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Abstract. The construction of a basis of a certain lattice of interest is a
basic tool in many fields of algorithmic number theory. All too often we
can not compute with the original lattices because of irrational numbers
involved but have to work with approximations of them. While helpful
bounds were shown about the reduction of lattice bases in [2], here we
introduce the notion of a (e, §)-constructable basis of a lattice and de-
termine the precision of vectors that is necessary to extend a set to a
(€, )-constructable basis.

1 Preliminaries and tools

Thorough this paper let m,n, 1,7, k,l and ¢,p always be natural numbers. For
a,b € R™ we denote by (a,b) = >"™", a;b; the inner product of a and b. The eu-
clidean norm or length of a € R™ is defined to be ||al|, = v/(a,a) . We shall also
use the maximum norm of the vector a, given by ||a|| . = max {|a;|: 1 <i < m} .
We simply write A = (a; ;) € S™**, when we want to state that A is a m x k-
matrix with coefficients a; ; belonging to aset S CC (1 <i<m, 1<j<k).
We also write A = [ay,...,a;], if a; € S™ denotes the j-th column vector of A.
Finally, we denote the length of the shortest column vector of A by A(A).

In this work we will use several matrix norms. The first is the Frobenius norm,

1/2
defined by |All; = (X2, Z?Zl ay / . We also mention the mazimum entry
norm of the matrix A, given by [|A[| = max{|a;;|: 1 <i<m, 1<j <k},
and the spectral norm ||A||,, which is the largest singular value of A. For prop-
erties of those norms we refer to [6].

Let A be a lattice in the real euclidean space R™. For convenience, we shall
often consider a basis of A as a matrix consisting of the vectors of the basis. Let
Ai(A) denote the i-th successive minimum of A and let 7, be the k-th Hermite
constant. It can easily be shown that we have

< k. (1)



Theorem 1. Let n € N, and let A be a lattice of dimension n in R™. Then
[T7, Ai(A) < 2 det(A) . Especially, we have

1
Ai(A) < 72 det(A)7 . (2)
Definition 2. Let (ay,...,ax) be a sequence of linearly independent vectors in
R™. Then the sequence (a},...,a},) of their Gram-Schmidt vectors is defined

i—1 (ai,aj)
byaj =a; andaj =a; — Y\, <a;,a3_>a;
In the following lemma we summarize some properties of Gram-Schmidt vectors
we shall often refer to. Their proofs can be found for example in [7].

Lemma 3. Let (ay,...,a) be a sequence of linearly independent vectors in R™.
Then the vectors aj,...,a; are mutually orthogonal. For 1 < i < k the vector
a’ is the orthogonal projection of a; onto span(ay,...,a;, 1), and we have

(aj,aj) = (aj, i), and [ajll, < i, - 3)

Moreover, let ¢ = Zle x;a;, where x; € R for 1 <1i < k. Then we have

o leay)
c= ; <a1-*,a;‘>ai . (4)
Finally, for A= (ay,...,a;) € R™** and A* = [a},...,a}], we have

. 1 E k
(det (ATA))? = (det (A*TA*)> “=TJllazll, < [T llasll, - (5)
i=1 i=1
Next, we give some helpful estimates and introduce another notation. We
start with the well known Schwarz inequality. Let a,b € R™. Then
[(a, b)| < [lall; [[bll, < nlall [P/l - (6)
Lemma 4. For a € R™ we have |all, < /nlal .
Lemma 5. For A,B € R™*"™ we have |AB| < n Al [IBll -

Definition 6. For a matrix A = [aj,as...,a,] € R™™™ of rank n we define
_ 1 n .

dft(A) = [det(A)] Hi:1 HaZHz .

We can also estimate several norms of the inverse of a matrix.

Corollary 7. Let B € R™*"™ be a matrixz of rank n. Then we have

dft(B)
A(B)

dft(B)
AB)

187 < and [|B7M; <n



Next we examine and describe the quality of certain approximations. After
some preliminary observations, we start by examining the influence of approxi-
mations in the context of QR factorizations (see [10],[6]). For the proofs of the
results we use “brute force” calculus and techniques from numerical analysis and
matrix theory, similar to those of the proof of [9, Theorem3.1], but we shall use
assumptions that are weaker than those in [9, Theorem 3.1]. Furthermore, our
bounds are sharper.

Definition 8. A rational number 2’ is called a g-approximation to a real number
zif |z — 2| < 27971

Definition 9. A rational number 2z’ is called a g-approximation to a real number
zif |z — 2| < 27971 A complex number 2’ is called an g-approximation to the
complex number z if R(z') and I(z') are g-approzimations to N(z) and I(z).
A wvector v/ € Q™ is called a g-approximation to a vector v € R"™ if v} is a
g-approzimation to v; for 1 < i < n. A matriv A" = (a; ;) € R"™" is called a
g-approximation to a matrix A = (a; ;) € R"*" if a; ; is an g-approzimation to
a;; for1 <i<n,1<j<n.

Definition 10. A function f: R™ — Q™ is called an approximating function
of precision ¢, if for all v.€ R™ the image f(v) is an g-approzimation to v. A set
A" C Q™ is a g-approximation to a set A C R™, if there exists an approrimating
function f of precision q, such that f(A) = A'. A sequence B’ = (v{,...,v}) of
vectors in Q™ is a g-approximation to a sequence B = (vi,...,Vvy) of vectors
mn R™ if there exists an approximating function f of precision q such that B’ =

f(B).

Proposition 11. Let A € R™*" and let A’ be a g-approxzimation to A. Then we
have

JA—A'llp <n2et (7)

A QR factorization of a matrix A € R™*™ of rank n is a factorization of A of the
form A = QR, where R = (r; ;) € R"*" is an upper triangular matrix of rank n
with positive diagonal elements and Q € R"*" is orthonormal. The columns q;
(1 < i< m) of Q are just the vectors that would be obtained by applying the
Gram-Schmidt orthogonalization to the columns of A and then normalizing the
obtained Gram-Schmidt vectors; thus we have q; = af/|ja||, for 1 < i < m,
where a; resp. q; is the i-th column vector of A resp. Q. Furthermore, we know
that the entry r;; of R satisfies 7;; = [|a]||,. For 1 < £ < m — 1 the last m — ¢
columns of Q form an orthonormal basis of the orthogonal complement of the
space generated by the first ¢ columns of A. The effect of approximations on QR
factorizations is explained in the following theorem. We start by the observation
that the frobenius norm is invariant under orthonormal transformations (see
[6]). Thus, we obtain

Proposition 12. Let A € R™™"™ be a matriz of rank n and let A = QR be its
QR factorization. Then HA_1Hf = HR_1Hf and ||All; =R -



We also need estimations about the quality of approximations of solutions to lin-
ear equations and related problems which can easily be shown by the techniques
of [2]. We start with

Lemma 13. Let A C R"™"™ be a matriz of rank n and A’ be a g-approximation
toA. Lett e R", andletc € R, 0 < ¢ < 1. If ¢ > [log |t]|, —log(c) —log(||At]],)+
log(n)] — 1 then ||At — A’t], < c||At]], .

Corollary 14. Let A = [ay,...,a,] CR™ "™ be a matriz of rank n and A" =
!/

[a),...,al] be a g-approximation to A. Let c e R, 0 < ¢ < 1. If ¢ > [—log(c) —

log(A(A)) +log(n)] — 1 then we have for 1 <i <n |la; —aj||, < c ||aj]|, -
Lemma 15. Let A € R™ "™ and let A’ be a q-approzimation to A. Then we have

[det(A") — det(A)] < dft(A)ldet(A)] ((1+ WT@))” 1)

We also use an other formulation of this result proven in [4].

Lemma 16. Let A € R™*" and let A’ be a q-approzimation to A. Then we have
n4+1

|det(A) — det(Al)‘ S 2*11\/7727171”T ”A”:cil )

Corollary 17. Let A C R™ ™ be a matriz of rankn and A’ be be a g-approzimation
toA. Ifg > Sl%g(n) + log (dft(A)> + 2 then A’ has rank n.

A(A)

2 The Main Results

We start by introducing the notion of a (e, §)-constructable basis of an arbitrary
lattice A € R" of dimension r. First, we need

Definition 18. Let B be a finite sequence of vectors in R”, and let c € R". We
call |c| 3 = max {z: z = |(c,a)|, a € B} the height of c with respect to B.

Definition 19. Let A be an arbitrary subset of R", let B be a nonempty and
finite sequence of vectors in R", and let ¢ € R, 0 < € < 1. Then we denote by
S(A, B,€) the set of all vectors a € A with |alg > 0 such that for allc € A
satisfying |c| 5 > 0 we have |c|g > €lalg .

Definition 20. Let § € R, 0 < § < 1. Let ay,...,a; be pairwise orthogo-
nal vectors in R™ and let By, be a basis of span(ay,...,ax)". Then we define
Ps(ai,...,ar) to be the set of all vectors v € R" of the shape

k
V:Za:jaj—i—z zaa, where x; €R, |z;| <0 for1 <j<k,zo €R forae By.
j=1 aEBy

Note that Ps(ay,...,ax) is independent of the choice of the basis By and hence
is well defined.



Definition 21. Let ¢,§ € R, 0 < € < 1,0 < § < 1. A sequence (ay,...,ay)
(1 < £ <r) of lattice vectors in a r-dimensional lattice A in R” is called (€, 0)-
constructable, if for all k with 0 < k < ¢ — 1 we have agy; € S(A, By, €) N
Ps(ay,...,a}), where By is an orthonormal basis of span(ay, ..., ax)"

In what follows we shall show that for every r-dimensional lattice A in R” and
for every €, € R, 0 < € < 1,0 < d < 1 there exists a basis of A that is
(e, 0)-constructable. The proof of this claim shall be constructive and lead to an
algorithm for computing such a basis. We start with the following observations:

Let ay,...,a; be linearly independent vectors in R". Then for any orthog-
onal basis By of span(ay,..., a;g)l the combination of (ay,...,a;) and By is a
basis of the space R". Thus for every b € R" there are uniquely determined
z; € R (1 <i < k)and zo € R (a € Byg) such that b = Zlexiai +
> ach, Taa. Hence, |blg = max{z: z = |za|, a € By} If m(b) is the pro-
jection of b onto span(ai,... a;)t, then m(b) = Y

acB, Tad, and |b|Bk =

1
ITr(b)|, and |[[mk(b)ll, = (ZaeBk 22)? From this observation (and since for
all x € R™ we have ||x||, < \/n|x| ., we obtain

Proposition 22. Let {ay,...,a;) (0 <k <r —1) be linearly independent vec-
tors in R". Let By be an orthogonal basis of span(ay,...,ax)". Let b € R", and
let m(b) be the projection of b onto span(ay,...,ax)". Then we have

Vir—kblg, > |m(b)lly > bl g, = |m(b)|p, -
A simple consequence of the above proposition is

Corollary 23. Let B C R" be a sequence of pairwise orthogonal vectors, and
let ¢ € R™. Then |c|z = 0 if and only if ¢ € span(B)*.

After these preliminaries we can describe the construction of a (e, §)-constructable
basis of a lattice. We proceed in several steps. In each step we already know some
vectors of a basis and try to find a new one.

Definition 24. A sequence (ai,...,ax) (0 < k <r) of vectors in a r-dimensional
lattice A C R"™ can be extended to a basis of A if there exists a basis of A of the
form (a1, ..., ap_1,ak,...,a;).

Clearly, the empty sequence (k = 0) and every basis of A can be extended to a
basis. We shall also use the following characterization given in [3].

Lemma 25. Let A be a r-dimensional lattice in R". A sequence (ai,...,ax)
(0 <k <r) of lattice vectors in A can be extended to a basis of A if and only if
every vector ¢ € A — {0} of the shape

k
C = E U; A
i=1

with real uy, ..., ur necessarily has uy, ..., ux integral.



Lemma 26. Let (aj,...,a;) (0 < k < r —1) be a sequence of vectors in a
r-dimensional lattice A in R”, that can be extended to a basis of A, and let By
be an orthonormal basis of span(ay,...,ag)>. Then for alle € R, 1/2 < e <1,
the set S(A, By, ¢€) is not empty, and for all ar11 € S(A, Bg,€) the sequence
(a1,...,ak,ag+1) can be extended to a basis of A.

Proof. First we have to show that S(A, By, €) is not the empty set. For this we
note that by 23 there is a vector b € A with |b|p > 0. Otherwise the dimension
of A would be less than r. Hence by Proposition 22 we see that the infimum of
the set

{z:2=1|blg,, be 4, b|y >0}

is greater than Ay (I")/v/r — k, where I is the lattice that we obtain by projecting
all vectors of A onto the space span(ay, ... ag)*. This implies that S(A, By, €) #
0.

Let agy1 belong to S(A, By, €) and let us assume that the sequence (as, . .., ag, ak1+1)
can not be extended to a basis of A. Then by 25 there is a vector ¢ € A, ¢ # 0, of
the shape ¢ = Zfill u;a;, where uq, ..., up+1 € R and for some j, 1 < j <k+1,
we have
u ¢ 2. (8)

Since ay, ...,a;+1 and c are vectors in A, the vector

k41 k+1 k+1

= Zuiai — quijai = Z (wi — [ui])ay
i=1 i=1 i=1

belongs to A. We show that |c/|5 > 0. Suppose, in contrary, that [c'|z = 0.
Then by 23 we have ¢’ € span (ay,... a;)NA. Since (ay, ... a;) can be extended
to a basis of A, by 25 it follows that w; — [u;| € Z, and therefore u; € Z for
1 <4 < k+ 1. But this is in contradiction to (8). Hence [¢'| 5 > 0. Therefore
we have |c|5 > €lag11]p, . On the other hand we obtain

|c/\Bk =max{z: 2 = |[{c/,b)|, b€ By}
= max {2 = | (wi — [wi)) (@i, b)

= |uk+1 — [uks1]|max{z: z = [(ax+1,b)[, b € By}

,bEBk}

1
< imax{z: z = [{ag41,bi)|, b € By}
< €lakiilp, -
which is clearly a contradiction.

Lemma 27. Let (a1,...,a;) (0 < k < r —1) be a sequence of vectors in a
r-dimensional lattice A in R", that can be extended to a basis of A, and let By,
be an orthonormal basis of span(ay,...,a;)t. Let 6 € R, 1/2 < § < 1. Then
for every vector b in A there exists a vector d in A such that |b|g = |d|g, and
d e Ps(al,...,al).



Proof. Let b € A C R". Since the combination of (aj,...,a;) and By is a basis
of R" from (4) it follows that there are uniquely determined x, € R for all a € By

such that
b= Z

i=1 a;

—Pb- Z[ ar, Z>J ’

i=1

’la—|—2xaa (9)

aEBy

If we set

[aF

then d belongs to A. Moreover, we also know that d is of the shape

<7Za ZTad,
1 < 27 z> *_ 2{: 2

a€ By

d=

'Mw

7

where 7, € R for all a € By. Hence, |b|g = max{z: 2 = za, a € By} =[d|p, .
Furthermore, by (9) and (3) (first part) we have for 1 < j <k

(d aj) Z[ *J (aj,a}) (b, aj) Pb a*>J <L

<aj7ag> <aj7aj i=1 17 z) <aj’aj> <aj’aj> <a1’az> 2
Combining 26 and Lemma 27 we obtain
Corollary 28. Let (aj,...,a;) (0 < k < r—1) be a sequence of vectors in a
r-dimensional lattice A in R", that can be extended to a basis of A, and let By,
be an orthonormal basis of span(ay,...,ax) . Then for all ,6 € R, 1/2 < e <
1,1/2 <6 < 1, the intersection S(A, By, €) N Ps(aj,...,a}) is not empty, and
for all agy1 € S(A, By, e)N'Ps(af,...,a}) the sequence (ay,...,ag, ap+1) can be

extended to a basis of the lattice A.
Clearly, Corollary 28 immediately implies

Theorem 29. For every r-dimensional lattice A in R" and for every €,0 €
R, 1/2<e<1,1/2 < § <1 there exists a basis of A that is (e, d)-constructable.

We also have by Corollary 28

Corollary 30. Let ¢,6 € R, 1/2 < € < 1,1/2 < 6 < 1. Then each (e,6)-
constructable sequence of a r-dimensional lattice A in R™ can be extended to a
basis of A.

The above ideas lead to a strategy to find a (e, §)-constructable basis by means of
approximations. We note that in [1] a (1/2,1/2)-constructable basis of a lattice
in R" is described. Since in real computations one can only find approxima-
tions of the real coefficients of the lattice vectors one can only compute (e, d)-
constructable bases where ¢ — 1/2 and § — 1/2 is arbitrary small but always
greater than 0. But before we investigate those problems in greater detail we
summarize, for further reference some technical but also important properties of
(¢, 0)-constructable sequences.



Lemma 31. Let ¢,6 € R, 1/2 < e < 1,1/2 < § < 1, and let (a1,...,as)
(1 <2<r) be a(ed)-constructable sequence of a r-dimensional lattice A in R".
For k with 0 < k < £—1 let Ay be the lattice with basis (ay,...,ax), and denote
by I, the projection of A onto the space span(ay,...,ay)" . Also, for a € A let

mr(a) be the projection of a onto span(ay,...,ax) . Then we have
& mr(asi)lls < (r = )M (TR < (1 = k) Arga (4), (10)
€ lartlz < 6*r(k +2) A1 (4)°, (11)
k+1 - k+1 )
T aylly < (8%ryaga) > det(Ae) ] G +2)7, (12)
J=1 j=1
k+1 k+d 1
MTVr =k (Pryee1) 2 ] G+2)2 = €2A(4). (13)
j=1

Proof. Let b be a vector in A such that |7 (b)||, = A1(I%). Then by Proposition
22 we have

€
A (%) = [[mk(b)lly = [bl g, > €larsalpg, > T I (k1) -

Next, we note that in A there are k+1 linearly independent vectors in A of length
bounded by Ag+1(A). At least one of them is of height greater than 0 with respect
to By, since otherwise, by 23 there would be k + 1 linearly independent vectors
in span(ay,...,ax). Thus, there exists a vector ¢ € A, such that

M (k) < lmi(e)lly < llefly < Ak (4).

This proves (10).
To prove (11) we combine 20 with (10) and Lemma 3. Then we obtain

k
¢ llags 3 < € mi(apa)lls + €62 > [las ],
=1
k
2 2 2
=€ |me(ar1)ll; + €26 > llmioa(ay)ll; + €26% [Imo(ar)I3
1=2
k
< (r=E) ka1 (A2 + 62 (r = i)Ai(A)? + 6% (4)?
1=2

<62 (k 4 2)Apy1(A)2.

Since for 1 < j < k + 1 obviously A;(A) < Aj(Agy1), we can prove (12) by
the following chain of inequalities,

k+1 k+1 N - k4l .
(@ [T laylly < TT (0%rG +2))% Aj(Aks) < (8Prmgn) ™+ det(Aren) [J(G+2)%
j=1 j=1

j=1



where the last inequality is a consequence of Theorem 1.
Finally, we note that by (10) and (12) and by the properties of the determi-
nant (see [7]) we have

k+1 sy 1 5 Ty kH s 1
k+1 . L k 1 =
M) ()= [ G +2)2 ZGHM(akH)Hz + H (j+2)2
j=1
’C“ k41 k+2 k42

1

det(/lk+1) 6 T’)/k+1

2 € €
= 2 > Ja s ¢
Tdet(Ay) =k H = mll ktilly > N

This proves inequality (13).

A (A).

The main problem is that we can in case of approximations we can not com-
pute the Gram-Schmidt vectors but only approximations to them. So we have to
show how to compute an appropriate vector only knowing those approximations.
The following theorem gives the necessary bounds.

Theorem 32. Let A € R" ™ be a matriz of rank n and let A = QR be its QR
factorization. Let A’ € R™*™ be a q-approximation to A, let ce R, 0 < c < 1. If

q >log (||A7"|;) + 3log (\ji(n + 6)) — min {o log ( ”Af)} —log(c) (14)

then A’ has rank n, and there exists a QR factorization of A’ of the form A =
(Q+W)(R+F), where W € R™™"™ and F € R"*™ such that

Wl < and [Fl; <e. (15)

Proof. Let £ be a linear mapping that maps the space U(R,m) of upper trian-
gular n x nm-matrices with real entries to the space S(R,n) of symmetric n x n-
matrices, given by £(X) = X 4+ XT. Since for any symmetric matrix H there is
a unique upper triangular matrix X such that H = £(X), the map £ is injective
and surjective. Furthermore, since by [8] we have v2||X||; < ||X + XTHf = [|HJ;,
it follows that

[ (Rl < (1/v2) M, - (16)
Let E = A’ — A. Then by (7) the matrix E € R™*" satisfies
[Elly <n279, (17)

and we have A’ = A + E. Let M(R, n) be the set of all n x n-matrices.
Now, we consider at the function ®: M(R,n) — U(R,n), X — £~ 1Y -XTX),
where

Y =QTER '+ (Q"ER)" + (ER"))" ER! (18)

is a symmetric matrix. Applying (16) we obtain for all X;, X5 € U(R,n)
12(X1) = @(X2)lp < |71 (Y =X XT) = &7 (Y = XoX])
< V2max {|X1 ¢ [Xall} X0 = Xell¢

I



and
[D(X2) = Xallg = |7 (Y = £7 (X2X3)) — Xo,
1 2
< 75 (¥l + Il + el )
By Banach’s fixpoint theorem (see for example [10]) there exists a fixpoint X

of @ such that ||Xol|; < (1/v/2) ||Y|l; . From (18) and since the frobenius norm is
invariant under orthogonal transformations, it follows that

1 _ _I\T _\T —
Xolle < 5 (JQ7eR™ |+ | (@7ER™)" |+ || R 1Er)
_ 1 _1)12
< V2[|ER|; + = [ERT; -
Now, using 12 we have
1
Xolle < V2[|A7 [ 11 + = (A7, [El)° - (19)

From (14) and (17) we derive

- B c \/i -~ 1 . Tl+6
= 1 () 5 1 Yo o )

(20)
< c ) V2 { n+6}
< — min< 1, —— » |
n+6/) 3 Il Al
and thus |[Xo||; < 1. Applying [10] we see that (I + Xo) ™! exists, where

1

(1+%0) 7 € = (21)
H £ 1= [[Xollg

As a solution of the equation X = £71(Y — XTX), the matrix Xq is an upper
triangular matrix. By (18) it satisfies

Xo + XT +XTXo = QTER™! + (QTER™)" + (ER™')T ER.
Multiplying with R from the left and R from the right we see that
RTXoR + RTXIR + RTXEIXoR = ATE+ ETA + ETE,
which, since RTR = ATA, is equivalent to
(R+XR)T(R+XoR) = (A+E)(A+E).

Clearly, the product (I + Xg)R is invertible. Hence, there exists a matrix W €
R™ " guch that (A + E)(R+ XoR)™! = (Q + W). Moreover, we have

(Q+W)T(Q+W) = (R+XR) ™) (A+E)T(A+E)(R+XR) ! =1.



Let F = XpR. Then, as a product of two upper triangular matrices, F is an
upper triangular matrix too, and thus A’ = A+ E = (Q+W)(R+F) is a QR
factorization of A + E = A’. Especially, A’ is invertible and has rank n.

Next, we have to find upper bounds on ||W||; and ||F||;. Since R+ F is non-

singular we have W = (QR+E — Q(R+F)) (R+F)™", and therefore,

W=ER+F) " —QXo(I+Xo)". (22)
The frobenius norm is invariant under orthogonal transformations, thus from
(22) and (21) we obtain

_ X
Wi, < el R+ B~ 4+ A2l (23)

P T=Xoll¢
It remains to find a bound of ||(R+ F)~* Hf . Since Q+W is orthogonal, A4+E and
R+F have the same singular values (see [5]). Let o(A) denote the smallest singular
value of A. Then by [5, equation (5.3.14)] we have o(A)~! = ||A7H]|, < |[[A7Y|;
and o(A+E) > o(A) — ||[E||; . Therefore, we obtain

n

IR+F) <nlR+F)7, = sR<H (24)
. n_____ nmoA)! nfA7,
“o(A) —[Ely  1—a(A)THE[, T 1= [IATH [[El
Finally, applying (19), (23), and (24), we have
AL B V2|AY, IEN + 25 (A, IEN)?
wi, < 7IA e D2 1A=l IEN: + 5 (1Al HIEN) )

— 1AL _ - 2\’
L= IAT Nl 1 — (V2 A= IEN + 25 (1A= 1ElL)?)

To estimate ||F||; we note that F = XoR. Therefore, from (19) and 12 it follows
that

Il < (ﬂ A~ el + s (1A, ||E||f)"’) Al (26)

Combining (20) and (25) we obtain [|W||,< =%+ n6+c6 = ¢ and analogously by
: n A

(26) we get ||F|l; < c mln{l7 H:”i} !Jé

the theorem.

= c¢. This proves the last assertion of

Proposition 33. If ¢ € N, ¢ > —log(A\1(A)/(4+/7)), then each approximation
A’ of precision q to A is a discrete set such that the minimal distance between two
elements of A’ is greater than \1(A)/2. Moreover, each approzimating function
of precision q restricted on A is one-to-one.

In what follows we shall always implicitely assume that the studied approx-
imating functions are one-to-one on the given lattices. We can do this without
loss of generality since the actual precisions will always be larger than the one
suggested by the above proposition.



Definition 34. Let A be a r-dimensional lattice A in R™, and let 1 < k <r—1.
Let €,6,0,m € Ryqg. Then we define

1 . b2\ (A)
QQ(A, k7 €, 57 g, 77) = —IOg < mln{\/ﬁ7 )
2 o+ (14208 + ) YN (A)

q1(Ak,e,6) = —log

6k+2)\1(/1)
vr—k (52T'Yk+1)% Hfill (J+2)°

and
q2<A7 ka €, 67 a, 77) =q1 (A7 €, 67 U) _qO(A7 ka €, 6) g, 77) (27>

In what follows let €, € R, 1/2 < e < 1,1/2 < § < 1, and let (a1,...,a)
(1 < ¢ <) Dbea (e d)-constructable sequence of a r-dimensional lattice A in R".
First we describe the effect of approximations to the set Ps (a7, ..., a}).

Theorem 35. Let €,§ € R, 1/2 < e < 1,1/2 < 6 < 1, and let (ay,...,a)
(1 <k<r—1) be a(0d)-constructable sequence of a r-dimensional lattice A
in R". Let 0 € Ryg and b € A, with ||b|l, < 0. Let n € R, n > 0. Finally,
let f: R" — Q" be an approzimating function of precision ¢ € N such that the
vectors f(ay),..., f(a}) are pairwise orthogonal. If ¢ > q2(A, k,€,0,0,m) then we
have:

(a‘) Ifb € P1/2 (a{a"~7az) then f(b) € P1/2+n (f (ai()vyf(az))
(b) If f (b) € Prjogy (f(al),..., f(a})) then b € Py oty (af,...,a5).

Proof. Let By, be an orthonormal basis of span(ay, ... ,ag)® and let Bj. be an
orthonormal basis of span(f(ay),..., f(ax))t. Let b € Pij2(af,...,a5), ie.

k
b:ija;—l— Z Zad, (28)
j=1

a€ By

where z; € R, |z;] < 1/2 for 1 < j < k, za € R for a € Bj. Since By, U
{f(a1),..., f(ax)) is a basis of R", we also have

k

F) = yif(a)+ Y awa,

j=1 a/EB,’C

where y; € R for 1 < j <k, za» € R for &’ € Bj,. Thus, to prove (a), we only
have to estimate y;.
From (4) it follows that for 1 < j <k



We set e = f(b) — b, and for 1 < j < k we set e; = f(a}) — aj. Then, using
(29) we have
(b,a}) + (b, e;) + (e,a]j) + (e, ;)

(a; + ej,a; +e;)

Yi =

From (28) it follows that (b, a}) = z; (a},a}). Applying (6) we thus obtain

z; [|as|[2 + bl llesll, + llell, ||
2
(las ], = llesl,)

On the other hand, 34 and Theorem 31 imply that both ||e;||, and ||el|, are at
most )
27 Iblly + (1 +2(6 +n)) [Ja3],

Combining (30) and (31) we see that y; < 1/2 4 n. This proves part (a) of the
theorem. The proof of (b) is absolutely analogous.

[, + llelly lle; I,

sl < (30)

1
2min{\ﬁ7Haﬂ

We also have to examine what happens with the set S(A, By, €) when we work
with approximations. For further reference, we introduce a new abbreviation.

Definition 36. Let A be a r-dimensional lattice A in R™, and let 1 < k <r—1.
Let €,6,0 € Ryg. Then we define

q3(A, k,e,0,0) = q1(A, k,€,0) — log (\/;21(0__7_2)> .

Theorem 37. Lete,d €R, 1/2<e<1,1/2<d< 1, and let (ay,...,a;) (1<
kE<r—1) be a (¢ 0)-constructable sequence of a r-dimensional lattice A in R".
Let By, be an orthonormal basis of span(ay, . ..,ax)". Furthermore, let o € Rsq,
o> (r+k+2)2\1(A)2/e2, Let f: R" — Q" be an approzimating function of
precision ¢ € N, let B), = f(By) and let A' = {v:v = f(a),a € A,|a|, < o}.
Finally, let a1 be a vector of A such that ||agt1]l, < 0. If ¢ > q3(A, k,€2,0,0)
then we have:

(a) If ap+1 € S(A, By, 1), then f(api1) € S(A', By, Ve).
(b) Iff(ak_H) S S(A/,BI/C,\E), then agy1 € S(A, Bk,f).

Proof. First, we show that for all a € A with ||a||, < o we have

2 2./e
e @l > lals, = 777

@), - (32)

To do so, let By, = (a4, -, al) and By = (8g41,...,8,). Applying the trian-
gular inequality and Schwarz inequality we obtain for k 4+ 1 <i <r

[(f(a),a})| = [(a,a:)| — [(a,a; — ;)| — |[(f(a) —a,a))]

- ~ (33)
> [(a,a;)| — llally la; — ailly, — [ f(a) —ally &g, -



By our assumptions and Proposition 11 we may assume that for k+1 <1¢ <r
we have [[a; — aj||, < /r279. If we insert this estimation in (33), then we can
derive from the definition of the height (see Definition 18) and from Theorem 31
and Definition 36 that

[f(@)lg, > lalp, — llall,vr2™7 = vr279(1 + Vr279) >

This proves the left inequality of (32); the right one can analogously be proven.
To prove (a) we first assume that f(ayy1) ¢ S(A’, By, v/€). That means that
there exists a € 4, ||a||, < s such that \f(a)|B’,€ < \/E|f(ak+1)|B;€ . Thus by (32)
we have
1+e€
2

Therefore, a;11 does not belong to S(A, B, 1).

To prove (b), let f(ay+1) € S(A', By, v/€), and suppose that a1 ¢ S(A, By, €).
That means that there exists a vector a of A with €lagi1]p, > |alg, > 0. By
Lemma 27 and Lemma 3 we may assume that

1+e

lak+1] 5, > \@|f(ak+1)|3;c > |f(31)|13;c e lalp, -

k
1
Jalf < 3 3 Imica o)+ (1 (34)
where 7;(a) is the projection of a onto span(ay,...,a;)* (0 < j < k). Then
applying Theorem 31 and Proposition 22 we obtain
k
1 . r
lally < 5z D0 = DA + 5 M(4)* + Vi —kal,
j=2
1 & r
< 3 2= DN+ (A + eV =k lme(ac)ll;
i=2 (35)
1 & r (r— k‘)% 9
. 2 2
< 12 ;(T — DA (A)° + @/\1 (A)° + f)\kﬂ*l (4)

By (32), it follows that

NG 2/
, > —

But this is a contradiction.

|f(ak+1)|B’ > €lagtilp, = lalp, = T+e
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