive
measure. Fiz some natural number N and consider the ’folding’ sets

k
Aspi={z €0, &]: 2+ v € S for at least n distinct integers k}.
If, for each 1 < n < N, there exists a frequency set A, C NZ that is Riesz
spectral for As.,, then the set A .= UN_, (An + n) is Riesz spectral for S.

As a toy example of an application of Lemma 2 (although this can also be
proved more directly using the non-singularity of the corresponding minors of
the Fourier matrix, the key ingredient of the proof of Lemma 2), consider the
set S C [0,1] to be a finite union of intervals with rational endpoints. Choose
N to be the smallest common multiple of all the denominators of the individual
interval endpoints. It is now easy to check that

o J0d) s Nu)
= if n > Nu(S),

so, using Lemma 1, we can take

Ay, =

NZ  ifn < Nu(S)
%) if n > Nu(S),

implying that UM% (NZ + n) is Riesz spectral for S.
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5.2 Complementability of the Fourier basis and hierarchi-
cal Riesz bases of exponentials

Paper 6 is motivated by two questions from WP 1 of the DFG project PF
450/11-1.

Problem 3 (Complementability of Riesz spectral sets). Let S C R be a bounded
set with positive measure and let C be a class of bounded sets each of which are
disjoint from S. Can one find some frequency set A that is Riesz spectral for S
such that for each S’ € C there exists some A’ Riesz spectral for S’ satisfying
the additional condition that AUA’ is Riesz spectral for SUS’'? If the answer is
yes, A is said to be complementable with respect to the class C. What conditions
on S and C are sufficient for complementability?

Problem 4 (Hierarchical Riesz exponential bases). Under what conditions on
the bounded measurable sets S1,Sa,...,Sp can we find frequency sets Ay, ..., AL
such that for each index subset J C {1,2,...,L}, the union UjcsA; is Riesz
spectral for UjeyS;?

The first problem has its origins in discussions with Pfander and Walnut and
the investigation of the second is due to an attempt to generalize the following
consequence of the main result of Pfander, Walnut and Revay:

Theorem 14 (‘Consecutive hierarchy’ [PRW21]). Let [0,1] = UE_, [a, bx) be a
partition of the unit interval into subintervals. Then one can find an explicit
partition of the integers Z = UézlAk such that for each consecutive index subset
J C{1,2,...,L}, the frequency set UjcsA; is Riesz spectral for Uje sla;,bj).

The Avdonin based approach of Theorem 14 can be used to treat a few more
special cases when the index subset contains some specific gaps, but there seems
to be no clear way to obtain a fully hierarchical partition of the integers with
this technique.

The two main results of Paper 6 are based on Lemma 2 by contrast.

Theorem 15 (Theorem 2 in Paper 6). The Fourier basis of the unit interval
is complementable with respect to any finite union of bounded intervals. Given
real numbers 1 < a1 < by <ag <by <---<ap <bp, <N for some L, N € N,
there exists some frequency set A' C (%:Z) \ Z such that A is Riesz spectral for
Uk_lak, by) and ZU N is Riesz spectral for [0,1] U (Uf_; [ak, bi)).

Theorem 16 (Theorem 1 in Paper 6). Let 0 < a1 < by < as < by < -++ <
ar, < by, <1 with L € N and consider the set S = Uézl[ak,bk]. If the numbers
1,a1,az3,...,ar,b1,ba,...,bp are linearly independent over Q, then S admits a
hierarchical Riesz basis of exponentials with integer frequencies.

We conjecture that the condition of the endpoints being rationally indepen-
dent in Theorem 16 can be lifted, but so far we have not been able to show
this.

As stated before, the main idea behind these results is Lemma 2. Specifically
for Theorem 16 two more main ingredients are used:
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e Chebotarév’s theorem on roots of unity (see for example [SL96]) which
states that all minors of a prime sized Fourier matrix are invertible.

¢ A Kronecker-Weyl equidistribution along the primes result (Proposition 7
in Paper 6).

Paper 6 is structured as follows:

e The first section contains the statements of the two main results, Theorems
1 and 2.

e The second section contains the technical lemmas used including the gen-
eralization of Lemma 2 contained in Lemma 6.

e The third section contains a proof of the hierarchy result.
e The fourth section contains a proof of the complementability result.
e The appendix discusses the proof of Lemma 6.

In terms of the work contribution on Paper 6, both Dae Gwan Lee and
the author of the present thesis wrote down essentially identical (in terms of
the techniques used) manuscripts based on group discussions. The published
version is a synthesis of the two individual manuscripts.

We conclude this subsection with a short overview of the proofs of the two
main results.

A discussion of the proof of Theorem 15. Dilating by %, we can set S = [0, %]

and S’ = UE_,[%, %] such that SU S’ C [0,1].

Denoting by {z} the fractional part of a real number z, we see that depending
on the ordering of the fractional parts {Nai},...,{Nar},{Nb1},...,{Nbr},
the non-empty sets A, will either be [0, %] or finite unions of intervals with

endpoints from the set {0, +, {?\’;},{?\,—’3} 1<k (<N}

The conclusion now follows by applying Theorem 13 to each of the sets A>,
and then Lemma 2. It is worth pointing out that this can be derived in a simpler
way in the case L = 1, by invoking Theorem 12 and possibly Proposition 3 from

Paper 6. O

A discussion of the proof of Theorem 16. Conceptually, the main difficulty that
arises from attempting to prove the existence of a hierarchical basis as opposed to
just a basis for the full union using the techniques from [KN15] is the appearance
of non-consecutive shift factors for the Riesz exponential bases of the sets A,
(see Figures 1 and 2).

Lemma 2 relies on the fact that the frequency set Uf_, (NZ + ji,) is Riesz
spectral for the union of intervals Uézl[%’“, e’“]\fl] (with 0 < ¢, < N —1) if the
minor of the Fourier matrix [6_27Tijkék/ N }

1<k<L corresponding to the rows ji

and columns ¢, is invertible. This condition is trivially satisfied if the shifting
coefficients jj are consecutive, since in that case the minor of the Fourier matrix
is a Vandermonde matrix and hence invertible.
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Chebotarév’s theorem provides a solution to this problem at the cost of
restricting the choice of N to prime numbers (since then all minors of the Fourier
matrix are invertible). This allows us to generalize Lemma 2 (in the case of prime
N) to Lemma 6 in Paper 6.

The next issue is ensuring that excising any interval [ay, b;) from the set S
has a controllable effect on the folding sets A>,. The solution we found was
to enforce a particular order of the endpoints of the intervals when folded onto
[0, %], explicitly that

0<{Nai1} <{Nas} <---<{Nap} <{Nbp} <--- <{Nbe} < {Nb1} <1

This ordering informally means that, apart from full copies of [0, %], the
contributions of the each interval [ak,b) to the folding sequence A, (S) are
nested. More explicitly,

[0, +] forn <m
Asp = [0, I20eby y[iNerl Ly forp=m+k1<k<L
I} forn >m+ L,

where m is some natural number m < N.

Again, informally speaking, this means that dropping any interval (or sub-
union of intervals) from the full union S will translate to ’deleting’ the appro-
priate levels from the folding sets A>,, and permuting the remaining sets (with
no further interaction) (see Figure 2). The permutation introduced in this way
is taken into account by the use of Lemma 6 from Paper 6 instead of Lemma 2,
as discussed above.

In order to guarantee the existence of a prime N that satisfies the desired
ordering, we make use of a Kronecker-Weyl equidistribution result along the
primes (Proposition 7 in Paper 6), an idea that dates back (to our knowledge)
to Vinogradov.

Unfortunately, this approach imposes the seemingly artificial restriction of
the endpoints of the intervals needing to be rationally independent.

O
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- @415

- o+ 14
— —_ . C NZ+13 = Ajz + 13
_— —_— . NZ + 12 A1g + 12
. C NZ 411 = Ayq + 11
. NZ+10 = A1g + 10
. NZ49=Ag+9

Ag + 8

Ay 47

Ag + 6
A+ 5
Ay +4
Az +3
Ag +2
Ay +1

Figure 1: A toy example of S being a union of 3 intervals. NN is chosen to ‘nest’
the contributions of each of the intervals in the sets A>,. The shifts of the Riesz
spectral sets can be chosen to be consecutive.

L @415
L@ 414
L@ 412
P47
Lo +6
— J— . A1z +13
LA 411
. Ay + 10
S Ag +9
. Ag+8
A5+ 5
Ayt 4
. A3 +3
cAp 42
DAL+ 1

Figure 2: S’ is the partial union of 2 intervals. Due to the ‘nesting’ of contribu-
tions of the intervals in S, the ‘tower of folding sets’ A>,,(S’) is obtained from
the ‘tower’ A>,(S) just by eliminating the levels corresponding to the missing
interval and shifting. Note the non-consecutive nature of the shifts of the Riesz
spectral frequency sets which is circumvented by the use of Chebotarév’s theo-
rem. Also note that the basis corresponding to the ‘red’ (or ‘blue’) interval have
not changed from Figure 1.

5.3 Additional work done by the author

This subsection describes some additional investigations of the author of the
present thesis concerning potential applications of Lemma 2 to the study of
structured exponential bases for unions of intervals and some restrictions related
to Kadec bases. Two threads of discussion are presented here, the first concerned
with attempts to lift the restriction on the endpoints of the intervals being
rationally independent in order to obtain a hierarchical basis, and the second
arguing that simple Kadec bases cannot have more than one intersection point
without compromising the spanning properties of their union.
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5.3.1 On the topic of hierarchical bases for arbitrary finite unions of
intervals

We recall that we are interested in finding hierarchical Riesz bases of expo-
nentials for L2?(S), where S C [0,1] is a finite union of intervals of the form
S = UE_,lag,bg). Le., we want to find some frequency set of integers A C Z
that can be partitioned as A = UL_, A;, such that for any index subset J of
{1,2,..., L} we have that Ugec Ay is Riesz spectral for Uge s[ag, bg]-

Theorem 16 solves this question in the case when 1,a1,...,ar,b1,...,br, are
linearly independent over QQ, however, as pointed out before, we believe that
this restriction is a proof artifact induced by our use of an equidistribution-type
result and we conjecture that the rational independence of the interval endpoints
condition can be dropped, although we have been unable to prove this up to
this point.

A natural path of investigation towards proving this more general result is
the following problem.

Problem 5. Let [0,1] = UL, [ax, bi] be a partition of the unit interval into a
finite union of intervals with rational endpoints, i.e., ax, by € Q. Then there
exists a partition of the integers Z = UL_| Ay, that forms a hierarchical Riesz
basis for the unit interval.

Somewhat surprisingly, the ‘opposite’ scenario of having rational endpoints
presented in Problem 5 seems more difficult to tackle than the situation of
rationally independent points illustrated in Theorem 16. The author’s main
focus concerning this topic after the resolution of Theorem 16 has been towards
Problem 5.

Currently, the best approach to tackle Problem 5, based on discussions with
G. Pfander, D. Walnut and D.G. Lee, seems to be the following conjecture.

Conjecture 2. Let N be a natural number and let F = [e‘zmkz/N]lgk,ggN

be the associated Fourier matriz. Then there exists some permutation o :
{1,2,...,N} = {1,2,..., N} such that, for any subset K C {1,2,..., N}, the
minor

Fr = [6_2Wika(e)/N]k,£eK

of the Fourier matriz is invertible.

Remark 9. e This conjecture can be seen as an extension of Chebotarév’s
theorem to the case when N is not a prime. Indeed, when N is prime, the
conjecture is satisfied for o being the identity permutation (or any other
permutation,).

e Numerical testing has been done in MatLab to verify the validity of the
conjecture for small values of N. For N < 20, an algorithm based on gen-
erating random permutations has always found o that satisfy the conjecture
and for N < 15 an exhaustive search based on the Steinhaus-Johnson-
Trotter algorithm for iteratively generating permutations without storing
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them has been implemented to find all o that satisfy the conjecture. Un-
fortunately, no clear asymptotic conclusion concerning the frequency of
‘good’ permutations could be drawn from the runs.

This conjecture would indeed imply a positive answer to Problem 5.

Sketch of a positive solution to Problem 5 assuming Conjecture 2. Let N be the
least common multiple of the denominators of the endpoints of the intervals, i.e.,
of all the aj and bg. Clearly, in general, N will not be prime and therefore the
approach using equidistribution and Chebotarév’s theorem from Theorem 16
will not work in this scenario.

Note that the length of each interval will, in this case, be a integer multiple

of N, let us say that by —ar = & with pp € N for all k. The pp will clearly

satisfy 216:1 pr = N.

Let o be a ‘good’ permutation prescribed by the assumption that Conjec-
ture 2 holds.

The folding set chain associated to the full interval [0, 1] will be A, = [0, /]
for all 1 <n < N and we can take the frequency set I'), = NZ + o(n) as Riesz
spectral for As,,.

Furthermore, for each index 1 < k < L we can define a frequency set

A= Uil
under the convention that 22:1 p; =0.

With this notation, given an arbitrary index subset J C {1,2,...,L} and
setting Sy := Ugeslak, bi|, we see that

Asu(85) = 0w IS S
= 1%/ otherwise.
Explicitly writing the index set J = {k1, ko, ..., k. }, where k1 < ko < --- <

k., we can now take, for example, FHZklflﬂ as Riesz spectral for A>1(Sy),
j=1 Pi -

as Riesz spectral for A>2(Sy), F1+Zk2—1pv as Riesz spectral for
= j=1 Pi

F2+25§1 Pj
Ay, +1(87) and so on.
With these choices, it follows that UgecjAg will be Riesz spectral for Sy as

desired. O

As an informal note on the above sketch, firstly, the choice of N guaran-
tees that the folding sets A>, are either full intervals or empty and thus the
contributions of each interval can be separated. In contrast, in the proof of The-
orem 16, this was achieved by making sure that these contributions were nested.
Secondly, the permutation ¢ from Conjecture 2 guarantees the invertibility of
the involved Fourier minors when one cannot ensure that they are Vandermonde
matrices or that N is prime.

A different approach to exploring Problem 5 undertaken by the author of
the present thesis was to examine the possibility of achieving a nested structure
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of contributions of the individual intervals to the folding sets A>,, without em-
ploying any equidistribution argument. This would clearly lift the restriction of
the endpoint of the intervals being rationally independent, a condition clearly
violated under the assumptions of Problem 5. This gives rise to the following
number theoretic question.

Problem 6. Let S = UL_ [ax,b] C [0,1] such that the endpoints a, by are all
rational. Can one reorder the endpoints ay, and by, arbitrarily modulo % for some
prime N ? In other words, given an arbitrary bijective map o : {c1,¢a,...,car,} —
{a1,...,ap}U{by,...,br}, does there exist some prime N such that

{NU(Cl)} < {NU(CQ)} <. < {NO'(C2L)}?

Remark 10. o As seen from the discussion of the proof of Theorem 16, the
orderings we are actually interested in are of the form {Na1} < {Nas} <
- <{Nap} <{Nbp} <--- <{Nbi}.

e If a positive solution for Problem 6 is found, especially with large enough
prime N, then Problem 5 can be immediately solved by following along
the steps in the proof of Theorem 16, by replacing the equidistribution
argument and invoking Chebotarév’s theorem once again.

Perhaps not surprisingly, a positive solution to Problem 6 is not possible in
full generality. What is more interesting is that one can provide an explicit and
fairly general technical condition on the endpoints under which all reorderings
are possible for infinitely many primes.

To conclude this section, we will first discuss a simple counterexample to the
desired result of Problem 6 holding in general and secondly present a technical
number theory lemma for sufficient additional conditions for the result to hold.

A concrete counterexample

Colnsider tgle set 51: [2,3]U[3, 2]U[3, 2], i.e., we have the endpoints a; = §,
a2:§,a3zz,blzz,b2:%andbgzg.

We are interested in the existence of some permutation o : {1,2,3} —
{1,2,3} such that given some relabeling of a,b as ¢,d (meaning that if ¢ = a

then d = b or vice-versa), we can achieve a reordering of the form

{Ncoyy S {Nco@)} S {Nco@)} < {Ndys)} < {Ndy2)} < {Ndy1y}, (5)

where N is a natural number (ideally a prime).

Since the least common multiple of the denominators of the endpoints is
clearly 12, we only need to investigate 1 < N < 11 in view of the Chinese
remainder theorem. We present the reordering in the following table, where the
numerators are listed modulo 12 (with the distinction that the class 0 will be
written as 0 if it comes from a left interval endpoint, i.e., an a, and as 12 if it
comes from a right interval endpoint, i.e., a b). We will also abuse notation and
write z < y instead of {Na} < {Ny} to improve the readability of the table.
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N ai b1 ag bg as b3 Order

1 2 3 4 6 9 10| a1 <by <as<by <az<bs
2 4 6 8 12 6 8 a1 < a3 =by <as =bg < by
3 6 9 0 6 3 6 as < az < ay =by =bz < by
4 8 12 4 12 0 4 ag < ag =bg < ay; < by =by
5 10 3 8 6 9 2 by < by <by <ag <az<a
6 0 6 0 12 6 12 | a1 = a9 < a3z =b; < by = b3
7 2 9 4 6 3 10 | a1 <az <as < by < by <bs
8 4 12 8 12 0 8 ag < a1 < ag =bg < by = by
9 6 3 0 6 9 6 a2<b1<a1=b2=b3<a3
10 8 6 4 12 6 4 as =bg <ag=0by <a; < by
11110 9 8 6 3 2 | b3<az<by<as<b <a

It is not difficult to see that for N ¢ {6,10}, there is no way to start the
orderings with a; and end with b; or vice-versa. If we fix this issue for NV = 6,
we are left with a3 < ag = by < b3. Similarly, for N = 10, we are left with
by < az = by < a1. None of these configurations satisfy the desired ordering
prototype.

It is also interesting to point out that even if we consider shifts of S of the
form S. = [£ + e, 2 +e]U[L+e 1 +elU[3 +e, 2 +¢] with small € > 0 (which
will have no impact of the existence of hierarchical Riesz bases, i.e., S admits a
hierarchical Riesz basis if and only if all the S. do as long as S. C [0, 1]), the
desired orderings still cannot be achieved.

Indeed, consider rational numbers 0 < 2 < B2 < ... < %‘i < 1 and some
€ > 0 and let N be an arbitrary natural number.

If e = 0, as mentioned before, the Chinese remainder theorem implies that
the ordering of the numbers {N(% +¢)}, 1 <j <d, is uniquely determined by
the remainder of N modulo gq.

If £ > 0, we can write N = kq 4+ r where k is some non-negative integer and
0 <r < q—1 and then we have that

(N( +e)} = {(kq + )% + Ne} = {rE 4 Ne}.

Crucially, the Ne quantity is independent of the index j, so if we fix a remain-
der of N modulo g, the tuple of numbers of the form {N (% +¢)} corresponds to
a cyclic shift of the tuple with numbers {N %}. The size of {Ne} just dictates
the order of the cyclic shift. Therefore, if one chooses € appropriately, the new
orderings achievable are just all the cyclic shifts of the ordering obtained when
e=0.

It is not difficult to see that if we also allow cyclic shifts of the ordering
in the table above, we still find no match with the desired ordering prototype
specified in (5).

A technical sufficient condition for Problem 6

Before stating the sufficient condition, we discuss the Chinese remainder
theorem and a simple number theoretic lemma.
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Given pairwise coprime numbers n1,...,ng, the Chinese remainder theorem
states that there exists a ring isomorphism

Z/(ning .. .ng)Z = (Z/nZ) X (Z/n2Z) X -+ x (Z/n4Z),

or, equivalently, that for any integers ci,...,cq, the system of equations x =
¢; mod n;, 1 <i < d, has a unique solution modulo nins...ng.

We are interested in the case where the moduli n; are not necessarily coprime.
First of all note that if z simultaneously satisfies

T = ¢; mod n;

x = ¢; mod ny,

then any common divisor of n; and n; must divide the difference ¢; — ¢;. This
implies that the condition ¢; = ¢; mod ged(n;, n;) is necessary for the existence
of z. It turns out that this is also sufficient.

Theorem 17 (gCRT). For arbitrary naturals ny,...,ng and ci,...,cq, the
system of congruences

r=c¢ modn;, 1<i<d

has a unique solution modulo lem(ny,...,ng) if and only if for all 1 < i,5 <d
we have that ¢; = ¢; mod ged(n;, n;).

Proof. As discussed before, we only need to show sufficiency.

Note that the congruence x = ¢ mod mn is equivalent to z = ¢ mod m and
x = c¢mod n if ged(m,n) = 1. One direction is immediate. For the other
direction, there exist naturals k,¢ such that x = km + ¢ = ¢n + ¢ implying
km = fn. Since m and n are coprime this means k = k'n and ¢ = {'m.
Therefore, x = ¢+ k'mn so x = ¢ mod mn.

It follows that each congruence x = ¢; mod n; can be replaced with the
system of congruences x = ¢; mod 77212 for 1 < ¢ < k; where n; = ngzl WZZ is
the prime factorization of n;.

Let lem(ny, . .., na) = [[j_; 7¢* be the prime factorization of the least com-
mon multiple of all the moduli.

The condition ¢; = ¢; mod ged(n;, n;) for all 1 < 4,j < d along with the
observation that = ¢ mod 7 implies = ¢ mod 7§ for any a < ay, means
that the original system of congruences is equivalent to the system

T =cgp) mod mf, 1 <L<E,

where ¢ : {1,2,...,k} — {1,2,...,d} is a function that associates to each ¢ the
index of one of the n;’s that is divisible by 7j*.

The conclusion follows immediately by applying the classical CRT to this
new system of congruences. O

Lemma 3. Let a,b,c be pairwise coprime numbers. Let x,z be the inverses of
a in ZJVZ and Z](be)Z respectively. Then there exists some integer d such that
z=db+x.
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Proof. Let y be the inverse of a in Z/cZ. We know there exist some integers
k, ¢ such that ax = kb+ 1 and ay = lc+ 1. Set z := z + (¢ — k)by. Then

az = ax + a(c — k)by = kb+ 1 + abcy — kb(ay) =
=kb+ 1+ abcy — kb(lc+ 1) = kb + 1 + abcy — kblc — kb =
=14 be(ay — ko).

We see that z is indeed the inverse modulo be, so we can take d := (c—k)y. O
We are now ready to state the sufficient condition result.

Theorem 18. Let 2L ... B pe fractions inside (0,1) in reduced form, i.e.,

q1’ ’ qa
gcd(pi, qi) = 1.

Let k= [max; ; ] and let P:={m <--- <my} be the set of primes that
J

appear in the factorization of lem(qy,...,qq4) = H;.”:l 7T;»Xj. Then we can write

each q; = H;nzl ﬂ'?j for some sequence satisfying 0 < a; <y foralll <i<m.
mo—1 _aj
Jj=1 J
and such that for each j > my there exists an index i; satisfying a;? =a; and

a} =0 for i #i;. Finally assume that for each i, Y " a; > 0.

j=mo

Assume there ezists a cutoff index 1 < mg < m such that w,, > ~*]]

. . mo—1 o
FEquivalently, we can write each q; = u;v;, where u; = sz"l m;’ and v; =

H;'n:m(] F?j and let U := lem(uy, ..., uq). The assumption is equivalent to saying
that the v; are pairwise coprime, each is coprime with U, each is strictly bigger
than 1 and any prime divisor of any of the v; is bigger than k%U.

Then given an arbitrary permutation o : {1,...,d} — {1,...,d} there exist

infinitely many primes N such that {%} << {%}.

Proof. First, note that &2 = k + 2 for some positive k and s € {1,...,¢ — 1}
if p and ¢ are coprime. Therefore the required ordering boils down to finding a
sequence s = (81,...,84) such that qgﬁ < < qsﬁ < 1.

First let us denote for 1 < ¢ < d the reductions of p; modulo ¢; by p}, i.e.,
let p} = p; mod g; such that p; < u; (since p; and ¢; are coprime). Now we can
define the sequence s. Let s; := p’g(l) and s; := p/, 0 —I—UZ;.;ll kI for 2 < i <d.
Note that since the v; were pairwise coprime and each was bigger than 1 by
assumption, x > 2. Also note that

i—1 d—1
$i =Py +UD W Stow+UY w7 <
j=1 j=1

d—1
<UY W =UE=L <Uk? <
§=0
< ming;
3
since, by assumption, each ¢; is divisible by a prime bigger or equal to Ux®.
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Let us now check that this choice of the sequence s satisfies the desired order,
i.e., that

Po() Po(2) U < Po(3) T (K +K)U <. < [ e e i 912
95(1) 4o (2) 95 (3) 9o (d) :

Using the definition of x (and the fact that the v; are pairwise coprime) and

. Uizt g s
/ . Sit1 J=1 do(i+1)
the fact that 0 < p; < wu; < U, observe that = THUS T K > Tae

for 7 > 2 and trivially 22 >k > ZC’—ET;. So the sequence s gives the needed order.

We now claim that we can find infinitely many primes N that satisfy the
congruence system
Npgiy = s; mod g, (4 (6)

for 1 <i<d.

For 1 < < d, let r; be the inverse of p; in Z/q;Z, which exists by assumption
that the fractions are in reduced form and let ¢; be the inverse of p; (and
therefore of p}) in Z/u;Z. Applying Lemma 3, there exist integers k; such that
r; = t; + k;u;.

We can rewrite the system of congruences that we need to solve as

N = si7¢;) mod gy ;- (7)

Using the above notation, we have that
i—1 )
$iTo(i) = Py + UZ K )(to(iy + ko(i)Uo(iy) = 1+ Litlg(s)
j=1

for some integer ¢;, 1 < i < d.

Now, 8i74(i) = 870 (j) = Litle(i) —LjUe(j), SO it is divisible by ged(uq iy, Uq(s))
which is equal by construction to gcd(qo(i); ¢o(j)); 1 < 4,5 < d. Therefore, we
can apply gCRT to conclude that there exists some 1 < Ny < lem(qq,...,qq4)—1
such that for any k > 0, the number N = Ny + k - lem(qy, ..., qq) satisfies the
system of congruences (7) and further on (6).

Next we claim that Ny is coprime with @ := lem(q1, .- -, qq)-

Recall that the list of prime divisors of Q was P = {m < -+ < m,}. So
assume there exists some index j < m such that 7; divides No. Let 1 <7 < d be
any index such that 7; divides g,(;) = U (s)Vs(;)- Since Ny satisfies the system
of congruences (7), it follows that 7; also divides 5,74 ;).

Assume 7; divides u,(;). Since s;75;) = 1 mod u,(;), this implies 7; divides
1, a contradiction. It follows that m; does not divide any u;, or, equivalently,
that the index j satisfies j > myg. In particular, by construction, we have that
Uy Z Ulid.

Now, since 7; is a prime, it must divide either s; or r4(;). However, as we
have shown before, each s; is strictly smaller than Ux?, which implies that there
exists some integer k such that km; = r,(;. This means that km; is the inverse
of po(iy in Z/q(;yZ which is impossible since 7; divides g, ;).
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We have a contradiction, therefore Ny must be coprime with Q.

The proof is completed by applying Dirichlet’s theorem on arithmetic pro-
gressions (a ’folklore’ result, a proof of which can be found in [Ser73]), which
guarantees that any arithmetic progression a+kb contains infinitely many primes
whenever a and b are coprime. O

Remark 11. The requirements of Theorem 18 are neither easy to state in a
non-convoluted but still precise way, nor are they too mild.

Informally speaking, what is required for the machinery of Theorem 18 to
work is that one can partition the list of prime divisors of the least common
multiple of the denominators qi,...,qq into two subsets of primes, U and V.
Any prime divisor common to multiple denominators must come from the set U
and each q; must have at least one divisor from the set V. Finally, the set V
must be sufficiently separated from the set U, meaning that the smallest prime
i V. must be sufficiently large compared to any prime in U, and the notion of
‘sufficiently large’ depends on the largest ratio between denominators and how
many different rational numbers we are trying to reorder.

For instance, cases when at least two denominators are equal are not covered
by Theorem 18. Howewver, in a scenario like

S = [5o18> 7395) Y [1237» 3186 U [ 7553 1300] Y (1689 1847
Theorem 18 does apply and leads to the existence of a hierarchical Riesz expo-
nential basis for S.

5.3.2 A brief discussion on Kadec bases with non-trivial intersection

We begin this discussion with a definition of Kadec bases based on the Kadec
% theorem.

Definition 10. Let a > 0 be a real number. In view of the Kadec i theorem, a
separated set A = {an+a +c,:n € Z and o € (=5, 5]} is called an a-Kadec
basis (for any interval of length %) if there exists some 0 < § < i such that
len| < ad for alln € Z.

In the particular case a = 1, we can uniquely specify a 1-Kadec basis through

a function f : Z — R, n+ n+ B+ ¢, for any choice of B € (—%, 3] and any
sequence [|{c,}|oo < 1.
Remark 12. The condition o € (—5, §] is not an actual restriction, since any

choice of a global shift factor a can be reduced modulo a at the cost of possibly
reindexing the sequence {c,}.

The motivation behind the present chapter is a surprising construction due
to D. G. Lee that shows that two 2-Kadec bases with non-trivial intersection
can have a union that is a 1-Kadec basis.

Before discussing this example, let us note for the sake of completion that
the typical or ‘non-pathologic’ situation is that the union of two 2-Kadec bases
‘should’ constitute a 1-Kadec basis only if they do not intersect.
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The prototypical example would be the 2-Kadec bases A1 = 2Z and Ay =
27+ 1, corresponding, respectively, to a = 0 and ¢, =0, and a = 1 and ¢,, = 0.
Clearly, their union corresponds to the standard Fourier basis frequencies.

An example of non-trivial intersection due to D. G. Lee

Fix an arbitrary 0 < € < % and define the frequency sets

Ar={..,-4,-2,0,14¢c3+e,...}={2n—15= +¢c,:neZ}

and
A2 - _Ala
where
% ifn<0
Cn = 1—¢ .
-3 ifn>0

It follows that |c,| = |1—\ < £, 50 Ay and therefore Ay are both 2-Kadec
bases. Additionally, A; N Az = {0 } and

A=AMUA={..,-4-3—-¢-2-1-¢,0,14¢,2,34¢,4,...}.

Since € < %, A is clearly a 1-Kadec basis.

It is clear that any a-Kadec basis will satisfy an appropriately dilated version
of Avdonin’s theorem and that perturbing finitely many point of the a-Kadec
basis will again result is a sequence that again satisfies Avdonin’s theorem (on a
possibly larger averaging window) as long as the perturbation does not ‘collapse’
different points to a single point.

Using this idea, we can shift the intersection point of the two bases arbitrar-
ily. For example, if we set Aj = {.. -2,¢,2,3+¢,5+4¢,...} and Ay = Ao,
we would have that Aj U A} is still Riesz spectral for [0, 1], but A N A4 = {2}.

However perturbations that interfere with the number of intersection points
will not preserve the basis property.

For example, taking A} = {..., —4,—-2,¢,1+¢,3+¢,... } and A, = Ay would
result in Aj N AL =@ and A} UAL = A; U Ay U {e} which can therefore not be
a basis for [0, 1] as it will have redundancy

Alternatively, taking A} = {.. —-2,0,2,34+¢,5+¢,...r and Ay = Ay
will give A} N A% = {0,2} and A U A’ (A1 UAs) \{1 +e} which cannot be a
basis for [0, 1] due to the minimality of any basis.

A limitation on the size of the intersection of 2-Kadec bases

We will show that if two 2-Kadec bases A1 and Ay are such that their union
A := Ay U A5 is a 1-Kadec basis, then A; and Ay cannot have more than one
point in common. Throughout the remainder of this discussion, we shall assume
that A1 = {2n4+ a1+ 1 :n € Z} and Ay = {2n + a2 + o, = n € Z} are
2-Kadec bases such that Ay UAy =: A = f(Z), where f(n) =n+5+c¢c, is a
1-Kadec basis. Recall that this implies that a;,as € (—1,1], that 8 € (—%, %],
that [[{c1,n}loo, [{e2in}lloo < 5 and that [[{en}l|oc <
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Due to this assumption, it follows that for n € Z we must have that either
f(n) € Ay or that f(n) € Aa. As we pointed out in the examples before, the
most ‘natural’ setup that allows this is one where the elements of A; interlace
those of Ag, i.e., if f(n) € Ay then f(n+ 1) € Ay and vice-versa. We first show
that breaking this interlacing structure comes with specific restrictions.

Lemma 4. [t is impossible for 3 consecutive integers to be represented by
the same 2-Kadec basis. In other words, there can exist no k € Z such that
f(k), f(k+1), f(k+2) are elements, w.l.o.g., of Ay. Additionally if f(k), f(k+1)
are both elements of, w.l.o.g., A1, then they are represented by elements with
consecutive indices.

Proof. Let’s assume this is possible. Then there exist integers n,m,p such
that for some aq, 8, {c1,n}tn, {cn}n as described before, the following system of
equations is satisfied:

n4+a1+cin =k+06+ck
2(n+m) + a1 + 1. p4m =k+14+ 8+ cry1
2(n+m+p)+ar+cinimip =k+24+ B+ crro

Subtracting the first equation from the second and rearranging we get that

2m —1 = (C}C+1 — Ck) — (Cl,n+m - Cl,n)a

which implies that 2m —1 € (f%, %) which is only possible if m = 1. This takes

care of the additional statement of the lemma. We can do the same with the
last two equations to see that p = 1. We can rewrite the system of equations as

2n+ay +c1p =k+ [ +ck
2n+ 1)+ +cintr =k+1+B+ckn
2(n+2)+ a1 +cinr2 =k+24+ 5+ cpgo.

Subtracting the first equation from the third and rearranging we get

2= (ckt2 —ck) — (cLnt2 — C1,n)s

which is impossible as 2 ¢ (=3, 3). O

Corollary 1. If f(k), f(k+1) € A1, then necessarily f(k—1), f(k+2) € Ag or
vice-versa (with respect to swapping Ay with As). Therefore if f(k) € A1 N Ag,
then necessarily f(k—1) € Ay and f(k+1) € Ay or vice-versa. Put differently,
this means that f(k — 1), f(k) € Ay and f(k), f(k + 1) € Ay or vice-versa.
In other words, a point in the intersection A1 N Ag induces the appearance of
consecutive elements from A in both Ay and As.

Lemma 5. Assume that for some integers k, £ we have that f(k), f(k+1), f(k+
0), f(k+ £+ 1) are elements, w.l.o.g., of A1. Then necessarily  is even.
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Proof. Using Lemma 4, this implies that for some integers n, m, the following
system is satisfied

2n+ a1 +cin =k+06+ck
2(7L+1)+OZ1+C1’n+1 :k+1+ﬁ+ck+1
2(n+m) + a1 + 1 ntm =k+L+ B+ crie

2n+m+1)+ a1+ cipgmer =k+L+ 14+ Crqoqr.

Subtracting the second equation from the third, the first from the third and
the first from the fourth, respectively, and rearranging we obtain

2m — £ —1 = (ke — Cry1) = (Clntm — Clns1)

2m — £ = (Ckte — ck) — (C1.ntm — C1.n)

2m —L+1 = (ckyer1 — k) — (CLntmt+1 — CLn),s
which implies that 2m — ¢ — 1,2m — £ and 2m — ¢ 4+ 1 are different integers
simultaneously contained in the interval (—%, %) This necessarily means that
2m — £ =0, i.e., that £ = 2m, so / is even. O

Theorem 19. Let A; and Ay be 2-Kadec bases such that A := Aq U Ay is a
1-Kadec basis. Then |A1 NAs| < 1.

Proof. Let us define the "defect” index set for A split between A; and As. Let
Dy:={keZ: f(k), f(k+1) € A} for s € {1,2}. With this notation, we can
summarize the conclusions of Lemmas 4 and 5 and of Corollary 1 as follows (for
s € {1,2}):

e if k€ Dy, then k+ 1 ¢ Dy;
o if k4 € D, then k =/ mod 2;
e |Dg| > |A1 N As|. In fact for each k € Ay N Ay, k€ Dy and k—1 € Dy or

vice-versa.

Now assume the contrary. This implies that D; and D- have each at least
2 elements. By relabeling if necessary (swapping between A; and A3) we can
assume in view of these properties that D; contains only even indices and Dy
only odd indices. By assumption, there exists some k € Z such that f(k) €
A1 N Ay and for some k' > k 4+ 1 (note that as pointed out before we cannot
have f(k) and f(k 4 1) simultaneously in the intersection) we also have that
f(K) € AyNAy. W.lo.g., we assume that k is even (the odd case can be treated
the same way). This will imply that k& € Dy (otherwise k € Ds).

By assumption, there exists a smallest integer ¢ > 1 such that k, k+2¢ € D,
and {k+1,...,k+2(—1} N Dy = &. We now distinguish between two cases.

Case 1. Assume {k+1,...,k+2¢ — 1} N Dy = @. This implies that A;
and Ay interlace on the set {f(k + 1), f(k+ 2),...,f(k+2¢ —1)}. In other
words, f(k+1) € A1, f(k+2) € A, f(k+3) € Ay and so on. This implies that
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f(odd) € Ay for all k < odd < k+2¢. In particular f(k+2¢—1) € A;. But since
f(k 4+ 2¢£) € Ay by assumption, this means that k + 2¢ — 1 € Dy, contradiction.

Case 2. Assume {k+1,...,k+ 20— 1} N Dy # @ and let k 4+ r be the
smallest element in the intersection. Note that this implies that r = 2s + 1
for some natural s, since r must be odd. Once again we must have that A;
and Ao interlace on the set {f(k+ 1), f(k+2),..., f(k+ 2s+ 1)}. Once again
f(odd) € Ay for all k < odd < k+2s+1. In particular f(k+2s+1) € A; and since
k+2s+1 € Do, it follows that f(k+2s+1) € Ay as well. This implies that s > 0,
since otherwise we would have that both f(k) and f(k + 1) are simultaneously
in the intersection Ay N Ag, which would imply that either k — 1,k € D; or
k — 1,k € Dy, a contradiction. So we are left with f(k + 2s+ 1) € A1 N Ag,
which implies, taking parity into account, that k 4+ 2s € D;. However, since
$s>0,k+2se{k+1,k+2,...,k+2{—1} N Dy, again a contradiction. O

47



References

[AI95]

[ALS19]

[Avd74]

[Avdol]

[Bal81]

[Bar+19]

[Bar93)]

[Bat88]

[Bel4+19]

[BHW95]

Sergei A. Avdonin and Sergei A. Ivanov. Families of exponentials.
The method of moments in controllability problems for distributed
parameter systems, Translated from the Russian and revised by the
authors. Cambridge University Press, Cambridge, 1995, pp. xvi+302.
ISBN: 0-521-45243-0.

Z. Allen-Zhu, Y. Li, and Z. Song. “A Convergence Theory for Deep
Learning via Over-Parameterization”. In: Proceedings of the 36th
International Conference on Machine Learning. Ed. by Kamalika
Chaudhuri and Ruslan Salakhutdinov. Vol. 97. Proceedings of Ma-
chine Learning Research. PMLR, Sept. 2019, pp. 242-252. URL:
https://proceedings.mlr.press/v97/allen-zhul9a.html.

S. A. Avdonin. “On the question of Riesz bases of exponential func-
tions in L?”. In: Vestnik Leningrad. Univ. No. 18 Mat. Meh. As-
tronom. Vyp. 3 (1974), pp. 5-12, 154.

S. A. Avdonin. “The existence of basis subfamilies of a Riesz ba-
sis from exponentials”. In: Vestnik Leningrad. Univ. Mat. Mekh.
Astronom. vyp. 3 (1991), pp. 115-116, 134. 1ssN: 0024-0850.

R. Balian. “Un principe d’incertitude fort en théorie du signal ou
en mécanique quantique”. In: C. R. Acad. Sci. Paris Sér. II Méc.
Phys. Chim. Sci. Univers Sci. Terre 292.20 (1981), pp. 1357-1362.
1SSN: 0249-6305.

P. L. Bartlett, N. Harvey, C. Liaw, and A. Mehrabian. “Nearly-
tight VC-dimension and pseudodimension bounds for piecewise lin-
ear neural networks”. In: J. Mach. Learn. Res. 20 (2019), Paper No.
63, 17. 1SSN: 1532-4435.

A. R. Barron. “Universal approximation bounds for superpositions
of a sigmoidal function”. In: IEEE Trans. Inform. Theory 39.3
(1993), pp. 930-945. 1SSN: 0018-9448. por: 10.1109/18. 256500.
URL: https://doi.org/10.1109/18.256500.

G. Battle. “Heisenberg proof of the Balian-Low theorem”. In: Lett.
Math. Phys. 15.2 (1988), pp. 175-177. 1ssN: 0377-9017. pOI: 10.
1007/BF00397840. URL: https://doi.org/10.1007/BF00397840.

M. Belkin, D. Hsu, S. Ma, and S. Mandal. “Reconciling modern
machine-learning practice and the classical bias-variance trade-off”.
In: Proc. Natl. Acad. Sci. USA 116.32 (2019), pp. 15849-15854.
ISSN: 0027-8424. poI: 10.1073/pnas . 1903070116. URL: https:
//doi.org/10.1073/pnas.1903070116.

J. J. Benedetto, C. Heil, and D. Walnut. “Differentiation and the
Balian-Low theorem”. In: J. Fourier Anal. Appl. 1.4 (1995), pp. 355—
402. 18SN: 1069-5869. DOI: 10 .1007/s00041-001-4016-5. URL:
https://doi.org/10.1007/s00041-001-4016-5.

48


https://proceedings.mlr.press/v97/allen-zhu19a.html
https://doi.org/10.1109/18.256500
https://doi.org/10.1109/18.256500
https://doi.org/10.1007/BF00397840
https://doi.org/10.1007/BF00397840
https://doi.org/10.1007/BF00397840
https://doi.org/10.1073/pnas.1903070116
https://doi.org/10.1073/pnas.1903070116
https://doi.org/10.1073/pnas.1903070116
https://doi.org/10.1007/s00041-001-4016-5
https://doi.org/10.1007/s00041-001-4016-5

[Bro+17]

[Car+19]

[Car+21]

[Car+22]

[Car+23]

[CL22]

[CMP16]

[CPV20]

[Dau90]

[Den+09]

T. B. Brown, D. Mané, A. Roy, M. Abadi, and J. Gilmer. “Adver-
sarial Patch”. In: arXiv:1712.09665 (2017).

A. Caragea, D. G. Lee, G. Pfander, and F. Philipp. “A Balian-
low theorem for subspaces”. In: J. Fourier Anal. Appl. 25.4 (2019),
pp. 1673-1694. 18SN: 1069-5869. DOI: 10.1007/s00041-018-9634~
2. URL: https://doi.org/10.1007/s00041-018-9634-2.

A. Caragea, D. G. Lee, F. Philipp, and F. Voigtlaender. “A quanti-
tative subspace Balian-Low theorem”. In: Appl. Comput. Harmon.
Anal. 55 (2021), pp. 368-404. 1SsN: 1063-5203. DOI: 10.1016/ 5.
acha.2021.06.005. URL: https://doi.org/10.1016/j.acha.
2021.06.005.

A. Caragea, D. G. Lee, J. Maly, G. Pfander, and F. Voigtlaen-
der. “Quantitative approximation results for complex-valued neural
networks”. In: SIAM J. Math. Data Sci. 4.2 (2022), pp. 553-580.
DOI: 10.1137/21M1429540. URL: https://doi.org/10.1137/
21M1429540.

Andrei Caragea, Dae Gwan Lee, Friedrich Philipp, and Felix Voigt-
laender. “A Balian-Low type theorem for Gabor Riesz sequences
of arbitrary density”. In: Math. Z. 303.2 (2023), Paper No. 48, 22.
ISSN: 0025-5874. DOI: 10.1007/s00209-022-03182-6. URL: https:
//doi.org/10.1007/s00209-022-03182-6.

A. Caragea and D. G. Lee. “A note on exponential Riesz bases”. In:
Sampl. Theory Signal Process. Data Anal. 20.2 (2022), Paper No.
13, 14. 1ssN: 2730-5716. DOI: 10.1007/s43670-022-00031-9. URL:
https://doi.org/10.1007/s43670-022-00031-9.

C. Cabrelli, U. Molter, and G. Pfander. “Time-frequency shift in-
variance and the amalgam Balian-Low theorem”. In: Appl. Com-
put. Harmon. Anal. 41.3 (2016), pp. 677-691. 1SsN: 1063-5203. DOI:
10.1016/j.acha.2015.04.003. URL: https://doi.org/10.1016/
j.acha.2015.04.003.

A. Caragea, P. Petersen, and F. Voigtlaender. “Neural network ap-
proximation and estimation of classifiers with classification bound-
ary in a Barron class”. In: arXiv preprint arXiv:2011.09363 (2020).

I. Daubechies. “The wavelet transform, time-frequency localization
and signal analysis”. In: IEEE Trans. Inform. Theory 36.5 (1990),
pp- 961-1005. 1sSN: 0018-9448. DOT: 10.1109/18.57199. URL: http:
//dx.doi.org/10.1109/18.57199.

J. Deng, W. Dong, R. Socher, L.-J. Li, Kai Li, and Li F.-F. “Im-
ageNet: A large-scale hierarchical image database”. In: 2009 IEEFE
Conference on Computer Vision and Pattern Recognition. 2009,
pp- 248-255. DOI: 10.1109/CVPR.2009.5206848.

49


https://doi.org/10.1007/s00041-018-9634-2
https://doi.org/10.1007/s00041-018-9634-2
https://doi.org/10.1007/s00041-018-9634-2
https://doi.org/10.1016/j.acha.2021.06.005
https://doi.org/10.1016/j.acha.2021.06.005
https://doi.org/10.1016/j.acha.2021.06.005
https://doi.org/10.1016/j.acha.2021.06.005
https://doi.org/10.1137/21M1429540
https://doi.org/10.1137/21M1429540
https://doi.org/10.1137/21M1429540
https://doi.org/10.1007/s00209-022-03182-6
https://doi.org/10.1007/s00209-022-03182-6
https://doi.org/10.1007/s00209-022-03182-6
https://doi.org/10.1007/s43670-022-00031-9
https://doi.org/10.1007/s43670-022-00031-9
https://doi.org/10.1016/j.acha.2015.04.003
https://doi.org/10.1016/j.acha.2015.04.003
https://doi.org/10.1016/j.acha.2015.04.003
https://doi.org/10.1109/18.57199
http://dx.doi.org/10.1109/18.57199
http://dx.doi.org/10.1109/18.57199
https://doi.org/10.1109/CVPR.2009.5206848

[Duv+15]

[Elb+22]

[EY18]

[Eyk+18]

[Feig1]

[Fra85]

[FS07]

[Fug74]

[Gau0g]

[GH21]

[Gri+22]

D. K. Duvenaud, J. Maclaurin D.and Iparraguirre, R. Bombarell,
T. Hirzel, A. Aspuru-Guzik, and R. P. Adams. “Convolutional net-
works on graphs for learning molecular fingerprints”. In: Advances
in neural information processing systems 28 (2015).

D. Elbréchter, P. Grohs, A. Jentzen, and C. Schwab. “DNN expres-
sion rate analysis of high-dimensional PDEs: application to option
pricing”. In: Constr. Approz. 55.1 (2022), pp. 3-71. 1sSN: 0176-4276.
DOI: 10.1007/s00365-021-09541-6. URL: https://doi.org/10.
1007/s00365-021-09541-6.

W. E and B. Yu. “The deep Ritz method: a deep learning-based
numerical algorithm for solving variational problems”. In: Commun.
Math. Stat. 6.1 (2018), pp. 1-12. 18SN: 2194-6701. por: 10.1007/
s40304-018-0127-z. URL: https://doi.org/10.1007/s40304-
018-0127-z.

K. Eykholt, I. Evtimov, E. Fernandes, B. Li, A. Rahmati, C. Xiao,
A. Prakash, T. Kohno, and D. Song. “Robust Physical-World At-
tacks on Deep Learning Visual Classification”. In: Proceedings of
CVPR. June 2018.

H. G. Feichtinger. “On a new Segal algebra”. In: Monatsh. Math.
92.4 (1981), pp. 269-289. 1sSN: 0026-9255. DOL: 10.1007/BF01320058.
URL: https://doi.org/10.1007/BF01320058.

E. Francis. Low, Complete sets of wave packets, A passion for physics-
essays in honor of Geoffrey Chew (C. DeTar et al., ed.) 1985.

H. G. Feichtinger and W. Sun. “Sufficient conditions for irregular
Gabor frames”. In: Adv. Comput. Math. 26.4 (2007), pp. 403-430.
ISSN: 1019-7168. DOIL: 10.1007/510444-004-7210-6. URL: https:
//doi.org/10.1007/s10444-004-7210-6.

B. Fuglede. “Commuting self-adjoint partial differential operators
and a group theoretic problem”. In: J. Functional Analysis 16 (1974),
pp- 101-121. por: 10.1016/0022-1236(74)90072-x. URL: https:
//doi.org/10.1016/0022-1236(74)90072-x.

S. Z. Gautam. “A critical-exponent Balian-Low theorem”. In: Math.
Res. Lett. 15.3 (2008), pp. 471-483. 1sSN: 1073-2780. por: 10.4310/
MRL.2008.v15.n3.a7. URL: https://doi.org/10.4310/MRL.
2008.v15.n3.a7.

P. Grohs and L. Herrmann. “Deep neural network approximation for
high-dimensional parabolic Hamilton-Jacobi-Bellman equations”. In:
arXiv preprint arXiv:2108.05744 (2021).

R. Gribonval, G. Kutyniok, M. Nielsen, and F. Voigtlaender. “Ap-
proximation spaces of deep neural networks”. In: Constr. Approz.
55.1 (2022), pp. 259-367. 1SSN: 0176-4276. DOI: 10.1007/s00365-
021-09543-4. URL: https://doi.org/10.1007/s00365-021~
09543-4.

50


https://doi.org/10.1007/s00365-021-09541-6
https://doi.org/10.1007/s00365-021-09541-6
https://doi.org/10.1007/s00365-021-09541-6
https://doi.org/10.1007/s40304-018-0127-z
https://doi.org/10.1007/s40304-018-0127-z
https://doi.org/10.1007/s40304-018-0127-z
https://doi.org/10.1007/s40304-018-0127-z
https://doi.org/10.1007/BF01320058
https://doi.org/10.1007/BF01320058
https://doi.org/10.1007/s10444-004-7210-6
https://doi.org/10.1007/s10444-004-7210-6
https://doi.org/10.1007/s10444-004-7210-6
https://doi.org/10.1016/0022-1236(74)90072-x
https://doi.org/10.1016/0022-1236(74)90072-x
https://doi.org/10.1016/0022-1236(74)90072-x
https://doi.org/10.4310/MRL.2008.v15.n3.a7
https://doi.org/10.4310/MRL.2008.v15.n3.a7
https://doi.org/10.4310/MRL.2008.v15.n3.a7
https://doi.org/10.4310/MRL.2008.v15.n3.a7
https://doi.org/10.1007/s00365-021-09543-4
https://doi.org/10.1007/s00365-021-09543-4
https://doi.org/10.1007/s00365-021-09543-4
https://doi.org/10.1007/s00365-021-09543-4

[Gro01]

[GRS1S]

[GSS14]

[Gun+17]

(GV21]

[He+15]

[HS17]

[HSN20]

[TKP99)

[Kad64]

[KMO6]

K. Grochenig. Foundations of time-frequency analysis. Applied and
Numerical Harmonic Analysis. Birkh&user Boston, Inc., Boston,
MA, 2001, pp. xvi+359. 1SBN: 0-8176-4022-3. DOI: 10.1007/978-
1-4612-0003-1. URL: https://doi.org/10.1007/978-1-4612-
0003-1.

N. Golowich, A. Rakhlin, and O. Shamir. “Size-Independent Sam-
ple Complexity of Neural Networks”. In: Proceedings of the 31st
Conference On Learning Theory. Ed. by Sébastien Bubeck, Vian-
ney Perchet, and Philippe Rigollet. Vol. 75. Proceedings of Machine
Learning Research. PMLR, June 2018, pp. 297-299. URL: https:
//proceedings.mlr.press/v75/golowichi8a.html.

I. J. Goodfellow, J. Shlens, and C. Szegedy. “Explaining and har-
nessing adversarial examples”. In: arXiv preprint arXiv:1412.6572
(2014).

S. Gunasekar, B. E. Woodworth, S. Bhojanapalli, B. Neyshabur,
and N. Srebro. “Implicit regularization in matrix factorization”. In:
Advances in Neural Information Processing Systems 30 (2017).

P. Grohs and F. Voigtlaender. “Proof of the theory-to-practice gap
in deep learning via sampling complexity bounds for neural net-
work approximation spaces”. In: arXiv preprint arXiw:2104.02746
(2021).

K. He, X. Zhang, S. Ren, and J. Sun. “Delving deep into rectifiers:
Surpassing Human-Level Performance on ImageNet Classification”.
In: Proceedings of ICCV. 2015, pp. 1026-1034.

B. Hanin and M. Sellke. “Approximating continuous functions by
relu nets of minimal width”. In: arXiv preprint arXiv:1710.11278
(2017).

J. Hermann, Z. Schétzle, and F. Noé. “Deep-neural-network solution
of the electronic Schrodinger equation”. In: Nature Chemistry 12.10
(2020), pp. 891-897.

A. Tosevich, N. Katz, and S. Pedersen. “Fourier bases and a distance
problem of Erdés”. In: Math. Res. Lett. 6.2 (1999), pp. 251-255.
ISSN: 1073-2780. por: 10.4310/MRL.1999.v6.n2.a13. URL: https:
//doi.org/10.4310/MRL.1999.v6.n2.a13.

M. I. Kadets. “The exact value of the Paley—Wiener constant”. In:
Doklady Akademii Nauk. Vol. 155. 6. Russian Academy of Sciences.
1964, pp. 1253-1254.

M. N. Kolountzakis and M. Matolcsi. “Complex Hadamard matri-
ces and the spectral set conjecture”. In: Collect. Math. Vol. Extra
(2006), pp. 281-291. 1SsN: 0010-0757.

o1


https://doi.org/10.1007/978-1-4612-0003-1
https://doi.org/10.1007/978-1-4612-0003-1
https://doi.org/10.1007/978-1-4612-0003-1
https://doi.org/10.1007/978-1-4612-0003-1
https://proceedings.mlr.press/v75/golowich18a.html
https://proceedings.mlr.press/v75/golowich18a.html
https://doi.org/10.4310/MRL.1999.v6.n2.a13
https://doi.org/10.4310/MRL.1999.v6.n2.a13
https://doi.org/10.4310/MRL.1999.v6.n2.a13

[KM97]

[KN15]

[KNO21]

[KSH17]

[Les+93]

[LMZ18]

[Mat05]

[MM22]

[Mon+19]

[MRT18]

[Pfa+20]

M. Karpinski and A. Macintyre. “Polynomial bounds for VC di-
mension of sigmoidal and general Pfaffian neural networks”. In:
vol. 54. 1, part 2. 1st Annual Dagstuhl Seminar on Neural Com-
puting (1994). 1997, pp. 169-176. DOI: 10.1006/jcss.1997.1477.
URL: https://doi.org/10.1006/jcss.1997.1477.

G. Kozma and S. Nitzan. “Combining Riesz bases”. In: Invent.
Math. 199.1 (2015), pp. 267-285. 1ssN: 0020-9910. por: 10. 1007/
s00222-014-0522-3. URL: https://doi.org/10.1007/s00222-
014-0522-3.

G. Kozma, S. Nitzan, and A. Olevskii. “A set with no Riesz basis
of exponentials”. In: arXiv preprint arXiv:2110.02090 (2021).

A. Krizhevsky, I. Sutskever, and G. E. Hinton. “Imagenet classifica-
tion with deep convolutional neural networks”. In: Communications
of the ACM 60.6 (2017), pp. 84-90.

M. Leshno, V. Y. Lin, A. Pinkus, and S. Schocken. “Multilayer
feedforward networks with a nonpolynomial activation function can
approximate any function”. In: Neural networks 6.6 (1993), pp. 861—
867.

Y. Li, T. Ma, and H. Zhang. “Algorithmic regularization in over-
parameterized matrix sensing and neural networks with quadratic
activations”. In: Conference On Learning Theory. PMLR. 2018,
pp. 2-47.

M. Matolcsi. “Fuglede’s conjecture fails in dimension 4”. In: Proc.
Amer. Math. Soc. 133.10 (2005), pp. 3021-3026. 1SsN: 0002-9939.
DOI: 10.1090/S0002-9939-05-07874-3. URL: https://doi.org/
10.1090/80002-9939-05-07874-3.

S. Mei and A. Montanari. “The generalization error of random fea-
tures regression: precise asymptotics and the double descent curve”.
In: Comm. Pure Appl. Math. 75.4 (2022), pp. 667-766. 15SN: 0010-
3640. DOI: 10.1002/cpa.22008. URL: https://doi.org/10.1002/
cpa.22008.

F. Monti, F. Frasca, D. Eynard, D. Mannion, and M. M. Bron-
stein. “Fake news detection on social media using geometric deep
learning”. In: arXiw preprint arXiv:1902.06673 (2019).

M. Mohri, A. Rostamizadeh, and A. Talwalkar. Foundations of ma-
chine learning. Adaptive Computation and Machine Learning. Sec-
ond edition of [ MR3057769]. MIT Press, Cambridge, MA, 2018,
pp- xv+486. ISBN: 978-0-262-03940-6.

D. Pfau, J. S. Spencer, A. GDG Matthews, and W M. C Foulkes.
“Ab initio solution of the many-electron Schrédinger equation with
deep neural networks”. In: Physical Review Research 2.3 (2020),
p. 033429.

92


https://doi.org/10.1006/jcss.1997.1477
https://doi.org/10.1006/jcss.1997.1477
https://doi.org/10.1007/s00222-014-0522-3
https://doi.org/10.1007/s00222-014-0522-3
https://doi.org/10.1007/s00222-014-0522-3
https://doi.org/10.1007/s00222-014-0522-3
https://doi.org/10.1090/S0002-9939-05-07874-3
https://doi.org/10.1090/S0002-9939-05-07874-3
https://doi.org/10.1090/S0002-9939-05-07874-3
https://doi.org/10.1002/cpa.22008
https://doi.org/10.1002/cpa.22008
https://doi.org/10.1002/cpa.22008

[PRV21]

[PRW21]

[PV18]

[PV21]

[Sei95]

[SerT3]

[SL6]

[Sto+20]

[SVL14]

[Sze+13]

[Tao04]

[TVG19]

[Voi20]

P. Petersen, M. Raslan, and F. Voigtlaender. “Topological proper-
ties of the set of functions generated by neural networks of fixed
size”. In: Found. Comput. Math. 21.2 (2021), pp. 375-444. 1SSN:
1615-3375. pDOI: 10 . 1007 /510208 - 020- 09461 - 0. URL: https :
//doi.org/10.1007/s10208-020-09461-0.

G. Pfander, S. Revay, and D. Walnut. “Exponential bases for par-
titions of intervals”. In: arXiv preprint arXiw:2109.04441 (2021).

P. Petersen and F. Voigtlaender. “Optimal approximation of piece-
wise smooth functions using deep ReLU neural networks”. In: Neu-
ral Networks 108 (2018), pp. 296-330.

P. Petersen and F. Voigtlaender. “Optimal learning of high-dimensional
classification problems using deep neural networks” . In: arXiv preprint
arXiv:2112.12555 (2021).

K. Seip. “A simple construction of exponential bases in L? of the
union of several intervals”. In: Proc. Edinburgh Math. Soc. (2) 38.1
(1995), pp. 171-177. 18sN: 0013-0915. DOI: 10.1017/30013091500006295.
URL: https://doi.org/10.1017/50013091500006295.

J.-P. Serre. A course in arithmetic. Graduate Texts in Mathemat-
ics, No. 7. Translated from the French. Springer-Verlag, New York-
Heidelberg, 1973, pp. viii+115.

P. Stevenhagen and H. W. Lenstra Jr. “Chebotarév and his density
theorem”. In: Math. Intelligencer 18.2 (1996), pp. 26-37. ISSN: 0343-
6993. poI: 10. 1007 /BF03027290. URL: https://doi.org/10.
1007/BF03027290.

J. M. Stokes et al. “A deep learning approach to antibiotic discov-
ery”. In: Cell 180.4 (2020), pp. 688-702.

I. Sutskever, O. Vinyals, and Q. V. Le. “Sequence to sequence learn-
ing with neural networks”. In: Advances in neural information pro-
cessing systems 27 (2014).

C. Szegedy, W. Zaremba, 1. Sutskever, J. Bruna, D. Erhan, I. Good-
fellow, and R. Fergus. “Intriguing properties of neural networks”.
In: arXiv preprint arXiv:1312.6199 (2013).

T. Tao. “Fuglede’s conjecture is false in 5 and higher dimensions”.
In: Math. Res. Lett. 11.2-3 (2004), pp. 251-258. 1sSN: 1073-2780.
DOI: 10.4310/MRL.2004.v11.n2.a8. URL: https://doi.org/10.
4310/MRL.2004.v11.n2.a8.

S. Thys, W. Van Ranst, and T. Goedemé. “Fooling automated
surveillance cameras: adversarial patches to attack person detec-
tion”. In: Proceedings of CVPR Workshops. 2019.

F. Voigtlaender. “The universal approximation theorem for complex-
valued neural networks”. In: arXiv preprint arXiv:2012.03351 (2020).

93


https://doi.org/10.1007/s10208-020-09461-0
https://doi.org/10.1007/s10208-020-09461-0
https://doi.org/10.1007/s10208-020-09461-0
https://doi.org/10.1017/S0013091500006295
https://doi.org/10.1017/S0013091500006295
https://doi.org/10.1007/BF03027290
https://doi.org/10.1007/BF03027290
https://doi.org/10.1007/BF03027290
https://doi.org/10.4310/MRL.2004.v11.n2.a8
https://doi.org/10.4310/MRL.2004.v11.n2.a8
https://doi.org/10.4310/MRL.2004.v11.n2.a8

[VSL17]

(WY18]
[Yarl7]

[Yar22)

[You01]

P. Virtue, X Yu S., and M. Lustig. “Better than real: Complex-
valued neural nets for MRI fingerprinting”. In: 2017 IEEFE interna-
tional conference on image processing (ICIP). IEEE. 2017, pp. 3953—
3957.

M. Wolter and A. Yao. “Complex gated recurrent neural networks”.
In: Advances in neural information processing systems 31 (2018).

D. Yarotsky. “Error bounds for approximations with deep ReLU
networks”. In: Neural Networks 94 (2017), pp. 103-114.

D. Yarotsky. “Universal approximations of invariant maps by neural
networks”. In: Constr. Approz. 55.1 (2022), pp. 407-474. 1SSN: 0176-
4276. DOI: 10.1007/s00365-021-09546-1. URL: https://doi.
org/10.1007/s00365-021-09546-1.

R. M. Young. An introduction to nonharmonic Fourier series. first.
Academic Press, Inc., San Diego, CA, 2001, pp. xiv+234. ISBN: 0-
12-772955-0.

o4


https://doi.org/10.1007/s00365-021-09546-1
https://doi.org/10.1007/s00365-021-09546-1
https://doi.org/10.1007/s00365-021-09546-1

6 Full texts of the six papers

6.1 Paper 1

99



arXiv:1801.09237v2 [math.FA] 13 Jun 2018

A BALIAN-LOW THEOREM FOR SUBSPACES
ANDREI CARAGEA, DAE GWAN LEE, GOTZ E. PFANDER, AND FRIEDRICH PHILIPP

ABSTRACT. We extend the Balian-Low theorem to Gabor subspaces of L*(R) by in-
volving the concept of additional time-frequency shift invariance. We prove that if a
Gabor system on a lattice of rational density is a Riesz sequence generating a subspace
which is invariant under an additional time-frequency shift, then its generator cannot
decay fast simultaneously in time and frequency.

1. Introduction

The Balian-Low theorem is an uncertainty principle in time-frequency analysis which
in its original form states that a generator of a Gabor orthonormal basis of the space
of square integrable functions on the real line cannot be well-localized simultaneously in
time and frequency.

Theorem 1.1 ([2, 12]). If the functions e*™*g(x — m), (m,n) € Z x Z, form an
orthonormal basis of L*(R), then

([1e=aPlo@P dz) - ( [lo-sPG@Pdw) =00 aser (@1

The result generalizes from Z x Z to separable lattices of the form aZ x bZ, where
ab = 1; the latter being in fact necessary for e2™"g(x—am), (am, bn) € aZxbZ, to form
an orthonormal basis of L?(R). The results in this paper though achieve generalizations
in the case ab > 1 by involving an additional invariance by time-frequency shifts. Before
discussing the Balian Low theorem, its extensions, and our results in more depth, we
state our main result in its simplest form for illustration:

Theorem 1.2. If ab > 1 is rational, the functions e%ib”mg(x—am),‘ (am,bn) € aZ x VZ,
form an orthonormal system and its closed linear span contains ™% g(x —u) for some
(u,m) ¢ aZ x bZ, then

([1e=aPlg@P ds) - ( [ o= sPEIEd) =0, a5 eR

In the last two decades, the Balian-Low theorem has inspired significant research
in time-frequency analysis and has itself been generalized in various ways (see, e.g.,
[1, 7, 10, 14]). Gautam [7] recognized that g having a finite uncertainty product (1.1)
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implies that its Zak transform Zg has locally vanishing mean oscillation and that the
latter actually prevents the system {e?™™g(x —m) : m,n € Z} to be a Riesz basis of
L*(R). We will introduce the reader in Sections 2 and 3 to both the Zak transform and
the concept of vanishing mean oscillation (VMO). In fact, Gautam proved the following
theorem.

Theorem 1.3 ([7]). Ifg € L*(R) such that the Gabor system {e*™"g(z—m) : m,n € Z}
is a Riesz basis of L*(R), then Zg ¢ VMO,(R?). Moreover, if Zg ¢ VMO,.(R?), then
for any p,q € (1,00) with % + % =1 we have

([1e-attlg@Pds) - ( [lo-srgwPds) =0, apser @2

In particular, if {*™Cg(x —m) : m,n € Z} constitutes a Riesz basis of L*(R), then
(1.2) holds for any p and q as above.

In this paper, we generalize Theorem 1.3 in two ways. First, as the attentive reader
might have noticed, Theorem 1.3 is only proved and formulated for the most simple
lattice Z x Z. In our results we consider general rational lattices and lattices of rational
density. Secondly, we work with Gabor systems that constitute a Riesz basis of their
closed linear span instead of L?(R), as indicated in Theorem 1.2. Our first main result
reads as follows.

Theorem 1.4. Let g € L*(R) and let A C R? be a lattice of rational density such
that the Gabor system {e™*g(x — a) : (a,b) € A} is a Riesz basis of its closed linear
span G(g,N). If ™ g(x — u) € G(g,A) for some (u,n) ¢ A, then (1.2) holds for all
p,q € (1,00) with % + % =1.

The conclusion of Theorem 1.4 can be strengthened significantly if we restrict ourselves
to rational lattices, i.e., lattices that only consist of rational points. Recall that, given
a field F, by GL(n,F) one usually denotes the group of invertible matrices in F"*" and
SL(n, ) stands for the subgroup of GL(n,F) consisting of the matrices with determinant
1.

Theorem 1.5. Let g € L*(R) and let A = AZ? with A € GL(2,Q), such that the Gabor
system {e?™®g(x —a) : (a,b) € A} is a Riesz basis of its closed linear span G(g,\). If
2™ g(x —u) € G(g,A) for some (u,m) ¢ A, then Zg ¢ VMO)..(R?).

Note that neither of the above two theorems implies the other, since rational lattices
are of rational density but the condition Zg ¢ VMO, (R?) is stronger than (1.2) as seen
in Theorem 1.3 (cf. Problem 4.3).

In [8], Gebardo and Han already generalized the Balian-Low theorem to Gabor frames
for subspaces of L2(R). One of their main results states that if ab > 1, g € L*(R), and
{e?mibmzg(x — an) : m,n € Z} forms an overcomplete frame for its closed linear span,
then (1.1) holds. As it is mentioned in [8], the word “overcomplete” cannot be dropped in
the statement, as is revealed by choosing the Gaussian for g for which {€2™™%g(x —an) :
m,n € Z} always is a Riesz sequence. Our theorems therefore complement the result
from [8] inasmuch as we replace the term “overcomplete frame for its closed linear span”
by “Riesz basis of its closed linear span which has an additional time-frequency shift
invariance”. In particular, we obtain the following corollary.
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Corollary 1.6. Let g(z) = e~ and let A C R? be a lattice of rational density < 1.
Then e*™ % g(x —u) ¢ G(g, M) for all (u,n) € R2\A.

An important variant of the Balian-Low theorem is the so-called amalgam version,
known as the Amalgam Balian-Low theorem, which replaces the condition (1.1) by
g ¢ So(R), where So(R) denotes the Feichtinger algebra, given by

So(R) = { feL*R): / fla) e @0 2w go 14, y)}.

Recently [4], the Amalgam Balian-Low theorem has been generalized to Gabor subspaces
of L?(R) in a similar fashion as Theorem 1.2 generalizes the Balian-Low theorem. Specif-
ically, the main theorem in [4] reads as Theorem 1.4 with “(1.2) holds for ...” replaced
by “g ¢ So(R)”. In fact, the question whether g ¢ Sp(R) can be replaced by (1.1) was
posed as an open problem in [4]. Hence, Theorem 1.4 gives a positive answer to this
question and goes beyond.

As is well known, the techniques used in proving the Balian-Low theorem are much
more involved than those used in the proof of the Amalgam Balian-Low theorem. There-
fore, and as we want to point out, the problem of replacing g ¢ Sp(R) by (1.1) or (1.2)
is by far not a matter of a straight-forward procedure.

The Balian-Low theorem and its amalgam version are not equivalent. In fact, as
pointed out in [3], none of these two classical theorems implies the other. Therefore, it
seems desirable to find a space V' C L?(R) which contains both Sp(R) and the set of
functions with a finite uncertainty product as in (1.1) such that the functions in V fail
to be generators of Gabor Riesz bases of L?(R). In fact, Theorem 1.3 provides such a
space, namely the space of functions whose Zak transform is locally VMO. Hence, the
following easy consequence of Theorem 1.5 is a unification of the two classical theorems
for rational lattices of the critical density 1.

Theorem 1.7. Let g € L2(R) and let A = AZ? with A € GL(2,Q), det A = 1, such
that the Gabor system {e*™%g(x —b) : (a,b) € A} is a Riesz basis of L*>(R). Then
Zg ¢ VMO),.(R?).

The paper is organized as follows. In Section 2 we introduce the reader to the notions
and notations used throughout the paper. Section 3 introduces and discusses the func-
tions that are locally of vanishing mean oscillation (VMO). We prove several statements
on invariance properties of VMOj,.(R™) which we make use of in the proofs of our main
results Theorem 1.4 and Theorem 1.5 in Section 4, but which also seem to be new and
are interesting in their own right.

2. Preliminaries

In this section, we collect basic notions and tools in time-frequency analysis that are
necessary for formulating and proving our main results. Recall that a lattice in R? is a
set of the form AZ? with some A € GL(2,R) and its density is given by |det A|~1. We
define the time-frequency shift operator by (u,7n) € R? as

m(u,n) : L*(R) = L*(R), w(u,n)f(x) = ™ f(z — u).
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Using this notation, the Gabor system generated by g € L?(R) and a lattice A C R? is
simply written as (g, A) := {m(u,n)g : (u,n) € A}. By G(g,A) we denote its closed linear
span in L?(R), i.e., G(g,A) = span {n(u,n)g : (u,n) € A}. For the convenience of the
reader, we state some easily verifiable properties of the time-frequency shift operator in
the following lemma.

Lemma 2.1. The following statements hold.

(a) For a,b,c,d € R, we have
m(a,b)m(c,d) = e 2" (a + ¢,b + d) = e 2@V 1 (¢ AV (a, b).
(b) For fired f € L*(R), the mapping (a,b) — w(a,b)f is continuous from R? to
L3(R).
The Fourier transform is defined on L'(R) N L?(R) by

Fflw) = f(w) = /Rf(x) e MW gy w e R.

It is well known that the operator F extends to a unitary operator from L?(R) onto
L?(R). Tt can be used to define the Sobolev space H*(R), s > 0, as follows:

H*(R) = {f € L*(R): /(1 + )| F(w) | dw < oo}.
R
The Zak transform of f € L'(R) N L?(R) is defined (a.e.) by

w) = Zf(a: +k)e ™R (2, w) € R2.
keZ

As is easily seen, the function Zf is quasi-periodic, i.e., for m,n € Z we have
Zf(x+m,w+n) =" Zf(x,w) forae. (r,w)c€ R (2.1)

The mapping f — Zf|jp 12 extends continuously to a unitary map from L?*(R) onto
L?([0,1]?). Here, if f € L?(R), by Zf we mean the quasi-periodic extension of Z flio,)2
to R?, which is an element of LIQOC(RQ). We summarize some useful properties of the Zak
transform in the following lemma.

Lemma 2.2. Let f € L?(R). Then the following relations hold for a.e. (z,w) € R2.
(a) Zf(z+m,w+n) = ™™ Z f(x,w) for all m,n € Z.
(b) Zm(u,n)f(z,w) = 2™ Z f(x — u,w —n) for all (u,n) € R2.
(c) (Zm(m,n)f)(z,w) = e2rine=—mw) 7 ¢(x W) for all m,n € Z.
(d) Zf(z, )—emwzf( w, ).
(e) f(x) = Jy Zf(z,w)dw.

The following technical lemma will be used to prove our main results. A similar
statement can be found in [8, Proposition 3.8] (see also [4, Lemma 5]). However, since
the present setting is slightly different as in [8] and [4], we give a full proof of the
statement.
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Lemma 2.3. Let P,Q € N, g € L?(R), and assume that the Gabor system (g, %Z x PZ)
is a Riesz sequence in L*(R) with Riesz bounds A and B. Then the matriz function

P-1,Q-1
A(z,w) := (Zg(x - % - é,w))

is essentially bounded from above and from below. More precisely, for a.e. (z,w) € R?
we have that

e CP*Q (z,w) € R%
k,0=0

PAJEI? < |A(z,w)él* < PBlE|>  for all § € CP. (2:2)
In particular, Zg € L*>(R?), which also implies g € L>(R).

Proof. Let F' € L>°(Rp,C?) be arbitrary, where Rp := (0, %) x (0, 1). Then there exists
(cmn)mmez € £2(Z*) such that F, = Zs,nEZ chM,neQ”("Pz*S“’), £=0,...,Q—1, where
Fy denotes the ¢-th coordinate of F'. Using the properties of the Zak transform, we have
(extending F' to R? periodically)

2

2 Q-1
> i (BP)s| =X X cguunet P Zg) (2~ 4
m,neZ L2(R) =0 s,n€Z L2([0,1]2)

Q-1 2

= Fy(z,w)(Zg) ( é,w)
=0 L2([0,1]2)

L po1|Q-1 2
:/ / ( %—é,w) Fy(r,w)| dwdx
0 k=0 £=0

/ / |A(x,w)F(x w)H2 dw dx.

Hence, for every F € L>°(Rp,C?) we obtain

ﬁ 1
PAIF g, c0) < [ [ 1A@)F@ W dode < PBIFIZa, coy

Let D be a countable dense set in C? (e.g., D = (Q +iQ)?). For £ € D let L(¢) denote
the set consisting of all Lebesgue points in Rp of the map (z,w) + ||A(z,w)¢|| and put
L = (eep £(§). Then Rp \ £ has zero measure. For (zo,wo) € £, { € D, and £ > 0

define F' = F¢ . 1 0 i= ﬁXBE(xmwO){, where B¢ (zg,wp) denotes the euclidian ball with
center (zo,wo) and radius e. Then, for € small enough, [|F|[12(g, ce) = €] and

1
2l 1
/ / A (2, 0)F (2, )| dwdz = 5 / 1A 2, w)€ ]2 d(arw).
0 0 Be(z0,wo)

Letting € — 0 yields
PAIEI* < [[A(zo,w0)€l; < PBIE[.

By a density argument this holds for all ¢ € C?, which establishes (2.2) for all (z,w) € £
and thus (due to the quasi-periodicity of A) for a.e. (z,w) € R%. Now, choosing the first
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standard basis vector of C? for &, we obtain that |Zg(z,w)|?> < PB for a.e. (z,w) € R2.
Hence, Zg € L*°(R?). Also, Lemma 2.2(e) yields g € L>(R). O

3. Functions of Vanishing Mean Oscillation (VMO)

A cube in R™ of side length § > 0 is a set of the form Iy x --- x I, where each I; C R
is a closed interval of length &. For a function F € L{ (R") and a bounded measurable
set A C R"™ with |A]| > 0, we define

1
Fa ::—/Fdx and  Ma(F) := (|[F — Fa|)a.
1Al Ja

Also, for a bounded open set U C R™ and ¢ > 0, let
Se,u(F) :==sup{Mq(F):Q C U cube, |Q| <e}.

Definition 3.1. Let U be a bounded open subset of R™.
(a) A function F' € L} (R") is said to be of bounded mean oscillation (BMO) on U if

loc
supg Mq(F) < oo, where the supremum is taken over all bounded cubes @) contained in
U. The space of all such functions is denoted by BMO(U). We write F' € BMOjoc(R™)

if '€ BMO(U) for every bounded open set U C R™.

(b) A function F € L{ (R") is said to be of vanishing mean oscillation (VMO) on U if
F € BMO(U) and lim._,o S,y (F) = 0. The space of all such functions is denoted by
VMO(U). Likewise, we write F' € VMO, (R™) if F' € VMO(U) for every bounded open
set U C R™.

Remark 3.2. (a) It is easily seen that for any F,G € L] _(R") and a cube Q C U,
(F+G)g = Fg+Gg and Mg(F+G) < Mg(F)+ Mg(G), which leads to S; y(F+G) <
Se.v(F) + Se,u(G). This shows that the sets BMO(U) and VMO(U) are linear spaces.
Also, || - [[Bmo() = supgcy Mq(F') induces a semi-norm on BMO(U).

(b) It is straightforward that L>°(R™) ¢ BMO(R™). Also, every bounded uniformly
continuous function on R™ belongs to VMO(R"™) [15].

In the sequel, we will use the notation
VMO§S. (R™) := VMO (R™) N L°(R"™).
The following lemma shows in particular that VMO{S. (R™) is closed under multiplication

and is therefore an algebra.

Lemma 3.3. The following statements hold.
(i) If F,G € L _(R™), then for any cube Q C R™ we have

loc

|FoGq — (FG)ql < 5 max{|[Fllo, [|Gllec } (Mg (F) + Mq(Q)). (3.1)
Also, whenever U C R™ is a bounded open set and € > 0, then
Sev(FG) < § max{[|Flloo, [|Glloc} (Se.v(F) + Seu(@)). (32)

Consequently, F,G € VMO (R™) implies FG € VMO§S.(R™).
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(ii) If F € VMOjoc(R™) and essinf |F| > 0, then for any bounded open set U C R"
there exists ¢ = ey > 0 such that

|Fg| > (essinf |F|)/2  for all cubes Q@ C U with |Q| < e, (3.3)

and
4

S.y(l/F) < ———
v/F) = (essinf |F])?
Consequently, F' € VMOjo.(R™) and essinf |F| > 0 imply 1/F € VMO, (R™).
Proof. (i) Let F,G € L] (R™) and let Q C U be a cube. Then
1 1
—/ |FG — (FG)Q| dr < —/ |FG — FQGQ‘ dr + |FQGQ — (FG)Q|.
@l Jg QI Jg
We estimate the first term on the right hand side as
1 1
—1/wc—&ﬁmms——/ﬂmw—Gm+w—Hwawdx
QI Jg Q|
< max{[|Fl|oo, [|Glloc HMq(F) + Mo(G)).
For the second term, we observe that
1
Fatia — (FG)ol = 77| [ PG =) ds| < o [ 111G = Gl do < 1P Mo(€)
QI [Jg ~ QI
and
|FoGo — (FG)qg |Q| '/ (Fo—F)Gdx

so that

Sa,U(F)- (34)

< i, 1F ~ Fal Glde < |G Mo(F)

[FoGq — (FG)q| < g max{||Flls, [|Gllos }(Mo(F) + Mq(G)).

Therefore, Mg(FG) < 3 max{||F||ss, | G||oc } (Mg (F)+Mq(G)) from which (3.2) follows.

(ii) Assume that F' E VMO0 (R™) and C' := essinf |F| > 0, and let U C R™ be an
open set. Since F' € VMOj.(R"), we have S, y(F) < C/2 for some ¢ = ey > 0. Let
@ C U be any cube with |Q| < e. Then |F(z) — Fg| + |Fg| > |F(x)] > C a.e. so
that Mg (F) + |Fg| > C. Using the fact that Mg(F) < S.p(F) < C/2, we obtain

|Fg| > C/2. Now, observe that
1 ( 1 )
" \F ol

1 1 1
Mo(1/F :—/ ——( >
The first term can be estimated by
/ Fo-F| , = 2Mq(F)
“ 1@l Jg 1FoF] N

@l
CIQ\ ’/( )

- !Q\/ ’F FQ

F_FQ

and the second term by

L
F \F),

2
< —|1—F
= C Q<F>Q
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2 2 Mo (F)
< — F—-Fy|l de = ——.
< g 1P Rl =T
Thus, we have Mg(1/F) < 4Mqg(F)/C?, which yields (3.4) . O

A successive application of (3.1) in Lemma 3.3(i) gives the following corollary.
Corollary 3.4. If F, F,...,F, € VMO, (R"), then [[_; F; € VMO (R™). More-

over, there exists a constant C' > 0 which only depends on || Fi||cc,- - -, ||Fnllco such that
for any bounded open set U C R™, € > 0 and a cube Q C U with |Q| < e,

(HF> ~[I#E)e| < chaU

i=1 i=1
Corollary 3.5. Let B(x) = [Bj,k(x)]j'\fk:p N € N, be such that each Bjj : R* — C
belongs to VMO, (R") and By j(z) = Bjr(z) for all j,k, i.e., B(z) = B(z)*. If there
exist constants a, 3 > 0 such that aly < B(x) < BIx a.e., then each entry of B(z)™!
belongs to VMO, (R™).

Proof. Let C(x) = adjB(z) be the adjugate matrix of B(z). By Lemma 3.3(i), each
entry of C(z) is in VMO, (R™) and so is det B(z). Since det B(x) > o a.e., it follows
from Lemma 3.3(ii) that (det B(z))™! € VMOIOC(R"). Again by Lemma 3.3(i), we
conclude that each entry of B(z)™! = (det B(z)) ! C(x) belongs to VMO, (R™). O

The next proposition will play a key role in the proofs of our main theorems. It was
proved for a continuous function H in [4, Proposition 3]. Here, we relax the condition
to H € VMO, (R?) which is much weaker than H being continuous.

Proposition 3.6. Let P;, P,, N € N, My, M € Z, and (u,n) € Q?, (u,n) # (0,0), such
that Nu, Nn € Z. If H € VMO, (R?) is P%—periodz’c n x, P%-pem‘odic inw and
N-1 ‘
H H(z + nu,w + nn) = 2T M@+Maw) g0 g 0 (1.w) € R?, (3.5)
n=0
then NPy divides M1 and NPy divides M.

Proof. First, we note that H € VMO(R?) since H is periodic. For r > 0 and F €
L>(R?), we define the mean function
1
Fo(z,w) = ——— F(z)dz, (z,w) € R%,
. @, Sy

which takes the average of F' over the cube @Q,(z,w) of side length r centered at (z,w),
Qr(z,w)=[z— 5,2+ 5] x[w—5,w+ 5]

It is easily seen that Fj,j is continuous (even Lipschitz continuous); moreover, if F' is

periodic, then Fj, inherits the periodicity of F'. Setting H,(v,w) := H(x + nu,w + nn)

forn=0,...,N — 1, Corollary 3.4 implies that

N-1
[[ M‘(HH) <CZS2R2 = ONS,2p2(H),
n=0 n=0 /]

n=0
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where C' > 0 is a constant which depends only on ||H||~. Using

(H H ) :L‘ UJ <627ri(M1a:+M2w))[ | — Sinc(er) SinC(MQT) 627ri(M1x+M2w)’
n=0 /] '

we obtain

N-1 |
H (Hn)[r] (x,w) — e2mi(Myz+Maw)
n=0

< CNS,2g2(H) + | sinc(Mr) sinc(Mar) — 1]

for all (z,w) € R% Note that the right hand side does not depend on (7,w) and tends
to zero as r — 0. Since [[\—4 (Hp)p(7,w) and e2mi(MatMaw)

in (z,w), there exist continuous functions p, : R> — C, r > 0, such that

are continuous functions

N-1

H (Hn)[r] (m,w) = pr(fl', w) e27ri(M1x+M2w).
n=0

It is easily seen that p,(z,w) converges uniformly to 1 on R? as » — 0. Noting that
(Hp)p)(z,w) = Hy(x + nu,w +nn) for n = 0,...,N — 1, the equation above can be
written as

N-1 '

11 Hi@ + nu,w +nn) = pp(z, w) 2 MrrtMae0), (3.6)

n=0

Here, the mean function H|,j inherits the periodicity of H, and is therefore P%l—periodic
in x and P%—periodic in w. Note that the periodicity of H together with (3.5) yields
M /Py, My/Py € Z. This shows that e2mi(Miz+Maw) g Pil—periodic in z and P%—periodic
in w, and therefore by (3.6), so is p,(z,w). On the other hand, by replacing x and w
respectively with x + « and w + 7 in (3.5), taking into account Nu, Nn € Z, and using
the periodicity of H, we find that Myju + Msn € Z. Applying the same trick to (3.6)
then gives

Pr(l' +u,w+ 77) = pT(x,w)

for all # > 0 and (7,w) € R% As p, — 1 uniformly, there exists a branch of /-
such that &/p, is continuous for r small enough, say, r < rg, 1o > 0. Now, setting

Gr(v,w) := Hy)(z,w)/ Y/ pr(z,w) for r < 7y and combining all these facts yields

N—-1

H Gy (x+nu,w+n H H[r] z + nu,w + nn) — 2mi(Myz+Maw)
' 7 ) \/prx—i-nuw—i—nn)_ '

n=0
Note that G, is continuous and P%l-periodic in x, %-periodic in w. The fact that NP,
divides M; and N P; divides My now follows from [4, Proposition 3]. O

In the remainder of this section, we consider functions in VMOj,.(R™) that are not
necessarily in L>(R™).
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Lemma 3.7. Let A1, Ay C R™ be bounded measurable sets with Ay C Ag and |Aq] > 0.
Then for any F € Li (R"™) we have

|Ag|

Ma, (F) < 2——=
Al() |A1‘

M, (F).

Proof. Note that for any F € L}

b
|As| Ja,
> |Aq]

[As]

(R™),

loc

1
|F_FA2|d‘T > m A |(F_FA1)_(FA2_FA1)|dx
1

(MAl( )_ ‘FAQ _FAle

Ma, (F) =

which is equivalent to

Ma, (F) < 22l ary Py + sy - Fal.

A
Estimating the last term by
1 A
Fa, — Fa, | = ‘— F — Fa,)dx F — Fa, | de < —— Ma,(F
Py = Faul = |z [ (F = Fade| < (0 [ 1 = Pl de < (22 M (F),
we obtain the desired inequality. O

Lemma 3.8. Let A € GL(n,R) and b € R™ and define an affine mapping ® : R™ — R"
by ®(z) = Az +b. Then for any F € L] _(R™) and any cube Q@ C R"™ with center c € R"
and side length § > 0 we have

20”2 Al
— s Ma(F),

Mo(F o®) <
QW e®) s —aa Mg

where Q is the cube with center ®(c) and side length Vn||Allopd. Consequently, if F €
VMO0c (R™), then F o ® € VMO o0(R™).

Proof. Note that the set ®(Q) is a parallelepiped in R™ with volume |AQ| = | det A||Q|.
For any G € L{ (R"), we have

loc
1

(Go®)e 12(Q)] Jao(o)

G(®(2))| det A| do =

1
= — d -
[det Al|Q)] /1> Gdz = Gy(q)

so that

Mg(Fo®) = (|[Fo®— (Fo®)gl)g = (IF — Fa)|o®)g = (IF — Faa)ata) = Maa) (F):
It is easy to see that the cube @ contains ®(Q). Hence, Lemma 3.7 implies that

2n"/2|| All5
P M~ (F).

< _t¥r ~ _ @@ @ @F
MQ(FOA) 2 MQ(F) = | ot | 0

[2(Q)]

This proves the lemma. O
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Proposition 3.9. For F € LT (R"), ¢ € C'(R") and a cube Q C R" of side length
6 > 0, we have

Mo(oF) < |19l Me(F) + ¢'llQll Fllr @),
where ||¢'[|q = supyeq [Vo(z)|le, - Consequently, if ' € VMO (R™) N L{Y
¢ € CL(R™), then ¢F € VMOjoc(R™).

Proof. Let F € LI (R"), ¢ € C}(R") and @ C R" a cube of side length § > 0. Then for
any z,y € Q,

(R™) and

|6(z) = o)l < 1llq -z -yl < 6l llq

so that
F F Fo)ld F, F d
Mo(6F) ,Q|/\¢ o) x+|Q‘/\¢ 2~ (0F)alds
oo F(y)dy| d
< [6ll@ MalF) + 1o / MQ‘ b)) F(y) dy] da
L 319l
oo M F
< olumio) Mo(F) + =5 / IF(
< 18l z0) Ma(F) + ”@‘P 1El o lQIYm,
which gives the desired estimate. O

As for any f € L?(R) the Zak transform Zf is locally square-integrable, we deduce
the following corollary.

Corollary 3.10. If f € L?(R) satisfies Zf € VMO.(R?), then for any ¢ € C*(R?) we
have that ¢Z f € VMO, (R?).

Proposition 3.11. For o, 8 € R\{0}, define the operators
D, : L*(R) = L*(R), Duf(z) =+/|a|f(az) (dilation by «)
Cp: L*(R) — L*(R), Cpf(x)= 20 £ (1) (multiplication by a chirp 62”i6$2).

If g € L*(R) satisfies Zg € VMO1oc(R?), then Z§, Z(Dag), Z(Czg) € VMOj,c(R?) for
all o, B € Q\{0}.

Proof. By Lemma 2.2, we have
Zg(ac,w) _ eQﬂia:ng( —w 1’) _ 627rzwag ((1 01)<$ w)T)

Then Lemma 3.8 and Corollary 3.10 immediately yield that Z§ € VMO),.(R?). Next,
let us write a = p/q € Q\{0}, where p,q € Z \ {0} are coprime, and A = diag(a,a™1!).
It is known [11] that

—_

1 q—1p—
Z(Dag)(z,w) = eszng (z,w)T + (aﬁ,r/p)T) if >0
pq 0=0 r=0
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and

[y

—1p—

L=

Z(Dog)(z,w) e 27”&"29 (z,w)t — (aﬁ,r/p)T) it a<0.

0 r=0

Likewise, Lemma 3.8 and Corollary 3.10 imply that Z(Dsg) € VMOy..(R?). Finally,
observe that

—_
T‘
Il

Cs = Dy-1Cs2 D, (3.7)

for any 8,7 € R\{0}. If 3 € Q\{0}, then there exists v € N such that 5y% € Z.
Therefore, it suffices to show that Z(C,g) € VMO)ec(R?) for m € Z. For this, note that

— 2 ima2 27 _
Z( Z€2mm (x+k)? .’L‘ + k‘) 2mikw _ p2mima Zg<$ + k)e 2mik(w—2maz)
kEZ keZ

— 2mima? Zg(zr,w—2mz) = e2ﬂmz2Z9 (( m ?)(va)T) .

Again, the claim now follows from Lemma 3.8 and Corollary 3.10. U

Remark 3.12. In [7], it is claimed, referring to the quasi-periodicity of Zak transform,
that Zf € VMO, (R?) implies Z f € VMO(R?). However, this is not true in general. For
example, the function f(z) = 1jo)(z)sin(rx) satisfies Zf € VMOIOC(]RQ)\VMO(Rz).
To see this, given any § € (0,1) let k € N be such that |sinc(kd)| < 3 and

Q=[k+15%k+ 2] x [-5,5].

Then

1 k+(1+5)/2 1 5/2 )

(Zflg= 1= / sin(m(x —k))dz | | = / 2R du | = sinc(/2) sinc(k6)

O Jry(1-5)/2 6 J 52

and thus
Mo(Zf) = 5%/ sin(m(z — k))e2™* — sinc(5/2) sinc(ké)’ d(z,w)
Q

> 5%/@ [sin(w(m —k)) — sinc(6/2)| sinc(kd)ﬂ d(z,w)

= sinc(6/2)(1 — | sinc(kd)|) > sinc(1/2)(1 — | sinc(kd)|) >

3=

which shows that Zf ¢ VMO(R?).

4. Proof of Theorems 1.4 and 1.5

The core of the proof of both theorems is the following proposition, which is simply
Theorem 1.5 for lattices of the form %Z x PZ. In the proofs of the two theorems below
we shall extend Proposition 4.1 to more general lattices by means of so-called metaplectic
operators.
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Proposition 4.1. Let g € L*(R) and let A = 57 x PZ with P,Q € N coprime, such that

the Gabor system {e*™®g(x — a) : (a,b) € A} is a Riesz basis of its closed linear span

G(g,MN). If ™% g(x —u) € G(g,A) for some (u,n) € R2\A, then Zg ¢ VMO),.(R?).

Before we prove Proposition 4.1, we state a lemma that allows us to replace (u,n) €
R\ A with a rational pair (u,n) € Q?\A.

Lemma 4.2. For g € L*(R) and A = %Z x PZ with P,Q € N, define the set

M = {(oz,ﬂ) eR?: m(a, B)g € g(g,A)} (D A).
If M\A # @, then there exists (u,n) € (M NQ?)\A.

Proof. Note that, by Lemma 2.1, M is a closed set containing the lattice A = éZ X PZ.
Assume that (u,n) € M\A and define the set

Ay = {(%,nP) + k(u,n) :m,n, k € Z} C M.

Assume that u ¢ Q, n € Q, n =4, ¢,d € Z, d # 0, and put v := dPu ¢ Q. Let z := %
Since {FG + v : m, £ € Z} is dense in R, we can choose m, £ € Z such that z = utg+Llv
is arbitrary close to x. Then

(a',m) = (B, ~eP) + (1+ (dP)(u,) € Ay,

Hence, (ﬁ,n) € A\A C M\A.

Assume now that n ¢ Q. Since {nP + kn : n,k € Z} is dense in R, there exist
sequences (nj);jen and (k;)jen in Z such that n; P + k;n — % as 7 — oo. For each j € N
pick m; € Z such that % + kju € [0, é] Then this sequence is bounded and thus has a
convergent subsequence. By x denote its limit. Then (z, %) € M\A. If z € Q, we have
reached our aim. Otherwise the above reasoning applies again. O

Proof of Proposition 4.1. In the sequel we aim to deduce a contradiction from the three
following assumptions (where A = éZ x PZ with P,Q € N):

(i) Zg € VMOjoc(R?).
(ii) The Gabor system (g, A) is a Riesz basis of G(g, A).
(iii) 7(u,n)g € G(g,A) for some (u,n) € R2\A.
Due to Lemma 4.2 we may assume in (iii) that (u,7) € Q?\A. Our strategy is as follows:
First, from (ii) and (iii) we obtain an equation of the form

A(z,w) = eiQ“i”(gﬁu)D;lA(az +u,w+n)M(z + u,w + 1),

which holds for a.e. (z,w) € R% Here, A is the matrix function from Lemma 2.3,
Dp is a constant diagonal scaling matrix and M is a matrix function satisfying certain
periodicity properties. We then iterate this equation by successively replacing (z,w) by
(x +u,w+mn). As A is quasi-periodic and u,n € Q, this process ends at a certain point
with A(z,w) on both sides and we end up with an equation

N

H M (x4 nu,w + nn) = 2mMatMw) 1,

n=1
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By applying the determinant on both sides, we are in the situation of Proposition 3.6,
which finally implies that (u,n) € A.

So, let us assume that (i)-(iii) are satisfied. Since the system (g, A) = {n(F,nP)g :
m,n € Z} is a Riesz basis of G(g,A) by (ii) and 7w(u,n)g € G(g,A), there exists
(Cm.n)mnez € ¢%(Z?) such that

Q-1
m(u,n)g = Z Cm,nﬂ(%JLP)Q = Z Z CSQ+E,TL7T(S + é,np)g,
m,nEL {=0 s,n€”Z

which converges in L?(R). Denoting G := Zg, an application of the Zak transform gives
(see Lemma 2.2)

Q-1
eQmjnm G(x — W — 77) _ Z Z CsQ+Z,ne27ri(an_Sw)G(x N é)w)

(=0 s,n€Z
Q-1

= Fy(z,w)G(x — é,w) for a.e. (z,w) € R?, (4.1)
=0

where Fy(z,w) = Zs,nEZ ch+g7n62“"(”PI’s“). By definition, each F} is 1-periodic in w
(ie., Fy(z,w + 1) = Fy(z,w) for a.e. (z,w) € R?) and %-periodic in . Replacing z by
T — % in (4.1), k=0,...,P —1, yields

) k
TP G (- u— 5w —n) = (Alz,w)F (@, )k,

where A is the matrix function from Lemma 2.3 and F := (Fp,...,Fg_1)T. Thus, we
have

A(z,w)F(z,w) = ™ DpA(x — u,w — n)eg for a.e. (z,w) € R?, (4.2)
where Dp = diag(exp(—ZMn%))kP;Ol and e; is the (j + 1)-th standard basis vector of
CY, j=0,...,Q — 1. Note that each entry of A is a function in VMO (R?) by (i),

loc

Lemma 3.8, and Lemma 2.3. The identity in (4.2) implies (cf. Lemma 2.3)
F(z,w) = ¥ (A(z,w)*Az,w)) " Alz,w) DpA(x — u,w — n)ep.

Hence, from the periodicity of F; and Corollary 3.5 we infer that F, € VMO(R?)NL>®(R?)
for ¢=0,...,Q — 1. From (4.2) we also obtain

Az —u,w —n)eg = e ™ DL A (2, w)F(z,w).
Note that A(z,w)e; = A(x — é,w)eo and A(z — é,w) = A(r,w)R(w)?, where R(w) €

C@9*Q ig the matrix
0 €w

1
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with e, := e~2™«_ Therefore,

—omin(z—
e i (z

Q>

)DISIA(:E - é,w)F(z - é,w)

= 2= G) DA (3, w) R(w) ! F (2 — QW)

A(IL‘ — U, W= 77)6’6 =

Ny
Hence, if M(z,w) € C2*? denotes the matrix with columns eanéR(w)zF(x — 5w,
£=0,...,QQ — 1, we obtain

Alr —u,w—n) = e 2™ DA (2, w0)M(z, w). (4.3)

Note that M has the same periodicity in x and w as F'. Moreover, an easy calculation
leads to

M(z — %,w) = ef%R(w)*lM(:L‘,w)R(w). (4.4)
Now, let us iterate the relation (4.3):
A(z,w) = e 7@t DILVA (2 + uyw + )Mz + u,w + 1)
— ¢ 230 D22 A (1 4 2u, w + 20)M (@ 4 2u,w + 20)M(z 4 u,w + 1)

, N(N-1)
_ €2Trm(N:r+

N
U>D}§NA(96 + Nu,w + Nn) H M(z + nu,w + nn),

n=1
where the matrix product is to be read in terms of left multiplication. As (u,n) € Q2
we may choose N such that My} := —Nn € Z, My := —Nu € Z, Nun € 27, and
M,/P = —Nn/P € Z. Then DI_DN = Ip and Lemma 2.2 yields A(x + Nu,w + Nn) =
Az — My,w — My) = e 2mM2w A (2, ), hence

N
Az, w) = 2T Mz=Maw) A (5 ) H M(z + nu,w + nn).

n=1

Since A(z,w) has a left inverse for a.e. (r,w) € R? by Lemma 2.3, we get

N
H M(z 4 nu,w + nn) = e2mMetMw) for a.e. (r,w) € R?.
n=1
Finally, we define the function H := det M. Since each entry of M is contained in
VMO, (R?), we have H € VMO{? (R?). In addition, H is 5-periodic in z and 1-periodic

in w. But by (4.4), H is also é—periodic in x. Since it satisfies

N-1

H H(z 4 nu,w + nn) = 2m(@Miz+QMw) for a.e. (z,w) € R?,

n=0
Proposition 3.6 implies that both NP and NQ divide QM; = —N@n, and N divides
QMy = —QNu. The last relation gives u € %Z. From the first two relations it follows
that P divides Qn and that n € Z. But as P and () are coprime, P divides 7, i.e.,
n € PZ. This is the desired contradiction. O
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In order to extend Proposition 4.1 to arbitrary rational lattices and lattices of rational
density we make use of the so-called metaplectic operators. To describe this class of
operators we first mention that any matrix in SL(2,R) can be expressed as a finite
product of matrices of the form

(_01 é) (‘g a91>, (é (1)> a, B € R\{0}. (4.5)

Indeed, if S = (a b
c d

1 0\/0 1N/ 1 0\/0 1\(-a 0 .
5:<ca—1 1) (—1 0) (—ab 1) (—1 o)(o —a_1> if a7 0
1 0\/0 1)/b! 0) .

S_(—cd 1) (—1 o>(0 b) if a=0.

This in particular shows that if S € SL(2,Q), then the parameters «, 3 can be chosen
to be rational.

It is known [9] that to each matrix S € SL(2,R) there corresponds a (so-called meta-
plectic) unitary operator Us : L?(R) — L?(R) such that

Ust(z,w)U% = n(S(z,w)T) for all (z,w) € R2

The operator Ug is unique up to scalar multiplication with unimodular constants. If
S,T € SL(2,R), the operator UsUr is obviously a metaplectic operator corresponding
to ST. That is, we have Ugr = UgUp. As is easily seen, the three types of matrices
in (4.5), which generate SL(2,RR), correspond to the metaplectic operators F (Fourier
transform), D,, and Cg (defined in Proposition 3.11), respectively.

) with ad — bc = 1, then

and

Proof of Theorem 1.5. As in the proof of Proposition 4.1, in addition to the assumptions
of Theorem 1.5, we shall assume that Zg € VMO, (RQ) and derive a contradiction. We
have A = AZ? where A € GL(2,Q). We may write det A = g, where P,Q € Z\ {0}
are coprime numbers. Then B := diag(é, P)A~! € SL(2,Q) can be expressed as a finite
product of matrices (4.5) with «, 8 € Q\{0}. Hence, the metaplectic operator Up can

be written as a finite product of operators of the type F, D,, and Cg. Now, set
(u1,m)T == B(u,n)7, g1 := Upg € L*(R), and Ay = BA = %ZXPZ. (4.6)

Proposition 3.11 implies that Zg; € VMOy,.(R?). Also, 7(BA)g1 = Upr(NUg'g1 =
Upm(A)g for every A € A, which implies that (g1, A1) is a Riesz basis for its closed linear
span G(g1,A1) = UpG(g,A). Moreover, the condition m(u,n)g € G(g,A) immediately
translates to

m(ur,m)g1 = m(B(u,n)")Upg = Upn(u,n)g € UpG(g,A) = G(g1,\1).
But as (u1,m1) ¢ Ap this is not possible by Proposition 4.1. O

Proof of Theorem 1.4. Let us first discuss the condition (1.2). Since g € L?(R), the
condition holds for some «, 5 € R if and only if it holds for all o, 5 € R. At the same
time, (1.2) exactly means that g ¢ HP/?(R) or g ¢ H%/?(R). Towards a contradiction,
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in addition to the assumptions of Theorem 1.4, we assume that there exist some p,q €
(1,00) with % + % = 1 such that the product on the left hand side of (1.2) (with, e.g.,
o = 3 =0) is finite. In other words, we assume that g € H?/?(R) and § € H/?(R).

Let A be an arbitrary lattice in R? with rational density P/Q, where P and @Q are
coprime integers, and let g € L?(R) be as in Theorem 1.4. Also, let (u,7n) € R?\A such
that 7(u,n)g € G(g,A). Asin the proof of Theorem 1.5, we choose a matrix B € SL(2,R)
(here, B is allowed to have irrational entries) such that BA = Ay := %Z x PZ. Define
(u1,m), g1, and A; as in (4.6). Then g; € L?(R), (g1,A1) is a Riesz basis for its closed
linear span, and 7(u1,m1)91 € G(g1,A1). Hence, by Proposition 4.1 it suffices to show
that Zg; € VMO (R?).

To simplify notations, for p € (1,00) let HP(R) be the space of functions f € H?/?(R)
whose Fourier transform f is contained in H%/ 2(R), where % + é = 1. Also, let H :=
Upe(Loo) HP(R). In what follows, we prove that UH C H for any metaplectic operator
U. Tt then follows that g; = Ugg € H. And since, by [7], we have ZH C VMO, (R?),
we obtain Zg; € VMOj,(R?), which was our aim.

Since every metaplectic operator is a finite product of the Fourier transform F, di-
lations, and chirp muliplication, we only have to prove that FH C H, D, H C H for
each a € R\ {0}, and C1H C H (cf. (3.7)). Using the representation H*(R) = {f €
L?(R) : w2 f2 e LY(R)}, the first two claims are almost immediate. We will now prove
that C;HP(R) C HP(R) for p € (1,00). So, let g € HP(R). Then § € H¥/?(R) implies
r9g? € L'(R) and hence C/’l\g € HY?(R). In order to show that C;g € H?/?(R), we make
use of the following representation of fractional Sobolev spaces (see, e.g., [13]):

HS(R) _ f c L2(R) : f(x) — fl(y) c L2(R2)
(—y)2"
for s € (0,1) and
H(R) = {f e H™(R): [ ¢ H"(R)}
for s = m+ o with m € N and o € [0,1). Let ¢(z) := 2™, 2 € R. Then Cyg(z) =

¢(x)g(z) and it is clear that C1g € HP/?(R) if p/2 € N. We only prove the claim here
for 1 < p < 2. The rest is then straightforward. We have (setting s = p/2)

Cig(x) — Cllg(y) _ C(x)g(x) —9(y) | c=z)—cy) ().

(x—y) 2 2z (z—y) 2

(x—y)>

Hence, as g € HP/2(R), it is left to show that the second summand is in L?(R?). To this
end, fix y € R and observe that

_ 2
[ kodr, .,
lx—y|>1 |l‘ - y|p

and

le(x) — e(y)? 2
/|x—y|<1 |z — ylpH do < el +y7),
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where c1,co > 0 only depend on p. Hence,

2
[Pt e < 47

for each y € R. Now, as § € HY?(R), we have (1 + 42)%?|g(y)|?> € L'(R), and p < 2
implies ¢/2 > 1. Thus, also (1 + y2)|g(y)|? € L(R), and the proof is complete. O

Problem 4.3. As already mentioned, we have restricted ourselves to rational lattices in
Theorem 1.5 while Theorem 1.4 considers a broader class of lattices, namely the lattices
of rational density. The main reason for this is that we could not prove whether the
set {g € L3(R) : Zg € VMOyo.(R?)} is invariant under irrational dilations. If this were
true, Theorem 1.5 would hold not only for rational lattices but for arbitrary lattices of
rational density. We leave the following as open problems:
(1) Is it true that Zg € VMO)oc(R?) for g € L*(R) implies Z(Dag) € VMO, (R?)
for every aw € R\Q?
(2) Is there a good description of the space consisting of the functions g € L?(R)
that satisfy Zg € VMO),.(R?)?
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A QUANTITATIVE SUBSPACE BALIAN-LOW THEOREM
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ABSTRACT. Let G C L*(R) be the subspace spanned by a Gabor Riesz sequence (g, A)
with ¢ € L?(R) and a lattice A C R? of rational density. It was shown recently that
if g is well-localized both in time and frequency, then G cannot contain any time-
frequency shift m(z)g of g with z € R2 \ A. In this paper, we improve the result to the
quantitative statement that the L2-distance of 7(z)g to the space G is equivalent to
the Euclidean distance of z to the lattice A, in the sense that the ratio between those
two distances is uniformly bounded above and below by positive constants. On the
way, we prove several results of independent interest, one of them being closely related
to the so-called weak Balian-Low theorem for subspaces.

1. Introduction

The Balian-Low theorem is a well known and fundamental result in time-frequency
analysis, which asserts that a Gabor system cannot be a Riesz basis for L2(R) if its
generating window is well localized both in time and frequency. More precisely, it states
the following:

Theorem 1.1 (Balian-Low Theorem). Let g € L?*(R) and let A C R? be a lattice such
that the Gabor system {e*™*g(x — a) : (a,b) € A} is a Riesz basis for L*(R) (and
therefore A is of density 1). Then

([t ([ aeia) = . (1)

Recently, the following generalization of the Balian-Low theorem was proved in [4]
(see also [6] for a similar generalization of the amalgam Balian-Low theorem).

Theorem 1.2 ([4]). Let g € L*(R) and let A C R? be a lattice of rational density such
that the Gabor system {e*™%g(x — a) : (a,b) € A} is a Riesz basis for its closed linear
span G(g,\). If there exists a time-frequency shift e>™"%g(x — u), (u,n) € R?\A, of g
which is contained in G(g, ), then (1.1) holds.

Note that condition (1.1) is equivalent to having g ¢ H'(R) or § ¢ H'(R), where
H'(R) denotes the usual Sobolev space in L?(R) of regularity order 1. Therefore, The-
orem 1.2 can be rephrased as follows: if g,g € H'(R), then the time-frequency shift
e?™M% g(x —u) has a positive L?-distance to the space G(g, A) whenever (u,n) € R? has a
positive Euclidean distance to the lattice A. As our main result, we are going to prove the
following quantitative version of Theorem 1.2 which relates the two mentioned distances.
In the sequel, we denote by H'(R) the set of all g € H(R) satisfying g € H*(R).

2010 Mathematics Subject Classification. Primary: 42C15. Secondary: 42C30, 42C40.
Key words and phrases. Balian-Low Theorem; Weak subspace Balian-Low Theorem; Gabor systems;
Time frequency shift invariance; Zak transform.
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Theorem 1.3. Let g € H'Y(R) and let A C R? be a lattice of rational density such that
{e*™®g(x—a) : (a,b) € A} is a Riesz basis for its closed linear span G(g, A). Then there
exist constants C1,Cy > 0 such that for all (u,n) € R? we have

Cy - dist ((u,m), A) < dist (e%img(m —u),G(g,A)) < Co-dist ((u,n),A). (1.2)

The upper bound in (1.2) in fact holds for any g € H'(R) and any lattice A C R?,
regardless of {2 g(x — a) : (a,b) € A} being a Riesz sequence or the lattice A having
rational density; besides, an explicit constant C can be found easily; see Proposition 4.1
below. On the other hand, finding an explicit constant C; is more elusive. Even in the
case where (g, A) forms an orthonormal system, we were only able to derive a constant
(4 such that (1.2) holds for (u,n) close to the lattice A; see Theorem 5.4. We expect
such a constant to depend on the Riesz bounds of {*"%g(x —a) : (a,b) € A} and on
the norms ||gl[2, [lg]lz1, and [[g]| g1

Quantitative Balian-Low estimates for general elements in the Gabor space. Writing
7(u,n)f(z) = 2™ f(x — u), one might wonder whether the estimate

dist (7(u,n) f,G(g, A)) =< dist ((u,7), A) - || f|| 22
holds for general f € G(g,A) and not just for f = g. In general this is not the
case. Indeed, if g is a Gaussian, then (g,QngZ) is a Riesz basis for its closed lin-
ear span g(g,2Zx%Z), but there exists a function 0 # f € G(g, QZX%Z) satisfying
f(-=1) € G(9,2Zx 37Z) (see Example A.17 for details). Therefore, we see that the dis-
tance dist (7(1,0) f, G (g, 2Zx %Z)) vanishes, even though dist((1,0), 2Zx %Z) Al fllzz # 0.

Implications regarding the OFDM communication scheme. One motivation for an-
alyzing the distance of the time-frequency shift m(u,n)g to the Gabor space G(g,A)
stems from the communication scheme called orthogonal frequency division multiplexing
(OFDM). In OFDM, the sender wants to transmit the coefficients ¢ = (¢ o)k sez € (*(Z?)
to the receiver. This is done by selecting a fixed Gabor Riesz sequence (ﬂ(ka, £5) g) kober
to form the transmission signal Fc =37 oy ckom(ke, £3)g, which is then sent to the
receiver through a communication channel. Mathematically, the effect of the channel is
modeled as a linear operator T : L?(R) — L?(R); that is, the signal that arrives at the
receiver is T'F'c instead of Flc.

The first step of the reconstruction procedure in OFDM is to apply the reconstruction
operator R given by Rf = ((fﬂr(ka,éﬂ)go))k’[ez to the signal T'Fc, thereby obtain-
ing the sequence ¢ = RTFc € (*(Z?). Here, ¢° is the dual window for the Riesz
sequence (ﬂ(ka,ﬁﬁ)g)uez; ie., ¢° € G := G(g,aZxP7) satisfies the biorthogonal prop-
erty (m(ka, £8)g, w(kK o, 0'8)g°) = O prépe for k, k', 0,0 € Z. At least for the ideal com-
munication channel 7' = Idzz2g), this guarantees perfect reconstruction, meaning that
¢ = c. For more general channels, this is not the case, but one might hope to reconstruct
¢ by applying a suitable (linear) post-processing operator P to €.

In fact, there exists such a bounded post-processing operator P satisfying PRT Fc = ¢
for all ¢ € ¢*(Z?) if and only if the operator RT is bounded below on the Gabor space G,
meaning that ||RT f||,2 2 || f]lz2 for all f € G. It is not hard to see that || Rh||;2 =< ||Ph] 2
for h € L?(R), where we denote by PP the orthogonal projection onto the Gabor space
G. For the important special case that T is a pure time-frequency shift 7(u,n), recon-
struction is thus possible if and only if ||Pm(u,n)f| 2 2 [|fl|z2 for all f € G, which is
equivalent to the existence of a constant ¢ < 1 satisfying

dist (7(u,n)f,G) = ||(I =B)w(u,n)f||» < clfllezs  VfEG. (1.3)
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The term dist(7(u,n) f, G) measures the off-band energy loss caused by the time-frequen-
cy shift 7(u,n), that is, the proportion of the signal energy that gets “pushed out of the
Gabor space” by applying the time-frequency shift w(u,n). Even in the case where the
off-band energy loss is small enough so that (1.3) holds, it is interesting to know more
precise upper and lower bounds for this quantity, since it influences the stability of the
reconstruction. Theorem 1.3 shows that in the case f = g, the off-band energy loss is of
the order dist((u,n), aZx 5Z).

Structure of the proof. The outline of the proof of Theorem 1.3 is as follows. First of
all, we note that it suffices to establish the inequality (1.2) for (u,n) in a neighborhood
of the origin (0,0); the inequality then holds for all (u,n) € R? (with possibly different
constants C7 and C3) by Theorem 1.2 and a compactness argument. In order to analyze
the behavior of the quantity dist(w(u,n)g,G(g,A)) for (u,n) close to the origin, we
first show that the time-frequency map Sy : (a,b) — 7(a,b)g is differentiable at (0,0)
with (Fréchet) derivative (a,b) — —ag’ + 2mibX g, where X is the position operator
defined formally by X f(z) = zf(x); see Lemma 3.2. We then prove in Proposition 4.4
that —ag’ + 2mibX g is not contained in G(g,A) unless a = b = 0. Denoting by P the
orthogonal projection from L?(R) onto G(g, A), this implies that there exists a constant
v > 0 with ||[(I — P)(—ag’ + 27ibXg)||z2 > 7]|(a,b)|2 for all (a,b) € R%. The claim
then follows immediately because (a,b) — (I — P)(—ag’ + 2wibXg) linearizes the map
(a,b) = (I — P)(e*™g(2 — a)) in a neighborhood of (0,0).

The main ingredients of the proof are thus the differentiability of the time-frequency
map (see Section 3) and the fact that none of its directional derivatives —ag’ + 2wibXg
with (a,b) € R?\{(0,0)} are contained in G(g, A) (see Proposition 4.4). While the former
is probably folklore (although we could not find a reference), the latter seems to be a new
result and should be interesting in its own right. We also point out a close relationship
between Proposition 4.4 and the weak Balian-Low theorem for subspaces from [13]; see
Remark 4.5 for a detailed discussion.

As mentioned above, we were unable to derive a closed-form formula for the constant
C} in Equation (1.2). However, if we assume the Gabor system {e*™**g(z—a) : (a,b) € A}
to be orthonormal, then we can find an explicit constant C; > 0 such that (1.2) holds
for all (u,n) in a neighborhood of the lattice A; see Theorem 5.4. This result then leads
to a statement similar to Theorem 1.2 but without assuming the rational density of A;
see Corollary 5.5.

The paper is organized as follows: In Section 2, we show how the main properties that
we are interested in (the regularity of g, the property of (g, A) being a Riesz sequence,
and the distance dist(m(u),G(g,A))) can be described via the Zak transform and cer-
tain associated matrix multiplication operators. Section 3 contains the aforementioned
differentiability result for the time-frequency map of H'(R) functions. The proof of The-
orem 1.3 is given in Section 4. Finally, in Section 5 we provide an explicit local lower
bound C in the case where the Gabor system is orthonormal.

Several results that are technical or only tangentially related to the core arguments are
deferred to A. Although most of them should be well-known or be considered folklore,
we either give detailed references or include their proofs for the sake of completeness.
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2. Preparations

Notation. Let us begin with collecting some notation which will be used throughout
the paper. We set N := {1,2,...} and Ng := NU{0}. The closure of a subset M C X of
a metric space X will be denoted by X. The Lebesgue measure of a Borel set E C R" is
denoted by A(F). If g : R — C is measurable, we write Xg for the function = — = g(x),
that is, (Xg)(x) =z g(z), z € R.

Let H be a Hilbert space, and ® = (p;);cr be a family of vectors in H. This family
is called a frame for H if A|f||3, < Xicr 1(f- )| < B||f||3 for all f € H and certain
constants A, B € (0,00). If ® is a frame for its closed linear span Span{y;: i € I},
then we say that ® is a frame sequence. We say that ® is a Riesz sequence if there
are A, B € (0,00) such that A||c|l2 < H Y icrCi %H < B|¢||g2 for all finitely supported
sequences ¢ = (¢;)ic; € (*(I). If @ is a Riesz sequence and span{y;: i € I'} is dense in
‘H, we say that ® is a Riesz basis for H. Each Riesz basis is a frame.

Let T : H — H be a bounded linear operator on a (complex) Hilbert space H. The
spectrum of T will be denoted by o(T); that is,

o(T)={A € C: T — Xl is not boundedly invertible} .

We denote by o(T) the complement set of o(T) in C which is called the resolvent set of
T. For a bounded linear operator A : H — K between two Hilbert spaces H and K, we
define

00(A):=/mino(A*A)€[0,00) and o1(A):=+/inf[o(A* A)\{0}] € [0, oc]. (2.1)

Note that o(A*A) = {0} if and only if A = 0, in which case we have o1(A) = oo; on the
other hand, we have o1(A) < oo for A # 0. If A is a matrix, then o¢(A) is the smallest
singular value of A, while o1(A) is the smallest positive singular value of A.

We occasionally consider the Vector valued L? space L%(Q;CF), which we equip with
the inner product (f,g) = [(f w))crdp(w), where (-,-)cr denotes the standard
inner product on CF.

The Fourier transform g of g € L?>(R) is defined by

R

g(w) :== lim g(z)e

—2mizw dr
R—oo —R ’

where the limit is taken in L?(R). For a,b € R we also define the time-frequency shift
operator

[m(a,b)g](z) := eZmbIg(x —a), zeR,

which can be expressed as m(a,b) = M,T, where T, and M, denote the operators of
translation by a € R and modulation by b € R, respectively. For & € N, we set
HF(R) := {f € H¥(R): f € H*(R)}, with the usual (complex-valued) L2-Sobolev space
HYR) = WF2(R).

A lattice in R? is a set A = AZ* with A € GL(2,R). Its density is defined as | det A | 1.
If A is a lattice in R? and g € L?(R), we denote by (g, A) the Gabor system generated
by g and A, that is,

(g,A) :={m(N)g: X € A}.

The Gabor space generated by g and A is defined as G(g,A) :=Span (g, A), with the
closure taken in L?(R).
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The Zak transform of g € L*(R) is defined as
Zg(z,w) = lim Z TR g (1 — k), (z,w) € (0,1)2, (2.2)

where the limit is taken in L?((0,1)?). The Zak transform g — Zg is a unitary operator
from L?(R) to L?((0,1)2). In the following, we will consider the Zak transform Zg of
g € L*(R) as an (a.e. defined) function on R2, by using Equation (2.2) on all of R?,
where the limit is taken in L%OC(RQ). This extended Zak transform has the following
properties (all of which hold for a.e. (z,w) € R?):

(a) Zg(z +m,w +n) = ¥ Zg(x,w) for all m,n € Z.

(b) Z[r(u,n)gl(z,w) = > Zg(x — u,w — n) for all (u,n) € R2.

(¢) (Z[r(m,n)g])(z,w) = ¥ @2=mw) Zg(z w) for all m,n € Z.

() Z§(2,0) = 7% Zg(—w,z).

(e) g(x) = fol Zg(r,w)dw and g(w) = fol e 2w 7 g(x, w) da.
For all these properties, we refer to [12, Chapter 8]. The property (a) of Zg is called
quasi-periodicity.

2.1. Reduction to matrix multiplication operators

In this subsection, we show that the properties and quantities that we are interested
in—the distance dist(7(u)g,G(g,A)) and whether (g,A) is a Riesz sequence—can be
conveniently reformulated using certain matrix multiplication operators

My s L2(;CF) — LA(Q;CY, f = AC)F().

Here, the matrix function A : Q — C** will be defined using the Zak transform. More
details regarding these matrix multiplication operators can be found in A.1.
We start by considering the Gabor system (g, A) associated to the lattice A = éZXPZ

(where P,@Q € N) and connect the spectral properties of the frame operator

S: LXR)— L2(R), fe> Y (f,71(Ng)m(Ng
AEA

and the Gram operator G : (*(Z?*) — (*(Z?*) defined by
G(Cn,k)n,kEZ - (< Z kaﬂ'(Q_l?’L,Pk)g, W(Q_lm’Pf)g>>

HLEZ
n,k€Z m

to matrix multiplication operators on the domain Rp := (0, 5)x(0,1). This relies on
using the unitary operators V : L?((0,1)?) — L?>(Rp,CF) and U : £*(Z*) — L*(Rp,CR),
defined by

Q-1
Vi)(z,w) = (f(z+ %,w))kp;ol and Uc = ( Z CsQ+tn esyn> , (2.3)
S,NEL £=0
where f € L?((0,1)?) and ¢ = (cpm)nmez € ¢*(Z?*), and where we use the function
esn(T,w) := P2 2m(nPe=5w) defined for (z,w) € Rp. Furthermore, we denote by
Sp € C™™ the cyclic shift operator satisfying S,e; = e;—1 for i € {1,...,n — 1} and
Speg = en—1 for the standard basis {eg,...,e,—1} of C". Finally, for w € R we define
the matrices

LUJ = SP dja,g(eQﬂ"Lw7 1, ey 1) S CPXP
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and
R, = diag(e™>™,1,...,1) 5" € C9*<.
Lemma 2.1. For P,Q € N and g € L*(R), g # 0, let us define the matriz function
Ay R? — CPXQ by
P-1,Q-1
Ay(z,w) = %(Zg(m + % — é’w))k,ézo
Then for a.e. (z,w) € R?* we have

Ay(z+ 5,w) = LyAg(z,w) and Ay(x — 5,w) = Ag(z,w)R,, . (2.4)

1
Q7
In particular, AyAg is ( 1)-periodic and AgAy i (Q, 1)-periodic.

IfA = %ZXPZ, then (g, A) is a Bessel sequence if and only if Zg € L>®(R?). In this
case, the synthesis operator

T: (2% = L*R), (comdnmez Y. Camm(Q 'n, Pm)g,
n,meZ
the frame operator S, and the Gram operator G of (g,\) satisfy
=(VZ)"'Ma U, S= (VZ)*MAQA;(VZ), and G = U*MA;AQU, (2.5)
respectively, where Ma, Ay (respectively M AzAg OT May, ) is the matriz multiplication
operator (cf. A.1) with respect to AyA; (resp. A;A, or Ay) acting on L?(Rp;CP)

(resp. L*(Rp;C?)).
If Zg € L=(R?), the following statements hold:

(a) (g,A) is a Riesz sequence if and only if essinf ,cr2 0¢(A4(2)) > 0.
(b) (g9,A) is a frame sequence if and only if essinf,cg2 01(A4(2)) > 0.
(c) (g,A) is a frame for L*(R) if and only if essinf,cg2 09(Ag(2)*) > 0.
Proof. Let A := A,. We have A(z + 5,w) = Pz (Zg(z + &L — é,w))ie_:lf_l,

where—due to the quasi-periodicity of Zg—we see that

Zg(x—i— k£l _ é,w)

_{\/ﬁ'(A(l‘,w))k+17€ ifk<P-1,

2w 7 g(x — éyw) = /P . e2miw . (A(x7w))o,e ifk=P—1.

In matrix notation, this means precisely that A satisfies the first relation in (2.4), and the
(%, 1)-periodicity of A* A follows from L}, L., = Idcr and from A(z,w+1) = A(z,w). The
second relation in (2.4) can be proved similarly and shows that AA* is (%, 1)-periodic.

Let T denote the pre-synthesis operator of (g, A), that is,
To: (o(Z%) = L*(R), To(cmmn)mnez = Y cmnm(Z,nP)g,
m,neZ

where /o(Z?) is the space of all elements of £2(Z?) with only finitely many non-zero
entries. For ¢ € £o(Z?), the properties of the Zak transform listed after Equation (2.2)
show that

(ZToc xw Z Cmn nP) ]( )
m,nez
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Q-1
= p1/2. Z he(z,w) Zg(x — é,w) = (A(z,w)h(z,w),e0)cP,
=0
where hy(z,w) 1= PY2Y ) Coqien €™ P75%) and h == (hy)F,' = Uc with U de-
fined in Equation (2.3). Since h is (&,1)-periodic, we obtain for k € {0,...,P — 1}
that

(ZToc)(z + %70‘}) = (A(z + %7w)h(wi)aeo>(cp = (A(z, w)h(z,w), ex)cr -

Here, we used the identity A(z + %, w) = LyA(z,w) from the beginning of the proof to
get

(A(z + %,w)h(x,w),e@ = <LZA(m,w)h(x,w),eo> = (A(z,w)h(z,w), (LZ)ke()),

where a straightforward induction shows (L})"eq = (diag(e 2™ 1,...,1) S};)keo =ep
for k=0,...,P—1. With the operator V defined in Equation (2.3), we have thus shown

(VZTyc)(z,w) = Az, w)h(z,w); thatis, VZTo= Mallsze).

Since the operators V, Z,U are unitary, this shows that T is bounded if and only if M4
is bounded, that is, if and only if each entry of A is essentially bounded (on Rp), which—
by quasi-periodicity—exactly means that Zg € L°°(R?). In particular, this shows that
(g,A) is a Bessel sequence if and only if Ty is bounded, if and only if Zg € L>(R?).

Let us assume for the rest of this proof that Zg € L°°(R?). Then VZT = MU, where
T = Ty = (VZ)*Mall is the synthesis operator of (g,A). Clearly, M} = Ma- is the
(bounded) multiplication operator with A*; thus M3Ma = Ma+4 and MAM} = Mya-.
Since S = TT* and G = T*T, this proves (2.5).

By definition, (g,A) is a Riesz sequence if and only if the synthesis operator T is
bounded below. Lemma A.3 shows that this holds if and only if G = T*T is boundedly
invertible, that is, if and only if 0 € o(G). Similarly, (g, A) is a frame for L?(R) if and
only if 0 € o(S). Likewise, (g,A) is a frame sequence if and only if (0,¢9] C o(G) for
some g9 > 0 (see Lemmas A.2 and A.4). Hence, (g,A) is a Riesz sequence if and only if
0 € o(Ma+4), a frame sequence if and only if (0,&9] C 9(Ma+4) for some g9 > 0, and a
frame for L2(R) if and only if 0 € o(Maax).

The statements (a)—(c) now follow from Lemma A.1 (ii) and (iii). Here, it is used for
properties (a) and (b) that o;(A,(z)) only depends on A%(z)Ay(z), which is (P~1,1)-
periodic, so that essinf,cge 0;(Ag(2)) = essinf.cp, 0;(A4(2)) for i € {1,2}. Finally, for
property (c), it is used that if (g, A) is a frame for L?(R), then P/Q <1 (see [12, Corol-
lary 7.5.1]), so that Rg C Rp. This implies essinf,cge2 09(Ay(2)) = essinf.er, 00(A;(2)),
since z = Ag(2)A%(2) is (Q ', 1)-periodic. Conversely, if essinf,cg2 09(Af(2)) > 0, then
we also have essinf.cr, 09(A4;(2)) > 0, so that 0 € o(Maa~) by Lemma A.1. O

In the next lemma, we derive a formula for the matrix function Ay associated to
the dual window g of the Riesz sequence (g,A). This means that—considered on the
Gabor space G(g, A)—the Gabor system (g, A) is the canonical dual frame to (g, A).
In the proof of the lemma, we will use that § = S'g satisfies this property, where ST
is the pseudo-inverse (see A.2) of the (pre)-frame operator S of (g,A), which is given
by Sf = > \ealfsm(A)g) m(A)g. For completeness, we sketch a proof of this fact. Let
So := Slg(g,n) : G(g9,A) = G(g,A) denote the restriction of S to G(g,A). Note that Sy is
invertible since (g, A) is a frame for G(g, A), and that G(g, A) = ran S = (ker S)* since S
is self-adjoint. Therefore, the pseudo-inverse of S is given by ST = Sy P, where P denotes
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the orthogonal projection from L2(R) onto G(g, A). Hence, g := STg = So_lg. Finally, a
straightforward but tedious computation shows that w(A)S = Sw(A) for all A € A, which
also implies that m(A)G(g,A) = G(g,A). Therefore, So[m(N)go] = 7(A)Sogo = 7(N\)g,
showing that (W(A)go)/\eA = (Sal(”()‘)g))xe/\ is indeed the canonical dual frame of
(9, A).

With this preparation, we can now prove the announced lemma.
Lemma 2.2. Let g € L*(R), P,Q €N, A = éZxPZ, and assume that (g, A) is a Riesz

sequence. Let g be the dual window of (9,A) and G := Zg, G = Zg, A=Ay, and
A= Az, with Ay and Ay as in Lemma 2.1. Then

A=AA*A)" almost everywhere on R2. (2.6)

Moreover, for arbitrary u = (u,n) € R? we have

1 r1/P
dist? (w()g. 909 2)) = gl = [ [ (o) eoller dvdo,
0 0

where eg = (1,0,...,0)7 € C?,
Hy(z) = P? . A(2) - (A(2)* A(2)) - A(2)* - ™07 - A(z — ) € CPX9 |

and Dp = diag(k/P)kP:_Ol, with the notation e>™MPP .= diag ((eQmUk/P)kP:_Ol),

Proof. In this proof we shall make use of the notion of the pseudo-inverse TT of an
operator T with closed range. For the definition of this notion and a review of some of
its properties, we refer to A.2.

Let S be the frame operator of (g, A). Then the range of S isranS = G(g, A), which is
closed in L?(R). Hence, by Lemma A.6 we have ST = ((S), where ¢ : R — R is defined
by ©(0) = 0 and ¢(t) = 1/t for t # 0. As seen before the statement of the lemma,
g = Stg = ¢(S)g. Furthermore, Lemma A.6 shows ¢(A(2)A(2)*) = (A(2)A(2)*)! for
every z € Rp. Hence, an application of Equation (2.5) and of Lemma A.1 (iv) shows
that

G=29=Zp(S)g] =Z(VZ) o(Man)(VZ)g =V Mya4-)VG,
with V as defined in Equation (2.3). Therefore,

VG = (AANT(VaG) a.e. on Rp. (2.7)
In order to extend this relation to R2, define (Vf)(z,w) := (f(z + %,w))fgol for

f:R? = Cand (z,w) € R% Let z = (z,w) € Rp be arbitrary, and set 2z, , = (:(:—I—”Tfk,w)
for k € {0,..., P — 1} and n € Z. Using Equation (2.4), we see that

Gznp) = (Z27)(x+ "EE,w) = VP - <A§(x + %,w))k,o

n n (.~ P-1
= \/ﬁ : (Lw Aﬁ(wi))k 0 = <Lw (G(ZO,Z))KZ(] )k :
Similarly, Equation (2.4) shows that (G(zn,k))kpgol =L (G(zo,k))f;ol. Thus, we get for
(z,w) € Rp and n € Z that

V@ + §.w) = (Genn)_ =10]
T
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(Corollary A.7) = [A(z + %, ) A(z + &,0)* N (C(z0p)) 1y

= [Ax+ 2,0 A+ 2,0)] (VE) (@ + 2,w).
In combination with the 1-periodicity in the second variable of all involved functions,
this implies . B
VG = (AA")T(VG)  ae. on R

Since (VG)(z — %, w) is the (-th column of the matrix vP- A(z,w), since (VG)(z — é, w)
is the /-th column of \/ﬁﬁ(x,w), and because AA* is (%, 1)-periodic, we obtain the
identity A = (AA*)TA = A(A*A)T = A(A*A)~!, see Lemma A.5 (iv). Here, we used
that A*A is invertible almost everywhere by Lemma 2.1 (a). We have thus proved
Equation (2.6).

Now, denote the orthogonal projection from L?(R) onto G(g,A) = ranS by P. Then,
for any p = (u,n) € R? we have

dist*(7(1)9,6(g, A)) = (I = P)m(w)gl 72 = llgll72 — IP7(1)gll7 -
Next, Lemmas A.6 and A.1 show MLQ ay = P(Ma,45) = My(a,a5) = M(a, a5)1, which
implies St = (VZ)*MLQA*VZ = (VZ)*M(AQA;)TVZ thanks to Equation (2.5) and Corol-
g
lary A.7. Now, Lemma A.5 shows P = SS'. Hence, Equations (2.5) and (A.3) show
P=(VZ)* Maa-Mgg+yi(VZ) = (VZ) M pa+yaa+y1 (VZ) = (VZ)" Mp,,, ,(VZ)

and Prana = Pran(aa-) = (AA%) (AA")T = A(A*A)TA* = A(A*A)~'A*. For arbitrary
f € L%(R), we thus see that

1 /P
B = M VZS gy cny = [ [ 1A AT AV dad
Finally, since Z[r(u)g](z,w) = > Zg(x — u,w — 1) for p = (u,n), we see

(VZ[r()g)) (2, w) = (2T 5) Zg(z 4 & — w0 —m)) )

_ 627ri77336277i77DP (Zg(x + % —Uu,w — n))kP:_OI

_ eQﬂinx P1/2 eQﬂ'iT}DPA(x —uw — ,’,}) e -
Now, the claim follows from [e2™%| = 1. O

In proving the next result, we crucially use that if A = (a, 8) € R? and p = (a,b) € R?,
then m1(\)m(u)f = e 2™x(X + p)f, as can be verified by a direct calculation. In
particular, this implies ||[T7n(AN)7(w)fllzz = ||[T7(A + p)f||z2 for any linear operator
T:I2(R) — L2(R).

Lemma 2.3. Let g € L*(R) and let A C R? be a lattice. If P denote the orthogonal
projection from L*(R) onto G(g,A). Then P commutes with the operators w(\), A € A.
In particular

dist (w( + M) f,G(g,A)) = dist (m(p)f,G(9,A))  VpeR? feL>()R,A€A.

Proof. Let G := G(g,A). Lemma A.16 shows w(—\)G C G for all A € A. This im-
plies 7(A\)G+ C G: Indeed, (7(\)f,h) = €™M (f n(=\)h) = 0 for f € G+ and
h € G. Now, if f € L*(R), then we can write f = f; + fo with f; € G and f, € G*;
hence, 7(A)f = 7(A\)fi + 7(\)f2 with 7(A\)f; € G and 7(\)f2 € G*, which implies
Plr(A)f] = 7(A) f1 = 7(M[Pf].
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As to the “in particular”-part, we observe for u € R? and X € A that
(I =P)m(p+ M) fllze = 1( = P)yw(A) () f 1 22
= 7N =Py () fll gz = | = P)w(p) fll 2 -
The claim now follows by noting dist(f,G) = ||(I — P)f||z2 for f € L*(R). O

2.2. Describing the regularity of g via the Zak transform

The following lemma is probably folklore. However, since we could not find any
reference for it (one direction is proved in [8, Proof of Thm. 2.3]), we give a full proof

here. Recall that H'(R) = {f € H'(R): fe HY(R)}.

Lemma 2.4. Let g € L*(R). Then g € H'(R) if and only if Zg € H .(R?). In this
case, the weak derivatives of Zg are given by

NZg=7(¢) and 0yZg(z,w) = —2mi([Z(Xg)|(z,w) -z Zg(z,w)) . (2.8)

Proof. “=:" Assume that g € H'(R) and let V' C R? be nonempty, open, and bounded.
Let us first assume that g € C2°(R) (such a function of course is in H!(R)). Recalling
the definition (2.2) of the Zak transform, we see that on V', Zg is defined by a finite sum
(hence Zg € C*°(V)), and the first relation in (2.8) is easily verified. For the second
relation, we note
o0 o0
olZg(r,w)) = 3 Dl e )] = Y 2mik AT gz~ k)

k=—00 k=—o00

_ Z ™k iz g(x — k) — 2mi(Xg)(z — k)]
k=—00

=2mi- [z Zg(x,w) — Z[Xg](z,w)],
as claimed in (2.8).

Now, let g € H'(R) be arbitrary. Since C2°(R) is dense in H'(R) (see for instance
[2, Section E10.8]), we find a sequence (pn)neny C C°(R) which converges to ¢ in
H(R), that is, ¢, — g and ¢}, — ¢ in L*(R). For ¢ € C°(V) we then have (with
()= '>L2(V))

(Zg,010) +(Zg, )|
<Z(g = @), 10) + [(Zpn, 010) + (Zh, 0)| + [(Z(9' — £h), )] -

The middle term vanishes by partial integration and since d1(Z¢,) = Z(¢),); the other
two terms tend to zero as n — oo. Hence, (Zg,019) = —(Z¢', ¢).

The relation (Zg,02¢) = 2mi(Z(Xg) — XZg, ¢) is proven similarly, by noting that
since (1 4+ |X|)g € L*(R), one can find! a sequence (@,)ney C C°(R) satisfying
(1 +1X]) (g — ¢n)llz2 = 0, whence ¢, — g in L? and X¢, — Xg in L? and therefore
Z(Xon) = Z(Xg) and X Zp, — X Zg with convergence in L2 (R?).

Because of Zg' € L?(V) and Z(Xg) — XZg € L*(V), this proves that Zg € H'(V)
and that (2.8) holds on V. Since V C R? was an arbitrary non-empty, open, bounded
set, we have proved one implication.

"ndeed, given ¢ > 0, there is a compactly supported k such that ||(1+ |X|) (g — h)||.2 < €, say
supp h C [N, N]. Pick ¢ € C°(R) satisfying ||¢ —h||L2 < €/(1+2N) and supp ¢ C [-2N, 2N], whence
X +1X]) (= M)z < (1+2N) [l = hll2 <&, so that finally [|(1+ |X]) (g — ¢)[lr2 < 2e.
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“e= Assume that G := Zg € HL_(R?). Lemma A.14 shows that, after changing
G on a null-set, we can assume that G(z,-) is locally absolutely continuous on R with
derivative (0G)(z,-) € L2 .(R) for almost every z € R and simultaneously that G(-,w)
is locally absolutely continuous on R with derivative (91G)(-,w) € L% (R) for almost
every w € R.

According to the properties of the Zak transform, g(z fo (z,w) dw for almost all
x € R; see the list of properties below Equation (2.2) Let us fix one zg € R for which
this is true. Hence, for almost all z € R we have

= /01 G(z,w)dw = /01 <G(m0,w) —0—/1: nG(t,w) dt> dw
_g(x0)+/x </1816’(t,w) dw) dt—g(xg)—l—/x o(t) dt

where ¢(t) := fo O G(t,w)dw. Note that ¢ € Ll (R) since 6;G € L2 (R?). Hence,
possibly after redeﬁnmg g on a set of measure zero, g is locally absolutely continuous on
R. To see that actually ¢ € L?(R) (and hence g € H'(R)), recall from the properties of
the Zak transform that G(t +n,w) = eQm’an(t o.)) for almost all (t,w) € R2. Hence,

2

dt dt.

Il = 2’”"“’6’1Cv’(lt7c«f) dw

nez
Now, set g;(w) := 01G(t,w) (which is in L2((0, )) for a.e. t € R). Then

1
IRORE / >l /0 | )P dwde = 101G

Hence, g € H*(R) with ¢/( fo 01G(x,w) dw.

To see that also g € Hl( ), define F : R? — C,(z,w) — e ?™“G(z,w). Since
G, = G(z,-) is locally absolutely continuous for almost all € R, the product rule
for Sobolev functions (see for instance [2, Section 4.25]) shows that also F, := F(x,-)
satisfies this property. Moreover, the product rule also shows for almost all z € R that
we have

Fi(w) = e (=2minGy (w) + Gy (w))
— e—27rixw( — iz G(a:,w) + (02G)(=, w)) =: H(x,w)

for almost all w € R. Note that H € L% (R?), since G € H} (R?). This easily implies
that the function ¢ : R — C,w — fo (z,w) dzx, is almost everywhere well-defined and
satisfies ¢ € L (R).

Next, recall the inversion formula of the Zak transform (5ee the list of properties
below Equation (2.2)), stating g(w fo e MY Gz, w) dr = fo (x,w) dz for almost
all w € R. Fix some wy € R for Wthh this holds, and note for almost all w € R that

i) = [ R@r= [ (R + [ Rew)d=gw+ [ va)n

0 wo
Hence—possibly after changing g on a null-set—we see that g is locally absolutely con-
tinuous, with §’(w) = ¥(w), so that it remains to show ¢ € L*(R).
To see this, note for arbitrary n € Z that Gy(w+n)=Zg(z,w+n)=Zg(z,w) =Gy (w),
and hence also G/ (w + n) = G/ (w), which finally implies for almost all z € R that



12 A. CARAGEA, D.G. LEE, F. PHILIPP, AND F. VOIGTLAENDER

H(x w +n) e 2™ H (1, w) for almost all w € R. Therefore, we see for any n € Z that
Y(w +n) f —2rine I (x, w)dx = H,(n), where H,, is defined by H,(z) := H(z,w)
for = € [0,1], so that H,, € L?([0,1]) for almost all w € R. Thus, we finally arrive at

e m—z/ ww+n|2dw—/ S | Haln

neZ nez
= / | Hy|32 dw = / / |H (2, w) > d dw < oc. O
0 o Jo

2.3. Symplectic operators and the regularity of the dual window

In this subsection, we show that if (g,A) is a Riesz sequence with g € H!(R), then
the canonical dual window g belongs to H!(R) as well.

For proving this—and also several other results—we shall make use of so-called sym-
plectic operators to generalize statements involving lattices of the form Q 'ZxPZ,
P,Q € N, to general lattices of rational density. To explain this, let A C R? be such a
general lattice of rational density. Then there exists a matrix B € R?*? with det B = 1
such that BA = Q~'Zx PZ with P,Q € N co-prime. Indeed, we have A = AZ? for some
A € R**? with det A € Q\{0}, that is, |det A| = P/Q for some co-prime P,Q € N.
Now define By := |det A|'/2 . A= if det A > 0, and if instead det A < 0, then let
By := |det A|'/? . diag(—1,1) - A~!. It is not hard to check that det By = 1, and
that BoA = | det A|'/2Z2. Thus, the matrix B := diag ((PQ)~/2, (PQ)'/?) By satisfies
det B=1 and BA = Q 'ZxPZ.

Next, since det B = 1, we see from [12, Lemma 9.4.1 and Equation (9.39)] that there
is a unitary operator Up : L?(R) — L?(R) satisfying

Upp(z) = p(Bz)Ug for all z € R?, (2.9)

where ‘
p(a,b)f := e ™x(a,b)f, for f € L*(R) and a,b € R. (2.10)
Such an operator Ug is called symplectic. As a consequence of Schur’s Lemma (see

[12, Lemma 9.3.2]), the operator Ug is unique up to multiplication with unimodular
constants; thus, we see for B, By, Bs € SL(2,R) that

U, B, = ¢B,,B, U, Up, and U =cp-Uga (2.11)

for certain constants cp, B,,cp € C with [cp, B,| =1 = |¢B|.

For us, an important property of symplectic operators is that they leave H!(R) in-
variant. To see this, recall from [4, discussion around Equation (4.5)] that each matrix
B € SL(2,R) can be written as a product of matrices of the form

L 0 1 1 ._ a0 (2) 1 0
moe (O 1), B0 (%0 0), w0 (]

with a,3 € R\{0}. Furthermore, if we define operators D, : L*(R) — L?(R) and

Cjs : LA(R) — L%(R) by Dof(x) = |a|'/? - f(ax) and Caf(x) = €™ . f(z), then a

direct computation shows that the choices Upa) := Do and Uy = Cg make (2.9)
o 8

valid. Likewise, if we let Up, := F be the Fourier transform, then (2.9) is satisfied as
well.

Thus, in view of (2.11), it suffices to show that H'(R) is invariant under the operators
F, Dq, and Cg. For F and D,, this is trivial. Finally, for Cjs recall that f € L?(R)
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is in HY(R) if and only if Xf € L?(R) and if f is locally absolutely continuous with
f € L*(R). As a consequence of the product rule for Sobolev functions (see for instance
[2, Section 4.25]), it follows that if g € H'(RR), then Cgg is locally absolutely continuous,
with

(Cs ) () = 2iBa - ™2 - g(a) + ™" . ¢ (a) € L2(R)
Since XCp g € L*(R) holds trivially, we have C g € H*(R), as desired.

To see an application of symplectic operators, note that if A is a lattice of rational
density with BA = Q 'ZxPZ for some B € SL(2,R), and if g € L?(R) is such that
(g,A) is a Riesz sequence, one may define

g1:=Upg and A :=BA= %ZXPZ.

Then (2.9) implies 7(BX)g1 = cxUp7m(A)g, A € A, where ¢\ = ¢)\(B) is a unimodular
constant. Hence, (g1, A1) is a Riesz basis for its closed linear span G(g1, A1) = Up G(g, A).
This reduction to the separable lattice A; will be crucial in the proof of the following
proposition.

Proposition 2.5. Let g € L*(R) and let A C R? be a lattice of rational density such
that (g, \) is a Riesz sequence. Let § be the dual window of (g,A). Then g € H'(R) if
and only if g € H'(R).

Proof. Let us first prove the claim for A = Q~'ZxPZ, where P,Q € N. Assume that
g € H'(R). By Lemma 2.4, Zg € H} (R?). Let us denote by A, and Aj the matrix
functions introduced in Lemma 2.1. Using that lemma, we conclude that each entry of
Ay is contained in L>°(R?) and that there exists ¢ > 0 such that og(A44(2)) > c for a.e.
z € R2. Therefore, a combination of Equation (2.6) and Lemmas A.5 and A.10 shows
that each entry of Ay = Ag(A%A,)~! = (AD)* is contained in HL_(R%) N L>(R2). In
view of the definition of Ag, this shows that Zg € H] (R?), whence Lemma 2.4 implies
g € HY(R). Since (g,A) is also a Riesz basis for G(g,A) = G(g, A) with (g, A) being the
dual Riesz basis, interchanging the roles of g and ¢ in the above arguments shows that
g € HY(R) implies g € H!(R).

Now, let A C R? be an arbitrary lattice of rational density. As seen before Equa-
tion (2.9), there is a matrix B € SL(2,R) such that A; := BA = Q~'Zx PZ for certain
P,Q € N. Let g1 := Upg. Then (g1,A1) is a Riesz basis for G(g1,A1) = Up G(g,A).
Furthermore, since m(BX)g1 = cxUpm(A)g for A € A, where |c)\| = 1, it is not hard to
see that the frame operator S for (91, A1) is given by S=U BSUJ;, where S is the frame
operator of (g,A). Hence, as discussed before Lemma 2.2, the dual window of (g1, A1)
is given by via the pseudo-inverse as g1 = ngl = UBSTUEUBg = Upyg, where used that
St = UgpSTU}, due to Corollary A.7.

Now, suppose that g € H'(R). As seen in the discussion before this proposition,
symplectic operators leave H'(R) invariant; thus, gy = Ug g € H!(R). Hence, by what we
showed above, we see that g; € H'(R), which implies g = U}, g1 = cg Ug-1 g1 € H'(R).
Finally, by interchanging the roles of g and § we see that § € H'(R) implies g € H!(R).

O

3. Differentiability of the Time-Frequency Map

In this section, we show that for ¢ € H'(R) the map (a,b) — e*™g(x — a) is
differentiable at the origin, with the derivative given by (a,b) — —ag’ + 2wibXg. In the
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proof, we will make use of the following simple estimate. Recall that the sinc function
is defined by sinc(z) := sin(me) for 4 € R\{0} and sinc(0) := 1.

T

Lemma 3.1. We have ’% - e_“”| < |z| for all x € R\{0}. Consequently,

|sinc(z) — e~ | < min{2, w|z|} for all z € R. (3.1)
Proof. The first inequality is equivalent to |sin(z) — ze~| < 22 and thus to

f(x) == (sin(z) — z cos(x))? + 2? sin’(z) — 2? < 0.
Since f is even, it suffices to prove f(x) < 0 for z > 0. We have
f'(z) = 2zsin(z) (sin(z) — z cos(z)) + 2z sin?(x) 4 222 sin(z) cos(z) — 42°
= 4o sin?(x) — 423 = 4 (sin(z) — x)(sin(z) + z) .
As sin(z) < z and sin(z) + 2 > 0 for z > 0, we have that f'(z) < 0 for z > 0. Since
f(0) = 0, this proves the claim. Equation (3.1) is a direct consequence of the first
estimate combined with |sinc(z)| <1 and |e™"™*| < 1. O
For g € L*(R) define the map S, : R? — L?(R) by

Sy(a,b) :=7(a,b)g = 0. —a), a,beR.
It is well known (see e.g. [7, Lemma 2.9.2]) that S, is continuous for every g € L?(R).
Here, we will show that S, is differentiable if g € H!(R). We will first prove the differen-
tiability of S, at the origin and then use it to prove the differentiability of S, at arbitrary
points (u,n) € R2. For the convenience of the reader, we recall the notion of (Fréchet)-
differentiability: The map S, : R? — L%*(R) is (Fréchet)-differentiable at (u,n) € R? if

_ _ a

there is a bounded linear map 7 : R? — L?(R) satisfying ISg(u+a,n+b|)(ai_<);‘(u,n) (5l —0
as (a,b) — 0. Such a map T is referred to as the derivative of Sy at (u,n), denoted by
S (u,n); see e.g. [17, Chapter XIII, §2] for more details.

Lemma 3.2. For any g € H'(R), the map Sy is (Fréchet)-differentiable at (0,0) with
§1(0,0) () = —ag’ + 2mibXg,
where X is the position operator defined formally by X f(x) = x f(x).
If g € H2(R) (that is, g € H*(R) and g € H*(R)), then
1Sg(a,0) = g = (=ag’ + 2mibXg)| 2 < Cy-[l(a,0)[3 V(a,b) €R?,  (3.2)
where
Cy := 3n” max { | X?g]| 2, |w?dll 2, [| Xg'l| 12 } - (3.3)
Remark. As shown in Lemma A.11, we indeed have X¢' € L?(R) if g € H?(R).

Proof. Let ¥, : R? — L%*(R) be defined by ¥, ({) := —ag’ + 2mibXg; in particular, ¥,
is linear. We have to prove that
[Sg(a;b) —g — W4 (3) L2

lim =0. 3.4
(a,0)—=(0,0) va? +b? (34)

To see this, we write
[Sg(a,b) —g — g (3)](2)
— eQﬂib:rg(x _ a)

_ e?ﬂ'ibr (g(x—a)

g(z) + ag'(z) — 2mibxg(x)
g(z)) + (™" —1—2ribx)g(x) + ag'(z)
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= 2™ (T g—g+ag' ) (z) + [e27 —1—27ibz| g(x) + a[1—e**] ¢ (2) . 3.5
g—g—rag g g
To estimate the middle term in (3.5), recall that sinc(z) = SinTE;m) = eﬂzz;‘;;”z and hence
2T 1 — 2miby = 2mibze™" [ sinc(bx) — e~ ™). (3.6)

Therefore,

? lg(z)[>da. (3.7)

/|62mbz - 1—27ribm|2\g(x)|2dx = 47r2b2/x2 ‘sinc(bx) —eTibe

Using the estimate (3.1), we find that this expression is not larger than

47r4|b\3/ 22|g(@)R dz + 167r2b2/ 22lg(x) da
lz|<1/+/1l |2|>1/+/10]
Hence, we obtain

(H(em —1 = 2nibx) - g2 )2

NN
2
< bQ/‘ 2mibr _ 27Tibac‘ g(2)|* d (3.8)
<amtbl |Xolfe 1677 [ ol da,
a2 o] /2

which tends to zero as b — 0 as a consequence of X g € L? and the dominated convergence
theorem.
For the first term in (3.5), observe that Plancherel’s theorem yields

|1Tag — g +ag|7= = / |7 —1 = 2mi(—a)w]? - [§(w)* dw. (3.9)

Thus, using that (w — w - g(w)) € L?, we can conclude from our calculations in (3.8)
that

0.

a? a—0

o< <||Tagg+ag'||p)2 _ ITag — g+ ag'|I2
S\ Ve ) S

Finally, using the estimates |€2™® — 1| < 2r|bz| and [e2™* — 1| < 2, we can treat the

last summand in (3.5) as follows:

Ha - ezmbz] ‘g/(m)HQB < 4772a2|b| o |g’(9L‘)|2 dx + 4a2/ o |g'(:zi)|2 dzx.
|z|<[b] "2 |z|>[b] "2
Hence,
, 2
la-g'(x)-(1— e””’””)llm) 2 2 / ’ 2
< Anclbl - lg'll72 + 4 lg'(x)|” dz,
( — e

which tends to zero as (a,b) — (0,0), again as a consequence of the dominated conver-
gence theorem and ¢’ € L2. By recalling (3.5), we thus see that (3.4) holds.

Assume now that g € H2(R). In order to prove (3.2), we recall Equations (3.7) and
(3.1) to see that

12
/’ 2mibr _ | _ 9rib | (z )|2dg:—47r2b2/ ‘smc(bx) e~ g(2)|* du

< 4n'pt / g(2) 2 dz = 4rtbd]| X 2g] 2. .
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Likewise, we use Equations (3.9), (3.1), and (3.6) to obtain
ITag — g +ag|7z < 47T4a4/w4 §(w)[? dw = 4r'a* w?G(w)]72 -
Furthermore,
a2/ ‘ezm’bx - 1)2 lg/(x)]? dz < 47r2a2b2/:132|g/(:r)|2 dr = 47%a®V*|| X4 |13, -
Thus, Equation (3.5), combined with the elementary estimate |ab| < 3(a® + b?), shows
that
1Sg(a,b) — g — (—ag’ + 27mibXg)ll 2 < 3 Cy - (a® + 6% +allb]) < Cy-[l(a,b)]3,
and the lemma is proved. O

Corollary 3.3. For any g € H'(R), the map Sy is continuously (Fréchet)-differentiable
with
Sp(p) (§) = —am(u)g + 2mibX7(1)g,  p€ R
Proof. Let pu,\ € R?, = (u,n), A = (a,b). Then
m(u+N)g—m(1)g = MyTurag — MyTyg = M, (m(a,b) — 1) Tug.
Now, since T, g € H'(R) with (T, g)' = T, ¢', Lemma 3.2 shows that
(r(a,b) — )Ty, g = —aT, ¢ + 2mibXT, g + (a,b),

where ¢(a,b) = £,(a,b) € L?(R) satisfies lim 4,5)-5(0,0) % = 0. Thus,

m(p+N)g —7(p)g = —aM,T,g' + 2mibM,(XT, g) + M, (a,b)
= —an(p)g' + 2mibX7(p)g + E(a,b),

where € := M, e. As ||g(a,b)| 12 = |le(a,b)||L2, the claim is proved. O

4. Proof of Theorem 1.3

As mentioned in the introduction, an upper bound in (1.2) is not difficult to achieve.
It even holds without the additional assumptions of A having rational density or (g, A)
forming a Riesz sequence.

Proposition 4.1. Let g € H'(R) and let A be a lattice in R%. Then

dist (7(n)g,G(g, A)) < \/||9/||%2 + [[2miXg||3, - dist(u, A)  for all p € R

Proof. Let A € A be a closest point (in Euclidean distance) in A to p. Then (0,0) is a
closest point in A to z := p— A, and thus dist(p, A) = dist(z, A) = ||z]|2. By Lemma 2.3
we have

dist ((1)g,G(g,A)) = dist (m(2)9,G(g,A)) < l|m(2)g — gllz2 -
Now, if z = (u,n), then Plancherel’s theorem shows that
I7(2)g = gllz2 < (7w (u,n) — 7(0,m)gllr2 + Im(0,m)g — gll 2
= || My(Tu — Dgll 22 + [|(My — D)gl| >
= [((M—y = D)gllz2 + [[(My — D)gl| L2 -
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Next, recall that [ — 1| = [e®® — e7®| = 2|sin(z)| < 2|z| for # € R. Using this
estimate, we observe for f € L?(R) with f € H*(R) and a € R that

00 = D11 = [ e 1 I do < 4na? [ 70 b,

that is, ||(Mo — Dfllzz < 2wla| - | X fllzz = |a| - ||127iX f||z2. Hence, if we define
Qf( )= wf( ) for w € R and f € HY(R), we find that

dist ((11)g,G(9, M) < [ul - 1208 QG2 + | - [27wi X g] 2 -

Since 2mi Q2 g = F[g'], Plancherel’s theorem and the Cauchy-Schwarz inequality yield the
claim. O

Remark 4.2. If A = AZ? with A € GL(2,R), then the maximal distance of a point
1 € R? to the lattice A is bounded above by 272/ A|lop. Therefore, for each time-
frequency shift 7(u)g of g we have that

. MH-W%MN
dist (7(p)g, G \/ L2 1| Allop -

In other words, the better g is localized in both time and frequency, the closer the time-
frequency shifts of g scatter around G(g,A). However, due to the uncertainty principle
(see e.g., [12, Theorem 2.2.1]), the constant in the above inequality is easily seen to

. llg'lI% 5 +lI2mi X g2
satisfy \/% > /7.

In the proof of the next proposition we consider matrix-valued ordinary differential
equations (ODEs) of the form

X'(t) = X(t)M (), (4.1)

where X : R — C™*" and where M : R — C™*"™ has locally integrable entries. A
solution of this ODE is a matrix function X : R — C™*" with (locally) absolutely
continuous entries for which X’(¢) = X (¢)M (t) holds for a.e. t € R.

Lemma 4.3. If Xj and X2 are two solutions to the ODE (4.1) such that X1(0) = X5(0),
then X1 (t) = Xo(t) for all t € R.

Proof. Since the classical ODE theory deals with continuously differentiable solutions
to equations with coefficient functions fulfilling a Lipschitz condition, we cannot quite
apply that theory. As we will see, however, the same proof idea still works.

Indeed, since X := X; — X3 is a solution to the ODE X' = X - M with X(0) = 0,
it suffices to show that any such function satisfies X = 0. Since X is continuous, the
set T':= {t € R: X(t) = 0} is closed. Since R is connected and since 0 € T' # @, it is
therefore enough to show that I' is also open.

Thus, let o € T' be fixed but arbitrary. Since M is locally integrable, there is some
e > 0 such that f;ooj; [M(t)lop dt < . Now, set I := [zg — &,z + €], and denote by
X := C(I;C™*™) the space of all continuous functions f : I — C™*™, equipped with
the norm ||f|lx := supses ||f(¢)|lop- It is not hard to see that X is a Banach space.
Furthermore, define the linear operator

T:X—=>X,f—=Tf where (Tf)(t /f M(s)ds fortel.
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Note that indeed Tf € X if f € X, since M is locally integrable, so that f - M is
integrable on I. Next, observe

t
75 @lop < | [ 1Fllap - 1M llopds| < 1 - [ 13765 < 5 171

and hence ||T||x-x < 3 < 1. From this, it follows using a Neumann series argument
that id — T : X — X is invertible.
Finally, since X (z) = 0 and X'(¢t) = X (¢t)M (t), we have

X(t) = X(t) — X (x0) /X ds_/X = (T[X]1)(t)

for all ¢t € I, which means that f := X|; satisfies (id — T)f = 0. Hence f = 0, which
means that X =0 on (xg —e,z9 + €). Thus, (xg —€,29 +¢) C T, so that I is open. O

The following proposition can be seen as a weak Balian-Low-type theorem for sub-
spaces. For a comparison with related results, see Remark 4.5 below.

Proposition 4.4. Let g € H'(R) and let A C R? be a lattice of rational density such
that (g, \) is a Riesz basis for its closed linear span G(g,A). Then

—ag' + 27ibXg ¢ G(g,A) for all (a,b) € R*\{(0,0)}.

Proof. Let us assume towards a contradiction that v := —ag’ + 2mibXg € G(g,A) for
some (a,b) € R?\{(0,0)}. We divide the proof into five steps.

Step 1: In the first four steps of the proof, we only consider separable lattices of the
form A = 1Z><PZ for certain P, @ € N.

Let G := Zg € L} _(R?) denote the Zak transform of g, and recall from Lemma 2.1
the definition of the function A, € L2 (R% CP*?) given by

B P-1,Q—1
Ay(z,w) =P 1z (G + 5 - é’w))k,Z:OQ :

Since g € H'(R), Lemma 2.4 shows that G € H] _(R?), so that all component functions
of A, are in H (R?) as well. In this step, we show that A, satisfies a certain differential
equation; see Equation (4.2) below.

Since v € G(g,A) and A = éZxPZ, Lemma A.16 shows w(é,O)w € G(g,A) for each
L € {0,...,Q — 1}. This means that for each L € {0,...,Q — 1} there is a sequence

(Cvgﬁ%)m,nez € (?(Z?) such that

W(é,())’y: Z (L) Q,ng—z Z msQ+gTr é,Pm)g.

m,ne”Z (=0 m,s€Z

By using the properties (a)—(c) of the Zak transform listed below Equation (2.2), this
implies for each L € {0,...,Q — 1} that

0-1
(Zw)(m—é,w):Z[w(é, Z Z mSQMZ[W(s%—é,Pm)g](l‘,w)
=0 m,s€Z
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where féL) (T, w) = =3 sez cfrﬁ)sQ_s_eeQM(Pmmfsw). Note that each fé(L) is locally square-
integrable on R? and (4, 1)-periodic.

Now, recall from Lemma 2.4 that (9:G)(z,w) = 27i(z G(z,w) — Z(Xg)(z,w)) and
G = Zg'. Therefore,

(Zy)(z,w) = Z[—ag' + 2mibX g](z,w)
=—a-01G(z,w) + 27ib -z G(z,w) — b- 0G(z,w).
Thus, we arrive at

a01G(x — é,w) +bhG(x — é,w)
Q-1

=2mib (z - 5) Gz~ 5w)+ Y fP(2.0) Gl - §w).
=0

Denoting by eg,...,eg—1 the standard basis vectors of C@, plugging z + % instead of

z into the preceding displayed equation, and recalling that fZ(L) is (%, 1)-periodic, we

obtain for each L € {0,...,Q — 1} that
a01Agy(x,w)er +b0Ay(x,w)er

= 2mib[(z — é)Ag(:v,w)eL + DpAgy(z,w)er] + Ag(z,w) FO (z,w),

adiAg(x,w) + b0 Ay(x,w) = 2mib[(xAy(z,w) + DpAy(x,w)]
+ Ay(z,w)(F(r,w) — 2mibDg) ,

where fI) .= (fe(L))?:Ol and Dp := diag(k/P),f;ol. This leads to

where Dg = diag(L/Q)f;é and F:= [fO ] ... | f@ V] e L2 (R%CY*?). As a conse-
quence of Fubini’s theorem (and since (a,b) # (0,0)), there is a null-set Ny C R? such
that (t — F(x +ta,w +tb)) € L% _(R; C¥*Q) for all (z,w) € R*\Np.

Note that the preceding displayed equation holds for almost all (z,w) € R2. Therefore,
if we let vy := v+t (a,b) for v € R? and t € R, then Lemma A.15 yields a null-set N1 C R?

such that if v = (z,w) € R?\ Ny, then
a (01 4g)(ve) + (92 44)(vt)
= 2mib[(x + ta) Ag(ve) + DpAg(vy)] + Ag(ve) - (F(vy) — 2mib D)
=2mibDpAgy(vi) + Ag(vy)[2mib(x + ta) + F(vy) — 2mib Dg)
= QWiprAg(Ut) + Ag(’Ut)WU(t)

(4.2)

for almost all ¢ € R. In the last step we introduced the matrix
W (t) := 2mib(x + ta)lg + F(v;) — 2mib Dg € CO*9, t € R,

where I denotes the Q-dimensional identity matrix. Note W, € L% _(R;C?*Q) for all
RS RQ\N().

Step 2: In this step, we construct a particularly nice representative of G = Zg.

Recall from Step 1 that G € H] (R). Next, define o := (a,b) € R*\{0}, and choose
6 € R? with [|f]] = 1 and @ L p. Define T : R? — R2, (t,s) > to + s, and note that T
is linear and bijective, so that the same holds also for T77!. In particular, T and T~!
are Lipschitz continuous, and thus map null-sets to null-sets. Furthermore, since T" and
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T~ are Lipschitz continuous, the change-of-variables formula for Sobolev functions (see
for instance [21, Theorem 2.2.2]) shows that G := GoT € H\ (R?), and that

loc

DG(t,s) = DG(T(t,s)) - DT(t,s) = ([0:G(to + ), [02G](to + 50)) - <Z Z;>

= (a[1G](to+ s0) + b [0G](to + sb), ) (4.3)

for almost all (¢,s) € R?2. By Lemma A.12, there is a null-set N C R such that for all
s € R\ Ny, Equation (4.3) holds for almost all ¢t € R.

Lemma A.14 yields a null-set N3 C R, and a (pointwise defined) Borel function
éo : R? — C such that éo = @ almost everywhere, and such that for all s € R\ N3, the
function ¢ — Go(t, s) is continuous and in H (R) with %éo(t, s) = (5‘15)(t, s) almost
everywhere. In view of Equation (4.3), we thus see for all s € R\(N2 U N3) that

%éO(TZ s) = al01G](to+ s0) + b[02G](to + sf) for almost all t € R.

Note that since éo =G = GoT almost everywhere and since 7' and 7~ map null-sets
to null-sets, we have G = Gy o T~! =: Gy almost everywhere. By Lemma A.15, there is
thus a null-set Ny C R2 such that

V(z,w) € RA\N;:  Go(z + ta,w + tb) = G(z + ta,w + tb) for a.e. t € R. (4.4)
Since T' is Lipschitz continuous, the set N5 := T(Rx(Ny U N3)) C R? is a null-
set. For any (z,w) € R?\Ns, we have (z,w) = T(to,s0) = too + sof for certain
(to, s0) € Rx(R\(Ny U N3)). By the properties from above, this means that the map
R—C, tw— Go(zr+ta,w+1tb) = Go((x,w) + tg)
= Go((t +to)o + 508) = Go(t + to, 50)

is continuous and in H,. (R) with derivative

loc
—Go(z+t —}—tb)———é (t+t )
T +ta,w s

=a [61G] ((t + to)g + 509) +b [GQG] ((t + to)g + 809)
= a[01G](z + ta,w + tb) + b[02G](x + ta,w + tb) (4.5)

for almost all ¢ € R, for each fixed (x,w) € R?\Nj.

Finally, let No := Uy ez (N4 U N5) + (é - %,O)) C R?, which is a null-set. If
(z,w) € R*\Ng, then (z + % - é,w) € R*\(N4 U N3) for all k,¢ € Z.

Step 3: In this step, we use the “nice” representative Gy of G to construct for
almost all v = (z,w) € R? two locally absolutely continuous functions R, : R — CF*@
and L, : R — CP*@ which satisfy the differential equations R!(t) = R,(t)W,(t) and
LI(t) = Ly(t)W,(t) for almost all t € R, for the matrix function W, € L2 (R;C%*?)
defined in Step 1. We then use this differential equation to deduce R, = L,,. In Step 4
we will finally employ this identity to complete the proof for the case A = %ZXPZ.

First, define

A: R2CP9 (z,w) — p-1/2. (Go(ac—i- % — %,w))li;:l(’)Q_l ,

noting A = A, almost everywhere. Next, note for v = (z,w) € R*\(NogUN;UNg) that

(x+ & — %,w) € R2\(N, U N3) for all k,¢ € Z, so that Equations (4.5), (4.2), and
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(4.4) show that the function E,:R — CP*Q ¢t A(v;) = Az + ta,w + tb) is locally
absolutely continuous and satisfies

E\(t) = pP~1/? (a (01G)(z + % - % + ta,w + tb)
v P-1,Q—1
+0(3G) (z+ % — L +ta,w+ tb)>k,€:0

=a(014g)(z + ta,w +tb) + b(0244)(x + ta,w + tb)

= a[01Ag](vr) + b[02Ag](v1)

= 2mib DpAg(vy) + Ag(v) Wi(t)

=27mib DpA(vy) + A(v))Wy(t) = 2mib Dp E,(t) + E, (6)W,(t) (4.6)
for almost all ¢t € R.

Next, Lemma 2.1 shows that essinf,cg2 09(A4(2)) > 0, since (g, A) is a Riesz sequence.
Hence, we also have essinf,cg2 0¢g(A(z)) > 0, which means that (A*A)(z,w) is invertible
for almost all (z,w) € R?, say for all (z,w) € R?\N7.

For v = (x,w) € R?\(NgU N1 UNgU N7), set C,, := A(v) (A*(U)A(v))flA*(v) (so that
C, € CP*P) and furthermore

Ry: R—=CPXQ e 2MDr A(x 4 ta,w + th) = e 2™ PP B (1),
Ly: R—=CP*XC 1 Cy- e TDP . A(x + ta,w +th) = Cy - Ry(t),
where as before Dp = diag(k/P)i—o,..p—1 € REP*P,

Since v = (z,w) € R?\(Ny U N1 U Ng), we see as a consequence of the product rule
for Sobolev functions (see for instance [2, Section 4.25]) and of Equation (4.6) that R,
is locally absolutely continuous, with

R (t) = —2mibDpR,(t) + e 2 DP B (1) = R, (t) W,(t) for almost all ¢ € R.

where the last equality follows from Equation (4.6) combined with the elementary iden-
tity e 2™ PP Dp = Dp e~ 2™ PP This easily implies that L, is locally absolutely con-
tinuous as well, with L/ (¢t) = C, R, (t) = Cy Ry(t) Wy, (t) = Ly(t) W, (t) for almost all
t € R. Finally, note that

Ly(0) = Cy - By(0) = A(0) (A" () A(w)) " A% (1) A(v) = A(v) = R,(0).

Therefore, Lemma 4.3 shows L, (t) = R,(t) for all v € R?\(Ny U N1 U Ng U N7) and all
teR.

Step 4: We complete the proof for the case A = Q7 'ZxPZ. To this end, let t € R
be arbitrary, and note that the matrix function H(_s,, ) defined in Lemma 2.2 satisfies
for almost all v = (z,w) € R? that

H(_ta, ) (z,w)
= P12 Ay(0) - (45 (0)Ag(v) T A5 (0) - TP EP - Ay (o a4 1)
= P2.C, . e 2D . A(x 4 ta,w + th)
= P2 Ly(t) = P'/? - Ry(1).
Hence,

1H (—ta,-m) (@, weollzr = P | Ro(t)eollze = PllA(ve)eollEr = P [l Ag(ve)eollzr
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~
_

- |G(x+ta+%,w+tb)‘2 for a.e. (r,w) € R%

0

By Lemma 2.2 and by the quasi-periodicity of G = Zg (which implies that |G| is (1,1)-
periodic), this implies that

=~
Il

dist? (7(—ta, —tb)g,G(g,A)) = ||g||72 —/1/% lf |G(x+ta+%,w+tb)|2da: dw
070 4o

1 01
:||9||2L2_/0 /0 \G($+ta,w+tb)|2dwdw

1 1
= |lgll7- —/0 /0 1G(z,w)|? dedw = 0.

That is, m(—ta,—tb)g € G(g,A) for each ¢ € R. By Theorem 1.2, this means that
(—ta, —tb) € A for every t € R. Because of (a,b) # (0,0) and since A C R? is discrete,
this yields the desired contradiction.

Step 5: Let A C R? be an arbitrary lattice of rational density, and assume again that
—ag’ + 2mibXg € G(g,A) for some a,b € R. Then there exists a matrix B € GL(2,R)
with det B = 1 and certain P,Q € N such that A; := BA = Q~'ZxPZ. With the
symplectic operator Up (see (2.9)), set g1 := Upg. Then (g1,A1) is a Riesz basis for
G(g1,A1) = UpG(g,A) and, as H'(R) is invariant under symplectic operators (see the
discussion after Equation (2.11)), we have g; € H'(R). For f € H'(R), let us set
Tf(z,w) = p(z,w)f, z,w € R, cf. (2.10). Using Corollary 3.3 we find that

Ti(z,w) ()

= e ™ [(—miwSt(z,w) + hSf(w,w)) a+ (—mizSy(z,w) + 0aSy(z,w)) b]

= e " [—mi(aw + bx) S¢(z,w) — am(z,w) f' + 2mibX (v, w)f] .
In particular,

T}0,0) (§) = —af’ + 2mibX f. (4.7)
We have (see (2.9))
Up Ty(z,w) = p(B(§))g1 = Ty (B () -
Differentiating this with respect to (z,w) gives Up Ty (x,w) = T, (B ({)) o B. Hence, by
Equation (4.7), we see that
Us (—ag! +2mibXg) = U T4(0,0) (1) = T4, (0,0)(B (4)) = —ag} + 2mifXg

where (3) = B(%). That is, —ag} + 2miBXg1 € UgG(g,A) = G(g1, A1), which, by the
first part of this proof, implies that o = § = 0 and thus a = b = 0. O

Remark 4.5. Proposition 4.4 is closely related to the so-called weak subspace Balian-
Low Theorem (cf. [13, Thm. 8]) which states that if ¢ € L?(R) and A C R? is a lattice
such that (g, A) is a Riesz basis for its closed linear span G, then at least one of the
distributions ¢’, Xg,g’, X¢ is not contained in G, where g denotes the dual window of
(g9,A). More precisely, Proposition 4.4 implies that if ¢/, Xg € L?*(R) and A C R?
is a lattice of rational density such that (g,A) is a Riesz sequence (and hence also
d,Xg € L*(R) by Proposition 2.5), then none of ¢’, Xg,§, Xg is contained in G. In
fact, it even asserts that none of the real linear combinations of ig’ and X g except 0 can
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belong to G. Similarly, none of the real linear combinations of ig’ and Xg except 0 can
belong to G.

We are now ready to prove Theorem 1.3.

Proof of Theorem 1.3. Let us denote by P the orthogonal projection from L?(R) onto
G :=G(g,A). Proposition 4.4 implies that the R-linear mapping

R? — L*(R), (a,b) — (Id —P)(—ag’ + 2mibXg),

with L?(R) considered as an R-linear space, is injective. Since R? is finite-dimensional,
this implies ||(Id —P)(—ag’+27ibX g)|| ;2 > 27]|/(a,b)||2 for some v > 0 and all (a,b) € R2.
On the other hand, Lemma 3.2 gives a family of functions {e(a, b)}(4)erz C L*(R) such
that

lea, b)ll 2
im
(ab)=(00) [|(a,)ll2
In particular, there exists some 6 > 0 such that ||e(a,b)|| 2 < 7||(a,b)||2 for ||(a,b)|2 < 6.

Combining these observations and the fact that (Id —P)g = 0, we see for ||(a,b)|l2 < &
that

27)[(a,b)2 < [[(Id =P)(=ag’ + 27ibXg)|| 2 = ||(1d ~P) (7 (a,b)g — €(a, b)) | .-
< [|(0d =P)m(a, b)gl 2 +le(a, b)l| 2 < dist(m(a,b)g,G) + 7 [(a, b2,

that is, dist(7(a,b)g,G) > v|/(a,b)||2 for ||(a,b)|]2 < 4.

Now, consider the compact set R := {u € R? : ||u|l2 = dist(,A)} and denote by
B = Bs(0,0) ¢ R? the open ball of radius 6 > 0 centered at (0,0). By possibly
shrinking §, we may assume that B C R; in fact, since A is discrete, there is some dy > 0
such that ||Al|2 > 20y for all A € A\{0}. We then have B C R as soon as 0 < § < d.

We will show that ||(Id —P)n(a,b)g|rz > +'||(a,b)|l2 for a suitable v > 0 and all
(a,b) € R\B. Towards a contradiction, suppose that there is no such 4’ > 0. Then there
exists a sequence (pin)neny C R\B such that (Id —P)7(u,)g — 0 as n — oco. As R\B is
compact, we may assume that p, — po as n — oo for some py € R\B. But then, since
w— m(p)g is continuous, it follows that (Id —P)mw(up)g = 0, that is, 7(po)g € G, which
by Theorem 1.2 is only possible if g € A; but this implies ||ugll2 = dist(po, A) = 0, in
contradiction to pg € R\B.

Hence, dist(r(a,b)g,G) = ||(Id =P)7(a,b)gllz2 > +'||(a,b)||2 for some ' > 0 and all
(a,b) € R\B. As a consequence, we have with C7 := min{~,+'} > 0,

dist(m(p)g,G) > Cy - ||p]|l2 = C1 - dist(u, A) for all p € R.

Finally, we note that for each y € R? there exist A € A and v € R with u = A\ + v;
indeed, there exists A € A with ||u — Al|2 = dist(g,A), and then v := p — X satisfies
llv||e = dist(u, A) = dist(v, A). Thus, we obtain (see Lemma 2.3)

dist(m(p)g, G) = dist(n(v)g,G) > Cy - dist(v, A) = Cy - dist(p, A).

In view of Proposition 4.1, this completes the proof. O

m(a,b)g — g = —ag +2wibXg + &(a,b) and =0.

5. An Explicit Local Bound

As mentioned in the introduction, we were unable to derive an explicit constant Cy
for (1.2). Nevertheless, we can find a constant C; that is valid for (u,n) close to the
lattice A. For this, however, we have to assume that (g, A) is an orthonormal sequence.
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The following result makes a first step towards finding such a constant C{; it improves
Proposition 4.4 under the additional assumption of orthonormality.

Proposition 5.1. Let g € HY(R) and let A C R? be a lattice such that (g,\) is an
orthonormal basis of its closed linear span G(g,\). Then for any (a,b) € R?,

(@, )l -

dist (—ag' + 2wibX g, G(g, A
¢ lg'l12. + ||2ng||

Remark 5.2. The classical uncertainty principle (see e.g., [12, Theorem 2.2.1]), com-
bined with elementary computations, implies because of ||g|| ;2 = 1 that the lower bound
appearing in Proposition 5.1 is bounded by

<\/7/2.

Vg2, + ||2ng||

The proof of Proposition 5.1 hinges crucially on the following lemma which describes
a general property of Hilbert spaces.

Lemma 5.3. Let ‘H be a Hilbert space, and let f,g € H with f #0 or g #0. Then

2 2 _ (Relf, g))? Im
M e e = e b1

laf + bg|? >

for all a,b € R.

Proof. Let o == || f|3,, v := llgll3,, and B := Re(f,g). Moreover, set A:= -+~ and
B := ay — 3%. Because of f # 0 or g # 0, we have A > 0. Besides, the Cauchy-Schwarz
inequality shows 8 < || < /a7, and thus B > 0. Finally, a direct computation shows

A2 —4B = (a+7)* —4(ay = 5%) = (@ =7)* +48° > 0.
Given these notations, another direct computation shows for a,b € R that
laf +bglB, = (af +bg.af +ba)w = ((5). M(§))ge where M:=(52).  (5.)
Note that the matrix M is real-symmetric, with characteristic polynomial

xm(A) = det (/\_—604 ;_57) =N - AN+ B,

which has the roots
A | A2 A+ VA2 - 4B

Therefore, and because of vV A2 — 4B < v A% = A, the smallest eigenvalue of M satisfies

- —VAZ=4B 1A% (A2-4B) 2B B,
i 2 2 A4+AZ 4B  A+VAZ_4B AT

Since M is real symmetric, this implies (z, M2)ge > Z||z||3 for all z € R2.

Now, Equation (5.1) shows that [|af 4+ bg[|3, = ((2), M (§))rz > & - ||(a,b)|3 for all
a,b € R, which establishes the first part of the claim. For the second part, note that the
Cauchy-Schwarz inequality implies

B=ay- B =|fl3lgl% — Re(f, 9)n)?
> [(f, 9)ul* — Re(f, g)n)? = (Im(f, g)2)* . O
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Proof of Proposition 5.1. Denote by P the orthogonal projection from L?(R) onto G(g, A)
in L*(R). Since (g, A) is an orthonormal sequence,

Pf=> (f,7(Ng)r(N)g, whence (Pg,iXg) = (¢, 7(\)g)(r(N)g,iXg).

AEA AEA

Let a,b € R. By integration by parts and translation, and by using the elementary
identity (7 (a,b))* = e~2™%x(—a, —b), we see that

(¢';m(a,b)g) = —<g, % (™" g(a — a))>
= —(g,2mib - 7(a,b)g) — <g,7r(a,b)g'> (5.2)
= 2mib - <g, (a,b) g> —2miab., <7r(—a, —b)g,g'> )

as well as
(m(a,b)g,iXg) = (g,e 2™ n(—a,—b)[iXg])
= (g, Mop[i () +a) g0 +a)])
_  2miab ( —ia <g, M_y[g(- + a)]> + < —iXg, M_plg(-+ CL)D)
= e?™ (—ja{g, m(—a,~b)g) — (iXg, n(—a,—b)g)). (5.3)
From Equations (5.2) and (5.3), we see by orthonormality of (g, A) for arbitrary (a,b) € A
that
/ : _
(¢, m(a,b)g) = {ig—’QngLl; (r(—a,—b)g, ), ft}(lz;zgi;e "
= —e " (n(—a,~b)g, 9)
and
—(iXg,g), if (a,b) =0

(m(a.b)g,1Xg) = {—ezmab (iXg,m(—a,—b)g), otherwise
—e2™ab (i X g, 7(—a, —b)g) .
Combining these identities, we arrive at
(g, m(a,b)g)(m(a,b)g,iXg) = (n(—a,—b)g,g')(iXg,7(—a,—b)g),
for all (a,b) € A. Therefore, with 1 = —\, we see that

(Pg,iXg) = (', 7(Ng)(r(N)g,iXg)
AEA

= (n(w)g,¢")(iXg,m(n)g) = (iXg,Pg'),

HEA
which shows that Im(Pg’,iXg) = 0.

We now intend to use partial integration to get (¢, Xg) = —||gll3. — (Xg,¢'); how-
ever, since Xg ¢ H'(R), we cannot directly apply such a partial integration. Instead,
pick ¢ € C*(R) with 0 < ¢ < 1, suppp C (—=2,2), and ¢ = 1 on (—1,1), and set
on : R = [0,1],2 — @(x/n). We then have ¢, — 1 pointwise, so that the dominated
convergence theorem implies (f, ¢, - h) — (f, h) for all f,h € L?(R). Likewise, we have
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¢'(z/n) and hence ¢!, — 0 uniformly, which implies (f, ¢/, - h) — 0 for
f,h € L3(R). Overall, since ¢, Xg € H'(R), we thus see
< /

¢, Xg) = lim (¢, Xg) = lim —(g, (¢, Xg)")
n—oo n—oo

== lim_[{g,¢, - Xg) + (g, ¢n9) + (9,90 X9)] = —glli- = (Xg.9).

n

Here, we used in the last step that (g, 0, X¢') = (Xg,ng’) with Xg,¢ € L*(R).
In view of the last displayed equation, we get 2Re(g’, Xg) = —[|g||7, = —1, and hence
Im(¢’, 2miXg) = —2m Re(g’, Xg) = m. Therefore,

Im{(I — P)¢,27iXg) = Im{q,27iXg) — 27 Im(Pq’,iXg) = T.

Setting f := (I — P)[—¢'] and h := (I — P)[2miXg], we have shown up to now that
Im(f,h) = —m # 0, which in particular implies that f # 0 and h # 0. Thus, an
application of Lemma 5.3 shows for arbitrary (a,b) € R? that

dist? ( —ag +2mibXg, G(g, A))
= H(I—P)(—ag”r?ﬂing)IIQz = ||a : f+b~h||22
L L

LA + R0 - ||9 || + H2mX9HL2
This concludes the proof of the proposition. O

Theorem 5.4. Let g € HY(R) and let A C R? be a lattice such that (g,A) is an or-
thonormal basis of its closed linear span G(g,A). Then there exists € > 0 such that

/2
¢ 97112 + ll2mi X gl12,
If g € H2(R), then & can be chosen as € := W/(?Cg\/Hg’H%Q + [2miX g]12, ) with Cy as
in Equation (3.3).

Proof. For (a,b) € R? let v(a,b) := 7(a,b)g — g — (—ag’ + 2wibXg). Denote by P the
orthogonal projection from L%(R) onto G(g,A). Due to Proposition 5.1 we have

dist (7(u)g, G(g, A dist(p, A) ¥V p € A+B(0).

(@, b)]l2 < (I — P)(~ag + 27ibX )],
Vg1, + ll%nglle = ||( = P)(n(a,b)g — g — v(a,B) | 2
< (I = P)m(a,b)gl 2 + [Iv(ab) 2 .

In the last inequality we used that (I —P)g =0 and ||[I —P|| = 1. By Lemma 3.2 there
exists € > 0 such that

/2
Vg2 + 12riX g2,

Moreover, this is satisfied in the case g € H?(R) if ¢ is as given in the theorem (see
Lemma 3.2). Hence, if (o, 3) € A+ B:(0), say (o, 3) = A+ (a,b) with A € A and
(a,b) € B-(0), then (see Lemma 2.3)

[7(a, b)[ 2 < (@, )]z for [[(a,b)[l2 <e.

/2
V9112, + 2mix g2,

This proves the theorem. O

I(I=P)m(a, B)gllr> = [(I-P)m(a, b)gl L2 >

(@, b)]2-
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Remark. In the case g € H'(R), the value of £ in Theorem 5.4 depends on the conver-
gence to zero of the following quantities (see the proof of Lemma 3.2):

/ 22| g(2)|? de, / lg'(x)]*dz and / WHG(w)Pdw  as b — oco.
|z|>b |z|>b |w|>b

Note that the lattice A in Theorem 5.4 is not necessarily of rational density. The
following corollary suggests that the rational density condition of A in Theorems 1.2 and
1.3 might be redundant.

Corollary 5.5. Let g € HY(R) and let A C R? be a lattice such that (g,\) is an
orthonormal basis of its closed linear span G(g,A). Then there exists an N € N such
that w(pn)g ¢ G(g,A) for all p € RQ\%A; that is, G(g, A) is invariant only under time-
frequency shifts with parameters in a subset of %A.

Proof. This follows by combining Theorem 5.4 with [5, Lemma 3.1]. O

A. Auxiliary results

A.1. Matrix multiplication operators

Let (2,X%, 1) be a measure space. To avoid trivialities, we assume that there exists
S € ¥ with 0 < p(S) < 0o. Now, let B : @ — C™™ be a measurable matrix-valued
function. Then the multiplication operator

Mp: dom(Mg) C L*(Q,C™) — L*(Q,C")

is defined by
(Mpf)(w) == B(w)f(w), we, fedom(Mp),

where
dom(Mp) := {f € L*(Q;C™): /||B(w)f(w)\|<2cn du(w) < oo}.

It is easy to see that the operator Mp is bounded if and only if each entry of B(-) is
essentially bounded as a function on €, if and only if dom(Mp) = L*(2;C™).

Let A : H — H be a bounded self-adjoint operator in a Hilbert space . Then for
any continuous, real-valued function ¢ € C(0(A);R), the operator ¢(A) is defined by
©(A) = limy,—y00 prn(A), where (pn)nen is a sequence of real-valued polynomials converg-
ing uniformly to ¢ on o(A) C R and the limit is taken with respect to the operator
norm. Since ||p(A)|| = [|pllc(s(a)) for polynomials p, this definition is meaningful. One
then has [[p(A)[| = [l¢llc(a)y) and o(p(A)) = {¢(A) : A € 0(A)}. Furthermore, ¢(A) is
self-adjoint for all ¢ € C(0(A);R), since this is easily seen to hold for all polynomials
prn. For more details on this continuous functional calculus, see [20, Section VII.1].

For the case n = m, the next lemma connects the spectral properties of the multipli-
cation operator Mp to those of the matrices B(w), w € Q.

Lemma A.1. Let B :  — C™*" be a measurable, essentially bounded matrix-valued
function satisfying B(w) = B(w)* for a.e. w € . Then the following statements hold:

(i) The operator Mp is bounded and self-adjoint.
(ii) For a.e. w € © we have

o(B(w)) C o(Mp).
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(iii) For every set N C Q of zero measure,

o(Mp) C |J o(Bw)).
we\N

(iv) For every function ¢ € C(o(Mp);R) we have
o(Mp) = My,
where (¢(B))(w) := p(B(w)) is well-defined for almost all w € Q.

Proof. Part (i) follows easily from (B(w)f(w),g(w))cn = {(f(w), B(w)g(w))cn, which
holds for almost all w € €.

For the proofs of both (ii) and (iii), we will use [16, Proposition 1], which shows for
any A € C that

A€ o(Mp) <= Fe>0:pu({w € Q: o(B(w)) N B:(\) # @}) =0. (A1)

To prove (ii), let us assume towards a contradiction that the claim is false; that is, the
set

Qo = {w e Q: o(B(w)) No(Mp) # 2}

is not a null-set. Since o(Mp) is an open set, we have o(Mp) = ey Ix for certain
compact sets I C o(Mp) C C. Setting Qk :={w € Q: o(B(w)) NI # @}, we then
have Qo = (U O, so that there is some & € N for which €, is not a null-set. Let us
choose a dense subset {\,: n € N} of I}, and define

Q= {w € Q: 0(B(w)) N Bijm(An) # o} for m,n € N.

By density, we have Iy C U, cn Bi/m(Mn) for every m € N, and hence Q, C U,,cy Qimn-
Thus, for each m € N, there is some n,, € N such that £, ,,,, is not a null-set.

Since (A, )meN 1S a sequence in the compact set I, there is a subsequence ()\"me )een
such that A,,, — A € Iy C o(Mp) as £ — co. By (A.1), there is some € > 0 such that
O :={w e Q: o(B(w)) N B:(\) # @} is a null-set. But for ¢ € N large enough, we have
o=+ | An,, — Al < &, and hence By, (An,,,) C Be(X), which shows that Qyn, 5, C © is
a null-set. This is the desired contradiction.

To prove (iii) let A € o(Mp) and let N C € be of zero measure. If k € N is arbitrary,
then by (A.1), the set {w € Q: o(B(w)) N Byi(\) # 9} does not have measure zero,
and thus has non-empty intersection with Q\N. Hence, we can pick wy € Q\N and
Ai € 0(B(wg)) such that [A\y — A| < 1/k. This proves the inclusion in (iii).

Part (iv) is obvious for polynomials ¢. Given general ¢ € C(o(Mp);R), we can
approximate ¢ uniformly on o(Mpg) C R by polynomials p,. Then ¢(Mg) — p,(MBp)
converges to zero in operator norm, and p,(Mp) = M, (B)- Hence, we see for every
f € L*(;C") that (M) f = lim,—o0 My, () f. But by (ii), we have o(B(w)) C o(Mp)
for almost every w € €. For each such w € €,

Ipn(B(w)) = @(BW))ll = lIpn = ¢llc@Bw) < IPn = ellown)) -

Thus, we see [M,,, gy fl(w) = pn(B(w))f(w) = ¢(Bw))f(w) = [Myp) f](w) for almost
every w, for every f € L?(2;C"). Since also have M, By f — ©(Mp)f with convergence
in L?(Q,C"), this implies ¢(Mp)f = Myp)f, as claimed. O
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A.2. Operators with closed range and their pseudo-inverse

In this subsection, we review the notion of the pseudo-inverse of an operator with
closed range and some of its elementary properties. All of these properties are well-
known in general; yet, as some readers might not be familiar with them we decided to
include the essentials. Throughout this subsection H, I, and £ denote Hilbert spaces.

Lemma A.2. Let A:H — K be a bounded linear operator. Then
(ker A)* = ran A*¥. (A.2)
Moreover, the following statements are equivalent:
(a) ran A is closed in K.
(b) ran(AA*) is closed in K.
(c) ran(A*A) is closed in H.
(d) ran A* is closed in H.
(e) o1(4) >
(f) o1(A7) > 0
In one of these properties holds, then the following identities hold:
ran(AA*) =ran A, ran(A*A) =ranA*, and o1(A)=01(4"). (A.3)

Proof. The identity (A.2) is a simple exercise (see [14, Theorem 58.2]).

For the equivalence of (a)—(f), we refer to [19, Theorem 2].

Next, if (a)-(f) hold, then Equation (A.2) shows (ker A)* = ran(A*). This implies
ran A = ran(A|ye a)t) = ran(Alwana+) = ran(AA*), which proves the first part of
Equation (A.3). The second part follows by applying the first part to A* instead of A.

The last identity in (A.3) follows directly from the definition of oy and the well-known
Jacobson lemma which states that for arbitrary bounded linear operators S : H — K
and T : K — H we have o(ST)\{0} = o(T'S)\{0}. It can indeed be easily seen that
A € o(T'S)\{0} implies A € o(ST), by virtue of the identity

(ST — M) = % [S(TS — My)7'T — Ix] .

By symmetry, this implies o(7'S)\{0} = o(ST)\{0}. O

Lemma A.3. A bounded operator A : K — H is bounded below (meaning that there is
¢ > 0 with ||Az||y > c||z||x for all z € K) if and only if A*A : K — K is bounded below.

Furthermore, a bounded self-adjoint operator T : H — H is bounded below if and
only if T' is boundedly invertible.

Proof. Using the bounded inverse theorem, it is easy to see that a bounded operator T’
between two Hilbert spaces is bounded below if and only if ker T'= {0} and if ranT is
closed. Lemma A.2 shows that ran A is closed if and only if ran(A*A) is closed. Since
furthermore ker A = ker(A*A), we obtain the first claim.

For the second part of the claim, let T': H — H be bounded, self-adjoint, and bounded
below. As seen above, this implies that ran T is closed and that ker ' = {0}. Therefore,
Equation (A.2) shows H = (ker T)* = ranT* = ranT. Hence, T': H — H is bijective,
so that the bounded inverse theorem shows that T is boundedly invertible. It is clear
that if T" is boundedly invertible, then T is bounded below. O

The next lemma follows directly from [7, Cor. 5.5.2 and Cor. 5.5.3].
Lemma A.4. A Bessel sequence (¢;);cr in a Hilbert space H is a frame sequence if and

only if its analysis operator A : H — *(I), f = ({f,¥i)),.; has closed range.
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Let A:H — K be a bounded linear operator with closed range. Then the operator
Ag : (ker A)F = ran A, x— Ax, (A.4)
is boundedly invertible by the bounded inverse theorem. Hence, the pseudo-inverse
A" =t 4yt © Ayt 0 Prana

of A defines a bounded linear operator from K to H. Here, t(, )1 is the inclusion map

(ker A)* — H, x> x.
In the following lemma we list some of the properties of the pseudo-inverse.

Lemma A.5. Let A : H — K be a bounded linear operator with closed range. Then
the following hold:
(i) ATA = Py -
(i) AAT = Pap a.
(iii) (AT)* = (A"
(iv) (A*A)TA* = AT = A*(AA")T,
Proof. Properties (i)—(iii) can be found in [7, Lemma 2.5.2].
For the first identity in (iv), we refer to [9, Theorem 1]. The remaining identity follows
from the first one and (iii) by applying the first part of (iv) on the right-hand side of
the identity AT = ((4*)7)". O

Lemma A.6. Let A : H — H be a self-adjoint operator with closed range and set
¢ :=01(A). Then o(A) C {0} U (R\(—c,c)) and AT = p(A), where p : R — R is defined
by ¢(t) = % for t # 0 and ¢(0) = 0.

Remark. Since 0 is an isolated point of o(A) C {0} U (R\(—¢,¢)), ¢ls(a) is continuous.

Proof. Lemma A.2 shows ¢ = 01(A) > 0. By definition of 01(A) (see Equation (2.1)),
we thus see that A2 = A* A satisfies 0(A?) C {0} U [c?,00). As 0(4%) = {\?: XA € o(A)}
and since o(A) C R because of A* = A, it follows that o(A) C {0} U (R\(—¢,¢)). In
particular, this entails that cp\g( 4) 1s continuous.

To prove Al = ¢(A), define ¢ := 140y and note ¢ € C(o(A);R) since 0 is an iso-
lated point of o(A4) (or even 0 ¢ o(A)). Since ¥? = 1), we see that P := 1(A)
satisfies P2 = P = P*, so that P = Py is the orthogonal projection onto a closed
subspace V' C H. For x € ker A we have Az = Oz, so that [20, Theorem VIL.1(d)] shows
Pr = ¢(A)x = (0)r = x; hence, ker A C V. Conversely, we have id,(4) - ¢ = 0 and
hence 0 = (id,(4) - ¥)(A) = AP, which shows V = ran P C ker A and hence V' = ker A.

Next, observe that ¢-ids(4) = 1 —1, whence p(A)A =idy — P = Py1 = AT A, where
the last step used Lemma A.5(a). Hence, p(4) = Af on ran A. Finally, we have
©(A)Py = (¢ - )(A) = 0, meaning p(A) = 0 = AT on V = ker A = (ran A)*. Overall,
this shows p(A) = AT, as claimed. O

Corollary A.7. Let A :H — H be a bounded, self-adjoint operator with closed range,
and let U : K — H be unitary. Then U*AU : K — K is also bounded and self-adjoint
with closed range, and we have (U*AU)f = U*ATU.

Proof. Tt is clear that U* AU is bounded and self-adjoint with closed range. Furthermore,
a direct calculation shows p(U*AU) = U*p(A)U for every polynomial p € R[z]. By
definition of the continuous spectral calculus, we thus get (U*AU) = U*p(A)U for
all ¢ € C(0(A);R), where we note o(A) = o(U*AU). Now, the claim follows from
Lemma A.6. O
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A.3. Some properties of Sobolev functions
A.3.1. Essentially bounded (matriz-valued) Sobolev functions

Our main objective in this subsection is to prove that the space of matrix-valued
functions with all entries in H!(Q) N L>(12) is stable under matrix multiplication and
inversion. For this, the following lemma will be crucial.

Lemma A.8 ([3, Cor. 2.7]). Let 2 C R™ be open and let v : C — C be a Lipschitz
continuous map. In case of A(Q) = oo, assume additionally that v(0) = 0. If f € H({),
then yo f € HY(Q).

Lemma A.9. Let Q C R™ be open and let f,g € H'(Q) N L>(Q). Then:
(a) f-g€H(Q)NLX(Q).
(b) If essinf | f| > 0, then also 1/f € H'(Q) N L>(Q).

Proof. (a) Clearly, fg € L*(Q) N L>®(£). Further, [2, Section 4.25] shows that the weak
derivatives of fg exist and satisfy

9i(fg9) = (0;f) - g+ f-(9;9) forje{l,... ,n}
As 0;f,0;g € L*(Q) and f,g € L>=(Q) it follows that 9;(fg) € L*(2).
(b) Let r := essinf | f| > 0. We trivially have 1/f € L*>(Q). Note that A(2) < oo since
fe HY Q) c L*(Q) and |f(x)| > 7 > 0 almost everywhere. Let B := {z € C: |z| < r}

and define vg : C\ B — C, z — z~!. Then 7 is well-defined and Lipschitz continuous,

since |27t —w!| = |%2| < r 72w — 2| for z,w € C\ B. Now, [10, Theorem 1 in

Section 3.1.1] shows that there exists a Lipschitz continuous extension v : C — C of 7.
Since |f(z)| > r almost everywhere, we have yo f = v o f = 1/f almost everywhere,
and Lemma A.8 shows 1/f =vo f € HY(Q). O

In the following we denote by H'(2;C***) the space of all matrix-valued functions
A:Q — CF*¢ for which each component function is in H!(Q). We similarly define
LP(Q; CF*4) for p € [1,00].

Lemma A.10. Let Q© C R™ be open and let A € H(;CF*) N L®(Q; CF*¢) and
B € H'(Q;C>™) N L>(;C*™). Then the following statements hold:
(a) AB € H'(Q;CF*m) 0 Loo(Q; Ckxm).
(b) If k= ¢ and essigfao(A(x)) > 0, then A~! € HY(Q; CF*F) 0 Loo(Q; Ck*F).
Te
(c) If essigzlf oo(B(x)) > 0, then BT € H'(Q; C™*%) N L>(Q; C™*Y).
Te

Proof. Statement (a) follows from Lemma A.9 (a), since (AB);,, = >, A; Bt n. For (b)
we first observe that Leibniz’s formula

k
det A(z) = Z {sign(a) H Ag(j)yj(x)}
j=1

oc€Sy

and Lemma A.9 (a) yield det A € HY(Q) N L>=(2). Now, the condition on A implies
that A(x) is invertible for a.e. * € Q so that A(z)~! indeed exists for a.e. z € €.
Moreover, for a.e. x € Q, for the smallest eigenvalue A(z) of A(x)*A(z) we have that
() > ¢ := essinf(og(A))? > 0. Therefore, we conclude that

|det A(z)|*> = det(A(z)*A(z)) > AMx)F > &
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for a.e. z € Q. Hence, Lemma A.9 (b) shows that (det A)~1 € HY(Q) N L>(£). Also,

1AG@)7H® = I[A@)" @) < -

for a.e. € Q implies that A~! € L>(Q;CF**). Finally, A~' € H'(Q;CF**) follows

from Lemma A.9 (a), combined with the so-called cofactor formula for the inverse of a

matrix (see for instance [15, Equations (5-22) and (5-23)]). It states for A € C*** with
k > 1 and det A # 0 that

p_ adjA

~ det A

where AU is obtained from A by deleting its j-th row and its i-th column. In the

remaining case k = 1, we have A™1 = (det A)~t € HY(Q) N L>®(2) as well.
The condition on B in (c) implies that B(x)*B(x) is invertible for a.e. x € Q with

essinfycq oo(B(x)*B(x)) = essinf,ecq oo(B(z))? > 0. The claim now follows from (a),
(b), and the identity B(z)" = (B(z)*B(z))"'B(z)* (see Part (iv) of Lemma A.5). O

A.8.2. A certain property of the space H?(R)
Lemma A.11. If g € H%(R), then X¢' € L?(R) with the estimate

1/2
1X g/llz2 < 45- (g% + X2 g2 + [|g/]122)"

<45 (1 +47%) [|g" 172 + [1X? gl72 + 47* [lg][72)
Proof. Tt follows from [1, Lemma 5.4] that for any n > 0 and f € C?([0,7]),

IF(0)) < ( /'u" ®)?dt+n72. / |f(t Fda

where C := 2-92. One can see that this remains true for f € HQ((O7 77)), by a density
argument since H?((0,7)) < C*([0,n]) (see for instance [1, Thm. 4.12, Part II}).

Given g € H?(R) and z € [1,00), we can apply the above estimate to the function
t — g(z +t) to obtain

1/2

@2 <C. f g+ O -2 gl + 0)2) dt.

where we denote by f, f(z)dx = )‘(Q fQ x)dx the average of f over Q, with A(Q2)

denoting the Lebesgue measure of €.
Now, fix n € Ny for the moment, and let x € [2%,2"!). If we set n = 27", then
% =22 < 22 < (z+1t)? for all t € [0,7]. Therefore,

on
|z g'(@)]* <4-2°" - |g/(2)]* < 4C]€ (lg" @+ P + (@ +1)* - g(z + 1)) dt. (A.5)

For brevity, set F(y) := |¢"(y)|* + |¥* - g(y)|?>. Then, for any te[0,27"] C [0,1], w
have 2"*! + ¢ < 2"*2 and hence f22nn+l F(z + t) dr < an F(y)dy. By comblnmg
this observation with the trivial estimate f,G(t)dt < ||G||r(q), and by integrating
Equation (A.5) over € [2",2"11) we arrive at

on+l1 on+1 on+2

2n
/ |z - ¢ (z |2dx<4C][ / F(z+t)dxdt < 4C - F(y)dy.

on
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Summing over n € Ny, we conclude that
2n+1

[Cdwra=3 [ o
1
<4C- /1 F(y) - Zﬂ(gn,2n+2>(y) dy
n=0

<12C- (Hg”H%Q((l,oo)) + \|X29||2L2((1,oo))) ‘

Here the last step used that D )7 (T(gn ont2)(y) < 3; indeed, if 2" <y < 2"+2 " then
each k € Z for which also 2F < y < 2F+2 satisfies 2" < 2¥+2 and 2% < 2"*2, 5o that
ke{n—1,nn+1}.
By applying estimate (A.6) to h : R — C,z — g(—=z) instead of g, we easily get
-1 . .
[z g (@) de < 12C - (||g”||%2((700,71)) + ||X2g||%2((700’71))). Adding this to (A.6)
2

and using the trivial estimate f_ll |z ¢/ ()]*dz < ||¢||3., we finally arrive at

/R - g @2 de < g/ |22 +12C - (lg" |22 + 1X2 g]12:)

This easily implies the first part of the stated estimate.
For the last part, recall that F[¢'](¢) = 2mi€ §(€) and F[g"](&) = (27i€)? g(€). Thanks
to Plancherel’s theorem and the elementary estimate |£]? < 1+ |¢[*, we thus see

l9'1I7 :/ |27 - (&) dé < (27r)2~/ GO + |(2mie)* G(&) [ de
R R

= 2m)* - (lgllz2 + lg"1I72) -
Together with the first part of the lemma, this implies the second part. O

A.8.8. Sobolev functions on slices and the AC-property

Let A C R™ be Borel measurable, where n > 1. For i € {1,...,n} and € R*! we
define the following Borel measurable subset of R:

Ai@ = {tGR:(xl,...,xi_l,t,x,-,...,xn_l) GA}

Note that A; , is open if A is so. The following lemma is an easy consequence of Fubini’s
theorem.

Lemma A.12. A Borel set N C R™ has measure zero if and only if for some (and then
all) i € {1,...,n} and a.e. z € R""! the set NN;, has measure zero in R.

We say that a function h : U — C, where U C R is open, is locally absolutely
continuous (LAC) on U if it is LAC on each connected component of U; this is equivalent
to h being LAC on each open subinterval of U. Here, a function f : I — C with an open
interval I C R is called locally absolutely continuous if there is a function g € L (I)
such that f(z) f g(t) dt for all z,y € I. In particular, each LAC function is
continuous.

Definition A.13. Let 2 C R™ be an open set. A (pointwise defined) function f : Q — C
is said to have the AC-property (on ), if for each i € {1,...,n} and almost all x+ € R"~!
the function

fiz 1 Qia—C, t— flar,...,zi1,t,24,...,Tp_1)
is LAC on Q; ;.
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Note that the classical partial derivatives 0;f of a function f : € — C having the
AC-property exist a.e. on Q by [11, Theorem 3.35] and Lemma A.12.

Lemma A.14. Let Q C R™ be open and let f € T/Vlf)cl(Q) Then there is a representative
g : Q — C of f which has the AC-property on ). In particular, we have 0;g = D, f a.e.
on ,7=1,...,n. Here, D;f denotes the weak derivative of f.

Proof. Let Q) := & and Q) := {z € Q : dist(z, QC) > 1/k} N (—k, k)", k e N. Then
cach Q®) is open in R”, Q%)  Q is compact, Q® c Q*+D and J, Q*) = Q. By
[18, Thm. 1.41], for each k € N there exists a representative f(k) of f which has the
AC-property on Q%) Tt is clear that the function g:Q —C,

g:=> Louagu- - f¥
k=1

is a representative of f. Let us show that it has the AC-property on €.

First of all, for each k € Nand ¢ € {1,...,n} there exists a set Lgk) C R*! of measure
zero such that fi(,l;) is LAC on QEZ) for every z € R”_l\LZ(.k). Let L :=J;, Lgk).

Fix k € N. Then f*tD) = ) ae on Q%) In particular, by Lemma A.12, for
each i € {1,...,n} there exists a set Mi(k) C R"! of measure zero such that for all
x € ]R”_l\Mi(k) we have that fi(’iﬂ) = f;l;) a.e. on QEI;) Let M :=J, Mi(k).

Let N := LUM C R" 1. Then N is a null-set, and for each i € {1,...,n}, each
k € N, and each x € R"_I\N we have that fiSI;) is LAC on Q(k and f(kJrl = l.(vl;) on

k 1 k
( )

1,2

o). indeed, since almost everywhere on ngz), and since both functions are

1,T )
continuous on the open set 2", they agree everywhere on ngx) Now, if i € {1,...,n},
z € R"I\N, and if K C Q;, is compact, then (J,, QZ(’;) is an open cover of K. Thus,
there is some k = k(i,z, K) € N such that K C QE? and g;, = fZ(I) on K. Therefore,
iz is LAC on € ;.

For the “in particular”-part, it suffices to prove that d;g = D;f almost everywhere
on every open rectangular cell R = H;'L:1(aj>bj) satisfying R C 2. To see this, set
R; = [],4(a;,b5) C R™~1 and observe that for any ¢ € C°(R) we have

/(a g)- sody+/ - (0s0) dx
//gm iz (t dtdx+// Gie(t); o (t) dt dz = 0.

Hence, [,(0ig — Dif)pdx = [o(f — 9)dipdx = 0 for every ¢ € C°(R). The claim thus
follows from the fundamental lemma of the calculus of variations (see for instance [2,
Section 4.22]). O

We close with this subsection with a result that generalizes Lemma A.12 in the case
n = 2 to sections of R? that are not necessarily parallel to the coordinate axes.

Lemma A.15. Let N C R? be a null-set, and let (a,b) € R?\{0}. Then there is a
null-set Ny C R? such that for all (z,w) € R?\ Ny, we have

(z + ta,w + tb) € R:A\N for almost all t € R.
Remark. The set of ¢ € R for which (z + ta,w + tb) € R?\N depends on (x,w).



A QUANTITATIVE SUBSPACE BALIAN-LOW THEOREM 35

Proof. Set 0 := (a,b) € R*\{0}, and choose ¢ € R*\{0} with o L 6. Let us define
T :R? - R? (t,s) — tO+ sp. Note that T is linear and bijective, so that the same holds
of T71. In particular, T and T~! are Lipschitz continuous, and thus map null-sets to
null-sets.

Let N := T~!N C R2 By Lemma A.12, there is a null-set Ni C R such that for all
s € R\Vy, the set Nl,s = {t € R: (t,s) € N} is a null-set. Let Ny := T(RxN;), and
note that Ny C R? is indeed a null-set.

We claim that if (v,w) € R*\Ng, then (z + ta,w + tb) € R?\N for almost all
t € R. To see this, let (z,w) € R?2\Ny. This implies (x,w) = T(to,so) for certain
(to,s0) € Rx(R\N}), so that Ny, is a null-set. Finally, if t € R\(N; 4, — to) (which
holds for almost all t € R), then t+t( ¢ NLSO, which means that (¢ + tg, s9) ¢ N = T~!N,
and hence (z + ta,w + tb) = T(t + to, 50) € R?\N, as claimed. O

A.4. Invariance properties of Gabor spaces

Lemma A.16. Let g € L?(R) and let A C R? be a lattice. Define G := G(g,A) Then
m(A)G C G for all A € A.

Proof. For A\, X € A, there exists a unimodular constant ¢ = ¢(A,\') € C satisfying
7(A)w(N) = em(A+ ). Hence, 7(A)[w(\)g] € G. Since G is spanned by the elements
w(N)g, N € A, this shows w(\) C G for all A € A. O

A.5. Failure of the main result for general elements of G(g,A)

We close this paper with an example showing that the relation

dist (w(u,n) £, G(g, A)) = dist((,n), A) - [|f]]2. (A7)

which holds for f = g, does not extend to general f € G(g,A). The example is con-
structed based on a footnote in [6].

Example A.17. Let ¢ : R - R,z — e~™” denote the Gaussian. We will repeatedly
make use of the following two facts: First, [12, Theorem 7.5.3] shows that if a, 5 > 0,
then (p,aZxB7Z) is a frame for L?(R) if and only if a3 < 1. By Ron-Shen duality (see
[12, Theorem 7.4.3]), this implies that (¢, aZx Z) is a Riesz sequence (a Riesz basis for
its closed linear span) if and only if a8 > 1.

Set A := 2Zx27Z and Ag := AU ((1,0) + A) = Zx2Z. Then (p,A¢) is a frame for
L?(R) but not a Riesz sequence. Thus, the synthesis operator

T: (2%~ L*R), (ckoreez— » cke 7k, 30)¢
e

is surjective, but not injective, since otherwise the bounded inverse theorem would imply
that T is boundedly invertible, meaning that (o, Ag) is a Riesz basis for L2(R). In other
words, there exist /2 sequences ¢ = (emn)mnez and d = (dp, n)mnez With (¢, d) # 0 and

Z Cm,nﬂ'(va %n)(p = Z dm,nﬂ'(2m +1, %n)(p
m,neZ m,ne”L

ZW(I,O)[ Z Jm,nﬁ(2ma %n)w )

m,ne”
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where me = e%m"dm,n for m,n € Z. Then f := Em,nEZ Jm7nw(2m, %n)cp satisfies
f € G(p,A) and «(1,0)f € G(p,A). Now, once we show that f # 0, we will have
disproved (A.7).

To see that f # 0, we note that (o, A) is a Riesz sequence. If f = 0, we would have

d = 0 and therefore d = 0. In turn, the above identity gives 0 = Zm,neZ Cmanm(2m, %n)cp,

whence ¢ = 0, again since (¢, A) is a Riesz sequence. Therefore, f = 0 implies (¢,d) =0
which is a contradiction.

Acknowledgments

D.G. Lee acknowledges support by the DFG Grants PF 450/6-1 and PF 450/9-1.
A. Caragea acknowledges support by the DFG Grant PF 450/11-1. The authors would
like to thank Gotz E. Pfander and Peter Jung for fruitful discussions. The authors thank
the editor and anonymous reviewers for their valuable comments and suggestions which
improved the paper.

References

[1] R.A. Adams, J.J.F. Fournier, Sobolev spaces, second edition, Elsevier/Academic Press, Amsterdam,
2003.
[2] H.W. Alt, Linear functional analysis, Springer-Verlag London, Ltd., London, 2016.
[3] W. Arendt, M. Kreuter, Mapping theorems for Sobolev spaces of vector-valued functions, Studia
Math. 240 (2018), 275-299.
[4] A. Caragea, D.G. Lee, G.E. Pfander, F. Philipp, A Balian-Low theorem for subspaces, J. Fourier
Anal. Appl. 25 (2019), 1673-1694.
[5] A. Caragea, D. G. Lee, F. Philipp, F. Voigtlaender, Time-Frequency Shift Invariance of Gabor
Spaces with an So-Generator, arXiv preprint, arXiv:1904.12345.
[6] C. Cabrelli, U. Molter, G.E. Pfander, Time-frequency shift invariance and the Amalgam Balian-Low
theorem, Appl. Comput. Harmon. Anal. 41 (2016), 677-691.
[7] O. Christensen, An introduction to frames and Riesz bases, second edition, Birkhauser/Springer,
2016.
[8] I. Daubechies, The wavelet transform, time-frequency localization and signal analysis, IEEE Trans.
Inf. Theory 36 (1990), 961-1005.
[9] C. A. Desoer, B. H. Whalen, A note on pseudoinverses, J. Soc. Indust. Appl. Math. 11 (1963),
442-447.
[10] L.C. Evans and R.F. Gariepy, Measure theory and fine properties of functions, CRC Press, Boca
Raton, FL, 1992.
[11] G.B. Folland, Real Analysis, second edition, John Wiley & Sons, Inc., New York, 1999.
[12] K. Grochenig, Foundations of time-frequency analysis, Birkhduser, Boston, Basel, Berlin, 2001.
[13] K. Grochenig, D. Han, C. Heil, G. Kutyniok, The Balian-Low theorem for symplectic lattices in
higher dimensions, Appl. Comput. Harmon. Anal. 13 (2002), 169-176.
[14] H. Heuser, Funktionalanalysis, fourth edition, B. G. Teubner, Stuttgart, 2006.
[15] K. Hoffman, R. Kunze, Linear algebra, second edition, Prentice-Hall, Inc., Englewood Cliffs, N.J.,
1971.
[16] A. Holderrieth, Matriz multiplication operators generating one parameter semigroups, Semigroup
Forum 42 (1991), 155-166.
[17] S. Lang, Real and Functional Analysis, third edition, Springer-Verlag, New York, 1993.
[18] J. Maly, W.P. Ziemer, Fine regularity of solutions of elliptic partial differential equations, Mathe-
matical Surveys and Monographs, Vol. 51, Americal Mathematical Society, 1997.
[19] M. Ould-Ali, B. Messirdi, On closed range operators in Hilbert space, Int. J. Algebra 4 (2010),
953-958.
[20] M. Reed, B. Simon, Modern methods of mathematical physics, Vol. 1, Academic Press, 1980.
[21] W.P. Ziemer, Weakly differentiable functions, Springer-Verlag, New York, 1989.



A QUANTITATIVE SUBSPACE BALIAN-LOW THEOREM 37

A. Caragea: KU EICHSTATT-INGOLSTADT, MATHEMATISCH-GEOGRAPHISCHE FAKULTAT, OSTEN-
STRASSE 26, KOLLEGIENGEBAUDE I BAU B, 85072 EICHSTATT, GERMANY

Email address: andrei.caragea@gmail.com

URL: http://wuw.ku.de/7acaragea

D.G. Lee: KU EICHSTATT-INGOLSTADT, MATHEMATISCH-GEOGRAPHISCHE FAKULTAT, OSTEN-
STRASSE 26, KOLLEGIENGEBAUDE I BAU B, 85072 EICHSTATT, GERMANY

Email address: daegwans@gmail.com

URL: http://wuw.ku.de/71lee

F. Philipp: TECHNISCHE UNIVERSITAT ILMENAU, INSTITUTE FOR MATHEMATICS, WEIMARER STRA-
SSE 25, D-98693 ILMENAU, GERMANY
Email address: friedrich.philipp@tu-ilmenau.de

F. Voigtlaender: KU EICHSTATT-INGOLSTADT, MATHEMATISCH-GEOGRAPHISCHE FAKULTAT, Os-
TENSTRASSE 26, KOLLEGIENGEBAUDE I BAU B, 85072 EICHSTATT, GERMANY

Email address: felix@voigtlaender.xyz

URL: http://www.ku.de/?voigtlaender

URL: http://voigtlaender.xyz



6.3 Paper 3

113



1904.12345v3 [math.FA] 19 Jul 2022

arxiv

A BALIAN-LOW TYPE THEOREM
FOR GABOR RIESZ SEQUENCES OF ARBITRARY DENSITY

ANDREI CARAGEA, DAE GWAN LEE, FRIEDRICH PHILIPP, AND FELIX VOIGTLAENDER

ABSTRACT. We consider Gabor Riesz sequences generated by a lattice A C R? and a
window function g € L?*(R) which is well localized in both time and frequency. When g
belongs to the Feichtinger algebra, we prove that only those time-frequency shifts with
parameters from the lattice A leave the corresponding Gabor space invariant. This
improves on earlier results where only lattices of rational density were considered. A
slightly weaker result is proved—again for lattices of general density—under the regu-
larity assumptions of the classical Balian-Low theorem, where both g and its Fourier
transform belong to the Sobolev space H'(R). The proof relies on a combination of
methods from time-frequency analysis and the theory of C*-algebras, specifically the
so-called irrational rotation algebra.

1. Introduction

When working with Gabor frames, the window function g should have a good time-
frequency localization, so that the frame coefficients faithfully reflect the time-frequency
behavior of the analyzed function. The Feichtinger algebra So(RY) [12, 19] is a par-
ticularly popular window class. Among other advantages, choosing a window from Sy
ensures that the canonical dual window also belongs to the Feichtinger algebra [15], so
that for example the membership of a function f € L*(R?) in the modulation space
MP9(R?%) can be characterized in terms of the decay properties of its frame coefficients.
One crucial obstruction, however, is that a Gabor system with window belonging to
So(RY) can not form an orthonormal basis—in fact not even a Riesz basis—for L?(R?).
We call this phenomenon the Sy Balian-Low theorem; it is a consequence of the Amal-
gam Balian-Low theorem [2, Theorem 3.2]. The same no-go type result holds for the
case where g belongs to the space Hl(Rd) consisting of functions in the L?-Sobolev
space H'(R?) whose Fourier transform also belongs to H'(R%). This is the classical
Balian-Low theorem; see [14, Theorem 8.4.5] for the case of orthonormal bases, and [10,
Theorem 2.3| for the general case.

Yet, even though a Gabor system with g € So(R?) cannot form a Riesz basis for all of
L?(R%), it might still be a Riesz sequence, that is, a Riesz basis for its closed linear span
G(g, M), at least if G(g, A) is a proper subspace of L?(R%). In this case, one might wonder
about further properties—in addition to being a proper subspace of LZ(]Rd)—that the
Gabor space G(g,A) has to have. One important property in time-frequency analysis is
the invariance of G(g, A) under time-frequency shifts T, M. For lattices A of rational
density and for dimension d = 1, it was observed in [4] that if (g, A) is a Riesz sequence
and if g € Sp(R), then the set of parameters (a,b) € R? such that G(g,A) is invariant
under the time-frequency shift T, M}, is exactly equal to A. A multi-dimensional variant
of this was derived in [5].

2010 Mathematics Subject Classification. Primary: 42C15. Secondary: 42C30, 42C40.
Key words and phrases. Gabor systems; Riesz sequences; Time-frequency shifts; Balian-Low theorem;
Ron-Shen duality; Completeness of Gabor systems; Feichtinger algebra; Irrational rotation algebra.
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These results generalize the Sy Balian-Low theorem to subspaces of L?(R). Indeed,
to derive the Sy Balian-Low theorem from the above result, note that if G(g,A) = L?(R)
then G(g, A) is invariant under all time-frequency shifts, even under those with (a,b) ¢ A;
hence, g cannot belong to Sy. A corresponding generalization of the classical Balian-Low
theorem was proved in [6]; a quantitative version can be found in [7].

We emphasize that in all articles [4, 5, 6, 7] it is assumed that the generating lattice
A has rational density. This restriction is needed in order to utilize the Zak transform
which is used extensively in [4, 5, 6, 7]. It is thus natural to ask whether the results in
[4] and [6] still hold for lattices with irrational density.

In a sense, this question has analogies with the research concerning the regularity of
the canonical dual window of a Gabor frame. In 1997 it was shown (see [13, Theorem 3.4])
that if g € Sp(RY) generates a Gabor frame for L?(RY) over a lattice of rational density,
then the canonical dual window also belongs to So(R?). It was conjectured in the same
article that this property continues to hold for general lattices. Six years later, this
conjecture was confirmed by Grochenig and Leinert [15] by using C*-algebra methods.

Here, we likewise extend the result in [4] to arbitrary lattices:

Theorem 1.1. If g € So(R) and A C R? is a lattice such that the Gabor system (g, )
is a Riesz basis for its closed linear span G(g,\), then the time-frequency shifts Ty M,
that leave G(g, A) invariant satisfy (a,b) € A.

As indicated above, the Zak transform is a powerful tool for analyzing Gabor systems
generated by lattices with rational density; yet, it is not of much use in the case of
irrational density lattices. Consequently, the methods used in the present paper differ
substantially from those in [4, 5, 6, 7]: Instead of applying the Zak transform and thus
dealing with functions on R?, we work directly with the given objects and exploit the
rich theory of time-frequency analysis. Along the way, we obtain several new statements
related to time-frequency shift invariance that are interesting in their own right.

The proof of Theorem 1.1 consists of several steps. First, for g € Sp(R) and only
assuming that (g, A) is a frame sequence—that is, a frame for its closed linear span—we
prove the following dichotomy:

Either (g,A) spans all of L*(R), or the set of (a,b) € R? for which (D)
T, My leaves G(g, A) invariant is a lattice containing A as a sublattice;

see Theorem 3.4. This result significantly reduces the range of parameters (a,b) that we
need to consider. Next, we give a characterization for the invariance of G(g, A) under a
time-frequency shift T, M, with (a,b) ¢ A in terms of the adjoint system of (g, A); see
Theorem 4.2. This characterization holds for general g € L?(R), not only for g € Sp(R).
Combining this characterization with a deep existing result about traces of projections
in the so-called irrational rotation algebra (see [24, 25]), we arrive at the conclusion of
Theorem 1.1.

With Theorem 1.1 established for g in the Feichtinger algebra, it is natural to ask
whether the same statement holds in the setting of the classical Balian-Low theorem,
that is, when g has finite uncertainty product ([ 2?|g(z)* dz) - ([ w?|g(w)]? dw) < o0, a
condition which we simply write as g € H'. Unfortunately, we were not able to prove a
full-fledged version of Theorem 1.1 for g € H'; the best we could do is to show that the
dichotomy (D) described above for g € Sy still holds for g € H!.

The outline of the paper is as follows: After recalling the necessary background on
Janssen’s representation, time-frequency shift invariance, symplectic operators, and the
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two spaces Sp(R) and H' in Section 2, the paper proper starts in Section 3, where we
prove the dichotomy (D) described above, for g € So(R)+H?!. Next, in Section 4 we show
that one can reduce to the case of a separable lattice A = oZ x 5Z, with an additional
time-frequency shift of the form 7,,,, for some v € N>o. For this setting, we then
derive a characterization in terms of the adjoint Gabor system. Throughout Section 4,
the generating function ¢ is only assumed to be in L?(R). The paper culminates in
Section 5, where we prove Theorem 1.1. Finally, Appendix A contains a short treatise
on the irrational rotation algebra and a corresponding result that is crucial for our proof
of Theorem 1.1.

2. Preliminaries

For a,b € Rand f € L?(R) we define the operators of translation by a and modulation
by bas Tof(@) = flw—a) and Myf(z) = e f(a),
respectively. Both T, and M, are unitary operators on L?*(R) and hence so is the time-
frequency shift
m(a,b) =T, M, = e~ 2miab VLT
A lattice A C R? is any set of the form A = AZ? with an invertible matrix A € R?*2.
The density of A is defined by d(A) = |det A|~!. Note that AZ? = Z? if and only if

A € 7°%? and det A = £1. This will be used heavily in the proof of Proposition 3.1
below.

A lattice A is called separable if A can be chosen to be diagonal, i.e., A = aZ x 57 with
a, B > 0. The next lemma shows that every lattice can be transformed into a separable
one by means of a symplectic matrix; this will be used frequently.

Lemma 2.1. Let A € R?*? be a non-singular matriz. Then there exists C € R**? with
det C =1 such that CA is diagonal, i.e., CAZ? is separable.

Proof. Write A = (2%) and note A := ad—bc # 0. If a # 0, choose C' = <1tlz,c//f 7“?/A>
Then a simple calculation yields det C = 1 and CA = diag(a, A/a). In the case a = 0
we have b # 0 # ¢ as A is non-singular. Then C := ( —d/b 1) satisfies det C' = 1 and
CA = diag(c, —b).

For a subset M C L%*(R), we denote its closure by M. Then, for g € L?*(R) and a
lattice A C R? we set

A):={r(N)g:reA} and G(g,A) = M(g,A) c L*(R).

For the Fourier transform, we use the normalization F f(§) = [p f( —2mig
for f € LY(R). It is well-known that F extends to a unltary map .7-" L*R ) — L2(R).

2.1. Bessel vectors and Janssen’s representation

Let A = aZ x [Z be a separable lattice with o, 8 > 0. The adjoint lattice of A is
defined as A° = %Z X éZ. We say that g € L2(R) is a Bessel vector for A if the system

(9,A) is a Bessel system in L?(R), meaning that the analysis operator Cy 4 corresponding
o (g,A) is bounded as an operator from L?(R) to ¢*(Z?). It is defined by

Cngf = ({f TnaMnp9)) ez | € L*(R).
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We denote the set of Bessel vectors for A by By. This is a linear subspace of L?(R)
which is dense because it contains the Schwartz space S(R); see [14, Corollary 6.2.3]. It
is well known that By = Bpe (see [26, Theorem 2.2(a)]) and that

Z <fu TmaMnﬁg><TmaMnﬁha u> = i Z <h7 Tk M£g><TﬁM£ f u> (2'1)
m,ne’ Oéﬁ kL7 7 “ e

whenever at least three of f, g, h,u € L?>(R) are Bessel vectors for A; this follows from
[20, Proposition 2.4]. Formula (2.1) yields a useful representation (the so-called Janssen
representation) of the cross frame operator Sy 45 : L*(R) — L?(R) associated to Bessel
vectors g, h € Bp. This operator is defined by

SA,g,hf = Z <fa TmaMnﬁg> : TmaMtha f € LQ(R)' (2'2)

m,ne”L

Equation (2.1) implies that

1
S = — h, Tyx M -Tw M if h € Bj. 2.3
AghS b Ige:; T §9> sMef i fog,h € Ba (2.3)

The series in Equations (2.2) and (2.3) both converge unconditionally in L*(R).

2.2. Time-frequency shift invariance

For a closed linear subspace G C L2(R), we denote by J(G) the set of all pairs
(a,b) € R? such that G is invariant under the time-frequency shift 7(a, b); that is,

3(G) = {z eR?: 7(2)G C G}.

If G = G(g, A) for some g € L?(R) and a lattice A C R?, then clearly A C 3(G). Any time-
frequency shift 7(z) with z € J(G)\A will be called an additional time-frequency shift
for G(g,A). For Gabor spaces G = G(g, ), the set J(G) has some additional structure:

Lemma 2.2 ([3, Proposition A.1]). Let g € L?>(R), let A C R? be a lattice, and define
G:=G(g,N). If z € R?, then z € 3(G) if and only if n(2)g € G. Moreover, 3(G) is a
closed additive subgroup of R2.

Lemma 2.2 shows that z € J(G) implies —z € J(G), i.e., 7(2)G C G and 7(2)"1G C G.
Hence, we have 7(2)G = G whenever z € J(G).

The next lemma characterizes the case when G is invariant under all time-frequency
shifts.

Lemma 2.3. For a closed linear subspace G C L*(R), G # {0}, we have J3(G) = R? 4
and only if G = L*(R).

Proof. Clearly, if G = L?(R), then J3(G) = R?. Conversely, assume that J(G) = R? and
let f € G and g € G\{0}. Then (f,7(2)g) = 0 for all z € R?, so that the short-time
Fourier transform V, f of f with window g satisfies V;,f = 0. By [14, Corollary 3.2.2]
and since g # 0, this implies f = 0. We have thus shown G = {0}, whence G = L*(R),
since G is a closed subspace of L?(R). O



2.3. Symplectic operators

It is often useful to reduce a statement involving a non-separable lattice to one that
involves a separable lattice, since separable lattices are usually easier to handle. For this
reduction, we will use so-called symplectic operators (see [14, Section 9.4]). Since we are
working in dimension d = 1, a matrix B € R?*? is symplectic if and only if det B = 1;
see [14, Lemma 9.4.1]. For any such matrix B, it is shown in [14, Equation (9.39)] that
there exists a unitary operator Up : L?(R) — L?(R) such that

Upp(z) = p(B2)Up, z€R?, (2.4)

where (as in [14, Page 185 and Equation (9.25)])
pla,b) == e™® . 7(a,b).
In the sequel, we fix for each B € R?*? with det B = 1 one choice of the operator Ug,
and for functions g € L%(R), closed subspaces G C L?(R), and sets A C R? we write
gB ‘= UBg, QB = UBg7 and AB := BA.
As shown in [14, Page 197], given B,C € R?*? with det B = detC = 1, we have
UpUc = 9370 Upc for some 93’0 € C with ‘QB,C| =1.
Note that (2.4) implies

n(z)g € G <= 7w(Bz)gp € Gp, z € R2 (2.5)

Therefore, (g,A) is a frame (Riesz basis, resp.) for its closed linear span G if and only
if (¢9p,Ap) is a frame (Riesz basis, resp.) for its closed linear span Gp. Thanks to
Lemma 2.2, the equivalence (2.5) also implies that

J(Gg) = B3(9). (2.6)
2.4. The Feichtinger algebra

We denote by So(R) the Feichtinger algebra, which is the space of functions f € L?(R)
such that (f,7(-)¢) € L'(R?) for some (and hence every; see [14, Proposition 12.1.2])
Schwartz function ¢ # 0.

Recall that Sp(RR) is invariant under each operator Up (cf. [14, Proposition 12.1.3]),
so that g € Sp(R) always implies gg € So(R) for B € R?*? with det B = 1. Also, each
g € So(R) is a Bessel vector for any (separable) lattice (see e.g. [14, Propositions 6.2.2
and 12.1.4]). Since for g, h € Sp(R) and any «a, 5 > 0 the sequence (<h’TmaM"ﬁg>)m,n€Z
belongs to ¢1(Z?) (see [14, Corollary 12.1.12]), it follows from (2.3) and from the density
of By in L%(R) that

1
Sagn = o3 > <h,T%M£g> ‘T M, with A =aZx BZ, (2.7)
kLEZ

where the series converges absolutely in operator norm.
2.5. The space H!

Let H'(IR) denote the space of all functions f in L?(R) for which the weak derivative f’
exists and belongs to L?(R). In other words, H*(R) = W12(R) is an L2-Sobolev-space.
It is well known (see [21, Theorem 7.16]) that each f € H'(R) has a representative that
is absolutely continuous on R and whose classical derivative exists and coincides with
the weak derivative f’ almost everywhere.
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By H! we denote the space of all functions f € H'(R) whose Fourier transform f
also belongs to H'(R). Equivalently, a function f € L?*(R) is in H' if and only if
f,Xf e L?(R), where X f represents the function R — C,z + xf(z). The space H!
also coincides with the modulation space M2 (R) with the weight m(z,w) = 14+v/22 + w?;
see [16, Corollary 2.3].

As shown in [6, Proof of Theorem 1.4], the space H' is invariant under symplectic
operators, meaning that Ugg € H' if g € H' and B € R**? with det B = 1.

3. Time-frequency shift invariance: A closer look

In this section, we first establish a certain trichotomy concerning the set of invariant
time-frequency shifts. We then show that one of the three cases of the trichotomy is
excluded if the generator function ¢ is “sufficiently nice”.

The next theorem establishes the trichotomy: the invariance set J(G) either fills the
whole space R2, or it consists of equispaced lines that are aligned with the lattice, or it
is a refinement of A (and in particular a lattice itself). Note that this holds regardless of
the regularity of the generator g or the (frame) properties of the Gabor system (g, A).

Proposition 3.1. Let H be a closed additive subgroup of R? and suppose that H > A for
a non-degenerate lattice A C R?. Then there exist \1, \a € A satisfying A = Z- 1 +7Z- \a
and m,n € N>y such that exactly one of the following conditions holds:

(1) H =R2.

(2) H=R-\ +Z-22.

(3) H=Z -2 + 7 22,
In particular, if A C R? is a lattice and g € L?(R), then one of the above cases holds for
H=73(G(g.7A)).

Proof. By [17, Theorem 9.11], there are o, 8 € Ny and linearly independent vectors
Tl TasYls-- -,y € R? (hence, o + B < 2) such that

H=Rx;+ - +Raqg+Zy +-+ Zys.

Since H contains the non-degenerate lattice A (and thus two linearly independent vec-
tors), we must have a + 8 = 2. Hence, there are three cases:

(i) (a,B) = (2,0) and hence H = R?,
(i) (o, B8) = (1,1), so that H = Rv + Zw with linearly independent v, w € R?,
(iii) (o, B) = (0,2), so that H is a (non-degenerate) lattice.

Clearly, in Case (i), Condition (1) of the statement of the theorem holds. Let us discuss
the case (ii): H=R-v+Z- -w. Let A=7Z-p+7Z- X be an arbitrary representation of
A. Since A C H, there exist m,n € Z and s,t € R such that

[, N] = [s0 + mw, tv+ nw] = [v, w] L*; ;L] .

Note that y, A are linearly independent, and hence sn —tm # 0, so that d = (sn—tm)~!

is well-defined. Furthermore, we see

vl = | ]

S
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which shows that v = d(ng—mA) and thus R-v = R- )\ with some A\; € A. By rescaling
A1, we can ensure that $A; & A for each k € Z\{—1,0,1}. Note because of R-v =R -\
that H =R -\ +Z - w.

Now, there exists Ao € A such that A = Z - A\; + Z - \y. Indeed, writing A = AZ?
with A = [a1,as] € R?*? invertible, there exist i,j € Z such that A\ = iaj + jas. The
numbers 4, j are necessarily coprime, since %)\1 ¢ A for k € Z\{—1,0,1}. Hence, by
Bézout’s lemma there exist k,l¢ € 7Z such that if — jk = 1. Set Ay = kay + fas. Then
A1, A\2]Z% = A [l k] AZ2 A. Since A2 € A C H, there exist ¢ € R and v 6 7
such that A\oa = o A1 +vw. Then v # 0 and so H = R- )\ —|—Z-(7 —2X) =R AN +7Z-2
Hence, Condition (2) of the statement of the theorem holds.

Assume now that Case (iii) holds: H is a lattice, i.e., H =Z - v + Z - w with linearly
independent vectors v, w € R?. Write A = Z-u+Z-\ with linearly independent \, u € R2.
Then, because of A C H, there exist a,b, c,d € Z such that

1z

[, Al = [av + cw, bo + dw] = [v, w] [Cc‘ Z] = [v,w] - A, (3.1)

with A € Z?*2. Let A = MDN~! be the Smith canonical form of A (see, for instance
[22, Theorem 26.2] or [18, Theorem 3.8]), where M, N, D € Z**? with det M = det N = 1
and D is a diagonal matrix. Note that A (and hence D) is invertible; this follows from
(3.1) since p and X are linearly independent. Moreover, note that [y, /\]N D™ = [v,w]M.

Define A1, Ao € A via [A1, Ao] := [p, A]N. Then
A= [, N7 = [, AINZ2 = M\, ) Z2 =Z -\ +Z - Do
Further, writing D = diag(m,n) with m,n € Z\{0}, we see
H = [v,w]Z? = [v,w]MZ? = [s, \ND ' 72> = [\, o] D722 = 7. | R ‘ 2.

This completes the proof of the theorem, since the conditions (1)—(3) are clearly mutually
exclusive. O

The example below shows that Case (2) in Proposition 3.1 can occur for H=3(G(g, A))
for every lattice A with density smaller than one—even if (g, A) is a Riesz sequence.

Example 3.2. Due to Equation (2.6) and Lemma 2.1 it suffices to construct an example
for a separable lattice A = aZ x BZ with o, > 0, af > 1. For m € Z, define
E,, :=ma+ |0, ] and let g :=+/B - 1g,. Then

MnﬁTmag(x) = \/E - eminfe, 1[0’%](1; - ma) = \/B - g2minfa 1g, (SL‘)

Hence, for any m € Z the system (T}, My39)nez is an orthonormal basis for the subspace
L%*(E,,) of L?>(R). Note that, since % < «a, we have [0, B] [0,a]. The system (g,A)
is thus an orthonormal basis for G := L*(E) C L*(R), where E = J,,c; Em. Note
that R\E has positive (even infinite) measure, so that G C L?(R). Moreover, for any
w € R we have Mg = /B - €™ . 1p, € L?(Fy) C G. Therefore, Lemma 2.2 shows
{0} x R € J(G), which can only occur in Case (2) of Proposition 3.1, since we would
have G = L?(R) in Case (1), see Lemma 2.3.

Note that the function ¢ in Example 3.2 is not well localized in frequency. In the
remainder of this section, we show that Case (2) in Proposition 3.1 cannot occur if
(g, M) is a frame sequence with a sufficiently nice window g. In this case, the trichotomy
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from Proposition 3.1 becomes a dichotomy. By ¢ being “sufficiently nice” we mean that
g € W(C,¢%), where

W(C, %) == {f € L*(R) : Ugf € W(C,(?) for all B € R**? with det B = 1}.

Here, W (C, ¢?) is the so-called Wiener Amalgam space consisting of all continuous func-
tions f: R — C satisfying

1/2
e = (X s @R) <o
ez TElk—1k+1]

Recall from Section 2.3 that if g € W(C, £2) and if B, C' € R?*? satisfy det B = det C' = 1,
then there is 0p ¢ € C satisfying UcUpg = 0p.c Ucpg € W(C,¢?). This shows that

Upg € W(C, (?) whenever g € W(C,¢?) and det B = 1.
Before we prove the announced theorem let us show that the function classes consid-
ered in this paper (namely, So(R) and H') are contained in W(C, ¢?).

Lemma 3.3. We have So(R) C W(C, ¢?) and H' C W(C, £?).

Proof. If g € Sp(R), then [14, Proposition 12.1.3] shows that Ugg € Sy(R) for each
B € R?*? with det B = 1. Similarly, if g € H!, then [6, Proof of Theorem 1.4] shows
that Upg € H' for each B € R?>*? with det B = 1. Therefore, it suffices to show that
So(R) € W(C,¢2) and H' c W(C,¢?).

First, if f € So(R), then [14, Proposition 12.1.4] shows that f € L(R). By Fourier in-
version, this implies that f has a continuous representative. Furthermore, by [14, Propo-
sition 12.1.4] we have f € W(L*>, (). Combined with the embedding ¢*(Z) < (*(Z),
this easily implies f € W (L, ¢?) and thus f € W (C, £?).

Next, if f € H' ¢ H! = WH2(R), then [21, Theorem 7.16] shows (after changing
f on a null set) that f is absolutely continuous, and hence continuous, and satisfies
f(z) — f f'(t)dt for all y < x, where f’ € L?(R) is the weak derivative of f.
Now, note that 1f n e Z and z,y € [n — 1,n + 1], then

n+1

F@)] < |f )] + / PO < 1F ) + / ()] di

min{z,y} n—1

max{z,y}

n+1

<trwl+ve( [ iror ) "

and hence |f(z)|? < 2|f(y)|* + 4fn+1 (t)|? dt. Integrating this over y € [n — 1,n + 1]
gives

n+1 n+1
Af@P<2 [ Py [ 1w

n—1

for all x € [n — 1, + 1], which finally implies

n+1
11, <Z(/ L) dy 4 / 1 |f'<t>|2dt)s||f||%z+||f'|%z<oo,

nez
and hence f € W(C, ¢?). O

Our next result shows that Case (2) in Proposition 3.1 cannot occur if (g, A) is a frame
sequence with generator g € W(C, ¢2)\{0}.
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Theorem 3.4. Let g € W(C,/?)\{0} and let A C R? be a lattice such that (g,\) is a
frame for G = G(g,\). Then either 3(G) = R? or there exist A1, Ao € A and m,n € N>
such that

A=Z-M+Z-X and 3G)=Z 2 +7. 22 (3.2)

Proof. Let us assume J(G) C R2  Writing H = J(G), the two possibilities in (3.2)
represent the cases (1) and (3) from the trichotomy in Proposition 3.1. It is thus enough
to show that Case (2) from that theorem cannot occur. Therefore, we assume towards
a contradiction that Case (2) holds, i.e., there are A\j, A2 € A and n € N>; such that
A=Z-\M+Z A and J(G) =Z -2 + R Xy

Step 1. We first derive a contradiction for the case A\; = (a,0)" and Ay = (0,3)"
with some «, 8 > 0. Then A = aZ x Z, and {0} x R C J(G). For f € G we thus have
M,f € G for all w € R. By [27, Theorem 9.17] (applied to the translation invariant
space F!G, with F denoting the Fourier transform), there exists a Borel measurable
set E C R such that G = L?(E), where we consider L?(E) as a closed subspace of L?(R),
in the sense that L?(E) = {f € L*(R): f =0 a.e. on R\E}.

Our goal is to show that £ = R, up to null-sets. This will imply G = L?(E) = L%(R)
and hence J(G) = R?, providing the desired contradiction. Towards proving E = R, let
us consider for given f € L?(R) the continuous function I'y : R — R defined by

Ff(w) = <Swa7 wa>7 weR,

where S : L?(R) — G denotes the frame operator of (g, A). By [14, Proposition 7.1.1],
the operator S has the Walnut representation

(Sf,h) =p~1 Z<G” . T% fih) YV f,h € L(R) with compact support,
neZ
where only finitely many terms of the sum do not vanish, and where
Gp(x) ::Zg(m—moz)-g(x—%—ma), xreR,neZ.
meZ
The fact that g € W(C,(?) easily implies that the series defining G,, converges locally

uniformly, and that the G, are continuous functions. Since G, is also a-periodic, this
means that each G,, is bounded.

Now, since multiplication with G,, commutes with the modulation M,,, using the
identity T, /5M,, = eiQmEWMan/ﬁ7 we get

Tp(w)=p" Z 6727”%“%(;” : T% 5Hh V f € L°(R) with compact support, (3.3)
nez

where there are only finitely many n € Z (depending only on f, but not on the choice
of w) for which (G, - T%f, ) #£0.

As (g,A) is a frame for G and M, f € G for all w € R and f € G, there exists A > 0
such that I'y(w) = (SMy,f, My, f) > Al f||3, for all f € G. Let us write L°(E) for the
set of all compactly supported f € L°°(R) which satisfy f = 0 on R\E, and note that
LX(E) C L*(E) = G. For f € L°(E), integrate the estimate I'(w) > Al|f||2, over
[0, 5] and apply Equation (3.3) to see

B n
BANIE: < 87 (G Ty £.1) [ 5 do = (Gof. ) = (0.,

neZ



10 A. CARAGEA, D.G. LEE, F. PHILIPP, AND F. VOIGTLAENDER

where h:= Gy =3, .7 |Tmag|*. We have thus shown

/E(h(ﬂc)—ﬁA)-lf(w)IQda: >0 VfeLX(E).

Using standard arguments, this implies that h(z) > SA for almost all x € E.

Since T g € G = L*(E) and thus T}, g(z) = 0 for almost all # € R\ E and arbitrary
m € Z, it follows that h(z) = 0 for almost all z € R\E. Recall from above that
h(z) > A for almost all x € E; thus, h(z) € {0} U[BA, c0) almost everywhere. Also
recall from above that h = Gg is continuous. Hence, the open set h=1((0,3A)) has
measure zero and is thus empty; that is, h(z) € {0} U [5A,00) for all x € R. By the
intermediate value theorem, this implies that h(x) > BA for all z € R (since h > |g|?
and g # 0) and thus, indeed, £ =R (up to null-sets), since h(z) = 0 a.e. on R\E.

Step 2. Let A be a general lattice. Recall that A = ZA1 +Z)\ and J3(G) = Z% + RAs.
By Lemma 2.1 there exists B € R?>*2 with det B = 1 such that B[\1, \s] = diag(a, 3)
for certain a, 3 € R\{0}. We thus obtain Agp = BA = B[\1, \2]Z? = |a|Z x |B|Z and

3(Gr) = BIG) = B[\, Aol diag(5;, 1)(Z x R) = diag(5, |)(Z x R) = [}1Z x R:
see (2.6). In particular, {0} x R C J(Gg). Hence, since gg = Ugg € W(C,¢?) and
(98, AB) is a frame for G = UG C L*(R) (cf. Subsection 2.3), we are in the situation
of Step 1, which we proved to be impossible. O

By combining Theorem 3.4 and Lemma 3.3, we obtain the following corollary.

Corollary 3.5. Let g € So(R)\{0} or g € H'\{0} and let A C R? be a lattice such that
(g,A) is a Riesz basis for G := G(g,\). Then J3(G) is a refinement of A as in (3.2).

Proof. By the Balian-Low theorem [10, Theorem 2.3] and the Amalgam Balian-Low
theorem [2, Theorem 3.2], it is not possible that G = L?(R). Therefore, Lemma 2.3
implies J(G) # R2. The rest follows from Lemma 3.3 and Theorem 3.4. O

4. Time-frequency shift invariance: Duality

Let us consider a Gabor Riesz sequence (g, A) with g € W(C, ¢?) as in the previous
section, and assume that G := G(g,A) € L?*(R), but that there exists an additional
time-frequency shift, meaning J(G) # A. In view of Theorem 1.1 it is our goal to show
that this is impossible, at least if g € Sy. To make the situation more accessible, we
first reduce to the case where A = aZ x 7 is separable, and where the additional time-
frequency shift is of the form (£, 0)" for some v € N>o, meaning that 7, /v 9 €G. After
that, we provide a characterization of this simplified condition in terms of the adjoint
Gabor system. It is this characterization that we will use to prove our main result,
Theorem 1.1, in the next section.

Lemma 4.1. Let g € W(C,?)\{0} and let A C R? be a lattice such that (g,A) is a
frame for G .= G(g,A). If G # L*(R) and 3(G) # A, there exist a matriz B € R?*? with
det B =1 and o, > 0 such that Ap = oZ x BZ and (%,O)—r € J3(Gg) for some v € N,
v>2 (ie., T%gB €Gp).

Proof. Due to Theorem 3.4 and Lemma 2.3, we have A= [\, \o] Z? and J(G) = [2L, 22 72

m’n

for suitable vectors A1, Ao € R? and m,n € N\{0}. We may safely assume that m # 1.
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Indeed, since J(G) # A, we have (m,n) # (1,1). If m = 1, then with J = [ ° {] also
A=A\, A]JZ2 = [-Xo, \]Z? and 3(G) = [=22, 21|72,

Now, by Lemma 2.1 there exists a matrix B € R?>*? with det B = 1 such that
B[, \o] = diag(«, 3), where a, 8 € R\{0}. Hence, Ap = BA = |a|Z x |3|Z and

3(Gp) = BI(G) = BlA1, Aol diag(L, 1yz2 = l2lz, . 1Bl7,
see (2.6). In particular, (‘%l, 0)" €3(Gp) and m > 2. O

In what follows, fix g € L*(R), o, 3 > 0, A = aZ x $Z, and v € N>g, and assume that
(9,A) is a frame for G = G(g,A). The adjoint system F := {T}/3My/og: k,{ €L} is
then a frame for its closed linear span K by [26, Theorem 2.2 (c)]. Note that K = L?(R)
if and only if (g,A) is a Riesz sequence (cf. [26, Thm. 2.2 (e)] or [14, Theorem 7.4.3]).

It is a natural question to ask what the existence of an additional time-frequency shift
of the form T% g € G means for the adjoint system F. To describe this, we set

Fo = {T%Me_uMig: k.l e Z}, s=0,...,v—1.

Again by [26, Theorem 2.2 (c)], Fy is a frame sequence if and only if the system
(g, S/ B7) is a frame sequence. In this case, each Fy is a frame sequence because
Mo Fo is, and multiplying the vectors of a frame sequence by unimodular constants
results in a frame sequence. We set L := span Fs for s € {0,...,v — 1}. Note that

K=Lo++ Ly

Indeed, the inclusion “D7” is trivial. Conversely, since F is a frame sequence, each f € K

satisfies [ = >} ycz he ThypMyjq g With a suitable sequence ¢ = (ck.o)keez € 02(Z?).

Since F is a Bessel sequence, fg:=>} jcz ChovtsTe Meisg € Ly is well-defined for
; e

s€{0,...,v—1},and f = fo+ -+ fu_1 € Lo+ -+ L,-1. Finally, it is clear

that Lo = M s L.

In the sequel, the symbol B denotes the direct (not necessarily orthogonal) sum of
subspaces, whereas @ is used to denote an orthogonal sum. The next theorem charac-
terizes the existence of an additional time-frequency shift for G in terms of properties of
the adjoint system F.

Theorem 4.2. Let g € L*(R) and «, 8 > 0, and assume that (g,aZ x BZ) is a frame
sequence with canonical dual window v € G, where G = G(g,0Z x BZ). Let v € N>o,

and define the systems Fs and the spaces K, L, as above, and set S, 4 = S%ZXKZ'yg’

with notation as in Equation (2.2). Then the following statements are equivalent:
(i) T%g €qg.
(ii) (@B)71Sy Msg=050-g fors=0,...,v—1.
(iii) K=LeB---BL, 1.
(iv) <T%M£7,g> =0 forallk € Z and all { € Z\VZ.
If one of (1)—(iv) holds, then for each s = 0,...,v — 1 the system Fs is a frame for L

and the operator Py := (a/B)_lMS/aS%gM,S/a is the (possibly non-orthogonal) projection
onto L, with respect to the decomposition L*(R) = (LoB---B L, 1) ® K.
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Proof. First, note by Ron-Shen duality (see [26, Theorem 2.2(c)]) that F is a frame
sequence. We will frequently use the following fact (see [26, Theorem 2.3]):

(aB)"17 is the canonical dual window of F = {T%Még kL elL}; (4.1)

in particular, v € span F = K.
For the rest of the proof we set P := (a3)71S, , = (af)~ S%ZX v 7, g+ 1t is well known
(see for instance [14, Equation (5.25)]) that

PT'v Moy =Tk Mo P for all ]{J,EEZ. (4.2)
B o B o
Moreover, Equation (2.3) applied to the lattice %Z x 27 shows for f € B%ZXKZ that
Pf= Z Cmp - Tma Mugf — with Gy = £(g, Tme My 7). (4.3)
m,ne’

Let us denote the orthogonal projection onto the subspace K = span F by Px. Note
that Equation (4.1) implies Sle 17, (0f)- gl = idc and SlZXIZ(aB) gkt =0,

so that P = S 12x17,(aB)- Slmllarly, the orthogonal prOJectlon FPg onto Q satisfies

Pg = Sazx82,,g- Next using (4 3) and the elementary identity Y . _; Le2mifE — . 1,7(m),
we obtam

ZM PM_sf = Z > Cmn - MsTume MygM_s f

s=0 m,n€ezZ
v—1 '
= 3 e T T b m
m,ne’ s=0 ’
=V Z Cl/m,nTmaMnﬁf: Z <gaTmaMn,8’7>'TmaMnﬁf
m,ne’ m,ne”

(Bauation (23) = (aB) ' S17170,0f = S12x 17 (ap) 179 f = Picf:

for all f € B 17x1z and hence for all f € L?(R) by density. Here, we used that if
fe B%leZ’ then M_s f € B%lez C B%ZXKZ' Next, for s = 0,...,v — 1, we see by
another application of Equation (4.3) that

1
M_:PMsg =~ > (9, Tme Mygy) - M_xToma My 3Msg

m,neL
v—1

= - Z Z <97TmaMn5’7> : M—iTMaMnﬁMfg

m,neZ r=0 . ’

o (4.5)

- ;Zem% Tz Y (Teg, TnaMusy) - TnaMng g

= m,nEL
=- Z ™V - T_ra PgTrag,

where Py is the orthogonal projection onto G. Equation (4.5) shows that the vectors

= (M_sPM:g)'")  and = (T raPgTrag)’”
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in (LQ(R))V satisfy F,u = /v - v, where F, is the DF T-matrix F,, = y~1/2 (w”):;io
with w = e2mi/v,
With this preparation, we now prove the equivalence of the statements (i)—(iv).
()<(i): If Tag € G, then Lemma 2.2 shows that Trag € G for all r € Z, so that

T_raPglvag = g for all r € Z. Since Ly ™Y = 850 for s € {0,...,v — 1},
Property (i) then follows from (4.5). Conversely, if (ii) holds, then v = (g,0,...,0)",
which implies that u = /v - F*v = (g,9,...,9)". In particular, T o/ PTopg =g, ie.,
Ta/l,g €gq.

(ii)=-(iii): Since Pg = g, it is a consequence of (4.2) that P|., = I|z,. Furthermore,
for s € {1,...,v—1} and k,? € Z, Equation (4.2) implies

PTEMQMQQ = TEML,,PMgg = 0,
B a « B P @

which shows P|z, = 0. By using these observations and by noting £, = M, /alo, we
see for s € {0,...,v — 1} that Pz, = M, PM_,/o|zc, = I|z, and furthermore
Pilr. = Mr/aPM_T/ah;s =0 for s # r. Hence, the sum K = Lo B --- B L, is direct,
and Ps|x = My PM_, 4|k is the projection onto L with respect to this decomposition.
Finally, since v € K and since K is invariant under Tj/3M/,, it follows by definition
of P, = (aﬂ)*lMs/a S%Zx Y2 M_g,q that Pyl = 0. Therefore, Ps is the projection
onto L4 with respect to the decomposition L2(R) = (Lo B --- B L, 1) & K*.

Finally, we show that F, is a frame for L, where it clearly suffices to show this for

s = 0. Since Fy is a Bessel sequence, [8, Corollary 5.5.2] shows that we only need to
prove that the synthesis operator

D: (2% = L*R),  (cro)reen— Y ckeTs Mo g
kLEL 8 “

has closed range ranD = L. By definition of Ly = spanFy, we see ran D C L.
Conversely, if f € Lo, then f = Pf = (aB)71S,,f = (aB)"'Dc € ranD for the
sequence ¢ = (¢ o)k ez € £*(Z?) given by cx ¢ = (f, Tr/sMuya)-

(iii)=-(ii): Since P = (aB)~1S,4, we see by definition of S, , that ran P C Ly.
Hence, Pg — g € Ly. On the other hand, again as a consequence of ran P C Ly we see
that M, PM_g/q g € L, so that Equation (4.4) implies

v—1
Ly5Pg—g=Pg—Pcg=—> My,PM_ g€ Ly+ - +Ly 1, (4.6)
s=1
and thus Pg = g since the sum Lo+ - -+L,,_1 is direct. Similarly, for any s€{1,...,v—1}
we get because of ran P C Lo that M, PM_;/,g € Lg; but this implies as in Equa-
tion (4.6) that

Ls>MsPM_sg= P]CQ—ZMLPM_L g € Lo+span{L,: r # s} =span{L,: r # s}.
r#£S

Again, since Lo+ - -+ L,,_1 is a direct sum, this implies PM_s g =0fors=1,...,v — 1.

Since P commutes with M., /. (see (4.2)), we have PM(,_,) /o g = 0 and therefore

PM;ng=0fors=1,...,v—1

(i)=(iv): Note that (v,aZ x BZ) is a frame sequence and that G = G(v, aZ x BZ).
Further, Lemma 2.2 shows that 7,,/,g € G if and only if G is invariant under 7, ,,, if and
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only if T, /,v € G. Let us consider the setting above with g and + interchanged: Define
Fi={TsMwMs~: k,{ €L}, 5=0,...,v—1
B @

Then, by using the implication “(i)=-(iii)” in this setting, we get K* = L{HB---B L}

v—1»
where £ := span F} and K* = span F* with F* := {Tk/BMg/Oﬁ: k,¢ € Z}. Note that
K = K* by Equation (4.1).

We have S, , = S ;. Hence, My, P*M_;,, is the projection onto L3 with respect
to the decomposition L?(R) = (L5 @ ---B L} ;) ® K+. In particular, using the general
formula (ker T)* = ranT* for a bounded operator T : H — H (see [9, Remarks after
Theorem 11.2.19]) and the elementary identity (A 4+ B)* = At N B! for subspaces
A, B CH, we get

Ly=ranP* = (ker Py = (L B---BL, 1) Nk
For k.0 € Z and s € {1,...,v—1} this implies (Tx Me.y, M= g) = 0, which is equivalent
5w a
to (iv).
(iv)=-(ii): For s € {1,...,v — 1}, we have

PM:g = 1 > <M§g,T§M%7>T%M%g = 0.

Oéﬁ kLeZ
Thanks to Equation (4.4), this implies ¢ = Pcg = Pg. Overall, we have thus shown
PM,)og=0ds0g for all s € {0,...,v —1}. 0

Note that with P := (a3)71S, 4, the condition Pf = f for f € Lo means that (a3) 1y
is a dual window for the frame sequence Fy = (g, %Z x 7). However, it is possible that

v & Ly = span Fy.

5. Proof of the main theorem

In this section, we prove our main result, Theorem 1.1, which we state here once more
for the convenience of the reader.

Theorem 1.1. If g € So(R) and A C R? is a lattice such that the Gabor system (g, \)
is a Riesz basis for its closed linear span G(g,\), then the time-frequency shifts To My
that leave G(g, A) invariant satisfy (a,b) € A.

Proof. The claim is true if A has rational density; see [4, Theorem 1]. Thus, assume
that A has irrational density d(A) € R\Q. Write A = AZ? with an invertible matrix
A € R?*2,

Due to the Amalgam Balian-Low theorem [2, Theorem 3.2|, it is not possible that
G = G(9,A) = L*(R). Hence, G # L?*(R). Suppose towards a contradiction that
3(G) 2 A. According to Lemma 4.1 there exist B € R?*? with det B = 1 and o, 3 > 0
such that Ap = aZ x 7 and T%gB € Gp for some v € N>g9. Set h := gp and
Gn = Gp = G(h,aZ x BZ). Then h € So(R) by [14, Proposition 12.1.3] and T2 h € G.
Furthermore, note that with (g, A), also (h,aZ x B8Z) = (gp, Ap) is a Riesz sequence (cf.
Subsection 2.3).

Let v be the canonical dual window for (h,aZ x $Z). By Ron-Shen duality (see
[14, Theorem 7.4.3]), the adjoint system (h, %Z x 17) is a frame for L*(R). Let 7 denote
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the canonical dual window of (h, %Z X éZ), and note by Wexler-Raz orthogonality (see

[14, Theorem 7.3.1]) that (h,7%) = (aB)~!. Next, note that [26, Theorem 2.3] shows
7t = (aB)~ 1y and hence (h,v) = af - (h,~") = 1, which will be used below.

Since T,,/,h € G, Theorem 4.2 implies that Py := (aﬁ)flS%ZX vy, 1 an idempotent

(i.e., P2 = Py). We now wish to apply Theorem A.1 to derive a contradiction. To this
end, first note that af = (al(AB))_1 = |det BA| = |det A| = (d(A))_1 € R\Q. Next, set
U:=Mgand V :=Ta. A direct calculation shows that

UV =e>™VU,  where 0:=% cR\Q.

Note that also v € Sy(R); see [1, Theorem 7]. Hence, we may use Equation (2.7) and
obtain

1 1
Po=— > (hTmaMugy)Tma Myg = 3 —(h,V"U") VU, (5.1)
m,neL m,ne”Z

with coefficient sequence a = (amn)mnez == (3(h, V"U™)), . € (*(Z?). Therefore,

Theorem A.1 shows that % = apo € Z + 0Z, say % = m + nf for some m,n € Z.

We must have n # 0, since otherwise % = m € Z, in contradiction to v > 2. Thus,
B

0= % — 7 € Q, which is the desired contradiction, since 6 = % is irrational. O

Remark 5.1. On a first look, it might appear as if the proof of Theorem 1.1 would
also apply in case of ¢ € H': First, the classical Balian-Low theorem implies that
G :=G(g,A) € L*(R), so that Lemma 4.1 allows the reduction to a Gabor Riesz se-
quence (h,A) with h € H', a separable lattice A = aZ x 37, and an additional time-
frequency shift of the form T/, h € G. One can then apply Theorem 4.2 to see that that
L?(R)=LyHB---BL, 1. In the Sp-case, we then employed Janssen’s representation
(5.1) for the projection Py = (aﬁ)_lsémzzmhv which then led to success in the proof

of Theorem 1.1, thanks to existing results concerning the structure of the irrational ro-
tation algebra. However, in the case h € H' the series in (5.1) might not converge in
operator norm, so that one does not know whether Py belongs to the irrational rotation
algebra. Thus, the proof breaks down at this point.
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A. Appendix

In this section, we make use of a deep result concerning the structure of the irrational
rotation algebra Ay (see [11, 24, 25]) to prove the following auxiliary statement, which is
a crucial ingredient for the proof of our main result, Theorem 1.1. As usual, we denote
the set of all bounded linear operators from a Hilbert space H into itself by B(H).

Theorem A.1l. Let H # {0} be a Hilbert space and let U,V € B(H) be unitary and
such that UV = e*™ VU, for some § € R\Q. Ifa = (ak, )k ez € (Y (Z2) is such that the
operator P, := Zk,éez akﬂ/kUé satisfies P2 = P,, then apo € Z + 07.

The proof will make use of some parts of the theory of C*-algebras, which we recall
here for the convenience of the reader, based on [23]. Readers familiar with C*-algebras
will probably want to skip this part—except possibly Lemma A.2.

A C*-algebra is a (complex) Banach algebra (A, || - ||), additionally equipped with a
map A — A,z — x* (called the involution on A), satisfying the following properties:

o (z+y) =2 +y*, (A\z)* =Az*, and (zy)* = y* 2" and (z*)* =z forallz,y € A
and A\ € C;
o |[z*]| = ||z|| and ||z*z| = ||z|* for all x € A.

An element p € A is called an idempotent if p> = p. An idempotent p is called a
projection if additionally p = p* holds. A C*-algebra A is called unital if it contains a
(necessarily unique) element 1 € A satisfying 1 # 0 and 21 = 1z = z for all x € A.
In a unital C*-algebra A, an element z € A is called unitary if z*x =1 = zaz*. If A
is a unital C*-algebra and a € A, then o(a*a) C [0,00); see [23, Theorem 2.2.4]. Here,
o(b) = {\ € C: b— Al not invertible in A}.

Lemma A.2. Any idempotent e in a unital C*-algebra A is similar to a projection

p € A. That is, there exist a projection p € A and an invertible element a € A such that
—1

e=a""pa.

Proof. We set b := e*—e and z := 1+b*b. Note that z is invertible since o (b*b) C [0, 00).
We have

ez = e+ (e —ce’)(e" —e) = ec*e = e + (e — e)(e"e — €) = ze.

Consequently, ez~! = 27 le and, as z = z*, also e*2~! = 27 le*. Now, define the element

p:= ez 'e*. We have p* = p. Furthermore, since we just saw that z~! commutes with e
and e* and that ee*e = ze, we also see that p? = 2 ?(ee*e)e* = 2z~ lee* = p. Hence, p is
a projection. We further observe that ep = p and pe = ez le*e = 27!

Set a :==1 — p+ e. Then we see because of

ee*e =z lze =e.

(IFpte)ltpFe)=1tpFeFp—pt+etetp—e=1
that a is invertible with a=' = 1 + p — e. Hence, from ae = e — pe + e = e we obtain
aecal=e(l+p—e)=e+ep—e=ep=np,
which proves the lemma. O
A closed subspace B of a C*-algebra A is called a C*-subalgebra of A if it is closed
under both multiplication and involution. It is clear that B is then itself a C*-algebra.
As usual, given a subset S C A, there is a smallest (with respect to inclusion) C*-

subalgebra of A containing S. We call it the C*-algebra generated by S, and denote it
by C*(S).
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A map ¢ : A — B between two C*-algebras A and B is called a x-homomorphism if
it is linear and satisfies p(zy) = ¢(x) p(y) as well as p(z*) = [p(x)]* for all z,y € A. A
bijective x-homomorphism is called a x-isomorphism. Any #-homomorphism ¢ : A — B
necessarily satisfies ||¢(x)||g < |z]la for all x € A, and is hence continuous; see
[23, Theorem 2.1.7].

Proof of Theorem A.1. We will make use of the so-called irrational rotation algebra Ay,
as introduced for instance in [11, Chapter VI]. The actual definition of this algebra is
not relevant for us; we will only need to know that it satisfies the following properties:

e Ay is a unital C*-algebra;

e The algebra Ay is universal among all unital C*-algebras generated by unitary
elements U,V satisfying UV = e*™VU. Thus, defining A := C*(U,V) as a
C*-subalgebra of B(#) with U,V as in the statement of Theorem A.1, there is a
x-isomorphism ¢ : A — Ayp; this follows from [11, Theorem VI.1.4].

e As shown in [11, Corollary VI.1.2 and Proposition VI.1.3], there is a unique
(unital) trace T : Ag — C. By definition of a trace, this means in particular
that 7 is linear and continuous, satisfying 7(1) = 1 and 7(zy) = 7(yz) for all
z,y € Ayg.

e For any projection p € Ay, we have 7(p) € Z + 0Z; see [25, Theorem 1.2]. We
remark that this result was originally proven in [24].

Let us define 79 := 7 0 ¢, and note that 7% : A — C is continuous. It is easy to see
that 77 is linear with 79(idy) = 1 and 7%(AB) = 79(BA) for all A, B € A; this is called
the cyclicity of the trace. Next, from the relation UV = e*™ VU, we immediately get
for k, ¢ € Z that

Vka _ 6727Ti59Vk71UZV _ e*?ﬂ'Z‘kQkatUéfl.
Thus, noting that VU € A, we obtain 78(VFU?) = e 208V ) = e~ 2mik0-8(yk 1t
by cyclicity. As @ is irrational, this implies 7%(V*U?) = 0¢,00,0. Next, since we have
|[VFUY|| = 1 for all k, £ € Z and since a € ¢*(Z?), we see that P, = > kitez ar VU € A,
with unconditional convergence of the defining series. Hence,

Tu(Pa) = Z Ak - Th(VkUZ) = a0,0-
ke

Since P? = P, and since ¢ : A — Ay is a *-homomorphism, we see that e := ¢(P,) € Ay
is an idempotent. By Lemma A.2 there exist b,p € Ay such that b is invertible, p is
a projection, and e = b~!'pb. Thanks to the cyclicity of the trace, we thus see that
apo = 7(P,) = 7(e) = T(b7'pb) = 7(p) € Z + 0Z, as claimed. O
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Abstract

We prove bounds for the approximation and estimation of certain binary classification
functions using ReLU neural networks. Our estimation bounds provide a priori perfor-
mance guarantees for empirical risk minimization using networks of a suitable size, de-
pending on the number of training samples available. The obtained approximation and
estimation rates are independent of the dimension of the input, showing that the curse of
dimensionality can be overcome in this setting; in fact, the input dimension only enters
in the form of a polynomial factor. Regarding the regularity of the target classification
function, we assume the interfaces between the different classes to be locally of Barron-
type. We complement our results by studying the relations between various Barron-type
spaces that have been proposed in the literature. These spaces differ substantially more
from each other than the current literature suggests.

1 Introduction

This article concerns the approximation and statistical estimation of high-dimensional, dis-
continuous functions by neural networks. More precisely, we study a certain class of target
functions for classification problems, such as those encountered when automatically labeling
images. For such problems, deep learning methods—based on the training of deep neural
networks with gradient-based methods—achieve state of the art performance [35, 33]. The
underlying functional relationship of such an (image) classification task is typically extremely
high-dimensional. For example, the most widely used image data-bases used to benchmark
classification algorithms are MNIST [36] with 28 x 28 pixels per image, CIFAR-10/CIFAR-100
[32] with 32 x 32 pixels per image and ImageNet [15, 33] which contains high-resolution images
that are typically down-sampled to 256 x 256 pixels. Compared to practical applications, these
benchmark datasets are relatively low-dimensional. Yet, already for MNIST, the simplest of
those databases, the input dimension for the classification function is d = 784.
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It is well known in classical approximation theory that high-dimensional approximation
problems typically suffer from the so-called curse of dimensionality [11, 43]. This term de-
scribes the fact that the problems of approximation or estimation typically become exponen-
tially more complex for increasing input dimension. Yet, given the overwhelming success of
deep learning methods in practice, high-dimensional input does not seem to be a prohibitive
factor.

One of the first theoretical results in neural network approximation offering a partial ex-
planation for this ostensible clash of theory and practical observations was found in [4]. There
it was demonstrated that for a certain class of functions with variation bounded in a suit-
able sense (these functions are, in particular, Lipschitz continuous), neural networks with one
hidden layer of N neurons achieve an approximation accuracy of the order of N~1/2 in the
L?(p)-norm for a probability measure g on a d-dimensional ball. Notably, this approximation
rate is independent of the ambient dimension d. Neural networks can thus overcome the curse
of dimensionality for this class of functions. This is particularly significant, since the consid-
ered class of functions (nowadays so-called a Barron class) is so large that every linear method
of approximation for it is subject to the curse of dimensionality; see [4, Theorem 6]. The result
of [4] has since been extended and generalized in various ways; we refer to Subsection 1.2 for
an overview.

In contrast to the (Lipschitz) continuous functions considered in [4], our interest lies in
the approximation of discontinuous classification functions. Such functions are of the form
25:1 qr1oy,, where the sets Q) C R? are disjoint and describe K + 1 € N classes (we also
consider (Uf:1 Q)¢ as a class). Here 1, denotes the indicator function of €; that is,
1o, (z) = 1if 2 € Q and 0 otherwise. Moreover, (g;)X_; correspond to the labels of the classes
and could for example be unit vectors, as in ¢, = e, € RX for k = 1,... K, in the case of
one-hot-encoding or (qk)kK:1 C N for integer labels. These functions were discussed previously
in [45] and [28, 29], where it was shown that the regularity of the boundary determines the
approximation rate. However, the results of [45, 28, 29] are based on classical notions of
smoothness regarding the boundary and suffer from the curse of dimensionality. In this article,
we assume the class interfaces to be locally of bounded variation in the sense used in [4]. The
following subsection gives an overview of our results and the employed proof methods.

1.1 Our results

We present upper and lower bounds for the approximation and estimation of classification
functions using deep neural networks with the ReLLU activation function as hypothesis space.
The classification functions that we consider are of the form 25:1 qr1lgq, , where each £, C R4
is an open set such that 9 is locally a d — 1-dimensional Barron function. In the sequel,
we only consider the case of two complementary classes, that is, K = 1; the generalization to
more summands is straightforward.

Measure of approximation accuracy: In contrast to ReLLU neural networks, the indicator
functions 1 are discontinuous. Uniformly approximating 1o using ReLU neural networks is
thus impossible. Therefore, we measure the approximation error in terms of the measure of
the set on which the true function and the approximation differ; since both functions are
bounded in absolute value by 1, this easily implies corresponding error estimates in LP(u) for
arbitrary exponents p € [1,00). Here, we consider those measures p that are tube compatible
with an exponent a € (0, 1], meaning that the measure around any & tube of the graph of
a function decays like €¢* as € | 0. This notion is broad enough to include a large class of
product measures on R?, as well as all measures of the form du = fdv, where f is a bounded
density and v a tube compatible measure. We also show in Section 6 that for general (not



tube compatible) measures, no nontrivial approximation rates can be derived.

Regularity assumptions on the class interfaces: Similar to the notion of C*-domains or
Lipschitz domains, we assume the boundary 99 C R? to be locally parametrized by Barron-
regular functions. Here, inspired by [4], we say that a function f : U C R¥ — R is of
Barron-type, if it can be represented as

fla)=c+ /Rk (e —1)F(¢)d¢ forx €U,  where /Rk €] - |F(€)] de < o0, (1.1)

For more formal discussion of our assumptions, we refer to Definitions 2.1 and 3.3. We also re-
mark that recently other notions of Barron-type functions have been proposed in the literature;
these are discussed briefly below and in full detail in Section 7.

Upper bounds on the approximation rate: A simplified but honest version of our main
approximation result reads as follows:

Theorem 1.1. Let p1 be a finite measure, tube compatible with exponent o € (0,1]. Let Q C R?
be such that O can locally be parametrized by functions of Barron-type. Then, for every N € N
the function 1 can be approzimated using ReL U neural networks with three hidden layers and
a total of O(d+ N) neurons to accuracy O(d3/(2P)N*a/(2P)) in the LP(u) norm. Moreover, the

magnitude of the weights in the approximating neural networks can be chosen to be (’)(d+N1/2).

For example, if y is the Lebesgue measure, then a = 1. We note that the accuracy of our
approximation does depend on the dimension, but the dimension enters only as a multiplicative
factor which is polynomial in d.

The proof of Theorem 1.1 is structured as follows:

1. We use a classical result of Barron [3] that yields uniform approximation of functions
with a bounded Fourier moment. Because of a minor inaccuracy in the original result,
we reprove this theorem in Proposition 2.2.

2. Approximation of horizon functions. We show that we can efficiently approximate hori-
zon functions, meaning functions of the form 1, < (s, . +,) Where f is a d—1 dimensional
function of Barron-type. For the proof, we use a) that ReL.U neural networks efficiently
approximate the Heaviside function, b) the compositional structure of NNs, and ¢) the
approximation result from Step 1.

3. The classification function ¢ is only locally represented by horizon functions as in
Step 2. Using a ReL U-based partition of unity, we show that the result from Step 2 can
be improved to an approximation of the full classification function 1g.

The details of the above argument are presented in the proof of Theorem 3.7.

Lower bounds on the approximation rate: We show that the established upper bounds
on the approximation rates can, in general, not be significantly improved. More precisely,
for the Lebesgue measure dp = 1_; jjadA, we show that for the set of classification func-
tions considered above, approximation with L!(x) error decaying asymptotically faster than
N—1/2-1/(d=1) for N — o0 is not possible. For large input dimensions d, this almost matches
the upper bound N~/ from Theorem 1.1.

We prove two forms of this result. First, in Theorem 4.3, we consider neural networks
for which the individual weights are suitably quantized and grow at most polynomially with
the total number W € N of neural network parameters. We show that no sequence of such



neural networks achieves an asymptotic approximation rate faster than W—1/2-1/(d=1) " This
result follows by showing that efficient approximation of horizon functions implies efficient
approximation of the associated interface functions, a technique previously applied in [45].
Then, known entropy bounds for certain Besov spaces contained in the classical Barron spaces
can be used; this is inspired by ideas from [4].

For “quantized” networks, we can allow arbitrary network architectures. As our second
result, we show in Theorem 4.4 that the assumption of weight quantization can be dropped,
provided that the depths of the approximating neural networks are assumed to be uniformly
bounded. It is still required, however, that the magnitude of the individual weights only
grows polynomially with the total network size. The proof of this second result is based on a
previously established “quantization lemma”; see [13, Lemma 3.7] and [21, Lemma VL.8§].

Upper bounds on learning: Based on our approximation results, we study the problem of
estimating classifier functions of the form described above from a given set of training samples.
Precisely, we analyze the performance of the standard empirical risk minimization procedure,
where we use the 0-1 loss as the loss function and a suitable class of ReLLU neural networks as
the hypothesis space.

To describe the result in more detail, let us denote by ®g the empirical risk minimizer based
on a training sample 5 = ((X1,Y1),..., (Xm, Y;n)) with (X1, ..., X,) "% Pand ¥; = 1o(X,).
Assuming that the boundary 952 is locally parametrized by functions of Barron class and that
P is tube compatible with exponent « € (0, 1], we derive bounds on the risk of ®g, that is, on
P(®s(X) # 1a(X)) where X ~ P.

In Theorem 5.1, we show that, if the hypothesis class is a certain set of ReLLU neural net-
works with three hidden layers and N ~ (dm/ In(dm))*/(+) neurons, then—with probability
at least 1 — 0 with respect to the choice of the training sample S—the risk of any empirical
risk minimizer ®g is at most

O<d3/2 . (M)a/(%m) n (m(j[/5)>1/2)

dm m

In particular, if @ = 1, which is the case for the uniform probability measure, then the risk
is at most O(d3/4 In(dm) - m~Y* 4 In(1/6)/m). This is similar to the estimation bounds
established in [5] for Barron regular functions.

Different notions of Barron spaces: In this article we mainly use the Fourier-analytic
notion of Barron-type functions as introduced in [4]; see Equation (1.1). We will refer to this
space as the classical Barron space, or the Fourier-analytic Barron space. In recent years,
other types of function spaces have been studied under the name “Barron-type spaces” as well;
see for instance [16, 17, 38, 55|. In contrast to the Fourier-analytic definition of [4], these
more recent articles consider Barron spaces that essentially consist of all “infinitely wide”
neural networks with a certain control over the network parameters. More formally, given an
activation function ¢ (which is either the ReLU or a Heaviside function), the elements of the
associated Barron space are all functions that can be written as

flx) = /]Rx]Rdx]Ra . ¢(<w,m> + c) du(a, w, )

for a probability measure u satisfying

/ lal - $(Jo] + I¢]) dps(a w, ¢) < oo.
RxRIxR



We will refer to these spaces as the infinite-width Barron spaces. We emphasize that in contrast
to the Fourier-analytic Barron spaces, these infinite-width Barron spaces do depend on the
choice of the activation function ¢; they thus do not contain all conceivable “infinite-width”
networks.

The relationship between the infinite-width and Fourier-analytic Barron spaces is not im-
mediately obvious. Already in [3] it was shown that the Fourier-analytic Barron space is
contained in the infinite-width Barron space associated to the Heaviside function. It is not
clear, however, whether this also holds for the ReLLU activation function. In Section 7, we will
review approaches in the literature that address this embedding problem and prove that the
classical Barron space is mot contained in the infinite-width Barron space associated to the
ReLU. In fact, we show in Proposition 7.4 the stronger result that if we consider a generalized
Fourier-analytic Barron space that consists of all functions f : R? — R such that their Fourier
transform [ exists and satisfies ||§ = (1+ \§|)O‘f(§)HL1(Rd) < o0, then this space is contained
in the infinite-width Barron space for the ReLLU function only if o > 2.

1.2 Previous work

In this section, we discuss previous research concerning the performance of neural networks for
approximating and estimating classification functions, as well as existing results concerning
dimension-independence in approximation and estimation problems. We distinguish between
results of Barron-type, i.e., approaches following the ideas of [4], and other approaches. We
first discuss extensions of [4] for shallow neural networks (i.e., networks with one hidden layer).
Here, we in particular discuss the article [17], which is the only other work that we are aware
of that studies classification problems (as opposed to regression problems) in the context of
Barron-type functions. Secondly, we discuss extensions to deep neural networks and then
review other related approaches not involving Barron-type spaces. Finally, we explain how
our work complements the existing literature.

1.2.1 Previous work considering shallow neural networks

In [4], it was shown that shallow neural networks can break the curse of dimensionality for
approximating functions f that have one finite Fourier moment; more precisely, one can achieve
1f = ®nllz2 S N~1/2 where ®y is a shallow neural network with N neurons and y is a
probability measure on a ball in R%. The main insight in [4] is that functions with one finite
Fourier moment belong to the closed convex hull of the set of half planes; that is, they admit
an integral representation

flx) = /Rde aw,e)H(c+wlz) dv(w, c) (1.2)

where v is a probability measure satisfying [pa,p |a(w, ¢)| dv(w,c) < co and H = 1y ) is the
Heaviside function. The approximation rate of N~1/2 is then a consequence of an approximate
and probabilistic version of Caratheodory’s theorem; see for instance [54, Theorem 0.0.2]. The
paper [3] generalized these results from approximation in L?(u) to uniform approximation.
Furthermore, in [5] these results are extended to obtain estimation bounds for the class of
functions with one bounded Fourier moment. Essentially, using n ~ N2 i.i.d. samples, a
neural network with N neurons can be found that approximates f up to an L?-error of the
order of N=1/2 ~ n=1/4,

Recently, several extensions of these original results by Barron to different spaces have
been proposed. The Barron-type spaces introduced in [38, 18, 16, 55|, are motivated by the
integral representation (1.2). Specifically, given an activation function ¢ : R — R and an



exponent p € [1,00], the p-infinite-width Barron space consists of all functions of the form
fo) = | a(w,) 6(b + {z,w)) dr(w,b), (1.9
Sd=1x[—1,1]

for 2 € RY, where 7 is a probability measure on S¥~! x [~1,1] and a € LP(r). It is shown that
for certain values of p, the functions in the p-infinite-width Barron space can be efficiently esti-
mated and approximated by neural networks with activation function ¢, without dependency
on the dimension. Let us add here that it was shown in [44] that functions of the form (1.3)
arise naturally as the solutions of appropriately regularized learning problems.

We also mention the result [39], in which a slightly improved approximation rate is obtained
for networks with the Heaviside function, albeit under a slightly stronger assumption on the
functions to be approximated. Essentially, it is assumed in [39] that Equation (1.2) holds
with a bounded function a instead of an integrable one. A further related result has been
obtained in [51], where the above results were extended to more general activation functions
and to approximation with respect to L?-Sobolev norms. In addition, lower bounds on the
approximation of Barron functions by shallow neural networks have recently been studied in
[52].

The work in the present paper complements these results by clarifying the relation between
the spaces of functions that can be represented as in Equations (1.2) and (1.3) and those that
have one finite Fourier moment, as considered in the original papers by Barron; see Section 7
for more details.

1.2.2 Shallow neural networks for classification problems

The article [17] studies the problem of learning a classification function associated to two
disjoint classes C'y, C_. Instead of describing the accuracy of approximation and estimation
with respect to the typical square loss, the paper focuses on the hinge loss and certain cross-
entropy type losses. In this framework, a classification problem is considered solvable with
respect to a hypothesis class if there exist elements in that hypothesis class that assume
different signs on the two classes. It is shown in [17] that for general C, C_ such a problem is
solvable by Barron regular functions if and only if the sets C;., C_ have positive distance. Since
for these functions the approximation and estimation behavior using shallow neural networks
is well studied, as reviewed in the previous subsection, this observation yields approximation
and estimation bounds by shallow neural networks for the classification problem.

In contrast to the setting considered in [17], in the present paper we analyze classification
problems for which the different classes are not required to have a positive distance. Instead,
we impose a regularity condition on the class boundaries and assume that the underlying
probability measure is tube-compatible, meaning that it should not be too strongly concentrated
at the class boundary.

1.2.3 Deep neural networks and the curse of dimensionality

It is natural to wonder whether deeper networks can improve on shallow neural networks
regarding approximation and estimation problems. The fundamental property enabling “di-
mension-free” approximation by shallow neural networks is that the function to be approxi-
mated should belong to the closed convex hull of the set of simple neurons. The corresponding
property for deep networks has been identified to be a certain summability property of the
weights of approximating neural networks. In [6, Equation 1], this summability property is
called the wvariation of the neural network. To avoid ambiguities with the (total) variation of
a measure or function, we will refer to this notion as the weight variation. More precisely,
the weight variation is the £! norm of the entries of the product of the weight matrices of the



neural networks!'. In [6, Theorem 1] it is shown that if arbitrarily large neural networks are
of bounded weight variation, then these neural networks can be well approximated by smaller
neural networks. Here the size of the neural networks is measured via the encoding complexity
of the weights. Moreover, the reduction in size is independent of the dimension. The weight
variation also serves as a motivation for the so-called path norm that is fundamental to the
definition of generalized Barron spaces associated to compositional function representation in
[55]. This path norm can be understood as the continuous counterpart of the weight variation.
Correspondingly, the elements of the generalized Barron spaces in [55] are those functions
that can be obtained as limits of deep neural networks with bounded variation, for increasing
width. We also mention [37], which studies approximation of functions that are compositions
of n classical Barron functions and shows that these can then be efficiently approximated by
neural networks with n + 1 layers.

In a somewhat similar vein, we show that if one is interested not in approximating Barron-
regular functions themselves, but rather classification functions for which the class boundaries
are Barron-regular, then this can be done efficiently with (somewhat) deep ReL.U neural net-
works, namely using networks with 3 hidden layers; see Theorem 3.7.

1.2.4 Non-Barron-type results on curse of dimensionality

Functions of Barron-type are not the only functions that can be approximated by deep neural
networks without the curse of dimensionality. Other function classes that allow for approxi-
mation with only minor (in particular sub-exponential) dependencies on the dimension include
the following: functions that have a graph-like structure and are compositions of low dimen-
sional functions, [46], [45, Section 5], [49, 14, 42]; bandlimited functions [41]; and also solutions
of some classes of high-dimensional PDEs [25, 27, 30, 9, 12, 34, 24, 20, 48] and SDEs [10, 47],
under the assumption that the right-hand side of the equation is itself well-approximated (i.e.,
without suffering from the curse of dimensionality) by neural networks.

In the present paper, we show that the classification functions with Barron regular decision
boundaries also belong to this list of well-approximable functions.

1.2.5 Deep neural networks for classification problems

The approximation and estimation of classification functions of the form ZkK:1 fila,, where
each ), C R? is an open set such that 9§, is piecewise smooth and f; : R? — R are smooth,
is studied in [28, 29, 45]. In these works, it is shown that the achievable approximation
and estimation rates are primarily determined by the smoothness of the boundaries 0§, in
the sense that, given sufficient regularity of the fi, smoother class boundaries yield better
approximation and estimation rates. The general strategy of the approximation theoretical
aspects of these works is closely related to the approach taken in this article. Indeed, the
approximation of classification functions is reduced to that of horizon functions 1, <t (z,,....cq)
where f is a d — 1-dimensional smooth function. In addition, the articles [28, 29| establish
estimation bounds by invoking classical bounds on the covering numbers of the involved neural
network spaces to bound the generalization error of empirical risk minimization.

1.2.6 Delineation of our work

In the present article, we discuss a concrete set of practically relevant functions, namely those
arising in classification tasks where the interfaces between classes are sufficiently regular, which
formally means that they are locally described by Barron-type functions. As indicated earlier,
these results are based on a combination of two ideas: First, a classical result of Barron

'Here, it should be noted that all weights are assumed to be non-negative in [6], which is accomplished
there without loss of generality by a slight modification of the activation function.



showing uniform and dimension-independent approximation of Barron-type functions [3] and,
second, a strategy to emulate functions with regular jump curves by neural networks, originally
introduced in [45].

The results are neither a direct consequence of the study of (generalized) Barron spaces
nor can they be derived directly from the results of [45]. Indeed, the functions that we discuss
(classification functions with Barron-regular boundary) do not have a representation by neural
networks with bounded weights or bounded variation of the weights. In fact, it can be shown
(see [55, Theorem 2.7]) that functions in the (generalized) Barron spaces are always Lipschitz
continuous, which is not satisfied for the classification functions that we consider. The key
difference between our approach and alternative studies of Barron spaces is that in those
works the boundedness of the (sum of the) network weights or a related property such as a
bounded weight variation plays a central role. In contrast, we allow a moderate weight growth
that is essentially inversely proportional to the approximation error. Besides, in contrast
to [17] we study classification problems for which the different classes do not have positive
distance to each other. Furthermore, the required regularity of the class boundaries for our
results is explicitly stated, e.g. in terms of a finite Fourier moment; this is in contrast to the
more implicit integral representation property required for the infinite-width Barron spaces
considered in [17].

Finally, in contrast to [28, 29, 45], the results in the present paper do not suffer from the
curse of dimensionality.

1.3 Structure of the paper

After introducing general and neural network related notation in Subsections 1.4 and 1.5, we
start in Section 2 by formally defining the Fourier-analytic Barron class, and proving that such
functions can be uniformly approximated with error O(N~1/2) using shallow ReLU networks
with O(N) neurons and controlled weights. We reprove this result since the argument in [3]
for handling general sigmoidal activation functions contains a technical inaccuracy.

In Section 3, we give the precise definition of sets with boundary in the Barron class,
and we show that indicator functions of such sets can be well approximated by ReLLU neural
networks. The complementing lower bounds and estimation bounds are derived in Sections 4
and 5. For the approximation and estimation results, we always assume that the measure
under consideration is tube compatible; Section 6 shows that this is unavoidable. Finally, in
Section 7, we discuss the relation between the Fourier-analytic Barron space that we consider
and the alternative Barron spaces considered in the literature.

Several mainly technical results are deferred to the appendices.

1.4 General notation

We will use the following notation: For n € Ny = {0,1,2,3,...}, we write n:= {1,2,...,n};
in particular, 0 = @. For an arbitrary set M, we write |M| = #M € NoU{oo} for the number
of elements of M.

Given a € R? we denote the entries of a by ai,...,aq € R. For a,b € R? we write
a < bif and only if a; < b; for all i € d. In this case, we define [a,b] := Hle[ai,bi]. For
x=(x1,...,24) € R? with d > 1 and i € d, we set () := (21,..., 25 1, 2i41,...,24) € RIL,
The standard scalar product of 2,y € R? will be denoted by (z,y) = Zle x; ¥;, and the
Euclidean norm of z is written as |z| := 4/(z,z). For a continuous function f defined on a

set @ C RY, we define || f||sup := sup,eq | f(x)]. For a set X and two functions f,g: X — R¥,
we write f(x) < g(x) if f(x) < Cg(x) for a constant C' > 0 and all x € X. This constant is
referred to as the implicit constant of the estimate.

Finally, given a class F of {0,1}-valued (or {£1}-valued) functions, we denote the VC-



dimension of F by VC(F) € Ny U {oo}. We refer to [50, Chapter 6] for the definition of the
VC dimension.

1.5 Neural network notation

In this subsection, we briefly introduce our notation regarding neural networks. To avoid
ambiguities, we define neural networks in a way that allows a precise counting of the number
of neurons and layers. This is done by differentiating between a neural network as a set of
weights and the associated realization which represents the function that is described through
these weights.

Definition 1.2. Let d, L € N. A neural network (NN) ® with input dimension d and L layers
is a sequence of matrix-vector tuples

® = ((A1,b1), (A, ba), ..., (AL, br)),

where, for Ny = d and certain Ny, ..., Ny € N, each Ay is an Ny x Ny_1 matrix, and by, € Rz,
For a NN @ and an activation function ¢ : R — R, we define the associated realization of
the NN @ as
Ry®: R RN gy ap = Ry®(2),

where the output z;, € RVZ results from the scheme

o ::xGRd:RNO,
zp:=¢(Apxp_y +b) €ERM  forl=1,...,L—1,
xp = Apxp_ + by € RVE,

Here ¢ is understood to act component-wise. We call N(®) := d + Ele N; the number of
neurons of the NN ®, L = L(®) the number of layers, and W (®) := Z]L:1(||Aj||0 + [[b]o) is
called the number of weights of ®. Here, || Al|o and ||b||o denote the number of non-zero entries
of the matrix A or the vector b. Moreover, we refer to Ny, as the output dimension of ®. The
activation function p : R — R,z — max{0, z} is called the ReLU. We call R,® a ReLU neural
network. Finally, the vector (d, N1, Na, ..., Np) € NIt is called the architecture of ®.

Remark 1.3. With notation as above, the number of hidden layers of ® is L — 1. A special
type of neural networks are those with one hidden layer, i.e., L = 2; these are called shallow
neural networks. Realizations of such networks have the form

N
Rd9$»—>e+2ai¢(<ci,x>+b¢)7
i=1
where N € N, a;,b;,e e Rand ¢; e R4 fori=1,...,N.

One important property of neural networks is that one can construct complicated neural
networks by combining simpler ones. The following remark collects several standard operations
that were analyzed in [45].

Remark 1.4. Let ®1,®5 be two neural networks with input dimensions dy,ds € N, Ly, Lo
layers and architectures (di, N1, No,...,Nz,) € NF1tland (dy, My, My, ..., My,) € NE2+1
respectively. Furthermore, let ¢ : R — R.



o If dy = Ny, then there exists a neural network ®3 such that Ry®3 = R3®Ps 0 RyP1.
Moreover, ®3 can be chosen to have architecture

(dla N17 N27 ey NL1—17 M17 M27 ceey MLQ) S NL1+L2
and to satisfy L(q)g) =IL1+Lo—1and W((I)g) < W((I)l) + W(‘:I)Q) + Np,—1M;.

o If Ly = Ly, dy = dy and Ny, = Mj,, then, given arbitrary a,b € R there exists a neural
network ®4 such that Ry®4 = alRy®q + bRy®Po. Moreover, ®4 can be chosen to have
architecture

(d17 Ny + My, No+ My, ..., Np,—1+ Mg, 1, NLl)

and to satisfy L(®4) = L1 and W(®y) < W(®q) + W (D2).

2 Uniform approximation of Barron-type functions using ReLU networks

In this section, we formalize the notion of the (Fourier-analytic) Barron space that we will use
in the sequel. We then prove that functions in the Barron class can be approximated up to
error O(N~2) using shallow ReLU neural networks with N neurons. For neural networks
with the Heaviside activation function, this result is due to Barron [3|. Furthermore, it is
claimed in [3| that the result extends to neural networks with sigmoidal activation functions,
which would then also imply the same property for the ReLU activation function g, since
o(z) = o(x) — o(x — 1) is sigmoidal. However, regarding the extension to sigmoidal activation
functions there seems to be a gap in the proof presented in [3]. Namely, it is argued in the
bottom left column on Page 3 of [3] that if f is uniformly continuous and || f — fr||sup < T~ /2
where fr is of the form fr(z) = ¢y + Z;‘C:l crl(0,00)({ak, T) + by) with cx, b, € R and a, € R,
then one can also achieve ||f — gr|lsup < T2 for gr(z) = Co + Si_, C ¢((Ag, ) + By),
where ¢ is measurable and sigmoidal, meaning ¢ is bounded with limy . ¢(z) = 1 and
lim, o ¢(x) = 0. As we could not verify this claim, we provide an alternative proof for the
case of the ReLU activation function, based on the main ideas in [3]. In addition, our more
careful proof shows that one can choose the weights of the neural network to be uniformly
bounded, independent of the desired approximation accuracy.

We first formalize the notion of Barron class functions, essentially as introduced in [4, 3].

Definition 2.1. Let @ # X C R? be bounded. A function f : X — R is said to be of
Barron class with constant C' > 0, if there are xg € X, ¢ € [-C, C], and a measurable function
F :R? — C satisfying

/ €| X 2o |F(E)]dE <C and  f(x) :c+/ (@8 ey p(e)de  Vre X, (2.1)
]Rd

R4

where we used the notation [£]x 4, := sup,ecx [(§, ¢ — zo)|. We write Bo(X, xp) for the class
of all such functions.

Remark. The precise choice of the “base point” xg € X is immaterial, in the sense that it at
most changes the resulting norm by a factor of 2. Indeed, let xp,z; € X and assume that f
satisfies (2.1) with |¢| < C. Then we see for arbitrary ¢ € R? and € X that

|<§,l‘—l‘1>| < \(§,x—x0>| + |<§ax0 _x1>| = |<§,l‘—l‘0>| + |<€>m1 —3;'0>| < 2|£|X,1?0’

meaning [€|x.z, < 2[¢|xz, and hence [pul€|xa, - [F(€)|dé < 2C. Furthermore, setting
d:=c+ [pa (ei@l,ﬁ) - ei<$075>) F(&) d¢, we have f(x) = ¢ + [za (ei@“€> — @18 F(€) d¢ and
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|ettrt) — 08| < |y — w0, €)| < [€]x,m0, Which implies [/ < O+ [ra|€]x,z0 [F(€)] d€ < 2C.
Overall, this shows that f € Bac (X, x1) and hence B (X, zg) C Bao (X, z1).
Based on this, it is straightforward to see

VoY CXandzg€e X,yp €Y : Bc(X,xo)ngc(Kyo).

For the sake of clarity, note that if {0} C Y C X and f € B¢(X,zg), then clearly
fly € Be(Y,zp) as the conditions in (2.1) are already satisfied. Therefore the inclusion
Bo(X,x0) C Bac(Y,yo) from above is to be understood, by slight abuse of notation, in the
sense of function restrictions.

The following result shows that functions from the Barron class can be uniformly approx-
imated with error O(N~1/2) using shallow ReLU neural networks with O(N) neurons. It
also shows that the weights of the approximating network can be chosen to be bounded in
a suitable way. We emphasize that the result is not covered by [16, Theorem 12|, since the
Fourier-analytic Barron space that we use here is not contained in the Barron space considered
in [16]; see Proposition 7.4.

Proposition 2.2. There is a universal constant k > 0 with the following property: For any
bounded set X C R? with nonempty interior, for any C >0, 2o € X and f € Bo(X,xq), and
any N € N, there is a shallow neural network ® with 8N neurons in the hidden layer such that

If = Ro®|lsup < K Vd-C- N~V2
Furthermore, one can choose all weights and biases of ® to be bounded by

(5+9(X.20) - (1+ lsolle) - VC,  where 9(X,a0)i= sup (I¢llew /IElxa )

£eRN\{0}

Remark 2.3. The quantity 9(X, zg) roughly speaking measures how big of a rectangle the set
X contains. More precisely, assume that X D [a, b] where b; —a; > € > 0 for all ¢ € d. Then
we see with the standard basis (eq,...,eq) of R? that

€|€i| = ‘(f,a+€€i - 1‘0> - <§,CL - $0>| < \(f,a—i—aez - 1‘0>| + |<£7a_ $0>| < 2sup |<§7I - I0>|
z€X
Since this holds for all ¢ € d, we see |{|x 4, > 5 [|{]/¢=~ and hence ¥(X,zq) < %
Note that since X has nonempty interior, we can always find a sufficiently small non-
degenerate rectangle in X; therefore, |¢|x o = [|€][e for all & € R%.

Proof. 1t is enough to prove the claim for the case C' = 1. Indeed, for f € Bc(X, o), we have
f=f/Ce Bl(X xo). Applying the claim to £, we thus get ||f Gllsup < KVd- N~ 12 where
gla) = 30 a; Q(b + (wi, ) with [Jwil[e, |as], [b:] < (5 + (X, 2z0)) - (1 + [[zo]l)- Hence
defining g(z) = Z L VCai o(/Cb; + (v/Cw;, z)), we have g(z) = C - §(x), which easily yields
the claim for f. We w1ll thus assume C' = 1 in what follows. The actual proof is divided into
three steps.
Step 1 (Writing f as an expectation of indicators of half-spaces): Let ¢ € [—C,C] and
F : R? — C such that Equation (2.1) is satisfied. The case where F' = 0 almost everywhere is
easy to handle; we thus assume that F' # 0 on a set of positive measure.

Set Xo := {z — z9: x € X}, and define fy : Xo — R by fo( ) := f(x + x9) — ¢ and
Fy: R — C, & — e%08) F(£). With this notation, we have fo(xz = Jrale el — 1) - Fy(€) de
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and [pa [€]x, - [Fo(§)|dé < O, where [€]x, = supgex, [(%,€)] = [§]x,z,- Thus, (the proof of)
[3, Theorem 2| shows for all z € X that

fofe) =0 [ [ (Koo (<6 x0r ) =8) = Loy (/kx00 ) =1)) (6.0 -ple.1) e

where, using the polar decomposition Fy(€) = |Fo(¢)|-e*%, the function s : R? x [0,1] — {£1}
is given by s(¢,t) = sign(sin(t|€|x, + b¢)), while p : RY x [0,1] — [0,00) is defined as
P& 1) = 3 - [€]x, - [sint |€]x, + 0c)| - [Fo(€)|- Finally,

1
v= / / €L, - | sin(E[€]x, + 00)] - [Fo(€)] di dé < C
R2 JO

is chosen such that p is a probability density function. It is easy to see v > 0 since Fy # 0 on
a set of positive measure.

For brevity, define  := (R?\ {0}) x [0, 1]. Furthermore, set £* := £/|¢|x, for ¢ € R4\ {0}
(where we note that |£|x, > 0 since Xy has nonempty interior), and for x € Xy define

F: Q- [_17 1]7 (£7t) = ]1(0,00)(_<£*7x> - t) - 1(0,00)((5*7'%'> - t)

Finally, let us set Vi := fRd fol Lget)=+1 - p(€,t) dt d€, and define probability measures py on
Q via

1
Z : ]ls(ﬁ,t)zzlzl 'p(€7 t) dt d€

Note that Vi, V_ > 0 and VL. +V_ = 1. Also note that strictly speaking 4 is only well-defined
in case of Vi > 0. In case of Vi = 0, one can simply drop the respective term in what follows;
we leave the straightforward modifications to the reader.

Given all these notations, we see that fo =v - (Vy - f — V_ - f_), where

dpt =

fr:Xo— R isdefined by fi(z):= /er(f,t) dug (€, ).

It is enough to show ||fi — Rp®u|sup < N-1/2. (& + lio\/g) for a shallow neural
network ®4 with 4 N neurons in the hidden layer and with all weights and biases bounded by
4+ 9(X, z0). Indeed, once this is shown, it is easy to see that there exists a shallow network
® with 8 N neurons in the hidden layer satisfying

Ry®(x) =c+v Vi Ry®y(x—x0) —vV_ - Ry®_(x — x0).

Because of f(z) =c+ fo(x —x0) =c+v Vi fr(z —mo) —vV_ - fo(x —x0) and 0 < v < C,
this yields

If = Ro®|sup < N7V/2. (UV+ (55 +RoVd) o Vo (55 +nox/&))
= N2 (20 +vkVd) < (24 Ko Vd)-C-NV2<kvd - C- N2

for a suitable absolute constant £ > 0. Again, since 0 < v < C and ¢ € [-C,C] as well as
0 < Vi <1, and since we assume C = 1, it is easy to see that ® can be chosen in such a
way that all weights of ® are bounded by (4 4+ ¥(X,x)) - (1 + [|@o|/;2). Here, we use that if
|w|[gee, [b] <44 I(X,z0), then o((w,x — xo) + b) = o({w, x) + b — (w, zg)), where

‘b — (w,x0>‘ < |b| -+ (4 +19(X,$0)) ||£E()||gl < (4+ 19(X, :E(])) . (1 + Hl‘()”ﬂ).
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Step 2 (Approzimating f by an expectation of ReLU networks): For € > 0, define
He: R0, o= (ol@) - ol - ),
noting that He(z) = 1(g)(z) for all z € R\ (0,¢). Next, for e > 0 and = € X, set
Neg: Q= [=11], (§t) = Ho(=("x) —1) = H((§7, ) — 1).

Setting Jg(iz =" x) —e, (€ x)]U[(" ) —e, (£, )], we have I'(€,t) = N. (&, ) for
all (¢,t) € Q with ¢t ¢ Jé?. Thus, using the bound 0 < p(&,t) < L[¢|x, |F(£)| and the defini-

tions of fi and u+, we see for all z € X that
1
1
1@~ [ Neatetdnsen] < [ [ 21,00 ople e
Q RN\{0} JO & +

< 4e 4eC
oV ’UVi'

[ Jelxo - IF©)]de <
Rd

We now choose ¢ := %N‘UQ and define fi . : Xog = R,z — fQ Nez(€,t)dps(€,t). Then the
<

preceding estimate shows that || fx — fucllsup < N7V/2 - v

Ne,x(é-:t) - >‘

Figure 1: Representation of the function (§,t) — N (£, t) — A as a ReLU network with L = 2
layers, W = 4d + 16 weights, and U = 5 computation units (using the notation of |7]).

Step 3 (Using bounds for empirical processes to complete the proof): Denote by Gy the set
of all functions ¢ : R? x R — R that are implemented by ReLU neural networks with the
architecture shown in Figure 1 (that is, fully connected with one hidden layer containing four
neurons). Then the VC dimension bound for neural networks shown in |7, Theorem 6] implies
that there is an absolute constant k1 € N such that

VC({ﬂg>0: g € g()}) < K1d.

Moreover, using the map © : Q — R? x [0,1], (&,1) — (£*,t) = (£/|¢]x,, 1), the construc-
tion in Figure 1 shows for arbitrary A € R that

{1N5,1>)\: x € X()} C {lgo®>0: g € go}

Directly from the definition of the VC dimension, we see that composing a class of func-
tions with a fixed map (in this case, ©) can not increase the VC dimension, so that we get
VC({1In. ,>x: x € Xo}) < w1dforalle >0and A € R.
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Now, using the bound in Proposition A.1 and recalling that E¢ ), [Nez(€,1)] = f+ (),

we see that if we choose (&1,t1), ..., (En,tN) i i+, then there is a universal constant kg > 0
satisfying for all N € N that?

N
1 Kk1d
B[ sup [fiete) = g7 3 Newlbo ]| < -y G 22)
=1
In particular, there is one specific realization ((51, t1),..., (&N, tN)) € OV such that
1 N
sup | fie(@) — = 3 Nea(&i ti)| < 6 VANV,
z€Xo N i—1

Clearly, g+ : RY — R, 2 % Zf\; 1 Ne 2 (&, ;) is implemented by a shallow ReLU network
with 4N neurons in the hidden layer, as follows from

1 et * * * *

S NealGirts) = = (o(— €, 2) —ts) —o(— (&5, @) —ti—e) —o((&] &) —ts) +e((& 2} —ti—) ).
Now, note by definition of 9(X, o) and £* = £/|{|x, that ||€]|ge < I(X,z0). Furthermore,
|t;| < 1. Finally, by choice of ¢ = %Nﬁl/Q, we see e 1 /N = 4N~1/2 < 4. Overall, we thus see
that g+ . = R,®+ where the shallow neural network ®4 has 4N neurons in the hidden layer
and all weights and biases bounded by 4 + (X, ). O

3 Approximation of sets with Barron class boundary

In this section, we show that indicator functions of sets with Barron class boundary are
well approximated by ReLLU neural networks. Essentially the only property of Barron class
functions that we will need is that they can be uniformly approximated up to error O(N~1/2)
by shallow ReLU networks with N neurons and suitably bounded weight. Thus, to allow for a
slightly more general result, we introduce a “Barron approximation space” containing all such
functions.

Definition 3.1. Let d € N and let X C R? be bounded with nonempty interior. For C' > 0,
we define the Barron approzimation set BAc(X) as the set of all functions f : X — R such
that for every IV € N there is a shallow neural network ® with [NV neurons in the hidden layer
such that

1f = Ro®lsup < Vd.-c-N7?

and such that all weights (and biases) of ® are bounded in absolute value by

VC- (5+ inf [llzolla +0(X,20)]), where 9(X,z0)i= sup (l€lee /€] x.00)-
roEX d 0}

EERMN\{

The set BA(X) = UpsoBAc(X) is called the Barron approzimation space.

2Strictly speaking, Proposition A.1 yields a bound for

sup IE[ sup |fi,5(:::) — N_lzivles,z(&, t1)|]

XpoCXg finite xz€X00

But since z — f+ .(z) and  — N, (&, t;) are continuous, this coincides with the expression in Equation (2.2).
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Remark 3.2. a) Using Proposition 7.4, it is not hard to see Bo (X, z9) C BA,,c(X) for every
C > 0, with a constant g > 0 that is absolute, (i.e., independent of all other quantities and
objects).

b) For the infinite-width Barron space B,(X) associated to the ReLU function (which will
be formally introduced in Section 7), it follows from [16, Theorem 12] that

BQ,C(X) <= {f € BQ(X) : HfHBQ(X) < C} C BAsc(X),

where the constant o > 0 scales polynomially with d and linearly with sup,cx ||z ¢e.
c) If Y C X has nonempty interior, we have ¥(X, yo) < 9(Y,yo) for all yo € ¥ and hence

infapex [lzolla +9(X, 20)] < infyoey [lyoller +9(X,y0)] < infypey [[lyolln +9(Y, yo)]. Based
on this, it is straightforward to see

fly € BAc(Y) if f € BA(X) and Y C X has nonempty interior. (3.1)

Using the notion of Barron approximation spaces, we can now formally define sets with
Barron class boundary.

Definition 3.3. Let d € N>o and B > 0 and let Q = [a,b] C R? be a rectangle. A function
F : @Q — R is called a Barron horizon function with constant B, if there are ¢ € d and
f € BAg([a®, b)) as well as 6 € {£1} such that

F(l’) = ﬂ@zigf(r(i)) Ve Q

We write BHp(Q) for the set of all such functions.

Finally, given M € N and B > 0, a compact set  C R? is said to have a Barron class
boundary with constant B if there exist rectangles Q1,...,Qa C R? such that Q C Uf\il Qi
where the rectangles have disjoint interiors (i.e., Qf N Q7 = @ for i # j) and such that
1g,n0 € BHp(Q;) for each i € M. We write BBB’M(]Rd) for the class of all such sets. Also, a
family (Qj)j]\il of rectangles as above is called an associated cover of (.

Remark 3.4. By Remark 3.2, the set of functions with Barron class boundary contains all
characteristic functions of sets whose boundary is locally described by functions in the Fourier-
analytic Barron space or the infinite-width Barron space associated to the ReLU.

The following example illustrates the above definition.

Ezample. (1) Every set Q of the form Q = {x € Q: 1 < f(x2,...,24)} for a rectangle
Q= [a(l), b(l)] x @ c R% and a function f : Q" — R from the Fourier-analytic Barron class
Bp(Q',x0) (for arbitrary z¢ € Q') belongs to BB,,p 1(R%), for the absolute constant rg > 0
from Remark 3.2.

Examples for such functions f are discussed in great length in [4, Section IX]; here,
we just mention three special cases. First, for the Gaussian f(z) = e~lel?/ 2 it holds that
f € B /3(Q',z0) for any rectangle Q' C R?1 and any z¢ € Q'; thus, one only has a polyno-
mial dependence on the dimension. Second, if @' = [0,1]%"! and f(z) = Y, cza cpe?milk),
then f € Bo(Q',0) for C' = |co| + > jcza1 |E||ck|; this essentially follows as in [4, Section IX,
Point (16)]. Finally, if f € C*(Q’) for k > 2+ |(d — 1)/2], then [4, Section IX, Point (15)]
shows that f belongs to Bo(Q', zo), for a suitable C = C(f, Q') > 0. This last observation,
however, is more of qualitative than of quantitative use, since the resulting constant C is often
quite large if d is large.
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Figure 2: An illustration of the cusp domain Q (shown in gray) dis-
cussed in Part (2) of the example below. The blue and green boxes show
the rectangles Q1, Q2 C R? satisfying Q@ C @, U@ and such that Long,
is a Barron horizon function. For more details see the example below.

(2) The class of sets with Barron class boundary also contains sets that are not necessarily
Lipschitz domains. An example of such a domain is the cusp domain

QZ{(x,y)E[—4,4]><[O,2] : yZ\/H}

shown in Figure 2. Indeed, we claim for the rectangles Q1 = [0, 4] %[0, 2] and Q2 = [—4, 0] x[0, 2]
that Long, is a Barron horizon function. We only verify this for ¢)1. To see this, note that the
function f : [0,2] — R,y ~ y? can be extended to a function f € C3(R); one such extension
is shown in Figure 2. As seen above, this implies that f € Bc([0,2],0) for a certain C' > 0.
Because of Tong, (z,y) = Ly<f(y) for (z,y) € Q1, this implies that 1ong, is a Barron horizon
function.

We will show in Section 6 that it is impossible to derive nontrivial minimax bounds for
the class of sets with Barron boundary for the case of general probability measures. For this
reason, we will restrict to the following class of measures.

Definition 3.5. Let y be a finite Borel measure on RY. We say that j is tube compatible with
parameters « € (0,1] and C' > 0 if for each measurable function f : RI-! 5 R, each i € d and
each ¢ € (0, 1], we have

,u(Tf(g) < C-e* where Tf(g = {z e R |2y — f(29)] <€}

The set T(i)

) is called a tube of width € (associated to f).

Remark 3.6. The definition might appear technical, but it is satisfied for a wide class of
product measures. For instance, if y1,. .., juq are Borel probability measures on R% such that
each distribution function F;(x) = p;((—o0,x]) is a-Holder continuous with constant C, then
the product measure = p1 ® - - - ® pg is tube compatible with parameters o and 2*C), since
Fubini’s theorem shows for ) := 1 ® - ;1 ® piy1 @ - ® pg that

HT7) = /Rdl /R]ly—f(x)Ke dui(y) du® (),

16



where
/Rﬂy—f(mnge dui(y) = pi([f(x)—¢, f(z)+e]) = F; (f(x)+e) —Fi(f(z)—e) < C-(26)* = 2°Ce®,

from which we easily get ,u(T }2) < 29%C - €%, as claimed.

Measures that do not have a product structure can be tube compatible as well. For
example, if u is tube compatible with parameters o € (0,1] and C > 0, then any measure
v of the form dv = fdu with a bounded density function f will be tube compatible, with

parameters a and C - sup,, f(z).

Next, we give our main approximation result for functions 1g, where € is a set with Barron
class boundary.

Theorem 3.7. Let d € N>o, M,N € N, B,C >0, and o € (0,1], and let Q € BBg 1 (R?).
There exists a neural network Iy with 3 hidden layers such that for each tube compatible
measure p with parameters o, C', we have

p({z e RY: 1g(x) # R,In(x)}) < 6CMB® d*? N~/
Moreover, 0 < RyIn(x) <1 for all z € R? and the architecture of Iy is given by
A= (d, M(N +2d+2), M(4d+2), M, 1).

Thus, I has at most TM (N +d) neurons and at most 54d>M N non-zero weights. The weights
(and biases) of In are bounded in magnitude by d(4+ R)(1+B)+VN - (B~ + 371/2), where
R = sup,eq [

Proof. The proof will proceed in three parts. First we construct a neural network that satisfies
a certain approximation accuracy, without going into much detail regarding the architecture
of this network. Afterwards, we analyze the network architecture, and bound the network
weights.

Network construction and approximation bound:

Step 1. (Construction of neural networks locally approximating boundaries) Let
(Qj)j]‘il be an associated cover of Q. Fix m € M and write @, = [a,b]. By the as-
sumption Q € BBpg pr(R?), there exist i = i(m) € d and 0, € {£1} as well as a function
fm € BAB(Q%)) such that 1g(x) = Ly, 2,< fim(at0y for all @ € Q. Here, we used the notation

Qb = [1;4la;.b;]. With R = sup,cq ||z~ as in the theorem statement, note that if we
replace each Q; by é)v] = Q; N[—R, R]%, then the family (@\;)Jj\il is still a cover of € consist-
ing of rectangles. Furthermore, Equation (3.1) shows that f,, € BAc(Q%,), and we clearly
have 1q(z) = Ly, i< fn (@) for all x € @,,. Therefore, we can assume in the following that
Qm C [-R, R] for all m € M.

Now, by Definitions 3.3 and 3.1, there exists a shallow neural network I3} with N neurons
in the hidden layer such that ||f,, — RoI%|lsup < YN~ where v := By/d — 1. Further-
more, all weights and biases of I5} are bounded by VB - (6 +(QL, am) + ||@mller) for some
gm € Q, C [-R, R .

Step 2. (Construction of neural networks approximating horizon functions) Set

Sy, 1= {:E € Qm : fm(:c(i)) >0, JJZ} and Ty, = {x €Qm : Rgfﬁ(x(i)) > Om xi}7
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where I} is the network obtained in the previous step. Recalling || fr, — RoI 3 [|sup < vy N~1/2
and using the notation S, AT, = (Sm \ Trm) U (T, \ Sm), we then see

STy,

= {2 € Qm: fun(aV) < Opz; < RIW(2D)} U{z € Qs RyIF (2Y) < Oy < frn(2)}

C {a: €Qm: —')/N_l/2 < fm(x( )) — O < O} U {a: €EQn:0< fm(x(l)) — Oy < YN~ 1/2}
C{z € Qm: |fn(a?) — ;| < yNT/2).

Since p is «, C' tube compatible and since 1o(z) = 1g,, (z) for x € Q,, it follows that

p({z € Qm : Lo(z) # 11, (2)}) = p({z € Qm : 1g,,(z) # 11, (2)})
= w(SmAT,) < Cy*N~/2,

Next, we define the approximate Heaviside function Hs : R — [0,1] by

ifx<0
fo<a<o
if x> 1.

Hs(x) :=

— og O

Since Hg can be realized by a ReLU neural network (via Hs(z) = }(o(z) — o(z — §))), we
next approximate the characteristic function of T}, by an appropriate approximate Heaviside
function applied to RyI%(z¥)) — 0,,;.

To this end, note for § > 0 and an arbitrary measurable function ¢ : Rt — R that

{(t,u) e RTH X R Lyzy # Hy(9(t) —u)} = {(t,u) : 0 < Hy(g(t) —u) < 1}
CA{(t,u): 0< ¢(t) —u <8}
C {(tw) : 6(t) — u| < o).
Therefore, by picking § = YN and using the tube compatibility of the measure we see
that u({x € Qu : 1g,(z) # Ry J¥(x)}) < Cy*N~%2 where JJ is chosen such that
RoJRH(x) = H,p-12 (RoI 3 (2) — Oas) . Note that 0 < R, J3 < 1.

—-1/2

Step 3. (Localization to patches) Next, we want to truncate each realization R,J} such
that it is supported on @, and we want to realize these truncations as ReLLU neural networks.
This is based on a simplified version of the argument in [45, Lemma A.6] For the sake of
completeness, we recall the construction from [45, Lemma A.6].

Let [a,b] = Hl 1la;, b;] be a rectangle in RY, let 0 < ¢ < Lmineq(b; — a;) and define
[a+e,b—¢]:= Hle[al +¢,b; —¢]. Furthermore, define the functions ¢; : R — R, for ¢ € d, by

0 if u e R\ [ag,b]
1 ifuea;+¢,b; — ¢l
4 i u € [ag, a + €]
U ifue [bi—e’:‘,bi],

ti(u) =

and 7. : R x R — R by n.(z,9) = o( %, ti(z:) + o(y) — d). Note that for y € [0,1],
if z € [a+¢e,b— €], we have 175( y) = o(oy )) = y; furthermore, if 2 € R?\ [a,b], we have
0 < ne(x,y) < o(d—1+o(y) —d) = o(y — 1) = 0. This implies for any function g : R? — [0, 1]
that {x € R? : n.(z,g(x)) # Tigp () - g(x)} C [a,b] \ [a + €,b — ¢]. Note additionally that

S

18



the function 7. can be implemented by a ReLU neural network and that 0 < ¢; < 1, so that
0 < ne(z,y) < o(o(y)) <1forall y € [0,1], by monotonicity of the ReLU.

Returning now to the neural networks constructed in the previous step we distinguish two
cases: First, if the rectangle Q,, has width along some coordinate direction i less than 2yN—1/2
(Qm is a “small rectangle”), then we see for a suitable (constant) function g, : R%~! — R that

Qm C Tg(i) oy N-1/2 and hence p(Qn,) < 2°CH*N~%/? < 2dCy*N~*/2 since o < 1. We thus

choose L} to be a trivial neural network with input dimension d+ 1, meaning R,L7(x,y) =0
for all z € R? and y € R. We then have

p({z e R : 1, (2)ReJi (z) # RoLi(x, Ry (%)) }) < p(Qm) < 2dCy* N~/2.

Otherwise (if @y, is a “large rectangle”), writing @, =[a, b], we have ﬁ < % min;eq(bi—a;),

and it is not hard to see that [a,b] \ [a +~yN "2 b — yN~1/2] is contained in the union of 2d
tubes of width yN~/2. Therefore, choosing L’ such that R,L7y = NyN-1/2, We obtain

p({z € RY: 1g,, (2)RyJN (x) # RoLR(x, RN (2))}) < 2dCy*N~/2,

In both cases, the function  — R,LY}(x, R,J}} (x)) is supported on @, and vanishes on the
boundary of @y, (due to continuity).

Step 4. (Finishing the construction and error estimate) To summarize, on each rect-
angle @Q,, we have

p({z € R? : 1ong,, (2) # ReLR(z, Ry Ji (x))})
< p({z € RT: Ry LY (2, Ry I () # 1q,, (x) Ro I3 (2)})
+ u({z € Qm : RpJN (%) # 11, (2)}) + p({z € Qm : 11, (2) # La(2)})
< 2dCA*N~% 4 CA* N2 4 CHoN—*/?
=2(d+1)CH*N~*/2,

Now, defining the neural network Iy such that R,Iy(z) := Z%Zl R,LY (x, Ry J (), we
obtain because of 1 = 2%21 1ong,, (almost everywhere) that

p({z e R : 1g(z) # Roln(x)}) < 2M(d+1)CH*N~*% = 2(d + 1)(d — 1)*/?*CMB*N /2,

To simplify the estimate, using that o < 1, we see (d 4+ 1)(d — 1)*/2 < (d + 1)3/2 < (2d)%/2,
since d > 2. Finally, note that 2'73/2 = 25/2 < 6. Combining these estimates we see that
2(d +1)(d — 1)*2CMB*N~*/2 < 6CM B d*?N—°/2,

Additionally, recall from above that 0 < R,J5} < 1 for every m € M. As seen in Step 3,
this implies that (,(7) = R,L%(x, RyJ%(x)) satisfies 0 < (n(x) < 1 for all z € R Since
each (,, is supported on @, and vanishes on the boundary of @Q,,, and since the rectangles
Qm have disjoint interiors, this implies that 0 < R,Iy <1 as well.

The architecture:

Now let us examine the architecture of each L%} in more detail. For each rectangle @y, the
flowchart of computations performed by each L’} can be visually represented as in Figure 3.

In the following, we explicitly describe each of the layers of the network computing Ly;
we then describe how these networks are combined to obtain Iy.

Inputs. The input layer with d neurons corresponding to the d coordinates of an input 2 € R,

Layer 1. This layer will contain N + 2d + 2 neurons split into 3 categories:
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|
(z, I3 (2))
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Rol (7™ (x))
T
id Iy
,,,,,,,,,,,,,,,,,,,,, o o om™ o F T
Input

Figure 3: Visualization of the neural network L7} for the case of a “large” rectangle @Qp,.

e 2d neurons computing o(z;) and o(—zx;) respectively for each i € d.

e N neurons corresponding to the neurons in the hidden layer of the networks I}. Explic-
itly, writing R,I7(z) = D+ | C o( By + (Ag, z)) with D, By, C, € R and Ay € R4-!
for k € N, the k-th of these neurons will compute ¢y (z) = o(By + (™))" A, z)), where
7™ is the projection that sends z to () (with i = i(m)), viewed as a (d — 1) X d matrix.

e 2 neurons computing (46,7 (x)), respectively, where 7™ is the projection that sends
x to x; (where i = i(m)), viewed as a 1 x d matrix.

Layer 2. This layer will contain 4d 4+ 2 neurons split into 2 categories:

e 4 neurons for each coordinate ¢ € d computing the building blocks for the ¢; functions
in Step 3: tl(u;) = o(ui — a;), 2 (w;) = o(u; — a; — ¢€), t3(u;) = o(u; — b; + €) and
th—12— ¢34t}

t}(u;) = o(u; — b;), where u; := o(x;) — o(—x;) = x;. Note that t;(u;) =

Furthermore, recall that we chose ¢ = yN /2.

e 2 neurons computing the parts of the approximate Heaviside function Hgs, computing,
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respectively,

N
U1(@) = o(D+ Y Cen(@) = o(0nF™ @) + o(~0mi™" () )

k=1

and

N
Ya(z) 1= Q(D + ) Crop(x) — 0(0m7™ () + 0(—0mT™ () — 5),
k=1

where we recall from above that R I3 (7™ (x)) = D + Zszl Cror(x) and § = yN—1/2,
Therefore, 3(¢1(2) — ¢a(z)) = Hs (RoI (7™ (2)) — 0, 7™ (2)) = R,J 3 (x); in particular,
P1(x) —1b2(x) > 0.

Layer 3. This layer will have a single neuron, either computing the zero function (in the case
of a “small rectangle” @,,), or (in the case of a “large rectangle”) computing

d
ne (2, R (x)) = Ro Ly (x, Ro i (2)) = 9(§ Dot ==t th) (@) + § (1 (2) — () —d)

i=1

We used here that ()1 — 12)(z) > 0, so the difference is invariant under g.

Now, the full network Iy can be realized with one more layer (the output layer), so that
RyIn(x) = oy RoLj(w, Ry R ().

Thus, In can be realized by a ReLLU neural network with 3 hidden layers, architecture
A= (d, M(N +2d+2), M(4d +2), M, 1), and d+1+ M (N +6d+5) < TM (N +d) neurons.

Now let us estimate the number of non-zero weights of Iy which we will denote by W (Iy).
An immediate bound can be found by taking the product of the number of neurons on every
pair of consecutive layers in the L%} networks, summing up over the layers, multiplying by M,
adding M to account for the weights of the final output layer, and finally adding the total
number of non-input neurons to account for the biases. We thus see

W(Iy) < M- (d(N+2d+2)+(N+2d+2)(4d+2)+ (4d+2)-1) + M + MN +6Md+5M +1,

so that a rough estimate shows W (Iy) < 54Md? N.
Bounding the magnitude of the weights and biases:

Let us now acquire an upper bound for the absolute value of the weights and biases of
In. Note first of all that for the networks I3} we have two cases depending on the size of the
corresponding rectangle @Q,, = Hle[ai, b;]:

o If min;(b; — a;) < 2yN ~1/2 we can set all weights of the “subnetwork” corresponding to
the rectangle @, to be zero.

o If min;(b; — a;) > 2yN~'/2 then by Remark 2.3, we have 9(Qum, gm) < 7~ 'N'/2. Since
furthermore ||gm||;r < (d —1)R, our choice of I} in Step 1 ensures that the weights and
biases of I are bounded by VB - (6 +9(Qm, gm) + |gmlln) < VB-(6+7 ' NY2+dR).

In either case, we see that the weights and biases on the first layer are bounded in absolute
value by 1++vVB - (6 + 7 'N'/2 4 dR).

For the second layer, the weights corresponding to the first 4d neurons are bounded by
1+ ¢+ R and for the last 2 neurons again by 14+ vB - (6 + y"'N'/2 + dR). Finally for the
third layer, the weights and biases are bounded by max(%, %, d)<d+ 4~IN1/2,
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In conclusion, the weights of Iy will have magnitudes bounded by

max{l—i—G\/E—l— VBy 'NY2 4 /BdR, 1+¢ + R, d—i—wlel/Q}
<d4+R)(1+B)+ VN (B™'+B712).

Here, we used that d > 2, combined with several elementary estimates including the bound
VB <1+ B. O

4 Lower bounds for approximating sets with Barron class boundary

In this section, we present a lower bound on the achievable minimax rate for approximating
functions f € BBBVM(Rd) in L' with respect to the Lebesgue measure on [—1,1]%. In fact,
we show that the approximation rate provided by Theorem 3.7 is almost optimal even when
only horizon functions with boundary from the Fourier-analytic Barron space are considered.
More precisely, we will see in Theorem 4.3 below that neural networks with W weights cannot
obtain a better approximation error than O(W_%_ﬁ) over the class of horizon functions
with boundary from the Fourier-analytic Barron space; in contrast, our upper bound from
Theorem 3.7 guarantees that an approximation error of O(W~1/2) is achievable. Thus, even
though the two rates of approximation do not precisely agree, the difference between them
vanishes for increasing input dimension d — oo; therefore, we speak of almost optimality.

Since the arguments in this section are heavily based on the Fourier transform, we start
by fixing its normalization. Concretely, for f € L'(R?), we define

~

FI© =1©) =@n™" | fla)e " dr,

so that the inverse Fourier transform is given by F~! f(z) = f(—x); sec e.g. [22, Section 4.3.1].

Our first step towards lower bounds is to relate the covering numbers of certain sets of
horizon functions to covering numbers of certain subsets of Besov spaces. To fix the terminol-
ogy, recall that if © is a subset, of a normed vector space X, then a set @ # M C X is called
an e-net for © (in X), if sup,cg infren ||z — m|x <e.

Proposition 4.1. Let d € N>y and Q := (—1,1)4"1. Given a function f : Q — R, define the
associated horizon function as

Hf : (_17 1)d_1 X (_17 1) - {07 1}7 (.’L’,y) = ]lygf(r)

For each s > % and C > 0, there is a constant X = A(d,s,C) > 0 with the following
property: If e > 0 and if M C L' ((—1,1)9) is an e-net (in L*((—1,1)4)) for

HF(Bc) = {Hf : f € Bc([—l, 1]d_1)},

then there exists a set M’ C Bé’OO(Q) satisfying |M'| < |M| which is a \e-net (in Bé’OO(Q))
for G == {f € BE*(Q): | fll gz < 1}.

Remark 4.2. Here, for an open set Q C R~ we use the definition of the Besov spaces BY?(Q)
as in [19, Section 2.5.1], that is, BYI(Q) = {f|a : f € BY)(R41)} with norm

£l raqy = inf {[|gll gra(ga-1): g € BPIRY") and f = glo}.
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Proof. We divide the proof into four steps.

Step 1: For completeness, we prove the well-known embedding L!(£) — Bé’oo(ﬂ). Clearly,
it is enough to prove L'(RI~1) — Bé’oo(Rd_l). To this end, recall from [19, Section 2.2.1]
that the norm on Bé’oo(]Rdfl) is given by

fﬁl[%‘fA]’

11 = sup o

J

where g, 0 € S(R!) are suitably chosen and (&) = 1(27%+1¢) for k € N. Note that
1F rllr = (|25 DED(F o) 25 1) |0 = 1IF  eall o, whence | F gl < C1 < o0
for all k € Ng. By Young’s inequality for convolutions, this implies

177 05 F 1l = CollF 00 % fllw < CL- £,
s0 that || f[| yee < C7- || f]pr for f € LYRIY), with C} = C(d) > 0.

Step 2: We show existence of ¢ = ¢(s,d, C) > 0 such that every f € G satisfies ||cf|sup < %
and c¢f € Bo([—1,1]%71). We remark that this inclusion was (up to minute differences) already
observed in [4, Example 15 on Page 941] and [18, Theorem 3.1]. We provide the proof here
for the sake of completeness.

To this end, we first prove [au: (14[¢]) [ F(€) d€ < Co-[|f]| g22 for all f € BI*(RI), for a
suitable constant Cy = Ca(s,d) > 0. First, recall from [53, Sections 2.2.2; 2.3.2, and 2.5.6] the
well-known identity B2?(R4-1) = F2?(R4-1) = H52(R4~1), where the norm on the Sobolev

-~

space H*?(R4™1) is given by || f[|%.2 = Jga—1 (14 [£[%)* [f(€)[* d€. Using the Cauchy-Schwarz
inequality, we therefore see for f € B> ’2(Rd_1) that

1—-s ~

L riehifides [ (+1er) T (16" Folde

Ra-1

< ([ eryas) ([ el ifora)
Sl 5 1l

Here, we used that 2+ (1 —s) < —(d — 1), so that [pq_i (14 [£[*)17* d€ < oco.

Now, by definition of G and of BE’Z(Q), for each f € G, there is F' € Bsm(Rd_l) with
f=Flg and ||F'|| gz2 < 2. As seen above, this entails [5,(1 + [£]) |F(€)|d¢ < 2C5. On the
one hand, this implies by Fourier inversion for all z € Q) that

|f (@) = |F(2)] = |(F'F)(z)] < (2m)~ D72 /Rd_1 |[F(€)] dé < (2m)~47D/%20, < 20,

da—1

On the other hand, f(z) = F(z) = F'F(x) = [ga1 €@ (2m)7 211/7\(5) d¢ for z € [-1,1]41
and, in the notation of Definition 2.1, [{|_y jja-19 = sup,e_1,13a-1 [(§, )| = [[€]l 2 < [€], mean-
ing fpa-1 [€lj_1,17a-1,0 - (2m)~@=D/2|F(€)| d¢ < Cy < 1. By combining these observations, it is
easy to see ||cf|lsup < T and cf € Be([—1,1]%71), for ¢ = ¢(s,d, C) > 0 small enough.

Step 3: We show that

[ Hy — Hgll 1 (=100 = I1f — 9l Vig:Q— [—%, %] measurable.
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To see this, first note by Fubini’s theorem that

1
1y = Hyll 1 ((-1,0y0) = /(1 b /1 Ty<s@) = Ly<g(a)| dy da

()
=/ [f(2) = g(z)| dz = [|f = gllL1()-
(_Ll)d_l

Here, the step marked with (x) used that f_ll Ly<f@) — Ly<g@|dy = | f(z) — g(x)], which is
trivial if f(x) = g(z). Otherwise, if f(x) > g(z), then

Ly<r) = Ly<g@)| = Lig(a), £ (¥):

which implies the claimed estimate. Here, we implicitly used that (g(x), f(z)) C [-1,1], since

f(x),9(z) € [-3,3]. For f(z) < g(z), one can argue similarly.

Step 4: We complete the proof. To this end, write N := |[M| and M = {G1,...,Gn}. With
¢ > 0 as in Step 2, for each i € N, choose f; € G with

|Hep, — Gillpn < e+ }25 [Hep — Gill 1 (4.1)

We claim that M’ := {f1,..., fx} € LY (Q) € By™(Q) is a Ae-net for G (in By™(Q)), for a
suitable choice of A = \(d, s,C) > 0.

To see this, let f € G be arbitrary. By Step 2, we have c¢f € Be([—1,1]%71) and hence
H.; € HF(Bc). Since M is an e-net for HF(B¢) (in L'((—1,1)%)), this implies that there
exists i € N with ||Hep — Gi|11 < 2e. Since f, fi € G and hence ||c f|sups ||l fillsup < & by
Step 2, the estimates from Steps 1 and 3 show

, C1 1
If— fi||Bé,oc(Q) <Ci|If = fillLro) = - e f— sz‘HLl(Q) = |Hep — Hef,

LY((-1,1)%)
O/
< f(HHcf = Gillpr + [|Gi = Hegy 1)
(=) C 5C4
< “H(|Hep = Gillpr +e + [ Hep = Gill 1) < = Le.
Here, the step marked with (xx) is justified by Equation (4.1). O

Based on Proposition 4.1, we can now prove our first lower bound for the approximation of
Barron-class horizon functions. This result uses the notion of (7, €)-quantized networks intro-
duced in [45, Definition 2.9]. Precisely, given 7 € N and € € (0, %), we say that a network @ is
(7, €)-quantized, if all the weights and biases of ® belong to the set [~ 7, e~ 7|2~ 7og2(1/2)17,
Similar notions of quantized networks have been employed in [13, 21] in the context of lower
bounds on approximation rates.

Theorem 4.3. Let d € N>o, 7 € N, and C,0 > 0. With notation as in Proposition 4.1,
assume that there are C1,Co > 0 and a null-sequence (€p)neny C (0,00) such that for ev-
ery f € Bo([~1,1]97Y) and n € N, there is a network ® with d-dimensional input and 1-
dimensional output, with (7,e,)-quantized weights, and such that

||Hf — RQ(I)HLl((—l,l)d) < Cl En and W ((b) < CQ . ET_LU.
Then L <14 1
o — 2 d—1
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Proof. Let Qg := By 5(0) = {z € R4 |z| < 1/2}, noting that this is a bounded C*°-domain
in the sense of [53, Section 3.2.1], and that Qg C Q = (—1,1)4"!. Let us fix s > d%l for

the moment, and define A := B>?(€) and B := Bcl)’oo(Qo). The proof is based on existing
entropy bounds for the embedding A < B. More precisely, writing Ua := {z € A: ||z||a < 1}
(and similarly for Up), the k-th entropy number of this embedding is defined as
Qkfl
e = inf{s >0 : 3Jf1,..., fok—1 € B such that Uy C U (fi +£UB)} ;
i=1

see [19, Definition 1 in Section 1.3.1]. Furthermore, [19, Theorem 1 in Section 3.3.3| shows
that there is a constant ¢ = ¢(d, s) > 0 satisfying

ep > c- k@) VkeN.

Given a neural network @, let us write di,(P?) and doyt(®) for the input- and output-
dimension of ®, respectively. Fix n € N with € := ¢, < 1/2, and define

My, = {R,® : ® is (7,¢)-quantized NN with din(®) = d, dowt(®) = 1, and W(®) < Cp-c77}.

Note that [logy(1/¢)] < 1+logy(1/e) < 2logy(1/¢), whence 27Mog2(1/2)] < 927logs(1/e) — =27
Furthermore, note for arbitrary a,b > 0 that

l[~a,a] NbZ| = |[-bta,b'a)NZ| <1+2b'a,
which shows

|[_E—T’€—T] N 2—7’]—10g2(1/5)-\Z| <1427 27]—103;2(1/6)-\ <1+ 26—37’ < €_5T,

and hence |[—5_T,5_7']02_T“°g2(1/5)]Z| < 2K for K := [logy(¢7°7)] < 67 log,(1/¢). Therefore,
an application of [45, Lemma B.4| shows that there is a constant C5 = C5(d) € N satisfying

|Mn‘ < 2C3025*"-(]'10g2(02 e~ 7)]+67logy(1/€)) < 2(]45*" log2(1/a)7

with Cy = C4(Cg7d, T, O’) > 0.

By assumption of the theorem to be proven and because of our choice € = ¢, we see with
notation as in Proposition 4.1 that M, is a Cie-net (in L'((—1,1)%)) for HF(Bc). There-
fore, with A = A(d,s,C) > 0 as in Proposition 4.1, there is a A\Cie-net M), C Bé’oo(ﬂ) for
G = {f € BZ*(Q): || fll 22 < 1} satisfying [ My,| < |M,| < 287" for k := 1+[Cue~7 log,(1/¢)].
Defining M/ := {f|a,: f € M} € By™ (), we thus see that M/ is a A\Cye-net for Ua.

Overall, we thus see because of k < Cse™7 log,(1/¢) that

ACie>ep>c k0D > ¢ ot/ oo /(@1 (10g,(1/2)) /@Y,

Note that this holds for all ¢ = €, — 0 as n — oco. This is only possible if so/(d — 1) > 1,

meaning % < ;%7 Since s > % can be chosen arbitrarily, this implies as claimed that

1 o 1d+1 _ 1 1
s S3da1 -2t T 0

The strength of the lower bound in Theorem 4.3 is that it applies to networks of arbitrary
depth; but it requires the neural networks to be quantized. Our final lower bound shows that
for neural networks of a fixed maximal depth, one can replace the quantization assumption by
a suitable growth condition on the magnitude of the weights.
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Theorem 4.4. Let d € N>9, L,N € N, and ~,C,C1,C2,C3 > 0. Suppose that there is an
infinite set W C N such that for each W € W and each f € Bo([—1,1]971) there is a neural
network ® with d-dimensional input and 1-dimensional output and with all weights bounded in
absolute value by C1 WV such that

|\Hy — qu)HLl((,Ll)d) <Co - W W(@)<Cs-W, and L(®)<L.
Then v < % + dfll.

Proof. Let k := [max{y~!N + Cy, v~! + C3}] and m := 3kL. For W € W large enough,
we have € := ey := W7 < L. For this choice of W and given f € Be([—1,1]471), let @
as in the assumption of the theorem. Note that x < 2% < &7% for all x > 0, and hence
W(@)<Cs5-W=0Cs- e~/ < gm0 < ok, Likewise, all weights of ® are bounded in
absolute value by C; WV = C; s_% < 5_(%+Cl) < gk,

Overall, the “quantization lemma” [21, Lemma VI.8| shows that there exists an (m,e)-
quantized network ¥ with d-dimensional input and 1-dimensional output and such that

W@ <W(@) <C3-W=Cz-e /7 and  |Ry® — Rp¥llsup < &,

where the || - [|sup norm is taken over (—1,1)%. Hence, |Hy — RyW||11((—11y0) < (27 4 Co)e.
Since ey = W=7 — 0 as W — oo with W € W, Theorem 4.3 shows that v = 77— < 3 + 71,
as claimed. O

5 Estimation bounds

In this section, we provide error bounds for the performance of empirical risk minimization for
learning the indicator function of a set with boundary of Barron class. We also briefly discuss
the optimality of these results. More precisely, we show that the best one can hope for is to
(roughly) double the “estimation-error rate” that we obtain. We conjecture that neither the
lower bound nor the derived rate are optimal, but we were unable to prove this.

In the following theorem, given a subset  C R%, we use the notation

1, ifzeq,

: RYS {£1), ze
e (=1} {1, otherwise.

Moreover, for A = (d, Ny,...,Nz) € NI we denote by NN (A) the set of neural networks
® with input dimension d, L layers, and Ny neurons in the ¢th layer for all ¢ € {1,...,L}.
Finally, we define sign : R — {£1} by sign(z) = 1 for z > 0 while sign(z) = —1 if z < 0.

Theorem 5.1. Let B,C > 1, M € N, d € N>o, a € (0,1], and m € N. Define
1/(14a)
N = [((BC)Qdm/ln(BCMdm)) ] eN

and A := (d, M(N +2d + 2), M(4d + 2), M, 1). Let P be a tube compatible probability
measure on R with parameters C,a, and let Q € BBp y(RY). Let Sx = (X1,...,Xm) dp
and define Y; := xq(X;) fori € m.

Then, given § € (0,1), with probability at least 1 — § regarding the choice of Sx, any

m
Q* € argmin ]lsi n(R,®(X; Y; (51)
%NN(A); an(Ry®(X,))#
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satisfies

P(sign(R,2"(X)) # xa(X)) < Co- <BCM 2. (W)W ‘4 (m(1m/5)>1/2>7 (5.2)

where X ~P. Here, Cy > 1 is an absolute constant and v = 1.

Remark. 1) The set {(sign(f(X1)),...,s

ign(f(Xm))): f: R — R} C {£1}™ is finite, which
implies that a minimizer as in Equatlon (5.

) always exists.

1
2) In the common case where a = 1 (for instance, if dP(z) = 1 je(x)dz), we have
~v =1/2, so that one gets

P(sign(Rgtﬁ*(X)) # XQ(X>) S <ln7m)l/4 + (M)l/%

m
Proof. All “implied constants” appearing in this proof are understood to be absolute constants.

Define A := (BC)2dm/In(BCMdm), so that N = [AY/(1+)] If A < 1, then the right-
hand side of Equation (5.2) is at least 1, so that the estimate is trivial. We can thus assume
without loss of generality that A > 1, so that N > 2 and N < 1 + A1+ <9 Al/(+a),

Let H := {signoR,®: ® € NN (A)}. Note that since at most every neuron in layer ¢ can
be connected to every neuron in layer £ + 1, the number W (A) of weights of a network with
architecture A satisfies W(A) < M?2d?N. Therefore, [8, Theorem 2.1] shows that there are
absolute constants C,Cy > 0 such that

VC(H) < Cy - M*d?N -In(M?d*N) < Cy - M?d*N -In(dMN).

Next, recall that A > 1 and hence N < 2AY(0+®) < 2A < (BC)%dm. Therefore,
In(dMN) <1+ In((BCd)2Mm) < In(BCMdm), which easily implies that

VC{#H) <m™Y2MdvVN/In(dMN)
m
1

< (In(BCAMm)) 21" ma) . 6 g3 @s) - (BOYY/ (1t (D)
= (BO)"™ - M- dz=3s . (ln(BC’Mdm))W2 em T2 = (%),

(5.3)

To make use of this estimate, note that the Fundamental theorem of statistical learning theory
(see [50, Theorem 6.8 and Definitions 4.1 and 4.3]) shows for arbitrary €,d € (0,1) that if we

set
1 m
Lp(h) :=P(h(X) # xa(X)) and Lg(h):= o Z]lh(xi);em(xi),
=1

then, with probability at least 1 — ¢ with respect to the choice of S = (X1,..., X)) id P, we

have
VheH: |Lp(h)— Lg(h)| <e, (5.4)

provided that m > Cj3 w Using the estimate v/a +b < /a + /b for a,b > 0, it is
easy to see that the condltlon on m is satisfied if ¢ > /C5 - (\/VC )/m + /In(1/0) /m)
Finally, thanks to Equation (5.3), we see that there is an absolute constant Cy > 0 (which we
can without loss of generality take to satisfy Cy > 24) such that this condition holds as soon
as

Co {(*) n (ln(l/é))l/Q]

£e>¢ep =
Z €0 1 m
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This is satisfied if we take ¢ as one fourth of the right-hand side of Equation (5.2); for this,
note that in case of ¢ > 1, Estimate (5.4) is trivially satisfied.

Now, choosing ¢ to be one fourth of the right-hand side of Equation (5.2), we know that
with probability at least 1 — § with respect to the choice of S, Equation (5.4) holds. Let us
assume that S = (Xy,...,X,,) is chosen such that this holds. Now, Theorem 3.7 shows that
there is @9 € NN(A) such that

Co

P({zx € R%: 1o(z) # R,Po(x)}) < 6 BOM d¥/2 N~%/2 < ~BOM PRA? <.

It is not hard to see that there exists ®; € NN (A) satistying R,®; = —1 + 2R,®( and that
if 1g(xz) = R,®o(z), then hi(z) = R,®1(x) = xa(z) for hy = signo(R,®1) € H. Therefore,
Lp(hi) =P(h1(X) # xo(X)) < P(1o(X) # R,®0(X)) < e. Overall, if * € NN (A) satisfies
Equation (5.1), and if we set h* := sign oR,®*, then Equation (5.4) shows

Lp(h*) < Lg(h*)+e < Lg(h1) + & < Lp(h1) +2¢ <3¢ <4e =RHS (5.2) ,
which proves Equation (5.2). O

Remark 5.2 (Quantifying the non-optimality of the learning bound). By taking § ~ m /2, it
is not hard to see that the bound in Theorem 5.1 implies that the learning algorithm

(X1, x0(X1)), ., (X, x (X)) — Ag := signoR, P

with ®% a solution to Equation (5.1) satisfies

Es[llAs — xallLi@)] S [In(m)/m]";

here, we used that |Ag — x| < 2-1ag4y,. For the uniform measure dPP = 27d]1[7171]d dx, we

have v = 1/2, and therefore Eg|[|Ag — XQ||L1([_171]L1)} < [1n(m)/m]1/4. In the remainder of
this remark, we sketch an argument showing that no learning algorithm S — Ag can satisfy

1d+2+1 d
ES[HAS - XQ‘|L1([71,1]d)] <m™? with 0>60":= 3 + ;_72124—1( ) (5.5)

Note that 6* — % as d — oo, which still leaves a gap between this lower bound and the
estimation-error rate m~'/* that we obtain.

We expect the lower bound of (5.5) to be suboptimal. One reason why we assume so
is that, for a general estimation problem, where the error of estimating a density from m
measurements is measured with respect to the Kullback-Leibler divergence, [56, Theorem 1]
yields a general lower bound in terms of the metric entropy of the class of densities. As we
have seen in the proof of Theorem 4.3, the metric entropy of the set of horizon functions
can be lower bounded by using fact that a ball in B2? for 5 > (d 4+ 1)/2 embedds into the
Fourier-analytic Barron space. By this observation it can be seen using [56, Theorem 1] that a
lower bound on the expected error of estimating xq from m measurements as in Theorem 5.1
measured with respect to the Kullback-Leibler divergence is given by O(m_(%”)) for any
0 > 0 . Note that this rate almost matches the upper bound given in Theorem 5.1 for the
L' estimation error. The argument in [56] yields bounds for L? distances under additional
assumptions, see [56, Theorems 4,5,6]. However, none of these assumptions are satisfied in our
case.
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To prove (5.5), assume by way of contradiction that some learning algorithm S — Ag satis-
fies Equation (5.5), uniformly for all Q € BBy 1(R?). Let Q := (—1,1)4! and s := 1+ 45|,

as well as G := {f € W2(Q): ||f|lws2 < 1} with the usual Sobolev space W*2(Q). Since

s> %, we see as in the proof of Proposition 4.1 that there is ¢ > 0 such that

VIeG: lefllsup <1 and Qp:={(z,t) € [-1, )" 'x[-1,1] : t<cf(z)} € BB11(R).
Let W = (Wi,..., W) < U([~1,1]%), and write W; = (X;, X!) with X; € [~1, 1)~ and
X! e [-1,1]. Given f € G, let
Yii= =142 Lxccrx;) = xo,(Wi),

and set Sy := ((Wl,Yl), ooy (Wi, Ym)). By Equation (5.5), there is C' > 0 independent of m
such that
Ew [l As; — xa,llpi o104 < C-m™°.
Note that Sy is uniquely determined by fixing W and f, and that Sy does not depend fully
on f, but only on m point samples of f. Define

1 L1+ Ag (.t
Bw: [-1,1]“! SR, me-(—H/ wdt).
c _1 2

Note that B : (W, f) — By is a Monte-Carlo algorithm in the sense of [26, Section 2|, and
for each (random) choice of W, B computes its output based on m point samples of f. To
motivate the definition of By, note because of ||c fl|sup < 1 that

1 14 ,t 1 1 c f(z)
/ ng(x)dt:/ ]le(.%',t)dt:/lﬂt<cf(:r)dt:/ dt = c f(z) +1,

1 -1 -1

and hence f(z) = %( -1+ f_11 w dt). This implies

1
1
/IAS/'(xat) - XQf(mat) dt‘ dr < ?c”ASf - XQf”Lly

1
Bw — R
1Bw = flla a1 < 5 /[—1’1]‘1‘1

and hence ) o
-6
Ewl[Bw = flin < 5 EwllAs; — xall < o -m™.
Note that this holds for every f € G and recall from above that B : (W, f) — By is a Monte-
Carlo algorithm that depends on f only through m point samples. However, it is known from

information-based complexity (see for instance [26, Theorem 6.1]) that such an error bound
1d+24+1oz41(d) 0*
5 = 6",

for a Monte-Carlo algorithm can only hold if § < 725 = 1

6 The case against general measures

In this section, we show that for general probability measures, one cannot derive any non-
trivial minimax bound regarding the approximation of sets with Barron class boundary using
ReLU neural networks.

The following general result shows that for sets of infinite V' C-dimension and general
probability measures, no non-trivial minimax approximation results using neural networks
can be derived. To conveniently formulate the result, we use the notation

NNy 1 = {(I> : ® NN with input dimension d, with L(®) < L and N(®) < N}.
Furthermore, we continue to write p for the ReLLU. The proof of the following lemma is based

on (the proof of) the no-free-lunch theorem as presented in [50, Theorem 5.1].
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Proposition 6.1. Let Q C RY be Borel measurable and let F C {F : Q—{0,1}: F measurable}
such that VC(F) = oo.
Then for arbitrary N, L € N we have

. 1
sup sup inf HF —TL,00) © RQ(I)HLl(H) > 6
n Borel prob. measure on Q FeF PENNN,L

Remark 6.2. Even without composing the ReLU neural network R,® with 1 ), the above
result implies that

sup sup inf HF — RQ(I)HLI(M) > 32
1 Borel prob. measure on Q FeF PEN NN, L

This follows by first noting that {R,®: ® € NNy 1} is closed under addition of constant
functions and secondly by noting that

ly = L(o,00)(z — 3)| < 2y — 2| Vye€{0,1} and z € R. (6.1)

This estimate is trivial in case of y = 1(0700)(2 — %), thus, let us assume that y # 19 ) (z— %)
Then there are two cases: First, if z < %, then 1 ) (z — %) = 0 and y = 1, which implies
that 2|y — 2| > 2(y — 2) > 1 = |y — L(g00)(2 — §)|. If otherwise z > 3, then 1 o)(z — 3) =1
and y = 0, so that 2|y — z| =2[2| > 1 = |y — 1(0,0c)(z — 1)|. This proves (6.1).

Proof of Proposition 6.1. Let N, L € N be arbitrary. As shown for instance in [2, Theorem 8.7],
if we consider the function class N := {19 o) 0 Ry®: ® € NNy 1}, then VC(N) < co. By the
fundamental theorem of statistical learning theory (see for instance [50, Theorem 6.7]), this
means that A has the uniform convergence property, which implies (see [50, Definition 4.3|)
that there is some n € N such that for each measurable F : Q@ — {0,1} and each Borel
probability measure p on €, if we choose Sx = (X1,...,X,) R 1, then with probability at
least 1 — 11—0 with respect to the choice of Sx, we have

sup | Ry, 7(¢) — Rsy,r(¢)] < (6.2)

1
¢€N 32 ’
where

R#,F(@ = M({x € Q: ¢(x) # F(ﬂf)}) and RSX,F(¢) = %Z]lzj)(Xi);éF(Xi)‘
i=1

Note [F—@| € {0, 1}, whence Ry, #(8) = | F— 8l 11 and Ry p(@) = 130, 16(X,) — F(X).

Since VC(F) = oo, there is a set Qo C Q of cardinality |Q| = 2n such that g is shattered
by F, meaning that if we set G := {g: Qo — {0,1}}, then G = {f|q,: f € F}. Let pu := U ()
denote the uniform distribution on o, meaning p({z}) = 1/|Q| for all z € Qp, and assume
towards a contradiction that

1
inf ||F — < —. 6.3
sup inf, I1F = &l 16 (6.3)

Now, given any S = ((Xi’Yi))i:1 . € (Qo x {0, 1})”, choose ¢g € N satisfying
n
¢g € argmin Y _ [$(X;) — Yi. (6.4)
sEN i
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Such a function ¢g exists, since the expression Zi\;l |p(X;) — Yi| only depends on ¢|q,, while
{¢lao: ¢ € N} C {0,1}% is a finite set. Here, {0,1}% = {4 : Qg — {0,1}} is the set of all
functions from Qg to {0, 1}.

For Sx = (X1,...,X,) € QF and g € G, let us define Sx(g) := ((X,-,g(Xi)))i:L__m. Now,
given an arbitrary g € G, recall from above that g = F'|q, for some F' € F. Thanks to (6.3),
there is thus some ¢* € N satisfying lg =" L1y = I1F ="l < 1. Overall, we thus see

that with probability at least 1 — ﬁ with respect to the choice of Sx = (X3,...,X,) g 1h
we have
g — dsx e = 1F = dsy 1y = Bur (¢sx(r))
(62) 1
< 32 + Rsy,F (¢SX(F)>
(64) 1 .
S 372 + RS)(,F (d) )
(6.2) 1 . 1 .
< 16 + Ry r(¢") = 6 +1F = @™ L1 ()
(623) 1
5
Since |g — ¢, (g)| < 1, we thus see for every g € G that
1 1 1 1 1
Esy (19— ¢sx(g)ll < 1o Tg <z @ndhence Eg, {@ > g - ¢Sx(g)||L1(p):| <7

geg

In the last part of the proof, we will show that this is impossible, by showing for every
Sx = (X1,..., Xn) € Qf that ;3 g 19— b5y (9l = 1

Thus, let Sy = (X1,...,X,) € Qf be fixed, and set Q; := {X1,...,X,}, noting that
|2\ Q1| > n. Given g € G and z € Qp, define

9(y), if y # x,

@ . Q- {0.1 =
g 0 {7 }’ Yy 179(;5)7 otherwise.

It is easy to see that G — G, g — g(””) ib bijective, since (¢(*))®) = g. Furthermore, given any
z € Qo \ Q1, note that Sx(g) = Sx(g'*), so that

19(2) = Ps(9)(@)] + [9) (@) = b5 (o) (@)] = [9(2) = B (9) ()] + |9 (2) = Doy (g) ()] = 1.

Overall, we thus see

1
@ZHQ—%X@)HLl(M)f |g| > > (@) = bsy (@)l

9€g xeﬂo\fh g€g

\/

| \/

2n2\gl > 2 l9@) = b5y @) + 197 (@) = b gten ()]

:EEQ()\Ql geg
_ [\ 1G]
2n 2|g| - 4

as claimed. This completes the proof. O
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In Proposition 6.1, the measure p might depend on the choice of N, L € N. The next result
shows that even if one restricts to a fized measure p for all N, L € N, the approximation rate
can get arbitrarily bad.

Proposition 6.3. Let Q C R? be Borel measurable and let F C{F : Q—{0,1}: F measurable}
such that VC(F) = oo.

Then for each null-sequence (ep)nen and arbitrary sequences (Np)pnen CN and (Lp)neny CN,
there is a Borel probability measure p on € and some ng € N such that

;1611;_ @eAfij{lfgfmen [F = L(0,00) © Ro®ll 11y = €n Vn € Nop,.

Proof. Define 1, := supj,, €k, as well as N}, := max{Ny,..., N,} and L}, := max{Ly,..., Ly}
for n € N. Note that (7,)nen is a non-increasing null-sequence; in particular, 7, > 0 for all
n € N. Choose a strictly increasing sequence (ng)eeny C N satisfying 7,,, < 2757 so that
K=Y oy Tn, < 275 Yoy 2-t = 3—12 Now, Proposition 6.1 yields for each £ € N a Borel prob-
ability measure py and some Fy € F satisfying iIlfcI)ENNN,Z £ — L(0,00) © Ro®|lp1 () = é

Fix some wy € Q and define p := 3237, 7, pes1 + (1 — 32K)dwy, so that p is a Borel
probability measure on Q.
Now, given any n € Ny, let £ € N with ny < n < ng41, so that 7,, = supy>,, e > €,

and N, < N, <N, aswell as L, < Lj, < L;,, . Therefore,

su inf F-1 o R,®
FG.I;: BENNN,, L, H (0,00) 4 HLl(p)
> 327y, - d)ENNI\,i/nf L [Fe1 = Lo,00) © Bo®@|l 1 (py 1) = Ty = €n-
LIS R TS|
Since n € N>, was arbitrary, we are done. O

Finally, we show that the class of Barron horizon functions (and thus also the class of sets
with boundary of Barron class) has infinite VC dimension, so that the previous results apply
in this setting.

Lemma 6.4. Let d > 2 and Q = [—1,1]¢, as well as C > 0 and M € N. Then
VC(BBem(RY) > VC(BHe(Q)) = cc.

Proof. Let n € N be arbitrary. For each k& € n, choose cp%k) € C’é’o((%, %) x (-1, 1)d—2)
satisfying <p5f) > 0and apslk)(%—i—ﬁ, 0,...,0) = 1. Define X := [~1,1]%! and use Remark 3.2
to select C" > 0 satisfying Ber(X,0) C BAc(X). It is easy to see that there is some 7, > 0

satisfying 7, cpy(f) € Boryn(X). Now, given 0 = (01,...,0,) € {0,1}", define
£ =13 (20, — 1)) € Bei(X,0) € BAc(X).
k=1
This implies H € BHc(Q), where H,(LG)(:B) =10
7(10)(]“—;1 + ﬁ,o, ..., 0) = (20 — 1)1, we see that

. Furthermore, in view of
(@1,05Tg—1) 224

HO (AL 4+ L0,...,0) = Lag, 1)r50 = Log,>1 = O

Therefore, BHc(Q) shatters the set {(%
VC(BHc(Q)) > n. Since this holds for ever

..,0): k € n} C Q, which shows that

+ 5,0.
vy n € N, we are done. O
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7 Three kinds of Barron spaces

In the literature (see for instance [16, 18, 38]), there are at least three different function spaces
that are referred to as Barron spaces. In the terminology that we used in the introduction,
these are the Fourier-analytic Barron space and the infinite-width Barron spaces, either using
the ReLLU or the Heaviside activation function. In the current literature, the relationship
between these spaces has only been understood partially. Therefore, we clarify this issue in
this section.

To fix the terminology, let us write P, for the set of all Borel probability measures on
R x R? x R. Given a (measurable) function ¢ : R — R and u € Py, we write

po(z) = / a-¢((w,z) + ¢) du(a,w,c) forz € RY,
RxRIXxR

whenever the integral exists. Let us denote the Heaviside function by H := 1}y ) and the
ReLU by ¢: R — R,z +— max{0,z}. Then, given a set @ # U C R? and s > 0, we define

By(U) = {f:U—HR s 3uePy: ||u||H<ooandV:c€U:f(a:):uH(m)},
B,(U) = {f:U—)]R CAuePy: ||u||g<ooandV:L“€U:f(x):ug(m)},

Brs(U) = {f U—R: 3IF:RY = C:||F|rs<occand Vz € U: f(x):/Rde“I’&)F(g)df},

where

il = [ Jaldutawe) and Julyi= [ ol (ul+ e du(aw.o)
RxR4XR d

RxRIxR

while | F||7,s := [pa(14 [€])® |F(£)] d€. Finally, the norms on these spaces are given by

1£llgs :=inf {{lulm : p€Pgand f=pulv}

and similarly for || f||s,, while

Ifllsy., == inf {||F||;,s: F :R? - C measurable and f(a;):/ @ () de for all z € U}.

Rd
From the literature, the following properties of these spaces are known.
Lemma 7.1. Let @ # U C R? be bounded. Then the following hold:
1) Bo(U) = Bu(U). If U has nonempty interior, then the inclusion is strict.
2) Bra(U) = Bu(U).
3) Bra(U) = B,(U).

Remark. Regarding part 1), an easy modification of the proof shows that it would in fact
suffice for U to satisfy {tz + (1 —t)y: ¢t € [0,1]} C U for certain x # y, even if U is not open.

Proof. Ad 1): Every function in B,(U) is Lipschitz continuous; see [18, Theorem 3.3]. On the
other hand, choosing  to be a Dirac measure, we see Hy . = (z — H((w,z) 4 ¢)) € By (U)
for arbitrary w € R? and ¢ € R. If U has nonempty interior, one can choose w, ¢ in such a
way that H, . is discontinuous on U, and therefore cannot belong to B,(U). This shows that
the inclusion has to be strict if U has nonempty interior.
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The inclusion B,(U) C By (U) is probably folklore; since we could not locate a reference,
however, we provide the proof. Since U is bounded, we have U C Bg(0) for a suitable R > 0.
Set C':= 1+ R and note that

C
gy):/ H(y—t)dt Vy € R with |y| < R.
0

Now, given w € R? and ¢ € R, define 6,,. := |w| + |c| and note note |(w,z) +c| < C - Oy .
for all x € U. Recall that o(yz) = v o(z) for v > 0 and x € R. Therefore, given a measure
© € Py, and setting Q := R x R? x R, we see for all z € U that

pola) = /adm®+dwww@=/a%pdﬁ$@+ﬁ)w@wd

Q
[ [

= / a-H((w,z)+s)dv(o,w, s) = vi(z),
Q

) dt dp(a,w,c)

where v := ©~!(u® )) is the pushforward of the product measure u® A (with A denoting the
Lebesgue measure on [0, C) under the map

©: OQxI[0,C]—Q, ((a,w,c),t)»—>(a~0 e —t).

Wi Gy o? Oue

Finally, note that

IMmLﬂMwaws(//M%dﬁwwwc<C/MHMwaww@ Ol

This easily shows that || f|[g, ) < C - [|fll5,w) < oo for all f € By(U).
Ad 2): This follows from [3, Theorem 2|.

Ad 3): This essentially follows from [16, Theorem 9], which is itself a consequence of (the
proof of) [31, Theorem 6].

More precisely, since U € R? is bounded, we can choose o € R? and R > 1 such that
U C ao+[0,R]% Let f € Bra(U) with || f|s,, < 1. This implies f(z) = [pa €@ F(€)d¢

for z € U, where ||F||r2 < 2. Define G, H : RY — C by G(¢&) = ;(F(g) + F(=¢)) and

H(¢) = R4 %9 . G¢/R). A direct calculation shows ||G||]-‘2 <2 and |H| 72 < 2R
Next, define g,h : RY — R by g(z) := [pa €@ G(€) d¢ and h(z) := [pa /@O H(E)dE. Tt is
straightforward to verify h(*52) = g( )= f(x) forz € U.

By elementary properties of the Fourier transform, we see [54 |¢]? |l\z(§)| dé¢ <Candh e C!
with [|A]|sup, [|VA|lsup < C where C' = C(d R). Thanks to [16, Theorem 9|, this implies
1718, (f0,112) < C" < 0o. Therefore, h(y) = [, ao(c+ (w,z))du(a,w,c) for all y € [0, 1],
where p € Py satisfies ||ull, < 2C". Because of y = 2530 € [0,1]? for # € U, this implies
fl@)=h(E2) = [qao((%, @) +c— M) dp(a,w,c) = VQ( ), where v = ¥*p is the push-
M)

R

forward of u under themap ¥ : Q — Q, (a,w,¢) — (a, B C— . A direct calculation shows
[l < (1+]zo|) |1l < C" for C" = C"(d, R, x0). Hence, f € By(U) with || g, < C”. O

The previous lemma collected several relations between the different Barron-type spaces
from the literature. The question of how the spaces B, and Br i are related, however, has,
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to the best of our knowledge, not been answered until now. While it is claimed in [18, Theo-
rem 3.1| that Br; embeds continuously into B,, citing [4] as a reference, we believe that this
mischaracterizes the results of [4]. In fact, in [4] (or rather [3]), it is merely shown that Br
embeds into By, not B,. As we will see in Proposition 7.4 below, we actually have Br 1 € B,.
The proof will be based on the following lemma, which shows that the partial derivatives of
functions in B, are “uniformly of bounded variation along the coordinate axes”. This lemma is
similar in spirit to [18, Example 4.1], which essentially corresponds to the one-dimensional case
of the result given here. In the following lemma, we use for a Lipschitz continuous function
g:RY =R, i,j€d and x € RY, the following functions

gjiz: R—=R, t— (8]g)(l’ +te;), (7.1)
where (e, ..., eq) denotes the standard basis of R?.

Lemma 7.2. Let @ # U C R? be bounded. For every f € By(U), there exists a Lipschitz
continuous function g : R — R satisfying f = gly and

sup ||gjiellBy < 4fll5,, (7.2)
i,j€d,xER?
where we write ||h||gy = ||h|lsup + TV(h) for h : R — R, with TV(h) denoting the total
variation of h; see for instance [23, Chapter 3.5] for the definition.

Remark. The partial derivative d;g appearing in Equation (7.1) above is the weak derivative
of g, and thus a priori only uniquely defined up to changes on a null-set. What is meant is
that there is a version of this derivative such that g;; . is of bounded variation for all 4, € d
and x € R%, and such that Equation (7.2) holds.

Proof. The claim is clear in case of | f||s, = 0; thus, let us assume that ”fHB > 0. By
e

definition of B,(U) there is a probability measure u € Pg satistying ||ul, < 2| f|s, and
[ = tolu. Define Q :=R x R? xR and g := tto, noting that g : R? — R is well-defined, since

[ tealtw.) + o)l duta,w.c) < (1 la [ fal- (ol + e due,w,0) < o0
for each x € RY. Furthermore, since g is 1-Lipschitz, we see for all z,y € R? that

l9(2)—g(w)] < /ﬂ lal-|{w, 2 )| dja(a, w, ) < |z /Q lal- (] +]e]) dia(a, w, ) < [z—y]- sl

meaning that ¢ is Lipschitz continuous.

Now, note that x — o({(w,x) + ¢) either vanishes identically (in case of w = ¢ = 0)
or otherwise is differentiable on {z € R%: (w, x) + ¢ # 0} which is open and of full measure,
with partial derivatives 9;[o({w, z) 4 ¢)] = w;H ((w, z) 4+ ¢). Furthermore, z — o((w,z) + ¢) is
Lipschitz continuous and hence weakly differentiable, and the weak derivative coincides almost
everywhere with the classical derivative; see for instance [22, Theorems 4 and 5 in Section 5.8].
Therefore, for any ¢ € C°(U) and j € d, Fubini’s theorem shows that

[ @0tz = [ a [ otw.o) + 000 doduta. w0
= —/Q/anj H({(w,z) + ¢)p(z) dx du(a, w, c) = —/Ugo(x)gj(x) dz,
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meaning that g; = d;g for
gi: RISR, ze / awj H((w,z) + ¢) du(a, w, c).
U

Now, using the convention sign(xz) =1 for > 0 and sign(z) = —1 if x < 0, given 7, j € d,
define

M, 5= {(a,w,c) € Q : sign(aw;) = o and sign(w;) = B} for «,B € {+1}.

Since the Heaviside function H is non-decreasing, it is then straightforward to see for each
z € R? that each of the functions F,, g, : R — R, t fMa 5 QWj H(w;t+(w,z)+c) du(a, w,c)
is monotonic and g;;. = Zaﬁe{il} Fopz. Furtherm(;re, each of the F, g, is bounded;
precisely,

Fapalt) < [ lal oyl diase,) < [ Jal -l + ) dufa, o),

Ma,p Ma,p

so that 3, serany [Fasallsup < [[pllo- It is easy to see (see [23, Section 3.5]) that every
monotonic function h : R — R satisfies ||h|lgy < 3||h||sup. Therefore, gj; . is of bounded
variation with

15
lgiialley < Y Fapalley < 3[ull, < - £ I,
a,Be{£1}

which easily implies the claim. O

We will also need the following technical lemma. It is a well-known property of BV func-
tions; see for instance the proof of [1, E6.10]. For the sake of completeness and for readers
unfamiliar with functions of bounded variation, we provide a proof in Appendix B.

Lemma 7.3. Let g : R — R be bounded and of bounded variation. Then, for arbitrary
¢ € C(R), we have | [ ' (t) g(t)dt] < [|@llsup TV (9)-

With these preparations, we can finally show that for most domains U, we have that
Br1(U) is not contained in B,(U).

Proposition 7.4. Let U C R? have nonempty interior and let a > 0. If Br o(U) C B,(U),
then o > 2. In particular, Br1(U) € Bo(U).

Proof. The proof is divided into three steps:
Step 1 (Setup of Banach spaces X,Y"): We define 8 := max{1, a} and

X = {Jrilf S L(llﬂg‘)g(Rd;C) and fﬁlf is real—valued}

with norm [|F~1f[|x = || f] . , = Jra(X+1EDP (€] €, which is well-defined since the
1+l

1+

Fourier transform is injective on L'(RY) > L%HI&\)B (R%). Tt is straightforward to verify that

X is a Banach space (with R as the scalar field, since we require F~!f to be real-valued for
f € X), and by differentiation under the integral it is easy to see that X < Cl} (RY), where
Ch(R?) = {g € C'RER): |gllg, < oo} and [lgllcy = l|gllsup + 25— 1959l sup-

Since U has nonempty interior, we have Uy := z¢ + (—3¢,3¢)¢ C U for certain zq € R?
and € € (0,1). Let Y := (C°((—2¢,2¢);R), || - [lsup), and let Y’ denote the dual space of Y.
Note that Y’ is a Banach space (see for instance [23, Proposition 5.4]), even though Y is not.
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Step 2 (Constructing a bounded operator T : X — Y’): Assume that Br, C B,(U). Then,
since [¢]* < (1 + |¢])#, we have for f € X that f|y € Bro(U) C B,(U), so that Lemma 7.2
shows that there is a Lipschitz continuous function g : R? — R satisfying g|yy = f|y and such
that for some choice of the weak derivative dig of g, if we set e; = (1,0,...,0) € R? and
92 : R = R, 0 (01g)(x + ter), then sup,cga ||gzllBv < 4[/flulls,0) =: Cf-

Since fly, = glu, and f is continuously differentiable, we have d1g = 0;f almost ev-
erywhere on Uy. By Fubini’s theorem, this implies for almost every z € (—e,¢)?! that
Gao+(0,2)(t) = (O19) (w0 + (0,2) +ter) = (01f)(wo + (0,2) + ter) for almost all t € (—2¢,2¢).

For arbitrary ¢ € Y and z as above, we thus see by Lemma 7.3 that

| / ) (O1f o+ (0,2)+ ter)dt| =| / 1) 92040, D] < | 920102 Iy I Pllsun < Cr Ielloup:

Recall that this holds for almost all z € (—¢,)4"!, and thus in particular for a dense sub-
set of ( ,€)471. By continuity of dif, we can thus take the limit z — 0 to see that
| [ () 81f)(x0 +ter)dt] < Cf - ||¢llsup for all ¢ € Y. We have thus shown that the
linear map

r: XY, fH<<pHAwf(t)(alf)(xo+tel)dt)

is well-defined. Note that if f), % f, then 01 f,, — 01 f with uniform convergence. Using
n—oo

this observation, it is straightforward to verify that I' has closed graph, and is thus a bounded
linear map, thanks to the closed graph theorem.
Finally, note that if f € X N C?(R?), then we see by partial integration that

[ ety @na+tena] =| [ ¢® @) a+tena] <INl el < TV Il

for all ¢ € Y = C((—2¢,2¢);R). By the dual characterization of the L'-norm (see for
instance |1, Corollary 6.13]), this implies

2e
[ @+ teolat <[P Uflx v Fe X nCAE. (73)
—4E

Step 3 (Completing the proof): Pick v € C°(R?) with 0 < v < 1 and such that v = 1 on
Up = zo + (—3¢,3¢)%. For n € N, define f, : R = R,z — () - cos("“Z(x — xo) - e1). Writing
T,f(z) = f(z —y) and Mef(z) = @€ f(x) for translation and modulation, and using the
identity cos(z) = %( 4 e7i) it is easy to see f, = %Txo [Mmm/eT 20 T M_pre, )T xo’Y]
where e; = (1,0,...,0). Consequently, elementary properties of the Fourier transform show
that ?; = %M,wo [Tmel/EMwO/v\ + T mel/eMx(ﬁ], and hence

Fo©)] < 5 (A€~ "en) + (6 + "e))  for all € € R

Since 14 €] < 1T+[€4+ Teq|+ 25 < (1+ €+ 2Ty |)(14 2E) < 225(1 4 [£ £ “Tey]), this shows
that

Iullx = / (1+|£|> (T de

2 ~
=) >0 (Lrlg+0mmel) 7S +0mme)| d (7.4)
RY ger£1)

2mn

< (T)ﬁ [0+ B an s o
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On the other hand, for ¢t € (—2e¢,2¢) we see because of v =1 on Up that

d? d? nmw nm\ 2 nmw
2
(07 fu)(xo +ter) = @fn(xo +te) = el coS (?t) = —<?) cos (?t)
and hence
2e 2e nmw 2mn
/ (03 f) (w0 +ter)|dt = (mr/e)z/ |cos(nmt/e)|dt = ~ | cos(s)| ds
—2¢ —2e 2mn
2 ™ 2
() dmn / |cos(s)|ds = s :
g 0 e

Here, we used at () that s — | cos(s)| is m-periodic and even. Combining the last calculation
with Equations (7.3) and (7.4), we arrive at n? < ff;g (02 fn)(zo+ter)| dt < || fullx <P, for
all n € N. This is only possible if 5 > 2, and since 8 = max{«, 1} this requires o > 2. O

A A bound for empirical processes with finite pseudo-dimension

In this section, we prove a “uniform law of large numbers,” similar to the pseudo-dimension

based generalization bound in [40, Theorem 11.8], which is used in the third part of the proof
of Proposition 2.2. The result given here is probably well-known; but since we could not locate
a reference, we provide the proof. The main difference to the bound in [40] is that we estimate
the expected sampling error, instead of giving a high probability bound; this allows us to omit
a log factor. Furthermore, we use a complexity measure of the hypothesis class that differs
slightly from the usual pseudo-dimension.

Proposition A.1. There is a universal constant k > 0 with the following property: If (0, F, u)
is a probability space, if a,b € R with a < b, and if & # G C {g : Q — [a,b]: g measurable}
satisfies

d:=supVC({Iy: g € G}) < o0, where Iyn: Q—={0,1}, wr~ Ty(ysas
AER

i.4.d

then for anyn € N and S = (X1,...,X,) ~" u, we have

}gm-(b—a).\/z.

Remark. Here, as in most sources studying empirical processes (see e.g. [54, Section 7.2]), we
interpret Elsup;c; X;] as supy s finite E[SUP;eg, Xi], in order to avoid measurability issues.

Bs [ sup[Ex-ulo(3)] - 1 D9l
S i=1

Proof. Given a sample S = (X1,...,X,) € Q" we write ug := %Z?:l dx, for the associated
empirical measure. We want to bound

E [ sup [Ex~ulg(X)] ~ Exops o] ]
9€g

where the outer expectation is with respect to S = (X1,..., X,) R w. First, by replacing G
with G* := {g—a: g € G}, it is easy to see that we can assume a = 0 without loss of generality.
Define M := b = b — a. Then, for any g € G and any probability measure v on 2, the layer
cake formula (see e.g. |23, Proposition 6.24]) shows

M M
Exwlg(X)] = /O V({w e Q: glw) > A}) dA = / Ex oy Iy (X)] dA.
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Therefore,
M
Ex-pld(0] ~ Exeps 000 = | [ Expya (3] = o [ ()] 0

SAWMWMWW—Mwﬂw@MM

In combination with the elementary estimate sup g fOM Ly(A)dX < fo supgeg [g(A) dX and
Tonelli’s theorem, this implies

M
E[sgtetg |Ex~pnlg(X)] = Exrops [g(X)]ﬂ < E[Zlelg/o ‘Exw [y (X)] = Exepus [Lg, 0 (X)] ) dA}

IN

M
/E[Zgg Ex~p[IgA(X)] = EXNMs[Ig/\O()]Hd)‘

*)/ \/VC{IQ/\ g€G}) d\ < k- M- \/>

Here, the step marked with () is an immediate consequence of the bound for the suprema of
empirical processes based on the VC dimension given in [54, Theorem 8.3.23]. O

B A technical bound involving the total variation

Proof of Lemma 7.3. Step 1: We first show that if h : R — R is non-decreasing and bounded,
then | [ ' (t) h(t) dt| < [[@|lsup - limg—oo[h(x) — h(—z)] for every ¢ € C°(R). To see this,
define ¢ := limy_,_ o h(z) and h:R— R,z — limy|, h(y) —c. It is stralghtforward to see that

h is non- decreasing, bounded, and right-continuous with lim,_, h( ) =0, so that h € NBV
in the notation of 23, Section 3.5]. Furthermore, since a monotonic function can have at most
countably many discontinuities (see [23, Theorem 3.23|), we have h = h— ¢ on the complement
of a countable set, and hence almost everywhere. Since we also have [, ¢'(t)dt = 0 thanks
to the compact support of ¢, if we denote by p the unique Borel measure on R satisfying
h(z) = p((—o0,z]) for all € R, then the partial integration formula in [23, Theorem 3.36]
shows as claimed that

}Adwmmﬂﬁéwwmm—dm=y4ww%m¢{ém 14/

< lellowp - 1(R) = i lloup - Jim [R() =
= H@Hsup . Jggo [h(l') — h(—m)}.

Step 2: Define

n
Tg: R—=R, x»—>sup{2|g(mj)—g(mj,1)| : neNand —co<zy < --- <mn=m}.
j=1
Then T, is non-decreasing and satisfies lim,,_o Ty(x) = 0 and lim, oo Ty(z) = TV(g);

furthermore, g1 := (T, + g) and g2 = 3(T, — g) are both non-decreasing and bounded
with ¢ = g1 — go; all of these properties can be found in [23, Section 3.5]. Note that

lim, 00 gi(2) — gi(—2)] = 3TV (g) + (712)1;1 lim, 0 [g(z) — g(—2)]. In combination with the
estimate from Step 1 (applied to h = g;), this implies as claimed that

| [e dﬂzv %dkmeMmmgwMﬂmﬂwwﬂ
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for complex-valued neural networks *
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Abstract. Until recently, applications of neural networks in machine learning have almost exclusively relied
on real-valued networks. It was recently observed, however, that complex-valued neural networks
(CVNNs) exhibit superior performance in applications in which the input is naturally complex-
valued, such as MRI fingerprinting. While the mathematical theory of real-valued networks has,
by now, reached some level of maturity, this is far from true for complex-valued networks. In this
paper, we analyze the expressivity of complex-valued networks by providing explicit quantitative
error bounds for approximating C™ functions on compact subsets of C? by complex-valued neural
networks that employ the modReLU activation function, given by o(z) = ReLU(|z|—1) sgn(z), which
is one of the most popular complex activation functions used in practice. We show that the derived
approximation rates are optimal (up to log factors) in the class of modReLU networks with weights
of moderate growth.

Key words. Deep neural networks, Complex-valued neural networks, function approximation, modReLU acti-
vation function

AMS subject classifications. 68T07, 41A25, 41A46.

1. Introduction. Motivated by the remarkable practical success of machine learning algo-
rithms based on deep neural networks (collectively called deep learning [18]) in applications
like image recognition [17] and machine translation [25], the expressive power of such neural
networks is the topic of an active and rich area of study [20, 22,31, 32]. Results on the ex-
pressivity of real-valued neural networks date back to the 90s, when the main focus was on
networks with smooth activation functions [21]. More recently, emphasis has shifted towards
networks using the rectified linear unit (ReLU) activation function o(z) = max{0,z}, as those
networks have been observed to yield similar expressive power at a greatly reduced training
time cost [10, 18].

Due to the missing support for complex arithmetic in the leading deep learning soft-
ware libraries [26], practical applications of deep neural networks have almost exclusively
employed real-valued neural networks. Recently, however, there has been an increased inter-
est in complez-valued neural networks (CVNNs) for problems in which the input is naturally
complex-valued and in which a faithful treatment of phase information is important |26, 28].
For instance, for the problem of MRI fingerprinting, CVNNs significantly outperform their real-
valued counterparts [28]. Moreover, CVNNs have demonstrated greatly improved stability and
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convergence properties for the setting of recurrent neural networks [4, 30].

Motivated by the increased interest in complex-valued neural networks, we herein initiate
the analysis of their expressive power, quantified by their ability to approximate functions of
a given regularity. Specifically, we analyze how well CVNNs with the modReLU activation
function (defined in Subsection 1.1) can approximate functions of Sobolev regularity W™ on
compact subsets of C? (see Subsection 1.2). The explicit result is given in Subsection 1.3.

1.1. Complex-valued neural networks and the modReLU function. In a complex-valued
neural network (CVNN), each neuron computes a function of the form z + o(w?z + b) with
z,w € CN and b € C, where o : C — C is a complex activation function.

Formally, a complez-valued neural network (CVNN) is a tuple ® = ((Al, b1),..., (AL, bL)),
where L =: L(®) € N denotes the depth of the network and where A, € CNeXNe-1 and
by € CNe for £ € {1,...,L}. Then di,(®) := Ny and dow(®) := N denote the input- and
output-dimension of ®. Given any function o : C — C, the network function associated to the
network @ (also called the realization of ®) is the function

Ry,®:=Tro(coTr_1)o---0(coTy): Chn(®) _y Cdowt(®) where Tyz=Asz+ by,

and where o acts componentwise on vectors, meaning o ((z1,...,2;)) = (0(z1),...,0(z)).
The functions Ty, and oo Ty for £ € {1,..., L — 1} are the functions computed by the different
layers of the network ®. The network ® is called shallow if L = 2, i.e., if ® has only one
“Internal layer” (neither an input, nor an output layer), which is usually called a hidden layer.

The number of neurons N(®) of ® is N(®) := Zl%:o Ny, the width (or breadth) of ® is
B(®) := maxo<¢<r, N¢, and the number of weights of ® is W(®) := ZfZI(HAngo + (16 ¢0),
where ||A||,0 denotes the number of nonzero entries of a matrix or vector A. Moreoever,
writing ||A||s := max; ; |A; ;| for a matrix (or vector) A, we define the norm of the network ®
as ||®|| := maxj<¢<y max{||A¢||cc, ||bel|oc }. We then say that the weights of ® are bounded by
C>0if |?| <C.

Finally, we will also use the notion of a network architecture'. Formally, this is a tu-
ple A= ((NO, ooy Np), (I, 1), (- JL)) where (Np, ..., Ny) determines the depth L
of the network and the number of neurons Ny in each layer. The sets J, C {1,..., Ny} and
Iy c{1,...,Ng} x{1,...,Ny_1} determine which weights of the network are permitted to
be nonzero. Thus, a network ® is of architecture A as above if ® = ((A1,b1),..., (AL, br))
where 4y € CNexXNe-t and b, € CM, and if furthermore (Ag)jr = 0if (4,k) ¢ I, and
(be)j = 01if j ¢ Jp. The number of weights and neurons of an architecture A are defined
as W(A) := ZZL:1OJE| +|I¢]) and N(A) := ZLO Ny, respectively.

In the present paper, we focus on neural networks using the modReLU activation function
if [2] <1,

1.1
if |[2| > 1 (L)

0,
c: C—=C, z»—)g(|z|—1)sgn(z)—{ ;
- &

!The term “network architecture” as used here does not refer to conceptual network architectures like
feed-forward networks, recursive neural networks, and others. Instead, since we are only concerned with fully
connected feed-forward networks, the “network architecture” only prescribes the network shape in terms of the
number of layers, the number of neurons per layer, and which weights of the network may be non-zero. This
terminology is widespread in the literature studying the approximation properties of neural networks; see e.g.
[22,31].
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proposed in [4] as a generalization of the ReLU activation function ¢ : R — R, z — max{0, z}
to the complex domain. Note that the complex sign function is defined as sgn(z) = é for
z # 0, and sgn(z) = 0 else. We briefly discuss other activation functions in Subsection 1.4.

1.2. Smoothness assumptions. We are interested in approximating functions f : C¢ — C
that belong to the Sobolev space W™ with differentiability understood in the sense of real
variables. Specifically, let

Qca = {z = (21,...,24) € C?: Rezp, Imz, € [0,1] for all 1 < k < d}

be the (real) unit cube in C%. As in the definition of Qca, we will use throughout the paper
boldface characters to denote real and complex vectors.

Identifying z = (21,...,24) € C? with @ = (Re(21), ...,Re(z4), Im(21), ...,Im(z4)) € R*,
we will consider C% 2 R?? as usual. With this in mind, a complex function g : C* — C can be
identified with a pair of functions gre, gmm : R?*¢ — R given by gre = Re(g) and gi, = Im(g).

Given a real function f : [0,1]?¢ — R and n € N, we write f € W™>([0,1]*%;R) if f
is n — 1 times continuously differentiable with all derivatives of order n — 1 being Lipschitz
continuous. We then define

1 £ wmiee := max{ rrg?ilﬂa f“L"°’|m§filLlp(a f)}

la al=

Using this norm, we define the unit ball in the Sobolev space W™ as
Fua:={f e W"([0,1P4R) : [ flwne <1}
and define the set of functions that we seek to approximate by

Fna={9:Qca > C : gRe,gim € Fra}.

1.3. Main result. Our main result provides explicit error bounds for approximating func-
tions g € F, 4 using modReLU networks. This result can be seen as a generalization to the
complex domain of the approximation bounds for ReLU networks developed in [31].

Theorem 1. For any d,n € N, there exists C = C(d,n) > 0 with the following property:

Given any € € (0,1) there exists a modReLU-network architecture A with no more than
C - In(2/¢) layers and no more than C - e~24/™ .1n%(2/e) weights such that for any g € Fyq
there exists a network ® of architecture A with all weights bounded by C - e~*% and such that
lg(z) — Re®(2)| <€ for all z € Qca.

The exponent —%d in place of —% in the real setting is a consequence of the identifica-
tion C? =2 R2?, More precisely, making the identifications C% = R?? and C = R? and using
(real-valued) ReLU networks (with two output channels), the results in [31] show that—up to
logarithmic factors—ReL.U networks achieve the same approximation bounds as those shown
in Theorem 1 for modReLU-CVNNSs. Thus, as far as the asymptotic approximation rate is con-
cerned, modReLU-CVNNs do not strictly improve on the approximation capabilities of ReLU
networks, but they can match their approximation power. This is an important theoretical
finding, since even though CVNNs were found to have advantages in several applications [4,28],
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up to now, no quantitative approximation results for CVNNs were known whatsoever—only
universal approximation type results were available [2,29]. Our results show that, at least
for the approximation problem considered here, there is no additional “cost” in using CVNNs,
compared to ReLLU networks.

Since Theorem 1 only provides asymptotic rates (i.e., no explicit bound on the constant
C' is provided) and since the C™ assumption regarding the function to be approximated or
learned cannot be verified in practical applications, the theorem is of limited use for guiding
deep learning practitioners. Rather, it is intended as a first step towards mathematically un-
derstanding the expressivity of CVNNs and is furthermore expected to be informative for other
theoretical works, for instance for analyzing the performance of CVNNs for approximating the
solutions of PDEs, similar to the results in [11-13].

Remark 2. Note that the architecture and therefore the size of the network @ is inde-
pendent of the function g to approximate, once we fix an approximation accuracy € and the
parameters n and d. Only the choice of weights depends on g.

1.4. Comparison to existing work.

Approximation results for CVNNs. While the approximation properties of real-valued neural
networks are comparatively well understood by now, the corresponding questions for complex-
valued networks remain mostly open. In fact, even the property of universality—well studied
for real-valued networks [9, 15,16, 19]—was only settled for very specific activation functions
[1-3, 14], until the recent paper [29] resolved the question. This universal approximation
theorem for CVNNs highlights that the properties of complex-valued networks are significantly
more subtle than those of their real-valued counterparts: Real-valued networks (either shallow
or deep) are universal if and only if the activation function is not a polynomial [19]. In contrast,
shallow complex-valued networks are universal if and only if the real part or the imaginary
part of the activation function o is not polyharmonic, while deep complex-valued networks
(with more than one hidden layer) are universal if and only if ¢ is neither holomorphic, nor
antiholomorphic, nor a polynomial (in z and Z). For instance, deep networks with the activation
function o(z) = Z- e* are universal, but shallow networks with this activation function are not.

Aside of these purely qualitative universality results, no quantitative approximation bounds
for complez-valued networks are known whatsoever. The present paper is thus the first to
provide such bounds.

Role of the activation function. As empirically observed in [4, 28], the main advantage of
complex-valued networks over their real-valued counterparts stems from the fact that the set
of implementable complezr activation functions is much richer than in the real-valued case. In
fact, each real-valued activation function p : R — R can be lifted to the complex function
o(z) == p(Rez); then, o(w”z 4 b) = p(a’z — BTy + Reb) for z = x + iy and w = a + i3.
Thus, identifying C% = R2¢, every real-valued network can be written as a complex-valued
one. Therefore, one can in principle transfer every approximation result involving real-valued
networks to a corresponding complex-valued result. Similar arguments apply to activation
functions of the form o(z)=p(Re z)+ip(Im z).

However, using such “intrinsically real-valued” activation functions forfeits the main ben-
efits of using complex-valued networks, namely increased expressivity and a faithful handling
of phase and magnitude information. Therefore, the two most prominent complex-valued
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activation functions appearing in the literature (see [4,26,28|) are the modReLU (see Equa-
tion (1.1)) and the complex cardioid (given by o(z) = % - (1+ Rez))7 neither of which is of the

||

form p(Re(z)) for a real activation function p.

In the present work, we focus on the modReLU activation function because it satisfies the
natural phase homogeneity property o(e??z) = eo(z). Investigating the complex cardioid—
and other complex-valued activation functions—is an interesting topic for future work.

Role of the network depth. Deep networks greatly outperform their shallow counterparts
in applications [18]; therefore, much research has been devoted to rigorously quantify the
influence of the network depth on the expressivity of (real-valued) neural networks. The precise
findings depend on the activation function: While for smooth activation functions, already
shallow networks with O(E_d/ ™) weights and neurons can uniformly approximate functions
f € C™([0,1]%) up to error € (see [21]), this is not true for ReLU networks. To achieve the
same approximation rate, ReLU networks need at least O(1 + %) layers [22-24]. The proofs
of these bounds crucially use that the ReLU is piecewise linear. Since this is not true of the
modReLU, these arguments do not apply here.

Regarding sufficiency, the best known approximation result for ReLU networks [31] shows—
similar to our main theorem—that ReLU networks with depth O(In(2/¢)) and O(e=%/" In(2/¢))
weights can approximate functions f € C™([0,1]¢) uniformly up to error . For networks with
bounded depth, similar results are only known for approximation in LP [22] or for approxi-
mation in terms of the network width instead of the number of nonzero weights [20]. Tt is an
interesting question whether these two results extend to modReLU networks as well.

Finally, we mention an intriguing result in [32] which shows that extremely deep ReLU net-
works (for which the number of layers is proportional to the number of weights) with eztremely
complicated weights (meaning the number of significant digits per weight grows unboundedly
as e | 0) can approximate functions f € C™([0,1]%) up to error ¢ using only O (=% (")) weights
(up to log factors). Due to the prohibitive complexity of the network weights this bound has
limited practical significance, but is an extremely surprising and insightful mathematical re-
sult. We expect that the arguments in [32]| can be extended to modReLU networks, but leave
this as future work.

Optimality. For modReLU networks with polynomial growth of the individual weights and
logarithmic growth of the depth (as in Theorem 1), the approximation rate of Theorem 1 is
essentially optimal. We prove this in detail in Section 7, Theorem 12. Our proof relies on
entropy arguments, which are closely related to the proof techniques based on rate distortion
theory as used in [7,22]. Furthermore, for deriving suitable covering bounds for certain network
sets (which then give rise to entropy bounds), we borrow several proof ideas from [6].

For ReLU networks, a similar optimality result holds for networks with logarithmic growth
of the depth even without assumptions on the magnitude of the network weights [31]. The proof
relies on sharp bounds for the VC dimension of ReLU networks [5]. For modReLU networks, a
similar question is more subtle, since to the best of our knowledge no analogous VC dimension
bounds are available. We thus leave it as future work to study optimality without assumptions
on the magnitude of the network weights.

1.5. Structure of the paper. Inspired by [31], our proof of Theorem 1 proceeds by locally
approximating ¢ using Taylor polynomials, and then showing that these Taylor polynomials
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and a suitable partition of unity can be well approximated by modReLU networks. To prove
this, we first show in Section 2 that modReLU networks of constant size can approximate
the functions z — Rez and z +— Im z arbitrarily well—only the magnitude of the individual
weights of the network grows as the approximation accuracy improves. Then, based on proof
techniques in [31], we show in Section 3 that modReLU networks with O(In?(2/¢)) weights and
O(In(2/¢)) layers can approximate the function z — (Re 2)? up to error e. By a polarization
argument, this also allows to approximate the product function (z,w) — zw; see Section 4.
After describing in Section 5 how a partition of unity can be implemented with modReLU
networks, we combine all the ingredients in Section 6 to prove Theorem 1. Finally, Section 7
proves that Theorem 1 is essentially optimal.

2. Approximating real and imaginary parts. This section shows that modReL.U networks
of constant size can approximate the functions z — Re z and z — Im z arbitrarily well:

Proposition 3. For any R > 1 and ¢ € (0,1), there exist functions Rer.,Imp, : C — C
that are implemented by shallow o-networks with 5 neurons and 10 weights, all bounded in
absolute value by C - R3 /&3 with an absolute constant C' > 0, satisfying

|Repe(2) —Re(z)| <e  and |Imp(z) —Im(z)| <e for all z € C with |z] < R.
To prove Proposition 3, we need two ingredients: First, modReL U networks can implement
the identity function on bounded subsets of C exactly. To be precise, for arbitrary R > 0 it
holds that Idg(z) = z for z € C with |z| < R, where
Idg(z) :=0(2z+2R+2) —o(z+ R+ 1) — (R+1). (2.1)
Indeed, for w € C with |w| > 1, we have o(2w) — o(w) = 2w — % —(w— ﬁ) = w. For

z € C with |z] < R, setting w = z + R+ 1 so that |w| > 1 gives Idg(z) = z.
As the second ingredient, we use the following functions, parameterized by h > 0:

—i 1 ,
Imy(2) == }T?Z . (sgn(hz +3) - 1) and Rep(z) := v (sgn(hz -3+ i), z € C.

The next lemma shows that these complex-valued functions well approximate the real-
valued functions Re and Im. The proof of Proposition 3 will then consist of showing that Imj,
and Rej, can be implemented by modReLU networks.

Lemma 4. Forz€ Cand 0 < h < ﬁQ\Z\’ we have
Im(z) — Imp(2)| < 2h|z| and Re(z) — Rep(2)| < 2h]z|. (2.2)
Proof. See Appendix A.1. [ ]
Proof of Proposition 3. Set h := 355, noting that indeed 0 < h < 2+12|Z| and hlz| < §
whenever |z| < R. Note that w := hz — £ satisfies |w| < + + hlz] < 2 = R and

lw| = |hz — £| > + —h|z| >2— 3 > 1, so that sgn(w) = w — o(w) = ldg/(w) — o(w), with
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Idg as in Equation (2.1). Putting together the definitions of h, R',w and of Idg, we see that
Rep(2) = h™? - (Idp (w) — o(w) + 1)
=h?. (0(2hz+%+2—%)—U(hz+%+l—%)—a(hz—%)—H’—%—l) (2.3)
=: Rep:(2)

is implemented by a shallow o-network with 5 neurons and 10 weights (see Figure 1), where
all the weights are bounded by 4 < C R3/e? for an absolute constant C' > 0. Finally,

h3
Lemma 4 shows |Re(z) — Rer(2)| < ¢ for all z € C with |z| < R. The claim concerning the
approximation of Im(z) is shown similarly. [ |

ooTy M T

[z} N Rep,
i ]

Figure 1. Architecture of the network Rer,, where Ti(-) = A1(-) + b1 for A1 = (H%’ ﬁ, ﬁ)T
. . . 2
and by = ((5741)5(1+R) +2, (4721)5(1+R) +1, —21(;+R))Ty and To(-) = As(-) + by for As = 4(16%3)(1’ ~1,-1) and
4(1+R 41+R) | -
by = MRS (g 2AER) gy

3. Approximating the squared real part. The main result of this section is Proposition 8
below, showing that the function z — (Re(z))? on the set {z € C : |z| < R, |Re(2)| < 1} can
be uniformly approximated up to error € by modReLU networks with O(ln(? / 5)) layers and
O(In*(2/¢)) weights of size O(RSe~7).

As a first step towards proving Proposition 8, we show that modReLLU networks can ap-
proximate functions of the form z — p(Re(z) + ¢) with the usual ReLU p; this will then allow
us to use the approximation of the square function by ReL.U networks as derived in [31].

Proposition 5. For any choice of R > 1, ¢ € R, and ¢ € (0,1), there exist functions

g%ee’c, Q%ne’c : C — C that are implemented by depth-3 o-networks with 6 neurons and 11 weights,

all bounded in absolute value by C - R3/e® + 2|c| (with an absolute constant C), satisfying

|g%‘20(z) — o(Re(2) +¢)| <& and |g5§15’0(z) — o(Im(z2) + ¢)| < e for all z € C with |z| < R.

Proof. Let us first prove the statement for Q%‘Zc. To this end, first note that the modReLU
o : C — C is 1-Lipschitz; see Lemma 6 below.
Now, set § :=1/(2- (R+|c|)) and define

1
erss CoC 2o 5-0(146- (Repe(2) +0)), (31)

where Rep . is as in Proposition 3. Now, a direct computation (see also Figure 2) shows that
o(z+ 1) = o(z) for x € [~2,00). Because of |§ - (Re(z) +¢)| <& (|2 + |e]) < § for |2| < R,
this implies 1 - o(1+6 - (Re(2) +¢)) = - 0(6 - (Re(2) + ¢)) = o(Re(2) + ¢). Combined with
the 1-Lipschitz continuity of o, we thus see
lo(Re(2) 4+ ¢) — 9220(2«” — |% ~o(1+6-(Re(z) +¢)) — % co(14 0 (Rere(z) + c))|
|Re(2) — Repe(2)] <e forall z € C with |z] < R.
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-3 -2 -1 0 1 2 3

Figure 2. A plot of the modReLU function o on [—3,3]. The plot shows that o(x + 1) = o(z) for x € [-2,0).

Based on the properties of Rer,. from Proposition 3 (see also Equation (2.3) noting that
h = ﬁ in that equation), it follows that g%ic is implemented by a depth-3 o-network with
6 neurons and 11 weights (see Figure 3), all bounded in absolute value by 2 |c| + C - R3/e3.

The construction of ggng’c is similar, replacing Rep(z) with Imp . (2). [ ]

N;
ool 1 goTy T3
Z Ny Ny gge (‘(Z
N3

Figure 3. Architecture of the network g%e;, where T1(-) = A1(-) + b1 for Ay = (55, 2(1+R) , m):r and

bl — ((8—4i)5(1+R) +27 (4—2i)5(1+R) + 1’ —27,(EI+R)) , and T2() _ A2( ) +b2 fOT A2 — 2(1+R) (1 _ ) and

(R+[c)e?
2 . c
bzz%(—l—@—kz)—}—l-&m, and finally T5(z) = 2(R+|c|) - 2

The next lemma shows that ¢ : C — C is 1-Lipschitz, which was used in the proof above.
Lemma 6. The modReLU function o : C — C defined in Equation (1.1) is 1-Lipschitz, i.e.,
lo(z) — o(w)| < |z —w]| for all z,w € C.
Proof. Simply note that
0 if |z], Jw| <1,
le(2)|=lz| —1<|2| = |w| < |z —w| if|z| >1and |w| <1,
lo(w)] =|w| —1<|w| —|z| < |lw—2| if|z] <1and |w| > 1,
|(z—ﬁ)—(w le)|<|z—w| if |z], Jw| > 1,

|o(2) — o(w)| =

where we used that if z,w € C with |z, |w| > 1, then

(2= &) = =) = |- (el = 1) = & - (lw] = D)
= (|21 = 1)? + (Jw| = 1)* = 2(|2| = )(Jjw| = 1) Re (§ &)
= 2> + |w|? — 2|z llw] Re (& %) — (2|z|+2|w|—2)(1—Re(|§ ZY)

T2 Tl w
< |z|2+|w|2 2|z||w| Re (i E) |z—w|2 [ ]

'w

Z
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Our next goal is to construct o-networks approximating the function z +— (Re z)2. This
will be based on combining Proposition 5 with the approximation of the real function z ~ x?
by ReLU networks, as presented in [31].

The construction in [31] is based on the following auxiliary functions, depicted in Figure 4:

9: R=R, g(z) =20(z)—4o(x - 3) +20(z — 1),
g: R—=R, gi(xr) :=go---og(x) for k€N,
—_—

k—times

fm: R=R,  fulz)=2-— 9x() for m € NU{0}.

22k
L—1
1.24 12
....... 22
1.0 o4 — fo
— f Y.
1 Y
0.8 084 === fa ./(,‘
('(
0.6 0.6 4
0.4 0.44
. e
0.2 024" Vs
7/
P
0.0 004 e Lzgn
~0.2 ~0.2
050  —025  0.00 025 0.50 0.75 1.00 1.25 —0.50  —0.25  0.00 0.25 0.50 0.75 1.00 1.25

Figure 4. A plot of the function g, its compositions go g and go g o g, and the square approximations fm,
for m =0,1,2. Evidently, g is 2-Lipschitz.

One can show (cf. [31, Proof of Proposition 2|) that

|a:2 — fm(x)| <9272 for 0<z<1. (3.2)
Further, we define
g C—>C, ¢g™(2) =g(Re(2)) = 2Q(Re )) — 4o(Re(z) — 3) +20(Re(z) — 1),
o €GO m g oo g(e) = g1 (Re(2)) <smce g: R R).
—_—
k—times

As is clear from Figure 4, the function ¢ : R — R is 2-Lipschitz, which in turn implies that
g"¢: C — C is 2-Lipschitz; indeed, [g(Re(2)) — g(Re(z'))| < 2|Re(z) — Re(z')| < 2|z — #/| for
2,7 € C. In view of Proposition 5, we consider the approximation of g&¢ and gR®* respectively
by the following functions:

Re,0 Re,—1/2 Re,—1
e C—=C, gRe(z) =2050(2) — dop 2 (2) + 20507 (2),
Re,k Re.k
gre i C—=C, gpti(z):=gpeo---ogpe(z) forkeN,
\_\/_/

k—times



10 A. CARAGEA, D.G. LEE, J. MALY, G.E. PFANDER, AND F. VOIGTLAENDER

where R > 1 and € € (0,1). As the last preparation for the proof of Proposition 8, we need

the following technical lemma concerning the size of gRe k( ).

Lemma 7. Let R > 1, O<€<m1n{1,8} and k € N. Then |g§e+llc5 z)|§R+1forall
z € C with |z| < R+ 1.

Proof. Proposition 5 implies that if z € C with |z|] < R+ 1, then
|9R51(2) =g (2)| < (2+4+2) e <R

and since |gR¢(2)| = |g(Re(2))| < 1 for all z € C (see Figure 4), we have

|91%e+1s |<’9R+1e z) — ’4“9 Z2)| <R+1.
This shows that g%, ., maps {z € C: |z| < R+ 1} into itself. It then follows by induction
that ggillf . maps {z € C: [z| < R+ 1} into itself, as claimed. |

Proposition 8. Let R > 3 and 0 < ¢ < min{1, £}. There exists a function g, : C — C
that is implemented by a o-network of depth O(In(2/¢)) and width O(In(2/¢)) and with the
number of weights and neurons bounded by O(In*(2/¢)) and all weights bounded by O(RE/e7)
and such that |(Re 2)? — ®p(2)| < e for all z € C with |2] < R and |Rez| < 1.

Proof. First, it holds for any z € C with |z| < R+ 1 that
197°(2) = g51:(2)| < 2+ 4+2) e =8¢ (3.3)

and | g%ilf - )’ < R+ 1 for all k € N, by Proposition 5 and Lemma 7 respectively. We claim

that this implies
g7k (2) — gpeh ()] <8e- (2" —1)  VkeNand|z| < R+1 (3.4)

Indeed, for K = 1 we have ggilfs = 9R+1a and gR®F = gRe 5o that Equation (3.3) shows

974 (2) — gRYT (2] < 82 =82+ (28 —1).

Next, suppose Equation (3.4) holds for some k& € N. Lemma 7 shows that w := ggi]f .(2)
satisfies |w| < R+1. Further, setting w’ := gR®¥(2), Equation (3.4) shows |w—w'| < 8¢-(2F—1).
Thus, using that gR¢ is 2-Lipschitz, we see

Re,k+1
HerHL(2) = gpint ()] = 19" (W) — g% o (w)]
< [ (w') — g7 (w)] + g™ (w) — g% ()]

(%)
<28 (28 —1) 48 =8 (281 —1)

lg

where Equation (3.3) was used at (x). Thus, Equation (3.4) holds for k + 1 if it holds for k.

Now, using the function Idp from Equation (2.1) (which is implemented by a 2-layer o-
network with 7 weights, all bounded by 2R + 2) and the function Reg, from Proposition 3,
we define for m € N,

m Rek
g oldro-- OIdR(Z)
fm,R,a(Z) = ReR8 oldgro---0 IdR(z) _ Z R+1e =
k=1

for z € C,
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where the number of the “factors” Id i is chosen such that all (sub)networks have the same depth
and thus can be added/subtracted—see Appendices A.2 and A.3 for details on implementing
composition and summation of networks. It then follows for m € N and |z| < R that
m | Re,k _ _Rek
g (Z) IR+ (Z)|
[fm(Re(2)) = fm,e(2)] < | Re(2) = Rege(2) + 3 YU
k=1

= (3.5)

m
< 6+86227k < Oe.
k=1

Setting m := [31In(1)/In(2)] € N (so that 2722 < ¢) and combining (3.2) and (3.5), we
deduce for |z] < R with 0 < Re(z) <1 that

|Re(2)? — fi,re(2)] < [Re(2)? = frn(Re(2))] + | fm(Re(2)) = fu,re(2)] < 10e. (3.6)

We will now extend this result to z € C with |z| < R and |Re(z)| < 1. Given such a
z, define w := 3(z + 1), noting that [w| < R (since R > 1) and 0 < Rew < 1. Therefore,
applying Equation (3.6) to w instead of z, we see |(Rew)? — fm re(w)| < 10e. Note that
(Rew)? = 2(1 + Rez)? = 2 + FRez + 1(Rez)? and hence (Rez)? = 4(Rew)? —2Rez — 1.
Thus, setting

hin,re(2) =4 fm,re(5(2 + 1)) = 2Regeoldgo--- o Idg(z) — 1,
where again Idp is used to match the depth of the (sub)networks, we see
|(Rez)? — hm,re(2)] <4-](Re w)? — fm,re(w)] +2-|Re(2) — Rere(2)] < 42e.

It remains to bound the depth, width, and number of weights of the g-network defining
the function ®r.(2) = hm re(2), and to estimate the size of the weights. The following
estimates regarding these quantities should be fairly intuitive; the reader interested in the
full details is referred to Appendices A.2 and A.3. Note that f,, r., with our choice of
m = [$In(1)/In(2)] = O(In(2/e)), is a o-network with depth and width O(m), and with
O(m?) neurons and weights, all of which are bounded by O(In(2/¢)R¢/£%) ¢ O(R%/<"). Con-
sequently, ®r . is a o-network whose depth and width is O(In(2/¢)), whose number of weights,
and neurons are O(In%(2/¢)), and whose weights are bounded by O(RS/e7). [ |

4. Approximating the product of complex numbers. In this section, we approximate the
map C? — C, (z,w) — zw using modReLU networks. To do so, we first approximate the func-
tion C2 — C, (2, w)  Re(z) Re(w) based on the approximation of (Re z)? from Proposition 8
and then use a polarization argument. This idea is motivated by [31, Proposition 3].

Proposition 9. Given R > 3 and ¢ € (0, 1), there is a function QReyR,g: C? — C such that
L. for any inputs z,w € C with |2|,|w| < R we have |XRe re(z,w) — Re(2) Re(w)| < ¢;

2. the function gRe,R,E s tmplemented by a o-network of depth and width O( ln(R2 5*1)),
with at most O ( In?(R? e~ 1)) weights and neurons, and all weights bounded in absolute
value by 0(R165_7).
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Proof. Define R’ := 3 and note that 0 < &' := g < 54 < min{1, /} Therefore, we can
apply Proposition 8 with R’ &’ instead of R, ¢, Wthh produces the function ®ps ./ = (1337@
We then set

Ko e (2, w) 1= 2R (B = (55#) = g = () — B =, (35)) for zweC.

’6R2

Comparing with the equation

Re(z) Re(w) = 2R? - ([Re(zgrﬁﬂf")]2 — [Re(ﬁ)]2 — [Re(%%)]Q) for z,w e C

and applying Proposition 8, we see that if z,w € C with |z|, |w| < R, then
|Re ) Re(w) — ;Re,R,a(zaw”
<28 - (|Re() - @3, (5)|+ | [Re()1% -

< 2R (g + s + ) = =

According to Ploposition 8, the function ®p s is implemented by a o-network of depth
and width O( ), with O(ln2(2)) weights and neurons, and all weights bounded by
O((RH%(")™)). Consequently, the function @3 . implemented by a o-network of depth
and width O(In(12R%~1)), with O(In*(12R?c~1)) weights and neurons, and all weights
bounded by O(RY“e~7). Note that QRE)R’E(z,w) is a parallel connection of three copies

2R?, and the first layer is composed with appropriate linear transforms. Hence, the function
XRe,R,e (%, w) is again implemented by a o-network whose depth and width are O (In(R*e71)),
whose number of weights and neurons are O ( In?(R? e71)), and whose weights are bounded by
O(R'"e~7) in absolute value. [ |

As a direct consequence of Proposition 9, we obtain an approximation for the complex
product function C2 — C, (z,w) — zw.

Corollary 10. Given R >3 and € € (0,1), there is a function xg.: C* — C such that
L. for any inputs z,w € C with |z|,|w| < R we have |Xr:(z,w) — zw| < &;

2. the function QRﬁ is 1mplemented by a o-network of depth and width O(ln(R2 6*1)),
with at most (9( In?(R? 571)) weights and neurons, and all weights bounded in absolute

value by O(R165_7).
Proof. Noting that for z,w € C,

zw = Re(z) Re(w) — Im(z) Im(w) + i(Re(2) Im(w) + Im(z) Re(w))
= Re(z) Re(w) — Re(—iz) Re(—iw) + i( Re(z) Re(—iw) + Re(—iz) Re(w)),

we define

XRe(2,W) = XRe R,2 (2, W) = XRe,R,2 (=12, —iw) +i(XRe,R,2 (2, —1W) + XRe,r,2 (—i2,0)).
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It then follows from Proposition 9 that |X g (2, w) — zw| < ¢ for all z,w € C with |z|, |w| < R.
The function Xp(z,w) is a sum of four equivalent copies of xge, RS and therefore is again
implemented by a o-network whose depth and width are (9(111(R2 6_1)), whose number of

weights and neurons are C’)(ln2(R2 5_1)), and whose weights are bounded by O(R165_7) in
absolute value. |

5. Partition of unity. Define the functions ¢%¢, ™ : C — C by

PRe(2) =1 —-0(z+ %) +o(z— %) and Y™ (2):=1+4io0(z+ %z) —io(z — %z) (5.1)

Note for x € R that

1 if [z < 1
PR(z) =93 —Ja| if3<l|z|<3
0 if 2] > 2

and for z € C that 9"

1.0 I )
! \
! \
! \
0.8 4 ! \
! \

0.6 4

049 ... HR (4(3. _ 1)) |

/ \
\
0.2 ! \
! \
! \
! \
L A

0.0
—0.50 —0.25 0.00 0.25 0.50 0.75 1.00

1,:25
Figure 5. A plot of the function ¢)"°(4e) and its shifts, showing that they form a partition of unity.

Let N > 1 be a natural number. For m € {0,1,...,2N} define the functions q%‘fN :C—=C
by ng:LeN(z) = YPRe(AN(z — 2%)). It is not difficult to see that the ¢77R"5N (me{0,1,...,2N})
form a partition of unity on the unit interval [0,1] C R C C, and that

supp (qﬁ,l:‘f]\,m) C {:L‘ eER: |z - g%| < %Nﬁl};
see Figure 5. Similarly, defining ¢}g‘N(z) = M (AN (z — %)) for m € {0,1,...,2N}, we see
that the ¢£,‘2N form a partition of unity on the imaginary unit interval 4 - [0,1] C C.

6. Main result. In this section, we prove our main result, Theorem 1. As a preparation for
the proof, we collect the following technical lemma, whose proof is deferred to Appendix A.4.

Lemma 11. Let Q # & be a set, M € N, € € (0, ﬁ), and 0 < § < 2. Suppose that
e X :C? = C satisfies | x(z,w) — zw| < € for all |2|, |w| < 4;
o ai,...,on : Q — C satisfy |oj(2)] <1 for all z € Q;
e Bi,...,Bm : Q= C satisfy |aj(z) — Bj(z)| <6 for all z € Q.
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Define inductively v1(z) := B1(z) and vj11(z) := X (Bj31(2),7;(2)) for z € Q. Then
M
”yM(z)—Hag(z)’ <3Me Vze Q.
=1

Proof of Theorem 1. As in Subsection 1.2, we identify the function g : Qca — C with the
pair of functions gre, gim : [0, 1] — R and we will only explicitly show the approximation of
f := gRe, since grn can be approximated in exactly the same way.

We roughly follow the structure of the proof of Theorem 1 in [31]: In the first step, we ap-
proximate f by fi, a sum of Taylor polynomials subordinate to a partition of unity, constructed
with our activation function ¢ in mind; see Section 5. In the second step we approximate fi
by the realization fof a o-network of an appropriate architecture. An additional complication
compared to the real setting considered in [31] is that we cannot access the real and imaginary
parts of the inputs of f exactly with a o network, but only approximatively; see Proposition 3.

Step 1. Employing similar notations to [31], we will denote ordered pairs (vectors) of
coordinates by bold-faced characters. Given N € N (specified precisely in Equation (6.1)
below), let us write

N :={0,1,...,2N}¥ x {0,1,...,2N}%.

For m := (my,ma, ..., mag) € N, we define on Qca = [0,1]%¢ the function
d 2d '
bm(@) = oxam(@) = [[ 0" (4N - (o = 36)) TT 0™ (4N (wei = 5)).
k=1 (=d+1

where & = (x1,...,%4,Tqq1,- . ., Tog) and where ¥R ™ are given by Equation (5.1).
Based on the observations in Section 5, we see that the ¢, (m € N) form a partition of
unity on [0, 1]?? and satisfy supp(¢m) C S, for the set

Sm::{xERQd:|mk—gn—A’}|<2iNand|xg—;”—]§|<2iNf0raHl§k§d<£§2d}.

Now for any m € N, consider the Taylor polynomial of f at the point & = sn of degree
n — 1, given by

Pm(z)= Y r)m":f) (m—;\[)n] and define  fo:= > $mPn

neNd |n|<n meN

53

For any = € [0,1]?¢, we can bound the error by

@)~ L@ = | 3 dm@)(f@) - Pm@)| < 3 [F() — Pn(@)[om(2)

meN m:xESm
2d)™ / 1\"
< Vo)~ o] 3 ome) < S (%) 1o
me

car 1y,
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where, similar to the arguments on Page 108 of [31], we used successively the fact that the
¢m form a partition of unity and are supported on Sy,, a standard bound for the error of
approximation by the Taylor polynomial (see e.g. the proof of [22, Lemma A.8|), and finally
that f is in the unit ball of the Sobolev space, meaning || f|[yn..o < 1. Therefore by choosing

(where [x] is the smallest integer bigger or equal to x), we obtain that ||f — fil|z~ < 5.

Step 2. We approximate f. up to error § by a o-network. To this end, note that we can

rewrite f, as
@)= D> amndm@) (2 g5)"

meN neN2d:|n|<n

Note that all the coefficients ay, » have absolute value at most 1, since || f|[yyn.co < 1. Therefore
f« is a linear combination of no more than n2? (2N + 1)2¢ terms of the form

fman(T) == ¢m(z) - (m - %)n

Fix m € N and n € N2¢ with |n| < n for the moment. We want to approximate the func-
tion fymn via Lemma 11. Thus, set S := n??.|N|and M := 2d+|n| < 2d+n, and & := HeREt
as well as § := 22, and finally Q := Qca = {2 € C%: Re(z;),Im(z;) € [0,1] for j € {1,...,d}}.

As a first step, we estimate . Directly from Equation (6.1), we see

n
N<1+ (M)l/n <1+4d e  <5d-e7L.
nl-e
Thus, S = n?? (2N +1)2? < (12dn)?? - ¢72¢, whence £ < Cy(d,n) - 72971 < Cy(d, n) - 734,
Therefore, In(2/¢) < In(2C1(d,n)) + 3d In(1/e) < Ca(d,n) - In(2/¢e) for suitable constants
Ci(d,n) > 1 and Ca(d,n) > 1.

Thus, Corollary 10 (applied with & instead of €) yields a function x : C? — C satisfying
|X(z,w) — zw| < € for all z,w € C with |z|,|w| < 4, and such that x is implemented
by a o-network with width and depth bounded by CsIn(2/¢) < Cjy - In(2/¢) and at most
C3 -1n?(2/8) < Cy - In*(2/¢) weights, each bounded in absolute value by C3 &7 < Cy - =214
Here, C3 > 1 is an absolute constant and Cy = Cy(d,n) > 1.

Next, note that S?N < Cs(d,n) - e, Therefore, Proposition 3 shows that there exist
functions Ref,Im" : C — C with |Re"(2) — Re(2)| < giN and |Im*(2) — Im(2)| < ;iN for all
z € C with |z| < 4, and such that Re® and Im® are implemented by shallow o-networks with
10 weights of magnitude at most Cs (%)73 < Cg - 721, for suitable Cg = Cg(d,n) > 1.

Finally, to apply Lemma 11, writing n = (ni,...,n9), we define ay, By : C? — C for
1 <k <2d+ |n| =M as follows:

e For 1 <k <d, set

ap(2z) = YR (4N Re(zy,) — 2my)  and  Bi(2) == PR (4N Re(z;) — 2my);
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e Ford+ 1<k <2d, set
ap(z) =™ (4NiIm(zp—q) — 2im;)  and  Bi(z) := Pt (4N Im®(z_q) — 2imy,);

e For2d+ni+ - 4+np1 <k<2d+ni+---4+n<2d4+ni+---+ng (1 <€<d),set

A AT = h — ﬂ-
ar(z) := Re(z) 2N and  Bi(z) := Rel(z) L
o For2d+mni+-4+ng<2d+ni+-+np1 <k <2d+mny+--+ng (d+1 <0< 2d),
set .
Ckk(Z) - Im(ze d) - ﬁ and /Bk(z) — Imh(zeid) _ ﬁ

Since 1€, I™ are 2-Lipschitz (this follows from the definition of ®¢ '™ and from Lemma 6),
we see that |ay(2) — Br(z)| <2 =8 < 1forall z€ Qand 1 < k < M. Furthermore, note
that indeed |a(2)| < 1 (and hence |Bk(z)| < 2) forall z€ Qand 1 <k < M.

Overall, we can thus apply Lemma 11, which shows for

fm,n = ; (517 ’>2 (ﬂ?a ) ;</(62d+"n|—17 BQd-Hn‘)))
that
e 1

|fm’n(z) - fm,n( )| <3Me 25 2n2d|N|

VzeQ= Qe

where we identify z = (21, ..., 24) € Qca with (Re z1), ..., Re(zq), Im(21), ..., Im(zd)) €[0,1]%
Thus, setting fv = ZmeN ZneNgd)‘n|<n am’nfmﬂ and recalling that |am n| < 1, we see
for any z € Q that

fz) =< Y >

meN neN? |n|<n

o € 1 €

; (Z)_fm,n( ) <IN | §n2d|N| =5

and hence |f(2z) — f(z)| < ¢ for all z € Qca, thanks to the bound from Step 1.

Step 3 (Size of the network): Note that fm’n can be expressed as a composition of
the networks Idp (with R = 2) and Reh,Imh,l/)ReLwIm, as well as X (see Figure 6) and that
the number of such subnetworks that appear in f, ,, depends only on the dimension d and
the degree of smoothness n.

Next, note that with the implied constants (potentially) depending on d and n, the follow-
ing hold:

e Idp (with R = 2) is implemented by a o-network with O(1) weights and layers, and all

weights bounded by O(1);

e Re® and Im! are implemented by o-networks with O(1) weights and layers and all weights
bounded by O(s~214);

e 8¢ and ¢™ are implemented by o-networks with O(1) weights and layers and all weights
bounded by O(1); hence, 1/?¢(4N o —2m) and "™ (4iN e —2im) (for m € {0,1,...,2N})
are implemented by o-networks with O(1) weights and layers and all weights bounded by
O(N) Cc O(s71);
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\
----- 321+\n\ 1(2), B2d+|n\( ))i

=
1L

Idp Idp Idg Ildgr X X
‘ﬁk ke Nd‘ ‘Bk z),k € Ndil‘ ‘ﬂk ke NG Bi(=) k€ N;Zi‘:ﬂlg‘ ‘ X (Bt n—2(2), u(2))
Idp Idp Idp Idp X X

[oeCe) ke 1] o).k < ML [t b < ]

Bi(2),k € Nijﬂ'ﬂf‘ MZ) = X (Baarin-1(2); Baatin| (2))

Idp Idp Idg Idg

2d+
Bi(2).k € N2d+|sﬂl

Bi(2), k € N‘{‘ yﬁk(z),k c Ngil\ ‘Bk(z), k € N2t

YReUNO —-2m) DO-F% Y™ (4iND — 2im) O- 7

Im? z4

Ref Im®

Figure 6. Schematic of the architecture of the network implementing fm,n. For brevity, the figure uses the
notation Ny, := {k,k+1,..., —1,£} and s :==nq1 + --- +nq as well as R := 2.

e X is implemented by a o-network with depth and width bounded by O(In(2/¢)) and
O(In%*(2/¢)) weights, bounded in absolute value by O(s~2'4).

This implies that fy,  is implemented by a o-network ®5, ,, satisfying W(®s,, ) € O(In*(2/¢)),
B(®5,.), L(®5, ) € O(In(2/¢)), and [|®7, ,,|| € O(e —424) wwhere the implied constants (only)
depend on d,n. For the full details, we refer to Appendices A.2 and A.3.

Now, since f is a linear combination of the no more than n2d(2N + 1)?? functions fm n
with coeflicients no larger in absolute value than 1 and recalling that N Sq, g~ln (see
Equation (6.1)), it follows that for some C' = C(d,n) > 0 independent of € and f, the function
f is implemented by a o-network with no more than C' - 1n(2/¢) layers and no more than
C - e724/n . 1n2(2/e) weights, each bounded in absolute value by C' - e=444,

Finally, note that f = D meN ZneNgd Inj<n am,n]?m,n where only the coefficients am, n

depend on f, whereas the functions fy, n are independent of f. This easily implies that one
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can choose a fixed network architecture A (only depending on d,n,e but independent of f)
with L(A) < C -1n(2/¢) and W(A) < C -e2%" .1n?(2/¢) such that f is implemented by a
o-network ®; of architecture A and with ||® || < C - =444, [ |

7. Optimality. In this section, we show that the approximation rate obtained in Theorem 1
cannot be improved significantly. Precisely, we prove the following result:

Theorem 12. Let d,n € N, 0,k,v > 0, and Cy > 1. Assume that for every e € (0,1)
and every g € Fnq there exists a function g. implemented by a o-network with at most
Co - (In(2/€))* layers and at most Co - €~ weights, all bounded in absolute value by Cq - 79
satisfying ||g — gell~ < 5.

Then necessarily v > 2d/n.

The proof idea consists in showing that the set of o-networks of a given complexity satisfies
certain entropy bounds. If the approximation rate from Theorem 1 could be strictly improved,
this would then imply entropy bounds for the set F,, 4 that contradict the known asymptotics
of the entropy numbers of F,, 4 [8].

We will derive the entropy bounds for the network sets as a consequence of the following
Lipschitz bound for the realization map ® +— R,®. Since this bound is quite similar to the
one in [6, Theorem 2.6]—although there only real-valued networks with the ReLU activation
function are considered—we postpone the proof to Appendix A.5.

Lemma 13. Given two networks ® = ((Ag, bg))le and ¥ = ((Bg, Cg))le such that for each
¢e{1,...,L}, the matrices Ag, By and vectors by, ¢y have the same dimension, define & — ¥
to be the network ((Ag — By, by — cf))eL:r

Let R, Ry > 1 and assume ||®||,||¥|| < R. Then, for every z € CNo with ||z||¢~ < Ro, we
have

|Ry®(2) — R, ¥(2)| < Ry~ Ny--- Np-4FRFTL.||® — 0.

As the final preparation for the proof of Theorem 12, we recall the notion of covering num-
bers and a few related facts. Given a non-empty subset @ # M C X of a metric space (X, d),
the covering number Cov(M,e) = Covyx(M,e) € NU{oo} is the minimal number n € N of el-
ements my,...,m, € M satisfying M C |J_; Be(m;), where B.(m) = {x € X: d(z,m) < e}
is the closed ball of radius € around m.

It follows directly from the definitions that if ' : M C X — Y is Lipschitz continuous
with Lip(F) < L for some L > 0, then

Covy (F(M),e) < Covx(M,e/L) (7.1)

and that
Cov(U?:1 Mj,e) < > j—1 Cov(Mj, ). (7.2)

Using the identification Qpa = [0,1]%¢, the following bound for the covering numbers of

the set F,, 4 (considered as a subset of C'(Qca) with the sup-norm) is an easy consequence of
[8, Theorem 3 and Theorem on Page 1086]:

Lemma 14. For d,n € N there exists a constant C; = Cy1(d,n) > 0 satisfying

ln(COVC(QCd)(fmd,&)) > () e 2d/m Ve e (0,1].
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Furthermore, we will use the following bound for the covering numbers of subsets of R"™,
taken from [6, Lemma 2.7]:

Lemma 15. Let n € N, R € [1,00) and ¢ € (0,e™'). Then, using the || - ||g-norm on R™,
we have

Cov([~R,R]",e) < exp(n-In([R/e])) < exp(2n-In(R/e)) = (R/e)*.

Using these preparations, we can finally prove Theorem 12.

Proof of Theorem 12. Step 1: Givene € (0,e7!), set W, := LCO-(E)WJ and R, := Co-(%)e,
as well as L. := [Cp - (In(2))"|. Finally, let

NN := {RUCI)|QCd D din(P) = d, doyt (P) = 1, W(P) < W, L(P) < L. and ||?| < RE}.
In this step, we show that
In (COVC(QCd)(NN€7 6/2)) S Cl . (ln(Q/e))lJrQK e Y (73)

for a suitable constant C7 = C1(d, Cy, k,7,6) > 0 independent of e.

To see this, let us write n := {1,...,n} for n € N. Furthermore, given L € L. and
N = (N1,...,Np) € Wl with Np, = 1 and given J = (Ji,...,J;,) with J, C Ny x Ny and
| Jo| < W, define T

L
Ang: ] ([—RE,RE]J@ » [~ R., R:JN¢ x [~R., R.]”* x [—RE,RE]M) — C(Qea),
/=1
L

l l . . L
((Agli) (Gok)ETs? o, (B](}lz)(j,k)eJW C(Z))gzl = Ro ((A(Z) +iBY, b + ZC([))Z:I)’

where AY) = BY) = 0 for (j,k) € (Ng x Ne—1) \ Je.

We first claim that NN C (Jn yIm(An,5), where the union is taken over all N, J as
above. To see this, note for f € NNE that f = R,® for a network & = ((Ag,bg))ézl 1
that satisfies L < L, Y5, (|45l + [|bjll0) = W(®) < W, and [|Aglsc, [[belloc < Re. Since
o(0) = 0, it is easy to see simply by dropping “dead neurons” (i.e., neurons that always compute
the value 0, independent of the network input) that one can assume A, € CNe*Ne-1 wwhere
Ny < W, for £ € L. Furthermore, the condition on the number of weights shows that for every
¢ € L, one can choose a set J; C Ny x Ny_y satisfying |J,| < W, and such that (A);r =0
unless (j,k) € Jy. This easily implies f = R,® € Im(An ).

Next, note for fixed L € L. and N € W, that N, < dW. (even for £ = 0) and hence

min{WS,N[Ng_l}

N¢Ny_
[{Je C Nex No_y: | Jo| < W} = > ( etz 1)
=0 (7.4)

() min
< (eNeNp—1/ min{We, NyNp_y })" e Nete-)
<

(d26W3/W5)min{WE7NZN871} S (

dQeWE)WE.
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Here, the step marked with (x) used the elementary bound >} () < (en/m)™ which is valid
for 1 < m < n; see e.g. [27, Exercise 0.0.5].

As the next step, note that Lemma 13 shows that if we equip the domain of An jy with
the || ® ||gc norm, then Ap s is Lipschitz continuous with Lipschitz constant

Lip(An,s) <2 (8W.R.)* < (16C3 - (2/e)7+0) P MW" — g,
Combining this with Equations (7.1), (7.2), and (7.4) and Lemma 15, we therefore see

COVC(QCd)(NNEaE/Q) S Z COVC’(QCd)(Im(AN,J)aE/Q)

L,N,J
< Z Cov([—Rg,RE]ZLl(Q'J”“We),ﬁ)
L,N.J

20\ 8L W
Lo (22

It is straightforward to see that In(W.) < In(d?eW.) < In(2/¢) and In(L.) < In(2/¢), as well
as In(R:) < In(2/¢) and In(0;) < (111(2/5))”“, where the implied constants only depend on
d,Cp,7v,k,0. In view of these estimates and because of L., W, > 1, the preceding displayed
equation shows

In (COVc(QCd)(NNE,E/Q)) SLe-We- (111(2/5))'“rl < (1n(2/5))1+2'$ e,

proving Equation (7.3).

Step 2 (Completing the proof): Let ¢ € (0,e7!). Equation (7.3) implies that there
exists a constant M. € N with M. < exp(Cy-(In(2/¢))'*2%-c77) and NN € M=, EE/Q(g,(fb))
for suitable ggi) € NN, where Bs(g) :== {f € C(Qca): ||f — gllL= < 3} is the closed ball of
radius § around g.

Now, for each m € M, choose hﬁ,‘? € Fna Eg(gr(ri)) if this intersection is non-empty, and
hg,i) = 0 otherwise. By assumption of the theorem, for each f € F, 4 there exists g € NN,
satisfying || f — g||ze= < /2. Then, ||f—g7(§)||Loo <5+ ||g—g7(§)||Loo < ¢ for a suitable m € M,
and hence || f — hiy |z < If — g%l + g8 — i |z < 2e.

Overall, this shows F,, 4 ¢ UMz, E(hgﬁ), 2¢) and hence

In (Cov(Fpa,2¢)) <In(M.) < Cr - (In(2/e)' .77 Vee (0,e7h).

In view of Lemma 14, this is only possible if v > 2d/n, which is what we wanted to show. H

8. Conclusion. In the present paper, we studied the problem of approximating functions of
regularity C™ defined on C? using feed-forward complex-valued neural networks (CVNNs) with
modReLU activation function. We showed that (ignoring logarithmic factors) a suitably con-
structed modReLU CVNN with O(e~24/™) parameters (weights) can achieve uniform approxi-
mation error €. Moreover, we showed that this rate is near-optimal. This is as expected, since
comparable real-valued neural networks obtain the same rates, cf. [31] (identifying C ~ R?).
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Since it is known that ReLU neural networks achieve optimal approximation rates for C™
functions (see [7,22,31]), it cannot be expected that (modReL.U) CVNNs strictly improve on
ReLU networks, even in the complex setting. Rather, since CVNNs have been empirically
observed to outperform real-valued neural networks in many applications involving complex-
valued inputs [4,28], our goal is to initiate the study of the expressivity of CVNNs; furthermore,
our goal was to rigorously prove that modReLLU CVNNs can match the approximation capa-
bilities of ReLU neural networks. Our results confirm that this is indeed the case.

The essential properties of the modReLU on which our proof relies are the following:

e modReLU CVNNs of a constant size can approximate the function z — Re(z) (and
hence also the function z — Im(z)) arbitrarily well; see Proposition 3;
e modReLU CVNNSs of a constant size can approximate the “complexified” ReLU func-
tion z — p(Re(z)) = max{0, Re(2)} arbitrarily well; see Proposition 5; and
e the modReLU is Lipschitz continuous.
Once these properties are known for a given activation function, the arguments used to prove
our main theorem (which build upon the ideas in [31]), can be used to prove an analogous
approximation result for that activation function. The Lipschitz continuity is used to control
the propagation of errors among the layers of the network; it can probably be replaced by
Holder continuity and possibly even by uniform continuity. The main technical contribution
of the paper is thus to verify that the above properties are satisfied for the modReLU and to
show that these properties imply the main approximation result.

Appendix A. Postponed technical proofs.
A.1. Proof of Lemma 4.

Proof. Set w := hz+ +. If Im(2) = 0, then w € (0,00) and hence sgn(w) — 1 = 0 = Im(z),
so that the first part of Equation (2.2) is true. Hence, we can assume in what follows that
m(z) # 0. Now, note by choice of h that 0 < h < 3 and h\z| < L. which shows that

2)
[1+2h% >1—h-h|z| > 2 and therefore also |w| = 3|1+ h?z| > - > 0.
As a consequence, we obtain the estimate
i e sy R R
h%|w| hl  h [h|h=1+hz| h 11+ h2z|
1 [1—[1+h%|| 1Rz 4 2
- . <= — “hlzl<Z<1
B Shaa o atllsgs

As Im(w) = h Im(z) # 0, this implies

‘hg (/o) ~ Tm(z)| = b | Tm(2)] - 1 Im(w/|w]) 1

h2 Im(w)  h
1 1
= ()] h‘ h2.

Next, note Re(w (14 h?Re(2)) > 3+ (1—h-h|z|)

) =13 (1—3-4) = 2 > 0. Hence,
Re(w) + [w| > 2Re(w) > 5. Since also |Im(w)| = h|Im(z)|

1
R
h|z|, we thus see

|(Re(w) — [w])(Re(w) + [w)| _ |(Re(w))? — [w]?| _ |Tm(w)|”
| Re(w) + |wl| |Re(w) + |w|| = 3

>
<

‘Re(w) - |w|’ =
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and hence |Re(w) — |w|| < 2h3 |2|%. Together with the estimate |w| > 3 from the beginning
of the proof, we get

i’Re(w/mD_ 1 | Re(w) — |w|‘ % ‘Z|2
B2

“n? 333

h2|z|2 < h?|z)?.

‘ h? [w|

Combining everything, we arrive at

w

‘Im( )—ﬁ~(sgn(hz+%)—1)‘= ﬁ~(m—1)—lm(z)‘

< [ +i- (i) - e \+4h2-(Re(|w|) 1)

< | g TmCaw/ ) — Tmn(2) + 15| Re(uw/fol) 1]

< hlz| + h?|2* < 2k,

proving the first estimate in Equation (2.2). To prove the second estimate in Equation (2.2),
simply note that Re(z) = Im(iz) and sgn(iw) = i sgn(w); hence, we get as claimed that

2h|z| = 2h|iz] > ‘Im iz) hZ (sgn(hzz—l— ) — 1)‘
- ; . 1 i 4
= ’Re(z) 77 (isgn(hz — 1) —i—zz)’ = ’Re(z) g (sgn(hz — 1) —|—z)‘. [ |

A.2. Composition of neural networks. The composition of several neural networks is
clearly again represented by a neural network. In this appendix we make this statement more
precise, showing how the size of the resulting network is related to the size of the “input”
networks. We note that the bounds for modReLLU networks that we derive here are slightly
worse than those derived for ReLU networks in [22, Section 2|, owing to the fact that one can
easily implement the identity function using the ReLLU while this seems not to be possible (on
all of C) using the modReLU.

But first, we need some additional notation: Given a network ® = ((Al7 b1),..., (AL, bL)),
let us write Wiy (®) := ||A1llpo + [|b1]lp0 and Wou(P) = ||ALllp + ||bLle0 and furthermore
|P]lin = max{||A1]lco, [b1llcc} and ||®]lous := max{||ALllco, [|bL]lcc}. Now, assuming that
L > 2 and given a further network ¥ = ((Bl,cl), e (BM,cM)) with dout(¥) = din(P) and
M > 2, define the composition of &, ¥ as

DoV := ((Bl, Cl), ey (BMfl, CMfl), (AlBM, b1 + Ach), (AQ, b2), ey (AL, bL)) (Al)

It is straightforward to verify Ry (P e U) = R,® o R, ¥ and L(P e ¥) = L(P) + L(¥) — 1 and
B(® e V) < max{B(®), B(¥)}. The next lemma provides further bounds on the size of ® e U,

Lemma 16. Let @1 ... &%) be neural networks of depth L(®W) > 2 fori e {1,...,K}
and satisfying dou(®D) = din (@) fori € {1,..., K —1}. Then the following hold:

L If Win (@), Wt (9) < C for alli € {1,...,K} and some C > 0, then

W(@(K).....q)(l)) <C?.(K-1 +ZW (A.2)
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2. If H<I)(i)|| < C for alli € {1,...,K} and some C > 1 and dout(<1>(i)) < D for all
ie{l,...,K}, then
[0 e... e dW| <2D.C% (A.3)

3. L(@Fe. . .00M)=[ 8 | L(®))] (K1) and R, (®X)e. . e01))=R,0)o. ..o R, 1.
Remark 17. In particular, Equation (A.2) shows that if B, > 1 and W(®®) < W as
well as B(®W) < B for alli € {1,..., K}, then W(®() o ... e ®1)) < K . (B2 +W).

Proof. Before we prove the general case, we analyze the composition of two networks as in
Equation (A.1). First, note for A € CN*¥ and B € CX*¥ that

IABllo =Y Liap),,20 < > 1a, rolp, 20 < D <]1Ai,é7£0 mtaXZ]lBt,ﬁéo) < [[Allo| Blleo-
i,J ,5,¢ il J

A similar (but easier) calculation shows that ||Av|[, < [|A]j, for v € CX. Based on these
estimates, we see (in the notation of Equation (A.1)) that

161 + Avearlleo + | A1Barlleo < [[brlleo + [|A1lleo + [ Arlleo | Barlleo < Win (@) - (1 + Wour (¥)).
Directly from the definition of ® e ¥, we thus see

W(DeW) <W(T) — Wout () + W (D) — Win(®) + Win(®)(1 4+ Wone (V)

< W)+ V(D) + Win () W (V). (4-4)

Next, given 4 € CV*K and B € CEXF it is easy to see [(AB); | < K - ||Allso | Blloo- Based
on this, we see in the notation of Equation (A.1) that ||A1Barllec < dout(¥) || A1]lcol|Barllco

and [|by + Asenrloo < (01|00 + dous (V) [[Atloollenr(loo < [[@lin - (1 + dous(V)[[¥]lout). Thus, we

see directly from the definition of ® ¢ U that
@ o || < max {||®], [[], [[®[ln- (1 + dout(P) [|¥]out)}- (A.5)

Now, we prove Equations (A.2) and (A.3) by induction on K € N. For K =1 the claim is
trivial. Next, assume that the claim holds for some K € N and set ¥ := &) o ... 0 &),

For proving Equation (A.2), note Win(@E+D) < € and Wy (V) = Wy (2K)) < C.
Therefore, combining Equation (A.4) with the inductive assumption, we see

W (@K ¢ B) < W(OEHD) 4 W (W) + Win (@K D)Wy (W)

K
<wE@EM) 1+ (K-1)+> W@ +C-C

K+1 -
=C? (K+1)-1)+ Yy w(a),

completing the induction for Equation (A.2).
To prove Equation (A.3), note |¥jou = H<I>(K)||Out < C and doy(P) = dout(CD(K)) <D
and use Equation (A.5) and the inductive assumption to obtain

|25 o B|| < max {[@FHV, (@], [FHD [y (1 + dowt (V) [Pllow) } < 2D - C2,
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completing the induction for Equation (A.3).
The last part of the lemma follows by induction after noting that L(®eW) = L(®)+L(¥)—1
and R,(P e V) = R, o R, V. [ |

A.3. Linear combinations of neural networks. In this appendix we show that the lin-
ear combinations of neural networks of a common depth can again be implemented as a
neural network. Indeed, let d, K € N, and for each j € {1,...,K} let a; € C and let

o) = ((Agj), bgj)), ce (A(Lj), b(Lj))) be a neural network with di, (®)) = d and doyt (V) = 1
and of common depth L(®)) = L. Define ¥ := ((Al, b1),...,(Ar, bL)), where

1 1

AtY bV

Av=| |, Ap= (@Al ] e A, and b= |
AE) by()

for ¢ € {1,...,L — 1}, as well as A; := diag(Agl),...,AéK)) for £ € {2,...,L — 1} and
by, = Z]K:1 a; b(Lj). It is easy to verify that

RoW = Z a; Ry®V), L(V) =L, W(D) < Z W (W),
| A (A.6)

Indeed, all except the first and final of these statements follow directly from the definitions.
To verify the final statement, note by definition of || e ||o, that

|Ailloc = max HAgj)H <  max Hq)(j)H
je{l,...,K} 7 je{l,..,K}
and ||b¢lloc = max ||béj)||oo < max ||<I>(j)” for ¢e€{1,...,L—1},

je{17“~7K} je{17~“7K}

as well as ([ Anlloe < e fas| A7 < _max a2V
J

T je{1,.. K e{1,...K

K K
and [|bpfloo <Y lag DY) < S Jay | @],
J=1 j=1

which implies as claimed that ||¥|| < Z]K:1(1 + laj]) @9

Finally, to verify the first statement, an induction with respect to £ € {1,..., L — 1} shows
that if we set Te(j) = Agj)(o)—l—béj) and Ty := Ay(e)+by and finally Fg(j) = (aoTl(j))o : -O(O’OTl(j))
and Fy := (0 oTy)o---0 (0 0oTy), then Fy(z) = (Fé(l)(z),...,Fé(K)(z)) for » € C? and
¢ e {1,...,L — 1}. Based on this, the first statement in Equation (A.6) follows from the
definition of the realization map R, (see Subsection 1.1).
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A.4. Proof of Lemma 11.

Proof. Define 0;(z) := %:1 ay(z) and k; = 62?21(1 + ¢)’. We will show inductively
that |v;(2) — 6;(2)| < k;. This will imply the claim by taking j = M, since we have

)M+1

1+ <@+e)M < (14 347 <e<3

and hence k; < Ky <3Me.
The case j = 1 is trivial, since |y1(2) — 61(2)| = |B1(2) — a1(2)| < 6 < &% < & < k1. For the
induction step, first note that

M—-1 M
_ 0_ (1+e)* -1
KJSHM—5(1+E)§(1+E) —5(1+5)m
M+1
<A+ < (14 5h) <e<3

and hence |y;(2)| < 10j(2)| + K; < 4, since |ay(z)| < 1 for all £, and thus |6;(z)] < 1. Since
also |Bj41(2)] < 6+ |aj11(2)] <143 <4, we see by the properties of x for any z € Q) that

[1() = 951 (2)] < | R (B ()75 (2)) - ﬂﬁl(z)v (2)]
+ [Bi1(2)75(2) — 5J+1 0;(2)]
+!(ﬁj+1() aj+1(z )|

<et 1Bl mé |9<>
<e+d+ (146K <e(l+e)+ (1+¢)kj,

where the last step used that § < €2 < ¢. Finally, note by choice of k; that

J+1 j+1
e(l+e)+(Q+e)rj=c(l4+¢)+ 52(1 +e)f = 82(1 +e)f = Kt
=2 =1
This completes the induction and thus the proof. |
A.5. Proof of Lemma 13.
Proof. Set op:=0o for £ € {1,...,L — 1} and o, := id¢. It is easy to see in each case that

0¢(0) = 0; furthermore, Lemma 6 implies that each o, is 1-Lipschitz. Now, inductively define
wg = vy := z as well as wypy1 := opp1(App1we + bey1) and veyq = opp1(Beyive + corq) for
¢e{0,...,L —1}. We then have R,®(z) = wr, and R,¥(z) = vy. We will show inductively
that ||vgllges < Ro - (2R)*- Ny--- N,y and |Jvg — wyllge < Ro- Ny -+~ No_q - 4R ||® — 0|,
which then implies the claim of the lemma.

For £ = 0, we trivially have |Jvg||g = ||2|le= < Ro = Ro-(2R)* Ny --- Ny_; and furthermore
lvo — wollpe =0 < Ry Ny---Nyp_q - 4R || @ — 9.
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Next, if the claimed estimates hold for some ¢ € {0,...,L — 1}, we see

|(ve1);| = |oe1 (Begave + ce41);) | < |(Besave + coqr);|

Ny

<(eer1)jl + Y 1(Bes1)jml [(v)m| < R+ Ny RRy - (2R)" - Ny -+ Ny
m=1

SRO'(2R)£+1'N1"'NZ' (%m‘i‘%) SRO'(zR)Z—H'Nl"'Nb

proving the first estimate for £ + 1 instead of £. In a similar way, we see

|(weg1); = (Veg1)5] = |oe1 ((Appr1we + bes1);) = or1 ((Besrve + cor);) |

< [(Ag1 we — Bes1ve)j| + [1bes1 — cogr [l (A7)
Next, note that
Ny
(At we — Beyrvg);] < Y U(Atf+1)j,m((wf)m — (o)m) | + [ (A1) jim — (Be+1)j,m)(vf)m|]
m=1

< Ne- (R llwe = vellie + 1@ = ¥ - el )

()
< Ro-Ny---Np-4“'RE||@ — 0| - (L + 21)

4Z+1

1
g§-R0~N1---Ng~4€“Ré-||<I>—\Il||,

where the step marked with (%) used the induction hypothesis. Combining this estimate with
Equation (A.7) and noting [|bey1 — cpp1]lee < |® — W[ < 3+ Ro- Ny --- Ny - 4F1RE - |@ — |
completes the induction. |

REFERENCES

[1] P. AreNa, L. Fortuna, G. MuscaTo, AND M. G. XiBILIA, Neural networks in multidimensional
domains: fundamentals and new trends in modelling and control, vol. 234, Springer, 1998.

[2] P. AreNA, L. Forruna, R. RE, AND M. G. XiBILIA, On the capability of neural networks with com-
plex neurons in compler valued functions approximation, in 1993 IEEE International Symposium on
Circuits and Systems, IEEE, 1993, https://doi.org/10.1109/ISCAS.1993.394188.

[3] P. AreNA, L. Forruna, R. RE, AND M. G. XiBILIA, Multilayer perceptrons to approzimate com-
plex valued functions, International Journal of Neural Systems, 6 (1995), https://doi.org/10.1142/
s0129065795000299.

[4] M. ArJovsky, A. SHAH, AND Y. BENGIO, Unitary evolution recurrent neural networks, in International
Conference on Machine Learning, 2016, pp. 1120-1128.

[5] P. L. BArRTLETT, N. HARVEY, C. L1aw, AND A. MEHRABIAN, Nearly-tight VC-dimension and Pseudodi-
mension Bounds for Piecewise Linear Neural Networks, J. Mach. Learn. Res., 20 (2019), pp. 1-17.

[6] J. BERNER, P. GroOHS, AND A. JENTZEN, Analysis of the generalization error: empirical risk mini-
mization over deep artificial neural networks overcomes the curse of dimensionality in the numerical
approzimation of Black-Scholes partial differential equations, SIAM J. Math. Data Sci., 2 (2020),
pp. 631-657, https://doi.org/10.1137/19M125649X.

[7] H. Borcskel, P. Grous, G. KuTyNiok, AND P. PETERSEN, Optimal approzimation with sparsely
connected deep neural networks, SIAM J. Math. Data Sci., 1 (2019), pp. 8-45, https://doi.org/10.
1137/18M118709X.



APPROXIMATION BOUNDS FOR COMPLEX NEURAL NETWORKS 27

(8]
(9]
(10]
(11]

[12]

[13]
[14]
[15]
[16]
17
[18]
[19]
[20]
[21]
[22]
23]
[24]
[25]

[26]

27]

28]

29]
(30]
(31]

32]

G. F. CLEMENTS, Entropies of several sets of real valued functions, Pacific J. Math., 13 (1963), pp. 1085—
1095, http://projecteuclid.org/euclid.pjm/1103034547.

G. CYBENKO, Approximation by superpositions of a sigmoidal function, Mathematics of control, signals
and systems, 2 (1989), pp. 303-314, https://doi.org/10.1007/BF02551274.

X. GLOROT, A. BORDES, AND Y. BENGIO, Deep sparse rectifier neural networks, in Proceedings of the
fourteenth international conference on artificial intelligence and statistics, 2011.

L. GonoN, P. Grous, A. JENTZEN, D. KOFLER, AND D. S1SKA, Uniform error estimates for artificial
neural network approzimations for heat equations, arXiv preprint arXiv:1911.09647, (2019).

P. Grous AND L. HERRMANN, Deep neural network approrimation for high-dimensional elliptic PDEs
with boundary conditions, IMA Journal of Numerical Analysis, (2021), https://doi.org/10.1093/
imanum/drab031.

P. Grous AND L. HERRMANN, Deep neural network approzimation for high-dimensional parabolic

Hamilton-Jacobi-Bellman equations, arXiv preprint arXiv:2103.05744, (2021).

. Hirosg, Complex-valued neural networks: theories and applications, vol. 5, World Scientific, 2003,
https://doi.org/10.1142/5345.

. HORrNIK, Approzimation capabilities of multilayer feedforward networks, Neural Networks, 4 (1991),
pp. 251-257, https://doi.org/10.1016,/0893-6080(91)90009-T.

. HorNik, M. STINCHCOMBE, AND H. WHITE, Multilayer feedforward networks are universal approzi-
mators, Neural Networks, 2 (1989), pp. 359-366, https://doi.org/10.1016/0893-6080(89)90020-8.

. Kri1zHEVSKY, I. SUTSKEVER, AND G. E. HINTON, ImageNet classification with deep convolutional
neural networks, Communications of the ACM, 60 (2017), https://doi.org/10.1145/3065386.

. LECuN, Y. BENGIO, AND G. HINTON, Deep learning, Nature, 521 (2015).

. LEsuNo, V. LIN, A. PINKUS, AND S. SCHOCKEN, Multilayer feedforward networks with a nonpoly-
nomial activation function can approzimate any function, Neural Networks, 6 (1993), pp. 861-867,
https://doi.org/10.1016/S0893-6080(05)80131-5.

J. Lu, Z. SHEN, H. YANG, AND S. ZHANG, Deep network approzimation for smooth functions, SIAM J.

Math. Anal., 53 (2021), pp. 5465-5506, https://doi.org/10.1137/20M134695X.

H. N. MHASKAR, Neural networks for optimal approximation of smooth and analytic functions, Neural
computation, 8 (1996), https://doi.org/10.1162/neco.1996.8.1.164.

P. PETERSEN AND F. VOIGTLAENDER, Optimal approzimation of piecewise smooth functions using deep
ReLU neural networks, Neural Netw., 108 (2018), https://doi.org/10.1016/j.neunet.2018.08.019.

I. SAFRAN AND O. SHAMIR, Depth-width tradeoffs in approximating natural functions with neural net-
works, arXiv preprint arXiv:1610.09887, (2016).

I. SAFRAN AND O. SHAMIR, Depth-width tradeoffs in approximating natural functions with neural net-
works, in International Conference on Machine Learning, PMLR, 2017, pp. 2979-2987.

I. SUTSKEVER, O. VINYALS, AND Q. V. LE, Sequence to sequence learning with neural networks, in
Advances in neural information processing systems, 2014.

C. TraBELsI, O. BILANIUK, Y. ZHANG, D. SERDYUK, S. SUBRAMANIAN, J. F. SaNTOs, S. MEHRI,
N. RostaMzADEH, Y. BENGIO, AND C. J. PAL, Deep complex networks, in ICLR, 2018, https:
/ /openreview.net /forum?id=H1T2hmZAb.

R. VERSHYNIN, High-dimensional probability, vol. 47 of Cambridge Series in Statistical and Prob-
abilistic Mathematics, Cambridge University Press, Cambridge, 2018, https://doi.org/10.1017/
9781108231596.

P. Virrug, S. X. Yu, anp M. LusTtiG, Better than real: Compler-valued neural nets for MRI
fingerprinting, in 2017 IEEE International Conference on Image Processing (ICIP), 2017, https:
//doi.org/10.1109/ICIP.2017.8297024.

F. VOIGTLAENDER, The universal approximation theorem for complezx-valued neural networks, arXiv pre-
print arXiv:2012.03351, (2020).

M. WOLTER AND A. Yao, Complex gated recurrent neural networks, in Advances in Neural Information
Processing Systems, vol. 31, Curran Associates, Inc., 2018.

D. YAROTSKY, Error bounds for approximations with deep ReLU networks, Neural Networks, 94 (2017),
pp. 103-114, https://doi.org/10.1016/j.neunet.2017.07.002.

D. YAROTSKY AND A. ZHEVNERCHUK, The phase diagram of approximation rates for deep neural net-
works, Advances in Neural Information Processing Systems, 33 (2020).

Z=< = A x P



6.6 Paper 6

203



arXiv:2110.07988v2 [math.CA] 27 Nov 2021

A note on exponential Riesz bases

Andrei Caragea, Dae Gwan Lee*

Mathematisch- Geographische Fakultdt, Katholische Universitdt Eichstdtt-Ingolstadt,
85071 FEichstdtt, Germany

Abstract

We prove that if Iy = [ag,b¢), £ = 1,..., L, are disjoint intervals in [0,1) with
the property that the numbers 1,a1,...,ar,b1,...,br are linearly independent
over Q, then there exist pairwise disjoint sets Ay C Z, £ = 1,..., L, such that
for every J C {1,...,L}, the system {e*™* : X\ € Uyes Ay} is a Riesz basis
for L?(Upes Iy). Also, we show that for any disjoint intervals Ip, £ = 1,...,L,
contained in [1,N) with N € N, the orthonormal basis {€?™"® : n € Z} of
L?[0,1) can be complemented by a Riesz basis {e?™® : X € A} for L*(UL_, 1)
with some set A C (+Z)\Z, in the sense that their union {e2™** : X € Z U A}
is a Riesz basis for L*([0, 1) U, U---UIp).

Keywords: exponential bases, Riesz bases, hierarchical structure, finite union
of intervals, Kronecker—Weyl equidistribution along the primes
2000 MSC: 42C15

1. Introduction and Main Results

In 1995, Seip [18] showed that if S is an interval contained in [0, 1), then there
exists a set A C Z such that E(A) := {*™* : X\ € A} is a Riesz basis for L2(9).
Since then, there have been various attempts towards finding/characterizing
the sets S that admit a Riesz spectrum, see e.g., [1, 3, 4, 6, 7, 9]. A significant
breakthrough was made by Kozma and Nitzan [10] who proved that if [ag, be),
¢ =1,...,L, are disjoint intervals contained in [0, 1), then there exists a set
A C Z such that E(A) is a Riesz basis for L2(UL_,[as,bs)). Recently, Pfander,
Revay and Walnut [17] showed that if the intervals [a¢,bs) form a partition
of [0,1), then the set of integers Z can be partitioned into some sets Ay, £ =
1,..., L, such that for each £, the system E(A;) is a Riesz basis for L?[ay, by), and
moreover FE(Ugey Ay) is a Riesz basis for L?(Upes S¢) whenever J C {1,...,L}
is a consecutive index set (see [17, Theorems 1 and 2]). We would like to point
out that up to date, the existence of exponential Riesz bases is known only
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for several classes of sets S C R. Recently, Kozma, Nitzan and Olevskii [12]
constructed a bounded measurable set S C R such that the space L?(S) has no
exponential Riesz basis. For an overview of the known results on exponential
Riesz bases, we refer to [14, Section 1].

We are interested in the following two problems:

Problem 1 (Hierarchical structured exponential Riesz bases). Given a family
of disjoint sets Sy,Sa2,...,Sr C [0,1) with positive measure, can we find dis-
joint sets A1, As, ..., AL C Z such that for every J C {1,...,L}, the system
E(Uges Ao) is a Riesz basis for L*(Upes Se)?

Problem 2 (Complementability of exponential Riesz bases). Let A C R be a
discrete set and let S C R be a finite positive measure set such that E(A) is a
Riesz basis for L*(S). Given a finite positive measure set S’ C R\S, can we
find a discrete set A" C R\A such that

o E(A') is a Riesz basis for L*(S"), and
o E(AUA) is a Riesz basis for L*(SUS")?

The second problem is closely related to the first, as it deals with the case
L = 2 under the assumption that the sets S; and A; are already fixed.

Considering the result of Kozma, Nitzan and Olevskii [12], it is necessary to
restrict the sets Sy, S and S’ to certain classes of sets. In this paper, we will
address the above problems in the case that Sy, S and S’ are intervals or finite
unions of intervals.

Our first main result answers Problem 1 in the affirmative when Sy = [ay, by),
£=1,...,L, are disjoint intervals in [0, 1) with the property that the numbers
1,a1,...,ar,b1,...,by are linearly independent over Q, which means that hav-
ing g+ qar+...+qrar +qibi + ... + ¢ by = 0 for some ¢, o, q; € Q implies
q=q¢=q; =0 for all £. The result is motivated by [10, p.279, Claim 2].

Theorem 1. Let 0 < a1 < by < --- <ap <bp <1 with L € N. Assume that
the numbers 1,a1,...,ar,b1,...,br are linearly independent over Q. There exist
pairwise disjoint sets Ay C Z, L = 1,..., L, such that for every J C {1,...,L},
the system E(Upes A¢) is a Riesz basis for L*(Upe s [ae, be)).

Concerning Problem 2, we have the following result which builds on the fact
that F(Z) is an orthonormal basis (thus, a Riesz basis) for L?[0,1).

Theorem 2. Let 1 < ay < by <ag <by <---<ap <bp, <N with L, N € N.
There exists a set N C (Z)\Z such that

e E(A') is a Riesz basis for L*(Uf_, ae, be)), and
e E(ZUAN) is a Riesz basis for L*>([0,1) U [a1,b1)U---Ular,br)).

This theorem answers Problem 2 in the affirmative when S = [0,1), A = Z,
and S’ is a finite union of disjoint bounded intervals in [1, 00).



While the result of Pfander, Revay and Walnut [17] relies on Avdonin’s the-
orem and the ergodic properties of a certain type of integer sequences, Theorem
1 is based on a refinement of the key lemma of [10] for primes, together with
Chebotarév’s theorem on roots of unity and the Kronecker—Weyl equidistribu-
tion theorem along the primes.

1.1. Remarks

We state the following conjecture which improves upon Theorem 1.

Conjecture 1. Let [ag,be), ¢ = 1,...,L, be disjoint intervals contained in
[0,1), that is, 0 < a1 < by < ag < by < -+ < ap < by, < 1. There exist
pairwise disjoint sets Ay C Z, £ = 1,..., L, such that for every J C {1,...,L},
the system E(Upe s A¢) is a Riesz basis for L*(Upe s [ae, be)).

This conjecture generalizes Theorem 1 by removing the Q-linear indepen-
dence of the endpoints and by allowing for contiguous intervals in [0, 1), i.e.,
by = agyq for some ¢ € {1,...,L — 1}. The conjecture can be easily reformu-
lated as follows.

Conjecture 1. Let I;, £ = 1,..., L, be intervals which form a partition of [0,1).
There exists a partition Ay, ¢ = 1,..., L, of Z such that for every J C {1,..., L},
the system E(Upey Ao) is a Riesz basis for L*(Uge Io).

Indeed, Conjecture 1 obviously implies Conjecture 1’, and the converse is
seen by considering the partition of [0,1) formed using the endpoints of all
[ag, be). Note that Conjecture 1’ generalizes the result of Pfander, Revay and
Walnut [17] from consecutive index sets J to arbitrary index sets J.

Lastly, we mention that both Problems 1 and 2 remain open for more general
classes of sets Sy, S and 9.

2. Preliminaries

Definition. A sequence {f,}nez in a separable Hilbert space H is called

e ¢ frame for H (with frame bounds A and B) if there are constants 0 <
A < B < oo such that

AP < UL < BIFIP for all f€H;

nez

e q Riesz sequence in H (with Riesz bounds A and B) if there are constants
0 < A< B < o0 such that

2
Allel, < [ Y eatal < Bllel?, for all {eatnez € 2(2);

nez

e « Riesz basis for H if it is a complete Riesz sequence in H.



It is well-known (see e.g., [5, Proposition 3.7.3, Theorems 5.4.1 and 7.1.1] or
[10, Lemma 1]) that a sequence in H is a Riesz basis if and only if it is both a
frame and a Riesz sequence. Moreover in this case, the optimal frame bounds
coincides with the optimal Riesz bounds. It is worth noting that Riesz bases
are equivalent to unconditional bases that are norm-bounded above and below
[5, Lemma 3.6.9]. Since every exponential function has constant norm in L?(S)
with S C R?, namely 2720|125y = |S|'/2 for any A € RY, Riesz bases of
exponentials coincide with unconditional bases of exponentials.

Proposition 3 (Proposition 2.1 in [16], Proposition 5.4 in [2]). Let {ey }ner be
an orthonormal basis of a separable Hilbert space H, where I is a countable index
set. Let P : H — M be the orthogonal projection from H onto a closed subspace
M. Let JC I, J:=1\J, and 0 < o < 1. The following are equivalent.

(i) {Pen}nes C M is a frame for M with optimal lower bound .
(ii) {Pen}tnese C M is a Bessel sequence with optimal bound 1 — .
(iii) {(Id — P)ey}nese C ML is a Riesz sequence with optimal lower bound a.

As a direct consequence of Proposition 3, we have that for a set A C Z and
a measurable set S C [0, 1), the system E(A) is a frame for L?(S) if and only if
E(Z\A\) is a Riesz sequence in L2([0,1)\95).

Lemma 4. Assume that E(A) is a Riesz basis for L*(S) with bounds 0 < A <
B < oo, where A C R? is a discrete set and S C R? is a measurable set. Then
the following hold.

(a) For any a,b € R?, the system E(A + a) is a Riesz basis for L?(S + b) with
bounds A and B.

(b) For any ¢ > 0, the system E(cA) is a Riesz basis for L*(1S) with bounds %
and B.

Lemma 4 remains valid if all the terms “Riesz basis” are replaced by “Riesz
sequence” or by “frame”. A proof of Lemma 4 can be found in [14].
For any N € N, a measurable set S C [0,1), and n =1,..., N, we define

Asp = Asp(N,S) = {t €0,%):t+ £ €S for at least n values

(1)
of ke{O,l,...,N—l}}.

Lemma 5 (Lemma 2 in [10]). Let N € N and let S C [0,1) be a measurable
set. If there exist sets Ay,...,An C NZ such that E(A,,) is a Riesz basis for
L?*(As,,), then E(UN_ (A,+n)) is a Riesz basis for L*(S).

This lemma, which plays a central role in [10], combines Riesz bases by
introducing consecutive shift factors n to the frequency sets A,, and then taking
their union UY_; (A,,+n). For our purpose, we generalize the lemma to allow
for arbitrary shift factors when N is prime.



Lemma 6. Let N € N be a prime and let S C [0,1) be a measurable set. If there
exist sets Av,..., Ay C NZ such that E(A,) is a Riesz basis (resp. a frame, a
Riesz sequence) for L?(Asy), then for every permutation {j, }N_; of {1,...,N}
the system E(UN_; (An+7n)) is a Riesz basis (resp. a frame, a Riesz sequence)
for L*(S).

See Appendix A for a proof of Lemma 6.

We will use the following notation throughout the proofs. For x € R, we
denote the fractional part of @ by {z}, that is, 0 < {z} := x — |z| < 1, where
|| is the greatest integer less than or equal to z. Also, we adopt the convention
that [z,y) =0ifx =y e R.

For the proof of Theorem 1, we will need the following version of the Kronecker—
Weyl equidistribution theorem (see e.g., [8, Theorem 443] or [13, p.48, Theorem
6.3 and Example 6.1]) along the primes. The one-dimensional case (d = 1) was
proved by Vinogradov [20] (see also [13, p.22]): if a is an érrational number,
the sequence {2a}, {3a}, {ba}, {7a},...is uniformly distributed in [0,1), mean-
ing that for every interval I C [0,1), the ratio of the numbers {pa} with prime
p < N that are contained in I, tends to |I| as N — oo. The notion of uniform
distribution is defined similarly in higher dimensions, see e.g., [13, p.47, Defini-
tion 6.1]. As we could not find any reference for the multi-dimensional case, we
include a short proof here.

Proposition 7 (Kronecker—Weyl equidistribution along the primes). Let d € N

and ay,...,aq € R. If the numbers 1,a1,...,aq are linearly independent over
Q, which means that having ¢+ qia1 + ...+ qaaq = 0 for some q,q1,...,q5 € Q
mmplies g =q1 = ... =qq = 0, then the d-dimensional vectors

({pal}, o {pad}) for peP
are uniformly distributed in [0,1)?, where P = {2,3,5,7,...} is the set of primes.

Proof. For convenience, we denote the n-th prime by p,, that is, p1=2, ps=3,
p3=5, p4=7, and so on. By Weyl’s criterion (see e.g., [13, p.48, Theorems 6.2 and
6.3]), the claim is equivalent to having that for every z = (21,. .., z4) € Z4\{0},
the fractional part of (z, (ppai,...,pnad)) = 21 - Pna1 + ... + Zd - PnGd = Pp -
(z1a1 + ... + zgaq) for n = 1,2,... are uniformly distributed in [0,1). Note
that for any fixed z = (z1,. .., zq4) € Z%\{0}, the number @ := z1a1 + ...+ 24 aq

is irrational because 1,aq,...,aq are linearly independent over Q. Hence, the
result of Vinogradov [20] implies that the numbers {p,a}, n = 1,2,..., are
uniformly distributed in [0, 1), as desired. O

3. Proof of Theorem 1

Proposition 7 implies that there exist infinitely many prime numbers N € N
satisfying
0 < {Na1} < {Naz} < ... < {Nap-1} < {Nap}

< {Nbp} < {Nbp_1} < ... < {Nby} < {Nby} < L @



Among such numbers, choose a large N € N so that every spacing between the
numbers 0 < a1 < by < as < by < --- < ap < by, <1 contains at least one of %,
k=1,...,N—1, as an interior point (which clearly requires 2L + 1 < N). This
ensures that with respect to the grid %Z the interval [ag, be) is partitioned into
translates of

[{NI\?"‘}, %), [07 %)7 and possibly some extra intervals [0, %), (3)
and that the rightmost segment of [ag, by), corresponding to [0, {N—J\?’}) in (3),

lies in a set [%, %) which does not intersect the next interval [agy1,bpi1)-
Consequently, each of the sets A, = A>,(N,S), n=1,2,..., N, is one of the

form
0, [0,%), and [{N—A‘;‘},%) for some ¢ € {0,1,...,N —1}.

Note that due to (2), the translates of [{1\;\[#}) +) and [0, {N—]\l;"}) in (3) together

contribute exactly [0, +) and [%, %) to the family of sets A>,. The
nested sets

Azl D Azg D o D AzN
are thus given by
K L
a b a b
[07%):...:[0’%) 5 [%,{N_Nl}) 5 .. D [%’{J\;V_L})
N-K-L
——
SDP=---=10 for some integer K > L.

Let us associate each set A>,, with the interval [a, be) which it originates from.
The sets [0, %) can be associated with the intervals [as, by) in various ways, but
for convenience we will assume

K Kr,
[Ov%): :[07%):" :[Oa%): :[07%)
T I
[al,bl) [aL»bL)
L N-K-L
——
5 [{N]\‘;l}’{N]\l;l}) 5 e D [{NI:IIL}’{NISL}) SP=--=90
~——— ~———
o o3
[a1,b1) lar.,br)

where K = Zle K, with K, € N for all /.

Step 1. Construction of the sets Ny CZ, £ =1,...,L.
For each n = 1,..., N, we apply the result of Seip [18] (see the beginning of
Section 1) to obtain a set A(™ C NZ such that E(A(™) is a Riesz basis for



L?(As,,); it is easily seen that

NZ for 1<n<K,
AW ={CNZ for K+1<n<K+L,
0 for K+L+1<n < N.

Lemma 5 implies that E(UN_, (A(™+n)) is a Riesz basis for L?(S). For each
¢=1,...,L,let Ay be the union of A +n over all n such that A, is associated
with [ag, be), that is,

Ay = U a4 = (U2 (NZm)) U (AR +1),
ne{l,2,..., K, K+1}

Ay = J (A 4n)
ne{K1+1, K142, ..., K1+ Ko, K+2}

= (URis, (Nz4n)) U (KD 4K +2),

ne{Ki++Kr_1+1,..., K, K+L}

- (U"IL{:K1+"'+KL71+1 (NZ‘H”L)) U (A(K+L)+K+L).

Clearly, we have

(A )

G =

L
G-
=1
and thus, E(UL | Ay) is a Riesz basis for L?(S).
=1

Step 2. For a subset J C {1,...,L}, we set A := Uses Ay and S’ :=
Ure [ae, be). We claim that E(A7) is a Riesz basis for L*(S7).

First, note that the corresponding sets AZ, = A>,(N,S”) forn=1,...,N
are again of the form -

n=1

0, [0,%), or [%,%) for some (£ € J.

Denoting J = {¢1,..., ¢y} with £ < ... < £y, we see that the nested sets

AL, D> AL, o - D Aly



are given by

Koy Koy

[O’%): :[07%):" :[Oa%): :[Ov%)
T o
[afl !bh) [an’be)
M N-K,;—M
) [{N;/h}’ {N;\’Ifl}) BDIEEEED) [7{1\/{;\?1\4}7 —{Nﬁéﬂf}) D) m
S
T T
[‘”1 iy ) [WM by )

where K :=3,.; K¢ Note that applying Lemma 5 directly to this setup will
incur different shift factors in the frequency sets. Indeed, Lemma 5 implies that

E(A') is a Riesz basis for L%(S7), with
N = (U (NZetn) ) U (ARHO LK 1) [ (AKHR) 1K +2)

) - [ ALKk,

where A © NZ for n=1,..., N are the sets defined in Step 1. However, our

goal is to show that E(UM_, A, ) is a Riesz basis for L?(S”), where

K+ Kot 4K
ey = (Un;K1iK2+---i1K£1—1+l (NZ+n)> W (AEF LK 40y),

Ki+ Kot 4K,
Ay 1= (Un;Klj—Kz—&----fKez—1+l (NZ+”)) U (AFFER) 4 Kt ly),

Ki+Kot+-+K
Aoy = (UntiaZae it Sk, s (NZem) ) U (AH00 1 Kay),



To show this, consider the K j;+M sets
Oy := NZH(K1+ Ko+ -+ Ky, —1+1),

QK“ = NZ+(K1+K2+ cee +K€1)7
Qr, 1= NZ+(K1+ Ko+ - +Kyp,_1+1),

Ok, +kpy = NZH(E 1+ Ko+ -+ Ky, ),
QK21+K22+“'+K6M_1 = NZ+(K1+K2+ cee +K¢M71+1),

O, = NZ+(K1+ Ko+ +Ky,,) = NZ+ K,
Qs 41 = AETD L(K40y),
Qg = AT L (K 405),

QKJ+M = A(K+6M)+(K+£JVI)7

which partitions UM_, A, | that is, U5/ Q, = UM_| A, . Here, the sets
Q,, are exactly ordered in the way that E(f2,) is a Riesz basis for L2(AZ).
Note that while the K;+M components of A’ in (4) have consecutive shift
factors, namely from 1 up to Kj+M, the shift factors associated with €2, are
not consecutive in general. However, since N € N is prime, Lemma 6 implies
that F(UM_, Ay,)) = E(WEZ™ Q) is a Riesz basis for L2(S”). This completes

the proof.

m

4. Proof of Theorem 2

To prove Theorem 2, we will use Lemma 5 which is the key lemma of Kozma
and Nitzan [10]. Note that by Lemma 4, one may replace the frequency set
UN_ (A,+n) in Lemma 5 by UY_; (A,,+n—1), while preserving the Riesz basis
property.

We will first prove the case L = 1 and then extend the proof to the case
L>2.

Case L = 1. Given a set V = [0,1) U [a,b) C [0,N) with N € N and

1<a<b<N,letS:=+V=[0,%)U[&, £)C[0,1). We will apply Lemma

5 directly to this set S. There are two cases, either {a} < {b} or {b} < {a}.
First, assume that 0 < {a} < {b} < 1. Then there exists a number M € N

such that

Asi=Aso = =A>y=100,%) D Asn41 = [%7 %) D Asni2 =10



Clearly, we may choose the canonical frequency sets Ay = --- = Ay = NZ for
As1=As0 = =A>y =0, %), so that for each n = 1,..., M, the system
E(A,) is a Riesz basis (in fact, an orthogonal basis) for L?(A>,,). Also, there
exists a set Aprr1 C NZ such that E(Aj41) is a Riesz basis for L2 [%7 %);
indeed, such a set Apr41 can be obtained from the result of Seip [18] with a
dilation (see Lemma 4). Then Lemma 5 with shift factors ‘n — 1’ in place of
n’ yields that E((UM_ NZ+n—1)U (Apr41+M)) is a Riesz basis for L?(S) =
L?(£V). By a dilation, we obtain that E((UM,Z+22) U (FAn41+3E)) =
E(ZU (W' Z+E) U (£ Ap+8L)) is a Riesz basis for L2(V) = L2([0,1) U
[a, b)) Now, we claim that E(A’) is a Riesz basis for L2[a,b), where A’ :=
(Uk 112—1— )u (%AMH—k%). To see this, we again apply Lemma 5 (the original
version) to the set S” := %V’ with V' = [a,b). One can easily check that the
corresponding set AL is equal to the set A>,,_1 above, that is,

/21 == Ale—1 = [0, %) 2 A>M = {TaT}) ) A/>M+1 =0. (5)

Then Lemma 5 implies that E((UYL'Z+£) U (£ Ap41+2L)) is a Riesz basis
for L?[a,b), as claimed.

Now, assume that 0 < {b} < {a} < 1. Then there exists a number M € N
such that

Asi=-=Asn=[0,%) D Aspp1 = [0, {Ni}) U [%,%) D Asni2=0.

Again, using the result of Seip [18] with a dilation, we obtain a set Ay;r1 C NZ
such that E(Apry1) is a Riesz basis for LQ[%, %) Since all elements in
E(NZ) are %-periodic, it follows that E(Axr41) is a Riesz basis for L2 ([0, 21) U
[%, ]1[)) Then, by similar arguments as in the case {a} < {b}, we deduce that
E(ZU (Ut 1lZ—|— YU (FAn1+5)) is a Riesz basis for L2([0,1) U [a, b)), and
that B((UpL 1lz+ YU (% An+1+3L)) is a Riesz basis for L?[a, b).

Case L > 2. We will use essentially the same arguments as in the case L =1,
but employ the main result of Kozma and Nitzan [10] instead of Seip [18]. Given
aset V=1[0,1)Ula1,b1)U---Ular,br) C[0,N) with L, N € Nand 1 < a; <
by <--<ap<b, <N,let S:= LV = [0,%)U[G—N1,bﬁl)u UL, by o, 1).
As in the case L = 1, we will apply Lemma 5 to this set S.
Note that there are finitely many possible ordering of the values

0 S {(]1\[—1}3%;"' a%7% < %7
where equalities are also allowed, e.g., the values are all zero if all ay and by
are integers. It is easily seen that besides 0 and %, these are the only possible
values that can be the boundary points of A>,,, n =1,...,N. In any case, since
[0,%) C S we have

A21 = [0,%) D) AZQ D - D AZN’
where each of the sets A>o, ..., A>y is either empty or a finite union of intervals.

One can therefore use the main result of [10] with a dilation, to construct sets

10



A=NZ,As, A3, ..., AN C NZ such that for each n, the system E(A,,) is a Riesz
basis for L?(A>,). The rest of the proof is similar to the case L = 1. O
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Appendix A. Proof of Lemma 6

To prove Lemma 6, we will follow the proof strategy of Lemma 5 [10, Lemma
2]. For any N € N, a measurable set S C [0,1), and n =0,1,..., N, we define

A, = {t € [0,%) it % € S for exactly n values of k€ {0,1,...,N — 1}}7
B, = {t eS:t+ % € S for exactly n integers k € Z}.

Obviously, considering the set B, modulo % yields the n-fold of A,, which
means that each element of A, corresponds to exactly n points of B, that
are distanced apart by multiples of +. Note that {A,}2_, and {B,}_, form
partitions of [0, %) and [0, 1), respectively, that is, [0, %) =N A, and [0,1) =
WY B,,. Also, the family {B,}Y_; forms a partition of S, i.e., S = UY_, B,,.
For f € L?(S) and n = 1,..., N, we denote by f,, the restriction of f to B,,
that is, f,(t) = f(¢) for t € B,, and 0 otherwise. This yields the decomposition
L3(S) > f= fi+...+ fn with all f,, having disjoint support. Note that the
set A>, given by (1) can be expressed as As, = UM A, forn =1,...,N.
Similarly, we define B, := UN_ B and fs, = Zé\’:n feforn=1,...,N. For
brevity, we write A := U}, (As+7e).

Frame. Assume that Aj,...,Axy C NZ are such that E(A,) is a frame for
L?(Asy). To prove that E(A) is a frame for L?(9), it is enough to show that
there exists a constant ¢ > 0 satisfying

n—1
TIN(+ 2
SN N o)™ = cllfallizs) — DO el Fzs)
=1

AEA
for all fe L*(S) and n=1,...,N.

In turn, it is enough to show that there exists a constant ¢ > 0 satisfying

TiN(- 2
S [ fon €™ N )" = cllfallizs), feEL(S), n=1,...,N. (A1)
AEA

11



Such reductions are essentially due to the decomposition f = f1 + ...+ fn
with all f,, having disjoint support, and due to S C [0,1) and A C Z; see [10,
Eqns. (6)—(7)] for detailed arguments.

To prove (A.1), fix any f € L?(S) and any n € {1,...,N}. Since fs, is
supported in UY_ B, C S, we have for any A € Ay+j, with £ € {1,..., N},

1
(fom ™) 2, :/0 Fon(t)e 2™ dt

1/N N—-1
= / Z fon(t+ £) exp(—2miA(t + £)) dt
O k=0

)

N 2miX 2miX
:/O Be(t) e 2™ dt = (hy g, €™ (')>L2[0

where

N—1
Brelt) = Tas, (8) = 3 fon(t+ L) em2miatk/N, (A2)
k=0

Note that for £ =1,...,n, the function h,, ; is supported in A>,, C A>,. Since
E(Ay) is a frame for L?(Asy), say, with lower frame bound «y > 0, we have

S0 [T = DT (e ™) pagg 1]

AEA+je AEA+je (A.3)
> g ||l

Summing up (A.3) for £ =1,... ,n gives

Z|<f2m€2m’\(')>L2(S)‘2 Z Z |<f2n,€2mA(')>L2(S)|2

AEA (=1 XNeN¢+3s
n
( min a4>' E | e
1<t<n = ’

n
( min Ozg) . E thx']lA”
1<t<n =

On the other hand, for any fixed t € A,,, Equation (A.2) becomes

vV

vV

2 (A.4)

2

Y

N—-1
ho(t) = Y fon(t + £) e 2miak/N
k=0

and collecting the equation for £ = 1,...,n gives the nx N linear system

n _2mii N—-1
[hnvf(t)]zﬂ = [6 ° ]ék/N]1<€<n.0<k<N71 [fZ"(tJr %ﬂk:o :

Since t € A, the vector [f>, (t + %)]nggN_l has exactly n nonzero entries,
say, at the indices k; < ... <k, from {0,1,..., N —1}. This reduces the above

12



system to an nxn linear system

[hnl(t)]zﬂ = [S_Qﬂijekrﬂv] 1<t<n,1<r<n [fZ" (t + %)]j:l ?

where the associated matrix [e=27ekr/N]; ), 1 o,.c, is invertible since N is
prime (by Chebotarév’s theorem on roots of unity, see e.g., [19]). As there are
only finitely many possible choices of k; < ... < k,, from {0,1,..., N —1}, there
exists a constant ¢’ > 0 such that

n N—-1
ST rne®)|* = ¢ 3 [ fonlt+£)|F forall te A,
(=1 k=0

Integrating over t € A,, then gives

n

N-1
Z e - La, | > C'/A Z ‘fzn(tJf %)}2 =c ”fn”zL?(Bn) =c ”an%Q(S)'

(=1 n k=0

Combining this inequality with (A.4) yields the desired inequality (A.1).

Riesz sequence. Assume that Aq,...,Ay C NZ are such that E(A,) is
a Riesz sequence in L?(A>,). We will show that F(A) is a Riesz sequence
in L?(S) by using the frame part which is proved above (a similar trick was
used in [11, Lemma 7]). Let S’ :=[0,1)\S and let AL, , n=1,...,N, be the
corresponding sets of (1) for S”. It is easily seen that A%, = [0, +)\A> N1y for
n=1,...,N. Since E(An41_n) is a Riesz sequence in L*(A>y41-p), we deduce
from Proposition 3 with a dilation that the system E(NZ\Ay+1—,) is a frame
for L([0, % )\A>N41-n) = L*(AL,); see the discussion after Proposition 3. The
frame part then implies that the system E(UN_; (NZ\AN+1—n)+jiN+1-n)) IS a
frame for L?(S’). Finally, again by Proposition 3, we conclude that the system
E(A) = E(U)Ly (An+in)) = E(Z\ Up_y ((NZ\AN+41-n)+jN+1-n)) is a Riesz
sequence in L?(S) = L?([0,1)\S").

Riesz basis. Since a family of vectors in a separable Hilbert space is a Riesz
basis if and only if it is both a frame and a Riesz sequence, this part follows
immediately by combining the frame and Riesz sequence parts. g
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