Formal and Analytic Diagonalization of Operator functions

M. Stiefenhofer

ABSTRACT. We give conditions for local diagonalization of analytic operator
families L(¢), acting between real or complex Banach spaces, of the form L(e) =
Y(e) - A(g) - ¢~ 1(&) with a diagonal operator polynomial A(¢) and analytic near
identity bijections ¥/(¢) and ¢ (¢).

The transformation ¢(¢) is constructed from an operator Toplitz matrix ob-
tained from Jordan chains of increasing length. The basic assumption is given by
stabilization of the Jordan chains at length k in the sense that no root elements
with finite rank above k are allowed to exist. Jordan chains with infinite rank
may appear. These assumptions ensure finite pole order equal to k of the gen-
eralized inverse of L(g) at € = 0. The Smith form arises immediately.

Smooth continuation of kernels and ranges towards appropriate limit spaces at
& = 0 is considered using associated families of analytic projection functions.

No Fredholm properties or other finiteness assumptions, besides the pole order,
are assumed. Real and complex Banach spaces are treated without difference by
elementary analysis of the system of undetermined coefficients.

Formal power series solutions of the system of undetermined coefficients are
constructed, which are turning into convergent solutions, as soon as analyticity
of L(¢) and continuity of the projections is assumed. Along these lines, results
concerning linear Artin approximation follow immediately, which are well
known in finite dimensions. The main technical tool is given by a defining equa-
tion of Nakayama Lemma type.
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1. Introduction

Given an analytic family of linear operators L(¢) = ¥{2,¢ - L;, L € C*(U,L[B, B]), U open with
B, B real or complex Banach spaces, 0 € U ¢ K = R, C and L[B, B] denoting bounded linear op-
erators from B to B.
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We give conditions for diagonalization of L(¢) in the sense that families of analytic near identity
transformations ¢ (&) and ¥ (¢) of B and B exist satisfying

Y7He) - L(e) - ¢(e) = A(e) (1.1)
with a diagonal operator polynomial of degree k > 0 of the form
A(e) = S1Py + &SPy + 4 €+ Spy1Pryq - (1.2)

In the sense of [Gohberg], the families L(¢) and A(¢) are analytically equivalent and the follow-

ing diagram commutes.
¢(e)

L(e) 4 L A(e) (1.3)
5 e B

The operators in (1.2) are defined using direct sum decompositions of B and B according to

Lp Lp, LPyy

B = N D Ny @ - @ Ngyr D N
T T T (1.4)
\) \) \)

B = R ® R, @ - @D Ry D Ripr

with Py, ..., P41 meaning bounded projections to Ny, ..., N¢,, respectively. When restricted to
subspaces Nf and R;, the operators S; € L[B, B] represent isomorphism S; € GL[Nf,R;],i =1,
...,k + 1. In addition, k = 0 is given by the maximal length of finite Jordan chains of L(¢), i.e. in
the sense of [Kaballo], we assume stabilization of the Jordan chains at k = 0. The subspaces in
(1.4) are assumed to be closed.

The matrix representation of A(g) with respect to the direct sums in (1.4) reads
Nl€+1 Ni+1
/ -Sl \ -R1

“ﬂ )
[0 |

(1.5)

and diagonalization of L(¢&) occurs by analytic left and right transformation according to (1.1).

No Fredholm properties are needed. Finiteness merely occurs with respect to maximal finite
length k > 0 of Jordan chains, implying finite pole order of corresponding generalized inverses.
This aspect is also stressed in [Magnus] and [Kaballo].

If L(¢) is given by a matrix function L(¢) € L[K", K™], then A(¢) represents the Smith form of
L(e).



The coefficients ¢; and ; of the transformations ¢(e) =I5 + Y2, &'+ ¢; and Y(e) =15 +
%2, &' -1p; are calculated recursively in dependance of given coefficients L; of the family L(¢) =
¥ o €' - L;. Using these transformations, we define analytic families of subspaces

N(e) = ¢(e) Niwr  and  R(e) = (&) - [R1 @ - D Rye1 | (1.6)

for € € U, motivated by the fact that kernels and ranges of the diagonal operator function A(¢) in
(1.2) are given by

N[A(&) ] = Niyq and R[A(€)] =R, @ -+ @ Ryy1 (1.7)
for € # 0. Then, concerning kernels and ranges of L(¢) we obtain from (1.1)
N(e) = N[ L(¢e) ] and R(e) =R[L(¢e) ] (1.8)

within the punctured neighbourhood € € U \ {0} and we see that kernels and ranges of L(¢) can
analytically be continued to € =0 by N(0) = Ny, € N[L(0)] and R(0) =R, @ - D Ry41 2
R[L(0)], i.e. smoothing of kernels N[L(¢)] and ranges R[L(¢e)] occurs by N(¢) and R(¢), as de-
fined in (1.6).

In the following diagram, the constellation is qualitatively depicted in finite dimensions in case
of K=R.

N[L(0)]

Nyt1 N[L(e)] L d(€) " Niya I

pceR

() [Nf @~ @ Ni,] |

» c€R

RIL(E] 2 () - [Ry @ - @ Ryesa]

(R @ ® R |

Figure 1 : Breakdown of N[L(0)] and blow up of R[L(0)] when passing to & # 0.



In figure 1 upper part, the green surface of kernels N[L(g)] c B is smoothly continued to € = 0,
in this way approaching the limit space N,;. If a singularity occurs at € = 0, then the red
marked subspace N, , typically is a proper subspace of N[L(0)] (orange).

In the lower part of figure 1, the red surface of ranges R[L(¢)] c B is continued analytically to
& = 0 with corresponding limit space R; @ - @ Ry, allowed to contain the subspace R[L(0)].

Reversely, during the passage from € = 0 to € # 0 the kernel N[L(0)] typically collapses to
N[L(&)], whereas the range R[L(0)] is blown up to R[L(¢)].

Now, the embedding of N[L(¢)] and R[L(¢)] into analytic families N(¢) and R(¢) offers the pos-
sibility to define smooth generalized inverses L™1(&) for € # 0 with a pole of order k > 0 at € =
0. First, a smooth generalized inverse of the diagonal operator polynomial A(¢) from (1.2) is
given by

ANe) = 7 S Pryy + oo+ STIP (1.9)
with Py, ... , P41 denoting bounded projections to R, ..., Ry, 1 respectively. Then, by (1.1)
L&) =¢(&) A7) - yp~i(e) (1.10)
=[Ip + ZiZie" ¢ ][ 67 SghiPrsr + -+ STP] - [ 15 + 2 € '1/’1']_1
= S Pryr + 7K1 (e)

with an analytic remainder function 7 (), implying a generalized inverse L™1(&), which is analyt-
ic in a punctured neighbourhood ¢ € U \ {0} with pole of order k at € = 0. The coefficients of
L™1(¢) can be calculated in dependance of given coefficients L;.

Finally, for € € U analytic families of projections to the subspaces ¢(¢) - [Nf @ - D N{,,] € B
(blue surface in figure 1) and R(e) = (&) - [R; D - @D Ry4+1] © B (red surface) are given by

L™1(e) - L(e) = ¢p(e) - (Py+ 4 Pry1) 97 1(e) (1.11)
L&) L) =) (Pr+ 4 Pryr) (o)

respectively. Geometrically speaking, the analytic family of generalized inverses L™(¢g), € # 0 is
constructed with respect to blue and red isomorphic subspaces ¢(¢) - [Nf @ - D Ng,,] and

Y(E) [Ry D -+ D Ry44] in figure 1.

Diagonalization of analytic matrix functions can be found in [Kaashoek]. Concerning diagonaliza-
tion of analytic operator functions with L, a Fredholm operator, see [Lopez-Gomez], [Gohberg]
and [Mennicken]. In [Gohberg], the family L(¢) is allowed to be meromorphic.

In [Bart] and [Kaballo], the restriction to finite dimensions is removed and the existence of ana-
lytic families N(¢) and R(¢) is shown with corresponding family of smooth meromorphic gene-
ralized inverses and pole of order k > 0 at € = 0. On the other hand, diagonalization of L(¢) in
the sense of (1.1) is not performed in [Bart] and [Kaballo].

In the paper at hand, we perform diagonalization in infinite dimensions. As in [Bart] and [Kabal-
lo], we presuppose stabilization of the Jordan chains at k > 0, as well as closedness of corres-
ponding subspaces. Stabilization of Jordan chains prevents an essential singularity to appear at
e =0, i.e. we remain on the level of poles with respect to generalized inverses. Closedness of



subspaces is needed for showing convergence of power series during the construction of the
transformations. Concerning essential singularities, we refer to [Albrecht].

We did not succeed to ensure the local existence of ¢(€) and ¥(¢) by implicit function theorem
or an appropriate contraction mapping principle, but instead we had to set up formal power
series ¢() =1y + Y2, ' - ¢; and P(e) =I5 + Y2, & -1;, satisfying diagonalization (1.1)
first as a power series relation for arbitrary power series L(¢) = Y2, &' - L;.

In the sense of [Toplitz], ¢ (&) represents the power series associated to an operator Toplitz ma-
trix with an infinity of rows and columns and, as soon as convergence of L(¢) is assumed, con-
vergence of ¢(¢) can be shown by use of an analytic defining equation with solution given by
¢(€). Then, the transformation ¢ (¢) of B allows to define the analytic family S(¢) = L(¢) - ¢ (¢),
characterized by a triangular structure when represented with respect to the subspaces in (1.4).

Finally, it is a straightforward calculation to split of the diagonal operator polynomial A(e) from
the triangular family S(¢) to end up with S(¢) = ¥(¢) - A(¢) and Y (¢) to be an analytic family of
transformations of B. Geometrically, the reverse transformation 1 ~1(g) merely is turning the
shear structure of S(¢) into a diagonal structure of A(g) = Y ~1(&) - S(e) = P~1(e) - L(&) - ¢p(e).

Real and complex Banach spaces are treated without difference, based on elementary analysis of
formal power series, designed to solve the system of undetermined coefficients

Zi+j=kLi ' b] = 0, k= 0, ce ,00 (112)
corresponding to the power series equation
L(e)-b(e) = (X2oe" L) (X0’ *bj) =0. (1.13)

In other words, high order approximations, i.e. Jordan chains of (1.13) are analyzed and used to
define ¢ (). The construction of ¢(e) = Iy + Y2, €' - ¢; closely follows [S1] where high order
approximations are derived in a nonlinear context.

The construction may also be interpreted as an extended version of tranversalization introduced
in [Esquinas] and optimized in [Lopez-Gémez] with respect to Fredholm operators of Index 0.
Therein, the family L(¢) is ensured to be a bounded bijection for € # 0 by assuming an algebraic
eigenvalue of order k to occur at € = 0. Then, kernels and ranges simplify to N[L(e)] = {0} and
R[L(¢)] = B for € # 0. In [Lopez-Gémez] real and complex Banach spaces are also treated in a
parallel way.

Section 2 aims to give some motivation concerning the correlation between stabilization of Jor-
dan chains in B and stabilization of leading coefficients in B. Additionally, a more detailled out-
line of the proof to derive the transformation ¢ (¢) is given. Here, we also stress the significance
of transformation steps from k to 2k. Section 2 may be skipped without losing the main aspects
of the proofs.

In section 3, the recursion concerning the direct sums in (1.4) and the coefficients of the trans-
formation ¢ (&) == Iz + Y2, €' - ¢; is stated. The results concerning Jordan chains and leading
coefficients are summarized in Lemma 1.

In section 4, triangularization of k + 1 leading coefficients of L(¢) is performed using polynomial
pre-transformations p; (¢) of degree i in € with i varying from 0 to k. The results concerning this
kind of partial triangularization are summarized in Theorem 1 and may be interpreted as trans-
versalization without assuming an isolated singularity to occur at ¢ = 0.



Section 5 completes the procedure of triangularization of L(€) up to infinity, thereby using the
formal power series ¢(¢) from section 3 with associated Toplitz structure. The next step from
formal triangularization to formal diagonalization of L(¢) is simple. The results are stated in
Theorem 2.

Finally, in sections 6 and 7 it is shown that the power series ¢ (&) represents a convergent opera-
tor function, if analyticity of L(¢) and closedness of subspaces is supposed, hence turning formal
into analytic results, as summarized in Theorem 3.

We close the paper with some relations to commutative algebra in the context of linear Artin
approximation.

Remarks: 1) From (1.2) we see that A(¢) may further be factorized according to
A(e) = S1Py+ &SPy + -+ €X - Spy 1 Pryq

= (S1Py + =+ Spp1Pesr) - (Py+ o+ €5 Pryy) (1.14)

:Sp - P(¢)
yielding from y~1(&) - L(&) - ¢ (&) = A(e) = Sp * P(¢) factorization to the constant operator Sp by
Y1) L(e) - p(e) - P7H(e) = Sp (1.15)
for e # 0. Here P~1(¢) € GL[Nf @ --- @ N¢,,], € # 0 with
Ple)=¢e® -Ppg+-+P. (1.16)
Linearization by (1.15) to a constant operator Sp is used in [S2] and [S3], where focus is put on

deriving a regular system at € = 0 by an appropriate blow up scaling procedure.

2) Alternatively, we obtain from ¥ ~1(¢) - L(¢) - ¢() = Sp * P(¢) the factorization
L(e) = (&) - Sp-P(e) - 7 (e)
=P(e) " (S1Pr+ + Spy1Prrn) - (Pr+ o+ €5 Pryq) - 77 (e)
=:0(e) " (PL+ -+ & Peyr) ¢7'(e) (1.17)

with Q(¢) an analytic family from B to B.

Now, if R, = {0} and Nj,; = {0} are assumed in (1.4), then Sp = S;P; + - + Sy 1 Prs1 as well
as Q(¢) are turning into bijections from B to B with P; + -+ + P, = Iz and we obtain the Smith
factorization of L(¢) by (1.17), as formulated in [Lopez-Gémez]. Note also that in this situation
the analytic families of subspaces from (1.6) simplify to N(¢) = {0} and R(¢) = B and the gener-
alized inverse L™ (&) from (1.10) turns into the resolvent with pole of order k at € = 0.

A sufficient condition for Ri,; = {0} and Ny, = {0} is given by L(0) = L, to be a Fredholm ope-
rator of index 0. Under these assumptions, the Smith form (1.17) and the resolvent is also deri-
ved in [Mennicken].

Then it is also possible to represent the resolvent L™1(¢) in an optimal way by use of the Keldysh
theorem and the Jordan chains can effectively be calculated by contour integrals, even in a global
context, as demonstrated in [Beyn] and [Latushkin].



2. Motivation and Outline of Proof

Our main tool for analyzing the passage from & = 0 to £ # 0 is given by curves b(¢) = X2, &’ - b;
in B that are mapped to B by L(¢) according to

b,
L&) b(e) = Leby + & (Lo Ll)(ZD + &2 (Lo Ly L2)<b1>+
O—Mer bO
1-th order
2—thorder
= zsl- Z Lib; . (2.1)
1=0 i+j=1

N——————
k—th order

If L, is surjective, then the 0-th order coefficient Lyb, takes every element in B implying
R[L(0)] = R[L,] = B, as well as R[L(¢)] = B by open mapping theorem. Hence, in this regular
constellation, R[L(0)] is continued to R[L(¢)] = B in a trivial way.

If Ly is not surjective by R[L(0)] & B, then we may add to R, := R[L(0)] = {Lob, | by € B} lead-
ing coefficients of 1-th order R, := {Lob; + L by | by € B, Lyb, = 0}, obviously comprising lea-
ding coefficients of 0-th order according to Ry = {Lob; + L1b, | b, € B, by = 0} € R;. Now, it can
be shown that in case of R; = B, we obtain again continuation by R[L(¢)] =R, =B, ¢ # 0, or
conversely, R; represents the limit space of R[L(¢)] during the passage € - 0.

Now, the general rule of this passage reads as follows. If the leading coefficients stabilize at k >
0 in the sense that leading coefficients of order k + [, [ = 1 do not anymore increase the sub-
space of leading coefficients according to

Ri-1 SRy =Ryy for 1=1 and R_;:={0}, (2.2)

then R, will represent the limit space of R[L(g)] as € = 0.

If an element b € B is a leading coefficient, we use the abbreviation lc(l_)) =i in case of b € R;
and b & R;_;.

Now, the behaviour of the kernels N[L(¢)] € B is closely related to the behaviour of R[L(¢)] c
B. First, note that by (2.1), a leading coefficient of order k > 1 results from a curve b (&), which is
an approximation of order k with respect to the equation L(¢) - b = 0, i.e. a k-th order leading
coefficient arises from a constellation of the following form

k-1 bk o0
L(e) - b(e) = Zsl- Z Lib + €% (Lo Ly~ L[ Pt | + Z et Z Lib;
=0  itj=l b I=k+1  itj=l
0
=0 k—th order

leading coef ficients

=: ek b(e) (2.3)

and we see that first kK summands have to vanish for a k-th order leading coefficient to appear.

The coefficients (bg - by_1), by # 0 of an approximation b(g) = by + =+ + €71 - b;,_; of order
k = 1 is called a Jordan chain of length k (or chain of generalized eigenvectors of the eigenvalue
€ = 0). The base element b, € N[L(0)], by # 0 is called the root element of the Jordan chain.



Finally, the maximal order of an approximation that can be constructed out of b € B is called the
rank of b with abbreviation rk(b). Note that rk(b) = 0, if b € N[L(0)] and rk(0) = oo.

In this sense, leading coefficients up to the order of k > 1 are essentially found in B, if all root
elements with rank equal to k (and corresponding Jordan chains) are calculated in B, and we
will see that stabilization at k in (2.2) is equivalent to the nonexistence of root elements with
finite rank above k.

But then, the subspace Ny, © N[L(0)] of root elements with infinite rank, allowing approxima-
tions of arbitrary high order, represents a first candidate concerning the limit space of kernels
N[L(g)]ase - 0.

In fact, from [Kaballo] it is well known that N, ,; can analytically be continued to N[L(¢)], € # 0
and one of our aims merely consists in deriving a Taylor expansion of N[L(¢)] parametrized by
N1 according to

L&) Pp(e) "Ny =0 with  ¢(e) =l + X2, - ¢y (24)

|
= N[L(&)]

and ¢ € C®(U,L[B,B]). The mapping ¢(¢) € L[B, B] may be interpreted as an e-dependent,
isomorphic transformation of the Banach space B derived from approximations b(€) of increas-
ing order. In some more detail, for k > 0 the analytic transformation ¢ (&) implies a direct sum
decomposition of B

B= Nf @& N; @ @D Ngyy © Neys (2.5)
—— N—— N—— N——
rk=0 rk=1 rk=k rk=o00

with rk(n{, ;) = i and ¢(¢) - nf,, defining approximations of order i by
L(e) - p(e) nf,; =€ -b(e) and b(0)#0 (2.6)

with i =0, ..., k, n{,; € N5 . Now by (2.5) and (2.6), the analytic transformation ¢ (¢) delivers
precise information about the e-expansion rates occuring in B by application of L(&) to the sub-
spaces ¢(¢) - Nf, . More precisely, the coefficients S; of the transformed family

o]

S() = L() - $(@) = ) &+ Spus @2.7)

1=0

are buildung up a direct sum of B according to the lower part of the following diagram.

rk=0 rk=1 rk=k rk=co
—~ —~ —_——— —_——
B = N @® N @® @D Ny D New
T T T
S(e) = + e [S] + o+ e [Sen] + |Z§’ik+1€"5i+1| (2.8)
~ l l l
B = R, D R, & - @ Ryyq @ Ri41
—— —— ~—_——
lc=0 lc=1 lc=k

In some more detail, the coefficient S; ,i = 1, ...,k + 1 is mapping elements from Nf of ranki — 1
isomorphically to a subspace R; in B composed of leading coefficients of order i — 1. In addition,
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the subspaces Rj, ..., Ry4+1 are in direct sum, i.e. the elements in R; represent no leading coeffi-
cients of order below i — 1. The subspace Ry, represents an arbitrary complement of R; @

@ Ryyq.

Finally, S; is mapping root elements with rank above i — 1 to zero, ending up with the following
operator matrix representation of the normal form S(&) with respect to the decompositions of B
and B from (2.8).

(2.9)

N N§ NS N
xOO0O OO000 oOooo . OOoods
so=-0000+-MEXO0+=- 0000+ ) #0000k
o000 XOOO E¥xO & OO0k
o000 xOOO MEOO$ X < X O s

Formula (2.9) shows the case k = 2. Squares without entry denote the zero operator, red
marked squares indicate bijection according to S; € GL[N{,R;],i =1, ...,k + 1. Black crosses
denote possible entry into the associated subspaces of B (indicated on the right).

For i > k + 1, the range of the operator S;,, satisfies R[S;+1] € Rf,4, and if Rg,; = {0} occurs,
then the normal form S(¢) reduces to a polynomial with respect to € of degree k, i.e. the operator
family L(¢) is transformed to the polynomial

S(E)=L) p(e) =S, + -+ kS g (2.10)

by pure, analytic right transformation ¢ (&). The remainder Y2, ' - S;;1 vanishes completely,
where this constellation occurs, whenever the family L(e) loses surjectivity at most at € = 0,
then yielding an isolated singularity at e = 0.

The normal form (2.8) shows in detail, the speed of expansion associated to a subspace of B up-
on mapped by S(&) to B. Exemplarily, the subspace N§ < N[S(0)] is mapped by S(¢) to B accord-
ing to

S(e)'ns =¢et-S,onS + €2+ r(e)'n§ €R,DR;D--DRL,,, (2.11)
~———— ~—_——
ER; ER; ©® Rli+1

i.e. at € = 0, the image of N5 equals {0} and is subsequently blown up to a family of subspaces
with speed of expansion given by £!. This means geometrically, if N§ is restricted to the unit
sphere ||n§|| < 1, then the image of the sphere in B is growing with order of €1, as qualitatively
indicated in figure 2 below. Moreover, the family of subspaces created from Ny is completely
contained in the subspace R, ® Rz @ - D Ry, of B.

Figure 2 visualizes the effect of the mappings S(¢) within a finite dimensional setting.



rk=0
[+
Nl
lc=1
—
N§ R
2 2
rk=1

Figure 2 : Geometrical interpretation of the normal form mapping S(¢).

On the left hand side, the unit sphere in the domain B is indicated, as well as first three subspac-
es Nf, N5 and N§ with corresponding intervals in the unit sphere along the coordinate axes.

Now, when mapped by S(&) to the target space B, the image of the unit sphere under S(0) is
simply given by the red marked line along the first subspace R; of leading coefficients of order 0
(middle diagram). On the right, we see the constellation during passage to ¢ # 0. Then, some
kind of ellipsoid is created out of the red line with speed of expansion by order of £! and £? along
the subspaces R, (green line) and R; (blue line) respectively.

The derivation of the analytic transformation ¢(¢) = Iz + Y52, €' - ¢; is performed in several
steps. First, Jordan chains of increasing length are calculated and used to define the spaces
Nf, ...,N¢yq and Rf, ..., Ry ;4 in (2.8) until stabilization occurs (as assumed with k > 0). Up to this
point, a polynomial pre-transformation of the form

p(e) =Ig+e'-p,+ -+ &% @, €L[B,B] (2.12)
has been constructed, implying a transformed system S (&) given by
Si(e) = L(e) " p(e) = Sy + &+ Sy + 4 &5 Sy + X2 ps1 € Quin (2.13)

with S, ..., Sk41 already showing the desired pattern from (2.9). On contrary, the remainders
Qi+1 € L[B,B],i = k + 1 are still fully occupied and show no special structure.

If R, = {0} and Ny, = {0} is assumed, then the transformed system S, (&) = L(¢) - px(¢) is a
transversalization in the sense of [Esquinas] and [Lépez-Gémez]. We note that the transfor-
mation used in [Esquinas], [Lopez-Gomez] for obtaining a transversalization is given by a poly-
nomial in € of degree %(k + k?) and a simplification is achieved by using py (¢) instead, a poly-

nomial of degree k. The polynomial py (¢) is extracted from Jordan chains of length k + 1.

Next, the polynomial p, (¢) € L[B, B] is refined and eventually extended to a formal power series
d(e) = Ig + X2, €' - ¢; in such a way that the leading terms S; + & - S, + -+ + £¥ - S 1 of Sy (¢)
are not destroyed and all remainder terms Q;;,,i = k + 1 turn into operators S;,; of the trans-
formed system S(e) =L(e)-p(e) =S, +et-Sy+ -+ Spp1+ Y2416 - Sipr, which are
mapping B exclusively into the subspace Rf,,; ¢ B. Additionally, the operators S;,,,i =k + 1
are mapping Ny, to zero.
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In summary, by construction of ¢(¢) the transformed remainder terms S;, ; are forced to satisfy
PRl@...@ Ris1 b Si+1 =0 and Si+1 - Nk+1 =0 (2.14’)

fori = k + 1, implying the sparse operator matrix pattern from (2.9). Here Py g...q g, ,, denotes
the projection to R; @ --- @ Ry, related to the decomposition of B in (2.8).

In the special situation of Ny, ; = {0}, we obtain injectivity of L(¢) for € # 0 and the second con-
dition in (2.14) is trivially satisfied. If Rf,; = {0}, surjectivity of L(¢) occurs for € # 0 and the
first condition in (2.14) turns into S;;; = 0, i.e. the formal power series ¢(¢) is constructed in
such a way that the remainder terms Q;,, of S; (¢) in (2.13) are completely cancelled.

In some more detail, the process to achieve (2.14) is performed along the following lines. For
turning Qy., into Sj,,, last k summands of the polynomial p(e) = Iz + &' @1 + -+ ¥ @y
from (2.12) are first refined and one further monomial of degree k + 1 has to be added, yielding
a polynomial py ;4 (¢) of the form

k coef ficients, modified
from p(e) new

Prs1(€) =1p + &' @1+ 4@ + M gpyy
=:i$1

= Iptelg + Pt pp + gy

| ——
2 final coef ficients

of degree k + 1 with ¢4, ..., ¢;, being modified versions of ¢4, ..., ;. The coefficient g; =: ¢; has
already reached its final form, whereas ¢, is the new coefficient constructed from the decom-
positions of B and B in (2.8). Then, the transformed system reads

k+2 final coef ficients remainder

L(e) " prs1(e) =S  + el Sy+ -+ ef - Sppq HeFt- Sy + Zlq;k.yz gt Qis1
N——

new

with new operator Sy, , satisfying (2.14) as desired, and in total yielding k + 2 final coefficients.

This process can be continued up to infinity in the sense that for turning Qy4,4; into Sy 454,10 =
0, last k summands of the previous polynomial p,,;(¢) have to be refined and one further mo-
nomial of degree k + 1 + [ has to be added, implying a transformation py,4;(¢) of the form

k coef ficients, modified
from pg4(e) new

Drs141(8) =Ig+ et py+ -+l + e @y + o+ Qpyy + e
=141

=Ilg+-+et i + 2 gp o+ T Gy + Mg (2.15)

2+l final coef ficients

with corresponding transformed system

11



k+2+1 final coef ficients

L() " Pr41+1(e) = S+t - Sy + o+ gl S t+ g2+l Syt ghtitl. Sk+2+1

——
new

remainder

Note that, after each transformation step, there remains always a gap of k between the number
of final coefficients in the transformation (2.15) and the transformed system (2.16).

Note also that for calculation of first k coefficients ¢4, ..., ¢y, the basic pre-transformation p; ()
has to be extended up to the polynomial p, (¢) of degree 2k (usel = k — 1 in (2.15)), where this
extension is still influenced by the coefficients ¢4, ..., @, of the pre-transformation p; (¢), de-
pendent from the initial step by step build up of the direct sums in (2.8), i.e. no uniform formulas
can be expected concerning the calculation of ¢y, ..., ¢.

On contrary, the calculation of higher order coefficients ¢y.1, ¢x42, ... merely depends of the
stabilized decompositions in (2.8) and can iteratively be described by a rather simple and uni-
form recursive scheme of the form

Gre+i = Fi(@1, oo, Ppegi-1) , 121, (2.17)

ending up with a well defined formal power series ¢(¢) = Iz + Y52, €' - ¢; satisfying by Cauchy
product L(¢) - ¢(e) = S(¢) with S(¢) showing the pattern from (2.9).

It remains to show the convergence of ¢(¢). For this purpose, we ensure that the power series
¢ (¢) satisfies an equation of the form

[Ip—e-f(e)] @) =g(e), (2.18)

with analytic mappings f € C“(U,L[B,B]) and g € C®(U, B). Analyticity of f, g results from
analyticity of L and the assumption that the projections associated to decompositions (2.8) are
continous. Now, equation (2.18) has a unique analytic solution, which can be represented by
Neumann series according to

pe)=[Ip—e-f(e)]t gl (2.19)
=[lp+e-f@+e-f&*+-1g().

Using f(g) = ¥2,¢ - fi and g(e) = X2, ¢! - g;, every coefficient ¢; of ¢p(e) = Iz + Y2, &' ¢,
can be formulated in an explicit way by given coefficients L;.

If analyticity of the power series L(g) = Y72, &’ - L; is not assumed, then the complete process is
working along the same lines of reasoning with formal power series f (&) and g(¢) in (2.18) and
corresponding formal power series ¢(¢) in (2.19). In addition, the transformed power series
S(e) = L(¢) - ¢(&) causes again the normal form pattern from (2.9) and in this sense, the com-
plete construction shows up to be, in essential parts, mainly a topic concerning formal power
series, with convergent power series being a subset.

In the context of formal versus analytic transformations, we also refer to [Walcher] with reso-
nant eigenvalues allowing formal, but preventing analytic transformation of vector fields to
normal form.
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3. The Recursion

Given a formal power series of linear operators L(g) = Y2, ¢’ - L;, L; € L(B, B) with B, B real or
complex vector spaces, ¢ € K = R, C and L(B, B) denoting the vector space of linear mappings,
not necessarily bounded, between B and B. Then, a formal power series b(¢) = Y52 ,&' - b;, b; €
B is an approximation of order k > 1 with respect to the equation L(¢) - b = 0, if b(¢) satisfies

bk—l [ee]
L(e) - b(e) = Lobg+ -+ &1 (Lo Lr_q) | + zsl- Z Libj=¢*-b(e) (3.1)
b, I=k i+j=1
=0
or equivalently
Lo -+ Li-—q by-1 by-1
: : P =0 o : € N[ A¥] (3.2)

=: Ak

with A¥ € L(Bk,Ek). Hence, to determine approximations b(¢) of increasing order, the kernels

of A¥ have to be calculated for k = 1,2, .... For this purpose define

Ny, =B N§ = {0} N; = N[S4] Nf := Ny/N,;
=B

(3:3)
R, = {0} R§ Ry = R[S4] Rf :==R§/R,

with quotient spaces Nf = N,/N; and R{ = R§/R;, implying algebraic direct sum decomposi-
tions of B = Ny and B = R§ according to

rk=0 rk=0 rk=1
—~ —~ —~
B= Ny = N ® M
T
G
~ l
B= RS = R @ R
—— —— ——
lcz0 lc=0 lc21

Note that by (3.4) a split of the vector spaces B and B is defined, guided by the geometric behav-
iour with respect to the rank in B and leading coefficients in B, where the subspaces Nf with
rk(n{) = 0 and R, with lc(r;) = 0 are in bijection by S;, as indicated by arrows in (3.4).

Then, the approximations of order k = 1, characterized by N[A'], may be written (in a rather
complicated way) by

N[AY = N[L] =N =R[[M]",, | (35)

under consideration of the setting 1 := Iy € L(B, BY). Now, for arbitrary k > 1, we will see
that approximations of order k + 1 are given by

k+1
LA =R | (3:6)

13



with a (k + 1) X (k + 1) upper triangular operator matrix k+1 € L(Bk+1, Bk+1) with diagonal
composed of the identity map in B according to

IB * *

" = o] (3.7)
Ip

The operator matrix o is iteratively defined for k = 1,2, ... in the following way. First defi-
ne the operator

Sks1 =1Ly, .., L 1-M, € L(B,B) (3.8)

with M}, denoting the last column k of the previous operator k, i.e. for k = 1 we simply obtain
S, = [Ly]* My = Ly - Iz = L. Next, the definitions from (3.3), related to S;, are transferred to

Sk+1 by

Sk+1 = Pge Sie1 € L(B,RY) Niet1 = N[Sei1ln,] N¢s1 = Ni/Nisa 39
3.9
Ryyq1 = R[Sk+1| Nk] Riy1 = Ri/Ri+1
with corresponding algebraic direct sum decompositions of Ny, and Rf according to
rkzk rk=k rkzk+1
——
Ne = Nggp @ Nieys
T
G10)
l
R = Riy1 @ Riyq
N—— N——— N—’
lczk le=k lczk+1

Again, the split of the subspaces Ny and Ry, is geometrically guided by subspaces N, ; and Ry,
with rank rk(ny,,) = k and leading coefficient number lc(ry4,) = k, which are in bijection by
the operator S ;. For consistency, we still add S; := L, and note §; = P S, =PgLy=Ly.

At this stage, the following decompositions of B and B are achieved.
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=Nk

B=Nf @ Nf @ ® NSy @ Ny,
i) T i)
G
l l l

E=R1 DR, - D Rey1 © Ry

— p¢
_Rk

Now, for closing the recursion, it remains to define the operator matrix k+1 € L(Bk+1,Bk+1)
from (3.7) for k = 1. First, set E; := E; ; :== Ig and for k > 1 define an operator column vector
Ey+1 € L(B, B¥*1) with k + 1 components from bottom to top by

Ex+1k+1 = Ip € L(B,B)

k+1
Eiper=—ST1P; Z S, Eypsr €L(BB), i=k, ..1. (3.12)

v=i+1

Here, P; € L(B, B) denotes the projection to R; with respect to the direct sum of B in (3.11) and
S; ' € L(R;, Nf) represents the inverse of S; with respect to the subspaces R; and Nf satisfying
le(r;) =i —1and rk(nf{) = i — 1 respectively.

. . iy . 3
Exemplarily, first 3 column vectors Ej, E;, E;, collected within a common matrix , read

=:trng| E1, E5, E3 |

[E]° = Eyo  Eas (3.13)
E33
Ip —51_13)1'52 —51_1?1'[13—52'52_13)2]'53
= Ig -S;1P,- S,
Ig

In general, we use the abbreviation o trnglEy, ..., Ex41]) for k = 0.

Now, the last column of the operator matrix 1 is well defined by
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Ip |
My = — - . - Ex41 € L(B,B**1), (3.14)
|

whereas first k leading columns of k+1 are simply given by k, i.e. by last columns
M, , ..., My, of previously calculated matrix operators, finally yielding

My My o My
l l l
M1,1 M1,2 M1,k+1
——
Ig
M, M3 k+1
] = s . _ € L(B**1,Bk+1) . (3.15)
M1 k+1
Ip

Again, we will use the abbrevation k+1 = trng[M, , ..., Mi41] and note that by direct inspec-
tion Mi,i = IB,i = 1, ,k + 1.

k+1
[ NyX:ex Nk+1]

Next, by induction we easily show N[A¥*1] = R[ ,k >0, as stated in (3.6). For

k = 0, the settings in (3.5) yield the assertion. Then, assume N[A¥] = R[k| Nyxox Nk]’ k> 0.

For calculation of N[A**1], we have to plug N[A¥] into the k-th leading coefficient of the Cauchy
product in (3.1) according to

bk nq
. k
(Lo L) - : = Lo b + Ly L) [M]"
by =m-~0—é3 ny
—— —————
€B X N[AK] € Ny XX Ni
ny
=L0'n0+(L1"' Lk)'trng[Ml,,Mk]'
Ny
ny
(3.8) - _ _
= S1no+ (852 Sky1 )
Ny
Mg
= (51 §k+1 )- : (3.16)
Ny

and equate it to zero. By decomposition (3.11), we obtain the equivalences

no
(Si Ske1)| ¢} |=0€B
n
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Mo L
© Pi(SiSp) | P ]=0i=1k+1 A Ppe (S Spyr)| P ]=0
Ny Nk

/ PiSy; o 5D1§Ic+1\ /nO\

& ' 1l =0 3.17)
\ PreSke+1 ) Nk-1
e

A Sing+ ot Sppny € Ry @ @D Ryy

where the settings in (3.9) imply S;ng € Ry, ... , Sks1nk € R;® -+ ® Ry, and we can restrict to
the operator matrix equation (3.17). Then, by the definitions of the operators E; ; in (3.12), the

following equivalences result from bottom up solution of the triangular system (3.17)

( N = MNpyq = Exsik+1 Mks1 My € Nigyq
_ PP N _
A Ng-1 = T — Si "PrSkr1 " Thrr = [Exre Ergesa ]| - , Ty € Ny
k Ng+1
L) Eiq - Eigksr ny ng

ny Exs1k41 M1 Nyyq

Thus, from the first equality in (3.16), we obtain the equivalences

by
i | e N[ Ak (3.19)
by
by Ig | No Ig | Eiq - Eigser ny
= : = - - - =\ - - - I ) : :
k k _
b, | Ny | Exi1k+1 Npy1
/IB \ Eix  Eip Eq kst
n
My; - My Eyp o o Es k41 _1
A AU At
My i Ers1k41
[1 E (IB E s E ] "
=trn E;, E, .., ) )
g B 1 1 2 k k+1 _
Ng41
n
(3.14) !
515 trng[ My, ..., My 41 ]~ .
Ng+1
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TS
implying the following result with respect to Jordan chains of of increasing length.

Lemma 1: Given a power series of linear operators L(g) = ¥2,¢! - L;, L; € L(B, B) with B, B
real or complex vector spaces. Then, the iteration (3.3)-(3.15) is well defined for k > 0 with fol-
lowing properties.

) The kernel of A¥*! e L(B**1,B**1) can be represented by the range of k+1 €
L(B**1, B¥*1) restricted to Ny X --- X Ny4, 1.e. we obtain for k > 0

Ly - Ly

. . k+1
N[Ak+1] :N[ 8 : ] :R[ |N1><...><Nk+1]
Lo

Ip M, / Mj je41 \
0 Ig M k41
- 0 'Nl @ 0 .N2 @ @ |

S U e

(i) Fork>=0 : rk(b)=>k s b € N

*Niiq

Tk(b) =k (=4 b e Nk\Nk+1

rk(b)=k  for bEN{, N, b#0

(i) Fork>0 : Il(b)<k & DER,=R @D @ Rpys
lC(E) =k (= l_) € Ek\ﬁk—l' E—l = {0}
lC(l_)):k fOT' EERk+1CRk,b¢O

(i) follows from (3.19). Concerning (ii), rk(b) > k iff b # 0 can be extended to a k-tupel that lies
in N[A¥]. By triangularity ofk this is possible iff b € N,,. The remaining assertions in (ii) fol-
low immediately.

Concerning (iii), the leading coefficients R, c B of order k are obtained by inserting B X
N[A¥],k > 1 into the k-th leading coefficient of the Cauchy product in (3.1) implying by (3.16)

No

) = (8- §k+1 ) : (3.20)
Ny

B

Rk = (Lo Li)- (N[Ak]
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= 51.NO+§2.N1+."+§R.Nk—1+5_k+1.Nk

=Rj-1

and all leading coefficients of order below k are contained in R;. But then, lc(l_J) < k iff b € R,.
Further, we have

Ek=§1'N0+§2'N1+"'+§k'Nk—1+§k+1'Nk (321)
=1Ig =1Ig =1Ip
—_——

=(PR(C)')'.S_‘l'NO+(?1+PR§)'.S_‘2'N]_+"'+(:P1+"'+:Pk+PR}CC)'§k+1'Nk

(3.9) _ _
= S No+S2 Ny + -+ Spsr N + (P) Sz Nyt o+ (Pt 4 Pp) » Spern ~ Nie
= R1®.“®Rk+l

and the first statement in (iii) is shown. Again, the remaining statements in (iii) follow immedi-
ately.

4. Pre-Transformation and Transversalization

In this section, the pre-transformation of L(¢) into the form

(&) = L&) pr(e) = Sy 4+ 61+ Sy + 4 6k Sppy + Z £ Qpur (4.1)

i=k+1
with operators S;,i = 1, ...,k + 1 given by (3.9), is derived. We assume that the iteration is per-
formed up to decomposition (3.15) with k > 0. Stabilization is not presupposed.

DuetoS; - Niy1 =0,i =1,...,k + 1, anecessary condition for py (¢) to obtain (4.1) reads

[oe]

LE Pl T = ). & Quva s (42

i=k+1

for ng,q € Niyq, i.e. b(€) = pr(€) - ng4q has to define an approximation of L(¢) - b = 0 of order
k + 1. But then, it is plausible that p; (&) might be derived from Jordan chains of length k + 1
given by
Ny Ny
N[AK*1] = trng[ My, .., Myl 1-| ¢ =) ¢+ ). (4.3)
Ny 41 Ny 41

In particular, by Lemma 1 (i) the approximations with root elements different from zero are

simply constructed by the last column M, ; of [M] frt according to
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b(e) = (Sk,"',fl. 1 ) "My Npyr = (Ek""'gl' 1 ) ' | | Mie+1
\Mk,k+1
Ip
= (Ig+e Mygsr + -+ € Myjyq ) paq (4.4)
and setting
pi(€) = Ig + & Mypyy + -+ € Mypyq (4.5)

implies, at least, (4.2) by construction. Next, we obtain
L&) - pi(e)
=(Lot+eLy++e* Lp+X2p16 L) (Ig+e My ++e" Mypyq)

=Mpg41

Mj 41

My jes1 X \ 0 i
=Lolg + € (LoLy) ot R Ly L) | | + 22,16t Qi1 (46)
—— B

I \Mk,k+1/
=S,
:52 IB

= Sk+1

with remainder coefficients Q;,; € L(B, B),i = k + 1. Now for proving (4.1), it remains to verify
the red marked identities in (4.6) with the first identity LyIz = S; being true by (3.3). Note also
that the column vectors in (4.6) are given by an increasing number of last components of Mj,,;
until the complete vector M, ; is build up within the coefficient of £¥.

For proving the red marked identities in (4.6) we use the following lemma.

Lemma 2: Fork >0

k+1 ~ ~ k+1
(Lo e Ly ) ' = (51 o Sk ) ' = (51 v Skt ). (4-7)

Assuming Lemma 2, the operator (Lg -:+ Ly) * My41 equals Sy, and the identity concerning Sy,
in (4.6) is shown too. Next, concerning S;, we obtain, under consideration of definition (3.14)
and Lemma 2

M3 41 \ E3 k41

: (3.14) k :

(Lo"' Lk—l)' = (Lo"' Lk—l)' '

My k41 El k1

Ip Ip

E kst
Lemma 2
= (S S) | (4.8)

H | .
\Ek,k+1/
Ip
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Further, by the definition of E; 44,1 =k, ...,2 in (3.12), we see R[E; x4+1] € Nf € N;_, implying

- N§c Ny > Nf € Ng—y
—_——— —_———
S1° Eyger ++ Spc1t Exger + Sk Ip =Sk (4.9)
=0 =0

and the identity concerning S in (4.6) is also shown. The remaining identities with respect to
Sk—1,---, S, follow in the same way. We only have to employ the equality

o =0 [E, . [El]T for k=1 and 1<l<k (4.10)

with : and : denoting the (I X ) triangular matrix composed of last [ rows and last [ co-
lumns of the matrices * and * respectively. (4.10) follows by direct calculation from the
definition of [M]"" in (3.14), (3.15).

Proof of Lemma 2: By (3.15) we obtain
k+1
(Lo L) -[M]""" = (Lo~ L) - trng[ My, ..., Myeyq ]
= (Lo My | -+ | (Lo L) Mysq) (4.11)

and the first component of the row vector satisfies Lemma 2 by Lo - My = Lo Iz =S; - E;; = S;.

Concerning the remaining components in (4.11), we see for 1 < i < k, under consideration of
definition (3.8),

Iy |
(Lo Li) My = (Lo L) | — = — |"Ein
l
|
=(L0'IB | Ll.Ml | oee | (Ll"' Ll)-Ml)El+1 (412)
(3.8) _ _ _
= (51 | 52| |Si+1)'Ei+1
and summarizing (4.11), (4.12)
k+1 ~ = = - = =
(Lo"' Lk)' =(51'E1 | (51| 52)'E2 | - (51 | Sy| - | Sk+1)'Ek+1)
_ _ k+1
= (51 - Skt ) ' (4-13)

yielding the first equality of Lemma 2.

Next, we note that the iteratively defined mappings E; ;,; = -SSP, -Z’;:}HS_V E, k+1 in (3.12)

of the solution operator k+1 of the triangular system (3.17) may also be written for k > 1 in
an explicit way according to
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B;:=S;57'P,eL(B,B), i=1,...k (4.14)
and

Eige1 =S P (Ug—=By) . * Ug—By) 15" Sps1
: (4.15)
Ex—1p+1 = —Si21 Pee1* U — Bx) 15 Spiq

Eprsr = —Si ' Pi 15 Spiq

Ek+1,k+1 =1Ip.

The components Ej y1q,**, Ex_1 x+1 Only appear in case of k > 2. The formulas in (4.15) follow
by direct inspection of the bottom up solution process of the triangular system (3.17). Note also
that all of the components Ej 11 up to Ej ;41 are multiplied by Sy, from the right, motivating
for k > 2 the abbreviation

=€ik+1
Eijs1==S7"Pi-Ug—Biy1) o U =Bi) 15 Spr,  i=1,.,k—1
= €kk+1
Exisr = =Sk Pi 15 Sisa (4.16)
with e; ;41 € L(B,B),i = 1,..., k. For completeness, we add e; , := —S;* P; and obviously, we
obtain for k > 2 the relation
€1k+1 €1k
' = (I — By) . (4.17)
€k—1,k+1 €k-1k

To finish the proof of Lemma 2, we need the following statement concerninge; 41, i = 1, ..., k.

Lemma 3: Fork > 1

€1,k+1
(S1+ S5,)- : = —(Pi++ P). (4.18)
€k k+1

Using Lemma 3, the second equality of Lemma 2 results along the following lines for k > 1 (for
k = 0, Lemma 2 is obviously true).

k+1 _ _
(51 = Skt ) ' = (51 o Sk ) trng[E1 yor Epgq ]

=(5:1'E1 | (51 52)'52 | - | (51"' §k+1)'Ek+1) (4.19)
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€1,k+1

=( S Ig | Siverp Sy +SyIg | | (Sp- S¢)- : “Sia1 + Sk+1 1)
—7, €kk+1
(4.18)
w1 1Pk
=(SIg | P+ S | = | (=P1— - —Px+1p) Sks1)
=(S11p | PR§§2 |- PR§§k+1)
39

= (51 Sy Sk+1)

Proof of Lemma 3: The proof goes by induction for k > 1. For k = 1, Lemma 3 is true by

S e12 =51 (=S{'P) = —P;. (4.20)
Now, assume
€1,k
(Sy Sp-1)- : =—(Pr+-+ Pr_1) (4.21)
€r—1k

for k = 2. Then, by (4.16), (4.17) and (4.21)

€1, k+1 €1k+1
(S 8- 5 = (81 Sp-1)- : + Sk et
€k k+1 €r—1,k+1
(4.16) oLk
(417) (Si Sk-1)- 3 (s = Bi) + ‘ST"'(_S’;l?k)
€k-1k
(4.21) & o1
= —(Py+ -+ Py_q) Uz —By) — SiSic ' Py (4-22)
=Bk

== (Pr+t Peog) +(Pr++ Peg) B — By

== (Prt+t+ Pe)+H(Prt+t+ Peo1—15) By

=—P,c
Ry—1

:_(:Pl++ ?k—1)+PR,$_1.'§kSl(_1?k

:Sk

== (Pr+ -+ Poog) + 5iSc P

:_(.731++ :Pk—1+ :Pk)
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and the induction is finished. We collect the results concerning the pre-transformation p (&) and
associated triangularization up to the order of k in the following theorem.

Theorem 1: Given the iteration (3.3)-(3.15) up to k = 0 with associated direct sums of the vec-
tor spaces B and B.

= N§+-+Nf, =N;

B= Ny & N & & N @& - & Nggyy © Neya

T T T )
[So=0]  [Si] (4.23)
) l ! )
B = R, @ Rt @& - @ R @ - @D Rrks1 D Riyq
= R¢

-1

Then, the polynomial of degree k with respect to ¢
Pr(€) =Ig+ & Myppr + -+ € Mgy = (Sk et 1 ) *Myyq (4.24)
transforms the power series L(g) = Y2, - L;, L; € L(B, B) into
Se(e) = L(e) "pr(e) =Sy + &' - Sy + -+ X Sy + Z €' Qir1 (4.25)
i=k+1
with k + 1 leading coefficients S, ..., Sy4+1 € L(B, B) satisfying
Si*(N§+-+N,)CR, A S;*Nf =R; A S*N; =0, (4.26)

i.e. the operators Sy, ..., Sk4+1 are showing a matrix representation with respect to (4.23) of the
form

N? N [NEe] [N
O O OO 0O Oy R’
o Y o o A :

oo X X X O O O w2
X X O O O O :
X X O O O O | [Red
X X O O O O/ [Rid

implying lower triangularity of the operator polynomial P (¢) := S; + &1+ S, + -+ ¥ - S, .1 by
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NE| o [N [Nid]

O O I:I\
) E O IZ|| :
O | R
\ m IZI/

Remarks: 1) We have Sy (¢) = Pi(¢) + Y211 €' - Q41 and up to this point, the remainders Q;, 4
show no special structure in the sense that in general the corresponding matrix representations
are fully occupied, i.e. only partial triangularization is achieved. In the next section we will see
that by extending and refining the transformations p; (¢) to the power series ¢(¢), the remain-
ders Q;,, are forced to map into Ry, ; and complete triangularization is obtained. However, this
refinement only works, if the Jordan chains (or the leading coefficients) stabilize at some k > 0.
In contrast, closedness of the subspaces within the direct sums of B and B is not required for
triangularization.

(4.28)

2) If N1 = {0} and Rf,; = {0}, then a matrix representation of the form

Nf
O O
P(e) = | [-] []
X X !S—\/IR_I

is obtained from (4.28) and P, (€) turns into a bijection for € # 0. This case is treated in [Esqu-
inas] and [Lopez-Gomez] investigating a family of Fredholm operators of index 0. There, the

(4.29)

transformations used are polynomials py (¢) of degree % (k + k?) . The transformed family S (¢)

is called a transversalization, as soon as bijectivity of P, (&) is achieved for € # 0. In [S1] an al-
ternative approach for transversalization was performed using the polynomial p, (¢) of degree k
from (4.24). Besides Ry, ; = {0}, no other assumptions concerning finite dimensionality were
needed.

3) The partial triangularization Sj(¢) from (4.25) is characterized by rather simple formulas
concerning approximations of order i = 1, ..., k + 1, which are given by
S S Ny
bi(e) =n; +-+e&t-ny or equivalently N[ i =t |]. (430
S1 N;
In other words, when performing the iteration (3.3)-(3.15) with L(¢) replaced by Sy (¢), then the

triangular matrix i in (3.15) simplifies to a diagonal matrix i = Diag[lg -+ Ig] and the i-
tuples (n; --- n;) € N; X -+ X N; in (4.30) define Jordan chains of length i for n; # 0.

4) By construction, the transformation pj(¢) is mapping root elements from N, to corre-
sponding approximations of order k + 1 by
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Pk (€) Npyr = (Ig + & Myjyq + -+ € Myjy1 ) pers (4.31)

and we can be sure that p, (&) transforms elements from Ny, ; in the correct way for reaching
(4.25). Now, when choosing b € N, it is not obvious that p, (¢) is working as well. From a ge-
ometrical point of view, the possibility to use py (&) results from the fact that p; (¢) is also map-
ping elements from Nf ;,i = 1,..., k to a corresponding approximation of order i, i.e. the steps
from p; (&) " nf,, up to pr(e) - ni,, do not destroy the approximation property of order i with
respect to N, ;.

In some more detail, we have

Pe(€) nfyy = (I + & Mypys + -+ € Mypyg ) nfyy
= (IB +e Myyiq +F gt My—ipoprr + o+ €5 My jqq ) Mg (4.32)

— i-1, . M€ i, k—i, . €
=(lg+-+e Mi—isops1 ) Ny + € (Myojprper + o+ € Mips1) N4y

Approximation of order i
with coefficients of ( Iz + -+ + €71 - My_i 1241 ) - nfy 4 satisfying

Mp—i42,1+1 /N
nf, EN[A]=[M]" - ¢ |, (4.33)
Ip N;

i.e. by (4.33) the first summand (IB +ot e My ik ) ‘nf,, in (4.32) is an approximati-
on of order i and all in all, we obtain py(¢) - nf,, = ' - r(¢) - nf,, with a remainder operator
polynomial r(¢).

To show (4.33) by direct calculation, (4.10) may be used.

5. Triangularization and Diagonalization of Operator Power Series

In this section, the pre-transformation p, (¢) is refined and eventually extended to a formal pow-
er series ¢(e) = Iz + Y2, €' - ¢; in such a way that all remainder terms Q;,1,i = k + 1 in (4.25)
turn into operators S;,; of the transformed system S(&):=L(¢) () =S; +&t-S, + -+
eF Sy + X2k €t Sipq satisfying fori >k + 1

R[Si+1] < Risq A Si+1" Nk+1 =0 6.1

with corresponding matrix representation

=
=a

O
|:| :

: (5.2)
]
]

Siy1 =

c
Rk+1

¥ 000F

X O O
X O O
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To achieve (5.1), we have to assume stabilization of the iteration at a certain k > 0 in the sense
that the subspace R, = R; @ - @ Ry, from (3.21) of leading coefficients up to order k cannot
be extended anymore according to

ﬁk—l c Rk = Ek+l fOT [>1 and R—l = {0} , (53)
—— ——
=R B DR =R & @ Ris

or equivalently under consideration of (3.20)

Nk 2 Nk+1 = Nk+l fOT' l >1 (54)
= Rk+1 * {0} ) Rk+l = {0} fOT' =2 (55)
& Ngg,#{0}, N, ={0} for 1=2. (5.6)

Note that by (5.4), root elements in Ny, are satisfying rk(n,,,) = o, i.e. stabilization at k re-
quires the existence of root elements n;, with rk(n;) = k, combined with the nonexistence of
root elements with finite rank above k.

Note also that, from a geometrical point of view, approximations of arbitrary high order can still
be defined via N[A¥*!],1 > 1, but when evaluating associated leading coefficients of order k + [,
the coefficients are not pointing out of R, = R; @ --- @© Ry, and hence Ry, is not increased.

If stabilization occurs at k > 0, then by (5.3)-(5.6), the following decomposition arises after [ > 1
further steps.

B = N & - @ Ny © {0} & - d {0} D Neyin
) i) i) i)
Se] [Se] 67
o 1 L L
B =R @ - @ Reyr © {0 & - @& {0} @ Ry
Rera Reast  —RL,.

When stabilization does not occur, then the subspace of leading coefficients increases indefini-
tely in B according to

B 2 Ri® - ORgs1 @ - @Rk+1+l1 SPRREE GaRk+1+l2 SPRREE (5.8)
#{0} #{0}

k+li |, — oo, But then,

with subspaces Ry14;, characterized by arbitrary slow expansion rates &
every kind of generalized inverse family L™ (&) will be forced to compensate this slow behaviour
by multiplication with e~**%) and some kind of essential singularity will occur at € = 0. In this
sense, the requirement of stabilization at k, makes it possible for a pole of order k to arise with

respect to L™1(¢). Concerning essential singularities, see [Albrecht].

Note also that stabilization is ensured, as soon as a first operator S;, ; appears in the sequence of
operators defined in (3.9) satisfying

dim(N;y,) <o or dim(Rf ;) <, (5.9
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i.e. in Banach spaces a semi-Fredholm operator S;,; establishes stabilization at some k > i. The
first possibility for an operator satisfying (5.9) to occur, is given by S; = L, with dim(N;) < o or
dim(R{) < oo. In general, finite dimensionality is not necessary for stabilization at k.

Theorem 1 from the last section is valid for every k = 0, but for each k a new transformation
pr(e) = (ek gl ) M., has to be build up from the previous transformation p,_;(¢) =
(sk_l e gl 1)-Mk. The coefficients of consecutive polynomials py(e) =I5, pi(e) =I5 +
€+ Mj,,...are successively defined by the columns of the —Matrix, i.e. by M; , M, , ....

Schematically, the —Matrix shows the following structure.

M, M, My 11 Mp+2 Mp+3 Mp14 (5.10)
M, M3 g1 M gy M k43 M s
M3 41 M k42 M3 43 M3 gy s
1

My je11 My 12 My k43 My e+ 4
= Mici1 42 Mici1ge+3 Mic+1,k+4
T MI?+2,k+3 MI?+2,k+4
1 M3 14

1

Now, when going from py (€) to py41(€) or from py 44 (€) to pr42(€), then in general coefficients
of common order > 1 of the polynomials (lying on the same diagonal above the main diagonal)
differ completely, as indicated in (5.11).

ek - My 11 * My jes2 * M3 43
gkt - M; ki1 * M3 42 * My jei3
) (5.11)
€ - My ge41 * My 41, k+2 * Myy2 k43
i) T i)

On contrary, we will see below, if stabilization occurs at k, then the first order coefficients of
Pi+1(€) and py42(e) coincide by My 42 = Myy2 k43, Whereas higher order coefficients may

remain different. The fact that within matrix , the element My, ;3 is simply obtained from

28



the transfer of the element top left of My, y43, i.e. from My ;4 4, is depicted in (5.10) by a small
arrow according to M,?+2,k+3.

Alternatively, we can say that with blue marked element My ;12 of px41(€), the coefficient of &
has already reached its final configuration for all subsequent polynomials py,(€), Pr+3(€), ... .
This behaviour continues in the sense that with My x+3, the coefficient of £ attains its final
configuration for the polynomials py 4, (€), Pr+3(€), ...

In summary, if stabilization occurs at k = 0, then the blue marked row k + 1 of matrix estab-
lishes some sort of final configuration of coefficients up to infinity and, in particular, all rows
below row k + 1 are simply given by copies of row k + 1 shifted to the right and down, i.e. start-
ing with blue row k + 1 an operator Toplitz matrix arises. Note also that in case of k = 0, row
k + 1 turns into the first row and the complete matrix | M | represents a Toplitz matrix.

Now, as expected, blue row k + 1 delivers the formal power series ¢ (¢) looked for according to
=i

@) = Is + ) & Mysipnnsi (5.12)
i=1

and we see that ¢(¢) corresponds to the Laurent power series that is usually associated to a
Toplitz matrix with infinite dimensions, as introduced in [Toplitz]. Due to our assumption L(g) =
¥ o€t - Ly, the principal part of the Laurent power series vanishes in (5.12). In case of mero-
morphic operator families L(¢), the power series of ¢(¢) in (5.12) would contain negative expo-
nents as well.

Note that the pre-transformations p;(¢) are defined successively by the columns of the matrix
, whereas the transformation ¢ (¢) is defined by row k + 1. Note also that for calculation of
the coefficients ¢4, ¢, ..., the last pre-transformation p, (&) before stabilization is not used, but
instead polynomials of higher degree py 41 (€), px+2(€), ... have to be applied.

Schematically, we end up with the following matrix.

M, Mj e+1 M; 42 o Mygsaa
Mik+1  Migez 0 Migs14
9| —
= T : (5.13)

roo 4]
Pr+1(€) m

T

Di+1(8)

Note that, due to the Toplitz structure, the transformations p,;(¢) agree for [ > 1 with ¢(¢) in
firstl 4+ 1 coefficients according to
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/¢z\ /Mk+1k+1+l\ |

(5.14)
\ / kMk+lk+1+l )
Now, concerning the transformed system, we obtain by Cauchy product
o]
L) ¢e) = Z D Ly —2 b Ly L)
i+j=1 =0 IB
/Mk+1,k+1+l\
= > el (Lo L) | (5.15)
e~ \Mk+l,k+1+l /
Ig
= Z el S
1=0
with the last identity following from Theorem 1 according to
L@ Prent(®) = (Lo + &1Ly + ) eboL)
i=l+1
“(Ip + & Myppearsr + o+ €8 My g + o+ € My g4
Th1 k+1 i
Syt el S et S b Y e Qi (5.16)
i=k+1+1
and S, given by
Mk+1,k+1+l\
Siv1 = (Lo L) I (5.17)

\ Myyi k141 /
Ip

for [ = 1. Thus, by (5.15) and (4.7) in Lemma 2, the coefficients of the transformed power series
L(e) - ¢(¢) are reproducing the mappings S;,i = 1, defined recursively by (3.3)-(3.15), and it
remains to show that S;,; satisfies the conditions (5.1) for [ > k + 1.

Now, by (4.26) of Theorem 1 and choosing !l = k + 1, we see

( 7) (5.7)
Si+1-(Ng + -+ N7 ) CRf Rivi A St Nipr = S Niyr =0 (5.18)

implying (5.1), as desired.
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As already mentioned, (5.13) shows in detail that for calculation of the coefficients ¢, ..., ¢, we
cannot use the basic pre-transformation py (¢), but we have to go up to the refined coefficients of
the polynomial p,;(¢) of degree 2k (set [ = k in (5.13)). In this sense, the step from k to 2k
seems to be crucial with respect to the behaviour of L(¢) under stabilization with k.

It remains to show that pattern (5.10) of [M], in fact turns into the Téplitz pattern (5.13) in case
of stabilization at k. Remember, matrix is defined column by column using (3.14), (3.15) as
well as evaluating matrix | E | of solution operators of the triangular system (3.17).

Now, in case of stabilization at k, matrix | E |adopts the form

B E Evvr i Exss Exvisr (519
E1,2 E1,k+1 E1,k+2 E1,k+3 E1,k+1+l
Ey k1 Ey k2 Ey k+3 Ey k141

|Ek+1,k+2| |Ek+1,k+3|
[E]= I N )

[0]

with green marked zero operators following from (5.5), due to Ry,; = {0} for [l > 2 and

=0
Ext2i = —Sitz Prsz "[+1-Sesi =0, i=k+3

=0
Ext3i = —Siis Prvs "[]1 Sk =0, ik +4 (5.20)

by (4.15). Then, from the definition of the columns of [M]in (3.14), we obtain for [ > 2

Iy |

el “Ext11 (5.21)
|

Myi141 =

and last [ components of My, ,,; read
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N
Mk+2,k+1+l

N
Mk+l,k+1+l

N
Mk+1+l,k+1+l

Mie+ 1,142 Mie 1,141

Mk+l—1,k+l

/ Exizk+1+41

Ek+l k+1+1

Mict1k+2

0 w My 41, k41

(5.19)

My 41,41 (
: |

Mt 11 k41 Myt 1-1,k+1 )
\ [1s] /

Hence, last [l components of M 14; in (5.10) are simply obtained by shifting last [ components of
M, to the right and down and the repetition structure of [M]in (5.10), (5.13) is shown.

(5.22)

-
P
i

Concerning stabilization, triangularization and diagonalization of operator power series L(&)
between real or complex vector spaces, we summarize the results in the following theorem.

Theorem 2: Assume stabilization of the iteration (3.3)-(3.15) at k = 0 and define a power se-
ries ¢(¢) € L(B, B) by row k + 1 of matrix|M |according to
D@ = D e My - (5.23)
i=0

(1) Then, ¢ (&) transforms L(g) = Y52, €' - L; by Cauchy product into the triangularization

S(S) = L(S) ' ¢(€) = Sl + gl * 52 + b + Ek 'Sk+1 +Z€k+l_1 " Sk+l

(5.24)
1=2
with Sy, ..., Sy 1 satisfying (4.26) from Theorem 1 and Sy, ; satisfying for [ > 2
R[Sk+1]1 € Riiq A Sk+1" Niw1 =0 (5.25)
with associated matrix representation
O O O O
O O O O
Sial = (5.26)
[

IZID)

km

In particular, for all i = 0, we have S;; 1 - N1 = 0.
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(ii) For every power series b(g) = Y52, &' - b;, b; € B with
L(e) b(e) =0, (5.27)
there exists a unique power series n,,,(e) = Y2, &' - nb,;,nk, 1 € Nyiq with
b(e) = Pp(€) * ny41(€) (5.28)
and coefficients recursively determined by
nRe1 = by
M
Ny =bi = (P1 - @) : , 121, (5.29)
nRy1
(iii)  The set of all power series solutions of L(¢) - b(e) = 0 is given by
ni+1 .
Xo ={(bien, | bi=Ug = )| i ) Mis1 € Ny } (5.30)

0
Nkt1

(iv)  The power series S(g) = ¥2,&" - Siy1, Sis1 € L(B,B) from (i) can be factorized by a
power series (&) and a diagonal operator polynomial A(e) according to

S(e) = y(e) - Ale)

=[Iz + Zgi'lpi]'[Slpl+5'52P2+“'+5k'5k+1pk+1] (5.31)

i=1
with ¢; € L(B, B) and Py, ..., Py, denoting projections to N, ... , N, ; respectively.

Concerning the proof of (ii), we first obtain from L(¢) - b(¢) = 0 for k = 0 and [ = 1 an approxi-
mation of order k + [ according to

L(e) - (bo+ -+ &1 by ) = k- b(e) (5.32)
with remainder power series b(¢) in B, and from Lemma 1 (i) we see

biy1-1 ol Ny
€ N[ Ak ] = 3 . (5.33)
b Ni 41

Then, starting at [ = 1, there exist (nq, ..., ny41) with

n by

m <t =] (5.34)

Ng+1 bo
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and the last component yields Iz - n,,; = by. Next, with [ = 2, there exist (1, ..., Mg41, Ngs2)

satisfying
()
k+2 : :
e 1= b, I
\niw) s/
and, due to stabilization at k, we have Ny, = Ny, and the last two components in (5.35) read
Iy ¢4 Mjes1 (5.24) by
. = , (5.36)
Ig ) \ngy bo

where we used an upper index to distinguish the two elements from Ny, ;. We reproduce n),, =

(5.35)

b, from the second equation in (5.36), whereas the first equation has a unique solution given by

Nierr = by — ¢y MRy (5.37)
and (5.29) is shown for i = 1. Now, the general induction step from i to i + 1 works along the
same lines of reasoning.

Concerning (iii), we see from (5.29) that every power series solution is contained in X.. Re-
versly, choosing an element (b;);ey, from X,, we obtain

o P b,
L(S)'zfi'bi = Zgl'(Lo L)
i=0 =0 bo
o Iy - ¢ Nkt
— Zel-(LO AT S N (5.38)
=0 Ig Ny

. P . . . k+1+1 .
with the blue matrix indicating last [ columns and rows of the matrix according to

M, w0 Migsr Migyz o Migiin

Mik+1 Mig+z = Migs1

(5.13)
k+1+l 13 | (5.39)
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Then, from Lemma 1 we conclude

/LO e e e Lk+l\

| |
N[ Ak+1+l ] — N[ k LO Ll ) ] = R[ Mk+1+l| Nyxeoox Njg X N]l{+1---N,g+1 ] (540)

Lo
implying all coefficients in (5.38) to be zero by direct inspection.

Concerning (iv), define

Y(e) = \I,E + Z ' Yy, Y =541 '51_1?1 + o+ Sktiva 'Sk_il?kﬂ (5.41)
=1y i=1

and remember Py, ..., P41 as well as Py, ..., Pr,1 denoting projections with respect to the sub-
spaces Ny, ... ,N{,, and Ry, ... , Rj41 within the direct sum decompositions

1Py 4 Pyiq
—~ —~—
B = N @ - @ NSy @ News
(5.42)
B = R @& - @ Ry D Riy
TP, T Pr+1
from (5.7). Then, rewrite (&) by
lp(g) =I5 + Zgi ’ (5i+1 '51_1?1 + oo Skyivn 'Sk_h?kﬂ)
i=1
= Ip + ) e SpaSTP Ak Y e S Sch P (5.43)
i=1 i=1

Il
~
o]

+ &- (Zsi_l' Sit+1 > STIPL et e (Zfi_l' Sk+i+1 >'5k_+117’k+1

i=1 i=1
=:lp + e 1{(e) ST'Pr 4+ & 141(8) * it Prra

with power series 1 (¢),i = 1, ...,k + 1. Now, the factorization S(¢) = y(¢) - A(¢) can be simply
shown by Cauchy product under consideration of splittings (5.42). We obtain

P(e) - Ae)

= [IE + e rf(e) SiP + o+ S'TI€+1(5)'SI:-:1PR+1]'[51P1+"'+Ek'sk+1pk+1]

=15 [SiPy+ -+ &% S i1Pesr] + e-1f(e) Py + -+ el (8) Py
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=[Si+ e rf(e)] Py ++ [ Sppq+ 1 1(8) ] Prys (5.44)
=[SE]P ++ [SE—(S1+-+e1-S)] Pesr
=S(&) Pr+ -+ S(&) P

=S (Py+ -+ Pes1+Pu,.)

=IB

due to S(¢) * Py,,, = 0 by Theorem 2 (i) and Py, ,, denoting projection to Ny, within (5.42).
This finishes the proof of Theorem 2.

6. Defining Equation for the Transformation
In this section, a defining equation for ¢(s) = ¥2,&" - ¢; is derived, finally allowing to show
analyticity of ¢ (), if stabilization at k > 0, analyticity of the operator family L(g) = ¥, &’ - L;
and continuity of the projections is assumed.
Up to now, stabilization at k implies the blue marked Toplitz repetition structure of [M]in (5.13),

as well as the green marked zero operators of [E]in (5.19). These patterns are sufficient to prove
triangularization and diagonalization as stated in Theorem 2. Yet, more structure is present in

[M]and[E].

First, note that in case of stabilization at k > 0, we have R; = {0} fori > k + 2 and

(4.14)

Ig—B = Izg=$;S'P =1z, (6.1)
=0
yielding by (4.16) for [ > 2
€1k+1+1 €1,k+2 €1,k+2
. = E *(Ig = Brs2) * - (Up — Brt) = E . (6.2)
€k+1k+1+1 €k+1,k+2 =Ip =1Ip €k+1,k+2

Hence, first k + 1 components of the columns Ej ., , Ey3, ... are almost equal in the sense that
they differ only by multiplication with Sy, , Si43 , ... according to

E1k+2 €1,k+2 Eq k43 €1 k+2

= : "“Sk+2 : = : "Sk+3 s (6.3)
Eyi1k+2 Ck+1,k+2 Eisiies €Kz

We indicate these elements by brown colour within matrix |E | .
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E1,2 E1,k+1 El,k+2 E1,k+3 E1,k+1+l

Ek,k+1 Ek,k+2 Ek,k+3 Ek,k+1+l

|Ek+1,k+2| |Ek+1,k+3|
o] - [0]

[0]

Now, green zeros and brown elements have the following consequences upon constructing the
columns of the matrix[M].For k > 0 and [ > 1, we have

El,k+1+l

Iy | I | Ext1k+1+1

----=1 [0 (6.5)

0]

E
I | 1,k+1+1

B N
| Ej+1+1+1

Iy | €1,k+2
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which motivates the abbreviation

H, Iy | €1,k+2
A= + |=(----) : (6.6)
k
Hyiq | Ck+1,k+2
with H; € L(B, B) and (6.5) turns into
()
0 _ 0
Mip141 = | [ Ske14e1 + ) (6.7)
Myt

0

characterized by the operator vector H, which is independent of [ > 1.

In the next step, we restrict columns My, 1,4; to first k + 1 components and we concentrate on
the columns to the right of M,; ., to obtain the following result.

Lemma 4: Assume stabilization with k > 0. Then, forl >k + 1

Ml.k+1+l Hy §k+1+l §k+1+l
= S : : =:[H]- : : (6.8)

Mies 14141 Hgpr - Hy S1+1 S1+1

Lemma 4 means that first k + 1 components of columns M, 5, My43, ... sShow a similar struc-
ture in the sense that multiplication of a fixed operator matrix |H | with a vector composed of k +
1 operators S;,;, ... , Sk4+14; is performed. But in contrast to the matrix |E]|, this kind of repetiti-
on is not valid starting with column k + 2, but only valid for columns to the right of M, 4.
Hence, we see a delay of exactly k columns to occur until the structure within [E], caused by sta-
bilization, is completely transferred to matrix |M |.

Schematically, the matrix is composed of regions with different properties, as indicated be-
low by different colours.

M, M, Miyr My Myps1  Mapsz (6.9)
M1,2 o Ml,k+1 Ml,k+2 M1,2k+1 M1,2k+2 M1,2k+3
Myg+1r  Migsz = Miogsr Miorsz Miiakes

$(e) - |¢k+1| |¢k+2|
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k+1
Top left, the black matrix characterizing the process up to stabilization at k > 0. Hence,
these operators are needed to define the decompositions of B and B and thus to construct the
subspace Ry, of leading coefficients in B with associated Jordan chains of rank 1 to k in B.

Secondly, k red marked columns My, , ..., M,,, 1 with corresponding coefficients ¢, ..., ¢, in
row k + 1. These coefficients are still depending from the process up to stabilization at k.

Thirdly, the brown columns My, , M3k, 3, ... with coefficients ¢y 41, g4z, ..., characterized by
the simple repetition structure in (6.8) that eventually will allow us to derive the defining equa-
tion of (&) = X2, €' - ¢; looked for.

Finally, we have blue Toplitz copies of row k + 1 in the lower part of [M].

Proof of Lemma 4: The abbreviation 0; is used for the operator zero column vector with i > 2
components. Then, from (6.7) we obtain backwards step-by-step

1=k+1 ( H - 0
My = < >'52k+2 + ( > (6.10)
®k+1 M2k+1
_ 0
1=k H _ _
= ( >'52k+2 (A & 0
Ok+1 o "Soks1 +
k M2k
_ 0
(e (e ()
= " O2k+2 " O2k+1
Ok+1 0 M3k
K
I=k—1
_ 0
=1 H & o7 s _k = Ok+1
= “Sokez + | H |"Sopgr ++ | H |"Sgy2 +
®k+1 Mk+1
0y 0

and restricting to first k + 1 components

M1,2k+2 1{1 I_(I) 0
= “Soksz + 51 Sppaq oo (‘) Sers (6.11)
Mpct1,2k+2 - . "
H, Sok+2
H, - H, Sers

we see that Lemma 4 is proved for [ = k + 1. Now, we proceed by induction with respect to | >
k + 1. Assume (6.8) with [ replaced by ! — 1 according to
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My gt Hy Sk+1

Mi 1,41 Hpy1 - Hy S

Then, we obtain from (6.7) under consideration of first k + 1 components

My 141 Hy 0
! : _ My gy

= . “Skr141 Tt .
My i1 k141 Hi 41 My i1t

and using components 1 to k in (6.12), Lemma 4 is proved according to

My 141 Hy 0
: - H
= “Skr1+1 + .1

Mies1k+1+1 Hyq H, -+ Hy
Hy Sk+1+1
Hk+1 Hl §1+l

(6.12)

(6.13)

St (6.14)

S1+41

Now, the construction of the defining equation is straightforward. The repetition structure in
starts with brown column 2k + 2. We define a vector of operator power series by

M 2k+2 My 243
d(e) = : + & : + - (6.15)
My11,2k42 Mycs1,2k+3
N— — SN— —
= Pl+1 = k42
. My kv1+41
— gl—k-1
I=k+l Mic+1,k+1+1
and the transformation ¢ (&) from (5.23) can be written as
D)= ) ey =Igte ot et Gt (o) (6.16)
i=0
with d1 (¢) denoting component k + 1 of the operator vector d(¢). Now, by Lemma 4
o Hy Sk+141
d(e) = Z glk-1 (6.17)
[=ktl Hpyq o Hy S1+1
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- [H] glk-1
1541 Sty
Sok+2 Sok+3 Sok+1+k Sok+2+k
52k+1 52k+2 Sok+k Sok+1+k
=.[ 4o gk : 4+ k. : .|_]
Sk+3 / \ Sk+4 / \ Sok+2 / \ Sok+3 /
Skc+2 Sk+3 S2k+1 Sak+2

where each component contains the same power series, starting with S, ,, according to

[oe]

c(e) = §2k+2 t+e- §2k+3 to = Z gt '§2k+2+i . (6.18)
i=0

Then, the vector of power series d(&) may be splitted by

0 1
§2k+1 &
d(e) =[H]-| : + [H]-] : - c(e)

Sk+z T & Sgpat o+ %Sy ght

Skv2 t € Sgazt o+ Syp + K71 Sy \ g”
1

= p) + [H-| T )@ (6.19)

ek

with a k + 1 dimensional operator vector of polynomials p(¢) of degree k — 1 with respect to &.
In the next step, the operator coefficients S, ,4; of c(¢) in (6.18) are replaced by their definiti-
onsS; = Lygand S;,; = [Ly ... L;]*M;,i > 1 from (3.8), to obtain

= Sok+2+i

1 o
d(e) =p(e) + ' : Z e'+ [Ly o Logg14i] * Magg14i (6.20)

k i=0

1

_ €
=p(e) + [H]: ] ([Ly  Logs1] - Magyq + €+ [Ly oo Loz - Majeyp +++)
k
€
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Mt 1,241

(6.9) _ £
= p(e) + [H-{ 7 | ([Ly o Logeal
P ¢k 1
g k )
Ig
Then, motivated by different parts within the matrix in (6.9), the column vectors of c(¢) can
be splitted according to

+ & [Ly - Loge2]

/ M1 2k+1 \
I

=c(¢e)

My 2k+1 br-1
c(e) = [Ly - Ligsq] : + [Lisz o Loger] o (6.21)
Mic 41,2141 I
Mi 2542 b
& [Ly . Lysal] : + & [Liyz - Logs2] -
Mic+1,2k+2 Ip
Mi 2543 b
+ &% [Ly o Lygqq] 5 + &% Ligp Prear + €% [Liggz o Loges] -
Mpc+1,2k+3 Ip
Mi 2k+4 " b
. Kk+2
+ &% [Ly o Lygyq] : + &% [Liaz Lias] ( ) + &% [Lipa o Logas]
Dr+1
Mic+1,2k+4 Ip

and collected by colours we obtain

Ml,2k+1
C(€) = [Ll ---Lk+1] ) + & [L1 "'Lk+1] . CI(E)

Mk+1,2k+1

¢
€2 (Lisz " Pre1 + € [Liwz Ligss] - ( oz ) +o)

Pre+1
br
+ ([0 Ltz - Logsr] + & [Lisa o Lol + -2 - |
Ig
M1,2k+1
= [Ll "'Lk+1] - + €+ [Ll "'Lk+1] * (Z(S) (622)
Mk+1,2k+1
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+&® (Lira + & Lipg + o) (Pren + 8 Ppega + )

= dg+1(8)

b
+ ([0 Liyz - Logga] + & [Ligz - Loggo] + ) | ¢
Ip

under consideration of (6.16) and the definition in (6.15). Hence, using (6.20) we arrive at

1
de)=p@) +[H| T |c© (6.23)
ek
1 M 2541
=p(e) + [H]: 8 “[Ly e Lyga] -
ek My11,2k+1
1 b
£ :
+ [H]- | (O Liyz oo Logga] + &7 [Lieaz o Logaz] + ) -
ek Iy
1 dy ()
+ [H]- 8 (& [Ly o Liggr] - d(e) + €2 [0 . 0| Lggp + & Liyz + -] 5 )
ek dy+1(8)
=d(e)
1
— & 5
=:q(e) + ' : “([Ly o Liggal + &[0 o O | Ly + & Lggg +--]1) - e-d(e)
ek
1
= q(e) + [H]- g Ly o Lig| Lggz + & Ligp + 8% Ligz + 0] e+ d(e)
K
£

=:q(e) + Q(e) - e+ d(e)

with g(¢) an operator power series vector with k + 1 components and Q(¢) a (k + 1) X (k + 1)
operator power series matrix.

Now, by (6.23), the defining equation for the power series vector d(¢) reads
d(e) =q(e) + £-Q(e) - d(e) or [Igesr — €-Q(e)]-d(e) = q(e) (6.24)

with Igk+1 == Diag(lg -+~ Ig). Note that the representation of d(e) by some sort of regular part
q(¢) plus a small perturbation, caused by the factor ¢, reminds a Nakayama Lemma type repre-
sentation of d(¢) that allows for solution of the equation.
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Note also that by (6.6), (6.19) and (6.23), the perturbation matrix Q(¢) depends from elements
of the black matrix k+1 in (6.9), whereas the inhomogeneity g(¢) depends from elements of
first k + 1 rows within the matrix 2k+1(black and red parts in (6.9)).

In addition, Q (&) and g (&) depend of the power series
Lis1(8) == Lyyq + € Lyyp + &% Lygys + - (6.25)
and
Liy2(8) == Lyyp + € Lyys+ &% Lyyq+ -
(6.26)
Lygs1(8) = Logy1 + € Logys + €% Logyz + -+

respectively, representing certain sections of the given power series L(g) = Y2, - L;.

Finally by definition, d(¢) is the power series composed of first k + 1 components of the col-
umns Myp,», Mygys, ... (brown partin (6.9)) and by (6.16) the transformation ¢(g) = Ig + - +
e¥ - ¢y + et - dy 4 (€) is obtained by use of the last component dy_.; (¢) of d(e).

Now, concerning explicit calculation of the power series coefficients, we first note that the
unique left and right inverse power series of I gjk+1 — € - Q (&) reads by Neumann series

[(e) = [Igkr1 —e-Q(e) ] = Igivr +€-Q(e) + €2 Q(e)* + - (6.27)

oo
=]Bk+1 +Zei-l"i
i=1

with coefficients T} explicitly given by the coefficients of Q(¢) = Y2, &’ - Q;41 according to

FO = IBk+1
Hy
I[1=0:=0(0) = : “[Ly o Li Ligq]
Hyyq
n
i>2: T = Z Q. - Q,, (6.28)
k=1
Jate =i

with k-tuple (jy, ..., ji) and j; = 1,...,jx = 1. Using q(e) = X5, &/ - g;, the power series d(e)
may finally be rewritten by Cauchy product in the form

d(e) =T(e)-q(e) = <IBk+1 +Zsi : Fi)- do +Zsj “q;
i=1 j=1

=6‘Io+zsl-Zn-ﬁj. (6.29)

=1 itj=l
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7. Triangularization and Diagonalization of analytic Operator Functions

In this section, we restrict to analytic operator families L(¢) = Y52,¢' - L;, L € C®(U,L[B,B])
with B, B real or complex Banach spaces, 0 € U c K = R, C and L[B, B] bounded linear opera-
tors from B to B.

Further, assume stabilization at k = 0 according to (5.3). Then, the defining equation
d=g(e)+ €-Q(e)-d, d € B! (7.1)

of d(¢) from (6.24) turns into an analytic equation, as soon as analyticity of (&) and Q(¢) is as-
sured. Now, these operator power series depend from a finite combination of operators selected

from 2k+1 and the power series (6.25), (6.26) respectively. In some more detail, the elements

of2k+1 result from the iteration (3.3)-(3.15) up to 2k, depending from 2k + 1 operator coef-
ficients Ly, ..., Ly of L(€) as well as from the projections to the subspaces of the direct sums

B = N © - @ Niyi © News
. (7.2)
= Ry @ - ® Reyr D Rins

oo]l

Hence, to assure analyticity of g(¢) and Q(¢) in (7.1), above all we have to assume continuity of
these projections or equivalently, we have to assume closedness of the subspaces. This is well
known from [Bart], [Gohberg] and [Kaballo], where the existence of complemented subspaces
Ny41 and Rf,, is required too.

It remains to consider analyticity of the power series Ly, (€), ..., Loi4+1(€) in (6.25) and (6.26).

Now, analyticity of L(¢) implies by Taylor's formula

analytic
——

1 1
L(e) =L0+-~-+£k-Lk+£k+1-F-f 1 -D*LW(r &) dr (7.3)
- Jo

= Li+1(8)

yielding analyticity of Ly, (&), as desired. Analogously, for Ly, (¢), ..., Ly;+1(€). Thus, equation
(7.1) has a unique analytic solution

d(e) = [Igis — £-Q@©) ] - q(e) (7.4)

with coefficients given by (6.28), (6.29) and the analytic diffeomorphic transformation ¢(¢) is
obtained from component k + 1 of d(&) according to

pe)=Ig+e-p + -+ - +ek dpii(e) . (7.5)

In summary, combining closedness of subspaces in (7.2) with analyticity of L(¢), we obtain ana-
lyticity of the transformation ¢ (&) and, obviously, analyticity of the normal form S(¢) = L(¢) -
¢(€) from Theorem 2 (i).

Next, consider the factorization S(¢) = ¥(¢) - A(¢) from Theorem 2 (iv). We will show that ana-
lyticity of S(&) implies analyticity of the power series (¢). Again, closedness of the subspaces in
(7.2) is assumed. By (5.43) we have
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Y(e) =I5 + e (Zfi_l i1 > STIP A+ (Zfi_l * Sktitl ) Sit1Presr (7.6)

i=1

=1r{(e) =1{.(8)

with power series 17 (¢),i = 1, ..., k + 1 that are analytic by Taylor's formula according to

analytic
[0¢] (o0} 1 —_———
S(e) = Zei- Siv1= 8 +s-(Zei‘1- Si+1> =S +s-f S(t-e)dr. (7.7)
i=0 i=1 0
analytic

=71(e)
Analogously for 75 (€), ..., 5,41 (€). The diagonal power polynomial A(e) = S;P; + &SPy + -+ +
e¥ - Si11Py4q satisfies A € C¥(U, L[B, B]) by construction.
Concerning analytic operator functions L(¢) = )2, gt~ L;, L; € L[B, B], we summarize the re-

sults in the following theorem.

Theorem 3: Assume stabilization at k > 0 of the analytic operator family L(&) with B, B real or
complex Banach spaces and subspaces closed in (7.2).

)] Then, ¢ (&) from (7.5) transforms L(¢) into the analytic normal form
SE)=LE) p(e) = S;+et-Sy+ - +eX-Spq + Z gti=l.g (7.8)
1=2

with Sy, ..., Sy 41 satisfying
S;*(N§+-+N-y )R, A S;*Nf =R, A SN =0 (7.9)
forl =1, ...,k + 1 and S, satisfying
R[Sk+1] € Rgyq A Sk+1" Ni41 =0 (7.10)

for | > 2. In particular, forall l > 0, we have S;;1 - Ny41 = 0.

(i) Using the analytic near identity transformation y(¢) of B from (5.41), the family L(¢) is
diagonalized according to

P - L(e) - p(e) = A(e) (7.11)
with A(¢g) given by
A(e) =S,Py+ &SP+ -+ X Spi1Prsr s (7.12)
i.e. the family L(¢) and the polynomial A(¢) of degree k > 0 are analytically equivalent.
(iii) ~ Within a punctured neighbourhood € € U \ {0}, kernels and ranges of L(¢) are given by
N[L()]=¢(e) Nes1 and  R[L(E]=9() [Ri @ D@ Ris1]. (7.13)

In particular, kernels N[L(¢)], e # 0 and ranges R[L(¢)], & # 0 are analytically embed-
ded within the families N(¢) = ¢(¢) * N1, € U and R(e) = (&) " [Ry D - D Ry 411,
€ € U, i.e. smoothing of kernels and ranges occurs.
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(iv)

A smooth generalized inverse of the diagonal operator polynomial A(¢) reads for € # 0
ATY(e) = e Sy Pess + 0+ STIPy (7.14)
with pole of order k = 0 at ¢ = 0. Correspondingly, the family
L&) =¢(&) A7) yp~H(e) (7.15)

defines a generalized inverse of L(€), which is analytic for € € U \ {0} with pole of order
k ate = 0.For ¢ € U \ {0}, the analytic families

LHe) L&) = ¢p(e) - (Py+ -+ Pryr) -7 (&) (7.16)
L(e) - L7He) = (&) - (Pr+ -+ Prya) P (e) .

are representing projections to the subspaces ¢(e)- [N @ - @ Ni,,] € B and

RIL(e)] =yY(&) - [R; @® -+ ® Ry41] € B respectively. The families can analytically be con-
tinued to € = 0 by

$(0) - (Py+ -+ Pyq) ~p~1(0) = Py + -+ Ppeyq (7.17)

PO (Pr+ -+ Pry1) P7H0) = Pyt + Pryy

Proof of Theorem 3: (i) and (ii) are repetitions of Theorem 2 (i) and (iv) under consideration of
the analyticity of ¢ (¢) and 1 (¢) from (7.3) and (7.7).

Concerning (iii), note that for & # 0, we have N[A(¢g)] = Ny,4, implying L(¢) - b = (¢) - A(e) -
(&) b=0iff ¢~ (e) b € Nyyq or N[L(&)] = $(€) * Niy1.

Again for € # 0, the identity R[A(e)] = R, @D - D Ry, is true, yielding R[L(e)] = R[y(e) -
A(e) - ()] = () - [Ry D -+ @ Ry1], as desired.

Concerning (iv), note that

and

A~1(e) - A(e)

= [g_k “Sict1Pres1 + o+ ST ] [S1PL+ €SP+ + €5 Sp1Preya | (7.18)
= ST'Py - SiPy 4+ SitaPiert " Sk Prest

= Ing Py + o+ Iye Pras

=P+t P

A(e) - A71(e)

= [Slpl +e&- SZPZ + -+ gk - Sk+1pk+1 ] - [S_k - Sk__‘:_llgak+1 + -+ 51_1?1 ] (719)

SiPy - ST'Py + 4 Sky1Prra " Skt Presa

= I, ~Pr + -+ Ipyy, " Prra
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=P+t Pra

yielding
A(e) - A71(e) - A(e)
= [Pr 4ot Pepr]l o [SiPi+e-SoPy+ -+ €5 Sepq Pryr ]
projection to Ry @@ Ry41 ERy ® @ Ryy1
= S;Pi+e SPy+ 4% S Priq
= A(e)
and

A1) - A(e) - A1 (e)

= [P+t Pl o [ST'P 4ot €75 Sl Praa ]

projection to N{ @--@® Ng,, EN{ @@ Ny,
— ¢—1 -k . c—1
=51"P ot €7 51 P
=A7'(e)

and (7.14) is shown. But then,
L7 (e)- L(e)

=¢(e)-A7H (&) YpTH(e) - Y(e) - Ale) - 97 (e)

=¢(e) A7 (e) - A(e) - 97 (e)

(7.18)
= @) (Py + -+ Pryq) d7(e)

as well as
L(e)-L7'(e)

=y(e)-A(e) () - p(&) A7)y (D)

=) A(e) - AN YpH(e)

(7.18)
=" PE) (P + -+ Pryq) Y1)

implying (7.16). The property of ¢() - (P; + -+ Pxr1) - ¢~ 1(e) and (&) - (P + -

Y~ 1(&) to be projections to corresponding subspaces is obvious. Finally,
L(e)-L7Y(e) - L(¢e)
=) Py + -+ Pryr) P71 - P(e) - Ale) - 7 (e)

(7.20)

(7.21)

(7.22)

(7.23)

+ Prsa) -

(7.24)
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=ye): [P+t Pryr] ' A(e) - o7

Ny
projection to Ry @@ Ry41 ER; @D Ri41

=y(e)-A(e) - pH(e)

= L(¢g)

and

L&) - L(e) - L™ 1(¢)
=) (Py + -+ Pryr) 971 (&) (&) A7 (&) P~ (e) (7.25)

=¢(e): [P+ Pa]l - AT - YT

——
projectionto N{ @@ N§,, €N{®—-® N,

=¢(e)- A7 (&) Y (e)
=L7'(e)

yielding L~1(¢) to be a generalized inverse of L(¢).

We close the paper with some remarks concerning global properties of L(¢) and possible rela-
tions to commutative algebra, see [Hauser] and [Rond].

Remarks: 1) The results in Theorem 3 are stated with respect to € = 0 and a sufficiently small
neighbourhood U € K = R, C of € = 0, i.e. only local results are formulated. Then, if stabilization
occurs at ¢ = 0 with k, := k = 0 and corresponding subspaces closed, smoothing of kernels and
ranges is assured, i.e. root elements N, ; of Jordan chains with infinite rank as well as leading
coefficients Ry @ -+ @ Ry, of order 0 to k can smoothly be continued to closed subspaces
N[L(e)] and R[L(¢)]. Now, by setting

L&) =L(E+e)=L(&)+e-L'(&)+- = Lo+e-Ly+-

for & # 0 fixed in U, the investigation of Theorem 3 can also be performed at & # 0 with trivial
limiting behaviour of associated subspaces according to

N[L(&)] > N[L(0)]=N[Ly] and R[L(e)]->RIL(O0)]=R[L,],

implying stabilization with kz = 0 within the punctured neighbourhood U \ {0}. Hence, within U
at most for € = 0 a value of k > 1 may appear.

Let us now turn to arbitrary Q c K, Q open with an analytic family of Fredholm operators L €
C®(9Q, L[B, B]) of arbitrary index. Then, for every ¢ in (), stabilization with k, > 0 is assured by
finite dimensionality of (closed) subspaces and we obtain the disjoint split

O={c€Q|k,=0} U{eceQ|k.,>1}

=:p open =:0 discrete
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with discrete and closed set a. Note that ¢ represents the singularities or jumping points of k. in
Q with kernel blown up and range collapsed, when compared to the neighbourhood. In case of
L(e) = 0, we have N[L(e)] = B and R[L(¢e)] = {0} and no jumping point occurs, implying o to be
the empty set. In [Kaballo] global aspects of the set of singularities ¢ are treated, even in a more
general context, by weakening Fredholm properties to properties concerning closedness of
kernel and ranges. In addition meromorphic families L (&) are allowed.

At this point we note that a meromorphic family L(e) = e ™+ L_, + -+ with pole of order n at
€ = 0 locally turns into a holomorphic family after multiplication by ™. Then, the Jordan chains
of the holomorphic family turn into associated chains of L(¢) and it should be possible to trans-
fer most of the results of the previous sections to the meromorphic case.

2) Flatness of power series over analytic functions

From Theorem 2 (ii) we know that every power series b(g) = Y72, ! - b; satisfying L(¢) - b(¢) =
0 can uniquely be represented by b(e) = ¢(€)-ng.,1(e) with power series n,,q(€) =
Y2 oet-nt,, andnk,, € Nyyq. Now, if ¢(€) is analytic, we obtain

b(e) = #(e) : Nye+1(€) (7.26)
—— N——— N ——
power series in B analytic in L[B,B] power series in Ny4q1

and the power series solution b(¢) is constructed by multiplication of the power series 1y, (€)
with the analytic operator family ¢ € C® (U, L[B, B]). This means that every power series soluti-
on b(¢) of the analytic equation L(¢) - b = 0 can be constructed by use of the same analytic ope-
rator ¢ (&) applied to an appropriate power series from Ny ;. In finite dimensions, this property
is known as the flatness of the power series over the analytic functions.

In some more detail, when restricting the Banach space B to finite dimension, say B = K", n > 1,
then ¢ (&) turns into an analytic (n X n)-matrix family and b(e) as well as n,,4(¢) turn into n-
dimensional power series vectors according to

=[¢(® € Niwr

b1 (¢) h11(8) - ¢1,n(5) n4(¢)

b(e) =

bn (S) ¢n,1 (S) ¢n,n (5) ’I’Ln(é‘)

=P (- ¢y (&) + -+ - (e))
='7_11'C1(5) + ot 'ﬁl'Cl(S)

=:a,(e) c1(e) +--+ a;(e) - ¢(e) (7.27)

with 714, ..., ; denoting a basis of Ny, of dimension 1 <[ < n and @, (¢), ..., a;(¢) representing
analytic solutions of L(¢) - b = 0 due to

L(e) - a,(e) = L(e) - ‘A, =0, -, L) -ae) =L [¢p@)| =0 (7.28)
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by Theorem 3 (iii). Hence, every power series solution b(€) can be written by (7.27) as a linear
combination of [ analytic solutions @;(¢), independent of b(¢), and [ coefficients c;(¢), dependent
from b(¢), with c;(€) from the power series ring K[e].

In this sense, the set {@, (¢), ..., @;(¢)} delivers an analytic basis, composed of analytic solutions
of L(g) - b = 0, for linear combination of all power series solutions b(¢). As already mentioned,
in commutative algebra this means flatness of the power series over the analytic functions
[Hauser] and (7.26) gives a corresponding result in the context of Banach spaces by simply re-
placing the basis by the analytic family ¢ (¢) € L[B, B].

3) Linear analytic Artin approximation

Consider L(¢) to be analytic with assumptions from Theorem 3 and possessing a power series
solution b(€) according to L(¢) - b(e) = 0. Then by (7.26), we obtain b(g) = ¢(¢) - ny41(g) with
appropriate power series n,,(e) = Y52 &' *nk,,, nk,4 € Nyyq, and truncation of n,,,(e) at
order ¢ = 0 yields the polynomial

Ape1(8) =ngpq + -+ &-n,q, (7.29)
implying the identity
L(&) - ¢(&) - Aig41(e) = 0 (7.30)

due to L(¢) - ¢(€) * Ny41 = 0 from Theorem 3 (iii). Hence, b*(¢) := ¢(€) - ny41(€) represents an
analytic solution agreeing up to order ¢ > 0 with the power series solution b(¢) and we see that
Theorem 3 delivers a simple version of linear analytic Artin approximation [Hauser] in general
Banach spaces.

4) Linear Strong Artin approximation, Greenberg function and Artin-Rees Lemma

Consider a power series L(g) = Y52, ¢ - L; with stabilization of the iteration (3.3)-(3.15) at k >
0, as given in Theorem 2. Then, a strong Artin approximation result for linear relations in vector
spaces reads as follows.

For every approximation b(e) = Y52, &' - b; of order k + [, [ > 1,
L(e)-b(e) = e BZo e byyryi s (7.31)

there exists a power series solution b(g) = PR AL b; satisfying
L(e)-b(e) =0 and bi=b;, i=0,..,1—-1, (7.32)

i.e. the approximation b(¢) and the power series solution b(¢) agree in first [ coefficients.

Note that by the previous remark, if L(¢) is supposed to be analytic, then the power series solu-
tion b (¢) further gives rise to an analytic solution b* () = ¢ (&) * N4 ().

Concerning the proof of (7.32), first note that k + [ leading terms of the approximation
b(E) = b+t e b+ ) by (7.33)
i=k+l

define a Jordan chain of length k + [ and we obtain from Lemma 1 (i)
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bl Ny
=" (7.34)
b;_1 N1, k+1
by Ny k+1
as well as
b1 N, k+1
(4.10) .
= ;‘“ : : (7.35)
by Ny k+1

(BB [

R | U

withn; .41 € Ni4q, § = 1,...1 due to stabilization at k. But then, the power series solution reads

(5.13)

b(e) = ¢(e) - (nl,k+1 + ettt TN k41 ) , (7.36)

as can be seen along the following lines. First, b(¢) is a solution by L(g) - ¢(¢) - N1 = 0 from
Theorem 2 (i). Secondly, this solution agrees up to order [ — 1 with the approximation b(¢) ac-
cording to

b(e)=(lg+-+e" -1+ Z eloy) (nl,k+1 +oet el ong g )

Ny k+1
= (Ip) " ypyr + o+ &7 Up o 1) : + &t-r(e)

Nyk+1
\ /”1,k+1\
= (et 1) | : [ : [ + &l-r(e) (7.37)
\ AT
b4

(et 1) : + &b-r(e)
by

(7:35)

with a remainder power series r(¢) and the proof of (7.32) is accomplished. Note also that the
Greenberg function of the power series L(¢) is given by
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G(l)=k+1l for 1[=>1, (7.38)
i.e. by (7.38) we transfer the standard result for the Greenberg function, concerning linear rela-
tions in finite dimensions [Rond], to linear equations in Banach spaces.

In addition, it is straightforward to ascertain the following Artin-Rees Lemma type result with
respect to infinite dimensions (and noetherianity replaced by stabilization at k). For a power
series L(¢) = Y2, €' - L;, define the following sets of power series fori > 0

B; = {b(e) = X20&' by, b; €B | L(e) b(e) = €' -1(e) } (7.39)

with (&) a remainder power series, i.e. the set B; contains all power series approximations b(¢)
of L(¢) - b = 0 of order i. Then, we obtain by direct calculation from (7.33)-(7.37) for [ > 1 the
following Artin-Rees type inclusion concerning sets of power series with coefficients in B

{L(&) "By} © {e'"L(e) By} . (7.40)

Thus, the image of an approximation by, ;(e) of order k + [ under L(g) can always be re-
presented by the image of a power series from B, and scaling factor &' split off, i.e.

L(e) - byyi(e) = €' -L(e) - bo(e) & L(e)-[byyi(e) — ' bo(e) ] =0 (7.41)

and the power series solution from (7.36) may also be written according to
b(e) = byt (e) — &' bo(e) . (7.42)
In [Hauser], [Rond] the path over Artin-Rees Lemma is taken to show the existence of power

series solutions for linear relations in finite dimensions.

Finally, note that the recursion (3.3)-(3.15) of section 3 can be performed, whenever direct sum
decompositions according to (3.9) of the linear spaces B and B are possible with respect to ker-
nels and ranges. Hence, most of the investigations in this paper are not restricted to vector spac-
es and possibly it might be interesting to replace the field K by a ring A.
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