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Abstract
In this thesis we investigate two different aspects of nonlinear dynamical behaviour: First, we
study quantum synchronization which is based on nonlinear, so-called limit-cycle oscillators. Second, we investigate the influence of nonlinear interactions on topological transport
in bosonic systems.
We begin with the investigation of the synchronization of two optomechanical systems in
the presence of quantum noise. With numerical simulations of the full quantum and a semiclassical model, we identify different phase synchronization regimes, although exact phase
locking is prevented due to the inevitable quantum noise. Our main results are noise-induced
transitions between different synchronization states, as well as noise-induced bistability, i.e.,
the appearance of a second synchronization state in the quantum regime, even if in the classical, noiseless limit only a single stable synchronization state exists. We give an overview
about the classical-to-quantum transition and also compare our findings to synchronization
in the presence of classical, thermal noise.
Subsequently, we study the quantum synchronization dynamics of a quantum Van der
Pol oscillator coupled to an external periodic driving. This paradigm system for limit-cycle
oscillators allows us to derive an effective, analytical quantum model and identify the different dynamical regimes, like overdamped, underdamped, and notably also quantum-coherent
phase motion. We explore the distinct signatures of these different dynamical regimes, e.g., in
the spectrum or the squeezing. Moreover, we show that in the remarkable regime of quantumcoherent phase dynamics quantum states with negative Wigner densities (like Schrödinger
cat states) are preserved for many oscillations of the system. Our effective model gives insight into how to achieve quantum coherence in synchronization dynamics, while numerical
simulations of the full model confirm the predicted behaviour.
Finally, we turn to the classical dynamics of a Chern topological insulator in a nonlinear
bosonic system. To this end, we study the half Bernevig-Hughes-Zhang model on a square
lattice in the presence of a local Kerr nonlinearity. We investigate the stability of a linear
edge state in the nonlinear model and present a linear stability analysis to gain insight into
the unstable scattering processes enabled by the nonlinearity. In a time evolution of the full
nonlinear model, we can show that these processes lead to a spatially periodic modulation of
the edge channel on an intermediate timescale. However, eventually we observe that strong
nonlinear processes lead to more complicated behaviour and a significant radiation into the
bulk.
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Zusammenfassung
In dieser Arbeit untersuchen wir zwei unterschiedliche Aspekte von nichtlinearem, dynamischem Verhalten: Zuerst studieren wir Quantensynchronisation, welche auf nichtlinearen,
sogenannten Grenzzyklusoszillatoren aufbaut. Als zweites untersuchen wir den Einfluss von
nichtlinearen Wechselwirkungen auf topologischen Transport in bosonischen Systemen.
Wir beginnen mit einer Untersuchung der Synchronisation von zwei optomechanischen
Systemen unter dem Einfluss von Quantenrauschen. Durch numerische Simulationen des
vollen Quantenmodells und eines semi-klassischen Modells identifizieren wir verschiedene Regime der Phasensynchronisation, obwohl exakte Phasenübereinstimmung durch das
unvermeidbare Quantenrauschen verhindert wird. Unsere Hauptresultate sind durch Rauschen induzierte Übergänge zwischen verschiedenen Synchronisationszuständen, sowie
durch Rauschen induzierte Bistabilität, d.h. ein zweiter Synchronisationszustand taucht im
Quantenregime auf, obwohl im klassischen, rauschlosen Grenzfall nur ein einziger stabiler
Synchronisationszustand existiert. Wir geben einen Überblick über den Übergang zwischen
dem klassischen Verhalten und dem Quantenregime und vergleichen außerdem unsere Ergebnisse mit Synchronisation unter dem Einfluss von klassischem, thermischen Rauschen.
Anschließend studieren wir die Quantensynchronisationsdynamik eines Quantenmodells des Van der Pol Oszillators, der an einen externen, periodischen Antrieb gekoppelt ist. Dieses Paradebeispiel für einen Grenzzyklusoszillator erlaubt es uns ein effektives, analytisches Quantenmodell herzuleiten und die verschiedenen dynamischen Regime,
wie überdämpfte, unterdämpfte und inbesondere quanten-kohärente Phasendynamik, zu
identifizieren. Wir untersuchen die verschiedenen Merkmale dieser unterschiedlichen dynamischen Regime, z.B. im Spektrum oder in der Art wie der Quantenzustand gequetscht
wird. Darüber hinaus zeigen wir, dass Quantenzustände mit negativen Wignerdichten (wie
zum Beispiel Schrödingers Katzen Zustände) in dem bemerkenswerten quanten-kohärenten
Regime für viele Oszillationen des Systems erhalten bleiben. Unser effektives Modell gibt Einsichten wie man Quantenkohärenz in der Quantensynchronisation erreichen kann, während
numerische Simulationen des vollen Modells das vorhergesagte Verhalten bestätigen.
Schlussendlich wenden wir uns der klassischen Dynamik eines topologischen Chern Isolators in einem nichtlinear bosonischen System zu. Dazu studieren wir das “half BernevigHughes-Zhang” Modell auf einem quadratischen Gitter in der Gegenwart einer lokalen KerrNichtlinearität. Wir untersuchen die Stabilität eines linearen Randzustands im nichtlinearen
Modell und präsentieren eine lineare Stabilitätsanlyse um Einblicke in die instabilen Streuprozesse zu bekommen, welche durch die Nichtlinearität ermöglicht werden. In einer Zeitentwicklung des vollen nichtlinearen Modells können wir zeigen, dass diese Prozesse mittelfristig zu räumlich-periodischen Modulierungen des Randkanals führen. Jedoch beobachten
wir auch, dass schlussendlich starke, nichtlineare Prozesse zu einem komplizierteren Verhalten und signifikantem Abstrahlen in das Innere des Gitters führen.

x

CHAPTER

1

I NTRODUCTION

Nonlinear dynamics generally refers to dynamical behaviour that is described by nonlinear
differential equations. Of course, such nonlinearities can be of rather different physical origin
and mathematical complexity. They lead to a plethora of phenomena which are not encountered in linear dynamics, e.g., the creation of solitons and limit-cycle oscillations. In this thesis, we study nonlinear behaviour in two rather different situations. First, in the Chs. 2 and
3, we investigate quantum synchronization. Synchronization, even in the classical regime,
inherently relies on limit-cycle oscillators and thus requires a nonlinearity. Notably, rather
different nonlinearities can lead to such limit cycles: In Ch. 2 they originate from a nonlinear interaction between an optical and a mechanical mode, while in Ch. 3 they arise due to
nonlinear dissipation. We introduce the basic concepts of synchronization in the first part of
this introductory chapter, in Sec. 1.1, and give an overview about the recent extension of this
actually old research field into the quantum regime. In Sec. 1.2 we then introduce topological
insulators, to set the stage for our research presented in Ch. 4. In contrast to synchronization,
topological transport itself does not rely on any sort of nonlinearity: Our topological insulator model simply consists of a lattice of appropriately coupled linear (harmonic) oscillators.
However, we are interested in the interplay of the topological properties of the system with
an additional local nonlinearity. While we can investigate both quantum synchronization
and nonlinear topological insulators with abstract models, all of our studies were initially
motivated by the realizability with optomechanical systems. This is especially emphasized
in Ch. 2 where we focus on an optomechanical system as a concrete model for our investigations. Therefore, in Sec. 1.3, we introduce optomechanical systems as a versatile experimental platform and especially point out its nonlinear behaviour (giving rise to limit cycles)
and how optomechanical systems can be arranged to form arrays. Finally, after introducing
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anti-phase synchronization

in-phase synchronization

Figure 1.1: Phase synchronization regimes. If oscillators are frequency locked, one can distinguish different synchronization regimes due to their relative phase. We show an illustration of
in-phase (0-synchronization) and anti-phase synchronization (π-synchronization) with coupled pendulums.

synchronization, topological insulators, and optomechanical systems, we can then state our
specific research questions and outline the rest of this thesis in Sec. 1.4.

1.1 Synchronization and limit-cycle oscillators
1.1.1 The meaning of synchronization
Synchronization was first scientifically described by Huygens in 1673 [1]who observed that
two pendulum clocks of slightly different frequency start to oscillate at a common frequency
when put on the same substrate. This was closely followed by the observation that in a swarm
of fireflies the individuals adapt to flash their lights at the same times [2]. So, from early on,
synchronization was a phenomenon appearing in diverse scientific areas. Nowadays, it is of
relevance not only to physics, but also appears in chemistry, biology, medicine, and technology: Oscillatory chemical reactions like Belousov-Zhabotinsky reactions provide the basis
for synchronization experiments, e.g. in order to model the behaviour of cellular organisms
[3]. Pacemaker cells synchronize to produce our heart beat [4] and synchronization generally
plays a role in various physiological rhythms [5]. Technological applications range from increasing the frequency-stability of a laser [6], over its stabilizing role in electrical power-grids
which is still subject to further research [7], to prospects in secure communication [8]. Many
more examples can be found in Refs. [9, 10] and the references therein.
In our everyday life, synchronization has several not very well-defined meanings: To “synchronize a watch” usually refers to setting it equal to a reference at a single point in time (relying on its frequency accuracy and stability until a next “synchronization”). Synchronized
diving is a sports where several participants try to execute the same moves at the same time
- but there is not necessarily something repetitious involved. Even less related, “synchronizing a mobile device” means to create and update a copy of a data set, preferably in real
time (i.e. whenever a change is made). Although these examples share at least some features
of Huygens’ coupled pendulum clocks, a sound scientific description of “synchronization”
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requires a much clearer definition. Throughout this thesis, synchronization refers to the adjustment of an oscillator’s frequency to another oscillator or some periodic external reference
in the presence of a weak coupling. Let us add some remarks to specify and clarify this:
(i) The systems that are to be synchronized need to independently show stable, selfsustained oscillations, even in the absence of coupling. In particular, these systems need
to show so-called limit-cycle oscillations. This requires nonlinear oscillators and we explain
the key features of limit-cycle oscillators in the next section in more detail. Note that also too
strong coupling can lead to an effectively indecomposable system.
(ii) Synchronized oscillators eventually oscillate with the same frequency, thus this is also
referred to as frequency locking. If the frequency of the systems are altered but even after long
times do not coincide, one sometimes uses the term frequency entrainment. However, note
that in literature frequency entrainment is sometimes also used as a synonym for frequency
locking.
(iii) If two systems are synchronized, i.e., frequency locked, this implies a fixed phase
relation between these systems. This is also called phase locking. However, frequency locking only implies that the relative phase is constant. Depending on the actual value of the
relative phase (which is not arbitrary if the system is synchronized) we can distinguish different synchronization regimes. Most prominently, one speaks of in-phase or 0-synchroniztion
if there is (almost) no phase-lag between the oscillators, and of anti-phase synchronization
or π-synchronization if the oscillations are offset by (approximately) half an oscillation, see
Fig. 1.1. In Ch. 2 we study the implications of quantum noise for these different synchronization regimes.
(iv) Synchronization can be studied with systems of different coupling geometries, see
Fig. 1.2 for an overview. Mutual synchronization refers to two (or more) oscillators that synchronize to each other. However, it is also possible to engineer a one-directional coupling,
where “slave” oscillators synchronize to a “master” system, while the “master” system remains unchanged (because there is no backaction on it). In this scheme, the master system
can be viewed as an external drive which is not necessarily a limit-cycle oscillator. If many
oscillators are mutually synchronized one distinguishes between local and global coupling,
where local can again refer to different types such as, e.g., nearest, or next-nearest neighbour
coupling. In this thesis we focus on the conceptually easiest situations of one oscillator coupled to an external drive and the mutual synchronization of two oscillators. For more details
on how to deal with oscillator arrays and networks, where one also has to take into account
that only a subset of all oscillators might synchronize, see e.g. [11].
Note that related, synchronization-like phenomena are discussed in the literature that
might not fulfill all of the above described criteria. However, here we followed the definition
of synchronization of, e.g., Ref. [12].
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0
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limit-cycle oscillator

0

5

10

15
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coupling to an
external reference
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local coupling
(e.g. nearest neighbour)

“master”
“slaves”
mutual coupling

one-directional coupling

global coupling

Figure 1.2: Different synchronization “geometries”. Limit-cycle oscillators can be coupled in
different geometries to achieve synchronization. One can divide these into the categories
mutual coupling as opposed to one-directional coupling. If the coupling is one-directional,
then the external reference can be an arbitrary periodic oscillator, i.e., it is not necessarily a
limit-cycle oscillator itself. If mutually coupled systems are build up of many oscillators, one
further distinguishes global coupling from local coupling schemes. Here we show nearest
neighbour coupling as an example, but many more local coupling schemes exist.

1.1.2 Limit-cycle oscillators
The key element to study synchronization are so-called limit-cycle (LC) oscillations that appear in nonlinear systems. Let us now discuss the features that make them so relevant: The
trajectory of a LC oscillator in phase-space is a closed loop that, most importantly, attracts
neighbouring trajectories. This implies, that there is a competition between damping and
amplification processes that stabilizes the system on the LC trajectory. If we consider a mechanical oscillator as an example, phase space is simply spanned by momentum and position. As shown in Fig. 1.3(a), LCs are not necessarily circularly shaped. However, if they are
sufficiently similar to a circle and approximately centered around the origin, then “the phase”
of the oscillator can simply be viewed as the polar angle and its oscillations are called quasiharmonic. The notion of the phase can be generalized for arbitrary LCs, however this definition is sufficient for the work presented in this thesis, where we deal with (approximately)
circular LCs only.1 In contrast to its stabilized amplitude, the phase of a LC oscillator is free: A
perturbation along the trajectory (thus changing only the phase) remains forever. In the context of synchronization this is of special relevance, because synchronization (phase locking)
refers to the process of fixing the free phase of LC oscillators. This also marks the difference
of LC oscillators to harmonic oscillators. While a damped and driven harmonic oscillator
1 For non-circular LCs one defines the phase as linearly growing with time (from 0 to 2π during one oscillation). See e.g. Ref. [13] for details.

4

b

time

0

c

position

momentum

a

position

1.1. Synchronization and limit-cycle oscillators

0
position

time

Figure 1.3: Limit-cycle oscillators. (a) shows limit cycles in phase space. Limit cycles have
closed trajectories that are amplitude-stabilized (green arrows indicate processes driving the
system back to this trajectory), while perturbations along the trajectory (blue arrow) remain
forever. For an almost circular limit cycle around the origin (blue), the phase of the oscillation
is simply the polar angle φ. Limit cycles of more complicated shape (grey) exist and require
a generalized definition of the phase. (b) The oscillations of a driven and damped harmonic
oscillator as compared to (c) true limit-cycle oscillations. The red arrow indicates a perturbation of the oscillatory motion. While the perturbed harmonic oscillator (dashed red line)
returns to its original motion (blue line), the limit-cycle oscillator only relaxes to its original
amplitude, while its phase remains perturbed.

leads to amplitude-stabilized trajectories that look rather similar to quasi-harmonic LC oscillations, cf. Figs. 1.3(b) and (c), its phase is already fixed to the external driving force and thus
not free to synchronize. This becomes visible, when the oscillator is perturbed. In Fig. 1.3(b)
we show the position of the damped and driven harmonic oscillator as a function of time.
While the blue line shows its unperturbed trajectory, the dashed red line shows how the same
trajectory evolves if it is perturbed by a sudden kick at the time indicated by the red arrow.
After this kick, the system returns to its original form of oscillation both in amplitude and
phase. In contrast, Fig. 1.3(c) shows quasi-harmonic LC oscillations. There, the perturbed
system (dashed red line) returns to the original amplitude, however its phase remains altered
as compared to the unperturbed oscillations (blue line).
Mathematically-speaking, a LC oscillator is described by a set of autonomous differential
equations, while the drive of the harmonic oscillator leads to an explicit time-dependence of
the corresponding differential equations. The phase of a driven harmonic oscillator is thus
determined by its relation to the periodic driving and not free. Note that also a non-driven
harmonic oscillator does not fulfill the criterions needed to investigate synchronization: In
the presence of damping its oscillation simply dies out and, in the absence of both damping
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and driving, its trajectory is not amplitude-stabilized and depends on the initial conditions.
Thus, in the context of synchronization, we will only discuss the behaviour of LC oscillators.

1.1.3 Classical synchronization of a Van der Pol oscillator
Due to the widespread appearance of synchronization in different areas of science, general,
platform-independent models to study the most fundamental synchronization behaviour are
highly desirable. One possibility is to use a phenomenological approach and start with effective phase equations that describe the observed behaviour. The famous Kuramoto model, developed by Yoshiki Kuramoto in 1975 [14], is highly successful in describing synchronization
of arrays of globally coupled phase oscillators. It has been extensively studied and applied
in various systems, ranging from neural networks to Josephson junctions. A review about
the Kuramoto model, its extensions and applications can be found in Ref. [11]. Another approach is to turn to a paradigmatic model for LC oscillators which, to some extent, describes
the generic behaviour of all LCs. Especially if we study synchronization of only a few oscillators, this becomes a feasible and insightful approach.
Here, and later on in this thesis, we will follow this second idea and use the so-called Van
der Pol (VdP) oscillator as a paradigm for LC oscillators. It is probably the easiest nonlinear
extension of the damped harmonic oscillator. In particular, the damped harmonic oscillator
is described by
ẍ + ω20 x + γ1 ẋ = 0,

(1.1)

ẍ + ω20 x − γ1 ẋ + γ2 ẋx 2 = 0.

(1.2)

while the VdP oscillator is given by

Note the sign-flip of the linear damping term, i.e., γ1 > 0 is a linear amplification rate of
the VdP oscillator. This disposes energy into the system, without introducing explicit timedependence. To balance this amplification, a nonlinear damping of rate γ2 is introduced.
Altogether, this leads to stable self-sustained (LC) oscillations. The trajectories of a VdP oscillator range from quasi-harmonic to almost saw-tooth-like with LC shapes as displayed in
Fig. 1.3(a). Although synchronization can be studied with all types of LCs we restrict ourselves to circular LCs, i.e., quasi-harmonic oscillations. In this regime, the VdP oscillator can
be approximated by the following equation for a complex amplitude β:
β̇ = −i ω0 β +

γ1
β − γ2 |β|2 β.
2

(1.3)

Often, it is useful to express this equation in terms of an amplitude R and phase φ. This is
readily obtained by inserting β = Re i φ and splitting Eq. (1.3) into its real and imaginary part,
which leads to

6
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γ1
R − γ2 R 3
2
φ̇ = − ω0 .

Ṙ =

(1.4)

These equations reveal nicely the above stated simplifications of quasi-harmonic oscillations:
The polar angle takes the role of the phase
qand increases linearly with time. The steady-state
solution to the amplitude equation R 0 =

γ1
2γ2

determines the radius of the circular LC.

Now we review the synchronization of this version of the VdP oscillator to an external
periodic drive of strength F . We will also refer to this driving as force. The driven system is
described by the time-dependent differential equation
β̇ = −i ω0 β +

¯ ¯
γ1
β − γ2 ¯β¯ 2 β − F cos (ωd t ) .
2

(1.5)

It is convenient to switch into a frame co-rotating with the driving frequency ωd , i.e., we use
β → βe i ωd t and neglect the fast rotating term proportional to e 2i ωd t . Then, we finally study
solutions to
β̇ = i ∆β +

¯ ¯
γ1
β − γ2 ¯β¯ 2 β − F,
2

(1.6)

where we defined the detuning ∆ = ωd − ω0 as the difference between the driving frequency
ωd and the intrinsic resonance frequency ω0 of the VdP oscillator. In accordance with the
definitions above, if the VdP is synchronized to the external driving, then it eventually oscillates at the drive frequency (instead of ω0 ) and establishes a fixed phase relation towards
the drive. Hence, in the rotating frame, synchronization corresponds to finding a stable fixed
point of the system (if the VdP oscillator effectively oscillates at ωd , there is no oscillation
visible in the co-rotating frame). In Fig. 1.4(a) we show the region where the VdP oscillator is
synchronized (colored region, also called an Arnold tongue), i.e., where a stable fixed point
to Eq. (1.6) exists. The color scale shows the corresponding phases which are spread around
π. The inset on the left indicates the phase convention that we use here and throughout the
thesis.
Again, splitting the complex amplitude equation (1.6) into a phase and amplitude equation, we find
γ1
R − γ2 R 3 − F cos(φ)
2
F
φ̇ =∆ + sin(φ).
R

Ṙ =

(1.7)

If we neglect the amplitude dynamics and use the steady-state solution R 0 in the absence of
the external drive (F = 0), the phase equation simplifies to
φ̇ = ∆ +

F
sin(φ).
R0
7

(1.8)
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Figure 1.4: Synchronization to an external reference. (a) Arnold tongue, showing the synchronized regime as a function of external force F and detuning ∆. The phase difference to the
drive is shown, determined according to the phase convention displayed in the inset. The
boundary of the synchronized regime (black lines) are obtained from the Adler equation. The
green arrow indicates the force that is used for (b)-(d), the small crosses mark the detunings
used in (c) and (d). (b) The observed frequency of the VdP oscillator in the rotating frame as
a function of the detuning. The force is fixed to F /γ1 = 0.02. Centered around ∆ = 0 a synchronization plateau appears, where the system synchronizes to the drive frequency instead
of oscillating at its intrinsic frequency (dashed line). (c) and (d) show the potential U (φ) for
different values of detuning. Inside the synchronized regime, (c), the washboard potential
features local minima separated by 2π and the system settles to one of these. The detuning
determines the slope. At ∆ = 0 (grey) the potential is not tilted and the minima are exactly
localized at φ = π, 3π, .... At ∆/γ1 = 0.005 the minima are slightly shifted (black). (d) Outside
the synchronized regime, e.g. ∆/γ1 = 0.01, no local minima exist. The system simply “slides
down” the potential, i.e., the phase is not locked to the external reference but increases with
time.
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This equation is known as the Adler equation. Notably, it resembles the Kuramoto model if
one considers the case of two coupled phase oscillators and rewrites the model for the relative
phase. See Sec. 2.2 for a very brief introduction to this special case. The solution to the Adler
equation
sin(φ) = −∆R 0 /F

(1.9)

gives instructive access to the fundamental synchronization behaviour. (i) If there is no initial frequency mismatch, i.e. ∆ = 0, there are two solutions for φ because of the sine-term,
i.e. φ = 0 and φ = π. However, only one of these solutions is stable and determines the synchronization regime. The stability depends on the sign of the force. Here, if F > 0, we find that
φ = π is stable and the system is anti-phase synchronized with respect to the drive. Note that
due to our model (1.5), a sign flip of the force corresponds only to a phase shift of the periodic
drive and thus has no real physical meaning. Although an analysis of Eq. (1.9) predicts φ = 0
to be stable for F < 0, this corresponds to the same anti-phase synchronized regime with
respect to the phase-shifted drive. This is fundamentally different in the Kuramoto model,
where the force originates from several microscopic parameters and a sign-flip can have real
physical meaning, thus allowing for both real in-phase and anti-phase synchronization. (ii)
If there is a frequency mismatch between the drive and the VdP oscillator, ∆ 6= 0, the phase
starts to deviate from π (or 0). This can be seen in Fig. 1.4(a). (iii) The border between synchronization and LC oscillations can be explicitly determined from the Adler equation. We
use that the sine is bounded and find that synchronization occurs if |−∆R 0 /F | ≤ 1. The black
lines in Fig. 1.4(a) show these boundaries obtained from the Adler equation, which fit very
well to the full numerical solution (color) of Eq. (1.6). (iv) Here we can easily see that synchronization relies on the competition between the frequency mismatch, i.e. the detuning ∆,
and the coupling strength to the external reference, i.e. the force F . It is intuitively clear that
synchronization is lost if the detuning becomes too large as compared to the force. The ratio
of the linear and nonlinear damping rates that enter via R 0 only rescales the solution.
In Fig. 1.4(b) we show the actual oscillation frequency of the system that can be observed.
We have fixed the force to a value indicated by the small arrow in Fig. 1.4(a) and vary the detuning. The observed frequency follows the detuning (recall that we are in a rotating frame,
so this corresponds to oscillations of the VdP oscillator at its intrinsic frequency ω0 ) for large
detuning. Then it starts to deviate from this (the dashed line shows the frequency of the uncoupled VdP oscillator) and suddenly becomes zero. Over a range of detunings, the observed
frequency is constantly 0 (corresponding to ωd in the non-rotating frame). This is the socalled synchronization plateau.
An intuitive picture of synchronization can be gained in terms of envisioning an effective
phase particle in a potential, φ̇ = −dU (φ)/d φ. From the Adler equation we find the potential
U (φ) = −∆φ +
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F
cos(φ).
R0

(1.10)

1. Introduction
This is a so-called washboard potential, which we show in Fig. 1.4(c) and (d) for different values of detuning (indicated by the crosses in Fig. 1.4(a)). The Adler equation describes overdamped motion in this potential landscape and synchronization corresponds to the system
settling into a local minimum. The system’s invariance under phase changes of 2π determines the spacing of the minima. The overall slope of the potential is defined by the detuning, while the depth of the minima scale with the force. If the potential becomes too steep, the
local minima disappear and the system can no longer synchronize to the external reference,
Fig. 1.4(d). Nonetheless, the remaining wavy structure of the potential still alters the intrinsic
motion of the VdP oscillator. In the flat regions of the potential the system is almost synchronized and the phase changes slowly with time. This is followed by rapid phase slips at the
steep regions in the potential. With increasing detuning ∆ (or decreasing coupling strength
F ), the VdP oscillator returns to its intrinsic oscillation, i.e., the potential transforms into a
decreasing linear function.

1.1.4 What changes in the quantum world?
As a final step towards our research, let us now turn to quantum systems and quantum synchronization. We first want to point out some general differences of classical and quantum
systems. Most importantly, there is Heisenberg’s uncertainty principle, ∆x∆p ≥ ħ/2, where ħ
denotes Planck’s constant and ∆x and ∆p are the position and momentum variance. It forbids that a quantum oscillator (actually any quantum system) is localized to a certain position and momentum, i.e., a point in phase space, as the classical oscillators described before.
Instead, we visualize a quantum state ρ̂ in phase space using the Wigner density

ˆ +∞
D
1
y¯ ¯
yE
d ye −i p y/ħ x + ¯ρ̂ ¯ x −
.
(1.11)
2πħ −∞
2
2
The Wigner density is a quasi-probability distribution
from which the probabilities to find
p
∗
the system
at
a
certain
position
x/x
=
(β
+
β
)/
2
or
with a certain momentum p/p zpf =
zpf
p
∗
i (β −β)/ 2 can be obtained by integrating out the other variable. The “size” of the quantum
state, i.e., the width of the probability distribution, reflects the amount of noise the system
is exposed to. Notably, even in the absence of any noise source, inevitable quantum fluctuations exist, smearing out the quantum state such that the uncertainty principle is obeyed.
These so-called zero-point fluctuationsp
(because they occur even at zero temperature) of a
quantum harmonic
oscillator
are
x
=
ħ/2mΩ in position direction (position quadrature)
zpf
p
and p zpf = ħmΩ/2 in momentum direction (momentum quadrature). Here, m denotes the
mass of the oscillator and Ω its resonance frequency.
In order to study quantum synchronization, we need a quantum description of a LC oscillator. Therefore, we introduce a quantum model for the VdP oscillator in the form of a
Lindblad Master equation [15, 16],
W (x, p) =

h
i
ρ̂˙ = −i ω0 b̂ † b̂, ρ̂ + γ1 D[b̂ † ]ρ̂ + γ2 D[b̂ 2 ]ρ̂.
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Figure 1.5: Quantum limit-cycle oscillator. The evolution of the Wigner density of a quantum
Van der Pol oscillator, starting from an initial coherent state. The state rotates in phase space
and smears out along the limit cycle due to dephasing. After sufficiently long times, a ringlike steady state is reached, where the phase is completely undetermined.
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Here, b̂ † and b̂ are bosonic creation and annihilation operators, Ĥ , ρ̂ = Ĥ ρ̂ − ρ̂ Ĥ denotes the
usual commutator, and we set ħ = 1. Linear and nonlinear damping enter via the dissipators
where D[Ô]ρ̂ = Ô ρ̂Ô † − Ô †Ô ρ̂/2 − ρ̂Ô †Ô/2 . Note that the classical equation of motion (1.3)
discussed
in the previous section is obtained from this quantum model Eq. (1.12) via β̇ =
D E
˙
b̂ = Tr(ρ̂˙ b̂).

Similarly to its classical analogue, the quantum VdP oscillator features LC oscillations.
In Fig. 1.5 we show the time evolution of the Wigner density of the quantum VdP oscillator,
resulting in a LC. As discussed above, quantum states are not localized to a single point in
phase space so we start from a coherent state centered on the LC. At first, and rather similar
to the classical LC oscillation, this state rotates in phase space along the LC, in this case on
a circular “trajectory”. However, in contrast to the classical oscillator this rotation in phase
space is only a transient behaviour. With time progressing, the state is smeared out more
and more along the LC (which here coincides with the meaning “along the classical trajectory”). This increases the phase uncertainty and is called dephasing. The steady state, the
actual quantum LC to which we refer to in the rest of this thesis, is represented by a ringshaped Wigner density. The radius of the ring refers to the mean amplitude of the oscillation
and corresponds (approximately) to the radius of the classical circular trajectory. The width
of the ring results from amplitude fluctuations, i.e., fluctuation in radial direction. Notably,
the phase of this steady state is completely undetermined or, in other words, all phases are
equally probable. This is in contrast to the classical situation, where the phase is well-defined
at all times and simply increases linearly.
Now that we have described quantum LC oscillators, let us turn to the implications on
synchronization, i.e., quantum synchronization. An obvious first question is how does quantum noise affect synchronization? The fundamental laws of quantum mechanics prohibit
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synchronization in the classical sense which would imply localization to a fixed point in a
rotating frame. Instead, synchronization leads to a fixed “blob” in phase space, covering a
range of phases (but non longer all phases are equally probable), cf. Fig. 3.1. Overall, this requires new tools to measure synchronization in the quantum regime. Furthermore, one can
investigate the actual effects of quantum noise: Does it change the transition towards synchronization? Are there any new effects? We study quantum noise effects on synchronized
optomechanical systems in Ch. 2. Although we did not mention it before, also classical synchronization can and has been investigated in the presence of, e.g. thermal, noise [12, 17].
While this allows to borrow some tools and expectations from the field of classical synchronization in the presence of noise, it also implies that we are especially interested in quantum
effects that are qualitatively different from effects due to classical, e.g. thermal, noise.
Another possibility is to start with a quantum state in the first place. Although we referred to the above displayed LC of the VdP oscillator as a quantum LC, it is not particularly
quantum in the sense of non-classical. Applying classical statistical mechanics, probability
distributions similar to the displayed Wigner density could be found. However, this is not the
case for all kinds of Wigner densities. The Wigner density is called a quasi-probability distribution, because it can become negative. Most prominently, the Wigner density of a Fock
state describing a single excitation, or of the famous Schrödinger cat state feature negativities. Notably, also LCs can contain negativities in their Wigner density, making this state
a “true” quantum state in the sense that no equivalent classical representation exists. Unfortunately, the quantum VdP oscillator seems not to feature LCs with negativities, but for
example optomechanical systems do [18]. It would be interesting to study if such LC oscillators with negativities lead to any new features when synchronized as compared to ordinary,
non-negative LC oscillators.
Note that studies targeting these type of questions usually use the term quantum synchronization, although many of them might be better described by synchronization of quantum systems. A quantum system is a system in a parameter regime, where its quantum nature
has significant influence on its behaviour. Thus, also the synchronization properties might
be modified as compared to synchronization in the classical limit of the same system. However, the modified synchronization behaviour itself does not necessarily show non-classical
behaviour. It is thus of special interest to look for genuine quantum signatures of the synchronized steady state, e.g. a negative Wigner density, or in the synchronization dynamics. Discussing the classical synchronization dynamics of the VdP oscillator using the Adler equation,
see Sec. 1.1.3, we have argued that synchronization can be related to overdamped motion of
the phase in an effective potential. Overdamped motion rules out potential quantum effects,
simply because the strong damping dominates the dynamics of the system. Thus the system
relaxes too fast to a (potentially) not so interesting steady state to observe any quantum effects in the meantime. The observed dynamics is then necessarily classical-like. Notably, the
classical VdP oscillator also features underdamped phase dynamics in a parameter regime
where the Adler equation is no longer a good approximation. Underdamped phase motion
implies that at least the damping is so weak that it allows to potentially observe quantum
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phenomena before relaxing to the steady state. However, other sources of decoherence could
still dominate the system. In Ch. 3 we study the synchronization dynamics of the quantum
VdP oscillator and show that it actually can become quantum-coherent, i.e., quantum states
are preserved for a significant amount of time.
In the next section we give an overview about the state-of-the-art of quantum synchronization. We briefly review which of the above stated questions have been addressed in the
literature already and which experimental platforms were proposed to actually observe these
effects.

1.1.5 Quantum synchronization
Quantum synchronization has recently attracted increasing theoretical attention. Many publications only appeared during the process of this thesis, including two contributions from
ourselves. Here we want to give a brief overview about the state-of-the-art of the field.2
Due to the challenges of treating full quantum models, the present studies can be sorted
into roughly two categories depending on the investigated system sizes. Many initial studies
investigate the specific synchronization behaviour of one oscillator to an external reference
[16, 19–22] or two mutually synchronized systems only [15, 23–31]. This allows for full numerical simulations and some simple analytical models. In contrast, the behaviour of infinitely
large arrays is explored within a mean-field treatment in Refs. [15, 32, 33]. Furthermore, in
Ref. [34], the classical Kuramoto model is extended to a semi-classical model in order to account for quantum fluctuations. In the spirit of the original Kuramoto model, this allows
the treatment of large numbers of oscillators. Finally, Ref. [35] is exceptional in the sense of
presenting a study on a simple enough system to also compute some full solution for large
arrays, which are compared to mean-field results. Only very recently, first investigation of
small networks have been put forward [36, 37].
Various platforms have been studied in the context of quantum synchronization or proposed to be suitable for experimental realizations of models like the VdP oscillator. Certainly,
several of these studies were driven by the recent progress in nano- and optomechanical systems approaching the quantum regime. In particular, Refs. [22, 29, 31, 32] are dedicated studies of quantum synchronization in optomechanical systems (see Sec. 1.3.5 for an overview of
classical and quantum optomechanical synchronization). In Refs. [16, 25] the authors discuss how optomechanical means can be used to engineer the specific VdP oscillator models
that they use to investigate quantum synchronization. However, one could also generally argue that VdP oscillators are a paradigm for LC oscillator in general and thus results can in
principle be transferred to the synchronization of optomechanical LCs even without an exact
one-to-one mapping. Another very active field of research addresses quantum synchronization of trapped ions or atoms: For example, the motion of single ions/atoms can be driven
2 At the time of writing this thesis (early 2017).
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into self-sustained oscillations which can then be synchronized. In Refs. [15, 33] this is associated to VdP oscillator models, while Ref. [28] studies a particular model for phonon lasing. In
contrast, the synchronization of two ensembles of atoms studied in Ref. [26] exploits internal
atomic transitions. Moreover, early studies consider superconducting qubits synchronizing
to a reference oscillator [19, 23]. Although not extensively studied there, superconducting circuits are also mentioned as a promising platform for experimental realizations in Ref. [21, 37].
Furthermore, quantum synchronization is also studied in a system of two coupled nonlinear
cavities, i.e., cavities containing a nonlinear medium, [24], in an array of radiating quantum
dipoles [35], and for two coupled micromasers [30].
From this summary it has become clear already that the quantum VdP oscillator is a
widely studied paradigmatic model for quantum synchronization [15, 16, 20, 21, 25, 27, 33].3
Recently, in Ref. [37] a Kerr-nonlinear oscillator was investigated.
To the best of our knowledge, no synchronization experiment has been performed in the
quantum regime so far. Nonetheless, first classical synchronization experiments have been
recently carried out in some of the proposed systems. In particular, synchronization to an external drive was shown for an optomechanical system [38] and also synchronization between
several nano- and optomechanical systems was demonstrated [39–42].
A central theme in quantum synchronization is to find a suitable measure to quantify it.
While in a classical, noiseless situation, a sharp transition from no synchronization to synchronization occurs, a similar effect cannot be expected for a finite quantum system due to
the inevitable presence of fluctuations. Only in an infinite system, a sharp transition might be
expected in the quantum regime and was indeed found using a mean-field approach [15, 32].
For finite systems however, quantum noise blurs the transition and turns it into a crossover
where simply the amount of phase slips decreases. Thus, it is a more reasonable approach
to try to quantify the “amount“ of synchronization instead of defining an artificial border
between synchronized and unsynchronized regimes. In Ref. [43] measures for quantum synchronization of continuous variable systems are proposed and upper bounds, e.g. due to the
Heisenberg uncertainty principle, derived. These measures were extended in [44] to more
generalized meanings of synchronization and applied in a study of synchronization in networks [36]. In Ref. [45], mutual information is proposed as another measure not restricted
to continuous variable systems, i.e., that also works in the deep quantum regime. Another
measure is defined in Ref. [28]: It is shown how to determine a probability distribution for
the relative phase between the synchronized systems directly from the steady-state density
matrix of the system. This is a rather intuitive way to visualize the amount of synchronization
in a system and also reveals different synchronization regimes. Then, the actual quantum
synchronization measure is defined to be basically the peak height of the phase distribution
above the flat (not synchronized) distribution. Unfortunately, this no longer contains the information about the synchronization regime and, for example, leads to ambiguous results in
3 Note that (when it comes to mutually coupled oscillators described by Lindblad master equations) there
exist two different types of mutual coupling, termed dissipative (coupling via the dissipators) and reactive (the
coupling is a term in the Hamiltonian) that can lead to different behaviour.
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the presence of double-peaked phase distributions. Such bistable synchronization appears,
e.g., in optomechanical systems. To describe such situations, we introduce a specific correlator between the synchronized systems that carries information about the relative phase
and allows to distinguish the particular synchronization regimes of interest [29], see Ch. 2.
While all of these quantum synchronization measures have been applied in some context,
a universal measure applicable to all situations has not yet been identified. For example, in
Ref. [30] it is shown that the relative phase distribution measure [28] and the mutual information [45] lead to rather different results. This reflects that the different measures are based on
different types of correlations and the general interplay between synchronization and correlations are not well understood yet. Especially entanglement was investigated in several
works. While synchronization clearly leads to some sort of correlations, entanglement seems
not to be directly tied to it [43]. However, several other synchronization studies report at least
some entanglement [23, 24, 27, 30] and in Ref. [33] even an entanglement tongue is discussed
as a quantum analogue to the classical Arnold tongue. In Ref. [28] it is discussed how some
of the arising correlations could be used to experimentally read-out the synchronization of
the coupled ions. In particular, the motion of the ions gives rise to correlations between the
motion and an internal “spin” degree of freedom. Thereby also the respective spins of the
synchronized ions become correlated and the spin-spin correlation can be used to detect the
synchronization dynamics in this specific system.
Despite the lack of a reliable quantification measure, the behaviour of quantumsynchronized systems and particularly the differences from classical synchronized systems
have been discussed in several systems. Refs. [16, 25] investigates how the perfect frequencylocking in the classical regime turns into strong frequency entrainment in the quantum system. Also the effects of using LCs of different amplitudes are discussed [25]. Phase locking
is studied in [15] and found to be even more robust in a quantum system than in the corresponding (noisy) classical model. A similar effect is mentioned in [30]. In Ref. [29] we find and
discuss quantum noise-induced synchronization phenomena. We find that quantum noise
drives transitions between different synchronization states and can even induce a bistability
if in the classical, noiseless limit only one synchronization state is stable. Multiple resonances
in phase and frequency locking (not present in classical synchronization) and even negative
Wigner densities are found in Ref. [20]. Notably, the authors argue that a VdP oscillator is not
sufficient to lead to negative Wigner densities and thus they include a Kerr-nonlinearity in
their model. In Ref. [37], a purely Kerr-nonlinear oscillator is studied and a quantum synchronization blockade predicted. This refers to the rather counterintuitive result that a (small)
detuning between oscillators is needed to synchronize them in the deep quantum regime.
This is in stark contrast to classical results, where smaller detuning is always desirable. While
all of these studies mainly discuss the synchronized steady state, in Ref. [21] we investigate
the quantum synchronization dynamics. Most importantly, we show that it is not necessarily
overdamped and thus classical-like, but can actually become quantum-coherent.
Note that, although all of these results are descriptions of quantum synchronization behaviour, not all of them represent genuine quantum behaviour, cf. our discussion at the end
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of the previous section.
The above discussed selection of papers represents the core of the field that is related
closely to the research on quantum synchronization that we have performed [21, 29] and
which we discuss in the chapters 2 and 3. Various further work on “quantum synchronization” exists, e.g., in the context of an abstract quantum rotator model [46] (which is argued
to be relevant for Josephson junctions and cold atoms), quantum tunneling [47], qubit systems [48, 49], superinsulators [50], superconducting devices [51], and linear oscillator systems [52, 53]. However, not all of these studies can be directly understood in the sense of
spontaneous synchronization of LC oscillators as we use it in this thesis.

1.2 Topological insulators
1.2.1 Brief overview of topological insulators
As compared to synchronization, the field of topological insulators is remarkably young. It
was only realized in the 1980s when the quantum Hall effect was discovered [54], that quantum transport can be protected for topological reasons. Topology is a mathematical field that
is concerned with the question which kind of objects can be continuously transformed into
each other. This concept of classifying structures into topological equivalence classes was
then used to explain the appearance of robust, chiral edge (in 2D) or surface (in 3D) channels
in an insulator when an external magnetic field is applied. An insulator’s band structure has
a bandgap, i.e., there is a range of energies at which no states are available. Unless sufficient
energy is supplied to excite the system above the bandgap, the system remains insulating and
no conduction occurs.
At any interface between materials, and of course also at the edge or surface of a material towards air or vacuum, one has to account for boundary effects. Following the idea of
topological classification, we can raise the question whether the bulk Hamiltonians at both
sides of the interface can be continuously transformed into each other, without closing the
bandgap at any point of the transformation. If this is possible, then both materials are called
topologically equivalent and the system is (in principle) insulating even across the interface.
However, if the bandgap has to be closed in the process this gives rise to conducting states
localized along the interface, i.e., at the edge of the material. These topological edge states
feature special properties as compared to ordinary conducting edge states, which will be discussed below.
In 1982 Thouless, Kohmoto, Nightingale, and den Nijs discovered a topological invariant
[55], sometimes referred to as the TKNN topological invariant, that determines the quantization of the Hall conductance observed in the experiment. This topological invariant can
be used to classify systems into topological equivalence classes and was further studied in
Ref. [56]. In 1985, it was found that the TKNN invariant is actually related to an already established quantity in math, to the so-called (first) Chern number [57]. This Chern number
determines the number of edge states per edge (towards the topologically trivial vacuum)
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Figure 1.6: Types of topological insulators. (a) An illustration of an edge state of a Chern insulator. It leads to chiral transport along the edge of the material. (b) An illustration of an
edge state of a Z2 -topological insulator, which gives rise to helical transport along the edge,
i.e., spin-up particles are transported in one, spin-down particles are transported in the other
direction.

and also the directionality of the associated transport. It is a remarkable fact that the Chern
number can be fully calculated from the bulk properties of the system, i.e., from the infinitely
extended lattice description of a material that knows nothing about the actual edges. This socalled bulk-boundary correspondence directly implies that, e.g., the actual shape of the edges
cannot matter. In contrast, ordinary edge states might occur depending on particular properties of the actual edges but are not guaranteed by the bulk properties as topological edge
states.
Before explaining more details about the Chern number and properties of the corresponding edge states in the next subsection, let us finish this brief historical overview. In
1988 Haldane came up with a specific model that leads to chiral topological edge channels
without the need of an external magnetic field [58]. This so-called anomalous quantum Hall
effect is based on a staggered magnetic field and gives additional insight into the origin of
the topological properties. It was understood that not an external magnetic field is crucial,
but time-reversal symmetry breaking. This fits nicely to the observed chirality of the edge
channels which obviously breaks time-reversal symmetry.
In 2005 Kane and Mele found another class of topological insulators that do not break
time-reversal symmetry [59, 60]. Their scheme includes spins and results in helical edge
states, i.e., pairs of edge channels where one carries spin-up particles in one direction and the
other carries spin-down particles in the opposite direction. Due to the involvement of spins
to preserve time-reversal symmetry, this was termed the quantum spin Hall effect. Also this
new type of topological insulators can be classified using a topological invariant called Z2 .
While these insulators have the topological trivial Chern number 0, they are characterized by
a nontrivial Z2 number and referred to as Z2 -topological insulators. In contrast, the above described topological insulators that break time-reversal symmetry and have a nontrivial Chern
number are called Chern insulators. In this thesis we will focus on Chern insulators and thus
introduce the corresponding concepts in more detail in the following subsection.
Recently, the idea of using temporal-modulation techniques to manipulate a system’s
properties in order to engineer interesting topological band structures has attracted grow-

17

1. Introduction
ing attention. Topological (and Chern) insulators created by such means are also referred to
as Floquet topological insulators [61].
Although topological insulators were discovered in electronic (and thus fermionic) condensed matter systems the concept has now been transferred to various other fields and
bosonic systems as well. For example topological edge states in ultracold atoms [62], and
recently even in macroscopic mechanical (phononic) systems [63–65] have been experimentally demonstrated. Also topological states in photonic systems have attracted a lot attention,
see, e.g., Ref. [66] for a recent review. Finally note that also optomechanical arrays can serve
as topological insulators [67]. We will introduce this in more detail in Sec. 1.3.5.

1.2.2 Chern number and topologically protected edge states
Let us now focus on Chern insulators and discuss how to determine the number of edge
states, their directionality, and their properties. Given any (time-independent) bulk Hamiltonian, the bulk band structure is obtained by exploiting the translational symmetry of the
underlying periodic lattice structure. In the case of an insulator, this band structure features
one or several bandgaps. For each band n the Chern invariant Q (n) is given by integrating the
respective Berry curvature B (n) over the Brillouin zone [68],
Q

(n)

1
=−
2π

ˆ

B (n) d~k.

(1.13)

The Berry curvature can be obtained as follows,
¯ ¯

®
B (n) = ~
∇k × i Ψn ¯~
∇k ¯ Ψn ,

(1.14)

where |Ψn 〉 denotes the respective eigenstate of the bulk Hamiltonian in ~
k-space. Notably,
the Chern number is always an integer, i.e., Q (n) ∈ Z. Eqs. (1.13) and (1.14) provide a rather
technical definition. See, e.g., Ref. [69] for a more practical way of determining the Chern
number numerically.
For now let us assume that we know the Chern numbers of all bands in a given band strucP
ture, see illustration Fig. 1.7(a). The sum of all Chern numbers has to be zero, i.e., n Q (n) = 0
[69]. Now, two band structures are topologically equivalent, if all their Chern numbers coincide pairwise. At an interface of two topologically equivalent systems no edge channels occur,
since there is no need to close the bandgap to transform the Hamiltonians into each other.
However, if the Chern number has to change across an interface, then edge states appear.
The Chern number does not only predict the general appearance of edge states, but actually
determines the number of guaranteed edge states and their directionality.
Let us now focus on an edge towards the topologically trivial vacuum. Thus, we can focus
on the band structure of the material and the behaviour at the edge is directly given by the its
Chern numbers. For example, consider a fictitious band structure with the Chern numbers
given in Fig. 1.7(a). Since Q (1) = 1 (Chern number of the lowest band) we can immediately
conclude that there is one topologically protected edge state in the first bandgap. The sign of
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Figure 1.7: Chern number and edge states. (a) Sketch of a fictitious bulk band structure featuring 3 bandgaps. For each band the Chern number Q (n) can be calculated. (b) Fictitious
band structure in a system with one edge. Edge states appear in the bandgaps, their number
and directionality (sketched on the right) can be determined from the Chern numbers of all
lower lying bands, see main text for details.

Q (1) determines the chirality, i.e., since Q (1) > 0 this edge state leads to clockwise transport.
This is illustrated in Fig. 1.7(b), a sketch of a band structure in a material with one edge. The
edge state predicted from the Chern number of the bulk band structure shows up in the first
bandgap. The slope in Fig. 1.7(b) is associated to the directionality and corresponds to the
illustrated movement to the right, i.e., clockwise transport along an upper edge.
In general, the number of topological edge states lying inside a bandgap depends on the
sum of Chern numbers of all bands below this particular bandgap. For example, the number
of edge states in the second bandgap is given by Q (1) +Q (2) and the chirality depends on Q (1) +
Q (2) > 0 (clockwise transport) or Q (1) + Q (2) < 0 (anti-clockwise transport). Consequently,
P
(i )
the number and chirality of edge states of the nth bandgap is determined by ii ≤n
=1 Q . If
there exists more than one edge state in a certain bandgap, then the sign determines the
directionality of all of these states, i.e., all guaranteed edge states of a Chern insulator in one
bandgap move in the same direction. Following this recipe, the number and slope (chirality,
direction of movement in the sketch) of all edge states shown in Fig. 1.7(b) can be determined
from the Chern numbers in Fig. 1.7(a).
It is important to note that the number of edge states predicted from the Chern number
is per edge. For example, if we consider a physical strip instead of an idealized halfplane, then
this system has two edges. If the corresponding Chern number is, e.g.,+1, this leads to one
localized edge state at each edge and two lines cross the bandgap in the corresponding band
structure, see Sec. 4.3 for an example.
Let us now shed light on the special properties that make topological edge states so valuable. While, in principle, additional non-topological edge states can appear and disappear
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Figure 1.8: Robust edge channels. (a) Driving one lattice site with an energy inside the bulk
bandgap leads to one-directional (chiral) transport along the edge of the lattice. Since the
energy of the drive is within the bulk bandgap no bulk modes but only the edge state can
be excited. (b) Notably, the edge channel is robust, e.g., if the edge is damaged and some
sites are missing (black), then the transport still follows the more complicated edge. The
disappearance of the channel after a finite propagation length is due to dissipation included
in this simulation.

depending on the actual shape of the edge, etc., the appearance of topological edge states is
guaranteed by the bulk-boundary correspondence (for non-trivial Chern numbers). In this
context, one usually speaks of topological protection and robustness of the edge states. Note
that the edges can be arbitrarily shaped, including sharp features like additional corners. Furthermore, real systems usually contain some sort of disorder, either by fabrication or by nature. These can be, e.g., lattice impurities, or deviations of the parameters from site to site. All
of these effects usually cause scattering. However, because the edge states are located inside
a bandgap scattering into the bulk cannot occur, simply because there are no states available at the right energies. Moreover, since Chern insulators feature only chiral edge states, no
backscattering can occur. As long as the edge states themselves exist, they reliably transport
along the edges with basically no loss into the bulk. The existence of the edge states, however,
is what is protected by the topological properties of the system. Changes to the edges of the
system cannot change the topological class of the bulk (the Chern number) and thus the edge
states remain unharmed. Also mere disorder, etc., in the full system does not directly change
the topology, as long as it is of reasonable size, i.e., as long as it does not tear apart the whole
system, such that the lattice structure itself can no longer be identified.
In Fig. 1.8 we show an example of this robustness of an edge state on a square lattice (for
details of the underlying model see Sec. 4.3). We drive the system on one site with an energy (driving frequency) inside the bulk bandgap, thereby exciting the edge state. In this case,
Fig. 1.8(a), transport follows the edge in the anti-clockwise direction without significantly
penetrating into the bulk. The overall propagation length along the edge is finite because the
simulation also includes dissipation. Figure Fig. 1.8(b) shows a sample with rough edges, i.e.,
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1.3. A promising platform: optomechanical systems
marked in black some sites of the lattice are simply missing. The edge state does not disappear and simply follows the more complicated geometry, still without penetrating into the
bulk. Exactly this property makes topological insulators interesting for technological developments.

1.3 A promising platform: optomechanical systems
In this section, we introduce optomechanical systems as an experimental platform that can
be used to study (quantum) synchronization and (nonlinear) topological insulators. The interaction between the two building blocks of an optomechanical system (optics and mechanics) is intrinsically nonlinear, although the focus in the field has long lasted on the linearized
regime. Here, we want to briefly introduce the optomechanical system in general and particularly discuss its nonlinear properties and the multi-mode regime, i.e., its potential to be
arranged into large arrays. Coupled optomechanical systems play a central role in Chapter
2 of this thesis, where we specifically study the synchronization of two optomechanical systems.

1.3.1 The interaction between light and mechanical motion
It is a rather surprising fact that light affects mechanical motion. Mostly, because this seems
to contradict our everyday life experience, where an object is not visibly pushed back, if, e.g.,
a laser pointer is directed at it. Nonetheless, this is exactly what happens. A rather simple
understanding is possible if we think of light as a stream of photons, each carrying a momentum 2πħ/λ depending on the wavelength λ of the light, with ħ Planck’s constant. Then,
due to momentum conservation, momentum has to be transferred to the illuminated object.
Typically, we cannot see this effect because the transferred momentum is very tiny (around
10−27 kg m/s for each single photon in the visible range) and thus many other effects, like
friction and heating, dominate the behaviour of the things surrounding us by far.
However, looking into outer space, evidence for the existence of a pressure due to light
was recognized already in 1619 by Johannes Kepler [70]: Comet tails are found to always
point away from the sun - no matter the motional direction of the comets themselves. Kepler related this observation to a pressure exerted from the sunlight. Although we nowadays
know that also solar wind (a stream of charged particles emitted from the sun) contributes to
the direction and shape of comet tails [71], this insight of Kepler was groundbreaking. Only
centuries later, in 1881, J. C. Maxwell derived that light indeed exerts a pressure along its
propagation direction [72]. In the following years, experimentalists struggled heavily to distinguish this radiation pressure from, e.g., thermal effects. In 1901, Lebedew [73] and Nichols
and Hull [74, 75] independently succeeded to demonstrate the radiation pressure force experimentally.
Despite those initial struggles to reveal the effects of radiation pressure, nowadays it
needs to be taken into account in optical high precision experiments, it might be used to pro-
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pel devices in space, and it is the key element for the field of optomechanics. For example,
optical interferometers are excellent systems to measure even tiny changes in their relative
armlengths. The incredible precisions reached with such systems was recently demonstrated
with the first successful detection of a gravitational wave by Advanced LIGO [76]. In order to
reach the required precision not only large armlengths of ∼ 4km were required, but also solid
knowledge about all other effects that might displace the freely suspended end mirror of an
interferometer arm. One of these effects is radiation pressure. Notably, while the average
radiation pressure does not matter since it displaces the end mirrors of both interferometer
arms similarly, the effect of radiation pressure fluctuations due to quantum noise turns out to
lead to a fundamental limit in precision [77]. However, radiation pressure does not only act
as an undesirable and limiting force. For instance, in space where friction becomes negligible
and the sun provides a constant and strong light source, several space agencies [78, 79] tried
to take advantage of the provided radiation pressure to propel spacecrafts.
To enhance the interaction strength between light and a mechanical object, e.g. a movable mirror, one can simply increase the light intensity. This can be achieved, even without
increasing the power of the light source, by introducing a second mirror and creating a cavity. In a cavity, photons bounce between two mirrors for many round trips before they leak
into the environment (depending on the quality of the cavity). Because each photon is now
reflected from the movable mirror several times, the total amount of momentum transferred
to it increases. Notably, in this system, the mechanical motion, i.e., the displacement of the
mirror, leads to a backaction on the light because the length of the cavity is changed. This is
the archetypical cavity optomechanical system which we discuss in detail in the next section.

1.3.2 The archetypical cavity optomechanical system and its mathematical
treatment
In Fig. 1.9, we illustrate the prototype of an optomechanical system [80, 81]: A cavity with
one static mirror and one mirror attached to a spring, which is thus movable and behaves approximately (for small displacements) like a harmonic oscillator. The static mirror is partially
transmitting, thus illumination with laser light allows to populate the cavity mode. Note that
the laser driving frequency ωL can be detuned from the cavity resonance frequency ωc . Most
light enters the cavity while driving on resonance. The light circulating inside the cavity exerts
radiation pressure on the movable mirror, displacing it from its rest position. This changes
the cavity length and thereby its resonance frequency ωc (x) which depends on the displacement x. This, in turn, affects the detuning ∆(x) = ωL − ωc (x) between the driving laser and
cavity mode, which determines the intensity of the light field insight the cavity and therefore the strength of the radiation pressure force. If the cavity becomes too far detuned the
intensity inside the cavity and therefore the radiation pressure force drops. Then the restoring force of the spring takes over and drives the mirror back towards its equilibrium position.
This closes the loop of the full optomechanical interaction.
Based on this intuitive description, let us now motivate the optomechanical Hamiltonian
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Figure 1.9: The archetypical cavity optomechanical system. A laser drive of frequency ωL populates a cavity mode of frequency ωc . One end-mirror of the cavity is fixed (grey), whereas
the other one is attached to a spring and thus free to move (yellow). The movable mirror oscillates with frequency Ω. The radiation pressure of the light displaces the movable mirror,
which, in turn, changes the cavity length and thus its resonance frequency.

as the basis for a thorough analysis of the system. Both, the cavity and the mechanical mode
are harmonic oscillators which, in the quantized picture, are described using the bosonic
annihilation and creation operators â, â † and b̂, b̂ † respectively. To incorporate the optomechanical interaction, a Taylor expansion of the position-dependent cavity frequency is used:
ωc (x) = ωc (0) + ∂ωc (x)/∂x|x=0 x + .... If the mechanical displacements are small, higher order terms of the Taylor series are negligible. The first-order derivative of the frequency is
identified as the bare optomechanical coupling strength
g 0 = − ∂ωc (x)/∂x|x=0 x ZPF , also called
p
single-photon coupling strength. Here, x ZPF = ħ/2mΩ describes the zero-point fluctuations of the mechanical oscillator of mass m and resonance frequency Ω. Using the mechan¡
¢
ical position operator x̂ = x ZPF b̂ + b̂ † , this leads to the optomechanical Hamiltonian
³
´
³
´
Ĥ = ħωc (0)â † â + ħΩb̂ † b̂ − ħg 0 â † â b̂ + b̂ † + ħαL âe i ωL t + â † e −i ωL t .

It consists of four terms which describe: (i) a single cavity mode, (ii) the mechanical oscillator
with resonance frequency Ω, (iii) the optomechanical interaction, and (iv) an optical driving
term modeling the laser drive. In agreement with our intuitive understanding of the radiation
pressure, the optomechanical interaction term scales with the number of photons in the cavity, i.e., â † â. Note that the driving term makes this Hamiltonian explicitly time-dependent.
It is thus convenient to switch into a frame rotating with the laser frequency. To this end,
we apply a unitary transformation to the Hamiltonian, i.e., Ĥom = Û Ĥ Û † − i ħÛ ∂Û † /∂t , with
†
Û = e i ωL â ât . This leads to the very commonly used optomechanical Hamiltonian in the ro-
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tating frame,
³
´
³
´
Ĥom = −ħ∆â † â + ħΩb̂ † b̂ − ħg 0 â † â b̂ + b̂ † + ħαL â + â † .

(1.15)

Here, ∆ = ωL − ωc (0) denotes the detuning between the laser frequency and the cavity resonance frequency with the movable mirror at its rest position. In the following we omit the
reference to the rest position and use ωc ≡ ωc (0).
A thorough derivation of the optomechanical Hamiltonian was done by C. K. Law [82],
properly quantizing the electric field and finding an even more general expression that simplifies to Hamiltonian (1.15) if the mechanical frequency is small compared to the optical
frequency spacing. The general result holds in the nonrelativistic limit (the mirror moves
much slower than speed of light) and if the displacement of the mirror is small compared to
the cavity length L and the optical wavelength.
Let us now point out some characteristics of the optomechanical Hamiltonian (1.15):
First it is a single-mode Hamiltonian in the sense that it describes the interaction between
a single optical and a single mechanical mode. In reality, optical cavities and also mechanical oscillators feature many additional modes. Nonetheless, a restriction to the above applied single-mode description is justified in many (although not all) experiments. The key is
to “choose” optical and mechanical modes with frequencies that are sufficiently frequencyseparated from other modes. Here, to “choose” means to address, e.g., a specific optical
mode by using a driving frequency at or close to the modes resonance frequency; “sufficiently frequency-separated” refers to a comparison between the frequency spacing and the
linewidth of the modes. Single-mode optomechanical systems feature already rich phenomena, which we briefly discuss here. Moreover, multi-mode optomechanical systems, especially optomechanical arrays, open up even further possibilities and allow to, e.g., study interesting many-body phenomena, see Sec. 1.3.5.
Second, the optomechanical interaction term in Hamiltonian (1.15) contains combinations of three operators. This leads to nonlinear Heisenberg equations of motion,
³
´
â˙ =i ∆â + i g 0 â b̂ + b̂ † − i αL

b̂˙ = − i Ωb̂ + i g 0 â † â,

(1.16)

£
¤
£
¤
that are derived from the optomechanical Hamiltonian via â˙ = ħi Ĥom , â and b̂˙ = ħi Ĥom , b̂ .
Third, in addition to the Hamiltonian description given above, dissipation and fluctuations have to be taken into account to describe the full quantum system accurately. In particular, light leaks out of the cavity at a rate κ which is also referred to as the cavity linewidth
or the optical damping. The mechanical oscillator experiences a damping Γ, e.g., due to
clamping losses. There are several options to incorporate this into the mathematical description of the system: For example one can use a Lindblad master equation of the form
£
¤ P
ρ̂˙ = − ħi Ĥ , ρ̂ + j γ j D[ô j ]ρ̂, as we used it for the quantum Van der Pol oscillator in Sec. 1.1.4
and Ch. 3. Another possibility are quantum jump trajectories where one explicitly includes
dissipation in an algorithm by stochastically determining if a loss occurred or not. We use
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quantum jump trajectories in Ch. 2 and explain numerical details in the Appendix A.1. On
the level of equations of motion one can apply input-output
theory [80, 83] to find that
p
p
− κ2 â − κâ in has to be added to the optical (− Γ2 b̂ − Γb̂ in to the mechanical) Heisenberg
equation of motion. Here, the input operators â in and b̂ in represent quantum noise, i.e., they
†
†
have zero mean 〈â in 〉 = 0 and correlators 〈â in
(t )â in (t 0 )〉 = 0 and 〈â in (t )â in
(t 0 )〉 = δ(t − t 0 ) (and
for b̂ in respectively). Replacing operators by their expectation values allows to obtain semiclassical equations of motion, which we study in Ch. 2. See Sec. A.2 for numerical details and
how to treat the noise terms in the semi-classical limit. In addition to the inevitable quantum
noise, all of these methods (master equation, quantum jump trajectories, input-output equations of motion) also easily allow to include finite temperature, i.e., thermal fluctuations. For
optical modes in the visible light range it is usually a good approximation to assume a zerotemperature environment, while the mechanical element couples to an environment of finite
temperature (which, however, can be lowered by, e.g., executing experiments in a cryogenic
environment).
Central features of the optomechanical system are already contained in a linear model.
It is common practice to linearize the equations of motion (1.16) around a strong (classical)
field ā, i.e. â = ā +δâ, where δâ denotes fluctuations around the steady state. In this thesis we
focus on the nonlinear regime and only state the most important results in the linear regime.
See, e.g., Ref. [80] for an extensive review on cavity optomechanics.
The radiation pressure of the classical field ā leads to a so-called static shift of the equilibrium position of the movable mirror. This is typically included via an effective detuning
∆eff ≈ ∆ + 2g 02 |ā|2 /Ω. The main (linear) dynamical effects of the optomechanical coupling
on the mechanical oscillator are a shift of its intrinsic frequency Ω (also called optical spring
effect) and an optically induced damping, i.e., the mechanical oscillator experiences an effective damping Γtot = Γ + Γopt . If the laser drive is sufficiently weak, the optomechanical
damping is given by [80]
¶
µ
κ
κ
2 2
Γopt = |ā| g 0 2
−
.
(1.17)
κ /4 + (∆eff + Ω)2 κ2 /4 + (∆eff − Ω)2
Notably, the sign of Γopt can be either positive or negative. It acts as an additional damping if
∆eff < 0, i.e., if the laser drive is effectively red detuned from the cavity resonance frequency.
An intuitive understanding can be obtained considering this situation in a scattering picture:
An effective red detuning means that the incoming laser drive photons have a smaller energy ħωL than photons that match the cavity resonance ħωc . However, it is possible that a
drive photon scatters into a cavity photon (of higher frequency and thus carrying more energy) by annihilating a phonon of energy ħΩ at the same time. Obviously, this works best if
the detuning exactly matches the mechanical frequency Ω such that a phonon exactly fits the
energy difference between a laser and a cavity photon. This process is called optomechanical cooling, because the continuous annihilation of phonons effectively cools the mechanical
mode.4 Most importantly, in the resolved sideband regime where Ω > κ, this optomechani4 Not the total mechanical oscillator is cooled, but only a single mode.
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cal cooling can become so strong that the quantum mechanical ground state of the system
can be reached [84, 85]. This has been a strong drive in the field of optomechanics and was
experimentally achieved on different platforms [86, 87]. However, in this thesis we are interested in the “opposite” regime. If ∆eff > 0, i.e., the laser drive is effectively blue detuned, then
the optomechanical damping becomes negative, Γopt < 0. In this case, the optomechanical
coupling acts as an additional drive of the mechanical oscillator: Laser photons carry too
much energy to directly scatter into cavity photons and it is advantageous to deposit energy
to the mechanical oscillator by creating new phonons. This amplifies the mechanical motion. Note that the mechanical oscillator is still subject to its intrinsic damping Γ and we have
to distinguish two cases: Either the total mechanical damping Γtot remains positive because
the intrinsic damping exceeds the optomechanical amplification - then the mechanics is still
performing damped oscillations. Or the optomechanical amplification exceeds the intrinsic
damping and Γtot < 0. Then, the motion of the oscillator is continuously amplified and the
system becomes unstable within the linear framework. This actually marks the onset of selfsustained oscillations, because the nonlinearity of the system finally stabilizes the amplified
oscillations to a finite amplitude. Such stable self-sustained oscillations are the basis to study
synchronization of optomechanical systems, as done later in this thesis in Ch. 2. It is evident
that the linear description only suffices to determine the threshold of self-sustained oscillations (Γopt = 0) and the full nonlinear treatment is required instead to study the regime where
the linearized approach only results in instability. We introduce the nonlinear behaviour of
the optomechanical system in Sec. 1.3.4 of this chapter.

1.3.3 Experimental realizations and applications
The standard optomechanical system described above is generic in the sense that many different experimental realization comprise the same key elements and are described by the
same mathematical model, Eq. (1.15). This variety of implementations gives access to huge
parameter ranges and each implementation comes along with its respective advantages and
disadvantages. Here we want to give a few examples of different experimental realizations.
For a more complete overview we refer to the review article Ref. [80].
Closest to Fig. 1.9 are cavities with one suspended mirror. One example is the LIGO interferometer designed for the observation of gravitational waves mentioned before [76]. Dedicated optomechanical systems in laboratories are usually much smaller, e.g., with mirrors
of the size of several micrometers suspended on some sort of cantilever, see e.g. [88–90]. Instead of suspending one end-mirror of the cavity, some experiments place either a membrane [91] or a nanomechanical element, e.g. a nanorod [92], inside a rigid cavity. Notably,
such membrane-in-the-middle setups can also feature quadratic optomechanical coupling5
depending on the exact membrane position inside the cavity with respect to the nodes of the
electromagnetic field. Optomechanical systems of rather different geometrical structures are
³

5 Coupling of the form −ħg â † â b̂ + b̂ †
2

´2

, i.e., the quadratic term in the Taylor expansion leading to Eq. (1.15).
It becomes important if the linear term vanishes.
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microdisks, microtoroids, and microspheres. They contain both the optical and mechanical
modes simultaneously [39, 93–95]. For example, the light can be guided in a whisperinggallery mode around the structure, while the mechanical mode can be a breathing mode,
thus directly influencing the “cavity” length which gives rise to the optomechanical interaction. To decrease the losses that generally arise due to the suspension or clamping of the mechanical element, some optomechanical systems work with levitated mechanical resonators
trapped inside the cavity, e.g. dielectric submicron particles [96] or nanospheres [97]. Similarly, in cold-atom optomechanics a cavity mode is coupled to a collective mode of a cloud of
trapped atoms [98].
Alternative implementations of the same optomechanical Hamiltonian, are so-called optomechanical crystals, see e.g. [99]. They are based on photonic crystals which are structures
made of periodically patterned materials, e.g. silicon, where localized optical modes (“cavities”) are created by introducing local defects to the lattice. In addition, such crystals feature vibrational, i.e., mechanical modes. Engineering crystals where optical and mechanical
modes are localized in vicinity to each other gives rise to optomechanical interaction.
Moreover, optomechanical systems can also be realized in the microwave domain. There,
the archetypical optomechanical system is realized in a (superconducting) microwave circuit
as a LC -resonator with a movable capacitor [86, 100].
A recent extension to the field is to replace the commonly used solid-state mechanical
oscillators with liquids, coupling an optical mode to an acoustic mode. This gives access to
additional degrees of freedom present in liquid dynamics. To this end, one can either fill a
cavity with a liquid, e.g. superfluid helium [101], or use a droplet that serves simultaneously
as an optical and mechanical resonator [102, 103].
One of the most appealing properties of optomechanical systems is the possibility to obtain quantum control despite its rather macroscopic size (as compared to single atoms or
molecules). For example, ground-state cooling has been achieved on different optomechanical platforms, i.e., with microwave circuits [86] and with a nanomechanical oscillator [87].
Many proposals aim to use optomechanical systems to test fundamental quantum mechanical questions, especially addressing the quantum-to-classical transition. The idea is that optomechanical systems allow to create macroscopic superposition states and therefore allow
to test different collapse models, see e.g. [104].
More technologically-oriented applications of optomechanical systems can be envisioned as sensors or transducers: For example, optomechanical systems can be used as
very sensitive mass [105] and acceleration [106] sensors. Furthermore, transducing between
different wavelengths of optical light [107] or even between microwave and optical light
[108] has been realized and is of relevance for future quantum communication networks.
In addition, the ability to couple optomechanical systems to additional degrees of freedom,
e.g. spins or superconducting qubits, allows for potential applications in quantum information processing.
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1.3.4 Nonlinear (quantum) optomechanics and optomechanical limit cycles
The intrinsically nonlinear optomechanical interaction gives rise to a variety of interesting
effects and plays a central role in this thesis. Considering the nonlinear term in the Hamilto¡
¢
nian (1.15), g 0 â † â b̂ + b̂ † , there are two possibilities to increase its relevance:6 (i) either the
number of photons â † â or (ii) the single-photon optomechanical coupling strength g 0 has
to be enhanced. The first option allows to observe strong nonlinear effects even for small g 0
and the resulting effects are considered classical. The reason is that for small single-photon
coupling g 0 , the interaction between optics and mechanics can be understood as a classical
optical field that interacts nonlinearly with the mechanics. In other words, the mechanical
oscillator merely feels the impact of individual photons. However, if g 0 itself becomes large,
i.e. larger than the optical linewidth, g 0 > κ, even the interaction of a single photon with
the mechanical oscillator leads to significant nonlinear effects. This results, for example, in
a photon blockade [109], the appearance of photon anti-bunching [110], allows to entangle
the optical and mechanical mode [111, 112], and, more generally speaking, allows to create non-Gaussian and quantum states of the mechanics [18, 113, 114].7 In state-of-the-art
experiments, the regime of single-photon strong coupling, g 0 > κ, is not yet reached, but efforts to achieve stronger coupling are made. Furthermore, there are theoretical proposals
to increase the effective nonlinear interaction in the context of multi-mode optomechanical
systems [115–117].
Meanwhile, classical effects of the nonlinear interaction have already been investigated
both theoretically and experimentally. For example, the classical nonlinearity leads to optomechanical bistability [118, 119], i.e., parameter regimes where two solutions of different
optical (and mechanical) occupation are stable. In the blue detuned regime, the nonlinear interaction counteracts the optomechanical amplification such that the mechanics settles into
self-sustained oscillations, i.e., the optomechanical system behaves like a limit-cycle (LC) oscillator [120–122]. It also gives rise to dynamical multistability [123], i.e., an intriguing attractor diagram of LCs of different amplitude, which has also been observed experimentally
[124, 125]. Going beyond LC motion, even chaotic behaviour has been observed [122, 126].
Notably, these effects of the classical nonlinearity also exist in the quantum regime, with the
quantum nonlinearity possibly leading to genuine signatures. In particular, LC motion in the
quantum regime was explored theoretically in Refs. [18, 127, 128], notably even identifying
LCs with negative Wigner densities [18, 128]. Another recent study in the quantum regime
sheds light on the transition towards chaos [129].
After this brief overview, let us turn to a more detailed discussion of optomechanical LC
motion, which is the basis for our research on optomechanical synchronization in Ch. 2. As
mentioned before, blue detuned driving of an optomechanical system leads to amplification
6 If we exclude an increased mechanical displacement b̂ + b̂ † , which would harm the approximations in the

derivation.
7 Note that this is not the case in the linearized optomechanical model, because the bilinear Hamiltonian preserves Gaussian states. Only the full nonlinear Hamiltonian can lead to non-Gaussian results (unless a quantum
source is used to drive the system).
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Figure 1.10: Threshold to self-sustained oscillations and optomechanical quantum limit cycles. (a) Below threshold, if the optical driving is too weak, any excitation of the mechanical
resonator is rapidly damped out. (b) Above threshold, the optomechanical interaction amplifies the mechanical motion and drives the mechanics into stable self-sustained, almost
sinusoidal, oscillations with a fixed amplitude. (c) shows the maximal amplitude in position
and momentum as a function of the driving strength αL . The system enters the regime of
self-sustained oscillations via a Hopf bifurcation, here close to αL /Ω = 0.2, where the amplitude becomes nonzero followed by a fast increase. This amplitude is obtained from the
classical equations of motion. Below we show the actual quantum limit cycles corresponding
to several different driving strengths. (d) Well above threshold, a clear optomechanical limit
cycle has emerged. It is slightly displaced from the origin due to the static optomechanical
shift and not perfectly symmetrically distributed weight. Parameters: Γ/Ω = 0.015, κ/Ω = 0.3,
g 0 /Ω = 0.3, and ∆/Ω = 0.15.
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of the mechanical motion. However, below threshold, the intrinsic mechanical damping Γ
still dominates the behaviour and every excitation of the mechanics is rapidly damped out.
An example of this behaviour is shown in Fig. 1.10(a), obtained by simulating the classical
optomechanical equations of motion.8 If the laser driving strength αL is further increased,
this behaviour changes suddenly. Above threshold, the mechanical motion is amplified, see
Fig. 1.10(b). As a function of time, the amplitude of the oscillation first grows (as also predicted within the linearized optomechanical description with a negative total damping Γtot ),
but settles to a stable, finite amplitude due to the full nonlinear interaction. In its steady
state, the system performs so-called self-sustained oscillations that experience no effective
damping over time. In fact, the mechanical oscillator is still subject to its intrinsic damping Γ, but this is fully balanced by the amplification via the optomechanical interaction. It
is a very notable fact that the mechanics, by itself only a damped harmonic oscillator, becomes a LC oscillator via the nonlinear optomechanical interaction. Fig. 1.10(c) shows the
emergence of self-sustained oscillations as a function of the driving strength, also obtained
from the classical equations of motion. Above threshold, in Fig. 1.10(c) close to αL /Ω = 2, the
steady-state amplitude of the oscillations suddenly becomes nonzero and rises. The underlying process can be understood in terms of a fixed point, corresponding to a non-oscillatory
steady state, that is losing stability and thereby gives rise to LC motion.9 In nonlinear dynamics, this transition is known as Hopf bifurcation. Figure 1.10(c) also shows Wigner densities of
the corresponding mechanical quantum states for different driving strengths. These Wigner
densities are obtained by numerically solving the Lindblad master equation for the full optomechanical system and tracing out the optical states. At zero driving, the mechanical oscillator is found in its ground state (we assume a zero temperature environment) and the
size of the corresponding Wigner density is determined by the zero-point motion, i.e., quantum fluctuations. With increasing driving, but still below threshold, the size of the Wigner
density, i.e. the uncertainty, increases because the mechanical oscillator is now also subject
to the laser shot-noise via the optomechanical interaction. Above the threshold, where also
classically LC oscillations arise, the Wigner density transforms into a ring shape. At first, however, the LC is so small that the broadening effect of the quantum noise leads to significantly
non-zero values of the Wigner density even in the center of the circle. Nevertheless, at higher
driving strength, a “clearer” LC forms where the Wigner density inside the circle becomes vanishing. The radius of the LC increases with the driving strength αL , corresponding to a larger
amplitude of the oscillations. In Fig. 1.10(d), we show one LC for closer inspection. Optomechanical LCs are almost circular, however, as opposed to the LCs of the Van der Pol (VdP)
oscillator discussed in Sec. 1.1.4, they are not necessarily perfectly symmetric. In Fig. 1.10(d),
we see that this LC has slightly more weight at the top right corner. This effect vanishes in
the limit where the oscillator performs quasi-free oscillations, i.e., where the damping and
the optical driving both become small, Γ → 0 and αL → 0, while the amplitude of the LC is
kept fixed via Γ/ |αL |2 = const. Furthermore, a very close look reveals that the LC is not per8 The classical equations of motion are obtained by taking expectation values of Eqs. (1.16).
9 The terms self-sustained oscillations and LC oscillations are used interchangeably.

30

1.3. A promising platform: optomechanical systems
fectly centered around the origin. This is due to the above mentioned static displacement
of the optomechanical system: The mechanical system does not oscillate around the original equilibrium position (the origin), but around a shifted, optomechanically induced new
equilibrium position. Consequently, for larger driving strengths this shift increases.
These two properties, the circular shape and the displacement, are important in the context of our later study of synchronization, where we need to define the phase of the mechanical LC oscillation. Similar to the circularly shaped VdP LCs it is easiest to use the polar angle
as the phase. The asymmetries described above cause an error in this approach. It is rather
simple to determine at least the static shift and correct for it. However, due to other computational constraints we have to restrict our analysis to rather small LCs anyways. The particular
LC that we investigate in Ch. 2 is shown in Fig. 1.10(c) for αL /Ω = 0.3. There the displacement
from the origin is very small and can be safely neglected. Thus, the definition of the phase as
the polar angle is sufficient for our study of optomechanical synchronization.

1.3.5 Multi-mode optomechanics and optomechanical arrays
As the field of optomechanics developed, increasing attention has been drawn towards systems where more than a single optical and a single mechanical mode are involved. A growing
number of theoretical proposals take advantage of the possibilities of multi-mode optomechanical systems to envision promising applications, such as quantum state transfer [130]
between two cavity modes. This is particularly useful if the involved cavity modes reside in
different frequency domains, e.g., one microwave and one optical mode, such that the coupling to the shared mechanical oscillator makes this system a quantum transducer. Such
three-mode optomechanical systems, consisting of two cavity modes coupled to a shared
mechanical oscillator, cf. Fig. 1.11(b), have also been proposed to enhance the quantum nonlinearity [115, 117], to generate multi-partite entanglement [131, 132], to investigate LandauZener dynamics [133, 134], or more recently to investigate heat transport [135] and to achieve
sub-Poissonian phonon lasing [136].
On the other hand, also setups with several mechanical resonators coupled to a global
optical mode, cf. Fig. 1.11(c), have been theoretically explored. For example, schemes for
a back-action evading measurement of the collective mechanical quadrature have been developed [137], or to generate two-mode squeezing between the two mechanical oscillators
[138].
First multi-mode optomechanical experiments demonstrated, e.g., wavelength conversion [107, 108, 139] and phonon lasing [140], without yet reaching the theoretically discussed
quantum-coherent conversion or observing sub-Poissonian statistics.
Consequently following the idea to increase the number of modes leads us to optomechanical arrays. In this context, one optomechanical system is simply one site in a periodic
lattice structure. Coupling between different sites can be either of mechanical or optical nature, realized for example via phonon and/or photon hopping between nearest neighbours.
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Figure 1.11: Optomechanical arrays. (a) We depict a single optomechanical system by a combination of two colored circles, where the blue circle denotes the optical and the yellow circle
the mechanical mode, and their placement on top of each other implies onsite optomechanical interaction. (b) and (c) show examples of multi-mode systems, where in (b) two optical
modes couple to the same mechanical mode, while in (c) two mechanical modes share one
optical mode. (d) and (e) show example geometries of periodic arrays of optomechanical systems. Coupling between different sites occurs, e.g., via optical (blue lines) and/or mechanical
(yellow lines) hopping.

Such an optomechanical array would then be described by a Hamiltonian of the following
form,
´ K X ³
´
J X ³ †
(1.18)
â i â j + â i â †j −
b̂ i† b̂ j + b̂ i b̂ †j ,
z 〈i , j 〉
z 〈i , j 〉
j
 ®
where z is the coordination number, i , j denotes summation over nearest neighbours, and
Ĥom, j refers to the standard optomechanical Hamiltonian (1.15) for each site j . Here, J denotes the photon hopping rate and K the phonon hopping. Note that this scheme can be
generalized even further, allowing, e.g., for next-nearest neighbour coupling or for different
parameters of the optomechanical systems at different sites. This would be an even more
realistic model, since fabrication inaccuracies typically lead to slightly varying values of the
intrinsic frequencies from site to site.
Depending on the actual arrangement of sites and the coupling geometry, different lattice
structures such as a square lattice, Fig. 1.11(d), or a triangular lattice, Fig. 1.11(e), can be
engineered. This opens up many new possibilities to study many-body dynamics and is of
potential interest for quantum simulation purposes. Of course, one can also envision nonperiodic network structures or combinations of arrays with “global” couplings - which turn
out to be closer to the first experimental realizations.
Theoretically, optomechanical arrays were first brought up to study (classical) synchronization of optomechanical limit-cycle oscillators [141] and in an approach to slow and stop

Ĥarray =

X

Ĥom, j −
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light [142]. This triggered a large variety of theoretical studies exploring the properties and
possibilities of optomechanical array structures: They were studied in the context of reservoir
engineering [143], quantum information processing [144], and quantum many-body dynamics [32]. Even topological phases were predicted for optomechanical arrays [67]. Furthermore, photon propagation in a 1D lattice [145], Dirac physics [146], the creation of artificial
magnetic fields for photons [147], Anderson localization [148], and dynamical gauge fields
[149] were discussed. Several studies addressed in particular multi-membrane systems [150],
where an array of mechanical membranes is located in a single cavity. In particular, longrange interactions and dynamics were investigated [151, 152] and it was pointed out that the
optomechanical coupling can be enhanced in such systems [116].
Let us now turn to the experimental realizations of optomechanical arrays beyond the
few mode setups mentioned above. From the very beginning, Refs. [141, 142], optomechanical crystal structures [99, 153–157] were proposed as promising candidates to produce even
large scale arrays. In such systems, by patterning the crystals appropriately, it is possible to
fabricate optomechanical systems in the vicinity of each other. This enables tunneling (optical and/or mechanical) between the systems, thereby effectively coupling the sites.
So far, several small optomechanical arrays were realized to experimentally study classical synchronization. This has been successfully achieved with micro-disk resonators
[39, 42, 158] and nanomechanical resonators coupled to an optical racetrack [40]. Indeed,
the largest optomechanical array reported so far consists of seven disk resonators [42]. Note
that in Ref. [40] a shared optical mode is used to synchronize two mechanical oscillators and
this setup is more accurately noted (following our own convention that we applied above) as
a multi-mode optomechanical system instead of an actual array. In contrast, the micro-disk
experiments involve clearly separate optomechanical systems. However, their arrangement
and coupling schemes do not implement a periodic lattice as envisioned in Fig. 1.11(d) or (e).
Fabricating such lattices of similar optomechanical systems to a high accuracy remains an
outstanding challenge on its own. Nonetheless, already small arrays, comprising, e.g., only
two sites allow interesting studies: In addition to the above mentioned synchronization experiments, non-reciprocity in optomechanical systems was demonstrated very recently, both
with an optomechanical crystal circuit and microwave circuits [159–161].
Before we reach the end of this overview on multi-mode optomechanics and arrays, we
want to briefly highlight the topics of this thesis and thus give some additional details on
optomechanical synchronization and an optomechanical realization of a Chern topological
insulator.
Optomechanical synchronization is based on optomechanical systems that are driven
into limit-cycle oscillations, cf. Sec. 1.3.4, and weakly coupled to each other. This was first
discussed in Ref. [141] in the classical regime. Both synchronization to an external reference and mutual synchronization between two (and more) optomechanical systems were
discussed. To this end, an effective classical model, now called Hopf-Kuramoto model, was
derived. It is based on phenomenological parameters that, in principle, can be determined
from the microscopic parameters of the optomechanical system. In Ref. [32] it was found that

33

1. Introduction
the amplitude dependence of the frequency can have significant influence (which was neglected in [141]) and thus another term was added to the Hopf-Kuramoto model. A complete
and comprehensive derivation can be found in the Supplementary Material of Ref. [162]. For
our purpose, the relevance of this model is that it gives us an insight into the different types
of optomechanical synchronization regimes that exist. We explain the case of two coupled
optomechanical systems in Sec. 2.2, as a classical reference for our optomechanical quantum synchronization study. Remaining in the classical regime, the Hopf-Kuramoto model
allows to study even large arrays: As an extension to synchronization, i.e. strict phase locking, phase pattern formation was investigated [162] and, including classical noise, relations
to the Kardar-Parisi-Zhang model were explored [163]. Independent of the Hopf-Kuramoto
model, Ref. [164] investigates classical synchronization in a different coupling geometry, using one global optical mode instead of a lattice of individual optomechanical systems. A first
discussion of optomechanical quantum synchronization was presented in Ref. [32]. In particular, the effects of quantum noise were addressed and a mean-field approach allowed to
observe a sharp transition towards synchronization in the limit of infinitely extended arrays.
Quantum synchronization measures and fundamental bounds were discussed in [43], explicitly treating optomechanical systems as an example. This was extended in [44]. In [29], see
also Ch. 2, we present a detailed, mainly numerical study of quantum synchronization of two
coupled optomechanical systems. We show that quantum noise (but also classical noise to
some extent) drives transitions between different synchronization states and can even induce the appearance of an additional synchronization state. Very recently, an in-depth study
of optomechanical synchronization investigated the difference between coupling to an external optical drive or directly to an external mechanical drive, also discussing their results in
the quantum regime [22]. In Ref. [31], the quantum synchronization behaviour of a specific
optomechanical setup, two membranes in a Fabry-Pérot cavity, was studied.
Since it is rather challenging to investigate the full quantum model of optomechanical
synchronization, it is advantageous to find a simplified model. In Ref. [16] it is explained how
optomechanical systems can be manipulated to behave like a quantum Van der Pol (VdP)
oscillator. In this thesis we introduce the classical VdP oscillator in Sec. 1.1.3; the quantum
version first appears in Sec. 1.1.4, but is studied extensively in Ch. 3. Further studies based
on this conceptually easier model explored different aspects of quantum synchronization
[16, 20, 25], including our own work [21], see also Ch. 3. It is an additional advantage of the
VdP oscillator that it is not only a suitable model for optomechanical systems, but for LC
oscillators in general. Thus it provides a basis for even more fundamental insights. There
are several studies about quantum synchronization of trapped ions based on the same VdP
oscillator model [15, 33].
Experimentally, optomechanical synchronization has been demonstrated in the above
mentioned small array systems [39, 40, 42], but also towards an external reference [38]. Notably, in Ref. [42] a reduction of the phase noise was observed in the synchronized regime.
A topological insulator, more precisely a Chern insulator, based on optomechanical arrays was first proposed in Ref. [67]. Inspired by optomechanical crystal structures, an analy-
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sis of a Kagome lattice geometry was presented. Note that the general optomechanical array
Hamiltonian (1.18) itself is not sufficient to turn the system into a topological Chern insulator since it does not break time-reversal symmetry. The idea presented in Ref. [67] is to
exploit the optical drive of the optomechanical systems to imprint site-dependent phases on
the optomechanical coupling. In particular, the three optomechanical sites per unit cell in
the Kagome lattice are subject to a driving laser with a specific, spatially varied phase field.
This breaks time-reversal symmetry and turns the system into a Chern insulator. For weak
coupling, this can be understood as using the optics and the optomechanical interaction to
engineer an effective non-trivial mechanical coupling, such that actually only the mechanical lattice becomes a Chern insulator. Moreover, in the strong-coupling regime the photonic
and phononic bands hybridize. In this regime, topological phases can be observed that are no
longer of either phononic or photonic nature only. Both situations lead to topologically protected edge states, either for the mechanics or the arising photon-phonon polaritons. A rich
diagram of several distinct topological phases (characterized by different sets of the Chern
numbers) is observed. A specific advantage of using an optomechanical system is the ability
to explore these topological phases by in situ tuning of the laser frequency and/or amplitude.
Furthermore, topologically protected phonon transport along the edge of a finite system can
be easily induced with an optical probe laser (in addition to the pump that carries the phase
pattern to create the non-trivial topology). Due to the optomechanical interaction, this mechanical edge state can also be observed by optical means. Optomechanical arrays were also
suggested as possible implementation in further studies of topological properties [165, 166].

1.4 Outline of this thesis
After introducing the basic terms of the research field covered in this thesis, the rest of the
thesis is structured as follows.
First, in Ch. 2 we present our research on the synchronization of two optomechanical systems in the quantum regime. This is a mainly numerical study dealing with the full, nonlinear quantum model to determine the true quantum solution and applying a semi-classical
approach to study the classical-to-quantum crossover. We identify different synchronization regimes in the presence of quantum noise. Most interestingly, we find a regime of
“mixed” synchronization where fluctuations drive transitions between classical synchronization states. We focus on this regime and investigate the corresponding classical-to-quantum
crossover. This reveals that quantum noise cannot only drive transitions between the states of
a classically bistable system, but the noise can also induce bistability. Moreover, we compare
the effects of quantum and thermal noise, showing that thermal noise can lead to qualitatively similar results.
Then, in Ch. 3, we present results on quantum synchronization obtained from the more
general quantum Van der Pol oscillator model. We study the conceptually easiest situation
where a limit-cycle oscillator is synchronized to an external drive. In contrast to our optomechanical quantum synchronization study, we aim for effects even beyond the modifications
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of synchronization in a quantum system. We identify quantum properties of the synchronization dynamics itself, i.e., we discover quantum-coherent phase dynamics. To this end,
we derive an effective quantum model, which allows us to quantify the relevant decoherence
and damping rates, and verify our results with numerical simulations of the full system. We
give instructions how to find long coherence times (as compared to the dynamics of the system). Furthermore, we briefly discuss some possible experimental realizations, i.e., physical
systems that behave like a Van der Pol oscillator in some parameter regime, and argue that the
required parameters to observe quantum coherence are realistic. Following the discussion of
our main results, we give further insights into the involved models: We explain additional details about the corresponding classical synchronization, we show a comparison between our
analytical effective quantum model and the full numerical outcome, and we discuss additional details about the squeezing, the long-time evolution of the system, and the frequency
spectrum. This concludes the first part of the thesis that addresses different aspects of quantum synchronization.
We move on to discuss large arrays of coupled oscillators where, beyond synchronization,
various other phenomena can arise. In particular, in Ch. 4 we investigate the classical dynamics of a bosonic Chern topological insulator model in the presence of a local nonlinearity,
which is quartic on the Hamiltonian level. First, we give an overview about the current status
of the young field of nonlinear topological insulators and introduce the linear half BernevigHughes-Zhang model, which is the basis for our study. Then, we investigate the stability of
a linear edge state in the nonlinear system, and explore its time evolution. In particular, we
present a linear stability analysis and identify the nonlinear scattering processes that lead to
instability. Furthermore, we show numerical results of the full time evolution, where we first
identify periodic modifications of the linear edge state that can be understood with the help
of the stability analysis. At later times of the time evolution, the nonlinear effects become too
strong and the edge state eventually decays into the bulk.
We conclude the main part of this thesis in Ch. 5 with a general outlook, discussing the
prospects of both quantum synchronization and nonlinear topological insulators. Additional
details on the numerical methods used throughout this thesis can be found in the Appendix
A.
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CHAPTER

2

(Q UANTUM ) N OISE - INDUCED PHENOMENA IN
OPTOMECHANICAL SYNCHRONIZATION

In this chapter we present our results that were published in this form in

• Talitha Weiss, Andreas Kronwald, and Florian Marquardt
Noise-induced transitions in optomechanical synchronization
New Journal of Physics 18, 013043 (2016)
doi: 10.1088 / 1367-2630 / 18 / 1 / 013043
Copyright under the terms of the Creative Commons Attribution 3.0 license

Some minor formulations have been changed to assure consistency within this thesis. We
also updated a reference from the preprint to the published version.
We study how quantum and thermal noise affects synchronization of two optomechanical limit-cycle oscillators. Classically, in the absence of noise, optomechanical systems tend
to synchronize either in-phase or anti-phase. Taking into account the fundamental quantum
noise, we find a regime where fluctuations drive transitions between these classical synchronization states. We investigate how this “mixed” synchronization regime emerges from the
noiseless system by studying the classical-to-quantum crossover and we show how the time
scales of the transitions vary with the effective noise strength. In addition, we compare the
effects of thermal noise to the effects of quantum noise.
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2.1 Introduction
The field of cavity optomechanics deals with systems where light in an optical cavity couples to mechanical motion [80]. Recent experimental progress allows to move on from the
investigation of a single optomechanical system to several coupled optomechanical systems. There are already first experiments that involve a few mechanical and optical modes
[107, 139, 140, 167], exploiting them for wavelength conversion, phonon lasing and efficient
cooling. Such few-mode optomechanical setups have been the subject of an increasing number of theoretical proposals, on topics such as efficient state transfer [130], two-mode squeezing [138], back-action evading measurements [137], entanglement [131, 132, 168] or LandauZener dynamics [133, 134].
Larger arrays may be implemented using a variety of settings, such as coupled disks [39]
(Fig. 2.1(b)) or optomechanical crystal structures [99, 153–157] (Fig. 2.1(d)). Optomechanical
arrays have also attracted attention from a theoretical point of view. They have been studied
in the context of slowing light [142], Dirac physics [146], reservoir engineering [143], artificial
magnetic fields for photons [147], heat transport [135], and topological phases of sound and
light [67]. Furthermore, multi-membrane systems [116, 150–152] were studied theoretically,
considering for instance long-range interactions and dynamics.
Most notably, optomechanical arrays provide a platform to study synchronization of mechanical oscillators. This was initially pointed out in Ref. [141]. Synchronization is a well
known phenomenon in many different branches of science [12] and typically arises whenever there are stable limit-cycle oscillations. However, we note that synchronization-like phenomena have been recently studied also in the context of linear oscillators dissipating into a
common bath [52]. Optomechanical systems exhibit a Hopf bifurcation and can be optically
driven into mechanical limit-cycle oscillations [120, 121, 123, 124]. These self-oscillations
have also been analyzed theoretically in the quantum regime [18, 127, 128]. The theoretical description of the synchronization dynamics in optomechanical arrays has initially focussed on the classical regime [141, 164]. More recent insights into this regime include the
pattern formation of the mechanical phase field in larger optomechanical arrays [162]. In
the quantum regime, it was found [32] that quantum noise can drive a sharp nonequilibrium
transition towards an unsynchronized state in an extended array, even for optomechanical
systems with identical frequencies. Further general insights into quantum synchronization
were gained in a model system of one van-der-Pol oscillator coupled to an external drive [16]
or two coupled van-der-Pol oscillators [25], which can serve as a rough approximation to an
actual optomechanical system. A number of more recent works have explored quantum synchronization on the more conceptual level [34], as well as in various other physical systems,
such as e.g. trapped atoms and ions [15, 26, 28, 33], qubits [23, 48, 49], and superconducting
devices [51]. The relation of synchronization and correlations in the quantum-to-classical
transition was studied in a system of coupled cavities containing a nonlinearity [24]. Notably,
it is still challenging to define a good measure for quantum synchronization [28, 43, 45].
Only recently synchronization of two nanomechanical oscillators in the classical regime
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was demonstrated experimentally. This has been achieved using optomechanical systems
with coupled micro-disks [39] (Fig. 2.1(b)), as well as in an experiment involving an optical
racetrack cavity coupled to two mechanical oscillators [40] (Fig. 2.1(c)), and also in a setup
using nanoelectromechanical systems [41]. In a recent first step towards larger arrays, up
to seven optically coupled micro-disks were used to demonstrate the expected phase noise
reduction due to synchronization [42]. This 1/N phase noise reduction with the number of
coupled systems N is considered to be one of the main prospects of synchronized nanomechanical arrays. Indeed, recognized from the very beginning with the synchronization of pendulum clocks [1], synchronization has the potential to improve time-keeping and frequency
stability. Examples where different types of synchronization have been applied or suggested
for application are for frequency stabilization of high power lasers by coupling to a more stable, low power laser [6] and for secure communication in connection with chaos [8]. For a
more complete overview and also the many applications to biology see e.g. [9, 10, 12].
In this work we study the effects of quantum and thermal noise on the synchronization
of two optomechanical systems. We focus on a bistable synchronization regime that either
exists already in the absence of noise, or is induced by it. Bistabilities in quantum systems
have been investigated before [169–171] and noise-induced bistabilities are known in several
other systems in biology and chemistry [172–174], as well as in physics [175–177]. We find and
discuss noise-induced bistable behaviour now in the context of optomechanical (quantum)
synchronization.
This chapter is organized as follows: We begin with a brief review of classical synchronization in the absence of noise, Sec. 2.2. Then, we introduce our model in Sec. 2.3, explain
our methods in Sec. 2.4, and state our main results in Sec. 2.5. We note that both quantum
and thermal noise lead to similar effects, but start out with the investigation of quantum
noise effects. Therefore, in Sec. 2.6, we simulate the full quantum behaviour of the system, in
contrast to the previous investigation presented in Ref. [32]. We find a regime of “mixed” synchronization with two stable synchronization states, and we explore its classical-to-quantum
crossover in Sec. 2.7. In Sec. 2.8, we give an overview of the different synchronization regimes.
Finally, in Sec. 2.9, we discuss the effects of thermal noise as compared to quantum noise.
This is important to gauge the potential of observing the quantum noise effects discussed
here in future experiments.

2.2 Brief review: Classical synchronization of optomechanical
oscillators
In this section we briefly review the concepts of classical synchronization of optomechanical
systems in the absence of noise. This will set the stage for the discussion of our results on
synchronization in the presence of thermal and quantum noise.
A widely studied model for synchronization is the Kuramoto model [11, 14], which describes a set of coupled phase oscillators. Each phase oscillator has a phase φi and an in-
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Figure 2.1: Synchronization of optomechanical oscillators. Schematics of the setup we study
(a) and possible experimental implementations (b)-(d). (b) Micro-disk oscillators that support optical whispering gallery modes which couple evanescently to each other [39, 42], (c)
optical racetrack resonator coupled to two nanomechanical oscillators [40], (d) optomechanical crystal structure with two optomechanical cells in the vicinity of each other, allowing for
optical and mechanical coupling [157]. (This figure has previously been published in [29].)

trinsic frequency ωi , and couples to the other oscillators via the phase difference. For two
oscillators, the two corresponding phase equations collapse into one equation for the relative phase δφ = φ2 − φ1 ,
δφ̇ = (ω2 − ω1 ) − k sin(δφ).

(2.1)

The two oscillators are synchronized if their respective phase velocities become equal, φ̇1 =
φ̇2 , i.e. δφ = const. From Eq. (2.1) one finds the synchronization threshold: The two oscillators are synchronized if the coupling k exceeds the natural frequency difference, |k| >
|ω2 − ω1 |. Following this condition, oscillators with identical intrinsic frequencies ωi are always synchronized. There is only a single stable value of δφ in the synchronized regime. For
k → +∞, this value approaches zero, δφ → 0, whereas δφ → π for k → −∞.
Although synchronization appears in a large range of systems which are very different in
terms of microscopic parameters, their behaviour can often be captured by effective phase
equations of the Kuramoto-type [11, 12]. In the context of optomechanics, the mechanical motion of a single optomechanical system near the Hopf bifurcation can be described
with a phase and an amplitude equation [123]. Starting from these equations, an effective
Kuramoto-type model for coupled optomechanical systems has been derived [141]. This
model describes arrays of arbitrary many optomechanical cells with arbitrary intrinsic frequencies. For two oscillators, the phase equations of this model reduce, again, to a single
equation for the phase difference
δφ̇ = (ω2 − ω1 ) − 2S 1 sin(δφ) − 4S 2 sin(2δφ).
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(2.2)

2.3. Model
Here, S 1 and S 2 are effective parameters depending on the microscopic parameters of the
underlying optomechanical systems [32, 141]. Note that the S 1 -term was added to the model
only later [32], and accounts for the change of the intrinsic frequencies ωi with the mechanical oscillation amplitude. Recently, the resulting full Hopf-Kuramoto model has been used
to study pattern formation in 2D arrays of optomechanical systems [162]. In contrast to the
original Kuramoto model Eq. (2.1), the optomechanical Hopf-Kuramoto model Eq. (2.2) includes a term that involves sin(2δφ). Rewriting Eq. (2.2) in terms of an effective potential,
δφ̇ = −U 0 (δφ) [141], this term corresponds to the appearance of a second minimum close to
δφ = π which can co-exist with the minimum close to δφ = 0. This allows optomechanical
systems to synchronize not only in-phase (0-synchronization), δφ → 0, but also anti-phase
(π-synchronization), δφ → π. For the effective potential there are three different possibilities,
depending on the parameters S 1 and S 2 : (i) It has a single minimum close to δφ = 0 which
leads to 0-synchronization only, (ii) it has a single minimum close to δφ = π which leads to πsynchronization only, or (iii) both minima appear simultaneously in the effective potential,
such that the initial conditions determine whether 0- or π-synchronization occurs. These
three regimes are schematically shown in Fig. 2.2(b) and (c) and discussed in Sec. 2.3.
In general, for optomechanical arrays an effective potential for the phases φi does not
exist [162]. However, in the case of two oscillators only, the system can be described with one
degree of freedom, i.e. the relative phase δφ, and an effective potential for δφ can always be
constructed. Below, we make use of the existence of this effective potential to give an intuitive
understanding of synchronization even in the presence of noise.

2.3 Model
We now introduce the model that we investigate throughout the rest of this chapter. We study
two optomechanical systems which are mechanically coupled, see Fig. 2.1(a). Our goal is
to analyze the synchronization behaviour in the presence of quantum and thermal noise.
Each optomechanical system consists of a driven optical mode (â j ) coupled to a mechanical
mode (b̂ j ) via radiation pressure. In a frame rotating at the laser drive frequency ωL , the
Hamiltonian of each optomechanical system is
³
´
Ĥ j = −ħ∆â †j â j + ħΩb̂ †j b̂ j − ħg 0 â †j â j b̂ j + b̂ †j + ħαL (â †j + â j ).

(2.3)

Here, ∆ = ωL − ωc denotes the detuning from the cavity resonance ωc , Ω is the resonance
frequency of the mechanical mode, g 0 denotes the optomechanical single photon coupling
strength, and αL is the laser driving strength. Note that the optical and the mechanical systems experience damping at a rate κ and Γ, respectively, and these are described by adding
to the Hamiltonian a system-bath coupling in the usual manner: Ĥ (full)
= Ĥ j + Ĥ (diss)
.
j
j
Driving a single optomechanical system with a blue-detuned laser causes self-oscillations
of the mechanical resonator when the optomechanically induced negative damping Γopt is
larger than the intrinsic damping of the oscillator Γ [123]. In Fig. 2.2(a) we show this thresh-
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Figure 2.2: Threshold of self-sustained oscillations and synchronization in the absence of
noise. (a) shows the mechanical energy (related to the limit-cycle amplitude) of an optomechanical system as a function of the laser drive αL and the detuning ∆. The red line indicates the threshold of self-oscillations, Γ + Γopt = 0. The green line separates a region of optical multi-stability, the dashed white line indicates a region where the self-oscillations show
strong amplitude modulation. (b) and (c) show schematic pictures of the classical, noiseless
synchronization regimes of two coupled optomechanical systems. In (b) we use a small mechanical coupling K /Ω1 = 0.05 and different mechanical resonance frequencies, δΩ = 0.075
to give an overview about all possible synchronization regimes. In (c) we use K /Ω1 = 0.15
and δΩ = 0 instead, which significantly changes the phase diagram. The dashed lines mark
regions with even more complex behaviour, not necessarily showing synchronization. [Parameters: mechanical damping Γ/Ω1 = 0.015, optical damping κ/Ω1 = 0.3, optomechanical
coupling g 0 /Ω1 = 0.3] (This figure has previously been published in [29].)

old of self-oscillations. Throughout this work we only consider parameters such that the single optomechanical systems are above this threshold. Self-oscillations at ∆ < 0 occur due to
the static optomechanical shift which leads to an effective blue detuning, i.e. ∆eff > 0. These
limit-cycle oscillations, in the absence of noise, can effectively be described by a fixed amplitude and a phase and are treated as a prerequisite for synchronization throughout this work.
We consider two self-oscillating optomechanical systems that are coupled mechanically with
strength K , such that the total Hamiltonian of the system (except for the dissipative part)
reads
Ĥtot =

X
j =1,2

³
´³
´
Ĥ j − ħK b̂ 1 + b̂ 1† b̂ 2 + b̂ 2† .

(2.4)

Experimentally, this coupling between the mechanical oscillators can also be mediated by an
optical coupling, cf. Fig. 2.1(b)-(d). In recent experiments [39, 40, 42], a single joint optical
mode was employed to couple the mechanical oscillators. However, this mode served a dual
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purpose in creating the limit cycles via a blue-detuned drive and providing the coupling. Using an additional, independently driven optical mode for the coupling would allow to tune
the effective (optically induced) coupling independently from the laser drive used to create
the limit cycles.
In experiments, the typical mode of operation is to have the two optomechanical oscillators at slightly different intrinsic mechanical frequencies. These start out un-synchronized
but can synchronize upon changing some parameter (e.g. the laser drive strength, the detuning, or potentially the coupling). This is schematically shown in Fig. 2.2(b), where we indicate
the synchronization regimes in the absence of noise. In accordance to the Hopf-Kuramoto
model, cf. Sec. 2.2, there are unsynchronized regions and three different synchronization
regimes: (i) 0-synchronization, (ii) π-synchronization, and (iii) classical bistable synchronization where the type of synchronization depends on the initial conditions. Note that for
different intrinsic mechanical frequencies, δΩ = Ω2 − Ω1 6= 0, the relative phase δφ is not exactly 0 or π but only close to one of these values and varies within the synchronization regime.
However, in the presence of noise it is already interesting to investigate the behaviour
even for identical frequencies. In particular, for large-scale optomechanical arrays of identical oscillators, it has been found that there is a synchronization transition as a function of
noise strength [32]. Moreover, in the present article we will focus on noise-induced transitions between various synchronization states. The observation of this physics does not
rely on whether there is an actual synchronization transition at lower values of the coupling.
Therefore, in most of our analysis, we will focus on identical systems, i.e. we assume all the
parameters to be equal in both systems. In Fig. 2.2(c) we schematically show the synchronization regimes for identical optomechanical systems and for a larger mechanical coupling
K than in Fig. 2.2(b), but still in the absence of noise. It is important to note that both the mechanical detuning δΩ and the coupling K have an influence on this diagram: Not synchronized regions can become synchronized and synchronization regime borders are shifted.
We will comment on the dynamics of two coupled optomechanical oscillators with different frequencies in Sec. 2.8.

2.4 Methods
In this work we use Langevin equations and quantum jump trajectories to study the system
described by Hamiltonian (2.4) in the presence of (quantum) noise. Here we want to briefly
present both approaches and discuss their respective advantages and problems.
Most of our results are computed with semi-classical Langevin equations. They are obtained by first deriving quantum Langevin equations from Hamiltonian (2.4) using inputoutput theory [83]. We then adopt a semi-classical approach by turning the quantum
Langevin equations into classical Langevin equations for the complex amplitudes α j and β j ,
where the noise terms mimic the quantum-mechanical zero-point fluctuations. This can be
understood as a variant of the “truncated Wigner approximation”. The semi-classical equations are:

45

2. (Quantum) Noise-induced phenomena in optomechanical synchronization

³
¡
¢
p
κ´
α̇1 = i ∆ −
α1 + i g 0 α1 β1 + β∗1 − i αL − κα1in ,
µ 2 ¶
p
Γ
β1 + i g 0 |α1 |2 + i K β2 − Γβ1in .
β̇1 = − i Ω +
2

(2.5)

The corresponding equations for the second optomechanical system can be obtained from
Eqs. (2.5) by exchanging the indices 1 ←→ 2. Here, α j in (t ) and β j in (t ) represent the optical
and mechanical input noise, given by Gaussian stochastic processes. Since complex numbers
commute, they obviously cannot correctly fulfill the input-output quantum noise correlators,
〈â †j in (t )â j in (t 0 )〉 = 0 and 〈â j in (t )â †j in (t 0 )〉 = δ(t − t 0 ). Instead, α j in and β j in are made to mimic

quantum noise by fulfilling 〈α j in (t )α∗j in (t 0 )〉 = 〈α∗j in (t )α j in (t 0 )〉 = δ(t − t 0 )/2 (and likewise for
β j in for T = 0). This approach allows to study also large parameter ranges with relatively low
computational effort.
Deep in the quantum regime it is initially not clear that these semi-classical Langevin
equations describe the correct physical behaviour. In order to verify the qualitative effects observed with Langevin equations, we also present a few results obtained with quantum jump
trajectories [178, 179], i.e. an “unraveling” of the Lindblad master equation. Applying this
method, the fully quantum system is simulated on an appropriately truncated Hilbert space.
Notably, it allows to work with wave functions, in contrast to the formalism of the Lindblad
master equation which requires the use of density matrices. Hence, simulations of larger
Hilbert spaces become feasible. In addition, quantum jump trajectories give access to additional observables, for instance the full counting statistics. For these reasons, quantum jump
trajectories have been applied in many different contexts. In the field of quantum synchronization, such methods have been used to study synchronization of qubits [23]. In the field of
cavity optomechanics, they have been employed for instance to discuss QND measurements,
photon statistics and single photon optomechanics [110, 115, 180, 181]. Another motivation
is the recent experimental detection of individual phonons in optomechanical systems [182]
- a step towards monitoring full quantum jump trajectories in experiments.
To explain this approach [178, 179], let us consider for a moment photon decay in cavity 1. The “unraveling” discussed here corresponds to the physical setup of placing a single photon detector at the output port of the cavity. At each time step δt , the probability of
a single photon to leak out of the cavity (at temperature T = 0) is given by p = κδt 〈â 1† â 1 〉.
In the case of a photon loss it is detected at the output port and the wave function is updated |Ψ(t + δt )〉 = â 1 |Ψ(t )〉. If no photon was lost to the environment, the wave function
evolves in time according to a (non-Hermitian) Hamiltonian that is obtained by adding a
term −i ħ(κ/2)â 1† â 1 . This additional term accounts for the information gained about the system by not observing a photon [183]. In both cases the state |Ψ(t + δt )〉 has to be normalized
before proceeding to the next time step. The treatment of photon loss in cavity 2 and of
phonon losses works analogously. This simulation approach naturally accounts for quantum
fluctuations.
Although it would be favourable to use quantum jump trajectories throughout the whole
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study, this approach is only computationally feasible whenever the needed Hilbert space remains sufficiently small. This leads to severe limitations in the choice of parameters and especially gives no access to the full classical-to-quantum crossover that is studied in Sec. 2.7. In
Ref. [127] it has been shown for a single optomechanical system that semi-classical Langevin
equations produce good agreement with the full quantum theory. A systematic comparison for two coupled optomechanical systems is not possible, since the number of required
Hilbert space dimensions is squared as compared to the single optomechanical system. We
comment on this in Sec. 2.7.1 (cf. Fig. 2.4(a) and the discussion below).
Note that quantum jump trajectories serve here as a numerical approach only. In experiments, single photon and phonon detection is not necessary. Instead, the mechanical
oscillators could be measured using standard homodyning techniques.

2.5 Main results
In this section we briefly state our main results, which will be discussed in the following sections. Most notably, it is known even from the classical theory that two coupled optomechanical oscillators can be in either one of two synchronization states (with a phase difference
near 0 or near π). We find a regime of “mixed” synchronization, where transitions between 0and π-synchronization occur (Sec. 2.6). These transitions are driven by (quantum or thermal)
noise and cannot be found in the classical, noiseless situation. The average residence times
in the two synchronization states can differ and their ratio varies with the system parameters
(Sec. 2.7). Investigating the classical-to-quantum transition, we find that mixed synchronization can evolve from two different regimes in the classical, noiseless limit: (i) there are already
two stable synchronization states but in the absence of noise there are no transitions, (ii)
there is only one stable synchronization state and only the presence of noise leads to a second stable solution. Although the first sections are devoted to the investigation of quantum
noise effects, we note that we find similar effects for thermal noise acting on the mechanical
resonator. However, quantitative differences remain due to the different nature of the noise
source (Sec. 2.9). We find that quantum noise effects should dominate over thermal noise
effects if the optomechanical cooperativity is sufficiently large, and a large value of g 0 is not
necessarily required.

2.6 Multistable quantum synchronization
First, we start by analyzing two coupled optomechanical systems, cf. Fig. 2.1(a), deep in the
quantum regime. Quantum jump trajectories are used to initially investigate the full quantum dynamics. In the following, we consider a small-amplitude limit cycle and a large singlephoton coupling strength, g 0 /κ = 1. This ensures that quantum fluctuations can potentially
have a large impact on the system’s dynamics. Furthermore, small photon and phonon num-
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Figure 2.3: Multistability in optomechanical quantum synchronization. Distribution of the
relative phase δφ in different synchronization regimes, a typical sample of a corresponding
quantum jump trajectory starting in the steady state, and a sketch of the corresponding effective potential. (a) shows 0-synchronization, (b) shows π-synchronization, and (c) shows
mixed synchronization. A rotating wave approximation for the mechanical coupling has been
used. [Parameters: (a) mechanical coupling K /Ω = 0.3, mechanical damping Γ/Ω = 0.015; (b)
K /Ω = 0.15 , Γ/Ω = 0.01; (c) K /Ω = 0.15, Γ/Ω = 0.015; other parameters are: optical damping
κ/Ω = 0.3, laser driving strength αL /Ω = 0.3, optomechanical coupling g 0 /κ = 1, and optical
detuning ∆/Ω = 0.15. ] (This figure has previously been published in [29].)

bers are necessary to keep the numerical simulations tractable, since they determine the size
of the truncated Hilbert space.
To study synchronization we focus on the relative phase δφ = φ2 − φ1 between the optomechanical oscillators. Classically, δφ allows to identify synchronization (δφ = const)
and distinguish the different synchronization regimes (0- and π-synchronization). To extract the relative phase at each time step of a quantum jump trajectory, we use that the mo-
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tion of the uncoupled self-oscillators in the absence of noise can effectively be described by
〈b̂ j 〉(t ) ≈ |b|e −i (Ωt +φ0 j ) , with an initial random phase φ0 j . Thus, the correlator 〈b̂ 1† b̂ 2 〉 ∼ e −i δφ
can be interpreted as a measure for the relative phase δφ. In Fig. 2.3 we show the probability density of the relative phase obtained from the distribution of δφ and a typical sample of
the corresponding phase trajectory. We find a 0-synchronized regime, Fig. 2.3(a), where the
relative phase is predominantly close to δφ = 0. Similarly, we find a π-synchronized regime,
Fig. 2.3(b), for different parameters. As expected, noise prevents perfect synchronization and
thus the corresponding maximum in the probability density has a finite width. Likewise, the
trajectories show fluctuations around either δφ = 0 or δφ = π. These two synchronization
regimes have an analog in the classical, noiseless limit, cf. Sec. 2.2. In addition, we find another regime where the probability density of the phase difference has maxima close to both
δφ = 0 and δφ = π, see Fig. 2.3(c). The corresponding trajectory shows that in this regime
transitions between the two synchronization states occur. We call this regime “mixed” synchronization. This is in contrast to the classical, noiseless result, where the system does not
change its synchronization state with time, not even in the regime of bistable synchronization.
Similar to the classical, noiseless system [141] we can understand these results in terms
of an effective potential for the relative phase δφ. This is illustrated in the bottom row of
Fig. 2.3. It offers an intuitive understanding of our results. The noise makes the phase fluctuate around the stable point(s) near δφ = 0 (and)or δφ = π. In the case of mixed synchronization the effective potential has two minima, near δφ = 0 and δφ = π, and quantum
noise drives transitions between those two states. The probability to be in either the 0- or
π-synchronized state is given by the area of the corresponding maximum in the probability
density. It is associated to the depth of the minimum in the effective phase potential. The
ratio between the probabilities of the two states can assume arbitrary values, depending on
the parameters of the system. Note that the absence of two distinct peaks in the probability
density does not necessarily mean that the system explores the region around one synchronization state only. In fact, sometimes the trajectories themselves can reveal short stretches
of phase dynamics in the vicinity of the other state. Nevertheless, if the fraction of time spent
in that other state is short, a second peak will not be visible.
From this interpretation in terms of an effective potential, it is clear that the classical
bistable synchronization regime where two potential minima already exist (but no transitions
can occur), turns into a mixed synchronization regime (showing transitions) in the presence
of noise. However, our analysis in the following section reveals that mixed synchronization
can also appear for parameters where classically there is only a single stable synchronization
state.

2.7 Classical-to-quantum crossover
At the moment, the single-photon coupling strength g 0 is still comparatively small in almost all experiments. As a consequence, quantum effects have only been observed in the
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linearized regime where only Gaussian states are produced. In the most promising cases
[86, 184], g 0 /κ can take values up to 10−2 and g 0 /Ω up to above 10−4 . Much larger values
have been reported for experiments with cold atoms (up to around g 0 /κ ∼ 1) [98], but these
do not operate in the “good cavity limit”, i.e. one has κ À Ω in those experiments, precluding the observation of single-photon strong coupling effects. Nevertheless, as experiments
are approaching the single-photon strong coupling regime, they will gradually see increasingly strong effects of quantum fluctuations even in nonlinear dynamics. In this section, it
is our aim to explore the crossover between the classical regime (small g 0 /κ) and the quantum regime (large g 0 /κ) with respect to optomechanical quantum synchronization. We will
focus our investigations mostly on the mixed synchronization regime which is the most interesting one, as we can have noise-induced transitions between the synchronization states.
In this section, we will disregard thermal noise, i.e. we assume temperature T = 0, such that
only quantum noise is present. The “classical” regime we are discussing here is therefore the
noiseless limit of the classical equations of motion. We will later remark on the effects of
thermal noise (Sec. 2.9).
To explore the classical-to-quantum crossover, we want to effectively vary ħ while making
sure to keep all the classical predictions unchanged. Notably, the optomechanical coupling
strength g 0 = ∂ωc /∂x depends on ħ. For the simplest case of a Fabry-Pérot cavity of length L
with
p one static andpone movable mirror the optomechanical coupling is g 0 = ωc (0)x ZPF /L ∼
ħ, where x ZPF = ħ/2mΩ denotes the zero-point fluctuations of the mechanical
oscillap
tor of mass m. As discussed in Ref. [127], the “quantum parameter” g 0 /κ ∼ ħ can thus be
varied to effectively change the quantum noise strength. This implies that all classical (ħindependent) parameters (κ/Ω, Γ/Ω, ∆/Ω, K /Ω, g 0 αL /Ω2 ) are kept fixed while g 0 is modified. To see that the quantum parameter has indeed this anticipated effect, it is very helpful
to rescale the amplitudes α j and β j , Eqs. (2.5), such that they tend to a well-defined finite
value in the classical limit g 0 /κ → 0 [127]. This can be achieved by defining α̃ j = g 0 α j and
β̃ j = g 0 β j . While |α1 |2 gives the number of photons (a “quantum-mechanical” quantity), the
rescaled version |α̃1 |2 = g 02 |α1 |2 ∼ ħ |α1 |2 is proportional to the energy ħωc |α1 |2 inside the
cavity (i.e. a classical quantity). A similar argument applies to β̃ j . With this rescaling, we find
the following equations:
³
¡
¢
p
κ´
α̃1 + i α̃1 β̃1 + β̃∗1 − i α̃L − κα̃1in ,
α̃˙ 1 = i ∆ −
µ 2 ¶
p
Γ
˙
β̃1 = − i Ω +
β̃1 + i |α̃1 |2 + i K β̃2 − Γβ̃1in .
2

(2.6)

Here α̃L = g 0 αL is the rescaled laser-driving amplitude that we keep fixed while varying g 0 .
The important observation here is that g 0 has been completely eliminated from the equations
and now only appears in the strength of the quantum noise: we now have 〈α̃ j in (t )α̃∗j in (t 0 )〉 =
p
g 02 δ(t −t 0 )/2 (and likewise for β̃ j in ) which indeed vanishes in the classical limit of g 0 ∼ ħ → 0.
If we consider mechanical thermal noise at finite temperature T (as discussed in Sec. 2.9),
we have 〈β̃ j in (t )β̃∗j in (t 0 )〉 = g 02 (n th + 1/2)δ(t − t 0 ). Here, n th denotes the thermal occupancy of
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Figure 2.4: Quantum-to-classical crossover. (a) Synchronization measure as a function of
the quantum parameter g 0 /κ, using Langevin equations (black line), classical (noiseless)
Langevin equations (black circle, g 0 /κ = 0), and with quantum jumps (red triangles). (b) and
(c) show trajectories of the relative phase in the quantum regime g 0 /κ = 1 (blue square) and
for g 0 /κ = 0.4 (green dot). Other parameters are as in Fig. 2.3(c), a rotating wave approximation has been used for the mechanical coupling. (This figure has previously been published
in [29].)

the bath coupled to the mechanical oscillator. The product g 02 n th ∼ ħn th becomes independent of ħ in the classical limit k B T À ħΩ, where ħn th ≈ k B T /Ω and k B is Boltzmann’s constant. In summary, the rescaled equations (2.6) nicely show how an increase of g 0 can indeed
be viewed solely as an increase of the strength of “quantum noise” in our system.
Note that if g 0 → 0 we have to increase the laser driving strength αL to keep α̃L = g 0 αL
constant which means that the total light energy circulating inside the optical cavity is constant. Due to ħ → 0, this corresponds to an increasing number of photons inside the cavity
and thus increases drastically the size of the Hilbert space necessary for the full quantum simulation. Therefore, quantum jump trajectories are not suitable to explore the full quantumto-classical crossover and we have to apply Langevin equations.

2.7.1 Synchronization as a function of quantum noise strength
In all studies of synchronization, one needs to select suitable quantities that measure the
degree of synchronization. In this context, it is important to note that for any finite noisy system (subject to quantum and/or thermal noise), there is no sharp synchronization transition
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and correspondingly no unambiguous measure that displays nonanalytic behaviour at any
parameter value. Before proceeding to our results, we summarize and discuss the synchronization measures adopted here which have to be combined to obtain a full picture: (i) the

®
probability density of δφ, (ii) the average phase factor e −i δφ , and (iii) individual trajectories.
The probability density of the relative phase δφ is either mostly flat (no synchronization)
or, as shown in Fig. 2.3, centered predominantly around 0 or π, or it may have two peaks, according to the synchronization regime. In the following, we aim to compress the information
contained inqthe phase distribution into one quantity and calculate the normalized correlator

®
C = 〈b̂ 1† b̂ 2 〉/ 〈b̂ 1† b̂ 1 〉〈b̂ 2† b̂ 2 〉 ≈ e −i δφ . Its real value, Re[C ] = 〈cos δφ〉, distinguishes the three
different synchronization regimes: (i) 〈cos δφ〉 ≈ 1 for 0-synchronization, (ii) 〈cos δφ〉 ≈ −1 for
π-synchronization, (iii) intermediate values of 〈cos δφ〉 for mixed synchronization. However,
this measure has its limitations: When δφ is more or less evenly distributed (no synchronization) 〈cos δφ〉 ≈ 0, this cannot be distinguished from a mixed synchronization situation
where almost equal time is spent in the 0- and π-synchronized states. Furthermore, even in
the absence of synchronization (and even in the noiseless case) the phase δφ may spend an
increased amount of time around certain values. This leads to a finite value of 〈cos δφ〉, and
similarly would also show up in the phase distribution. A solution to this problem is to simultaneously look at a part of the corresponding trajectory, where synchronization can easily be
distinguished from an unsynchronized state. Instead, one could start to use more complicated correlators, e.g. 〈b̂ 1† b̂ 1† b̂ 2 b̂ 2 〉 ∼ e −i 2δφ . This correlator allows to distinguish unsynchronized states from synchronized states, but an additional measure is needed to distinguish
0- from π-synchronization. Note that the imaginary part of the above defined correlator,
Im[C ] = 〈sin δφ〉, can be used as well. However, in the special case of identical optomechanical systems Im[C ] ≈ 0 due to the symmetry of the system.
In Fig. 2.4(a) we show how 〈cos δφ〉 varies as a function of the quantum parameter g 0 /κ.
We chose parameters that lead to a mixed synchronization regime for larger values of g 0 /κ.
In the deep quantum regime (g 0 /κ → 1) the probability P 0 to find the system in the 0synchronized state is larger than the probability P π to find the phase around π, such that
〈cos δφ〉 > 0. Going towards smaller values of g 0 /κ, the ratio P π /P 0 increases, such that eventually 〈cos δφ〉 < 0. Finally, we should reach the classical (noiseless) limit, when g 0 /κ → 0. It
turns out that, for the parameters adopted here, the classical solution always ends up in the
π-synchronized state, independent of initial conditions. This implies that there is only one
minimum in the effective potential. We conclude that the system has turned from a mixed
synchronization regime into a purely π-synchronized regime as the quantum parameter was
reduced. This cannot be understood in the simple picture of a noise-independent phase potential. We will discuss this kind of behaviour in more detail later on (Sec. 2.7.3).
Note that the calculations for Fig. 2.4 have been performed using Langevin equations;
although in the deep quantum regime, two data points were also acquired with quantum
jump trajectories (red triangles). They are shifted as compared to the Langevin results, but
show the same trend. We expect that the difference between the Langevin and quantum
jump results decreases for smaller quantum parameters g 0 /κ, as it is the case for a single
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Figure 2.5: Residence times of synchronization states. (a) and (b) show the distribution of residence times in the 0-synchronized and π-synchronized state. The yellow histogram shows
the distribution for g 0 /κ = 0.4, the green histogram gives the result deeper in the quantum
regime, g 0 /κ = 1, for comparison. Note the different scale of the time axis in (a) and (b). The
corresponding typical time scale τ0 or τπ is obtained from a fit and is shown in (c) as a function of the quantum parameter g 0 /κ. Results are obtained using Langevin equations, with the
following parameters: optical damping κ/Ω = 0.3, mechanical damping Γ/Ω = 0.015, detuning ∆/Ω = −1/30, mechanical coupling K /Ω = 0.15, g 0 αL /Ω2 = 0.09 = const, and a rotating
wave approximation for the mechanical coupling term. (This figure has previously been published in [29].)

optomechanical system [127]. Since smaller g 0 /κ require a significantly larger Hilbert space
for the quantum jump simulations, we cannot compute this for our coupled system. For
large quantum parameter g 0 /κ ∼ 1, qualitative differences between the full quantum model
and the Langevin equations have been already observed in Ref. [127] as well. Especially a shift
of the detuning ∆ was reported, that could be determined numerically also for our system.
Taking this detuning shift into account would improve the agreement of our results, although
differences remain. Here, we show the uncorrected outcomes of both approaches.

2.7.2 Residence times in the mixed synchronization regime

®
The measure cos δφ quantifies the fraction of total time spent in 0-synchronized parts as
compared to π-synchronized parts. However, it does not provide any information about the
rate of transitions between the two synchronization states. Based on the effective potential
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picture, one might expect the transition rates to be determined by the barrier height and the
noise strength. In particular, for larger effective noise strengths g 0 /κ, we expect more frequent transitions. This behaviour is qualitatively visible in Fig. 2.4(b) and (c). However, as
concluded in the previous section, the potential picture is not sufficient to explain all observations. Thus, we now turn to a quantitative analysis and discuss how the transition rates
between 0- and π-synchronized states (i.e. the typical residence times τ̄) change during the
classical-to-quantum crossover. We extract the fluctuating residence times from the phase
trajectories and obtain their distribution. The results are shown in Fig. 2.5(a) and (b) for the
0- and π-synchronized states, for two different quantum parameters g 0 /κ. In all cases the
probability densities decay exponentially with time, ∼ e −τ/τ̄ , and the average residence time
τ̄ is obtained from a fit to the distribution. The extracted average residence times τ0 and τπ
for the two states are shown in Fig. 2.5(c) as a function of the quantum parameter. Note that
the ratio of residence times equals the ratio of probabilities, τ0 /τπ = P 0 /P π . Nevertheless, the
dependence of the times τ0 , τπ on g 0 /κ reveals new information.
We have chosen parameters such that at g 0 /κ = 1 both 0-synchronized and πsynchronized parts have almost equal average residence times. This corresponds to
〈cos δφ〉 ≈ 0 and P 0 ≈ P π . Furthermore, in the classical limit g 0 /κ = 0 the system is πsynchronized only. When the classical limit g 0 /κ → 0 is approached, we find that both τ0
and τπ increase. As expected, τπ increases much faster than τ0 and eventually diverges for
g 0 /κ → 0, as the system gets trapped forever in the π-state. In contrast, τ0 increases first when
decreasing g 0 /κ, but then saturates at a finite level. Such a behaviour is unexpected based on
the simple phase potential picture, where a fixed potential would imply diverging residence
times for both states in the noiseless limit. The behaviour observed here hinges on the fact
that the synchronization regime switches from “mixed” to “π” as one reduces the quantum
parameter (i.e. reduces the quantum noise). The observations would change significantly
for different parameters, where the system always stays in the mixed regime, for any value
g 0 /κ > 0. Then, one expects the simple picture of a fixed phase potential to be approximately
correct and both residence times to diverge as the noise is becoming weaker.

2.7.3 Noise-induced synchronization bistability
In the previous sections we have explained that some basic features of the classical-toquantum crossover, like the increase of the residence times with decreasing quantum parameter, can be understood as effects of a decreasing quantum noise strength. The decrease
of noise strength leads to less frequent transitions across an energy barrier in the effective
potential. However, we made also less easily explained observations: (i) the reverse in the
order of τ0 and τπ as g 0 is being reduced, (ii) the saturation of τ0 at low noise levels, (iii) the
disappearance of stable 0-synchronization (for the applied parameters) in the classical limit
g 0 /κ = 0. Whereas (i) and (ii) could originate from more complicated potential shapes with
a combination of broad and narrow minima, (iii) suggests that the effective potential itself
changes when the quantum parameter is varied. In Fig. 2.6 we show how the distribution of
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Figure 2.6: Appearance of bistability. The distribution of the relative phase as a function of
the quantum parameter g 0 /κ. Parameters are as in Fig. 2.5, but with mechanical coupling
K /Ω = 0.1. (This figure has previously been published in [29].)

δφ evolves as a function of g 0 /κ. For very small values of g 0 /κ, there is only a single peak
close to δφ ≈ π, in accordance with the single stable solution of the classical limit. While increasing the quantum parameter, this peak is first broadened. The increasing quantum noise
strength allows the system to explore more of the effective potential around the minimum. A
significant accumulation close to δφ ≈ 0 appears only for rather large quantum parameters,
signaling the appearance of a second stable solution, i.e. a second minimum in the effective
potential at δφ ≈ 0.
In addition to the above described appearance of a second stable solution, there are also
parameter regions where already in the classical regime the effective potential has minima
at both δφ = 0 and δφ = π (classical bistable synchronization). In this case quantum noise
naturally drives transitions between the two synchronization states as soon as it is added to
the description of the system. The number of observed transitions then naturally depends
on both the noise strength as well as the potential shape.

2.8 Overview of synchronization regimes
In the previous sections we have shown examples of the different synchronization regimes in
the presence of quantum noise and studied the properties of mixed synchronization in more
detail. In the following, we map out the different synchronization regimes as a function of
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the mechanical coupling K and the quantum parameter g 0 /κ. Furthermore, we also discuss
the case of detuned mechanical oscillators.
Figure 2.7(a) shows the synchronization measure 〈cos δφ〉 for resonant oscillators. We
have indicated the synchronization regimes (which are not sharply delineated). For the applied parameters, we find 0-synchronization for large mechanical coupling K in both the
quantum and classical regime. In the classical, noiseless limits 〈cos δφ〉 → 1, indicating less
fluctuations around the synchronization state. In contrast, at smaller mechanical coupling,
we find more complicated behaviour: there is mixed synchronization for g 0 /κ ∼ 1, while the
classical limit g 0 /κ → 0 selects either 0− or π−synchronization, depending on the mechanical coupling K . The “pixelated” region in Fig. 2.7(a) indicates that the system is multistable
even in the classical limit. There, the residence times have become so large that the system
is stuck in a random synchronization state depending on initial conditions and the transient
behaviour. Notably, the closer the system is to a border of synchronization regimes in the
classical limit (this can be seen in Fig. 2.7(a) for small g 0 /κ when K is varied), the smaller the
noise strength (g 0 /κ) that is needed to lead to mixed synchronization. As an example, in the
"middle" of the classically π-synchronized regime (at about K /Ω1 ≈ 0.1) similar mixed synchronization as compared to the system close to the regime border (K /Ω1 . 0.15) appears
only for larger values of the quantum parameter. An exception is of course the classically
bistable regime, where mixed synchronization appears naturally as soon as there is noise. An
interesting feature appears close to K /Ω ≈ 0.18, where the measure 〈cos δφ〉 shows a sharp
dip in the middle of a 0-synchronized region. We suspect a nonlinear resonance, since the
oscillator trajectory x j (t ) is no longer simply sinusoidal and period-doubling is observed. At
the same time, the oscillation amplitude increases. For larger values of the mechanical coupling K , the trajectories are simply sinusoidal again, with the same frequency as for coupling
strengths below the feature.
Up to now, we have studied the ideal case of identical mechanical oscillators. We now
turn to the case where the mechanical oscillators have slightly different resonance frequencies, i.e. δΩ = Ω2 − Ω1 6= 0. This is a typical situation in experiments, since fabrication inaccuracies lead to deviations between two systems. Figure 2.7(b) shows how δΩ affects synchronization. A finite δΩ corresponds to a tilted effective potential in the classical, noiseless
limit, where a finite threshold for synchronization appears [141]. This classical threshold is
indicated in Fig. 2.7(b) with a dashed line. Similar behaviour is visible for quantum parameters g 0 /κ > 0. However, for large g 0 /κ it is not possible to determine the onset of synchronization, because the measure 〈cos δφ〉 cannot distinguish between no synchronization and
mixed synchronization. Instead, we now also have to analyze the trajectories in more detail,
which reveal mixed synchronization for sufficiently large mechanical coupling. A significant
deviation from the classical threshold cannot be observed at the given resolution. We expect the threshold to slightly increase for larger quantum parameter g 0 /κ. At the same time,
however, the threshold is also smeared out due to quantum noise.
Here, we have chosen to show the dependence of the synchronization regimes on the mechanical coupling strength K and the quantum parameter g 0 /κ. Note that other parameters
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Figure 2.7: Synchronization regimes versus mechanical coupling and noise. The measure
〈cos δφ〉 as a function of the quantum parameter g 0 /κ (i.e. effective quantum noise strength)
and of the mechanical coupling strength K /Ω1 , for identical optomechanical systems (a) and
for systems with mechanical frequency detuning δΩ/Ω1 = (Ω2 − Ω1 )/Ω1 = 0.05 (b). In (c),
we display the effects of thermal noise n th . In that case, we show 〈cos δφ〉 as a function of
coupling K and environmental thermal phonon number n th , with a constant g 0 /κ = 0.01 and
for zero δΩ. The grey region in (a) and (b) was not simulated. The dashed line in (b) is the
synchronization threshold as observed in the classical, noiseless limit g 0 /κ = 0. Parameters
are as in Fig. 2.5. (This figure has previously been published in [29].)

influence the synchronization type as well. In Fig. 2.2 we have already seen that the laser driving strength αL and the detuning ∆ influence the classical synchronization regimes. Also the
mechanical damping Γ can affect the observed synchronization, cf. Fig. 2.3(b) and (c). However, first of all it already influences the limit cycles of individual optomechanical systems by
modifying the threshold to self-sustained oscillations. In addition, Γ has an influence on the
mechanical noise strength. Note that, when changing these parameters, care has to be taken
to remain on a stable limit cycle for each optomechanical system.

2.9 Thermal noise
So far, we assumed zero temperature environments for both the optical and the mechanical
mode. In this section we investigate the effects of thermal mechanical noise on synchronization.
For our study we use the Langevin equations (2.5) with modified mechanical noise correlators to account for the coupling of the mechanical oscillators to a finite temperature bath,
〈β j in (t )β∗j in (t 0 )〉 = 〈β∗j in (t )β j in (t 0 )〉 = (n th + 1/2)δ(t − t 0 ), where n th denotes the thermal occupancy of the bath. Hence, both quantum and thermal noise are included. For optical frequencies in the visible spectrum the effective thermal occupation of the optical bath is very
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small. Thus, the assumption of an optical bath at zero temperature is valid and the optical
input noise terms are not modified.
In Fig. 2.7(c) we show an overview of the synchronization regimes as a function of thermal
noise n th . Here, we chose a comparatively small quantum parameter g 0 /κ = 0.01 in order to
observe mainly effects due to thermal noise. For small n th the results are similar to Fig. 2.7(a)
at small g 0 /κ. In both cases the influence of the quantum or thermal noise is still weak. For
increasing thermal noise strength n th , we find qualitatively the same behaviour as for increasing quantum noise. However, quantitative differences appear with increasing n th : Even
though a mixed synchronization regime can develop for both quantum and thermal noise,
the evolution of the relative weight of both synchronization states is different.
∗
at which therIn the following, we want to estimate the critical thermal noise strength n th
mal and quantum noise should have a comparable effect. At lower temperatures, quantum
noise will dominate. The main source of quantum fluctuations is the laser shot noise (for
the parameters explored here). Thus, we estimate the effect of optical quantum fluctuations
on the mechanical oscillator, with the (symmetrized) shot-noise spectrum evaluated at the
mechanical resonance frequency Ω [80, 84],
S FSNF (Ω) =

µ
¶
µ
¶
1 ħg 0 2 †
κ
κ
〈â j â j 〉
+
.
2 x ZPF
(κ/2)2 + (Ω + ∆)2 (κ/2)2 + (Ω − ∆)2

(2.7)

We expect similar effects from quantum and thermal noise if the shot-noise spectrum at the
mechanical resonance frequency Ω becomes equal to the thermal force spectrum, S FSNF (Ω) =
S FthF . The thermal noise spectrum at temperatures k B T À ħΩ is
S FthF = 2mΓk B T,

(2.8)

where T is the temperature of the thermal mechanical bath. Setting S FSNF and S FthF equal, we
find (in the resolved sideband regime κ ¿ Ω at ∆ ≈ Ω):
∗
n th
= k B T /ħΩ = C /2,

(2.9)

where we used the optomechanical cooperativity [80]
C=

4g 02
κΓ

〈â †j â j 〉.

(2.10)

This approach suggests that observing quantum noise phenomena does not necessarily require a large g 0 /κ and very low temperatures. Instead, if the cooperativity is sufficiently large
(comparable to values that enable ground-state cooling, C > n th ), quantum noise should
dominate the behaviour of the system even in the presence of thermal noise.
However, depending on parameters, we find large deviations from this simple expectation. In these cases, the real shot noise spectrum is no longer well described by the weakcoupling expression of S FSNF (Ω) given above, and the actual noise strength may have a much
larger value. Consequently, the transition between behaviour dominated by quantum noise
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∗
than those prevs. that dominated by thermal noise takes place at much larger values of n th
dicted by Eq. (2.9). In other words, it should be even easier to observe quantum noise in
optomechanical synchronization than the naive ansatz would lead one to expect.
Here, we don’t observe that quantum noise can be exactly mapped to thermal noise. This
is already evident in the rescaled Langevin equations (2.6). Physically, the thermal force spectrum acting on the mechanical oscillator is flat in frequency, whereas the optical shot-noise
spectrum is frequency dependent and is also modified by the dynamics of the system.

2.10 Conclusions
We have investigated the effects of quantum and thermal noise on two coupled optomechanical limit-cycle oscillators. One usually expects that noise prevents strict synchronization, i.e. exact phase locking and a sharp transition to synchronization. Here we have shown
that fluctuations additionally drive transitions between 0- and π-synchronization, i.e. the two
synchronization states that can appear in the absence of noise. We have discussed the residence times of these states and observed a smooth crossover between different synchronization regimes. Finally, we have compared the effects of quantum and thermal noise. We have
argued that it should be possible to experimentally reach the regime where quantum noise
dominates. This should happen when the optomechanical cooperativity is large enough for
ground state cooling.
For further investigations it would be useful to identify a measure that can genuinely distinguish between an unsynchronized regime and 0-, π- and mixed synchronization. Finally,
it will be very interesting to extend the insights obtained here to large optomechanical arrays.
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CHAPTER

3

Q UANTUM - COHERENT PHASE OSCILLATIONS IN
SYNCHRONIZATION

In this chapter we present our results that were published in this form in
• Talitha Weiss, Stefan Walter, and Florian Marquardt
Quantum-coherent phase oscillations in synchronization
Phys. Rev. A 95, 041802(R) (2017)
doi: 10.1103/PhysRevA.95.041802
Copyright (2017) by the American Physical Society
and its Supplemental material. Some minor changes have been made to the text in order to
better embed this work into this thesis. Furthermore, a former footnote is now added directly
to the corresponding caption of Fig. 3.2, and for graphical reasons, we split one figure from
the publication into two separate figures, now Figs. 3.3 and 3.4.
Recently, several studies have investigated synchronization in quantum-mechanical
limit-cycle oscillators. However, the quantum nature of these systems remained partially hidden, since the dynamics of the oscillator’s phase was overdamped and therefore incoherent.
We show that there exist regimes of underdamped and even quantum-coherent phase motion, opening up new possibilities to study quantum synchronization dynamics. To this end,
we investigate the Van der Pol oscillator (a paradigm for a self-oscillating system) synchronized to an external drive. We derive an effective quantum model which fully describes the
regime of underdamped phase motion and additionally allows us to identify the quality of
quantum coherence. Finally, we identify quantum limit cycles of the phase itself.
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3.1 Introduction
Synchronization is commonly studied in so-called limit cycle (LC) oscillators that arise from
an interplay of linear and nonlinear effects [12]. For instance, linear amplification causes an
instability, whereas nonlinear damping limits the oscillator’s dynamics to a finite amplitude.
Notably, the phase remains free, which allows synchronization of the oscillator to an external periodic drive or other LC oscillators. A transition from the intrinsic LC motion towards
synchronized oscillations occurs depending on the coupling strength to (and frequency mismatch of) the external reference.
Quantum synchronization, i.e., the study of quantum systems whose classical counterparts synchronize, has recently attracted increasing theoretical attention. So far, studies of
quantum synchronization have only explored overdamped phase motion. This implies that
the dynamics, although taking place in quantum systems, remains always incoherent and
classical-like, ruling out the observation of interesting effects like quantum tunnelling or superposition states of different synchronization phases. In the present article, we discover
quantum-coherent phase dynamics.
Theoretical studies of quantum synchronization have been performed for different platforms, including optomechanics [29, 32], atoms and ions [26, 28], Van der Pol (VdP) oscillators [15, 16, 20, 25, 33], and superconducting devices [50, 51]. Measures of synchronization
in the presence of quantum noise have been proposed in Refs. [28, 43, 45].
On the experimental side, only classical synchronization has been studied so far for a
wide range of systems [11], including more recently optomechanical systems [38–40, 42]. In
the well-developed field of classical synchronization, overdamped phase motion is the standard ingredient both of phenomenological equations and microscopically derived models.
For example, locking to an external force is described by the so-called Adler equation, a firstorder differential equation for the phase. Similarly, synchronized optomechanical systems
are described by the first-order phase equation of the Hopf-Kuramoto model [32, 141, 162].
However, it has been noticed that classical synchronization also allows for underdamped
phase dynamics. For instance, the classical VdP oscillator features underdamped phase motion and even (synchronized) phase self-oscillations [12, 13, 185, 186]. Both regimes have
recently been observed experimentally using a nanoelectromechanical system [187]. Classical phase self-oscillations, also called phase trapping, have also been observed with coupled
laser modes [188]. Furthermore, synchronized Josephson junction arrays can be mapped to
the Kuramoto model including inertia [11, 189].
Here we will show that a regime of quantum-coherent dynamics exists and that underdamped phase dynamics is a necessary but not sufficient condition to observe this regime.
Rather, it is the dynamically generated non-equilibrium dephasing rate that has to become
smaller than the oscillation frequency. Additionally, we identify phase self-oscillations in the
quantum regime.
We obtain these insights for a paradigmatic model, the quantum version of the VdP oscillator subject to an external drive. The synchronization of the VdP oscillator to this external
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Figure 3.1: Quantum synchronization. Steady-state Wigner density Wss (x, p) and phase probability distribution P (φ) of (a) an undriven (F /γ1 = 0) and (b) an externally driven (F /γ1 = 10)
VdP oscillator. (a) The ring-shaped Wigner function indicates LC motion. (b) With increasing
detuning ∆/γ1 , the synchronization phase changes and synchronization becomes weaker.
Parameters: γ2 /γ1 = 5 × 10−3 , (a) ∆/γ1 = 0, (b) “1, 2, 3” correspond to ∆/γ1 = 0, 0.5, and 1.
(This figure has previously been published in [21].)

drive is an excellent test case to investigate universal synchronization behaviour. We derive
an effective quantum model that captures the regime of underdamped phase dynamics. This
allows us to identify a quality factor for the quantum coherence. We illustrate the potentially
long coherence times by showing that initial negativities of a Wigner density vanish slowly.
Finally, we briefly discuss possible experimental realizations.

3.2 Quantum model
The quantum VdP oscillator subject to an external drive is described by the master equation
(ħ = 1)
h
i
ρ̂˙ = −i −∆b̂ † b̂ + i F (b̂ − b̂ † ), ρ̂ + γ1 D[b̂ † ]ρ̂ + γ2 D[b̂ 2 ]ρ̂ ,
(3.1)
with D[Ô]ρ̂ = Ô ρ̂Ô † − {Ô †Ô, ρ̂}/2. Here, ∆ = ωd − ω0 is the detuning of the oscillator’s natural
frequency ω0 from the frequency of the external drive ωd and F is the driving force. The two
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dissipative terms in Eq. (3.1) describe gain and loss of one and two quanta at rates γ1 and γ2 ,
respectively.
In Fig. 3.1 we show the steady-state Wigner function along with the corresponding phase
P
e i (m−n)φ
probability distribution P (φ) = ∞
n,m=0
2π 〈n|ρ̂ ss |m〉 [28] by numerically solving Eq. (3.1)
for its steady state ρ̂ ss . In the absence of an external force (F = 0), the two competing dissipation rates γ1 and γ2 lead to LC motion of the VdP oscillator, Fig. 3.1(a). For a finite applied
force (F 6= 0) and sufficiently small detuning ∆, the VdP oscillator synchronizes to the external force and a fixed phase relation between the VdP oscillator and the force is present. In the
rotating frame, this corresponds to a localized Wigner density and a phase distribution P (φ)
with a distinct peak. With increasing detuning, the VdP oscillator is less synchronized to the
external force [related to the height and width of P (φ)] and the synchronization phase [peak
position of P (φ)] is shifted, Fig. 3.1(b).
These steady-state properties do not provide any information on the underlying synchronization dynamics, especially if we are trying to discover possible underdamped and
quantum-coherent phase dynamics. To test for these regimes, we now derive an effective
quantum model.

3.3 Effective quantum model
In the synchronized regime, the classical equation of motion for 〈b̂〉 = β = Re i φ ,
β̇ = i ∆β +

γ1
β − γ2 |β|2 β − F ,
2

(3.2)

has a stable fixed point βss = R ss e i φss . We linearize Eq. (3.1) around βss by defining b̂ = βss +
δb̂, where δb̂ describes fluctuations around βss . Neglecting terms of order O (δb̂ 3 ) and higher,
we obtain
¯ ¯2
£
¤
ρ̂˙ eff = −i Ĥeff , ρ̂ eff + γ1 D[δb̂ † ]ρ̂ eff + 4γ2 ¯βss ¯ D[δb̂]ρ̂ eff ,

(3.3)

with the effective Hamiltonian
Ĥeff = −∆δb̂ † δb̂ − i

´
γ2 ³ 2
βss δb̂ † δb̂ † − β∗2
δ
b̂δ
b̂
.
ss
2

(3.4)

This effective model captures the major features of the full quantum model and thus allows at
least qualitative predictions about the behaviour of the system, while quantitative agreement
varies with parameters. A comparison of the outcomes of Eqs. (3.1) and (3.3) can be found
in Sec. 3.8.3. The effective model is a squeezing Hamiltonian where the amount of squeezing
depends on the classical steady-state solution βss .
Diagonalizing Eq. (3.4) leads to
Ĥdiag = −Ωeff ĉ † ĉ + const. .
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quantum system settles on a LC. To improve the readability of (b) we nevertheless also plot
the region where the effective model fails which here is only the case for very small force and
detuning. (This figure has previously been published in [21].)

Here, δb̂e −i θ/2 = cosh(χ)ĉ + sinh(χ)ĉ † , Ae i θ := −i γ2 β2ss /2, tanh(2χ) = 2A/∆, and Ωeff =
p
∆2 − 4A 2 is the effective frequency. The corresponding master equation reads
£
¤
ρ̂˙ diag = −i Ĥdiag , ρ̂ diag + Γ↑ D[ĉ † ]ρ̂ diag + Γ↓ D[ĉ]ρ̂ diag ,

(3.6)

¯ ¯2
¯ ¯2
with Γ↑ = 4γ2 ¯βss ¯ sinh2 (χ) + γ1 cosh2 (χ), Γ↓ = 4γ2 ¯βss ¯ cosh2 (χ) + γ1 sinh2 (χ), and neglecting fast rotating terms, such as ĉ ĉ ρ̂ eff . The diagonalized, effective model is a damped harmonic oscillator with frequency Ωeff and damping Γ = Γ↓ − Γ↑ . This unambiguously allows us
to identify an underdamped phase dynamics regime following the standard procedure for a
harmonic oscillator, i.e., we require ∆2 > 4A 2 , which leads to a real-valued effective frequency
Ωeff . This is consistent with the corresponding classical dynamics derived from Eq. (3.3),
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leading to a second-order differential equation of the phase,
δφ̈ + Γδφ̇ + Ω2 δφ = 0 .

(3.7)

Here,
δφ = φ − φss describes phase deviations from the steady-state phase φss and Ω =
q
¡
¢¡
¢
2
2
2
∆ + γ2 R ss
− γ1 /2 3γ2 R ss
− γ1 /2 is the bare frequency which is related to the effective
q
p
frequency Ωeff = Ω2 − Γ2 /4 = ∆2 − γ22 |βss |4 ; cf. [187] and Sec. 3.8.2. Before we discuss results from our effective quantum model, we briefly review the relevant features of the corresponding classical “phase diagram” of synchronization, Fig. 3.2(a). This phase diagram and
its quantum analogue will help us to identify the parameter regime of underdamped phase
motion, where we then can check for quantum coherence. We obtain the boundaries between the regimes of the classical phase dynamics from a linear stability analysis of Eq. (3.2);
cf. [12] and Sec. 3.8.1. Notably, we distinguish two qualitatively different transitions from
synchronization to no synchronization: At small forces, a saddle-node bifurcation characterizes the transition from synchronized (overdamped) dynamics directly to the LC regime.
At larger forces, a regime of underdamped phase motion opens up before a Hopf bifurcation marks the onset of a LC which does not necessarily encircle the origin. Since we are
actually interested in a quantum regime, it is worthwhile to see that these two qualitatively
different transitions have also important consequences for the quantum dynamics. In particular, we find a qualitative change of behaviour in the squeezing properties of the steady
state. Since Ĥeff is quadratic in δb̂ the system is fully characterized
by its covariance matrix
p
p
†
σi j = Tr[ρ̂ eff { X̂ i , X̂ j }/2] with the quadratures X̂ 1 = (δb̂ + δb̂ )/ 2 and X̂ 2 = −i (δb̂ − δb̂ † )/ 2.
The eigenvalues λcov of the covariance matrix determine the shape of the squeezing ellipse [83]. Their ratio (the asymmetry of the ellipses) is shown in Fig. 3.2(b). Notably, at small
forces, it increases with larger detuning. In contrast, at larger forces where we predict underdamped phase dynamics, the ellipses become more circular while increasing the detuning
∆. Thus, the squeezing behaviour can be used as an indicator for the existence of a quantum
regime of underdamped phase motion. The effective model becomes unstable if Γ = 0, which
corresponds to the classical fixed point losing its stability. Additional details on squeezing can
be found in Sec. 3.8.4.

3.4 Quantum coherence
Studying the effective model, we have identified the quantum regime of underdamped phase
motion. Now we demonstrate that within this regime, it is possible to preserve quantum coherence for a significant time. To this end, we choose an initial state which possesses negativities in its Wigner function, Fig. 3.3(a), and show that these negativities persist for a long time
compared to the characteristic timescale of the dynamics Ω−1
. The dynamics due to Eq. (3.1)
eff
leads to a rotation of the state around the classical steady state βss , Fig. 3.3(b). Notably, this
dynamical evolution has little influence on the coherence and the negativities of the Wigner
density survive many oscillations of the system, Fig. 3.3(c). After the loss of coherence, the
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Figure 3.3: Quantum
coherence. Wigner densities W (x, p, t ) of (a) the initial state |Ψ(t = 0)〉 ∼
® ¯
®¢
¡¯
¯βss + 2 + ¯βss − 2 and (b) at a later time. The underdamped phase dynamics rotates the
state around the classical steady-state solution (yellow cross). (c) Wigner density W (p, x =
0, t ) with negativities that remain visible for many oscillations. Parameters: γ2 /γ1 = 0.1,
F /γ1 = 1.5 × 103 and ∆/γ1 = 7 × 102 . (a)-(c) show numerical solutions to the full model
Eq. (3.1). (This figure is part of a figure previously published in [21].)

state remains in a classical mixture of two displaced states and settles into the steady state
only on an even longer timescale; see Sec. 3.8.5 for a complete overview. All Wigner densities
in Figs. 3.3(a)-3.3(c) are obtained by numerically solving the full master equation (3.1).
This behaviour is successfully predicted by our effective model, which allows us to quantify quantum coherence within the underdamped regime and eventually identify a quantumcoherent regime. The time scale on which the quantum system approaches the steady state
is approximately given by the damping Γ. Thus, a necessary condition to observe quantumcoherent motion is Ωeff > Γ. Approaching the classical Hopf bifurcation, the damping Γ becomes arbitrarily small. However, a small damping does not imply a small dephasing rate
Γdeph = Γ↑ + Γ↓ . The dephasing rate ultimately determines the lifetime of negativities, i.e.,
quantum coherence. With Γ↑ = Γn eff and Γ↓ = Γ(n eff +1), the dephasing rate Γdeph depends on
both the damping Γ and the effective occupation of the VdP oscillator n eff . This effective occupation comes about due to the driven-dissipative character of the quantum oscillator even
at zero environmental temperature, also called quantum heating [190]. It increases towards
the boundaries of the underdamped regime, Fig. 3.4(a), counteracting the decreasing damping. Additional insight is obtained by identifying a quality factor for quantum coherence,
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Figure 3.4: Quantum coherence. (a) Effective temperature in the underdamped regime, indicated by n eff . The left white area corresponds to the overdamped regime. (b) Quality factor
Ωeff /Γdeph in the underdamped regime. (c) and (d) show the effective oscillation frequency
Ωeff (dashed blue), damping Γ (dash-dotted green), and dephasing rate Γdeph (red) as a function of the detuning ∆. (c) At small force F /γ1 = 1.5 the dephasing remains the dominant
rate. (d) In contrast, at larger force F /γ1 = 103 the frequency Ωeff can significantly exceed
both the dephasing and the damping (quantum-coherent regime). Parameters: γ2 /γ1 = 0.1.
(a)-(d) show the rates obtained from our effective quantum model which characterize the
behaviour of the full system. (This figure is part of a figure previously published in [21].)

Ωeff /Γdeph , which determines the lifetime of negativities in the Wigner density. Close to the
instability and, more importantly, at large forcing and detuning, Ωeff /Γdeph increases and can
become significantly larger than 1, Fig. 3.4(b). This is the quantum-coherent regime where
negativities of the Wigner density can survive many oscillations of the system, Fig. 3.3(c). Regarding Fig. 3.4(b), the only remaining dimensionless parameter (apart from the normalized
force and detuning) is the ratio of the damping rates γ2 /γ1 . It influences the region of stability of the effective model. For instance, increasing γ2 /γ1 shifts the instability (Γ = 0) to
larger detuning. This allows to achieve a comparable quality factor Ωeff /Γdeph at smaller forcing but similar detuning - mainly because Ωeff increases with ∆. In Figs. 3.4(c) and (d) we
show all relevant rates in the underdamped regime at small and large forcings, respectively.
In both cases Ωeff increases, while Γ and Γdeph decrease with larger detuning. At small force,
Fig. 3.4(c), the dephasing rate remains the largest rate in the entire underdamped regime.
Notably, for large F , Fig. 3.4(d), we find that Ωeff can become significantly larger than both Γ
and Γdeph , thus entering the quantum-coherent regime. This is the key element to observing
long-lived quantum coherence.
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Figure 3.5: Spectrum. (a) and (b) show the spectrum S(ω) of a synchronized VdP oscillator
for different detunings ∆/γ1 = 0 (upper black spectrum), ∆/γ1 = 2 × 104 (middle blue spectrum), and ∆/γ1 = 5 × 104 (lower red spectrum). In the overdamped regime (upper black)
the spectrum shows a single peak at ω = 0, while in the underdamped regime (middle blue
and lower red) double peaks at ±Ωeff emerge. Parameters: γ2 /γ1 = 2 × 103 , F /γ1 = 2 × 104 . (c)
Steady-state Wigner density Wss (x, p) and phase probability distribution P (φ) of a VdP oscillator showing phase self-oscillations, i.e., a ring-like Wigner density not encircling the origin
(indicated by the dashed black line). The corresponding spectrum (d) shows multiple peaks
at higher harmonics. Parameters for (c) and (d): γ2 /γ1 = 5 × 10−3 , F /γ1 = 10, ∆/γ1 = 1.55.
All subfigures (a)-(d) show numerical solutions of the full model Eq. (3.1). (This figure has
previously been published in [21].)

3.5 Spectrum
To shed more light on the possibility to experimentally observe the transition from overdamped
to underdamped synchronization dynamics, we investigate the spectrum S(ω) =
´∞
i ωt †
〈b̂ (t )b̂(0)〉. We obtain S(ω) from the steady state of Eq. (3.1) by applying the quan−∞ d t e
tum regression theorem or analytically from the effective model; see Sec. 3.8.6. The spectrum
carries information on the frequencies of the driven VdP oscillator. Figure 3.5(a) shows S(ω)
for a fixed external force and various detunings, corresponding to the overdamped (upper
black spectrum) and underdamped (middle blue, lower red spectra) regime. In the overdamped regime the spectrum shows a single peak close to ω = 0, indicating synchronization to the external force. With increasing detuning, the spectrum develops from a single
peak to two peaks which now sit at approximately ±Ωeff . A small remainder of the central
peak at ω = 0 becomes visible for a larger splitting of the main peaks. The emerging double peaks clearly indicate the transition from overdamped to underdamped phase dynamics,
Fig. 3.5(b). The increasing asymmetry of S(ω) results from the coupling of amplitude and
phase dynamics.
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For even larger detuning, synchronization is lost which ultimately leads to a single peak
in the spectrum at ω = ∆. A recent experiment synchronized two nanomechanical oscillators
by coupling to a common cavity mode [40]. Curiously, the cavity output spectrum showed
sidebands next to the common frequency of the locked oscillators. These sidebands were
suggested to arise from (classical) underdamped phase motion of the oscillators, which is
also consistent with the classical limit of our theory.
Interestingly, we find that the phase can even undergo self-oscillations. In the quantum regime, these phase self-oscillations appear (in analogy to the classical scenario) at the
boundary of underdamped phase motion just before the loss of synchronization occurs. A
circular LC opens up around the former stable fixed point. In the quantum regime this is
smeared by quantum fluctuations and becomes visible only once the LC is large enough. If
that LC expands even further, it will eventually come to resemble the original unsynchronized
state: The LC encircles the origin of phase space and the corresponding phase distribution is
flat, Fig. 3.1(a). However, in Fig. 3.5(c), this is not yet the case, i.e., the LC does not encircle the
origin. The oscillator has still a tendency to be locked to the phase of the external force. This
is also reflected in the corresponding phase distribution P (φ) which becomes asymmetric
and shows the onset of a double peak structure. Notably, phase self-oscillations are accompanied by the appearance of a series of peaks in the spectrum, Fig. 3.5(d), representing higher
harmonics of the main phase-oscillation frequency.

3.6 Experimental realization
The regime of underdamped quantum phase motion and even quantum phase selfoscillations could be experimentally studied in a variety of systems. For instance,
trapped ions are promising candidate systems for studying synchronization in the quantum regime [15, 33]. The possibility to prepare nonclassical states experimentally [191] allows for probing the quantum-coherent nature of the underdamped phase dynamics. Based
on parameters for trapped 171 Yb+ ions [15, 192, 193], we estimate that it should be possible to observe significant quantum coherence. In this scenario, the negative and nonlinear
damping are both of the order of kHz, with γ2 /γ1 ∼ 1. To observe quantum-coherent underdamepd phase dynamics the detuning ∆ and the external force F should be a few hundred
kHz each. This is realistic, with frequencies of the motional state in the MHz regime. Furthermore, mechanical self-oscillations in cavity optomechanics have been discussed theoretically [123] and observed experimentally [121, 124]. Thus, they are well-suited to study synchronization, and classical synchronization phenomena have already been demonstrated experimentally [38–40, 42]. Yet another possible platform to observe quantum-coherent phase
motion are superconducting microwave circuits. These are exceptional and highly tuneable
platforms for experimentally investigating quantum systems. In principle, arbitrary quantum states can be realized [194–196]. Even, the faithful engineering of two-photon losses in
such systems has been demonstrated [197]. This makes them very interesting for studying
quantum-coherent phase motion and phase self-oscillations of a quantum VdP oscillator.
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3.7 Conclusion
We have shown that the phase of a synchronized quantum Van der Pol oscillator exhibits
intriguing underdamped and even quantum-coherent phase dynamics around the synchronized steady state. In order to explore this interesting regime, we have developed an effective
quantum model and identified where the dephasing rate becomes sufficiently small to observe quantum-coherent phase motion. As a direct consequence, we have shown that this
preserves a nonclassical quantum state for many phase oscillations. We estimate that this
could readily be observed in state-of-the-art experiments. While we have analyzed the simplest synchronization phenomenon, to an external drive, the regime identified here will also
show up in the quantum phase dynamics of two coupled oscillators or even lattices [32]. In
the latter case, phenomena such as quantum motion of phase vortices may potentially become observable.

3.8 Supplemental material
3.8.1 Details on the classical synchronization phase diagram
Here, we discuss some additional details of the classical phase diagram of a Van der Pol (VdP)
oscillator synchronizing to an external force, cf. Fig. 3.2(a). The boundaries for the regimes
of overdamped, underdamped, and limit-cycle motion are obtained from a linear stability
analysis of Eq. (3.2) (see for instance also Ref. [12] for more details). Using β = βss + δβ and
keeping only first order terms of δβ, the linearized equation of motion is
δβ̇ = i ∆δβ − γ2 β2ss δβ∗ +

¯ ¯2
γ1
δβ − 2γ2 ¯βss ¯ δβ.
2

(3.8)

The eigenvalues λi of the corresponding Jacobi matrix are related to damping and effective
frequency of the VdP oscillator and contain information about the properties of the corresponding fixed point βss . In
q Fig. 3.6, we show the real and imaginary part of the eigenvalues

λ1/2 = −2|βss |2 γ2 + γ1 /2 ± |βss |4 γ22 − ∆2 . Note that, depending on parameters, Eq. (3.8) features either one or three fixed points. However, if there are three fixed points, see Fig. 3.6(a),
only one of them is stable. We show the real and imaginary parts of the eigenvalues of a stable fixed point as solid lines and the eigenvalues corresponding to unstable fixed points as
dashed lines. Note that in the synchronized regimes (both overdamped and underdamped)
synchronization towards the stable fixed point occurs.
The phase diagram, cf. Fig. 3.2(a), shows that the regime of limit-cycle motion can be entered via two different types of bifurcations which we show here in detail: In Fig. 3.6(a) the
regime of limit-cycle motion is entered via a saddle-node bifurcation, while in Fig. 3.6(b) a
Hopf bifurcation marks the onset of limit-cycle oscillations. In both cases a single, unstable
fixed point exists in the limit-cycle regime, i.e., the corresponding real parts of the eigenvalues, associated to damping, are positive. This indicates amplification and the stabilizing,
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Figure 3.6: Classical synchronization transition. (a) and (b) show the real (blue) and imaginary (red) parts of the eigenvalues λi from the linear stability analysis that are related to the
damping and the frequency respectively. The dashed blue and red lines correspond to unstable fixed points, while the solid lines correspond to a stable fixed point. Each fixed point
has two associated eigenvalues that might be degenerate. The black dashed line indicates the
frequency of the free VdP oscillator in the rotating frame, ∆. (a) At small forcing, F /γ1 = 0.2,
the VdP oscillator starts out in a regime of synchronization and overdamped phase dynamics and transitions to limit-cycle motion via a saddle-node bifurcation when increasing the
detuning ∆. (b) At larger external force, F /γ1 = 1, the transition from synchronization to no
synchronization occurs via a Hopf bifurcation, thus first crossing a region of underdamped
phase motion. Parameters as in Fig. 3.2. (This figure has previously been published in the
Supplemental material of [21].)

nonlinear effects that lead to a limit cycle are not included in the linear stability analysis. At
smaller detuning, before the limit-cycle regime, synchronization towards a stable fixed point
occurs. The important difference between the two possible transitions is determined by the
imaginary part of the eigenvalues of this stable fixed point. The imaginary part is related to
the oscillation frequency and approaching the saddle-node bifurcation, the imaginary parts
remain zero. This implies that, for detunings below the bifurcation, no characteristic oscillation frequency exists. The non-zero imaginary parts visible in Fig. 3.6(a) belong to unstable
fixed points, which are not of importance in the context of synchronization. In contrast, at
larger force, Fig. 3.6(b), a Belyakov-Devaney transition [198] occurs even before the Hopf bifurcation. There the real parts of the eigenvalues become equal but remain negative (i.e. there
exists a stable fixed point), yet the imaginary parts become nonzero. This implies that in this
case the steady state is approached in an oscillatory fashion and determines the regime of
underdamped phase motion. Only at even larger detuning a Hopf bifurcation occurs where
the real parts become positive as well and a limit cycle is created.
The boundaries between the different regimes of classical synchronization phase dynam-
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ics are determined
by the
explicit expressions:
(i) a saddle-node bifurcation given
³
´³ following
´
p
p
∓2γ1 + γ21 −12∆2 −γ1 γ21 −12∆2 ±(12∆2 +γ21 )
, (ii) a transition from a stable node to a staby F 2 =
108γ22
¢2
¡ γ
3
ble focus (Belyakov-Devaney transition) which is defined by F 2 = − 21 + ∆ γ∆2 + ∆γ2 with
γ

γ3

1 1
|∆| > γ1 /4, and (iii) a Hopf bifurcation described by F 2 = 41 γ12 ∆2 + 64
γ2 with |∆| > γ1 /4. Note
that this linear analysis does not allow us to distinguish between stable self-oscillations of the
phase (limit cycles not evolving around the origin) and ordinary limit cycles where the phase
is monotonously increasing.

3.8.2 Classical dynamics of the effective quantum model
The effective quantum model, Eq. (3.3), allows us to discuss the corresponding
¯ ¯2classical dyγ
namics which is given by δβ̇ = Tr[δb̂ ρ̇ eff ] = i ∆δβ − γ2 β2ss δβ∗ + 21 δβ − 2γ2 ¯βss ¯ δβ. This is
equivalent to the linearized equation (3.8) confirming that we have indeed derived the correct linearized quantum model. It is instructive to first split the complex amplitude β into
amplitude R and phase φ such that β = Re i φ , and then obtain the corresponding equations
for the amplitude and phase deviations δR and δφ. These deviations are simply defined as
the difference between the actual amplitude R (phase φ) from the steady-state amplitude R ss
(steady-state phase φss ), i.e. δR = R − R ss and δφ = φ − φss . Since δR and δφ are small, δR is
approximately the change in direction of R ss and δφ is approximately the change perpendicular to this. For δβ = r e i ϕ we then obtain δφ ≈ r sin(ϕ − φss ) and δR ≈ r cos(ϕ − φss ) and with
this
³
γ1 ´
2
δφ̇ = ∆δR − γ2 R ss
−
δφ ,
2
³
´
γ1
2
−
δṘ = − 3γ2 R ss
δR − ∆δφ ,
2

(3.9)
(3.10)

which can be combined to a second-order differential equation for the phase,
δφ̈ + Γδφ̇ + Ω2 δφ = 0 .

(3.11)

q
¡
¡
¢
γ ¢¡
γ ¢
2
2
2
Here we have defined Γ = 4γ2 R ss
− γ1 and Ω = ∆2 + γ2 R ss
− 21 3γ2 R ss
− 21 . Notably
Eq. (3.11) is a common harmonic oscillator which allows for overdamped as well as underdamped motion. The transition from overdamped to underdamped solutions is characterized by Ω2 = Γ2 /4, i.e. where the effective oscillation frequency of the system Ωeff =
p
Ω2 − Γ2 /4 becomes real-valued. The solution to Eq. (3.11) becomes unstable if Γ < 0, revealing the onset of limit-cycle motion. The limit-cycle motion itself depends on nonlinear
effects to stabilize and thus cannot be described with the linearized equations.
The parameters Γ and Ωeff obtained from this classical analysis are equal to the damping
and effective frequency appearing in the effective quantum model.
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Figure 3.7: Full and effective quantum model. Steady-state Wigner densities of (a) the full
and (b) of the effective quantum model. The corresponding “phase trajectories” in (c) show
similar oscillating behaviour, although relaxing to a different steady state. The black, dashed
line gives the clasical trajectory for comparison. In (d) we show the variance V ar (rˆ⊥ ) as a
function of detuning. The deviations of the effective from the full model increase towards the
Hopf bifurcation, where the effective model breaks down. Parameters: γ2 /γ1 = 0.1, F /γ1 = 4,
and ∆/γ1 = 1.8. (This figure has previously been published in the Supplemental material of
[21].)

74

3.8. Supplemental material

3.8.3 Comparison of the full and the effective quantum model
Here we compare results from the full quantum model, Eq. (3.1), to results from the effective
model, Eq. (3.3), and the outcome of the classical equations (3.9) and (3.10). In Fig. 3.7(a)
and (b) we show the steady-state Wigner density obtained from the full quantum model and
the effective model respectively. The result of the effective model needs to be displaced to
the classical steady state βss , indicated by the white cross. The Wigner densities obtained
from the full and the effective quantum model match reasonably well. The parameters were
chosen such that first deviations become visible: (i) The Wigner density of the full model is no
longer centered exactly around the classical solution βss , while the effective model does so
by construction. (ii) The effective quantum model is described by a squeezing Hamiltonian,
cf. Sec. 3.3. Thus the corresponding Wigner densities are ellipses, while the full model can
lead to additional curvature in the Wigner density (more banana-shaped).
Within the effective model synchronization attracts the system’s dynamics towards the
stable fixed point βss . We can capture the dynamics using small deviations around βss .
A natural choice are deviations in radial direction, δR, and in phase direction, δφ, similar to the classical treatment. We can define corresponding operators rˆ = cos(φss )x̂/x zpf +
sin(φss )p̂/p zpf in radial direction and perpendicular to it, rˆ⊥ = sin(φss )x̂/x zpf −cos(φss )p̂/p zpf .
With this, deviations of the phase can be approximated via δφ ≈ −〈rˆ⊥ 〉/R ss such that the
full phase is given by φ(t ) ≈ φss − 〈rˆ⊥ 〉(t )/R ss . We show the phase as a function of time in
Fig. 3.7(c). The system shows underdamped phase motion, i.e. a few damped oscillations can
be observed in the full and effective quantum model, as well as in the classical simulation. It
is consistent with the corresponding Wigner densities, that the trajectories of the full and effective quantum model are damped towards a different steady state. Only the steady state of
the effective quantum model and the classical equations are equal by construction. Note that
the relation of 〈rˆ⊥ 〉 to the phase deviations δφ is only accurate if the deviations are small. In
Fig. 3.7(d) we show the variance V ar (rˆ⊥ ) as a function of detuning. For small ∆ synchronization works best, i.e. the Wigner density is more confined in phase space and thus the resulting
variance is small. Deviations between the full and effective quantum model appear with increasing detuning. Then, synchronization becomes weaker and the full model can develop
a less ellipse-like Wigner density. Approaching the Hopf bifurcation the variance within the
effective model blows up, signalling the break-down of the model. The full model shows an
increasing variance, which is consistent with the synchronization becoming weaker and the
Wigner density becoming more smeared out.

3.8.4 Details on the squeezing
In Sec. 3.3 we derived the squeezing Hamiltonian of our effective model, Eq. (3.4), and discussed the asymmetry of the squeezing ellipses in Fig. 3.2(b). Due to the quadratic Hamiltonian, the state is fully characterized
by its covariance matrix
p
p σi j = Tr[ρ̂ eff { X̂ i , X̂ j }/2] with the
quadratures X̂ 1 = (δb̂ + δb̂ † )/ 2 and X̂ 2 = −i (δb̂ − δb̂ † )/ 2 (same definition as in Sec. 3.3).
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Figure 3.8: Squeezing. Minimum of the eigenvalues λcov of the covariance matrix σ, as a
function of the detuning ∆ and forcing F . Values smaller than 0.5 indicate squeezing below
shot noise. Note that squeezing is strongest at small detuning and large forcing. Parameters:
γ2 /γ1 = 0.1. (This figure has previously been published in the Supplemental material of [21].)

The equation of motion for the covariance matrix can be expressed in the following form,
σ̇ = M σ + σM > + D,

(3.12)

with the matrices
¶
µ
i (r − r ∗ ) + γ1 /2 − 2γ2 |βss |2
r +r∗ −∆
r +r∗ +∆
−i (r − r ∗ ) + γ1 /2 − 2γ2 |βss |2
µ
¶
γ1 /2 + 2γ2 |βss |2
D=
.
γ1 /2 + 2γ2 |βss |2

M=

(3.13)
(3.14)

Here we used r = i γ2 β2ss /2 for brevity. The steady-state solution to this equation of motion,
σ̇ = 0, can be analytically obtained, resulting in a 2 × 2 matrix σ that depends only on system
parameters and the classical steady-state amplitude βss . Then, the eigenvalues of the covariance matrix σ can be calculated and analyzed. The ratio of these eigenvalues determines the
asymmetry of the squeezing ellipses discussed in Sec. 3.3. However, also the absolute amount
of squeezing can be analyzed by comparing to the size of the vacuum state. If any direction
of the squeezing ellipse becomes smaller than the width of the vacuum state this is referred
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to as squeezing below shot noise. To this end, we calculate the shot-noise covariance matrix
σsn
= Tr[| 0〉〈0 | { X̂ i , X̂ j }/2], which is diagonal and has λsn = 1/2 as doubly degenerate eigenij
value. We compare this to the smallest eigenvalue min(λcov ) of the covariance matrix of the
synchronized VdP oscillator. Squeezing below shot noise occurs for values min(λcov ) < 1/2.
Interestingly, the synchronized VdP oscillator does feature squeezing below shot noise
at small detuning and sufficiently large forcing. As shown in Fig. 3.8, for a fixed detuning,
squeezing becomes stronger if the external force F is increased, eventually dropping below
the shot noise value. In combination with Fig. 3.2(b), we conclude that approximately the radial direction is squeezed. Since squeezing below the shot noise level occurs mainly at small
detuning, it occurs mostly within the regime of overdamped phase motion, but can reach into
the underdamped regime as well. However, approaching the classical Hopf bifurcation, i.e.,
the instability of the effective model, by increasing the detuning ∆, the squeezing necessarily
decreases since the Wigner density smoothly transforms back into a (circular) limit cycle.
This parameter dependence of the absolute squeezing can also be directly explained from
the squeezing Hamiltonian, Eq. (3.4). At first sight squeezing depends on the steady state of
the system, i.e., βss , and thus has an intricate dependence on all parameters. However, we
generally observe that large forcing F leads to large values of |βss |. Notably, the squeezing
Hamiltonian does not depend on this absolute value, but on the complex value β2ss instead.
Investigating the steady state Wigner density of the synchronized VdP oscillator, we observed
in Fig. 3.1(b) a crucial dependence on the detuning: Although the value |βss | does slightly
decrease with ∆, the more important effect is a rotation in phase space, corresponding to
a change of the synchronization phase. Thereby βss transforms from an almost real quantity to an almost purely imaginary quantity, thus significantly decreasing the real part of β2ss
even if its modulus would be conserved completely. Therefore, we can conclude that large
squeezing appears if the force is sufficiently large compared to the detuning such that the
synchronization phase (the peak position of the phase distribution) is close to the ideal value
of 0 or π.

3.8.5 Long time evolution of coherent synchronization dynamics
In Sec. 3.4 we discuss that the synchronization dynamics can preserve quantum coherence
for a significant number of oscillations of the system. Here, in Fig. 3.9, we want to show
how an initially prepared superposition state loses coherence and finally relaxes to the synchronized steady state. We numerically simulate the full quantum model to stress that this
behaviour, expected due to a sufficiently small dephasing rate obtained from our effective
quantum model, can indeed be observed (although quantitative deviations occur). The beginning of this time evolution is also shown and described in Fig. 3.3, but will be repeated
here for completeness.
Starting with a superposition state, Fig. 3.9(a), the Wigner density shows interference
fringes with negativities. The synchronization dynamics described by the full master equation (3.1), leads to rotations around the classical steady state (yellow cross), Fig. 3.9(b). The
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Figure 3.9: Long time evolution of coherent synchronization dynamics.
Wigner denisties
¡¯
® ¯
®¢
W (x, p, t ) of (a) an initial superposition state |Ψ(t = 0)〉 ∼ ¯βss + 2 + ¯βss − 2 , (b)-(d) several
snapshots at later times, and (e) the final steady state. The underdamped synchronization
phase dynamics rotates the state around the classical steady-state solution (yellow cross).
The interference fringes vanish due to dephasing and a classical mixture of displaced states
remains, still rotating around the classical steady state. The displaced states eventually merge
to the steady state on a timescale set by the damping. (e) and (f ) show cuts of the Wigner
densities, i.e. W (p, x = 0, t ), as a function of time. These time evolutions clearly show that
dephasing and relaxing into the steady state occur on separate timescales. Parameters as in
Fig. 3.3: γ2 /γ1 = 0.1, F /γ1 = 1.5 × 103 , and ∆/γ1 = 7 × 102 . (This figure has previously been
published in the Supplemental material of [21].)

frequency of these oscillations is, approximately, given by Ωeff determined from the effective
model. Due to dephasing, the interference fringes start to fade out, Fig. 3.9(c), (f) and (g),
and disappear after many oscillations of the system. Fig. 3.9(c) shows a snapshot after almost 20 oscillations, where the clear interference fringes have disappeared and only a small
area of slightly negative Wigner density values remains. However, the system is still far from
its steady state, because the timescale set by the dephasing can be vastly different from the
timescale set by the damping rate. In the example shown here, the state becomes a classical mixture of two displaced states first. Those displaced states merge at much later times,
Fig. 3.9(d), and finally form the synchronized steady state of the system, Fig. 3.9(e). Fig. 3.9(f)
and (g) show cuts along the momentum axis of the Wigner densities as a function of time.
The damping, i.e. the relaxing towards the steady state, can be viewed best in the long time
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Figure 3.10: Full and effective spectrum. The spectrum S(ω) of a synchronized VdP oscillator
obtained from the full master equation (3.1), and the corresponding S eff (ω) calculated analytically from the effective quantum model (dashed green lines). The three curves show the
spectrum for different detuning ∆/γ1 = 0 (black), ∆/γ1 = 2 × 104 (blue), and ∆/γ1 = 5 × 104
(red). The effective spectrum features two (possibly degenerate) peaks close to ±Ωeff , and
cannot capture the third peak appearing at larger detuning. Parameters as in Fig. 3.5(a). (This
figure has previously been published in the Supplemental material of [21].)

evolution Fig. 3.9(f). To clearly see the dephasing, i.e. the loss of coherence in form of vanishing negativities in the Wigner density, Fig. 3.9(g) zooms into the first part of the long time
evolution.

3.8.6 Analytical spectrum
In the over- and underdamped regime we can also obtain the spectrum from the analytical
solution to our effective model. We start from Eq. (3.4), the squeezing Hamiltonian, and write
down the quantum Langevine equations,
p
Γ
γ2
δb̂˙ = i ∆δb̂ − δb̂ − β2ss δb̂ † + Γξ̂ ,
2
2
p †
Γ
γ2
δb̂˙ † = −i ∆δb̂ † − δb̂ † − β∗2
ss δb̂ + Γξ̂ .
2
2

(3.15)
(3.16)


®
Here the noise operators ξ̂ and ξ̂† represent white noise, fulfilling ξ̂† (t )ξ̂(t 0 ) = n̄δ(t − t 0 )

®
and ξ̂(t )ξ̂† (t 0 ) = (n̄ + 1)δ(t − t 0 ) and n̄ = 1/(4γ2 |βss¯|2 /γ¯1 − 1) is obtained from the dissipation
rates of Eq. (3.3), i.e. we identified γ1 ≡ n̄Γ and 4γ2 ¯βss ¯ 2 ≡ (n̄ + 1)Γ. Eqs. (3.15) and (3.16) are
easily solved in Fourier space where the problem
to finding the´ inverse of a 2 × 2´ +∞ simplifies
+∞
i ωt
matrix. Choosing the convention δb̂(ω) = −∞ d t e δb̂(t ) and δb̂ † (ω) = −∞ d t e −i ωt δb̂ † (t )
we find
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p
−γ2 β2ss Γ

p
[−i (ω − ∆) + Γ/2] Γ

ξ̂(ω) − 2
ξ̂† (−ω) ,
2
2
2
2
4
2
4
∆ − (ω + i Γ/2) − γ2 |βss |
∆ − (ω + i Γ/2) − γ2 |βss |
p
p
∗2
−γ2 βss Γ
[−i (ω + ∆) + Γ/2] Γ
†
δb̂ (ω) = − 2
ξ̂(ω) + 2
ξ̂† (−ω).
∆ − (ω + i Γ/2)2 − γ22 |βss |4
∆ − (ω + i Γ/2)2 − γ22 |βss |4
δb̂(ω) =

´ +∞

®
Within the effective model the fluctuation spectrum S eff (ω) = −∞ d t e i ωt δb̂ † (t )δb̂(0) =
´ +∞ d ω0  †
®
0
−∞ 2π δb̂ (−ω)δb̂(ω ) can be obtained from this solution by evaluating the relevant noise
correlators. We find
£
¤
Γγ22 |βss |4 + n̄Γ (Γ/2)2 + γ22 |βss |4 + (ω + ∆)2
ih
i.
S eff (ω) = h
p
p
(ω − ∆2 − γ2 |βss |4 )2 + (Γ/2)2 (ω + ∆2 − γ2 |βss |4 )2 + (Γ/2)2
q
This spectrum features peaks close to ω = ± ∆2 − γ22 |βss |4 ≡ Ωeff .
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CHAPTER

4

C LASSICAL NONLINEAR DYNAMICS OF
TOPOLOGICAL TRANSPORT IN BOSONIC MODELS

In this chapter we discuss first results from our ongoing work about classical nonlinear dynamics of topological insulators in bosonic systems. While the previous chapters of this thesis dealt with at most two coupled nonlinear oscillators, here we turn to investigate large
lattices. We introduced topological insulators in Sec. 1.2 and want to start off this chapter
by reviewing important nonlinear processes in order to motivate the combination of both.
Several bosonic systems have been found to show topological edge states, e.g., photonic systems [66], ultracold atoms [199], magnons [200, 201], and various phononic systems [63–
65, 67, 202, 203]. While studies based on single-particle Hamiltonians lead to similar results
for bosonic and fermionic systems, fundamental differences arise when it comes to nonlinearities and interactions. Here we focus on the classical dynamics of bosonic systems. First
examples of nonlinear bosonic systems with topologically protected edge states have been recently studied. We give an overview about these previous results and then introduce the half
Bernevig-Hughes-Zhang (BHZ) model, which describes a Chern insulator with well-known
properties. This is the linear lattice model featuring topological transport which we then investigate in the presence of a local Kerr-like nonlinear interaction. In particular, we present
a linear stability analysis that gives insight into the unstable scattering processes out of the
linear topological edge state enabled by the nonlinearity. Moreover, we study the time evolution of the nonlinear Chern insulator on a finite strip with periodic boundary conditions. We
relate the observed behaviour after some intermediate time to our results obtained from the
linear stability analysis. However, eventually the edge state becomes unstable and radiates
into the bulk.
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4.1 Nonlinear phenomena
Let us consider for a moment light traveling though a nonlinear medium [204]: In a nonlinear
medium the response of the material to the light scales not linearly with the light amplitude,
but with some higher power of the light amplitude, which defines the order of the nonlinearity. For example, a second-order nonlinearity leads to a quadratic response, while, in a Hamiltonian formulation, it is described by a combination of three operators. An important difference between linear and nonlinear media is that the former cannot change the frequency
of the impinging light, but the latter does. A second-order nonlinearity enables three-wave
mixing, i.e., it allows processes that involve three “waves” or already using a “quantized” description, three photons. One example of a three-wave mixing process is second harmonic
generation which combines two photons of the input frequency ω to an output frequency 2ω.
This is actually used commercially to, e.g., convert laser light to other spectral ranges. Sumand difference-frequency generation are also three-wave mixing processes. They combine
for example two incoming frequencies ω1 and ω2 to an output frequency ω1 + ω2 or convert
an incoming frequency ω1 into a frequency ω1 −ω2 and a photon of frequency ω2 (to fulfill energy conservation). Note that difference frequency generation can take place via stimulated
emission if both frequencies ω1 and ω2 are sent into the nonlinear material. In this case one
speaks of parametric amplification because the incoming ω2 frequency is amplified in this
process. On the other hand, in a process called parametric downconversion a single input
frequency is sufficient and the output frequencies are produced via spontaneous emission.
In a rather similar fashion, higher-order nonlinearities lead to higher-order harmonic
generation and higher-order frequency mixing. Later in this chapter, we will consider a thirdorder nonlinearity, which is often referred to as a Kerr-nonlinearity. This is because, in addition to four-wave mixing, it also gives rise to another nonlinear effect (called the Kerr-effect):
Depending on the intensity of the light inside the nonlinear medium its refractive index is
changed. This can lead to self-focusing inside the nonlinear material (depending on the sign
of the refractive index change), i.e., the light is focused towards regions where the intensity
of light is higher. This is just one possible self-action effect, where the light modifies its own
propagation by nonlinearly changing the material properties.
Notably, because even the linear response is not instantaneous, real materials give rise to
dispersion, i.e., different frequencies travel through the medium at different speeds. This implies that a wavepacket sent through a medium (even a linear one) will be broadened due to
its different frequency components. Most interestingly, a nonlinear medium allows to compensate for dispersion. Of course, this is not only the case for optical nonlinear systems: It is
known that generally nonlinear Schrödinger equations, which can describe rather different
physical situations, can feature so-called solitons [205]. Solitons are localized wavepackets
that propagate through the nonlinear medium, preserving their shape. Furthermore, solitons remain unchanged (up to a phase) when interacting with other solitons. If this second
criterion is not fulfilled, one speaks of a solitary wave instead. The origin of solitons is the
cancellation of dispersion due to counteracting nonlinear effects. Solitons that appear as a
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peak are called bright solitons, while so-called dark solitons appear as dips within some background. Both self-repulsive and self-focusing nonlinearities can in principle lead to solitonic
solutions.
These examples of nonlinear behaviour give just a small insight into the amount of phenomena that can be explored beyond the linear regime. Topological insulators themselves
represent a highly interesting, fast developing field of research [68], but they are most often
discussed in the context of linear, i.e., noninteracting systems. In the following, we want to
investigate how topological effects in bosonic systems are affected by nonlinearities. Interesting questions range from the fate of topological edge states in the presence of a nonlinearity,
to the idea of nonlinearly changing the (local) topology. In particular, the emergence of solitons in topological insulators play a central role in the literature existing so far. We give a brief
overview about those results in the next section.

4.2 Brief overview: Nonlinear topological insulators
Recently, the idea of combining bosonic topological insulators with nonlinearities lead to
first theoretical studies. It has been shown that already weak nonlinearities can be used to
generate interesting effects, e.g., they can give rise to novel topological states [166, 206, 207].
In these studies however, it is sufficient to use a linearized model, i.e., a general Bogoliubov
Hamiltonian. This is a bilinear Hamiltonian (thus leading to linear equations of motion),
which includes squeezing terms, that can, e.g., originate from weak nonlinear interactions
in a Bose-Einstein condensate [206, 207] or can be generated using a nonlinear crystal or an
optomechanical system [165]. It is even possible to make use of the thereby arising topological protection to engineer a non-reciprocal amplifier [165]. In this thesis, however, we are
interested in truly nonlinear behaviour instead of effects that can be engineered via nonlinearities. Such behaviour has also been addressed in several recent publications. While the
involved nonlinearity typically was Kerr-like, various different geometries (e.g. honeycomb
[208, 209], Kagome [210], square [211], SSH [212] lattices) were investigated using different
combinations of numerical and approximative methods.
Several studies are based on photonic Floquet topological insulators [208, 209, 211]. In
Ref. [208] self-localized, rotating wavepackets in the bulk are found. This can be understood
as a nonlinearity-induced local defect in the bulk that forms a small domain with different
topology, thus creating an artificial edge within the bulk. The wavepacket at the same time
creates this defect located in the bulk bandgap and populates the associated chiral edge state.
The authors refer to these localized wavepackets as solitons, that appear for both attractive
and repulsive nonlinearity. The solitons they find are long-lived and recreate their shape
periodically, although they are finally unstable.
Localized nonlinear edge modes (at the real edge of the system) were found and studied
in Ref. [209]. It was demonstrated that those unidirectional nonlinear edge modes profited
from topological protection, while in the topological trivial case they were slowed down due
to scattering. These results were found by describing the edge of the 2D system with a 1D
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nonlinear Schrödinger equation. In Ref. [211], a numerical study based on a square lattice,
edge solitons were found both in the topologically trivial and nontrivial phase. In particular,
the topologically trivial phase leads to a topology-inducing traveling edge soliton, which can
be explained similar to the solitons in [208]: The nonlinearity itself induces the conditions
for a local edge state. In contrast, if the underlying linear model is topologically nontrivial,
the nonlinear system gives rise to solitons of various powers which inherit some robustness
against perturbations of the edge channel. This is not the case for the self-induced solitons,
although both types can cope with corners and site-defects without backscattering.
Similar results were found in Ref. [212] for a nonlinear 1D system. There, a SSH array was
investigated and with increasing strength of the nonlinearity a transition from the topologically trivial to a topological nontrivial phase was observed, resulting also in edge solitons.
Another very recent study of a 1D bosonic dimer chain focuses on topological gap solitons
and their behaviour in contrast to non-topological gap solitons [213].
Having implementations with exciton-polaritons in mind, Ref. [214] shows first the existence of a stationary topological nonlinear edge state, which, however, is unstable. This
instability leads to the creation of topological quasi-solitons - long-lived localized traveling
edge solitons that weakly radiate into the bulk. These quasi-solitons can travel around corners and defects and even along short passages where the linear model does not support an
edge state. In [210] several different types of edge solitons are identified on a Kagome lattice
and it is shown that they are not merely solitary waves, but true solitons in the sense that they
don’t scatter amongst themselves.
In Ref. [215] topological states in a nonlinear optical network forming a Z2 -topological
insulator where investigated. There it was found that the topological edge states can be stable
even within the nonlinear regime.
Note that generally the interactions in a Bose-Einstein condensates are described by the
Gross-Pitaevskii equation which contains a cubic, Kerr-like nonlinear term. Several studies
of topological properties in interacting Bose-Einstein condensates have been recently published [216, 217] and contribute to the knowledge about the interplay of topology and nonlinear behaviour. For example, Ref. [217] finds that an increased intensity (and thus stronger
nonlinearity) can lead to a “topological inversion”, where the signs of the Chern numbers are
reversed. This implies that the propagation direction of the edge channel is changed due to
the nonlinear interaction.

4.3 The half BHZ model
In this section we introduce the linear topological insulator model that we investigate in the
following sections with an additional nonlinear term. We aim for the simplest tight-binding
model that has nontrivial topological properties. In order to keep the implementation simple, we want to consider only nearest-neighbour interactions on a square lattice. These criteria are met by the half BHZ (Bernevig-Hughes-Zhang) model [218]. This is a widely studied
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Figure 4.1: Half BHZ model. An illustration of the coupling terms in Hamiltonian (4.1). The
underlying square lattice has two orbitals per lattice site. There is a real-valued tunneling amplitude B between same orbitals on neighbouring sites, while the spin-orbit-like interaction
A between different orbitals on neighbouring sites has either a real-valued amplitude (topdown interaction) or an imaginary-valued amplitude (left-right interaction). The sketched
coordinate systems on the left illustrate our conventions for x- and y-direction as well as the
indices n, m in this chapter.

model of a Chern insulator with well-known properties, which can be used as a reference for
our results in the nonlinear regime.
First, consider a square lattice with two orbitals per site, labeled a- and b-orbital. Introducing nearest-neighbour hopping B for both orbitals separately leads to two independent
bands. Then, introducing an additional nontrivial hopping A between the orbitals on neighbouring sites, leads to the Hamiltonian of the half BHZ model

h
i
1 X³
†
†
2W â nm
b̂ nm
â nm − b̂ nm
2 n,m
i
h
†
†
†
†
b̂ nm − b̂ n+1m
b̂ nm + h.c.
+ B â nm+1
â nm + â n+1m
â nm − b̂ nm+1
´
i´
h ³
´ ³
†
†
†
†
â nm − â n+1m
b̂ nm − b̂ n+1m
â nm + h.c. .
+ A −i â nm+1
b̂ nm + b̂ nm+1

ĤB H Z =
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Here, W determines the energy difference between the two orbitals (also called mass term)
and m, n label the sites in x- and y-direction respectively, see Fig. 4.1 for an illustration of the
coupling terms and direction conventions. Originally, this model was put forward in the context of semiconductor physics, where the coupling A originates from spin-orbit coupling for a
fixed spin. Here, we focus on the picture of a bosonic lattice with two orbitals per unit cell and
â nm and b̂ nm are bosonic annihilation operators for the a-orbital or b-orbital, respectively.
Note that the half BHZ model, Eq. (4.1), breaks time-reversal symmetry and describes
a Chern insulator. In contrast, the (full) BHZ model basically doubles the Hilbert space (by
including both “spin up” and “spin down”) to preserve time-reversal symmetry instead, which
gives rise to a Z2 -topological insulator. A didactic introduction addressing both the half and
the full BHZ model can be found, e.g., in Ref. [69].
To study the bulk properties of the half BHZ Hamiltonian (4.1), we assume translational
symmetry in x- and y-direction and make a plane wave ansatz,
1 X i~k~r
â nm = p
e â~k
V ~k
1 X i~k~r
b̂ nm = p
e b̂~k .
V ~k

(4.2)

Here, we used ~
k = (k x , k y )> and ~
r = (m, n)> , where we set the lattice constant to d = 1, and
V denotes the volume. Introducing the ansatz (4.2) into the Hamiltonian³ (4.1),´we only need
p
¡
¢Ö
P
P
0
to use j e i (k−k ) j = V δkk 0 to express the bulk Hamiltonian as Ĥ = ~k â~† b̂~† h(~
k) â~k b̂~k
k k
with
¡
£
¤¢
h(~
k) = W + B cos(k x ) + cos(k y ) σz + A sin(k x )σx + A sin(k y )σ y

(4.3)

and σx,y,z the Pauli matrices. The eigenvalues of h(~
k) can be readily obtained as
q¡
£
¤¢2
E (k x , k y ) = ± W + B cos(k x ) + cos(k y ) + A 2 sin2 (k x ) + A 2 sin2 (k y ),

(4.4)

and describe the bulk band structure. The band structure consists of two bands that are
symmetrically arranged around E = 0, see Fig. 4.2(a). For most parameter values there exists
a bandgap: Only if W /B = 0 or W /B = ±2 the bandgap closes and the bands touch for specific
k x and k y values.1 Here, we focus on the parameters where indeed a bandgap exists and the
system is clearly insulating.
The next step is to characterize the topological properties of the half BHZ model. Therefore, the Chern number Q of the lower band is of particular interest and allows to distinguish
the topologically trivial Q = 0 situation that does not feature edge states, from topologically
nontrivial situations. For the half BHZ model one finds [69]
1 There are also trivial cases that require at least one coupling amplitude, A and/or B , to be zero.
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Figure 4.2: Edge states in the half BHZ model. (a) The bulk band structure of the half BHZ
model featuring a bandgap. The Chern number of the lower band is Q = −1. Parameters:
W /B = −1.5, A/B = 1. (b) Introducing edges to the system, i.e., calculating the band structure
on a strip of, e.g., 30 sites in y−direction but still infinitely extended in x−direction, leads to
edge states inside the bandgap. In (c) we show that these edge states are indeed localized
at
of the lattice, by showing the probability distribution along the lattice sites
¯ the two edges
¯
¯〈Ψn | Ψedge 〉¯ 2 (this implies adding the probabilities for a- and b-orbitals on each site). The
state localized at the upper (lower) edge corresponds to the negative (positive) slope in (b)
and has a negative (positive) group velocity, i.e., leads to transport to the left (right).
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+1
Q=

−1




0

if 2 < W /B
if 0 < W /B < 2
if − 2 < W /B < 0

,

if W /B < −2

i.e., at most one edge state per edge.
Let us now introduce edges to our model to find the edge state predicted by the topological properties of the Hamiltonian (4.1). Instead of assuming translational invariance in both
directions of our two-dimensional system, we keep the translational invariance in x-direction
(and thus k x as a “good” quantum number), but consider only a finite number of sites in ydirection (labeled with the index n). This system now features two edges (an upper and a
P
lower edge in y-direction, see sketch in Fig. 4.2(b)). Introducing â nm = p1 k x e i k x m â k x n
V
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4. Classical nonlinear dynamics of topological transport in bosonic models
P
and b̂ nm = p1 k x e i k x m b̂ k x n into Eq. (4.1) leads to the following Hamiltonian for a oneV
dimensional strip,

µ h
i
h
i
i Bh
†
†
â n+1
â n − b̂ n+1
b̂ n + h.c. + B cos(k x ) â n† â n − b̂ n† b̂ n
W â n† â n − b̂ n† b̂ n +
Ĥ1D =
2
k x ,n
(4.5)
h
i¶
i Ah
†
†
†
†
−A sin(k x ) â n b̂ n + b̂ n â n −
â
b̂ n − b̂ n+1 â n + h.c. ,
2 n+1
X

where we now suppressed the k x index of the operators. This Hamiltonian can be diagonalized to obtain its eigenvalues, i.e., the band structure and the corresponding eigenstates.
Because of the finite number of sites in y-direction the 1D-band structure, see Fig. 4.2(b),
consists of separate lines (their number is determined by the number of sites and orbitals per
site) that are bunched together into bulk bands (shown in grey). The edge states, marked in
red, are the only states that have energies lying inside the former bandgap. The Chern number for the shown parameters is Q = −1, i.e., there has to be one edge state per edge, which
results in two lines crossing the bandgap because of the two edges of the system. In Fig. 4.2(c)
we show that the corresponding eigenstates of the system are indeed localized at the respective edge when the corresponding eigenenergy is well within the bandgap (colored in red).
Here, this is the case for quasimomenta around k x = 0. Furthermore, the sign of the Chern
number, i.e., Q < 0 determines the chirality to be anti-clockwise. Thus, the state localized at
the upper edge moves to the left, which is also visible in Fig. 4.2(b), where the slope of the corresponding eigenvalue is negative. Accordingly, the line crossing the bandgap with a positive
slope corresponds to a right-moving state, localized at the lower edge.

4.4 Nonlinear model
As seen in the previous section, a (Chern) topological insulator can be realized in a linear
model, i.e., corresponds to a bilinear Hamiltonian. We now want to study how such linearly
generated topological transport is affected by nonlinear interactions and explore the corresponding nonlinear dynamics. In particular, we investigate the dynamics of a topological
Chern insulator in the presence of a local nonlinearity. Our nonlinear model is based on the
above explained half BHZ model which features well-known chiral edge states. We consider
the classical equations of motion associated to Hamiltonian (4.1), add a cubic nonlinear term,
and find
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Figure 4.3: Exciting a nonlinear topological insulator. The initial conditions, i.e., the way of
exciting states in a nonlinear system determine which aspects of the nonlinear system can be
studied. Possible approaches are: (a) To start with a specific state on the lattice, e.g. a linear
edge state. (b) To launch a wavepacket at the edge of an empty lattice. The wavepacket could
also be positioned in the bulk instead. (c) To continuously drive the system at one (or several)
sites, typically also including damping.

i ȧ nm = W a nm +

B
(a nm+1 + a n+1m + a n−1m + a nm−1 )
2

A
(i b nm+1 + b n+1m − i b nm−1 − b n−1m ) + β|a nm |2 a nm
2
B
i ḃ nm = −W b nm − (b nm+1 + b n+1m + b n−1m + b nm−1 )
2
A
+ (i a nm+1 − a n+1m − i a nm−1 + a n−1m ) + β|b nm |2 b nm .
2
+

(4.6)

This can also be written in a more concise form:
i Ψ̇ j =

X

¯ ¯2
H j l Ψ j + β ¯Ψ j ¯ Ψ j .

(4.7)

l

Here, Ψ = (a 11 b 11 a 12 b 12 . . . a N M b N M )> is a vector containing the classical amplitudes of both
orbitals on all M × N lattice sites and H is a matrix containing the mass term and all linear coupling elements described by Hamiltonian (4.1). The last term is a local cubic nonlinearity which can be understood as a Kerr nonlinearity (without cross-Kerr coupling, i.e., no
P
†
†
|a nm | 2 b nm or |b nm | 2 a nm terms), coming from a Hamiltonian Ĥ N L = n,m â nm
â nm
â nm â nm +
†
†
b̂ nm b̂ nm b̂ nm b̂ nm . The strength of the
¯ nonlinearity
¯2
¯ ¯ is determined by β, however its relevance
also depends on the local intensity ¯Ψ j ¯ via ¯Ψ j ¯ 2 Ψ j .
Note that a linear system is fully characterized by investigating the eigenstates and eigenvalues of the corresponding Hamiltonian. If we know the band structure, we can predict the
behaviour of this system no matter how it is actually excited. In contrast, this is no longer
possible for a nonlinear system where the concept of a usual band structure fails. One can
study several physically different situations, see illustrations in Fig. 4.3, to learn about differ-
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Figure 4.4: System and initial state. (a) Sketch of the lattice configuration used for numerical simulations: A quasi-infinite strip with periodic boundary conditions in x-direction and
edges in y-direction. (b) We use the linear edge state localized at the upper edge as an initial
state and distribute weak Gaussian noise on top of it. The grid has dimensions M ×N = 84×15.
We show the total intensity |a nm | 2 + |b nm | 2 on each site, which is (apart from the noise)
smoothly distributed along the edge. (c) and (d) show the real and imaginary part of the complex amplitude of the a-orbital on the sites close to the upper edge (b-orbitals look similar).
Here the choice of k 0 d = −π/7 becomes visible in the spatial oscillation. Other parameters:
W /B = −1.5, A/B = 1, and the standard deviation of the initial Gaussian noise σ = 0.005.

ent aspects of the nonlinear dynamics. While we will choose to initially populate the lattice
with a linear edge state, several other options exist. One could instead launch a wavepacket,
either at the edge or also in the bulk. Furthermore, one could periodically drive one (or several) lattice sites - for example at the edge with a frequency in the linear bulk bandgap, thus
continuously exciting the linear edge state. Note that Eq. (4.7) describes a closed system, but
can easily be expanded to include, e.g., continuous driving and damping.
In the following, we study the nonlinear dynamics of an empty lattice of dimensions
M × N on which we prepare a specific initial state. To avoid, e.g., effects due to the corners
of such a rectangular sample, we consider a strip with quasi-infinite extension inx-direction
and a finite number of sites in y-direction, Fig. 4.4(a). This is achieved by simulating a sufficiently large number of sites in x-direction and then introducing periodic boundary conditions between the leftmost and rightmost site. The system is initially populated with a linear
edge state obtained for an (truly) infinite strip, cf. Sec. 4.3. In particular, we choose the state
located at the upper edge of the system and distribute weak Gaussian noise on top of this, see
Fig. 4.4(b). This Gaussian noise acts as a seed for the nonlinear behaviour.
Let us add some technical remarks before moving on to our results: As discussed in
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4.5. Linear stability analysis on a strip
Sec. 4.3, the ansatz for an infinite strip relies on the translational invariance in one direction.
We choose one linear edge state Ψ̄ within the bulk bandgap by fixing a suitable k 0 and determining the eigenstate of Hamiltonian (4.5) that is localized at the upper edge. To transfer this
as an initial state to our quasi-infinite strip, we have to use our ansatz, i.e., a mn = e i k0 m a k0 n
and b mn = e i k0 m b k0 n , to find the amplitudes on the sites along the x-direction. The involvement of periodic boundary conditions leads to the condition k x = 2πm/M where m ∈ N, i.e.,
only certain values k x = k 0 are allowed on a lattice with M sites in x-direction. This ensures
a smooth transition from the leftmost site to the rightmost site of the lattice and can be seen
in the complex amplitudes which show spatial oscillations along the edge, Figs. 4.4(c) and
(d). In contrast, the intensity on each column of the strip is identical apart from the Gaussian
noise that we distribute on top of the actual edge state, Fig. 4.4(b).
In the following section 4.5 we want to gain some insight into the expected behaviour of
this situation via a linear stability analysis. Then, in Sec. 4.6, we present a numerical simulation of the above described quasi-infinite lattice and observe the effects of the nonlinearity
as time evolves.

4.5 Linear stability analysis on a strip
In this section we investigate the stability of the linear edge state on a strip with respect to
the nonlinear equations of motion. The idea is to consider effects of a relatively weak nonlinearity, which does not affect the linear band structure too much, but enables additional
nonlinear processes. Furthermore, it is initially not clear that a stationary steady state to the
nonlinear equations and a nonlinear analogue to the linear edge state exists. We note that
in Ref. [214] an unstable nonlinear edge state was identified and Ref. [215] even predicts a
stable edge state in the nonlinear regime for a Z2 -topological insulator. However, because of
the different underlying models for the respective topological insulators these results cannot
be straight-forwardly transferred to our system. Thus, we start with a linear edge state, which
is an eigenvector of the matrix H , i.e., H Ψ̄ = ω0 Ψ̄, and solves the linear equation i Ψ̇ = H Ψ
trivially via Ψ(t ) = e −i ω0 t Ψ̄.
To determine the stability of the state Ψ̄ with respect to the nonlinear equation of motion
(4.7) we make the following ansatz,
¡
¢
Ψ(t ) = e −i ω0 t Ψ̄ + δΨ ,

~˙ = −i M δΨ
~ (such that real parts of the eigenvalues
and aim for an equation of the form δΨ
of the linear stability matrix M correspond to frequencies and imaginary parts to damping).
Here, δΨ denotes general deviations from the solution to the linear model. We insert the
ansatz into the nonlinear equation of motion (4.7) and find
ω0 Ψ̄ j + ω0 δΨ j + i δΨ̇ j =

X

¯ ¯
¯ ¯
H j l Ψ̄ j + H j l δΨ j + β ¯Ψ̄ j ¯ 2 Ψ̄ j + βΨ̄2j δΨ∗j + 2g ¯Ψ̄ j ¯ 2 δΨ j

l
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where we neglected terms combining two or more δΨ j and multiplied the full equation with
e i ω0 t , i.e., switched to a frame rotating at ω0 . Because Ψ̄ is assumed to be an eigenvector of
the linear matrix H , we use ω0 Ψ̄ = H Ψ̄ and drop these terms on the right and left hand
¯ ¯2side
of Eq. (4.8). Furthermore, we neglect a constant shift due to the nonlinear term β ¯Ψ̄ j ¯ Ψ̄ j .
This leads to
³ ¯ ¯
´
X¡
¢
i δΨ̇ j =
H j l − ω0 δΨ j + β 2 ¯Ψ̄ j ¯ 2 δΨ j + Ψ̄2j δΨ∗j .
(4.9)
l

To proceed we make use of the translational symmetry in x-direction, cf. Sec. 4.4. Then, the
vector Ψ̄ contains all amplitudes Ψ̄ = (a 1 b 1 a 2 b 2 . . . a N b N )> on a single column of the lattice,
such that the index now labels the sites in y-direction only. The full solution Ψ̄ j (x) can be
expressed as Ψ̄ j (x) = e i k0 x Ψ̄ j where x = n · d is the position in the infinitely extended direction and d denotes the lattice constant (which we set to 1). While the analyzed state Ψ̄
corresponds to a specific quasimomentum k 0 , its stability has to be investigated with respect
to deviations of all possible quasimomenta q. Thus, we make the following ansatz,
³
´
δΨ = e i k0 x e i q x δΨ+ + e −i q x δΨ− ,

(4.10)

and insert it into (4.9). Splitting the result into one equation for terms rotating with e i (k0 +q)x
and another equation for terms rotating with e i (k0 −q)x we find
i δΨ̇ j + =

X¡

i δΨ̇ j − =

X¡

l
l

¯ ¯
¢
H j l (k 0 + q) − ω0 δΨ j + + 2β ¯Ψ̄ j ¯ 2 δΨ j + + βΨ̄2j δΨ∗j −
¯ ¯
¢
H j l (k 0 − q) − ω0 δΨ j − + 2β ¯Ψ̄ j ¯ 2 δΨ j − + βΨ̄2j δΨ∗j + .

(4.11)

Note that H (k x ) is a matrix containing all linear terms originating from the Hamiltonian for a
strip, Eq. (4.5), and thus depends on a quasimomentum k x , which in the equations above, is
¡
¢
~ = δΨ+ δΨ− δΨ∗+ δΨ∗− > we can finally set up the linear stability
k 0 ±q. Defining the vector δΨ
matrix M and analyze its eigenvalues λ for different k 0 and q values.
βΨ̄2j









δΨ̇+
δΨ̇−
δΨ̇∗+
δΨ̇∗−

H (k 0 + q)
¯ ¯

 −ω0 + 2β ¯Ψ̄ j ¯ 2








 = −i 






−βΨ̄∗2

j

H (k 0 − q)
¯ ¯
−ω0 + 2β ¯Ψ̄ j ¯ 2
−βΨ̄∗2
j

βΨ̄2j
−H (k 0 +
¯ q)¯
+ω0 − 2β ¯Ψ̄ j ¯ 2
−H (k 0 − q)
¯ ¯
+ω0 − 2β ¯Ψ̄ j ¯ 2

















δΨ+
δΨ−
δΨ∗+
δΨ∗−

(4.12)
¯ ¯2
Here, the index j inside the matrix, ¯Ψ̄ j ¯ or Ψ̄2j , indicates that the (absolute) square of the
entries of the vector Ψ̄ is meant, cf. Eq. (4.11). This linear stability matrix features 2 × N × 4
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Figure 4.5: Instabilities due to nonlinearity. (a) and (c) show nonlinearity-enabled, unstable
scattering processes from the linear edge state marked with a blue cross in the linear band
structure (grey). The color code shows the imaginary part of the corresponding eigenvalues of
the linear stability matrix, i.e., quantifies the instability. Only unstable eigenvalues, i.e. where
Im[λ/B ] > 0, are shown. Unstable energies/quasimomenta appear in pairs with ±q and ±ω
(as indicated for one example). (b) and (d) show unstable energies of the same linear edge
state as in (a) k 0 d = −π/7 and (c) k 0 d = π/7, as a function of the nonlinearity strength β/B .
Parameters: W /B = −1.5, A/B = 1, and for (a) and (c) β/B = 0.05.

4. Classical nonlinear dynamics of topological transport in bosonic models
eigenvalues for each k 0 and q, where 2 × N is the dimensionality of the strip of N sites with
two orbitals each and the factor ×4 is due to the four deviations δΨ+ , δΨ− , δΨ∗+ , δΨ∗− .
We can now analyze the stability of any edge state for a fixed k 0 by determining the eigenvalues of the linear stability matrix M for all quasimomenta q within the first Brillouin zone.
The bare eigenvalues of the above defined matrix M have to be understood with respect to
the analyzed state and thus have to be shifted appropriately in quasimomentum and energy
to be displayed in Fig. 4.5. In Figs. 4.5(a) and (c) we show (in grey) the linear band structure.
The blue cross indicates k 0 and the corresponding energy of the edge state Ψ̄ for which we
perform the linear stability analysis. If the nonlinearity is weak we expect the linear band
structure to be a good approximation of available energy levels. The nonlinearity, due to its
quartic nature on the Hamiltonian level, allows for scattering processes creating two excitations at once. To fulfill momentum and energy conservation we can expect processes that
create excitations at ±q and ±ω at the same time and end up at (or at least close to) existing
bands. All other processes are highly suppressed. Additionally, some processes (that would
fulfill the just stated criteria) are suppressed because the mode overlap between the analyzed
edge state and the target state is small. As an extreme example consider a scattering process
to the edge state at the other (in this scenario lower) edge, which might be allowed by energy
and momentum conservation. Still, the spatial separation of these localized modes highly
suppresses such scattering processes.
In Fig. 4.5(a) and (c) we find exactly this behaviour: Instabilities show up symmetrically around the analyzed state (preserving energy and momentum), but only close to existing bands. Note that the shown instabilities are actually grouped in small regions around
favourable transitions. These separate small regions come about due to the finite number of
sites in y-direction and thus the separation of energy states in the band structure.
The interpretation of instabilities as combined scattering processes towards states at ±q
and ±ω with respect to k 0 is also supported by the eigenstates corresponding to the unstable
~ represent coupling to one sort of fluctuations only, i.e.,
eigenvalues. Most eigenvectors δΨ
they have (significantly) non-vanishing entries only at δΨ+ or δΨ− or δΨ∗+ or δΨ∗− . The associated eigenvalues of such eigenvectors have vanishing imaginary parts and are thus considered stable. In contrast, non-vanishing imaginary parts come along with eigenvectors describing (almost equal) coupling to two types of fluctuations: Notably, only the combinations
δΨ+ with δΨ∗− , and δΨ− with δΨ∗+ appear. This is again in agreement with momentum and
energy conservation since ± label the opposite shifts in quasimomentum and the normal and
complex conjugate δΨ correspond to opposite shifts in energy.
It is rather surprising to find that the state Ψ̄ corresponding to k 0 is stable with respect to
quasimomenta that deviate only marginally form k 0 , i.e., with very small q, which naively
should fulfill the above stated criteria of momentum and energy conservation. In both
Figs. 4.5(a) and (c), which show the instabilities for edge states of different k 0 , i.e. k 0 d = −π/7
in (a) and k 0 d = +π/7 in (c), there is a finite gap between k 0 and the first unstable quasimomentum k 0 ± q min . This gap can also be seen in Figs. 4.5(b) and (d) for different strengths
of the nonlinearity β (corresponding to the analysis of the same edge state as in (a) and (c)
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4.6. Nonlinear time evolution
respectively). Note, that there the unstable energies (not quasimomenta) are shown as function of β. The colorscale again quantifies the instability of the energies, i.e., corresponds to
the imaginary part of the eigenvalues. Only unstable energies (Im[λ/B ] > 0) are shown. We
attribute the small, disconnected values appearing, e.g., at small β and large energies or the
single pair of points sitting close to the energy of the analyzed edge state (blue line) to numerical inaccuracies. The overall behaviour both in Figs. 4.5(b) and (d) shows that the instabilities
increase with β and the unstable regions broaden. This broadening occurs since a stronger
nonlinearity enables also more processes in the vicinity of transitions exactly matching the
conditions. Moreover, the unstable energies, especially the ones closest to the energy of the
analyzed edge state Ψ̄, are shifted with increasing β. Interestingly, we notice a distinct difference between Fig. 4.5(b), where we show the behaviour corresponding to the edge state with
k 0 d = −π/7, and Fig. 4.5(d), where we show the behaviour corresponding to the edge state
with k 0 d = +π/7. In the former, the energies are shifted further away from the energy of the
edge state, while in the latter they are drawn closer. We generally observe this asymmetry in
behaviour for k 0 d > 0 and k 0 d < 0, but notably the roles are interchanged if we investigate
the state localized at the lower edge instead of the upper edge state. This implies that the
behaviour of the upper and lower edge state is the same when their energies are the same,
i.e., their quasimomenta have opposite sign. It is also interesting to note that the behaviour
of k 0 d > 0 and k 0 d < 0 at the same edge is interchanged if the sign of the nonlinearity β is
flipped (changing from a repulsive to an attractive nonlinearity).
The results of this analysis do not only depend on the strength of the nonlinearity β but
also on the amplitudes of the analyzed state Ψ̄ on all sites. Thus, if the processes described
here lead to a redistribution of amplitude, then this analysis should be repeated for the modified state. In particular, if we now move on to the explicit time evolution of a strip with finite
extension also in x-direction (and periodic boundary conditions), then the nonlinear interaction leads to redistributions and to significant accumulation of intensity at certain sites of
the edge. Eventually such processes drive the system towards a nonlinear regime that is no
longer captured within this linearized description at all. Nonetheless, the unstable processes
identified in this section allow us to predict the amplification and thus appearance of certain
wavelengths on top of the initial edge state on an intermediate timescale. We discuss this in
the next section.

4.6 Nonlinear time evolution
Let us now move on to the full numerical simulation of a quasi-infinite strip, as described in
Sec. 4.4 and shown in Fig. 4.4. We want to gain an overview about the dynamical behaviour of
the nonlinear system and in particular confirm our results from the linear stability analysis.
Therefore, we start off by populating the lattice with a linear edge state at the upper edge and
initially add weak random Gaussian noise at all sites. We simulate the dynamics according to
Eq. (4.7), see Appendix A.3 for details on the numerical method.
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4. Classical nonlinear dynamics of topological transport in bosonic models

Figure 4.6: Nonlinear time evolution of an edge state. (a) Bulk and edge (two uppermost lattice
sites) occupancy in percent of the total occupation on the lattice as a function of time. (b)(e) show the actual a-orbital intensities (b-orbitals look similar) right at the edge (uppermost
lattice sites) for short time periods and at different times in the overall time evolution. (b) The
initial edge state simply redistributes the initial seed fluctuations without yet a clear pattern.
At later times, (c), a periodic spatial pattern starts to evolve, while the total edge occupancy
still remains unchanged, see (a). (d) This spatial oscillation becomes more pronounced as
time evolves and grows in amplitude. If too much amplitude is located at a single site, strong
nonlinear processes can take place, leading to a complicated pattern (e) at the edge while
significantly radiating into the bulk. Parameters: W /B = −1.5, A/B = 1, and β/B = 0.05 on a
N × M = 84 × 15 square lattice.

In Fig. 4.6 we show an overview of the time evolution. Since the linear edge state is unstable with respect to the nonlinear dynamics, see Sec. 4.5, the bulk modes become significantly
occupied in the long-time limit, Fig. 4.6(a). In particular, we show how the bulk and edge
occupancy change as time evolves. Here we include the two uppermost lattice sites into the
¢
P ¡
definition of “edge” occupancy, i.e., we calculate m |a 1m |2 + |a 2m |2 + |b 1m |2 + |b 2m |2 . The
bulk occupancy is simply taken to be the rest of the lattice since the lower edge state is not occupied at all. Notably, Fig. 4.6(a), the bulk and edge occupancies remain unchanged for some
intermediate time. Meanwhile the actual distribution along the edge, shown in Figs. 4.6(b)(e) for short time periods, is modified due to nonlinear processes. While in Fig. 4.6(b) the
initial random noise distribution on top of the edge state still dominates, soon a specific
modulation of the edge state appears, see Fig. 4.6(b) and even clearer in Fig. 4.6(d). This
modulation can be understood with the help of the processes determined within the linear
stability in Sec. 4.5, and will be discussed below. As the amplitude of the oscillation around
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Figure 4.7: Spatial oscillations. (a)-(c) show the occupation of the a-orbitals, i.e., |a 1m |2 for
all sites along the upper edge at different times. Initially, the seeded Gaussian random noise
shows up as tiny ripples on top of the edge state, (a). At later times, periodic modulations
appear, (b). In (c) a distinct wavelength, 2π/2qd , becomes clearly visible and can easily be
determined. (d) shows all positive imaginary parts of the eigenvalues from the linear stability analysis of the upper edge state with k 0 d = −π/7 as a function of the corresponding
quasimomenta qd of the fluctuations. The quasimomentum corresponding to the observed
wavelength in (c) is indicated as dashed lines. It corresponds reasonably well to the q’s that
show the strongest instability, i.e., that are amplified the most.

the edge state grows, the nonlinearity becomes stronger and stronger at the highly occupied
sites, finally giving rise to a less regular pattern, Fig. 4.6(e). It can no longer be viewed as a
modulation of the initial linear edge state as it is a mixture of highly occupied and almost
empty sites. At this stage of the time evolution, significant loss of edge occupation into bulk
modes occurs, Fig. 4.6(a). Eventually, the bulk modes become more occupied than the original linear edge state.
Let us now analyze the spatial oscillation appearing along the edge before the nonlinearity and the instability towards the bulk become too strong. With the ansatz Ψ(t ) =
¡
¢
¡
¢
e −i ω0 t Ψ̄ + δΨ from the linear stability analysis, where δΨ = e i k0 x e i q x δΨ+ + e −i q x δΨ− ,
¯ ¯2
¡
¢
the observed intensity ¯Ψ j ¯ ∝ cos 2q x is expected to show modulations with a wavelength
2π/2qd , i.e., a wavelength associated to 2q where q denotes the quasimomentum of the amplified fluctuation.
In Fig. 4.7(a)-(c) we show again the a-orbital occupation along the upper edge at three
points in time (b-orbitals look similar). It becomes clearly visible how the initial noise ripples
on top of the edge state turn into a periodic modulation. In principle, many wavelengths are
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involved in this process. Already from the linear stability analysis it is evident that the edge
state is unstable with respect to several quasimomenta and thus the associated wavelengths.
However, the imaginary parts of the eigenvalues in the linear stability analysis determine how
strongly a specific process is amplified. Thus, one can expect that the wavelength (quasimomentum q) associated to the largest imaginary part eventually shows up. In Fig. 4.7(c),
shortly before the edge state starts to become significantly unstable with respect to the bulk,
a strongly amplified wavelength can be readily determined. In Fig. 4.7(d) we show the imaginary parts of unstable quasimomenta and indicate the quasimomentum of fluctuations that
leads to the observed spatial wavelength as dashed lines. It is indeed close to the qs from the
linear stability analysis that are highly unstable.
Note that the observed wavelength is not completely independent of the chosen lattice
size. In particular, for the parameters presented here, the highly unstable processes are associated to small quasimomenta of the fluctuations and thus rather large wavelengths. On
smaller grids, these wavelengths might not show up simply because they scarcely fit on the
simulated lattice or match badly with the periodic boundary conditions enforcing a smooth
transition from the leftmost to the rightmost site. Also the height of the strip, i.e., the number
of sites in y-direction, has some influence on the overall behaviour. A larger height leads to
additional unstable quasimomenta, but also affects the behaviour of radiation into the bulk.

4.7 Concluding remarks
In conclusion, we have analyzed the dynamical behaviour of a bosonic nonlinear topological insulator. Based on the half BHZ model with a local Kerr nonlinearity we investigated
the scattering processes induced by a rather weak nonlinearity, giving rise to specific spatial
modulations of an initial (linear) edge state. With a linear stability analysis we can identify the
wavelengths that are amplified before the amplitude of the modulation grows so much that
strong nonlinear effects occur and destroy the spatial periodicity. In this regime, the occupation at the edge, which is mostly preserved during the initial phase of nonlinear modulation,
starts to significantly radiate into the bulk. At sufficiently long times, the bulk modes become
more occupied than the original edge state.
Concerning our results, we still aim for a better understanding of the unstable scattering
processes. Here, the maximal instability, the wavelength or quasimomentum k 0 ± q ¯associ¯
ated to this maximal instability, and the onset of instability, i.e., the smallest unstable ¯q ¯, are
of special interest. We have discussed the dependence on the nonlinearity β and the role of an
attractive as compared to a repulsive nonlinearity, which requires some further investigation.
Furthermore, the results depend on the analyzed edge state Ψ̄ and thus on the quasimomentum k 0 associated to this state. In first simulations (not shown) we see a strong dependence
of the maximal instability, the associated wavelength, and the onset of instability on k 0 , however further investigation is needed. Finally, there are also the BHZ model parameters, i.e.,
A/B or W /B . In particular, W /B determines the Chern number and thus whether edge states
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even exist. Generally speaking, both A/B and W /B modify the band structure (even if edge
states exist) and thus at least influence quantitatively the scattering processes.
In comparison to literature, in particular the finite onset of instability that we observe for
large
ranges is surprising. In Ref. [214] a region of instability starting immediately
¯ parameter
¯
¯
¯
for q 6= 0 is shown. However, in contrast to our work, this analysis is based on a continuous
model for a honeycomb array and the analyzed state is an edge state of the nonlinear model
itself. It would be useful to identify what exactly is causing our different findings. Furthermore, since solitons (mostly edge solitons) have been discussed a lot in literature so far, it
would be worthwhile to try to identify solitonic behaviour in the strongly nonlinear regime of
our model. It would be interesting to know whether this is already contained in this simple
nonlinear half BHZ model that we investigated. Therefore, one could also study the evolution of a wavepacket launched at the edge of the system, instead of starting from a linear
edge state. Finally, in combination with a careful analysis of potential finite-size effects, it
would also be interesting to understand the phase of radiation into the bulk that displays
several “plateaus” in the decay (growth) of the edge (bulk) occupancy in our simulation.
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CHAPTER

5

C ONCLUSION AND O UTLOOK
In the first part of this thesis we have discussed several aspects of quantum synchronization.
First, in Ch. 2, we have investigated the effects of quantum (and classical) noise on the mutual
synchronization of two optomechanical systems. We have shown that different synchronization regimes (in-phase, anti-phase, and bistable synchronization) can still be identified in the
quantum regime, although quantum noise prevents exact phase locking. Moreover, we have
found noise-induced transitions between two synchronization states and explored the corresponding classical-to-quantum crossover. Notably, we have shown, that such transitions can
also be obsersved in situations where in the classical, noiseless limit only one stable synchronization state exists, i.e., we have found noise-induced bistable behaviour.
Then, in Ch. 3, we have turned to the quantum Van der Pol oscillator as a paradigmatic
system for limit-cycle oscillators in order to identify genuine quantum features. In particular, we have studied the synchronization dynamics of a quantum Van der Pol oscillator coupled to an external reference and derived an effective model. This has allowed us to distinguish different dynamical regimes and, most notably, we have found a regime of quantumcoherent phase motion. In this regime, quantum signatures like negative Wigner densities,
are preserved for many oscillations of the system. As an additional result, we have also
found self-sustained oscillations of the phase in the quantum regime instead of the (slowly)
damped phase dynamics of synchronization. This can still be viewed as a synchronized state
in an averaged sense, since the phase dynamics is amplitude-bounded to a subinterval between 0 and 2π. It would be interesting to further explore the properties of these phase
self-oscillations. However, most importantly, our finding of quantum-coherent synchronization dynamics opens up new prospects to study quantum phenomena in the context of synchronization. Previous works focused on the behaviour of synchronization in quantum sys-
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tems and the observed modifications of synchronization were not necessarily non-classical
themselves. Quantum-coherent synchronization dynamics now allows to explore and exploit quantum states throughout the dynamics itself. For example, one might envision that
there are not only transitions between synchronization states which are understood as the
noise pushing the system over a potential barrier, but also quantum tunneling might occur. Furthermore, quantum superpositions between different synchronization states might
be achievable. These, and other quantum phenomena, are now accessible for further investigations. Due to the general character of our scheme, we expect that these results can also be
transferred to synchronization of two (or more) oscillators and, of course, to several physical
systems. Nonetheless, it would be interesting to specifically show and explore this. For example, it would be worthwhile to identify the quantum-coherent regime in optomechanical
synchronization. Therefore, but also generally, it would be useful to find a mapping between
the effective parameters in the Van der Pol oscillator model and the microscopic optomechanical parameters. Moreover, the rich attractor diagram of optomechanical systems gives
rise to additional interesting dynamical regimes. For example, the effects of synchronization
in a regime where several limit cycles of, e.g., different amplitude exist could be studied. Of
course, it would also be of great interest to be able to expand our models of quantum synchronization to larger (but finite) lattices. This would, e.g., open up possibilities to study quantum
phase pattern formation (which is related to synchronization) in a similar sense how it can
be done in the classical regime. However, this is computationally extremely challenging and
would require smart approaches to make it feasible.
Generally speaking, the field of quantum synchronization would still benefit from the
definition of a unique, meaningful measure and a deeper understanding of the interplay between correlations and synchronization. Furthermore, we think that the first experimental demonstration of synchronization in the quantum regime is one of the next important
milestones in this field. Recent experimental achievements with nano- and optomechanical
systems are promising and show that there is interest in synchronization in this community. Moreover, we also believe that an implementation with trapped ions or atoms should be
within experimental reach.
In the remainder of the thesis, Ch. 4, we have then investigated the effects of nonlinearities on the robustness of edge states of Chern topological insulators in bosonic systems.
To this end, we have studied the classical nonlinear dynamics of the half Bernevig-HughesZhang model on a square lattice, showing how a linear edge state looses stability in the presence of a local Kerr nonlinearity. In particular, we have presented a linear stability analysis to
identify the unstable scattering processes that are enabled by the nonlinear interaction and
give rise to spatial oscillations of the edge state. We have observed these spatial oscillations by
performing a full time evolution, showing that they are consistent with the results of the linear
stability analysis. Furthermore, the full time evolution also reveals that those spatial modulations eventually lead to strong nonlinear effects which destroy the periodicity and give rise
to decay into bulk modes. We still aim for a better understanding of the observed instabilities
and several parameter dependencies remain to be explored in more detail, e.g., the possibly
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different roles of attractive and repulsive nonlinearities. It would also be interesting to find
out how much the results are affected if nonlinear cross-Kerr terms are included as well. In
order to relate to previous studies, it would be useful to investigate the possible formation
of solitons in our model. In general, the interest in effects of nonlinearities on topological
insulators in bosonic systems has emerged only very recently. Various topological insulator
models with, for example, different lattice geometries have been studied in this context. The
central themes are how different topological properties influence nonlinear behaviour (like,
e.g., the formation and dynamics of solitons) and, vice versa, how nonlinear phenomena (like
solitons) can change (local) topological properties. In the future, it is important to achieve a
fundamental, geometry/model-independent understanding of the interplay between nonlinear behaviour and topological properties. Nonetheless, it would also be worthwhile to
transfer the investigations from the abstract bosonic lattice models to the specific realization
of a nonlinear topological insulator, e.g, by optomechanical means.
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APPENDIX

A

N UMERICAL METHODS
Especially the first part of this thesis, Chapter 2, heavily relies on numerical simulations.
There are fundamental reasons for this: First, the progress in the field of optomechanics naturally drives theoreticians from analytically accessible problems to more complex questions,
e.g., from single optomechanical systems to coupled systems or even large arrays. Second,
even if one succeeds in finding an approximate analytical description, often a numerical
simulation is applied to check the validity of the simplified approach. In summary, numerical simulations can give us an intuition about the behaviour of a complex system, even in
regimes where analytical approximations break down or fail from the beginning.
Having mentioned the merits of numerical simulations, we want to also point out the
downsides: Apart from feeding our intuition and allowing for “fits”, similar to how experimentalists treat their data, numerical simulations do not give us easy access to the underlying
physics. We can “observe” phenomena in the full model, and yet, not be able to trace these
back to their exact physical origin. Parameter-dependences can be “explored” but drawing
clear conclusions might be challenging, especially for large parameter spaces. Furthermore,
there are also technical limitations to numerical simulations. Finite computational power
and memory set restrictions to what is numerically accessible nowadays. Consequently, optimizing numerical methods can be viewed as a research field on its own. One possibility
is to carefully choose which representation of a physical system is best suited for computer
simulations.
In this appendix, we thus want to summarize the specific numerical methods that were
applied throughout this thesis and mention the more technical details of their implementation. We also want to discuss some of their respective advantages and disadvantages that
finally resulted in our choice of methods. Note that we do not aim for a general introduc-
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tion to the numerical methods, but mainly focus on either a simplified model or our specific
system. At the end of the appendix, we give an overview about the different programming
tools that were used throughout this thesis, which again bring their respective strengths and
weaknesses.

A.1 Quantum jump trajectories
Open quantum systems, i.e., quantum systems that interact with an environment, can be
treated with several approaches. The Lindblad master equation is maybe the most common
method whenever it is applicable. It can either give access to the time evolution of the quantum state or, for equations with time-independent coefficients, be solved to determine directly the steady state. The associated computational challenge heavily depends on the size
of the involved matrices representing the physical Hilbert space. Already for a usual harmonic oscillator the Hilbert space is in principle infinite. To numerically tackle the problem
one has to truncate the Hilbert space to a reasonable finite size, without creating unphysical
results, i.e., one drops states higher than one where the occupation probability distribution
has become sufficiently small. In Chapter 2 we have investigated two coupled optomechanical systems, where each optomechanical system consists of two harmonic oscillators. In
order to study (small) mechanical limit cycles we chose the Fock basis, needing at least a
few photons (this is sufficient because we used very strong optomechanical interaction) and
some more phonons. As an example, let us consider five optical states, d opt = 5, and 30 mechanical states, d mech = 30. This means that the highest considered photon
is |4〉 (since
¯ state
®¯
we start with the vacuum) and the occupation probability of this state ¯ Ψ| 4 ¯ 2 should already be negligible. Similar restrictions apply to the mechanics. Even though this dimensions for a single optomechanical system were chosen to be as small as possible, they already
2
2
lead to a total Hilbert space dimension d H = d opt
d mech
= 22 500 for the coupled system of
two identical optomechanical systems. Note that this is the number of coefficients of the
wave function |Ψ〉, while the Hamiltonian of the system as well as the density matrix have
2
dH
= 506 250 000 entries. The action of the master equation on the density matrix requires
4
storing even more coefficients, d H
in fact. Although one can make use of sparse matrix techniques it is clear that this system is not approachable using the Lindblad master equation.
In order to avoid the large memory consumption that comes with the use of the master equation, we have opted to use another standard technique for open quantum systems,
so-called quantum jump trajectories [178, 179]. This “unraveling” of the Lindblad master
equation allows to work with the Schrödinger equation, thus only requiring wave functions
2
of dimension d H and a Hamiltonian matrix of dimension d H
. Quantum jump trajectories
were briefly explained in Sec. 2.4 using the example of a single cavity and the algorithm for
this minimalistic example is depicted in Fig. A.1. Dissipation to the environment, in this example photon leakage out of the cavity, is incorporated via a single-photon detector with
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Figure A.1: Flow diagram of the quantum jump trajectory algorithm for a cavity. The details
of the individual operations are described in the main text and briefly in Sec. 2.4.

100% detection efficiency.1 We will now revisit this basic example with a stronger focus on
the actual implementation. At every timestep δt of the simulation, a random number is
drawn and defines whether a photon leaving the cavity is detected or whether there occurred
no loss. To this end, the probability of loosing a photon to the environment is computed

®
at each timestep as p(t + δt ) = κδt â † â (t ). Naturally, it depends on the linewidth of the
cavity κ, as well as on the current photon number inside the cavity. It is scaled with the
1 More sophisticated detection schemes and finite temperature are also realizable with quantum jump trajectories. However, as they were not applied in this thesis, we will not discuss them here.
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size of the timesteps δt . Clearly, this probability has to be sufficiently small to justify that
multi-photon losses are neglected. This sets an upper limit on the δt that can be chosen
for a specific simulation. Now, there are two possible outcomes of the detection event, represented by the random number outcome. (i) If a photon leaving the cavity was detected,
the state of the system is updated with this knowledge |Ψ(t + δt )〉 = â |Ψ(t )〉 and normalized afterwards. (ii) If no photon was detected, the state of the system is propagated according to the Schrödinger equation i ħ∂t |Ψ〉 = Ĥeff |Ψ〉. However, this propagation is done with
an effective non-Hermitian Hamiltonian instead of the bare system Hamiltonian. The solution to the Schrödinger equation is approximately obtained using, e.g., the Euler method,
¡
¢
|Ψ(t + δt )〉 = e −i Ĥeff δt /ħ |Ψ(t )〉 ≈ 1 − i Ĥeff δt /ħ |Ψ(t )〉. It again requires δt to be sufficiently
small. In this example Ĥeff = Ĥ0 − i ħ κ2 â † â, with the bare Hamiltonian just a simple harmonic
oscillator Ĥ0 = ħωâ † â. The reason for this effective Hamiltonian is the information gain that
comes with the absence
of a detection event. As a simple example consider a superposition
p
state like |Ψ〉 = 1/ 2 (|1〉 + |10〉). Basically, if no photon is lost we learn that (probably) there
were not so many photons in the cavity in the first place, i.e., the probability of having many
photons in a cavity drops and thus it becomes more likely to find the system in the state |1〉.
Note that since the effective Hamiltonian is non-Hermitian, the new state has to be normalized before proceeding with the next timestep. The result is a trajectory that would correspond to a single experimental run (with an ideal detector), that is, to one specific temporal
trace of the many allowed by quantum mechanics. The predictions of the master equation are
recovered by averaging over sufficiently many trajectories and in the limit of infinitely many
trajectories the outcomes are indeed equivalent [178]. If the investigated system settles into a
steady state it is also possible to obtain steady-state expectation values by averaging a single
trajectory over long enough times (not including initial transient behaviour speeds up convergence). Technically speaking, we have now exchanged the large memory consumption
needed to compute the Lindblad master equation for the requirement to average over many
realizations in the case of quantum jump trajectories. Obviously it is possible to compute
several quantum jump trajectories in parallel, however the long computation times remained
the main challenge for our system.
Now we want to give some more technical details on the algorithm that we used for the
quantum jump simulations in Chapter 2. For the simulations we used a pre-compiled C code
via a yorick interface. The considered system consists of two coupled optomechanical systems, thus four separate dissipation processes have to be included: photon loss from cavity
1, photon loss from cavity 2, phonon loss of the mechanical oscillator 1, and phonon loss
of the mechanical oscillator 2. Each loss probability is calculated in analogy to the example of a single cavity. However, now we have to ensure that the combined probabilities are
sufficiently small, i.e., also the joint losses of a photon and phonon etc. are not included in
this method and thus the corresponding probabilities need to be sufficiently small. Note
that the detectors (represented by the random number) also distinguish between photons
leaving cavity 1 and cavity 2 and accordingly for the mechanics. The respective loss is then
realized by applying the corresponding jump operator (â 1 , â 2 , b̂ 1 , or b̂ 2 ) to the current state
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|Ψ〉. The effective Hamiltonian is obtained by adding four terms to the bare Hamiltonian
Eq. (2.4), i.e. Ĥeff = Ĥ0 − i ħ κ2 â 1† â 1 − i ħ κ2 â 2† â 2 − i ħ Γ2 b̂ 1† b̂ 1 − i ħ Γ2 b̂ 2† b̂ 2 . To solve the Schrödinger
equation we switched from using the Euler method to the fourth-order Runge-Kutta scheme
in order to use slightly
δt . The Hilbert space is described in the number
¯ larger timesteps
®
¯
basis, i.e. with states n 1 , n ,2 , m 1 , m 2 , where n 1 , n 2 label the photon number states in cavity
1 and 2 and m 1 , m 2 label the phonon number states of the mechanical oscillators 1 and 2,
respectively. Maximal values for optical and mechanical excitations were chosen depending
on the specific simulation. A hashing procedure was used to map the four quantum numbers
n 1 , n ,2 , m 1 , m 2 to a unique integer identifier for the position in the state vector. In particu2
+ Q mech consists of an optical and mechanical index and
lar the final index Q tot = Q opt d mech
depends on the maximum number of mechanical states that were included for each of the
mechanical oscillators. Furthermore, Q opt = n 1 d opt + n 2 and Q mech = m 1 d mech + m 2 , each
depend on the actual quantum numbers and the maximum number of optical or mechanical states. The Hamiltonian and jump operators were stored as sparse matrices using the
compressed row storage method. The intention is not only to save memory, but mainly to
minimize the number of multiplications when applying an operator to the state. The basic
idea of compressed row storage is to replace a sparse matrix by three vectors, where one consists of all non-zero values of the matrix, one stores the column-index of each non-zero value,
and one stores the index of the value-vector where a new row starts.
In summary, using quantum jump trajectories enabled us to study the full nonlinear
problem of two coupled optomechanical systems. However, careful programming and a narrow choice of physical and computational parameters was necessary to keep the computational time within a realistic timeframe.

A.2 Stochastic Langevin equations and “mimicked” quantum noise
In the last section we explained the advantages and difficulties of quantum jump trajectories.
Although the simulation of the full nonlinear quantum system became feasible in certain
regimes, using quantum jump trajectories was neither very convenient nor did it allow us to
sweep a large parameter space. Actually most of the results presented in Ch. 2 were achieved
simulating the semi-classical equations (2.5) instead. Quantum jump simulations were then
used to confirm our trust in the semi-classical approach, at least from a qualitative point of
view. The equations (2.5) are stochastic Langevin equations. They contain an additive noise
term that has a Gaussian probability distribution. As explained in Ch. 2.4, these classical
Gaussian white noise terms are designed to “mimic” quantum noise. This means that the
quantum noise correlators
D
E
D
E
¡
¢
†
†
â in
(t )â in (t 0 ) = 0 and â in (t )â in
(t 0 ) = δ t − t 0
(A.1)
are replaced by classical noise correlators
® 
®
¡
¢

αin (t )α∗in (t 0 ) = α∗in (t )αin (t 0 ) = δ t − t 0 /2.
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They have to deviate from “real” quantum noise correlations because complex numbers cannot fulfill the commutation relations of quantum operators and thus the two correlators given
in Eq. (A.2) cannot be distinguished. We will discuss the consequences of this below. First,
let us turn to the numerical implementation: If a noise term is added to a deterministic differential equation, it is implemented by drawing random numbers from an appropriate distribution. To represent the delta-correlated Gaussian white noise (A.2), at each timestep of
the numerical integration a new random number has to be drawn from a normal distribution of zero mean2 and a variance depending on the size of the timestep δt . To be more
precise, here we need to rescale the
p variance with 1/2δt , which corresponds to multiplying
the actual random number with 1/ 2δt . Additionally, the actual integration method, e.g. the
Euler method discussed in the previous section, brings in an additional δt dependence, p
such
that the overall scaling of the random number term in the equation is proportional to δt .
However, using a standard Euler method to solve a stochastic differential equation is not very
efficient. Generally, when it comes to stochastic differential equations, standard numerical
integration methods have to be applied very carefully and are much less efficient. The Gaussian white noise term is indeed (infinitely) fast fluctuating with time, such that a standard
Euler integration would require extremely tiny timesteps to achieve reasonable precision.
This, however, corresponds to a significant increase of the required computation time. Instead, we turn to numerical integration methods specifically developed for solving stochastic
differential equations, see e.g. Ref. [219] for an overview. Throughout the work on this thesis
we used two different stochastic “Runge-Kutta”-schemes, first one of order 1 [220] and later
one of the order 1.5 [221]. We have chosen these particular schemes because they were easy
to implement and turned out to converge sufficiently fast for our purpose.
Both schemes rely on several random numbers that are drawn at each timestep but speed
up convergence as compared to non-specialized methods. Normally distributed random
numbers were obtained with yorick’s built-in function or, in C, with an implementation
of the Box-Müller algorithm relying on a built-in function for equally spaced random numbers. Note that Eqs. (2.5) are complex and, therefore, the noise term must be complex as
well. The real and imaginary parts of the noise are independent and can thus be drawn as
separate random numbers. However, the variance of the respective
probability distributions

® D αin (t )+α∗in (t ) αin (t 0 )+α∗in (t 0 ) E
0
has to be adapted. A simple calculation, Re[αin (t)]Re[αin (t )] =
=
2
2
 ∗
®
1
0
2 αin (t )αin (t ) and similar for the imaginary part, shows that the variances of the real and
imaginary part are the variance of the full (complex) noise simply rescaled with a factor 1/2. It
is crucial to collect all rescaling factors correctly and apply them either to the random number drawn from a standard normal distribution of variance 1, or to directly draw random
numbers from a distribution of rescaled variance.
At this point, we want to highlight a peculiarity that comes along with the mimicked noise
terms. Let us consider an “empty” cavity as an illustrative example, where “empty” means not
driven and not coupled to any other system. It only couples to the vacuum environment, thus
2 Remember that 〈â

D

†
in 〉 = â in

E

D
E
= 0 , and similarly 〈αin 〉 = α∗
= 0.
in
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bringing in quantum fluctuations. The corresponding quantum Langevin equation is
³
p
κ´
â − κâ in ,
â˙ = −i ωc +
2

(A.3)

while the corresponding semi-classical Langevin equation would be
³
p
κ´
α̇ = −i ωc +
α − καin .
(A.4)
2
Here, κ is the cavity damping rate, ωc the cavity resonance frequency, and â in (αin )
the
with the correlators given in Eq. (A.1) (Eq. (A.2)) and zero mean, i.e., 〈â in 〉 =
D noise
E
 ®
†
â in = 0 and 〈αin 〉 = α∗in = 0. This differential equation can be formally solved: â(t ) =
p ´t
− κ d t 0 exp[(i ωc + κ/2)(t − t 0 )]â in (t 0 ) and similarly for the semi-classical equation. Interestingly, we then find that true quantum fluctuations lead to
D
E
D
E
â † (t )â(t ) = 0 and â(t )â † (t ) = 1
(A.5)

while the semi-classical correlations lead to


® 
® 1
α∗ (t )α(t ) = α(t )α∗ (t ) = .
2

(A.6)

Thus, the method of mimicking quantum noise leads to a photon occupation of half a photon
even in the absence any source. This is, of course, not the case for true quantum fluctuations.
The semi-classical model can still be very useful when the consequences of this unavoidable
symmetry in the classical noise correlators are negligible (e.g., in the large excitation limit)
or only symmetrized expectation values are calculated. In an optomechanical system a completely analogue argument holds for the mechanical oscillator. Notably, if really large values
of optomechanical coupling g 0 are investigated then already this vacuum photon occupation
of 1/2 significantly interacts with the mechanical oscillator and changes the vacuum phonon
number occupation of 1/2. For instance, in Fig. 2.4, where we compare the results of a few
quantum jump trajectories with the semi-classical model, the comparison could be improved
if one would correct for this “vacuum optomechanical interaction” which is of purely numerical origin.
In Sec. 2.9, we introduced thermal noise on the mechanical oscillator in addition to the
mimicked quantum noise. In this case the noise correlators are modified to contain also the
thermal bath occupancy n th . Regarding the implementation this rescales the variance of the
involved random number distributions, as can be seen from the new noise correlators.
Due to the noise in our model we typically observed no dependence on the initial state.
Only when studying the classical-to-quantum crossover, cf. Sec. 2.7, we found an “artificial”
dependence when approaching the classical (noiseless) limit. This originates from the weak
noise strength in combination with a bistable system: Long simulation times are necessary
before weak noise drives a transition from one to the other stable state (a potential barrier
has to be crossed). Whenever simulation times are not sufficiently long to average over many
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of these transitions, then averaging many trajectories with different initial conditions seems
to lead to different results than the time average of a single trajectory (which is simply not
sufficiently long). This has been taken care of when interpreting our results and was actually
a limiting factor in simulating the crossover to the classical limit. The required simulation
times diverge dramatically, especially if we want to collect statistical data on the transitions
and not only explore the potential landscape. The fully classical noiseless limit is described
by a deterministic differential equation and a full study has to include different initial conditions.

A.3 Unitary time evolution of nonlinear equations of motion
In Ch. 4 we do not deal with an open quantum system. Although one could include driving or
dissipation to the environment, we focused on the closed system that can be fully described
by a Hamiltonian. Complexity entered via a nonlinear term, such that, at the end, we had to
solve a nonlinear Schrödinger equation or the corresponding classical equations of motion,
which are all of the type
i Ψ̇ = (H + V (Ψ)) Ψ,
on a lattice. Here, H and V (Ψ) are matrices containing all linear and nonlinear terms, respectively. This is then a set of differential equations that can be solved using standard
numerical methods for differential equations, such as the Euler method, cf. A.1, or RungeKutta integration. While these methods work well (without fine-tuning) for the linear problem, i.e. for V = 0, we faced numerical instabilities in any other case. In our analysis we
observed that this was triggered by the loss of normalization: Because the Euler method,
Ψ(t + δt ) ≈ (1 − i (H + V )δt ) Ψ(t ), is not unitary, it is possible that after each timestep δt the
total intensity |Ψ|2 on the lattice changes slightly (although there is no drive or dissipation).
In the nonlinear case this effect adds up, resulting in a rapid divergence of |Ψ|2 . This is a fundamental problem that is not simply solved by choosing smaller timesteps or using a betterperforming (still non-unitary) integration method.
A straight-forward solution is to enforce a unitary time evolution by using a slightly different approximation than the Euler method, i.e.,
Ψ(t + δt ) = e −i (H +V )δt Ψ(t )
³
´−1
= e −i (H +V )δt /2 e i (H +V )δt /2
Ψ(t )
µ
¶µ
¶
δt
δt −1
≈ 1 − i (H + V )
1 + i (H + V )
Ψ(t ).
2
2

(A.7)

However, since V (Ψ(t )) has to be updated at each timestep, this approach requires to calculate the inverse of a non-diagonal matrix at each timestep. This is certainly not costefficient. Fortunately, the nonlinear V (Ψ) in our particular problem ¯in Ch.
¯2 4 is diagonal,
i.e., the nonlinearity in Eq. (4.7) depends only on the local intensity ¯Ψ j ¯ . Thus, we can
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settle for a pragmatic approach in which we split our problem into two steps for each δt ,
one for the linear part and another for the nonlinear one. Note, however, that this separate
treatment introduces another level of approximation since H and V do not necessarily commute. Let us now explain this approach in detail: First we perform the linear time evolution
³
´³
´−1
³
´−1
δt
δt
only: Ψ̃(t + δt ) ≈ 1 − i H δt
1
+
i
H
Ψ(t
),
where
the
inverse
matrix
1
+
i
H
has to
2
2
2ħ
be determined only once (since H is constant) and can then be reused at all timesteps. In
³
´³
´−1
δt
fact, the full block 1 − i H δt
1
+
i
H
can be pre-computed and at each timestep only a
2
2
single matrix-vector multiplication has to be performed. Second, the nonlinear time evo´³
´−1
³
δt
1
+
iV
Ψ̃(t + δt ). The inverse malution is done afterwards: Ψ(t + δt ) ≈ 1 − iV δt
2
2
³
´−1
trix 1 + iV δt
is trivial, since it is the inverse of a diagonal matrix only. The matrix
2
´³
´−1
³
δt
1
+
iV
can be set up directly and the multiplication with the vector Ψ̃ ac1 − iV δt
2
2
tually requires only the multiplication-by-entry of two vectors and not a real matrix-vector
product.
Using this approach for our numerical calculation, we find the results shown in Figs. 4.6
and 4.7.

A.4 Summary of programming tools
During the work on this thesis, we have used a large number of different scientific software,
trying to find the best balance between convenient usage and computational speed for each
specific problem. Without going into too much detail, we here want to briefly state which
software tools were used in the different parts of this thesis.
In Ch. 2 the numerical challenge was highest. Therefore, we developed our own C code
and compiled it with the GNU compiler collection (gcc) using optimization flags.3 This
code was accessed via a yorick interface, which was then also used to postprocess and plot
the data. Note that these simulations were mostly run on our small “cluster” of seven desktop computers, each with 8 cores, which allowed to compute several trajectories in parallel
and run the code without disruption for up to a few weeks. The stochastic Langevin equations were also solved using a C and yorick combination, although there the speed up of the
simulation was not crucial to make the problem accessible. yorick is an interpreted programming language, that has a very useful array-syntax and allows to produce high-quality
figures at the same time. We used gnuplot to fit data and the plot program of Mac OS for
some graphics.
In Ch. 3 the complexity of the required numerical simulations was much lower, since the
model only contained one oscillator. No problem-specifically optimized program to solve the
corresponding master equation was necessary. Instead, we used the freely available, python3 The compiling flag -O2 or -O3 really leads to a significant speed up when the code is executed. The only cost
is a longer compilation time.
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based, open-source computational toolbox for quantum optics, qutip [222, 223]. In particular, we used Python 3.4.4 with the package qutip 3.1.0. All Wigner densities presented
in this thesis (also the ones in the Introduction) were computed with qutip. This toolbox
is highly recommendable for such problems, since it contains simple commands to span
Hilbert spaces, standard routines to solve Schrödinger or master equations, and many other
useful pre-defined standard analysis tools such as, e.g., routines to calculate the Wigner density from an arbitrary density matrix. In combination with the standard packages of python
for numerical simulations (mainly numpy and scipy) and the simple production of figures via
the package matplotlib, this results in an excellent working environment. Let us note that,
depending on the Hilbert space size, different routines to calculate the Wigner density should
be applied. In particular, for large Hilbert spaces (approximately more than 50 states) we had
to specify method=’fft’ to achieve appropriate results, although this takes more computation time. For further details we refer to the qutip documentation. Another peculiarity is
the calculation of the spectra presented in Ch. 3. In contrast to all other computations in this
chapter, they were obtained with MATLAB instead of python. We determined the spectra applying the quantum regression theorem, as described in detail in Ref. [224]. In this case we
used MATLAB due to its straight-forward parallelization of for-loops,4 which lead to a significant speed-up.
Furthermore, the results presented in Ch. 4 were obtained using MATLAB, which, similar
to python, provides a convenient array-syntax and well-documented numerical and plotting
routines.
Throughout the whole thesis, some analytical calculations were performed and/or assisted using Mathematica.

4 Of course, this can also be done in python - we just happened to know already how it is done in MATLAB.
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N. Kiesel, F. Blaser, U. Delić, D. Grass, R. Kaltenbaek, and M. Aspelmeyer, Cavity cooling
of an optically levitated submicron particle, PNAS 110, 14180 (2013).

125

Bibliography
[97]

T. S. Monteiro, J. Millen, G. A. T. Pender, F. Marquardt, D. Chang, and P. F. Barker, Dynamics of levitated nanospheres: towards the strong coupling regime, New J. Phys. 15,
015001 (2013).

[98]

K. W. Murch, K. L. Moore, S. Gupta, and D. M. Stamper-Kurn, Observation of quantummeasurement backaction with an ultracold atomic gas, Nat. Phys. 4, 561 (2008).

[99]

M. Eichenfield, R. Camacho, J. Chan, K. J. Vahala, and O. Painter, A picogram- and
nanometre-scale photonic-crystal optomechanical cavity, Nature 459, 550 (2009).

[100] J. B. Hertzberg, T. Rocheleau, T. Ndukum, M. Savva, A. A. Clerk, and K. C. Schwab,
Back-action-evading measurements of nanomechanical motion, Nature Physics 6, 213
(2010).
[101] A. D. Kashkanova, A. B. Shkarin, C. D. Brown, N. E. Flowers-Jacobs, S. W. Hoch,
L. Hohmann, K. Ott, J. Reichel, and J. G. E. Harris, Superfluid Brillouin optomechanics,
Nature Physics 13, 74 (2017).
[102] G. Bahl, K. H. Kim, W. Lee, J. Lui, X. Fan, and T. Carmon, Brillouin cavity optomechanics
with microfluidic devices, Nature Communications 4 (2013), 10.1038/ncomms2994.
[103] R. Dahan, L. L. Martin, and T. Carmon, Droplet optomechanics, Optica 3, 175 (2016).
[104] O. Romero-Isart, Quantum superposition of massive objects and collapse models, Phys.
Rev. A 84, 052121 (2011).
[105] J.-J. Li and K.-D. Zhu, Nonlinear optical mass sensor with an optomechanical microresonator, Applied Physics Letters 101, 141905 (2012).
[106] A. G. Krause, M. Winger, T. D. Blasius, Q. Lin, and O. Painter, A high-resolution microchip optomechanical accelerometer, Nature Photonics 6, 768 (2012).
[107] J. T. Hill, A. H. Safavi-Naeini, J. Chan, and O. Painter, Coherent optical wavelength conversion via cavity optomechanics, Nat. Commun. 3, 1196 (2012).
[108] R. W. Andrews, R. W. Peterson, T. P. Purdy, K. Cicak, R. W. Simmonds, C. A. Regal, and
K. W. Lehnert, Bidirectional and efficient conversion between microwave and optical
light, Nat. Phys. 10, 321 (2014).
[109] P. Rabl, Photon Blockade Effect in Optomechanical Systems, Phys. Rev. Lett. 107, 063601
(2011).
[110] A. Kronwald, M. Ludwig, and F. Marquardt, Full photon statistics of a light beam transmitted through an optomechanical system, Phys. Rev. A 87, 013847 (2013).

126

Bibliography
[111] S. Mancini, V. I. Man’ko, and P. Tombesi, Ponderomotive control of quantum macroscopic coherence, Phys. Rev. A 55, 3042 (1997).
[112] S. Bose, K. Jacobs, and P. L. Knight, Preparation of nonclassical states in cavities with a
moving mirror, Phys. Rev. A 56, 4175 (1997).
[113] A. Nunnenkamp, K. Børkje, and S. M. Girvin, Single-Photon Optomechanics, Phys. Rev.
Lett. 107, 063602 (2011).
[114] X.-W. Xu, H. Wang, J. Zhang, and Y.-x. Liu, Engineering of nonclassical motional states
in optomechanical systems, Phys. Rev. A 88, 063819 (2013).
[115] M. Ludwig, A. H. Safavi-Naeini, O. Painter, and F. Marquardt, Enhanced Quantum Nonlinearities in a Two-Mode Optomechanical System, Phys. Rev. Lett. 109, 063601 (2012).
[116] A. Xuereb, C. Genes, and A. Dantan, Collectively enhanced optomechanical coupling in
periodic arrays of scatterers, Phys. Rev. A 88, 053803 (2013).
[117] M.-A. Lemonde, N. Didier, and A. A. Clerk, Enhanced nonlinear interactions in quantum optomechanics via mechanical amplification, Nature Communications 7, 11338
(2016).
[118] A. Dorsel, J. D. McCullen, P. Meystre, E. Vignes, and H. Walther, Optical Bistability and
Mirror Confinement Induced by Radiation Pressure, Phys. Rev. Lett. 51, 1550 (1983).
[119] A. Gozzini, F. Maccarrone, F. Mango, I. Longo, and S. Barbarino, Light-pressure bistability at microwave frequencies, J. Opt. Soc. Am. B 2, 1841 (1985).
[120] C. Höhberger and K. Karrai, Self-oscillation of micromechanical resonators, Nanotechnology 2004, Proceedings of the 4th IEEE conference on nanotechnology , 419 (2004).
[121] T. J. Kippenberg, H. Rokhsari, T. Carmon, A. Scherer, and K. J. Vahala, Analysis of
radiation-pressure induced mechanical oscillation of an optical microcavity, Phys. Rev.
Lett. 95, 033901 (2005).
[122] T. Carmon, H. Rokhsari, L. Yang, T. J. Kippenberg, and K. J. Vahala, Temporal Behavior of Radiation-Pressure-Induced Vibrations of an Optical Microcavity Phonon Mode,
Phys. Rev. Lett. 94, 223902 (2005).
[123] F. Marquardt, J. G. E. Harris, and S. M. Girvin, Dynamical Multistability Induced by
Radiation Pressure in High-Finesse Micromechanical Optical Cavities, Phys. Rev. Lett.
96, 103901 (2006).
[124] C. Metzger, M. Ludwig, C. Neuenhahn, A. Ortlieb, I. Favero, K. Karrai, and F. Marquardt,
Self-Induced Oscillations in an Optomechanical System Driven by Bolometric Backaction, Phys. Rev. Lett. 101, 133903 (2008).

127

Bibliography
[125] F. M. Buters, H. J. Eerkens, K. Heeck, M. J. Weaver, B. Pepper, S. de Man, and
D. Bouwmeester, Experimental exploration of the optomechanical attractor diagram
and its dynamics, Phys. Rev. A 92, 013811 (2015).
[126] T. Carmon, M. C. Cross, and K. J. Vahala, Chaotic Quivering of Micron-Scaled On-Chip
Resonators Excited by Centrifugal Optical Pressure, Phys. Rev. Lett. 98, 167203 (2007).
[127] M. Ludwig, B. Kubala, and F. Marquardt, The optomechanical instability in the quantum regime, New J. Phys. 10, 095013 (2008).
[128] N. Lörch, J. Qian, A. Clerk, F. Marquardt, and K. Hammerer, Laser Theory for Optomechanics: Limit Cycles in the Quantum Regime, Phys. Rev. X 4, 011015 (2014).
[129] L. Bakemeier, A. Alvermann, and H. Fehske, Route to Chaos in Optomechanics, Phys.
Rev. Lett. 114, 013601 (2015).
[130] Y.-D. Wang and A. A. Clerk, Using Interference for High Fidelity Quantum State Transfer
in Optomechanics, Phys. Rev. Lett. 108, 153603 (2012).
[131] M. Paternostro, D. Vitali, S. Gigan, M. S. Kim, C. Brukner, J. Eisert, and M. Aspelmeyer,
Creating and Probing Multipartite Macroscopic Entanglement with Light, Phys. Rev.
Lett. 99, 250401 (2007).
[132] Y.-D. Wang, S. Chesi, and A. A. Clerk, Bipartite and tripartite output entanglement in
three-mode optomechanical systems, Phys. Rev. A 91, 013807 (2015).
[133] G. Heinrich, J. G. E. Harris, and F. Marquardt, Photon shuttle: Landau-ZenerStückelberg dynamics in an optomechanical system, Phys. Rev. A 81, 011801 (2010).
[134] H. Wu, G. Heinrich, and F. Marquardt, The effect of Landau-Zener dynamics on phonon
lasing, New J. Phys. 15, 123022 (2013).
[135] A. Xuereb, A. Imparato, and A. Dantan, Heat transport in harmonic oscillator systems
with thermal baths: application to optomechanical arrays, New J. Phys. 17, 055013
(2015).
[136] N. Lörch and K. Hammerer, Sub-Poissonian phonon lasing in three-mode optomechanics, Phys. Rev. A 91, 061803 (2015).
[137] M. J. Woolley and A. A. Clerk, Two-mode back-action-evading measurements in cavity
optomechanics, Phys. Rev. A 87, 063846 (2013).
[138] M. J. Woolley and A. A. Clerk, Two-mode squeezed states in cavity optomechanics via
engineering of a single reservoir, Phys. Rev. A 89, 063805 (2014).

128

Bibliography
[139] C. Dong, V. Fiore, M. C. Kuzyk, and H. Wang, Optomechanical Dark Mode, Science 338,
1609 (2012).
[140] I. S. Grudinin, H. Lee, O. Painter, and K. J. Vahala, Phonon Laser Action in a Tunable
Two-Level System, Phys. Rev. Lett. 104, 083901 (2010).
[141] G. Heinrich, M. Ludwig, J. Qian, B. Kubala, and F. Marquardt, Collective Dynamics in
Optomechanical Arrays, Phys. Rev. Lett. 107, 043603 (2011).
[142] D. E. Chang, A. H. Safavi-Naeini, M. Hafezi, and O. Painter, Slowing and stopping light
using an optomechanical crystal array, New J. Phys. 13, 023003 (2011).
[143] A. Tomadin, S. Diehl, M. D. Lukin, P. Rabl, and P. Zoller, Reservoir engineering and dynamical phase transitions in optomechanical arrays, Phys. Rev. A 86, 033821 (2012).
[144] M. Schmidt, M. Ludwig, and F. Marquardt, Optomechanical circuits for nanomechanical continuous variable quantum state processing, New J. Phys. 14, 125005 (2012).
[145] W. Chen and A. A. Clerk, Photon propagation in a one-dimensional optomechanical
lattice, Phys. Rev. A 89, 033854 (2014).
[146] M. Schmidt, V. Peano, and F. Marquardt, Optomechanical Dirac physics, New J. Phys.
17, 023025 (2015).
[147] M. Schmidt, S. Kessler, V. Peano, O. Painter, and F. Marquardt, Optomechanical creation
of magnetic fields for photons on a lattice, Optica 2, 635 (2015).
[148] T. F. Roque, V. Peano, O. M. Yevtushenko, and F. Marquardt, Anderson localization
of composite excitations in disordered optomechanical arrays, New J. Phys. 19, 013006
(2017).
[149] S. Walter and F. Marquardt, Classical dynamical gauge fields in optomechanics, New J.
Phys. 18, 113029 (2016).
[150] M. Bhattacharya and P. Meystre, Multiple membrane cavity optomechanics, Phys. Rev.
A 78, 041801(R) (2008).
[151] A. Xuereb, C. Genes, and A. Dantan, Strong Coupling and Long-Range Collective Interactions in Optomechanical Arrays, Phys. Rev. Lett. 109, 223601 (2012).
[152] A. Xuereb, C. Genes, G. Pupillo, M. Paternostro, and A. Dantan, Reconfigurable LongRange Phonon Dynamics in Optomechanical Arrays, Phys. Rev. Lett. 112, 133604 (2014).
[153] M. Maldovan and E. L. Thomas, Simultaneous localization of photons and phonons in
two-dimensional periodic structures, Appl. Phys. Lett. 88, 251907 (2006).

129

Bibliography
[154] A. H. Safavi-Naeini, T. P. M. Alegre, M. Winger, and O. Painter, Optomechanics in
an ultrahigh-Q two-dimensional photonic crystal cavity, Appl. Phys. Lett. 97, 181106
(2010).
[155] E. Gavartin, R. Braive, I. Sagnes, O. Arcizet, A. Beveratos, T. J. Kippenberg, and I. RobertPhilip, Optomechanical Coupling in a Two-Dimensional Photonic Crystal Defect Cavity,
Phys. Rev. Lett. 106, 203902 (2011).
[156] V. Laude, J.-C. Beugnot, S. Benchabane, Y. Pennec, B. Djafari-Rouhani, N. Papanikolaou, J. M. Escalante, and A. Martinez, Simultaneous guidance of slow photons and
slow acoustic phonons in silicon phoxonic crystal slabs, Opt. Express 19, 9690 (2011).
[157] A. H. Safavi-Naeini, J. T. Hill, S. Meenehan, J. Chan, S. Gröblacher, and O. Painter, TwoDimensional Phononic-Photonic Band Gap Optomechanical Crystal Cavity, Phys. Rev.
Lett. 112, 153603 (2014).
[158] E. Gil-Santos, M. Labousse, C. Baker, A. Goetschy, W. Hease, C. Gomez, A. Lemaître,
G. Leo, C. Ciuti, and I. Favero, Light-Mediated Cascaded Locking of Multiple NanoOptomechanical Oscillators, Phys. Rev. Lett. 118, 063605 (2017).
[159] K. Fang, J. Luo, A. Metelmann, M. H. Matheny, F. Marquardt, A. A. Clerk, and O. Painter,
Generalized non-reciprocity in an optomechanical circuit via synthetic magnetism and
reservoir engineering, Nat. Phys. (online) (2017), 10.1038/nphys4009.
[160] N. R. Bernier, L. D. Tóth, A. Koottandavida, A. Nunnenkamp, A. K. Feofanov, and
T. J. Kippenberg, Nonreciprocal reconfigurable microwave optomechanical circuit,
arXiv:1612.08223 (2017).
[161] G. A. Peterson, F. Lecocq, K. Cicak, R. W. Simmonds, J. Aumentado, and J. D.
Teufel, Demonstration of efficient nonreciprocity in a microwave optomechanical circuit, arXiv:1703.05269 (2017).
[162] R. Lauter, C. Brendel, S. J. M. Habraken, and F. Marquardt, Pattern phase diagram for
two-dimensional arrays of coupled limit-cycle oscillators, Phys. Rev. E 92, 012902 (2015).
[163] R. Lauter, A. Mitra, and F. Marquardt, From Kardar-Parisi-Zhang scaling to explosive
desynchronization in arrays of limit-cycle oscillators, arXiv:1607.03696 (2016).
[164] C. A. Holmes, C. P. Meaney, and G. J. Milburn, Synchronization of many nanomechanical resonators coupled via a common cavity field, Phys. Rev. E 85, 066203 (2012).
[165] V. Peano, M. Houde, F. Marquardt, and A. A. Clerk, Topological Quantum Fluctuations
and Traveling Wave Amplifiers, Phys. Rev. X 6, 041026 (2016).

130

Bibliography
[166] V. Peano, M. Houde, C. Brendel, F. Marquardt, and A. A. Clerk, Topological phase transitions and chiral inelastic transport induced by the squeezing of light, Nature Communications 7, 10779 (2016).
[167] G. Bahl, M. Tomes, F. Marquardt, and T. Carmon, Observation of spontaneous Brillouin
cooling, Nat. Phys. 8, 203 (2012).
[168] Z. J. Deng, S. J. M. Habraken, and F. Marquardt, Entanglement rate for Gaussian continuous variable beams, New J. Phys. 18, 063022 (2016).
[169] M. I. Dykman and V. N. Smelyanskiy, Zh. Eksp. Teor. Fiz. 94, 61 (1988).
[170] V. Peano and M. Thorwart, Dynamics of the quantum Duffing oscillator in the driving
induced bistable regime, Chemical Physics 322, 135 (2006).
[171] R. Ghobadi, A. R. Bahrampour, and C. Simon, Quantum optomechanics in the bistable
regime, Phys. Rev. A 84, 033846 (2011).
[172] M. Samoilov, S. Plyasunov, and A. P. Arkin, Stochastic amplification and signaling in
enzymatic futile cycles through noise-induced bistability with oscillations, PNAS 102,
2310 (2005).
[173] T. Biancalani, L. Dyson, and A. J. McKane, Noise-Induced Bistable States and Their
Mean Switching Time in Foraging Colonies, Phys. Rev. Lett. 112, 038101 (2014).
[174] B. Houchmandzadeh and M. Vallade, Exact results for a noise-induced bistable system,
Phys. Rev. E 91, 022115 (2015).
[175] K. Fichthorn, E. Gulari, and R. Ziff, Noise-induced bistability in a Monte Carlo surfacereaction model, Phys. Rev. Lett. 63, 1527 (1989).
[176] S. Kim, S. H. Park, and C. S. Ryu, Noise-Enhanced Multistability in Coupled Oscillator
Systems, Phys. Rev. Lett. 78, 1616 (1997).
[177] S. Residori, R. Berthet, B. Roman, and S. Fauve, Noise Induced Bistability of Parametric
Surface Waves, Phys. Rev. Lett. 88, 024502 (2001).
[178] K. Mølmer, Y. Castin, and J. Dalibard, Monte Carlo wave-function method in quantum
optics, JOSA B 10, 524 (1993).
[179] M. B. Plenio and P. L. Knight, The quantum-jump approach to dissipative dynamics in
quantum optics, Rev. Mod. Phys. 70, 101 (1998).
[180] U. Akram, W. P. Bowen, and G. J. Milburn, Entangled mechanical cat states via conditional single photon optomechanics, New J. Phys. 15, 093007 (2013).

131

Bibliography
[181] I. M. Mirza and S. J. van Enk, Single-photon time-dependent spectra in quantum optomechanics, Phys. Rev. A 90, 043831 (2014).
[182] J. D. Cohen, S. M. Meenehan, G. S. MacCabe, S. Gröblacher, A. H. Safavi-Naeini, F. Marsili, M. D. Shaw, and O. Painter, Phonon counting and intensity interferometry of a
nanomechanical resonator, Nature 520, 522 (2015).
[183] M. Ueda, N. Imoto, and T. Ogawa, Quantum theory for continuous photodetection processes, Phys. Rev. A 41, 3891 (1990).
[184] J. Chan, A. H. Safavi-Naeini, J. T. Hill, S. Meenehan, and O. Painter, Optimized optomechanical crystal cavity with acoustic radiation shield, Appl. Phys. Lett. 101, 081115
(2012).
[185] T. Chakraborty and R. H. Rand, The transition from phase locking to drift in a system
of two weakly coupled van der pol oscillators, International Journal of Non-Linear Mechanics 23, 369 (1988).
[186] D. Aronson, G. Ermentrout, and N. Kopell, Amplitude response of coupled oscillators,
Physica D: Nonlinear Phenomena 41, 403 (1990).
[187] T. Barois, S. Perisanu, P. Vincent, S. T. Purcell, and A. Ayari, Frequency modulated selfoscillation and phase inertia in a synchronized nanowire mechanical resonator, New J.
Phys. 16, 083009 (2014).
[188] J. Thévenin, M. Romanelli, M. Vallet, M. Brunel, and T. Erneux, Resonance Assisted Synchronization of Coupled Oscillators: Frequency Locking without Phase Locking, Phys.
Rev. Lett. 107, 104101 (2011).
[189] B. R. Trees, V. Saranathan, and D. Stroud, Synchronization in disordered Josephson junction arrays: Small-world connections and the Kuramoto model, Phys. Rev. E 71, 016215
(2005).
[190] M. I. Dykman, M. Marthaler, and V. Peano, Quantum heating of a parametrically modulated oscillator: Spectral signatures, Phys. Rev. A 83, 052115 (2011).
[191] D. Leibfried, D. M. Meekhof, B. E. King, C. Monroe, W. M. Itano, and D. J. Wineland,
Experimental Determination of the Motional Quantum State of a Trapped Atom, Phys.
Rev. Lett. 77, 4281 (1996).
[192] K. R. Islam, PhD thesis: Quantum simulation of interacting spin models with trapped
ions (University of Maryland, 2012).
[193] D. Leibfried, R. Blatt, C. Monroe, and D. Wineland, Quantum dynamics of single
trapped ions, Rev. Mod. Phys. 75, 281 (2003).

132

Bibliography
[194] M. Hofheinz, E. M. Weig, M. Ansmann, R. C. Bialczak, E. Lucero, M. Neeley, A. D.
O/’Connell, H. Wang, J. M. Martinis, and A. N. Cleland, Generation of Fock states in
a superconducting quantum circuit, Nature 454, 310 (2008).
[195] S. Deléglise, I. Dotsenko, C. Sayrin, J. Bernu, M. Brune, J.-M. Raimond, and S. Haroche,
Reconstruction of non-classical cavity field states with snapshots of their decoherence,
Nature 455, 510 (2008).
[196] M. Hofheinz, H. Wang, M. Ansmann, R. C. Bialczak, E. Lucero, M. Neeley, A. D.
O’Connell, D. Sank, J. Wenner, J. M. Martinis, and A. N. Cleland, Synthesizing arbitrary
quantum states in a superconducting resonator, Nature 459, 546 (2009).
[197] Z. Leghtas, S. Touzard, I. M. Pop, A. Kou, B. Vlastakis, A. Petrenko, K. M. Sliwa, A. Narla,
S. Shankar, M. J. Hatridge, M. Reagor, L. Frunzio, R. J. Schoelkopf, M. Mirrahimi, and
M. H. Devoret, Confining the state of light to a quantum manifold by engineered twophoton loss, Science 347, 853 (2015).
[198] H. W. Broer, B. Hasselblatt, and F. Takens, Handbook of Dynamical Systems, Vol. 3
(North Holland, 2010).
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