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1 Introduction

Collecting and analysing data plays a crucial role in almost all areas of life. In mathe-
matical statistics, mathematical models are used to deduce knowledge from the collected
data. In this thesis we shall study aspects of regression models, which are some of the
most commonly used statistical models. In particular, we will mainly deal with linear
regression models, which are widely used and popular in practice as they allow a relatively

intuitive interpretation.

We start with an introduction to what we mean by a regression model. Consider a model
of the form
Y(z) = m(z) +&(z),

where z is called the independent or input or design variable and Y (z) is the dependent or
outcome variable. The model assumes that there is a functional deterministic relationship
x — m(z) between the input z and the dependent variable Y (z). Therefore, Y is a
function of x. However, the functional deterministic relationship m(x) is unknown, since
the outcome Y (x) depends not only on m(z), but also on a random error component &(x),
which is in general unobservable. Thus, the above model explains the outcome Y (x) as
the sum of a deterministic functional relationship m(z) and an unobservable random error
£(z) on the basis of an explanatory variable x.

Although the deterministic functional relationship = — m(z) cannot be specified according
to the model above, it is precisely this relationship that is of interest in practice because
it describes how the explanatory variable x influences the outcome Y (x) in a systematic
manner. In order to make well-founded statements about the functional relationship m(z),

data about m(z) is collected indirectly, by looking at Y(x). To be more precise, one

measures or fixes various design points x; < --- < x, and measures the corresponding
outcome values Y (z1),...,Y (x,). This experiment can be described as the regression
model

Yi=m(x;)+e, i=1,...,n,n€eN, (1.1)
where we use the notations Y; := Y (x;), &; := &(x;), i = 1,...,n. In this thesis, for

simplicity, we assume that the design variable z is univariate, i.e. = € R. In order to
be able to examine this regression model for the functional relationship x — m(x), the

following assumptions are made:



2 1. Introduction

e The unknown deterministic functional relation = — m(x), which is called the re-
gression function m, is assumed to belong to a given class M of functions. If one
additionally assumes that m is a linear combination of finitely many known func-

tions, i.e. M = span{fi,..., fp}, then one speaks of a linear regression model.

e The random regression errors €1, . .., €, are usually assumed to be independent and
identically distributed (iid). In this case, one speaks of a homoscedastic regression
model. If, in contrast, the random error component £(z) is such that Var(s(z)) is not
constant, one speaks of a heteroscedastic regression model. Furthermore, we assume

without loss of generality that m is chosen such that E(e;) = --- = E(e,) = 0.

In this thesis, we will study regression models that are slightly generalised compared to
model (1.1). To be more specific, we will assume that the design points are indexed by
nl,...,nn. That is, we assume a triangular array ((wni)i_;),cy Of design points with
Tpt < oo < xpy for n € No The design points 1 < --- < 1z, of the regression model

(1.1) are thus considered to constitute the n-th row of ((@ni)i~;) This notation is

neN’
convenient because in this thesis we will conduct asymptotic investigations, i.e. we will
consider sequences of designs with an increasing number of observation points. We are

therefore concerned with regression models of the form
Yoi = m(xni) + €niy, i=1,...,n, n €N, (1.2)

or, more specifically, primarily with linear regression models

p
Ym:ij(xm)ej—i-Em, i=1,...,n, n €N, 01,...,9p€R,p€N. (1.3)
j=1

Regression models (1.2) and (1.3) constitute the focus of numerous research works, both
classical and contemporary. Some of the problems considered are, for example, how to
estimate the regression function m, how accurate these estimations are, how to obtain reli-
able predictions for future observations and which designs are advantageous for answering
certain questions, to name but a few. For references and elaborations on these (and many
other) problems see, for e.g. the textbooks Searle (1971) and Hocking (2013) on linear
regression models and the literature cited there.

However, one essential question in this context is whether the assumed class of potential
regression functions M is adequately chosen, i.e. it must be checked whether m actually
belongs to the hypothesis class M. If this were not the case, all further analyses (such as
estimating the regression function m € M, for example) would be error-ridden from the
very start. Stute (1997) states in this context that “... in order to prevent wrong conclu-
sions, every statistical inference that is based on a model M should be accompanied by
a proper model check, that is, by a test for Hy : m € M versus Hy : m ¢ M”. Some
early research in this context includes, for example Eubank and Spiegelman (1990), Firth,
Glosup, and Hinkley (1991), Eubank and Hart (1992) and Miiller (1992). Therein, such



model checks are referred to as full model checks or goodness-of-fit tests for regression
models as they try to investigate the question whether the assumed class of potential re-
gression functions is suited to fit the data or not. This type of statistical question, in the

context of (primarily linear) regression models, is the core area of study of this thesis.

The following example gives a first glimpse of how a goodness-of-fit analysis is carried out.
Figure 1.1 illustrates a fictional scenario of an investigation of the braking distance of a
certain car dependent on the car’s speed at the moment when deceleration starts. In this
example, twenty pairs of data were collected and two different linear regression models
were fitted. In a first attempt, the blue regression function was estimated, assuming the
hypothesis class of potential regression functions to be My := {f(x) = ax + b|a,b € R},
while in the second attempt, the red regression function was estimated using the hypothesis
class of potential regression functions My := {f(x) = ax?®|a € R}. One notices that the

red parabola fits the given data better than the blue straight line.

100 150 200 250 300
| | | | |

Braking distance in m

50

-50
|

| | | | |
0 50 100 150 200

. km
Speed in s

Figure 1.1: Fictional data set of 20 braking distances and speeds as well as the graphs of
the estimated regression line or regression parabola.
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A technique commonly used to investigate whether the hypothesis class of potential regres-
sion functions M is adequately specified is the examination of the so-called cumulated sum
(CUSUM) processes of regression residuals. Figure 1.2 shows such a residual CUSUM pro-
cess for each of the two models in the example above. One notices that the (blue) CUSUM
process belonging to the straight line regression model takes on more extreme values than
the (red) CUSUM process belonging to the fitted parabola.

1.5

1.0

0.5

-1.0

-1.5

| | | | | |
0.0 0.2 0.4 0.6 0.8 1.0

Figure 1.2: CUSUM processes belonging to the regression functions fitted in Figure 1.1.

In the field of artificial intelligence, machine learning has seen ever expanding use over the
last decade due to overwhelming practical success in applications. This has happened even
beyond provable theoretical expectations. Examples of this can be found in Krizhevsky,
Sutskever, and Hinton (2012), Mnih et al. (2013) and He et al. (2016).

It is worth pointing out that the theoretical expressiveness of “large” hypothesis classes M
can be inappropriate in some practical applications. Such “large” hypothesis classes can
be found, for example, in neural networks: For instance, Leshno et al. (1993) prove that a
(sufficiently large) standard feedforward network with a continuous activation function can
approximate any continuous function to any degree of accuracy (in the uniform norm on
compact sets) if and only if the network’s activation function is not a polynomial. Among

others, the following reasons are arguments why “large” hypothesis classes M may be



inappropriate in practice.

i) A simple interpretation of the relation between independent and dependent variables

is desired.
ii) Processing power and storage space are prohibitively expensive.
iii) There is not enough training data available to successfully train such large models.

Therefore, ideally, one would like to optimize within a hypothesis class M that is relevant
from a practical perspective and that is “just large enough” for the task at hand. This
strict dependency on the concrete problem to be solved necessitates the use of simpler
models and goodness-of-fit tests to decide whether Hy:m € M or Hj:m ¢ M is true.
Linear regression models in particular are a fundamental part of machine learning and
popular with practitioners as they are resource-efficient and relatively easy to interpret.
A recent review of linear regression in machine learning can be found, for example, in
Maulud and Abdulazeez (2020). For some concrete examples of the application of linear
regression models in machine learning, see e.g. Schuld, Sinayskiy, and Petruccione (2016)
or Kim et al. (2020).

We can therefore conclude that goodness-of-fit tests — especially for linear regression mod-
els — play an important role in checking machine learning algorithms for applicability or

in determining whether the structure of the data has changed.

Structure and results of this work

Chapter 2 At the beginning of Chapter 2, we address the fundamental difference be-
tween random and fixed experimental designs and illustrate this difference with a fictional
example of two linear regression models.

On the one hand, we study in Section 2.1.1 marked empirical processes of regression resid-
uals in regression models with random designs on the example of a paper by Winfried
Stute, see Stute (1997). We consider well-known results on the limit process Rl of the
marked empirical process R! of the regression residuals with respect to goodness-of-fit
tests. Section 2.1.2 provides a formal proof of the result that linear regression models
with random designs using the least-squares estimator (LSE) are special cases of general
regression models with random designs. Finally, in Theorem 2.1.12 of Section 2.1.3, we
make precise the statement that in a linear regression model with random design, one can
assume (to a certain extent) a uniform design on [0, 1].

On the other hand, we study in Section 2.2.1 residual partial sum processes of the re-
gression residuals in regression models with fixed designs on the example of a paper by
Wolfgang Bischoff, see Bischoff (1998). We consider well-known results on the limit pro-
cess By of the residual partial sum process ﬁTn(én) of the regression residuals with
respect to goodness-of-fit tests. Section 2.2.2 contains several results previously unknown.

The main result is Theorem 2.2.9, which states that when only the distribution of the
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residual partial sum limit process is of interest, one can always assume the design of a
linear regression model with fixed design to be the equidistant design on the unit interval
[0,1]. On the way to this theorem, we state and prove the technical Lemma 2.2.7, which
provides a new characterisation of bounded variation functions. This allows us to state in
Theorem 2.2.11 a generalisation of Theorem 2.2 from Bischoff (1998).

Chapter 3 In this chapter, we examine common properties of marked empirical pro-
cesses of regression residuals in linear regression models with random designs and residual
partial sums processes in linear regression models with fixed designs, as well as differences
between them. Particular attention is paid to the limit distributions of the marked em-
pirical process R). as well as the residual partial sum process ﬁTn(én) of the regression
residuals — both are collectively referred to as residual CUSUM processes — as it is com-
mon to base test statistics of asymptotic goodness-of-fit tests on them.

The main results of Section 3.1 are Theorem 3.1.1 and Corollary 3.1.2, which are new in
the literature and state the equality of the respective residual CUSUM processes under
certain conditions.

In Section 3.2, we then proceed by identifying the underlying common properties between
both residual CUSUM processes and their respective regression designs. From this analy-
sis, we derive the so-called generic linear regression model in Definition 3.2.1 and establish
the central statement of this work. This statement is new in the literature and reads as

follows:

When it comes to goodness-of-fit tests in linear regression models based on the
asymptotic distribution of residual CUSUM processes, one can assume without loss of

generality a generic linear regression model.

Therefore, henceforth any result about goodness-of-fit tests applicable to residual partial
sum processes in linear models with fixed designs can also be used for marked empirical

processes in linear regression models with random designs, and vice versa.

Chapter 4 This chapter is mainly concerned with a geometric interpretation of resid-
ual CUSUM limit processes as projections onto certain reproducing kernel Hilbert spaces
(RKHS). We start in Section 4.1 with some general and well-known definitions and results
on RKHS of stochastic processes. We then focus on Brownian motion RKHS. In Sec-
tion 4.2, we use these concepts to identify the residual partial sum limit processes By, Mo
in the case of a generic linear regression model, as the orthogonal projection Prwit (B("))
of a standard Brownian motion onto the orthogonal complement of the space spanned by
the integrated regression functions within the RKHS associated to the standard Brownian
motion. This result is stated in Theorem 4.2.3, which is new in the literature as it gener-
alises Theorem 3.2 in Bischoff (2002).

Chapter 5 This chapter builds on the previous findings of this thesis and addresses
the work of MacNeill, Mao, and Xie (1994). It contains two theorems. In Theorem 5.0.2,

we state and prove a functional central limit theorem for the partial sum processes of



heteroscedastic and independent regression errors. In Theorem 5.0.3, the same is done for
residual partial sum processes in heteroscedastic regression models. Although functional
central limit theorems in the given situation are already known and intuitive to some de-
gree, the proof of Theorem 5.0.2 that we present is new and utilises theorems of Prokhorov
and Rubin. Furthermore, we prove this theorem for triangular arrays of random variables
and under slightly weaker assumptions than those implicitly made in MacNeill, Mao, and
Xie (1994) about sequences of random variables. The proof of Theorem 5.0.3 generalises
Theorem 3.2 in Bischoff (2002).

Chapter 6 In this chapter, we discuss a fundamental problem of goodness-of-fit tests
when the estimation of parameters is necessary. This is often referred to as the “Durbin
problem”. This problem did not initially arise in the context of goodness-of-fit tests in re-
gression models, but in the context of testing whether or not a sample of random variables
was taken from a distribution belonging to a particular class of distribution functions. In
this context, tests based on the empirical distribution functions of random samples are
considered and therefore, empirical processes are studied.

We will start our exploration of the Durbin problem in Section 6.1.1 in the context of
empirical processes. In Section 6.1.2, we will then — also in the context of empirical
processes — briefly recall a well-known way of dealing with such problems. This method
goes back to Khmaladze (1980) and Khmaladze (1982). In Section 6.2 we show how Stute,
Thies, and Zhu (1998) have applied this solution in the context of goodness-of-fit tests in
regression models.

Finally, in Section 6.3, in the situation of linear regression models, we state and prove
a theorem that makes precise the interpretation of the Khmaladze transformation as a
continuous-time backwards recursive least-squares method. We note that, while this the-
orem and its proof are new in the literature, Bai (2003) already gives a non-rigorous
argument for this interpretation of the Khmaladze transformation in the context of time

series data.

Chapter 7 In order to facilitate the reading of this thesis, extensive or particularly
technical proofs from the above-mentioned chapters are deferred to the appendix (Chap-
ter 7). We emphasise this at the appropriate places in the respective chapters. In each

case, a reference to the corresponding place in the appendix is provided.

Used software

All graphics contained in this thesis were created by the author using the statistical pro-

gramming language R (R Core Team (2020)).






2 Cumulated sum processes of residuals in

regression models

In statistics, the study of the dependency of a variable Y on a variable X can be classified

based on the way in which the observations x1,...,z, of the independent variable X are
obtained.
If the observations x1,...,x, are realisations of iid random variables X1,..., X, ~ X,

one speaks of a random design. An example for such a design is obtained by taking
the realisations of the random variables Uy, Us, ..., U, e [0,1] as observation points.
Alternatively, if the observations x1, ..., x, are non-stochastic (deterministic), one speaks
of a fixed design. The most common example for a fixed design is the equidistant design,
in which the observations are sampled at equidistant points, for example, %, %, ...,11in
the experimental region [0, 1].

In particular, this fundamental distinction of study designs applies to the special case
of regression models. The literature on full model checks for regression models via analy-
sis of regression residuals distinguishes between two design types and two residual CUSUM

processes. Namely, there are

e regression models with random designs in which the design points themselves are sup-
posed to be realisations of independent and identically distributed random variables
of a known or unknown distribution. When collecting data, both the realisations of
the design points and the corresponding realisations of outcome values are observed
and recorded. In the dataset obtained, a regression of the outcome on the design
points is performed and the fit is analysed using marked empirical processes of the

regression residuals.

e regression models with fixed designs in which the design points are non-stochastic
but purposefully planned. Here, the outcome values are observed and recorded at
these fixed design points. In the obtained dataset, a regression of the outcome on
the design points is performed and the fit is analysed using residual partial sum

processes.

As a first example, we shall consider regression models with both designs in the fictional
scenario of an investigation of the braking distance of a certain car dependent on the car’s

speed at the moment when deceleration is started.



10 2. Cumulated sum processes of residuals in regression models

Under the random design paradigm, a study with the aim of investigating this dependency
could be conducted as follows. A certain number of times, e.g. 40 times, the same driver
is asked to evenly accelerate in a straight line from 0 km/h onwards until he or she freely
decides to start an emergency braking. Then, the speed of the car at the moment the
deceleration begins and the braking distance (to standstill) are measured and recorded.
In the end, one gets a dataset of 40 realisations of random speeds and braking distances
and a regression of the braking distance on the speed is performed. Figure 2.1 shows a

possible data set obtained in this way.
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Figure 2.1: Fictional data set of 40 braking distances and speeds obtained under the ran-
dom design paradigm with a uniform design distribution.

Under the fixed design paradigm, a certain number of fixed speeds, e.g. 40 speeds, between
0 km/h and 200 km/h would be pre-determined in advance. Then, for each of these 40
speeds, the same driver would accelerate in a straight line from 0 km/h onwards until he
or she reaches the fixed speed and then would immediately start an emergency braking.
Again the speed of the car at the moment the car started decelerating and the braking
distance are measured and recorded and a regression of the braking distance on the speed

is performed. See Figure 2.2 for a hypothetical data set obtained in this way.
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Figure 2.2: Fictional data set of 40 braking distances and speeds obtained under the
equidistant fixed design paradigm.

Note that we assume that the repeated emergency brakings do not influence the condition
of the car or the driver and that the reaction times of the driver do not matter in this
case, since we always note the speed and the breaking distance starting with the point at
which the car starts decelerating.

Note furthermore, that since in this example only one explanatory variable (the spped of
the car) is given, a regression of the outcome (the braking distance) on this explanatory

variable is called univariate.
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2.1 Marked empirical processes and random designs

This section consists of three parts: In the first part, we study marked empirical processes
of regression residuals in regression models with random designs on the example of a paper
by Winfried Stute, see Stute (1997), and state their well known limit residual processes.
In the second part, we shall prove that linear regression by means of the LSE on a random
design is a special case of a regression model with random design. Finally, in the third
part, we specify and prove the statement that in a regression model with random design,

one can assume to a certain extent that the design is the uniform distribution on [0, 1].

2.1.1 Results of Stute (1997)

A regression model with random design has the form
Y=m(X)+e.

Here,
m(z) =E(Y|X =x)

constitutes the true but unknown regression function that depends on the input of a

random variable X and consequently
E(e|X)=0.
Since we always assume Y to be integrable,
m(z) =EY|X = z)

exists. The output or outcome Y is the sum of the regression function m and the regression

error € with
Var(e| X = z) = o?(z) > 0.

To simplify the analysis, we only consider univariate X and Y. Hence, we concern ourselves
with univariate regression models.
In order to obtain full model checks it is assumed that m belongs to a function class M

whose elements are uniquely identified by a parameter 6. Hence, the model hypothesis is
Hy: me M:={m(,0)|00}, OCRP peN,

where © is a suitable set of regression parameters.
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Now, for a given data set
(xlayl)a"'v(ajnayn) €R27 nGN,

the observed outcomes vy, ..., y, are realisations of the random variables Y7, ..., Y, which
correspond to the design variables x1, ..., x,, which in turn are realisations of the random
variables Xi,...,X,. The data set (x1,y1),...,(Zn,yn) is therefore a realisation of the
random sample
(X1,Y1), .., (X0, V) (X, V).
Another notation is that the distribution function of the random variable X is denoted by
F', in short:
X~F.

Under the model hypothesis Hy : m € M = {m(-,0)| 6§ € O}, there exists a true but
unknown parameter
0y € ©

for which

m(x) = m(x,0)

holds true. Moreover, let 6,, be any reasonable estimator for §y — for example, the LSE.

In the given situation the so-called marked empirical process is defined as follows:

Definition 2.1.1.
Let I be any interval containing all z € R with 0 < F(z) < 1. Then, for n € N, we
call
. 1 n
i) Ra(@) = —= > 1 (Coom(Xi) - (Vi —m(X,), z€,
v i=1
the marked empirical process where the marks are the true but unknown
regression errors g; = Y; — m(X;), 1 <i <n.
) RL(2) i= == D" oo (Xi) - (¥i = (X, 00), w €L,
v i=1
the marked empirical process where the marks are the so-called (regression)
residuals
€ni =Y —m(Xi,0,), 1<i<n.
Figure 2.3 shows the graph of R!(z) for some random sample X7, ..., X,, and some resid-

uals €n1, ..., Enn.
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Figure 2.3: Graph of R} (z) for the random sample X1, ..., X,, and residuals &,1, ..., énn.

Remark 2.1.2. [Stute (1997)]

The paths of the processes R,, and R} are cadlag (continuous on the right, limit on
the left) functions defined on R. By continuously extending the processes R,, and
Rl to —oo and oo by putting

Rn(—00) :=0 and R,(c0): Z

=1

as well as

R!(—00):=0 and R.(c0): ZY m(Xi,00)),
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both process paths become elements of D[—o0,00]. Here, D(I) denotes the Sko-
rokhod space of cadlag functions defined on a set I, which, unless otherwise specified,
always is endowed with the Skorokhod metric. Note that D[—o00, o0] is isometric to

DJ0,1]. Such an isometry is given, for example, by

0, T = —00,
gi[o0,00) — [0.1), m— b (1+127), weR
1, T = 00.

Remark 2.1.3.

In the course of this work, we consider measure integrals of measurable functions g
defined on R with respect to the distribution function F' of X. Note that here, and
throughout the remainder of this work, we shall identify the measure corresponding
to a distribution function F' with the distribution function F' itself. In such integrals,

and independent of g, we make the natural notations

[ swir@ = [ g@ir@). acr

[—00,a] (—o00,a]

[ swir@ = [ g ar),

[—00,00] (—00,00)

Furthermore, we use the natural notations F'(—o0) := 0, F(c0) := 1.

For the process Ry, (z) the following limit theorem can be given:

Theorem 2.1.4. [Stute (1997), Theorem 1.1]

Let E(Y?) < oo. Then,

Ru() 7= Reo(?) in D00, )

where the limit process Ro(-) is a centered Gaussian process with the covariance

function

K(s,t) = / Var(Y|X =x)dF(z), s,t€[—00,].

[—oo,min{s,t}]




16 2. Cumulated sum processes of residuals in regression models

Proof: We reproduce a more detailed version of the proof from Stute (1997) in Section 7.1
of the appendix, since the proof in Stute (1997) is kept very brief and some of the techniques

will be used in subsequent parts of this work. O

Remark 2.1.5.

The practical scope of the above theorem is rather limited, as it only allows one to

construct tests of simple hypotheses like
Hy: meM vs. Hy:m¢g¢M,
where the class of functions M consists of a single element, i.e.
M={m(,0)]0 € ©®={61}}.

To see this, note that in order to test Hy with the marked empirical process R, (-),
an explicit regression function m is needed. That is, we need an m with known
instead of estimated regression parameters. To put it differently, only for such
simple hypothesis do we know that under H the residuals and the regression errors

coincide.

In goodness-of-fit tests, hypotheses of the form
Hy: meM={m(-,0)|0c0} |0>1,

are tested, which means that the regression function m is specified up to a parameter
9 € ©. Note that we always assume that m(-,6) # m(-,0) for all § # 6 € ©. In this
situation, the estimation of the unknown parameter 6 becomes necessary, and thus Stute

(1997) studied the marked empirical process

Ry() = 1y Lo, (X5) - (Vi = m(X5,0n)).
\/ﬁ; ( ]

Here, the marks are the residuals

~

Note that, unlike the regression errors €1, ...,&e,, the residuals é,1,...,é,1, n € N, need
not be independent nor uncorrelated, which makes the analysis of R}(-) much more diffi-

cult as compared to Ry, ().

In order to be able to determine the limit process of R} (-), we need to assume regularity
of 6§, and smoothness of the functions in M. More precisely, we make the following two

assumptions:
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Assumption 1

Under the model hypothesis Hy, 6,, admits the expansion
R 1 &
vV (0n — 60) = NG ;l(Xi,Yi,@o) +op(1) asn — oo,

where [ denotes an RP-valued function satisfying
i) E(I(X,Y,60)) =0,
ii) Cov(l(X,Y,6)p)) exists.

Concerning Assumption 1, note the following:

i) For a series of random variables (X, ),en and a sequence of real numbers

(an)nen, we have

ii) The multivariate central limit theorem is applicable, i.e.,

v (6, — 60) % N, (0, Cov(I(X, Y, 6p))). (2.1)

Assumption 2

i) The regression function m(x, @) is continuously differentiable with respect to 6
for all § € int(©) and for all x € R. Here int(©) denotes the interior of the set

O and it is assumed that © convex. Therefore, we can define

g(x,@) = (gl(xv 0)7 cee 7gp($’9))T

__ (Om(z,0) om(z,0)\"
o 20, 7 06,

_ om(x,0)

i (2.2)

ii) There is an F—integrable function M such that

Vi<j<p VezeR Vleint(O): |gjz,0)] < Mx).

Note that according to Assumption 2 the function
Gl (1’, 0)

G(z,0) = ,
Gp(z,0)
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with
Gi(z,0) = / 9i(u,0)dF(u) = B (L_oo »(X) - (X, 0)), i=1,....,p, (2.3)
[—00,7]

is well defined and continuous for 0 € int(©).

Under Assumption 1 and Assumption 2, the following holds true for the limit process
R () of Ry ().

Theorem 2.1.6. [Stute (1997), Theorem 1.2, Corollary 1.3]
In a regression model with random design as introduced in this section let
° ]E(YQ) < 00,
e Assumption 1 and Assumption 2 be fulfilled,
o X ~ F.

Then, under the hypothesis
Ho: m € M={m(-,0)|0 €0}, ©CR?,

we have:

i)
sup

z€[—00,00] =€

Ry (z) - <Rn(fL‘ T - z": (z QO)Z(XZ,K,%)) — 0,

ii) RL(") P, R! w(*) in D[—o00,00],

n—oo

where R. () is a centred Gaussian process with the covariance function

Kl(s,t) = / Var(Y|X = z) dF(z) + GX(s,6p) Cov(I(X,Y, 60)) G(t, )

[—oo,min{s,t}]

—G"(s,00) B [11_oe g (X)(Y — m(X, 60)) U(X, Y, 6)]

— GT(t,00) E [1|_00 q(X)(Y — m(X,60)) U(X,Y,60)], s,t € [~00,00].

Proof: A sketch of the proof is given in Stute (1997) on page 638. Note that we could
not find a formal argument for the uniform convergence in i) in Stute (1997). Keeping
this in mind, and for the sake of clarity, we present a complete (and partially new) proof

of Theorem 2.1.6 in Section 7.1 of the appendix starting on page 102. O
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2.1.2 Linear regression models and arbitrary random designs

In order to simplify the following analysis, we restrict ourselves here to a homoscedastic

univariate linear regression model under the usage of the LSE. Specifically, we consider:

i)

ii)

iii)

the univariate regression model with random design
Y =m(X) +e,

with
m(x) = E(Y|X = z),

where

Hy: meM={fT(-)0]0 € RP}

and call the known function

f:(flv'”7fp)T7 p €N,

with fi,..., fp : R — R the regression function.

the LSE 6,, for estimating the regression coefficients.

homoscedastic regression errors €. That is
Var(e| X = 2) = o(z) = 0%, z€R.

In order to simplify the notation even further, we assume without loss of generality
that

since one can divide R,(-) and R}(-) by o to normalise the error. If o2 is unknown,
one can estimate it by means of a consistent estimator 62 like the one based on
the sum of squares of residuals. This procedure does, according to the continuous
mapping theorem, not alter asymptotic distributional properties of the processes

involved.

The following theorem is a version of Theorem 2.1.6 adapted to this particular scenario.
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Theorem 2.1.7. [Stute (1997)]

Consider a univariate linear regression model with random design and homoscedastic
regression errors of variance 1 under the usage of the LSE. Furthermore, let F' be

the unknown distribution function of X, assume that

J = / f(z) £7(z) dF ()

[700700]

exist, and assume that
rank(J) = p.

Then, under the hypothesis
Ho: m € M={f"(-)0|6 c RP},

we have
RL() —2—= RL() in D[—o0,0d),

n—00

where R. () is a centred Gaussian process with the covariance function
T

K(s,t) = F(min{s, t}) — / f@)dF(z)| J- / )P ), @0 & —soed.
]

[—oo,s [—o0,t]

Proof: In Stute (1997) page 620 and 621, a guideline for the proof can be found. We
present a detailed proof of Theorem 2.1.7 according to this guideline starting on page 116

in Section 7.1 of the appendix onwards. O
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2.1.3 Linear regression models and the uniform random design

First, we start with the formal definition of a quantile function F'~ associated to a distri-

bution function F'. See, for example, Chaper 21 in Vaart (1998).

Definition 2.1.8.

Let F be a distribution function on R. By

F~:(0,1) — R, t — inf{z € R: F(x) > t},

we denote the quantile function associated to F'. F'~ is continuous from the left and

monotonically increasing.

Remark 2.1.9.

Let F be a distribution function on R and define
a:=inf{z € R|F(z) > 0} € [—00,0)

and

b:=sup{z € R|F(z) < 1} € (=00, 0.

If necessary, we may extend F'~ to [0, 1] by defining

F~(0):=a and F (1) :=bh.

In Stute (1997), the approach of applying the quantile transformation X 2 F~(U), where
X ~ F and U ~ U(0,1), has been used to simplify the proofs of Theorem 2.1.4 and The-
orem 2.1.6. In this regard, it is mentioned on page 637 that “... we may and do assume
in the following that F' is the uniform distribution on [0, 1]”.

In this section, however, we consider a different transformation, the so-called probability
integral transformation to transform a regression model with random design into a re-
gression model with uniform random design. To be more precise, the following theorem
specifies the statement that for a regression model with random design, there is an a.s.
equivalent corresponding regression model whose design is, to a certain extent, the uni-
form distribution on the unit interval. To our knowledge, this fact has not been stated or

proven in the literature so far.
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Theorem 2.1.10.

Consider a regression model with random design
Y =m(X)+e,

where X ~ F, m(z) =E(Y|X =2), E(e|X =) =0, Var(e| X = z) = 0%(z) and
where Assumption 2 of Section 2.1.1 is satisfied.
Then, this regression model is almost surely equal to the corresponding regression
model with uniform random design on the unit interval. More precisely, this regres-
sion model has the form

Y =(moF )({U)+e,

where

e U := F(X) is a real-valued random variable with

0, t<0,
lim F(z), t¢ F(R)andt € (0,1),
Fy(@t):=P{U <t)=4 «tF
t, te F(R)andt € (0,1),
1, t>1

and, in particular, IPU|(,(F7) = No1le(7-)s
e (moF)u) = B(Y|U = u),
e E(e|U=u)=0 and Var(e|U = u) = 0?(F~ (u)),

e Assumption 2 of Section 2.1.1 is satisfied.

Proof: The proof of this theorem is deferred to Section 7.1 of the appendix, starting on
page 122. ]

According to Theorem 2.1.10, the distribution PV of the design variable U of the trans-
formed model Y = (m o F~)(U) + ¢ is the uniform distribution on the Sub-o-Algebra
o(F~) of the Borel-o-Algebra B. Therefore, we refer to the transformed model as the
regression model with uniform random design. In the special situation that the distribu-
tion function F' of the original design variable X is continuous, we have (0,1) C F(R),
Fyljoa) = idp,1) and o(F~) = B. Thus, PU = Njo,1] holds true.

As an example of a possible distribution function F' of the design variable X in the original
model Y = m(X) + ¢, see Figure 2.4a. The corresponding quantile function F'~ is given
in Figure 2.4b and for the corresponding distribution function Fy; of the design variable
U := F(X) in the transformed model Y = (mo F~)(U) + ¢, see Figure 2.5a. The quantile
function Fy; belonging to Fyy can be found in Figure 2.5b.
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Figure 2.4: Example graphs of a distribution function F and its quantile function F'~.
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Remark 2.1.11.

Consider the transformed model
Y=(moF )(U)+e.

If we additionally assume FE(Y?) < co and that Assumption 1 of Section 2.1.1 is
satisfied, under Hyp : m € M = {m(-,0)|0 € O}, © C RP, the following convergence

of the uniform marked empirical process
—1 1 & _
By@) = 7= > Mpaj(Us) - (Vi = m(E~ (V). 0u)), @€ [0,1],
i=1

holds true according to Theorem 2.1.6:

R()—25R.() inD|0,1].

n—o0

=1y : . . .
Here, R (-) is a centred Gaussian process with the covariance function

Kl(s,t) = / Var(Y|\U = u)dFy(u) + GT(S,Q()) Cov(1(U,Y, 00)) G(t, 6p)

[0,min{s,t}]
~ G (5,00) E [1jgg(U) - (Y = m(F~(U),00)) LU, Y, )]
— G (t,00)E [1gq(U) - (Y —m(F~(U),00)) U(U,Y,6)], s,t€]0,1].

For the definition of G(u, ), see the end of the proof of Theorem 2.1.10.

In the remainder of this section, we consider the special situation of a univariate linear
regression model with random design and homoscedastic regression errors of variance 1
under the usage of the LSE 0., (see Section 2.1.2). Additionally, let us suppose that the

matrix
J = / f()fT (z)dF (z) € RP*P
[—O0,00]

of the original regression functions exists and has full rank. For the interpretation of
integrals over [—oo, 0o, we refer to Remark 2.1.3. On £2([—o00, 0], F) the inner product
is defined by

<'7 > : [’2([_00700]7F) X EQ([_OQOOLF) — R, (gah) — / g(t)h(t) dF(t),
[—00,00]

thus J is the Gram matrix of f1,..., fp, which has full rank if, and only if, the functions

fi,---, fp are linearly independent in £2?([—oc0, 0], F). Here, as usual, £2?([—o0, 0], F)
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denotes the Hilbert space of square integrable functions defined on [—o0, co] with respect
to F.

Furthermore, the regression functions f1, ..., f, are linearly independent in £2([—o0, o0}, F)
if, and only if, the transformed regression functions fi o F'~,..., f, o F'~ are linearly in-
dependent in £2(]0, 1], Mo,1)- This, in turn, is precisely the case when the transformed
regression functions fi o F~,..., f, o F'~ are linearly independent in £2([0,1], Fi/). The
first assertion can be verified similarly to the proof of assertion i) ) on page 149 and from
there, the second assertion is true since [0,1] € o(F~) and PY|,p—) = Mg 1]l,(r—). The

following assertions are thus equivalent:

i) The Matrix J = [ f(z)fT(z)dF(z) exists and has full rank.

[—O0,00}

ii) The Matrix [ (fo F~)(u)(f o F~)T(u)dFy(u) exists and has full rank.
[0,1]

iii) The Matrix [ (fo F~)(u)(f o F~)T(u)dMj1j(u) exists and has full rank.

[0,1]
iv) The original regression functions fi, ..., f, are linearly independent in £2([—oo0, 00|, F)).
v) The transformed regression functions f; o F'~,..., f, o F'~ are linearly independent

in £2([0,1], Fy).

vi) The transformed regression functions f; o F~,..., f, o F~ are linearly independent

in EQ([Oa 1]7 AA[O,l})'

In the present situation, Theorem 2.1.7 now yields that the uniform marked empirical

process

R, (x) = \/15 > Apoug(Ui) - (Y; = (Fo FO)T(U3) 6n),  z €[0,1],
=1

converges weakly, that is

R()—25R.() inD|0,1].

n—oo

Here, Rio() is a centred Gaussian process with the covariance function
T
K'(s,0) = Fy(min{s,th) — | [ S @)dFu@) | (2.4)
[0,5]
-1

x / = (@) £7 (P~ (2)) dFy (x) / f(F~ (@) dFy (), s.teo,1].

[0,1] [0,t]
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Since ]PU|U(F—) = No,1]lo(7-) holds true, we have

/ S~ @) fT(F~ (2)) dFy (a2 / f(F (F~ () dWo. (),

[0,1] [0,1]

but the same need not to be true for the two other integrals in (2.4), since [0, s] or [0, ¢]
might not be in the Sub-o-Algebra o(F~). Nevertheless, one can apply the change of

variables formula (see Lemma 7.1.3) to the first integral in (2.4), obtaining

[ 1 @)t / F(E~ (B (2))) dMg ) ()

[0,s] [0,Fy (s

- / F(E () ddp (2) (2.5)

[0,Fy(s)]

and proceed similarly with the last integral in (2.4). Equation (2.5) above is true, since
F(Fy (1) = F~(t), te0,1] (2.6

To see this, first note that, since F;(0) = 0 and F; (1) = 1, (2.6) holds for t = 0 and ¢ = 1.
If t € (0,1) N F(R) we have Fy; (t) = t and thus, (2.6) holds as well. In the remaining
case we have t € (0,1) and t ¢ F(R). Thus, according to Theorem 2.1.10, Fy; takes the

constant value lim F(z) in the interval { lim F(x), F(F~ (t))) , which includes ¢. As
ot F—(t) o~ (t)

a consequence, one can conclude Fj; (u) = F(F~(t)) for all u € < TI}m( )F(m), F(F~ (t))>
zTF—(t
and thus

ift ( lim( )F(x),F(F(t))), where we used (7.39) of Lemma 7.1.1. If, in contrast,
T F—(t

t= lim F(x), we get
L (z), we g

Fr lim F(x)) = lim F(z),
v <CL’TF(t) ( >) aTF~(t) (=)

since Fy; is continuous from the left and F(x) € F(R), for all x € R, which implies
Fy (F(x)) = F().

As an example of a possible distribution function Fy; of the design variable U in the trans-
formed model and the corresponding quantile function Fy;, see Figure 2.5a and Figure 2.5b

respectively.
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Figure 2.5: Example graphs of the distribution function Fyy of U = F(X) and its quan-
tile function F}; corresponding to the distribution function F' of X from Fig-

ure 2.4a.

Taking the above facts into consideration, we conclude the following.
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Theorem 2.1.12.

Consider a homoscedastic linear regression model with random design

Y =1(X)0+e,
where f = (fi,...,f»)T,p € N with fi,...,f, : R — R that are linearly
independent in £2([—oc0,00],F), X ~ F, E(¢|X =) =0 and Var(e| X = z) = 1.

Then, this regression model is almost surely equal to the corresponding linear
regression model with uniform random design on the unit interval. More precisely,

this regression model has the form
Y =(foF )T (U)0+e,

e where U := F(X) is a real-valued random variable with

0, t <0,

lim F(z), t¢ F(R)andte (0,1),
Fy(t):=P{U <t)=4 «F
t, te F(R)and t € (0,1),

1, t>1

and, in particular, IPU|0(F—) = »\[0,1}|0(F—)a

e where foFF~ = (fioF~,..., fpo F~)T are the regression functions with fj o
F~, ..., fpoF~:[0,1] — R that are linearly independent in £([0, 1], Ao,1])5

e where E(e|U) =0 and Var(e |U = u) =1 for all u € [0, 1].

In this model, under the usage of the LSE én, the uniform marked empirical

process reads

1 1 <& 3 .
Ro(2) = —= Y Lpag(Us) - (Y = (Fo F)T (U 6), @€ l0,1],
Vi3
and the weak convergence
Ro() —2 Roo() in D[0,1]

n—oo

holds true. Here, Rio() is a centred Gaussian process whose covariance function,
for s,t € [0,1], is
T
K'(s,t) = Fytmin{s,t) = | [ P~ @) () | x

[0,Fu (s)]

/ F(F~ () dhoy (a).

=i
[0,F ()]

x / FF= (@) fT(F~ (2)) do.y ()
[

071]
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2.2 Partial sum processes and fixed designs

This section consists of two parts. In the first part, we study residual partial sum processes
of regression residuals in linear regression models with fixed designs on the example of
Bischoff (1998). Furthermore, the limit process of the respective residual partial sum
processes is specified and its covariance structure is investigated. In the second part, we
prove that in the case where only the distribution of the residual partial sum limit process
is of interest in a linear regression model with a fixed design, one can always assume the
design to be the equidistant design on the unit interval [0, 1]. To our knowledge this fact

has not been explicitly stated or proven in the literature so far.

2.2.1 Results of Bischoff (1998)

A linear regression model with fixed design has the form
Y, = XuB +en, neN,

where Y,, is the n-dimensional output vector composed of a deterministic part X,,8 and a
vector-valued random variable £, = (€n1,...,nn)? . Here, €1, ..., &ny are real-valued iid
random variables with E(e,1) = 0 and Var(e,;) = 0. Thus, we are in a non-parametric
and homoscedastic scenario.

Regarding the deterministic part of the model,

B:(ﬁla"'aﬁp)ERp

are the unknown regression coeflicients, which, in a model with n > p observations, are to

be estimated via the LSE Bn We consider a triangular array of design points,
. n .
((tm)j:1>neN Cla,b) =&, a<beR,

whose n-th row is called an (exact) design (for n observations). We refer to £ as the

experimental region. Furthermore, without loss of generality, we may assume that
agtnlgtnﬂégtnn—lgtnngba n € N.
The vector-valued regression function

f:(flﬂ"'yfp)T:[a,b] —>Rp

consists of real valued, known and continuous functions of bounded variation and, the
design matrix reads
X = (fr (tns))n P 1 € R™*P,

s=1,r=

We are therefore dealing with univariate linear regression models, since there is only one

explanatory variable. Moving on, the ordinary least-squares residuals are defined as
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€n =Y, — X3, € R,

where, if X,, has full Rank,
Bn = (XTX,)"'xTy,

is the LSE approximation for 8. For following applications, we define for ¢,1, ..., tny, that

is the n-th row of a given design,

n

Z ]l(_oo@} (tni), = €R,

i=1

Fala) =

as the empirical distribution function uniquely corresponding to this design.

Two additional assumptions are made in order to determine a limit process for the least

squares residual process:

Assumption 1

There is a limit design distribution function F' for which

sup |Fy(t) — F(t)] —— 0 is satisfied.

telab] n—00
Assumption 2
The matrix
J = / f&)fT(t)dF(t) € RP*P  has full rank. (2.7)
[a,0]

As we already know (see the preliminary remarks on Theorem 2.1.12), this is equiva-

lent to the linear independence of the regression functions fi,..., f, in £([a,b], F).

For the remainder of this work, by B = (B(t));c[0,1], we denote a standard Brownian
motion. Furthermore, we define the following operator, which will enable us to generate

a continuous stochastic process out of the regression residuals.

Definition 2.2.1.

For a = (ai,...,a,)T € R” and |z := max{k € Z |k < z}, one defines the partial

sum operator

T, : R" — C[0, 1]

[nt]
2 a; + (nt — |nt]) Ant)+1, tE [0, 1),

n
> a;, t=1.
=1

Figure 2.6 shows the graph of T, (a)(t) for a = (a1,...,a,)T € R*, n € N.
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Figure 2.6: Operating principle of the partial sum operator 7.

Given a real-valued random variable X with distribution function F', we define

e for z € [0,1],
F.(z) := min{F(x),z}, x € R.

e the support of X respectively F' by

supp(F) = supp(X) :={z e R|P(X € (x —r,z+ 7)) >0, for all » > 0}.
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We finally consider the residual partial sum process of the least-squares residuals

1
—T,
oyn "

a stochastic process that — as it linearly interpolates the residuals €, over the interval

[0,1] — has paths in C]0,1]. Functional central limit theorems for residual partial sum
processes can be found, for example, in MacNeill (1978b), MacNeill (1978a), as well as
Bischoff (1998) and read as follows:

Theorem 2.2.2. [Bischoff (1998), Theorem 2.2, Theorem 3.1]

Let the regression functions

fh"'?fpv pENa

be continuous, known and real-valued functions of bounded variation that are lin-

early independent in £2([a, b], F). Furthermore, let

F, —— F uniformly,

n—o0

where F is a distribution function with supp(F’) C [a,b]. Then,

i U%Tn(én)(» 2 Br() w001,

where By p(-) is a Gaussian process that for z € [0,1] is given by

T (R)
B =B + | [ 10ar| 1| [ BE@) 40O - BOSE )
] [

la,b a,b]

%(Tn@n)om)(-) —— (ByroF)(-) in (Dla,b], |ll);

where (Bf o F)(-) is a Gaussian process that, for s € [a, b], is given by

ii)

r (R)
(By,r o F)(s) = B(F(s)) + fydr@)| J7 /B(F(t)) df(t) = B()f(F~(1)|-
]

[a,s [a,b]

With regard to Theorem 2.2.2, note the following:
e In i), as usual, we consider the uniform topology on C0, 1].

e The residual partial sum limit process By does depend on the experimental region
[a,b], the regression functions fi,..., f, and the limit distribution F' of the design

points. However, it does not depend on the choice of the design distributions F},, n €
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N, converging uniformly to F'. Therefore, Theorem 2.2.2 constitutes an “invariance

principle”.

e Up to this theorem, all integrals considered are measure integrals. However, the

(R)

integral [ B(F(t))df(t) is obtained as the limit of Riemann-Stieltjes sums. In
[a,b]

general, we denote the Riemann-Stieltjes integral of a function f over an interval [

(R)
with respect to a function g by | f(z)dg(z). For some theory on Riemann-Stieltjes
i§

integrals see, for example, Strook (1994).

e The residual partial sum limit process By p(-) has paths in C[0, 1], but since the
experimental region was given as the interval [a, b], it seems more natural to consider
stochastic processes with paths defined on this interval rather than on [0, 1]. Part ii)
of Theorem 2.2.2 provides a process with this convenient property. Note that here
weak convergence takes place in Dla, b], rather than in Cla, b, since the distribution
functions Fj,, n € N, and F' need not be continuous and therefore are generally
elements of Dla,b]. We emphasise that here, in contrast to Section 2.1, we endow

Dla, b] with the uniform topology, i.e., the topology given by the uniform metric

o(@,y) = ||z = ylloo = sup{t € [a,b][ |z(t) —y(®)[}, =,y € Dla,b].

That is, we consider weak convergence in (Dla,b], || - ||oo)-

Remark 2.2.3.

Note that in Theorem 2.2.2 a mass point is permitted at the left endpoint of the
experimental region [a,b]. That is, it is possible that F'(a) =: ¢ > 0. In this case,
this mass point is noticed by measure integrals like [ f(¢) dF(t), since it holds true

[a,s]

that
/f(t) dF() = c- fla)+ | F()dF(®), s € (ab]
(a,s] (a,s]
However, such a mass point at the left endpoint of the area of integration is not

noticed by a Riemann-Stieltjes integral as

(R)
[BE@ a0 = [ BEO)0. (2.8)
[a,b] (a,b]

For a proof of equation (2.8), see Theorem 5.1.2 in Strook (1994). Note that here,
py refers to the signed measure associated to f by the following procedure: Since
f =, fp)F and fi : [a,b] — R, i = 1,...,p, are continuous functions of
bounded variation for i € {1,...,p}, there is a pair of continuous and monotonically
increasing functions f;" and f; such that fi(z) = fi"(z) — f (z), © € [a,b] (see
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for example Aufgabe 1.10 of Kapitel VII in Elstrodt (2009)). Therefore, for i =
L,...,p, and x € {4, —} there is a finite Borel measure ps on ((a,b], B4y) with
pg((l,m]) = ff(m) — fF (1), 1 <m € [a,b] (see for example Bauer (1992), p. 36).
Hence, we define iy, = e [T i=1,...,pand py = (ufl,...,ufp)T.

The above theorem is therefore adequate for a fixed design linear regression model
with the experimental region [a,b] without a mass point at the left endpoint (i.e.
F(a) = 0). In this regard, see part i) of Corollary 3.2 in Bischoff (1998) and note
that there is a typographical error (there should be a — instead of a + before the
integral) and that in addition it is implicitly assumed that there is no mass point
at the left end point of the experimental region.

The aim now is to state a theorem that is suitable for a fixed-design linear model
that can also have a mass point at the left endpoint of [a, b], i.e. that perceives it.
For this purpose, we make the following definition of the Riemann-Stieltjes integral,
that deviates sightly from the original definition in the sense that it recognizes mass
points at the left endpoint of the area of integration: Let f : [a,b] — R be continuous
and g : R — R be of bounded variation and right continuous. Let u, denote the

signed measure associated to g and let supp(uy) C [a,b]. In this situation,

supp(g) = supp(fiq)

={x € R|pg+((x —r,z+7]) >0o0r p,-((x —r,z+r]) >0, forall r >0}

denotes the support of g or g, respectively. Furthermore, assume that the Riemann-

(R)
Stieltjes integral [ f(t) dg(t) exists. We then define
[a,0]
sy @ aeltl [ fe), 2l
0, € [~o0,a ' f(a), z€[—00,a)
and set
(R)
/ f@)dyla) = [ T dio)
[a,b] [—o0,b]

If we denote with iz the measure associated to g, similar to (2.8), it follows that

[ @) dugo /f /f ) dii(x /f Ydg(z)  (29)

[a,b] [—00,b] [a,b]

holds true. The above equations are true, since f(z) = f(z), = € [a,b], §(z) =
0, z € [—00,a) and supp(ug) = supp(pg) C [a,b].
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The following theorem is strongly based on Theorem 2.2.2; but is new in the literature.
Note that Theorem 3.1 in Bischoff and Miller (2000) is very similar to the following theo-

rem, however no proof is given there.

Theorem 2.2.4.

Let the regression functions fi,..., fp, p € N, be continuous, real-valued and known

functions of bounded variation that are linearly independent in £2([a,b], F). Fur-
thermore, let

F, —— F  uniformly,

n—0o0

where F is a distribution function with supp(F') C [a,b] and F~(1) = b. Then,

(Tj/ﬁTn(én)(-) —2 - Byp() 00,1,

where B p(-) is a Gaussian process that is given by

i)

T
B0 =B - | [ 10aro| 17 [ 10dBE©), b
[

a’b] [a,b}

= (TuE)eE)() 2 (BrroP)() in (Dla.tl )

where (By g o F')(-) is a Gaussian process that is given by

ii)

T
(Byr o F)(s) = B(F(s)) - / f@ydr@| g / f()dB(F(®), s € [a,b].
[

a’s] [a,b]

With regard to the above theorem, the following two facts should be noted.

e Although the last integrals in i) and ii) look as if they should be Riemann-Stieltjes
integrals, we can consider them to be measure integrals. See the explanation of

equation (2.15) in the proof of Theorem 2.2.4 in this regard.

e The prerequisite, F~(1) = b, is a purely formal one. Since we are in the situation of
a linear regression model with fixed design, the distribution function F' of the limit
design is known. Therefore any experimental region [a,b] that includes supp(F)
is sufficient for our analysis. Consequently, we can chose the “non-superfluous”
experimental region where F'~ (1) = b. Therefore, in the further course of this work,
whenever Theorem 2.2.4 is applied, we will not explicitly address the condition
F~(1) = b, but implicitly assume that the experimental region [a, b] was chosen such

that the condition is satisfied.
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Proof: Since the difference between Theorem 2.2.2 and Theorem 2.2.4 consists exclusively
in the representation of the last factor of the residual partial sum limit processes, it is
sufficient to prove only statement ii). The proof of statement i) is exactly the same.

Let € > 0. Consider the fixed-design linear regression model that can be associated to the
given model by enlarging the experimental region by ¢ to the left. To be more specific,
we consider the linear regression model with the experimental region [a — €, b] together
with the empirical distribution functions F,, n € N, that were originally given. That is,
supp(Fy,) C [a,b] for all n € N. Furthermore, in the new model, we consider the regression
functions f* := (f7,... ,f;)T, p € N, where

Fr(z) = {fl(w) v € a,b]; S i=1,....p.

fila), z€la—¢,a)

It holds true that F,, —— F uniformly and supp(F') C [a—¢,b]. Furthermore, f{,..., f,
n—oo
are continuous, real-valued and known functions of bounded variation that are linearly

independent in £2([a — ¢,b], F'). Thus, Theorem 2.2.2 is applicable and states that

T o F)() 2 (B o)) in (Dla—2.t) - )

Here, (B« p o F)(-) is a Gaussian process that for s € [a — ¢, b] is given by

(Bj-.p o F)(s)=B(F(s)) + (2.10)
(R)
/ F0dr | g / BF(t) df*(t) — BOL) S/ (F~(1)
la—e,s] [a—e,b]
(2.11)

Since supp(F') C [a,b] and F(t) = 0 for t € [a — £,a) it holds true that

/ /f 1 dF(t :/f(t)dF(t), s € la,b). (2.12)

la—e,s] (a,s] la,s]

Furthermore,

= —f"(0)B(F(b)) + f*(a —e)B(F(a—¢)) + /B(F(t))df*(t) (2.13)

/f t)dB(F /f t)dB(F (2.14)
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- / F(t)dB(F(t)). (2.15)

The following should be noted with regard to the above equations:

Regarding (2.13) This equation holds true because of the following two facts. Firstly, B(F'(a —¢)) =
B(0) = 0, as supp(F') C [a, b], and secondly, we assumed that F~ (1) = b and thus
F(b) =1 (see Lemma 7.1.1).

Regarding (2.14) First, integration by parts was used. See for example Theorem 1.2.7 in Strook (1994).
Then, since supp(F) C [a,b] and f(z) = f(z) for all z € [a — ¢, b], it holds true that

(R*)
/ fr(t)dB(F / f(t) BoF() /f(t)dB(F(t))
[a—e,b] [—o0,b] [a,b]

Regarding (2.15) To see that this equation is valid, see equation (2.9) in Remark 2.2.3. It should be

noted that writing [ f(¢) dB(F(t)) — i.e. considering it a measure integral — is a
[a,b]
slight abuse of notation that will simplify many of the notations that follow. That

is, at first glance [ f(t)dB(F(t)) can only be understood as a Riemann-Stieltjes
[a,b]
integral, since B(F'(t)) might not be of bounded variation and therefore no measure

must exist that can be associated to it. But, since

(R")
/f t) dB(F /f t) dB(F /f d(B o F)(t)
[a,b] [a,b] [—00,b]
(R)
= f(a)B(F(a)) + [ f(t) dB(F(t))
[a,b]

— FO)B(F(b)) - / B(F(t)) dus(t)

[a,b]

holds true, where sy denotes the measure associated to f, [ f(t)dB(F(t)) can be
[a,b]
considered as a measure Integral.
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Finally, by inserting (2.12) and (2.15) in (2.10), we get

(Byro F)(s) = /f 1 dE(t /f HAB(E(®), s € [a b,

(a,s] [a,b]

which completes the proof. O

In the next corollary, we compute the mean and covariance function of (Byp o F)(-)

in the situation of Theorem 2.2.4.

Corollary 2.2.5.

Retain the assumptions of Theorem 2.2.4. Then the mean function m and the covari-

ance function K of the stochastic process (By,ro F')(-) introduced in Theorem 2.2.4
are given by
m(s) =0, s¢€la,b],

and, for s,t € [a, b], by

K(s,t) = F(min{s,t}) — / f(z)dF(z / fFT ) dF(t / f(z)dF(z
[a,s]

[a,b] [a,t]

Proof: This corollary is similar to Lemma 3.1. in Bischoff and Miller (2000) and its proof
therefore is similar to the one stated therein on pages 674 and 675. Nevertheless, since the
present situation is not exactly the same, we will give a detailed proof for Corollary 2.2.5

on page 129 and the following pages in Section 7.1 of the appendix. g
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2.2.2 Linear regression models and the uniform fixed design

The main result of this section is Theorem 2.2.9, which states that when only the dis-

tribution of the residual partial sum limit process is of interest, one can always assume

the design of a linear regression model with fixed design to be the equidistant design on

the unit interval [0, 1]. We start our way to this theorem with the definition of so-called

generalised inverse functions.

Definition 2.2.6.

A function G : R — R is called a measure generating function if it is monotonically
increasing and continuous from the right. For a given measure generating function

G with values in [¢, d], ¢ < d € [—00, 00],
G™:(¢,d) — R, u— inf{z € R|G(x) > u}

denotes the generalised inverse function associated to G. If necessary, we may extend
G~ to [c, d] by defining

G~ (c) .= inf{x € R|G(z) > ¢} € [—00,0)

and
G~ (d) :=sup{z € R|G(x) < d} € (—00, 00].

The following lemma provides a characterization of bounded variation functions and con-

stitutes an important ingredient for proving the main result of this section. However, the

lemma is an interesting result in itself that, to our knowledge, does not appear in the

literature so far.

_a

Let F be a distribution function with supp(F) C [c,d], ¢ < d, and let fi,..., fp :
[e,d] — R, p € N, be functions of bounded variation that are continuous from the
left and right continuous in ¢. Furthermore, let a < b be real numbers.

Then, there is a measure generating function G : R — [¢, d] with supp(G) C [a, b]
and functions g1,...,gp : [a,b] — R that are Lipschitz continuous, such that

fi:gioGia 121,,]?

Furthermore, if the functions f1, ..., f, are linearly independent in £ (¢, d], F), then
the functions g1, ..., g, are linearly independent in £2([a,b], F o G).
If, in particular, c = 0 and d = 1, G is a distribution function and G~ is its associated

quantile function.

Proof: The proof of this Lemma is deferred to Section 7.1 of the appendix, starting with

page 135.

O
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The following theorem is new in the literature and describes a simple way of transforming
a linear regression model with fixed design, as introduced in Section 2.2.1, into a linear
regression model that has an equidistant design on the unit interval. However, the applica-
bility of the theorem is somewhat limited, since the regression functions in the transformed
model depend on the dimension n € N of the outcome vector Y,,, i.e. the number of design

points t,1, ..., thn.
Theorem 2.2.8.

Consider a linear regression model with fixed design

Y,=X,8+e,, BERP, peN, neN, (2.16)

where [a,b], a < b, is the experimental region, ((tni)_;)nen C [a,b] is the tri-
angular array of design points whose corresponding sequence of empirical dis-
tribution functions (Fj,)nen converges uniformly to a distribution function F,
Xn = (fr (tni))i=1 ;=1 is the design matrix where the regression functions fi,..., fp:
[a,b] — R are continuous, of bounded variation and linearly independent in
L2([a,b], F) and &, = (ep1,--.,6nn)’ are the real-valued iid regression errors with
E(en1) =0 and Var(e,;) = 1.

Then, this regression model is equal to the regression model

Yn—<(fTan) (;))n * Bien, neN, (2.17)

i=1,r=1

where [0, 1] is the experimental region, ((%)?:l)neN is the triangular array of equidis-
tant design points, F,, denotes the quantile function corresponding to the empirical
distribution function F;,, which in turn corresponds to the n-th row of the triangular
array ((tn;)"_ ) of original design points, and fioF, ,..., fpoF; :[0,1] — R are the
regression functions that are of bounded variation and, for n large enough, linearly
independent in £2([0, 1], No,1])-

For the residual partial sum process of model (2.17), the weak convergence

UlﬁTn@n)(-) —2 . Brp() ]

holds true.

Proof:

ForneNandi=1,...,n, we have F~ (%) = tp;, since

n

1 i
~ D Aol (tng) = — b =t
7j=1

U

. <Z>:inf reR
n

holds true, as we have assumed that without loss of generality t,1 < t,o < - <t holds.
Therefore, models (2.16) and (2.17) are equal.
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Regarding the properties of the regression functions in the transformed regression model,
we know that, since the regression functions fi,..., f, in model (2.16) are of bounded
variation and F); are monotonically increasing for all n € N, the transformed regression
functions fioF, ,..., fpoF, in model (2.17) are of bounded variation, too. Note that un-
like all the regression models considered so far, the regression functions fioF,, ..., fyoF,
in model (2.17) depend on n € N. Furthermore, since the regression functions fi,..., fp
in model (2.16) are linearly independent in £2([a,b], F), we can conclude, as we will es-
tablish thoroughly in the proof of Theorem 2.2.9, that the functions fi o F~,..., fo F™~
are linearly independent in £([0, 1], Mg 1))-
From this, we can infer that the transformed regression functions fi o F,,,..., f, o I,/
in model (2.17) are linearly independent in £2([0, 1], N 1) for n € N large enough, too.
This is indeed the case, since we assumed that F;, converges to F' uniformly, which implies
that F,(t) converges to F(t) at every t at which F' is continuous, and this in turn implies,
according to Lemma 21.2 in Vaart (1998), that F, (u) converges to F'~(u) at every u in
which F'~ is continuous. This holds everywhere, except on an at most countable set.
Finally, since the models (2.16) and (2.17) are equal, their respective residual partial sum
processes coincide and, according to Theorem 2.2.2, converge weakly to By in C[0,1].
O

Similar to the case of a linear regression model with random design, it is now our aim to
prove that in the situation of linear regression models with fixed designs one can assume
a more specific situation. To be more precise, we are going to investigate the relation

between a linear regression model with fixed design
Y,=X,8+¢c,, mneN, (2.18)

where
e [a,b], a < b, is the experimental region,

e 3=(B,... ,Bp)T € RP, p € N, are the unknown regression coefficients,

((tni)i—1)nen C la,b] is the triangular array of design points whose corresponding
sequence of empirical distribution functions (F},),en converges uniformly to a dis-

tribution function F,

X = (fr (tni))i=1 =y is the design matrix where the regression functions fi,..., f, :

[a,b] — R are continuous, of bounded variation and linearly independent in £2([a, b], F),

en = (Enly. .. ,Enn)T are the real-valued iid regression errors with E(e,;) = 0 and
Var(en) =1,

and a corresponding linear regression model with uniform fixed design

Yo =Xp,8+¢en, neN, (2.19)
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where
e [0,1] is the experimental region,

B = (ﬁ17_“75p)7’ € RP, p € N, are the unknown regression coefficients (exactly
those of model (2.18)),

° ((%)?zl)neN C [0,1] is the triangular array of equidistant design points whose cor-
responding sequence of empirical distribution functions converges uniformly to the
distribution function of the uniform distribution on the unit interval, i.e. the identity

function on [0, 1],

n

o X, = (f, (EDim ey = ((fro F)(2))iey P_, is the design matrix where the re-

gression functions fi = fio F~,...,f, := fpo F~ :[0,1] — R are of bounded
variation and linearly independent in £2([0, 1], No,11)

o g = (Ent,... ,ann)T are the real-valued iid regression errors (exactly those of model
(2.18)) with E(ep1) =0 and Var(e,) = 1.

The following assertion is the main theorem of this section and, to our knowledge, new in

the literature.

Theorem 2.2.9.

Let a linear regression model with fixed design be given (cf. model (2.18)). Then,

the distribution of the residual partial sum limit processes of this model is equal
to that of the corresponding linear regression model with uniform fixed design (cf.

model (2.19)). In particular, in model both models, the weak convergence

TTE)(2) 2 Bye(z) i O

holds true.

Proof: The proof of this theorem is deferred to the pages 148 to 151 in Section 7.1 of the
appendix. O

Note that without loss of generality we assume in the above theorem that the regression
errors ep;,1 € {1,...,n},n € N, are of variance 1. Therefore, the normalizing factor % in
front of the partial sum operator T\I/ET n(€n)(+) is not needed in this case.

Observe, furthermore, the following subtle but crucial difference to Theorem 2.2.8. A
linear regression model with fixed design and the corresponding model with uniform fixed
design are not entirely equal because their design matrices X,, and X, may differ. More
precisely, a design point t,; in the general case need not be equal to F'~ (%) in the uniform
case, since F' is already the limit design distribution, whereas the sequence of empirical

distribution functions (F},)nen corresponding to the triangular array ((£n;)}_;)nen in the
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general fixed design setup converges uniformly to F. Therefore, in a certain sense, the

equality of both models only holds in the limit.

The following lemma contains a transformation of the residual partial sum limit process
By r, which will be of importance for the subsequent theorem.

a a
—

Let the residual partial sum process By p(-) of a linear regression model with fixed

design or uniformly fixed design be given. Then, it holds true that

vaF(z) = BfOFT»\[o,l](Z% z €[0,1].

Proof: The proof of this Lemma is deferred to Section 7.1 of the appendix, starting with
page 152. ]

In Theorem 2.2.2, the weak convergence of the residual partial sum process to the limit
process By r was stated for a linear regression model with fixed design. In particular, it
was assumed that the regression functions fi,..., f, : [a,b] — R are continuous and of
bounded variation. Lemma 2.2.7 now gives us the possibility to drop the assumption of

continuity of the regression functions. To our knowledge, this result is new in the literature.

Theorem 2.2.11.

Consider a linear regression model with fixed design

Y,=X,B+¢en, BERP peN neN, (2.20)

where [a,b], a < b, is the experimental region, ((tni)j—;)nen C [a,b] is the tri-
angular array of design points whose corresponding sequence of empirical dis-
tribution functions (F),)n,en converges uniformly to a distribution function F,
Xn = (fr (tm;))?:l,f:l is the design matrix where the regression functions fi,..., fp :
[a,b] — R are of bounded variation and linearly independent in £2([a,b], F) and
en = (€n1,...,&nn)? are the real-valued iid regression errors with E(g,;) = 0 and

Var(ep1) = 1. Then,

olﬁmn)(-) —2 Brp() mC,1]

holds true.

Proof: The proof of this theorem is deferred to Section 7.1 of the appendix, starting with
page 156. U






3 Commonalities of the two cumulated sum

limit processes

In this chapter, we will investigate commonalities and disparities between random design
and fixed design linear regression models as introduced in Section 2.1 and Section 2.2
respectively, with regard to their residual CUSUM processes.

In the first section we will have a closer look at Theorem 2.1.7 on page 20 as well as
Theorem 2.2.4 on page 35, and give a theorem which states the equality of distributions
of the limit of the marked empirical process and the residual partial process under certain
circumstances. This result can be seen as the intuitive building block for discussing the
similarities between random and fixed design linear regression models when it comes to
their respective residual CUSUM limit processes.

In the second section, we identify the underlying common properties between random
design and fixed design linear regression models that account for their similarities. Finally,
we state a generic linear regression model under which both linear regression models with
random and fixed designs can be subsumed and give a functional central limit theorem for

the CUSUM process of regression residuals in this generic situation.

3.1 Equality of the two cumulated sum limit processes

In this section, we prove a theorem which, simply put, states that in the situation of a
univariate linear regression model, the CUSUM limit process of the regression residuals in
the case of a model with random design has the same distribution as the one we obtain
under a model with fixed design. Thus, results about the structure of such a limit process
based on one of the two designs will always apply to the other.

Note that in the context of a linear model with random design the CUSUM process of the
regression residuals has been referred to as the marked empirical process and in case of a
model with fixed design the CUSUM process of the regression residuals was referred to as

the residual partial sum process.

The announced theorem is new in the literature to our knowledge and reads as follows.
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Theorem 3.1.1.

Let the assumptions of Theorem 2.1.7 and Theorem 2.2.4 be satisfied. Therefore,

in particular, we are given the regression functions

f:(flv"'afp)Ta peNa

that are continuous, of bounded variation, real-valued and known functions on the

experimental region [a,b] C R that are linearly independent in £2([a, b], F).

Then it holds true, that

(B, o F)(-) ~ Ry (0)-

Proof: If the conditions of both Theorem 2.1.7 and Theorem 2.2.4 are satisfied, the

following holds true:

i) According to Theorem 2.1.7 from page 20, R. (-) is a Gaussian process with the

mean function

and the covariance function

Kl(s,t) = F(min{s,t}) — / flz)dF(x / f(z)dF(x), s,t € [—o0,0].
]

—00,8] [—oo,t

(3.1)

Since, in the present theorem, the experimental region is given as the compact in-
terval [a, b], which means that the design distribution function F has its support in
[a, b] and the regression functions fi, ..., f, are functions with domain [a, b], equation
(3.1), for s,t € [a,b], reduces to

K*'(s,t) = F(min{s,t}) — / f(z)dF(z / f@)ff(z) dF(x / f(z) dF(z

[a,s] [a,b] la,t]

ii) According to Corollary 2.2.5 on page 38, (By,r o F)(-) is a Gaussian process with
the mean function

m(s) =0, sé€la,b].

Furthermore, for s,t € [a, b], the covariance function reads

K(s,t) = F(min{s,t}) — /f YdF (x /f VfT(z) dF(z /f YdF (x

la,s] [a,b] [a,t]
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To sum up, we therefore know that both processes are centred Gaussian processes with
the same covariance function. Since it is well-known that the distribution of a Gaussian
process is uniquely identified through its mean function and its covariance function (see

for example Kapitel 7.6 in Génsler and Stute (1977)), we can conclude that
(BypoF)() ~ R ().

as Gaussian processes. [l

Note that in the situation of a linear regression model with random design, no analyt-
ical formula for the limit process R (+) of the marked empirical process R!(-) is available
in the literature. In contrast, in a linear regression model with fixed design, there is an

analytical formula for the residual partial sum limit process By r.

The result below is a corollary to Theorem 3.1.1 in the special situation that a linear
regression model with uniform random design (see Theorem 2.1.12) as well as a linear
regression model with uniform fixed design (as introduced directly before Theorem 2.2.9)

with the same regression functions are given.

Corollary 3.1.2.

Let a linear regression model with uniform random design as well as a linear regres-

sion model with uniform fixed design with the same regression functions be given.

Thus, in particular, X(g q) is the design distribution on the unit interval and
f= ) 0,1]] —RP, peN,

are the regression functions that are of bounded variation and linearly independent
in 52([0’ 1]a »\[0,1])'

Then it holds true that

ny»\[o,u QI Réo()
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3.2 A generic linear regression model for goodness-of-fit tests

It is a standard approach in the literature to base analyses of the goodness-of-fit of regres-
sion models on their residual CUSUM processes. See for example Stute, Thies, and Zhu
(1998), who stated that “there is good reason to base model diagnostics on the CUSUM
process of the residuals [...]”.

Therefore, although linear regression models with random designs and linear regression
models with fixed designs, as well as their respective residual processes, appear to be dif-
ferent, Theorem 3.1.1 and Corollary 3.1.2 are arguments in favour of the viewpoint that
CUSUM based model diagnostics do not differ for them. The three facts below shed light

on this in more detail.

i) Based on the result of Theorem 2.1.12, we can restrict our analysis of marked empir-
ical processes of regression residuals in linear regression models with random designs
to their corresponding uniform marked empirical process in the linear regression
model with uniform random design. Such a corresponding linear regression model

with uniform random design has the form
Y =(foF)T(U)f+e,
where

e F'is a distribution function, fi,..., f, are known real-valued functions that are
linearly independent in £2([—o00, 00|, F') and therefore the regression functions
(foF7 )= (fioF ,..,fpo F)T :[0,1] — RP are linearly independent in
£2([0, 1], No,17)

e the design is sampled according to a random variable U with the distribution

function
0, t<0,
lim F(z), t¢ F(R)andt € (0,1),
Fy(t)={ =tF~ (1) (@) #E ©.1)
t, t e F(R) and ¢ € (0,1),
1, t>1

and, in particular, IPU]J(F_) = No1le(F)s
e O € RP are the regression coeflicients estimated using the LSE,
e E(c|U) =0 and Var(e|U = u) =1 for all u € [0, 1].

In this situation, the CUSUM process of the regression residuals converges weakly
to Eio() in D[0,1]. Here, Eio() is a centred Gaussian process whose covariance

function, for s,t € [0,1], is
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Kl(s,t) = Fy(min{s,t}) — / (f o F7)(z)dXp () X (3.2)
[0, Fr(s)]
-1

x /(foF-><x><foF—>T<x>d»[o,1]<x> / (f o F™)(x) dApy ().

[0,1] [0,Fy (t)]

ii) Based on the result of Theorem 2.2.9, we can restrict our analysis of residual partial
sum processes of regression residuals in linear regression models with fixed designs to
the case of their corresponding linear regression model with uniform fixed design and
the respective residual partial sum process. Such a corresponding linear regression

model with uniform fixed design has the form

7 L
Yn:<(froF) <n>> B8+en, meEN,

i=1,r=1

where

e [ is a distribution function, f1,..., f, are known real-valued functions that are
continuous, of bounded variation and linear independent in £2([a,b], F') and
therefore the regression functions fo F~ = (fioF—,..., fpbo F7)T:[0,1] = R?
are of bounded variation and linearly independent in £2([0, 1], Xo,1))5

e 3 € RP are the regression coefficients estimated using the LSE,

° ((%):.L:l)neN C [0, 1] is the triangular array of equidistant design points,

® cul, ..., Eny are iid random variables with E(e,1) = 0 and Var(e,;) = 1.

In this situation, the CUSUM process of the regression residuals converges in dis-
tribution to By g in C[0,1]. Furthermore, according to Lemma 2.2.10, By p(z) =
BfOF_v»‘[O,l](Z) for all z € [0,1] and thus, according to Corollary 2.2.5, the residual
CUSUM limit process is a centred Gaussian process whose covariance function, for
s,t €0,1], is

T
K(s,t) = min{s, £} — / (fo F)(@) Moy (@) | x (3.3)
6.9
-1

x / (f o F)() (f o F) () Wy (2) / (f o F~) () dAgy (a).

[0,1] [0,]
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iii) According to Corollary 3.1.2, we know that if Xgj is the design distribution, the

distribution of the limit process Rio() of the marked empirical process in the sit-
uation of a linear regression model with uniform random design coincides with the
distribution of the residual partial sum limit process By, Ao () in the situation of
the same linear regression model, but with a uniform fixed design.

For general linear regression models with random design and fixed design that have
the same regression functions f1, ..., f, and the same design distribution F', we con-
sidered their respective corresponding uniform designs in points i) and ii) of this
enumeration. In particular, we noted that under both designs the respective resid-
ual CUSUM limit processes are centred Gaussian processes with the covariance func-
tions given in (3.2) and (3.3). Therefore, the distributions of their respective residual
CUSUM limit processes Eio(u) and By p(u) coincide for all u € F(R)U{0,1}, since
in this case Fy(u) = u holds true.

Otherwise, if u € (0, 1) is not in F(R) (that is, F" has a jump at F~(u)), Eio has the

constant value

-1 ,
R | lim F(z in the interval lim F(z), F(F (u
(m F@) Jim F@), (P (W)

and then jumps to the value Eio (F(F~(u))). In contrast, since the function fo F~
is constant in the intervals that are not in F(R), By p = Bpop-x,,, interpolates
these two values linearly. These jumps of F' originate in design points with positive
probability. The magnitude of such a jump’s probability determines the size of the
interval on which the residual CUSUM limit processes differ. It can thus be noted
that le and By p differ only in the representation of those intervals of their domain
belonging to design points with positive probabilities. See Figure 2.4 and Figure 2.5
and in particular the discrepancy between the graph of Fyy (see Figure 2.5a) and
the distribution function of Mg}, which originates from the jump of F' at g3 (see
Figure 2.4a).

To summarize, the distributions of residual CUSUM limit processes of linear regres-
sion models with the same regression functions fi,..., f, and the same design distri-
bution F' coincide under uniform fixed and uniform random designs on F(R)U{0, 1}.
For this reason, test statistics in goodness-of-fit tests based on E:L in the random de-
sign case and ﬁTn(én) in the fixed design case agree on o(F ), as their asymptotic
distributions are equal.

Note that the difference between Rio and By r is not in content but only in the rep-
resentation of design points with positive probability. In the literature on random
designs, this discreteness is passed from the design to the marked empirical process
and, from there, to limit process Eio. In contrast, in the literature on fixed designs,
the residual partial sum process is continuous, piecewise linear and equidistantly
embedded in [0,1]. Thus, in the limit process By r, the positive probability of such
a design point is uniformly distributed over the corresponding interval that is not in

F(R) and therefore, By  linearly interpolates the jump in Eio.
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The three facts outlined above therefore justify the following concluding statement:

When it comes to goodness-of-fit tests in linear regression models based on the
asymptotic distribution of residual CUSUM processes, one can assume without loss of

generality the following generic linear regression model.

Definition 3.2.1.

A generic linear regression model has the form
Y AG) - BG) [(B n1

Ynn fl(l) fp(l) Bp Enn
where

o [ = (fl,...,fp)T : [0,1] — RP,p € N are regression functions that are of
bounded variation and linearly independent in £2([0, 1], No,11)»

o X, = (f,n (i))n P is refereed to as the n-th design matrix,

n//i=1,r=1
e 3 € RP are the regression coefficients,
12
n’n’

design points,

..., 1 is the n-th row of the triangular array (( )n of equidistant

% izl)neN

® ul, ..., Eny are iid random variables with E(e,1) = 0 and Var(e,;) = 1,

o Y, = (Yn1,...,Yun)T is the vector of outcomes.

With regard to the generic linear regression model and the fact that one can assume
a generic linear regression model when it comes to goodness-of-fit tests in linear regression
models based on the asymptotic distribution of residual CUSUM processes is should be
noted that henceforth, any result about goodness-of-fit tests applicable to residual partial
sum processes in linear models with fixed designs can also be used for marked empirical

processes in linear regression models with random designs, and vice versa.

In the situation of a generic linear regression model, we can immediately state the fol-

lowing corollary about the convergence of the residual CUSUM processes.
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Corollary 3.2.2.

Let a generic linear regression according to Definition 3.2.1 be given. Then, the

marked empirical process

Fn(o fz]l( °”]< >

as well as the partial sum process

[nz]
1
%Tn( Z €ni + (nz — [nx]) € n,|nz)+1

of the least-squares residuals converge to the limit process

Bf,»[o,l]( s) =B /f ) dX\jo (¢ /f (t) dXpo,y(t /f t)dB(t

[0,s] [0,1] [0,1]

€ [0, 1], weakly in C[0,1] as n — oo.

From another point of view, this means that both random design models and fixed design
models can be interpreted as examples of a generic linear regression model. Thus, only the
following two disparities between linear regression models with random and fixed designs

remain.

Disparity i) Given a linear regression model with random design, the corresponding linear re-

gression model with uniform random design reads
Y= (foF)'(U)f+e

where U is a uniformly distributed random variable on ¢(F~). In contrast, in a
linear regression model with fixed design, the corresponding linear regression model

with uniform fixed design reads

1 nor
e (e (D)) e e

where ((%)Ll)neN is the triangular array of equidistant design points.

Similarly, in the uniform random case, the regression error is conditionally centred
and standardised with respect to the design variable U, i.e. E(e|U = u) = 0, and
Var(elU = u) = 1 for all u € [0,1], whereas, in the uniform fixed design case,
the regression errors epi,...,en, are iid random variables with E(e,1) = 0 and

Var(en) = 1.
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Explanation :

In the corresponding linear regression model with uniform random design, one

considers an m-sample of random variables Uj,..., Uy, U where IPU|U(F_) =
M0,1]|o(r-) and the model in detail then reads
Y1 (froF7)(U1) ... (fpeoF7)(Uh)\ (6 Enl
N : - : |t | neN
Yon (fioF7)(Uyn) ... (fpoF7)(Upn) Op Enp

In contrast, in the corresponding linear model with uniform fixed design one considers
12

an n-sample of equidistant design points -, ~,...,1 and the model in detail reads

Yo (fioF)(5) - (o FT)R)\ (B Enl

Ynn (fl OF_)(l) (fPOF_)(l) Bp Enp

The difference between both scenarios is that a uniform random design consists of
an iid sample of random variables whose distribution is the uniform distribution on
o(F~), whereas in a uniform fixed design, the design consists of a concrete array of
data points that are row wise equidistant in [0,1]. Therefore, we can see that the
two designs are structurally identical with the only difference being the sampling
points where the regression functions are computed.

To be more specific, under a uniform random design the model is applied to an
n-sample of design variables Uy, ..., Uy, U with U ~ Ao,1] |U(F—) — or a sequence
of design variables Uy, Uy, ... Yy respectively. In contrast, under a uniform fixed
design the model is applied to the “typical” realisation %, %, ..., 1 of design vari-
ables Uy, ..., U, “u [0,1] — or to the triangular array of “typical” realisations
((%)?:1)n€N of the sequence of design variables Uy, Us, ... i U[0, 1] respectively.
Note that if F' has no jumps U ~ U[0,1]. If F' has a jump, o(F'~) # Bjp ;) and thus
in the uniform random design case, Uy, ..., U, W [0, 1] does not hold true. In con-
trast, in the uniform fixed design case the triangular array of “typical” realisations
still is ((£)7_,),en
since, if I’ indeed has such a jump, the regression functions fio F'~,..., f,0 F'~ are

This is merely a difference in presentation and not in content,

constant in the corresponding interval that is not in F(R). Thus, the design matrices

(fioF7)(U) - (fpoF7)(Uh) (fioFO)(5) o (fpo F)(3)

: - : and : . :
(froF7)(Un) ... (fpoF )(Un) (froF7)A) ... (fpeoF 7))

do not differ.
In the above paragraph, we used the word “typical” in quotation marks since the

probability for Uy,...,U, ud U or even Uy.p,...,Un.n, where U;.,, denotes the i-th

order statistic of the sample, to realise as %, %, ..., 1 is zero for a non-discrete design
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distribution. However, the sequence of distribution functions

1 ¢ i
(n Z ]l(—oo,t] (n)> , te [07 1]7
i=1 neN

related to the triangular array ((tpi)i;)nen = ((%)n 1)n€N of this design points,

converges to the distribution function of U0, 1] which, on o(F ™), coincides with the
distribution function Fy; of U, from which the iid sample Uy, ..., U, was taken. Thus,
taking the design points %, %, ..., 1 or the triangular array ((%)?:1)7161\1 respectively
can simply be understood as a generic way to simulate the realisation of the n-sample
Uy,....,U, U or the sequence of design variables Uy, Us, ... W respectively.

From another point of view, according to the Glivenko-Cantelli theorem (see page
158 in Section 7.2 of the appendix for the formulation of the theorem and its proof),
sampling iid variables Uy, Us, . .. according to a random variable U with P o(F-) =

A0,1] | #(F-) is one way to get a sequence of empirical distribution functions

1
Fn(t) = E Z]l(—oo,t](Ui)a neN, te [0, 1],
=1

that converges uniformly a.s. to the given limit distribution function Fy.

Note that choosing the triangular array

((tni)i=1)nen = ((:z) ;1) neN

as design points is just one way of getting a sequence of distribution functions

1 — i
(nz]l(—oo,t] (n)) , tel0,1],
1=1 neN

that converges uniformly to the distribution function of U[0, 1]. Every other choice

of the triangular array ((fni)j_),cy as design points which fulfills

1 ¢ :
E Z ]1(_00775] (tm) m Zd[O,l] (t), te [0, 1], (3.4)
=1

uniformly is fine, too, as the residual partial sum limit process B(op-) (see The-
orem 2.2.2 or Theorem 2.2.4) does depend on the limit distribution function F', but
does not depend on the choice of the design distributions F;, converging uniformly
to F. Therefore, without loss of generality, the triangular array of design points
can be chosen to be ((%)?:1)%1\], as in our case Fy(t) = idjg)(t) holds true for all
te F(R)u{o,1}.

Thus, the uniform random design and the uniform fixed design start at different
places (that are closely related with each other). However, their asymptotic proper-
ties regarding the distribution of the limit process of the residual CUSUM precesses
do not depend on this disparity (as Corollary 3.1.2 shows), but only depends on the
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Disparity ii)

(limit) distribution function of the design. This, in both cases, is the identity on the

unit interval.

Similarly, in the uniform random design case, the error variable € is conditionally
standardised, i.e, E(¢|U = u) = 0 and Var(¢|U = u) = 1 for all v € [0, 1] with
respect to the design variable U ~ UJ|0, 1], of which the design random variables

Ui, ..., U, are iid samples. Thus, if we pick the n-th row of the triangular array

of design points ((%)?:1)7161\1

variables — as it is done in a uniform fixed design — we end up with iid regression

as the realisation of the n-th sample of these random

eITOrS Ep1, . . . , Eny With E(en1) = 0 and Var(e,;) = 1.

In both, a corresponding linear regression model with uniform random design and
in a corresponding linear regression model with uniform fixed design, the regres-
sion functions (f; o F7),...,(fp o F'~) are supposed to be linearly independent in
L£2([0,1], Ao,1))- However, in the uniform fixed design case, the regression functions

are additionally assumed to be of bounded variation.

Explanation :

Note that a function of bounded variation is bounded and therefore square Lebesgue
integrable on the unit interval. Therefore, assuming that the regression functions
are of bounded variation is one way of ensuring their square integrability. However,
not all functions in £2([0, 1], M[o,1]) are necessarily of bounded variation, for example
Brownian motion paths. Thus, the conditions on the regression functions in a linear
regression model with uniform fixed design are stricter than the conditions on the
regression functions in a linear model with uniform random design.

However, if we take a closer look at the results on linear regression models with fixed
designs (see Section 2.2) and their proofs, it becomes obvious, that the assumption
of bounded variation of the regression functions in a linear regression model with
fixed design is a proof artefact. To be more precise, it is a technical requirement nec-
essary to guarantee the existence of certain Riemann-Stieltjes integrals. In practice,
regression functions can only be evaluated at finitely many design points and there-
fore, one only chooses regression functions whose variability between two such design
points is limited. This means that one can restrict oneself to regression functions

that are of bounded variation.






4 Projection techniques

The main point of this chapter is a geometric interpretation of residual CUSUM limit
processes as projections onto certain reproducing kernel Hilbert spaces (RKHS). We start
with some general definitions and some theory on RKHS of stochastic processes with co-
variance function R and then focus on Brownian motion RKHS.

We emphasise that, with the exception of Theorem 4.2.3, the results of this chapter are
well known in the literature (see for example Aronszajn (1950), Parzen (1959) and Bischoff
(2002). So, it is the aim of this chapter to succinctly present and prove these results in

order to make them available for later use in this work.

4.1 Reproducing kernel Hilbert space of the Brownian motion

In this section we are going to define, in analogy to Parzen (1959) and Adler (1990), what
a RKHS of a stochastic process with covariance function R is and what the RKHS of a

Brownian motion looks like. First, however, the following definitions shall be given:

Definition 4.1.1.

Let T C R and Xy := (X (¢))ier be a stochastic process with E(X;X;) < oo for all
s,tefT.

i) With
R:TxT—R, (s,t) — Cov(Xs, Xy),

we denote the covariance kernel or covariance function of the stochastic process
X;.

ii) We denote with

f()=> aiR(si,-), n€N,a; €R, s; €T, i € {1,...,n}}

=1

S(R)::{f:T—HR

the space of finite linear combinations of the covariance kernel.
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Note that since the covariance kernel is the covariance function of a stochastic process, it
is symmetric and positive semidefinite and that S(R) is a subspace of {f : T' — R}. We
now proceed with the definition of a RKHS with respect to the reproducing kernel of a

covariance function of a stochastic process.

Definition 4.1.2.

Let T C R and X; := (X (¢))ter be a stochastic process with covariance kernel R.
By H(R) we denote the RKHS (of the stochastic process X;) with respect to the
reproducing kernel R. H(R) is defined by the following three properties:

i) H(R) € {f:T — R} endowed with some inner product (-,-)g(r) is a Hilbert

space with the induced norm || - || (),
ii) R(-,t) € H(R) for every t € T,

i) (g(-), R(-;t))a(r) = g(t) for allt € T and all g € H(R).

Note that property iii) of Definition 4.1.2 is often referred to as the “reproducing kernel”
property.

We now proceed in five steps, to construct the RKHS H(R) with respect to the repro-
ducing kernel R of a stochastic process X; as the completion of the space S(R) under a

natural inner product.

Step 1
We define a bilinear form (-, -)ggy on S(R) via

<’>S(R)S(R) XS(R) — R, (fv ) <f7 Zzazb R 57,7
=1 j=1

Here, since f and g are functions in S(R), there are n,m € N, ay,...,an,b1,...,bp €

R and s1,...,8n,t1,...,tm € T such that f and g admit the representations

Zaz (si,-) and g(- Zb R(t;,-

Note that this mapping is well-defined, as the value of the mapping (f, g) 9)s(r) does
not depend on the representations of the functions f,g € S(R). To demonstrate

this, let different representations for f and g be given, for example

Zaz R(si, ) = f(-) = Zaz R(si,-)
=1 =1
and ~
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Then, the following equation holds true:

9)s(r) = <Za1 (5i-), ) by R(t;, ')>
j=1 S(R)
= ZZ@Z bj R(Si,tj) = Zai ij R(Si,t]’)
=1 j=1

i=1 j=1
=gl = Yoo > b RiFs)
i=1 i=1 j=1
mn o
= ij Zai R(Si,tj) = ij f(tj)
j=1 =1 J=1

Step 2
The bilinear form (-, -)gr) satisfies the reproducing kernel property, since for all
f€S(R) and t € T, we have

(fC), R(t, ) sr) = <Za1 siy ), R 7)>

S(R)

Step 3

The bilinear form (-, -) g(g) defines an inner product on S(R), since

o firstly (-, -)g(r) is positive semidefinite because R(-,-) is a covariance kernel and

therefore

ZZ&Z aj R(si,sj) = (a1,...,an) (R(si, Sj))ijl (a1,..., an)T >0,

=1 j=1

holds true. Note that, since (-,-)g(r) is a non-negative bilinear form, the

Cauchy-Schwarz inequality holds, stating that

<fvg>2§<f7f><g>g> fOI‘&Hf,gES(R).



60

4. Projection techniques

Step 4

Step 5

e secondly we have
<f7f>S(R) =0 — fEO7

since the necessary condition is trivially satisfied and the inequality

P(t) = (PO Ry < (. Fsy (B, R(E ) sy Vf € SR)VEET

which holds true due to the reproducing kernel property and the applicability

of the Cauchy-Schwarz inequality, implies sufficiency.

By means of the inner product (-, -)g(r), we are now able to define a norm on S(R)
via
fllsry = \/{f Flsw), [ €SR).

As a consequence, for a given Cauchy sequence (fn)neny C€ S(R) we can conclude

that (f,)nen is pointwise Cauchy since, for all ¢t € T,

() = fm (D) = (fu(-) = Fin(-)s R(E, )3y
< (fu = Fms fr = Fmds(ry (R(E), R(E ) sn)
= ||fa = fullémy (RC.), R(t ) s(m)
= |1fn = full§(r) R(t, D)

holds true and therefore, (f,)nen is pointwise convergent. In the equation above,
the first and the last equality are true because of the reproducing kernel property

and the inequality is the Cauchy-Schwarz inequality.

Define H(R), that is, the RKHS with respect to the kernel R, as the completion of
S(R). To be more specific, define

H(R):= S(R)
= {f:T —R ‘ I (fn(-))nen C S(R) Cauchy sequence with f(+) :nli)n;ofn(-) pointwise}.

This means that H(R) contains all functions in S(R) as well as all functions which
are pointwise limits of Cauchy sequences in S(R).
Note that S(R) does not have to be complete with respect to the norm || - [|g(g). In

order to see this, we consider the process

(Xt)ter = (Z E; - ]l[i,i—‘rl)(t)) ;
teR

1€EZ
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=P(ey =1). Then

N[

where £1,9,... are iid random variables with P(e; = —1) =
R(S,t) = CO’U(XS,Xt) = ]l[LSJ{SJ‘H)(t)’ s,t € R.

and thus R(s,-) = 1|4 |s)+1)(-) holds true. Therefore,

S(R) = {Z a;R(s;, )

neN, a;,s €R, i€ {1,...,n}} = span {]l[i,iJrl) |i € Z}

with (L 41)5 Limom1)) S(r) = Lgmy(n), n,m € Z. Now consider

n o) 1

1
fn(@) == E 2]]-[1'72'—&-1)('%)’ n €N, and foo(z) = E g]l[i,z'—i-l)(x)a reR.
i=1 i=1

Obviously, f, € S(R), n € N and fo ¢ S(R), but fs € S(R) holds true, since

[ee]
1 1
1foo = fullsimy = | 22 FLuan| = 2 e !
1=n-+1 1

S(R)

Hence, S(R) is not complete in this example.

In many text books containing RKHS techniques, the inner product space S(R)
is constructed, then it is shown that S(R) fullfills properties ii) and iii) of a RKHS
space, and lastly it is claimed that the completion H(R) of S(R) is the RKHS with
respect to the kernel R. This is usually done in a similar manner to what we have
done in our construction in Step 1 through Step 5. To conclude Step 5, we now prove
that the completion of S(R) is an inner product space. We will do this thoroughly
in the proof of the theorem below which is based on Aronszajn (1950):

Theorem 4.1.3. [Aronszajn (1950)]

Let T C R, X; := (X(t))ter be a stochastic process with covariance kernel

R and let H(R) := S(R) be as constructed above. Then H(R) is the RKHS

with respect to the reproducing kernel R.

Proof: We present a full proof based on Aronszajn (1950) starting from page 160
in Section 7.3 of the appendix. O

In the remainder of this section, we consider the RKHS with respect to the reproducing
covariance kernel R of the standard Brownian motion — or the RKHS of the standard

Brownian motion for short — as an example.
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Example 4.1.4.

Let T = [0,1] and B = B, =

unit interval. Then

(Bt)icjo,) be the standard Brownian motion on the

i) R(s,t) = Cov(Bs, B;) = min(s,t), s,t € [0,1].

ii) R(s,-):[0,1] = R, t = min(s,t) =t Ly 4(t) +s-Ljsqy(t), s€[0,1].

ii) S(R) :=
{f [0, 1]—>R‘ Z a; min(s;, t nEN,aiE]R,siG[O,l],ie{l,...jn}}
=1
{f [0, 1]—>R’ Zalt ]105 t) + a; s; - L, 1]() n €N, a; €R, siE[O,l}}.

iv) for f,g € S(R) with

n
= Zai min(s;,-) and g(- Zb min(t;, -)
i=1

we have

= zn: i a; bj min(si, tj)

=1 j—1
= Zzaz bj / [0,min(s;,t; )]( )d»‘[O 1]( )
=1 j—1 o]
= /Zai'ﬂ[o,sl] Z Ljo,e;1 (1) AR,y (1)
0, =1 j=1
/ F'(@)g'(t) dWp (1)
[0,1]

= (" 9") 20 np)

since for f in S(R)

d & , " d
"(t) = p ;ai min(s;, t) = ;a min(s;, t Zaz ]1[05 (t) N[o,1]-2-S-

We now introduce the RKHS of the standard Brownian motion. This theorem and its

proof are well-known in the literature and stated here for the sake of completeness.
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Theorem 4.1.5.

Let B = (By)sc(o,1] be the standard Brownian motion and define

Hoim 701 >R £0 = [ F6)ane), e £2(0.1,0
[0,%]

as well as the bilinear mapping
<'7'>’HB : %BXHB — R? (f7g) — / f/gld»
[0,1]

Then,

holds true, where H(R) is the RKHS with respect to the reproducing kernel R of

the standard Brownian motion.

Note that all functions f € Hp are absolutely continuous functions.

Proof: We have to prove that Hp satisfies all three conditions from Definition 4.1.2.
Firstly, due to Theorem 4.1.3, we know that H(R) = W is a Hilbert space of functions
f:0,1] — R. Here, S(R) is the space we considered in Example 4.1.4. Moreover, since
{a-1pglaeR, sec0,1]} is dense in {f'| f € Hp} it follows that S(R) is dense in Hp
and therefore, Hp is a Hilbert space of functions f : [0,1] — R.

Secondly, since for all t € [0, 1]

R(',t) = min(-,t) = / ]1[0 T / t x d»( ) € Hp
[0,] 0,]
holds true, property ii) is satisfied since, furthermore,
9 2

/ <8:U min(t,a:)) dN\(z) = / L () dN(x) =t < oo.

[0,1] [0,1]
Thirdly, because for all ¢t € [0,1] and f € Hp

UO RO = [ 1) 5 minen)ane) = [ @) dNe) = 1)
[0,1] [0,¢]

is valid, the reproducing kernel property is satisfied, which completes the proof. [l
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4.2 Structure of the residual partial sum limit process

The main result of this chapter is Theorem 4.2.3, which sheds some light on the geometric
structure of the residual partial sum limit process of a generic linear regression model.

Before stating the theorem, we need the following definition.

Definition 4.2.1.

Consider a generic linear regression according to Definition 3.2.1. We then define

1) fi,n: (fl(%),fz(%)aafl(l))T’ izlv"'vpvneNa

i) Wy, :=Im(X,) =span{fin,..., fpn}, mneEN,

iii) hfl(u) o= f fl(t) d»‘[O,l](t)a u e [O, 1], U= 1, ce ey Dy
[0,4]

iv) Wy, = span{hys (-),..., hy, (") }.

Note that for n € N, W), is a subspace of R" and W4, is a subspace of Hp. Furthermore,
as usual, we denote by W the orthogonal complement of W, with respect to the Eu-
clidean inner product, and by WﬁB, we denote the orthogonal complement of Wy, with

respect to the inner product (-,)y,.

The following lemma is easy to verify and gives a representation of projections onto finite
dimensional subspaces of Hp.

a a
—

Let g1,...,9p, p € N, be linearly independent functions in Hp. For ¢ € {1,...,p},
let g; be a function in £2([0,1], Mp1]) that satisfies

gilt) = / g(s) MMy (s), te0,1].
[0,t]

Then the mapping
PTspan{gi,....gp} * Hp — HB,

defined by

p -1 (R)
g1 91

prspan{gl,,..,gp}<h)(’) = (917 CRO0 79}7)(’) (937 00 7g;> d»‘[O,l] dh,

011 \ 9p 0.1 \ 9

is the orthogonal projection onto span{gi,..., gy} in Hp.
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As a consequence of the lemma above, the orthogonal projection Prws,, (h) of a function

h € Hp onto Wy, can be represented as

-1 (R)
f1 fi
prive, (W() = (hgu, -y, ) () / G £ dne / | an
0. \ Jfp 01 \ fp
T —1 (R)
| [rmaneno | | [ 1o wano | [ oo,
[0,] [0,1] [0,1]

Based on this, we now extend P Wy, © Hp — Wy, to P Wy, © C0,1] — Wyy,
according to the construction by Bischoff (2002), by extending the inner product (-,-)3,

of Hp to a bilinear mapping

(R)
(oY BVp (s xcoa] © BVD(Hp) x C[0,1] — R, (h,u) — /h’du.
[0,1]

Here,
BVp(Hp) := {h € Hp|h' is of bounded variation}

and due to partial integration (see for example Satz 6.3 in Walter (2002))

(R) (R)
/ Wdu = u(1)R' (1) — u(0)R(0) — / wdh!

[0,1] [0,1]

holds true. Thus, one obtains

(7 ) Bviy (3) <o, )] < Ntlloo (1B ()] + 1B/ (0)] + |7 [lv) < oo,

where |1/l denotes the total variation of A’, which is finite as h € BVp(Hp).

Due to the technicality that Wy, = span{hs(-),...,hs,(-)} and hy, € BVp(Hp),i =
1,...,p (since the regression functions fi, ..., f, are of bounded variation), it suffices to
show that

() BVb(Hs)xCpo,1]: BVD(HpB) x C0,1] — R

is an extension of the original inner product
<'7 '>HB: 7-[B X 7—[B — R7

restricted to BVp(Hp) X Hp in order to extend the domain of the projection Prwy,, -
Hp — Wy, to C|0,1]. We thus only have to show that

(5 01 BVD () <ty = () BVD (Hp)xC[0,1]| BVD (M) x i
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holds true. The above equation indeed holds true, since for h € BVp(Hp) and u € Hp

one gets

(hyw)rnp = /h/(t)ul(t)d»\[o,l](t): /h'(t)U'(t)d»[o,u(t)

[0,1] (0,1]

(R) (R)
:/hﬂmﬁﬂﬁz/hﬁWW@Zmﬁhwmwwpm
[0,1] [0,1]

Note that in the above chain of equations, we used Theorem 5.1.2 from Strook (1994) to
prove the equality between the Riemann-Stieltjes integral and the measure integral and
then, we applied Theorem 6.4 from Walter (2002).

Now, using the bilinear mapping (-, -) gy, (Hg)xC0,1] instead of (-, Y, enables us to define
the operation pryy,, _ : C10,1] — Wy, similarly to Lemma 4.2.2.

We can now identify the residual partial sum limit processes, in a generic linear regression
model, with the orthogonal projection of a standard Brownian motion onto the orthogonal
complement of the space spanned by the integrated regression functions within the RKHS
associated to the standard Brownian motion. This limit process, for n — oo, is obtained
as the weak limit of the partial sum operator evaluated at the orthogonal projection of
the regression outcome onto the orthogonal complement of the space which is spanned by
the columns of the design matrix.

The following theorem makes this statement mathematically precise:

Theorem 4.2.3.

Let a generic linear regression model according to Definition 3.2.1 be given. Then,

for the residual partial sum process, it holds true, that

TTE)() = S=Trwg (G)C) 2 oy (BO) in €0, 1]

n—oo

Proof: As usual, pryy1 = id — pry, and Prwg = id — prw,,,, Thus, ﬁTn(ernL Yo) ()
is in fact the residual partial sum process ﬁTn(én)(-), which has been introduced in

Section 2.2.1, since
En =Yy — Xpfn =Yy — Xp(X1 X)) ' XY, =Y, — pr, (Vo) = proy (Vo)
holds true. Therefore, Corollary 3.2.2 applies and yields the convergence

\;ﬁTn(én)(-) 2 By, () i Cl0.1]
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Furthermore, the equation

prvy (BO)

T —1 (R)
=56) - | [roanen] | [1Om 00| [rode @y
[0,s] [0,1] [0,1]
T —1
= B(s) — f(t) dRp,1(2) F(&) 7 () dWpo (1) f&)daB(t)  (4.2)
(0,5] 0,1] 0,1]

= Bf:»\[o,u ()

is satisfied. Here, equation (4.1) is valid, according to Lemma 4.2.2 and the extension of
the projection prw,, , from Hp to C [0,1]. To see that equation (4.2) is satisfied, we refer
to equation (2.15) in Section 2.2.1 and the fact that

(R)
1B = 10 BO) + [ 10)aB0
—~—
[0,1] =0 [0,]
holds true. This completes the proof. O

Note that although Theorem 4.2.3 looks similar to Theorem 3.2 in Bischoff (2002), they
differ in their assumptions. To be more specific, in Theorem 3.2 in Bischoff (2002), in ad-
dition to a generic linear regression model (that is a linear regression model with uniform

fixed design), it is assumed that the regression functions are continuous.






5 Heteroscedastic linear regression models

The effects on residual CUSUM processes and goodness-of-fit tests of heteroscedastic er-
rors in linear regression models have already been studied in the literature.

The main results in the literature show that CUSUM processes of heteroscedastic re-
gression errors converge in distribution to time-transformed Brownian motions and that
residual CUSUM processes of heteroscedastic linear regression models converge to projec-
tions of time-transformed Brownian motions onto RKHS. See for example Remark 4.5 in
Bischoff and Miller (2000) or MacNeill, Mao, and Xie (1994), where limit processes for in-
dependent heteroscedastic errors are given in one-dimensional and spatial regression time
series models and limits of residual partial sum processes are computed in some special
cases. More recently, in heteroscedastic spatial regression models, limit processes have
been determined for partial sum processes of independent errors as well as for residual

partial sum processes in Somayasa (2011).

This chapter builds on the previous findings of this thesis and addresses the work of
MacNeill, Mao, and Xie (1994). We will state and prove functional central limit theorems
for the partial sum processes of heteroscedastic and independent regression errors (see
Theorem 5.0.2) as well as for residual partial sum processes of heteroscedastic regression
models (see Theorem 5.0.3). Although functional central limit theorems in the given sit-
uation are already known and intuitive to some extent, the proof of Theorem 5.0.2 that
we give in this chapter is novel and utilises theorems of Prokhorov and Rubin. Further-
more, we prove Theorem 5.0.2 for triangular arrays of random variables and under slightly
weaker assumptions than those implicitly made in MacNeill, Mao, and Xie (1994) about
sequences of random variables. See Remark 5.0.1 in this regard. On the one hand, the
proof of Theorem 5.0.3 relies on Theorem 5.0.2. On the other hand, it generalises Theorem
3.2 and its proof in Bischoff (2002).

To be more specific, we consider a heteroscedastic generic linear regression model. This

model has the form
Y,=X,6+e,, neN, (5.1)
where
i) [0,1] is the experimental region,
ii) B=(B1,-..,5p)" are the unknown regression coefficients,

i) ((£)™1)nen C [0,1] is the triangular array of equidistant design points whose cor-
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responding sequence of empirical distribution functions converges uniformly to the
distribution function of the uniform distribution on the unit interval, i.e., the identity

function on [0, 1],

iv) X,, = (fr (%)):L:l le is the design matrix where the regression functions fi,..., fp:

[0,1] — R are of bounded variation and linearly independent in £2([0, 1], No,1])

v) (e(t))ie[o,1) is the random process of regression errors with E(e(t)) = 0 and Var(e(t)) =
o2(t) for all t € [0,1]. Here, o : [0,1] — (0,00) is a function of bounded variation.

Furthermore, for alln € Nand i = 1,...,n, the regression errors & (%) ,E (%) oo (1)
are assumed to be independent and we define ¢, := (5 (%) ,E (%) ey € (1))T,

vi) we additionally suppose that for some § > 0 there is a C' > 0 with E(|e (t)|>T%) < C
for all ¢ € [0,1]. This additional assumption is further discussed in the following

remark and is needed to ensure that the Lindeberg condition is satisfied.

Remark 5.0.1.

In Chapter 3 of MacNeill, Mao, and Xie (1994), the following assumptions are made:

For X1, Xs,...,X,, a sequence of independent observations with
E(X;))=pcR and Var(X;) =o? € (0,00),

the partial sums are defined as

Sk:Z(Xi—,u), k=1,2,...,n,

and heteroscedasticity is characterized via

r-1(2)
n

where the positive function h(-) is of bounded variation on the interval [0,1]. Under
these assumptions, Theorem 1 of MacNeill, Mao, and Xie (1994) claims that the
partial sum process {Op,(t),t € [0,1]}, whose paths for £ € 0,1,...,n have the
values %Sk at the point % and are linear in between these points, converges weakly

to a time-transformed centred Brownian motion

()
B / h(z) da

[0.,2] t€[0,1]
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To prove this theorem, it is argued that

e firstly, the Lindeberg theorem and the Cramer-Wold device can
be used to demonstrate asymptotic multivariate normality of the (5:2)

finite-dimensional distributions (fidis) of ©p,,,

e secondly, if one lets K € R be a bound for h(-), then one can show that

B(—isw-suy) <x2fk-2f (53)
Vno J - n on ’
holds true for k,j € {0,1,...,n}, which implies that the partial-sum process
is tight.

Ultimately, this proves weak convergence.

In contrast to MacNeill’s assumptions, we additionally supposed for model (5.1)
in Assumption vi) that for some § > 0 there is a C' > 0 with E(|e()|**9) < C for
all t € [0,1]. Therefore, at first glance, it seems that the assumptions we made in
model (5.1) are stronger than the ones made in MacNeill, Mao, and Xie (1994)
or Somayasa (2011) (who, for the proof of Theorem 2.1, refers to the proof of
MacNeill, Mao, and Xie (1994).

However, we will now argue that the implicit conditions of MacNeill, Mao, and Xie

(1994) are in fact more stringent.

e Concerning (5.2), the Lindeberg theorem does not have to apply:

The Lindeberg theorem states that the central limit theorem applies to a
sequence of independent random variables (X, )nen (see for example Satz
4.1.8 in Génsler and Stute (1977)) or a triangular array of random variables
((Xni)?-1)nen (see for example Satz 15.43 in Klenke (2013)) that are centred

and normalised, if the condition

1 & ,
(sgl;/]l[ﬁsn,oo)(‘Xi’) : Xi aP m 0,

known as Lindeberg’s condition, is satisfied for every € > 0.

Solet h =1, n € N n > 2 and Uy,...,U,, Vi,...,V, be stochastically
independent with

1 1
Ul,Vleer<2> and Ui,V}vaer<,>, 1=2,...,n.
i
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For i = 2,...,n, we then define

where

1 1\ /2
)\1::\/5 and )\i::<2~,-(1—,>> .
1

It now holds true that E(X;) =0, ¢ € {1,...,n},

2
Var(X;)=2-2- <> =1=h(1),
and due to independence

Var(X;) = A2 - Var (U; — V;) = X2 - 2- Var (U;)

We thus have

and therefore, the random variables X7, Xo,..., X, satisfy the conditions
MacNeill, Mao, and Xie (1994) made. However, if we define for n € N and
e>0

Ine={i€{l,....n} : X} 1, o) (1 X:]) = X7}

and pick ¢ € (0, %], it holds true that, since | X;| = 0 or |X;| = A, \j > &5y, is
sufficient for ¢ € I,, .. Therefore, for n > 2 and ¢ € (O, %],

|In75’ 2 |{Z € {1,,71} : >\’L Z 55n}|

> {ie{la---v”} : (21 <1_1>>1/QZ{LH

>

is valid. We thus get

1 < 5
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— 32 > /X2 Lo o0 (1K) dP+ Z Z /X A1y, o0 (1 Xil) aP

n ZEI Zgln 5

Z Z /XQdP = Z Var(X
ze[ng 2617“;
1
n 2 2 nboco

which means that Lindeberg’s condition is not satisfied.

Note that, since Feller’s condition

Var(X;)
max =

1
ie{l,..n}  S2 n n—oo

0

(see for example Satz 4.1.20 in Génsler and Stute (1977)) is satisfied,
Lindeberg’s condition is sufficient and necessary for the applicability of the
central limit theorem. Hence we know that in this situation, the central limit

theorem also does not apply.

e Concerning (5.3), at least E(X}) < oo for all i € N was assumed implicitly:

Forn>2and j<ke{l,...,n},

4 k 4
1 ) 1
E(\/n—a{s(k) - S(])}> I 3,2 l;rle

k k k
:n2102E Z Xit+ Z Z XPX,

I=j+1 I=j+1m=j+1
m#l
k
— o > B(x/ S Y E(E(K)
n2g2 £ n202
I=j+1 l=j+1m=j5+1
m##l

holds true. Thus, for (5.3) to be satisfied — as stated in MacNeill, Mao,
and Xie (1994) — it at least has to be assumed that E(X}) < oo for all
i =1,...,n. This condition is obviously stronger than our Assumption vi) in
model (5.1). As we will see in (7.92) each of these additional assumptions will
lead to the fulfilment of the Lindeberg condition.

The following theorem is an invariance principle for the partial sum processes of inde-
pendent heteroscedastic regression errors. We present a new proof based on results of
Prokhorov and Rubin.
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Theorem 5.0.2.

Let a heteroscedastic generic linear regression model as described in (5.1) be given.
Then,
1 D

L) () 2 B | 0/] o2() Ao (t) | in o, 1].

Proof: The proof of this theorem is deferred to Section 7.4 of the appendix starting at
page 164. g

The following theorem is a functional central limit theorem for the residual partial sum
processes in a heteroscedastic generic linear regression model. The theorem is new in the
literature, as it generalises Theorem 3.2 of Bischoff (2002) for regression functions that no

longer have to be continuous.

Theorem 5.0.3.

Let a heteroscedastic generic linear regression model as described in (5.1) be given.
Let Wy, be as defined in Definition 4.2.1. Then,

1

L0 o g, [ B [ 000
[Oa]

-1

5| [Pranen®]- | [ O /f oy (0| x

[0,] [0,] [0,1]

. / F()dB / o?(u) dy(w)| in OO, 1.

[0,1] [0,¢]

Proof: The proof of this theorem is deferred to Section 7.4 of the appendix starting at
page 173. g



6 Goodness-of-fit test in linear regression

So far, we have mainly occupied ourselves with the task of determining residual CUSUM
limit processes in regression models with either fixed or random designs. However, lit-
tle has been said about the application for this work, which is the desire to construct
goodness-of-fit tests for linear regression models in order to decide whether a given family
of functions is appropriate to model the relation between the covariables and an outcome.
In this chapter, we are going to discuss a fundamental problem of such goodness-of-fit tests
when the estimation of parameters is necessary. This is often referred to as the “Durbin
problem” (see for example Koenker and Xiao (2002)). This problem did not initially arise
in the context of goodness-of-fit tests in regression models, but in the context of testing
whether or not a sample of random variables was taken from a distribution belonging to
a particular class of distribution functions.

In the later context, tests based on the empirical distribution functions of random samples
are considered and therefore, empirical processes are studied. As a consequence, we will
start our exploration of the Durbin problem in Section 6.1.1 in the context of empirical
processes. We will then — also in the context of empirical processes — briefly introduce
a well-known way of dealing with such problems that goes back to Khmaladze (1980) and
Khmaladze (1982) (see Section 6.1.2) before, in Section 6.2, we show how Stute, Thies, and
Zhu (1998) have applied this solution to the context of goodness-of-fit tests in regression
models. Finally, in Section 6.3, in the situation of linear regression models, we state and
prove a theorem that specifies the interpretation of the Khmaladze transformation as a

continuous-time backwards recursive least-squares method.

6.1 A brief history of goodness-of-fit tests

The task of conducting goodness-of-fit tests initially arose in the context of testing whether
or not a sample of random variables was taken from a distribution belonging to a particu-
lar class of distribution functions. In this context, tests are usually based on the empirical
distribution function of a random sample and empirical processes are therefore examined.
Consequently, we will begin our exploration of goodness-of-fit tests in the situation de-
scribed above by drawing attention to a classical problem in goodness-of-fit tests, the
so-called “Durbin problem”, before introducing a famous solution to this problem, the

Khmaladze transformation.
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6.1.1 Durbin problem

Consider the following problem. We are given a random sample
X1,.... X, BF pneN,
where F' is an unknown distribution function. The task is to construct a distribution free

test statistic in order to perform a goodness-of-fit test for the hypothesis
Hy: FeF vs. H :F¢F.

Here,
F:={F(-,0):R—10,1]|0 € ©}, © C R open,

is a family of distribution functions, where F'(+, ) is a distribution function that is indexed
and uniquely identified by a parameter 6 € ©.

Test statistics used to perform the above test require an estimation of the unknown pa-
rameter 6. See for example the test statistic V, 5 (z) in equation (6.4) on page 78. It is
therefore natural that the distribution of the teslc statistic may depend on true parameter
0y € © (which exists under Hp). Furthermore, although only of minor consequence for
certain practitioners, test statistics may also depend on model characteristics, namely the
family of distribution functions F.

Nevertheless, it is desirable that the distribution of the test statistic (or at least its asymp-
totic distribution) does not depend on 6y or, depending on the concrete application, does
not depend on model characteristics. If this were not the case, critical values would not
be calculable or would vary from one concrete test to another and therefore would have to
be computed separately for each concrete test, which is rather impractical. Tests or test
statistics are referred to as “distribution free” — or asymptotically “distribution free”
— if estimated parameters or model characteristics do not influence the test statistics

(asymptotic) distribution.
Throughout Section 6.1 we assume that the following regularity condition on F holds:

F(-,0) is absolutely continuous with respect to the Lebesgue-measure for all § € ©
(A1) and
F(-,01) and F(-,02) are mutually absolutely continuous for all 6y, 6, € O.

Example 6.1.1.

Let us consider the most simple special case of the test scenario from above. That
is, let Xq,..., X, g F,n € N, and F = {Fy}, where Fy : R — [0,1] is a known
distribution function. We call such a hypothesis as a “simple” hypothesis, as in this

case F = {Fp} for a known distribution function Fy. We want a vehicle to decide
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whether
H():F:F() or H1:F75F0.

In order to quantify a deviation from Hy, we consider the empirical process

Vo(z) := v/n (F(z) — Fy(z)), =z €R, (6.1)

where F,, is the empirical distribution function of the random sample Xi,..., X,
and use functionals of it to generate test statistics. According to Assumption (A1),

Fp is absolutely continuous. Thus, by carrying out the substitution
t=Fy(x), zeR,

we obtain on the one hand, under Hy, i.e., under F' = Fj, the transformed sample

Ui,....Uy, S U, 1]

belonging to the initial sample X;,..., X, id Fp by the relation

(see Lemma, 7.1.2 in this regard) and, on the other hand, the relation Fy(F (t)) =t
holds true for all ¢ € (0, 1), according to (7.40) of Lemma 7.1.1. We can thus define

the uniform empirical process
Vn(t) = \/ﬁ (Fn(t) - t) , L€ [Oa ”7 (62)

o n
where F,(z) := %Z —o0a)(Ui), # € R, is the empirical distribution function

corresponding to the_random sample Uy, ..., U,. Note that under Hy, we have

Valt) = Vi (i S0 oo (U) - t) = Vi (jl S0 oo (Fol(X0) t)
=1 =1

S 5

1 n
" (n 2 ooy (1)) = t) (6-3)
=1
n (Fn

(Fy (1) = Fo(Fy (1)) = Va(Fy (1)

I
=

(),

where # = F; (t) € R. Therefore, V,, is suitable to detect deviations from Hj.
Note furthermore, that the distribution of V,,(-) does no longer depend on the
hypothesised distribution function Fj, that is, on the model, since Fy is not a part

of V,, any more. As a consequence, V, is suitable to construct distribution free test
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statistics like

Tks := sup ‘Vn(t)
te(0,1]

)

used in the Kolmgorow-Smirnov test or

(R)

J@M:/@mm%u

[0,1]

used in the Cramer-von Mieses test. To see how such a test is constructed, remember
that the uniform empirical process V,, converges on C[0,1] in distribution to a
Brownian bridge B (see for example Billingsley (1968) Theorem 13.1, p. 105).
Thus, continuous functionals of V,, converge to the corresponding functionals of
BY due to the continuous mapping theorem. Therefore,

co,1]

Txs —— sup ‘Bo(t)|
=00 4el0,1]

as well as
(R)
C[0,1
Toos 2% [ (B°)* .
[0,1]

and since both limit distributions are well-known, critical values are already

available.

In the general case, the class of hypothesised distribution functions was F := {F(-,6) : R —
[0,1] |6 € O©}. Thus, given the hypothesis being true, there is a parameter y € © C RP
with F'(z) = F(x,0). Since the value of 6y is unknown, it has to be estimated from the
given data, which complicates the investigation substantially.
In order to quantify a deviation from Hj, empirical processes are again considered. How-
ever, now there is no hypothesised distribution function Fy to compare with the empirical
distribution function Fj, of the random sample Xi,...,X,. Thus, within F we estimate
a distribution function F(z,6,) and compare it with the empirical distribution function
F,,. In doing so, we get the so-called parametric empirical process

V, 4, (@) =+vn (Fn(x) — F(x, én)) , zeR, (6.4)
where 6, is an estimator with values in ©, which we are going to specify in Assump-
tion (A2) in a moment and again use functionals of this empirical process to generate
test %tics. Analogously to the simple hypothesis case, it would be convenient to
have a uniform version of the parametric empirical process (see equation (6.2)), which is
defined on [0,1] and whose distribution does not depend on the hypothesised family of
distribution functions F. To achieve this, in the simple hypothesis case, the substitution

t = Fy(x), z € R, was performed, but now there is no hypothesised distribution function
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Fp, but a whole hypothesised family of distribution functions F. Therefore, we take the

estimated distribution function F(z, én) and conduct the substitution

In doing so, we define the uniform parametric empirical process

Voo ()= \/H(Fn(t) —t), teo,1], (6.5)

"wn

R n

where F,(z) :== 1 3> 1o (F(Xi,0n)), © € R, is the empirical distribution function of
=1

the random sample

F(X1,0,),...,F(X,,0,).

Note that different to the simple hypothesis case, where the distribution of the uniform em-
pirical process V,,(t) did not depend on model characteristics, the distribution of Vn,én (+)
depends on the distribution of the random sample F(X1,6,), ..., F(Xy,6,). Similar to
equation (6.3), we again have for ¢t € [0,1] and @ = F~(¢,6,)

Vn,én (t) = \/ﬁ (:L Z]l(—oo,t] (F(Xla én)) - t)
i=1

\/>< Zﬂ( oo, F— th)]( ) F(F_(tvén)>én)>
\f

(Ful@) = Fla62)

In order to determine the asymptotic distribution of Vn 6. the following two assumptions
are made:
(A2)

Under the model hypothesis Hp, an estimator 6, exists for the true but unknown

Ao, which, for n — oo, admits the expansion

> h(Xi,60) + op(1).

\/ﬁ (én - 00) = \}ﬁ
=1

Here, h(x,0) is an RP-valued function with
i) E(h(X,60y)) =0,
ii) Cov(h(X,0p)) is existent,

wherein X ~ F.
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(A3)
F(z,0) is differentiable with respect to 6 for all z for all § € K and the vector-valued
function OF (. 6)
x?
F(t:0) = == p-(ua)

is continuous in (¢,6) for all # € K and all ¢t € [0, 1], where K C O is the closure of
a neighbourhood of 6y € ©. Note that it was assumed that © C RP is an open set.

Under the Assumptions (A1) - (A3), it can be shown that under Hy,

V5. () ——= Vyg,() inDI0,1], (6.6)

n—oo

where Vg, is a zero-mean Gaussian process with covariance function

(R)
Cov(V.0,(t1), V .0, (t2)) = min(ty,t2) — t1tg — fL(t1,60) / h(F~(s,00),00)ds
[0,t2]
(R)
— T (ta,00) /h(F(3,00),00)ds+fT(tl,Ho)Cov(l(X,Qo))f(tg,ﬁo). (6.7)
[0,t1]

A first proof of (6.6) and (6.7) is due to James Durbin, see Durbin (1973b) Theorem 1,
page 281, and the following corollaries on page 282.

Considering the limit process (Vg,(t)) in (6.6) and in particular its covariance

te(0,1]
structure (see (6.7)), it becomes apparent that its distribution depends on the family of
hypothesized distribution functions F. Furthermore, the true but unknown parameter 6,
also occurs in (6.7). It follows that (V g, (t))te[o L

used as test statistics are not asymptotically distribution free. This leads to the already

and functionals thereof that may be

mentioned problems in testing such parametric hypothesis, which we referred to as the

“Durbin problem”.

Remark 6.1.2.

Note that Assumption 1 and Assumption 2 from Section 2.1 are very similar

to Assumptions (A1) and (A2) from above. From a historical perspective, this is
not at all surprising, since the goodness-of-fit tests for regression models developed
by Stute, Thies, and Zhu (1998) were derived from the goodness-of-fit tests for the

distribution function of random samples.
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6.1.2 Khmaladze transformation

A first proposal to get around the Durbin problem was made by Durbin (1973a), see p.
59, who suggested to randomly split the sample in halves and take one half to estimate
the unknown parameter 6y and, then use this estimate — which now is handled as if it
were known — together with the second half to construct a then distribution free test for
Hy. Apart from the loss of power, the downside to this procedure is the fact that test

results will rely on which particular half of the sample was used for estimation.

In order to find a way to circumvent the Durbin problem, in a far-reaching paper, Khmal-
adze (1982) suggested a martingale transformation of a slightly different time-transformation
of the parametric empirical process

V.5 (@) =vn (Fn(a:) - F(x,ﬂn)> , reR,

n

which he had already examined in a preceding paper. To be more precise, in Khmaladze

(1980), he investigated the process

Un,én (t) = \/ﬁ (Fn(t) - F(F_ (tv 90)7 én)) ) le [Oa 1]7 (68)
arising from V,_ ;- (z) by inserting t = F'(x,60p) under the assumption that Hy holds true,
since then there is 6y € O such that F(x) = F(x,0y) holds true. See Example 6.1.1 for
the definition of F,,.

In contrast, Durbin (1973b) investigated the uniform parametric empirical process
Vo () =vn (Fn(t) - t) , telo,1],

which originates from V, ; (z) and the substitution ¢t = F(z, 0,). Note that again, and

similar to (6.3), there is

U,s,t) =V, 5 (z), forz=F"(t6)andte01]

"wn

Therefore, Un

though Uné is, like Vné , a uniform parametric empirical process originating from

o, 18 suitable to detect deviations from Hy, too. Note furthermore that,

V,.4, (@) via a substitution, Un,én is not (in practice) computable, unlike V, 5 (z), since 6y

is unknown.

Making the Assumptions (A1) - (A3) (see Section 6.1.1), Khmaladze then shows that
under Hy

n—o0

1
T . () =2 BO() /hs 60) dB (s) = Urgy() in £2([0,1, M),  (6.9)
0
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where
e 6y € O is the true but unknown parameter for which F'(z,6y) = F(x) holds true,
e 0, is an estimator for fy satisfying (A2) from Section 6.1.1,

e BY = (Bo(t))te[OJ] is the Brownian bridge on [0, 1],

ft,0) = W is a continuous vector-valued function (see (A3) in Sec-
tion 6.1.1),

e h(z,0) is vector-valued function (see (A2) in Section 6.1.1),

1

e [ h(s,0y)dB°(s) denotes the stochastic integral with respect to the Brownian bridge
0
BO.

Additionally, Khmaladze shows that U s g, is a zero-mean Gaussian process with covariance

function
(R)
COU(UﬁgO (tl)aﬁfﬁo (tg)) == min(tl, tg) - tltg - fT(tl, 90) / h(F_(S, 90), 90) ds
[O,tz]

(R)
— [T (t,00) x /h(F‘(s,@o),Oo)ds+fT(tl,Go)Cov(l(X,Ho))f(tg,Ho). (6.10)
[0,t1]

For proofs of (6.9) and (6.10), see Khmaladze (1980), pages 287 to 289.

Considering (6.6), (6.7), (6.9) and (6.10), it becomes apparent that

1
Vfﬂo(') :Ufﬁo(') = /h s,00) dBO (s) (6.11)
0

holds true, since both are zero-mean Gaussian processes with the same covariance function.
We thus have

too. Test statistics based on Un §, are not asymptotically distribution free, as the distri-
bution of Ug, depends on model characteristics. Note that unlike Khmaladze states in
Khmaladze (1980), page 288, Durbin (1973b) has not shown (6.12) but has shown (6.6),

which initially is a different statement.
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Khmaladze (1982) proposed to transform the uniform parametric empirical process Un,én
into a martingale in such a way that (under Hy) the distribution of the resulting martingale
converges weakly to the distribution of a standard Brownian motion and thus does not de-
pend on these model characteristics. This transformation therefore is called “Khmaladze
martingale transformation” — or briefly just “Khmaladze transformation”— and denoted
by K in this section.

On the following pages, we will approach the Khmaladze transformation in two major steps
and a variety of smaller steps, where, for the sake of brevity, we mostly give references to
proofs. In the first step, the Doob-Meyer-Decomposition of the uniform empirical process
Va(t) in the simple hypothesis scenario (see Example 6.1.1) will be given and used as a
blueprint to determine the martingale part of the uniform parametric empirical process

Un g, in the general situation in Step 2.

Step 1

i) The paths of the empirical distribution function F,, are bounded and monotonically

increasing. Consequently, (Fn(t)) is a submartingale with respect to the nat-

tel0,1]

ural flow of o—algebras (Afn,t> , where Az =0 (Fn(s)| s <t). Therefore,

te€(0,1]
the Doob-Meyer decomposition yields a representation

Fn(t) = An(t) + Mn(t)a

where M,, is a martingale and A,,(¢) is a predictable (i.e., in our case left-continuous),
monotonically increasing process starting at 0 and often referred to as the compen-
sator. See for example Beiglboeck, Schachermayer, and Veliyev (2012). To be more
specific, F,, admits the following representation:
(B _
o) = [ 1) g v, re o),
[

1—s
0,4]

where

/ 1— Fy(s) s
1—s
[0,¢] t€[0,1]

is the left continuous increasing compensator and

o
M, (t) == Fp(t) — _1_’;@ ds
[0,¢]
is a martingale with respect to (-AF t>t .t See Khmaladze (1982), p. 242 for a
n, elo,

proof.
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ii)

iii)

iv)

As Khmaladze (1982), p. 243, has shown, the uniform empirical process V,,(t) (see
(6.2)) admits the representation
(R)V
Vn(t):—/ Vin(®) 4o 4w, (6.13)

1—s
[0,¢]

where W, (t) := y/n M,(t) is a martingale with respect to the filtration <-AV t) o
n, te ,

with AVn,t = o (Vn(s)\ s < t) =0 (Fn(s)\ s < t). Therefore, (AVn, —

t) tef0,1]
(Afmt) te0,1]

For B = (B(t)):e0,1], @ standard Brownian motion, the process

t

BY(t) :=(1—1)
[
0

is a Brownian bridge. Here, [ i dB(s) denotes the stochastic integral with respect
0

€10,1)

to the standard Brownian motion B. Moreover, B? is the solution of the stochastic

differential equation

dX; =

X
= tt (t), tel0,1) with Xy = 0.

Thus,

(R)
), telo,1), (6.14)

[0,¢]

is satisfied, which is the Doob- Meyer decomposition of the Brownian bridge with the

predictable compensator A(t) = — f ds and the Brownian motion B(t) as the

[0,¢]
martingale part.

Comparing equation (6.13) and equation (6.14) and taking into account that V,, con-
verges in C[0,1] (and therefore also in D[0,1]) in distribution to B (see Billingsley
(1968) Theorem 13.1, p. 105) it is natural to guess that

Wi (t) % B(t) in D0, 1]. (6.15)
Indeed, equation (6.15) holds true, which has been proven, for example, by Aki
(1986), pages 2 - 5.

Using this knowledge in the situation of Example 6.1.1, page 76, we now know that
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under Hy : F' = Fy,
(R)V
(f((vn)) 0 =7Vat)+ [ 2 g —wiw) —2 B@) i D, 1]
1—s n—0o0
[0,7]
Therefore, using the continuous mapping theorem, test statistics based on K (V) can
be generated which are asymptotically distribution free and of known distribution
in order to test the simple hypothesis
Hy: FeF vs. H1F¢.7:
Step 2

i) In the general situation, it would be desirable to find a decomposition for the limit

process Vﬁgo (t) of the uniform parametric empirical process Un,én (t) similar to the
decomposition we found in Step 1, equation (6.14) for the Brownian bridge B®, which
is the limit process of uniform empirical process V,,(t). Khmaladze (1982), p. 250
f., showed that under (A1) - (A3) from Section 6.1.1 with

)
h(t, 00) = F'(t.60) ::W(;fo) and /f’(t,@o)f’T(t,Go)dt:Ip, (6.16)
01

where I, is the p X p unit matrix and under the additional assumption

(A4) The functions fi(t,600), ..., f,(t,600) € L%([o, 1]MNo,1)) exist and

are linearly independent in a neighbourhood of ¢ = 1.

the decomposition

-1

Vyao(t) = B(t) + / 17 (s,00) / / (v,60) /"7 (0, 600) dv | f'(r.00) dB(r) ds,
0

(0,¢] [r:1]

holds true for ¢ € [0,1). Thus, V4,(-) has the martingale part

and the compensator

(R)
= / f/T(Sv 00

[O vt] 7—7

@
D
O
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<
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ii)

iii)

In the same theorem, Khmaladze states that this relation is invertible, so that for
t €1[0,1), also

B(t) Vfgo /f s,6p) /f v,6p) [ (v,6p) dv /f’(T, o) deng(T) ds,
0

is valid. Here, [ f'(7,00)dV sg,(7) is a stochastic integral and B = (B(t))e[,1] i
0

a Brownian motion with respect to the filtration (-AVf . > , where AVf ot =
00 00

o t)te0,1)
o (Vf’90(8)| s < t).

Because of the identity (6.11) and the addition of (6.16) to (A3) in Step 2 part i),

we have

1 1 1
/f’ (1, 60) dego():/f’(t,Ho)d BO(-)—fT(-,90>/f’(s,eo)dBO(s) )
0 0 0

1 (R) 1

:/f’(t,eomB“ /f (t,60)d | £7(,60) /f’890 )dB(s) | (1)

0 0,1] 0

1 1
_/f’(t,eo )dB(t) — I, /f’ (t,00) dB°(t)
0 0

Therefore,

S

/f(t 00) dV 1.6, (t) /f (t,60) dV,(t), s€[0,1],

0
holds true. As a consequence, for ¢t € [0,1), equation (6.17) is equivalent to

-1

B(t) = Vg, (t) /f’T 5,6p) /f v,00) ' (v,00) d /f 7,00) dV 1.9, (7) ds.

[s,1]
(6.18)

Considering equation (6.18), the right hand side can be interpreted as a transfor-
mation of Vg, (t), which is the limit process of the uniform parametric empirical
process Un,én (t). It is natural to guess that the same kind of transformation applied
to the uniform parametric empirical process Un,én (t) itself is also (asymptotically)

distributed like a Brownian motion. To investigate this closer, Khmaladze (1982),
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page 253, defined for t € [0, 1),

(R) (R) 1
W (t) := Unﬁn t)— [ g’ T (s, 00) /g (v,00)g' T (v,6) dv /g'(T, 6o) dU 8, (1)ds
[0,¢] [s,1] S

(6.19)

__ t
Here, [ ¢/(7,60)dU, ; (7) is a stochastic integral, g(t,6p) := r-1/2 (f(t 0 > with
o » V0

1 0 1 .
F = ( 7) 9 7 = (7@,])§JJ:1 a“nd f)/’t,j = ffz/(ta 00) f‘le(taeo) dt? Z?] = 17 e 7p'
0

Furthermore, the following additional assumptions are made:

(A4’) The functions f!(t,6p) := 9filtho) ~j — 1, .. p, exist, are elements of £2(10,1], Mpo.17)

ot
and 1, fi1(¢,00), ..., fp(t,00) are linearly independent in the neighbourhood of
t=1.
(R)
(A5) [ sup {yf'(t, 0) — F/(t,00)> | 0 € ©, ST 16; — 04 < g} dt —— 0.
[0,1] e—0

(A2’) The estimator is square root consistent, which means that /n(6, —6y) = Op(1)
for n — oo. This is a weaker assumption than (A2) from Section 6.1.1, but

strong enough to ensure — together with (A5) — that

Uné (t) = Vn(t) - fT(tv 90) \/ﬁ(én - 90) + Tn(t)a

»Un

1
with [ 72 (t) dt = op(1), holds true for n — co.
0

Note that due to

f'(t,00) = <aaelog ;F) (F~(t,6p),00), (6.20)

1'(t, 6p) is the score function of the model family F. Thus 7 is an augmented version
of the Fisher-information matrix of the model family F. For a proof of (6.20), see
Lemma 7.5.1 in Section 7.5 of the appendix. For some theory on score functions and
the Fisher-information matrix, see for example Ly et al. (2017). Note further that
Wi (t) as defined above is different from the W, (¢) defined in Step 1. Nevertheless,

we use the same notation to emphasise the analogy between the two.
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iv) In the present situation it can be shown that under Hy and the Assumptions (A1),

(A2), (A3), (A4’) and (A5)

W(t) = (6.21)
(R) (R) !
=n Fn(t)—/ / g (s,0,) /g/(v,én)g’T(v,én)dv ds g'(7,0,) dF (1) |4op(1)
[0,1] [0,min{¢,7}] [s,1]
=(K(Fn)(t)

forn - oo and t € [0,1) as well as

Wo() —— B() in £2([0,1], %)

hold true, meaning that W, () is asymptotically distributed like a standard Brow-
nian motion. Thus, W, () is asymptotically distribution free. Again, appropriate
functionals of W), and therefore K (F,,) respectively can be used to generate asymp-
totically distribution free test statistics of a known distribution.

Note that K is essentially the same transformation as the one conducted on the right
hand side of equation (6.19), but with the estimate 6,, instead of Ay, and applied to
F,, instead of Un,én' Both changes are asymptotically negligible. For a proof of the
first statement, see Khmaladze (1982) pages 253 f., 255 and 257. For a proof of the
second one, see Khmaladze (1982) pages 256 f.

v) Considering equation (6.21), it becomes apparent that for ¢ € [0, 1)

—1

(")
A / / / §(0,0,) g/ (v, 60) dv | ds g (r,6,) dF(r)
[0,1] [0,min{¢,7}] [s,1]

manipulates F,(t) in such a way that the (appropriately scaled) result

is asymptotically a martingale. Therefore, An(t,Fn,én) is called the compensator
of F,(t). Utilising Fubini’s theorem, we additionally see that
(R) -1

An(t, Fy, ¢(0,0,) g (v,0,)dv | dsg'(r,0,) dF,(7)
a=f Jaral |

[0,1] [0,min{¢,7}] [s,1]
(R) (R) -1
— /g'T(s,én) /g'(v,én)g'T(v,én)dv /g’(T, 0,) dF (1) ds
[0,t] [s,1] [s,1]
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holds true, which opens the door for geometrical interpretations of the compensator
as a projection operator. The discussion of such interpretations takes place in the

next two sections in the situation of Khmaladze transformations in goodness-of-fit

tests for linear regression models.
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6.2 Khmaladze transformation in linear regression models

Returning to the main subject of study in this work, we will again consider regression
models, their respective CUSUM processes and goodness-of-fit tests based on them.

The Khmaladze transformation was proposed in Khmaladze (1982) as a remedy to the
Durbin problem in a different scenario of goodness-of-fit tests — see Section 6.1.2. Stute,
Thies, and Zhu (1998) have adapted the Khmaladze transformation to the context of
goodness-of-fit tests via marked empirical processes of regression residuals in (not neces-
sary linear) regression models with random designs. The result of this adaptation is shown

in the following theorem.

Theorem 6.2.1. [Stute, Thies, and Zhu (1998), Theorem 1.2]

Let the prerequisites of a regression model with random design (see Theorem 2.1.6)
be fulfilled and assume homoscedastic regression errors with variance o2 = 1. Fur-

thermore, let

/ 9(u) g7 (w) dF (u)
(y,00)

be invertible for all y € R and define the so-called Khmaladze transformation 7™ by
=il
T @ =hw- [ Fo| [ warw| | [ e dme]| )
(700737] (yvoo) (y7oo)

for functions h either of bounded variation or time-transformed Brownian motions
B o F. Then, under Hy,

(T* o RL) () —2— (BoF)(:) in D[—o00,00).

n—oo

With regard to the above theorem, note the following.

e In the case that T™ is applied to a function h that is of bounded variation, the integral

| g(z)dh(z) can be understood as a measure integral. Whereas in the case that
(y,00)
h is a time-transformed Brownian motion B o F', the integral [ ¢(z)dh(z) must
(y,00)
be understood as a stochastic integral.

e The fact that T™ is a direct adaptation of the Khmaladze transformation K from
Section 6.1.2 to the situation of a linear regression model with random design be-

comes apparent when looking at equation (6.21) on page 88 and equation (6.22) on

page 88.

Considering the limit process (B o F')(-) in the above theorem, it is striking that this pro-

cess still depends on model characteristics, namely the distribution F' of the design. In
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the special case of linear regression models, it is possible to overcome this dependency as
follows: According to Section 3.2, in goodness-of-fit tests in linear regression models based
on the asymptotic distribution of residual CUSUM processes, one can assume without loss
of generality a generic linear regression model. Therefore, in the following corollary, we

can specify a version of Theorem 6.2.1 in this scenario.

Corollary 6.2.2.

Let a generic linear regression model (see Definition 3.2.1) be given. Additionally

assume that

/f u) oy (1)

[y,1]

is invertible for all y € [0,1). Define the Khmaladze transformation 7™ via
-1

(T*(B)) (z) = h(x)— / () / £ £7(t) o (1) / £(8) dh(t) | don(w)

[v,1] [y,1]

for x € [0,1) and functions h that are either of bounded variation or a Brownian
motion. Then, under Hj, it holds true that

(T*o\}ﬁn(én)) () =2 B() i cClo,D)
and
(T* o RL) () —2— B()) in C[0,1).

n—00

Remark 6.2.3.
In the above corollary, for suitable functions g, the Khmaladze transformation
-1

(T (9) (@) =g(x) - / | [roreaeo| | [ o | dvenw)

[y,1] [y,1]

of g looks similar to the orthogonal projection

privg @@ =)~ | [ 701000 / £0)5718) o 1) / F(t) dg(t)

[0,z] [0,1]

of g onto the orthogonal complement of W4, = span{hy, ..., hy,}, which we dis-
cussed in Section 4.2. This similarity motivates a further analysis of the connection
between the Khmaladze transformation and projections onto RKHS of integrated
regression functions and thus residual CUSUM processes. This analysis will be the

main topic of the next section.
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6.3 Khmaladze transformation as a recursive residual

transformation

Recursive (least-squares) residuals have already been used in a landmark paper by Brown,
Durbin, and Evans (1975) to investigate the stability over time of regression relationships
using CUSUM processes. Therein, recursive residuals are defined as standardised differ-
ences between current observations and their forecasts that were made with the previously
sampled observations. We note that the notion of recursive residuals has been in use since
1891, as Farebrother (1978) points out.

Brown, Durbin, and Evans (1975) develop their results on recursive residuals for time
series and Sen (1982) provides an invariance principle for CUSUM processes of recursive
residuals in this setting. Investigations of the CUSUM tests of Brown, Durbin, and Evans
(1975) under more general conditions can be found in Kréamer, Ploberger, and Alt (1988).
Evers (2022) proves a result similar to that in Sen (1982) in the situation of linear regres-
sion models with triangular arrays of design points and uses this result to calculate the
limit under local alternatives in a simple manner.

In this work, however, we consider so-called backwards recursive (least-squares) residu-
als (see Definition 6.3.2). Although it is already remarked in Brown, Durbin, and Evans
(1975) on page 155 that “it is often informative to look at the set of plots [of the CUSUM
processes| which are obtained by running the analysis backwards through time as well as
forwards”, no specific definitions or results are given regarding backwards recursive resid-
uals. In the context of ordinary least-squares residuals, Bischoff et al. (2005) have already
shown that tests based on partial sums can have a larger power when the partial sums are
taken from the time reversed data.

Explicit definitions of backwards recursive residuals as well as examples of their use in
change point analysis can be found in Hawkins (1987), Pesaran and Timmermann (2002)

and more recently in Otto and Breitung (2020).

Let us consider the univariate linear regression model with random design

Y =(fi,.., [p)(X)B +e,

where X ~ F, F is a distribution function with supp(F') C [a,b], a <b € R, fi,..., fp, P €
N, are the regression functions that are of bounded variation, 8 = (1,...,,)T are the
regression coefficients and ¢ is the regression error with E(e | X) = 0 and Var(e | X) = 1.
Moreover, suppose that there is a ¢ € [a,b) with F(c) < 1 and such that f1 - Ly, ., fp-
1(.y are linearly independent in £?([a,b], F').

ud (Y, X,e), n € N. We denote
with X,,; := X, 7 € {1,...,n}, the i-th order statistic of {an, . ,)Znn} and with

Consider an n-sample (17”1, )Z'nl, Enl)s---» (}7,,m, )?m, Enn)

Yoi =Y} and epii=€fp, =1,...,m,
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we denote the associated concomitants. Then, the above model has the form

Yo1 fl(an) cee fp(an) 61 Enl

Ynn fl (Xnn) cee fp(Xnn) 5;0 Enn

Let a realisation ((tn:)j;),eny Of ((Xni)i—1),eny Pe given. We thus consider the linear

regression model with fixed design

Ynl fl (tnl) cee fp(tnl) /81 €nl
L = : : S+ ], neN, (6.23)
Yrm fl (tnn) s fp(tnn) Bp Enn
where
o Y, = (Yo1,...,Yu,)T is the vector of outcomes,

e [a,b], a < b, is the experimental region,

((tni)?—1)nen C [a,b] with t,1 < -+ < tpy, n € N, is the triangular array of design
points. Note that for almost all realisations ((n:)i-;),cny Of ((Xni)izi),en» the cor-
responding sequence of empirical distribution functions (F},),en converges uniformly
to the distribution function F' with supp(F') C [a, ],

o [ = (fl,...,fp)T : la,b] — RP,p € N, are the regression functions that are of
bounded variation and there is a ¢ € [a,b) with F(¢) < 1 and such that f; -
Liep)s s fp - Lcp are linearly independent in £2([a,b], F),

e 3=(B,... ,Bp)T are the regression coefficients,

® £p1,...,Eny are the iid regression errors with E(g,1) = 0, and Var(e,;) = 1.

In order to proceed, we need the following designations.

e Forne Nand i€ {1,2,...,n}, we define the notations
Yo fl (tnz) . fp(tm') Bl Eni
A N A R
Ynn fl (tnn) v fp(tnn) /Bp Enn
—— ~ —_——  ——
::Yrgi)eRnfiJrl ::XT(li)eR(n—iH)Xp =pBeRP ::5%)

referring to the regression model (6.23) excluding the first i« — 1 rows.

e Forallie {1,...,n—p+ 1} such that XT(f) has full rank, we denote with

B = (X)X D) ()T Y
———
€RPXP
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For the remainder of this section, we will only consider triangular arrays ((,;)j-;),,cy that

the ordinary least-squares estimates for (3, using the last n — ¢ + 1 observations

Yoi, Ynit1, - - ., Ynn corresponding to the design points ¢y, tnit1, - - -, tan.

e As usual, for ¢ € {1,...,n}, the ordinary least-squares residuals are denoted by

Eni = Yni — fT(tm)Bn, where ﬁn = B,Sl). We denote the vector of the last n — ¢ + 1

ordinary least-squares residuals by é,(f) = (Eniy - - ,ém)T and &, := ég).

e For t,1 <--- <tun, n € N, we define

Jn R —{0,1,...,n}, y — max{0,sup{i € {1,...,n} |t < y}}.

satisfy the following assumption.

The triangular array ((tn;)i—1),cy is such that there exists an ng € N such

that for all n > ng, rank ((XT(LiH))TXr(L”l)) =p,i=0,...,75n(c), is satisfied.

Remark 6.3.1.

The above assumption about the triangular array ((tn:)j-;),cy 1S quite natural, as
it describes a generic realisation of ((Xni)js;),cn- It can be verified that almost
all realisations ((tni)i;),en Of ((Xni)iz1),cn satisfy Assumption (6.24). A proof of

this assertion can be found on page 184 of the appendix.

We can now proceed to define the backwards recursive residuals.

Definition 6.3.2.

(6.24)

Consider the linear regression model (6.23). Let Assumption (6.24) be satisfied and
let n > ng. Then the backwards recursive (least-squares) residuals r,; are defined
by

Y, — fT(tm) A,(@H—l)

\/ L4 77 (t) (E)TXED) T (1)

Furthermore, we denote the vector of backwards recursive residuals by 7, :=

(Tnlv T™n2y - - - ’Tnjn(C))T € R0,

i=1,...,4n(c).

Tni =

Note that the above definition is only one of many ways to define recursive residuals. We

have chosen this particular definition in order to make the most suggestive connection to

the Khmaladze transformation (see Theorem 6.3.3).

. . . . . . !
In general, in a regression model with n € N observations and p regression functions, %

different sets of recursive residuals can be defined (given that all data is already available
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and assuming that each submatrix of the design matrix with p rows has full rank). For
example, on page 151 Brown, Durbin, and Evans (1975) define recursive residuals ordered
by time, taking the first p observations to compute an initial estimate for 8, and pro-
ceeding stepwise from there to compute one recursive residual at a time. In contrast, it
is only possible to compute the i-th backwards recursive residuum ry; if all the outcomes
Yy, ..., Y, have been observed. This is the case, since for the computation of r,; the
estimate Bi+1 has to be calculated, which requires the knowledge of Y11, .., Yan.

Backwards recursive residuals, similar to “normal” ones, i.e. non-backwards recursive
residuals as defined, for example, in Brown, Durbin, and Evans (1975), have some conve-
nient properties. For example, they are homoscedastic and uncorrelated and can be con-
sidered as the transformation of the heteroscedastic and correlated ordinary least squares
residuals. See Lemma 7.5.2 and Lemma 7.5.3 in the appendix for these and other proper-

ties of backwards recursive residuals.

We now move on to the main theorem of this section. To our knowledge this theorem

is new in the literature.

Theorem 6.3.3.

Consider the linear regression model (6.23). Let Assumption (6.24) be satisfied and

let n > ng. Furthermore, let

e 7™ be the Khmaladze transformation introduced in Theorem 6.2.1,

n
e R = ﬁi:l 1o q] (tni) - €ni be the marked empirical process of the vector
=

of ordinary least-squares residuals &,,
~ Jn(c)
o Rl(z) := % > Lo q)(tni) - Tni be the marked empirical process of the
i=1
vector of backwards recursive residuals 7.

Then, the statement
(T*(Ry,))(x) = Ry (z) + op(1)

holds true uniformly in = € (—o0, ¢] for n — oco.

Note that, in view of Section 3.2, if we wanted to show a distributional result in The-
orem 6.3.3, it would have sufficed to only consider the generic linear regression model.
However, since the result addresses equality in probability, and is thus more general, we

cannot without loss of generality make additional assumptions on the design.

Proof of Theorem 6.3.3: See the pages 187 and the following pages in Section 7.5 of

the appendix. O
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The proof of the above theorem shows that for z € (—oc,¢], T*(RL) and R} can be

represented as follows:

-1

Jn(x)
(T*(RL))( Z / ) / £ (u) fT(w)dF (u) / f(2)dRL(2)| dF (y)

(—o0 (y,00) (y,00)
and

Jn(z)

() IZ Eni — \;ZfT m( (”1))TXT(L"“)>_1(X(”1))T et +op(1).

Comparing these two representations, it becomes apparent that the application of the
Khmaladze transformation to the marked empirical process R’ of the least-squares residu-
als is quite similar to the marked empirical process ]TZ,I1 of the backwards recursive residuals.

In fact, the only difference is that

(@) —1
T (i4+1) (z+1) (+DN\T 2(i+1)
Uf§jf ) (T X0 ) 7 (X7 &

is the discrete time approximation for

-1

/ 7(w) / £ () 7 (u)dF () / F(2)dRL(2) | dF(y).

(_Oo7x] (y,oo) (y,oo)

Note that in the proof of Theorem 6.3.3 and the integrals above, we slightly abuse notation
because the function f is only defined on [a, b] and not on (—oo, 00). However, this is not

problematic here, since supp(F') C [a, b] holds true.

The Khmaladze transformation thus is a continuous-time backwards recursive least-squares
method that, as we know from Theorem 6.2.1, asymptotically leads to Brownian motion
processes. In the context of time series data, this interpretation has already been made
by Bai (2003) p. 544. Therein, it is also mentioned that in the context of time series,
partial sums of recursive residuals lead to Brownian motion processes — a result that can
be traced back to Sen (1982). According to the results of Evers (2022), this also applies
to recursive residuals in linear regression models with triangular arrays of designs. Note
that the interpretation of the Khmaladze transformation as a continuous-time recursive
least-squares method is far from formally proved in Bai (2003). In fact, only an intuitive
argument is given. Moreover, this intuitive argument is valid only up to a normalizing

constant (as Bai mentions) and it only covers the case of time series data.
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7.1 Proofs for Chapter 2

Proof of Theorem 2.1.4
We divide the proof into two steps:

Step I: Let n e N, i€ {1,...,n} and x € [—o00, 0] be given. Then
B (1[—oo,00)(Xs) - (Vi — m(X5)) | X5)
= E (L[ 00,00(Xi) - Vi | Xi) = E (L o000 (Xi) - m(X3) | X5)
= L oooo)(Xi) " E(Yi | Xi) = E (L oo00(Xi) - E(Y; | X5) | X)
= T [o0,00) (Xi) - B (Y | X5) = Lo 00) (Xi) - E(Y3 | X5)
=0

holds true. Thus, the i-th summand of R, (z) is conditionally centred and therefore the
whole process R, (+) is centred. Furthermore, for n € N and s,t € [—00, o0], the covariance

function of R, (-) can be calculated in the following way:

K(s,t) := Cov(Ry(s), Rn(t))

= E(Rn(s) : Rn(t)) - E(Rn(s))E(Rn(t))

1 n
=B [(IZH [—o0.s] (X3) - (Vi — m(Xz'))> : (ﬁzﬂ[oo,t}(Xj) (Y m(Xj)))

- Z ZE —00 s] ()/’L - m(Xl)) ’ ]l[foo,t] (X]) : (}/] - m(X]))]

’Lljl

= iZE []l[foo,min{s,t}} (Xz) : (Y; - m(Xz))ﬂ +

+ %ZZE (Lo (X0) - (Yi = m(X0))] B [1_ae (X)) - (Y] — m(X;))]
i=1 j=1
J#
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=E (]1[—oo,min{s,t}} (X) ’ (Y - m(X))Q)
=E [E (ﬂ[—w,min{s,t}} (X) : (Y - m(X))2 ‘ X)]
=E [ﬂ[—m,min{&t}} (X) ‘B ((Y B m(X))2 ‘ X)]

= / E(Y —E(Y | X)X = u)dF(u)

[—oo,min{s,t}]
= / Var(Y | X = u) dF(u).
[—oo,min{s,t}]

Note, that in the given situation (X,Y’) is the random vector whose iid realisations form
the random sample (X1,Y7),...,(X,,Y,).

Therefore, since for n € N and all z, 21,22 € [-00,00] the summands 1|_, ;)(X;) - (Vi —

m(X;)) of Ry (z) are conditionally centred and
K(z1,22) = Cov(Ry(z1), Rp(x2)) = / Var(Y | X = u) dF(u),
[—oo,min{z1,z2}]

the multivariate central limit theorem yields for all —co <21 <--- < xp < oo and k € N

Rn(l‘l) 0 K(:L’l,l'l) K(wl,l'k)

Rn(xk) 0 K(xk,xl) K(ack,;ck)

We thus define
Ry (z) := N(0,K(z,z)), x € [—00,00], (7.1)

with the covariance function
Cov(Roo (1), Roo(x2)) := K(x1,22), x1,22 € [—00,00]. (7.2)

Note that (7.1) and (7.2) define Ro, on D[—00, 00|, since Gaussian processes are uniquely
determined by their mean function and covariance function. Note, furthermore, that the
sequence of random processes (R, (-))nen has at most the accumulation point R (-) and

no other, since the distribution of a random process is uniquely determined by its fidis.

Step II : In order to prove the weak convergence of R,,(+), it remains to show the tightness
of the process R,(-). To achieve this, Stute (1997) proposes to use Theorem 15.6 from
Billingsley (1968) and a quantile transformation (see for example Chapter 21 in Vaart
(1998)). That is, for the random sample

Xi,.... X, “p
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there is a random sample
Ut,...,U, ©U(0,1),

such that
X; 2y, i=1,...,n,

holds true. Here, F~ denotes the quantile function associated to F' (see Def. 2.1.8).

For this uniformly distributed random sample we define the uniform empirical process
_ 1 &
Rp(u) :=—= > TouUi) - (Yi — F7)(Us)),
(u) \/ﬁ; 0,u](Ui) - (Yi = (m o F7)(Us))

which has paths in D[0, 1] and note that in this situation
R, (z) = Ry(F(2)), =€ [—o00,00],
holds true. As Stute (1997) notes, it can be observed that
E(Y;|U=u)=(moF~)(u), wuel01], (7.3)

so one can, without loss of generality, assume that F' is the uniform distribution on [0, 1].
With regard to (7.3), the following should be noted:

i) U should be replaced by Us;.

ii) Stute (1997) does not contain a proof of equation (7.3) and, contrary to the idea
of conducting a quantile transformation, we get a similar result in Section 2.1.3 by

means of a probability integral transformation.

Considering the above statements and our finding in Section 2.1.3, we can assume a re-
gression on Y according to the design Uy, ..., U, o U(0,1) instead of Xi,...,X, ud F,
where the regression functions are now not m but mo F'~ in the case where only distribu-
tional properties of the model matter. Theorem 15.6 from Billingsley (1968) now states

that R, (-) is tight if
E [[Ry(uz) = Ro(uw)]"[Ri(u) = Ry(ur)|"] < [H(uz) — H(w)]** (7.4)

holdstrueforogul§u§u2§1andn21forsomeyZO,oz>%andHa

non-decreasing continuous function on [0, 1]. We choose v = 2 and aw = 1 and obtain

B [ (Rn(us) ~ Ruw))” (Ba(w) — Ra(un))*] = %]E

z] R
i=1 j=1

= [0 (a383) + nln — DE (a3) E () (76)

< E(af)E(5]) (7.7)
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/Var V[T, = v) do 1) (0 /Var Yi[U) = v) Moy (v) (7.8)
(u1,u] (u,uz)
2

/ VCLT’(Y1|U1 = 'U) d»\[o,l] (1))

(u1,u2]

= (H(us) — H(u1))?,

where

H(u) := /Var(Y|U =) dXp,1(v)
[0,u]

is a non-decreasing continuous function. Therefore, condition (7.4) is satisfied and thus
Ry (+) is tight. Note that Var(Y|U = v) need not be continuous, but since it is integrated
with respect to the Lebesgue-measure, H is continuous. In the equation above the following

relations were used:

(7.5) We define
i = Ly, ) (Us) - (Yi = (mo F7)(Uy))

and
Bi = ]l(u,uz](Ui) ~(Yi = (mo F7)(Uy))

and therefore we have

=1
as well as
_ _ 1 <&
R - R =
(7.6) (a4, B:),1=1,...,n, are square integrable bivariate random vectors that are inde-

pendent and identically distributed with

E(a;) = 0 =E(8;),

as can be verified similarly to the beginning of Step I. We first determine

[;O‘r gﬁf - [ZZ@@] 33 A,

i1=1142=1 J1=172=1



7.1. Proofs for Chapter 2 101

n

= Za + Z Z Qi iy ZBJ + Z Z B Bia
i1=1 i2=1 J1=1 jo=1
12711 Je#i

Zaf] Do BBl +
=1

=1 j2=1
Je#i1

['n n
= Za?] D 4|+
Li=1 j=1

n n n n n n n
2
DD can| [ B+ (YD anan| [ > Y Bibi
i1=1 ia=1 j=1 i1=1 ia=1 j1=1 jo=1
o741 o711 Je#J
and then calculate the expectation of each of the four summands individually:

First summand:

S| (2] ) - oY m i)

i=1 i=1 j=1

—ZE (a?6?) +ZZ]E a?f?)

i=1 j=1
J#

nE (aff7) +n(n — DE (of) E (7).

Second summand:

E

zc@] S | | =33 S B2, —
=1

1=l jo=1 i=1 j1=1 jo=1
J2#i J2#J2

Third summand:

E Z Z A Oy Zﬂjz = Z Z E (6]2-047;1041'2) =0.
j=1 j j

11=1 19=1 = J=141=1 12=1
o741 ioFil
Forth summand:
n n n n n n n n
B> anan||D > BB | = > > E(a, oy 85, Bjz)
11=1 12=1 Jj1=1 jo=1 11=1 i2=1 j1=1 ja2=1
271 FpEatil t2F11 Jo#i1
n n n n n n
= E E E (allawﬂhﬁp § E E E E(a, a12/8]1 sz)
i1=1 i2=1 jo=1 1=1 i2=1 j1=1 ja=1
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_ZZ ZE OZ@B’L amﬁp +ZE Oé“ Z Z Z al2ﬁ]16j2)
jam1

i=1 i2=1jo=1 _ 1= 1 -0 =1 j1=1
27 joi 7’5 17’é JeF#j1

=0.

(7.7) of - B7 = (aifi)(ifii) =0

(7.8) — F [L g (U3) - (Vi = (m o F)(Ui))?]
=B [E (T(u,,(U:) - (Yi = (m o F7)(U))*|U)]
= E [1(y,0 (U)E ((¥; — (m o F7)(U:))?|U5)]
— B [L(, (U3) - E (Y — E(Yi|U;))2[U3)]

]E[ (u1, u]( i) Var(Y|U)]

_ / Var(Yi[U; = u) W1 (u)

(ul’u}

and similarly it can be shown that

B(3?) = / Var(Yi|Us = u) d\o,y (u).

(uvuﬂ

Altogether, since the relation
Ry(x) = Ru(F(2))

holds true, we know that the process R,,(+) is also tight, which completes the proof. [J

Proof of Theorem 2.1.6

Proof of i) Since we operate under Hy, for x € [—00, 0], we have

~

Ry(x fzn oo (Xi) - (Vi = m(X;, 00,))
Z [—oox] Y m(XlaGO) _72]1[—0016]( ) (m(Xlaén)_m(XzaHO))

- \/15 Z]l[,oo,x] (X;) - (Y; — Z]l[ soa] (X (X“én) — m(Xi,00))
i=1
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= Rn(z) — \/1% D Moo (Xi) - (m(Xs, 0) — m(Xs,60)).
i=1

Now, because of part i) of Assumption 2, the multivariate mean value theorem is applica-
ble, which means that for 6,6, € R? and every i € {1,...,n} there is a 6,,; € RP on the

line between én and 6y for which
m(Xi, 0n) — m(X;,00) = (0, — 00) T 9(Xi, 0ni)

holds true. We therefore can conclude that

sup
L€ [—00,00]

R (x) — (Rn(x) _ \}ﬁ ;GT(x,Go)l(Xi,Yi,HO)N

= sup IZG (,00) 1(X;,Y;, 00) — Zn[_m] (On — 00)" 9(Xi, Oni)

ZE[—00,00]

— suwp ;ﬁ S G, 60) 1(Xi, Vi B) — VT (B — 60)7G (5, 00) + v/ (B — 00)7G(, B0)
=1

TE[—00,00]

- — Z T oo,)( (O — 00)" [9(Xs,00i) — 9(Xi,00) + g(Xi, 00)]

n

\}ﬁ S GT (w,60) 1(X:, Vi ) — G (2, 60) /i (B — )
i=1

1

+ sup  [Vn(b, —90T1 Z]l ool (Xi) - [9(Xi, 0ni) — 9(Xi, 00)]

For the proof of part i), it is therefore sufficient to verify that the summands I, IT and 11

converge stochastically towards zero.

Convergence of summand |

According to Assumption 1, we have

—

n—oo

1 O .
NG > UXi,Yi, 00) — V(b — 6o)
=1
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Furthermore, according to Assumption 2, fori=1,...,p,
|GZ(CL‘, 90)| == / gi(t, 00) dF(t) / ‘gl(t 90 | dF / M dF
[—00,z] [—00,00] [—00,00]

holds true and thus

sup |Gi(z,6p)| < / M(t)dF(t) <oo, i=1,...,p.
€ [—00,00]
[—00700]

Hence, we can infer that

I = sup

TE[—00,00]

GT $ 90 [ Z lei/laeo \/ﬁ(én - 90)] ‘

1 < R
< < sup  [G1(z,6)|, ..., sup |Gp($790)|> ‘ > U(Xi, i, 00) — V(b — 6o)
TE[—00,00] TE€[—00,00] \/ﬁ =1
L} 0
n—oo

is satisfied.

Convergence of summand II

According to Assumption 1 it holds true that
Vi (O = 80) ~= > Np(0, Cou(l(X, Y, ).

Thus, according to the theorem of Prohorov (see for example Satz 13.29 in Klenke (2013)),
we can infer that <\/ﬁ(67n — 90)> . is tight. That is,
ne

(ﬁ(én - 90)> N is bounded stochastically as a sequence of random vectors in RP,
ne
(7.9)

which means that, for every § > 0 there is an ng € N and a K € R such that P(||\/n(6, —
6o)|| > K) < 6 holds true for all n > ng. Note that, as a consequence, for every § > 0 and
every € > 0 there is an ng € N and a K € R such that

P16 — 6] > <) <P (Hén o) > j%) = Pl — 0] > K) <o

holds true for all n > ng. Hence,

b —— 6y (7.10)

n—oo
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holds true. Moving on, since

sup |1 ; L 0,2)(X4) - [91 (X, Oni) — 91(Xi,60)]

TE[—00,00]

I < |vn (0, —00)")

sup % Z:l 1l[—oo,:z:] (Xl) ) [gP(Xi7 em) - gP(Xiv 90)]

z€[—00,00]

and (7.9) hold true, it is sufficient to prove that

— 2 50, j=1,....p, (7.11)

sup
n—oo

x€[—00,00]

1 n
- Z 1[—00793] (Xi) - [gj (Xi, O0ni) — g; (Xi,00)]
=1

is satisfied. Let j € {1,...,p} be fixed. Since 6,; is on the line between 0,, and 6, it holds
true that

sup
x€[—00,00]

1 n
" D Moo w)(Xi) - [95(Xi, 0ni) — 95(Xi, 60)]
i=1

177,
< —
n

sup  |g;(X;,0) — g;(Xi, 6o)]
i=1 |10—00]|<]|0n—00]|
6eint(©)

n

— % Zhuén—eon(Xi) (7.12)

=1

where
hs :R— R, t+— sup |g;(t,0) — g;(t,00)].

[[6—60]|<6
0cint(©)

Regarding hs(t), note the following two facts.

o hs(t) &—0> 0 for all ¢ € R, since g(t, ) is continuous in # for all ¢ € R and thus, for

all € > 0 there is a dg > 0 such that [g;(t,0) — g;(t,00)| < 5 for all ||6 — || < do.
Therefore, if 0 < § < dp,

hs(t) = sup  |g;j(t,0) — g;(t, 60)| < 5 <.

g
116—60||<6 2
0cint(©)

e 0 <hs(t) <2-M(t) € L([—o0, 0], F) since, according to Assumption 2, |g;(t,0)| <
M(t) forall j=1...,p, allt € R and all 6 € int(O).

We can therefore infer, that [ hs(t) dF(t) &—0> 0 holds true, due to the theorem of
[_OO7OO]

Lebesgue.
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Now, let € > 0 be given. Since [ hs(t) dF(¢) M—l)) 0, there is a dp > 0 such that

[—O0,00]

/ hs(t) dF(t) < for all 0 < 4§ < ép.

[—O0,00]

| ™

First, the strong law of large numbers yields that

1 Zh50 ) s Bl (X1)) = / hiy (1) dE () <

n—0o0

DN ™

[700700]

Then, restricting to the event where ||6,, — 6g|| < do, we see by (7.12) that

o[ S () ) - 5 )

z€[—00,00]| T

| ™

<= Zh% — / hs, (t) dE(t) <

[—00,00]

is satisfied. Since almost sure convergence implies convergence in probability and since
J hs(t)dE(t) < §, we have

[_Oo’oo}

1 & 1 & .
. = [—o0.0x]
(7.13)
Thus,
P ( s Zﬂ[ s (X0) -5 X5,00) = 95(Xs, )] > )
re|—oo oo

g({;mw}U{Hén_eo|>ao})
i=1

1 & .
<P ({n ;héo(xi) > 5}) P ({Hen ~ || > 50}) —— 0

thanks to (7.13) and (7.10). Since j € {1,...,p} was arbitrary, we thus have proven (7.11).



7.1. Proofs for Chapter 2 107

Convergence of summand III

Since

Sup <711 Zl ]l[foo,m] (Xz) g1 (Xu 90)) — G (37, 90)

x€[—00,00]

I < |vn (0, —00)7|

sup <71L Z ]l[—oo,m] (Xz) 'gp(sz 90)) — Gp(m, 00)

TE[—00,00]

and (7.9) hold true, it is sufficient to prove that

( Z]l [—oo,a] (X g](XZ,Go))—Gj(x,eo)

is satisfied. So let j € {1,...,p} and

— P 50, j=1,...,p, (7.14)

n—oo

sup
Z€[—00,00]

M = {fa; "R— R, t— ﬂ[—m,x](t) -gj(t, o) ‘ S [—OO, OO]}

Then

sup
z€[—00,00]

= [Sup Z]l[ 00,] g](XueO) / ]l[foo m]( ) g](t 90) dF( )
2 €E[—00,00]
[—O0,00]
1
= sup / f(t)dF(t
fem|n
—00,00]
holds true. According to Lemma 1 in Dehardt (1971),
1
sup |— / f)dF(t)] ——— 0
fEM n—)oo

[—00,00]

holds true, if for every € > 0 there is a finite class of functions M, such that for each
[ € M there are f1, fo in M. with fi < f < fo and [ fodF — [ fi dF < e. Furthermore,
since almost sure convergence implies stochastic convergence, for (7.14) to be true, it is
thus sufficient to find for any € > 0 a suitable class of functions M. with these desired
properties. The remaining proof of the convergence of summand III consists in the con-
struction of M. and the proof of the required properties.

So let € > 0 be given. Then the following assertions are satisfied:

e Due to the theorem of Lebesgue

Jx € R such that 2 / lgj(t,00)| dF(t) < (7.15)

[7007I}

Wl m
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since 2 - 1[—00,—71]@) ) |gj(t7 90)| %) 0, ’2 : ]l[—oo,—n] (t) ) |gj(t790)‘| <2 M(t)a and
M € LY ([~o0, 00], F).

e Due to the theorem of Lebesgue

Jy € R such that 2‘/ lgj(t,00)| dF(t) <

(y,]

, (7.16)

W ™

since 2 Lo (1) - g5t 00)| =22 0, 12 Lo (8) - g5, 00)]| < 2 M (D), and
M € LY([—o0,00], F). Without loss of generality, we assume that y > .

e Let D:={z e R|F(x)— F(z—) > 0}, where F(z—) := liITn F(yrn). Then, since
YnTx
(yn)neNgR

> M(x)- (F(z) - F(z—)) < / M(t) dF(t) < oo,

eeh [_007001

we can infer that

3D. € D with |D.| <oo and 2+ > M(z)- (F(z) - F(z-)) < (7.17)

z€D\D.

w| ™

e Let pup denote the measure associated to F'. For E € B define g 4(E) := pp(MND)

and pp(E) == pp(E N (R\ D)). Now consider ¢.(t) := [ M(t)dup(t), t €
[_Oo)t)
[—00, 00]. Since ¢, is continuous, monotonically increasing and the limits . liin ©e(t)
— 00

do exist, (. is uniformly continuous. Therefore,

360 > 0 such that for all z < y € R with |z —y| < ¢
(7.18)

w| ™

2. / M(t) dppe(t) = oely) — welz) <

[z,y)

Moving on, according to (7.17), there is an 7 € N and 77 < --- < T € R such that
D. = {z1,...,T7}. Next, choose x according to (7.15) and y according to (7.16). Then,
for [-] : R — {1,2,...}, = min{k € {1,2,...}|k > z} and given the choice of ¢ in
(7.18), we define

. y—x . y—x
tii=x 41 ——0, z:1,2,...,[ —‘—1.
%51 J

We thus have constructed the set {:U,;fl, e Tyt ’t[‘“ﬂ o y} Therefore, there is
Bl

ann € Nand 1 < 2o < --- < x, such that

{xla“-vwn}: {xazlv"~7ﬂ‘fﬁ7t17"'7t|'y§z—|_1ay}'
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Note that by the construction of {x1,...,2,},

2 [ gyt 00 dF(®) < 5 and 2. [ loy(t.00)dF (D) < (7.19)
[—OO,Il} (acn,oo}
as well as
5. /M(t) dura(®) <2 Y M(@)-(F@) ~ Fa-) < 5, i=1,..,n—1, (720)
('r’iyx’iJrl) CEED\DE
and moreover z;11 — x; < ¢ and thus
3 .
/ M(t) dpr,(t) 5, i=1,...,n—1, (7.21)

(-731 Z'1+1

hold true. We then proceed defining

Me = {T ez () 195 00)] s Dmoooy) () - (=1g5 (5 00)1) ,

Uimoo,21] () - 195 (5 00)| + Ly 2,1 () - 95( 00) + Lz, 001 () - 195 (- 001,

L oo} () + (=195 (5 00)1) + Loy ) () - 9505 00) + 000 () - (=195 (-, 00) ) }

U T o) () - 195 (5 00)] + Dy g () - 9505 00) + L) () - 195 (5 60)],

oo} () (195 (5 00) D) + Doy 0 () 95 (5 00) + L0, ,,1) () - (lgi (5 ) ) [ =1, om — 1}

Now let fi(-) = Lj_ooq(-) - g5(,00) € M be given. We distinguish the following three

cases.

Casel: z < x1.

In this case, for fl() = ]l[—oo,zl](')'(*wj('»90)’) € M. and f2() = ]1[—00,:61](')'|gj('7 90)| €
M, f1(t) < fo(t) < fa(t), t € [—00,00], holds true and

/f2 t)dF(t /f1 t)dF(t —2/|gjt90|dF()<3<s

—00,09] [—00,00] [—o0,z1]
is satisfied according to (7.19).

Case 2: x € [x;,xi41) for some i € {1,...,n—1}.

In this case, for fi(-) := Lj_o0z11(") - (=195 (-, 00)]) + L(zy2,() - 95 (5 00) + Lz 200) () -
(—1g;(+,00)]) € Mc and fo(-) := T — o 2,1 () - 95 (5 00)| + Lz () - 95 (- 00) + Lz 2, ) () -
9j (-, 00)| € Me, fi(t) < fo(t) < fa(t), t € [—00,00], holds true and

/f2 narw - [ nwarw =z [ lgeoldra 2 [ lgldr

—00,00] [—00,00] [—00,21] (%i,@i+1)
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. / 195t 60)| dF(£) + 2 / 195(t,00) dppalt) + 2 / 195(t,00)] dppe(t)

[—o0,21] (@4,mi41) (@4,mi41)

<E+§+E—e
3 3 3

is satisfied according to (7.19), (7.20) and (7.21).

Case 3: x > x,,.

In this case, for fi(-) = L|_ooey)() - (—1g;(00)]) + Loy 2 () - g5(:00) + Lz 00 () -
(=1g;(-,600)]) € Mc and fa(-) == L_oo2y)() * [95( 00)| + Lzy 2, () - G5 (5 00) + Ly, 00 () -
1g;(-,00)| € Me, f1(t) < f2(t) < fa(t), t € [—00,00], holds true and

| pware - [ awdro=2- [ lgolare <2 [ g0l

[—00,00] [—00,00] [—o0,21] (zn,00]
< = + = <e
3 3

is satisfied according to (7.19). This completes the proof.

Proof of ii) According i)

Rl(z) = R, (x) — f ZGT x,00) 1(Xi, Y, 00) 4 op (1)

= =D B () - (¥ = (X)) = = 3 G (.0) 1. Y5 o) + ()
=1

=1

=%Z[n[m,x]<x> (¥ — m(X:) — G (2, 00) U(Xi, Yi. 00)] +op(1).  (7.22)
=1

v~

=Rl (x)

In the remainder of this proof, we show that

Ry() == RL(-) in D[o0,00].

This would indeed complete the proof, since in this case,
RY(z) = R.(-) + op(1) % RL () in D[—o0, ) (7.23)
n oo
could be inferred. Equation (7.23) holds true, since for random elements X, and X

. D . P .
with X;, —— X and a random element Y,, with Y,, —— ¢, where ¢ is a constant,
n—oo n—oo

Xn+Y, P . x + ¢ holds. See, for example, Theorem 2.7 and Lemma 2.8 in Vaart

n—oo

(1998) for a prove of this statement.
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Moving on, for z € [—o00, 00],
E (R} () = B(Ru@) - 7= 3 GT @) BUXKL Vi) =0 (724)
=1

holds true, hence ﬁ}l() is a centred process. Because of Assumption 1 and the indepen-
dence and identical distribution of (X1,Y7),...,(X,,Y,), we can calculate the covariance

function K'(-,-) of R. under Hy for s,t € [—00, 0] as follows:

K'(s,t) = Cou(R)(s), RL(t))

= E(R},(s) Ry (1)) — E(B},(s)E(RL(¢)
B <1n ; [ oo (X2) - (¥; = m(X3)) = GT (5, 00) U(X;, Vi, 0)] + OJP(U) x
" (171 Z:; (1o (Xi) - (Y — m(X3)) — GT(t,60) 1(X3, Vi, 60)] + OP(1)>]
! B (1. (X) - (¥i = m(X) g (X))(Y; — m(X,))] -
_ % zn; Zn; E (1o, (Xi) - (Y — m(X3))GT (¢, 60) 1( X, Y5, 00)]
P
— % z:;]z:E [GT(5,00) U(Xi, Vi, 00) 1 [—oo (X)) - (Y — m(X;))]
I % iim [(G"(5,60) 1( X4, i, 00)) (GT(t,00) 1(X;,Y5,60))]
P

= E[]l[—oo,min{s,t}] (X) ’ (Y - m(X))2:| - []l[—oo,s} (X) ’ (Y - m(X)) GT(tu 00) l(X7 Y, 90)]
B (G (5, 00) 1(X. Y001 e g (X) (Y — m(X))]

+E [(G"(s,00) L(X,Y,00)) (GT(t,00) (X, Y, 6p))]

= / Var(Y|X = z)dF(z) — GT(t,00)E [L_o05(X) - (Y = m(X)) I(X,Y,600)] —

[—oo,min{s,t}]
— G"(5,00) B[00 g (X) - (Y = m(X)) I(X,Y,00)] + G"(s,00) Cov(I(X,Y, 60)) G(t, )

= K!(s,t).

We now proceed with the actual proof of the invariance principle. The multivariate central
limit theorem applies to the fidis of ]?5711() and states that for ke Nand —co <z <--- <
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E}L(xl) 0 KYxy,21) ... KYx1,x1)
D . . .
2N
n—00 :

ﬁ}l(xk) 0 Kl(x.k,ml) Kl(m‘k,xk)
holds true. Therefore, we define
Reo(x) == N(0,K'(z,2)), =€ [~00,00],
with the covariance function
C’ov(Rio(arl),R})o(xg)) = Kl(xl,xg), x € [—00, 0.

In order to complete the proof, it remains to prove the tightness of ﬁ}l() To this regard,
as proposed in Stute (1997), we shall use Theorem 15.6 from Billingsley (1968) again, but
before this, we perform the standard quantile transformation as it has been done in the
proof of Theorem 2.1.4. To be more specific, to the random sample Xi,..., X, WEa
random sample Uy, ..., U, o U(0,1) with X; L F~(U;), i =1,...,n, can be associated.
Then, for v € (0,1) we define

where
m(u,0) :==m(F~ (u),0).

Note that because g is F'—integrable, g is [g,;j—integrable and therefore

Vue0,1] Vie{l,...p}: Gi(u6) = /gi(v,ﬁ)d&[o71}(v)
0

exists and is continuous. For the uniform random sample Uq, ..., U, we define the uniform

marked empirical process

-1

R (u) = \}ﬁ S 10 (U3) - (Vi — m(F (U3), 6,))
=1

that has paths in DJ[0, 1]. Due to part i), we get

_ _ 1 e
R;(u) = Rn(u)—T ZGT(U, 00) L(F~(U;),Y;,00)4op(1) for n — oo, uniformly in u € [0, 1],
n
i=1
and note that in this situation

Rl(2) = RL(F(z)), = € [~o00,00), (7.25)
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itd

holds true. Thus, again, we can assume a regression of Y on the design Uy,...,U, ~
U(0,1) instead of X1,..., X, id F, where the regression function is now not

m:[—o0,00] x O = R, (x,0)— m(z,0),
but
m:(0,1) x©0 =R, (u,0)—m(u,0) :=m(F (u),0),
since for proving Part ii) of Theorem 2.1.6, only distributional properties matter. Theorem

15.6 from Billingsley (1968) now states that R, (-) is tight if

E | R, (u2) — Ry ()| Ry (u) — Ry,

()] < [H(uwz) = B@)P*  (7.26)

holds true for 0 < u; <u <wus <1,n >1 for some v >0, a > % and H a non-decreasing

continuous function on [0, 1]. Because of

R (up) — B (u) = Rp(us) — in NG (uz, 00) UEF(Us), Vi, 60) + op(1)

— Rp(u) + 1 ZGT(U, 00) I(F~(U;), Y3, 00) + op(1)

= Rn(u2) — Ry(u) — {@T(W, 6) — G (u, .90)] \/1% > UF(U0),Yi,00) + op(1)
i=1

and the fact that (similar to our reasoning regarding equation (7.23)) we can drop the

op(1) term, we can conclude that for v =1,

E [T, (u2) — T () [T (w) = B ()] = B[Ry (12) = R ()| Ry () — Ry

< E [[Rn(uz) — R()|[Bn(w) — R (w1)]] + (7.27)
+ | [Ru(uz) = Ru(w)] |G (u.00) ~ G (u1,60)| \}ﬁ S UF (), Vi 60)| | +
L =1
(7.28)
+E [éT(ug,eo) G, 90)} in (F~(U;), Y, 00)| |Rn(u) — Ru(u)|"| +
L =1
(7.29)
+E [GT(W,QO) e 90)} \}ﬁ > UF(Uy),Y;,00)| x (7.30)
L i=1
< [6 (. 00) ~ @ s, 00)| \/17,1 S UF (U, Vi, 60)
=1

holds true.
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In order to prove tightness of Ri(), it therefore suffices to prove tightness of the four
summands from above independently with the help of Theorem 15.6 from Billingsley
(1968). Regarding the first summand (7.27), the first factor in the expectation (7.28)
and the last factor in the expectation (7.29), we have already shown that R, (-) is tight
in Step II of the proof of Theorem 2.1.4 and therefore the fluctuation of the differences
Ru(k) — Ry(l), 0 <k <1<1,is under control. Regarding the remaining factors in the
three summands (7.28), (7.29) and (7.30), we note that their fluctuation is determined by
the fluctuation of the deterministic function G, whereas the only stochastic part is in the
function I, whose expectation is controllable due to Assumption 1. To be more specific,
we will analyse the fourth summand (7.30) in detail. The calculations for the second and
third summands are similar. For the fourth summand (7.30), we consider at one of the p

summands of the scalar product. So let 1 < 5,k < p. We get

_ _ 1 &
I |[G3(U2,90) G](uaeo)]Tle(F (Ui),Yi, 00) | x
i
1 n
X || Gp(u, 0 Gr(ui,6y)| — (F~(U;),Y;,6
[ Gr(u,00) — Gi(ua 0)]\/ﬁ;k( (Ui), Y, 00)
= /gj(v,ﬁo)dA\[Ol](v) /gk(U790)dA\[01](v) X
(u,u2] (u1,u]
1 < i 1 < _
x B ﬁgw (U3), Y, 00)| - ﬁ;w (U:), Y7, 60)
/ 19;(v, 00)] dXo,1) (v / |91 (v, 00) | dX\o 1) (v) ¥
(u,uz] (u1,u]
), Yi, 6o) ‘\/—Zlk i), Yi, 6o)
/|9j(v790)’d»\[0,1](v) /|gk(v,90)|d»[o,1](v)><
(uqu] (ulvu]
2 Lo 2
X IZZ D). Yi,00)| | E ﬁ;lk(F—(U)m,eo)

9 / 17,0, 80) | M\ (v) / 9 (0, 60)] Mo (0) %

(u,u2] (u1,u]

X ZE 1), Yi, 00)]7 - ZE I (F=(U3), Y3, 60))
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D[ et o)+ [ 5000 Do (o) %

(u,u2] (u1,u]

% B (F~(U0), Vi, 00) - \ /B [ (F~ (U;), i, 60)

/ 19,0 60)] dMo. (v) - / 19 (0, 00)] P (0) X

(“’UQ] (ul 7“])

x \/Cov(l(X.Y.60)) - Cou(I(X. Y 00)

2

< /M( () doy()| - \/Cov(l(X, Y. 60));; - Cov(I(X. Y. 00)

(u1,u2]

2 [ (uz) — T(wn)] -\ Cov(I(X, Y. 60))j; - Cov(I(X, Y 00))

In the sequence of equations above
i) is true due to the Cauchy-Schwarz inequality,
ii) is true due to E(l;(F~(U;), Yi, 0p)) = 0 and the independence of (U1, Y1), ..., (Uy, Yn),
iii) is true because (U1, Y1), ..., (Up,Y,) are identically distributed,
iv) can be deduced from Assumption 2 part ii) and

v) is true for

/M 2)) Ao (0),

[0,u]

which is a non-decreasing and continuous function on [0, 1].

As a consequence of the boundedness of the fluctuation of the summands

1<j<p,

[G(u2,00) — Gj(u,60)] \F Zz ), Y, 600!,

the criterion of Theorem 15.6 from Billingsley (1968) applies and therefore the boundedness

of their sum, i.e., the scalar product

Z[ (ua,00) — G (u,00)| (F~(U), Y3, 00)

3=

(see (7.30)) follows. Altogether, we have proven that E}l() is tight and since the relation

holds true, we know that the process E,ll() is tight, too, which completes the proof. [



116 7. Appendix

Proof of Theorem 2.1.7

The proof is divided in two parts.

Part 1

We are in the situation of a univariate linear regression model
e with the design variable X, which has the distribution function F,
e where the regression errors are assumed to be homoscedastic with variance 1,
e where parameter estimation is performed using the LSE.

In this situation, we are going to show that all conditions under which Theorem 2.1.6
provides a limit process for the marked empirical process of the residuals are fulfilled. For

that, we have to prove that
1) E(Y?) < o,
2) Assumption 1 is satisfied,

3) Assumption 2 is satisfied.

As to 1: E(YQ) =E((m(X) + 5)2>

= E(m(X)?) + 2E(m(X))E(e) + E(?)
= E(m(X)?) + 2E(m(X))E(E(e|X = z)) + E(E(e?| X = z))
=E(m(X)?) + E(Var(e| X = z))

=E((fT(X)0)*) +1

as it is assumed that the matrix J exists. Thus,

/ fi(z) fj(z)dF (z) < oo, 4,j€{l,...,p}.

[—O0,00]
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As to 2: For n € N, we denote by

Y(n):=(Y1,...,Y,)T

the outcome vector to the random sample X1,..., X, % X and by

fi(X1) 0 fp(Xa)
X(n) = : : € R"*P

fl(Xn) e fp(Xn)

the associated random design matrix. We assume that there exists ng € N such that
rank(X(n)) = p for all n > ny and in the sequel, we only consider the case n > ny.
Hence, the LSE 6,, equals

0, = (XT()X () ' X7 ()Y (n).

This assumption is no restriction as in the theorem rank(J) = p is assumed, which is
equivalent to the linear independence of f1,..., f, in £L3([—00,00], ') and thus such a ng
exists (a.s.) and, since we consider an asymptotic result, for n — oo, we can assume that

n > ng. Note, that ng is the realisation of a random variable. For

H(Xy) - AXe) (A fp(X)

T, = %XT(n)X(n) _ %

Kr(X1) o (X)) \fi(Xn) - fo(Xn)

- (i Zﬁ(Xi)fm(Xi)) e R,
i=1

1<l,m<p

we again only consider n > ng such that
rank(J,) = p. (7.31)

Then, under Hy : m(-) = f7(-)6p, the following equations holds true:

I S e = I L S (X (Y = m(X)
v Z : v Z

] n
_ <1 XT(n)X(n)> ;ﬁ S F(X0) (Y — £7(X0)60)
=1

= Va(XT ()X ()™ Y f(X0) Y = Va(XT(n)X ()™ Y F(X) £7(Xi)bo
=1 i=1

— V(X ()X () X ()Y (n) = V(X ()X ()X (0) X (m)0

:\/ﬁ(én—eo).
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Hence, under Hy, we have

N (én - 90) = J7! \/1% F(X0) & (7.32)
=1

)

Because of
iid

X1, Xn XX ~F,

Xy

n—oo

1 n
=) X S EX) = /XdP = / zdF ()
n -
=1 [7007001
results from the strong law of large numbers. By applying the strong low of large numbers

again, for 1 <I,m < p,

(i = 30 32D (X)) -2 BAX) X)) = [ @) fnl) AP (@) = T
i=1

[—O0,00]
can be concluded and therefore, we finally get

Iy —2 T
n—oo

Note that it was assumed in the present theorem that rank(J) = p, hence the result from
above justifies our assumption in (7.31).
Under the assumption that J is regular and for n large enough such that J, is regular and

because of the continuity of matrix inversion
~1.GL(n,R) = GL(n,R), A+ A~}

we can conclude

ng a.s. Jfl.

n—oo

By further taking (7.32) into account, we get

n (6, — = -1 1 i)Ei
Vi (0= 00) = J; LT

n n

_ g \/15 S f(Xo)ei 40! \/15 S F(Xi)ei— I \}ﬁ S F(Xes
; =1

=1

3

1 1, e
=J 1 7 2 f(Xz)Z':'L + ﬁ (Jn I J 1) ; f(Xl)El
1 n
=J 1 = f(X,)é‘l + Op(l),
n =1
n
since J,; 1 —J —1 converges to zero a.s. and = 3 f (X;)e; converges in distribution and is

3

i=1

hence a.s. bounded.
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In order to satisfy Assumption 1, the following equality must hold

n

1 1 1 <&
J7 7n ;f(Xz’)fz' +op(1) = NG ;l(Xi,Yi,@o) + op(1),

where E(I(X,Y,6p)) =0 and Cov(I(X,Y,6p)) exists. So we simply define
(X, Y5, 00) = J ' f(Xi)ei = T f(Xo) (Vi — m(Xi, 0p)).- (7.33)

As a consequence, the first part of Assumption 1 is satisfied. It remains to prove properties

i) and ii) of Assumption 1.

i) E((X,Y,6p)) =E (J~ f(X)(Y —m(X, o))

i)  Cov(l(X,Y,6y)) = E(I(X,Y,00)1T(X,Y,60))
=B (77 FOOW = m(X,00)) [T FEO = m(X,00)] ")
=E (J ' f(X)(Y —m(X,00)) (Y —m(X,00)) fT(X)J )

— / JHF@)E[(Y —m(X,00))%X = z] ()] 1 dF (2)

[_OO’OO}

e / T F@)E [(m(X, 8) + & — m(X,00)|X = o] /7 ()T dF ()

[_00700}

= [ TH@ERX =] M@ ar )

[_OO’OO}
2
(5 —E(e|X = x))
=0

= / J Y f(x)Var(e| X = 2)fT (z)J L dF (z)

[700700}

= /J_lf(m)E X=uz

[700700}

fH(x)J L dF ()

_ / T f(@)o?(2) fT (2) T dF (z)

[700700}
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/ F(@)fT () dF(z) T

[700700]
=Jtgg!
=J! (7.34)
and thus, Cov(I(X,Y, 6)p)) exists.

As to 3:

As we are in a linear regression scenario, under Hy, we have

m(z) =m(z,0) = f'(z)6
and therefore

om(x,0) O fT(x)0
0 =g =@ = (@) @)

g(a:,@) -

holds true. Thus, m(z,0) is continuously differentiable in 6 for all § € RP and all = € R.

Hence,
Gi(x,0) = /gl(quF /fl )dF(u), 1<i<p,
[—o0,7] [—o0,7]
exists, since f,..., f, are supposed to be (square) integrable with respect to F'. Thus,

ii) of Assumption 2 holds. Note that in a general regression model with random design,
g (and therefore also G) may depend on 6 (see Section 2.1.1), whereas in the present
situation of a linear regression model with random design, g (and therefore also G) do not

depend on # any more.

Part 2

Due to Theorem 2.1.6, we already know the mean function and the covariance function of

the process R (-) in the general situation of a regression model with random design:
m(s) =E(R.L(s)) =0, s¢&[-00,00],
and
K'(s,t) = Cov(R. (s), RL(t)) (7.35)

_ / Var(Y|X = u) dF(u) + GT(s, ) Cov(I(X, Y, 8)) G(t, 6)

[—oo,min{s,t}]
— GT(5,00) E [1_oog(X) - (Y —m(X,600)) I(X, Y, )] (7.36)

—GT(t,00) E [L[_ oo 5(X) - (Y — m(X,00)) U(X,Y,60)], s,t€ [—00,00].
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In the present situation of Theorem 2.1.7, we obtain for the first summand

/ Var(Y| X = u)dF(u) = / o2 dF (u)

[—oo,min{s,t}] [—oo,min{s,t}]

- / 1 dF(u)

[—oo,min{s,t}]

= F(min{s, t}).

Because of the representation in equation (7.34), we have Cov(I(X,Y,60y)) = J~!. Thus,

for the second summand, we get
G*(s,00) Cov(I(X,Y, 00)) G(t,00) = G (s,00) J~" G(t,6p)
LG () I G().
For the third summand, we get with (7.33)
G (5, 00) B [1 o0, (X) - (Y = m(X, 00)) U(X, Y 0)]

= GT(s,00) J! / E [(Y m(X,0o)) ‘X—x} dF (z)

[_Oovt}

= GT(S, o) J 1 / E [(Y —m(x, 90))2 | X = x] f(x)dF(x)

[_Oovt}

= GT(s,00) 7! / Var (Y| X =x) f(z) dF (z)

[_Oovt}

= GT(s,00) 7! /az(x)f(a:)dF(;r)

[—o0,t]

= GT(s,00) J /f )dF (x

[—o0,t]
= GT(s,00) T'G(t,6p)
26T (s) TGt
and similarly for the fourth summand, we obtain

GT(t,00) E [1[- o0 (X) - (Y — m(X,60)) U(X,Y,00)] = GT(t) J'G(s).
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Inserting all four summands in the covariance function from equation (7.36), for s,t €

[—00, 00|, we get
K'(s,t) = F(min{s,t}) + GT(s) J7L G(t) — GT(s) J7'G(t) — GT(t) J1G(5s)

= F(min{s, t}) — GT(t) J71G(s)

T -1
~Fin(sth) - | [ s@ir@| | [ j@f@dre)| [ e
[—00,9] [—00,00] [—o0,t]
which was what had to be proven. ]

Proof of Theorem 2.1.10

We begin the proof with two technical lemmas, the first of which is well known and

addresses general observations regarding quantile functions.
—= -

Let F' be a distribution function and F'~ be the associated quantile function. Let
a,b, F~(0) and F~ (1) be defined as in Remark 2.1.9. Then, for all ¢t € (0,1) and all
x € (a,b), the following relations hold true:

i) F(F~(t)) >t and F~(F(z)) <. (7.37)
i) Fz) >t < F~(t) <. (7.38)
iii) F(F~(F(z))) = F(z) and F~(F(F~(t))) = F~(t). (7.39)
iv) F(F~(t)) =t <= te F((a,b] NR). (7.40)

Note that, if 0 < F(x) < 1 for all x € R, we have (a,b) = R and note that it can
happen that (a,b) = 0.

Proof of Lemma 7.1.1 : Since the distribution function F is right-continuous,

F~(t) =min{z e R: F(z) > t}, te(0,1),
holds true. Therefore, for all ¢t € (0,1) and = € (a,b),
F(F~(t))=F(min{z e R: F(z) > t}) >t

and
F~(F(z)) =min{s e R: F(s) > F(z)} <z

can be deduced. This proves (7.37).
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Regarding the second assertion, if F'(x) > t holds true, due to the fact that F~ is mono-
tonically increasing and (7.37) holds true, we can infer that F~(¢t) < F~(F(z)) < x.
Otherwise, if '~ (t) < z holds true, since F' is monotonically increasing and (7.37) holds
true, F(z) > F(F~(t)) > t can be inferred, which proves the other implication.

Regarding (7.39), the first part of (7.37) (with ¢ = F(x)) shows that F(F~(F(z))) >
F(z), and applying F to the second part of (7.37) yields F(F~(F(z))) < F(z). Hence,
F(F~(F(x))) = F(z) for all z € (a,b). Similarly, the second part of (7.37) applied to x =
F~(t) shows that F~(F(F~(t))) < F~(t), while applying F~ to the first property yields
F~(F(F~(t))) > F~(t), and hence, we have F~(F(F~(t))) = F~(¢t) for all t € (0,1). We
have thus shown (7.39).

Regarding the fourth assertion, since F'~(t) € (a,b) N R for all t € (0,1), we can infer
from t = F(F~(t)) that t € F((a,b] N R) holds true. To see the reverse implication, let
t € F((a,b] NR) be true. Then, there is an z¢ € (a,b] N R with F(z¢) = ¢t and thus
{z € (a,b]NR| F(x) =t} is not empty. Therefore, because F' is monotonically increasing,

we can conclude that
F(F~(t)) = F(min{z € (a,b] NR|F(x) > t}) =1

holds true. O

The second lemma is concerned with the main technical identities necessary for the proof
of Theorem 2.1.10.

Let X be a random variable with distribution function F'. Let F~ denote the

quantile function associated to F'. Define
U:=F(X) and X := F~(U).

Then, the following assertions hold true:

i) PY)o(p-) = No(r-)-

ii) 0, t <0,
lim F(z), t¢ F(R)andte(0,1),
Fy(t) =P(U <t)={ =tF-@
t, te F(R) and t € (0,1),
1, t>1.
i) X = X as.
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Proof of Lemma 7.1.2

We claim that in the given situation

P (F~(F(X)) € (—o00,d]) = F(d), de€ (a,b). (7.41)

Here, as defined in 2.1.9, a = inf{z € R|F(z) > 0}, b = sup{z € R|F(z) < 1} and
F~(1) = b. Note that X > a a.s. and therefore, in this proof, we can assume X > a.

To see that equation (7.41) holds true, first note that if X < d, then F~(F(X)) <
F~(F(d)) <d due to (7.37). This proves

P (F~(F(X)) € (—00,d]) > P(X < d) = F(d).

To prove the converse inequality, define ¢ := sup{y € R|F(y) < F(d)} and note that
c € [d,b) C (a,b) C R is well defined, since F(d) < 1. Now, there are two cases:

Case 1; F(c) < F(d):
In this case, if F~(F(X)) < d, (7.39) shows that F(X) = F(F~(F(X))) < F(d)
and hence X < c¢. Therefore,

P (F~(F(X)) € (—00,d]) <P(X <¢) = F(c) < F(d).

Case 2; F(c) > F(d):
In this case, if F~(F(X)) < d, then (7.39) shows F(X) = F(F~(F(X))) < F(d)
and hence X < ¢ by the definition of ¢ and because F(¢) > F(d). Therefore,

P(F~(F(X)) € (—o0,d]) < P(X <¢)
i 1
= lim ]P<X<c—>
n—00 n
1
= lim F (C— )
n—o0 n
< F(d)
holds true by the definition of ¢ and the fact that F' is monotonically increasing.
Altogether, (7.41) is proved.

To complete the proof of Lemma 7.1.2, we shall use the probability space ((0,1), B, X[ 1)),
on which we define the random variable V(z) = x, meaning that V' ~ U(0,1). It is well
known that F'~ (V) ~ F' ~ X. Furthermore, we define

P = {(F7)" (=00, d])|d € (a,b)}

and note that o(F~) = o(P) and that P is closed under non-empty finite intersections.

We will now prove the assertions i) - iv) of Lemma 7.1.2 one by one.
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Regarding i): It is sufficient to prove that P(U € M) = W\(M) for all M € P. But with M =
(F7)7Y((—o0,d)) for some d € (a,b), we see in view of (7.41) and because of F~(V) ~
X, that

Ao (M) = N (F7) 7 (=00, d])) = Moy (F~(V) € (o0, d])

Regarding ii): According to the definition of U := F(X), U takes values in [0,1]. Therefore,
Fy(t) =0 for t <0, Fyy(t) =1 for t > 1. For t = 0, we get

Fiy(0) = P(F(X) < 0) = P(F(X) = 0) = 0, (7.42)

since, either F'(z) > 0 for all z € R, or there is an z¢ € R such that F(x) > 0 for all
x > xo and F(z) = 0 for all z < zy. In the first case, the last equation in (7.42) is

obviously valid, and in the second case

IP(F(X):0):P(X<x0):nli_>rgoF(xo—i> =0

holds, stating that the last equation in (7.42) is valid, too. The following two cases

remain:

Case 1; t € (0,1) and t € F(R):
Since t € F(R), there is an z € R with F(z) = ¢ and therefore, according to
(7.38),

(0,8 = (0, F(@)] = s € (0,1)ls < F@)} = {5 € 0, D (5) < 2}
— (F) ((~o0,2)) € o (F")
holds true. Thus, since we have PU, sy = A|,(p—), we can conclude
Fy(t) =P(U <t) =P(U € (0,t]) = N\pq1((0,]) = t.
Case 2; t € (0,1) and t ¢ F(R):
In this case, as claimed,

P(F(X) <t) = P(X < F~(t)) (7.43)
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Regarding iii):

Regarding iv):

-t (w2

:1m1F<F—@y—l>

n—00 n

= lim Fl(z).
2t F~(t) ()

is valid. In the above equation, (7.43) holdes true, since for z € R and ¢ € (0, 1)

the following equivalences apply:
Fz)<tandt¢ F(R) <= F(z) <t
= 2 (F(x) > 1)

VAL (F~(t) < 2)

= x < F(t).
Here =P denotes the negation of a proposition P.

(7.37) implies that X = F~(U) = F~(F(X)) < X. Assertion i), however, implies
that for any Borel set M C R,

P(X e M)=P (U e (F)"'(M)) = MNo1) ((F7)~H(M))
=N (V€ EFE)HM)) =N (F (V) e M) (7.44)
=P(X € M),

holds true, since F~(V) ~ F ~ X. Hence, X ~ X and X < X almost surely,
which is only possible if X = X a.s. To see this, consider Y = arctan(X) and
Y = arctan(X). Then, Y <Y and Y ~ Y hold true and thus

EQY—?D:E(Y—?):E@U—E@)ZQ

Thus, |Y — Y| = 0 a.s., hence Y = Y a.s. and therefore X = X a.s. Note that we

have used the arctan transformation to ensure that E(Y') exists.

From (7.39), we can infer that
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We can now proceed with the actual proof of Theorem 2.1.10. The application of Lemma
7.1.2 now guarantees the existence of a random variable U that has the desired distribu-
tional properties and which we use as the design variable of the transformed regression
model with random design

Y=(moF )(U)+e.

It remains to prove the following assertions:
i) In the transformed model, the relation

(mo F)(w) =E(Y[U =w), we (0,1),

holds true, which states that m o F'~ is indeed the new regression function.

ii) The relations E(e|U = u) = 0 and Var(e|U = u) = 0?(F~(u)) hold true in the

transformed model.

iii) Assumption 2 of Section 2.1.1 is satisfied in the situation of the transformed model.
In the following, we prove these assertions one by one.
Regarding i) Since U = F(X) and X = F~(U), we have o(X) = o(U) and therefore
E(Y|X)=E(Y|U) as.

holds true. Furthermore, we already know that X = X as. and, since a()? ) =
o(U) C o(X), we additionally know that E(Y|X) is o(X) measurable. We therefore
get for all B € B

E(E(Y|X) - 15(X)) = E(E(Y|X) - 15(X)) = E(Y - 15(X)) = B(Y - 15(X)) as.,

(7.45)
which means that E(Y|X) = E(Y|X) a.s. Altogether, we have
E(Y|X)=EY|U) as.
Now, since in the original model the factorisation m(z) = E(Y|X = z) of the

conditional expectation E(Y|X) was given as the regression function and
(mo F)U)=m(F~ (U))=m(X)=m(X)=EY|X)=EY|U) as.
holds, we know that m o F'~ is a factorisation of E(Y|U) and thus get
(moF7)(u) =E(Y|U =u) PY-ae. forue (0,1).

Regarding ii) According to assertion i), in the transformed model we have

E(e|U) = E(Y —m(F~(U))|U) = EY|U) —m(F~(U)) =0
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and therefore
EE|U=u)=0 PY-ae. forue(0,1).

With the same arguments as used in the proof of (7.45), one can see that E(Z|X) =
E(Z|X) a.s. for every integrable random variable Z and therefore one has E(Y2[X) =
E(Y2X). Again, since o(X) = o(U), we can infer that E(Y2|U) = E(Y2X) holds

true a.s. for a square integrable Y and thus, we have
E(YY)X = F (u) =EY)U =u) PY-ae. for ue (0,1).
Using this, we conclude that for PV-a.a. u € (0, 1),
o?(F~(u)) = Var(e | X = F~(u))
=Var(Y|X = F (u))
—E(Y2|X = F~(u)) = [B(Y | X = F~(u))]
=E(Y?|U =u) - [B(Y|U = u))?
=Var(Y |U = u)
=Var(e|U =u)

holds true.

Regarding iii) Under the null hypothesis Hp : m € M :={m(-,0)|0 € ©}, © CRP, for u € (0,1),

similar to the proof of Theorem 2.1.6, we define

g(u, 9) = (0 (Uv 0),... agp(ua 9))T

_ (am(F—(u),a) am(F—(u),e))T
' a6, T 96,

om(F~(u),0)
06 ’

which is well defined since Assumption 2 is satisfied in the original model. Note that,
since Assumption 2 in the original model is satisfied, there is the X\[p;j—integrable
function M(z) := (M o F~)(x), € R, such that

Vi<j<p VzeR VOecint(®): |[g;(z,0)] < M(x).

Therefore, Assumption 2 is also fulfilled in the transformed model. In particular,

G;(+,0) is N[p,1)—integrable for every i = 1,...,p and therefore,

G(u,0) == (G1(u,0),...,Gp(u,0)T
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T
= /gl(va 9) d»[(),l} (/U)’ ERRR) /gp(v’ 9) dA}‘[O,l] (U) S (Oa ]-)7
[0,u] [0,u]
exists and its components are continuous functions with respect to 6. (I

Proof of Corollary 2.2.5

First, we compute the mean function m(s) for s € [a, b].

m(s) = E((By,r o F)(s))

T
—E|B(FG) - | [ fodre | 7 [ rmasm
[

la,s] a,b]
T
—e@Ee) -E( | [rwire| o [ sodse)e
=0 [a,s] [a,b]
T
——| [ rware | 7 E| [swds@Eo|. seay. (@)
la,s] [a,b]
According to Theorem 2.2.4 and its proof
(R)
/f 1) dB(F /f t) dB(F / FtydBoF) W = | Ft)dBE®)
[a,b] [a,b] [a—e,b] la—e,b]

(7.47)

holds true for every e > 0, where f(x) = f(z), x € [a,b], f(z) = f(a), v € [~00,q)
and (Bo F)(t) = B(0) =0 = B(0) = B(F(t)),t € [a—e¢,a). Let € > 0 be given. For
m e N, let a—¢ =y, < - < Tym = b be a partition of the interval [a — e, b] with

SUp  |Tmj — Tmj—1] — 0. Due to the theorem of Lebesgue, we get
y — m (o.¢]

[ (R
/ f)dB(F)(1)| = E / F(t) dB(F(1))
[a,b] | [a—e,b]

=E | lim_ Zf(mmi) (B(F(zmi)) — B(F(zmi-1)))
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m(s) =0, s¢€]la,bl,
which had to be proven. Secondly, we have to show that for s,t € [a, 1],

K(s,t) = F(min{s,t}) — (/f )dF(z )(/f &) fT(t) dF) /f ) dF(z
[a,s]

[a,b] [a,t]

is valid. Therefore, for s,t € [a,b], we calculate

K(s,t) = Cov|[(Byp o F)(s), (By,p o F)(t)]

= Cov | B(F (/f JdF (z ) /f )dB(F (7.48)
[a,s] [a,b]
- ( / f(x)dF<w>> 7t [ s@anE) @)
[a,t] [a,b]
= Cov(B(F(s)),B(F(t))) —Cov (B (/f )dF(z ) J! /f(x)dB(F)(:c))
=1 [a,t] [a,b]
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Now, the task is to compute the terms I to I'V.

As for I:
Cov(B(F(s)), B(F(t))) = min{F(s), F(t)} = F(min{s,t}), s,t € [a,b],

since B is a standard Brownian motion.

As for II: Let ¢ > 0 be given. For m € N, let a —¢ = xp1 < -+ < Ty, = b be a
partition of the interval [a —e,b] with sup |2y — Zmj—1| — 0. According to (7.47),
=2 m—0o0

we then obtain

(R)
Cov (B(F(s)), / (@) dB(F)(:v)) — Cov (B / )

[aab} —&, b

= Cov (B(F(S)), Tim Y f(@mi) (B(F(2mi)) B(F(fcmil)))>
=2

-1 (B<F<s>> -l 3 F ) (BE(em) — B(F(xmm))) Csenl)
=2

as the expected value of both summands is zero. Due to the theorem of Lebesgue, we get

E (B<F<s>> lim " ) (BF () — B(F(asmi_n)))
=2
= 1im 3" Femi) E(BE(s)) - (BE (@) ~ B(F(@mi1))
1=2

= Jim 3 F@ne) Cou (B(F(s)). (B(F(wn) = B(F(@ni-1)
=2

= Jm 3" Flans) (in{F(s). F(r)} — mingF(s). Flzm)))

=2

=2

- / T@) dFpo(@) = [ f)dFr(o

la—e,b] [a,b]

_ / f(x)dF(z), s € [a,bl. (7.50)

[a,s]
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Note that equation (7.50) holds true, since the signed measure p Fp(,, associated to Fp)
has its support in [a, s] and PFpy = ,up\[a,s}, where, as usual, ur denotes the measure

associated to F'. Taking the above into account, we obtain

Cov | B(F(s)), /f(x)dF /f )dB(F
[a.1] [a.b]
T
= /f(x)dF(:n) JYCov B(F(s)),/f(a:)dB(F)(ac)
[a,t] [a,b]
T
_ /f(x)dF(x) TV | f@)dF(z), st € ab).
la,t] [a,s]

As for III: Similar to II, we obtain

Cov | B(F(t)), /f(x)dF J! /f )dB(F

la,s] [a,b]

/f YdF(z) | J71 /f(x)dF(x), s,t € [a,b].

[a,s] la,t]

As for IV: Again, let ¢ > 0. For m € N let a —¢ = 21 < -+ < Ty = b be a
partition of the interval [a —€,b] with sup |2y,; — Zmj—1| —— 0. Thus, we obtain
=2 m—0o0

/ f(z)dF(x / f(z)dB(F / f(x)dF(z)| J71 / f(z)dB(F)(z)
[a,s] [a,b] [a,t] [a,b]
T (R)
~cou|| [t@ar@| ot [ Tw i),
[a,s] [a—e,b]

T (R)
/ f@)dF()| g / F(@) dB(F)(x)

[a,t] la—e,b]
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’ (R) (R)
= (/f(x)dF(:z)) chov( / f(z)dB(F)(x), f(x)dB(F)(ac)) X

[a,s] [a—e,b] [a—e,b]

x Jt /f(m)dF(ac)

[a,t]

Jim 3 T (BIF () — B(F(mmm») x
j=2

x J1 / f(z)dF(x), s,t € [a,b]. (7.51)

[a,t]

Due to the theorem of Lebesgue, we can reshape the covariance from the term above as

follows:

o .3

~

(@mi) (B(F(2mi)) — B(F(Tmi-1))),
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—J (7.52)

The last equation holds true, due to the definition of J in (2.7) on page 30. Finally,
inserting (7.52) in (7.51) leads to

((/f YdF (x ) /f YdB(F (/f YdF (x ) Jl/f(a:)dB(F)(x))
[a,s] [a,b] [a,t] [a,b]

T
= (/ f(a:)dF(x)) J 1 x
[a,s]

x Cov (n}i_fgoz:f(wmi)(B(F(wmi)) — B(F(zmi-1))),

=2

i > F @) (BF () - B(F(xmjm)) x
Jj=2

x J71 /f )dF(x

[a,t]

T
= /f YdF(z) | JtgJ! /f(x)dF(x)
[as] [

a7t]

_ /f ) dF (z J‘l/f(x)dF(x), stcla,b.
[a,s]

[a,t]

We insert I, II, ITT and IV in equation (7.49) on page 130 to determine the covariance
function of By p o F, for s,t € [a,b], as follows:

T
K(s,t) = F(min{s,t}) — (/f )dF(x ) J! /f(x)dF(a:)

[a,t] [a,s]
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/ f(x)dF(x / f(x)dF(x / flx)dF(x / f(x)dF(x
(a,s] [a,1] [a,s] [a,1]
T
F(min{s, t}) — / F@)dF@) | ! / o) dF (x)
[a,t] (a,s]
T
= F(min{s,t}) — /f(x)dF(a:) /f &) fT(t)dF(t /f YdF(z
[a,s] [a,b] [a,t]
This completes the proof. [l

Proof of Lemma 2.2.7

The proof is divided into four lemmas and one corollary, which together proof Lemma 2.2.7.

These are:

Lemma 7.1.3:

Lemma 7.1.4:

Lemma 7.1.5:

Corollary 7.1.6:

Lemma 7.1.7:

This lemma states a variant of the well-known change of variables formula for inte-
grals in the situation of an integral with respect to a distribution function. Since
this transformation is used in a number of places in this work, we state a proof here

for the sake of completeness.

This lemma addresses a duality between distribution functions and quantile func-

tions.

This lemma deals with the special case of Lemma 2.2.7 in which the distribution
function F' has support in [0,1] (i.e. ¢ =0and d = 1) and a = 0 and b = 1 hold
true. Note that Evers (2022) contains a different proof of a result that is quite
similar to Lemma 7.1.5. The difference is that the proof in Evers (2022) works
for infinitely many functions f;, but yields only continuous functions g;, instead of

Lipschitz continuous functions.

This corollary contains the main assertion of Lemma 2.2.7 and is a generalisation of
Lemma 7.1.5. This corollary can also be found in Evers (2022), as it was developed

together with the author.

This lemma proves the additional assertion made in Lemma 2.2.7, according to which

the linear independence of the functions fi,..., f, and g1,..., gp is equivalent.
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measurable and F-integrable. Then

[s@ar@ = [ (9o F)w)dhon
(a,b] (F(a),F(b)]
holds true. If, in addition a < inf(supp(F’)) is valid, it holds true that

/ o(x) dF (z) = / (9.0 F)(u)) dhg.y ().

[a,b] [0,F(b)]

Let F: R — R be a distribution function, let a < b € R and let g : R — R be

Proof of Lemma 7.1.3:

First, note that 1, () - g(z) is measurable and F-integrable, since g is and that the

quantile function F~: (0,1) — R is continuous from the left and therefore measurable,

hence g o F~ is measurable. Additionally, we already know from equation (7.44), page
126, that WY, ~ X ~ F. That is, PX for X ~ F is the pushforward measure of A0,1]

[0,1]

with respect to the measurable mapping F~. We will use this fact in equation (7.53) of

the following series of equations. Thus,

[ s@ar@ = [ g gy
(a,b] (a,b]
— [ @) gla) Ny (@)

R

N / (9~ Lap) © F7)(w) dXpo 1) (u)

(F7)~H(R)

— [ Lan(F @) o(F () o0

[0,1]

- / Lty (4) - (9.0 F) () Aoy (1)
[0,1]

= [ e g,

(F(a),F(b)]

holds true.

(7.53)

(7.54)

(7.55)
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In the equations above, (7.54) holds true, according to the standard change of variables
formula for pushforward measures (see for example Paragraph 19 in Bauer (1992) in this

regard). Furthermore, in equation (7.55) we used the equivalence
a<F (u)<b < F(a) <u<F(b), uel0,1],
which holds true according to (7.38) of Lemma 7.1.1 and the fact that
a<F (u) <= —(a>F (u)) <= —~(F(a) > u) <= F(a) < u.

If, in addition a < inf(supp(F')) is valid, then either F'(a) = 0 and F' is continuous in a or
F(z) =0 for all z € (—00,a) and F has a jump at a. In the first case,

=0
/ g(z) dF (x) = / g(z) dF () + / o(x) dF (x)
[a,b] {a} (a,b]
=0
= [ o F ) M) + (g0 F)(u)) Moy (u)
[0,F(a)] (F(a),F(b)]

— / (go F7)(u)) XNpo,1j(w)

[0,F ()]

holds true. In the second case F~(u) = a holds true for all u € [0, F(a)]. Thus,

/ o(x) dF(z) = / o) dF(z) + / o(x) dF ()
[a,b] {a} (a,b]

is satisfied. 0
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i) Let @ : [0,1] — [Q(0), Q(1)] be a quantile function, i.e. @ is continuous from
the left and monotonically increasing. Define Q* : R — [0, 1] by

0, x < Q(0),
Q" (z) == { sup{u€[0,1]|Q(u) <z}, x€[Q0),Q(1)),
1, x> Q(1).

Then Q7 is a distribution function and (Q1)™ (u) = Q(u), u € (0,1]. Further-
more, if @ is right continuous in zero, then (Q*)~(0) = Q(0) holds true, too
and therefore (Q)~ = Q is satisfied.

ii) Let F': R — [0, 1] be a distribution function with supp(F') C [¢,d], ¢ < d € R.
Then F~ is a quantile function and (F~)* = F.

Proof of Lemma 7.1.4

Part i): From the definition it is clear that QT is monotonically increasing. Note that,

since () is continuous from the left, it is valid that

Q(2) = sup{u € [0,1] | Q(u) < ¢} = max{u € [0,1]| Q(u) < 2} for « € [Q(0), Q(1)).

Next, we show that Q% is continuous from the right. To see this, let zo € [Q(0),Q(1))
and (zp)nen C [Q(0),Q(1)) with x,, | xg be given. Due to 2,41 < zp, n € N, and the fact
that QT is monotonically increasing, it can be deduced that (Q* (x,))nen is monotonically
decreasing. Since, furthermore, (Q*(z,,))nen is bounded from below by zero, there is a
lower bound wug € [0,1] with Q*(z,,) | up. Furthermore, due to Q" (zo) < Q™ (z,) for
all n € N, we have Q" (z9) < up. Now let us suppose towards a contradiction that
Q%1 (z0) < up. Then, we could infer that

Q(uo) < Q(QT (1)) = Q(max{u € [0,1]| Q(u) < z,}) < z,, holds true for all n € N.

Hence, Q(ug) < xo, respectively ug € {u € [0,1] | Q(u) < zp} could be deduced. But this
is a contradiction to the fact that QT (x¢) = max{u € [0,1]| Q(u) < zo} is the biggest
number for which Q(Q"(xp)) < x¢ holds true. Thus QT (zg) = up has to be true and
therefore, we have QT (z9) = ug = nlin;o Q" (zy), that is, QT is continuous from the right.
Together with the fact that Q* is monotonically increasing, we thus know that QT is a
distribution function.

It remains to prove that (Q%) (u) = Q(u) for all u € (0,1]. We first notice that for

€ (0,1),
QT(Q(1)) = max{u € [0,1] | Q(u) < Q(t)} > t

is satisfied and thus, Q(t) € {z € R|t < Q" (z)}. It can be inferred that

(@F) (1) =inf{z e R[t < QF(x)} < Q).
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Let us suppose towards a contradiction that x := (Q%)™(t) < Q(¢). Then, since Q™ is a

distribution function, we can infer from equation (7.38) in Lemma 7.1.1 that
r< Q) = —(z>0Q@1) &= ~(QT(x)>t) &= QF(z) <t

is satisfied, i.e. it holds true that QT ((Q*)(¢f)) < t. This contradicts the fact that
the distribution function Q%, according to equation (7.37) in Lemma 7.1.1, satisfies the
inequality QT ((Q™)(t)) > t. Therefore, the assumption (Q1)™ (t) < Q(t) was false and
due to (Q1)~(t) < Q(t), it follows that (QT)~(t) = Q(¢). Since t € (0,1) was arbitrary,
(@) (u) = Q(u) is satisfied for all u € (0,1). Furthermore, since @ and (Q*)~ are

quantile functions, they are continuous from the left and thus

@) ()= lm (@)1= lm QW) = Q)
t€(0,1) te(0,1)

is satisfied, too.

If, in addition, @ is right continuous in zero, then

Q(0) = lim Q) = lim (Q") " (t) = ltiinon inf{z e R| Q" (z) >t}

t}o t}0
te(0,1) te(0,1) te(0,1)

=inf{z € R| QT (x) > 0} (7.56)

=(Q")7(0) (7.57)

can be inferred. Here, equation (7.57) is true by the definition of the quantile function,

see Remark 2.1.9. It remains to prove that equation (7.56) is satisfied. For this, we define
M;:={x eR|QT(x) >}, t€(0,1] and M :={zx€R|Q"(z) > 0}.
Note that M is bounded below, since Q" (z) = 0 for all z < Q(0). We prove that

inf M = lim inf M;
t10
te(0,1)
is satisfied. First, we note that for ¢ > ¢’ € (0,1], My C My can be inferred and hence
inf M; > inf My > inf M > oo holds true. Therefore, lii’(r)l inf M; > inf M exists. Next,
t
given any x € M, there is a t, € (0,1] such that + € M;,. Thus, for 0 < ¢t < t,, we can
infer that inf M; <inf M;, < x holds true. Hence, liJI})l inf M; < x is satisfied for all z € M
t

and therefore, lif[r} inf M; <inf M is satisfied, too.
t

Part ii): According to Definition 2.1.8, F'~ is the quantile function associated to F. Fur-

thermore, since

(F7)(x) = sup{u € [0,1]| F(u) < x} (7.38) sup{u € [0,1] | F(z) > u} = F(z), z € (a,b),
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holds true, (F~)"| (45 = Fl(a) is satisfied. Here, a,b, F'~(0) and F~(1) are defined as in
Remark 2.1.9. It remains to prove (F~)"(z) = F(z) for € (—00,a] U [b,00). For = < a,
we have F(z) =0 = (F~)"(x), since F~(0) = a. Moreover, for > b, it holds true that
F(z) =1 and, since F~(1) = b, (F~)"(z) = 1 holds true, too. Finally, if a < b, since F
and (F~)" are continuous from the right,
Fla)= lim F@) = lim (F)"() = (F)*(a)
z€(a,b) xz€(a,b)

is satisfied and if @ = b, than F(a) =1 = (F~)%(a) is true by definition. This completes
the proof. 0

Let F' be a distribution function with supp(F) C [0,1] and fi,...,f, : [0,1] —
R, p € N, be functions that are of bounded variation, continuous from the left and
right continuous in zero.

Then, there is a distribution function G with supp(G) C [0,1] and functions
g1,---,9p : [0,1] — R that are Lipschitz continuous, such that

fi:gioG_v Z:Lap

Proof of Lemma 7.1.5 The proof will be divided into the following steps:

Step 1: Definition of a quantile function Q:

Without loss of generality, we suppose f;(0) = 0 for ¢ = 1,...,p. This is no limitation
since for f;(0) # 0 for some i € {1,...,p}, we can consider fi(-) = f;(-) — f;(0). We then
have fZ(O) =0 and fz is continuous from the left, right continuous in zero and of bounded
variation, since f; is. Moreover, if f; = §; o G~ holds true for a distribution function G
and some Lipschitz continuous g;, we then have f; = g; o G~ with g;(-) := g;(-) + fi(0)

and g; Lipschitz continuous holds true, too.

Moving on, since fi,..., f, are continuous from the left, right continuous in zero and
of bounded variation, there are monotonically increasing functions fl.(l), fi(z) :10,1] —
R,i = 1,...,p, that are continuous from the left and right continuous in zero with

fi = fi(l) - fi(2), 1 = 1,...,p. This follows from the Jordan decomposition of bounded
variation functions (see for example Aufgabe 1.10 of Kapitel VII in Elstrodt (2009)).
Without loss of generality, we further suppose that

oy=0=f20), i=1,...,p

This is not a limitation, since we already know that 0 = f;(0) = fi(l)(O) - fi(Q)(O) and
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therefore, fi(l)(O) = fl-(2)(0) holds true. Now, if fi(l)(O) = fi(z)(()) # 0, we simply look at

fi(l) = fi(l) - fi(l)(o) and fi@) = fi(2) - fi(2) (0),

which satisfy fi(l)(O) =0= ff” (0), are monotonically increasing, right continuous in
zero and f; = fi(l) — fi(Q) still holds true. Because fi(l), fi(z) are monotonically increasing,
their left sided limits exist on (0, 1] and since f; is continuous from the left hand side, for

€ (0,1],

filw) = file=) = lim fi(en) = lim £ (00) = lim £ () = 1 (@) = £ ()

holds true. Here, as usual, h(z—) denotes the left sided limit lim h(z,) of a function

h. Therefore, without loss of generality, we can assume that the functions fi(l), fi(2) are

continuous from the left.

Furthermore, since for i = 1,...,p, the functions fi(l), fi@) : [0,1] — R are monotonically
ORNC)

increasing and are continuous from the left, there are finite Borel measures p,; ', p;” on
([07 1]7 B[O,l]) with

V@) = w"(0.2)) and (@) = 7 (0,2), w01 i=1..p,
(see for example Bauer (1992), p. 36). Hence, we define

IO

Wi =y A ..,p, as well as MIZZM-

=1
Note that
p0,0) =)y =0, i=1,...,p,j=1,2t€0,1],

since fi(j ) (0) =0 and fi(j ) is monotonically increasing and thus, ([0,¢)) > 0 holds true for
te0,1].

Now, if ([0, 1)) = 0, it follows that N(J)([o 1)) = 0 and thus 7 (1) = 0 for all i = 1,.

and j = 1,2. Since, furthermore, f )( 0) =0 and f; U) g monotonically increasing for all
i =1,...,pand j = 1,2, it can be deduced that the initial functions fi,..., f, are all
constant functions and thus Lipschitz continuous. Thus, f; = ¢gioG~,i=1,...,p, holds
true for g; = fi, i =1,...,p, and G(z) = z- 19 1)(z) + 1|1 o) (7) and therefore Lemma 7.1.5
is proved in this case.

If, in contrast, x(]0,1)) > 0 holds, we proceed as follows. Define

p([0, 1))

Q:[0,1] = [0,1], t — 2(0.1))

and note that
i) @ is monotonically increasing,

ii) @ is continuous from the left. To see this, consider ¢t € (0,1] and any sequence
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(tn)nen C [0,t) with t,, T ¢. Then [0,¢) = Ej [0,t,,) and thus u([0,t)) = nlg]go w1([0,t,))

n=1
is satisfied, since p as a measure is continuous form below. We thus can infer that

1 — .
p((0, 1))

lim Q(t,) = lim £([0,t,)) =

n—o0 - 11([0,1)) n—>o0 1([0,2)) = Q(2)

is satisfied.
iii) Q(0) =0 and Q(1) =

iv) @ is right continuous in zero, since for any sequence (t,)nen C (0, 1] with ¢, | 0, we

have
(LX) DS S
nlgl;o Q(tn) = nlaoo N([O’ 1)) ,u([o’ 1)) nlﬁoo ZZ_; Nz([()? tn))

1 &y Mo
2([0,1) Hoo; <’“‘ )

p

Z (tn—i—f()

P ATEAD

=0 =0

=0 =Q(0).

Parts i) - iv) prove that @ is a quantile function that is right continuous in zero.

Step 2: Definition of a distribution function G corresponding to Q.
We define
G:R—[0,1], z+— QT (z).

Then, according to Lemma 7.1.4, G is a distribution function and G~ = (Q*)~ = @ holds
true. Thus, @ is the quantile function corresponding to G. We henceforth will use the
notation G~ for Q.

Furthermore, because G is a distribution function and G~ is the respective quantile func-

tion
G (G(x)) <=z, ze€]0,1], (7.58)

holds true (see Lemma 7.1.1). Together with the fact that G and G~ are monotonically

increasing, we can infer that

ESGG ()= G (<G (GG M) < G

as well as
(7.58)

G (G(z)) < z=G(x) <GG (G(x)) <G(x)
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are satisfied and therefore
GG (G(x)=G(z) Vz€[0,1] and G (GG (1)) =G (t) YVte[0,1] (7.59)

hold true.

Step 3: Construction of the functions g, ..., gp:

Fori=1,..., p, we define the functions
gi0 : Im(G™) — R, z+— fi(G(z)). (7.60)
Then, for z < y € Im(G™) there are s,t € [0, 1] such that
=G (s) and y =G (t)
and it follows that for i =1,...,p,

|9i,0(1‘) - gi,o(?/)|
— |/i(G(x) = fi(Gw)| = |(fM(G(@) - £2(G()) - (£ (Gw) - 12(Cw))]
< 1f(G @) - FGW) + 1P (G) - 12 (G))]

([0, G(x))) — uV ([0, G| + 112 ([0, G(2))) — uP (0, G(y)))]

= |ut!
<SP (10,G())) — 1V (10, G)))] + 11 (10, G(2))) — 1P ([0, G ()]
j=1

Jj=1 j=1
_ p((G(). Gw)))
— (64, G) = (o, 1)) AR
= uio, 1)) (P - MG 0.1 (6 (G - 6(610))

= nu([0,1) - (GT(G(G™ (1) = GT(G(G™(5)))) =" u([0,1))- (G (1) =G (s))
= u([0,1)) - (y — ) = p([0,1)) - |y — =

holds true. Thus, ¢1,0,...,9p0 : Im(G~) — R are Lipschitz continuous with Lipschitz-
constant ([0,1)).

According to Kirszbraun’s theorem (see for example Federer (1969), Theorem 2.10.43 on
page 201 and the note after that) by defining

gi :10,1] — R, z +— inf{gio(y) + ([0,1)) - |z —y| |y € Im(G™)}, i=1...,p,



144 7. Appendix

it is possible to extend the real-valued and Lipschitz continuous functions gi1,...,gp0
from their domain I'm(G~) C [0,1] to Lipschitz continuous functions gi, ..., g, on the
domain [0, 1] in such a way that gi|7m-) = gi0 holds true for i = 1,...,p and such that

each pair of these functions has the same Lipschitz-constant.

Step 4: Proof of f; =¢g;0G™:
By definition (7.60), for ¢t € [0,1] and ¢ = 1,...,p,

9i(G~ (1) = gio(G~ (1)) = filG(G (1))
holds true,.It thus remains to show that
fit) = fi(G(G™ (1), tel0,1]

is valid. If a t € [0, 1] with G(G™(t)) = t is given, then nothing is left to prove. Otherwise,
according to equation (7.37), G(G~(t)) > t has to be true and due to equation (7.59) for
s :=G(G(t)), we have

and hence

(0.5 _ () — (o) — 100:)

1[0,1)) ~ (u[0,1))
is valid. Therefore, u([t,s)) = 0. Because of the definitions of p and 1, ..., yp, we then
have ) ,
0=p(lt,5) = > millt ) = > ([t 9) + 12 (11,9)))
i=1 i=1

and due to the non-negativity and monotony of the measures

RN AN ST TSNS

it follows that
p([t5) =0, i=1,...p j=12

Because of
fils) = 1) = (£ (s) = £2)) = (£ @) = 12 1))
= 1V (0,9)) = 1210, 9)) = 17 ([0,0)) + 1P ([0,1))
= 1[0, ) = u7(10,6) = (P (10, 8)) = u((0,)))

= Mgl)([t, S)) — Hl(z)([tﬂ S))

=0
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it follows that f;(s) = f;(t) and thus

fi(G(G™ (1)) = fi(t)

holds true, which completes the proof. O

Corollary 7.1.6.

Let F' be a distribution function with supp(F') C [¢,d], ¢ < d, and let fi,..., fp :
[e,d] — R, p € N, be functions of bounded variation that are continuous from the
left and right continuous in c¢. Furthermore, let a < b be real numbers.

Then, there is a measure generating function G : R — |[¢, d] with supp(G) C [a, b]
and functions g1,...,¢gp : [a,b] — R that are Lipschitz continuous, such that

f’i:giOG_v Zzl,,p

Proof of Corollary 7.1.6: We consider the mappings

¢:10,1] — [e,d], z— (d—c)z+ ¢

and
T —a

b—a

and note that ¢ and v are continuous, strictly monotonically increasing and therefore are

P a,b) — [0,1], . —

invertible with the inverse functions ¢~! and ¥~!. Hence, Lemma 7.1.5 applies to the
functions f1op,..., foe :[0,1] — R that are of bounded variation, continuous from
the left and right continuous in zero and yields the existence of a distribution function G
with support in [0, 1] and functions gi,...,gp : [0,1] — R that are Lipschitz continuous
such that

flo(ngloGi’ /L':]'?“'?p?

holds true. We thus can infer that
fi=GioG op l=Giohoy oG ot =(giot)o(poGor)”, i=1,...,p,
holds true, since
(poGot) (y) = inf{z € [a,0]] p(G(¥(x))) >y}
= inf{z € [a,0] | G(®(2)) 2 ¢~} (1)) (7.61)
=y~ (inf{z € R|G() = »™'())) (7.62)

=G (¢ (W), y€led]
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is satisfied. Note that equation (7.61) is true, as ¢ is invertible and equation (7.62) holds

true, since the mapping 1 is strictly increasing and continuous. Hence, we have

fl:g%oG_v Z.:]‘?""p’

where g1 :=g10%,...,9p :=gpo v : [a,b] — R are Lipschitz continuous and where

G(x) := o(G(W () (—c0,a) () + P(G(W(2))) a4 (2) + (G (P (0))) L p,00) () : R — [c, d]

is monotonically increasing and continuous from the right and therefore a measure gener-

ating function with supp(G) C [a, b]. O

In the situation of Corollary 7.1.6 the following two assertion are equivalent:
i) The functions fi,..., f, are linearly independent in £2([c, d], F).

ii) The functions gi,..., g, are linearly independent in £2([a,b], F o G).

Proof of Lemma 7.1.7 Note that in this proof, we use objects that are defined in the proof

of Corollary 7.1.6. The proof consists in verifying the following chain of equivalences.

fi,..., [p are linearly independent in L£%([e,d], F).

< fio,..., f,o are linearly independent in £2([0,1], F o ¢). (7.63)
— G10G,...,§p0 G are linearly independent in £2([0,1], F o ). (7.64)
< §1,...,Jp are linearly independent in £2(]0,1], F o ¢ 0 G). (7.65)
< g10%,...,Ggp 07 are linearly independent in L%([a,b],Fopo Go ). (7.66)
<= g104,...,gp 0 are linearly independent in £2([a,b], F o G). (7.67)
< g1,...,gp are linearly independent in £?([a,b], F o G). (7.68)

Here, the equivalences (7.63) and (7.66) are satisfied, since ¢ and 1 are bijective. equiv-
alence (7.64) holds true, since f; o ¢ = g; o G=,i=1,...,p, and equivalence (7.67) is
satisfied, since G|, = ¢ © Go 1. Furthermore, equivalence (7.68) holds true, since
gi :=g;ov,i=1,...,p. It thus remains to prove equivalence (7.65). Indeed, equivalence
(7.65) holds true, since



7.1. Proofs for Chapter 2 147

GioG™,... ,Gp © G~ are linearly independent in £2([0,1], F o ).

2
= / <Zai(§ioa7_)> dFop >0 VaeRP)\{0}.

[0,1] =1

» 2
— / < a@) dFopoG>0 YacRP\ {0} (7.69)
o] \i=l

< 4qi1,...,9p are linearly independent in £3([0,1], Fogpo é)

Note that because of

p 2 2
/ (Z ai@-) dF oypo G = / <Z ai(gio(Fopo é)_)> dXo,1) (7.70)
[0,1]

[0,1] i=1 i=1

P 2
<Z @;(gi o G o (Fo @)‘)) dXo 1) (7.71)

[0,1]
P 2
= / <Z (i o é—)> dF o o, (7.72)
[0,1] i=1

equivalence (7.69) holds true. Here, the equalities (7.70) and (7.72) hold true, according

to Lemma 7.1.3, since all integrals exist, Focpoé and F oy are distribution functions with

P 2 p = \?

support in [0, 1] and (Z a,@}-) as well as <Z a;(gi o G‘)) are measurable functions.
i=1 i=1

Furthermore, equality (7.71) is satisfied, since

(FopoG) (1) = nf{z € R| F(p(G(x))) > t} = inf{z € R|o(Glx)) = F~ (1)}
— inf{z € R|G(x) > ¢~ (F~ (1)} = G~ (¢ (F~ (1)

= (G o (Fop) )(t)

(which follows using equation (7.38) from Lemma 7.1.1) holds true for all t € (0,1). O
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Proof of Theorem 2.2.9

The proof will be divided into the following two steps:

Step 1:

Let a linear regression model with fixed design be given. Then, we define the corresponding

linear regression model with uniform fixed design by

i)
ii)

Now,

ii)

iii)

As to i) a):

?n:)an‘FEW nEN,

((%)?:1)%1\] is the new triangular array of equidistant design points,

)Z'n = (ﬁ (1))n Po= ((fr oF7) (i))n P is the new design matrix, wherein

n//i=1r=1 n//)i=1l,r=1
the transformed regression functions are

flizflOF_,--.,ﬁ:ZfPOF_:[0,1]—>R.

the proof consists in verifying the following assertions:

The transformed regression functions fl, e ,f; :[0,1] — R are
«) of bounded variation,

3) linear independent in £2([0,1], Wo,1))-

The sequence (F,)nen of empirical distribution functions in the new design of
equidistant design points converges uniformly to the distribution function of the
uniform distribution on the unit interval, i.e. the distribution function correspond-

ing to the probability measure N .

The residual partial sum process in the linear regression model with uniform fixed
design admits a weak limit that is identical to the residual partial sum limit processes
in the original model. That is, in a linear regression model with uniform fixed design,

the weak convergence

;ﬁTn@n)(z) 2 Byp(z) in C[0,1]

holds true.

Since the regression functions f1,..., f, are of bounded variation and the quan-
tile function F'~ is monotonically increasing, the variation of f; o F~ is bounded
from above by the variation of f;, i = 1,...,p. Therefore, because fi,..., f, are of
bounded variation, the transformed regression functions J?l, el f; are of bounded

variation, too. To this regard note that
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Ifillv = 11f o F~lv

n—1

= sup Z|f(F_($z+1)) — f(F™ (z3))|

{0<z1<<an<1,n€EN} s

n—1
< sup Z |f(tivr) — f(t3)]

 {a<t1<-<tn<b,neN} I3

:HfZHV7 lzl?ap

As to i) ) We are given an arbitrary design distribution function F' on the experimental region
[a,b], the original regression functions fi,..., f, that are linearly independent in
L?([a,b], F) and o € RP. In this situation due to the change of variables formula

introduced in Lemma 7.1.3, we know that

/(Zaz‘fz‘(t)> dF(t) = / ( @i (inF_)(x)> dXjo,1)(2)

[ab] =1 0,1] =

and therefore, the the following chain of equivalences holds:

fi,- .., f, are linearly independent in £%([a,b], F).

P 2
< / ( azfz) dFF >0 Vace€ Rp\{()}
fap] N1

1=

P 2
== / <ZO&Z (fl OF)) d»‘[o,l] >0 VaeRP\{0}.

[0,1] =1

— fi,... 7]7’;, are linearly independent in £2([0, 1], Ao,1)-

As to ii) In the given situation, for n € N, the empirical distribution function is given by

= 1 ¢ i
Fn(x) = n Zn(—oqx] <n> , TeR,
i=1

and for the new limit distribution function we define
F(u)=u- Lay(u) + L1 o)(u), weR.

Note, that the measure which uniquely corresponds to the distribution function F
is the Lebesgue-measure on the unit interval M ;). A straight forward calculation
shows that
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As to iii)

— — 1
sup |Fp(z) — F(z)| < — — 0
z€R n n—00

and thus

Fn() —— F(:) uniformly.

n—oo

We defined the linear regression model with uniform fixed design corresponding to

the given linear regression model with fixed design to be
~ 7 nop
Yn:((froF_)(>> B8+e,, mneN.
nJ)Ji=1r=1

We can rewrite this as the regression model

v, = (fT <F— <2>>>n Y bie. neN, (7.73)
n i=1,r=1

where f1,..., fp : [a,b] = R are the regression functions of the original linear regres-

sion model with fixed design and where

(= () =

is the triangular array of design points. Note the following two things:
n

i=1
have to be the same as the triangular array ((£,:);";)nen of the original linear

e The triangular array (F - (i))

n

of design points in model (7.73) does not

regression model with fixed design (see model (2.18)).

e The sequence of empirical distribution functions (F},),en corresponding to the
triangular array (F‘ (%)):L:l converges uniformly to the distribution function

F'. This can be verified considering the following straight forward calculation.

a2 () o

1

sup | Fy(z) — F(z)| = sup
zeR z€R

1 < 1
= sup | — 1 oomFen(t) — F(z)| =sup | — (|[nF(x)] —nF(x
o | 2 oenr@)() ~ ()| = sup | o ([nF (@) —nF(a)
1 1
<sup|—|=—- — 0. (7.74)
zeR | T n = n—oo

Thus, model (7.73) is a linear regression model with fixed design. Therefore, The-
orem 2.2.4 is applicable, stating that the residual partial sum limit process of the
regression residuals of model (7.73) converges weakly to By in C0, 1]. Hence, the
residual partial sum limit process is the same as in the original model (i.e. model
(2.18)). This completes Step 1 of the proof.
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Step 2 : Let a linear regression model

}7”:<f<;>>n ’ B+en, mneN, (7.75)

i=1,r=1

with uniform fixed design be given. Note that this means in particular that the regression

functions fl, . .,f;o : [0,1] — R are of bounded variation and linearly independent in
EQ([Oa 1]a »‘[0,1])'
Without loss of generality we can assume that the functions fi,..., f, are continuous

from the left and right continuous in zero. This is indeed possible, since it is assumed
that fl, R f;, are of bounded variation. Therefore, fl, . ,f; can have at most countably
many discontinuity points, and moreover, limits from the left and limits from the right
do always exist. As a reference for this, see Korollar 4.6 or Aufgabe 1.10 in Kapitel VII
of Elstrodt (2009). Hence, we can change each of the functions ﬁ, . ,fp on a measure
zero set such that the values at the discontinuity points in (0, 1] always agree with the left
hand limit and such that the value at zero agrees with the right hand limit. This has no
influence on the distribution of the residual partial sum limit processes.

Therefore, according to Lemma 2.2.7, there is a distribution function F' with supp(F') C
la,b] and functions fi,...,f, : [a,b] — R that are Lipschitz continuous and linearly
independent in £2([a,b], F) such that

ﬁ:fioF_a izl,"'7p7

holds true. We can thus define a corresponding linear regression model with fixed design

17”:<fr <F— <Z>>>n Y bie. neN, (7.76)
n i=1,r=1

that is equal to the given linear regression model with uniform fixed design, see model
(7.75). Note that in model (7.76)

((tni)iz1)pen == ((F <:1>>j=1>neN

is the triangular array of design points. Furthermore, similarly to (7.74), one can verify

that the corresponding sequence of empirical distribution functions
1 n

F,(x) = - Zl L _ooq(tni), Tz€R, neEN,
1=

satisfies the condition

F, —— F uniformly.

n—oo
Therefore Theorem 2.2.4 is applicable, stating that the residual partial sum limit process of
the regression residuals of model (7.76) converges weakly to By r in C[0,1]. Furthermore,
since we know that the regression models (7.75) and (7.74) are equal, their residual partial

limit processes coincide. This completes the proof of Theorem 2.2.9. [l
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Proof of Lemma 2.2.10

The proof consists in verifying the following chain of equations:
-1

Bor- g (?) | [rE@naneae / f(F F(#) dho ()] x

[0,2] [0,1]

[0,1]
T -1
— B() - / F(t) dE.(t) / F@)F7 (t) dF (1) / JE-@)ABE)  (7.77)
[a,b] [a,b] [0,1]
T
—B() - | [ fwar | | [ rosmw e / F(t) dB(F (7.78)
[a,b] [a,b] [a,b]

:Bf,F(Z), S [0,1].

Here, (7.77) is true, since, according to Lemma 7.1.3

/ FE=(@0) FT(F~ (£)) dD oy (1) = / )7 (1) dF (1)

[a,b]

is satisfied and furthermore,

/ F()dF.(t) = Tim / F()dF(t) + f(F—(z)).<z_ Jim F(x))

P F~(2)
[a,b] la,z]

~ lim / FF= (1) do(t) + F(F~(2) <z— lim F(:c)) (7.79)

ot F— (z

= /f t)) dXpo,(t) (7.80)

[0,2]

holds true. Here, we again used Lemma 7.1.3 in equation (7.79), which is applicable since
the regression functions f = (fi,..., f,) are measurable. To see that (7.80) holds true,
we first consider the case that F' is continuous at F~(z). We thus have z € Im(F') and

T%r_n( )F(x) = F(F~(z)) = z holds true. Hence, we can conclude

lim / FE0) dh 0+ () (5t F@)

ot F— (z
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- / FE(£)) Aoy (£) + 0
[0,2]

/f t)) dXo,11(t)-
[0,2]

In the case that F' is discontinuous at F'~(z), we can infer that F'~ is constant in the

interval ( lim F(:):),F(F(z))] and thus

T F~(2)

A, l ﬂf(F(t)) Do)+ 1) (2= F))

— / FE(8)) dDho. (1) + / FF= () don (1)

l:O7 lim F(x) [ lim F(a:),z:|
1 F~ (2) TTF ™ (2)

— [ #E @) ane o

[0,2]

holds true.

It remains to show that equation (7.78) is satisfied, which amounts to checking
[ s @aso = [ s
[0,1] [a,b]

Transforming the measure integral into a Riemann-Stieltjes integral using the construc-
tion in Remark 2.2.3 (see equation (2.9)) and then applying integration by parts to the

Riemann-Stieltjes integral on the left hand side, we obtain

(Rx) (R) (R)
[ 1 @ase = [1-@masn = [ FeF@aB® = [ (7o) Bl
[0,1] [0,1] [~o0,1] [0,1]
(R)
— F(F-W)B) - F(F-0)BO) ~ [ BE)dfoF )
[0,1]
(R)
— S @)BO) - [ Bl P (7.81)
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Performing the same operations on the right hand side, we get

(Rx)
[ rase 7(t) dB /)f (B F)(t)
[a,b] [a,b] [—00,b]
(R)
= f(a)B(F(a))+ | f(t)d(Bo F)(t)
[a,b]

(R)
= f(a)B(F(a)) + f(0) B(F (b)) = f(a)B(F(a)) — /B(F(t)) df(t)
[a,b]
(R)

— F0)B() - / B(F (1)) df (1) (7.82)

[a,b]

Considering (7.81) and (7.82), two differences seem to be noticeable:

The first difference seems to be between f(F~(1)) and f(b). In practice, this difference
does not exist, since, as already noted after Theorem 2.2.4, the experimental region [a, b]
can always be chosen in such a way that the last design point is b and therefore, F~ (1) = b

follows. The second difference seems to be between the integrals

(B) (R)
/ B(t)d(f o F7)(t) and / B(F(t)) df (¢). (7.83)
[0,1] [a,b]

We are going to prove their equality by first noticing that f is continuous and of bounded
variation and therefore according to the Jordan decomposition there are functions f*, f~
l[a,b] — R that are continuous and monotonically increasing such that f = f+ — f~.

Therefore, we have

(R) (R) (R)
/ BF(t) df (1) = / B(F(t)) df*(t) - / B(F(t) df~ (1)
[a,b] [a,b] [a,b]

and, since f* and f~ are continuous and monotonically increasing, one can define unique
measures fip+ and py— on ([a,b], Byy) (see for instance Bauer (1992) on page 36) such
that

(R)

/B Dart) = [ BEW) dup ) and [ BEO)G (@) = [ BE®)duy- (1)

[a,b] (a,b] [a,b] (a,b]
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Altogether, we therefore have

(R)
/ B(F( / B(F (1)) duy(t), (7.84)
[a,b] (a,b]

where pi7 is a signed measure with the Jordan decomposition py := pg+ — pg-. For some
theory on the Jordan decomposition of measures see Kapitel VII in Elstrodt (2009) and
especially Theorem 1.12. To the integral on the right hand side of (7.84) the change of

variables formula for measure integrals applies and we therefore can infer that
/ B(F(t)) dps(t / B(t
(a,b]

holds true. Here, ,u? denotes the pushforward measure of ;1 with respect to the measurable
mapping F.

Similar to the above, when considering the left integral in (7.83) it becomes apparent that

(R)
/B(t)d( /B ) dpi(ror-)(t)
[0,1] (0,1]

holds true. Here, o~y denotes the unique signed measure on ( [0, 1], 3[0,1}) correspond-
ing to (fo F~)" — (f o F7)~. Note that the Riemann-Stieltjes integral on the left hand
side exists, since the paths of B(-) are continuous and f o F'~ is of bounded variation and
that it coincides with the measure integral on the right hand side according to Theorem
5.1.2 in Strook (1994). Furthermore, since for 0 <c¢ <d <1,

= s (F7([c,d) (7.85)

holds true, we know that psop-y = u]}f. Here, in (7.85) we used equivalence (7.38) of
Lemma 7.1.1.

Combining the above facts, we thus have

(R)

B@)df(F~(t)) = | B(t)du(sor-)(t)

[0,1] (0,1]

I

S~
-
~—

2
=
&h
=
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(a,b]
(R)
(7.84)
= [ eemao.

[a,0]
This completes the proof. O
Proof of Theorem 2.2.11
Without loss of generality, we can assume that the functions fi,..., f, are continuous

from the left and right continuous in a. This is indeed possible, since it is assumed that
fi,..., fp are of bounded variation. Therefore, f1,..., f, can have at most countably many
discontinuity points, and moreover, limits from the left and limits from the right do always
exist. As a reference for this, see Korollar 4.6 or Aufgabe 1.10 in Kapitel VII of Elstrodt
(2009). Hence, we can change each of the functions f1,..., f, on a measure zero set such
that the values at the discontinuity points in (a,b] always agree with the left hand limit
and such that the value at a agrees with the right hand limit. This has no influence on
the distribution of the residual partial sum limit processes.

Therefore, according to Lemma 2.2.7, in the situation of model (2.20), there is a mea-
sure generating function G : R — [a, b] with supp(G) C [a,b] and functions gq,...,gp :

[a,b] — R that are Lipschitz continuous and linearly independent in £2([a, b], F o ) such
that

fi:gioG77 izla"'upa

holds true. Thus, the regression model (2.20) is equal to the regression model

Yo =XpB8+en, neN, (7.86)
where the design matrix reads X, = (gr (?"1))?:1 le, toi = G~ (tni), @ = 1,...,n, and

g1,---,9p are known and real-valued regression functions that are Lipschitz continuous
and linearly independent in £2([a, b], F o G). Note that X,, and X, are different notations

for the same design matrix. Furthermore,

Fo() = % D (oo (i) = % D 000, (G (tni))
=1 i=1

1 & .
- Z 1o, (tni) — F(G(-)) uniformly,
i=1

where F o (G is the distribution function of the design in the transformed model. Now,
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according to Theorem 2.2.2, in model (7.86) the weak convergence

—TUE)0) 2 Burec() inC0.1

holds true. Here, By poc(-) is a Gaussian process that is given by

T 1
Byroc(s) =B() + | [90dFe6.00] | [aws@arecin|
[a,b] [a,b]
(B)
| [ BE@onan - BagEear |, e
[a,b]
Finally, we can conclude that
Bg,FoG(') = Bgo(FoG)*,»\[O’l] () (787)
= Byog-or- My (") (7.88)
= Bfor- gy (") (7.89)
— Byr() (7.90)

holds true. In this chain of equations, equation (7.87) is satisfied, since F' o G is a distri-

bution function and thus Lemma 2.2.10 is applicable. Equation (7.88) holds true, since
(FoG) (t) =inf{zx e R : F(G(x)) >t}
=inf{zreR : G(z) > F ()}
=G (F (1)

holds true for all ¢ € (0,1). Here, we used equation (7.38) from Lemma 7.1.1. Finally,
equation (7.89) is satisfied, since f; = gioG™,i = 1,...,p, and equation (7.90) holds
true, according to Lemma 2.2.10. This completes the proof. [l
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7.2 Proofs for Chapter 3

The Glivenko-Cantelli theorem is a classical result in the theory of probability. We present

a proof of it here for the sake of completeness.

Theorem 7.2.1. Glivenko-Cantelli

Let F' be a distribution function and X7, Xs,... be a sequence of random variables
with

X1,Xo,... S F.

Then the sequence of empirical distribution functions (F),),en, with
&
Fo(z) := - ;1(00790}(&), z€R, neN,
converges uniformly to F' almost surely, that is

sup |Fp(z) — F(z)] —=2— 0.
z€R n—o0

Proof: The proof of this theorem is going to be separated in three parts.
Part 1: Because the sequence (X;);en is an iid sequence of random variables, we can
conclude that for x € R,

(]l(—oo7I] (Xi))ieN

is a iid sequence of random variables, too. Furthermore, we have

and therefore, the strong law of large numbers yields

n—oo

1 O
=1

Part 2: For
iid

UL, Us, ... 2 U([0,1])

and

1
Fn(l‘) = ﬁ Z]l(—oo,a:](U’L)’ US (—O0,00), n €N,
i=1

the following statement holds true: For all m € N and for all ¢ € [0,1) there is a k €
{1,...,m} such that



7.2. Proofs for Chapter 3 159

are satisfied. As a consequence,

m e N,

— 1
sup |Fn(t) —t| < max —,
m

t€[0,1] Osk<m

m m

is satisfied and because of Part 1, for n — oo and subsequently m — oo,

sup |Fn(t) —t] —— 0.
t€[0,1] n—00
holds true.
Part 3: Since Xy, Xo,...
ple Chapter 21 in Vaart (1998)), we know that there is a sequence of random variables

UL, Us,... S U([0,1]) with

% F and due to the quantile transformation (see for exam-

X; ~ F(Uy), i€N.

Therefore, for x € R, we have

Fu(z) = = > 1(ooq)(Xi)
=1

[iS]

| =
i-

=

I

8

8,

K

S

= % Zﬂ(—oo F(m)}(Uz)
=1
= Fn(F(z))

and thus

sup |[F(z) — F(z)| 2 sup [Fo(F(z)) — F(a)|.
TER z€R

Due to Part 2 we can conclude that

sup |Fp(F(x)) — F(x)| < sup |Fn(t) —t| — 2% 50
zeR te€[0,1] n—oo

holds true and thus,

sup | Fy(z) — F(z)] —>— 0.
R n—oo

This completes the proof. [l

Note that the fact that the statement of the Glivenko-Cantelli theorem holds true “only”
almost surely does not imply any restrictions to statements or analyses about distributional
properties like weak convergence, since zero sets are irrelevant in statistical applications

and weak limits of stochastic processes are only almost surely unique.
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7.3 Proofs for Chapter 4

Proof of Theorem 4.1.3

Obviously, H(R) is a vector space of functions f : T' — R and S(R) C H(R), because
for f € S(R), we can choose the constant sequence (fy())nen := (f)nen which is Cauchy

in S(R) and converges pointwise to f. We now define a form denoted by (-,-) gy on
H(R) x H(R) via

(odmw s HR)xH(R) — R, (f,9) — (f,9)n(r) = 10 (fn: gn)s(r)
for Cauchy sequences (fy,(+))nen and (gn(+))nen in S(R) with
f(t) = li_>m fn(t) pointwise for all t € T'

and

g(t) = lim g¢,(t) pointwise for all ¢t € T

n—oo

In order to proof that (:,-)g(g) is well defined, we have to show that (<f"’g”>S(R))neN
converges and that (f, g) m(r) is independent of the Cauchy sequences converging pointwise
to f and g respectively.

Proving the first assertion, we begin by noting that (f,)neny and (gn)nen are Cauchy
sequences and therefore bounded, thus there is a C' > 0 such that || fu[/sr) < C' and

lgnlls(ry < C for all n € N. Hence,
‘<fmagm>S(R) - <fn7gn>S(R)| = [{fm — fn,gm>5(R) + (frs Gm — gn)S(R)|
<lgmllsr) - 1fm = Fallsr) + | fullscry - 1lgm — gnllscr)

< C - (1fm = Fallsry + llgm — gnlls(r))

—— 0,
m,n — 0o
which means that (( fr> Gn) s R)) is a Cauchy sequence in R and therefore convergent, since
R is complete. Note that in the inequality above the Cauchy-Schwarz inequality was used,
which has been proven for the inner product (-, ) s(r) in Step 3 of Section 4.1.
To prove the second assertion, let (ﬁ))neN and (gn)nen be another — possibly different
— pair of Cauchy sequences in S(R) with

f(t) = lim f,(t) pointwise for all t € T
n—oo

and

g(t) = lim g,(t) pointwise for all ¢t € T.

n—oo
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We then have to show that

lim (fu(-), 90 (-))s(ry = 1m (fu(-), Gn(-)) s()-

n—oo n—oo

Because (fn)nen and (]?;L)nEN are Cauchy sequences in S(R), (fn — ]?;L)nEN is a Cauchy
sequence in S(R), which, for ¢ € T, converges to zero pointwise. The same is true for
(9n — Gn)nen- Since (f, — ﬁl)neN is a Cauchy sequence, it is bounded and therefore there
is a C' > 0 such that || f, — ﬁ\\S(R) < C for all n € N. Hence, for an arbitrary € > 0 there
is a IV € N such that

H(fn_fn)_( fm)”S 70 VYn,m > N.

Furthermore, since fy — fN € S(R), there is a representation
(fnv — fN Zal (siy:) withleN, ay,...,q; € Rand sq,...,5€T.

Because we know that (f,, — f)(t) — 0 is satisfied for all t € T there is a N’ € N such
n—oo

that | 3 i — F)(s)
that

<

S for all n > N'. For n > max{N, N'}, we now can conclude

an - an?S'(R) = <fn — ]?;zafn - fn>S(R)
= ((fn = Fn) = (fn = FN)s fn = Fudsmy + ((FN = N o = Fu) sy

< H(fn*ﬁz)*(fN*fN)H?S‘(R)'”fn*]?nHS( <Zaz Sza ; n fn)(.)>S(R)

| /\

C"’Zaz n fn 51)

<e

holds true, due to the Cauchy-Schwarz inequality and the reproducing kernel property.
Thus, ||fn — anS(R) — 0 and the same applies for ||gn — gnlls(r). Therefore,
n [o.¢]

’<fmgn> <fnagn> )‘ = [{frn, gn — §n>S(R) + (fo — ﬁ:§n>S(R)’
<\ fallsery - 1fn = Gullsmy + 1Gnllsm) - 1fa = Fallser)

— 0

n—oo

follows, since again || fu||s(r) and [|gnlls(r) are bounded, as (fn)nen and (gn)nen are Cauchy
sequences in S(R). Thus, the value of (f,g)p(r) does not depend on the choice of the

pointwise convergent Cauchy sequences. Since we now know that (-, -) H(R) 1s well-defined
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the following properties are easy to be verify:
i) ;") (r) is biliniar.

i) (-, '>H(R)‘ = (- )s(R) -

S(R)

iii) The reproducing kernel property on H(R) with respect to (-,-) g(g) holds true. This
holds true, since for f € H(R)

<f(‘)7R(t7 )>H(R) = lim (fn(')vR(tﬂ‘»S(R)

n—oo

~ lm fu(t) = f()  VteT.
iv) For f € H(R), we have

(f, [ aR) = nh_{glo<fm fa)sry =0

and therefore (-, -) () is non-negative definite. Thus, the Cauchy-Schwarz inequality

holds true for (-,-) g(gr) and |[f||g(r) = +/{f; fl () for all f € H(R). Hence, due

to
Lf@O=1{fC), BRE N am)l < N fllarwy - I1RE ) mr) VEeT,

we see that

| fllry =0 <= f=0.

Taking the above considerations together, we know that (-, -) H(R) 18 an inner product on
H(R). It remains to show that H(R) is complete to finish the proof of Theorem 4.1.3. We
start with a function f € H(R) and a Cauchy sequence (f,)neny € S(R) with f = nh_)ngo In
pointwise on T'. For an arbitrary € > 0, we choose N € N big enough such that for all
n,m > N, ||fo — fmllsr) < e Thus,

Lf = vl = lim [[fo = fnllsr) < e

since (fn— fn)nen is a Cauchy sequence in S(R) that converges pointwise to f—fy € H(R)

on T. As a consequence,

Lf = fallar) ——2 0

holds. We have thus shown that S(R) is dense in H(R). To prove completeness of H(R),
let (fn)nen be a Cauchy sequence in H(R). We have to show that there is a f € H(R)
with || f — full (R) — 0. In order to do so, and because S(R) is dense in H(R) for each

n € N, we choose g, € S(R) with || fn — gnllr(r) < 1. Thus,

llgn — gmHS(R) = |lgn — gmHH(R)

IN

Hgn - fn”H(R) + ||fn - meH(R) + Hfm - gmHH(R)

1 1
<—+\fa=fulew +— ——— 0
n m

7,M—00

A
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can be inferred, which shows that (g, )nen is @ Cauchy sequence in S(R) and due to Step
4 of Section 4.1, we therefore know that (g, )nen is pointwise convergent on 7. Finally, let
f denote the pointwise limit of (g, )nen. Due to the definition of H(R), we have f € H(R)
and due to the definition of || - ||g(r) and (-, -) gr(r), we have

1 = gnllary = \/{fs gn)Hry = M4 /(gns gn)s(r) = O-

We therefore conclude

n—oo

1
Hf_anH(R) < Hf_gnHH(R) + Hgn _anH(R) < Hf_gnHH(R) + E — 0,

which means that for a Cauchy sequence (fy,)nen € H(R) we have found a limit f € H(R)
with f,, — f in H(R) for n — oo . Altogether, H(R) satisfies all properties demanded by
Definition 4.1.2 and therefore is the RKHS with respect to the reproducing kernel R. [
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7.4 Proofs for Chapter 5

Proof of Theorem 5.0.2

Without loss of generality we can assume that

since, if

[ v -1

[0,1]

Y = Fos+ &)

is a heteroscedastic generic linear model like the model (5.1) with

we define

Then

[ PO =21

[0,1]

[0,1] [0,1]
g(ﬂ)
= /V < dMo,1)(t)
&
[0,1] ve
1

holds true and we get the heteroscedastic generic linear regression model

Y = ()8 +e(t)

where fol o?(t) dMo,1)(t) = 1is valid. This model is equivalent to the non-normalized model

Y = f1(t)8 + &(t) we started with, since the regression coefficients 8 = (81, .. .

,Bp)T did

not change and § is the quantity the practitioner usually wants to study via estimation

or hypothesis testing.

The following Lemma is a well-known invariance principle of Prokhorov (see Theorem 3.1
in Prokhorov (1956) page 190) which can also be found in Billingsley (1968) (see Problem
1 on page 77). We will use it in the context of this proof.
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Let a triangular array ((§ni)i=1,....n)nen of line by line independent random variables

with E(&,;) = 0 and Var(&,) = 02, € (0,00),i = 1,...,n, n € N, be given. We
use the notations

i 2

i1

2 . 2 2._ 2 . Sni
Spi i= g Onjs  Sn=Snpn, and 2zp;:=—3
STL

for simplification. Then, the random process which is linear on each interval
i

[2ni—1,2nil, @ = 1,...,n and for ¢ = 0,1,...,n, has the value Si Y, s Bl B

converges for n — oo in distribution to a standard Brownian motion B(-) if Linde-

berg’s condition

1 & )
5% Zl/]l[ESn,oo)(’fnj’) : §nj dlP m) 0
7=

is fulfilled for every € > 0.

In the present situation of the heteroscedastic linear regression model (5.1), we define
Eni =€ (%) so that IE (5 (%)) = 0 and Var (6 (%)) = o2 (1) = afn- hold true and that

n
€ (l) ,E (2) ,...,€ (1) are stochastically independent for n € N. Therefore, according to

n n
Lemma 7.4.1, we can infer that for the random process V,, = (V,,(t))sc(0,1], which is linear

? .
on each interval [zp;—1,2ni], ¢ = 1,...,n and takes the value i e (%) at zpi, the
j=1

convergence

V() —2— B(-) inC0,1], (7.91)

n—oo

holds true. Note that Lindeberg’s condition is satisfied in this situation due to Assumption

vi) of model (5.1), since

1 ¢ j j
Z/ tanoo (16 (3)1) < (7) @

“ AMNAOIN
35 o () L

Lo ; 246
<o 2 ((2)
<n. 8 Ly (7.92)
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holds true, since we have

— / o (t) d¥p ()] = 1 (7.93)

is satisfied and the fact that

é
n 2 1 n .
5 _ 2| _ . 2 L J
_@a) v [ w2 tew (D)) 0] o

[0,1] =1

holds true, as 6 > 0 and f a2(t) d(}t >l ., (%)(t) — 1.
[0,1]

The central idea for the remainder of the proof is to find a transformation
o, : C[0,1] — C[0,1], n €N,

with the following two properties:

1

o (Pn(V))() = %Tn (€n) () on [0,1]. (7.94)

© (@u(Va)() —— (B(V))() =B /02(15) dXp,(t) [ in C[0,1]

n—oo

(7.95)
for an appropriate ® : C0, 1] — C|0, 1].

Proof of (7.94):

i :
Since for all n € N the random process ﬁTn (en) (+) takes the value ﬁ ]218 <%) at the

point %, i =20,...,n, and is piecewise linear in between the points %, %, ..., 1, for (7.94)
to be true it suffices to define ®,, in such a way that (®,(V},))(-) is piecewise linear in

between the points %, %, ..., 1 and that
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To achieve this we define
i) the mapping py : [0,1] — {0,1,...,n} with p,(t) :=max{i € 1,...,n| % < t}.
ii) the mapping ¢, : [0,1] — [0,1] with
Dn(t) = Zppu(t) T (Znpu()+1 = Znpa()) - (0 = pn()).

iii) the operator ®,, : C0,1] — C|0, 1] with

Sn

((I)n(m))(t) = % x(én(t)) = % T (zn,pn(t) + (Zn,pn(t)Jrl - Zn,pn(t)) : (nt - pn(t)))

Then, for i € 0,1,...,n, we have

o ()= 224 ()

vn
Sn . .
- % Vo (Zn,pn(z/n) + (Zn,pn(i/n)-l-l - Zn,pn(i/n)) : (TL : Z/TL - pn(z/n)))
Sn
NG
Sn
n

: Vn (Zm + (zn,i—i-l - Znﬂ') . (Z — ’L))

Furthermore, for i =1,...,nand t € [%, %]
Sn
NG

is linear since V;, is linear in [zp;—1, Zni].

(P (Va))(t) = Vi (zni—1+ (2 — Zni-1) - (n -t = (i = 1)))

Proof of (7.95):
For t € [0, 1], we have

pa(t)

=max{i=0,1/n,...,1|i <t} —— ¢
n—oo
and thus,

¢7‘L(t) = Zn,pn(t) + (zn,pn(t)—i-l - Zn,pn(t)) : (nt - pn(t))

2 2 pn(t)"rl
snnt g n
=50+ (s% >-<nt—pn<t>>
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FE ) o2 (i
== —t n< - >n(t p”é”)

PSe(h) Se()

pn(t)

o?(z) dF, () P %
—— [ @ i) = 60, (7.96)
[0,t]

holds true. Here, F,, denotes the empirical distribution function corresponding to the

design points %, %, ..., 1. The above convergence holds true, since due to

/ o?(2) dFy(z) —— | o%(x) Ay (2) = 1

n—oo
[0,1] [0,1]

and p,(t)/n — t the first summand converges as asserted and the second summand
n—0o0

converges to zero because o (%) is bounded for ¢ € [0,1] and n — oo since o :

[0,1] — (0,00) is of bounded variation, hence bounded and

n n—00

Therefore, for z(-) € C[0,1] and ¢ € [0, 1],

lim (®,,(2))(f) = lim ﬁ 2 (¢n(t))

n—oo n—o0

=z / o?(z) dMjo,11(7)

(0¢]

holds true, since (7.93) implies that % — 1

n—o0

In the sequel of this proof we use the following Lemma. We point out that we could
not find the lemma in the literature, which is surprising because it can be of interests on

its own in the context of approximation theory.
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Let I C R be a compact interval and f : I — R continuous. For n € N let
T, = {tn1,-- s tnin}, in € N with min(l) < t,1 < -+ < ty;, < max([) be a
partition of I and f, : I — R be the piecewise linear interpolation of f with
respect to the partition 7,. That is, f,, is the continuous and piecewise linear
function with the fraction points (tn1, f(tn1)),- - - (tnin, f(tni,)), the starting point
(min([/), f(min(7))) and the endpoint (max([l), f(max([))).

Then the sequence (f,,)nen is equicontinuous.

Proof of Lemma 7.4.2 :

Since f is a continuous function on a compact interval max(f(I)) and min(f (7)) exist and

therefore, without loss of generality, we can assume

max(f(I)) — min(f()) =1

since, if otherwise, either f is constant or max(f([)) —min(f(I)) = k # 1. In the first case
frn would be constant for all n € N and therefore (f,,)nen would be equicontinuous. In the
latter case, we consider f : I — R with f(z) = - f(x) so that max(f(x)) —min(f(z)) = 1.
Here, for every piecewise linear interpolation f,, of f and ﬁb on f, relative to the same

partition ¢,1, ..., tni,,
1

fn = %fn

holds true. Thus, it suffices to show that (fn)neN is equicontinuous in order to prove that
(fn)nen = (k- f)nen is equicontinuous, too.

Because f is continuous on the compact interval I and f is uniformly continuous, for every
e > 0 there exists a § > 0 such that for all |z — y| < 9,

@) = Fl < 5

holds true. Now, let € > 0 be given. In order to prove that (f,)nen is equicontinuous,
we have to prove that there is a § > 0 such that for all n € N, all min(l) < t,; <,...,<
tni, < max(I) arbitrary partitions of I and all |z — y| < 4,

[fu(@) = fu(y) < e

holds true. We therefore define

~ €d
d = min(d, —
min(4, 3 ),

where 0 is the positive number for which according to the uniformly continuity of f,
€
=yl < 3= 1) — fl)l < 5

holds. Furthermore, let ¢,0 = min(7), t,;,+1 = max(l), f, be the piecewise linear inter-
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polation of f corresponding to the given partition and x < y € I with |z —y| < 5. Then,

in the cases we will list down below the following assertions about

hold true:

Case 1: ty <z <y <tpps1 forak e {0,... iy}

Subcase a: tpr11 — thr < 0 holds true and therefore

’fn(.f) - fn(y)’ < ‘fn(tnk) - fn(tnk+1)’ = |f(tnk) — f(tnkJrl)’ < % < e,
since fy, is linear on [tnk, tnkt1], [2,Y] C [toks tnkt1] and frn(tn;) = f(tn;) for
73=0,...,0p+ 1.

Subcase b: t,51+1 — thr > 9 holds true and therefore

Alb — f(tnk—‘rl) - f(tnk) < %7

tnk-‘,—l - tnk

since max(f(I)) —min(f(I)) = 1 holds true and as a consequence we can infer,
that

y—z 0 . €
—— )<
5 5 m1n(1,3)_

[fn(@) = fa®)] = A - (y — @) < <
holds true, since f, is linear on [t,k, tprr1] and [z,y] C [thk, tnkr1]-

WM™

Case 2: For a k € {0,...,i, — 1} thereis a l > 1 such that ¢, <z <ty < -+ <tpgpr <
Yy < tpgti+1 holds true. In this case we have

|fn($) - fn(y)‘ = |fn($) - fn(tnk—I—l) + fn(tnk—I—l) - fn(tnk+l) + fn(tnk—I—l) - fn(y>|

< |fn($) - fn(tnk+1)| + ‘fn(tnk—i-l) - fn(tnk—kl)’ + |fn(tnk+l) - fn(y)’
(7.97)

e Concerning the summand |fy, (tpe+1) — fr(tnk+1)]:

’fn(tnkJrl) - fn(tnk+l)| = ‘f(tnkJrl) - f(tnk+l>‘ < %a

since fy(tnj) = f(tn;) for j=0,... .4, + 1 and |tppr1 — top]| < Joz —y| < 6.
e Concerning the summand |f, (tpe+1) — fu(y)|:

Subcase a: If t,p 1101 — thkas < 0 holds true, we have

Fnltutet) = Ja(@)] < | Fabuir) = Fa(kt D] = | (i) = FRHHD)] < o

since f,, is linear on [typi, tnkti+1]s k1Y) € [Enksts tnkgir1], fu(tnj) =
f(tnj) for j=0,...,ip+ 1 and tpprir1 — thkrr < 0.
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Subcase b: If t, k4141 — thg+s > 0 holds true, we have

- J(tarksi1) — f(tnksr) < %,

tnktir1l — Tkl

since max(f(I)) — min(f(/)) = 1 and therefore

—t o €

| fr(tnkrt) — fa(¥)] = Aop - (¥ — takst) < 5 5 3

)

W ™

since f,, is linear on [t,g+1, tnk+i+1] and [takri, Y] C [Enkats tnk+1)-
e Concerning the summand |f(z) — fn(tnk+1)]:

Subcase a: In the case t,p+1 — tpr < 0 we can show similarly to Subcase a) from above
that | fn(z) — fu(taks1)| < § holds true.

Subcase b: In the case t,x+1 — tpr, > 0 we can show analogously to Subcase b) from
above that |f,(z) — fn(tnk+1)| < § holds true.

Taking the above together, we know that in Case 2 for equation (7.97) we have

|fu(x) = fu(y)] < §+ % + % =

Taking our findings in Case 1 and Case 2 together, we have shown that

|fn(x) - fn(y)‘ Se€

holds true independent of n € N and the partition ¢,1 <,...,< tn;,. Consequently, we

have shown that (f,,)nen is equicontinuous. O

Moving on, considering (z,)neny C C[0,1] and x € C[0, 1] such that ||z, — z||co — 0,

we have

[(@n(20)) ()= (@(2)) (oo < [ (@a(2n)) () = (Pn(2))() oo + [[(Pn(2))(-) = (B(2))() [l

= | Santonn = Sratonn | + | Setentn —stotn|
< Sellon() = o)t | Soaon() ~ 2(6a)]| +112(6,0) = 260

oo}

< 2 fzn() = 2()llt

5 1] Ol () = 26O
For n — oo all three summands converge to zero. The first summand converges to zero
due to (7.93) and the uniform convergence of =, to . The second summand converges
to zero because of (7.93) and the fact that z(-) is a continuous function on [0, 1], hence

bounded. Concerning the third summand, since z is continuous on [0, 1] it is uniformly
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continuous. Hence for convergence to zero it would suffice to show that ¢, converges to

¢ uniformly. To see this, note that (¢,)nen is the piecewise linear interpolation of the

continuous function ¢(-) = [ o2(2) dW1j(2) with respect to the partition points
0

2 2 2
0 Sp1 Sn2 sin -1
Y 27 2 9 2
Sn Sn S’I’L

on [0,1]. Due to Lemma 7.4.2 we therefore know that (¢, )nen is equicontinuous on the
compact set [0,1] and due to (7.96) we already know that ¢, converges to ¢ pointwise,
hence

¢n — ¢ uniformly.
n—oo

Taking everything together according to (7.91) we have

V() —2— B(-) in C[0, 1]

n—oo

and due to Rubin‘s theorem (see Anderson (1963) page 140 and pages 146 ff., Topsoe
(1967) and Theorem 5.5 in Billingsley (1968)) and the uniform convergence of ¢, to ¢, we

can conclude that

(Valdn))() —— (B(¢))(-) in C[0,1].

n—0o0

We thus have proven assertion (7.95) since

(@0 (Va))() = % Vi) ()
—2 5 B(¢)()

is satisfied.

The now proven assertions (7.94) and (7.95) prove Theorem 5.0.2. O
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Proof of Theorem 5.0.3

According to Lemma 4.2.2 and the linearity of the partial sum operator T,, we can infer

\}ﬁTn@n)(» - ;ﬁmprmlm))(-)
_ ;ﬁTn(ernl (X8 +2n))()
= =T, (E)0)
= D)) = =Tl (en)()
- \/’Tl n\cn \/ﬁ n\PTW,, \En
As we already know from Theorem 5.0.2
FTe)() 2 B [ af0dhan | i cl
0.
holds true and thus it remains to prove that
T -1
L)) 2 | [ oo | | [ oo | x
0.1 6.)

(7.98)

X / f(t)dB / o®(u) dXpq(u) | in C[0,1].

[0,1] [0,1]
According to Lemma 3.1 in Bischoff (2002) for a € R™ we have
To(prw, (0)) = priug, (T (@),
Here, PTWos,, denotes the orthogonal projection on Wy, = span{hy, .,...,hy,  }, where
hy, . 10,1] — R, .+ %Tn(fw)(a:), i=1,...,p.

Therefore, for the left hand side of (7.98)

T(en)())

=k

T, ) = 1y ) = 1

holds true.
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We will show below that if (uy)neny € C[0, 1] satisfies u,, —— u € C|0, 1] uniformly,

n—0o0

SUP [P, (un)(2) — privy,, (u)(2)] —— 0. (7.99)

z€[0,1] n—o0

Thus, similarly to the end of the proof of Theorem 5.0.2, we deduce due to Rubin’s theorem

and Theorem 5.0.2 the convergence

;ﬁmprwn(en))(-):prwn,ﬂg(%Tnm)(-))(>—>prm B| [0 o] |0

n—oo
[0"]
/ F(H) N0 (1) / FOFT (AN (1) / f(t)dB / o2(u) dWo.1 (u) |,
[0,1] [0,]

i.e., (7.98), completing the proof. Note that the last equality follows from what we have
already seen in Section 4.2, namely in Lemma 4.2.2, the extension of Prwy, Hp — Wy,
to prw,,,: C[0,1] — Wy, after that and Theorem 4.2.3. Therefore, it is sufficient to
prove (7.99) in order to complete the proof of Theorem 5.0.3.

The prove of (7.99) is divided into the following six parts.

Part 1:
Let i € {1,...,p} and define

h/fi,n : [O, 1] — R, z+— Zfz (i) [%7

Jj=1

) (@) + fi(1) Ly (2)-

S~

Then,

/h’fm( ) dMj 1 (u /Zﬁ( ) =1 3y () dAp, 1 (u)

[0,2] 0,2] =1 "

§f<> (e ) g (21)

*Tn(fi,n)(x)

holds true and due to

Wy (u) dWo () Zfz = L7 (fu) (1) = By, (1),
/ ()=

[0,1]
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we thus have

hy, . (x) = / h;cm (u) dNjoqy(u), = €0,1]. (7.100)
(0,2]

Furthermore, we have

@) = 5 [ f@ Do) = fi@), x € 0.1

(0,2]

up to a zero set with respect to the Lebesgue-measure.

We are going to prove that

”h/i,n _h/fiHEI([OJ}v»[O,l]) m O, = 17...,p. (7101)
Since f; : [0,1] — R is a function of bounded variation, it is bounded and has at most
countably many discontinuities. In particular, the set of discontinuities is a zero set with
respect to the Lebesgue-measure. By a well-known characterization of Riemann-integrable
functions (see for example the end of Kapitel 3 in Deiser (2015)) this implies that f; is

Riemann-integrable. Therefore, we have

A(l}})n% (U(fi: P) — L(fi, P)) = 0,

where

e P:apg=0<a; <---<a,=1 denotes a partition of [0, 1] and A(P) := max |aj —
<jsn

aj—1| denotes the maximal width of the partition P,

n
e U(fi,P):= > (aj—aj—1) sup fi(x) denotes the upper integral of f; with respect
7=1 aj—1<z<a;
to the partition P,

n

e L(fi,P):= > (aj—aj—1) inf fi(z) denotes the lower integral of f; with respect

i=1 aj—1<r<lag

J
to the partition P.

Thus, let € > 0 be given. Then there is a § > 0 such that

U(fi,P)— L(fi,P) <e

n

holds true for A(P) < 4. As a consequence, for n > 3, n € N and P= (aj)j—o= (%) ,

j=0
we have A(P) = 2 < § and hence,

e U(fi’ P) a L(fi’ P) - ;(aj a ajil) <aj?2£)<ajfi(x) B a132£<a1fi(m))
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-1 (p fila) - inf<jfi<x>>

J=1

holds true. Note that (fin); = fi <%) and therefore

inf fi(e) < f; (i) < swp filo)

Ilegpcd
n — —n

holds true. We can thus infer for = € [0, 1),

|1, () = fi(2)] = Z]l[@;)(w) (fi(]> - fi(@) < QUi (@) filz) — fi<j>‘
< Z]}-[E,J)(J;) sup ,fz(t) - 11 f fz(t) )
=1 " i<l n SISy
which leads us to conclude
Hh/i,n - h}iﬂﬁl([o,l},»[o,u) = / \h}i’n(x) — fi()] d»[o,u (z)
[0,1]
< /Zn[jl’j)(x) Csup fi(t) = inf  fi(t) | dXo ()
oy =t Sl Sostsy
1 n
= - sup  fi(t) — inf fi(t) ]| <e
A\ G Sstst

for all n > %. This completes the proof of (7.101).

Part 2:
Let (#,(-,-)) be an inner product space, vi,...,v, € H be linearly independent and
(v(n))neN c H with o™ — vi, i = 1,...,p, be given. We additionally denote by

¢ v n—oo

5§n), e ,5](3”) the output of the Gram-Schmidt orthonormalization of Ugn), e ,vz(;") and by
U1,...,0p, we denote the output of the Gram-Schmidt orthonormalization of vy, ..., vp.
Then the following assertions hold true:
i) v%n), . ,v,(,”) are linearly independent for n > ng for a suitable ng € N.
i
ii) v; = > ay;v; for some oyi1,...,a; € Rforalli=1,...,p.
j=1
i
iii) 52(”) => ag-L)v](-n) for some agf’), e ,agin) eRforalli=1,...,pand n > ng.
j=1
iv) ol — a5, j=1,...,i, and 51@) —— vy foralli=1,...,p.

) n—oo n— 00
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Proof: Consider the Gram matrix G := ({v;, vﬁ)ﬁ j—1 € RP*P as well as the Gram matrices

G .= ((vgn),vj(»n)))ﬁj:l ERPP peN.

Then, for all ¢ € RP,

P p P
<G(n)C, C> - Z(G(R)C)z Ci = Z Z(G(n))%] Cj G
=1 =1 j=1
D 2
= (el Yen”) =[S enl”
=1 J=1 i=1
>0

holds true, showing that G(™ is symmetric and positive-semidefinite, and that v%n), ey vj(on)

are linearly independent if and only if G(" is positive definite, i.e. invertible. By the same
arguments, it follows that G is invertible. Since G — 5 G, we see that G is invert-

n—o0
ible for n > ng for some ny € N. This proves assertion 1i).

We now prove assertions ii) and iii) by induction over i € {1,...,p} for n > ny.
For i = 1, we have
~ 1 - 1
U] = v1 and U%n) = 7)1)(”)
o lor™ |

so that the claims hold true in this case. If ii) and iii) hold true for all i < iy < p—1, then

1 0
Tigh1 = 1 Wigr1 With wigp1 = Vigy1 — Y (Vig41,5)Tj
[[wig+1l] —
7=1
and .
io
~n) _ 1 (n) : (n) _  (n) (n)  ~(n)\~(n)
Vil = Gy o Wig1 WIth w1 =044 — Z<vio+1’vj )0;
Hwio-i-lH j=1

hold true. Hence, ii) and iii) hold true for i =iy 4+ 1 with

1 S 1
ST & 7ot U
0+1,7 _ <Ui0+175j> i<
Twigeall > J =0
and
1 . .
Y J=1i0+1
(n) . Ilwi0+1”
Xig+1, = ™ Ty
_ Moty P < q
=
ig+1
Note that as Ui(n) — v;, 1 = 1,...,p, according to the above construction agﬂ) —
n—00 J p—oo
aij, j=1,...,i, and 52(") —— v; for all i = 1,...,p, which proves assertion iv).
n—oo
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Part 3:
For:=1,...,p,

1B = Bplls = IR, = Rl e2qoyme.y) = 105, — fill 20,0 30.00)

= /\h’i,n(w)—fi(x)l'Ih’m(f)—fi(x)ldM[o,u(@

(0,1]

IN

IR, = fill [ 1, = (@) Ao (o)

(0,1]

1 1
/ 2 / / 2
= 1, = Sl - IR, = s o

—0

n—0o0

holds true, since |4, |l < || filloo, fi is bounded and assertion (7.101) holds true.
In view of Part 2, since for i« = 1,...,p, Efi,n is a linear combination of hyg, ,...,hy

with convergent and thus bounded coefficients, this implies h fin — hy, in Hp for
? n—oo
ie{l,...,p}.

Part 4:
Let BVp(Hp) = {h € Hp|h' is of bounded variation} and

(R)
() BVb(s)xcp,1) - BVp(HB) x C[0,1] — R, (h,u) — / h du

[0,1]

be as defined in Section 4.2. Thus, for the extension pryy,,, . of the orthogonal projection

onto Wy, with respect to the bilinear mapping (-, ) By, (25)xc[0,1] We have

/4

pT‘WnHB : C[O, 1] — C[O, 1], u+— Z<hfi,n7 u)BVD(HB)XC[O,l} hfi,n’
i=1

where, for n € N, h Frms - ,7L fpn is the output of the Gram-Schmidt orthonormalization
of hyf, ..., hy,, and therefore an orthonormal basis of W3-
Then, there is a K > 0 such that

[P W, o000 < K (7.102)
holds true for all n > ng with ng as in Part 2. Here || - [[¢[o,1j-c[0,1) denotes the operator
norm on the space of linear operators C|0,1] — C]0, 1], thus for g € C[0, 1] and a linear
¢ : C[0,1] = C[0,1], we have [[¢l|c(o,11-c(0,1) = Sup [6(9)loo-

Jllec=1

Note, that it is not immediate that [[prw,,,, . |lcjo,1-c(0,1) < K holds true for all n € N even

though PrWos,, is the extension of an orthogonal projection, since P Wose is a projection
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with respect to the bilinear mapping (-,-) gy, (#z)xC[o,1] and therefore bounded regarding
to the norm induced by (-, ) BV (Hp)xC[0,1], but not necessary with respect to the norm

on C[0,1] (which does not come from an inner product).

Proof of (7.102): For i € {1,...,p}, with the help of (7.100), we get

gl = | [ W o) < [ I, ()] gy )
[0,2] [0,z]
~ . (J
= [ 105 (L) 1 @) o) < e
o] 197

In combination with Part 2 and Part 3, this shows that
1hginlloo < E

for all n > ngy with ng as in Part 2 for Ky > 0 suitable, since h fi.n 18 @ linear combination of
hg s by, ,, with convergent and thus bounded coefficients. Furthermore, for u € C|0, 1]
due to partial integration (see for example Satz 6.3 in Walter (2002))

(R)
[{fs 5 W) BV (1) xCT0, | = 7,0 (1) du(t)
01
)
= W, (1) — B, (0)u(0) - / u(t) dnl, - (t)
01

< [fi(D)] - lu()] +

i (;) ‘ Ju(0)] + [[ulloo Zn:

< filloo + 1fillv] - el

< Ko - lullo

holds true for some K5 > 0, since f; is of bounded variation. Note that K5 is independent

of n and note furthermore, that we interpreted f; <%) as zero for j = 1. Again, by Part

2 and Part 3, this implies the existence of K3 > 0 satisfying

(P gy s ) BV () xcfo1]] < K3 - [[u]]oo

for all n > ng, i € {1,...,p} and u € C|0, 1].
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Taking the above facts together, we can infer:

p
||P7"WnHB u)floo < Z hfm> BVD(HB)x6’01| ||hmeoo

<p- Kz ullo - K1
holds true for all n > ny with ng as in Part 2 and all u € C0,1]. This proves (7.102).

Part 5:

The extension P Wi, of orthogonal projection onto Wy, with respect to the bilinear

mapping (-, '>BVD(”HB)><C[O,1] has the form

p
pTWHB : C[O’ 1] — C[Ov 1]5 U — Z<h’fza U>BVD(HB)><C[O,1] h’fz’
=1

where h Frre-- ,E f, 18 the output of the Gram-Schmidt orthonormalization of hy,, ..., hy

P
and therefore an orthonormal basis of W3,,.

Then, there is a dense subspace V' C (0, 1], such that

1D Wi, (W) = Prwy,, (Wlleo ——— 0, uweV.

n—oo

Proof: Note that {u € C([0,1]) |u(0) = 0} € Hp and that

span{1y 1} + {u € C([0,1]) [u(0) = 0} = C*([0,1])

is dense in C([0,1]). It is thus sufficient to show

1974, () = Pravsg (0)]oe —— 0

for u = 1y ;) and for u € Hp. First, for u = 1y ) and f € BVp(Hp) we have

(R)

<f7u>BVD(HB)><C[O,1] - / f/du = 07
(0,1]

which implies pry,,,, . (Ljo,1) = 0 — 0 = prwy,, (u). Furthermore, for u € Hp and
f € BVp(Hp) we have

(R)
(fsu) BV (1) Cl0,1] = /f ) du(zx /f z) dXp,1)(7) = (f, W)np
0,1] 0,1]

Therefore, together with Part 3, we can infer that for u € Hp
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”pTWnHB (u) — Prwy (W) l3s

p

p
Z Ry W BV (1) < Cl01) P — D (s ) BV () < Cl0,1) P
i=1 =1

Hp

< gy W) BV (s yxio] P — (g ) BYp (1) xCl0,1) P 1205

1

=1

H(hfi,n’ u>7'lB hfi,n - <hfi7u>HB hfi HHB

I
'M"@

=1

H(hfi,n - hfw u>HB hfi,n”HB + H(hf“U)’HB (hfi,n - hfi)HHB

-

<

=1

i=1

n—)oo

holds true.
Now, for g € Hp, ||glloc < |lgllnp holds true, which can be seen in the following way:
According to the Cauchy-Schwarz inequality for all ¢ € (0, 1]

(B D 22 (0,0 m0.0) | < Il 220,80 0.) - 1222083 0.4)

holds true. If we set k = ¢’ and [ = 1, we thus get

/g'(l“) dXo,q(z)| < /9’($)2d»\[o,t]($)'\// LdNp ()
0,4 [0,] (0.1
< / §/(2)g/(x) AN ()
[0,1]

and therefore

lg(t)] = [g(t) — g(0)] < / g'(x)g'(x) AW (x) = llgllngs, ¢ € (0,1],

[0,1]

holds true, since g(0) = 0. As a consequence, sup |g(t)| < ||g]|x, follows.
tel0,1
We thus conclude that,

DT Wos, (W) = Prws,, (Wlloe ——— 0

holds true for v € Hp, which, as seen above, completes the proof of Part 4.
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Part 6:

According to Part 4 there is a K > 0 such that

[P Wz, lco, 10100 < K

and according to Part 5 there is a dense subspace V' C C]0, 1] such that

|prw, s, (W) = prvy,, (W]leo —— 0, weV,

n—oo
holds true. Therefore, since ||p7“WHB llco,11—c0,1) < 00, which can be shown similar to

HpTWnHB lco,1]1=c10,1) < 00, by enlarging K, we can assume that

lprws,, llcoa—cpoa) < K

holds true as well and then denote K by K. We can then infer that

PP,y (1) = PP, (W)lloe —— 0, w € C[0,1,

holds true, since given such an u € C]0,1] and £ > 0, one can choose v € V such that

|[u—vlleo < 3% and ng € N such that |[prw,,, (V) — prw,, (v)||e < 5 for all n > ng and
thus

D7 Wiz, (W) = Provs,, ()]0

< NPrwse, (@) = Prwae,(0)llco + [P7W,5,,(0) = Prws (0) oo + [[Prws, (V) = Prws, (W)l
€

< Mprwase, llow e - v = vllee + 5+ lIprws,, llepag-cpo - lv = lls

g g g
<K - +S4K.
=Rty t gy

=€, N >ng.
Finally, if (un)neny C C10, 1] with wu, —uc C10,1] then, as desired,
n oo

HpTWn’HB(un) _pTWHB(u)”OO < Hern’HB(un) - pTWn’HB(u)HOO—i_ HernHB(u) - erHB(u)HOO

< K- lun = ulloo + [Prws,s,, (W) = prvs,, (W)l

—0
n—00

holds true, which proves (7.99).
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7.5 Proofs for Chapter 6

The following lemma is the result of a strict forward computation, for which we provide

an explicit proof for the convenience of the reader.

Let the presumptions and notations of Section 6.1.1 and Section 6.1.2 be given. In
particular, F := {F(-,0) : R — [0,1] |6 € O} is the hypothesised model family of
absolutely continuous distribution functions F'(-, 6), parametrised by a parameter 6
Bos S © P — OF(F(4,60),9) / — 9f(t.60)

pen set © C RP 6y € O, f(t,0) = 20 and f'(t,00) = =5

Then 5 5
/ . —
f (t7 90) - (60 log atF> (F (t7 90)790)

holds true.

Proof: It holds true that

o) = g P @0, =5 | (55F) (7 (600.6)

w‘QJ
g
2

—
S
o
2
—_ | —_

—~
B
—~
\‘PF
D
=)

~
>
=)

~—

(

(7.103)

—~|Q
|

F

Q|
&

(7.104)

—~ |
Slo
B

—
gl
|
S|
S—
—
’11
f\
(*
>
()

),60) - 9_%[(%F)( ~(t,60),0)] |y,

Bl
(%F) (F- (t 00), 00) (2F) (F~(t,0),060)

Note that we could change the order of derivatives in equation (7.104) since, according to
our assumptions, F(F~(t,6p),0) is continuously differentiable in ¢ and #. Furthermore,
equation (7.103) holds true, since F'(F~(t,6p),6p) = t is fulfilled, from which

S FE o0 | = (5F) et (57) @00 = 5
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can be inferred by derivation on both sides, which in turn is equivalent to

0 __ 1
<atF ) (t7 90) N (%F) (F_(tﬂgO)?eO)'

O
Proof of the two assertions in Remark 6.3.1
It holds true that
, (f1 L) Xn) -oo (Ut Ley) (Xnn) \ [ (F1 - Liep) (X)) -ov (fp - L) (Xna)
(fo - Lep)(Xn1) - (fp Leep)(Xnn) ) \(f1 - Liep) (Xnn) - (fp - Lep) (Xnn)
=:A,
1
B <n Z(f’“’fl’l(c’b])(X”")> P /(fk‘fl‘ﬂ<c,b])<x>dF<w> 1<k 1<p,
=1 k.l [—00,00]
and thus,
. Ji- Ty
;AZAn — / : (@) (f1 - Lgeps- o fp - Liey) () dF (). (7.105)

(=00l \ fp - L)

Since the matrix on the right hand side of (7.105) is invertible (as f1 - Licp), -, fp - Licp)
are linearly independent in £2([a,b], F)) and since det : RP*P —s R is continuous, for

almost all realisations ((tni)i—1),ey Of ((Xni)jz1),en there exists an ng € N such that

(fi - Lep)tn) oo (fr L) Enn) \ [ (Fre Liep)Enr) oo (fp - Liep) (Enr)

(fp ) ]l(c,b])(tnl) s (fp ’ ]l(c,b})(tnn) (fl : ]l(c,b])(tnn) s (fp ’ ]l(c,b])(tnn)

=:B,

is invertible for all n > ng and thus Bg B,, has rank p for all n > ny. Furthermore, since
bil (tnjn(c)—l-l) s fp(tnjn(c)+1)

rank(BL B,) = rank(B,) = rank : :
fi (tnn) s fp(tnn)

— rank ( Xgn<c>+1)> — rank (( X Un(e)+ T ngbjn(c>+1>) ,

we can conclude that for almost all realisations ((t,i);;),,cn Of ((Xni)iy) there exists

neN
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an ng € N such that for all n > ng, (Xéj"(c)Jrl))TXflj”(c)H) € RP*P has rank p. Note that

then, of course, X,(LD, . ,Xflj"(c)) have full rank, too.
Therefore, we have show that almost all realisations ((n:)i=;),eny Of ((Xni)iz1),cny Satisfy
Assumption (6.24). O

The following statements about the backwards recursive residuals, defined in Defi-

nition 6.3.2, are true:
i) E(rp;) =0and Var(ry) =02, i=1,...,4.(c).
ii) The i-th backwards recursive residual r,;, i = 1,...,j,(c), is a linear combi-
nation of the last n — i + 1 regression errors €,;, . .., &nn. L0 be more specific,

1 .
—(1,by,;) e
L1, by e

ny

T'ni =

with .
b = — T (tns) ((Xg”l))TXﬁ“))_ (X{HNT e RIX(n=D)

and

Cni = \/1 ar fT(tni> ((Xr(LiJrl))TXV(LiJrl))il f(tni)-

iii) The backwards recursive residual vector r,, can be computed at once, using a

linear transformation of the regression error vector ;. To be more specific,

rn:Mnsg)
holds true with
1
o .. : 0O 1 b
M, =" ' " e Rin()xn
E o '.. 0 : . '.. '..
0 ... 0 ==JN\0 ... 0 1 by

iv) The rows of M, are orthogonal to the columns of Xr(Ll), ie.

M, XD =0 e Rin(©)xP,

v) The rows of M, are an orthonormal system and thus Couv(r,) = 02I; ()

holds true. In particular, for 553) ~ Nn(0,0'2fn), the random variables

Tnly- -5 nj.(c) are stochastically independent.

vi) The relation Mg M, = Promt holds true. Therefore, we have &, =

Mg M, 8511). As a consequence, 1, = M, &, holds true.
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Let the prerequisites of Section 6.3 be given. Let Xpin(A) and Xpax(A) denote
the minimal and maximal eigenvalue of a symmetric matrix A. Then the following

statements hold true:

i) Let H(t) := [ (ffT) o F~dRpya), t € [0, F(c)]. Then there are Xnin, Xmax €
[t.1]
(0, 00) such that

Xmin S Xmin(H(t)) S Xmax(H(t)) S Xmax

holds true for all ¢ € [0, F(c)].

ii) For all m € Ny

sup l(Xé[thm))TthnHm) _ /(ffT) o F~ d»[OJ] n_> 0

tef0,1] || T =e2
[t,1]
and
=i
1 —1
sup ((thnwm))TX?(l[thmD _ /(ffT) o F d»‘[O,l] .0
te[0,F(c)] ||\ T R=re2

[t.1]

hold true for all matrix norms (since matrix norms are equivalent in finite

dimensional vector spaces).

iii) There are /'?min, /fmax € (0, 00) such that for any fixed m € Ny thereisang € N
such that

)?min S Xmin <1(*X(|—tn.| +m))TX(ftn1 +m)>
n

n n

< Xmax l ()(79—7:’":| ) )TXéftn] ~5ic) < -)?max
n

holds true for all ¢ € [0, F(c)] and all n > ng.

iv) There are r > 0 and ng € N such that 1 < ci[
t € [0, F(c)] and n > ng. Therefore,

tn] < 1+  holds true for all

sup  cpg —— 1
iE{l,...,jn(C)} oo

is satisfied.
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Proofs: The proofs of Lemma 7.5.2 and Lemma 7.5.3 are similar to those in Brown,
Durbin, and Evans (1975) and Evers (2022) for “normal” (i.e. non backwards) recursive
residuals and are therefore omitted here. The only difference is that in the case of back-
wards recursive residuals, we have to apply the proofs given therein to the time inverted
data. O

Proof of Theorem 6.3.3

For x € (—o0, ¢] the equations

(T*(RY)) (x) / () / F(w)f7 (u) dF () / f(2)dRL(2) | dF ()

(—o0,z]

(7.106)

-1

U\ﬁzn(m] ) /fT [t s warw|

(y,00)

(X’r(ljn(y)‘i‘l))Téggn(y)‘f'l) dF(y)

ov/n

Jn(x)
=Y e - / () /f<u>fT<u>dF<u> x

% (Xéjn(y)'f'l))T égn(y)'f‘l) dF(y)

(7.107)
in(@) -1
L o | [ rwsmw St x
v 2 ] P L
(—o0,z] (y,00)
% (X7(Ljn(y)+1)) ( Zé{tm}> + op(1)
(7.108)
1 RY 1R (VT 3 (+D)) 7L | x+ )T 2l )
_ A . i+1 i+1 1+1 ~(1+1
= o 2 2 A ) (T X)X )T 4 op(1)
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Jn(2)

Z i + op(l

=1

Z —00,z] tm “Tpi + OIP(l)

=1

— Rl(x) + op(1).

are satisfied for n — oo. Here, as defined in Remark 6.3.1, j, : R — {0,1,...,n}, y —
max{0,sup{i € {1,...,n}|tn; <y}} and g, ) denotes the one point measure in ty;.

In order to thoroughly prove the above equations, we take a closer look at the enumer-
ated equalities (7.106) - (7.109). Note that in the context of this proof, we denote by

||M|| = sup ||Mzx|2 the operator norm on the space R™*™ of m x n matrices.
[[zlla=1

Regarding equation (7.106): Since

| r@ari / e (ml/ﬁzn<m,.]<tni>-éni> (2)
=1

(y,00)

:U\lf ng / (=) dbpy, (2)

=1 (y:00)
n

1
OV

— L (xUnwr0)Talnt )

ov/n

is valid, the equation in question holds true.

Regarding equation (7.107): It has to be verified that

-1

L T T (G0 @)+ T 23 (9)+1)
T / ) ( / )f(U)f (w)dF(u)| (XGWHD)T G40 gp(y)
—00,T y,00

—1

= f [ /f(a)fT<u>d<;Zé{tm})<u> (X 0y ( Za{tm}) )+op (1)
(1,00) =1

—00,z]
holds true for z € (—o0, ¢] and n — oo. By using the notations
-1

kn(y) : /f ) Py dF(u) | (XGn@+HINT 2bn@)+1)

(y,00)
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-1

ln(y / f fT < Z(S{t }) (X’I(Ljn(y)+l))T€A,£ijn(y)+1)’
mn(y) = (Xéjn(y)+1))Tégn(y)+l) 7

1 n

and identifying the distribution function F' with the unique probability measure p corre-

sponding to it, equation (7.107) reads as follows:

Uf / w(y) a\f / y) dun(y) + op(1)

OOCL’ OOI

holds true for x € (—o0, ¢] and n — co. By definition of the op(IP) notation, proving this

is equivalent to proving

— [ b - [ L@ || Lo 0. (7.110)

(—o0,z] (—o0,x]

By using the triangle inequality, we get

a\l/ﬁ / kn(y) du(y) — / In(y) dpn(y)

(—o0,x] (—o0,z]

<L / b (y) dpy) — / Fon () dpin ()

g\/1Nn
(—00,x] (—o0,x]

| [ @t — [ wwano)

(—00,x] (—o0,x]

Thus, for (7.110) to be satisfied, it suffices to show that both

1 P
— - S SN 111
—~ / k() dp(y) / kn(y) dpn(y) || —— 0 (7.111)
(—OO,[L'} (—OO,CE]
and
1 P
—= n n(y) — n n 112
T / kn(y) dpn(y) / In(y) dpn(y) || —> 0 (7.112)
(70072] (700"’2]

are true. Therefore, in Step I, (7.111) will be proven and in Step II, we will prove
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(7.112), which together completes the proof of equation (7.107).

Step I:

By identifying the probability measures p and p, with their corresponding distribution

functions F' and F),, we can rewrite (7.111) into

1

e~ / kn(y) dp(y) — / kn(y) dpin (y)

(—00,x] (—o0,x]

1

_ m( / kn(y) d(F — F,)(y)| -

—00,z]

(7.113)

The integrand k,, can be divided in a deterministic and a random part in the following

way:
-1

kn(y)

(y,00)

p
= > fiw /f(u)fT(U)dF(u) .
=1 (,00) a
-1
p .
Y fily) / F(u) T (u) dF(u) (X Gn@+D)Tlin@)+1)
= (4:20) »
-1
p p
-2 || [ wirw Fultosiorss) + - -
g=1 | i=1 (o) .
-1
p p ‘
= Z Zfi(y) /f(u)fT(u)dF(u) fo(tnn) ggn(y)ﬂ)
q=1 | =1 (4.00) y
-1
n—jn(y) [ p p |
= Z Z Zfz‘(y) /f(u)fT(U)dF(u) Faltnjuiyar)| EGn@HD
AN (5,00) B
i -1
n p p
=2 | Lwe(tar) - D 1D £i0) / F ()7 (u) dF (u) Fatur) | -Enr
= Cal K (,00) 5

/() / fu) fT(w) dF ()| (XD

)Tégn(y)+1)

=F"(y)
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Thus, together with (7.113), we have

axl/ﬁ /kn(y)du(y)_ /kzn(y)dun(y) = aj/ﬁ / > F () d(F = Fo)(y)

(—o0,] (—o0,z] (—o0,z]

avn
r=1 (—OO,CE]
—idpr ()
1 <.
=|—F Enr dn'r(x)
o\/n
Therefore, for (7.111) to be true, it suffices to show that
! zn: 2 L0 7.114
m Enr nT(l') m , X € (—OO,C]. ( . )
r=1

To do so, first note that

ey L e
E (U\/ﬁ;fnrdm‘(x)> = U\/ﬁ; dm"( )E (Em“)

In the remainder of Step I, we are going to show that for all z € (—o0, ¢,
1 n
Var (O_\/ﬁ gem dnr(az)> —— 0 (7.115)

n
is satisfied. Therefore, because ﬁ 7;1 Enr dpr(x) is centred and due to Chebyshev’s in-

equality, (7.114) holds true, completing the proof. We thus assess

]. n ~ _ 1 T N 1)
Var (U\/ﬁ TZ:EW dm(ar)> = Var <dn (x)é,, >

- d¥(z)Var (ég)) dn(z)

o2n

_ %dg(x) 2 <In _ Xr(}) (<X£1))TX7(11)>—1 (X(l))T> dn ()

a°“n



192 7. Appendix

1 1 -1

< = lda(@)l3 + — lldn(@)[3 || X (<XS>>TX79>) (X"
1

- — (1) (INT
e (1 80 (a2 ) = e
2 2

< —

< 2 o))

_ 2N p
" =1

wherein I,, denotes the unity matrix in R"*", d,,(x) := (dp1(2), ..., dnm(2))T and the last

inequality is true due to the following lemma.

a a
—

In the situation of Definition 6.3.2, page 94, it holds true that

X0 ()™ ey

Proof: Let
x =yxv?

be the singular value decomposition of X,Ebl) € R™P with U € R™™ and V € RP*P

orthonormal matrices and

oo 0 ... 0
0
: . -0
X=10 ... 0 op € R™,
0
0 R 0

where
01> >0,>0

are the p strictly positive singular values (since rank(X;) = p). Note that because 3 has

linear independent columns, there is a Moore-Penrose inverse

a% 0O ... 0 0 ... 0

st — 0 -, .. oo L c RV,
. . . 0 .
0o ... 0 L o 0
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since

2y =1,

Furthermore, since XT(LU has linear independent columns, there is the Moore-Penrose in-

verse 1

XM= (X D) )T
of X,(LD, which is a left inverse. Thus,

—1
(x(f = ((X£Ll>)TX§Ll>) XN = (veTuTusyT)-lvslu? = vetuT.

n

As a consequence,

xW ((X,QU)TX,(})) (XNHT = x(D(xOt = yxvTysty?

=uxxtvT =vu Iy | 0 uT
010
N—_———

eR’ﬂXn
Hence, for all vectors v € R™
-1 I,|0 I,|0
HXTS” (T x D) (x| = o () UTo| = | (2ol < vl
2 010 ) 010 )
holds true, thus
|0 ()™ ey <
which had to be proved. O

For (7.115) to be true, due to (7.116), it suffices to show that for all x € (—o0, ¢]
2 2
=N d(x) —— 0. (7.117)

By the definition of d,,(x) and integration by parts, for z € (—oo, ¢|, we can infer

e () = / F (y) d(F — Fo)(y)

(—OO,:E]

7 r

— F(@) (F = F)(w) = F" (=00) (F = F)(-o0) — [ (F= F)y) dF" ).
(—o0,a]

(7.118)

Fﬁn)(x) is bounded and Fr(n)(—oo) is finite, because f = (f1,...,fp) is bounded and



194 7. Appendix

~1

( [ fw)fT(w) dF(u)) is bounded, since, according to Assertion 1 of the proof of

(z,00)

Lemma 7.5.2, part iii), the eigenvalues of [ f(u)f”(u)dF(u) are bounded away from
(,00)

zero for all z € (—oo, ¢]. Furthermore, since

F, —— F uniformly, (7.119)

n—oo

we have (F — F,)(x) — 0 for all z € (—o0, ] and
n—oo

(F — F,)(—o0) = F(—o0) — Fj,(—o0) =0, (7.120)
since both are distribution functions. Therefore,

F™ (z) (F — Fy)(z) — 0

r
n—o0

as well as
F{™ (—00)(F — F,)(—00) = 0.

It remains to show that the last term in (7.118) is bounded for z € (—o0,c|. First, the

inequality

/ (F = Fu)(y) dE"™ (9)| < IF = Fulloo - [E™ v (7.121)

(—00792}

holds true. We already know that ||[F — F,||eo — 0 as F,, converges to F' uniformly.
n oo

Therefore, if we were able to show that

sup max ||[F™|y < oo (7.122)
neN 7=1,...,n

is true, we can conclude that

max dpr(x) — 0. (7.123)

With this in mind, we start our examination of HFT(n)HV. Firstly, || fj|llvy < oo for j =
1,...,p by assumption. Since the product of any two functions of bounded variation is

again of bounded variation, we have || f; - fj|lv < oo for 1 <4,j < p, hence

I(F fDigllv < oo, 1<i,5<p.

Now, denote by gi'; and g;; the positive part and the negative part of f; - fj respectively.
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Then, (f fT)ij = gg — g;; thus

/ £ () £7 () dF (u)

[ siarw - [ g ap).

’L] (y,oo) (y,oo)

Both integrals on the right hand side of the equation above are monotonically decreasing

in y, are bounded below by zero and bounded above by ||g;; *loo and || 9i;lloc Tespectively.
Thus

[ sbarw)| <lgile and | [ og5ar) < ol
(y,oo) 14 (y,oo) \%4
hold true and hence, for 1 <4,j < p,
/ Fu) ' (u) dF (u) < llgflloo + lgilloe < 2 I1(F fislloe < 00
(y,OO) Z] v

holds true. Since [ f(u)fT (u)dF(u) is invertible for all y € (—o0, c|, by using Cramer’s
(,00)
rule for computing inverse matrices, we get

-1

1 .
[ s warw| - adi| [ s i),
(y,00) det < J fu (u)) (y,00)
(y,00)
where for a square matrix M, adj(M) denotes the adjugate matrix to M. As a consequence
we can compute the ij-th component of [ f(u)fT (u) dF(u) € RP*P in the following way:
(y,00)
-1
[ s warw
(y,00) ij
P
—1)+J
= det || [ st warw)
det( J f)fT(u)dF (U)) (y:00) k=1
(y,00) k#i,j#1
L p—1 P
(=17 >0 {sgn(v) - I1 J fu dF (u)
veSp_1 s=1 (y,00) k=1
L KL s (s)
p
> |sgn(v H J flu dF (u)
vESp i =1 \(y,00) i (4)
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Here, in the first equation the component in the i-th row and the j-th column of the

adjugate matrix is computed and in the second equation the Leibniz-formula is used to

compute the determinants. Furthermore, S;, denotes the symmetric group of permutations

of the elements of the set S = {1,...,p} and sgn(v) denotes the signature of a permutation
v € Sp. Considering the equation above, it becomes obvious that

-1

[ f@ s warw
(y,00) ij
is a concatenation of Lipschitz continuous functions of sums and products of the functions

in the set

1<i,j<p,,

ij

[t )
(y,00)
which are all of bounded variation. Therefore, since Lipschiz continuous functions, sums

and products of functions of bounded variation are of bounded variation,

(y,00)

-1
|l / f(u)fT(u)dF(u) < oo, 1<ij<p

wjlly
is satisfied. Following this argument,
-1
p
St || [ s wdrw <o, 1<j<p
i=1
(y,00) ijlly
and consequently, since f; is of bounded variation for all j =1,...,p,

00 -1
P P
S| aw ([ [rorwarw) | | s <
i=1 \i=1 ’ 3
1] VvV
uniformly in [ € {1,...,n} and n € N.v This completes the proof of (7.122). As already

mentioned, we now know that (7.123) is true and therefore,

2
l :rglf}ffndm(w) —= 0

holds true, too. Hence, for € > 0 there is an € N for which  max dil(:n) <eforalln > N.
=1,...,n
Therefore, for all n > N

1 < 1 <
2
2@ <00
r=
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holds true and thus,
2 n
=N d2(z) —— 0
n

n—o0

holds true, too, which in view of (7.117), (7.116) and (7.115) completes the proof.

Remark 7.5.5.

The stochastic convergence asserted in (7.111) is true even uniformly on (—oo, ¢|. To
prove this, it suffices to show that the convergence in (7.115) holds true uniformly
in z € (—oo,c] and due to (7.116) it therefore suffices to show that

sup Zd — 0. (7.124)

z€(—o0,] T n—00

By performing partial integration (see (7.118)) it becomes evident that for the
validity of (7.124) it is sufficient to show that the three summands

F () (F - Fo)(z), F™(~00) (F — Fp)(~o0), / (F — Fu)(y) dEP(y)

(—oo,m]

converge to zero uniformly in 2 € (—o0, ¢]. Because of (7.120), the second summand
is equal to zero. Furthermore, Fr(n) (x) is bounded uniformly in r and x and there-
fore, we have the uniform convergence of the first summand. Concerning the third
summand, it’s uniform convergence to zero can be seen from inequality (7.121), the

uniform convergence of F, to F and the bound in (7.122).

Step 1I:
Using the definitions for k,(y), l,(y) and p,, we define for x € (—o0, ] and n € N

Z = L (kn(y) — ln(y)) dpn(y)-

a\/Nn
(7003‘%]

In the following, we are going to show that

128|200y ———+ O (7.125)

is satisfied. This means that Z," (2) & 0 and thus, Z," (2) % 0 could be inferred,
n oo
meaning that (7.112) is satisfied. In order to prove (7.125), we first use the Minkowski-

inequality for integrals which implies that

120y = | [ 3 On0) — a0 dia)

NG

(—00,z] L2(P)

</ 2 (5) = 1)l oy i) (7.126)

(700733}
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Furthermore, it holds true, that for all n € N and y € (—o0, c|,

ilk (1) = In(y)]

K/f ) 17 (u) ) (y[o)f ) 1" (w) du: )}mn@)
[((y[o )f ) £ () dp(u ) ((y[o )f ) 77 (1) dpn ))] 71
(/f )/ (w) du) ((y{o)f )7 (w) dun<>)

< sup /()2 - sup
yE€(—o0,q] y€(—o0,c]

~1
< swp [T @) sup /f @ dn(w)| ~ | [ £ @] | <
y€(—o0,c] yE(—o0,] (v'o0)
U\/ﬁj;‘(mn ‘

and therefore,

7”7“ n(y) — (Z/)Hﬁ(lp)
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is satisfied. Taking together (7.126) and (7.127), we get

1Z N 2y < sup [fT(w)ll2 x

y€(—o0,(]
-1 —1
X sup / S 7 () dpu)| — / £ ) 17 () dpan ()] || %
yE(—o0,c]
(y,00) (y,00)
Y)); dpin(y) -
L2(P)

Therein

P 2
sup ST ()2 < \IZ< sup fj(?J)) < o0,

ye(—o0,d j=1 \y€(—00.d
since f;(y) is of bounded variation and therefore bounded for 1 < j < m and
-1 -1
s / f@ /T wdut |~ | [ £ 70 dun(a)

oo (y,00)

-1

—1
— (1<X7sf'n<y>“>>TX7sf'n<y>“>) | [ s £ duta)

n— o0

holds true, which up to a change of variables (see Lemma 7.1.3) has been stated in
Lemma 7.5.3. Thus, for (7.125) to be true, it suffices to show that for all n € N and
y € (—o0,c] there is a C' € R such that

/2]

holds true. The remainder of Step II deals with the proof of (7.128). Note that

dpn(y) <C (7.128)

Y))i £2(P)

B (= (), ) =0

holds true for alli =1,...,p, n € Nand y € (—o0, |, as can be seen in the following way:
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T (y) = (XUnWFINT U+ — (X GnW)+H)T (y

(@)l — XT(Ljn(y)Jrl)BT(ll))

— (XUn@+yT ( XUnw+hg ¢ ggn(ym)) _

_ (X,’gjn(y)‘i’l))T (Xr(zj”(yHl) ((X,(Ll))TX,(ll)>_1 (XS))T(X}Lﬂ + 57(11)))

— (X Un@FINT G+ _ (X Gn@)+D)T x Gn()+1) <(X7(11))TX%>71(X7(11))T57(11)

(7.129)
and because of E(a,(f)) =0€c R e {1,...,n}, we conclude that
E (( X;Ljn(y>+1>)T€gn<y>+1>) —0 (7.130)
and
E <(X7<Ijn<y>+1>>TX7<ljn(y)+1> ((X,(}))Txgﬂ)fl (Xg))Teg)) _o (7.131)

and therefore,
E (mn(y)) =0 € R?

for all n € N and y € (—o0,¢]. Due to equations (7.129), (7.130) and (7.131), for i =

1,...,p, we obtain

1
—— (Mma(y));
v
1 . . . . —1
= [ | Un @D TG @)D _ (G wH)Tx G @)+ ((x (D) Tx D) (x (D) Teﬂ
= ) ( ) ey ooyey] |
H ( +1))T€(jn(y>+1>>
" i llc2(p)

N HL <(X(jn<y>+1>)TX7<ljn<y>+1) G (X<1>)T€<1)> ’
N \/Var (U\l/ﬁ ((X%n(y>+1)>TX7gjn<y)+1> ((Xg))TXT(ll))‘l (Xg))%g))i)
_ \/(VW <a\1F(X(]n(y)+l)> (an<y)+1)>>ii N

1 (Gn () + D\ T 3 (in (0)+1) W\ v\ L Dy (1)
\/<Var <U\F(X )X ((Xn e ) (Tl )

(22
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In what fallows, we are going to show that the covariances in both of the above summands
are bounded independent of n € N and y € (—o0, ¢] so that there is a C € R with

SC7 i:l’.__’p’

L£2(P)

| Gat)),

avn

independent of n € N and y € (—o0, ¢]. Hence, in (7.128) we would get

/ Z |2 i),

p
dun(y) < Cdu,(y) < pC =: C,
ey 00 < [ 3Gt <

(—co,a] =

which would complete the proof of (7.112). To prove this boundedness of the covariances,

we first note that

1 . ‘ 1 . .
= (xUn@+FINT Gn()+1)) — = (x Un(@)+DNT x (Gn(y)+1)
Var (a\/ﬁ(X” ) ey ) n(X” )" Xy

—— [ f) [T (w) dp(w)

n— oo
(y,00)

holds true. The convergence, up to a change of variables (see Lemma 7.1.3), has been sub-
ject of Lemma 7.5.3. Thus, the covariance matrix of ﬁ(XéJ"(y)H))Tegf"(y)H) is bounded

independent of n € N and y € (—o0, .

In the further on, we need the following lemma about the Loewner order of matrices. Here
“<” denotes smaller with respect to the Loewner order and for A, B € RP*P, A < B holds
by definition if and only if B — A is positive definite. The lemma is a folklore result for

which, for the reader’s convenience, we provide a proof.

—= —

Let A,B € RP*P, p € N be positive definite matrices with A < B, C € RP*P

invertible and I, the p x p unit matrix. Then the following assertions hold true:
i) CTAC < CTBC.

ii) For I, < B it follows that B is regular and B~1 < I,,.

iii) B~1< A~L

Proof:

i) For v € RP\ {0},

v CT(B - A)Cv = (Cv)T (B - A)Cv >0
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ii)

iii)

holds true since A < B and Cv € RP \ {0} thus

cTAC < CTBC.

Let I, be the p X p unit matrix and I, < B. Since the matrix B is symmetrical with

real values it admits a decomposition
B =EDET,

where F is an orthogonal matrix and D is a diagonal matrix. As a consequence of

this and part i),
I,=E'I,E<E"BE=FE"EDE"E=D

holds true and thus all eigenvalues of B are bigger that 1. As a consequence, B~
exists and

B'=B :[,B 2 <B :BB:=1I,
where B2 = ED 2 ET.

Since A < B and A, B positive definite, we know that A and B are regular and
B — A > 0. Thus, because of part i)

A2(B—A)A"2 =0

and therefore
A"2BA: + I,

are satisfied. Now, because of part ii), we get
1141
A2B7 A2 < I,

and due to part i)

=
|
.
|
5
=
=
[NIES
A
.
[N
R
g
[NIES
I
o

is satiated. O

Concerning the variance of the second random vector

1 , . -1
o (XUn@HINT X Gnw)+1) ((Xfll))TX,(ll)) (XIHTeD),
ovn

we know that for

fT<tn1)
Xn = : c Rjn(y)xp

ST )
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we have
XI'X, =0
for n € N large enough and j,(y) > p due to the linear independence of fi,..., fp. Thus,

(X U@+ )T> jXZ ) = XTR, 4 (XY@ x G
X Un n n n

— (XUn@HINT x Ga@)+1) o
holds true, since
XTX, 4+ (XUr@H+NT x (@) +1) _ (xUn@+NT x )+ = ¥T X
is positive definite. Therefore, according to Lemma 7.5.6 part iii), we have
(XTX))! < (( X Un)+D)T qujn(y>+1>)‘1
and again due to Lemma 7.5.6 part i),
(Xr(zj”(yHl))TXr(zj"(y)H) ((Xfll))TX,(ll))il (Xr(zj”(yHl))TXr(zj"(y)H)
< (XGn@HINT x Gnl)+1) (( XUn@+D)T Xgn(wﬂ)) - (X Gn@+INT X Gn)+1)
= (X nWHINT x (n(y)+1)

holds true. Hence,

. —1
Var <af(X(M T XD (X O)TXD) (X;;))ng))
L G\ Gr @)1 (xOVT x () ™ (  Gn@+DYT 5 Gnw)+1)
n
~ L (xG@+0)T x G0+ )
n

— flw) f1(w) dp(u).

n—r 00
(y,00)

Note that the convergence in the last step of the above inequality chain has been proved
in Lemma 7.5.3, up to a change of variables, see Lemma 7.1.3. We therefore can conclude

that the covariance matrix of

1 —
X U@+ x Gaw)+1) (x O)T x (1) (D)7 (D
S X )7 X ((xTxD)  (x)Te

is bounded independent of n € N and y € (—o0, ¢].
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Remark 7.5.7.

Since for = € (—oo, c|

af / y) dpn(y)

(—o0,z]

Sa\l/ﬁ /!kn(y)—ln(y)dun(y) =: 7y

(700761

ESE

holds true and according to our findings in Step II, we can follow:

/ J\l/ﬁ]kn(y) — In(y)| dpn(y)

(_0070}

< [ AR ~ Wl i)

1 Znll c2p) =

£2(P)

Thus,
sup ‘Z(x ‘ <7, L)

xE]—OO,Imax] n—oo

and therefore, we have (7.112) uniformly in = € (—o0, ¢].

Regarding equation (7.108): For 1 < [, m < p, the [, m-th component of the matrix

Do ) T (tn) € RPFP

i=jn(y)+1

can be represented as

l,m'

( zn: f(tni) fT(tnl)) Z fl ni fm m) = (( Jn(y)Jrl))TX(Z"( )+1))
lym

i=jn(y)+1 i=gn(y)+1

It is therefore true that

-1

/ ) / f(u)fT(U)dGzn:(S{tm})(U) (XN Teln@)FD) g (iié{tm}><y>
(—o0,2] (4:50) =1 =

-1
= /fT(y)(}z Z f(tm)fT(tm)> (Xr(ljn(y)-&-l))Té(Jn +1)d< Z {tm}>
(~o0.a] =

i=jn(y)+1
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1 n
/fT < (X n( )+1))TX7(ljn(y)+1)> (Xflj"(y’“))TéS”‘y)“)d(iZ‘S{tm})(y)
i=1

(—o0,z]

=1
Jn(z) 1

_ £ (td) ((XT(LZ'-&-I))TXT(LZ'—H)) (XT(Li+1))Té$Li+1) '
=1

Regarding equation (7.109): According to Lemma 7.5.2, part ii),

. . —1 . .
Cni Tns = énz - fT(tm') ((X7(12+1))TX7(12+1)) (XT(LH_I))Té’sLZ-’_l)

holds true. Thus,

() jn(2)
1 ) . -1 1
_ (i+DN\T v (i+1) i+1 (z+1) )
= Zl (e =170 (O DT 0) ™ YT = S
1 R T (VT y (1)) [ ()T 24D)
I A . i+ i+ 1+ ~(i+ _ .
- U\/ﬁ g |:<5m f (tm) ((Xn ) Xn ) (Xn ) €n > Tm:|
_ 1 Jol®) [c e ]
- O'\/ﬁ Z:1 ni n nt
(@)
1 J
= |\~ ni ° ni_l
o\/n pat i - (€ )
P
.0 (7.132)
n— oo

is satisfied. Here, the stochastic convergence can be justified as follows. According to
Lemma 7.5.2,

1 Jn(z) 1 Jn(x)
E|—F%= ni m'_l = = ni_lE ni :07
s e =) | = 3 (e = DB 1)

Cov(rniyrnj) = 0,4 # j, Var(rp) = 0% and sup ¢,y — 1 are satisfied. As a

ie{l,...,in(c)} n—oo
consequence,
1 Jn(z) 1 Jn(z) 1
Var | —= Ppi- (i = )| == > (i =1)*<=-n- sup (cni—1)°
o\/n ; n ; N el in(0)}
— 0 (7.133)
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holds true. Therefore, (7.132) can be deduced, according to Chebyshev’s inequality. This
proofs equation (7.109).

So far we have proved the assertion (T*(R1))(z) = R.(z)+op(1) pointwise for z € (—oo, d.
However, the assertion holds true uniformly in z € (—o0, ¢|, as Theorem 6.3.3 asserts. To
see this, note first that it is obvious that the equations (7.106),(7.108) and (7.109) hold
uniformly in x, note secondly that equation (7.107) is true, uniformly in x € (—o0, ], ac-

cording to Remarks 7.5.5 and 7.5.7 and that finally equation (7.109) holds true uniformly
Jn(2)

in z because, due to (7.133), the variance of ﬁ > Tni - (cni — 1) converges to zero
i=1

uniformly in (—oo, c|. O
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Kirszbraun theorem, 143
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change of variables formula, 26, 136
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design variable, 1
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partial sum
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CUSUM process, 4
partial sum limit process, 32
partial sum process, 32
Rubin’s theorem, 69, 172

score function, 87
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