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A multi-product monopolist sells sequentially to a buyer who privately learns his valuations. Using big data, the
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rents induce upward and downward distortions, violating the generalized no distortion at the top principle of
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1 Introduction

In recent decades, the tracking of consumers has become standard practise in both online and offline consumer
markets. In online markets, retailers not only track their customers as soon as they log into their personal accounts,
they also track them through the use of cookies when they are not logged in. Brick and mortar stores track their
consumers by linking scanner data to credit card payments and by setting up loyalty or membership programs,
which, in terms of tracking, play a similar role to the consumer’s online account at an online shop. All this tracking
yields massive amounts of data—big data, through which retailers sift continuously with the help of data scientists.

While data science is hailed for revolutionizing consumer markets by the use of highly sophisticated computing
techniques, boiled down to its essence, it tries to identify robust correlations that are potentially valuable to re-
tailers. One of the first and by now classical example is the detection by a data scientist in 1992 of an unexpected
positive correlation between the evening sales of beer and diapers, prompting the retailer to group together the
two products, and thereby raising salesE] While novel at the time, it is now standard that based on big data,
online platforms such as Amazon and Netflix make personalized recommendations for buying products and view-
ing moviesE] It has also become more and more prevalent to use this information for sending out personalized
vouchers, thereby allowing retailers to price discriminate.

Yet, even though the high investments of retailers into data science techniques signify their practical impor-
tance, our basic economic understanding of sellers learning such correlations is still limited. Indeed, most of our
insights about the impact of big data are based on models that consider sellers who learn directly the private
information of a particular consumer. However, it is unclear whether such models effectively capture the idea that
tracking and big data allow firms to learn about the correlations of a buyer’s preferences between different goods
rather than his preferences directly.

To identify such possible discrepancies, I consider a setup of a “correlation-savvy” seller, who uses big data
to learn only about correlations. Its analysis confirms that learning about correlation differs from learning about
preferences directly. When big data allows the seller to learn directly and perfectly the buyer’s preferences, it
is immediate that she can extract all consumption rents and has no incentive to distort future allocations. By
contrast, when big data allows the monopolist to learn only about the correlation, then, in general, this does not
enable her to extract fully the buyer’s consumption rents; even in the best possible case, where the monopolist
learns the correlation perfectly and has full commitment ex ante. Consequently, the seller has an incentive to
distort also the future allocations.

Iillustrate this result in a two period model with binary valuations and a correlation structure where types are
either perfectly positively correlated—they are persistent—or perfectly negatively correlated—they switch. I show
that, in general, a correlation-savvy seller who has full commitment and perfectly learns the correlation structure
cannot extract all the buyer’s consumption rents in the second period. The analysis reveals that this inability is due
to the informational externality that information about the buyer’s ex ante valuation and the correlation structure
are necessarily complementary. In particular, the seller can learn the buyer’s future valuation only if she knows
both the correlation structure and the buyer’s initial type. This reveals a fundamental difference between learning
about correlations and learning about types directly.

The two-period, binary valuation model is tractable enough to completely characterize the optimal full com-
mitment contract for all possible parameter constellations. It therefore also allows a full characterization of its
comparative statics. Moreover, the modelling setup allows to argue that its results are robust to the exact timing
when the seller learns about the correlation structure and to whether she observes it privately or publicly. Using
a similar logic as in Crémer and McLean (1985), I also show that results are robust to whether the seller learns
the correlation only imperfectly.

1Source: Mark Madsen (2017), "Beer, diapers, and correlation: A tale of ambiguity“, keynote address ITWeb Business Intelligence Summit
2017,http://download.1105media.com/tdwi/Remote-assets/Events/2017/Boston/MarkMadsen_Beer-and-Diapers.pdf
(last retrieved 16.11.2021).

2This indicates that big data enable sellers to get to know the tastes of their customers better than the consumers themselves. See Hariri
(2018) for an elaborate discussion of the fact that data science allows to obtain better knowledge about individuals than the individuals have
themselves.
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2 Related Literature

The current article belongs to the literature of behavioral based price discrimination which considers optimal
pricing policies of monopolists, who are able to learn about the consumers’ purchase history and/or their personal
tastes (e.g., Fudenberg and Villas-Boas, 2006). In particular, the setup coincides with a two period-version of the
sequential selling problem of Battaglini (2005) but with the extension that the seller obtains additional information
about the transition matrix of the buyer’s valuation. One of the main insights of Battaglini (2005) is the generalized
no distortions at the top principle: Allocations are distorted only for histories where the buyer never had a high
valuation. I show that when the seller learns about correlations, this principle no longer holds. The reason for
this failure is that different dynamic incentive constraints are binding at optimum, leading to different economic
distortions.

As emphasized in the introduction, learning in my setup differs from studies that consider monopolistic sellers
that learn about a consumer’s private information directly and use this information to price discriminate (e.g.,
Conitzer et al. 2012, Bergemann et al. 2015, De Corniere and De Nijs 2016, Ali et al. 2019, Bonatti and Cisternas
2020, De Corniere and Taylor 2020). In contrast to the current article, perfect learning in this literature allows
a monopolist to extract all information rents. By studying a different type of learning, the analysis complements
this literature.

Contrasting complementarities between the seller’s and the buyer’s private information as studied here, a
recent literature studies data externalities (e.g., Choi et al. 2019, Acemoglu et al. 2019. Bergemann et al. 2019,
Ichihashi 2021). Because they reflect informational interdependencies between the consumers themselves, these
externalities are orthogonal to the externalities that I study. Borgers et al. (2013) provide a more fundamental
analysis of informational externalities.

Finally, this article belongs to a nascent literature which emphasizes that big data analysis allows firms to gain
an informational advantage over consumers, leading to an “inverse” screening problem in which firms have private
information about their customer’s preferences. In an insurance setup with two dimensional types, Brunnermeier
et al. (2021) consider an insurer who obtains private information about the correlation of a consumer’s two
dimensional risk type. In contrast to the current article, the authors study the effects of these correlation savvy
insurers on boundedly rational consumers and competition. Ichihashi and Smolin (2022) study a seller, who
receives a private signal that is informative about the buyer’s valuation. In contrast to the current article, the
seller learns about individual types directly rather than about correlation structures. In a spatial model of bank
competition, Vives and Ye (2021) study how advances in informational technology enable banks to know more
about the success probability of projects than the entrepreneurs to whom they provide finance. In a similar vein
but abstracting from competition, Strausz (2009) considers investors who are better informed about the success
probability of projects than entrepreneurs, focusing on the extent to which optimal contracts induce the investor
to reveal this private information to the entrepreneur.

3 The Setup

Consider a seller (she), who first provides a quantity of some good g to a buyer (he), and subsequently some
quantity Q of some other good. The transaction involves an overall transfer T € R from the buyer to the seller.
Hence, the economic allocation is a triple (T,q,Q) € R x R, x R,. I am agnostic about the physical relationship
between the goods g and Q. That is, they can represent the same good so that the model is one of repeated
purchases, or Q may pertain to goods that are physically unrelated to good g, such as beer and diapers.

Payoffs. Measuring the importance of good Q relative to good g by a parameter 6 > 0, the seller’s profit and the
buyer’s utility associated with an allocation (T, q, Q) are, respectively,

(T,q,Q)=T —c(q)—6C(Q) and U(T,q,Q|0,80)=~—T +0q+060Q,

where c(.) and C(.) represent the seller’s cost functions, and (6, ®) the agent’s marginal valuation for quantities q
and Q, respectively. I assume that the cost functions are twice differentiable, increasing, convex, and exhibit c(0) =



¢’(0) = C(0) = C’(0) = 0 and lim,_,, c(q) = lim,_,, ¢’(q) = limy_, o, C(Q) = limy_,, C’(Q) = oo. Concerning
the valuation (6, ©), I assume that they are binary; they can either be high, h, or low, [, with A=h—1> 0.
Efficient quantities equalize marginal costs to marginal utility, and, hence, the efficient quantities
(q;’,q;,Q;,Q}) satisty
d(g)=h; (g)=1 C'(Q)=h; C'(Q) =1L

The assumptions on the cost functions together with A > 0 imply q; > q; > 0 and Q; > Q; > 0.

Information structure. Initially, the buyer privately knows his valuation of the initial good q, whereas the seller
only knows that this valuation is high with probability P{6 = h} = v and low with probability P{6 =1} =1 — .
I focus on the case that the correlation between the valuations is either perfectly positive or perfectly negative.
Hence, the correlation structure y € {p, s} is such that the buyer’s valuation is either persistent, y = p, or switches,
y = s. Ex ante, there is no private information about the correlation; the buyer and seller commonly know that
the buyer’s value type is persistent with probability P{® = 6} = m, and switches with probability P{© # 0} =
1—n. The draw of the initial type and its persistence are stochastically independent so that the joint probability
distribution of (6,0) is

P{(0,8) = (h,h)} = v; P{(6,8) = (h,1)} = v(1 —m);
P{(0,0)=(1,D} =1 -7 P{(6,0) =, h)} =1 —-»(1—mn).

Timing. The buyer privately learns his valuation 6 before the contracting stage, and privately learns valuation ©
after consuming q. The seller privately learns the correlation structure y after the contracting stage but before the
buyer consumes the good q. Hence, the timing of events is as follows:

0. The buyer privately learns 6 € {l,h};
. Seller offers a contract determining the terms of trade (T, q,Q);

. Buyer decides whether to reject or accept the contract;

1
2
3. Seller privately learns the correlation structure y € {p, s};
4. Buyer consumes g;

5

. Buyer learns © € {[,h};
6. Payoffs are realized from consuming quantities (q,Q) and transfer T.

Remarks. Before analyzing the seller’s profit-maximizing outcome in this setup, it is helpful to discuss the structure
of the contracting terms (T, q,Q) and compare my specific modeling to the article’s motivating example in the
introduction.

First, the description above leaves open what kind of contracts the seller can offer to the buyer. For multiple
reasons, it is instructive to allow the seller to offer any possible contract rather than restrict her contracting space
artificially. Firstly, this complete contracting approach represents the best case-scenario for the seller. Hence, if
the seller cannot attain the perfect price discrimination outcome under this scenario, then she can also not attain
it when her contracting possibilities are more limited. Complete contracting therefore ensures that any inability of
the seller to attain perfect price discrimination is due to her learning about correlations rather than some implicit
incomplete contracting assumption. Secondly, studying complete contracts allows a direct comparison to related
classical models in the literature and, thereby, allows to pin down the economic effects of sellers who learn about
correlation structures. Indeed, without the seller learning the correlation in stage 3, the model reduces to a two-
period version of the dynamic mechanism design problem of Battaglini (2005). Hence, this setup is a natural
benchmark for identifying the economics effects of correlation-savvy sellers and I explicitly introduce it in Section
Thirdly, the analysis provides a normative benchmark of what a correlation-savvy seller should do if she wants
to take full advantage of learning about correlations. Finally, taking a complete contracting approach yields a
tractable model, because, as argued in Section 5] it is amendable to a dynamic revelation principle. This dynamic
revelation principle implies that it is without loss to focus on direct mechansims of the form

4



which condition the economic allocation (T,q,Q) on the buyer’s report 6 e {I,h} about 0, the sellers report
7 € {p,s} about the correlation structure, and the buyer’s report © € {I,h} about ©. Moreover, the fact that the
seller learns the correlation structure y implies that optimal contracts require only a “relaxed” form of incentive
compatibility in the sense that the direct mechanism only has to respect two incentive constraints, one for type
0 = h and one for type 6 = [. That the optimal contract can be found in this class of incentive compatibility direct
mechanisms is formally proven in Lemma

Second, compare the specific model above to the motivating diaper and beer example as discussed in the
introduction. One ex post rationalization for the positive correlation between the evening sales of these products
is the followingE] At the end of a working day, a young father receives a telephone call from his spouse that they
have run out of diapers, thereby learning that & = h. When picking up the diapers in the shop, the father runs into
the beer stand and discovers his high willingness to pay for beer, learning ©® = h. The model’s sequential timing
of the buyer learning first 6 and subsequently © reflects this ex post rationalizationﬂ

Moreover, the assumption that the seller learns about the buyer’s persistence after the contracting stage reflects
a setting in which the seller learns about the buyer’s correlation from combining her big data with the buyer’s
specific characteristics (which she receives after the contracting stage). While this is one possible view of big data
analysis, an alternative view is that big data allows the seller to learn about the consumer’s persistence without
any personal data of the consumer. In this case, the seller would learn about the persistence of the consumer’s
valuation before the contracting stage and this seems more in line with the motivating beer and diaper example.
Usually the exact timing of receiving private information crucially affects equilibrium outcomes. This is however
not the case here; the seller’s profit-maximizing equilibrium outcome that obtains with the specific timing above
remains profit-maximizing when the seller learns the correlation before offering the contract. In fact, the outcome
also obtains when the seller learns it only after the consumption of quantity q. Hence, the profit-maximizing
equilibrium outcome is robust with respect to the point in time at which the seller learns the correlation, and the
specific timing above allows me to demonstrate this robustness.

4 Benchmarks

Before deriving the profit-maximizing long term contract explicitly, it is helpful to introduce first three relevant
benchmarks to which to compare my results and thereby identify the economic effects of a correlation-savvy seller:
the first best, a static framework with private information, and a dynamic setup but without the learning stage 3.

Perfect Price Discrimination Benchmark

First consider the outcome under perfect information, where the seller directly observes the agent’s overall type
(6,0). In this case, the seller can price discriminate perfectly and extract the whole surplus by offering type (6,©)
the type-specific efficient quantities q; and Qg for an overall transfer of Tyg = 0q, +50Qy. Irefer to this outcome
of efficient quantities and full surplus extraction by the seller as the perfect price discrimination outcome.

Static Benchmark

As a second benchmark, it is useful to consider a pure static version of the model in which learning about the
correlation structure does not matter. Such a model obtains for § = 0, where the model boils down to a static,
single-good monopolistic screening problem in the tradition of Mussa and Rosen (1978) with binary types. Recall
that in this classic setup, it is optimal for the seller to offer a direct mechanism {(q;, p;), (¢, pr)} that maximizes
her expected profits

T = v(py —c(gn)) + (1 = v)(p; — (1))

3See for instance https://canworksmart .com/diapers-beer-retail-predictive-analytics/
“Note that if the father had already known his valuation for beer before entering the shop, the shop could not have raised its revenue by
positioning the beer stand close to the diapers.
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subject to the incentive compatibility constraints
hq, —pn = hq; — p; and lq; — p; = gy — py; 1)
and the individual rationality conditions
hqy, —pn, = 0 and Iq; —p; = 0. 2)

As is well known, the seller’s first best outcome of selling the efficient quantity g to each type 6 at a respective
price 6qj, is not attainable as it violates the incentive constraint of the efficient type h. Indeed, at the optimum,
the incentive constraint of the efficient and the individual rationality of the inefficient type constrain the seller
and induces her to distort the quantity q; downwards. In particular, it leads the seller to offer type | a quantity
q" < g} such tha

(q)=1—eA),

where ¢ = v/(1 — v) is the relative likelihood of an efficient type. As a future point of reference, the following
proposition summarizes the outcome in this benchmark.

Proposition 0 Suppose & = 0. Then it is optimal for the seller to offer the incentive compatible menu
{(q1,p1), (qn, pr)} with the efficient quantity q, = q; for type h and a downward distorted quantity q; = q? <qf
for type |, leaving a positive rent to type h and no rents to type L.

Dynamic Mechanism Design Benchmark

Without the seller learning the correlation in stage 3, the model boils down to a two-period version of Battaglini
(2005). For this benchmark, the dynamic revelation principle in Myerson (1986) implies that one can express
the profit-maximizing contract as an incentive compatible direct mechanism that induces the buyer to first report
truthfully his valuation 8, and, after learning ©, to report truthfully his subsequent valuation ®. Consequently,
it is without loss to focus on menus (T44,q4,Q4e) that condition the terms of trade (T,q,Q) on an initial report
6 about 6 and a subsequent report ® about ©, and that satisfy individual rationality constraints and dynamic
incentive constraints which induce honest reporting on the equilibrium path.
For type 6 = h, such honest reporting requires that for all i, j, k € {h, 1}, it holds

hqy, + (6hQpy — Tpy) + (1 — m)(01Qp — Tyy) = hq; + 7(6hQ;; — Tij) + (1 — m)(S61Qik — Ti)- 3

Hence, for type & = h there are effectively 22 — 1 = 7 dynamic incentive constraints. They reflect the different
ways in which the type can combine misreports about 6 and ©.
For type 6 = [, there are also 7 dynamic incentive constraints: for all i, j, k € {h, [}, it must hold

lg; + m(01Qy — Ty) + (1 — m)(6hQy, — Typ) = 1q; + ©(81Q;; — T;) + (1 — m)(0hQik — Ti)- 4)

Battaglini (2005) focuses on cases in which the distribution of the valuation © for type 6 = h stochastically
dominates this distribution for type 8 = [. In my setup, such stochastic dominance is equivalent to assuming
7 > 1/2. For this parameter constellation, it follows from Battaglini (2005) that of the 14 dynamic incentive
constraints only two incentive constraints constrain the optimum. First, the profit-maximizing contract is restricted
by the need to dissuade type 6 = h to claim to be type 8 = [ together with claiming that his type © remains .
Second, it is restricted by the need to dissuade type 6 = to claim type © = [ in the case that type 6 = [ switches
into type © = h.

Maximizing the seller’s profits under these two constraints then yields that, except for the allocations q; and
Qq;, all allocations are efficient. Battaglini (2005) calls this the generalized no distortion at the top (GNDT) principle.

>To deal with corner solutions, let (x)* denote the positive part of a number x, i.e. (x)* = max{0, x}.



5 The Seller’s Optimization Problem

In order to state the seller’s problem of finding the profit maximizing contract as a tractable optimization problem,
I first derive in this section a specific class of mechanisms to which the seller’s profit-maximizing contract belongs.

Direct Mechanisms. The starting point is Myerson (1986), whose results imply that in the framework of this ar-
ticle, the seller’s profit-maximizing contract cannot outperform a direct mechanism with the following properties:
1) it requests confidential reports from the buyer and seller about their private information as soon as they receive
it, and ii) it ensures that each player has an incentive to report truthfully given that a player expects the other to
report also truthfully.

This suggests to focus on direct mechanisms of the form

which condition the economic allocation (T,q,Q) on the buyer’s report 6 € {I,h} about 6, the seller’s report
7 € {p,s} about the correlation structure (i.e., whether the buyer’s valuation is persistent, y = p, or switches,
y =s), and the buyer’s report © € {I,h} about ©. Because the buyer learns © only after consuming the quantity
g, the quantity g cannot be conditioned on the report ©.

A potential problem is however that the required confidentiality of the seller’s report ¥ may stand in conflict
with the execution of the direct mechanism. In particular, if the direct mechanism ¢ conditions the quantity gq
non-trivially on ¥, then the buyer can deduce the seller’s report ¥ from her consumption of q before reporting ©.
This would then undermine the presumed confidentiality of ¥. My solution to this problem is to side-step this issue
completely (i.e., implicitly assuming that such deductions do not take place), and show that, in fact, the seller’s
profit-maximizing direct mechanism does not condition the quantity q on the report 7, implying that deducing ¥
from g is indeed not an issue.

Summarizing, a direct mechanism ¢ induces the following game. First, the buyer learns his ex ante type 6
about which he sends a report 8 € {I,h}. Subsequently the seller learns the correlation y about which she sends
a report ¥ € {p,s}. Finally, the buyer learns his ex post type © about which he sends a report © € {I,h}, while
being ignorant of the seller’s report ¥. The outcome of the game is an allocation (T(;?é,qé?,Qé?é), inducing the
respective terms of trade that determine the payoffs of the seller and buyer.

Incentive Compatibility. I next address the issue of incentive compatibility, raising the question which direct
mechanisms ¢ induce a game as described above in which truthful reporting is an equilibrium. A first observation
is that, by exploiting the correlation between y and ©, the seller can costlessy ensure that she reports honestly.
To see this, note that if both the seller and the buyer report truthfully, the following sequences of reports (8, 7, ©)
never occur on the equilibrium path:

o ={(,s,1),(l,p,h),(h,s,h),(h,p,D}.

These out-of-equilibrium events imply direct mechanisms which induce the seller to report y honestly without the
need for any information rents. To see this, note that if the seller expects the buyer to report truthfully, then she
has an incentive to report the persistent correlation structure, y = p, truthfully if

vH(Thph; th; thh) + (1 - V)H(Tlpl; qlp) lel) = VH(Thsha Qhs> thh) + (1 - V)H(Tlsl:qls: lel)'

Hence, by setting the out-of-equilibrium quantities Q;; and Q,; large enough, the seller reports truthfully. Like-
wise, the seller has an incentive to report the switching correlation structure, y = s, truthfully if the out-of-
equilibrium quantities Qy,; and Q;,;, are large enough.

Similarly, setting the out-of-equilibrium transfers T;g, Tjpp, Thsh> Thpi large enough ensures that, given a truthful
report 0, the buyer also reports his private information © truthfully. Hence, by punishing both the buyer and the
seller for an out-of-equilibrium reporting triple in @, an honest reporting of the correlation structure y and the



valuation © does not require any information rents.

It follows that the only relevant incentive constraints are the ones that prevent the buyer from misreporting
outcomes that are not in ¢. To formalize these incentive constraints, note that the buyer’s action is a report
6 € {h,1} about 6 and a report ® € {h, [} about ©. Because the buyer can perfectly deduce the seller’s observation
y from (8, ©), the buyer can effectively condition his report @ on the seller’s observation of y. This means that the
buyer’s reporting strategy is a triple r = (1,79, 73) € S = {I,h} x {I, h} x {I, h}, where r; represents the report , r,
represents the report © given the switching correlation structure y = s, and r5 represents the report © given the
persistent correlation structure y = p. As the buyer expects the seller to report her observed correlation truthfully,
the expected payoff of an ex ante buyer type 8 who uses a reporting strategy r = (11,1, '3) is

U(ry,1,1310) = lq, ,0 +6Q, ., 0 =T, . 1+ (1 —1)[q, 0 +6Q, , 0" =T, . 1,

where 6’ is the singleton of the set {h,[}\{0}.
For an ex ante type 6 = h, honest reporting means to pick the triple (r;, ry, 3) = (h, [, h) rather than (I, h, 1) ¢ O.
Hence, truthtelling requires U(h, 1, h|h) = U(l, h, |h), yielding the incentive constraint:

ﬂ[thh + 6thhh - Thph] + (1 - “)[thh + 6thll - Thsl] >
nlqph+6Qph — Typ ]+ (1 — 1) qish + 6Quspl — Ty 1.

()

For an ex ante type 6 = [, honest reporting means to pick the triple (r;, ry, r3) = (I, h, 1) rather than (h,[,h) € 0.
Hence, truthtelling requires U(L, h,[|l) = U(h, L, h|l), yielding the incentive constraint:

n[qpl + 6Qupl — Typy ] + (1 — m)[qpsl + 6Quph — Ty ] =
e[ qupl + 6Qppnl — Thpn] + (1 — )[qnsl + 6Qpgth — Tyt 1.

©)

It is instructive to compare these incentive constraints to the last benchmark of Section[4} where the seller does
not learn the correlation structure. Recall that constraints (5)) and (6) dissuade type 6 to misreport both 6 and ©.
These two particular constraints are also part of the 14 dynamic incentive constraints that obtain in the dynamic
mechanism design benchmark of Section (4, However, as argued, the results of Battaglini (2005) imply that, for
m > 1/2, these two particular constraints do not restrict the seller’s optimum. In fact, the relevant constraints
in the dynamic mechanism design benchmark of Section |4] are the one that dissuades type 6 = h to claim to be
type 8 = [ together with claiming his type remains [, and the one that dissuades type 6 = [ to claim type © =1
in the case that type 8 = [ switches into type © = h. The key observation is that when the seller learns about
the correlation structure, these two ways of misreporting lead to some out-of-equilibrium report in @, and can
therefore be prevented costlessly. This observation makes precise the sense in which a seller learning about the
correlation structure relaxes the dynamic mechanism design setup. Moreover, it clarifies that in the two models,
different incentive compatibility considerations are responsible for the economic distortions. Consequently, the
type of distortions in these models differ. This lead to a failure of the generalized no distortion at the top principle.

Individual Rationality. Concerning the buyer’s acceptance of the mechanism, note that a direct mechanism that
satisfies the incentive constraint (|5)) yields a buyer of ex ante type 6 = h at least his outside option of zero if and
only if

Uy = melqnph + 6Qpupnh — Trpr ] + (1 — ) gpsh + Qg l — T ] = 0. (7)

Likewise, a direct mechanism that satisfies the incentive constraint (6] yields a buyer of ex ante type 6 = [ at
least his outside option of zero if and only if

U = rlqpl + 6Qpl — Ty ] + (1 — m)[q;sl + 6Qusuh — Ty ] = 0. (8)

6As formally shown in the proof of Lernrna quantities and transfers exist which, conditional on an honest report 8, induces both the
seller and the buyer to report their private information honestly without the need of additional information rents.

7 As shown explicitly in Section the presence of out-of-equilibrium events is not crucial for the result that an elicitation of the correlation
structure y and the valuation © requires no information rents. The reason is that types y and © are inherently correlated so that, by the logic
of Crémer and McLean (1985), the use of transfers and lotteries enables a costless extraction of private information.



Defining a direct mechanism ¢ = (Tg;6,q47, Q476) as feasible if it satisfies the incentive compatible constraints
and (6) and the individual rational constraints (7)) and (8]), the following lemma formalizes the previous
reasoning:

Lemma 1 Suppose 6 > 0. Then there is no loss in focusing on direct mechanisms ¢ = (qé?,Qéyé, T(;f,é) that are
feasible provided that the optimal direct mechanism ¢* exhibits q;; = q};, and q;; = q;,-

The lemma motivates to consider the problem of maximizing the seller’s payoff

T =v{7[ Thpn — c(qnp) — 6 C(Qupr) ] + (1 — ) Tiy — c(qns) — 6C(Qps) 1}
+ (L= v){n[ Ty — c(qp) — 6 C(Qup) ] + (1 — T[Ty, — c(qus) — 6C(Qusp) I}

with respect to ¢ and subject to the constraints (5)), (6), (7), and (8). The lemma implies that if its solution ¢*
does not condition g on ¥, then the solution represents the seller’s profit-maximizing contract.

The Optimization Problem. Rather than working with the quantities and transfers, it is often more convenient
to reformulate the problem in terms of quantities and information rents U, and U;, as defined in (7)) and (8). In
terms of these rents, the incentive compatibility constraints (5]) and (6] rewrite as

Up = U + mtlqpp +0Qip 1A + (1 —m)[qs — 0Qis1A; ICh)
U = Uy — 7l qpp + 6Qppn JA — (1 — 7)[qps — 6Qpet 1A ac)

whereas the individual rationality constraints (7)) and (8]) simplify to

Uy 20; (IRp)

U; =0. (IR)

Rewriting the seller’s ex ante expected profit of a feasible direct mechanism II in terms of quantities and
information rents, it follows that

T =v{n[(hqn, — c(qnp)) + 6 (hQppr — C(Qppr))]
+ (1 = m)[(hqns — c(qns)) + 6(1Qu — C(Qpgt))]— Up}
+ Q=g —c(qip)) + 6(1Q1 — C(Qip))]
+ (1= m)[(Iq —c(qs)) + 6(hQp, — C(Qr))1— Ui}

In the remainder, I will, with a slight abuse of notation, refer to a direct mechanism as a combination
({qe“y; Qéyé}, Uy, U;) and study the following maximization problem:

P max IT s.t. (IC,),(IC)),(IRy),(IR)).
({g97-Q476},Un,U1) h t h L

6 Profit-maximizing contracts

It is instructive to start the analysis with considering the implementability of the perfect price discrimination
outcome of efficient quantities without leaving any consumption rents. Clearly, if this outcome is implementable,
then it must be profit-maximizing, as it maximizes the overall surplus and fully allocates this surplus to the seller.
Hence, I start with the question whether the following direct mechanism is feasible:

Qip =is =45 Thp = s = D5 Qupt = Qust = Q)5 Qush = Qppn = Qs Up =U; = 0. 9)

While the static benchmark showed that the perfect price discrimination outcome is not implementable, the
following proposition shows that, when the seller perfectly learns the correlation structure, perfect price discrim-



ination is attainable if the degree of persistence, 7, is in between two thresholds 7} and 7}, whereﬂ

4 5Q * 1 5Q7
9 h <1/2;ﬁh51—%<1
1 h

* —

=1—-—
: 5(Q+Q;)

Q2

Proposition 1 The seller attains perfect price discrimination if and only if m € [T}, fc;‘l].ﬂ

In light of classical results concerning monopolistic screening, the proposition may seem surprising. Indeed,
as shown in Section 4} the outcome is not implementable with 6 = OP;G] In order to understand this difference,
recall that in a static framework, the mechanism (9) violates the incentive constraint of the efficient type h. The
reason for this is that by claiming to be the inefficient type 6 = [, type 6 = h can secure himself a strictly positive
rent. Hence, the seller has to concede a strictly positive rent to induce type 6 = h to reveal his type truthfully.

In a dynamic setup in which valuations are negatively correlated, a positive rent from understating type 6
is however not guaranteed, because when type 6 = h turns into an inefficient type ©® = [, the buyer is forced
to overconsume, as he now receives the first best level of the efficient type © = h, which exceeds his first best
level as an inefficient type © = [. Hence, negative correlation leads to a force that dissuades a type 6 = h from
understating his type.

This force dominates when the negative correlation is sufficiently likely. This explains why a necessary condi-
tion for the implementability of the perfect price discrimination outcome is that the likelihood of persistent types,
7, lies below the threshold level 7}, because correlation is negative only when types are not persistent. On the
other hand, when this likelihood is too low, the force is so strong that the seller now needs to concede an infor-
mation rents to type 6 = [. As a result, an implementability of the perfect price discrimination outcome (9) also
requires that the likelihood of persistence 7 is not too low; it has to exceed the threshold value 7.

I next turn to analyzing the profit-maximizing contract when a negative correlation of valuations is relatively
unlikely so that, just as in a static model, the first best mechanism (9) violates the incentive constraint (ICy).
This is the case when 7 exceeds 7t;. As reflected in the second benchmark of Section |4} it is well known that
the binding constraints in static monopolistic screening are the incentive constraint of the efficient type and the
individual rationality constraint of the inefficient type.

The next proposition confirms that this property of monopolistic screening extends to my setup when the
likelihood of persistence, 7, not only exceeds the threshold 7} but also the threshold

G+
s(Q+Qhy’

h

=1

where, similarly to q{‘, the quantities QI; and QZ are implicitly defined by
C'@Q)=(—9A);C(@Q)=h+ypA.
The next proposition fully characterizes the profit-maximizing outcome for this case.

Proposition 2 If © > 7", then m > 7T, and the solution exhibits both upward and downward distortions. At the
optimum, only the incentive constraint (ICy) and the participation constraint (IR;) bind, and quantities satisfy

. _h o %l —h _ _ —_h
qlp =(q; = q[ < th =dps = QZ: lel - Ql < thl - QT < thh - Q;; < leh - Qh-
The proposition shows that for the case > 7", the optimal quantities q; and g; coincide with the ones under

monopolistic screening as derived in the benchmark of Proposition [0} That is, the output level for the high type
0 = h is efficient, q; = qj,, and, hence, there is no distortion at the top.

8To see ¥ < 1/2, note that ¥ =1 — 0% g
l 4 [ 5(Q/+Q})

5Q;
Q)

5Q;
Q)

<1— =1/2.
°Note that 7} > 0 implies 7} < 7;.

19For values of § > 0 close to 0, it holds 7} < 0 and 7} < 0, implying that perfect price discrimination is infeasible.
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In contrast, the generalized no distortion at the top principle of Battaglini (2005) does not obtain. In particular,
the quantity Q, is distorted and actually upward: Q;;, > Q;. In order to understand this upward distortion, recall
that the optimal mechanism distorts quantities in order to reduce the information rents to the ex ante high type
0 = h for truthtelling. To see that an upward rather than a downward distortion of Q,,, reduces these rents,
suppose that Q;;, would be efficient, i.e. Q;, = Q}. This means that if the high type, 6 = h, claims to be low by
sending a report 6 = I, he receives the quantity Q; in case his type switches to a low type, © = [. However, from
the perspective of a low type © = [, the quantity Qi = Q}, is inefficiently high. Consequently, reducing Q;y;, below
Qj, would only make a misreport 6 = [ more attractive to type @ = h. In contrast by increasing Qs beyond Qj,
the lie becomes less attractive and therefore reduces the information rents which the seller has to concede to type
6 = h for revealing himself truthfully.

Propositions|1|and leave open the seller’s profit-maximizing contract for the intermediate case 7 € (7}, 7).
For these values of 7, the perfect price discrimination outcome violates the incentive constraint (ICy), whereas
the second best as characterized in Proposition [2] violates the participation constraint (IR,). This suggest that
for these intermediate values, there are three binding constraints: (IR;), (IR,) and (IC). The next proposition
confirms this suggestion.

Proposition 3 If € (7T}, "), then the solution exhibits both upward and downward distortions. At the optimum,
the incentive constraint (I1Cy) and both participation constraints (IR;) and (IRy,) are binding, and quantities satisfy

Qp = Qs < 4G < qnp = s = B> Qupt < Qust = Q) < Qupn = Q, < Qs

In case 7T, <0, Propositions , andcover all values 7w € [0, 1]. Because 7} < 0 is equivalent to 6 < q;/Q;,
the three propositions fully characterize the profit-maximizing contract when the future is not too important.

I next extend the analysis to settings where the future is important so that © < 7t} for values of 7 close to zero.
Recall that for m < 7} the perfect price discrimination outcome E] violates the incentive constraint (IC;) rather
than (ICy). Mirroring the idea behind Proposition [2| to investigate the optimal contract under the condition that
the incentive constraint of the type that violates this outcome is binding together with the participation constraint
of the other type, I first analyze contracts for which only the incentive constraint of the inefficient type, (IC;), and
the participation constraint of the efficient type, (IR;,) are binding.

Defining the quantities qlll, Q!, and Qﬁl implicitly by

(g)=h+A/¢;C'(Q)=(—A/9)5C(Q)=h+A/p;
the next proposition derives the optimal contract for degrees of persistence smaller than 7 and

_ 9, +5Q,
5@, +Qh)

fl=1

Proposition 4 If 1 < &t!, then © < 7T, and the solution exhibits both upward and downward distortions. At the

optimum, only the incentive constraint (IC;) and the participation constraint (IRy,) bind and quantities satisfy
— g = — —al. _ 0l _ _ _ 0l
qlp =(q;s = QT < qZ < th =dns = qh; thl - Ql < lel - QT < leh - QZ < thh - Qh‘

For r € (7!, 7;), the mechanisms identified in Proposition are infeasible because they violate (IC;), whereas
the mechanisms identified in Proposition [4] are infeasible because they violate (IR;). Mirroring the case analyzed
in Proposition [3] this suggests that for the range « € (7!, 7t;), optimal contracts have all three constraints (IR,),
(ICy), (IRy) binding. The following proposition confirms this suggestion and characterizes the profit-maximizing
contract.

Proposition 5 If 7w € (7!, 7t;), then the solution exhibits both upward and downward distortions. At the optimum,

11



the incentive constraint (IC;) and both participation constraints (IR;) and (IRy,) are binding, and quantities satisfy

Qp = Us = 4 <, < Qhp = Ghs; Qnst < Qupt = Q) < Qusp = Qfy < Q-

The solution in each of the previous propositions does not condition the quantities q on the seller’s report about
the correlation y. Lemma 1] therefore immediately implies following corollary.

Corollary 1 Propositions [1| to [5| completely characterize the seller’s profit-maximizing direct mechanism for all pos-
sible parameter constellations. For any m ¢ [}, 7t;], perfect price discrimination is unattainable and violates the
generalized no distortion at the top principle, as either Q,y, or Qg is distorted.

From an applied, real-life perspective, the profit-maximizing direct mechanisms may however look rather un-
natural. I therefore close this section with addressing the question whether there are more natural contracts that
implement the optimal allocations indirectly. In particular, I show that a menu of compensation-driven partial
shipment contracts indirectly implements the outcomes associated with the optimal direct mechanisms as charac-
terized in the previous propositionsE-] Because one can interpret a compensation-driven partial shipment contract
as an option contract on part of the seller, this indirect implementation mirrors results in dynamic mechanism de-
sign that the allocations implemented by optimal dynamic direct mechanism can, for some dynamic environments
(e.g., Courty and Li, 2000), also be implemented indirectly via a menu of option contracts.

To present this indirect implementation, I define a “compensation-driven partial shipment contract” as a triple
¢¢ = (q,Q, Q) with Q> Q and the following interpretation. The contract ¢ prescribes the shipment of the
quantity q of good 1 in period 1 and the quantity Q of good 2 in period 2. It however gives the seller the option of
only a partial shipment of Q units of good 2 in period 2 for a compensation to the buyer of C (Q-c (Q). Thatis, ¢°
is such that the seller is indifferent about exercising her partial shipment option because her savings in production
costs exactly equals the compensation that she has to pay the buyer for exercising this option.

Noting that any profit-maximizing direct mechanism ({q4;,Qgs6}, Up, Up) exhibits g4, = qg5, Qion = Qqp and
Qhph = Qpst» consider the following two compensation-driven partial shipment contracts (¢;, ¢;) associated with
a profit-maximizing direct mechanism ({q(;f, Q(;T,é}, U, Up):

&7 = (ip> Qusn> Qupr) and @y, = (qip, Qrpns Qnst)-
Let the price of contract ¢; equal
Tf = lqpp + (61Qyp + C(Qusn) — C(Qp)) + (1 — m)OhQy, — Uy
and the price of contract ¢, equal
Ty = hqpp + ©6hQppy + (1 — 1)(81Qps + C(Qppn) — C(Qpst)) — Up,-

Now consider the seller offering the buyer the choice between (¢;, /) and (¢;, T, ), and using the following
strategy to exercise her option to reduce the shipment: When the buyer picks ¢;, the seller exercises her option
of partial shipment only when she learns that types are persistent. When the buyer picks ¢;, the seller exercises
her option only when she learns that types switch. Exercising her option this way is optimal because of her
indifference. Given the seller’s behavior, it is optimal for buyer-type 6 = [ to pick ¢;, yielding the utility Uj,
and for buyer-type 6 = h to pick ¢;, yielding the utility U,. Hence, as claimed, the menu of compensation-driven
partial shipment contracts {(¢;, T"), (¢;, T; )} replicates the outcome that the profit-maximizing direct mechanism
({447, Q436 ), Up, U;) implements.

1Compensation driven partial shipment (or partial delivery) clauses are standard in contract law and common in consumer contracts.
They are usually motivated for reducing the seller’s liability in case of unforeseen production or delivery problems, but here allow an indirect
implementation of the outcome of any profit-maximizing direct mechanism.

12
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Figure 1: Optimal quantities for different degrees of persistence ©

7 Comparative Statics

In this section, I investigate the comparative statics of the profit-maximizing mechanism and its subsequent distor-
tions. Because the previous propositions fully characterize this mechanism for all parameters 7, the comparative
statics follow directly from these propositions.

Starting with considering the comparative statics in the likelihood of persistent types, 7, Figure[T]illustrates the
optimal quantities as a function of 7. It moreover links the distortions of these optimal quantities with the specific
ranges for which different combinations of constraints are binding. In particular, it illustrates the case when cost
functions are quadratic and for which, as illustrated, the optimal quantities are piece-wise linear functions of 7.

Recalling that the parameter 6 measures the relative importance of good Q versus good g, I next consider the
comparative statics in the parameter 6 > 0. Intuitively, a small 6 represents a setting in which the seller’s data
mining techniques have little economic impact, because for 6 small mainly good g matters for the payoffs. How-
ever, as 6 grows large, good Q becomes more important, and the seller’s learning about the correlated structure
becomes the main driver of payoffs. This suggests that, as 6 grows, also the seller’s ability to price discriminate
grows. Indeed, one may expect that, in the limit when 6 grows without bounds, the seller achieves an outcome
arbitrarily close to the perfect price discrimination one. An insight of this section is that, due to an informational
complementarity, this intuition is misleading. By contrast, the seller attains perfect price discrimination in the
limit only when, as indicated in Figure |1} the degree of persistence 7t lies in an intermediate range.

In order to obtain this insight, it is helpful to introduce notation that relates the thresholds 7 and 7, to 6. In
particular, define the two thresholds 6; and &} that correspond to the two thresholds 7} and ﬁflﬂ

* *
* qh % ql
l

1) _ . =E—.
Q+nQ+Q) " Q+m(Q+Q)

It then follows that 6; is strictly positive if and only if

Q*
n<AP=—1—= lim 7.
QZ — Qh §—00
Likewise, o} is strictly positive if and only if
*
oo h . .
A = lim 7T
h * _ )% - h
Q,—Q e

PThatis, m = i} & 6 = &}.
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Figure 2: Attainability of perfect price discrimination (PPD) as related to &

It is straightforward to see that the limit values 72 and 7/ satisfy the following ordering:
0<m®<1/2<m”® <l

Equipped with this notation, the next proposition shows that only if the degree of persistence, 7, lies in between
the two limit values 72;° and 7;°, then perfect price discrimination is attainable when & grows unbounded.

Proposition 6 For the limit case, where & grows unbounded, the profit-maximizing outcome coincides with perfect
price discrimination if and only if & € [°, 7,7 ].

Hence, even if 6 becomes unboundedly large so that the economic significance of the good g vanishes, learning
the buyer’s persistence does not enable the seller to extract all rents from the buyer, except for intermediate degrees
of persistence. This result obtains even though, as argued in Section|[5] the seller can ensure a truthful revelation
of both y and © at no costs in excess of the costs associated with a truthful revelation of the buyer’s ex ante private
information 6.

The fact that the buyer’s information rents do not vanish when the good q becomes economicly insignificant
depends on an informational complementarity. Indeed, from only learning whether the buyer’s type is persistent
or switches, the seller cannot fully deduce the value of ©. It is only in combination with the buyer’s ex ante private
information that learning the persistence allows the seller to learn © perfectly.

As a result, the buyer’s ex ante private information has two informational roles. Its first role is the usual one
of restricting the seller in extracting rents concerning the consumption of good q. Its secondary role is completing
the seller’s information about y and thereby enabling her to learn © perfectly. In line with standard intuition, the
first informational role of the buyer’s ex ante private information vanishes as 6 becomes large. By contract, its
secondary informational role gains in importance as § increases.

To best see the complementary role of the ex ante private information, consider the case v = 1/2, where the
complementarity is extreme. Note that without observing v, the probability of © = h equals v+ (1 —7)(1— v),
whereas the probability of © = [ equals (1 — ¥) + (1 — ©)v. Given v = 1/2, both probabilities are 1/2. Now
consider the effect of the seller learning y. If she learns y = p, she knows that ® = h if and only if 6 = h. Since
the likelihood of 6 = h is v = 1/2, she puts probability 1/2 on ©® = h after observing the persistent correlation
structure y = p. Similarly, if she learns y = s, she then knows that ® = h if and only if 6 = [. But because the
likelihood of 8 =l is 1 — v = 1/2, she also puts probability 1/2 on ©® = h after observing y =s. Hence, despite
learning the realization of y perfectly, her beliefs about © remain unchanged. This shows that a perfect signal
about v is completely uninformative about ©. In contrast, if the seller observes both y and 0, she is certain that
©=hify=pand 6 =h, or if y =s and 6 = [, whereas she is certain that © = [ for the other realizations of y
and 6. Hence, perfectly learning y is informative about © only if the seller also learns 6, whereas it is perfectly
uninformative if the seller does not learn 6. This illustrates the informational complementary between y and 6.

Intuitively, Proposition@follows from the fact that the thresholds 7} and 7} are increasing in 5E§I In order to
obtain further insights about the implementability of perfect price discrimination, it is instructive to consider the

q,/6+Q;,
q+q;

q;/6+Q;
G+qQ;

13This is most easily seen after rewriting 7y as 1— and 7T} as 1—
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Figure 3: Comparative statics in ¥ and 7 of the attainability of PPD and implied economic distortions.

comparative statics in 6 for the three separate cases: 1) m € [ﬁl‘x’ R ﬁ,‘:"] is intermediate, 2) 7 exceeds the threshold
7,°; 3) 7 is smaller than the threshold 7. Figure 2|illustrates these cases graphically.

The top panel of Figureillustrates thatin Case 1 the threshold 6] is negative, whereas 6; is positive. Hence, 7t
exceeds 7t} for all 5, but for 6 small, 7 also exceeds 7;. Hence, Propositionorapplies, implying that the seller
cannot attain perfect price discrimination. In contrast, a 5 that exceeds the threshold 6; implies that 7 is smaller
than 7} but larger than 7. Proposition (1| therefore applies, demonstrating that perfect price discrimination is
implementable. Perfect price discrimination obtains therefore not only in the limit but for any value of 6 exceeding
5*

b

The second panel of Figure [2| depicts that in Case 2 both 6] and o are negative. Hence, 7 exceeds both
7, and 7t; for any 6. For this case either Proposition [2| or [3| applies, implying that the outcome of perfect price
discrimination is unattainable for any 6 and also not attainable in the limit.

Finally, the lower panel of Figure [2] illustrates that in Case 3, both 6; and §; are positive and, moreover,
0] exceeds 6;. Hence, for 6 smaller than 6y, it follows that 7 is larger than 7}, implying that the outcome of
perfect price discrimination is unattainable, as either Proposition |2| or |3| applies. For 6 in between 6, and 657,
it follows that 7 lies in between 7} and 7t;, implying that Proposition [1| applies so that the outcome of perfect
price discrimination is attainable. Yet, for & exceeding 6;, both 7y and 7t} exceed 7, implying that the outcome
of perfect price discrimination is unattainable, because either Proposition [4] or [5| applies. In this final case, the
comparative statics are non-monotonic in 6: perfect price discrimination is attainable for intermediate values of
6 but not for 6 small or 6 large.

Given the full characterization of the profit-maximizing contract by Propositions [1|to |5} it is also straightfor-
ward to deduce the comparative statics in the parameter v. Recall that the parameter v affects the strength of
the complementarity effect. For this reason, the comparative statics of v provides insights about how this com-
plementarity effect impacts distortions. The next lemma shows however that the complementarity effect not only
depends on the parameter v but also on the parameter 7, the likelihood that the buyer has a persistent valuation.

Lemma 2 The thresholds 7t; and 7t} are independent of v. The threshold 7" is increasing in v whenever " > 0, it
equals 7T, for v =0, and equals 1 for v > l/h. The threshold 7t is increasing in v whenever t! > 0, it converges to

7ty when v approaches 1, and is smaller than O for v < ¥, where ¥ € (0, 1).

Figure 3| illustrates the result for the case that 7}, 71; > 0. In addition, it shows how the different cases and
their associated distortions, as covered in the Propositions[I]to[5] depend on the different valuations of v and 7.
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8 Imperfect Learning

Focusing on the implementability of perfect price discrimination, I analyzed the seller’s best case that she learns
the correlation structure perfectly. In this section, I argue that the logic underlying Crémer and McLean (1985)
allows to extend the obtained results to a seller who learns the correlation structure only imperfectly.

To see this, note that for binary types, the seller perfectly learning the correlation implies that types are either
persistent or switch. Hence, in terms of Markov chains, the buyer’s transition matrix of his valuation has a degen-
erated form. If types are persistent, the transition matrix equals M, and, in the case types switch, it equals M,

M. = P{@=hl0 =h} P{©@=106=h}\ (1 0 dm=[0 1
»=\po=no=013 po=106=13) \o 1/ =1 o)

From an ex ante perspective, where players only know that the transition matrix M, occurs with probability 7

where

and M occurs with probability 1 — 7, the ex ante transition matrix reflects the compound lottery

Manp+(1—n)Ms=( " l_n).

1—m T

This observation suggests that a more general model of a correlation-savvy seller obtains by considering a seller
who, starting from some compounded transition matrix, privately learns additional information about the “true”
transition matrix M.

The article’s analysis of studying only the degenerated transition matrices M, and M looks rather special and
raises questions about the robustness of the results. For instance, Section [5] presents the key analytical step that
learning the correlation relaxes incentive compatibility considerably. The optimal direct mechanism has to obey
only 2 of the overall 14 dynamic incentive constraints. Moreover, these two constraints differ from the binding
ones when the seller does not learn about correlations.

In this section, I argue that, by using ideas from the mechanism design literature with correlated types, the
same reduction of incentive constraints obtains if the seller learns the correlation structure only imperfectly. The
applicability of these ideas follow because in a model with a correlation-savvy seller, the seller’s private information
y and the buyer’s private information © are necessarily stochastically correlated (but not perfectly as in the original
setup). In particular, the (imperfect) correlation allows to elicit the private information without any additional
costs by the use of additional lotteries.

To illustrate this for a concrete example, suppose that for some 7% # 7%, the buyer’s type transitions either via

M % 1—n¢ M Vil 1— b
= or = .
a 1—n¢ n¢ b 1-n® 7P

This implies that the ex ante transition matrix is the composite

the transition matrix

a _ b . a _ b
M:ﬂMa-i-(l—ﬂ')Mb:( nnt+(1—m)n m(l—n")+(1—m)(1 n))

11—+ (1 —m)(1—7b) nn® +(1—m)m?

Maintaining the assumption that the draws of the initial valuation 8 € {l, h} and the correlation structure y € {a, b}
are stochastically independent, the joint probability distribution of (6,©) is

P{(6,0) = (h,h)} = v(nn® + (1 — m)7®); P{(6,0) = (h, D} = v(n(1— 1Y) + (1 — 7)(1 — %));
P{(0,0)=(L1D}=(1—»)(nr*+(1—m)n’); P{(6,0)=(,h)}=(1—»)(n(l—n")+(1—m)(1—nD)),

where P{6 = h} = v represents once more the probability that the initial valuation 6 is h rather than [.

In order to see that the seller’s private information y and the buyer’s private information © are correlated,
note that the seller believes that © equals 8 with probability n¢ after observing the correlation structure y = a,
whereas she believes this with probability ° after observing y = b. Because m # n°, it follows that y and ©
are stochastically correlated. Exploiting this correlation, I next show how lotteries in the spirit of Crémer and
McLean (1985) allow to extend fully the analysis of the Section |5|to a seller who learns the correlation structure
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only imperfectly. This however requires a risk-neutral third party who is willing to make and send transfers to the
buyer and the seller that are zero in expectation. In the context of a digital markets, this role can taken on by a
platform.

I thereby first extend the insight of Section 5 that direct mechanisms can elicit the seller’s private signal y
costlessly. For this, consider the expected payments of an additional conditional transfer schedule {’Eséﬂ:)} €R® to

the seller. That is, conditional on reports 0, 7 and @, the seller receives the additional payment %Sg?@ Given that

the buyer initially reported § rather than 6’ = {h,[}\0, and the seller observes y = a, the seller expects payment
¢ Tséa P +(1—7'ca)r ; from reporting ¥ = a honestly, whereas she expects the payment 7% 7* 5b6 +(1—7'ca)r Bbor from

misreporting ¥ = b Slmllarly, after a report 6 and observmg y = b, she expects the payment n? +(1—7‘Eb)’l,' 5 o

from reporting y = b honestly and the payment 7°1* 5 +(1 nb)tS.  from misreporting ¥ = a. Because n # mb,

a0’
it follows that, for any K, there is a payment schedule {T éye} € R® such that the following 8 equalities are satisfied

a. s A S b s —
nréaé+(1 n)’réa,—n 9b9+(1 H)Tebe/_o’
and
a. s Q) S _ _ —
b Tébé-i-(l A )TébQ/ P T ~+(1 ) Ga0r K.

Setting K < 0 low enough ensures that the seller reports honestly her signal y.

Next, I show that, because also the buyer’s belief about the seller’s private information y depends non-trivially
on his private information (6, ©), the insight of Section 5| concerning the buyer’s relevant truthtelling constraints
extends as well. To see this, first note that, for a persistent buyer-type, the buyer’s Bayes’ consistent belief that he
is facing a seller with private information y = a equals

P{(QJY:@)Z(Q,CI; 9)} _ Tt

G == = T0.0)= (6,00 et (—mn

whereas for a switching buyer-type, it equals

n(1—n%)

% =Py =a6 76} = o A

Because 1% # m° implies a, # ay, it follows that the buyer’s belief also depends non-trivially on his private
information, expressing that types are correlated.

Exploiting this correlation, consider the schedule {Tg?é} € R® as representing the additional transfer which the
buyer has to make conditional on reports 6, 7, and ©. Hence, after having honestly reported = 6, a persistent
buyer expects to make an additional payment a Tga o t(1— ap)fgb o from also honestly reporting 6 = 0, whereas
Toaor + (1= )T,
honestly reporting 6 = 6, a switchmg buyer type © # 0 expects to receive the payment asfgae +(1—- aS)TZ b6

expecting this extra payment to be a,, from misreporting © = 8’ = {h,1}\{0}. Similarly, after

from honestly reporting ® = © # 0, whereas expecting a payment a Tgae +(1—a )Tgbe from misreporting ® = 6.
Given a, # ay, there is a transfer schedule {T } € R® such that, given the honest report § = 6, the expected
payment from reporting type © honestly equals 0

b b _ b _ b
ApToap T (1=ap)Tgpp = ATgep + (1= ) Tg,0 =0,
whereas the buyer expects a negative transfer K < 0 from misreporting type ©:
b b
oty Toae + (1= )Ty = T4 +(1— )74, =K,

where 6’ = {I,h}\0. Setting K large enough acts as a punishment, ensuring that both the persistent and switching
type report © honestly, given an honest report of 6.

The resulting transfer schedule {’nglé} implies that, for avoiding the punishment K, the buyer must either
report 6 and © both honestly, or misreport them both. Consequently, the lotteries associated with the transfer
schedules 7° and 7 extend the idea of the punishments associated with the out-of-equilibrium events @ in Section
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Hence, also when learning is imperfect, mechanisms can costlessly prevent the seller from misreporting y and
costlessly prevent the buyer from misreporting dynamically in 12 of the 14 cases as represented by the inequalities
and (4). It follows that the only relevant incentive compatibility constraints of the direct mechanism ¢ =
(Tg765 947> Qaye) remain the ones that dissuade the buyer from misreporting both his initial valuation 6 and his

second valuation ©.

9 Conclusion

Models of monopolistic screening yield the insight that a buyer’s ex ante private information represents a coun-
tervailing power against the monopolist’s ability to extract all gains from trade, guaranteeing buyers a positive
information rent. Due to informational complementarities, these rents persist if the buyer faces a correlation-
savvy monopolist who perfectly learns about the correlation of his valuations, and the degree of persistence is
either large or small. The inability of the monopolist to achieve perfect price discrimination persists even if the
economic significance of the consumption value of the good about which the consumer possesses ex ante private
information vanishes.

Because this is not the case for a monopolist who learns about the buyer’s valuation directly, the more general
insight is that sellers who learn about correlations differ from sellers who learn about a buyer’s private information.
This insight cautions against a naive extrapolation from the one context to the other. Hence, in the context of big
data, it matters whether retailers use data analysis for identifying robust correlations, or for learning about the
private information of specific customers. Whether big data analysis is used for the former or the latter, is an
empirical question, and one that is also crucial for determining the optimal regulatory response to data mining
activities.

Given the stylized nature of my model, it is useful to discuss the role of its underlying assumptions in arriving at
the specific results. In particular, I conclude with discussing the observability of the correlation signal, its specific
timing, the role of binary types, and a possible indirect implementation of the optimal direct mechanisms.

Observability. Concerning the information structure, the setup has a monopolist who privately observes the
correlation of valuations. An insight of the analysis is that, due to informational complementarities, this private
information is inconsequential. That is, equivalent results obtain in a setup in which the correlation of valuation
is revealed publicly (for instance by some third party such as a platform in the context of internet sales). The
robustness of the results to the observability of the correlation signal y obtains because, conditional on the buyer’s
initial information, the signal y correlates with the buyer’s signal about his latter valuation. As a result, optimal
contracts can exploit the signal y costlessly even when the seller privately observes it. Section [8| shows that in
the case that the seller learns the persistence imperfectly, a costless elicitation of y requires the use of payment
lotteries as in Crémer and McLean (1985). Section [5]shows that such lotteries are not needed if the seller learns
the persistence perfectly. In either case, the model is as if the observed correlation is verifiable and the monopolist
can directly condition her contract on this information. This also implies that the monopolist does neither gain
nor lose from learning the persistence in private; she has no incentive to hide this information.

Timing. I next address the timing assumption that, in the analyzed setup, the seller learns about the correlation
structure after she offers the contract but before the buyer consumes the first good q. First, note that the fact that
the optimal contract does not condition the quantity g on the seller’s signal y implies that identical results obtain if
the seller learns about the correlation structure after the buyer consumes the first good q. Second, note that if the
seller’s learning takes place before she offers a contract, then a signalling game ensues, leading to the well-known
problem of multiple equilibrium outcomes. However, the previous robustness result that identical results obtain
when assuming that this correlation is revealed publicly implies both that our equilibrium outcome remains an
equilibrium outcome in the signalling game, and also that it yields the seller the highest profit. Moreover, given
that the profit-maximizing contract does not exploit the possibility that the initial quantity g depends on the
correlation structure shows that this outcome is also attainable if the seller observes the correlation structure only
after the buyer consumes q.

Binary Types. Binary valuations help to keep the model tractable and enable a full characterization of the optimal
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contract for all parameter constellations. This is so because with binary valuations, the correlation of types boils
down to the question whether the valuation switches or remains the same. A more elaborate model with more
than two types is richer, because in the case of switching it is unclear to which of the available other values the
valuation switches. In other words, the dimensionality of the transition matrix increases with the number of
types, which increases complexity. The binary setup is however sufficient for revealing the main driving forces of
a correlation-savvy monopolist to attain first degree price discrimination: the effect that learning about whether
types improve or worsen alleviates incentive constraints. This qualitative feature is best captured in a binary setup
but also holds in a setup with more than two types. In the richer setup, it of course also matters how much a type
worsens or improves and it is natural to expect that these magnitudes also play a role in determining the exact
conditions under which first degree price discrimination is attainable.

Incomplete Contracting. As shown at the end of Section [6] the seller’s profit maximizing outcome is indirectly
implementable via compensation-driven partial shipment contracts. These are long term contracts and therefore
require long term commitment. Clearly, the seller in the motivating beer and diaper example did not use these
contracts but instead sold the two goods separately for different linear prices. Such contracts are unable to im-
plement the identified profit-maximizing outcomes. It is an interesting, open question what type of contracts are
optimal if the seller is restricted to only independent linear prices or to other forms of incomplete contracting.
It is also an important and interesting question how competitive forces lead to such incomplete contracting and
thereby affect the incentives of correlation-savvy sellers to engage in big data analysis. As these question lie out
of the article’s scope, I leave them for future research.
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Appendix
This appendix collects the proofs of the propositions and lemmas in the main text.

Proof of Proposition [0} By the revelation principle, the profit-maximizing contract is an incentive compatible
mechanism {(q;, p;), (qy, px)}, which is individual rational and maximizes the monopolist’s expected profits II.
That is, it is a combination (q;, p;, gy, py) that maximizes IT subject to (1) and (2)). Considering the relaxed problem
with only (ICy) and (IR;) yields that, for this relaxed problem, both constraints are binding, implying p; = lq; and
Prn = hq,—q;A. After a substitution of these prices in the objective function, it follows that q; = q; and q; = q? are
maximizers. It is straightforward to check that the implied direct mechanism satisfies the neglected constraints
(IG;) and (IRy). Q.E.D.

Proof of Lemma I argue that for any direct mechanisms ¢ = (qéf,,Qé);é, Té)-;é) that is feasible, there is a
combination (Qpsh> Qs> Qupi> Quphs Tist> Tiphs Thshs Thpt) SO that the adapted direct mechanism is payoff equivalent to
the original one, is feasible, and it is Bayesian incentive compatible for the seller to report y truthfully and the buyer
to report © truthfully. Payoff-equivalence of the adaptation is trivially ensured because given truthful reporting,
the combination (Qpgh, Qist> Qupi> Quphs> Tists Tiphs Thsh» Thpr) does not affect the buyer’s or the seller’s payoff. Because
of this, feasibility also trivially follows because the combination does also not affect constraints (ICy,), (IC;), (IR)
and (IR;).

It remains to show that, as claimed in the body text, there is a combination
(Qnsh> Qust> Qupt> Quphs Tists Tiphs Thsh Thpr) such that it is optimal for the seller to report y truthfully if she
believes that the buyer reports honestly. In the case y = p, this requires

VI Thph> Qp> Qupn) + (1 — W Tip15 Qrps Qupt) = VI Thghs Ghss Qnsi) + (1 — W Ty, qis, Qust);

and in the case y =s, this requires

VI Tyt Gass Qnst) + (1 — W Tis, Qus> Qush) = VI Thprs Ghp> Qupt) + (1 — M Tipp, Qs Qupit)-

At the same time, it must be optimal for the buyer of ex ante type 6 to report © truthfully if he reported 6 honestly
and believes that the seller reports the correlation structure y honestly. For ex ante type 6 = h, this is the case if
the following three inequalities are met

U (Thpns Ghp»> Qupnlh, h) + (1 — U (Thgt, Qs> Qust R, 1) =

U (Thpi> Ghp» Qupt 1M 1) + (1 — YU (Tt Qs> Qs |1, D;
U (Thphs> Ghp> Qupr [l ) + (1 — YU (Thr, G, Qs |, 1) =

U (Thphs> Qip> Qupr R h) + (1 — U (Thshs Qs> Qusu |, 1
U (Thphs Ghp»> Quprlh, ) + (1 — U (Thgt, Qs> Qust R, 1) =

U (Thpi> Ghp» Qupit R, h) + (1 — U (Thhs s> Qusn |1, D.

For ex ante type 0 =, this is the case if the following three inequalities are met

TU(Tipi> Qips Qupi L, 1) + (1 — U (Tis, Qus> Qust 1L, ) =

U (Tiphs> Gip> Qipnll, D) + (1 — YU (Tigp, qis, Qisnll, h);
TU(Tipt> Qips Qupi |1, 1) + (1 = 1)U (Tis, Quss Qut 1L, h) =

U (Tipr5 Qips Qi D) + (1 — m)U(Tigp, @i, Qut 11, h);
TU(Tipi> Qips Qupi |l 1) + (1 — U (Tis, Gus> Qust 1L, ) =

U (Tiphs Qip> Qipnll, 1) + (1 — U (Tig, Gus5 Qut 1, ).

Each of these 8 inequalities is implied if the following 8 conditions on the state-by-state utilities hold simultane-
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ously

T Thph> Ghps Qrph) = T This Qs> Qus) and T( Ty, Gip» Qupr) = T Tirs Gis> Qust )
T Thst5 Qs> Qust) = T Thpi Ghps Qupr) @and TI( Ty, Grs, Qusn) = T Tipns Qups Qupn)s
U(Thph> Ghp> Qupnlhs h) = U(Thpi, Ghp, Qupi[h, h) and U(Thp, Grss Qpsi|hy 1) = U(Thsh, Gas, Qusn i, s
U(Tipt> Qip> Qupt 11, 1) = U(Tiphs Qip> Qupnlls 1) and U(Tygp, qus5 Qs |l 1) = U(Tygy, qus5 Qi 11, 1).

Hence, it suffices to show that for any 8 numbers (K;,...,Kg), there is a combination
(Qush> Qust> Qupt> Quph> Tists Tiphs Thshs Thpr) Such that

Ky 2 T(Thhs Gns> Qusn) and Ky = TI( Ty, g5, Q)
K3 = T(Thpi, Ghp, Qupr) and Ky = T(Typh, Gip, Qipn);
Ks = U(Thpi1> Gnp> Qupi |h, h) and Kg = U(Tysh, Gass Qnsnl, D-
K7 = U(Tiph, Qip> Qipnll, 1) and Kg = U(Ty5, qi5, Qust |1, ).

To show this is indeed the case, first regroup these 8 inequalities as follows:

Ky = TI(Thhs Gns> Qusn) and Kg = U (T, Qs> Qnsn s 1;
Ky 2 TI(Tyg1, 915, Q) and Kg = U(Tig, qp, QL h);
Ks = T(Thp15 Ghps Qupr) @and Ks = U(Thpp, Grps Qupi |1 B);
Ky =2 T(Typ1, 91> Qupr) @and Ky = U(Typns Gips Quprlls 1.

so that taking each pair of inequalities together implies the following four necessary conditions:

Ky + Kg = I(Thh, G Qush) + U(Thshs> Qs> Qusnlh, 1) = 0qps — c(qns) + 6(©Qpsp — C(Qpn));

Ky + Kg 2 (T, qis, Qust) + U(Ti, Qi Quat 1L, 1) = 05 — c(qrs) + 6(0Q — C(Qus1))s

Ks + Ks = TI(Typ15 Ghps Qupt) + U(Thpts Grps> Qupt |, ) = 0qp, — c(qpp) + 6(OQpp — C(Qppi));

K4+ K7 2 T(Typ1, Q1ps Qupt) + U(Tipns Qips Qupnll, 1) = 0y, — c(qip) + 6(0Q 1 — C(Qupr))-
The convexity of C(Q) and the assumption lim,,_,, C’(Q) = oo imply that for any combination (Kj,...,Kg) and
(Qns> 15> Gnp» q1p) and 6 > 0, these four inequalities are satisfied for (Qpgn, Qis1, Qnpi> Qupr) 1arge enough. It follows

that there are then also constants (Tjsp, Tisi5 Thpi» Tipn) SO that together with these large (Qpgn, Qis15 Qupr> Qipr) €ach
of the previous 8 inequalities holds. Q.E.D.

Proof of Proposition I verify that the efficient quantities together with U, = U; = 0 satisfy the incentive
constraints ICp, and IC; if and only if & € [7T}, 7T} ].
First, note that IC,, associated with this outcome simplifies to

nlg +8Q/ 1A+ (1 —m)lg —6Q;]A<0

which is equivalent to 7w < 7}.
Next, note that IC; associated with the first best simplifies to

0> —nfq; +6Q;]1—(1—m)[q; —6Q;]

which is equivalent to 7 > 7}.
The proposition follows from noting that q; > q; and Q; > Q; implies 7} < 7}. Q.E.D.

Proof of Proposition [2: I first prove that = > 7" implies 7w > 7T,. Note that, due to 7w > 0, this trivially holds
when 7" < 0 and 7y < 0. So suppose 7" >0 or 7 = 0 holds. The first inequality implies that 6 > sh= q? /QM,
whereas the second implies that § > 6} = q;/Q;. Note that sh < 0y because q{‘ <q and QZ > Qj.. Because both
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7" and i, are increasing in 6, it follows that 7; > 0 implies 7" > 0. Hence, the statement " > 0 or 7
implies 5 > &".
I next show that for § > 6", it follows 7" > 7t,. To see this, define

X
r=0

4 +6Q @ +0Q) _ (q/5+Q)Q+Q)— (/5 +Q)Q; + Q)
6(Q+Qy) s@Q+Q) @ +Q)@+aQh

AlG) = sy =

so that it follows
aAr @M@ +Q) - (@ +QD)
06  &xQ+Q)QE+QN
Hence, the sign of d A" /3§ does not depend on &. If the sign of 8 A"/86 is positive, then recall that at § = 5" it
holds " = 0 and 7T, < 0 so that Al =0— 7, > 0. The positive sign of dA"/86 then implies A"(5) > 0 for
all 5 > 6" and, hence, " > .
If the sign of d A"/86 is negative, the result 7" > 7T, then follows from

* h hy __ nh * * *nh _ Ah*
At > Tim Al(s)— U@+ th(thJrQl)z QQ! thQh o
00 @ +Q)(Q,+Q)) @ +QDQ,+Q))

where the last inequality follows from Q; > Q;‘ > 0 and Q’;l >Qp > 0.

Hence, 7 > 7" implies 7w > 7y, so that the first best violates (ICp,). I next show that m > 7" implies that only
(ICy) and (IR;) bind at the maximum. Indeed, a binding incentive constraint (IC;) and participation constraint
(IR;) imply

Uy =0; Uy = mtlqyp +6Qup 1A + (1 — m)[qys — 6Qua 1A

Substitution of these values for U, and U in I1, implies maximizing

{1l (hqny — c(qnp)) + 6 (hQppr — C(Qppr)) ] + (1 — T)[(hqhs — c(qhs)) + 6 (1Qp — C(Qpg)) 1}
+ (1 = v){n[((l — Ay, —c(qrp)) + 6((L — 9 A)Qup — C(Q)) 1}
+ (1= ){(A =)= pA)q; —c(qs)) + 6((h+ 9 A)Q, — C(Qur)) I}

with solution q;, = q;; = q? <Qnp =qns =G5> Qup1 = Q? <Qust = Q] < Qupr =Q;, < Qi = QZ. To see that for this
solution, (IC;) holds, note that for this solution (IC;) simplifies to

0> n[q!+8QMA+(1—m)[q! —6QMA—n[q; + 6Q; 1A —(1—m)[q; — 6Q; 1A,

and rewrites as
nlg; — Q) +6(Q— QNI+ (1 —m)lq; — Q] +5(Q;—Q)]=0,

which holds because g; > q;l and QZ >Qn>Q > Q?.
Moreover, the solution satisfies the neglected (IR},) if and only if

Uy = nlq) + Q1A +(1—m)lq} —5(Q} +QF —Q)]A = (] +6Q))A—(1-m)5(Q} + QA =0,
which if equivalent to 7 > 7", Q.E.D.
Proof of Proposition [3; Assuming the three binding constraints are (IR;), (IR;,) and (ICy), it follows

U =0;U, =0;0 = 7[q, + 6Qp JA + (1 — m)[qs — 6Qusn]A.
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Substitution of U, = U; = 0 implies to maximize

W3 =v{n[(hqn, —c(qnp)) + 6(hQpupn — C(Qppr))] + (1 — m)[(hqps — c(qns)) + 6 (1Qps — C(Qry )1}
+ (L= v){n[(q;, — c(qip)) + 6(1Qp — C(Qup )] + (1 — m)[(Lqys — c(qys)) + 6 (hQgp — C(Qus)) 1}
S.t. (1 - 1))I:/’Tl:qlp + 5lel] + (1 - 7T)[le - 5leh]:| =0.

The associated Lagrangian is

£ =v{nl(hgp, — c(qny)) + 6 (hQppr — C(Qupn))] + (1 — m)[(hqps — c(qns)) + 6(1Qus — C(Qg)) I}
+ (1= {nl(( = Ay, — (1)) + (L= A)Qpp — C(Qp1))]
+ (1= m)[(T = )qis — c(qis)) + 6((h + M)Qisp — C(Qin)) 1},

where A is the lagrange multiplier. Hence, the optimality conditions wW.r.t. qpp,, Qppn» Qhs> Qrst IMPLY Gy = Qppy =
dns = qy,» and Qg = q;; the optimality conditions w.r.t. q;,, Q15 q;s coincide; they satisfy

¢(q1p) = C'(Qup) = ¢'(q;) = 1= 1)

where for Q,,, it optimally holds
C/(leh) = (h + A)+

In order to see that the sign of the Lagrange multiplier A is positive, note that with (IR;) and (IR;) binding
(ICy) rewrites as

ntlq, +0Qip]A+(1—m)[q;; —6Qi]A < 0.
Hence, the constraint is relaxed when the RHS rises. Consequently, the shadow cost of the constraint is positive,

implying A > 0.
Consequently, the solution exhibits

Qp = Qs <G <dnp = ns = 43 Apt < Qust = Q) < Qi = Qpp < Q-
Finally, I check that for this solution (IC;) is satisfied, which is the case if
0= —nlq, +6Q;,]—(1—m)lg, —56Q;]
which simplifies to = > 7} and holds because of 7; > 7} and the proposition’s assumption 7 > 7. Q.ED

Proof of Proposition |4 If © < 7!, then, necessarily, 7' > 0, implying § > &' = q,l1 /Q%. Note that 7t} = 0 for
6 = 6] = q;/Qj,. Because q; < q;l and Q; > Ql, it follows o] < 5!, Since ) is increasing in 6, it follows that
7r2‘>0for5=5l.

I next show that for § > &', it holds 7! < ;. To see this, define

Al(5) = 7sil = a4, +0Q, G +0Q, _ (4,/5+Q)(Q) +Q})—(g,/6 +Q)Q; + Q)
: 5(Q,+Q) 8(Q;+Q}) @ +Q)Q +Q)

so that

oAl qi(Q+Qp) —qi(Q}+Q))

95 SAQTQIQ QY
Hence, the sign of dA!/36 does not depend on & and is either positive or negative. Recall that at § = &' it holds
7l =0 and 7 > 0 so that Al(shH = 7750 > 0. Hence, if the sign of dA!/35 is positive, it follows Al(8) > 0 for
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all 56 > &' and, hence, 7t < 7. If, on the other hand, the sign of dA!/36 is negative, 7' < 7} results from

QQ+Q)—QiQ +Qb) QQ —QQ!
7 1 = 1 >
(Q,+Q)Q; +Q}) (Q, +Q)Q; +Q})

>

Al(&) > 5lim Al(5) =

where the last inequality follows from Q; >Qp>0and Q] > Q% > 0. It follows that 7 < &' implies 7 < ]
I next show that for m < 7!, the profit-maximizing contract has (IC;) and (IR,) binding, whereas (IC;) and
(IR;) are automatically satisfied. That is, it exhibits

Uy = 0; Up = —7t[qpp + 6Qppn JA — (1 — ) qps — 0Qps 1A
Indeed, substituting these values into II leads to maximizing

Wr[((h+6/9)qny —c(qnp)) + 6((h + 6/ 7)Qppn — C(Qppr))]
+ (1= m)[((h+6/%)qns — c(qns)) + 6((1 — 6/ ¥)Qus — C(Qrs)) 1}
+ (1= ) {rlq, —c(qip)) + 6(1Qp — C(Qup) ]+ (1 — m)[(lgss — c(qys)) + 6 (hQy, — C(Qn)) 1}

with optimal values
QUp =Qs = <qp, <qnp =hs = Qs Qug = Q) < Qupt = Q) <Qush = Q) < Qppr = QL;

It remains to be checked whether this solution satisfies (ICy) and (IR;).
To see that (ICy,) is satisfied at this solution, note that the constraint for this solution simplifies to

(@, —Q +6(Q, —Q)) 2 (1-m5(Q, +Q —Q — Q).
Note that the inequality holds for any = if it holds for = = 0. In this case, the inequality is equivalent to
(4, — Q) 2 6(Q—Q),

which holds because the left hand side is positive, whereas the right hand side is negative.
Next consider (IR;) for the solution, stating that

Uy =—nlg, +6Q,]A —(1—m)g, —6Q 1A = [(1 - m)5(Q; + Q) —(q; +6Q})]A
is non-negative, which is a condition that rewrites as

l l
+6
Sl_uzﬁl_

5(Q+Qh)
Q.E.D.
Proof of Proposition E]: Assuming the three binding constraints are (IR;), (IRy,) and (IC,), it follows
U = 0; U, = 05 [ qpp + 0Qppr]A + (1 — 7)[qps — Qg JA =0
Substitution of U, = U; = 0 implies to maximize
Ws s.t. V[7[qpp + 0Qpupn] + (1 — 7)[qps — 0Qpst ]1=0,

with Ws as defined in the proof of Proposition 3]
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The associated Lagrangian is

& =v{n[(hqn, — c(qnp)) + 6(hQppn — C(Qppr))] + (1 — m)[(Aqps — c(gqhs)) + 6(1Qp — C(Qps)) 1}
+ (1= v){n[(lq;, — c(qip)) + 6(1Qp — C(Quu N+ (1 — m)[(1qss — c(qis)) + 6 (hQusp — C(Qusn)) 1}
— A7l qnp + 6Qppn] + (1 — m)[qns — 6Qps 11,

where A is the lagrange multiplier. Hence, the optimality conditions W.r.t. q;p,, Qpi, qis, Qisp imply q;p = Qi =
qis = q;> and Q4 = qj,; the optimality conditions W.L.t. gy, Quph, Gss coincide; they satisfy

¢/ (qnp) = ¢’ (Qupn) = ¢'(qns) = (h—2A)";

where for Qy; it optimally holds
C/(thl) = (l + A)Jr

In order to see that the sign of the Lagrange mulitplier A is negative, note that with (IR;,) and (IR;) binding
(IC;) rewrites as

7elqnp + 6Qppr]A + (1 — m)[qhs —6Qp JA =0

Hence, the constraint is strengthened when the RHS rises. Consequently, the shadow cost of the constraint is
negative as raising the right hand side lowers the objective. Hence, A < 0.
As a result, the solution exhibits

QUp =Us =4 <y < np = s> Qust < Qupt = Q) < Qush = Q}p < Qpphr-
Finally, I check that for this solution (ICy,) is satisfied, which is the case if
0= nlg; +6Q;]1+(1—m)lg —6Q;],
which simplifies to = < 7; and holds because of 71} < 7} and the proposition’s assumption 7 < 7. Q.ED

Proof of Proposition@: First, consider 7 € [0, ;). In this case, 6; > 0 so that m < 7t} for 6 > 5 As a result,
the optimal contract is characterized by either Proposition 4 or[5] In the first case, it holds

Qust = Q) < Qupt = Q) < Qi = Q;, < Qupi = Q-
so that the result follows directly. In the second, case, it holds for any 6 > &; that

thl < lel = QT < leh = Q;: < thh

so that the result follows when Qy; is decreasing and Qy,, is increasing in 6. To see that this is indeed the case,
note that at the solution the constraint

Tqnp + (1 - ﬂ:)qhs + 5(7Tthh - (1 - T[)thl) =0

binds so that the Lagrange multiplier is strictly negative. Moreover, it holds ©Qp,, — (1 — m)Qpy < O so that
the constraint tightens as 6 grows, meaning that the Lagrange multiplier A becomes more negative. As a result,
the upward distortion on Qy,;, and the downward distortion on Qy; intensify as 6 rises. This confirms that Qy
as derived in Proposition |5 is decreasing and Qy,,, as derived in Proposition [5/is increasing in 6 and the results
follows.

Second, consider 7w € (7;°, ;°]. In this case, 6; <0 and 6; > 0 so that 7 € (7;°,7,°] for 6 > & As a result,
the optimal contract is characterized by Proposition [I} which yields the result.

Finally, consider 7 € (72;°,1]. In this case, 6;,5; < 0 so that 7 > rt; for 6 > 0 As a result, the optimal contract
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is characterized by either Proposition [2]or [3] In the first case, it holds
Qp =Q <Qut =Q <Qupn =Q;, <Q =Q
so that the result follows directly. In the second case, it holds

Qupt < Qist = Q) < Qppn = Q < Qi

for any 6 > 0 so that the result follows when Q,;,; is decreasing and Q, is increasing in 6.To see that this is indeed
the case, note that at the solution the constraint

Tqp + (1 - 7T)Qz5 + 5(7Tlel - (1 - TE)QZsh) <0

binds. Hence, the associated Lagrange multiplier is strictly positive and, moreover, it holds 7Q;,; —(1—7)Q;s, < 0.
The constraint therefore tightens as & grows, meaning that the Lagrange multiplier A becomes more positive.
Consequently, the upward distortion on Q;, and the downward distortion on Q,,,; intensify as 6 rises. This confirms
that Q;,,; as derived in Proposition [3|is decreasing and Q, as derived in Proposition is increasing in & so that
the result follows. Q.E.D.

Proof of Lemma [2 I: The first observation follows directly from the definition of 7} and 7;. Moreover, usmg the
implicit definitions of ql , Q" it follows that these quantities are positive if and only if v <I/h. Hence, " < 1 if
and only if v < [/h. For v = 0, it follows that q?, Q", and QZ are efficient so that 7" = 7t,. Furthermore, it follows

drh aﬁha_q?Jra_ﬁl@_Q?Jraf:h Q!
dy 3‘11 dv, oQr dv, aqQh v
SE Y Y

>

where a7/ BQ’l1 < 0 follows from 7" > 0.
Likewise, using the implicit definitions of q,ﬁ, th, and Q%, we obtain

dil _aal dq, a7l 0Q, a7 9Q
v aq v g v, v Qg v
v 9q, 9V 3Q v, 9Q
<0 <0 ¥ <0 >0 >0

where 97!/ 3Q§1 < 0 follows from 7! > 0. As v approaches 1, the quantities q,ll, Q;I, and Q% become efficient,

ie., il = 7. As v approaches 0, ¢ approaches 0, and the quantities q%l and Qél rise without bound, whereas Ql

becomes 0. This implies that starting from v = 1, where 7! = 7, the value 7! decreases when lowering v and

there is some cutoff level %, € (0,1) where 7t equals 0 and is negative below ;. Q.E.D.
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