A note on an expansion formula with application to nonlinear DAE’s

Matthias Stiefenhofer

ABSTRACT. In [DL] systems of differential polynomials are investigated with
respect to properties of Artin approximation type. The key tool in [DL] is an
extended version of a formula by Hurwitz [Hu] expressing high order deriva-
tives of an expansion by lower ones. The formula is further refined in [VFZ] to
deliver sufficient conditions concerning the existence of power series solutions
of scalar algebraic differential equations of order n.

In the paper at hand, the main results from [VFZ] are first reproduced and fur-
ther extended to systems of nonlinear differential algebraic equations. In addi-
tion, a simple extension of Tougeron’s implicit function theorem is given in a
specific constellation.

The results follow from [S1], [S2] where Artin approximation is treated within a
Banach space setting, thereby constructing an expansion formula that expresses
accurately the required dependency of low and high order derivatives within
the system of undetermined coefficients.
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1. An expansion formula

Power series mappings of the form

SEDe .
Glzl = )" 5 G- (z=20)'
i=0

(1.1)

with symmetric multilinear operators G € L[B!, B] are investigated in [S1], [S2], [S3] with re-
spect to power series solutions G[z(¢)] = 0 of the form
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[oe]

1 .
Z(€)=Zﬂzi-£‘, ce€eK=R,C

=0

(1.2)



with focus layed upon the existence of convergent power series solutions z(¢) ascertained by the
implicit function theorem. B and B denote Banach spaces over K = Ror K = C.

In some more detail, the ansatz (1.2) is plugged into (1.1), implying a mapping between power
series according to

o 1 . -1 .
2(e) = Z S zel = Gla(e)] = Z = Tz 20) (1.3)
i=0 i=0

where the key lemma concerning the structure of the system of undetermined coefficients
T (z;, ..., 29) = 0,i € N, is given by the following result.

Lemma 1: For k > 0, [ > 0, the coefficient T2¥*1*(-) of G[ z(¢) ] can be expressed according to

T2k+1+l(22k+1+lf---ka+1+l' Zitlr wor Zkt1r Zkr o0 20 )

Zok+1+1

=[T0(20) T2 (21,20) -+ T2z n20) | [P 1 | + Rogyrni@arrn20)  (14)
Zi+1+1

with
-1
= Diag[yg**! = v and yF*l = (Zk tl H)-(Zt) t=0,..k (L5)
t t

Lemma 1 summarizes formulas (4.3)-(4.8) in [S2]. Note that Lemma 1 is valid with respect to
general Banach spaces B and B over K. Generalizations of Lemma 1 are possible.

The coefficients T!(z;, ..., z,) of the image series in (1.3) are composed of multilinear mappings
G¢ € L[BY, B] applied to the coefficients zy, z;, ... of the input series . In a finite dimensional set-
ting, the coefficients T'(z,, ..., zo) are given by polynomials with respect to zg, zy, ... .

In [S1], [S2], formulas (1.4), (1.5) are used to investigate recursively the system of undetermined
coefficients

=G&
Tl(Z1,Zo) = G'[z0] 2z, =0
:Gg
T?(23,21,20) = G'[20] "2, + G"[20] -2 =0 (1.6)
=Gg
T3(23,2,21,29) = G'[z0] 23 + 3G"[z9] 212, + G'"'[25] - 23 =0

obtained by Taylor expansion of G[zy + €z, + -] =0, G € C*(B, B), thereby constructing a
linear sum operator with increasing range, finally allowing the application of the implicit func-
tion theorem if surjectivity of the sum uperator can be reached. The surjectivity condition is
closely related to a direct sum condition of order k derived in [ELG], [LG] in the context of local
and global bifurcation theory as well as sign change of Brouwer’s degree.

The general representation formulas of T2*¥*1*!(-) by derivatives of G[z] at z = z,, as in (1.6),
can be found in detail in [S1] and [S2Z]. In addition, some of the results are applied to singular
perturbation problems of nonhyperbolic points and periodic orbits of ordinary differential equa-
tions [BS], [S4], [S5]. In [S3], the results are used to investigate the family of solution curves



z(&,p) of G[z] = 0 with respect to stability, regularity and uniqueness. Finally, some relations to
arc space X, and Newton polygons as well as the Milnor number are established.

If k > 0 is fixed, then the coefficients T!(*) in (1.3) with i > 2k, i.e. T?**1+!(:) with [ > 0, are
characterized by the following properties according to (1.4), (1.5).

e A fixed leading linear operator independent of [ (red). In some more detail, the operator
is given by a sum operator defined by partial derivatives Tzzl.i(zl-, v Zg), 1 =0,..,k of
k + 1 low order coefficients T°(-), T?("), ..., T?*(-) with derivatives taken with respect to
low z-coefficients z,y, ..., z; respectively. In this sense, high order derivatives T2*+1+{()
within the power series expansion of G[ z(g)] in (1.3) are determined by lower ones
T°(), T2("), ..., T?#(-) using some sort of recursion formula. Hence, Lemma 1 is a result
in the spirit of [Hu], [DL], Lemma 2.2 and [VFZ], Theorem 3.5, 3.6.

e The sum operator by itself only depends on k + 1 lowest z-coefficients (z, ..., zy) of an-
satz (1.2). On contrary, the linearity is given with respect to k + 1 highest z-coefficients
(Zak+141 » Zk+141), 1-€. @ clear separation between low order (red) and high order
(green) z-coefficients is obtained.

e The map Ryy414;(") is adding up the remaining summands within T28*1*!(.) with deci-
sive property not to depend on z-coefficients of order higher than (k + 1), i.e. if the coef-
ficients (zj4y, ..., 2o) are fixed, then the equation

2k+1+1 _
T (Zoks140 ) Zkt 140 Zk4l 1 Z0) =0

of the system of undetermined coefficients is linear with respect to k + 1 highest z-
coefficients (2554141, ---» Zk+1+1)- This property is crucial when building up the linear sum
operator in [S1], [S2].

e Finally, the diagonal matrix C2**! is defined in a rather simple way by binomial coeffi-
cients depending both from k and .

2. Nonlinear scalar DAE’s

As a preliminary, note that if the Banach space B is given by a product space of several K-Banach
spaces, e.g. z = (X, Vg, ., V) € X X Yy X - X Y,, then (1.2) reads

1 [ Yo, .
z(e) = Z l ;Ol - gt 2.1)
i=0 yn,i

=Zj

yielding

T2z, . 29) = [ TEE TE, - TH

e TR (2 o0 29) € L[X X Yo X =X ¥y, B]

and implying for k = 0, [ = 0 by Lemma 1 the representation



2k+1+1 —
T (Zoks140 0 Zkr14l Zal w0 Zket s ZkorZ0 ) =

Xok+1+1
Yo,2k+1+1
Vn,2k+1+1
[[TJ?O ’ yno] [szl Tyznl]"'[szkk' Tysz]] : + Rak+141(Zia1s -2 Zo)
Xk+1+1
Yo,k+1+1
Ynk+1+1
X2k+1+1 Yo,2k+1+1
=19 - T : + [T, -+ T | (2.2)
Xk+1+1 Yo k+1+1
Vn,2k+1+1
+ -t [ Yno Tyz,ick " E + Rokt141(Zis1s -0 Z0)-
Ynk+1+1

In the next step, our aim is to use (2.2) in the context of scalar differential algebraic equations of
the form

Glxy,y, ..., y™]=0, n=0 (2.3)

with B =X x Yy x - x ¥, = K**" and G € C*(K?*", K). We are looking for power series solu-
tions (2.1), thereby restricting the coefficients z; according to

o Xi 0 1 0
1 . [ Yoi C c 1 c
z(¢) =Z He‘- : = 50 +e- 51 +§ez- 52 + -, (2.4)
i=0 yn,i Cn Cn+1 Cn+2
=z; =z =z =z,

i.e. the differential dependency within z = (x, v,y ...,y(")) is respected and x = € represents
the independent variable of (2.3) by x; = 1, x; = 0, i # 1. Further, the existence of an appropri-
ate initial value of (2.3) satisfying

Glzy]=G[0,¢cq,...,c ] =0

is assumed, yielding by Lemma 1 and (2.2)

2k+1+1
T (C2k+1+14ns -1 C0)

Xk+1+1 Cr+1+1

={ %, if k=1=0
0 otherwise

C2k+1+l+n

02k+l+n

bt (19, 13 ][]

+ Rok+1+1(Chti4ms s Co)-

X2k+1+1 Cok+1+1
0 2k 2k+1 X2k+1 2k+l Cok+1
=[Txo Txk]- ¢ ) : J/oo ok] _ : (2.5)

Ck+1+1+n



Note that the operators in square brackets (red) merely depend on (z, ..., zy), i.e. by (Ck4n -+
Cp) under consideration of (2.4). Additionally, the first summand equals zero except in case of

=1=0.

==

Now, the coefficients ¢4 740, --» Ck+1414n Of the green last vector also occur in previous green
vectors, where combining same coefficients implies by elemetary calculation

2k+1+1
T (C2k+1+14ms -+ C0)

70 0 0 0
Yn0 Yn-10 ~ Yn-20 Yn—k,0
2 2 2
c
Tyn,1 Tyn—l,l Tyn_k“1 /2k+1+l+n
c
— 2k+1 ... ,2k+1]. 4 4 . 2k+14+n
= [ Yo Yk ] Tyn,Z Vnoi+2.2 | : | (2.6)
=Tk . .
- : Ck+1+1+n
2k
Ynk

=: Sp(C4nr-Co)

+ Rok+1+1(Chet 14 ) Co)

where we used Tfjii = 0 if j < 0 for convenience of notation, i.e. in case of k > n the matrix

Sk (Cheany ) Co) € KEFLEFL is an upper band matrix with bandwith n. We adopt this notation
from [VFZ]. Note also that Sj(Ci4n,-.,Co) arises by bordering of Sj_;(Ck—14m.,Co) € KFK
with column and row k + 1.

Thus, for m > 1 fixed, the system of undetermined coefficients reads by (2.6) fork =0,...,m—1
and[=0,1

T (Cram - €0) = To(0) * So(cp, s C0) * Crin + Ry(Cpy s Co)

=
Il

=
Il

=

=
I

=
I

[UnN

T?(Co4ms s €0) = To(1) * So(Cpy ey €0) " Coum + Rp(Cramy s Co)

3+n

[ —
T3(C3+n, ey Co) = Fl(O) - 51(C1+n, ey Co) - (C2 ) + R3(C1+n, ey Co)

=
I

=
1
o

+n

k=1, =1 T*(Camr s Co) = T1(1) * Sy (Cramy e, Co) - (Z:) + Ry(Caamr o) (2.7)
Com—14n
lk=m—1,1=0] T?™ Y (cym4m ) = n1(0) - Sp_1(Cm14ms ) Co) -
Cm4n
+ Rom—1(Cm—t14ns s Co)

Com+n
lk=m—1,1=1 T?™(camsn ) = Tne1 (D) * Si_1 (€147 o) Co) -

Cm+1+4n

+ RZm(Cm+nr s €0)-



Let us now assume the existence of (¢, 47, ..., Co) € K™ 1 with

Sm_]_(cm_1+n, ...,Co) =0¢€ Km'm (28)
Ri(cpyoerCo) = = Rypy (Copsms -r Co) = O. (2.9)
Then (2.7) implies T1(ciin) ) Co) =+ = T?™(Camans -»Co) = 0 with arbitrary coefficients

(Comsens - Cmens1) € K™ and the remaining equations of the system of undetermined coeffi-
cients read by (1.5) and (2.6) for [ = 0

Com+1+14n
2m+1+1 — . . : 5}
T (C2me1414n > €0) = Tn(D) - S (Cnins ) C0) : + Roma141(Cmat4ns ) Co)
Cm+1+14n
0
0 O y
n-m0 Coam+1+14n
— 2m+l 2m+l ] ., : . : 5
- [VO " Vm ] | | + Roms1+1(Cmatens ) Co)
C
2 m+1+l+n
\0 0 - Ty /
nm

— |, 2m+t, 70 2m+l , p2m |, 2]
= [Vo Tynfm,o + -t Yy Tyn’m] Cmittien T Romr141(Cmarans ) Co)

2m+1+1 0 2m+1+1 2m\"t
= [( 0 ).Tyn—m,0+."+( m )( m ) 'Tmi *Cm+1+1+n
+ E2m+1+l(cm+l+w s Co)

=:9 Ccmyns 1 €0) " Crniriien t §2m+1+l(cm+l+nr s Co) = 0. (2.10)

Note that the coefficient g(l, ¢, 47, .-, Co) is @ polynomial in [ of degree at most m > 1. Further,

assume the last column of Sy, (Cp4n, -+, Co) to be different from zero, ie. (Ty),_, ., ..., T ) # O.
Now, starting from [ = 0, equation (2.10) can recursively be solved by
Romi11(Cmstin -+ Co)
Cm+1+l+n = — = == ’ (2.11)

9 Csns - Co)

as long as g(I, pyn) -, Co) is different from zero. If g(Iy, cpin, -, o) = 0 for some [; >0, ie. [y
is an integer root of g(1, ¢;p4n, > Co) = 0, then by (2.10), we additionally have to require

Rym+1+1, (Cm+l‘1+n: ---'Co) =0 (2.12)
and Cp4147,4+n € K turns out to be a free coefficient. If a second integer root [, > 1, of
9, cmsns -+ Co) = 0 occurs, we have to assume

Rom+1+, (Cm+l_2+n' o O+ 4 s CO) =0 (2.13)

for at least one value of ¢y, 4147, +n and Crpyq47,+n becomes the free coefficient. Continuing this

process up to the largest integer root l_p, the following results are shown.



Theorem 1 : Given (¢, 47, ..., Co) € K™, m > 1, n > 0 with

(i) Sm-1(Cm—14m> > Co) = 0 EK™™ and S,,(Cpon > Co) # 0 € KMLm+1

(11) El(Cn, ey Co) = = §2m(Cm+n, ey Co) =0

We obtain

1) Ifg(l, cpyns -, o) # 0forl >0, I €N, then (¢;4p, -, Co) can uniquely be continued by

(2.11) to a power series solution of G[ X,y ., y™ ] = (0 according to

oo
1 1 .
— . ee - . mtn _ L wal
y(x)=co+ c1 x+ +( +n)!cm+nx + E oy it

i=m+14+n

2) If p > 1 integer solutions 0 < [; < - < l_p, p <mof g(l,cpyn, -, Co) = 0 exist, then we

require additionally (2.12) and (2.13) with [, ..., L, implying the existence of a family of
power series solutions of dimension g with 1 < g < p.

Essentially, Theorem 1 corresponds to Theorem 4.5 in [VFZ] that represents by itself a generali-
zation of Lemma 2.3 in [DL]. Hence, nothing new is shown by Theorem 1 (that we do not restrict
to differential polynomials or to algebraically closed fields KK is unessential).

On the other hand, the derivation of Theorem 1 is based on the general Banach space expansion
formula (1.4) of Lemma 1 that may now be used to extend Theorem 1 to systems of DAE’s. In
this sense, we try to follow [DL], where the scalar theory is used to obtain far reaching results
concerning systems of differential polynomials of ordinary and partial type.

Prior to that, we add three remarks. Examples, and in particular further results, can be found in
[VFZ] and [DL].

Remarks: 1) The first remark serves to clarify the correspondence between Theorem 1 and
Theorem 4.5 in [VFZ]. In [VFZ] differential polynomials of the form

F[x,y,y’,...,y(n)] =0, n=0 (2.14)

over an algebraically closed field K of characteristic zero are investigated with respect to power
,lcl- x!, x € K is plugged into (2.14), yielding an expan-

i!

sion of the form Y2, % FO(ciim, ) co) - x* = 0, implying for i > 0, n > 0 the identities

series solutions. The ansatz y = Y2

T (Cisms e Co) = FD(Cipny -nr Co)-

In particular,
2m+1+1 — r(2m+1+l
T (Com+1+14ns 1 Co) = FC M (Cama1414m5 -+ C0)

and using (2.6) as well as Theorem 3.6 in [VFZ], we see

Com+1+414n
L (D) - S (Cmsns s Co) - S + E2m+1+l(cm+l+nr e Co)
Cm+1+14n
Com+1+414n
= Bm(l) ' Sm(F)(Cm+nr Tt CO) ' + Tn+m+l(cm+l+n: = CO);

m~—th separant matrix Cm+1+14+n



where S, (F)(Cpin > Co) € K™T1™M+1 s introduced in [VFZ], denoting the m-th separant ma-
trix of F evaluated at (¢, 4y, ---, Co)- Further, by choosing the green brackets equal to zero, first
the identity

Rom+141(Cmatsns +r€0) = Tnamat (Cmatans s Co)

follows, and secondly by elementary calculations using (1.5), the definition of B,,, (1) in [VFZ] and
a uniqueness argument, we obtain

LD = B Diag [ (2,°) ~ (2™)]

as well as the final correspondence
separant matrix

) ] ’ Sm(F)(chrn, ...,co)_

S, (Coan ) = Diag[(z(l)o) (Zr'nm

2) If the differential algebraic equation G[x, Y,y y(")] = ( is perturbed according to

Glxy,y, ... y™]+H[xyy, ..y™]=0
with
H[xy,y, ..y®]=0(1xy,y, .., y®Fm),
then Theorem 1 remains valid, possibly varying higher order coefficients ¢, 4141, Cmens2, - By

recursion (2.11). This stability result is a consequence of the fact that the assumptions of Theo-
rem 1 only depend on the first 2m derivatives of G at the base solution z, i.e. from

G[20]1=G0,cq,....cp ] EL[KEMEK]  with i=1,..,2m.
Compare also (1.6) and see [S2], [S3] for details.

3) Incase of n = 0, i.e. in the algebraic case
Glxyl=0, (2.15)

G € C*(K? K), the matrix Sy (cy, ..., co) in (2.6) simplifies to a diagonal matrix and assuming (i),
(ii), equation (2.10) reads

T2t (o il e Co) (2.16)

#0 #0

2m+1+1Y\, (2m\™" Zam 5
= ( m ) ) ( m ) 'Ty(r)r‘lm “Cmiirt + Romyri(Cmar i €0) =0,

=g(Lcm,-Co) 0

where Tfo’?n # 0 follows from S,,,(c,, ..., co) # 0. Hence, a power series solution of (2.15) exists

recursively by (2.11). In particular, case 2) in Theorem 1 is not possible.

Certainly, in the algebraic case, we know more. From (i) and (ii), we deduce for arbitrary
¢m+1 € K by Taylor expansion

1

1
e my - m+1
G[x, Cot+cix+-+ !cmx +( n 1)!Cmﬂx

(2.17)



1

= (zm + 1)[ x2m+1 ' T2m+1(cm+1J ey CO) + x2m+2 " R2m+1(x, Cm+1s Co)

with smooth remainder function R,,,,;(*). Splitting off x?™*1 and using (2.16) with [ = 0, we

obtain the equation
= T2m+1(Cm+1,---,Co)

1 2m+1Y\, (2m\ ' 2 =
2m+ 1)! ) ( m ) ’ ( m ) ’ Tyg?m “Cm+1 + Rame1(Cmy - Co)
= g(O,Cm,...,CO) #0
+ x 'R2m+1(x, Cm+1, ...,Co) =0 (218)

which can obviously be solved with respect to c¢,, 4 by use of the implicit function theorem, i.e. a
smooth function c,, 1 (x) exists with
Rom+1(Cmans - o)

9(0, cminy -5 Co)

Cm+1 (O) =
and

Copaq () x™F1 ] = 0. (2.19)

1 1
[ o Lo L
X, gt cx+ -+ m!cmx + m+ D)

This result merely represents a simple version of Tougeron’s implicit function theorem. More
precisely, by (2.17) we see

m

1 1 m+1 2m+1
Glx, cog+cix+-+ ﬁcmx + mCm_HX = 0( |X| ) (220)

=y (x)

and by chain rule and (2.18), the identities

d = 1 m+1
6| %500+ e |

dCm+1
1 1
=G Y 4 m+1 ] . m+1

2o mr D™ e
(2.17)
(218) 1 2m+1 2m+2 d

= Gmr© 90 Go) + X T R a (%, Gty s Co)
' +#0 m+1

are valid, implying under consideration of (2.20) and ¢;,;1 = 0
#0
Gyl x,y(x) 1= 0(C|x|™) = x™ (X, Crs 1, -nes Co)

Glx,y(x)]=0(|x|>™*)

with smooth remainder function s(-) # 0. Thus, y(x) is an approximative solution curve of
G[x,y] = 0 of order 2m + 1 with y-derivative G, [x, y(x)] varying at most by order m, i.e. the y-
derivative G, changes quickly along y(x) near x = 0 compared to the change of G along y(x).
Then, by Tougeron’s implicit function theorem [H], [R], a smooth solution curve y(x) exists,
agreeing with y(x) by order of m + 1, i.e. we end up with G[x, y(x)] = 0 and

y(0) —y(x) = 0(|x|™1),

repeating (2.19), as claimed above.



Summarizing, in the algebraic limit n = 0, Theorem 1 turns into a 1-dimensional version of
Tougeron’s implicit function theorem. Now both, Tougeron’s implicit function theorem as well as
Lemma 1 remain valid under rather general constellations, suggesting to extend Theorem 1 to
systems of DAE’s.

3. Nonlinear systems of DAE’s

In this section, Lemma 1 is used to derive sufficient conditions for the existence of power series
solutions of systems of ordinary DAE’s of order n > 0 given by

Glx vy, ...,y(")] =0 (3.1)

with x €K, y,y’,..,y™ € K¢ and G € (K A+nd Kr), r > 1, i.e. we aim to construct a

power series vector y(x) € K% satisfying r > 1 differential algebraic equations.

In principle, formulas (2.4)-(2.10) only have to be adapted to systems. We repeat (2.4) for sys-
tems according to

o Xi 0 1 0
z(e) = Z ! gt }:/O'L = )4e [ @ +1€2 “2 + -,
i! : : : 2
£=0 Vi Cn Cn+1 Cn+2
=Zj ) =z =22

now with yg;, ..., yn; € K¢, z; € K1+ ¢, € K¢ and corresponding initial value of (3.1) by
Glzy]=6G[0,¢cy, ..., cn ] =0 € K.
Then, by Lemma 1 and (2.2), we obtain fork = 0, [ = 0,

2k+1+1
T (C2k+1+14ns -+ Co)
Cok+1+1

/x2k+1+l
X2k+1 o T 2R C2k+1
+ [0, ] [ ]| -lez - 5 | G

|1
~y .y

2{ 9, if k=I=0

0eK” otherwise

= [[r%] - [72]]- [

/ C2k+1+1+n \
C2k+14n

+ o+ [ T39n0 Tyz,i(k ]lﬂll | + R2k+1+l(Ck+l+n:---'C0)

Ck+1+1+n

with szii € K7, Tyzjii eEK™, i=0,...,k, j=0,..,n and Ropy14+1(Cks14n> -, Co) € K'. As before,

combining same coefficient vectors implies

10



2k+1+1
T (Cak+1+14ns -+ Co)

0 0 0
Yn,0 Yn-1,0 Yn—k,0
2 2 C
yn,l yn_k+1’1 /2k+1+l+n
c
— [ y2k+l 2k+1 7, 4 ) 2k+1+n
= [y3krt oyt ] S B I 33)
=T . .
- : Ck+1+1+n
2k
Tyn,k

= Sk (Cktnr-Co)

+ Rakr1+1(Crtans - Co)

with Sy (Ciims -rrr Co) € KAFRIT(A+K)d anq 2141 = 0, .., k multiplying vectors of dimension 7.
Again, we used Tyzjl:i =0 € K™ if j < 0, and as before note that S, (Cisp, ..., o) € KK T(1+k)d
arises by bordering of Sy_1(Cx—14n, --+» Co) € KFTK4 appropriately.

Without change of notation, formulas (2.7) remain valid for m > 1 fixed, and analogously to
(2.8), (2.9), we assume the existence of (Cjyin, .-.) Co) € KM+ d with

Sm—l(cm—1+n, ...,CO) =0€ ]Km-r,m-d
El(cn» ...,CO) = .. = EZm(Cm+n' ...,CO) =0€ekK,

implying T1(cy4n, ) Co) = =+ = T?™(Comans -, Co) = 0 € K" with arbitrary coefficients (Cmin,
o) Cmans1) € K™, Further, the remaining equations of the system of undetermined coefficients
read by (1.5) and (3.3) for [ = 0
Com+1+14n
T2 (Cpmititans 0 €0) = T (D) * Sin (G 1 C0) 3 + Roms141(Cmttans s Co)

Cm+1+1+n

0
y”m'o\ Com+1+1+n

— 2m+l 2m+l ] . : H . . : D
_[Vo “ Ym | D : | : + Rymt141(Cm+14ms -+ Co)
Cm+1+414n
\o o - 7 )
nm
_ 2m+1 |70 2m+l | p2m . D
- [VO Tyn_mo + -t vn Tynm ] Cm+1+l+n T R2m+1+l(cm+l+nr---'co)
=: H{, cmans 1 €0) " Cmrrsien + Romyr41(Cmyrans o €0) =0 (3.4)

with matrix H(l, ¢;pin, -, Co) € K™% and Ryps141(Coms1amr -» Co) € K% Our aim is to solve (3.4)
recursively with respect to ¢, 41414 and [ = 0.

In the quadratic case r = d, setting

9, cmany e Co) =det[ H{, cpgmy - Co) 1, (3.5)

a polynomial g(l, ¢, 4, ---» Co) With respect to [ of degree at most md = 1 occurs, implying
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Cmr+i4n = —HA Gy e CO)_l ) E2m+1+l(cm+l+nr e Co) (3.6)

for [ > 0, as long as g(l, cuyn, -, Co) is different from zero. If g(l_l,cmm, ...,co) = (0 for some

[; = 0, then by (3.4) we additionally have to require

Romsast, (emstysns o) € RLH (oG 10) 37)

with R[ -] denoting the range of the matrix in brackets. An affine subspace of solutions arises
with dimension given by the nullspace of H(ly, Cpyin, -, Co)- If @ second integer root I, > I; of
9, cmsns - Co) = 0 occurs, we have to assume

E2m+1+l_2 (Cm+l_2+n' o Cma 1+l 4o CO) € R[ H(l_z' Cmtns s CO) ] (3:8)

for at least one value of ¢;;,,147,+» and a second affine subspace arises. Continuing this process
up to the largest integer root l_p of g(I, cmans -, €o) = 0, the following results are shown in the
quadratic case r = d.

Theorem 2 : Given (Cpyyp, ..., Co) € K4 4y > 1 d > 1, n > 0 with

1 Sm—1(Cm—14ms -, Co) = 0 € K™EMA  qnd S, (Cpims ) Co) # 0 € KMHD-d(mt1)d
(i)  Ri(cpwrCo) =+ = Rym(Coans rCo) = 0 € K&
We obtain

1) If g(l, cpemys -, €o) = 0forl =0, L €N, then (¢y4n, -+, Cp) can uniquely be continued by
(3.6) to a power series solution of G[ X9,y ., y™ ] = (0 according to

(00}
1 1 .
= . — . mtn — eyl
y(x)=co+ ¢y x+ +( ey Cman " X + E o Cit Xt

i=m+1+n

2) If p > 1 integer solutions 0 < [; < -+ < l_p, p <md of g(l, cpysn, -, o) = 0 exist, then

we require additionally (3.7) and (3.8) with [, ..., L, implying the existence of a family of
power series solutions of dimension g with 1 < g < md?.

Remarks : 1) In the underdetermined case r < d, a similar theorem is obviously valid, where
the determinant in (3.5) has to be replaced by the set of (r X r)-minors of the matrix
H(, cyppsny -, Co) € K™% Then, if for every [ > 0, a minor different from zero exists, i.e. if the rank
of the matrix equals r for [ > 0, € N, we obtain a family of power series solutions. If a rank drop
occurs at some [ = [;, then, as usual, solvability has to be required by (3.7), (3.8) for continuing
the procedure.

2) As in the scalar case, Theorem 2 remains valid under perturbations of G by order of 2m + 1.

3) In the algebraic case n = 0 with
Glx,y]=0,
G € C°°(]K1+d, ]Kd), d > 1, the matrix Si(c, ..., ¢p) in (3.3) simplifies again to a diagonal matrix
and assuming (i), (ii), equation (3.4) reads
%0

—_—
2m+1+1 _ 2m+l ,|p2m |, D _
T (Cm+140 5 C0) = ¥m Ty, | cme1+1 + Remirn1(Cmars i 6) = 0. 39
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If det(T;Om ) # 0, then equation (3.9) can uniquely be solved with respect to ¢;,+14; implying the

,m

existence of a power series solution according to case 1) of Theorem 2.

Further, from (i) and (ii), we deduce for arbitrary c,,,; € K% by Taylor expansion

1 1
—_ m m+1
¢ [x' Cohpxd b o emX T F G 1y e nX (3.10)
1
= —(Zm - 1)! x2m+1 . T2m+1(Cm+1: - CO) + x2m+2 . :R2m+1(x, sty ooes CO)

2m+1

and splitting off x as well as using (3.9) with [ = 0, we obtain the equation

1

2 —
—(Zm ey . [Vy%m. T2m “Cmt1 T Roms1(Cmy - s Co) ] + X Romse1 (X, s, o) =0 (3.11)

yO,m

which can obviously be solved with respect to ¢, 1 by use of the implicit function theorem using
det(TfOm ) # 0, i.e. a smooth function ¢;, 41 (x) exists with
,m

m

1
G [x, cotceix+--+ 7 EmX Cme1(X) xm“] = 0. (3.12)

* (m+ 1)!

Now, in contrast to the scalar situation with d = 1, in the next step we will see that the existence
of ¢;,41(x) in (3.12) cannot be ascertained by Tougeron’s implicit function theorem for d > 2.
First, note that

1 m 1 m+1 2m+1
G[x, co +cyx + - +ﬁcmx + mcme 1 = 0(lx| ) (3.13)

=y(x)

by (3.10), and secondly by chain rule and (3.11), the identities

a G[x 37(x)+;c xm+1]
dcmi1 ’ (m+1) ™
=G x_(x)+;c xmH1 N S
y | BV T G o (m+ 1)

(3.10)
(3.11) 1 > d

= —(Zm Y x By R Ty;nm + x2mr2. dc Rom+1 (X, €1y ees Co)

: - m+1

are valid, implying

Gylx,y(x)]= x™-A(x)
#0

det{ G,[x,y(x)1} = x™*-det { A(x) }

with ¢;,11 = 0 and A(x) € K%%. Hence, the determinant of the Jacobian with respect to y varies
along the approximative solution curve y(x) = cy+ c;x + -+ %cmxm by order of md and

we need
Glx,y(x) 1= o(|x/*™)
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for application of Tougeron’s implicit function theorem (cf. [H], [R] with ¢ = 0). Now, by (3.13),
we only have G[x, 7(x)] = 0(|x|*™*1) and due to 2md > 2m + 1 form > 1, d = 2, the assump-
tions of Tougeron’s implicit function theorem are not satisfied along y(x).

In other words, for application of Tougeron’s implicit function theorem, the approximation y(x)
has to be refined to higher order. This is well known, that measuring the degeneracy of a solu-
tion curve in terms of the determinant of the Jacobi matrix along the approximation may not be
optimal. A refinement of the measure seems to be given by choosing appropriate subspaces with
corresponding filtration and projection operators, as shown in [ELG] and [BK], [S3].

Anyway, even for the simple constellation of Theorem 2 with G[x,y] =0, G € C°°(]K1+d,Kd),
we obtain a generalization of Tougeron’s implicit function theorem (admitted in a specific con-
stellation) and hence, it may be worth to state the algebraic result with n = 0 separately.

Corollary 1: Given (¢,y, ..., ¢) € K™*D4 m > 1, d > 1 with

0 To,=-=TpV=0eK™ and det(TZ")#0
(11) El(CO) == Ezm(cm, ...,Co) = 0 € Kd,

then a smooth function c,, 1 (x) exists with

1 T
ems1(0) = = T3 |- Rogman (6 e, €0)
Ym d
G|x, co+cix++ —cpx™+ 1 Car () x™ [ =0
» L0 1 ,m ( +1)| m+1
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