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Abstract

Interactive decision-making relies on strategic reasoning. Two prominent
frameworks capture this idea. One follows a structural perspective, ex-
emplified by level-k and Cognitive Hierarchy models, which represent
reasoning as an algorithmic process. The other adopts an epistemic perspec-
tive, formalizing reasoning through beliefs and higher-order beliefs. We
connect these approaches by “lifting” static complete-information games
into incomplete-information settings where payoff types reflect players’
levels. Within this unified framework, reasoning is represented through
mathematically explicit and transparent belief restrictions. We analyze
three instances: downward rationalizability, a robust benchmark concept; and
two refinements, L-rationalizability and CH-rationalizability, which provide
epistemic foundations—albeit with a nuance—for the classic level-k and
Cognitive Hierarchy models, respectively. Our results clarify how reasoning
depth relates to behavioral predictions, distinguish cognitive limits from
belief restrictions, and connect bounded reasoning to robustness principles
from mechanism design. The framework thus offers a transparent and
tractable bridge between structural and epistemic approaches to reasoning

in games.
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“Tatsache ist, daf$ eine Kalkulation der Wirkungen des kiinftigen
eigenen Verhaltens auf kiinftiges fremdes Verhalten und vice
versa immer erfolgt, also jederzeit empirisch beobachtbar ist.
Jedoch bricht die Kette der gemutmafiten ineinandergreifenden

"Reaktionen’ verhéltnisméfiig bald abl[.]”

— Oskar Morgenstern (1935), Vollkommene Voraussicht und
wirtschaftliches Gleichgewicht, p. 343.

“The fact is that a calculation of the effects of one’s own future behavior
always rests on the expected future behavior of others, and vice versa. This
can be observed empirically every time. However, the chain of surmised
mutual ‘reactions’ breaks off comparatively soon[.]” Translation from Frank
H. Knight in print as Morgenstern (1976).

1 Introduction

Strategic reasoning is one of the cornerstones of game theory—and economics more
broadly. In interactive situations of initial play, where strategic players have limited
or no precedents, the correct-belief assumption implicit in (Nash) equilibrium might
not be appropriate. Without a clear benchmark to guide expectations, players must
instead rely on strategic reasoning. Among the many ways scholars have modeled how
players reason and respond to one another, two prominent approaches stand out. One,
which we may call the structural approach, represents reasoning as an algorithmic and
recursive procedure. The other, which we refer to as the epistemic approach, formalizes
reasoning through mathematical objects representing (higher-order) beliefs and then
derives behavioral consequences of transparent assumptions. These approaches clearly
share a common motivation—to capture how (boundedly) rational agents form and
act upon beliefs about others’ behavior—yet they differ in what they render explicit

mathematically.

Within the structural approach, the most widely used models are the classic level-k
model (Nagel, 1995; Stahl II and Wilson, 1994; Stahl and Wilson, 1995) and the Cognitive
Hierarchy (CH) model (Camerer, Ho, and Chong, 2004).! In these models, a level-0

player follows a nonstrategic baseline rule (often called anchor), and higher-level players

!In the literature, the model introduced by Nagel (1995) is often referred to simply as “level-k.” Crawford,
Costa-Gomes, and Iriberri (2013) use “level-k” as an umbrella term encompassing both Nagel’s level-k
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reason recursively by best-responding to lower levels. These simple recursive rules
generate tractable behavioral predictions and have proven successful in explaining
experimental data. Because of their empirical power and intuitiveness, such models

are now central in behavioral and experimental economics.

The epistemic approach, developed in parallel over the same decades, provides
a rigorous mathematical language for reasoning through beliefs and higher-order
beliefs. Epistemic game theory (EGT) explicitly represents players” hierarchies of beliefs
about others” actions and reasoning, allowing formal exploration of the behavioral
implications of epistemic conditions such as rationality and common belief in rationality.
It thus provides a general and transparent framework to study how reasoning and

beliefs jointly shape strategic behavior.

Both approaches model reasoning explicitly—but in distinct ways. Structural models
make the process of reasoning explicit by specifying an operational rule that generates
behavior. Epistemic models mathematically formalize reasoning explicitly by specifying
belief hierarchies, imposing clear assumptions, and deriving behavior from them. Each
offers advantages: structural models are intuitive and empirically tractable; epistemic
models are formally transparent and general. Yet, despite their shared motivation, it
remains elusive how these two languages of reasoning relate. Our goal in this paper is
to provide a bridge between them.

We develop a tractable and conceptually clean framework that unifies these two
approaches. We begin with (static) complete-information games, but “lift” them to
incomplete-information versions in which each player is uncertain not only about
co-players’ actions, but also about their types, which in our setting are reminiscent of
levels in the structural models.? This incomplete-information representation allows
us to formally encode reasoning, akin to the ideas behind structural approaches, as
explicit belief restrictions, thereby connecting structural and epistemic views of bounded
reasoning within a single framework. The framework is flexible enough to capture
different bounded-reasoning models, yet simple enough to permit clear epistemic

interpretations while at the same time giving rise to very tractable models.

The flexibility and tractability of this framework are illustrated through three in-
stances: (i) a robust benchmark we call downward rationalizability, and two refinements

of it, (ii) a formalization of the classic level-k model, and (iii) a corresponding version of

and CH models. To distinguish the specific model from the broader class, we use the term “classic level-k”
to indicate the former. We also follow Crawford et al. (2013) by calling this approach structural.

2To the best of our knowledge, this modeling approach is novel. Crawford et al. (2013, p. 7) note
that “’types’ as they are called [have] no relation to private-information variables,” whereas in our
framework we explicitly treat types as private-information variables. If one takes bounded-reasoning
models seriously, then players face this extrenous uncertainty about their co-players’ levels. Nevertheless,
Strzalecki (2014) provides a different model that makes reasoning about other players’ level explicit too
and we discuss the connections and differences in more detail later.
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the Cognitive Hierarchy model. Each instance corresponds to a particular set of belief
restrictions within our general incomplete-information framework. These restrictions
are transparent and intuitive: they specify precisely what each type believes about
others’ actions and types. A key feature of our analysis is that it keeps track of two
distinct dimensions: (1) the order of higher-order reasoning (denoted by 1), and (2) the
level or type of the player (denoted by k). Distinguishing these two dimensions allows
us to clarify and refine what might be considered the “folk understanding” of level-k

reasoning and sheds light on identification issues in experimental applications.?

In all three instances, we impose a belief restriction we refer to as (K1), which enforces
the anchor. Intuitively, if a type of player believes that her co-player might be of type
0, then conditional on believing that she plays against such a type, she expects the
co-player to play according to the anchor. The second main assumption concerns which
co-player types a given player deems possible. While the specifics of this assumption
differ across the three instances, they all share a common feature: each player is certain
of being of a strictly higher type than her co-players.* The three instances then specialize

this assumption as follows.

¢ D(ownward) rationalizability: each type believes that its co-player is of a strictly
lower level, but can form any belief about how these lower types are distributed.

* L(evel-k)-rationalizability: each type believes that it faces a co-player of exactly
one level lower.

* Cognitive-Hierarchy Rationalizability (CH-rationalizability): each type believes
that co-player types are distributed according to a truncated version of a common
level distribution, as in the CH model.

We then impose that these belief restrictions hold, players are rational, and that
there is common belief in both rationality and these belief restrictions. The behavioral
implications of these epistemic assumptions yield versions of the classic and general
solution concept of A-rationalizability (Battigalli, 1999; Battigalli and Siniscalchi, 2003),
which serves as the unifying solution concept for all three instances.

In the first case, downward rationalizability analyzed in Section 4, our approach intro-
duces a robust solution concept inspired by informational robustness (Bergemann and
Morris, 2013, 2016, 2017) and the Wilson doctrine in mechanism design (Wilson, 1987;

3See, for example, Kneeland (2015), Jin (2021), and Chen, Fong, and Lin (2025).

4Our framework, however, seamlessly accommodates other possibilities, such as a player believing she
is of the same type as her co-player or even of a lower type as in Halevy, Hoelzemann, and Kneeland
(2025). We regard such instances as conceptually interesting and promising directions for future research.
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Bergemann and Morris, 2009).5 Under the minimal belief restrictions described above,
we obtain a transparent and straightforward characterization in Proposition 3: if we
require robustness across all anchors, only undominated actions survive.® While this
result is technically simple, it is conceptually informative: it provides a benchmark
for the limits of behavioral prediction under minimal assumptions, and it connects

robustness principles from mechanism design to bounded reasoning in games.”

The second case, L-rationalizability analyzed in Section 5, offers a nuanced foundation
for the classic level-k model. We show in Theorem 1 that when reasoning depth is
sufficiently high, our model reproduces the predictions of the level-k model exactly,
whereas if reasoning is limited, only n-rationalizable actions are predicted. While this
insight may reflect what many take as folk understanding, our contribution is to make
it precise and to formally connect the structural and epistemic approaches. We then
explore the question of consistency between reasoning in the incomplete- and complete-
information settings in Subsection 5.1 and identify, for a given order of reasoning, which
types in our framework yield predictions consistent with those implied by rationality
and higher-order belief in rationality in the complete-information game. We find that
for every order of reasoning there always exists at least one type that is consistent in
this sense, and that taking the predictions across all such consistent types yields exactly
the set of n-rationalizable actions. This consistency analysis also allows us to relate
our results to the complementary investigation by Brandenburger, Friedenberg, and
Kneeland (2025). Although both our question and our approach differ from theirs,
conceptually and in modeling perspective, we can nevertheless connect our results to
theirs.® Finally, in Subsection 5.3, we examine robustness across all anchors and show
that even with two orders of reasoning, this robust version of level-k rationalizability
can strictly refine the predictions obtained from two rounds of iterative elimination of

dominated actions.

In the third case, CH-rationalizability analyzed in Section 6, Theorem 2 provides an
analogous foundation for the Cognitive Hierarchy model. Again, sufficiently high
reasoning depth leads to the CH predictions, but when reasoning is limited, the model
yields distinct predictions from those based on iterated dominance. Our consistency

analysis between incomplete- and complete-information reasoning, developed in Sub-

5In a similar vein, we outline and discuss in more detail how our approach can be viewed as a robust
version of the one proposed by Strzalecki (2014) in Subsection 1.1 and Subsection 4.1, respectively.
®Here and later, our notion of robustness—mathematically formalized via a union—is the same as in the
literature on informational robustness and implementation in robust mechanism design.

7 Although we do not directly address questions in mechanism design as analyzed in De Clippel, Saran,
and Serrano (2019), Crawford (2021), Kneeland (2022), or de Clippel, Saran, and Serrano (2023), our
results in this paper—and the framework itself—can be easily extended for similar questions. We leave
this avenue for future research.

8We discuss this connection in more detail in the related literature in Subsection 1.1 and more extensively
in Subsection 5.2.
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section 6.1, reveals a fundamental difference from the level-k model, as we identify
a game in which, for any non-trivial order of reasoning, there is no consistent type.
Consequently, the predictions across all consistent types do not coincide with the n-
rationalizable actions. Finally, in Subsection 6.2, we consider a slightly richer notion
of robustness. In addition to taking the union across anchors as before, we now also
take the union across all level distributions, a natural extension given that the CH
framework explicitly incorporates such distributions. Under this broader robustness
criterion, we find that in generic games, robust CH-rationalizability coincides with
the set of undominated actions and therefore shares these robust predictions with

downward rationalizability, while in non-generic cases it yields a strict refinement.

Taken together, these instances demonstrate how different structural models of
bounded reasoning can be viewed as instances of the same epistemic reasoning once
expressed through explicit belief restrictions. By representing reasoning as uncertainty
about types in an incomplete-information setting, our approach provides a transparent
and unified foundation for models that are typically presented in distinct languages.
Overall, we unify structural and epistemic approaches to bounded reasoning within
a single, transparent, and tractable framework. The formal results are often straight-
forward, which we view as a strength, as they reveal that the underlying ideas are
conceptually simple once expressed in the right language. We hope that this tractable
formulation will appeal both to researchers interested in deriving testable implications
from formal epistemic foundations of reasoning in games and to the broader behavioral
and experimental economics community seeking clear tools for interpreting bounded

reasoning.

After discussing related literature next, the remainder of the paper is organized
as follows. Section 2 introduces the notation, the complete-information game as the
primitive object, and the associated solution concepts. Section 3 formalizes the “lift”
to incomplete information. Section 4 defines and analyzes downward rationalizabil-
ity, while Section 5 and Section 6 develop the L- and CH-rationalizability concepts,
respectively.

1.1 Related Literature

Our paper contributes to two strands of literature that have developed largely in parallel.
The first studies bounded strategic reasoning through structural models such as the classic
level-k model (Nagel, 1995; Stahl II and Wilson, 1994; Stahl and Wilson, 1995) and the
Cognitive Hierarchy (CH) model (Camerer, Ho, and Chong, 2004). Crawford, Costa-
Gomes, and Iriberri (2013) provide a comprehensive survey. These models have been

successfully applied in auctions and communication games (Crawford and Iriberri, 2007;
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Crawford, 2003; Wang et al., 2010), and more recently in mechanism and market design
(Crawford, Kugler, Neeman, and Pauzner, 2009; Crawford, 2021; Kneeland, 2022). This
literature also addresses whether bounded reasoning refers to the depth of reasoning
carried out by a player (Stahl, 1993; Stahl II and Wilson, 1994) or to a restriction on the
player’s beliefs (Ohtsubo and Rapoport, 2006; Crawford et al., 2013). Our approach can
be seen as formalizing the latter explicitly and, crucially, as clearly differentiating these
two factors. In our framework, as mentioned above, we automatically keep track of
both (1) the order of higher-order reasoning () and (2) the level or type of the player
(k).? More broadly, several papers study the cognitive and motivational underpinnings
of reasoning depth, including Alaoui and Penta (2016), Alaoui, Janezic, and Penta
(2020), and Halevy et al. (2025), as well as empirical investigations by Jin (2021) and
others.

The second strand is the literature on epistemic game theory (EGT). For surveys, see
Battigalli and Bonanno (1999), Perea (2012), and Dekel and Siniscalchi (2015).10 EGT
formalizes reasoning through explicit hierarchies of beliefs, studying how rationality
and assumptions such as common belief in rationality shape predictions, typically
yielding rationalizability as the behavioral counterpart (Brandenburger and Dekel,
1987; Tan and da Costa Werlang, 1988; Battigalli and Siniscalchi, 1999; Friedenberg and
Keisler, 2021). Related approaches explore genuine bounded reasoning (Sdkovics, 2001;
Heifetz and Kets, 2018; Kets, 2021; Heifetz, 2019; Germano, Weinstein, and Zuazo-Garin,
2020), which differ from our approach because, in our framework, players do not have
any bound on higher-order reasoning but rather behave in a way that is consistent
with bounded reasoning. Thus, the as-if bounded-reasoning behavior in our model is a
result, not an assumption.

Our paper connects these two traditions. Closest to ours in spirit are Strzalecki
(2014) and Brandenburger, Friedenberg, and Kneeland (2025). The former makes
players” uncertainty about others’ reasoning explicit by adopting Harsanyi’s (1967)
framework of incomplete information. The latter examine to what extent classic level-k
analysis sheds light on bounded reasoning in games and, in doing so, address the
interesting open question of whether standard complete-information epistemic models
can rationalize level-k behavior. We pursue a complementary question and take a

different route by “lifting” complete-information games to incomplete-information

Disentangling these two factors is important for understanding strategic behavior. For instance,
identifying which factors induce level-k behavior is highly relevant to research on the persistence of
strategic sophistication (Georganas, Healy, and Weber, 2015; Agranov, Potamites, Schotter, and Tergiman,
2012; Chen, Fong, and Lin, 2025). Beyond cognitive constraints and beliefs about others’ reasoning
depth, Cooper, Fatas, Morales, and Qi (2024) discuss several additional potential factors and propose an
explanation based on ambiguity aversion.
10Battigalli, Catonini, and De Vito (2025) offers a thorough and conceptually rich treatment permeated by
EGT motivations, even if it is not about formal EGT.
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settings. In this way, we obtain a simple and transparent bridge between structural and
epistemic approaches. The difference between our framework and that of Strzalecki
(2014) parallels the difference between games with payoff uncertainty and Bayesian
games. Our approach also connects to robustness considerations in mechanism design
(Wilson, 1987; Bergemann and Morris, 2005, 2009, 2013, 2016, 2017), and to related
treatments of belief restrictions in Artemov, Kunimoto, and Serrano (2013) and Ollar
and Penta (2017, 2022, 2023). Unlike the local robustness analyses of Weinstein and
Yildiz (2007) or Murayama (2020), our focus is on informational robustness across all
anchors and reasoning levels. Finally, Schipper and Zhou (2024) use ideas inspired by
EGT to study versions of level-k models for sequential games. Our analysis, although
focused on static games, is not only inspired by EGT but also crucially relies on the
formal epistemic results in Battigalli and Siniscalchi (2003).

2 The Primitive Object: A Complete Information Game

2.1 Notation

We use IN( to denote the set of natural numbers and IN the set of positive integers, that
is, No = {0,1,...} and N = INg \ {0}. Given a set X, we use A(X) to denote the set of
all probability measures on X (with respect to a o-algebra that is obvious in the context),

and A (X) the set of such measures with full support.

2.2 The Game

Without essential loss of generality, we focus on 2-player games,!! which are commonly
used in experimental research.!? Accordingly, we consider a finite static game G =
(I, (Aj, 1t;)ic1), where I = {1,2}, and for each i € I, A; represents the finite set of

actions available to player i, and 71; : A; X A — R s i’s payoff function. Thus, we

We say this is without essential loss, because with more than two players, all our analysis carries through.
However, the usual issues regarding correlated conjectures—and potentially correlated anchors—have
to be considered.

12Many seminal experiments on classic level-k reasoning adopt an n-player setting, for example, Nagel
(1995); Ho, Camerer, and Weigelt (1998); Bosch-Domenech, Montalvo, Nagel, and Satorra (2002), because
they adopted Keynes’s (1936) beauty contest game. However, as noted by Crawford et al. (2013), such
general designs make it difficult to isolate the influence of one player’s behavior on others. For this
reason, much of the subsequent literature has focused on 2-player games, an assumption we follow here.
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implicitly analyze a reduced game directly. This assumption is, for our purposes, also
without loss of generality.'?

In this complete information setting, the primitive uncertainty is about the opponent’s
choice; hence a conjecture of player i is given by v' € A(A_;).1* To distinguish these
conjectures from those in a derived incomplete information game, we will refer to them
as G-conjectures. Given a G-conjectures v, an expected-payoff maximizer chooses an
action that maximizes her expected payoff under v/, which is captured by the best-reply
correspondence r; : A(A_;) = A;j, where

ri(v') := arg max Y. vi(a_;)mi(a;,a_;).
a€A; a_j€A_;
An action a; is called justifiable if and only if a; € r;(v') for some conjecture v € A(A_;).

In this case, we say V' justifies a;.

For complete information games, we give the definitions of rationalizability and
two well-known solution concepts that are intended to capture level-k reasoning in the

literature.

2.3 Rationalizability

Let (R” = Tlier R?)neNO
iterated elimination of (strictly) dominated actions. That is, for each i € I, R? = A;, and
for eachn > 0,

denote the sequence of action-profile sets obtained through

RIHT = {ai € R}

Baj € AR}), Va_; € RY;, Y aiap)mi(al,a_;) > m(a,-,ai)}.

a;EAi

An action g; is iteratively undominated if and only if a; € R® := NuenRY. It is well
known that for finite games, R} coincides with the set of justifiable actions and that
iterated elimination of dominated actions coincides with rationalizability. Thus, we
let R := [];c; R{” as the set of rationalizable action profiles, which correspond to the

behavioral implications of rationality and common belief in rationality. For any n > 0,

13For the formal definition and the distinction between an (unreduced) game and a reduced game,
see Battigalli, Catonini, and De Vito (2025, Chapter 2). However, we want to stress that for concrete
applications, particularly in experimental settings, it may be beneficial to begin with an unreduced game.
4Note that the index i for conjecture v/ appears in the superscript rather than the subscript. This notation
distinguishes between two fundamentally different concepts: superscripts denote variables related to
other agents’” behavior and, as in games with payoff uncertainty, types, which are uncertain from any
given player’s perspective, while subscripts, as in 71; and a;, indicate either the player’s own features
or variables under their direct control. For the anchor p; the index is in the subscript because, first and
foremost, p; describes the behavior of a “non-sophisticated” player.
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we refer to actions in R? as the n-rationalizable actions of player i and we will use

similar naming convention for other versions of rationalizability defined below.

2.4 Classic level-k

The classic level-k model, originating with Nagel (1995), assumes that each level-
k player believes their opponent to be of level-(k — 1), and that a level-0 player’s
behavior is determined by an exogenous anchor. An anchor is given by p = (p1, p2) €
A(A1) X A(Az) and we assume—somewhat implicitly—stochastic independence across
the players for their anchors throughout.!> Fixing an anchor p, the classic level-k

solution (L*[p] := [Tics L¥[p]) o is inductively defined as follows.6

Step 1. Forevery i € I, L}p] := ri(p_;).

Step k+ 1. For every i € I and a; € A;, a; € L¥™[p] if and only if there exists v/ €
A(A_;) such that:

(i) a; € ri(v'), and
(ii) Vi(Llii[p]) =1

We refer to L¥[p)] as the level-k behavior of player i, and L¥[p] as the level-k behavior. The
sequence (L¥[p])ken is called the classic level-k solution.

2.5 Cognitive Hierarchy Model

An alternative approach to capture level-k reasoning is the cognitive hierarchy (CH)
model introduced by Camerer, Ho, and Chong (2004). The CH model shares the spirit of
level-k reasoning with the classic level-k model by assuming that each player assumes
that they are more sophisticated than their co-player and a level-0 player’s behavior is
determined by an exogenous anchor. The difference is that, in addition, CH assumes
that there is a common distribution f over strategic sophistications (levels), and each
player, given their own level k, believes the co-player’s sophistication is random and
distributed according to the normalization of the truncated f up to k — 1. Formally,
given an anchor p = (p1, p2) € A(A1) x A(Az) and a level distribution f € A4 (INp), for

151 principle, one could allow for a correlated anchor. However, we follow the standard practice in the
literature—e.g., Brandenburger, Friedenberg, and Kneeland (2025)—and assume independence. While
this assumption does not affect the two-player case, it may become significant in games with more than
two players.

16The behavioral economics literature often assumes a specific tie-breaking rule when there are multiple
(optimal) actions for a given level-k. Here, following Brandenburger et al. (2025), we do not impose such
an assumption.

10
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every k € IN, we define f¥(t) := % for every t = 0, ...,k — 1. The CH solution
=0
(CH*[p, f] := ITic; CH¥[p, f])ken is defined inductively as follows:

Step 1. Foreveryi € I, CH}[p, f] := ri(p_i).

Step k + 1. For every i € I and a; € A;, a; € CHY™'[p, f] if and only if there exists
vl € A(Ng x A_;) such that:

(i) a; € ri(marg, v'),
(ii) margy, vi = fk,
(iii) v' (+]0) = p_;, and
(iv) for0 <t <k, v'(CH' ,[p, fl|t) =1

We refer to CHF|[p, f] as the CH level-k behavior of player i and CH¥[p, f] as the CH
level-k behavior. The sequence (CH[p, f])xen is called the CH level-k solution.

3 The Derived Game with Payoff Uncertainty

In a complete information game, a player’s uncertainty concerns the co-player’s ac-
tion. However, in the two level-k models introduced—and more saliently in the CH
model—there is additional uncertainty regarding the co-player’s level of reasoning.!”
A standard tool for incorporating such additional uncertainty is the use of a game
with payoff uncertainty.'® Naturally, we want the game with payoff uncertainty to be
grounded in the complete information game G.

Thus, given the complete information game G = (I, (A;, 71;)ic;), we extend the
framework by introducing payoff types associated with levels for each player and
defining the derived game with payoff uncertainty, denoted by G = (I, (A;, ®;, u;)ic1),

as follows:

o foreveryi € I, let®; := {0;0,0;1,..} = {0 : k € No}, where each 6,  is referred
to as the level-k type of player i, and

e foreveryi € I, given 0;, € ©;and a € A := A; X A, the payoff function is
defined as

7Technically, there is also uncertainty about the reasoning process itself. We do not model this explicitly,
but leave it implicit. Epistemic game theory, of course, makes this uncertainty explicit.

I8Equivalently, one might refer to this as a game with incomplete information. However, we avoid this
terminology, as the literature employs it to denote varying concepts.

11
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0 ifk=0,
ui(0i,a) =
mi(a) otherwise.

Here, the “authentic” payoff uncertainty arises from the presence of a level-0 type: for
all other types, the utility function u; depends solely on a, whereas for the level-0 type,
u; remains constant regardless of the action profile. Within this framework, we can also
assume rationality for players of type 0. Such a player may randomize their choices not
due to a lack of strategic sophistication, but because her payoff remains constant across
all actions. While this assumption is not essential, it simplifies the model and ensures a
unified conceptual approach.!® Indeed, this modelling choice makes the derived game
G independent of any anchor.?’

Furthermore, we also wish to emphasize the importance of careful interpretation:
0; x serves only as a label for a cognitive state; the k per se does not convey any inher-
ent relationship to strategic sophistication or cognitive abilities. Thus, k should be
understood purely as an “index” label. Later, as shown in Proposition 1, the behavioral
implications of seemingly limited strategic sophistication of each type will be derived
from the epistemic condition to be stated.

As foreshadowed before, in the game with payoff uncertainty G, the primitive un-
certainty is about the type of the co-player as well as the choice; hence, a conjecture of
player i is defined as a distribution over their co-player’s type-action combinations, i.e.,
u' € A(@_; x A_;). To differentiate these conjectures, from G-conjectures defined ear-
lier for the complete information game, we will refer to these ones as G-conjectures. Fur-
thermore, to ease notation burden, with a slight abuse of notation, for each G-conjecture
p'and each 0_;; € ®_;, we use y'(6_; ) to denote the probability of 6_; ; with respect
to the marginal distribution of ;' on ©_;: formally, u'(60_;x) = Ly .ca . 1 (0_ix, a_;).
For any given 6_; ; such that yi(G_ilk) > 0, we denote the distribution induced by ut

on A_;, a G-conjecture conditional on 6_; s, by (- | 6_;x). Thatis, foreacha_; € A_;,

' . yi(G_i, A_i)
pa_i|0_ix) = W(G—ik)

Following Battigalli (1999) and Battigalli and Siniscalchi (2003), we consider a class
of solution concepts for the game with payoff uncertainty, parametrized by (first-
order) belief restrictions A = (A, A?), where A" = (A%k),
A%k C A(@_; x A_;) is non-empty and specifies the belief restrictions for playeri € I

for each i € I, and each

BIn accordance with the literature, we do not seek to explain the anchor, i.e. the behavior of the level-0
types. See Remark 1.

20Nevertheless, all our results would go through if we would make G anchor specific in the sense that
level-0 types have payoffs that make those and only those actions optimal which are in the support of
the anchor.
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under type 0;. Fixing belief restrictions A, we define A-rationalizability through a
sequence <R’AZ = [LierRY A) N recursively as follows.
¢ nelNg

Step 0. For everyi € I, set R?/A =0; X A,

Stepn+ 1. Foreveryi € I, k > 1,and (6, 4;) € R?,, we have (0;,a;) € R?Il if and
only if there exists u%ix € A%* such that:

(@) a; € rj(marg, p%), and

(b) Vei’k(Riii,A) =1

Finally, for every i € I, we define RY} := (1,5 R, as the set of A-rationalizable type-
action pairs for player i. The set of profiles of type-actions pairs that are A-rationalizable
is denoted by RY' := R{’, x RY,. Furthermore, for every n € INo U {oo} and 0;; € ©;,
we define R (0;x) := {a; € A; : (6ix,a;) € R]',}, i.e,, the section of R, at 6; 4. Thus,
this defines a correspondence RY, : ®; =% A; for every playeri € I and n € Ny U {oo}.
Henceforth, we will use an equivalent notation for any subset of ©®; x A;.

The motivation behind the procedure is as follows. First, in epistemic game theory,
two fundamental assumptions are rationality and common belief in rationality. Rationality
requires that a player maximizes their expected payoff given their conjecture. Common
belief in an event in an event means that everyone believes the event, everyone believes
that everyone believes event, and so on, ad infinitum. Beyond these two fundamental
assumptions, we are also interested in situations where the restrictions on first-order
beliefs imposed by A are not only in place but are also transparent to all players.?! Batti-
galli (1999) and Battigalli and Siniscalchi (2003) characterize the behavioral implications
of rationality, common belief in rationality, and transparency of arbitrary (first-order)

belief restrictions through the A-rationalizability procedure defined above.??

Remark 1 (Behavior of O-types). Note that our definition of A-rationalizability does not
impose any restrictions on the predicted play of 0-types. Although this is somewhat implicit in
the given definition, it is consistent with the underlying game with payoff uncertainty, because
0-types have a constant payoff function.

By imposing belief restrictions that capture the spirit of level-k models, our frame-
work allows us to cleanly separate two interpretations of level-k reasoning commonly

conflated in the literature: depth of reasoning and restrictions on beliefs. The former

21 Again, we are informal here, but in our static setting, transparency can be equated with common belief
in these belief restrictions. Battigalli and Friedenberg (2012, Section 9.b) provides further details.
22Here, our focus is on characterizing the behavioral implications of epistemic conditions. Therefore,
we provide only an informal and intuitive description of events satisfying these epistemic conditions.
Subsection 1.1 provides references for more formal treatments.
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corresponds to the number of iterations 7 in A-rationalizability, while the latter is en-
coded in each type 0; ;. This clear separation enables us to identify the causal drivers of
strategic choices: does a decision reflect genuinely bounded reasoning—where the in-
ference process terminates at iteration n—or is it driven by beliefs about the opponent’s
level? Disentangling these factors has significant implications for both empirical and
theoretical research. Experimentalists can more accurately attribute observed behavior
to its source, and theorists can develop models and design mechanisms that account
for both reasoning depth and belief restrictions. Many of our subsequent results hinge

on this crucial conceptual distinction.

4 Downward Rationalizability

In this section, we characterize behavior consistent with level-k reasoning through
specifying restrictions A which captures precisely the logic of level-k reasoning and
studying the corresponding A-rationalizability. Fix an anchor p € A(A1) x A(A).
For every i € I and k € IN, let A% C A(®_; x A_;) denote the set of G-conjectures
satisfying the following conditions: (K1) Type-0 co-players” actions are distributed
according to the anchor, and (K2) only co-players’ levels of strictly lower order are
deemed possible. Note that (K1) imposes a belief restriction on endogenous objects
only, whereas (K2) is a restriction on exogenous beliefs only.?> Formally, %+ € A%k if

and only if

(K1). poik(0_;0) >0 = plir(-|0_;9) = p_; and
(K2). suppmargg, ik C {0_i0,60_i1,...,0_ik_1}.

The resulting belief restrictions yield a version of A-rationalizability, which we call
downward rationalizability, and the corresponding downward-rationalizable actions of
player i will be denoted by D,. Equivalent notation will be used for other related

objects.

Intuitively, downward rationalizability can be viewed as a general and robust for-
malization of the intuitive ideas underlying bounded-reasoning models, including the
classic level-k model and the CH model. It is more general than the former, but shares
with the CH model the feature that a player of type k is not restricted to considering only

co-players of type k — 1 as possible; in principle, any lower-order type could be deemed

23See Sections 1.2 and 8.3 in Battigalli et al. (2025) for the distinction between endogenous and exogenous
variables in game theory. In particular, (K1) restricts beliefs about the (endogenous) behavior of type-
0 players using the (exogenous) anchor p. In contrast, (K2) restricts beliefs about which co-player
(exogenous) types are considered possible.
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possible. Furthermore, downward rationalizability can be viewed as a robust version
of the CH model, as it does not rely on (nor require) the specification of a common level
distribution f € A4 (INp). In this vein, downward rationalizability is robust in a sense
similar to the notion employed in robust mechanism design (Bergemann and Morris,
2009, 2017).%4

Note that no restrictions are imposed on the conjectures of a 0-type. Since the
payoff function of a 0-type is constant, their optimal behavior is independent of their
conjecture.”> Additionally, for 1-types, there exists a unique G-conjecture that satisfies
the belief restrictions. Specifically, (K2) ensures that any G-conjecture for a 1-type
assigns positive probability only to O-types of their co-player, which—in other words—
says that the marginal on ®_; is unique. Overall uniqueness of the G-conjecture follows
then directly from (K1). However, for a player of type k > 1, these conditions impose
no restrictions on their conjecture about a co-player with non-zero lower types.

First, we establish that the behavior of a player with type 0; ; is as if she reasons at
most k steps. So far, 0; , has been merely a label for a type. However, with the following
result, we establish that the number k is “behaviorally” equivalent to an upper bound on
strategic sophistication: a player with type 8;  behaves as if she reasons at most k steps
because it is unnecessary to reason beyond this depth. This upper bound on reasoning
depth follows from the three epistemic assumptions, especially the transparency of
(K1) and (K2). Note that in our model, all types are capable of reasoning unboundedly.
However, they do not need to, due to the restriction on their first-order beliefs. Thus,
in our model, players behave as if they stop reasoning—not because of a cognitive
limitation, but because they believe that their opponent will behave as if they reason
only up to lower levels. Thus, our model is in line with the interpretation of Ohtsubo
and Rapoport (2006) and can be seen as a formalization of the view of Crawford et al.
(2013, Footnote 17): “In our view, people stop at low levels mainly because they believe
others will not go higher, not due to cognitive limitations|[.]”

Proposition 1 (Bounded Reasoning). For every i € 1, every k € INg, and every n > k,
D, (6;x) = D, (6:)-

Proof. We prove this proposition by (strong) induction on k. The base step for k = 0
follows from the observation that player i’s payoff for this type is constant, and therefore
DZP(GZ-,O) = D?’p(eilo) = A, for every n > 0.

Now, assume that the statement is true for some k > 0, all lower integers, and all
players. We want to prove that the statement holds for all n > k, which we prove by

24Nevertheless, downward rationalizability is not entirely belief-free, as it retains minimal belief re-
strictions to capture the basic intuition of level-k models. See Subsection 1.1 for references to robust
mechansim design with belief restrictions, which are not enirely belief-free.

25See Remark 1.
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strong induction too, but on n. The base case here, with n = k, is trivial. Thus, we
prove that the statement holds for n + 1 with n > k, assuming it holds true for all lower
integers and all players.

First, note that the C-inclusion always holds by definition. For the other direction,
fix a; € Di.‘l p(gi,k) = sz(Oi,k), where the equality follows from the strong induction
hypothesis (on 7). Therefore, there exists a justifying G-conjecture u%x € A% such that
uhr(D™ ) = 1.

By the strong induction hypothesis, D’Z’;}(G_i,t) = Dk i,p(g_i/f) = D" i,p(e—i/t) for all
t < k. Combining this observation with u% € A%k, we obtain p%k( D’ii,p) = 1. Thus,
we conclude that g; € DZ;l (6; k) O

Furthermore, under these restrictions, we obtain a monotonicity result for all levels
k > 1: the higher the level k, the larger—by set inclusion—the set of downward ratio-
nalizable actions associated with type 0; ;, which directly follows from the observation
that A%ix C APik+1 holds for all 0; x with k > 1.

Proposition 2 (k-Monotonicity). For every i € I, every n € INg, and every k € IN

D;fp(ei,k) < DZp(Qi,k—i—l)/

and, furthermore,
D5, (6ix) C D5, (0ik1)-

The monotonicity result of Proposition 2 suggests that the label k of the type 6
cannot be equalized with the step k in the usual rationalizability argument in the
corresponding complete information game: in the latter, higher-order reasoning refines
the behavioral implications. Indeed, as pointed out before, it is crucial and a desirable
feature of our model to differentiate between payoff types indicative of level-k, and
the actual order of reasoning that we denote with n usually. The following example
illustrates the difference.

Example 1. Consider the game shown in Table 1. Applying iterated elimination of
dominated actions to the complete information game generates a sequence (R"),cn,
such that R! = A; x {l,c}, R> = {U,M} x {I,c}, R® = {U,M} x {I}, and R* =
{U} x {l} = R*.

Now;, consider the anchor p = (dp, J;), where 6, denotes the Dirac measure assigning
probability 1 to action x. Note that both D and r are iteratively dominated. The
corresponding downward rationalizability iterations is presented in Table 2. Each
column # lists the actions that survives until the n-th step in A-rationalizability, namely

n-downward-rationalizable actions, for each type. For example, in the column for n = 1,
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Table 1: A game

Player 1 \ 2 l c r

u 3,2 2,1 1,0
M 2,2 3,1 20
D 1,1 1,2 3,0

one can see that D%,p(ﬂlll) = {D}, that is, only action D is 1-downward rationalizable
for player 1’s type 1; similarly, by looking at the column for n = 2, one can see that
D%,p(Qz,l) = {M, D}, meaning that both M and D are 2-downward rationalizable for
player 1’s type 2. To see the procedure underlying downward rationalizable, it is

instructive to read the table column by column.

Table 2: Downward rationalizability for p = (Jp, Jr)

D3 ,(616), D3, (62k) n—
k| 1 2 3 >4
1 {D},{c}  {D} {c} {D},{c} {D},{c}
2 Al e} {M,D} {c} {M, D} {c}  {M,D} {c}
3 Au{lel  Au{let  {M,D}{Lc} {M,D}{l,c}

>4 A, {lc} Ay, {lc} Ay, {l,c} Ay, {l,c}

Next, consider the anchor p’ = (d0y, 4;), which corresponds to the unique rationaliz-
able action profile in the complete information game. Table 3 shows the corresponding

iterations of downward rationalizability.

Table 3: Downward rationalizability for p’ = (dy, 6;)

D3, (01k), D3, (02) n —
k| 1 2 3 >4
1 {uy, {1} {uy, {1} {up {1y Aun{l}
2 Ay fley  {URL{l} {up {1y {up{l}
3 Ay fLey UM} A{Lcy  {up{ly  {uh{l}

>4 Ay {ley UMy {Ley  {U M} {1} {U}{l}

As Proposition 2 states, one can see that in both Table 2 and Table 3, every column
generates two weakly increasing sequences from top to bottom. Proposition 1 implies
that for each type 0;, the implications of higher-order reasoning, seen by differing
columns, actually stops at step n = k. Especially, the downward-rationalizable actions
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for each type are shown on the diagonal of each table. For example, for anchor p,
D‘fp(ﬂlll) = {D}, and D‘l’f’p(Gm) = D‘f’p(ﬂllg) = {M, D}. Hence we can focus on the
entries below and including diagonal of each table.

Interestingly, in Table 2, the diagonal where k = n does not respect rationalizability
in the complete information game. For example, D & Dip(ellz) but D does not survive
the second step in the iterated elimination of dominated actions. Indeed, in the latter,
D is eliminated because action r, to which D is the best response, is eliminated in step
1; however, for downward rationalization, D is rationalizable for 6, » because type 6 »
could believe that player 2 is a level-0 type. This illustrates an important property of
downward rationalizability: a type with higher level can “replicate” the belief of the
types with lower levels. Hence if an action is downward rationalizable for a level k,
so it is for every level t > k. The proof of Proposition 2 is directly formalizing this

intuition.

In contrast, in Table 3, because the anchor is the Nash equilibrium, the diagonal

respects rationalizability. &

Example 1 illustrate challenges in achieving a general characterization using the
well-established solution concepts for the complete information game such as rational-
izability, the following result—a benchmark result—provides a robust characterization
of downward rationalizability across all anchors, but also across all level-k types. Our
notion of robustness can be understood from the perspective of an outside observer
who does not know the anchor but seeks to identify all actions that may arise under the
maintained assumptions for any possible anchor. Formally, this corresponds to taking
the union across all anchors, i.e., an existential robustness notion. In this sense, our
approach parallels the literature on informational robustness and implementation in
robust mechanism design. Moreover, while we adopt this union-based notion through-
out, once this robustness across anchors is imposed, our result shows that the choice of

robustness across types—union vs. intersection—is immaterial: both notions coincide.?

Proposition 3. Foreveryi € I,

R} = U () D5 (0ix) = U U D55 (6ix)-

pGA(Al)XA(Az) keIN pEA(Al)XA(Az) kelN

Proof. Fixi € I, we will establish

L R} C Upen(ar)xa(ay) Nken D3, (0ix), and

2. Upea(ay)xa(ay) Uren Diy (6:) € RY,

26We do not wish to emphasize this last point too strongly. It is conceptually somewhat unappealing
because it mixes the two distinct notions of union-robustness and intersection-robustness.
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which implies the statement of the theorem because

by (1) o o by(2) .
C U (M R (6ix) € U U R (6i%) € R;.

PEA(A1) xA(A) keIN pEA(A1)xA(Ap) kEN

Rj

1. Suppose a; € R}, so that there exists a G-conjecture v such thata; € ri(vi). Then,
take an anchor with p_; = v' and p; arbitrary. Clearly, a; € D}’p(Gill). Then, by
Proposition 1, a; € D;’;,(Qi,l). Furthermore, by Proposition 2, D;”‘;(Oi,l) - D;’,‘;(Qi,k)
holds for every k € IN, and the conclusion follows.

2. Suppose a; € D7 (0;x) for some p and some k. Then, by definition, 4; is a best

reply to some G-conjecture.
O

Proposition 3 establishes that for all and only justifiable actions, there exists some
anchor p such that the action remains consistent with downward rationalizability
across all types. Since justifiable actions are those that survive the first round of iterated
elimination of dominated actions—that is, actions consistent with rationality (but not
necessarily with (common) belief in rationality)—in the complete information game,
this provides an important insight into behavioral robustness. Therefore, from a market
and mechanism design perspective, Proposition 3 offers a novel argument for the use
of simple mechanisms: If the designer seeks to implement a mechanism that is robust
to (as-if) level-k reasoning and also resilient to the assumed anchor, then the mechanism
should rely solely on players’ rationality and not on any (higher-order) reasoning. In
our framework, Proposition 3 is relatively straightforward, showcasing the tractability
of our approach.

4.1 Comparison with Strzalecki (2014) and Informational Robust-

ness%’

Now that downward rationalizability is defined—with its underlying belief restrictions
made transparent—we can compare it to the approach of Strzalecki (2014). In contrast to
our method, which embeds the complete-information game into one with payoff uncer-
tainty, Strzalecki directly models uncertainty about co-players’ levels using Harsanyi’s

(1967) type structures, which Strzalecki calls cognitive type spaces.”® In abstract, but
standard, game-theoretic terminology, his approach thus differs from ours in the same

2’We thank Antonio Penta for urging us to be more explicit about this connection.
28 Alaoui and Penta (2016, Definition 4) consider a more general notion of cognitive type spaces. To be
clear, what follows concerns Strzalecki’s notion, not the broader concept of Alaoui and Penta (2016).
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way that Bayesian games differ from games with payoff uncertainty.?? Both approaches,
however, do allow for hetergenous perception about their co-players levels.>

With this comparison in mind, it is well known that in the abstract, game-theoretic
setting these two approaches are related via informational robustness, as studied by
Bergemann and Morris (2016, 2017).3!

We conjecture that downward rationalizability admits a similar informational ro-
bustness interpretation when one starts from Strzalecki’s cognitive equilibrium and

considers robustness across all cognitive type spaces.>?

5 Level-k rationalizability

As seen in the previous section, even when fixing a particular anchor p, downward
rationalizability differs from the classic models of bounded and iterated reasoning in
games. Indeed, we will show next that all the established level-k models mentioned in
Section 2 are special cases of our framework using the game with payoff uncertainty.
The two classic models can be derived by imposing more restrictive (and transparent)
assumptions on first-order beliefs.

For the classic level-k solution, it is intuitively clear that (K2) is too weak because
it allows a given type to deem possible any lower types. In contrast, the implicit
behavioral assumption in the classic level-k model is that a given k-type considers only
(k — 1)-types of their co-player as possible, disregarding even lower types. To capture
the classic level-k solution within our A-rationalizability framework for the game with
payoff uncertainty start with (K1) and (K2) as introduced above, and add the following
restriction for a type 6, :

(KL). suppmargg  u% C {0_ix1},

which, like (K2), is a restriction on exogenous beliefs only.

The resulting belief restrictions give rise to a version of A-rationalizability, which we
will refer to as L-rationalizable (short for level-k rationalizable) action-type combinations

2For the distinction in the abstract, game-theoretic setting, see the introductions of Battigalli (1999, 2003)
and Battigalli and Siniscalchi (2003).

30 Alaoui, Janezic, and Penta (forthcoming) illustrate how perceived heterogeneity in cognitive abilities can
help players coordinate.

31Early results in the same spirit include Aumann (1987), Brandenburger and Dekel (1987), Forges (1993,
2006), Battigalli and Siniscalchi (2003), and Dekel et al. (2007).

32Gtrzalecki (2014) also considers cognitive rationalizability. A similar informational robustness founda-
tion conjecture holds in that case as well. See Ziegler (2022) for the corresponding result in the abstract,
game-theoretic setting.
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(under anchor p), denoted by L;" = pr X Lgfp. We will also use the same notation for
other related and derived objects. Note that Condition (KL) is stronger than Condition
(K2). However, we choose to state it as an independent condition because we aim to
preserve the general framework defined by (K1) and (K2) while exploring how this
framework can provide a foundation for various solution concepts of level-k reason-
ing by incorporating appropriate additional conditions. By imposing more restrictive
yet transparent belief restrictions, we immediately obtain that L-rationalizability re-
fines downward rationalizability, because it is well known that more restrictive belief

assumptions lead to refinements (Battigalli et al., 2025, Remark 22).

Remark 2. For every i € I and every n € INg U {0}, L?p - Rf’p.

Furthermore, as with downward rationalizability, it holds for L-rationalizability that
a k-type behaves as if they reason at most k steps. Thus, the explanation given just

before Proposition 1 applies here verbatim as well.

Remark 3. For every i € I, every k € IN, and every n > k, Ll’.fp(()i,k) = Lﬁp((),’/k).

A key difference from the coarser downward rationalizability is that the monotonicity
result of Proposition 2 does not carry over to L-rationalizability . Given the formal
connection with the classic level-k solution, established later in Theorem 1, this is well

known in the literature.

Another well-known fact is that “[classic level-]k respects k-rationalizability” (Craw-
ford et al., 2013, p.14), which remains true in our payoff uncertainty framework as
well. In fact, we establish such a result for L-rationalizability, which holds for all k > n.
Together with Theorem 1 below, the literal interpretation of the aforementioned quote
could suggest that the statement applies only to the case n = k.33

Proposition 4. Fix an anchor p. For every n € No, k > n, and every i € I,

it

Lzr'fp (Gi,k) C R}

Proof. Fix an anchor p. We prove the statement by induction on n. The base case with
n = 0 is trivial, since by definition, for every k > 0 and every i € I, L?,p(@i,k) =A, = R?.
Now, assume the statement holds for some n > 0, and considerk > n+1,i € I, and

a; € L?;l(Gi,k). Then, there exists a G-conjecture p’ such that a; € r;(marg A u') and

y <{9—i,k—1} X '—Tii,p(Q—i,k—l)> =L

3Schipper and Zhou (2024, Proposition 1) provides a formal proof for the n = k case and, therefore, our
result generalizes theirs.

21



Reasoning about Bounded Reasoning Liu and Ziegler

Since k — 1 > n, by the induction hypothesis, we have L’ii,p(e—i,k—l) C R",. Thus,
defining v’ := marg A u' ensures that v/(R" ;) = 1. Therefore, a; € R?H, completing
the proof. O

The following statement—the main result of this section—shows that the classic
level-k solution is tightly connected to L-rationalizability , which itself is characterized
by the behavioral implications of rationality, common belief in rationality, and the
transparency of (K1), (K2), and (KL).

Theorem 1. Fix an anchor p. For every k € N, n € Ny, and every i € I,

L (g — RY, ifn <k,
i,p( l,k) - k .
Lilpl, ifn =k

This theorem states that for each k-type, the behavioral implications reflected in
L-rationalizability follow the reasoning process of the complete-information rational-
izability procedure until step n = k, at which point it collapses into player i’s classic
level-k behavior. In particular, when no player has dominated actions—not only in
terms of behavioral consequences but also in the reasoning process—L-rationalizability
faithfully captures the classic level-k concept. Specifically, before step n = k, a k-type
does not eliminate any actions, and at step n = k, she restricts her choices to the corre-
sponding level-k behavior. Thus, the “diagonal” of L-rationalizability fully coincides

with the classic level-k behavior.

Proof. We prove the claim by induction on k € IN.

Base Case (k = 1): We consider three cases.

Case B.1 (n < 1): Since n € INp, we have n = 0. By definition, for every i € I,
LY, (6:1) = A; = RY.
Case B.2 (n = 1): The result follows directly from conditions (K1) and (K2).

Case B.3 (n > 1): The result follows from Remark 3 together with the previous case.

Inductive Step: Assume that the statement holds for some k > 1; that is, for every
n € Ngand everyi € I,

R?, if n <k,

Ly, (0ix) =
K L¥[p], ifn >k

We now prove the statement for k 4 1. Again, we distinguish three cases.
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Case I.1 (n < k+1): If n = 0, the argument from Case B.1 applies. Suppose instead
that n > 1. By the induction hypothesis, for all j € I and all m < k (in particular, for
m=mn-—1),

{Gj,k} X I-le(gj,k) = {lek} X R;ﬂ

Now, consider i € I and suppose a; € R?. Then there exists v! € A(A_;) such that
g €r;(v') and V' (R";') =1

Define the G-conjecture y by

. vi(a,i), if 971' = 9_'Ik,
plai,0) = { l

0, otherwise.

It is straightforward to verify that "I/li satisfies conditions (K1), (K2), and (KL). By
construction and the induction hypothesis,

.ui<{97i,k} X L’iz:,wfi,k)) =1.

Hence, a; € sz(Bi,kH).

Note that the other inclusion holds automatically by Proposition 4.

Case 1.2 (n = k+ 1): Consider i € I and first suppose that a; € L;‘;l(()i,kﬂ). Then

there exists a justifying G-conjecture y' such that
Vi<{9—i,k} X Lk—i,p(e—i,k)) =1

By the induction hypothesis, we have L% i p(G_i,k) = L* [p], so that

Vi<{9—i,k} X Lk_i[p]) =1.

Taking v’ := marg A, u' then shows that a; € L [p].

Conversely, suppose that a; € L5 [p]. Then there exists v € A(A;) such that
a; €r;(v') and v'(LF,[p]) = 1.

Define the G-conjecture ' as before by

, vi(a_;), if0_;=0_;,
]’ll(afi/ 671') =
0, otherwise.
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It follows that ],ti satisfies conditions (K1), (K2), and (KL). By the induction hypothe-
sis,

H ({0 < L5, (0-00) =1,
so thata; € Li-c;l (Gi,k+1)-

Case 1.3 (n > k + 1): The conclusion in this case follows from the previous case to-

gether with Remark 3.
Combining all cases, the inductive step is complete, and the statement follows. [

Since, in our finite setting, both rationalizability and the classic level-k solution are
always non-empty for the complete information game, we immediately obtain from
Theorem 1 that for every i € I and every k € IN, L?’p(eilk) # @ for each n € Ny,
and L;?";J(Oi,k) # @. This observation, together with Remark 2, also establishes that
downward rationalizability is always well-defined in the sense of yielding non-empty

predictions.3*

The next example illustrates Theorem 1.

Example 2 (continued from Example 1). We still consider the game in Table 1. Recall
the rationalizability and classic level-k behavior in this complete information game:

R!'= A; x {l,c}, L'[p] = {D} x {c},
R? = {U, M} x {I,¢}, L*[p] = {M} x {c},
R® = {U, M} x {1}, Llp] = {M} x {1},
R* = {U} x {I} = R®, and L4p] = {Uu} x {I}.

L-rationalizability is shown in Table 4.

In accordance with Theorem 1, in L-rationalizability, at each reasoning step 1, the
actions associated with type-k coincides either with rationalizability in the complete-
information game or with the classic level-k behavior. The former happens when the
reasoning step (1) does not reach the type level (k), and the latter occurs when the

reasoning reaches and exceeds this level. &

Example 2, and in particular the last row in Table 4, reveals an interesting implication

of Theorem 1.

341t is well known—e. g., Battigalli and Siniscalchi (2003, Remark 3.2) or Battigalli et al. (2025, Theorem 31)—
that for restrictions on exogenous beliefs, i.e. those concerning only 6_;, A-rationalizability guarantees
non-empty predictions. Here, however, our restrictions are not limited to such cases, because of (K1).
Thus, we cannot rely directly on this usual argument.
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Table 4: L-rationalizability with p = (Jp, ér).

LT (61,6), L3 (62,x) n—
k i 1 2 3 > 4
1 {D},{c}  {D}.{c} (D}, {c}  {D},{c}

N

Ay fley  {Mj, {c} {M}, {c} (M}, {c}
3 Ap{Ler AU M} {Ler MBI} {M},{I}
>4 Ay fLey UM} A{Lcy {U ML} {U}{l}

Corollary 1. If the complete information game G is dominance solvable in n* steps (i.e., the
iterated elimination of dominated actions stops at step n* and each R?* is a singleton), then for
every anchor p, every n € IN, every k > n*, and every i € I, L?p(()i,k) = R

This corollary formally states that in a dominance-solvable game requiring n* steps,
if k is sufficiently large, the anchor becomes irrelevant under L-rationalizability . The
reason is that, as Theorem 1 demonstrates, in the reasoning process of a k-type, the
anchor p influences decisions only at k steps of reasoning at the earliest. However,
if k > n*, the standard rationalization process will have already eliminated all other
actions before the anchor becomes relevant. Thus, the anchor has no effect on the

outcome, regardless of its specification.

5.1 Consistency across reasoning

Interestingly, in Example 2, we observe k-types reasoning to a higher order n > k
whose behavior is inconsistent with rationality and n-th order belief in rationality in

the complete-information game G. In particular, in this example, we have L%’p (011) =
{D} £ Ry = {U, M}

On the other hand, if we fix a given order of reasoning n and consider only those
k-types that are consistent with strategic reasoning up to order n in the complete-
information game, we obtain exactly the same actions as through the usual 7 iterations
of rationalizability. More formally, for a given order of reasoning n € IN, define

K, = {k e N\Lﬁp(ei,k) C R}

as the set of player i’s type indices corresponding to k-types that are consistent with

strategic reasoning up to order 7 in the complete-information game. Trivially,

U L, (6ix) € RY
kngp
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for every i € I and every n € INy. The more interesting observation is that the reverse
inclusion also holds. Furthermore, for every order of reasoning 7, there always exists
at least one consistent type—specifically, the type whose level matches the reasoning
order. Thus, L-rationalizability respects rationalizability in the complete-information
game.

Corollary 2. For every anchor p, every n € INg, and every i € I,

1' UkEK;fp LZP (Gl,k) - R:/l/ ﬂnd

2. n € K}, (a fortiori, L'p] € R?).
Proof. Fix an anchor p, and consider an arbitrary n € Ngand i € I.

1. This follows directly from Proposition 4, in particular, that sz(ni) C R!. The
second part then follows from Theorem 1.

2. For the non-trivial inclusion, observe that by Theorem 1, for any k > n, we have
L}, (0ix) = R}, implying that any such k belongs to K}',,. The conclusion follows.

]

5.2 Comparison with Brandenburger, Friedenberg, and Kneeland
(2025)

Similar to our analysis in the previous section, Brandenburger et al. (2025) study the
classic level-k solution from an epistemic perspective. As in our analysis, they focus
their investigation on complete information games per se. However, in crucial contrast
to our approach of embedding the complete-information game into an incomplete-
information one, they retain the original game and analyze a corresponding epistemic
game. Specifically, for a given anchor p, they append an A-based (epistemic) level-k
type structure

T = (Afi/ Ti/ ﬁi)iEI'

Given this type structure, for each i € I they consider a Borel cover (T¥)¢ | of the type

k=1
space T; satisfying the following conditions:>®

BFK-1 For each t; € Tl-l, marg , Bi(t;)) = p_;, and

BFK-L For each k and each t; € TV, B;(#:)(A_; x TF.) = 1.

3These two conditions correspond to (i) and (ii) in their Definition 4.2, respectively.
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Within this framework, their epistemic condition is rationality and (k — 1)-th order
belief in rationality (R(k — 1)BR). If the type structure is rich enough, the behavioral
consequence of this assumption is characterized by L¥[p] for any epistemic type in TF

(Theorem 6.1 (ii)) and by Ri.‘ across all epistemic types (Theorem 5.1 (ii)).

At first glance, Brandenburger et al.’s model appears similar to ours. Indeed, BFK-1
and BFK-L closely resemble our (K1) and (KL) conditions, respectively. Moreover,
Brandenburger et al.’s (2025) Theorem 6.1 (ii) and our Theorem 1 both characterize the
classic level-k solution, and elements of their proof of Theorem 5.1 (ii) can be traced in

our proofs of Theorem 1 and Corollary 1.

Despite these similarities, the two models differ in fundamental ways. In their ap-
proach, the complete information game is extended with epistemic types, and, as is
standard in epistemic game theory, epistemic assumptions impose restrictions on be-
havior by eliminating certain types. Specifically, R(k — 1)BR serves to exclude epistemic
types that satisfy (k — 1)-th order belief in rationality but do not satisfy k-th order belief.

In contrast, our model employs payoff types within a game with payoff uncertainty.
Since O-types have a constant payoff function, their (randomized) behavior described
by p; is rationalizable. Consequently, our conditions (K1) and (KL) do not lead to
the elimination of any k-types during the iterative procedure. In other words, our
framework incorporates level-k reasoning directly into the classic rationalizability
argument formalized using epistemic game theory, without requiring players to rule

out level-k types beyond what the classic level-k motivation assumes.

Indeed, our model can accommodate the additional requirement that level-k types
behave according to the usual strategic reasoning in the complete information game
up to some order n. We formalized this notion earlier with Kgp. With this in mind, our
Corollary 2(1) closely aligns with Theorem 5.1 (ii) of Brandenburger et al. (2025), while
our Corollary 2(2) corresponds to Theorem 6.1 (ii) of Brandenburger et al. (2025).

5.3 Robustness

Finally, we explore an analogue of the robustness question previously examined for
downward rationalizability. Given Theorem 1, it is clear that L7 (6;x) = L¥[p] C
R¥ holds for any k € R—but more importantly, also for any anchor p. That is,
Uy L;”‘;(Gi,k) C RK. In other words, L-rationalizability does respect k-rationalizability
robustly. But does the converse hold? Does k-rationalizability respect robust L-
rationalizability, i.e., Rf C U, L7 (6;x)?
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Perhaps somewhat surprisingly, the answer is no, and we illustrate this next with
an exemplary game in which the inclusion fails for k = 2—the smallest value of k for
which it can fail 3

Example 3 (2-rationalizable action is not robustly level-k rationalizable for a level-2
type). Consider the game in Table 5.

Table 5: A game illustrating U, L7, (622) & R3

Player 1\ 2 l c r

u 6,3 0,6 0,0
M 0,3 60 0,6
D 4,0 4,6 4,6

Figure 1 shows the simplex of conjectures for both players. Since anchors are the
same mathematical objects, these simplices also represent the anchors (with player
indices swapped). Moreover, they depict the exact best-reply sets (EBRS) and their
corresponding sets of justifiable conjectures—those conjectures that render the indicated
actions exactly the best replies.”

In Figure 1, each number in a circle indicates a region in the set of each i’s anchors,
and the associated action(s) is(are) the best response(s) to all the anchors in that area.
For example, “(D {U}” indicates that if player 2’s anchor assigns sufficiently high
probability to I, then U is uniquely optimal. For all anchors with p, (1) = 1/3 (left blue
line in the left panel), both U and D are optimal, indicated by “2) {U, D}”. In the right
panel, focused on player 2, we see “(2) {I,c,r}.” There is a unique anchor of player 1
that makes [ part of an exact best-reply set: the fifty-fifty mixture between U and M,
as indicated by (2) in Figure 1 (b). Together, these two panels cover all possible level-1
L-rationalizable actions across all anchors.

Now, we can use these EBRS to obtain all possible level-2 L-rationalizable actions
across all anchors. For player 2, this is summarized in Table 6. For example, if player
2’s anchor is in region (1), then the corresponding Player 1 EBRS is {U}. In that
case, player 2’s exact EBRS—given conjectures concentrated on {U}—is {c}. If the
anchor lies within region (2), then the relevant player 1 EBRS is {U, D}. For conjectures
concentrated on this set, this yields two EBRS for player 2: {c,r} and {c}. From this

table, we see that | does not appear. Therefore, I cannot be level-2 L-rationalizable.

%We thank Marciano Siniscalchi for encouraging us to explore this question. After developing our
example, we discovered that Brandenburger et al. (2025) had already constructed an example that—
among other things—also illustrates the failure of the inclusion. Their example is more general, as it
exhibits an action that is rationalizable but not level-k rationalizable for any k > 2 and any anchor. Since
our aim is only to illustrate a failure of the inclusion for a given k, we consider a 3 x 3 game, rather than
the 4 x 4 game used in their construction.

37We adopt the terminology of Weinstein (2020).
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dc

@{u,D} {M,D}d)

(a) Player 1 (b) Player 2
y y

Figure 1: EBRS and the corresponding conjectures/anchors

However, all actions of all players—and /, in particular—are rationalizable (a fortiori,
2-rationalizable) in the complete information game.

Table 6: Level-2 behavior corresponding to anchors

Level-2 behavior of Player 2
Player 1 EBRS EBRSs UEBRSs

DO {u} {c} {c}
@{u, D} {ory{ey Her}

®{D} {e,r} {er}
@{M,D}  Aerh{ch  {or}

& {M} {r} {r}

Why does this discrepancy arise? The key lies in the support of a conjecture that
justifies I. Such a conjecture must assign probability only to {U, M }. However, no EBRS
of player 1 contains {U, M} as a subset. Thus, while in the classic level-k model the
anchor propagates through all levels via the EBRS, this propagation fails for rationaliz-
ability in the complete-information game. In the latter case, the justifying conjecture
for actions in R! is irrelevant and can be ignored. Here, we require only the union of
all EBRS. By contrast, the classic level-k solution across all anchors relies on the entire
EBRS collection for the next iteration, not merely its union. &

6 Cognitive-Hierarchy Rationalizability

Next, we turn to the CH model. To capture the CH solution, we retain conditions (K1)
and (K2) and add an additional condition, labeled (KC), to incorporate the (fixed) level
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distribution f—a crucial ingredient of the CH model as introduced in Subsection 2.5—
into our game with payoff uncertainty framework. Specifically, a conjecture for a given
type 0; y must also satisfy the following restriction:

(KC). u'(0_;;) = f*1(t) foreveryt=0,...,k—138

Similarly to before, we obtain belief restrictions A satisfying (K1), (K2), and (KC),
and a corresponding version of A-rationalizability that we refer to as C-rationalizability

(short for Cognitive-Hierarchy rationalizability), with notation C;‘f pi= C‘f’p 7 X ce .. We

2p.f
will also use this notation for other related and derived objects.

Again, because the belief restrictions are more restrictive than those in downward
rationalizability, we immediately have the following remark.

C RY.

Remark 4. For every i € I and every n € INg U {co}, C? b C

Also like before, it holds that a player of type 0; x behaves as if they reason at most k
steps.
Remark 5. For every i € I, every k € INg and every n > k, C;fp,f(ei,k) = Ci.‘,p,f((?i,k).

We now return to our running example to illustrate how C-rationalizability works
for a concrete game.

Example 4 (continued from Example 1). As before, consider the game in Table 1 with
anchor p = (dp, ;). Now, we also need to specify a level distribution. For illustrative
purposes, we take f to be a geometric distribution with parameter 1/2, so that

f2(0) =3, =3
£200) =3, £y =4 £°2) =1,
F40) =&, Q) = &, f2) =2, f43) =%

Looking at the CH level-k solution, we obtain CH![p, f] = {(D,c)}, CH?[p, f] =
{M, D} x {c},and CH*[p, f] = {(M, c)} for k > 3. The corresponding C-rationalizability
process is shown in Table 7.

Similar to our analysis of L-rationalizability, along and above the diagonal (i.e. where
n > k), we obtain the coincidence of C-rationalizability with the CH level-k solu-
tion. However, unlike L- rationalizability—but similar to downward rationalizability—
reasoning of order n does not imply behavior consistent with reasoning up to order n
in the complete-information game for all sufficiently high-level types (i.e., k > n). For
example, Cpr(92/4) = {c},yetc & R3. O

3BRecall, for f € A (INp) and for every k € IN, we define f¥(t) := T fl(}( 3 foreveryt =0,...,k—1.
t'=0
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Table 7: “Geometric” C-rationalizability with p = (p, d;).

Cilq,p,f(gl,k)l Cg,p,f(OZ,k) n—
k \L 1 2 3 > 4
1 {D} {c} {D}, {c} {D}, {c} (D}, {c}

2 {M,D}, {c}  {M,D}{c} {M,D} {c; {M,D} {c}
3 {M,D}, {cy  {M},{c} {M},{c} {M},{c}
>4 {M,D},{l,c}  {M},{c} {M},{c} {M},{c}

These observations from the example suggest the following foundation for the CH

level-k solution.

Theorem 2. Let p be an anchor and f a level distribution. Then for every k € IN, every n > k,

and every i € 1, we have
Cips(0i) = CHf[p, f].

Proof. Based on Remark 5, we only have to show that Ci-" " f(9i,k) = CHF[p, f] for every

k € IN, which we prove by strong induction.
Base Case (k = 1): The equality is true, essentially, by definition.

Inductive Step: Fix k > 1 and assume the statement holds for all ¢ such that1 <t < k.
Now, we prove it holds for k + 1.

First, we establish ’Fhat CH!‘Jr1 [p, f] C Cf.‘/ " f(ei,k)' For this, consider a; € CHZZ‘Jrl [p, fl.
That is, there exists v’ € A(INg x A_;) satisfying

(i) a; € ri(marg, vl),
(ii) margy, vi= fk,
(iii) v* (-|0) = p_j,and
(iv) for0 < t <k, vi(CHt_i[p,th) =1.
Now, define the following G-conjecture u' € A(@_; x A_;),
WO ipa i) :=v(tay),

forall (0_;;,a_;) € ©_; x A_;. Itis clear—using properties (ii) and (iii)—that 1! satisfies
the belief restrictions (K1), (K2), and (KC) for type 0; ;. By properties (ii) and (iv) of Vi,
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we have3?

w ( U {6-i:} % CHt_i[p,f]> = 1.

0<t<k

Furthermore, by the inductive hypothesis,

U {6-is} x CHL[p, f] = U {0-is} x Clii,p,f(e—i,t) < Clii,nf‘

0<t<k 0<t<k

Thus, u'(Ck . — 1. But then, 4; € CL(6; ;) because property (i) of v carries over to
) “M z,p,f ip,f\" b prop y

1

u.
For the reverse inclusion, consider a; € C;‘;}(Qi,k). That is, there exists yi € ANO_; x

A_;) making a; a best reply and u!(CK ip f) = 1. Furthermore, 1/’ satisfies the belief

restrictions (K1), (K2), and (KC) for type ; ;. Consider v/ € A(Np x A_;) defined as

Vi(t,a_) = w0 _ipa)

forall (t,a_;) € Nog x A_;. By (K1), property (iii) is satisfied for V. By (KC), property
(i) of v holds too. By construction, we also have property (i). It remains to prove that
forall0 <t <k, v/ ({t} x CH  [p, f]) = v/ ({t} x A_)).

By the inductive hypothesis and Remark 5, CH' .[p, f] = Cf’p’ £(0ir) = ¥ o (Bit)
holds by the inductive hypothesis. Furthermore,

H ({000} x €5y 1(0-00)) = ({044} x AL)

holds because ' (C* i, f) = 1. Thus,

Vi({t} x CHL[p, f1) = v/({t} x €&, +(6-)) = v/({t} x A))

6.1 Consistency across reasoning

Next, we explore the consistency of behavior across reasoning in the incomplete-
information game and the complete-information game. Similar to before, for a given
reasoning order n € IN, define

inf =1k e N|C, :(6;x) € R}

3To ease notation, define CH [p, f] := A_;.
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This set identifies all types whose behavior at reasoning order n is consistent with
the predictions implied by rationality and higher-order belief in rationality in the

complete-information game.

Here, the results differ sharply from those for L-rationalizability, revealing a funda-
mental distinction between the two seminal level-k approaches. While L-rationalizability
maintains a close alignment with rationalizability in the complete-information game,

no such connection holds for C-rationalizability.

Corollary 3. Let p be any anchor, f any level distribution, and i € I. Then,

1. Klpf_lN and

2. foreveryn € N, |J Cl'(6;x) C RY.

keKl"pf

Proof. 1. By construction, only justifiable actions can ever appear in the CH level-k
process.

2. This inclusion follows immediately from the definition of Kf nf

]

Although Corollary 3 is straightforward, it is the strongest general statement that can
be made. It implies that consistency with the behavioral implication of rationality in
the complete-information game always holds, but that consistency may fail at any non-
trivial order of reasoning. Indeed, the following example demonstrates the tightness of
this result. There exists a game, an anchor p, and a level distribution f such that for
some playeri € I and every n > 1,

1. K”f—® and

2. U o, f0i0) SR

keKl”pf

In this case, no type remains consistent with higher-order reasoning, and therefore the
set of actions supported by CH-rationalizability across consistent types becomes strictly
smaller than the set of n-rationalizable actions.

Example 5 (continued from Example 1). The game in our running example (Table 1)
is again illustrative. Recall that D ¢ R2. For C-rationalizability, consider the anchor

p = (dp, ) and a level distribution f that intuitively reflects a lexicographic ordering
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of levels. Namely, level-0 is infinitely more likely than level-1, which in turn is infinitely
more likely than level-2, and so on. Formally, fix € € (0, 411)' and define
1—2e

f(0) = e and for every k > 1, f(k) = €.

Claim 1. For every k,n € N, C € CJ(kq).

Proof. Note that for any ki, any G-conjecture satisfying (KC) must assign probability

‘Nl»d

strictly greater than 1_ = 2 to level-0 of the co-player. Thus, by (K1), any such

A=

conjecture must also assign probability strictly greater than % to the anchor, r. Under
any such conjecture, D yields an expected utility strictly greater than % Conversely, U
and M yield expected utilities strictly less than % and %, respectively. O

Hence, for every n > 2,
Cgl,p,f(el,k) Z Ril/l’

so K} nf = @. Consequently, for every n > 2,

U ¢, 0614 =2 < RY,

n
keKLp/ f

because R} # @ for every n € IN. &

A sufficient condition for ensuring that, for every order of reasoning #, there exists at
least one level-k type consistent with that level of reasoning in the complete-information

game is that the anchor is supported on the set of rationalizable action profiles.

Corollary 4. Let p be any anchor, f any level distribution, n € INg, and i € 1. If, for every
jel p]-(R;?") =1, then Kgp,f + @.

Proof. By the best-reply property*? of R, for every k > 1 we have
Ci'(,p,f(ei,k) C R C Ri'(-
n n
Hence, k € Ki,p,f, SO Ki,p,f # Q. O

Using similar wording as Crawford et al. (2013, p.14), the proof of Corollary 4 reveals
that the CH level-k solution respects k-rationalizability if the anchor is concentrated on

40Gee, for example, Battigalli et al. (2025, Chapter 4.3).
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the set of rationalizable action profiles. Clearly, however, this condition is sufficient but

not necessary.*!

6.2 Robustness

Finally, we address a robustness question analogous to those analyzed for our other
solution concepts. Specifically, we ask what behavioral implications do the assump-
tions underlying C-rationalizability have across all anchors and all level distributions?

Example 4 shows that

U Ciy r(0ik) C RY
PEA(A1)xA(Az),fEAL (Ny)

does not hold in general and therefore illustrate another difference to L-rationalizability.

On the other hand, by Corollary 3, the inclusion

U Zp,f(ei,k) g Rll
pPEA(A1)xA(Az),fEA (Np)

holds trivially for any n € IN and any k € IN. The following example shows that the
reverse inclusion need not hold, showing a different answer to the robustness question

for downward rationalizability too.

Example 6 (Justifiable action is not robustly C-rationalizable). Consider the following

game.

Table 8: A game showing strict inclusion.

Player 1 \ 2 / c r

u 3,2 00 01
M 0,0 32 01
D 92 92 90

In this game, all actions of player 2 are justifiable. Thatis, R} = {I,c,r} = As.

However, we have the following claim.

Claim 2. For every level distribution f € A (IN), every anchor p € A(A1) X A(Ap), and
every k,n > 2,
r g Cglp,f(ez,k)

41For example, in any game in which both players have a dominant action, one obtains 0, = N # @ for
alli € I and every level distribution f, even if supp p Z R?°.
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Proof. Throughout, fix an arbitrary level distribution f € A, (IN).

Note that player 1 has a dominant action, D. Thus for every anchor and every

kneN,Cl (614) = {D}.

For player 2, r is a best reply only to the G-conjecture that is the fifty-fifty mixture
between U and M.

First, if p; is not this mixture, then r ¢ CJ » f(92,k) forall k,n € IN.

Second, if p; is this mixture, then r € C%,p, f(GZ,k) for any k > 1. However for any
order of reasoning n > 2, by (KC), each type 6, with k > 2 must assign strictly positive

probability to elements of
k-1

U CT,;,lf(Ql,t) ={D}.
=1

Hence any G-conjecture ;i satisfying the belief restrictions must satisfy marg A 1*(D) >
0, so r cannot be justified. O

%

The previous example crucially relies on a non-generic game G. Indeed, if we restrict
attention to generic games, we do get the non-trivial inclusion too. The key argument

is a generalization of the idea in Example 5.

Proposition 5. Let G be generic,*? then for every i € I, every n € N, and every k € N,

U C;fp,f(gi,k) = R11
pPEA(A1)xA(Az),fEAL(No)

Proof. We only prove the remaining, non-trivial, inclusion. Thus, fix a player i € I, and
an action a; € R}. By genericity, there is a G-conjecture v making 4; the unique best
reply. Furthermore, since the game is finite, there is an open ball around v’ such that
uniqueness holds for all the conjectures in this ball. Call this ball B;.

Now, set p_; = u' and consider the following class of level distribution indexed by
e€(0,1/2):
1—2e k
fe(0) = T and for every k > 1, fe(k) = ¢".

Note that there exists £ € (0,1/2) such that a G-conjecture u' satisfying the belief
restrictions with level distribution f; and ¢ < & will have that marg A yi € B;. Thus,
a; € C?,p,fg(eirk) holds for all k, n € IN. O

“2We say a game is generic if, for every player and every justifiable action, there exists a G-conjecture
making that action the unique best reply.
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