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Chapter 1

Introduction and Outline

New communication services continue to demand higher and higher data rates from the
digital transmission system supporting them. The electromagnetic bandwidth available
and the maximum radiated power are subject to fundamental physical constraints as
well as regulations and therefore limited. The only way for the digital transmission
system to increase the data rate available for reliable communications within these
limitations is by using increasingly sophisticated signal processing and channel coding
techniques.

In particular, in recent years it was realized that designing wireless digital communica-
tion systems to more efficiently exploit the spatial domain of the transmission medium,
i.e., free space, allows for a significant increase of spectral efficiency [Fos96, FG98,
Tel99]. This can be done by employing several transmitting and receiving elements
to realize a single communication link. In other words, at the expense of more ad-
vanced signal processing (and, obviously, more transmission hardware, since several
receive- and transmit-signal processing chains have to be set up), the amount of infor-
mation that can be transmitted reliably in a fixed amount of electromagnetic spectrum
and with fixed total transmit power can be significantly increased. In principle this in-
crease is linear in the number of parallel physical subchannels that can be established,
which is equal to either the number of transmit or the number of receive elements,
whichever is smaller.

The signal processing and channel coding schemes underlying these techniques form
the basis for several types of advanced communication systems, all of which can be
described by a linear vector-valued model.

In this thesis we will develop signal processing methods that can be applied for such
“multiple input multiple output channels” (“MIMO channels” for short).

In particular we only consider “full-rate” space-time transmission, i.e., we strive to use
all spatial dimensions in all time instants, as in the scheme of [GFVW99, FGVW99].
If some form of redundancy is used in the spatial dimensions, one speaks of space-time
codes, which achieve so-called space-time-coding gain by spreading the information
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to be transmitted over space and time, e.g., space-time trellis codes [TSC98] or space-
time block codes from orthogonal designs [Ala98, TJC99]. The exchange enabled
with these methods is known as the diversity-multiplexing tradeoff [ZT03], and in this
terminology we only consider schemes that achieve the full multiplexing gain.

Chapter 3 introduces some of the transmission systems for which the methods to be
described later are applicable. In the subsequent chapters we will concentrate on the
wireless multiple antenna transmission system. A fundamental distinction can be made
regarding whether channel state information is available to the receiver only, to the
transmitter only, or to both. Another fundamental distinction, somewhat connected to
the availability of channel state information, is whether joint processing of the signals
is possible for receiving elements, the transmitting elements, or both. In particular,
in so-called “broadcast MIMO” systems the receiving elements belong to physically
seperate users of the communication system, which makes receiver-side cooperation
impossible. In this case all processing is required to be performed at the transmitter.

The first strategies to be discussed in Chapter 4 are the so-called detection strategies,
i.e., how the receiving side in the transmission system obtains estimates of the trans-
mitted data. Apart from the traditional linear and nonlinear equalization techniques,
for which some details to enhance performance are discussed, we will elaborate on the
recently introduced lattice reduction-aided precoding scheme [YW02]. We show how
the latter scheme can be generalized in order to be applicable to MIMO systems with
arbitrary numbers of dimensions, and discuss possible improvements to closer reach
the performance of the optimum approach, maximum-likelihood estimation.

Following this discussion of receiver concepts, in Chapter 5 we will look at transmitter-
side processing options in order to simplify detection at the receiver. After a look
at two linear schemes, we present an information-theoretic discussion of a nonlin-
ear transmitter side concept for interference mitigation by precoding, and show how
this concept can be implemented by a spatial variant of the well-known Tomlinson-
Harashima [Tom71, HM72] precoding method. This scheme allows for very power-
efficient communication over the already mentioned MIMO broadcast channels. A
generalization of the Tomlinson-Harashima approach leads us to “vector precoding”,
for which we can again use concepts similar to lattice reduction-aided detection to
obtain a low-complexity transmitter architecture.

Whenever transmitter-side processing is studied, immediately the question of imper-
fect channel state information arises. Therefore, in Chapter 6 we will take a closer look
at the performance degradation of both the receiver-side as well as the transmitter-side
methods when channel state information is unreliable.

The mathematical notation and a list of acronyms used in the text can be found in
Appendix A. The remaining appendices provide additional information on some topics
that come up in the thesis, particularly Appendix C, which introduces concepts from
the theory of lattices, in particular the lattice basis reduction algorithms used on several
occasions.
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A summary of the MIMO techniques discussed in this thesis can be found in Table 7.1
on page 147.
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Chapter 2

Einleitung und Zusammenfassung

Neue, insbesondere drahtlose, Kommunikationsdienste fordern immer höhere Daten-
raten von der Übertragungstechnik. Der dieser zur Verfügung stehenden Bandbreite im
elektromagnetischen Spektrum und Sendeleistung sind jedoch sowohl physikalische
wie auch regulatorische Grenzen gesetzt. Die verbleibende Möglichkeit höhere Daten-
raten anzubieten besteht damit darin, die Signalverarbeitung und die Kanalcodierung
immer weiter zu verbessern.

Insbesondere wurde in den letzten Jahren erkannt, daß sogenannte Multiple Input Mul-
tiple Output (MIMO) Systeme, d.h. Systeme mit mehreren Ein- und Ausgängen, es er-
lauben die Menge der zuverlässig übertragbaren Information proportional zur Anzahl
von parallel realisierbaren Teilkanälen zu steigern [Fos96, FG98, Tel99].

In der vorliegenden Arbeit werden zunächst empfängerseitige Signalverarbeitungsver-
fahren diskutiert, deren Aufgabe es ist, die an den Eingängen des MIMO Systems
angelegten Sendesymbole möglichst zuverlässig zu rekonstruieren. Dabei wird davon
ausgegangen, daß dem Empfänger das Übertragungsverhalten des Kanals bekannt ist.
Da der optimale Detektor äußerst komplex ist, werden verschiedene suboptimale Ver-
fahren mit niedrigerer Komplexität diskutiert, und neue, auf Algorithmen zur Git-
terbasisreduktion basierende Verfahren vorgestellt. Es zeigt sich, daß mit derartigen
Verfahren die Leistungsfähigkeit des optimalen Detektors angenähert werden kann.
Insbesondere ist bei diesen Verfahren der asymptotische Verlauf der Fehlerrate für
steigendes Signal-zu-Störleistungsverhältnis parallel zu der des optimalen Detektors,
im Gegensatz zu herkömmlichen niedrig-komplexen Detektionsverfahren.

Im Weiteren wird die Möglichkeit empfängerseitige Signalverarbeitungsverfahren auf
die Senderseite zu verlagern besprochen. Dies kann von Interesse sein, falls dem
Sender mehr Signalverarbeitungsressourcen zur Verfügung stehen, verlangt allerdings
Kanalkenntnis am Sender. In manchen Fällen sind die empfängerseitigen Signalver-
arbeitungsmöglichkeiten derart eingeschränkt, daß nur senderseitige Verarbeitung in
Frage kommt – dies ist der Fall wenn die Ausgänge des MIMO Systems zu räumlich
getrennten Empfängern korrespondieren, während die Eingänge gemeinsam an einem
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Ort vorliegen. Es wird gezeigt, daß sich das aus der digitalen Übertragung über ver-
zerrende Kanäle bekannte Tomlinson-Harashima Vorcodierverfahren auch bei MIMO
Systemen bewährt. Eine verbesserte Variante dieses Verfahrens, die einer Sendesig-
nalformung zur Verringerung der mittleren Sendeleistung entspricht, zeigt ähnliche
Komplexität wie das MIMO Detektionsproblem. Mit Hilfe des Gitterbasisreduktion-
sansatzes läßt sich hierfür wiederum eine Näherungslösung finden, deren Bestimmung
weit weniger komplex ist, aber ähnlich günstige Eigenschaften für die Übertragung
aufweist.

Zur Abrundung der Untersuchungen werden abschließend noch einige Überlegun-
gen zur Leistungsfähigkeit der diskutierten Verfahren bei imperfekter Kanalkenntnis
angestellt. Dabei zeigt sich, daß es von Vorteil ist, ein gegebenenfalls vorliegendes
Wissen über die Varianz des Kanalkenntnisfehlers beim Entwurf von Detektor oder
Vorcodierung auszunutzen.

Eine Übersicht der vorgestellten Verfahren sowie ihrer Einsatzmöglichkeiten ist in der
Tabelle 7.1 auf Seite 147 zu finden.
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Chapter 3

Channel Models

In this thesis we will concern ourselves with multiple input multiple output channels,
and in the present chapter some examples of such channels will be discussed. While
the simulation results we will present will be for one type of MIMO channel models
only, these examples show the breadth of applications for the methods discussed in
this thesis.

We distinguish between three types of MIMO systems, for which some exemplary
channel models will be given below.

1. Central transmitter and receiver (point-to-point).

The archetypal MIMO system is the multiple antenna scenario, where both trans-
mitter (TX) and receiver (RX) use several antennas with seperate modulation and
demodulation for each antenna, and the interfering channels are the radio links
between all pairs of transmit and receive antennas.

As an example, the use of this type of setup is being discussed for high-rate semi-
mobile local-area wireless data communications, where, for instance, a laptop
computer is equipped with a set of antennas mounted on the back side of the
display and communicates with an access point that also has several antennas.

Figure 3.1 shows this point-to-point MIMO channel setting.

2. Decentralized transmitters and central receiver (multipoint-to-point, multiple
access).

The uplink direction of any multiuser mobile communication system is an ex-
ample of a MIMO system of this type. The joint receiver at the base station
has to recover the individual users’ signals from its received signal, and since
a number of users transmits at the same time in the same band, this received
signal is the superposition of all the active users’ signals. This is the so-called
multiuser detection problem [Ver98], which we will not discuss in much detail,
but in principle all the detection methods to be discussed in Chapter 4 can be
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applied for this task. We will refer to this type of channel as the MIMO multiple
access channel, shown in Figure 3.2.

Similarly, in digital subscriber line (DSL) systems there is considerable crosstalk
between the adjacent twisted pairs in the cable bundles, and in the upstream
direction, i.e., from the customers to the central office, also a MIMO multiple
access system of this type is present: while the transmitters can not cooperate,
the receiver can try to equalize the so-called “far-end crosstalk” (FEXT) by joint
processing of the incoming signals.

3. Central transmitter and decentralized receivers (point-to-multipoint, broadcast).

The downlink direction of mobile multiuser communication systems will be of
particular interest in Chapter 5, and is an example for what we call a MIMO
broadcast system [Cov72, CS03, YC01a, VJG03, VT03], depicted in Figure 3.3.
It is characterized by the fact that the endpoints of the channels over which
communication takes place are not concentrated in one place. The orthogonality,
i.e., freedom of mutual interference, of the channels from the base station to
each of the users is usually assured by using time- or frequency-division-duplex
transmission techniques. Another possibility is to use code division multiple
access (CDMA), i.e., try to seperate the users by assigning seperate spreading
codes to the users. The option we will concentrate on mostly is to employ space
division multiple access, i.e., use several transmit antennas at the base station in
parallel and try to “form beams” [Hay01] towards the users.

In the DSL setting this is called the downstream direction, and the problem is
similar to the mobile communication system: the transmitter at the central office
has to assure that the crosstalk between the signals it sends out to the attached
users is minimized (again far-end crosstalk), since here the receivers can not
perform joint processing of the received signals.

Common to these MIMO communication systems is that under some assumptions they
can be described rather accurately by the following linear model:

y = Hx+n , (3.1)

where y, x and n are column vectors, and H is a matrix of appropriate dimension,
describing the mutual interference of the transmit signals in x into the receive signals
in y, overlayed by noise n.

Since we will usually deal with the discrete-time equivalent complex baseband rep-
resentation [Tre71] of the pulse-amplitude modulated (PAM) radio-frequency wave-
forms, the signals we encounter and the matrix describing the interference will be
complex-valued. For the systems we consider in this thesis, a real-valued model turns
out to be more convenient to use, and in order to make clear when complex quantities
are involved, we affix complex-valued matrices and vectors with the subscript (·)c.
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TX RX

Figure 3.1: MIMO system with central transmitter and receiver (point-to-point MIMO
channel).
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TX
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Figure 3.2: MIMO system with decentralized transmitters and central receiver (MIMO
multiple access channel).

TX

RX

RX
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Figure 3.3: MIMO system with central transmitter and decentralized receivers (MIMO
broadcast channel).
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x
H

n

y

Figure 3.4: Block diagram representation of general MIMO channel.

The Section 3.4 shows how we transform a complex-valued model into a real-valued
model. The block diagram version of this transmission is shown in Fig. 3.4, where we
use the convention that the double-line arrows denote vector-valued signals.

In the following sections we will discuss the channel model for some example MIMO
systems in more detail. See, e.g., [Lam03] or [DGC03] for similar MIMO channel
models.

The dimension filled by the components of the vectors x and y can be created in various
ways. We will first consider channels where its real-world correspondence is the spatial
domain.

3.1 Multiple Antenna MIMO Channel Model

The most popular MIMO channel model was already mentioned several times, and
corresponds to transmitter and receiver in a point-to-point link each using a number of
antennas in parallel, with seperate signal processing for each antenna.

3.1.1 Central Transmitter and Receiver Model

We first describe the model illustrated in Fig. 3.5, where transmitter and receiver can
perform joint processing of the subchannel signals. We denote the number of transmit
antennas as nT, the number of receive antennas nR.

In the equivalent complex baseband description [Tre71], the continous-time transmit
signal is formed using (complex) PAM modulation with a

√
Nyquist-pulse g(t) of

energy Eg [Hub99], which satisfies
� ∞

−∞
g(t + τ)g∗(τ)dτ , ψ(t) , ψ(t)|t=κT = Egδ0κ , κ ∈ � , (3.2)

where δi j is the Kronecker delta and Eg the pulse energy. For the transmission of
a block of LB symbols xc[0], . . . ,xc[LB − 1], where xc[µ] =

[
xc,1[µ], . . . ,xc,nT[µ]

]
T, the

signal to be transmitted on the `th antenna looks as follows:

xc,`(t) =
LB−1

∑
µ=0

xc,`[µ]g(t−µT ) . (3.3)
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Figure 3.5: Multiple antenna point-to-point transmission system.
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The received signal at the mth antenna is then

rc,m(t) =
nT

∑̀
=1

� ∞

−∞

LB−1

∑
µ=0

xc,`[µ]g(t− τ−µT )hc,m`(τ, t)dτ+n′c,m(t) , (3.4)

where hc,m`(τ, t) is the complex-valued baseband equivalent time-variant weight func-
tion [Hub96] of the channel from transmit antenna ` to receive antenna m correspond-
ing to the hHF

m` (τ, t) of Fig. 3.5. The noise n′c,m(t) is complex Gaussian with two-sided
power spectral density of N0 (which corresponds to physical channel noise with two-
sided power spectral density of N0/2 [Tre71]), independent of the transmit signals and
independent for different receive antennas.

We will make the assumption of a frequency-flat block-fading channel, i.e., assume
that for the transmission of each block of LB symbols the impulse response of the
channel can be approximated by hc,m`δ(τ), where δ(τ) is the Dirac delta function. In
this case the received signal after matched-filtering with 1

Eg
g∗(−t) can be written as

yc,m(t) = rc,m(t)∗ 1
Eg

g∗(−t)

=
nT

∑̀
=1

LB−1

∑
µ=0

hc,m`xc,`[µ]
1

Eg

� ∞

−∞
g(t − τ−µT )g∗(−τ)dτ+nc,m(t)

=
nT

∑̀
=1

LB−1

∑
µ=0

hc,m`xc,`[µ]
1

Eg
ψ(t −µT )+nc,m(t) , (3.5)

where nc,m(t) = n′c,m(t)∗ 1
Eg

g∗(−t). Because of the Nyquist property (3.2) of ψ(t) and

the scaling by 1
Eg

, the received signal sampled at the optimum sampling instant t = µ′T
is

yc,m[µ′] = yc,m(µ′T ) =
nT

∑̀
=1

LB−1

∑
µ=0

hc,m`xc,`[µ]δµµ′ +nc,m(µ′T )

=
nT

∑̀
=1

hc,m`xc,`[µ
′]+nc,m[µ′] , (3.6)

(with nc,m[µ′] = nc,m(µ′T )) and using vector/matrix notation, we write





yc,1[µ′]
...

yc,nR[µ′]




=






hc,1,1 · · · hc,1,nT
...

. . .
...

hc,nR,1 · · · hc,nR,nT











xc,1[µ′]
...

xc,nT[µ
′]




+






nc,1[µ′]
...

nc,nR[µ′]




 , (3.7)

yc[µ
′] = Hcxc[µ

′]+nc[µ
′] . (3.8)

Because of the nondispersive nature of this expression (only a single element of the
sequence is involved), we can consider transmission of each symbol xc[µ′] seperately.
For conciseness we will therefore drop the [µ′], and simply write

yc = Hcxc +nc , (3.9)
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with the understanding that the dependency on the time t = µ′T is implicit.

As we have assumed the continuous-time noise processes n′c,m(t) to be white and Gaus-
sian, because of the

√
Nyquist property of the matched filter g∗(−t), the discrete-time

noise vector nc consists of i.i.d. samples of a Gaussian distribution, nc ∼ CN (0,σ2
n,cI),

with σ2
n,c = N0/Eg.

The entry hc,kl of the channel matrix Hc then denotes the complex transfer function
from transmit antenna l to receive antenna k, and with nT transmit antennas and nR

receive antennas, Hc ∈ � nR×nT , xc ∈ � nT , nc,yc ∈ � nR .

If the spacing among the transmit antennas, as well as that between the receive an-
tennas is large enough,1 and the distances between all pairs of transmit and receive
antennas are similar, for each block of LB symbol vectors, the assumption of i.i.d.
Rayleigh-fading [Pro00] channel coefficients is made. For simplicity one assumes the
coefficients to be circularly symmetric complex Gaussian distributed with unit vari-
ance, hc,m` ∼ CN (0,1), and E{hc,m`h

∗
c,i j} = 0 for (i, j) 6= (m, `), and the channel is

called an nR ×nT (flat) Rayleigh-fading channel.

The ratio of transmit signal power to noise power in the discrete-time vector model is
defined as

SNR =
Exc{||xc||2}
Enc{||nc||2}

=
trace(Exc{xcxH

c })
nRσ2

n,c
. (3.10)

With independent transmit symbols of per-component variance σ2
x,c, we have the co-

variance matrix Exc{xcxH
c } = σ2

x,cI, and

SNR =
nTσ2

x,c

nRσ2
n,c

. (3.11)

If the hc,kl are assumed to be independent and hc,kl ∼ CN (0,1), as discussed above,
we can also give the expected received signal-to-noise ratio (which we denote with
RSNR) as

RSNR =
EHc,xc{||Hcxc||2}

Enc{||nc||2}
=

nTnRσ2
x,c

nRσ2
n,c

=
nTσ2

x,c

σ2
n,c

. (3.12)

However, when we look at transmitter side processing in Chapter 5, we will allow
the covariance matrix Exc{xcxH

c } to be any matrix with trace nTσ2
x,c. Thus, while the

transmit signal-to-noise ratio (3.10), (3.11) will remain the same, the received signal-
to-noise ratio (3.12) may change.

In order to be able to compare transmission systems with different modulation alpha-
bets, it is reasonable to express power efficiency as the ratio of average transmitted

1Typically at least half the wavelength, more if the angular spectrum of the incoming radio wave is
very narrow [CRLL00].
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energy per information bit Ēb to the one-sided noise power spectral density N0. For
complex-valued signaling the relationship is

Ēb

N0
=

nR SNR
nT Rm

=
σ2

x,c

Rmσ2
n,c

, (3.13)

where Rm is the rate of the modulation per component, i.e., the average number of
information bits transmitted per component of xc.

The received energy corresponding to a given transmitted energy per information bit
will be decisive for how reliable detection of this information can be. However, for
fixed transmit power, this received energy is proportional to the number of receive
antennas, nR. Therefore we define the equivalent received energy per bit, Ēb,eq, to
be equal to nRĒb. The corresponding ratio of equivalent received energy per bit to
one-sided noise power spectral density N0 is given as

Ēb,eq

N0
=

nRσ2
x,c

Rmσ2
n,c

. (3.14)

While the equivalent received energy per bit Ēb,eq is based on the ratio of transmit sig-
nal power to noise power, for hc,kl ∼CN (0,1) it is equal to the average received energy
per information bit to noise power spectral density if the components of the transmit
signal were uncorrelated and of equal variance, Exc{xcxH

c } = σ2
x,cI. Therefore, using

Ēb,eq/N0 will allow us to quantify the gains possible if Exc{xcxH
c } is adapted to specific

realizations of the channel by introducing correlations between the components of x
or an unequal distribution of transmit power over the components of x, as we will do
in Chapter 5.

3.1.2 Broadcast and Multiple Access Channel

From the centralized multiple antenna model given in the preceding section immedi-
ately both a multiple access channel model with Kc = nT transmitters and a receiver
with nR ≥ Kc antennas, i.e., a multipoint-to-point scenario, as in Fig. 3.2, and a broad-
cast channel model for nR = Kc receivers supplied by a transmitter with nT ≥ Kc an-
tennas, as in Fig. 3.3, can be given.

In the multiple access channel model we have the additional restriction that no joint
transmitter processing is possible, and some means of synchronizing the transmissions
is necessary.

The more interesting case is the multiple antenna broadcast channel, and the “spatial
multiplexing” transmission in this case can be described by the very same model (3.9),
however, due to the distributed nature of the receivers, processing of the received vector
yc is restricted to per-component processing.
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For simplicity we assume that the receivers experience roughly similar channels, i.e.,
we assume that the statistical properties of Hc are the same as in the multiple antenna
point-to-point channel model: hc,kl are i.i.d. circularly symmetric complex Gaussian
distributed with equal variance, and nc ∼ CN (0,σ2

n,cI). This can also apply for sce-
narios with arbitrarily distributed users if a power control mechanism is used to com-
pensate the different propagation losses. The extension of the transmission methods
to be presented for broadcast channels to settings with users that experience unequal
channel statistics is straightforward.

It is worth noting that the broadcast channels as just described can be seen as the “dual”
of the multiple access channel not only in the simple sense of looking at Fig. 3.2 and
3.3, flipping the roles of receiver and transmitter (TX) but also from a fundamental in-
formation theoretic point of view [VT03], which will turn out useful in Chapter 5 when
deriving precoding structures for the broadcast channel based on receiver structures for
the multiple access channel discussed in Chapter 4.

3.2 DS-CDMA MIMO Channel Model

For another example channel that can be described using (3.1), we look at the uplink
and downlink directions of a cellular mobile multi-user communication system based
on direct sequence code division multiple access (DS-CDMA). This is the technique
used to create (ideally) independent subchannels for the parallel servicing of users in
3G wireless networks, e.g., the Universal Mobile Telecommunications System, UMTS
[Net01].

In this case, the “spatial dimensions” are created by assigning, for each symbol in-
terval, each user a different N-dimensional vector, called spreading sequence. This
vector is multiplied with the data to be transmitted, and its components are succes-
sively transmitted with PAM modulation. From the superposition of several users’
transmit signals, the receiver recovers the data by estimating the lenght of the received
vector along the directions assigned to the users. We will see that it is often impossible
to select these vectors such that they result in perfect orthogonality, i.e., seperability of
the user signals, at the receiver.

Note that the detection problem in such systems has been extensively studied under
the name of multiuser detection [Ver98, Lam03].

3.2.1 Multiple Access Channel

We first look at the uplink direction, which is the transmission from the user terminals
to the base station responsible for the cell considered. This is an example of a MIMO
multiple access channel.
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The situation is illustrated in Fig. 3.6, where we have user terminals numbered 1 to Kc

with one transmit antenna each (left hand side) and a base station with a single receive
antenna (right).

For simplicity we describe a model where the users access the channel (i.e., trans-
mit) almost synchronously and disregard intersymbol interference. The extension to
the more realistic asynchronous setting with intersymbol interference is conceptually
straightforward, but the expressions become much more involved, cf., e.g., [LWFH02].

We assume a system with Kc mobile users. Each user is assigned so-called signature
or spreading sequences of length N ≥ Kc. A complex data symbol ac,k[µ] is transmitted
by transmitting N successive PAM “chips” with values ac,k[µ]sc,`k[µ], ` = 0, . . . ,N −1,
at the so-called chip rate 1/Tchip. We define Sc[µ] =

[
sc,1[µ], . . . ,sc,Kc[µ]

]
=
[
sc,`k[µ]

]

as the N ×Kc-matrix of spreading sequences, with column k assigned to user k, al-
lowed to be time-variant. The total symbol duration is denoted as T = NTchip. The
continuous-time transmit signal of user k corresponding to the transmission of a block
of LB complex data symbols ac,k[µ] is given in the equivalent complex baseband do-
main as

xc,k(t) =
LB−1

∑
µ=0

ac,k[µ]
N−1

∑̀
=0

sc,`k[µ]g(t− `Tchip −µT ) , (3.15)

where g(t) in this case is a
√

Nyquist pulse for the chip-rate 1/Tchip, i.e.,

� ∞

−∞
g(t + τ)g∗(τ)dτ , ψ(t) , ψ(t)|t=κTchip = Echipδ0κ , κ ∈ � . (3.16)

Again ψ(t) denotes the Nyquist pulse and δi j the Kronecker delta, Echip = Eg/N de-
notes the energy per chip. The base station uses the matched filter for g(t) as input
filter, thus for ideal sampling and a flat and time-invariant channel the Nyquist prop-
erty is achieved.

We assume frequency-selective Lp-path fading channels, with the time-variant weight
function [Hub96]

hc,k(τ, t) =
Lp

∑
p=1

γc,k,p(t)δ(τ− τk,p) , (3.17)

where γc,k,p(t) is the slowly time-variant complex Rayleigh-fading process describing
the gain of path p in the channel from user k, and τk,p the corresponding propagation
delay, cf. [Bel63, Jak74, Rap02]. The (slight) asynchronicity of the users is assumed
to be included in the channel delays.

The received signal, which is the superposition of the Kc users’ signals, can be written
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as

rc(t) =
Kc

∑
k=1

� ∞

−∞
xc,k(t − τ)hc,k(τ, t)dτ+n′c(t)

=
Kc

∑
k=1

LB−1

∑
µ=0

ac,k[µ]
N−1

∑̀
=0

sc,`k[µ]
Lp

∑
p=1

γc,k,p(t)g(t− τk,p − `Tchip −µT )+n′c(t) .

(3.18)

We assume that γc,k,p(t) is approximately constant over time with respect to the support
of the matched filter 1

Eg
g∗(−t), and obtain

yc(t) =
LB−1

∑
µ=0

Kc

∑
k=1

ac,k[µ]
N−1

∑̀
=0

sc,`k[µ]
Lp

∑
p=1

γc,k,p(t)
1

Eg
ψ(t − τk,p − `Tchip −µT )+nc(t) ,

(3.19)

where nc(t) = n′c(t)∗ 1
Eg

g∗(−t). Sampling at t = µ′T +νTchip,

yc(µ
′T +νTchip) =

LB−1

∑
µ=0

Kc

∑
k=1

ac,k[µ]
N−1

∑̀
=0

sc,`k[µ]
Lp

∑
p=1

γc,k,p(µ
′T +νTchip)

1
Eg

ψ((µ′−µ)T +(ν− `)Tchip − τk,p)

+nc(µ
′T +νTchip) . (3.20)

We assume that the users are almost synchronized, i.e., that their delays τk,p lie in a
similar range. As long as this (total) delay spread ∆ = maxk,p{τk,p}−mink,p{τk,p} is
significantly smaller than NTchip, we can approximately neglect intersymbol interfer-
ence, i.e., perform detection for ac[µ] =

[
ac,1[µ], . . . ,ac,Kc[µ]

]
T without considering the

influence of ac[µ−1] or ac[µ+1]. With this simplification, we can replace ∑LB−1
µ=0 with

just the summand for µ = µ′.

The samples form a sufficient statistic [Tre68, Lam03] for the detection of the vector
ac[µ]. We combine Neff. of them into a vector, where Neff. ≥ N is chosen such that all
relevant paths are covered, and if we define the Neff.×Kc-matrix of effective spreading
sequences by S̃c[µ] =

[
s̃c,1[µ], . . ., s̃c,Kc[µ]

]
=
[
s̃c,νk[µ]

]
,

s̃c,νk[µ] ,
N−1

∑̀
=0

sc,`k[µ]
Lp

∑
p=1

γc,k,p(µT +νTchip)
1

Eg
ψ((ν− `)Tchip− τk,p) , (3.21)

we can write

yc,ν[µ] , yc(µT +νTchip) =
Kc

∑
κ=1

s̃c,νκac,κ[µ]+nc,ν[µ] , (3.22)
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with nc,ν[µ] , nc(µT + νTchip). Defining yc[µ] =
[
yc,0[µ], . . .,yc,Neff.−1[µ]

]
T, and simi-

larly nc[µ] =
[
nc,0[µ], . . . ,nc,Neff.−1[µ]

]
T, this leads us to

yc[µ] = S̃c[µ]ac[µ]+nc[µ] . (3.23)

While detection of ac[µ] is possible using this MIMO model, it is useful to consider as
receiver processing the so-called RAKE receiver [Pro00], which is equivalent to using
the matched-filter for the effective spreading sequences. In the discrete-time model
this corresponds to the multiplication of yc[µ] with (S̃c[µ])H, i.e., we form

ỹc[µ] = (S̃c[µ])HS̃c[µ]ac[µ]+ (S̃c[µ])Hnc[µ]

, Hc[µ]ac[µ]+ñc[µ] . (3.24)

In this way, the dimension of the vector used for detection is reduced from Neff. to Kc,
and we obtain a linear MIMO system model with a Kc-dimensional input vector ac[µ]

and a Kc-dimensional output ỹc[µ], where the input-output relation is described by the
Kc ×Kc matrix Hc[µ].

If perfect synchronization of the users were possible, with a flat-fading channel (i.e.,
Lp = 1 and τk,1 = 0 for all k), we could select the spreading sequences such that S̃c[µ] is
a unitary matrix, i.e., Hc[µ] = (S̃c[µ])HS̃c[µ] = I. However, even the approximate syn-
chronization assumed here is difficult to achieve in practice, and additionally multipath
propagation is predominant in such communication systems.

Note that if nc(t) is a complex Gaussian white noise process, the samples in nc[µ]

are circularly symmetric complex Gaussian i.i.d. Chosing (pseudo-) random spread-
ing sequences Sc[µ] such that E{(S̃c[µ])HS̃c[µ]} = λI, λ > 0 holds, the samples in
(S̃c[µ])Hnc[µ] are Gaussian i.i.d., with variance λ2σ2

n,c, as well.

3.2.2 Broadcast Channel

In the downlink direction of the multiuser communication system described in the
preceding section, i.e., the transmission from a base station to a set of Kc users, the
setup is slightly different, and a MIMO broadcast channel is present.

The transmission is illustrated in Fig. 3.7, where we assume one transmitting antenna
(at the base station, left hand side of the channel) and one receiving antenna per user
(right).

Now perfect synchronicity between the signature sequences is possible, and they can
be chosen from an orthogonal set of vectors. As long as only frequency-flat fading is
present, the resulting transmission system will have perfectly seperated subchannels
since the effective spreading sequences in S̃ of (3.21) will be equal to the original
spreading sequences in S (with Neff. = N).
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Figure 3.7: MIMO broadcast channel, DS-CDMA model.
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The continuous-time transmit signal in the equivalent complex baseband for LB symbol
vectors ac[µ] =

[
ac,1[µ], . . . ,ac,Kc[µ]

]
T, µ = 0, . . . ,LB −1, is formed as

xc(t) =
Kc

∑
κ=1

LB−1

∑
µ=0

ac,κ[µ]
N−1

∑̀
=0

sc,`κ[µ]g(t− `Tchip −µT ) , (3.25)

where g(t) is again the
√

Nyquist-impulse for the chip-rate 1/Tchip of (3.16) and T =

NTchip. The (possibly time-variant) spreading sequences are again denoted as Sc[µ] =
[
sc,1[µ], . . . ,sc,Kc[µ]

]
=
[
sc,`k[µ]

]
, and the weight functions of the Kc time-variant fading

channels with hc,k(τ, t) for the channel to user k, and we use the multipath propagation
model as given in (3.17).

The delay spread of channel k is defined as ∆k = maxp{τk,p}−minp{τk,p}. As long as
the maximum delay spread, maxk{∆k}, is much smaller than NTchip, we can again ap-
proximately neglect intersymbol interference, and perform detection for ac[µ] without
considering the influence of ac[µ−1] or ac[µ+1].

With this simplification we consider the received signal of user k due to the single
symbol vector ac[µ], which can be written as

rc,k(t) =
� ∞

−∞
xc(t − τ)hc,k(τ, t)dτ+n′c,k(t)

=
Kc

∑
κ=1

ac,κ[µ]
N−1

∑̀
=0

sc,`κ[µ]
Lp

∑
p=1

γc,k,p(t)g(t− τk,p − `Tchip −µT )+n′c,k(t) . (3.26)

This result is similar to (3.18) (except the fact that the signals received by user k all
pass through the same channel hc,k(τ, t)), and continuing with matched filtering with
1

Eg
g∗(−t) and chip-rate sampling, we can define the matrix of effective spreading se-

quences valid for user k similar to (3.21).

Denoting this matrix as S̃(k)
c [µ] =

[
s̃(k)

c,1[µ], . . . , s̃(k)
c,Kc

[µ]
]
=
[
s̃(k)

c,νκ[µ]
]
,

s̃(k)
c,νκ[µ] ,

N−1

∑̀
=0

sc,`κ[µ]
Lp

∑
p=1

γc,k,p(µT +νTchip)
1

Eg
ψ(νTchip − τk,p − `Tchip) , (3.27)

and with yc,k(t) = rc,k(t)∗ 1
Eg

g∗(−t), defining

y(k)
c [µ] ,

[
yc,k(0Tchip +µT ), . . . ,yc,k((Neff.−1)Tchip +µT )

]
T , (3.28)

and similarly n(k)
c [µ], we get

y(k)
c [µ] = S̃

(k)
c [µ]ac[µ]+n(k)

c [µ] . (3.29)

While every user can now employ multiuser detection methods [Ver98] to obtain es-
timates for all symbols in ac[µ], we will assume that for complexity reasons user k
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is only able to compute column k of S̃
(k)
c [µ], denoted as s̃(k)

c,k [µ], and applies the Rake
receiver [Pro00] to obtain an estimate for ac,k[µ], only.

Thus, user k forms

ỹc,k[µ] = (s̃(k)
c,k [µ])HS̃

(k)
c [µ]ac[µ]+ (s̃(k)

c,k [µ])Hn(k)
c [µ]

= s̆k
c [µ]ac[µ]+ ñc,k[µ] , (3.30)

with the row vector s̆k
c [µ] , (s̃(k)

c,k [µ])HS̃
(k)
c [µ] and ñc,k[µ] = (s̃(k)

c,k [µ])Hn(k)
c [µ].

Collecting the row vectors in a matrix S̆c[µ] =
[
(s̆1

c [µ])T, . . . ,(s̆Kc
c [µ])T

]
T, we get

ỹc[µ] = S̆c[µ]ac[µ]+ñc[µ] , (3.31)

again a linear Kc ×Kc-dimensional MIMO system model.

While the channel model (3.31) has the form of (3.1) and (3.24), we have to keep in
mind that the components of ỹc[µ] are present in physically seperate pieces of user
equipment, and hence joint processing of the components is impossible. In matrix
terms this means that only diagonal matrices are allowed to operate on ỹc[µ].

Note that it is also possible to extend both this broadcast channel model and the pre-
vious multiple access channel model in a straightforward way to describe a multiple
antenna multiple user setting where base station and users use nT and nR antennas
each, respectively.

3.3 Block Transmission over
Intersymbol Interference Channels

To show another common transmission setup covered by the model (3.1), we consider
now blockwise PAM transmission over intersymbol interference (ISI) channels. For a
more thorough treatment of such transmission schemes see, e.g., [FU98, Pro00, Fis02].

We form the continous-time transmit signal corresponding to a block of LB symbols
ac[µ], µ = 0, . . . ,LB −1, in the equivalent complex baseband domain as

xc(t) =
LB−1

∑
µ=0

ac[µ]g(t−µT ) , (3.32)

with g(t) the
√

Nyquist-pulse for the signaling rate 1/T , as in (3.2). The ISI channel
is described by its continuous-time impulse response hCH,c(t), and we use hc(t) =

hCH,c(t) ∗ g(t) to denote the cascade of transmit pulse and channel impulse response.
The optimum receiver frontend is the whitened matched filter [For72], which consists
of the cascade of the matched filter γh∗c(−t), with γ an appropriate scaling factor, and a
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discrete-time noise whitening filter gw[k]. The received signal after matched-filtering
is given as

yc(t) =

(
LB−1

∑
µ=0

ac[µ]hc(t −µT )+n′c(t)

)

∗ γh∗c(−t)

,

LB−1

∑
µ=0

ac[µ]hMF,c(t −µT )+nc(t) , (3.33)

where nc(t) = γh∗CH,c(t)∗n′c(t) is the filtered noise and hMF,c(t) the overall impulse re-

sponse. The sampled signal, yc[k] , yc(kT ) is then passed through the noise whitening
filter gw[k], to obtain

ỹc[k] =
∞

∑
κ=−∞

(
LB−1

∑
µ=0

ac[µ]hMF,c((k−µ−κ)T)+nc((k−κ)T )

)

gw[κ]

,

LB−1

∑
µ=0

ac[µ]h̃c[k−µ]+ ñc[k] , (3.34)

where gw[k] ensures that the resulting discrete time effective channel impulse response
h̃c[k] is causal (h̃c[k] = 0, for k < 0) and minimum-phase, and the noise after filtering,
ñc[k], is white, i.e., E{ñc[k]ñ∗c[`]}= σ2

n,cδk` [For72].

If we consider the samples ỹc[k] for k = 0, . . . ,LB − 1 + Leff., with Leff. ≥ 0 cho-
sen such that all relevant postcursors are covered, these form a sufficient statistic
for the detection of the ac[µ]. We can collect the samples ỹc[k] into a vector ỹc =
[
ỹc[0], . . . , ỹc[LB −1+Leff.]

]
T, and write

ỹc = H̃cac +ñc (3.35)

for the block transmission, where ac =
[
ac[0], . . . ,ac[LB−1]

]
T. The whitened matched

filter ensures that the vector ñc =
[
ñc(0), . . ., ñc((LB − 1 + Leff.)T )

]
T contains i.i.d.

samples from a circularly symmetric complex Gaussian distribution, and the matrix
H̃c =

[
h̃c[k−µ]

]

kµ is of size (LB−1+Leff.)×LB. Since the entries in H̃c can be speci-
fied by the difference of row and column index, k−µ, this is a Toeplitz matrix [GL96].
The special structure of this matrix allows for efficient receiver algorithms tailored for
this type of channel.

In this work we will always assume H to be without special structure, but for specific
applications it should be kept in mind that some optimization might be possible re-
garding the structure of the channel matrix. Also note that some strategies might be
more or less ineffective, for example strategies that benefit from an irregular structure
of Hc (e.g., the V-BLAST reordering of Sec. 4.3.1).
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3.4 Equivalent Real-Valued Model

For complex-valued channel models it will turn out to be useful to work with an equiv-
alent real-valued transmission model. Taking the complex-valued model

yc = Hcxc +nc , (3.36)

by seperating real and imaginary parts we can equivalently write [Tel99]
[

ℜyc
ℑyc

]

=

[
ℜHc −ℑHc

ℑHc ℜHc

][
ℜxc

ℑxc

]

+

[
ℜnc

ℑnc

]

, (3.37)

which gives an equivalent K = 2Kc-dimensional real model of the form

y = Hx+n , (3.38)

with the obvious definitions of y, etc. Some useful properties of this mapping from
complex to real matrices and vectors are collected in Appendix B.

One reason to use this description is that, if the components of x are taken from some
set of evenly spaced points on the real line, the noiseless received signal Hx from (3.37)
can be interpreted as points in a lattice described by the basis H, and the detection
problem to be considered in Chapter 4 as an instance of the lattice decoding problem.
(See also Appendix C for a rigorous definition of a lattice). Additionally we will see
that removing the restriction to complex arithmetics by breaking the coupling between
real and imaginary parts can be useful, e.g., for decision-feedback equalization.

3.5 Signal Constellations

In this work, the signal sets that we consider for the components of the symbols to be
transmitted will be called ac, and the corresponding real-valued vector a. The channel
input vector is denoted as xc, and xc = ac, x = a for the MIMO multiple antenna
channel if no transmitter processing is performed.

Throughout this work the use of PAM with square QAM constellations (quadrature
amplitude modulation, cf., e.g., [Hay00]) is assumed, i.e., the components of ac =

[ac,1, . . . ,ac,K]T are taken from a rectangular grid around 0 in the complex plane.

Some signal sets Ac corresponding to square M-ary QAM constellations, M = 4,16,64
(accordingly, Rm = log2(M) = 2,4,6), and their projections onto the real axis, A ,
which are ASK (amplitude shift keying, cf., e.g., [Hay00]) constellations, are illus-
trated in Fig. 3.8. While it is common to select signaling points either on the odd-
complex-integer grid, {2a+ j2b+1+ j,a,b∈ � }, or such that for the average transmit
power E{|ac,k|2} = 1 holds, we chose signaling points on the translated integer grid
to have a minimum distance between the points of 1, i.e.,

Ac ⊂ {a+ jb+ 1
2 + j1

2 , a,b ∈ � } . (3.39)
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Figure 3.8: QAM signal constellations Ac used for transmission: 4,16,64-QAM (top),
and their projections onto the real axis, A , 2,4,8-ASK (bottom).

The one-dimensional projections of the constellations hence are chosen from

A ⊂ {a+ 1
2 , a ∈ � } . (3.40)

For M-QAM symbols in component ac,k, used with uniform probability, the average
transmit power required for this component is

E{|ac,k|2} = σ2
a,c =

1
M





√
M

∑
a=1

(

a−
√

M−1
2

)2

+

√
M

∑
b=1

(

b−
√

M−1
2

)2


=
M−1

6
.

(3.41)

The dotted lines in Fig. 3.8 illustrate the so-called boundary regions of the constella-
tions (the subset of the complex plane [−

√
M/2,

√
M/2)× j[−

√
M/2,

√
M/2)), which

will be refered to in Chapter 5. If points from this continuous set were used for trans-
mission, with uniform probability distribution,

pxc(xc) =

{
1
M , xc ∈ [−

√
M/2,

√
M/2)× j[−

√
M/2,

√
M/2)

0, else
, (3.42)

the average transmit power resulting for one complex component is

E{|xc|2} =
1
M

�
[−

√
M/2,

√
M/2)×j[−

√
M/2,

√
M/2)

|xc|2 dxc =
M
6

. (3.43)

Therefore, going from a discrete M-QAM signaling set Ac to transmit signals uni-
formly distributed over the corresponding boundary region, the transmit power is in-
creased by a factor of

M
M−1

, (3.44)
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cf. also [Fis02], which will become important in Chapter 5.

Since in our schemes the dominant errors will be symbols distorted to the nearest
neighbors of the transmit symbol, we use Gray labeling [Pro00] to map the information
bits to the constellation points in order to minimize the effect of symbol errors on the
bit error rate. Since the nearest neighbors in the complex plane are situated either along
a purely real or purely imaginary offset, Gray labeling can be independently applied to
real and imaginary part of the constellation, i.e., the points in A can be Gray labeled
regardless of which component of Ac they correspond to.

3.6 Simulation Setups

Since the objective of this thesis is to evaluate different transmitter and receiver ar-
chitectures, we will concentrate on a single channel model. Due to its rather general
and simple form, this will be the multiple antenna MIMO channel as discussed in Sec-
tions 3.1.1 and 3.1.2. Depending on whether the individual methods discussed require
joint receiver processing or not, the results are valid either only for the point-to-point
MIMO multiple antenna channel or to both the point-to-point and broadcast MIMO
multiple antenna channels.

We will usually assume equal numbers of transmit and receive antennas, i.e., nT =

nR = Kc. In this case, the channel model can be specified by the single parameter Kc.

The real K ×K-dimensional channel matrix H then corresponds to a Kc ×Kc, Kc =

K/2, random matrix Hc of complex entries of unit variance and Rayleigh-fading ampli-
tudes. Similarly, the K-dimensional noise vector n corresponds to real and imaginary
part of the Kc-dimensional vector nc of independent circularly symmetric complex
Gaussian noise entries with variance σ2

n,c each (i.e., the entries of n are independent
and Gaussian distributed with variance σ2

n = σ2
n,c/2). We will give the bit error rate

curves with respect to the ratio Ēb,eq/N0 given by (3.14), as discussed in Sec. 3.1.1.

As signal constellations we will concentrate on 4 and 16-QAM (i.e., A 4-QAM, real =

{−1
2 , 1

2} or A16-QAM, real = {−3
2 ,−1

2 , 1
2 , 3

2}); sometimes, when we allow the constella-
tion size to vary within one transmit vector a, we will also consider the use of larger
constellations (Chapter 5).

Table 3.1 summarizes the combinations that we study, with spectral efficiencies rang-
ing from 8 up to 32bit/channel use.
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Table 3.1: Multiple antenna MIMO channel parameters considered in this thesis.

Kc K M bit per channel use
4 8 4 8
4 8 16 16
8 16 4 16
8 16 16 32
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Chapter 4

Detection Strategies

Given a MIMO channel as described in the previous chapter, the task of the receiver(s)
is to detect the transmitted signal x from y = Hx+n, i.e., form an estimate x̂, given y
and H. Since we consider uncoded transmission only, this can be performed symbol-
by-symbol without loss of optimality. The operation is described by the general block
diagram of Fig. 4.1.

Detection is of course necessary to recover the transmitted data, but the methods that
can be applied in the individual scenarios vary. In particular in the broadcast channel
setting each user only has access to a single scalar output yk of y = [y1, . . . ,yK]T. The
methods discussed in this section however require full access to y, i.e., joint processing
of the components y1, . . . ,yK , in addition to knowledge of the matrix H at the receiver.
In Chapter 5 techniques that can be applied for the broadcast channel will be discussed.

We assume that the detector, i.e., the receiver in the transmission system, has per-
fect knowledge of the channel matrix H, while no channel knowledge is necessary or
exploited at the transmitter: The data symbol vector a = x = [x1, . . . ,xK]T to be trans-
mitted is selected from the constellation AK , with variance σ2

x per component, and
transmitted.

H

n

x̂
Detector

yx = a

Figure 4.1: General Detection Setup.

4.1 Maximum Likelihood Detection

If the noise vector nc in the complex-valued model consists of circularly symmetric
complex Gaussian i.i.d. samples with covariance matrix E{ncnT

c } = σ2
n,cI, the covari-

ance matrix of the corresponding real noise vector n =
[
ℜnT

c , ℑnT
c

]
T is given as the
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2Kc = K-dimensional matrix E{nnT} = σ2
nI with σ2

n = 1
2 σ2

n,c and real Gaussian per
component. Hence, the probability density function of y given H and x can be written
as

p(y|H,x) =
1

(2πσ2
n)

K/2
exp

(

−||y−Hx||2
2σ2

n

)

, (4.1)

and consequently the maximum likelihood estimate [Tre68] for x given y is

x̂ = argmax
x ′∈AK

p(y|H,x ′)

= argmax
x ′∈AK

1

(2πσ2
n)

K/2
exp

(

−||y−Hx ′||2
2σ2

n

)

= argmin
x ′∈AK

||y−Hx ′||2 . (4.2)

The exponential growth of the search space, |A K| = (
√

M)K for square M-QAM, both
in the number of dimensions, K, and the number of bits per component, log2(|A |),
prohibits the use of brute-force maximum-likelihood detection—i.e., simply evaluat-
ing ||y−Hx ′||2 for all possible x ′ ∈ AK—in many practical systems. Therefore more
efficient but possibly suboptimum detectors need to be studied.

4.2 Linear Equalization

A simple and straightforward way to obtain an estimate x̂ is to form

y ′ = H−1y = x+H−1n (4.3)

and quantize this vector to the closest point from the K-dimensional constellation A K

(this is the so-called linear zero-forcing (ZF) solution, since the interference caused by
H is forced to zero):

x̂ = QAK{y ′} . (4.4)

Since the signal components are fully decoupled, this quantization can be performed
seperately for each real dimension, i.e., QAK{y ′}=

[
QA{y′1}, . . . ,QA{y′K}

]
T, and con-

sequently has complexity O(K).

If some column vectors of H are close to parallel, the corresponding components of n
will be significantly amplified by the multiplication with H−1. This noise enhancement
even becomes infinite for singular matrices. To alleviate this problem, we can perform
linear minimum mean-square error (MMSE) equalization. This approach balances
residual interference and noise enhancement by finding the matrix F̃ according to

F̃ = argmin
F

E
{
||Fy−x||2

}
, (4.5)
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H
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y
F̃

y ′ x̂

Figure 4.2: Block diagram representation of linear equalization receiver.

and quantizing y ′ = F̃y to the closest point from the constellation A , as shown in the
block diagram1 of Fig. 4.2. Using the principle of orthogonality [Hay01], we have

E{(F̃y−x)yT} = 0 , (4.6)

and with � xx , E{xxT} and � nn , E{nnT},

F̃E{yyT}−E{xyT} = F̃(H � xxHT + � nn)− � xxHT = 0 . (4.7)

The resulting filter F̃ is therefore given by

F̃ = � xxHT(H � xxHT + � nn)
−1

= ( � −1
xx +HT � −1

nn H)−1HT � −1
nn (4.8)

(∗)
=
(
HTH+

σ2
n

σ2
x

I
)−1HT , (4.9)

where the second line follows from the matrix inversion lemma [Hay01] and the third
equality marked (∗) is valid for the common case of � xx = σ2

xI and � nn = σ2
nI (as

discussed in Section 3.1.1). In the limit for high signal-to-noise ratios this filter ap-
proaches the ZF solution.

The resulting overall transmission channel from x to y ′ consists of K parallel AWGN

channels with (correlated) noise: with n′ = F̃n we have E{n′(n′)T} = σ2
nF̃F̃

T
.

It is worth noting that since the linear MMSE equalization matrix F̃ depends on the
value of σ2

n/σ2
x , the receiver needs to have an estimate for this value, while the matrix

in the zero-forcing case is independent of this ratio.

If a modulation scheme with more than 2 signal points per real dimension is used,
the error rate can be further improved by using the unbiased MMSE solution (cf., e.g.
[Fis02]), which is obtained by scaling the components of the filter output such that the
desired component is present with unit amplitude gain; in our case this can be achieved
by chosing a diagonal scaling matrix as

diag(1/ψ11, . . . ,1/ψKK) , with � = F̃H , (4.10)

and using diag(1/ψ11, . . . ,1/ψKK)F̃ to perform the equalization.
1We use the convention that blocks representing nonlinear operations are distinguished by a second

black rectangle inside the box, as in the quantizer block.
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Figure 4.3: Average bit error rates achieved for linear zero-forcing (lin. ZF) and linear
minimum-mean-square error (lin. MMSE) equalization, Kc = 4, 4-QAM.

The bit error rate performance of the linear equalization scheme is shown in Fig. 4.3.
Note that linear MMSE equalization is close to optimum for low SNR values, but both
linear ZF and MMSE equalization error rate curves settle to a slope of −1 in the doubly
logarithmic plot, while the curve for maximum-likelihood detection has slope −4 in
the example shown. More on these slopes will be said in Sec. 4.3.2.

Even though the filter used for linear MMSE equalization converges to that for ZF
equalization for high SNR values, no convergence of error rates can be observed in the
SNR and error rate region shown.

To show the effect of biased and unbiased MMSE solution, Fig. 4.4 shows error rate
curves obtained using 16-QAM signaling, and a small gain of the unbiased over the
biased MMSE solution is visible.

4.3 Decision-Feedback Equalization

If we consider successive detection of the components of x, i.e., first detect x1, then x2,
and so on, we can try to make use of the previous decisions x̂1, x̂2, . . . .

This decision process arises naturally if we consider the QL decomposition [GL96] of

H = FTS , (4.11)
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10log10(Ēb,eq/N0) [dB] −→

B
E

R
−→

MLD
lin. ZF
lin. MMSE bias
lin. MMSE unb.

Figure 4.4: Average bit error rates achieved for linear zero-forcing (lin. ZF) and biased
(lin. MMSE bias) and unbiased (lin. MMSE unb.) linear minimum-mean-square error
equalization, Kc = 4, 16-QAM.

where S is lower triangular and F orthonormal (i.e., FTF = I). We can say that the
channel is transformed into a “spatially causal” channel, since now for

y ′ = Fy = Sx+Fn (4.12)

we have:

y′k = skkxk +
k−1

∑
l=1

sklxl +n′k , (4.13)

where n ′ = Fn. The orthonormal matrix F does not enhance or color the noise n, such
that E{n ′n ′T} = E{nnT} = σ2

nI.

Dividing by skk, and defining bkl , skl/skk we have

ỹk = xk +
k−1

∑
l=1

bklxl + ñk , (4.14)

with ñk = n′k/skk, and the receiver can immediately decide upon x̂1 from ỹ1 = x1 +

ñ1, and continue with x̂k, k > 1 from ỹ′k = ỹk −∑k−1
l=1 bkl x̂l . Hence the denomination

“decision-feedback” equalization.

If we write the processing of the received signal in matrix terms, with the diagonal
scaling matrix � = diag(1/s11, . . . ,1/sKK), the lower triangular unit-diagonal B = � S
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Figure 4.5: Matrix DFE receiver.

results. The operation of the receiver can now be described by the block diagram in
Fig. 4.5. Note that if the quantizer in the feedback loop is replaced by a short circuit,
the cascade of forward filter � F and feedback loop (B−1) is equal to H−1.

Assuming error-free previous decisions, the variables on which the decisions x̂k are
based, are only disturbed by white Gaussian noise ñk. In summary, the underlying
MIMO channel is decomposed into K parallel AWGN channels with different noise
variances, and the signal-to-noise ratios are

SNRk =
σ2

xs2
kk

σ2
n

, k = 1, . . . ,K . (4.15)

The MMSE version of decision-feedback equalization (e.g., [AS00]) can be similarly

derived using an observation from [Has99], namely that with the definition ζ =
σ2

n
σ2

x
,

using instead of (4.11) the QL decomposition of the matrix

V =

[
H
√

ζI

]

= QS =

[
Q1
Q2

]

S , (4.16)

(with S a K × K lower triangular matrix, and Q a 2K × K matrix of orthonormal
columns, partitioned into two K ×K matrices Q1 and Q2), we obtain

VTV = STQTQS = STS = HTH+ζI . (4.17)

We can now express the received signal after linear MMSE equalization with these
matrices (cf. (4.9)),

ỹmmse = (HTH+ζI)−1HTy

= (VTV)−1HTy

= (VTV)−1VT

[
y
0

]

= (STS)−1STQT

[
y
0

]

= S−1QT

[
y
0

]

= S−1QT

1 y . (4.18)
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From ỹmmse we obtain the estimate for the first component, x̂1. We then form y(2) =

y−h1x̂1, and assuming x̂1 = x1, in this way the influence of component 1 is perfectly
removed and the channel H(2) = [h2, . . . ,hK] is effective for the K −1 components re-
maining to be estimated. With the same argument as before, the corresponding MMSE
estimate ỹ(2)

mmse is found using the QL decomposition of

V(2) =

[

H(2)
√

ζI(K−1)×(K−1)

]

, (4.19)

where I(K−1)×(K−1) denotes a (K − 1)× (K − 1) identity matrix, and V(2) is a (2K −
1)× (K −1) matrix.

From (4.16) we have for the lower half of V, Q2S =
√

ζI, hence Q2 is the scaled
inverse of S, and since the inverse of a triangular matrix is again triangular, Q2 is
lower triangular. Therefore, we can decompose V and its factors Q and S as

V =

[
H
√

ζI

]

=






h1 H(2)
√

ζ 01×(K−1)

0(K−1)×1

√

ζI(K−1)×(K−1)




= QS =

[
Q1
Q2

]

S

=






q̄1 Q(2)
1

qK+1,1 01×(K−1)

q̆1 Q(2)
2






[
s11 01×(K−1)

s̆1 S(2)

]

=






q̄1s11 +Q(2)
1 s̆1 Q(2)

1 S(2)

qK+1,1s11 01×(K−1)

q̆1s11 +Q(2)
2 s̆1 Q(2)

2 S(2)




 ,

(4.20)

where we have used 0m×n to denote an m× n zero matrix. The first column of Q is
denoted as [q̄T

1 , qK+1,1 , q̆T

1 ]T, the K × (K −1) matrix Q(2)
1 contains columns 2, . . . ,K

of Q1, and Q(2)
2 is the (K −1)× (K−1) submatrix of Q2 obtained by deleting the first

row and the first column. The vector s̆1 contains elements 2, . . . ,K of the first column
of S, and S(2) = [skl]k≥2,l≥2 is a lower triangular (K −1)× (K −1) matrix.

If we cross out the first column and the (K +1)th row of V (the shaded parts of (4.20)),
we have the factorization

[

H(2)
√

ζI(K−1)×(K−1)

]

= V(2) =

[

Q(2)
1 S(2)

Q(2)
2 S(2)

]

=

[

Q(2)
1

Q(2)
2

]

S(2) , Q(2)S(2) , (4.21)

and since Q2 is lower triangular, the row K +1 that we removed from Q contains only
zeros in columns 2, . . . ,K, and the columns of the matrix Q(2) remain orthonormal.

Hence Q(2)S(2) is in fact a QL decomposition of V(2), and we can simply read off the
QL decomposition of V(2) from the QL decomposition of V.

Continuing in this way with x̂2, x̂3, . . . , we see that the factorization (4.16) contains
everything that is required for MMSE decision-feedback equalization. Using again

� = diag(1/s11, . . . ,1/sKK) with S from (4.16), the block diagram of Fig. 4.5 is valid,
with F = QT

1 (which is in general non-orthonormal). The lower triangular matrix B
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has to be chosen such that hkx̂k is removed from y, i.e., B = LoT( � QT

1 H), where we
define the operation to extract the lower triangular part (and set the diagonal to 1) as

LoT(M) , [gkl] , with gkl =







mkl , l < k ,

1 , l = k ,

0 , else .

(4.22)

Note that the channel effective at the input of the quantizer, � QT

1 H, is in general no
longer strictly lower triangular, and the nonzero entries in the upper triangular part
correspond to residual interference.

Again, for modulation schemes with more than 2 signal points per real dimension, the
unbiased MMSE solution as in Sec. 4.2 minimizes the error rate.

4.3.1 The V-BLAST Algorithm

An improved variant of the decision-feedback equalization strategy as described above
was introduced in [Fos96, FGVW99]. It makes use of the fact that contrary to decision-
feedback equalization for ISI channels (e.g., [Fis02]) the ordering of the decisions can
be changed arbitrarily. It turns out that this ordering affects the set of subchannel gains
s11, . . . ,sKK in (4.15), and hence we can optimize this ordering with respect to some
performance criterium, cf. also [DH93].

We will give a rather intuitive derivation of the V-BLAST algorithm similar to that in
the original work [Fos96]:

The idea is to perform decision-feedback equalization, but be more careful about which
decisions we take in which order. For the first decision, we look at the estimates
available via zero-forcing linear equalization of H by using H−1 on y(1) = y:

y ′ = H−1y(1) = x+H−1n (4.23)

Obviously the component of y ′ that experiences the least noise enhancement by H−1

can be detected with highest reliability. Since we assume all nk to be i.i.d., and in
particular of equal variance, this is the component that corresponds to the row of H−1

of smallest length (the “length” of a vector being its Euclidean norm).

So we make the decision for this component, say k1, and subtract the interference due
to this component from the received signal, i.e., form y(2) = y − hk1 x̂k1 , where hk1

denotes column k1 of H, cf. App. A. If this decision was correct, we have y(2) =

H(2)x + n, where H(2) is the matrix H where column k1 is set to 0—which can be
written as

H(2) = HĚ
(k1)

, with ě(k1)
kl =

{

1, (k = l ∧ k 6= k1)

0, else
. (4.24)
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Therefore, to get the next decision we perform linear equalization with the pseudoin-
verse (H(2))+. Again the row of (H(2))+ of smallest (nonzero) length corresponds to
the component with smallest noise amplification; we decide this component, subtract
the interference and continue with the next component.

To illustrate this, we show a simple example with the 3×3 matrix (real-valued system)

H =





0.6839 1.5171 −0.8171
−0.5901 1.0073 −0.4912
−0.2611 0.3034 0.8675



 . (4.25)

We denote the inverse as G(1) = H−1, given as

G(1) =





0.6384 −0.9762 0.0486
0.3996 0.2371 0.5106
0.0524 −0.3768 0.9888



 , (4.26)

which we use for linear equalization; the effective noise will be G(1)n, hence the com-
ponents will experience noise enhancement by

||g(1),1|| = 1.3629, ||g(1),2|| = 0.4766, ||g(1),3|| = 1.1224 . (4.27)

Since component 2 experiences the least noise enhancement, quantizing it to the con-
stellation used for the components of x will result in a more reliable estimate for x2

than quantizing components 1 or 3 to estimate x1 or x3, respectively. This component
contributed h2x̂2 to y, hence we form

y(2) = y−





1.5171
1.0073
0.3034



 x̂2 , (4.28)

and

H(2) =





0.6839 0 −0.8171
−0.5901 0 −0.4912
−0.2611 0 0.8675



 . (4.29)

The pseudoinverse G(2) = (H(2))+ is

G(2) =





0.5979 −1.0003 −0.0033
0 0 0

−0.3135 −0.5939 0.5211



 , (4.30)

with row lengths

||g(2),1||2 = 1.3580, ||g(2),3||2 = 0.7226 , (4.31)
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hence quantizing component 3 of G(2)y(2) will yield better results than quantizing
component 1. Therefore we form

y(3) = y(2)−





−0.8171
−0.4912

0.8675



 x̂3 , (4.32)

and finally,

H(3) =





0.6839 0 0
−0.5901 0 0
−0.2611 0 0



 , G(3) = (H(3))+ =





0.7735 −0.6675 −0.2953
0 0 0
0 0 0



 ,

(4.33)

and quantizing the first component of G(3)y(3) gives us x̂1. The effective noise en-
hancement factors (assuming the decisions made were correct and hence the subtrac-
tions did not cause additional interference) for components 1, 2 and 3 of y are

||g(3),1|| = 1.1311, ||g(1),2|| = 0.4766, ||g(2),3|| = 0.7226 , (4.34)

which is an improvement over those for linear equalization, (4.27). (If we had done the
QL decomposition as for standard decision-feedback equalization, noise enhancement
factors 1.3629, 0.4749 and 0.6019 would have resulted, with about 20% higher noise
enhancement in the worst performance subchannel).

In Fig. 4.6 we give the algorithm that follows from the reasoning above by collecting
the rows of the pseudoinverse that are selected in the successive steps in a matrix W,
and the decision order in a permutation matrix P which is used to re-order the columns
of H. Writing

B = WHP , (4.35)

the resulting B is unit-diagonal lower triangular as at the beginning of Section 4.3.
Hence if P were known beforehand, the matrices could be calculated by the QL de-
composition of HP, i.e., of H with permuted columns. Note that W corresponds to the
product � F that we had previously, hence WWT = � � T = diag(1/s2

11, . . . ,1/s2
KK).

The corresponding block diagram is given in Fig. 4.7.

For the example from above, we obtain

W =





0.3996 0.2371 0.5106
−0.3135 −0.5939 0.5211

0.7735 −0.6675 −0.2953



 , P =





0 0 1
1 0 0
0 1 0



 , (4.36)

and

B = WHP =





1 0 0
−0.9158 1 0

0.4116 −0.5604 1



 . (4.37)
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function vblast(H)

1 W =
[
(w1)T, . . . ,(wK)T

]T
= 0

2 P =
[
pk,l
]
= 0

3 H(1) = H
4 for (i = 1, . . . ,K) {
5 G(i) = (H(i))+

6 ki = argmink 6∈{k1,...,ki−1} ||gk,(i)||2
7 pki,i = 1
8 wi = gki,(i)

9 H(i+1) = H(i)Ě
(ki)

10 }
11 return W,P

Figure 4.6: Pseudocode for the V-BLAST algorithm [GFVW99].

H

B− I

P
x̂

BPT ỹ

ñ

W = � F
y

n

x

x

Figure 4.7: Matrix DFE receiver with permuted detection of the subchannels.

The correspondence of V-BLAST and DFE was also noted in [GC01]. While the
algorithm as described here is of complexity O(K4), there exist implementations of
the optimum V-BLAST algorithm that require O(K3) operations, e.g., [Has99, WB02,
BHC03]. In this thesis we take the view that the preprocessing necessary to set up
the filters for one transmission burst is negligible compared to the signal processing
necessary for the data symbols, if long enough bursts are considered, cf. Sec. 4.8.3.

Instead of linear zero-forcing equalization as in (4.23), we can also perform linear
MMSE equalization as in Sec. 4.2, to obtain a MMSE version of the V-BLAST algo-
rithm: All we need to do is to apply the V-BLAST algorithm of Fig. 4.6 to the matrix
V of (4.16) for standard MMSE decision-feedback equalization, and obtain

B̃ = W ′
[

H
√

ζI

]

P , (4.38)

with the K ×K unit-diagonal lower triangular matrix B̃ [Has99]. In general, the K ×K
permutation matrix P will be different from the one obtained using (4.35). Here W ′ is
a 2K×K-dimensional matrix, and only the first K columns of W ′ are actually used for
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the MMSE equalization of H, with

W = W ′
[

I
0

]

. (4.39)

Note that WHP is now no longer a strictly lower triangular matrix, and the matrix
B = LoT(WHP) has to be used in the block diagram of Fig. 4.7.

Formally we can say that the V-BLAST algorithm finds the permutation matrix ac-
cording to [FGVW99]

Popt = argmax
P

min{s2
11, . . . ,s

2
KK} , (4.40)

thus maximizing the minimum subchannel SNRk (note that 1/s2
kk is the length of row

k of W, and the SNR of subchannel k, (4.15), is proportional to s2
kk). Since the worst

subchannel dominates the average symbol error rate this is the right optimization cri-
terium if all subchannels use the same signaling rate and power. In Sec. 5.4.8 we will
see that if loading is applied, i.e., rate and power adapted to the subchannel properties
of a specific H, the reasoning above is not appropriate and a different strategy has to
be pursued.

4.3.2 Diversity Order and V-BLAST, Non-Square Channels

For the particular case of the Kc×Kc Rayleigh-fading channel (cf. Sec. 3.1.1), the error
rate curves for the individual complex subchannels resulting from V-BLAST equaliza-
tion can be used to nicely illustrate the concept of diversity order (cf., e.g., [ZT03]).

Figure 4.8 shows the run of the error rate curves of the 4 complex subchannels in a 4×4
Rayleigh-fading channel if V-BLAST equalization is used. (In this particular case we
apply the algorithm of Fig. 4.6 to Hc; if the algorithm is applied to the corresponding
real-valued H, a different behaviour results, cf. Sec. 4.3.3). The thing to note looking
at this figure is that the error rate curves asymptotically approach straight lines with
different slopes. The first subchannel has slope −1 in the doubly logarithmic plot
(corresponding to a decrease of bit error rate by a factor of 10 for a 10-fold increase
of transmit power), the second subchannel slope −2, the third −3 and the fourth −4.
Since the first subchannel has asymptotically much worse performance than the other
subchannels, this figure could only be obtained by using genie-aided V-BLAST, i.e., by
always using the correct values of the transmit symbols for the previous subchannels
in the cancellation step—otherwise the propagation of the errors made in the decision
of the first subchannel would have deteriorated the error rate performance of the other
subchannels, as well.

While it has not been proven rigorously for the V-BLAST algorithm (cf. [Loy02] for
a proof for the special case of Kc = 2), it is relatively easy to prove this behaviour for
the case of standard decision-feedback equalization, i.e., without column reordering:



4.3. Decision-Feedback Equalization 41

0 5 10 15 20 25
10

−5

10
−4

10
−3

10
−2

10
−1

10
0

PSfrag replacements
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Figure 4.8: Bit error rates achieved for the (complex) subchannels using (genie-aided)
V-BLAST equalization, Kc = 4, 4-QAM.

We consider performing the QL decomposition of the complex-valued channel matrix
Hc by means of so-called Givens (or plane) rotations [GL96]. These are unitary ma-
trices that can be used to zero specific elements in the vectors that they are applied
to; consequently, if we apply a Givens rotation to a matrix, we can zero a specific el-
ement of this matrix (by tayloring the rotation to zero the element in question in the
corresponding column vector).

We define a complex Givens-rotation as the Kc ×Kc matrix

Mc,i j =















1
. . .

c∗ −s∗

. . .
s c

. . .
1















, (4.41)

where the main diagonal is 1 except for rows i and j, where it has values c∗ and c,
and additionally those rows have entries −s∗ and s in column j and i, respectively
(0 elsewhere). Additionally, |c|2 + |s|2 = 1 has to be fulfilled for Mi j to be a unitary
matrix.
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Applying such a matrix to a vector hc,k =
[
hc,k,1, . . . ,hc,k,Kc

]T
, we obtain

Mc,i jhc,k =















hc,k,1
...

−s∗hc,k,i + c∗hc,k, j
...

chc,k,i + shc,k, j
...

hc,k,Kc















, (4.42)

where the modifications take place in rows i and j, respectively.

Chosing

c =
h∗c,k,i

√

|hc,k,i|2 + |hc,k, j|2
and s =

h∗c,k, j
√

|hc,k,i|2 + |hc,k, j|2
, (4.43)

we can cause the operation of Mc,i j to cancel the ith component of hc,k, i.e.,

Mc,i jhc,k =
















hc,k,1
...
0
...

√

|hc,k,i|2 + |hc,k, j|2
...

hc,k,Kc
















, (4.44)

where the entries are again those of rows i and j, respectively.

The QL decomposition of a Kc × Kc matrix Hc = FcSc, with Sc lower triangular
and Fc unitary, can now be calculated using a succession of 1

2Kc(Kc − 1) Givens
rotations, one for each 0 in the upper triangular part of Sc: Starting with the last
column of Hc, we apply suitable Mc,i,Kc matrices for i = 1, . . . ,Kc − 1, such that
all elements but the (Kc,Kc)-th one are made zero. During this process, this ele-
ment will be

√

|hc,1,Kc|2 + |hc,Kc,Kc|2,
√

|hc,1,Kc|2 + |hc,2,Kc|2 + |hc,Kc,Kc|2, . . . , and fi-

nally sc,Kc,Kc =
√

∑Kc
i=1 |hc,i,Kc|2.

Next, the process is repeated for column Kc−1, with suitable Mc,i,Kc−1, i = 1, . . . ,Kc−
2. Note that all elements of column Kc involved in the operation of the Mc,i,Kc−1’s are
0, hence column Kc is unaffected. The matrices Mc,i,Kc applied previously modify the
entries of column Kc −1, and we denote the modified entries with h′c,i,Kc−1. Thus, the

diagonal entry will be equal to sc,Kc−1,Kc−1 =
√

∑Kc−1
i=1 |h′c,i,Kc−1|2.

Continuing with columns Kc − 2, . . . ,1, the lower triangular matrix Sc is constructed,
while the (unitary) matrix Fc is the product of all the Givens rotations involved.
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Now the kth diagonal entry of Sc is given as sc,k,k =
√

∑k
i=1 |h′c,i,k|2, where h′c,i,k

denotes the entry resulting after the matrices Mc, j,κ, κ > k have been applied. If
hc,i,k ∼ CN (0,1), since in the entries of H are independent, and therefore in partic-
ular the Mc, j,κ are chosen independent of the entries in columns k < κ, we also have
h′c,i,k ∼ CN (0,1), and the random variable

s2
c,k,k = ∑k

i=1 |h
′
c,i,k|2 (4.45)

is χ2-distributed with 2k (real) degrees of freedom (cf. [Pro00, Fos96]). The number
of complex degrees of freedom, i.e., k, is also called the diversity order of the corre-
sponding subchannel. It can be shown that for high SNR the bit error rate achieved for
transmission over a channel of diversity order k is proportional to 1/SNRk [Pro00, Sec.
14.4.1], which corresponds to straight lines with slopes of −k in the doubly logarithmic
plot of Fig. 4.8.

Taking another look at Fig. 4.8, we can also tell what effect using a system with fewer
transmit than receive antennas—what we might call a non-square channel—has on the
average error rate performance: if, in this specific example, only 3 transmit antennas
were used, while retaining 4 receive antennas, the curve for “subch. 1” would not exist,
and the error rate curve for (genie-aided as well as non-genie-aided) V-BLAST would
be dominated by the one labeled “subch. 2”, i.e., a diversity order of 2 would be evident
in the average error rate curve.

4.3.3 Real-Valued (Widely Linear) Equalization in V-BLAST

The V-BLAST algorithm as given in Fig. 4.6 applies equally to real and complex-
valued matrices. In the literature the direct application to the complex-valued trans-
mission model (3.9) is common, e.g., [FGVW99]. In this work we have however
described the algorithm to operate on the equivalent real-valued model. Surprisingly,
in the case of decision-feedback equalization (i.e., DFE or V-BLAST) this results in a
system with better performance [FW03b].

This is due to the fact that when the restriction of deciding real and complex part
of a subchannel at the same time is removed, the detection order resulting from the V-
BLAST algorithm can be such that, after the real part of the first subchannel is detected,
the noise enhancement in a different subchannel is less than that in the imaginary part
of the first subchannel. Hence this other subchannel is detected next, after which the
imaginary part of the first subchannel experiences less interference and therefore can
be detected with less noise enhancement.

Since the real-valued matrices resulting from this processing can not be translated
back into complex-valued matrices (since they do not have the symmetric structure
as in (3.37)), and consequently do not correspond to linear processing in the complex
domain, one also speaks of widely linear processing [PC95], cf. also [GSL01].
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This effect is best illustrated by a small numerical example: Consider the application
of the V-BLAST algorithm from Fig. 4.6 to the matrix

Hc =

[
0.2592−1.3172j 1.0871−0.4611j

−0.4144−0.3212j 0.0990+0.0731j

]

. (4.46)

The row lengths of the pseudoinverse H+
c are ||g(1),1||2 = 2.7036 and ||g(1),2||2 =

3.9840. Hence the noise enhancement in the first component is less, and it is decided
first (k1 = 1). If that row is removed, a noise enhancement factor of ||g(2),2||2 = 0.7094
results for the second component. If we work on the real-valued equivalent matrix

H =







0.2592 1.0871 1.3172 0.4611
−0.4144 0.0990 0.3212 −0.0731
−1.3172 −0.4611 0.2592 1.0871
−0.3212 0.0731 −0.4144 0.0990







, (4.47)

the noise enhancement factors for the 4 real components resulting from the matrix G(1)

are ||g(1),1||2 = 2.7036, ||g(1),2||2 = 3.9840, ||g(1),3||2 = 2.7036, ||g(1),4||2 = 3.9840;
due to the orthogonality of real and imaginary parts these are pairwise identical. We
pick k1 = 1 (the real part of the first complex component, equivalently we could chose
the corresponding imaginary part, k1 = 3), and obtain ||g(2),2||2 = 3.0586, ||g(2),3||2 =

2.7036 and ||g(2),4||2 = 1.6348. Now the fourth real component, which corresponds
to the imaginary part of the second complex component, has the least noise enhance-
ment, so we decide this component next, k2 = 4. Continuing, ||g(3),2||2 = 1.7289 and
||g(3),3||2 = 1.1733, which means the imaginary part of the first complex component
is detected next (k3 = 3), and finally the real part of the second complex component
remains (k4 = 2) with a noise enhancement factor of ||g(4),2||2 = 0.7094.

Summarizing, in this example the permutation matrix obtained from the complex-
valued V-BLAST algorithm is

P =

[
1 0
0 1

]

, (4.48)

with noise enhancement factors

||g(1),2||2 =̂ 1/|s11|2 = 2.7036 (4.49)

||g(2),1||2 =̂ 1/|s22|2 = 0.7094 , (4.50)

while for the real-valued algorithm

P =







1 0 0 0
0 0 0 1
0 0 1 0
0 1 0 0







, (4.51)
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Figure 4.9: Average bit error rate achieved using real and complex versions of the
V-BLAST algorithm, zero-forcing and MMSE equalization, Kc = 4, 4-QAM.

and

||g(1),1||2 =̂ 1/s2
11 = 2.7036 (4.52)

||g(2),4||2 =̂ 1/s2
22 = 1.6348 (4.53)

||g(3),3||2 =̂ 1/s2
33 = 1.1733 (4.54)

||g(4),2||2 =̂ 1/s2
44 = 0.7094 . (4.55)

If we look at the noise enhancement factors, we see that in this example, performing
complex-valued equalization, two of the real subchannels are affected by a noise en-
hancement factor of 2.7036. For real-valued equalization, only one component suffers
a noise enhancement factor of 2.7036, with the second largest noise power enhance-
ment factor about 2dB smaller. Since the components with the worst channel dominate
the error rate, this effectively means that the error rate is halved.

Not all matrices H exhibit such remarkable gains, but on the average a still substan-
tial performance improvement is achieved, as the simulation results in Fig. 4.9 show.
These were obtained for a complex 4× 4 system using 4-QAM in all subchannels. In
this case the gain corresponds to roughly 1dB of power efficiency at an average bit
error rate of 10−3.

We should note that there is a small amount of additional error propagation present
when this real-valued strategy is applied: In complex-valued equalization the imme-
diately succeeding pairs of variables detected are real and imaginary parts, which are
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orthogonal and hence (always assuming perfect knowledge of H) no error propagation
can occur from real to imaginary part (or vice versa) of each component; the real-
valued strategy sacrifices this orthogonality. As the subchannel dominating the error
rate is the one that is detected first anyway, the additional error propagation in the
remaining subchannels has no noticeable effect on the error rate performance.

Because of these gains possible by performing equalization in the real domain, and the
additional notational convenience, we have chosen to concentrate on the real-valued
model for the exposition of the receiver and transmitter signal processing strategies in
this thesis.

4.4 Simulation Results I

Simulation results comparing the different equalization strategies discussed so far are
given in Figs. 4.10 and 4.11.

Again, no convergence of the MMSE error rate to ZF error rate for high SNR can be
observed in the simulation results.

Note that the performance advantage of the MMSE variants is quite considerable:
While zero-forcing V-BLAST (labeled ZF-VB) exhibits roughly the same performance
as MMSE-DFE, MMSE V-BLAST (MMSE-VB) follows the error rate curve for the
maximum-likelihood receiver rather closely, and in the case for Kc = 8 does not even
show the characteristic slope of −1 in the error rate and SNR range covered by the
simulation. (All simulations were performed using the real-valued equivalent model).
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4.5 The Sphere Decoder

For signaling sets that have a “grid structure”, including the ones that we have pre-
sented in Sec. 3.5, the maximum-likelihood detection problem of (4.2) can be seen as
a restricted case of the lattice decoding or closest point problem [CS99, AEVZ02], cf.
also [Mow94]. That problem has been extensively studied, and some rather efficient
algorithms are known (cf. Appendix C for the definition of a lattice). In this section
we discuss a particular implementation of such a “sphere decoder algorithm”.

4.5.1 The Lattice Decoding Problem

The lattice decoding problem corresponding to (4.2) is formulated as

x̂ = argmin
y ′∈H

� K
||y−y ′||2 , (4.56)

i.e., the point closest (with respect to Euclidean distance) to y in the K-dimensional
lattice described by the columns of H is found.

The QAM constellations that we have described in Sec. 3.5 are no subsets of H � K , but
are rather taken from a shifted version of the integer lattice, e.g., for a square M-QAM
constellation, each component of x is taken from the signal set,

xk ∈ {−
√

M−1
2 ,−

√
M−1
2 +1, . . . ,−1

2 , 1
2 , . . . ,

√
M−1
2 −1,

√
M−1
2 } . (4.57)

The received vectors for these signal sets can be easily translated to correspond to
transmit signals from a range xk ∈ {0, . . . ,Qmax =

√
M−1} ⊂ � by adding

√
M−1
2 H[1, . . . ,1]T (4.58)

to the received vector y, and subtracting
√

M−1
2 [1, . . . ,1]T (4.59)

from the detector output. If the lattice decoder is modified to solve the lattice decoding
problem for the subset H{0, . . . ,Qmax}K ⊂ H � K , the solution will be the maximum-
likelihood solution (4.2).

4.5.2 The Sphere Decoder Algorithm

A general method to solve the lattice decoding problem (4.56) is given in [AEVZ02],
and this algorithm is reproduced in Figure 4.12. Also included in this figure are mod-
ifications (shown shaded) to restrict the search space to [0, . . . ,Qmax]

K ⊂ � K , which
will be discussed later on.



4.5. The Sphere Decoder 49

The input to this algorithm is the vector to decode, y, and the generator matrix H of
the lattice H � K .

In a first preprocessing step (lines 1–3), the lattice is rotated such that the new ba-
sis is given by the upper triangular R, obtained from a special variant of the QR-
decomposition [GL96] of H = QR with an orthonormal matrix Q and an upper trian-
gular matrix R, denoted as qr∗(H), which assures that the diagonal entries of R are
positive2. Thus, the diagonal entries of its inverse G, gkk, will also be positive, since
(with δkl the Kronecker delta)

G = [gkl] = R−1 , gkl =

{

r−1
kk

(
δkl −∑K

m=k+1 rkmgml
)

, k ≤ l ,

0 , else ,
(4.60)

in particular, gkk = r−1
kk . Note that if multiple y are to be decoded, the calculations in

lines 1 and 3 only need to be performed whenever H changes.

The algorithm itself first forms the “unconstrained” linear zero-forcing solution (cf.
Sec. 4.2) in line 7: Using w = QTy, eK = [e1K, . . . ,eKK]T = Gw = R−1QTy = x +

R−1n. With this definition,

||y−Hx ′||2 = ||H(eK −x ′)||2

= (eK −x ′)THTH(eK −x ′)

= (eK −x ′)TRTR(eK −x ′)

=
K

∑
k=1

r2
kk

(

ekK − x′k +
K

∑
l=k+1

rkl

rkk
(elK − x′l)

)2

. (4.61)

The goal is now to enumerate and examine all points Hx ′ that lie within a yet to be
determined radius

√
bestdist of y,
{

x ′ ∈ � K : ||y−Hx ′||2 < bestdist
}

. (4.62)

We expand the first sum in (4.61) starting with k = K. For the Kth component of x ′,
due to the upper triangular structure of R the second sum is empty and this allows us
to bound x′K by

distK = r2
KK(eKK − x′K)2 ≤ bestdist , (4.63)

simply disregarding the summands involving the other components of x ′. We can thus
select any x′K within this range. If we additionally take component k = K −1 into con-
sideration, from (4.61) we see that all points within the sphere of radius

√
bestdist

have to satisfy

r2
KK(eKK − x′K)2
︸ ︷︷ ︸

=distK

+

+ r2
K−1,K−1

(

eK−1,K − x′K−1 +
rK−1,K

rK−1,K−1
(eKK − x′K)

)2

≤ bestdist , (4.64)

2For example, if the QR decomposition is implemented using Givens rotations as outlined in
Sec. 4.3.2, this is automatically assured.



50 CHAPTER 4. DETECTION STRATEGIES

function decode(H,y)
1 Q,R = qr∗(H)
2 w = QTy
3 G = R−1

4 bestdist= ∞
5 k := K
6 distK+1 := 0
7 ek = Gw
8 x′k := bekke
9 x′k := max(x′k,0); x′k := min(x′k,Qmax)

10 y := (ekk − x′k)/gkk

11 stepk = sgn∗(y)
12 while (1) {
13 newdist := distk+1 + y2

14 if (newdist< bestdist ∧ (x′k ≥ 0∧ x′k ≤ Qmax) ) {
15 if (k 6= 1) {
16 for (i = 1, . . . ,k−1) { ek−1,i := eki − ygik }
17 distk := newdist

18 k := k−1
19 x′k := bekke
20 x′k := max(x′k,0); x′k := min(x′k,Qmax)
21 y := (ekk − x′k)/gkk

22 stepk := sgn∗(y)
23 }
24 else {
25 x̂ := x′

26 bestdist := newdist

27 k := k +1
28 x′k := x′k +stepk
29 stepk := −stepk −sgn∗(stepk)
30 if (x′k < 0∨ x′k > Qmax) {
31 x′k := x′k +stepk
32 stepk := −stepk −sgn∗(stepk)
33 }
34 y := (ekk − x′k)/gkk

35 }
36 }
37 else {
38 if (k = K) { return x̂ }
39 else {
40 k := k +1
41 x′k := x′k +stepk
42 stepk := −stepk −sgn∗(stepk)
43 if (x′k < 0∨ x′k > Qmax) {
44 x′k := x′k +stepk
45 stepk := −stepk −sgn∗(stepk)
46 }
47 y := (ekk − x′k)/gkk

48 }
49 }
50 }

Figure 4.12: Pseudocode for sphere decoder algorithm from [AEVZ02] (modifications
for finite constellations, xk ∈ {0, . . . ,Qmax}, shown shaded).
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and so on for decreasing k: Because of the upper triangular structure of R, the bound
characterizing the points within the sphere depends only on the components of x ′ that
have previously been selected. Since G = R−1, the y value calculated in line 10 is
equal to

√
distK from above. The second sum in (4.61) only involves components

of x ′ previously chosen. The update for the calculation of this sum is done in line
16, using the fact that G is given as in (4.60). Basing these calculations on G has the
advantage that the algorithm only needs access to the matrix G, and R or H only need
to be available during the initialization required once for each H (lines 1–3) [AEVZ02].

If the squared radius of the sphere to be examined, bestdist, were fixed beforehand,
we would obtain an algorithm that examines all points within that sphere. Lattice
decoding algorithms that make use of this property are hence called sphere decoders3,
e.g. [VB99].

If we were to enumerate all points in the straightforward fashion, e.g., for k = K,
examine all possible

x′K ∈
{⌈

−
√

bestdist

r2
KK

⌉

, . . . ,

⌊√

bestdist

r2
KK

⌋}

, (4.65)

this would result in the so-called Fincke-Pohst strategy [AEVZ02, VB99, FP85]. This
requires bestdist to be chosen upfront; if it is chosen too large, the enumeration will
take a long time to terminate, whereas if it is chosen too small, the sphere around the
point y might not contain any lattice points at all.

The enumeration strategy used in the algorithm of Fig. 4.12 is called the Schnorr-
Euchner strategy [AEVZ02, SE94]. For each component k, it enumerates all possible
values in the order of their distance from the value suggested by decision-feedback
equalization (DFE, cf. Sec. 4.3). In the algorithm R is upper triangular, and therefore
the calculation and subsequent quantization of ek performs zero-forcing DFE back-
wards, starting with component K.

The lattice point obtained by DFE is usually already relatively close to y. Since we
look for the point of H � K closest to y, the distance of this DFE point to y is an upper
bound for the smallest distance possible. Updating the squared radius of the sphere to
examine whenever a valid point at smaller distance is found (line 26) makes sure that
the total number of points examined is as small as possible.

Thus, even if bestdist is initialized to a very large value (line 4), the first vector
obtained in line 25 results in an update of bestdist in line 26 to a reasonably small
value. Since this DFE point will in general lie somewhere within the allowed range
(e.g. (4.65) for component K), the other points in that range are examined in a zig-zag
fashion around the first point. This enumeration is achieved by the step size selection

3The denomination “sphere lattice decoder” would be more exact, but is not common.
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in lines 11, 22, 29/32, 42/45, where a modified sign-function,

sgn∗(x) =

{

1, x > 0

−1, x ≤ 0
, (4.66)

is used to make sure that the first “step” taken is always ±1 (and not 0). Note that
when the algorithm reaches the dimension k = 1, no enumeration is performed, since
for one dimension the point obtained by rounding (line 19) is optimum—in contrast
to the Fincke-Pohst strategy, which would enumerate all allowed points even for a
one-dimensional problem.

4.5.3 Modifications for Performance Improvement

The modifications for finite constellations are similar to those described in [DGC03]
or [Heh03], and are as follows: The initialization of each xk to the DFE point in lines 8
and 19 is followed by instructions that constrain this first point to lie within the allowed
range {0, . . . ,Qmax}. The check whether the currently considered point is of interest,
i.e., lies within the sphere of the currently best known radius (line 14) is modified to
include a check whether the point is within the constellation as well. Finally, when
the point is updated according to the Schnorr-Euchner zig-zag search strategy (lines
28, 41), we check whether the updated point fell out of the constellation; if so, we
do another update (lines 30–32, 43–46), for a look at the “other end” of the (one-
dimensional) constellation.

With these modifications the sphere decoder (SD) algorithm can be used to solve the
maximum-likelihood detection problem (4.2); the MLD curves shown in the simula-
tion results in this chapter were all obtained using the sphere decoder algorithm.

On the other hand, if the modifications for finite constellations were not introduced in
the algorithm of Fig. 4.12, only near-maximum-likelihood detection would be imple-
mented. With growing constellation size (e.g., 64-QAM, 256-QAM) the in principle
more reliable boundary points (since they have fewer nearest neighbors than the points
in the interior of the constellation) contribute diminishingly to the error rate, and (4.56)
approximates (4.2) increasingly exact.

The sphere decoder algorithm is rather efficient, and it can be shown that if the Fincke-
Pohst enumeration strategy is used, the average complexity of this algorithm, applied
to the setting (3.1) with n Gaussian i.i.d. noise, is polynomial in the number of dimen-
sions K [HV02]. The worst-case complexity is however still exponential in the number
of dimensions K, since the lattice closest point problem can be shown to be NP -hard,
cf. [AEVZ02] and [BMT78]. The sphere decoder algorithm is also closely related to
the stack algorithm of sequential decoding, cf. [DGC03, Jel69].

It is possible to replace the “simple” decision-feedback equalization performed by the
sphere decoder as described here with MMSE V-BLAST equalization (Sec. 4.3.1) to
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obtain a better starting point. With Q obtained using MMSE V-BLAST, the matrix R
will however no longer be strictly upper triangular. Since the sphere decoder algorithm
operates only on the upper triangular part of this matrix, in this case it no longer exactly
solves the maximum-likelihood detection problem. In [DGC03] it was shown that the
loss with respect to exact maximum-likelihood detection of this approach is however
small, while the gain in computational complexity (since bestdist is decreased much
quicker) is enormous. Simulation results comparing the performance of the sphere
decoder, i.e., maximum-likelihood detection, to that of the sphere decoder with MMSE
V-BLAST preprocessing are shown in Fig. 4.13. Note that in the low-SNR region the
error rate of the sphere decoder with MMSE V-BLAST preprocessing is even higher
than that of simple MMSE V-BLAST, which is due to the fact that the metric (4.61)
the sphere decoder uses is (more) distorted for low SNR values.

A comparison of the complexity of the various detection methods, including the sphere
decoder with MMSE V-BLAST preprocessing, will be given in Sec. 4.8.
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4.6 Lattice Reduction-Aided Detection

We continue interpreting the detection problem as a lattice decoding problem. Instead
of trying to solve the lattice decoding problem by the sphere decoder algorithm, we
look at methods that produce good approximate solutions, in guaranteed polynomial
time. The corresponding “approximate closest vector problem” for lattices was studied
by Babai [Bab86], cf. also [BK98, MG02].

The application of these methods to the problem at hand, in particular the combina-
tion with low-complexity detection schemes other than linear equalization, was first
presented in [YW02]. However, only complex 2×2 MIMO systems were considered,
where maximum-likelihood detection (cf. Section 4.1) is generally not a problem. The
algorithm developed for the 2×2 systems is reminiscent of so-called Gaussian reduc-
tion [Coh93, Algorithm 1.3.14], which is an efficient and optimum algorithm to obtain
a “reduced basis” for two-dimensional lattice settings (refer to Appendix C for an in-
troduction to lattices and lattice basis reduction). For higher numbers of dimensions
there is no hope for an efficient optimum algorithm, as the lattice reduction problem is
known to be NP -hard [vzGG99].

We will show that, using the equivalent real model of Section 3.4, the original method
of [Bab86] can be applied to MIMO systems with arbitrary K, relying on the so-called
LLL (Lenstra, Lenstra, Lovász), and KZ (Korkine-Zolotareff) reduced basis matrices
of the lattice. These approaches were first reported in [WF03a], but are also briefly
hinted at in [Yao03]. Additionally, we propose to combine the V-BLAST algorithm
with lattice reduction to improve the decision-feedback approach presented in [Bab86].

4.6.1 Detection Procedure

Using the lattice decoding interpretation of the detection problem as described in Sec-
tion 4.5, if x ∈ AK ⊂ � K , the noiseless received points in the communication scenario
correspond to points of the lattice H � K (for our QAM constellations, again (4.58)
and (4.59) are applied).

Lattice (basis) reduction [Coh93, LLL82] optimizes the generating matrix of the lattice
to obtain a “nicer” description of the lattice. The lattice points correspond to integer
linear combinations of the columns of H = [h1, . . . ,hK], and lattice basis reduction
obtains another set of column vectors, collected in the “reduced” matrix Hred, that span
the same set of points, H � K ≡ Hred � K , but which are, in general, closer to orthogonal.

The matrices H and Hred are related by

Hred = HR , (4.67)

where R is a unimodular matrix, i.e., has integer entries and |det(R)| = 1, therefore
R−1 also contains only integer entries.
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Using (4.67) in y = Hx+n, we write

y = HredR−1x+n , (4.68)

and since R−1 is an integer matrix, R−1x is an integer vector, and we can thus interpret
the noiseless received signal points as points in the lattice described by Hred. Since
the matrix Hred is in general closer to orthogonal than H, low-complexity detectors
perform better in this lattice since noise enhancement, e.g., due to linear equalization
with H−1

red , is decreased (more on this will be said in Sec. 4.6.2). Having found the
estimate described in terms of the lattice basis Hred, we can reverse the basis change,
i.e., translate the result by application of R, to obtain x̂.

We now discuss two methods operating on y to equalize the matrix Hred in (4.68).

4.6.1.1 Linear Equalization/Rounding-Off Approximation

The most obvious method to remove the effect of Hred from (4.68) is to perform (zero-
forcing) linear equalization as in Sec. 4.2, that is, multiply the vector y by H−1

red , and
obtain

y ′ = H−1
red y

= R−1x+H−1
red n . (4.69)

Since the columns of Hred are close to orthogonal, the operation of H−1
red on n causes

only relatively small noise enhancement and coloring.

As we have assumed x ∈ AK ⊂ � K , and R−1 ∈ � K×K , we can simply quantize y ′ to
the integer lattice. The estimates corresponding to the original signal points can be
obtained by reversing the basis transform, hence,

x̂ = RQ � K{y ′} , (4.70)

where Q � K{·} denotes the quantization operation to the K-dimensional integer lattice,
for which per-component quantization is optimum:

Q � K{y ′} =
[
by′1e, . . . ,by′Ke

]T
. (4.71)

This method is called rounding-off procedure in [Bab86], cf. also [BK98]. Figure 4.14
illustrates this procedure. For visualization purposes a simple real 2-dimensional trans-
mission is assumed with a channel matrix

H =

[
1 1.7

−0.1 1

]

, (4.72)

and the resulting received signal y including the circularly symmetric noise is shown
in the middle picture of the upper row. The decision regions for maximum-likelihood
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detection are also shown. Linear equalization with respect to H leads to the situation
depicted in the upper right picture, where detection in horizontal direction is made
difficult by the large noise enhancement. Only in the shaded regions do the decision
regions of the constellation quantizer and the maximum-likelihood decision regions
overlap, and we see that a significant amount of noise “leaks” through this detector.
On the other hand, linear equalization with respect to

Hred =

[
1 −0.3

−0.1 1.2

]

= H
[

1 −2
0 1

]

(4.73)

is shown in the bottom picture, which causes much less noise enhancement, and the
decision regions obtained by quantization of the received signal to the integer grid are
closer to the optimum ones, and fewer noise realizations result in errors that maximum-
likelihood detection could have avoided.

Figure 4.15 illustrates the resulting detector structure for the case of linear equal-
ization, where the first quantizer corresponds to Q � K{·}, while the second quantizer
serves to restrict the output symbols to lie within the constellation.

4.6.1.2 V-BLAST Equalization/Nearest Plane Approximation

Instead of linear equalization, we can of course use more sophisticated methods, in
particular the V-BLAST decision-feedback detection algorithm discussed in Sec. 4.3.1.

From the V-BLAST algorithm of Fig. 4.6 applied to Hred we obtain matrices W and
P, such that

WHredP = B , (4.74)

where W has orthogonal rows, P is a permutation matrix corresponding to the op-
timized decision order, and B is a lower triangular matrix with unit diagonal (bkl =

0,k < l,bkl = 1,k = l). We form

q = Wy (4.75)

and for k = 1, . . . ,K calculate (∑0
l=1(·) , 0)

q̂k =
⌊

qk −∑k−1
l=1 bkl q̂l

⌉

. (4.76)

Transforming the result back to the original ordering and lattice, we obtain, with q̂ =
[q̂1, . . . , q̂K]T,

x̂ = PRq̂ . (4.77)

The corresponding decision-feedback approach, i.e., with P = I, is also discussed
in [Bab86], where it is called nearest plane procedure. Our simulation results will
show that optimizing the permutation of the columns of Hred using the V-BLAST al-
gorithm improves performance significantly.
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Figure 4.15: Block diagram of lattice reduction-aided detection (linear equalization).

4.6.1.3 MMSE Equalization

It turns out that MMSE-type equalization of Hred is not possible in a simple manner,
since components of the the signal to be detected (R−1x) are correlated and of higher
variance than in the standard detection case.

Furthermore, since the number of valid points for the quantizers increases, we also
have the effect that for reliable decision the required SNR increases and in this respect
MMSE equalization for large constellations converges towards ZF equalization.

4.6.1.4 Sphere Decoder with Lattice Reduction Preprocessing

It is worth pointing out that also the sphere decoder algorithm of Sec. 4.5 can be used
as (not-so-low-complexity) detector for R−1x from the received signal described as
y = HredR−1x+n.

This preprocessing usually significantly speeds up the “sphere decoder” lattice de-
coding algorithm [AEVZ02]. However, since in this case the sphere decoder must
be used without the modification for finite constellations, this speedup is offset by
the complexity incurred by the much larger search space that the decoder needs to
cover [DGC03, Heh03].

4.6.1.5 Final Quantization and Simulation Results

The lattice reduction-aided detection method including the translation for the QAM
constellations as used in this work is summarized by the pseudocode of the function
LRdec(y,H) in Fig. 4.16 for linear equalization, and Fig. 4.17 for V-BLAST/decision-
feedback equalization. There we have made use of a subroutine “LLL(H)”, as given
in App. C, which returns the reduced basis Hred as well as the basis change matrix R
obtained with the LLL basis reduction algorithm, and a subroutine “vblast(Hred)”,
from Fig. 4.6.

The quantization employed to obtain the estimated coordinates of x with respect to the
basis Hred (b·e) does not regard the boundary region of the constellation used for x.
Therefore the points obtained in x̂ stem from an extended version of the original con-
stellation, and, in a final step, points that happen to lie outside the boundary region of
the original constellation have to be assigned to the nearest point within the boundary
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function LRdec(y,H)
1 Hred,R = LLL(H)

2 x̂ = RQ � K{H−1
red y−R−1 [1

2 , . . . , 1
2

]T}+
[1

2 , . . . , 1
2

]T

3 return x̂

Figure 4.16: Pseudocode for linear equalization-based lattice reduction-aided detec-
tion of y received over a channel H.

function LRdec_dfe(y,H)
1 Hred,R = LLL(H)
3 W,P = vblast(Hred)
4 B = WHredP

5 q = W(y−BPR−1 [1
2 , . . . , 1

2

]T
)

6 q̂1 = bq1e
7 for (k = 1, . . . ,K) {
8 q̂k =

⌊
qk −∑k−1

l=1 bkl q̂l
⌉

9 }
10 return x̂ = PRq̂+

[1
2 , . . . , 1

2

]T

Figure 4.17: Pseudocode for V-BLAST decision-feedback-based lattice reduction-
aided detection of y received over a channel H.

region. (Since the probability that the points thus obtained result in an erroneous x̂ is
high, if we were using a channel code, we could declare an “erasure” for this received
vector).

While it would be beneficial to take the boundary region of the constellation into ac-
count, this turns out to be a nontrivial task. As an illustration, Fig. 4.18 shows two ex-
amples for the effective constellations R−1AK and the decision regions that can result
in the simple 2× 2 real-valued model (similar to Fig. 4.14) with linear-equalization-
based lattice reduction-aided detection, compared to the decision regions that can be
applied if the boundary region is not changed. Even for this simple two-dimensional
case the geometry of the effective constellation can be rather complex, and the valid
points do not even have to be adjacent (cf. the example at the bottom of Fig. 4.18).
Different shades are used according to the number of nearest neighbors of the constel-
lation point corresponding to the decision region. For this (4-ASK)2-constellation, the
decision regions for the 12 points on the boundary of the constellation are reduced in
size, causing an increase in detection error rate.

To illustrate the performance of the detection strategies mentioned, Fig. 4.19 shows
average bit error rates achieved using 4-QAM over a 4×4, and Fig. 4.20 those for an
8×8 complex Rayleigh-fading channel.

The remarkable fact about these error rate curves is that, in contrast to the other low-
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R =

[
0 1
1 −1

]

R =

[
−1 −2

1 3

]

Figure 4.18: Effective constellations and decision regions (linear equalization): stan-
dard detection methods (top), examples for lattice reduction-aided detection (middle,
bottom, together with the respective R matrices).
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Figure 4.19: Average bit error rate achieved using lattice reduction-aided detection
with linear, decision-feedback and V-BLAST equalization, Kc = 4, 4-QAM.

complexity equalization schemes considered, their run is parallel to that of the curve
for maximum-likelihood detection. In the present case of a 4-dimensional Rayleigh-
fading channel this means that the diversity order evident in the curves for lattice
reduction-aided detection (LRAD) is 4, while that achieved by linear or V-BLAST
equalization is only 1. Note that using the V-BLAST algorithm instead of the “stan-
dard” nearest plane approximation, i.e., decision-feedback equalization, improves the
power efficiency of the detection scheme by roughly 1dB for the Kc = 4 case, and well
over 4dB (at BER < 10−3) for Kc = 8.

An even simpler approach than the inversion of Hred would be to use the matched filter
receiver on y, i.e., DHT

red, where D is a diagonal scaling matrix that ensures a transfer
function of 1 per component. This is the approach used in the lattice reduction-based
receiver presented in [CSZ01], however in the present setting its performance is not
satisfactory.

4.6.2 Optimality of Reduced Basis

In this section we take a closer look at the reduced basis, and in particular consider its
“optimality”, cf. also [WF03b].

A measure of how close a matrix is to being orthogonal is the so-called (normalized)
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10log10(Ēb,eq/N0) [dB] −→

B
E

R
−→

MLD
LRAD (lin.)
LRAD (DFE)
LRAD (VB)

Figure 4.20: Average bit error rate achieved using lattice reduction-aided detection
with linear, decision-feedback and V-BLAST equalization, Kc = 8, 4-QAM.

orthogonality defect [MG02]

δ(H) =
∏K

k=1 ||hk||
|det(H)| , (4.78)

and it is easily seen that δ(H) ≥ 1 for all matrices H = [h1, . . . ,hK] and δ(H) = 1 if
and only if the columns of H are orthogonal.

Since the determinant in the denominator of (4.78) is not changed by a basis change
according to (4.67) (with |det(R)| = 1), it turns out that the orthogonality defect of a
lattice basis is proportional to the lengths of the basis vectors; hence the search for a
transformed basis with almost orthogonal vectors is closely related to the search for a
basis consisting of short vectors.

The reduced basis with minimum orthogonality defect can be found using the KZ re-
duction (cf. App. C). However, as already mentioned, the lattice reduction problem is
NP -hard, and consequently the corresponding algorithm quickly becomes very time-
consuming as K increases. The LLL algorithm, on the other hand, which is a heuristic
approach to approximately solve the lattice reduction problem, has very reasonable
computational complexity. However, it does not guarantee to minimize the orthogo-
nality defect.

To investigate this in more detail, measured probability density functions of the or-
thogonality defect of LLL and KZ-reduced matrices, as well as of their unreduced
counterparts are shown in Fig. 4.21. The real matrix H was chosen to correspond to an



4.6. Lattice Reduction-Aided Detection 63

10 20 30 40 50 60
0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

PSfrag replacements

x −→

p 1
0

lo
g 1

0
(δ

(H
))
(x

)
−→

before
LLL
KZ

Figure 4.21: Measured probability density functions of the logarithm of the orthogo-
nality defect of complex random 8×8 matrices before and after LLL/KZ reduction.

8× 8 matrix of circular symmetric complex Gaussian i.i.d. distributed entries of vari-
ance 1 each, i.e., corresponds to the channel matrix for our Kc = 8 simulation setup.
Obviously, KZ reduction can decrease the orthogonality defect quite a bit more than
LLL reduction. But in the case of complex 8× 8 matrices as depicted in the figure,
even LLL reduction is able to virtually avoid orthogonality defects δ(H) above 1000,
which make up roughly 50% of the orthogonality defects of the unmodified random
H’s.

However, for our present application, the orthogonality defect is by no means the
measue of choice: Instead, the noise enhancement resulting for linear and decision-
feedback equalization should be minimized by the reduction.

4.6.2.1 Linear Equalization/Rounding-Off Approximation

For linear equalization, with Hred = [h̃1, . . . , h̃K ], the noise enhancement in subchannel
k is equal to the kth diagonal entry of

H−1
red H−T

red =









||h̃1||2 h̃
T

1 h̃2 · · · h̃
T

1 h̃K

h̃
T

2 h̃1 ||h̃2||2 · · · h̃
T

2 h̃K
...

...
. . .

...

h̃
T

Kh̃1 h̃
T

K h̃2 · · · ||h̃K||2









−1

. (4.79)
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In general this entry will be of the form

[
H−1

red H−T

red

]

kk =
∏`6=k ||h̃`||2−X

det2(H)
, (4.80)

where X is a sum of products which contain factors bounded by (C.4b) in App. C
(this property is valid for both LLL and KZ reduction) each, and which would be 0 if
orthogonality were achieved by the reduction algorithm. Of course,

[
H−1

red H−T

red

]

kk ≥ 0,
and we see that if the lengths of the basis vectors are small the noise enhancement
factors will be small as well.

Note that if we look at the simple 2×2 case, the enhancement factors for the first and
second subchannels are

||h2||2
det2(H)

and
||h1||2

det2(H)
. (4.81)

Clearly a basis with shortest vectors is optimum in this case. (For 2× 2 such a basis
can be efficiently and optimally obtained by the LLL reduction, which degenerates to
so-called Gaussian reduction [Coh93], cf. also [YW02]).

Generally, the true criterium for the optimum R in (4.67) with linear equalization is:

R = argmin
R∈GLK(

�
)

max
k∈{1,...,K}

{[
H−1

red H−T

red

]

kk

}
, (4.82)

and both LLL and KZ reduction can only be seen as heuristic approaches for the opti-
mization.

4.6.2.2 V-BLAST Equalization/Nearest Plane Approximation

For decision-feedback equalization, the noise enhancements, which are obtained as the
row lengths of the matrix W in (4.35), are key to the performance of the transmission
scheme. Since the matrix R has |det(R)| = 1, the product of the noise enhancement
factors (product of the diagonal entries of S in the QL decomposition of Hred, hence
equal to the determinant of Hred) is unchanged by a basis change. Since both the LLL
reduction and KZ reduction try to minimize the column lengths of Hred, the noise en-
hancement factors are accordingly minimized. Since their product has to stay constant,
this serves to balance the diagonal entries as much as possible, avoiding unreasonably
large or small entries.

The true optimization criterium for R with V-BLAST equalization however would be

R = argmin
R∈GLK(

�
)

max
k∈{1,...,K}

{
s−2

kk

}
, (4.83)

with s2
kk obtained from S as above. As the reduction algorithms individually minimize

each of the s2
kk, keeping their product constant, they can also be seen as reasonable

heuristics for the solution of (4.83).
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Figure 4.22: Measured probability density functions of logarithms of maximal noise
enhancements for linear (left) and V-BLAST equalization (right) of complex random
8×8 matrices before and after LLL/KZ reduction.
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factors. Left: linear equalization, right: V-BLAST decision-feedback equalization.
Upper row: equalization of H, lower row: equalization of LLL-reduced Hred. Kc = 8.
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If we look at the measured probability density functions of the maximum noise en-
hancement factors for linear as well as V-BLAST equalization of H and its reduced
counterparts, shown in Fig. 4.22, we see that KZ reduction does not achieve signifi-
cantly lower noise enhancement, which makes the less complex LLL reduction even
more attractive.

To illustrate the effect of lattice reduction on the subchannel gains for linear and V-
BLAST equalization, Fig. 4.23 shows the cumulative distribution functions of all the
noise enhancement factors included in the maximization in Fig. 4.22, i.e., again for
complex random 8×8 matrices. Note that both for linear and V-BLAST equalization
the slope of the cdfs of all the 16 subchannels increases, causing the diversity gain
visible in the error rate curves.

4.7 Subspace Lattice Reduction-Aided Detection

We now try to bridge the remaining gap between maximum-likelihood detection and
lattice reduction-aided detection. We develop a detection algorithm that performs
almost as well as maximum-likelihood detection with a more manageable complex-
ity [WLF03]. More on the complexity of the detection schemes will be said in Sec. 4.8.

Much of the loss of lattice reduction-aided detection with respect to maximum-like-
lihood detection is due to the impossibility of correctly taking care of the distorted
boundary of the signaling constellation, as illustrated in Fig. 4.18. Particularly for
very small constellations (e.g., 4-QAM) this constitutes a significant loss in detection
performance.

The central part of the method we develop is the construction of a list of candidate
solutions to the detection problem. Scanning this list of candidates, in general a better
solution is found than by “plain” lattice reduction-aided detection.

Additionally, the problem of controlling the boundary region of the constallation can
be further alleviated by giving preference to points from the list that lie within the
boundary region of the original constellation.

Instead of finding x̂ by means of lattice reduction-aided detection, we now try to find
a list of good candidate points {x̂(i), i = 1, . . .}, i.e., of points which we hope to be
close to the received signal vector y, and proceed to select the most likely point in this
set. This principle is similar to the Chase decoding of block codes [Cha72], where
also several candidate solutions are found, from which the best “match” considering
the received signal is selected.

For simplicity we assume 4-QAM signaling, xk ∈ {±1
2}; the extension to higher rate

modulation will be covered in Section 4.7.1. To obtain a list of 2K candidate points,
we fix each of the K components x̂k in turn to +1

2 and −1
2 . For instance, we start with
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x̂1 = +1
2 , and form

y(1) = y−h1
1
2 , (4.84)

where h1 denotes the first column of H. If we now use lattice reduction-aided detection
according to Fig. 4.16 or 4.17 on y(1) for the channel described by the K × (K − 1)

matrix H(1) obtained by deleting column 1 from H, we obtain a K − 1-dimensional
estimate for the remaining components 2, . . . ,K of x̂(1) (x̂1 = +1

2 was fixed a-priori).

To translate this estimate to K dimensions, we define a K × (K − 1) matrix Ẽ
(k)

with

entries ẽ(k)
i j as follows

ẽ(k)
i j =







1 , i < k and j = i ,

1 , i > k and j = i−1 ,

0 , else ,

(4.85)

i.e., a (K − 1)× (K − 1) identity matrix with an additional zero row inserted as row

k. Then, Ẽ
(1)
LRdec(y(1),H(1)) is a K dimensional vector that contains all but the first

component of x̂(1).

Continuing with i = 2,3, . . . , we obtain a set {x̂(i), i = 1, . . . ,2K} which is guaranteed
to contain at least two different vectors.

We can now search this set for the vector that results in the smallest Euclidean distance

x̂ = argmin
x ′∈{ x̂(i), i=1,...,2K}

||y−Hx ′||2 . (4.86)

We have given the corresponding detection procedure in Fig. 4.24. Note that the matri-
ces that need to be obtained in the lattice reduction-aided detection shown in Fig. 4.16
(R and H−1

red , which has to be replaced by the pseudoinverse H+
red) are the same in both

invocations of LRdec() in Fig. 4.24, and additionally these matrices do not change un-
less H changes. For the usual assumption of a block-fading channel this means that
for each block sets of K matrices H+

red and R need to be calculated that can be used in
the detection of all symbols of this block.

The block diagram corresponding to the new detector is depicted in Fig. 4.25, which
shows that the computational structure is straightforward and consists of 2K = 4Kc

parallel detection paths followed by the selection element. This means that the detec-
tor can be implemented with basically the same processing delay as traditional lattice
reduction-aided detection, which in turn has the same per-symbol processing delay as
the equalization strategy employed for the compensation of Hred (e.g., linear equaliza-
tion), as the determination of the LLL reduced matrices is only required for each block
of symbols.

An option to consider in order to improve the complexity of this detector is not to im-
plement all

√
MK parallel detectors, but only some smaller number of parallel detec-
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function LRdec_improved(y,H)
1 for (k = 1, . . . ,K) {
2 x̂(2k−1) = Ẽ

(k)
LRdec(y−hk

1
2 ,H(k))

3 x̂(2k−1)
k = +1

2

4 x̂(2k) = Ẽ
(k)
LRdec(y+hk

1
2 ,H(k))

5 x̂(2k)
k = −1

2
6 }
7 return x̂ = argminx ′∈{ x̂(i), i=1,...,2K} ||y−Hx ′||2

Figure 4.24: Pseudocode for the improved detection algorithm (4-QAM).

tors, which allows to scale the detector complexity between that of lattice reduction-
aided detection as discussed in Sec. 4.6 and the “full” subspace-based lattice reduc-
tion-aided detection. (In fact, it is also possible to implement more than

√
MK parallel

detectors by, e.g., fixing pairs, triples, etc., of components of x ′, with the complexity
of the detector approaching that of brute-force maximum-likelihood detection). If few
parallel detectors are desired, one should apply these to the subchannels with largest
noise enhancement.

4.7.1 Application to High-Rate Modulation

If higher rate modulation is used, e.g., 2m-QAM (m = 4,8, . . .), we consider two op-
tions: The obvious way is to set each x̂k to all 2m/2 possible values in turn.

For large constellations, where this would result in an extremely large number of par-
allel detections that need to be performed, it can be advantageous to use a coset de-
composition of the constellation lattice and perform the detection for each coset of the
decomposition seperately in order to reduce complexity. However, due to the smaller
list size the performance of the coset decomposition method will in general be some-
what worse.

We will show how the lattice coset decomposition of the constellation works by way
of an example: Consider using the 16-QAM constellation with

xk ∈ A = {−3
2 ,−1

2 ,+1
2 ,+3

2} . (4.87)

Now instead of fixing all 4 values for each xk in turn, we form the subsets of equidistant
points {−3

2 ,+1
2} and {−1

2 ,+3
2}, for which we can perform detection in the following

way:

For b ∈ {±1
2}, form y(i) = y− hkb and replace column k in H by 2hk (i.e., H(i) =

Hdiag(1, . . . ,1,2,1, . . . ,1), with the 2 in the kth diagonal entry). Quantizing the kth
component in the detection result based on H(i) to ±1

2 , the kth component of x̂(i) can

be reconstructed as 2x̂(i)
k +b.
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Figure 4.25: Block diagram of the subspace-based improved lattice reduction-aided detection scheme.
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In this example, using the coset decomposition we again end up with 2K parallel de-
tectors, while the straightforward approach would have required 4K parallel detectors.

4.7.2 Forming Reliability Estimates

As an aside, we briefly hint at another application where the list obtained with the
subspace-based lattice reduction-aided detection method comes in handy: If we re-
quire the detector to output “soft decisions” for combination with a subsequent chan-
nel decoder, the list obtained is well suited to estimate the per-bit probabilities. If the
straightforward Gray labeling is used for the 4-QAM constellation, each of the com-
ponents corresponds to exactly one bit, and by the way the list is constructed, it is
guaranteed that for each bit at least one vector x̂(i) is obtained that has this component
equal to +1

2 and one that has it equal to − 1
2 .

Thus the probability for bit k to be equal to + 1
2 can be estimated by (cf., e.g., [HR76])

pk =
∑

x ′∈{ x̂(i): x̂(i)k =+ 1
2}

exp
(
−||y−Hx ′||2/(2σ2

n)
)

∑x ′∈{ x̂(i)} exp
(
−||y−Hx ′||2/(2σ2

n)
) . (4.88)

(Optimally, the sums would run over all 2K−1 possible vectors x ′ with x′k = +1
2 and all

2K possible vectors x ′, respectively).

As we have observed earlier, the (hard-decision) detection performance of this scheme
is very good and even close to maximum-likelihood detection. Hence it is fair to
assume that the points in the set {x̂(i)} lie in a sphere around the maximum-likelihood
estimate. Our approach is hence similar to that used in [HtB01, VH02], where a sphere
decoder was modified to produce such a list of points. See also [Heh03] for some more
details on this application.

4.7.3 Simulation Results II

The hard decisions obtained with the subspace-based lattice reduction-aided detec-
tion scheme (S-LRAD) are significantly better than those obtained by simple lattice
reduction-aided detection. This is illustrated in Figure 4.26, where curves for the
V-BLAST algorithm, lattice reduction-aided detection (LRAD(VB)), S-LRAD and
maximum-likelihood detection (MLD) are given. Note that while the detection per-
formance of pure lattice reduction-aided detection only surpasses that of MMSE V-
BLAST for rather high signal-to-noise ratios (or equivalently, bit error rates below
10−4), the S-LRAD scheme performs very close to maximum-likelihood detection for
all SNRs.

For larger Kc the performance of the new scheme is still significantly better than that
of simple lattice reduction-aided detection, as the curve for Kc=8 shown in Fig. 4.27
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Figure 4.26: Simulation results for the subspace-based lattice reduction-aided detec-
tion scheme (S-LRAD) compared to some of the other detection schemes discussed,
Kc = 4, 4-QAM.

illustrates. The gap to maximum-likelihood detection appears to be a vertical shift in
the error rate curve that increases with Kc; due to the steepness of the curves however
this translates to only a rather small loss (of approx. 1dB) in power efficiency.

Note that lattice reduction-aided detection shows no significant gain with respect to
plain (ZF) V-BLAST for low SNR values if small constellations are used. This is due
to the fact that the boundary of the constellation is not taken into account in the first
quantization in Fig. 4.15 (and hence for 4-QAM the number of nearest neighbors in-
creases 2-fold). The new scheme however performs significantly better than V-BLAST
over the whole SNR range. If linear equalization in Fig. 4.16 is replaced with the V-
BLAST algorithm (i.e., “LRAD(VB)”), some small additional gains can be expected.

Figure 4.28 shows the performance of subspace lattice reduction-aided detection for
16-QAM transmission with and without using the coset decomposition of the con-
stellation. Even though only half as many parallel detectors are required, the coset
decomposition approach (labeled S-LRAD (coset) in the figure) is still within about
1dB of MLD.

To show that with increasing constellation size the detrimental effect of the increased
error rate of the points on the constellation boundary decreases, Fig. 4.29 shows the
results of maximum-likelihood detection, lattice reduction-aided detection with the V-
BLAST algorithm (LRAD(VB)) and the performance of MMSE V-BLAST detection
for a system with 64-QAM modulation. We see that not only is the difference be-
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Figure 4.27: Simulation results for the subspace-based lattice reduction-aided detec-
tion scheme (S-LRAD) compared to some of the other detection schemes discussed,
Kc = 8, 4-QAM.
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Figure 4.28: Simulation results for the subspace-based lattice reduction-aided detec-
tion scheme with enumeration of all points (S-LRAD (full)) and subset decomposi-
tion of the constellation (S-LRAD (coset)), compared to some of the other detection
schemes discussed, Kc = 8, 16-QAM.
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Figure 4.29: Average bit error rate achieved using lattice reduction-aided detection
with V-BLAST equalization for large signaling constellation: Kc = 4, 64-QAM.

tween MLD and LRAD(VB) much smaller (just over 2dB), but lattice reduction-aided
detection also proves highly beneficial already for target bit error rates below 10−2.

4.8 Performance vs. Complexity and Processing Delay

4.8.1 General Remarks on Complexity

In this section we compare the computational complexity of the various detection
schemes that have been considered.

While classical complexity theory [HMU00, CLR90] with the O-notation (cf. App. A)
is very helpful to classify problems according to their fundamental difficulty, a real-
istic assessment of the detection schemes considered in this work is needed that does
not involve the O-notation: Any detector that consists of a fixed number of matrices
applied to vectors takes O(K2) arithmetic operations, i.e., linear and decision-feedback
equalization can not be distinguished with this measure of complexity.

The sphere decoder algorithm of Fig. 4.12 also requires quite a few non-arithmetic
operations (program flow control statements, e.g., “if”, as well as memory access op-
erations). To fully account for this complexity, a detailed machine model (e.g., a “ran-
dom access machine” model, cf. [Rei90]) needs to be specified. Since this depends
very much on the target hardware of the receiver implementation, and also those oper-
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ations occur together with arithmetic operations, we chose to only count the number of
arithmetic operations. However it should be kept in mind, in particular for the sphere
decoder algorithm, that there can be additional overhead.

4.8.2 Computational Complexity of Receivers

Detailed descriptions of the various receiver algorithms are given in App. D. The total
numbers of arithmetic operations required by the “straightforward” receivers are sum-
marized in Tab. 4.1. While it would be possible to give an upper bound for the number
of arithmetic operations required by the sphere decoder, the actual complexity of this
algorithm depends on its input, and will be determined by simulations. (An analysis of
the complexity of the sphere decoder algorithm with the Fincke-Pohst search strategy
can be found in [HV02]).

Table 4.1: Arithmetic operations required by the various detection schemes.

Scheme Number of arithmetic operations

lin. Eq. 2K2

DFE/V-BLAST 3K2 −K
LRAD (linear) 4K2

LRAD (V-BLAST) 5K2 −K
S-LRAD (linear, full) 2K3 −3K2 +K +

√
M(2K3 −K2 −2K)

S-LRAD (linear, coset) 2K3 −3K2 +K +(log2

√
M)(2K3−K2 −2K)

4.8.3 Complexity of Preprocessing

We assume that transmission is done in “bursts”. For these bursts we assume the
channel H to be constant, and hence the matrices used in receiver processing (e.g., as
shown in the block diagrams of Fig. 4.7 or 4.15) need only be calculated once per burst.
In high-speed transmission systems burst lengths of several thousands of symbols are
possible.

If K is much smaller than this burst length, the preprocessing, including the LLL al-
gorithm, is negligible compared to the amount of processing necessary in order to
perform the detection, cf. also [Heh03].
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4.8.4 Results

4.8.4.1 Complexity vs. Signal-to-Noise Ratio

In Fig. 4.30 the measured computational load of the sphere decoder (SD) algorithm is
compared to that of the subspace-based lattice reduction-aided detection (S-LRAD)
scheme as well as decision-feedback equalization (V-BLAST and “standard” DFE
have the same complexity once the filter matrices are determined).

It turns out that in this setting the average complexity of the sphere decoder algorithm
is far below that of the S-LRAD scheme for the whole range of SNRs shown. The
dashed lines in Fig. 4.30 show how the complexity of the sphere decoder varies: To-
gether with the minimum and maximum complexity (lowest and highest curve), the
complexity of the sphere decoder is below the first curve in 10% of the channels, 20%
of the channels for the second curve, etc.

The situation changes significantly when going from 4-QAM to 16-QAM, shown in
Fig. 4.31. In this case the average complexity of the sphere decoder is more than an
order higher than that of the S-LRAD scheme for low SNR. The cross-over point of
the sphere-decoder complexity and S-LRAD complexity is roughly at the point where
the uncoded error rate becomes reasonable for subsequent channel coding, hence from
this point of view both approaches have roughly similar complexity, and the S-LRAD
scheme even has a slight loss in power-efficiency compared to the SD algorithm. Thus,
we conclude that if the average number of arithmetic operations is decisive, the SD is
to be preferred. If the computational complexity required can not be accomodated,
either (MMSE) V-BLAST or lattice reduction-aided V-BLAST detection should be
considered.

We find that up to about 20dB, the slope of the complexity curve of the sphere decoder
in the doubly logarithmic scale is equal to −1 (order of magnitude in complexity per
decade increase in power), which hints at the error rate performance of the underlying
decision-feedback equalization used to obtain the initial point.

4.8.4.2 Complexity vs. Power-Efficiency

For a fair comparison of the various schemes it is necessary to take the power efficiency
achieved at a given complexity into account. To visualize the tradeoff between com-
plexity and performance, Figs. 4.32–4.35 show what we call “power-complexity dia-
grams” for the various schemes. In this diagram we mark, for each scheme, the com-
plexity required to achieve a bit error rate of 10−1, 10−2, . . . , and the Ēb,eq/N0 value
at which this error rate is achieved. The points corresponding to the same scheme are
connected by a solid line and labeled with the scheme. The subspace lattice reduction-
aided detection scheme is again labeled “S-LRAD”, the average complexity of the
sphere decoder algorithm is labeled “SD”, lattice reduction-aided detection “LRAD”,
MMSE V-BLAST “V-BLAST (M.)” and linear MMSE equalization “lin. MMSE”.
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In [DGC03] it was noted that replacing the (zero-forcing) decision-feedback equaliza-
tion in the sphere decoder with V-BLAST MMSE decision-feedback equalization can
further reduce the detection complexity, cf. Sec. 4.5.3. Even though the resulting de-
tector does no longer solve the maximum-likelihood detection problem (4.2), the loss
with respect to maximum-likelihood detection stays negligible. The power-complexity
tradeoff curve for this detector is labeled “mSD” in the figures.
We have also given the complexity and power efficiency of the subspace-based lattice
reduction-aided detection scheme implementing only

√
M parallel detectors (assum-

ing M-QAM) for the subchannel with largest noise enhancement, which is labeled
“S-LRAD (2)” in the power-complexity diagrams.

4.8.5 Processing Delay Considerations

The simple computational structure of the S-LRAD scheme is of particular interest if
the detector is to be implemented in “hardware”, i.e., e.g., programmable logic cir-
cuitry such as FPGAs. Since the number of logic gates available in these devices has
grown relentlessly over the last years, the parallel implementation of several detectors
as in Fig. 4.25 is feasible. Equivalently, we can consider a machine model that al-
lows parallel computations, and only count the number of execution cycles required to
perform the computation.

This can be seen as the processing delay of the detection algorithm. Just by looking
at Fig. 4.25, we can tell that the processing delay of this approach will be reasonable,
and it corresponds to the number of arithmetic operations required for one path of the
detector, 4K2−4K−1, which is roughly the complexity of the linear lattice reduction-
aided detector (note that the parallel detectors work in K −1 dimensions).

The SD algorithm, on the other hand, does not lend itself so easily to a parallel im-
plementation, and processing delay is roughly proportional to the complexity—which
varies with SNR and channel realization, as seen in Fig. 4.30 and 4.31. In these figures,
the processing delay of the S-LRAD scheme is roughly equal to the asymptotic com-
plexity of the sphere decoder algorithm. Thus, from this point of view the S-LRAD
scheme does offer a significant improvement in processing delay with only a slight
loss in power efficiency.
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Figure 4.30: Average number of operations required per received vector by the various
detection strategies, Kc = 8, 4-QAM.
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Figure 4.31: Average number of operations required per received vector by the various
detection strategies, Kc = 8, 16-QAM.
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10log10(Ēb,eq/N0) [dB] −→

N
um

be
r

of
O

pe
ra

ti
on

s
−→

BER = 10−1

10−2

10−3

10−4

10−5

LRAD

SD

S-LRAD

MMSE V-BLAST

S-LRAD (2)
mSD

lin. MMSE

Figure 4.32: Power-complexity diagram for the various detection strategies, Kc = 4,
4-QAM.
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Figure 4.33: Power-complexity diagram for the various detection strategies, Kc = 4,
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Figure 4.34: Power-complexity diagram for the various detection strategies, Kc = 8,
4-QAM.
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Figure 4.35: Power-complexity diagram for the various detection strategies, Kc = 8,
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Chapter 5

Precoding Strategies

By precoding we mean all methods applied at the transmitter that facilitate detection
at the receiver. If we think of linear transmitter preprocessing strategies in particular,
we prefer the term preequalization.

In contrast to the detection methods, now channel state information (CSI) is required
at the transmitter side, and not necessarily at the receiving side. This is naturally the
case in symmetric time-division-duplex systems, where each receiver in turn also acts
as transmitter. Provided the “ping-pong time” is short relative to the fading coherence
time [Pro00], the estimates from the receiving direction can be used for the subsequent
transmission. In other settings channel state information has to be made available to
the transmitter via some backward channel.

The general setup is shown in Fig. 5.1, where the data to be transmitted is given by
the vector a, ak ∈ A (the constellations of Sec. 3.5), while the channel input is again
denoted as x. The precoding operation can be linear and nonlinear, and FRX denotes
additional (linear) receiver processing. The variance of the data symbols ak will be
written as E{|ak|2} = σ2

a, while that of the transmit symbols will be E{|xk|2} = σ2
x ,

and we will usually assure that for the average sum transmit power

E{||x||2} = Kσ2
x = E{||a||2} = Kσ2

a (5.1)

holds (cf. also (B.13) of App. B).

Just as the detection mechanisms given in the previous chapter were not suited for all
channel models introduced in Chapter 3, the precoding methods that we will consider

H

n

xa y
FRX

x̂

Operation
Precoding

Figure 5.1: General precoding setup.
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in this chapter will not be suited for all channel models as well. In particular, precoding
can not be applied in the multiple access channel at all, since the users are not able to
cooperate. However, for the dual setting of the broadcast channel, some precoding
methods that we will discuss are able to improve the detection performance of the
users, even though the users can not cooperate on the detection task. Note that for the
latter precoding methods, FRX of Fig. 5.1 has to be a diagonal matrix.

5.1 The Loading Aspect

Before we start a detailed discussion of precoding schemes, some words on the subject
of loading are in order. By loading we understand the adaptation of rate and/or power
of the parallel transmit signals.

Whenever channel state information is available at the transmitter in a communication
system, the question of whether and how to perform loading arises. Since the trans-
mitter has knowledge of the way the transmitted symbols are attenuated and disturbed
by the channel, it may adjust transmit rate and/or power in an optimized way. For
instance, in the multi-antenna scenario, the MIMO channel might not have full rank,
i.e., might not offer as many independent paths as the dimensionality of the channel
matrix suggests. As a result, some of the equivalent parallel channels might have very
bad transmission properties or might not be present at all. Recalling the considerations
regarding the diversity of the subchannels in Section 4.3.2, the transmitter might want
to adjust to that by either dropping some of the lower diversity order subchannels or
by redistributing the data and the available transmission power to improve the average
error rate.

Loading schemes have been thoroughly studied in the context of multicarrier trans-
mission, e.g., [CCB95, FH96], where total transmit power and target transmission
rate are distributed over the individual carriers. In MIMO transmission as described
here this translates to “spatial” loading; however, for fading channels, a second di-
mension can be included in the consideration: loading may also be performed with
respect to time [GV97, VTA01]. If possible, when transmitting over MIMO fading
channels, two-dimensional rate and power loading, i.e., “space-time loading” should
be performed.

Regarding the parameters “space”, “time”, “rate”, and “power”, in different scenarios
different loading strategies may be of particular interest. Subsequently, we discuss in
more detail the specific requirements of multi-antenna and multi-user systems, respec-
tively, and contrast various approaches for loading.

• Time: When performing loading with respect to time, rate and/or power are ad-
justed according to the current realization H for maximum average reliability for
a given long-term average transmit power and rate. Our focus is on precoding,
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which is only applicable if the channel is slowly time varying (in order to be able
to gain CSI at the transmitter). In this situation, loading over time will introduce
long-term variations of the actual transmit power and/or the instantaneous trans-
mission rate. Hence, in systems which should support a constant data rate, large
buffers at transmitter and receiver are required, which in turn introduces large
delays, unacceptable in a great number of applications.

• Space: The statistics of the subchannel gains are often very dissimilar, cf. Sec-
tion 4.3.2. Due to these asymmetries, spatial loading is of particular interest.

In the multi-user broadcast scenario, however, “space” has the meaning of user.
While in the multi-antenna transmission only the total rate per symbol period is
of relevance, in the multi-user case variable rates for one subchannel would mean
variable transmission rates for the corresponding user. Hence, “spatial” loading
in the multi-user setting should focus on the adjustment of transmit powers for
the subchannels at constant rates. Only if (large) delays are acceptable, variable-
rate transmission may be an option. Compare also the discussion in [JG03],
where power allocation strategies for the multi-user broadcast scenario are op-
timized from a capacity point of view with the constraint of minimum rate re-
quirements for each user.

In this work we concentrate on uncoded transmission. Here it is not surprising that op-
timum loading results in a balancing of error probabilities in the parallel channels1. If
coded transmission is considered, from the analogy of the present situation to orthogo-
nal frequency-division multiplexing (OFDM) it is known that loading is not necessary
in order to achieve capacity [BDZ97]. Instead, a single, long codeword is arranged
over space and time. Then, the code itself averages over the different fading condi-
tions of the subchannels. However, even in coded systems loading is favorable from a
practical point of view: Especially for low-delay channel coding schemes a balancing
of the predecoding error probabilities is rewarding. For uncoded transmission, loading
may offer significant gains.

We assume the following combinations to be reasonable:

• Adapt transmit power per subchannel either only over space or also over time.

• Adapt both transmit power and modulation rate over space or space and time.

The latter type of loading is mainly of interest for non-broadcast scenarios, since other-
wise modulation rates for individual users would vary significantly, which would make
considerable signaling traffic necessary.

1In some cases, in particular if the parallel channels require very unequal amounts of transmit power
to achieve “small” error rates, resulting in a high average error rate given the limited total transmit power
available, it can be beneficial to perform a bit error rate-optimum power assignment. This is discussed
in detail in Appendix F.
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Figure 5.2: Illustration of different loading strategies: no loading (top), power loading
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three channel realizations the (scaled) real signal constellation points assigned to the
subchannels k = 1,2,3,4 are shown overlayed with the probability density function of
the noise.
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These loading strategies are illustrated in Fig. 5.2. For three different channel realiza-
tions (shown from left to right) it shows the constellations used for the four subchan-
nels k = 1, . . . ,4. In the case of no loading (top), because of the significantly different
noise variances in the subchannels, e.g., the 2 bits transmitted over subchannel 3 of
channel 1 can be detected with high reliability, while those of subchannel 2 of the
same channel will be very unreliable. If power loading is applied, the available trans-
mit power is distributed such that all subchannels exhibit equal error rates (middle),
in particular, transmit power of the more reliable subchannels 3 and 4 of channel 1 is
reduced, and that of subchannels 1 and 2 increased (the transmit power is proportional
to the square of the extent of the constellations). For rate and power loading (bottom)
we see that subchannels that experience low noise are assigned higher rates R (the sum
rate is kept constant at 8 bit per channel use, for this example). In channel 2 the rates
assigned by the rate and power loading algorithm are all equal, and in this case the
power assignment by the rate and power loading algorithm is equal to that for power
loading only.

The loading algorithm we will use was developed for use with the parallel channels
resulting in OFDM transmission [FH96], but equally applies for any other transmission
system with parallel channels. It performs rate and power assignment for equal error
rates of the parallel data streams. In our studies we will assume a fixed sum rate (as
given in Tab. 3.1) to be distributed appropriately over the subchannels.

We remark that since we operate on the real-valued model, and also perform the rate
assignment for the real-valued subchannels, the resulting complex constellations are in
general rectangular. In this case, e.g., a (complex) 32-QAM constellation can result as
the Cartesian product of a 4-ASK and an 8-ASK constellation. “True” complex con-
stellations, e.g., a 32-cross QAM constellation, that require a 2-dimensional quantizer,
can not be accomodated by this model, but may in fact allow for a more fine-grained
distribution of transmission rates to subchannels. This is particularly important for
schemes where “widely linear” processing (cf. Sec. 4.3.3) is ineffective, and the real-
valued subchannels are in fact pairs of subchannels corresponding to complex-valued
subchannels.

5.2 Singular Value Decomposition-Based
Transmission Scheme

A rather straightforward, and in fact information-theoretically optimum, transmission
scheme for transmitter and receiver channel knowledge is shown in Fig. 5.3.

This transmission scheme requires joint processing both on the transmit and the re-
ceive side of the communication system, which means that it can only be implemented
in centralized systems, such as the MIMO multiple antenna point-to-point channel de-
scribed in Sec. 3.1.1.
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Figure 5.3: Singular value decomposition-based MIMO transmission system.

From the singular value decomposition (SVD) [GL96] of H, the matrices U,
�

, and V
are obtained as

H = U
�

VT , (5.2)

with U and V orthonormal matrices and
�

= diag(ς1, . . . ,ςK) a diagonal matrix of the
singular values.

Using the transmit signal x = Va, the appropriate receiver processing is

y ′ =
� −1UTy

=
� −1UTHVa+

� −1UTn

= a+
� −1UTn , a+n ′ , (5.3)

and E{n ′n ′T} = σ2
ndiag(1/ς2

1, . . . ,1/ς2
K), i.e., K parallel AWGN channels with uncor-

related noise of powers σ2
n/ς2

k result. The orthonormal matrices do neither enhance
transmit power nor enhance the noise power at the receiver input, hence the separation
into parallel channels is performed in an ideal manner. In fact, the information theo-
retic capacity of the MIMO channel is equal to the sum of the capacities of the parallel
channels thus obtained, cf., e.g., [Tel99].

It turns out that the noise powers resulting are distributed over a wide range and conse-
quently some form of loading at the transmitter is indispensable to achieve a reasonable
average (uncoded) error rate. In [Ven02] it was observed that without any loading the
performance of this scheme approaches that of linear equalization for high signal-to-
noise ratios. If we look at the noise enhancement of linear zero-forcing equalization
(cf. Sec. 4.2), because of y ′ = x+H−1n it is equal to

trace(H−1H−T) = trace(V
� −1UTU

� −TVT)

= trace(
� −1 � −T)

=
K

∑
k=1

1

ς2
k

, (5.4)

where we have used the cyclic property of the trace, and hence it is the same in both
linear equalization as well as the SVD-based scheme. (However, here the noise is not
colored, and the detection of the components can be done in an ideal manner with
per-component quantization).
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Figure 5.4: Average bit error rates achieved using the SVD-based transmission scheme
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compared to linear zero-forcing equalization and maximum likelihood detection with
no transmitter processing, Kc = 4, 4-QAM.

Since the parallel channels are independent, mere power-loading, i.e., multiplying the
transmit vector by

� −1, does not significantly change the error rate performance. The
right way to deal with these subchannels is to modify transmission rates according to
the signal-to-noise ratios of the subchannels. If this is done properly, asymptotically
the (constellation-constrained) capacity of the MIMO channel can be fully utilized.
For the uncoded transmission, this loading has the effect of equalizing the bit error
rates for all bits transmitted.

With both the transmitter side adaptation to the channel matrix and the spatial loading,
because of the ideal separation of the subchannels, the resulting bit error rate is supe-
rior to that of maximum-likelihood detection for the detection scenario (i.e., without
additional transmitter-side processing), e.g., Fig. 4.10, while the error rate resulting
without loading approaches that of linear zero-forcing detection, as illustrated by the
simulation results given in Fig. 5.4. The figure also gives the performance of the SVD
scheme with bit error rate-optimum power loading according to App. F (labeled BER-
opt.). Since the singular values are often of very different magnitudes, this approach
proves beneficial.

For MIMO systems where joint processing and (rate) loading is possible, the SVD-
based scheme is the optimum approach.
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Figure 5.5: Block diagram of linear preequalization.

5.3 Linear Preequalization

The transmitter-side equivalent to the linear equalization strategy discussed in Sec-
tion 4.2, and an equally obvious approach, is linear preequalization. In the zero-forcing
case this corresponds to transmitting

x = F̃a , (5.5)

with

F̃ = βH−1 , (5.6)

which leads to

y = a+ 1
βn (5.7)

at the receiver. The scalar β is chosen to keep the sum transmit power constant accord-
ing to (5.1),

β =

√

K

trace(H−1H−T)
, (5.8)

and is compensated at the receiver by, e.g., an automatic gain control mechanism. For
ill-conditioned H this β can become quite small, leading to a low effective SNR. (For
the SVD scheme, no such scaling is necessary, since transmitter processing consists
only of an orthonormal matrix). The corresponding block diagram is given in Fig. 5.5.

Since linear preequalization treats all subchannels the same way, the subchannel gains
have identical statistics and the transmission system can not profit from spatial load-
ing. As the transmit power scaling factor, β2, corresponds to the total noise power
enhancement of linear detection, which is 1/β2 (cf. also the discussion in Sec. 5.2), the
error rate curves of linear zero-forcing preequalization and linear zero-forcing detec-
tion (note that in the latter case no transmitter-side processing is performed) practically
coincide.

Similar to the detection case, an MMSE version of the transmit filter can be found,
cf. [VJ98, JKG+02, JUN03], also [Sch02]. In this case the optimization to be per-
formed is a bit more involved: If we chose the exact same approach as in the opti-
mization of the MMSE receive filter, we end up with the (zero-forcing) solution from
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above, since this is obviously the transmit signal that minimizes the MSE between the
received signal and the data vector. Therefore, an additional constraint on the avail-
able transmit power has to be introduced, and the optimization problem to be solved is
written as

F̃ = argmin
β,F

E
{
||β−1(HFa+n)−a||2

}
(5.9a)

such that E
{
||Fa||2

}
= Kσ2

a . (5.9b)

The scalar β again serves to keep transmit power constant according to (5.1). The
resulting optimum solution, which is derived in App. E, is

F̃ = βF̄ (5.10a)

with F̄ = HT
(
HHT +

σ2
n

σ2
a

I
)−1

, (5.10b)

β =

√

K

trace(F̄F̄T)
. (5.10c)

This result2 is highly reminiscent of the linear MMSE detector (4.9), and in fact
the equivalence is shown in [VT03] by exploiting the uplink-downlink duality, cf.
also [BS02, SB02b, Sch02]: Not only are the sets of achievable SNRs (where the
noise comprises interference as well) the same for transmitter-side and receiver-side
processing (multiple access and broadcast channel), but also the filters to obtain these
SNRs. (For this equivalence, in the multiple access channel power loading, i.e., an ad-
justment of the transmit powers of the users, has to be allowed). Therefore the filters
that optimize the SNRs in the uplink (i.e., joint processing at the receiver, as in Chap-
ter 4) are the same filters that optimize the SNRs in the downlink (broadcast channel),
where joint processing is done only at the transmitter. Since in the downlink case the
original channel is operated in the “reverse” direction, we simply have to replace H
in (4.9) by HT to obtain (5.10).

As in the linear equalization case, if constellations with more than 2 signal points per
real dimension are used, error rate can be somewhat improved by using the unbiased
MMSE solution, similar to (4.10). Note that while in this case the “equalization” takes
place at the transmitter side, the diagonal matrix necessary for bias compensation still
has to be applied at the receiver side.

Simulated bit error rate results for linear zero-forcing and MMSE preequalization are
given in Fig. 5.6, where the curves for linear ZF and MMSE equalization from Sec. 4.2
are included for comparison. The slightly better performance of linear MMSE pree-
qualization with respect to linear MMSE equalization is due to the power loading ef-
fect. Since the subchannels in linear preequalization have identical statistics, bit error

2Another aspect of this optimization is that it leads to a “regularized inverse” [PHS03, BHC03],
avoiding the inversion of ill-conditioned channel matrices and thus causing less transmit power (or
equivalently, noise) enhancement.
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Figure 5.6: Average bit error rates achieved using linear zero-forcing and MMSE pree-
qualization (lin.-p. ZF/MMSE), compared to that achieved by SVD with loading, lin-
ear zero-forcing, and linear MMSE detection (without transmitter-side processing, lin.
ZF/MMSE), Kc = 4, 4-QAM.

rate-optimum power loading as in App. F is not effective; however, the MMSE ap-
proach implicitly performs a similar optimization, and the performance of the SVD
scheme with BER-optimum power loading (cf. Fig. 5.4) is similar to that of linear
MMSE preequalization.

Unlike the SVD-based scheme, linear preequalization does not require a joint process-
ing of the received signals, and therefore can be applied both in point-to-point as well
as broadcast transmission systems.

5.4 Tomlinson-Harashima Precoding

In this section a nonlinear precoding technique called Tomlinson-Harashima precoding
is discussed. We first review the information-theoretic background of this technique,
and continue with a discussion of a practical implementation.

5.4.1 The Principle of Costa Precoding

A celebrated result from information theory is Costa’s “writing on dirty paper result”
[Cos83], which can be informally summarized as follows:
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Figure 5.7: Transmission setup considered by Costa [Cos83] (original nomenclature).

When transmitting over a channel, any interference which is known a-
priori to the transmitter does not affect the channel capacity. That is, by
appropriate coding, transmission at a rate equal to the capacity of the chan-
nel without this interference is possible.

An illustration of the setup used to prove this is shown in Fig. 5.7. We have used the
original denominations of [Cos83], where the variable W is the message to be trans-
mitted, S is Gaussian distributed interference known to the encoder, X is the channel
input (which has to satisfy some power constraint), Z additive Gaussian noise, and Y
the channel output used by the decoder to produce the estimate Ŵ . Using a random
coding argument it is shown that the capacity of this channel, i.e., the maximum mu-
tual information I(W ;Ŵ ), is equal to that of the AWGN channel with the same noise
power (equivalently, the setup in Fig. 5.7 with S ≡ 0).

We can easily extend this to a scheme with multiple interfering subchannels: Consider-
ing these subchannels in some arbitrary order, the encoding for the first subchannel has
to be performed accepting full interference from the remaining channels, since at this
point the interference is unknown. For the second subchannel, however, if the transmit-
ter is able to calculate the interference from the first subchannel, “Costa precoding”3

of the data is possible such that the interference from the first subchannel is taken
into account. Generally, in the kth subchannel considered, Costa precoding is possible
such that interference from subchannels 1 to k− 1 is ineffective. (Interference from
the kth subchannel back to the previous subchannels decreases the reliability, or equiv-
alently the capacity, of those channels, and has to be accounted for by additional mea-
sures). The corresponding block diagram is shown in Fig. 5.8, where the T1,...,k−1→k

blocks describe how the interference from subchannels 1, . . . ,k−1 into subchannel k is
formed. The subchannels are denoted with superscript indices, i.e., W (k) for the mes-
sage transmitted in the kth subchannel, to avoid a notational clash with [Cos83], where
the subscript index is used to denote the individual symbols transmitted successively
over the channel.

We can apply this result to the present setting of a MIMO channel (cf. also [SB02a]):
If the precoding operation contains a Costa precoder, no interference can be observed
from lower number subchannels into higher number subchannels. This is the same

3Note that here the term “precoding” is used in a slightly more general meaning than in the rest of
this thesis, since “Costa precoding” in general requires a nontrivial decoder at the receiver.
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Figure 5.8: Multi-subchannel Costa setup.
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as saying that we can simply disregard the part of the channel matrix that is below
the main diagonal. (In fact, recent results concerning the capacity of (MIMO) broad-
cast channels [YC01a, VJG03, VT03, CS03] have shown that Costa precoding is an
essential ingredient to achieve the capacity of these channels).

In Section 4.3 we have already made use of the fact that it is possible to transform H
into a lower triangular matrix with an orthonormal operation. In this way interference
from lower-index subchannels into higher-index subchannels is completely eliminated,
and together with Costa precoding adjusted to this modified transmission matrix, ef-
fectively only a diagonal matrix remains for the transmission. E.g., if H = FTS with
F orthonormal and S lower triangular,

y′ = Fy = F

(
K

∑
j=1

h jx j +n

)

=
K

∑
j=1

s jx j +n ′ (5.11)

=








s11x1 +n′1
s21x1 + s22x2 +n′2

...
...

sK1x1 + · · ·+ sKKxK +n′K







⇒








s11x1 +n′1
s22x2 +n′2

...
sKKxK +n′K








, (5.12)

where the “⇒” holds if Costa precoding is done in the natural order 1, . . . ,K, and hence
the interference sklxl, l < k is made to have no influence on the transmission, as stated
above. The “interference transfer” T1→2 of Fig. 5.8 corresponds to s21, T1,2→3 to s31

and s32, etc.

It turns out that a simple scheme for Costa precoding works analog to the feedback-
part of decision-feedback-equalization, now moved to the transmitter side and with
the nonlinear decision device replaced by a modulo-operation. This is also known as
Tomlinson-Harashima precoding (THP) [Tom71, HM72], and the link between THP
and Costa precoding was first explored in [ESZ00].

5.4.2 Tomlinson-Harashima Precoding

We now review a technique that can be seen as the simplest implementation of Costa
precoding possible; in [Egg01] this scheme is called “scalar Costa scheme” and ap-
plied to digital watermarking of arbitrary host signals, e.g., images. In the digital
transmission context, however, this has long been known as Tomlinson-Harashima
precoding [Tom71, HM72] for intersymbol interference channels [Fis02].

Tomlinson-Harashima precoding for MIMO channels [FWLH02b, FWLH02a] goes
back to the method of “coordinated digital transmission” [HF93, FHK94] and ideas
introduced in [DH92], and was proposed independently in [GC02] under the name
“vectored transmission” for digital subscriber line systems; a similar approach is also
discussed in [CS03].
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For this exposition we will assume a real-valued transmission model of the type

ỹ = Bx+ñ , (5.13)

where B is the effective transmission matrix, i.e., a transformed version of H such
that the interference which Costa precoding, and equivalently Tomlinson-Harashima
precoding can not take into account is minimized (i.e., the upper triangular part of
the matrix B is minimized; this will be discussed later sections). We additionally
assume that the effective transmission matrix is scaled such that it has unit diagonal,
i.e., bkk = 1,k = 1, . . . ,K. For example, using the QL decomposition [GL96] of H into
H = FTS (F orthonormal, S lower triangular) we can force the upper triangular part to
be zero, obtaining B = diag(1/s11, . . . ,1/sKK)S (then, ỹ = Fy = Bx+ñ).

Now assume that the symbols ak to be transmitted in x are taken from the real signaling
set corresponding to an M-ary QAM constellation as introduced in Sec. 3.5. The real
“boundary” interval is consequently given as [−A/2,A/2), where we define A =

√
M.

Transmitting these symbols over the channel described by the matrix B, the compo-
nents of x have to be “coded” such that the interference from the first symbol into the
output variable corresponding to the second, third, etc., symbol is eliminated, that from
the second to the third, fourth, etc., and so on.

The way this is done in Tomlinson-Harashima precoding for this particular set of trans-
mit symbols is to use the symmetric modulo operation modsA(x), which reduces its
argument x to −A/2 ≤ x < A/2, cf. (A.8), and select, with x1 = a1,

x2 = modsA(a2 −b21x1) , (5.14)

or more generally, for subchannel k,

xk = modsA(ak −∑k−1
κ=1 bkκ xκ) . (5.15)

At the receiver, we obtain for the highest-index subchannel

ỹK = bKx+ ñK , (5.16)

(bK denoting the Kth row of B), which evaluates to

ỹK = ∑K
k=1 bKk xk + ñK

= xK +∑K−1
k=1 bKkxk + ñK , (5.17)

where we have used that bKK = 1, and with (5.15), we obtain

modsA(ỹK) = modsA
(
aK −∑K−1

κ=1 bKκ xκ +∑K−1
k=1 bKk xk + ñK

)

= modsA(aK + ñK) . (5.18)
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a1 + � A

Figure 5.9: Periodically extended constellation: Example for two real 2-ASK constel-
lations (corresponding to 4-QAM). All symbols from the extended constellation with
the same marker (e.g., +) represent the same data.

Note that the distance from the outermost points to the boundary of the constellation
(Fig. 3.8) is half of the distance to the nearest point within the constellation. The mod-
ulo reduction causes these outermost constellation points to become neighbors at the
same distance as the smallest distance between any other two points in the constel-
lation, cf. Fig. 5.9 for an illustration of the effectively extended constellation. This
means that all points in the constellation can be detected with equal reliability, and as
long as ñK is smaller than half the distance between the neighboring points, aK can be
detected correctly from modsA(ỹK).

For a subchannel ` < K, the detection of a` is affected by interference from subchan-
nels `+1, . . . ,K as long as B has nonzero entries in the upper right half:

modsA(ỹ`) = modsA
(

∑K
k=1 b`k xk + ñ`

)

= modsA
(
a`−∑`−1

κ=1 b`κ xκ +∑K
k=1,k 6=`

b`k xk + ñ`

)

= modsA
(
a` +∑K

k=`+1 b`k xk + ñ`

)
(5.19)

Compared to the solution based on the QR decomposition given above, which forces
the inter-channel interference to 0, allowing some residual inter-channel interference
can be favourable if the resulting sum disturbance, ∑K

k=`+1 b`kxk + ñ`, has less power
(we will see that again an MMSE-type tradeoff is possible).

A block diagram of Tomlinson-Harashima precoding is shown in Fig. 5.10, where the
transmitter side processing corresponding to (5.15) is performed by the feedback filter
based on the lower-triangular part of B (for the definition of LoT(·), see page 36). The
symmetric modulo operation is depicted as a sawtooth block.

An equivalent formulation of the precoding operation is shown in Fig. 5.11, where a
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Figure 5.10: Tomlinson-Harashima precoder operating on effective channel B.
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Figure 5.11: Linear description of Tomlinson-Harashima precoder operating on effec-
tive channel M, using precoding vector p.

precoding vector p replaces the modulo operation: We write with (A.8)

xk = modsA
(
ak −∑k−1

κ=1 bkκ xκ
)

= ak −∑k−1
κ=1 bkκ xκ −A

⌊(

ak −∑k−1
κ=1 bkκ xκ +

A
2

)

/A

⌋

︸ ︷︷ ︸
�

rk∈
�

= ak −∑k−1
κ=1 bkκ xκ + pk , (5.20)

where pk = −Ark ∈ A � , and p = [p1, . . . , pK]T ∈ A � K .

In Fig. 5.12 the process of going from the data symbol vector a to the transmit vector
x and the (noiseless) received vector Bx is illustrated for a (randomly chosen) 4× 4
real-valued channel with

B =







1 0 0 0
−0.21 1 0 0

1.29 0.77 1 0
1.28 −1.01 −0.62 1







. (5.21)

Note how the transmit signal components are constricted to the interval [−1,1) (com-
ponent 1 of x being equal to component 1 of a), while the received signal can take on
values from a periodic extension of the original signaling constellation. In the transmit
signal we see for component k the 2k−1 different possible values of the interference,
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Figure 5.12: Illustration of THP for 4 real dimensions with 2-ASK each: symbol vector
a (left), transmit signal x (middle, the horizontal bars show the boundary regions of
the constellation), and noiseless received signal Bx (right).

leading to a total of 2k distinct values. For large k these values are approximately uni-
formly distributed over the interval [−1,1) (assuming the entries of B to be sufficiently
large and “random”).

We add that it is not neccessary to operate on the real-valued model: If the modulo
operation is applied to both real and imaginary part of complex numbers, complex-
valued Tomlinson-Harashima precoding can be implemented.

The transmit power increase incurred by going from a discrete M-QAM signaling set
to a transmit signal uniformly distributed over the corresponding boundary region was
already calculated in Sec. 3.5, and needs to be taken into account when we look at the
power efficiency of this transmission scheme.

5.4.3 Inflated Lattice Precoding

Before we start the discussion of how Tomlinson-Harashima precoding can be applied
in a MIMO transmission system, we show how the operation just described can be
further optimized, especially for small signal-to-noise ratios.

It turns out that by proper scaling of the interference subtracted for each subchannel,
and additional scaling of the received signal before the modulo operation used to re-
construct the transmitted symbols some additional gain over “conventional” THP is
possible. This method has been called inflated lattice precoding [ESZ00], and it cor-
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responds to optimizations also well-known in the scalar Costa scheme used for digital
watermarking [Egg01, SEG00]. The denomination “MMSE Tomlinson-Harashima
precoding” would be appropriate, too, but will not be used in order to avoid possible
confusion with the MMSE-type adjustment of the matrices for MIMO Tomlinson-
Harashima precoding that will be presented in Sec. 5.4.6.

For the present setting, to perform this optimization we introduce a factor αk ∈ [0,1]

to scale the interference subtracted in (5.15):

xk = modsA
(
ak −αk ∑k−1

κ=1 bk,κ xκ
)

. (5.22)

Let us assume now that the effective channel matrix B is pure lower-triangular (i.e.,
LoT(B) = B), then no interference remains if Tomlinson-Harashima precoding is done
properly as in Section 5.4.2, and we have

ỹk = xk +∑k−1
κ=1 bk,κ xκ + ñk . (5.23)

Multiplying both sides by αk, we get

αkỹk = αkxk +αk ∑k−1
κ=1 bk,κ xκ +αkñk , (5.24)

and this also holds after reducing both sides to the interval [−A/2,A/2),

modsA(αkỹk) = modsA
(
αkxk +αk ∑k−1

κ=1 bk,κ xκ +αkñk
)

. (5.25)

Using (5.25) in (5.22) we obtain

modsA(ak) = modsA
(
xk +αk ∑k−1

κ=1 bk,κ xκ
)

= modsA
(
xk +αkỹk −αkxk −αkñk

)
. (5.26)

Since A is chosen such that the constellation lies within [−A/2,A/2), for the left hand
side we have modsA(ak) = ak, and

ak = modsA
(
αkỹk +(1−αk)xk −αkñk

)
. (5.27)

This shows that if αkỹk is used to recover ak, the estimation will be disturbed by some
residual transmit signal (1−αk)xk and noise αkñk. The corresponding block diagram
is shown in Fig. 5.13. If αk = 1 is chosen, the scheme reduces to standard (“uninflated”
or “zero-forcing”) Tomlinson-Harashima precoding as in Section 5.4.2.

It can be shown that if the variance of the interference is large compared to that of the
transmit signal, ak will be statistically independent of xk [Fis03], and additionally xk

and noise are also statistically independent. Therefore we can vary αk such that the
capacity of the subchannel with the resulting disturbance is maximized (or similarly,
detection error rate minimized). In fact, if the transmit signal xk were Gaussian dis-
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Figure 5.13: Inflated Lattice Tomlinson-Harashima precoder operating on effective
channel B.

tributed with variance σ2
x,k, and noise ñk Gaussian distributed with variance σ2

ñ, the
sum disturbance (1−αk)xk −αkñk would have variance

(1−αk)
2σ2

x,k +α2
kσ2

ñ, (5.28)

and the optimum αk would be

αk,opt =
σ2

x,k

σ2
x,k +σ2

ñ
. (5.29)

In the present case, the transmit signal is, at least for large k, uniformly distributed
over the interval [−A/2,A/2). Therefore the distribution resulting for the disturbance
in (5.27) will not be Gaussian, and the variance is not an adequate measure to maximize
the capacity, or similarly, the detection error rate, of the subchannel.

The capacity of the modsA(·)-channel, which is achieved for a uniform distribution of
the transmit signal over the interval [−A/2,A/2), is given by [FTC00]

Ck = log2(A)−h( n̄k) , (5.30)

where h( n̄k) is the differential entropy of the effective disturbance,

n̄k = modsA
(
(1−αk)xk −αkñk

)
. (5.31)

Consequently the optimum αk is obtained as

αk,opt = argmax
α

(
log2(A)−h( n̄k)

)

= argmin
α

h( n̄k) = argmin
α

−
� ∞

−∞
p n̄k(x) log2 p n̄k(x)dx , (5.32)

where p n̄k(x) is the probability density function of n̄k. In [FWH03] this is therefore
called “minimum error entropy” criterion.

Since for a specific realization of the MIMO channel H a set of parallel AWGN chan-
nels results, we can perform the optimization of αk for an AWGN channel. Figure 5.14
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Figure 5.14: Capacity of AWGN channel compared to the capacity of the modulo-
channel with AWGN (i.e., inflated lattice/Tomlinson-Harashima precoding) and vari-
ous choices of α (top), and corresponding optimum and approximate α (bottom).

shows the capacity of an AWGN channel if Tomlinson-Harashima precoding is used,
as in [FWH03]. For relatively low SNRs (around 0dB) there is a significant difference
between what inflated lattice precoding and standard Tomlinson-Harashima precoding
can theoretically achieve. Also given is the capacity achievable if αk is adjusted ac-
cording using the Gaussian approximation for the interference (5.29), cf. [FWH03].
From the figure we can conclude that this approximation works well even if the inter-
ference is non-Gaussian, with αk approaching 1 for high SNR values.

For the uncoded error rate that we concentrate on, rather high SNRs are required,
and the gains possible by this optimization turn out to be not as significant as if we
were considering capacity. Therefore we will conduct all simulations for (standard)
Tomlinson-Harashima precoding, i.e., using αk = 1.

The extension of the derivation to finite-variance interference requires the scaling fac-
tor at the receiver side to be modified; for details, see [SEG00, Fis03].

5.4.4 Application of Tomlinson-Harashima Precoding
to MIMO Channels

One way to suppress the residual interference present in the precoded subchannels
was already mentioned in Sections 5.4.1 and 5.4.2. Using a matrix F on y at the
receiver, interference from lower-number subchannels to higher-number subchannels



5.4. Tomlinson-Harashima Precoding 101

a

B− I

x
H

n

y
� F

â

Figure 5.15: Tomlinson-Harashima precoding for zero-forcing interference suppres-
sion, centralized receiver.
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Figure 5.16: Tomlinson-Harashima precoding for zero-forcing interference suppres-
sion, decentralized receivers (only one receiver shown).

is avoided and an effective transmission channel described by a lower-triangular ma-
trix is obtained. This is exactly what we needed to do to perform decision-feedback
equalization in Sec. 4.3, where this property was necessary to make sure that all the
interference of each symbol decided was affecting only symbols to be handled later
on.

With the same QL decomposition as in the decision-feedback case of Sec. 4.3,

H = FTS , (5.33)

with F orthonormal and S lower triangular, and introducing the scaling matrix � =

diag(1/s11, . . . ,1/sKK) we obtain a unit-diagonal lower triangular matrix B = � FH =

� S.

The resulting transmission system including the pre- and postprocessing (in contrast
to Figs. 5.10 and 5.11) is depicted in Fig. 5.15. The slight transmit power increase
according to (3.44) is not compensated in this figure, however, in our simulations we
do take this into account.

Since the equivalent parallel channels are characterized by the diagonal entries of S,
skk, similar to the parallel channels achieved with decision-feedback equalization, an
optimization of these factors by permutation of the subchannels as in Sections 4.3.1 is
possible, and will be discussed in later sections.
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Instead of trying to suppress the residual interference that Tomlinson-Harashima pre-
coding can not take care of at the receiver side, it is also possible to do so at the
transmitter side [FWLH02a, FHW03]. Now,

H = SFT (5.34)

is formed (obtained, e.g., from a QR decomposition of HT). Again, only “causal”
interference (described by the lower triangular S) is present if the transmit signal is
rotated by F prior to transmission. With the scaling matrix � = diag(1/s11, . . . ,1/sKK),
we now have the unit-diagonal lower triangular

B = HF � . (5.35)

Tomlinson-Harashima precoding can take care of this interference beforehand, and the
resulting transmission system for decentralized receivers is shown in Fig. 5.16. To
keep transmit power constant, we choose

β =

√
√
√
√

K

∑K
k=1

1
s2
kk

, (5.36)

scale the transmit signal by β and compensate for this gain at the receivers.

It turns out that for the multiple antenna MIMO point-to-point channel (with joint
receiver processing) both schemes, receiver-side and transmitter-side rotation, have
similar performance. We should however emphasize that only the latter method, ro-
tating the transmit signal such that only causal interference is present, is applicable to
broadcast transmission systems.

For centralized systems, it was noted in [Ven02, WFVH03] that it can be advantageous
to switch between the two methods according to the present realization of H, selecting
the one that yields a higher sum capacity of the parallel channels. Gains in power
efficiency of several dB were observed in the simulations reported.

5.4.5 V-BLAST and Precoding

Similar to the detection case, the gains of the subchannels can be influenced by modify-
ing the order of precoding. While in the detection case this corresponds to a reordering
of the columns of the channel matrix H, in the precoding case the rows are reordered.

If no loading is done at all, in particular no power loading, the optimization criterion
solved by the V-BLAST algorithm is again the optimum one: To minimize the average
error rate of all subchannels, it is sufficient to maximize the minimum SNR of the
subchannels, since otherwise this subchannel would dominate the error rate.
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The lower triangular matrix B is formed as

B = PHW , (5.37)

or equivalently H = PTBW−1. This factorization of H can be constructed by a simple
modification of the V-BLAST algorithm as given in Sec. 4.3.1, shown in Fig. 5.18.
(Basically, the algorithm was modified to obtain an upper triangular matrix, and is
applied to the transpose of the original matrix). While in the V-BLAST algorithm for
detection the row lengths of G(i) are inspected in line 6, it is now the columns lengths,
and correspondingly, in line 9 the matrix Ě(ki) is multiplied from the left such that
row ki is set to 0 in the matrix H(i+1). The block diagram for Tomlinson-Harashima
precoding based on the decomposition (5.37) is shown in Fig. 5.17, and it is equivalent
to Fig. 5.16 except for the upfront permutation of the data vector a by P. The matrix
W corresponds to F � in (5.35) (both have orthogonal columns), and to compensate for
the transmit power increase, β is chosen as

β =

√

K

trace(WWT)
. (5.38)

If loading is applied, we have to be somewhat more careful. Note that Tomlinson-
Harashima precoding for decentralized receivers (as in Fig. 5.16) already implicitly
performs power loading. In this case, transmit power is individually adjusted such that
the error rates of all subchannels are the same, i.e., the SNRs in the subchannels are
equalized. Obviously, then the decision order should be changed such that this SNR is
maximized.

While we had (cf. (4.40))

Popt, no loading = argmax
P

min{s2
11, . . . ,s

2
KK} (5.39)

with WTW = diag(1/s2
11, . . . ,1/s2

KK), now we need to look at the transmit power in-
crease due to the matrix W, which is

trace(WWT) =
K

∑
k=1

1
|skk|2

, (5.40)

and therefore the SNR of the subchannels (neglecting the transmit power increase due
to the feedback loop of Tomlinson-Harashima precoding, cf. also (3.44)) is

σ2
a

σ2
n

(
K

∑
k=1

1

s2
kk

)−1

. (5.41)

To maximize this SNR, the optimum permutation is given as

Popt, power loading = argmin
P

K

∑
k=1

1

s2
kk

. (5.42)
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n1 â1y1

y2

yK

Figure 5.17: Tomlinson-Harashima precoding with V-BLAST channel row reordering for decentralized receivers (only one receiver shown).
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function thpvblast(H)
1 W =

[
w1, . . . ,wK

]
= 0

2 P =
[
pk,l
]
= 0

3 H(1) = H
4 for (i = 1, . . . ,K) {
5 G(i) = (H(i))+

6 ki = argmink 6∈{k1,...,ki−1} ||g
(i)
k ||2

7 pK−i+1,ki = 1

8 wK−i+1 = g(i)
ki

9 H(i+1) = Ê
(ki)H(i)

10 }
11 return W,P

Figure 5.18: Pseudocode for the V-BLAST algorithm used for precoding.

Even though these optimiziation criteria differ—most obvious if we write (5.39) as

Popt, no loading = argmax
P

max{1/s2
11, . . . ,1/s2

KK} , (5.43)

the V-BLAST algorithm turns out to be also a good heuristic approach to solve (5.42);
compare also Sec. 5.4.8.

As in the detection case (Sec. 4.3.3), precoding on the real-valued equivalent model
gives more degrees of freedom to optimize over and consequently the performance of
the real-valued V-BLAST-based Tomlinson-Harashima precoding transmitter is supe-
rior to the complex-valued one. It is worth noting that, in the broadcast channel setup,
this real-valued processing might pull real and imaginary part of a single user apart.
But as the reodering of the subchannels can be already performed at the transmitter
(cf. Fig. 5.17), each user can be provided with the complex received signal intended
for her. Simulation results showing the power-efficiency advantage of real-valued pre-
coding will be shown in Sec. 5.4.7.

5.4.6 MMSE Beamforming and Tomlinson-Harashima Precoding

As in the detection case, and similar to linear MMSE preequalization (Sec. 5.3), it
is also possible to perform THP with the filters optimized regarding the mean-square
error at the detector and fixed transmit power.

The combination of (linear) MMSE beamforming and Costa precoding was studied
in [SB02a], where an algorithm was given to determine the optimum “beamforming
filters” for given desired SNRs (where noise comprises interference, as well) for the
subchannels. While an iterative algorithm is needed to determine the optimum solution
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in the case of linear MMSE beamforming, the optimization problem resulting for Costa
precoding has a structure that allows for an efficient solution [SB02a, Sch02].

Since the algorithm in [SB02a] does not consider the precoding order of the users,
we can extend it in the following way to improve the performance: Determine the
ordering resulting from the V-BLAST algorithm, as discussed in the preceding section,
and apply the algorithm of [SB02a] to the matrix HP. The loss of this strategy with
respect to finding the optimum permutation is negligible, similar to what we observed
in the detection setting [Win02].

In this thesis we however concentrate on transmission systems with fixed sum transmit
power and no individual SNR constraints. For this case, one can use an MMSE vari-
ant of the V-BLAST algorithm to optimize the ordering of the subchannels, as done
in [JBU04].
But with the same reasoning as in the detection case, one can also again use the idea
from [Has99] and apply the V-BLAST algorithm of Fig. 5.18 to the K ×2K matrix

V =
[

H
√

ζI
]

, (5.44)

similar to (4.16). The first K rows of the W matrix returned by the algorithm give the
MMSE filter, and

B = LoT(PH
[
I 0

]
W) (5.45)

is the corresponding lower triangular matrix (the K×2K matrix
[
I 0

]
serves to extract

the first K rows of the 2K ×K matrix W).

Note that this calculation of the precoding filters again also follows from the duality
results of [VT03].

5.4.7 THP Simulation Results

To illustrate the gains possible by performing the V-BLAST algorithm on the real-
valued model, Fig. 5.19 shows error rate curves for zero-forcing and MMSE THP-
based on the real-valued equivalent model (THP-VB real/M. THP-VB r.) and those if
the complex-valued model is used (THP-VB compl./M. THP-VB c.). We see that while
in the zero-forcing case similar gains as in the detection setup are possible, for MMSE
THP (labeled M. THP-VB) only a tiny improvement is visible at already very low bit
error rates (< 10−4). This is due to the good average performance of all subchannels
of MMSE THP in this SNR range.

Since schemes based on the real-valued representation outperform those based on the
complex-valued representation, we will again concentrate on the real-valued schemes
in the following (note that error propagation is not a problem in precoding).
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Figure 5.19: Average bit error rates achieved using Tomlinson-Harashima precoding
with the V-BLAST algorithm, for real- and complex-valued matrices as well as zero-
forcing and MMSE solutions, Kc = 4, 4-QAM.

Simulation results comparing the various schemes that have been discussed so far are
shown in Figs. 5.20 and 5.21. THP and MMSE THP based on an unsorted QR de-
composition are labeled as THP (QR) and M. THP (QR), respectively. In all schemes
depicted, equal rates were used in all subchannels (i.e., merely a redistribution of the
available transmit power was allowed), which means these results apply in particular
to the MIMO multiantenna broadcast channel of Sec. 3.1.2. We see that the run of
the curves is similar to those of the corresponding detection setting (Fig. 4.10, 4.11).
Even though the use of the modulo reduction causes an increase of nearest neighbours
for the points on the boundary of the constellation (similar to lattice reduction-aided
detection in Sec. 4.6), and transmit power is slightly increased (3.44), the variants of
THP shown significantly outperform the corresponding detection schemes.

5.4.8 V-BLAST and Loading

In this section we discuss the implications of rate- and power loading on the optimiza-
tion problem to be solved by the matrix decomposition. We will see that if both power
and rate are adjusted to optimally match the resulting parallel transmission channels, a
completely different optimization criterion arises than in the detection and the precod-
ing with power loading cases [Ven02, VWF02, WVF03].

The information-theoretically optimum power allocation is given by the so-called wa-
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10log10(Ēb,eq/N0) [dB] −→

B
E

R
−→

THP-VB
M. THP-VB
THP (QR)
M. THP (QR)
lin.-p. ZF
lin.-p. MMSE

Figure 5.20: Average bit error rates achieved using THP with and without the V-
BLAST algorithm compared to linear preequalization, zero-forcing and MMSE so-
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ter filling rule (cf., e.g., [Hay00]), which says that the sum of signal and noise power
should be equal for each subchannel. Keeping total transmit power fixed to Kσ2

a, this
results in allocating transmit power

Sk = σ2
a +

1
K ∑K

κ=1

σ2
n

s2
κκ

− σ2
n

s2
kk

(5.46)

to subchannel k (assuming all Sk’s to be positive) [Ven02]. The sum-capacity of this
K-channel scheme is hence given as

C =
K

∑
k=1

1
2

log2

(

1+
Sk

σ2
n/s2

kk

)

=
1
2

log2





(

σ2
a

σ2
n
+

1
K

K

∑
k=1

1

s2
kk

)K K

∏
k=1

s2
kk



 . (5.47)

The skk’s that can be influenced by rearranging rows/columns of the channel matrix H
prior to performing the matrix decomposition turn up twice in this expression. From
FH = SPT, with F orthonormal, we can conclude that

det(H) = det(FH) = det(SPT) =
(

∏K
k=1 skk

)
det(PT) , (5.48)

and with det(PT) = ±1, the product ∏K
k=1 s2

kk is invariant with respect to the permuta-
tion matrix P.

Consequently, in order to maximize (5.47), we have to perform the factorization of H
such that the sum of the inverse squares of the diagonal matrix entries skk is maximized
(minimize the harmonic mean of the s2

kk), i.e., the optimization problem is given as

Popt = argmax
P

∑K
k=1

1

s2
kk

. (5.49)

Compare this to (4.40) for the optimization problem solved by the V-BLAST algo-
rithm, and also (5.42)!

The column lengths (precoding case) of the pseudoinverse formed in the successive
steps of the V-BLAST algorithm decrease with each row that is cancelled from H (the
columns of the pseudoinverse have to satisfy fewer orthonormality constraints), and
therefore in each iteration of the algorithm, the current sum of the squared column
lengths can be used as an upper bound on the sum (5.49).

This observation can be used to construct a branch-and-bound algorithm that finds the
permutation maximizing (5.49) by searching through all possible permutations, first
presented in [WVF02]. In each iteration, we can compare the current upper bound
against the best value found so far, and thus eliminate many permutations that can not
surpass the previously found best solution. The pseudocode of this algorithm is given
in Fig. 5.22; as soon as the algorithm constructs the first complete decomposition, this



110 CHAPTER 5. PRECODING STRATEGIES

function thpdecompose(H)
1 W =

[
w1, . . . ,wK

]
= 0

2 P =
[
(p1)T, . . . ,(pK)T

]
= 0

3 LB = 0
4 null(1)
5 return Wopt, Popt

function null(i)
1 Ki−1 = {1, . . . ,K}\{k`, ` < i}
2 G(i) =

[
h j]+

j∈Ki−1

3 UB = ∑`<i ||w`||2 +∑ j∈Ki−1
||g(i)

j ||2
4 if (UB < LB) { return }
5 for (ki ∈ Ki−1, sorted for decreasing ||g(i)

ki
||2) {

6 wi = g(i)
ki

7 pK−i+1 = i ki

8 if (i < K) {
9 null(i+1)

10 }
11 else {
12 LB = UB
13 Wopt = W
14 Popt = P
15 }
16 }

Figure 5.22: Pseudocode for optimum matrix decomposition algorithm when loading
is applied.

decomposition is saved in Wopt and Popt. The value of the sum in (5.49) is saved in
the variable LB (line 12), and is a lower bound for the achievable sum. In subsequent
iterations we test the upper bound for the (possibly incomplete) decomposition against
this lower bound (lines 3 and 4 of function null(i)). The vectors i k are the rows of the
identity matrix (i.e., the unit row vectors, App. A).

If the search is performed by considering the remaining vectors g(i)
ki

in order of de-
creasing length (line 5 in function null(i)), it turns out that the average number of
permutations visited is very small. Hence the heuristic approach of picking every time
the longest of these vectors, realized by the subroutine shown in Figure 5.23, should re-
sult in reasonable performance. In fact, as simulation results that we will present show,
the greedy selection of the longest column of G(i) in each step is (nearly) optimum in
the vast majority of cases and the loss with respect to the full search in Fig. 5.22 is
negligible. Note that this algorithm resembles the V-BLAST algorithm if “argmax” is
replaced by “argmin” (the tail recursion can be easily translated into the non-recursive
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function null(i)
1 Ki−1 = {1, . . . ,K}\{k`, ` < i}
2 G(i) =

[
h j]+

j∈Ki−1

3 ki = argmax j∈Ki−1
{||g(i)

j ||2}
4 wi = g(i)

ki

5 pK−i+1 = i ki

6 if (i < K) {
7 null(i+1)
8 }
9 else {

10 Wopt = W
11 Popt = P
12 }

Figure 5.23: Subroutine null(i) for heuristic matrix decomposition algorithm for sys-
tems with loading.

form of Figs. 4.6 and 5.18).

To illustrate the gains achieved using the “correct” sorting of the subchannels, Fig. 5.24
shows the capacity achievable using the different strategies. For this picture, random
complex 4× 4 channel matrices H were drawn, and the sum capacity of the parallel
channels resulting from the SVD, DFE, V-BLAST (labeled THP-VB) and the “inverse”
V-BLAST for loading (labeled THP-VB-L) matrix decompositions.

We see that even though all of these schemes asymptotically achieve the capacity of the
SVD decomposition, the capacity achieved by the original V-BLAST decomposition
(Fig. 5.18) is for finite SNR even worse than that achieved if an unsorted QL/QR
decomposition of H is performed. Furthermore, the capacity achieved by the optimized
algorithm is still significantly higher (approx. 1bit/use at 5dB).

To show the suitability of the V-BLAST algorithm for the maximization as well as the
minimization of the expression

S(H,P) ,

K

∑
k=1

1

s2
kk

, (5.50)

Fig. 5.25 shows the cumulative distribution functions for random H of

1. maxP S(H,P) (using the algorithm of 5.22)

2. minP S(H,P) (by searching through all possible 8×8 permutation matrices)

3. S(H,PVB) (using the original V-BLAST algorithm)

4. S(H,PVB−L) (using the modified V-BLAST algorithm).
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Figure 5.24: Sum capacity of parallel channels resulting from the different matrix
decompositions, Kc = 4.

We see that the performance of the V-BLAST heuristic is indistinguishable from the
optimum in either case. (However, in both cases it is possible to find channels for
which the V-BLAST algorithm does not provide the optimum solution).

In our simulations for systems with spatial rate and power loading we do not use the
water filling power allocation, but rather use the rate allocation algorithm of [FH96],
which minimizes the error rate of the system with given modulation rate rather than
maximizes the capacity of the subchannels. Still, the close relationship between ca-
pacity and error rate results in noteworthy performance gains even for uncoded trans-
mission.

As we noted in Sec. 5.1, loading is most useful for systems with joint receiver process-
ing. If the channel knowledge of the transmitter is limited, e.g., due to a low-rate chan-
nel state feedback channel, we can perform V-BLAST detection with loading. That
is, we employ a (centralized) receiver as in Sec. 4.3.1, but allocate transmit power and
rate according to the algorithm of [FH96]. For this the transmitter only needs to know
the transmit powers and rates, i.e., the data rate required for the feedback channel is
O(K), whereas it is would be O(K2) if the whole matrix H were to be transmitted.
In this case the matrices for the receiver (Fig. 4.7) are calculated with the modified
V-BLAST algorithm: replacing “argmin” by “argmax” (line 6 in Fig. 4.6).

Simulation results comparing the approaches mentioned are shown in Fig. 5.26. The
error rate curves exhibit the same run as the SVD scheme with loading. For the curves
for which loading was used, note that the error propagation effect is much reduced,
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since the error rates of the subchannels are equalized. For this setting, the modified
V-BLAST algorithm (“VB-L”) achieves a gain of about 2dB in power efficiency over
the standard V-BLAST algorithm for THP and well over 2dB for V-BLAST-based
detection. Zero-forcing equalization and precoding were used for all curves.

5.5 Lattice Reduction-Aided Precoding

As in the receiver-side equalization case, the distribution of the noise enhancement
factors of the subchannels achieved, either with the orthonormal rotation of H into tri-
angular form (S), or by linear preequalization employing H−1, is usually unsuited for
uncoded transmission. While the negative impact of this effect can be effectively over-
come if loading is applied, we can also reconsider the lattice reduction-aided detection
scheme of Section 4.6. There it was shown that the noise enhancement factors of the
subchannels induced by the reduced basis are optimized for equal magnitude and all
subchannels achieve full diversity.

If we apply basis reduction methods as discussed in App. C to the matrix HT, we
obtain a factorization

Hred = RH , (5.51)

with |det(R)| = 1, cf. (4.67), and this relationship can be used as the basis for a lattice
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or the modified V-BLAST algorithm, Kc = 4, 16-QAM.

reduction-aided linear preequalization scheme, assuming perfect channel state infor-
mation at the transmitter: By preprocessing the data vector a with H−1

red , we obtain the
transmit signal x = βH−1

red a, and the received signal scaled by 1
β

y = HH−1
red a+

1
β

n , (5.52)

with the transmit power scaling factor

β =

√

K

trace(H−1
red H−T

red )
. (5.53)

The estimate for a ∈ � K is then given by

â = RQ � K{y} . (5.54)

Here the property of Hred of consisting of close-to-orthogonal rows leads to a signifi-
cant reduction in the noise enhancement factor 1/β.

For a taken from QAM constellations, the same shifting operation as in the lattice
reduction-aided detection scheme needs to be applied (e.g., Fig. 4.16).

Note that just as decision-feedback equalization or V-BLAST equalization is possible
in the lattice reduction-aided detection scenario, Tomlinson-Harashima precoding as
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developed in Section 5.4.2 can be combined with this approach to obtain a nonlinear
precoding scheme (THP adjusted to compensate for Hred). In this case no additional
modulo-loss of THP occurs, since the detection (quantization) already takes place in
the extended signaling set.

The performance of this scheme is similar to that of lattice reduction-aided detection,
as can be seen from the simulation results in Fig. 5.27. Particularly the performance of
the THP V-BLAST variant of lattice reduction-aided precoding is disappointing, and
due to the power increase of THP according to (3.44). For a more detailed discussion
of this precoding scheme the reader is referred to [WF03a].

Since the matrix R in (5.54) needs to be applied by the receiver, this method is only
applicable in channels where joint receiver processing is possible. Therefore it also
competes with the SVD-based scheme of Sec. 5.2, to which it is inferior if loading is
possible, as the simulation results of Fig. 5.27 show.

If we combine lattice reduction-aided detection with Tomlinson-Harashima precoding,
as discussed above, we see that this scheme would be applicable to broadcast channels
if for the matrix R

modsA(R) = I , i.e., R = I+AR0 ,R0 ∈ � K×K , (5.55)

would hold, since for Tomlinson-Harashima precoding the receiver processing (5.54)
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includes a modsA(·) operation, and consequently

â = modsA(RQ � K{y}) =

modsA
(

modsA(R)modsA(Q � K{y})
)

= modsA(Q � K{y}) . (5.56)

This requirement is equivalent to R having off-diagonal entries equal to multiples of
A, i.e., even integers if 4-QAM is used. Since only Hred is equalized by the transmit-
ter THP processing, the off-diagonal entries of R describe the residual interference,
and therefore this broadcast-precoding scheme was named even-integer-interference
precoding (EIIP) in [FW03a, FW04].

In this case, the compensation for QAM constellations has to be performed at the
transmitter: With (5.55) we obtain

I = RR−1 = (I+AR0)R−1 = R−1 +AR0R−1 . (5.57)

As R−1 ∈ � K×K (det(R) = 1, [FW03a]), this last equation says that modsA(R−1) = I,
i.e., we have R−1 = I+AR1, with R1 ∈ � K×K . Hence, using the linearized model for
THP, where we denote the precoding vector with pthp ∈ A � K for clarity, and the offset
to be determined with o, we can write the noiseless EIIP received signal as

ȳ = HH−1
red (a+pthp +o)

= HH−1R−1(a+pthp +o)

= (I+AR1)(a+pthp)+R−1o

= a+pthp +AR1a+AR1pthp +R−1o

= a+pthp +AR1ă+AR1pthp +AR1[
1
2 , . . . , 1

2 ]T +R−1o , (5.58)

where we have written a = ă+[1
2 , . . . , 1

2 ]T with ă ∈ � K . Thus, in order to have the de-
sired property of ȳ, modsA(ȳ) = a, since the entries in the other summands are integer
multiples of A,

R−1o = −AR1[
1
2 , . . . , 1

2 ]T (5.59)

must hold, or

o = (R− I)[1
2 , . . . ,

1
2 ]T . (5.60)

Unfortunately, so far no algorithm is known to efficiently compute a suitable matrix
decomposition of the form (5.51) such that (5.55) is assured, and the simulation re-
sults given in [FW03a, FW04] were obtained using a Monte Carlo approach. In the
following Sec. 5.6.1 we will show that the precoding method to be discussed next in
fact solves a similar problem.
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5.6 Vector Precoding

An approach similar to Tomlinson-Harashima precoding, but somewhat more general
is shown in Fig. 5.28. Using the modulo-frontend receiver as in Tomlinson-Harashima
precoding, the transmit signal is formed using linear preequalization (zero-forcing
shown in Fig. 5.28) of the additive superposition of the data symbol a and a precoding
vector p selected by some algorithm. While we chose to call this approach “vector
precoding”, it can also be interpreted as a signal shaping technique known as shaping
without scrambling [FGH95], cf. also [Fis02, Fig. 5.13]. This denomination is due
to the fact that by chosing an appropriate algorithm for determination of p, some de-
sired properties of the transmit signal can be achieved (signal shaping). Additionally,
no scrambling of the data takes place, since the standard modulo-frontend receiver is
used, unlike other signal shaping methods, cf. [Fis02, YC01b].

The connection to Tomlinson-Harashima precoding becomes evident when we look at
the linearized model for Tomlinson-Harashima precoding (5.20), shown in Fig. 5.11.
Using the QR-decomposition HT = QST (i.e., H = SQT, with S lower triangular,

� = diag(1/s11, . . . ,1/sKK), and B = � S) and denoting the precoding symbol vector
as p, we write

y = HQTB−1
︸ ︷︷ ︸

H−1

(a+p)+ 1
βn . (5.61)

Noting that the transmit signal of Tomlinson-Harashima precoding is thus equal to
βH−1(a+p), we see that the vector precoding techniques to be discussed are of very
similar nature; however, the precoding vector p may be determined by some other
means than the classical Tomlinson-Harashima structure.

We also note that previous implementations of shaping without scrambling [FGH95,
Fis02, FSW03] have used suboptimum search algorithms, restricting the search space
for p such that the xk (prior to scaling with β) lie within some slightly extended set
around 0, e.g., for the 4-QAM example, xk ∈ [−2,2) instead of standard THP, where
xk ∈ [−1,1).

The main improvement of the vector precoding techniques subsequently to be de-
scribed over the previous implementations comes from noting that, since we are deal-
ing with a finite number of dimensions, K, the selection of p can be performed without
explicitly enforcing the Tomlinson-Harashima structure [PHS03].

5.6.1 Lattice Decoder-Based Vector Precoding

In general, the goal of precoding is to maximize the scaling factor β, since a large β
results in a small noise vector 1

βn at the receiver. By optimizing the transmission of
each specific symbol a, we can find the “optimum” transmit signal, which maximizes
β, as follows [PHS03].
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β â1

Figure 5.28: Basic block diagram of vector precoding/shaping without scrambling. Only one receiver processing path is shown.
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We again assume the real-valued model, and use the real signaling set corresponding
to an M-ary QAM constellation as introduced in Sec. 3.5. The real “boundary” interval
is consequently given as [−

√
M/2,

√
M/2); defining A =

√
M, we use the receiver

ỹk = modsA(yk) , (5.62)

as in Tomlinson-Harashima precoding, (5.15). The “optimum” transmit signal assum-
ing linear preequalization is just the signal which requires minimum transmit power,
where the optimization is over all transmit signals that result in the desired ỹ. This is
given by

x = βH−1(a+p) , (5.63)

with p chosen such that its influence is eliminated by the modulo frontend, hence for
this modulation alphabet, p ∈ A � K . Since we have (5.1),

E{||x||2} = Kσ2
a = const. = β2

E{||H−1(a+p)||2} , (5.64)

β is maximized if the individual lengths ||H−1(a+p)|| are minimized, and therefore

p = argmin
p ′∈A

� K
||H−1(a+p ′)||2 . (5.65)

At the receiver, y = HH−1(a+ p)+ 1
βn, and with the modulo frontend, for each k =

1, . . . ,K (real representation),

ỹk = modsA(yk)

= modsA(ak + pk +β−1nk)

= modsA(ak +β−1nk) (5.66)

is observed.

We can write the minimization as

min
p ′∈A

� K
||H−1(a+p ′)||2 = min

p ′∈A
� K

||H−1a+H−1p ′||2 , (5.67)

and hence p ′ contains the coordinates of the point in the lattice AH−1 � K closest to
−H−1a.

For small numbers of dimensions, the full search can be effectively performed us-
ing the standard lattice decoding techniques, in particular the sphere decoder algo-
rithm (without the modification for finite constellations), as discussed in Sec. 4.5,
cf. [AEVZ02].

Fig. 5.29 illustrates the operation of this precoding scheme for the two-dimensional
example channel (as in Fig. 4.14); on the left hand side the channel input signal x
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(a) →

Constellation A2, HA2

(4-ASK)2

(b) →

H−1A2 A2

(c) →

H−1(A2 +p) A2 +p
p ∈ 4 � 2

(d) →

minp∈4
� 2 ||H−1(A2 +p)||2 A2 +p

Figure 5.29: Illustration of vector precoding: (a) no precoding, (b) linear preequaliza-
tion, (c) periodically extended signaling set, and (d) minimum norm transmit signals.
Channel input (left), noiseless received signal (right).
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is shown, on the right hand side the corresponding noiseless received signals Hx.
Fig. 5.29 (c) shows the tiling of the real plane with the periodically extended sig-
naling set, whereas in Fig. 4.14 (d) the vectors of minimum norm, i.e., those inside
the Voronoi region around 0 of the lattice 4H−1 � 2, which vector precoding uses for
transmission, are shown.

In a way this precoding scheme can be seen as dual to maximum likelihood detection
(Sec. 4.1), performing an “ML-search” for the optimum precoding vector. The corre-
sponding block diagram is shown in Fig. 5.30. Note that the choice of β, to keep sum
transmit power fixed to Kσ2

a, is not as straightforward as in the schemes previously dis-
cussed. For the simulation results, β was selected based on the actual power required
for each burst of LB symbols transmitted: if X =

[
x[0], . . .,x[LB−1]

]
,

β =

√

KLBσ2
a

trace(XTX)
. (5.68)

For a practical implementation the acausality (blockwise processing) may be unde-
sirable, and one has to look for other means of adjusting β (e.g., one can leave β
unadjusted, i.e., β = 1, and simply benefit from the lower transmit power required to
obtain the same performance as standard Tomlinson-Harashima precoding).
A solution for β that is based only on the knowledge of H is not known [PHS03], and
is closely connected to the following problem: As in the case of linear preequalization
and Tomlinson-Harashima precoding, an MMSE optimization of the per-user SNR can
provide additional gains in the low-SNR region. Here, the transmit signal is formed by
linear MMSE preequalization of (a+p), hence,

x = βHT(HHT +ζI)−1(a+p) , (5.69)

and

p = argmin
p ′∈A

� K
||HT(HHT +ζI)−1(a+p ′)||2 , (5.70)

and the closest-point search is performed in the lattice AHT(HHT + ζI)−1 � K . How-
ever, the determination of the optimum ζ is an open problem, cf. also [PHS03], since
the precoding symbol decreases the required transmit power. So far, only heuristic
methods to select ζ have been used.

The minimization in (5.65) is closely connected to the even-integer-interference pre-
coding briefly discussed in Sec. 5.5: Also in even-integer-interference precoding, the
desired transmit signal is the one which requires the least transmit power, and writing
the transmit signal as used in (5.58), with o from (5.60), the problem to be solved can
be written as

R1 = argmin
R1∈

� K×K
Ea{||H−1(a+pthp +AR1ă+AR1pthp

︸ ︷︷ ︸
�

p̃(R1)∈A
� K

)||2} . (5.71)
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Thus, it turns out that the solution obtained with vector precoding is in fact more gen-
eral, since for even-integer-interference precoding one obtains the R1 which best suits
the average over all vectors a (equivalently, ă), while the vector p′ obtained in (5.65)
is found with knowledge of the specific a.

5.6.2 Lattice Reduction-Aided Vector Precoding

Just as in the case of using lattice decoding techniques for detection in MIMO systems,
the application of, e.g., the sphere decoder algorithm to vector precoding becomes
prohibitively expensive in terms of complexity as the number of dimensions K grows.

Therefore we investigate the use of the closest point approximation [Bab86], as in
Sec. 4.6, for this setting in order to obtain a simple but efficient vector precoding
scheme [WFH03].

Here the basis for the approximate solutions is the LLL reduction of the matrix H−1,
and similar to (4.67) we write

H̄red = H−1R , (5.72)

with the reduced matrix H̄red and unimodular R.

If we take the “rounding-off” approximation from [Bab86], cf. Sec. 4.6.1.1, the solu-
tion of (5.65) is given by

papprox. = −ARQ � K{ 1
AH̄

−1
red H−1a}

= −RQA
� K{R−1a} , (5.73)

where we have used QA
� K{·} to denote componentwise rounding of a K-dimensional

vector to the scaled integer lattice A � K .

Consequently, the transmit signal is given as

x = βH−1(a−RQA
� K{R−1a}) , (5.74)

with β determined as in the previous Section 5.6.1. The simple structure of this scheme
is illustrated by the block diagram in Fig. 5.31.

Fig. 5.32 (b) illustrates the approximation to the Voronoi region obtained with this
scheme for the example of Fig. 5.29. It is obvious that the average transmit power
required for the symbols found inside this approximation to the Voronoi region is only
marginally larger than that required in the optimum case, shown in Fig. 5.32 (c). Com-
pare also Fig. 4.14 for an illustration of lattice reduction-aided detection.

We can also consider the nearest plane algorithm [Bab86] in combination with the
V-BLAST algorithm for the solution of the closest point problem, as in Sec. 4.6.1.2.
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Figure 5.30: Illustration of the lattice decoder-based vector precoding scheme. Only one receiver processing path is shown.
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Figure 5.31: Illustration of the rounding-off approximation vector precoding scheme. Only one receiver processing path is shown.
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(a)

(b)

(c)

Figure 5.32: Illustration of transmit symbols selected by lattice reduction-aided vector
precoding compared to the optimum transmit symbols: (a) Lattice 4H−1 � 2 (∗) and
corresponding basis, (b) reduced basis; shaded area: “approximate” Voronoi region
resulting from Babai’s rounding-off procedure, (c) “optimum” Voronoi region.
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From the V-BLAST algorithm applied to H̄red obtained from the LLL algorithm as
above, we get, as in (4.35),

FH̄redP = B . (5.75)

Here B = [bkl] ∈
�

K×K is the lower triangular matrix with unit diagonal (bkl = 1 for
k = l and bkl = 0 for k < l), F ∈

�
K×K the matrix with orthonormal rows and P a K×K

permutation matrix corresponding to the optimized decision order. The algorithm sets

q = −FH−1a (5.76)

q̃1 = q1 (5.77)

and calculates for k = 2, . . . ,K

q̃k = QA
� {qk −∑k−1

l=1 bk,lq̃l} . (5.78)

(Note that QA
� {x} = Ab 1

Axe). Finally, we obtain

papprox. = RPq̃ . (5.79)

The straightforward implementation of this scheme is shown in Fig. 5.33. Except for
the upfront calculation of the LLL reduced basis H̄red, the complexity is similar to that
of, e.g., Tomlinson-Harashima precoding.

It is worth noting that while in the detection case of Sec. 4.6 the effect of neglecting
the boundary region of the constellation has a negative impact on the performance, all
lattice points are equally valid in this situation.

If one is able to determine ζ in (5.70), the lattice reduction-aided approach can be used
on the lattice AHT(HHT +ζI)−1 � K in order to get an approximate solution for p with
linear MMSE preequalization.
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Figure 5.33: Illustration of the nearest-plane approximation vector precoding scheme. Only one receiver processing path is shown.
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5.6.3 Simulation Results

Fig. 5.34 shows simulation results for zero-forcing THP (labeled THP-VB) compared
to vector precoding (VP) and lattice reduction-aided vector precoding for a Kc = 4
system, Fig. 5.35 is the corresponding plot for Kc = 8.

We note that even though zero-forcing preequalization is used in all schemes in this
comparison, all vector precoding techniques exhibit the full diversity order 4, while
Tomlinson-Harashima precoding has diversity order −1. While in the case of Kc = 4
the power efficiency of the rounding-off approximation (linear equalization) is almost
2dB from the lattice decoder-based vector precoding scheme, that of the V-BLAST-
based nearest plane approximation is less than half a dB away. For larger Kc the dis-
tances of the lattice reduction-aided schemes from the sphere decoder-based scheme
increase, but for Kc = 8 the V-BLAST-based lattice reduction-aided scheme is still
within 1dB of the much more complex sphere decoder-based scheme.

Comparing the result to Figs. 5.20 and 5.21 we note that for these settings the results
for the vector precoding scheme compare favourably with all other schemes discussed
so far, except for the MMSE V-BLAST THP scheme. The latter does not settle to
diversity order 1 in the range of SNRs and bit error rates considered.

Unfortunately it is not known how to to ideally adjust the ζ in the MMSE preequaliza-
tion filter for vector precoding, (5.70), and while the MMSE vector precoding scheme
is theoretically superior to MMSE V-BLAST THP, the error rate curves resulting with
trial-and-error optimization of ζ (as in [PHS03]) show hardly any improvement over
MMSE V-BLAST THP.
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Figure 5.34: Average bit error rates achieved using sphere-decoder based VP (SD-VP),
linear and V-BLAST lattice reduction-aided VP (LRA-VP (lin.), LRA-VP (VB)), and
standard zero-forcing V-BLAST THP (THP-VB), Kc = 4, 4-QAM.
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Figure 5.35: Average bit error rates achieved using sphere-decoder based VP (SD-VP),
linear and V-BLAST lattice reduction-aided VP (LRA-VP (lin.), LRA-VP (VB)), and
standard zero-forcing V-BLAST THP (THP-VB), Kc = 8, 4-QAM.
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Chapter 6

Imperfect Channel State Information

Throughout the previous chapters we have assumed perfect channel state information
at the receiver (for equalization) or at the transmitter (for precoding). In the present
chapter we will take a brief look at the implications of imperfect channel state infor-
mation for several of the schemes discussed.

In the systems considered here, three sources of imperfection can be easily identified:

• Imperfect channel estimation due to finite observation length

• Quantization noise, especially in precoding systems with low-rate backward
channel

• Mismatch of estimate available to transmitter and current channel state due to
delay in backward transmission

We will assume a simple model for the imperfections, namely that the complex-valued
channel matrix present in the communication system is H0,c, while the signal process-
ing at receiver/transmitter bases its operations on a noisy version Hc given as

Hc = H0,c +
�

H,c , (6.1)

where the measurement noise
�

H,c is a Kc ×Kc matrix of i.i.d. zero mean complex
Gaussian entries with variance σ2

e,c each, independent of H0,c. We will again work
with the corresponding K ×K-dimensional (K = 2Kc) real-valued matrices, where

H = H0 +
�

H , (6.2)

with real Gaussian entries of variance σ2
e = σ2

e,c/2 in
�

H. The model is illustrated
graphically in Fig. 6.1; as before, channel knowledge is assumed either at the receiver
only, at the transmitter only, or at both receiver and transmitter, enabling the various
techniques discussed in the previous chapters.
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�
H

H0

n

x y
ReceiverTransmitter

Figure 6.1: Model for imperfect channel state information.

If optimum, i.e., orthogonal training signals are used, it can be shown [Mar99] that
the covariance matrix of each column of

�
H =

[
d1, . . . ,dK

]
, E{dkdT

k } = σ2
eI, i.e., is a

scaled diagonal matrix. Hence we obtain

E �
H
{ �

H
�

T

H} =
K

∑
k=1

E{dkdT

k } =








Kσ2
e 0 · · · 0

0 Kσ2
e

...
...

. . . 0
0 0 · · · Kσ2

e








, (6.3)

which will be used extensively in the following.

Some general considerations for scalar fading channels can be found in [LS02], where
it is shown that even for these channels the requirements on the channel state informa-
tion are rather strict if only negligible performance degradation is required. The effect
of imperfect channel state information on channel capacity is studied in [Med00], and
information-theoretic considerations, particularly for multiple antenna MIMO chan-
nels and taking the training phase into account, are given in [HH03], where it is also
shown that orthogonal training signals are optimum.

6.1 Detection with Imperfect Channel State Information

6.1.1 Maximum-Likelihood Detection

In the case of imperfect channel state information as modeled by (6.1), the estimate
obtained forming the maximum-likelihood estimate (4.2) as if perfect channel state
information were available, is given as

x̂ML = argmin
x ′∈AK

||y−Hx ′||2

= argmin
x ′∈AK

||y−H0x ′− �
Hx ′||2 . (6.4)
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This means that the decision region for a particular x ′ ∈ AK is shifted by − �
Hx ′, and

since the “argmin” is over all points x ′ ∈ AK , this has significant implications for the
probability of detection error.

In the perfect channel state information case (H = H0), the probability of error is
simply given as the integral over the noise pdf in the error region, and with the ML
decision region (in y-space) for x defined as

M (x) = {y ∈
�

K : argmin
x ′∈AK

||y−H0x ′||2 = x} , (6.5)

we can write

perror(x) =
�

� K\M (x)

1

(2πσ2
n)

K/2
exp

(

−||y−H0x||2
2σ2

n

)

dy . (6.6)

For the points in the interior of the constellation, the decision regions are translates of
the Voronoi region (cf. App. C) of the lattice H0 � K , i.e., M (x) = H0x + RV (H0 � K),
hence the error probabilities for all such points are the same.

For imperfect channel state information, the decisions taken will only be correct where
the decision regions in H � K and H0 � K overlap. This is illustrated in Fig. 6.2, where,
for a sample realization of H0 and

�
H,

H0 =

[
1.0 0.7

−0.1 1.0

]

,
�

H =

[
−0.1128 −0.0261
−0.1349 0.0953

]

, (6.7)

the decision regions (based on y) for two real 4-ASK constellation transmitted over H0

(i.e., the “true” decision regions) are plotted with dashed lines and “+” at the noiseless
received signals, and the decision regions for the constellation based on H = H0 +

�
H,

i.e., those that the receiver really uses, are shown with solid lines and “◦” for the
assumed noiseless received signals. Correct detection occurs only in those regions of
the intersection containing both “◦” and “+” (shaded).

Thus, the ML decision region for x with imperfect channel state information is given
as

M ∗(x) =
{

y ∈
�

K : argmin
x ′∈AK

||y−Hx ′||2 = x

∧ argmin
x ′∈AK

||y−H0x ′||2 = x
}

, (6.8)

and similar to what we had before (note that the Gaussian density is centered on H0x),

perror(x) =
�

� K\M ∗(x)

1

(2πσ2
n)

K/2
exp

(

−||y−H0x||2
2σ2

n

)

dy . (6.9)

As illustrated in Fig. 6.2, these sets of valid points are smaller than in the case of
perfect channel state information, and consequently the integrals are taken over larger
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Figure 6.2: Decision regions in the y-plane for randomly drawn 2-dimensional H0 and
�

H for a (4-ASK)2 constellation: Regions for H0 dashed with “+” at centers, regions
for H solid with “◦” at centers, shaded: intersection.

areas, resulting in higher probability of error. In order to obtain the expected symbol
error probability, we need to average perror(x) over x as well as over

�
H; for the bit

error probability additionally the constellation labeling has to be taken into account.

To illustrate the effect of averaging over
�

H, we take a simple 2×2-dimensional real-
valued system with H0 as in the example of Fig. 6.2, random

�
H as described earlier,

and no additional noise (n = 0), i.e.,
[

y1

y2

]

= H0

[
x1

x2

]

+
�

H

[
x1

x2

]

. (6.10)

The contour plots of the measured pdfs of the received signal with x = [ 1
2 , 1

2 ]T and x =

[−3
2 , 3

2 ]T are shown overlayed in Fig. 6.3. The imperfect channel state information thus
acts rather like an additional noise term (circular symmetry), albeit with the variance
of the disturbance proportional to the transmit signal (the transmit power for [− 3

2 , 3
2 ]T

is 9 times that of [1
2 , 1

2 ]T). To show how this affects the detection performance, Fig. 6.4
gives a contour plot of the probability

Pr{y 6∈ M ∗(x)|y ∈ M (x)} = Pr{x̂ML 6= x|y} , (6.11)

i.e., the probability that the ML estimate is not correct given some received vector y.
The contour lines correspond to a probability of 0.1, 0.2, . . . , increasing as the distance
from the signal points increases. Note that n = 0 is assumed also in this plot. (Compare
the optimum decision regions as shown in Fig. 6.2 with dashed lines).

Simulation results giving the bit error rate for a Kc = 4 system with 4-QAM modulation
and maximum-likelihood detection are shown in Fig. 6.5. An error rate floor depending
on the variance of the channel measurement error is visible.
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Figure 6.3: Contour plots of probability density function of y when x = [ 1
2 , 1

2 ]T and
x = [−3

2 , 3
2 ]T are transmitted, respectively.

Figure 6.4: Contour plot of Pr{x̂ML 6= x|y} over the y-plane for K = 2, no noise and
σ2

e = 0.01.
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e

compared to MLD with perfect channel state information, Kc = 4, 4-QAM.

6.1.2 Linear MMSE Equalization

We first look at the linear equalization schemes, in particular linear MMSE equaliza-
tion. If the receiver is aware of the statistics of the measurement error (e.g., because
short training sequences are used), it can calculate the MMSE estimator resulting with
knowledge of the statistics of the measurement error. Starting from y = H0x + n =

(H− �
H)x+n we want to find the linear MMSE estimator according to

GMMSE = argmin
G

E{||Gy−x||2} . (6.12)

Defining the estimation error e = Gy− x we obtain from the principle of orthogonal-
ity [Hay01]

E{eyT} = 0 , (6.13)

which for � xx = E{xxT} = σ2
xI evaluates to

= E �
H

{

σ2
xGHHT −σ2

xG
�

HHT−σ2
xHT

−σ2
xGH

�
T

H +σ2
xG

�
H

�
T

H −σ2
x

�
T

H +σ2
nG
}

. (6.14)

Since E �
H
{ �

HX} = 0 for X a matrix of entries uncorrelated to the entries in
�

H

= σ2
xGHHT −σ2

xHT +Kσ2
xσ2

eG+σ2
nG = 0 , (6.15)



6.1. Detection with Imperfect Channel State Information 135

and finally,

G = σ2
xHT

(

σ2
xHHT +σ2

nI+Kσ2
xσ2

eI
)−1

=
(

HTH+
σ2

n +Kσ2
xσ2

e

σ2
x

I
)−1

HT , (6.16)

where we have made use of the matrix inversion lemma (cf., e.g., [Hay01]). This
just corresponds to the MMSE estimator from Sec. 4.2 for noise with per-component
variance of σ2

n + Kσ2
xσ2

e , which means that for the design of the MMSE equalizer the
imperfect channel state information can be seen as an additional noise term.

Figure 6.6 shows the performance of linear receivers with imperfect channel state in-
formation: the zero-forcing and the standard MMSE receiver, and the linear MMSE
detector just derived in (6.16) (taking the statistics of the imperfect channel state infor-
mation into account), labeled “l. MMSE (6.16)”.

We see that the performance of standard MMSE equalization is better than that of the
linear ZF equalization, but error rate rises again for high SNR, where linear MMSE
equalization approaches linear ZF equalization. The error rate of the MMSE detector
which takes the imperfect channel state information into account is consistently below
both other receivers, and unlike the MMSE detector which assumes perfect channel
state information, the error rate never increases for increasing SNR.

Hence, if some information about the statistics of the imperfect channel state knowl-
edge is available, the MMSE detector of (6.16) is to be preferred. (Note that also from
a capacity point of view the knowledge about “how” imperfect the knowledge of H is
has to be taken into account [HH03]).

6.1.3 Decision-Feedback Equalization

For (zero-forcing) decision-feedback equalization, a major difference to linear equal-
ization is the orthonormal preprocessing of the received signal by the matrix F (cf.
Sec. 4.3) before “inversion” of the now lower-triangular effective channel is under-
taken. Since the only difference to V-BLAST decision-feedback equalization is a re-
ordering of the decisions, the fundamental behaviour is the same, cf. also [Loy02].

The QL decomposition done by the receiver is of course based on H, H = FTS, and

y ′ = F(H0x+n)

= F((H− �
H)x+n)

= FHx−F
�

Hx+Fn

= Sx−F
�

Hx+Fn , (6.17)
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Figure 6.6: Average bit error rates achieved using linear zero-forcing and linear MMSE
equalization (adapted to the imperfect channel state information) at the receiver, Kc =
4, 4-QAM.

which means y ′ is composed of a part that can be optimally equalized by means of
decision-feedback equalization, Sx, and two unknown noise terms with

E{(F �
Hx+Fn)(F

�
Hx+Fn)T} = σ2

xE{F
�

H
�

T

HFT}+σ2
nI

= (Kσ2
xσ2

e +σ2
n)I . (6.18)

Averaging both over
�

H and n the disturbance is approximately Gaussian distributed
by the central limit theorem, and the same as in Sec. 6.1.2. (Similar results were
obtained in [Mar99], where also the implication for the amount of training to be spent
for channel acquisition is studied). The same derivations for MMSE matrices as in
Sec. 6.1.2 hold, and we can again benefit from taking knowledge of σ2

e into account.

Simulation results corresponding to Fig. 6.6, now for the decision-feedback tech-
niques, are shown in Fig. 6.7. We again see that the error rates of MMSE V-BLAST
decision-feedback equalization assuming perfect channel state information have a min-
imum for some SNR and rise again for higher SNRs, approaching those of ZF V-
BLAST decision-feedback equalization. If the MMSE matrices are adjusted taking σ2

e

into account (labeled “M. VB (6.16)”), the error rates are consistently below the lowest
error rate achieveable by the perfect channel state MMSE matrices.
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Figure 6.7: Average bit error rates achieved using ZF and MMSE V-BLAST equaliza-
tion at the receiver, Kc = 4, 4-QAM.

6.1.4 Lattice Reduction-Aided Detection

An analysis similar to that for the other detection schemes can be performed for lattice
reduction-aided detection; however, the behaviour of the LLL algorithm for pertubed
channel matrices can only be studied by simulations.

Simulation results for the V-BLAST-based lattice reduction-aided detection scheme
(“LRAD (VB)”) are shown in Fig. 6.8. As could be expected, the degradation for im-
perfect channel state information is more pronounced than for the MMSE V-BLAST-
based detection scheme, and for this example and the SNR and BER range shown, we
only see a gain over MMSE-V-BLAST for 1/σ2

e =̂ 30dB (i.e., pretty accurate channel
state information) and BER approaching 10−5.

6.2 Precoding with Imperfect Channel State Information

If precoding is performed, one might assume that the transmission system is consid-
erably more sensitive to imperfect channel state information. However we will see
that similar expressions as for equalization can be obtained for precoding, i.e., the
additional noise term that is caused by the imperfect precoding is proportional to Kσ2

e .

In [VM01] information theoretic considerations for a single link in the multiuser broad-
cast scenario with Kc transmit antennas and 1 receive antenna are presented. It is shown
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Figure 6.8: Average bit error rates achieved using lattice reduction-aided detection,
Kc = 4, 4-QAM.

that in this case “beamforming”, i.e., transmission in a single “direction”, is optimum
for good channel state information. For increasing σ2

e , however, more and more orthog-
onal directions should be used at the transmitter, i.e., space-time codes [TSC98] should
be employed. Since this corresponds to a different point in the diversity-multiplexing
tradeoff curve [ZT03] as outlined in the introduction, we will not consider this option
here, that is, we concentrate on the question of what performance can be achieved at
the full multiplexing rate with different levels of imperfection.

6.2.1 Singular Value Decomposition-Based Transmission

Using the SVD of the imperfectly known H = U
�

VT, with the transmitter setup as in
Sec. 5.2, we have

y = H0Va+n

= (H− �
H)Va+n

= U
�

a− �
HVa+n . (6.19)

Since the statistics of
�

H are not changed by rotation with the orthonormal V, the
disturbance is similar to the detection schemes, with the covariance matrix

E{(− �
HVa+n)(− �

HVa+n)T} = (Kσ2
aσ2

e +σ2
n)I , (6.20)
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Figure 6.9: Average bit error rates achieved with the SVD-based transmission scheme
and loading compared to the SVD-based scheme with perfect channel state informa-
tion, Kc = 4, 4-QAM.

as before. Simulation results comparing the performance of the SVD-based transmis-
sion scheme with imperfect channel state information to that with perfect channel state
information are shown in Fig. 6.9, and again loading is mandatory to achieve reason-
able performance. Comparing the results for SVD with loading and imperfect channel
state information with those for the detection schemes, this scheme appears as robust
as maximum-likelihood detection (Fig. 6.5), and only the curve for 1/σ2

e =̂ 15dB ex-
hibits an error rate floor in the BER range shown. This is mainly due to the (rate and
power) loading applied, since SVD without loading in Fig. 6.9 is highly sensitive to
imperfect channel state information.

6.2.2 Linear Preequalization

If linear zero-forcing preequalization is performed, the transmit signal is given as x =

βH−1a with β =
(
K/trace(H−1H−T)

)
1/2. The received signal including the scaling

by 1
β is therefore

y′ = H0H−1a+ 1
βn

= (H− �
H)H−1a+ 1

βn

= a− �
HH−1a+ 1

βn . (6.21)
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The covariance matrix of the disturbance is given as

E{(− �
HH−1a+ 1

βn)(− �
HH−1a+ 1

βn)T} =

σ2
aE{

�
HH−1H−T

�
T

H}+
σ2

n

β2 I = trace(
� −2)

(
σ2

aσ2
e +

σ2
n

K

)
I , (6.22)

where we have used the SVD of H = U
�

VT and that rotation of
�

H by an orthonormal
matrix does not change the statistical properties. Note that the resulting additional
disturbance is the same in all subchannels.

The linear MMSE preequalization can be obtained by solving

F̃ = argmin
β,F

E
{
||β−1(H0Fa+n)−a||2

}

= argmin
β,F

E
{
||β−1((H− �

H)Fa+n)−a||2
}

(6.23a)

such that E
{
||Fa||2

}
= Kσ2

a , (6.23b)

and carrying out the derivation as outlined in App. E (the expectation now taken over
�

H as well) we get the solution

F = βF̃ (6.24a)

with F̃ = HT

(

HHT +
Kσ2

eσ2
a +σ2

n

σ2
a

I
)−1

, (6.24b)

β =

√

K

trace(F̃F̃T)
. (6.24c)

Simulation results comparing the three linear preequalization approaches are shown in
Fig. 6.10. Just as in the simulation results for the equalization methods, the error rate
curves for linear MMSE preequalization assuming perfect channel state information
have minima and approach the error rate of linear ZF preequalization for high SNR,
while the error rate of linear MMSE preequalization taking the imperfect channel state
information into account is consistently below that of the other methods, and is mono-
tonically decreasing for increasing SNRs.

6.2.3 Costa/Tomlinson-Harashima Precoding

As in the case of equalization with imperfect channel state information, the behaviour
of Tomlinson-Harashima precoding is similar to that of linear preequalization.

With the decomposition H = SFT, and � = diag(1/s11, . . . ,1/sKK), the transmit signal
(linearized model) is formed as x̃ = (S � )−1(a + p) with σ2

x̃≈ σ2
a. For the received
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Figure 6.10: Average bit error rates achieved using linear ZF and linear MMSE
preequalization (adapted to the imperfect channel state information) at the receiver,
Kc = 4, 4-QAM.

signal we obtain (cf. Fig. 5.16)

y = H0F � x̃+ 1
βn

= HF � x̃− �
HF � x̃+ 1

βn

= a+p− �
HF � x̃+ 1

βn . (6.25)

Disregarding the modulo-operation, the covariance matrix of the disturbance is given
as

E{(− �
HF � x̃ + 1

βn)(− �
HF � x̃ + 1

βn)T} = trace( � � T)
(
σ2

aσ2
e +

σ2
n

K

)
I , (6.26)

similar to the result for linear preequalization.

With this result we can immediately conclude that we can again form the MMSE V-
BLAST solution as in Sec. 5.4.6, with

ζ =
σ2

n

σ2
a
+Kσ2

e (6.27)

in order to adjust the matrices for the imperfect channel state information.

Simulation results for V-BLAST-based Tomlinson-Harashima precoding, analog to
those for the linear preequalization, are shown in Fig. 6.11. The behaviour is as we
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10log10(Ēb,eq/N0) [dB] −→

B
E

R
−→

THP-VB
M. THP-VB
M. THP-VB (6.27)

M. THP-VB (p.)
1/σ2

e =̂ 15dB
20dB
25dB
30dB

Figure 6.11: Average bit error rates achieved using Tomlinson-Harashima Precoding
with zero-forcing, MMSE and MMSE adapted to imperfect channel state information
(all using the V-BLAST permutation), Kc = 4, 4-QAM.

should have expected considering the previous results: If MMSE THP-V-BLAST is
used assuming perfect channel state information, the error rate has a minimum for
finite SNR and approaches that of ZF V-BLAST THP for high SNRs, while MMSE
THP-V-BLAST adjusted to the variance of the imperfect channel state information
consitently outperforms both other methods and shows a monotonically decreasing
error rate for increasing SNR.

6.2.4 Precoding and Residual Equalization

If we assume that the receiver is aware of the imperfect channel state information
available to the transmitter (e.g., if the receiver is tracking the channel state and in-
frequently sends update information to the transmitter), the receiver can try to rectify
the imperfect precoding by means of residual equalization, cf. [FWLH02c]. Since we
now assume perfect receiver channel state information and joint processing of the re-
ceived component signals, this is possible only in point-to-point MIMO channels (i.e.,
centralized receivers).

With the linear description of Tomlinson-Harashima precoding, the received signal in
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the zero-forcing case (cf. Sec. 6.2.3) is

y = H0F � x̃+ 1
βn

= H0H−1(a+p)+ 1
βn . (6.28)

Our assumption is that the receiver has perfect knowledge of H and
�

H, hence it can
calculate H0H−1 and perform, e.g., maximum-likelihood detection of a+p.

Fig. 6.12 shows the bit error rate curves achieved if the receiver performs maximum-
likelihood detection of a + p. If the residual interference is large (as in the case of
1/σ2

e =̂ 15dB), we can observe a significant gain in power efficiency. Note however,
that the error rate curves obtained exhibit the slope of roughly −1 (cf. Sec. 4.3.2)
characteristic of the precoding scheme: The performance of the perfect channel state
information case (labeled “THP-VB perf.” in the figure) can not be surpassed, since
“perfect” precoding causes the simple per-component quantization to be equivalent
to maximum-likelihood detection. The loss with respect to the case of perfect chan-
nel state information increases with σ2

e , and is due to the “wrong directions” that the
transmit power is sent to.

In Fig. 6.13 the bit error rate curves achieved if instead of standard Tomlinson-Harashi-
ma precoding the vector p in (6.28) is selected using sphere-decoder-based vector pre-
coding (Sec. 5.6.1). In this case the residual equalization using maximum-likelihood
detection achieves the slope of −4, as does vector precoding with perfect channel state
information.
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Figure 6.12: Average bit error rates achieved using zero-forcing Tomlinson-Harashima
precoding and residual equalization using maxium-likelihood detection, Kc = 4, 4-
QAM.
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Figure 6.13: Average bit error rates achieved using sphere-decoder-based vector pre-
coding and residual equalization using maxium-likelihood detection, Kc = 4, 4-QAM.
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Chapter 7

Conclusions

In this thesis, the transmission over multiple input multiple output (MIMO) channels
described by the linear model y = Hx+n, where y is the vector of received signals and
x the vector of transmit signals, has been studied. Some example channels were given
that can be described by this model; for simulation results we have concentrated on
the Kc ×Kc (flat) Rayleigh-fading channel, which is a model for the MIMO multiple
antenna point-to-point and broadcast channels.

• Assuming perfect information about the matrix H only at the receiver, the opti-
mum and several suboptimum approaches to obtain estimates for x given y were
studied.

It turns out that as long as the dimensionality of x is reasonably small, the opti-
mum estimate can be obtained with manageable effort using the so-called sphere
decoder algorithm. Still, for some applications, and particularly as the number
of dimensions increases, the complexity of this approach is too high, and sub-
optimum methods based on an approximate solution to the lattice closest vec-
tor problem, called lattice reduction-aided detection techniques, can be a good
alternative. Some improvements of the well-known V-BLAST detection algo-
rithm were discussed: First, it was shown that widely linear processing can be
beneficial, and second, a modified V-BLAST algorithm was developed for op-
timized performance when rate loading is applied (which additionally requires
some transmitter channel knowledge).

• For transmission systems where the matrix H is (almost) perfectly known at the
transmitter, so-called precoding methods were discussed. These move almost
all of the signal processing complexity to the transmitter side and allow for very
simple receiver structures. The straightforward scheme based on the singular
value decomposition was shown to outperform the other schemes. However,
this scheme can only be applied in point-to-point MIMO channels, whereas most
other schemes discussed also apply for MIMO broadcast channels.
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Among the methods discussed, a very well-performing scheme is again based
on the sphere decoder algorithm. If lower complexity is desired, again methods
based on the approximate solution to the lattice closest vector problem have
some desirable properties. Common background to the nonlinear precoding
schemes discussed is the classical Tomlinson-Harashima precoding known for
the mitigation of intersymbol interference in single input single output trans-
mission systems, which in turn is closely related to the information-theoretical
concept of “writing on dirty paper”. The benefits of calculating the matrices
used in MIMO Tomlinson-Harashima precoding using variants of the V-BLAST
algorithm were shown, in particular again with widely-linear processing, as well
as for the case of rate loading where a modified version of the V-BLAST algo-
rithm was proposed.

The MIMO techniques discussed in this thesis are summarized in Table 7.1, together
with the form of channel state information (CSI) necessary, receiver-side (RX) and
transmitter-side (TX), and the types of channels the various techniques can be applied
to.

Finally, in order to justify (or: quantify) the assumption of perfect information about
H, some investigations regarding the robustness of several of the methods discussed
earlier with respect to noisy observations of H were reported. There it was shown that
including the knowledge about the statistics of the imperfections when designing the
detection or precoding filters can be very beneficial.
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Table 7.1: Summary of MIMO techniques discussed in this thesis.

TX-CSI RX-CSI MPB Sec.
Detection/Equalization Schemes

Maximum-Likelihood Detection * MP 4.5
(Sphere Decoder)

Linear Equalization * MP 4.2
Decision-Feedback Equalization * MP 4.3

and V-BLAST
V-BLAST+loading rates/ * P 5.4.8

powers
Lattice Reduction-Aided Detection * MP 4.6
Subspace-based Lattice Reduction- * MP 4.7

Aided Detection

Precoding Schemes

Singular Value Decomposition * * P 5.2
Linear Preequalization * PB 5.3
Tomlinson-Harashima Precoding * PB 5.4

(using V-BLAST-algorithm)
Tomlinson-Harashima Precoding * rates/ P 5.4.8

with loading (V-BLAST-L) powers
Vector Precoding (Sphere Decoder) * PB 5.6.1
Vector Precoding (Lattice Reduction- * PB 5.6.2

Aided)
Lattice Reduction-Aided Precoding * * P 5.5

*: required
Channel types: MIMO Multiple Access (M), Point-to-point (P), Broadcast (B)
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Appendix A

Notation and Abbreviations

In this appendix we first introduce the mathematical notation used in this work and
summarize the most important abbrevations.

Mathematical Notation

The set of real numbers is written as
�

, the complex numbers are � ,
�

+ j
�

, integers
� and natural numbers

�
(

�
+ the set of positive real numbers). For complex variables,

the ℜ and ℑ prefix denote the real and imaginary parts ( � 3 c = ℜc + jℑc). The ring
of polynomials in X over, e.g., the field

�

, is written as
�

[X ]. Complex conjugation is
written as

c∗ = ℜc− jℑc . (A.1)

A boldface font is used to denote vectors (lowercase letters, e.g., x) and matrices (up-
percase letters, e.g., H ). Components of vectors and matrices are denoted by lowercase
letters with one or two indices,

[
H
]

i j = hi j. Rows and columns of a matrix are denoted
by lowercase boldface letters with super- and subscripts denoting the row/column num-
ber, i.e., if H is a m×n matrix,

H =
[
hi j
]
=
[
h1, . . . ,hm

]
=






h1

...
hn




 , (A.2)

with hk an m-dimensional column vector and h k an n-dimensional row vector. Trans-
pose and Hermitian of a matrix (vector) are denoted by the superscripts (·)T and (·)H,
respectively. The inverse for square matrices is denoted as H−1, the Moore-Penrose
pseudoinverse [HJ85] as

H+ = V
� ′UH , (A.3)
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where

U
�

VH = H (A.4)

is the singular value decomposition (SVD) of the m× n matrix H, with U ∈ � m×m,
V ∈ � n×n and the diagonal matrix

� ∈
�

m×n of singular values
[ � ]

ii = ςi ∈
�

. The
entries on the diagonal of

� ′ are equal to the inverses of the nonzero singular values,

[ � ′]
ii = ς′i =

{

1/ςi , ςi > 0

0 , else
. (A.5)

The trace of a matrix is written as trace(H). Complex-valued matrices and vectors are
written with the subscript “c”, cf. Appendix B.

The unit coordiate vectors are denoted as ik (column vectors) or i k (row vectors), the
unit matrix as I, i.e., (for a K ×K unit matrix) I =

[
ik
]

k=1,...,K. The Euclidean norm or
length of a vector v is

||v|| = (∑K
i=1 |vi|2)1/2 . (A.6)

For matrices we use the spectral norm ||A||2 = max{
√

λ : AHAx = λx} (the largest
singular value of A).

The general linear group GLK( � ) is the set of all matrices in � K×K that have an inverse
in � K×K , where � can be

�

, � , etc. The determinant of a matrix A is written as det(A).
The matrices in GLK( � ) are called unimodular and |det(A)| = 1 for A ∈ GLK( � ).

N ( � ,
�

) denotes the multivariate Gaussian distribution with mean � and covariance
matrix

�
, CN ( � ,

�
) is the complex multivariate Gaussian distribution with covari-

ance matrix
�

. The expectation operation is denoted by E{·} if it is clear over which
random variable it is carried out, or with a subscript, as in EH{· · ·}, to denote the
random variable concerned.

bxc is the greatest integer smaller than x, dxe the smallest integer greater than x, and
bxe the integer nearest to x, bxe = bx+ 1

2c. The modB(x) operation is defined as

modB(x) = x−Bbx/Bc , (A.7)

while the symmetric modulo operation modsB(x) is defined as

modsB(x) = x−Bb(x+ B
2 )/Bc , (A.8)

cf. Fig. A.1.

We use Ac ⊂ � to denote a complex signaling constellation, with |Ac| finite, and A
to denote its one-dimensional real projection onto any of the axes (only for square
complex constellations, e.g., 16-QAM).
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modsA
x

y = x y = modsA(x)

x

−A/2

A/2

Figure A.1: Illustration of symmetric modulo modsA(x).

The O-notation is used as in [CLR90]:

O(g(K)) = { f (K) : (∃c,K0 : (∀K ≥ K0 : 0 ≤ f (K) ≤ cg(K)))} . (A.9)

The complexity class P (polynomial time) is the set of all problems for which an al-
gorithm with complexity O(p(K)) exists, with p(K) ∈ � [K]. The complexity class
NP (non-deterministic polynomial time) is the set of all problems for which a given
solution can be checked for correctness in polynomial time, even if finding the solu-
tion in polynomial time is only possible with a “genie-aided” algorithm (hence non-
deterministic). A problem is called NP -hard if an algorithm for solving it can be
translated into one solving any other NP -problem. This notation is often used to ex-
press the number of operations an algorithm takes to solve a problem as a function of
the problem size. As an example, standard matrix multiplication of two K×K matrices
takes O(K3) operations, and we can say “MATRIXMULTIPLICATION ∈ P ”.
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List of frequently used symbols

The following list summarizes some symbols used throughout the text, together with
some example page references.

Symbol Meaning Page(s)

(·)c Complex-valued vector/matrix 24, 155
K/Kc Number of parallel channels, K = 2Kc 24, 155
M Size of modulation alphabet 24
A “Width” of real-valued constellation, A =

√
M 94, 119

A/Ac Real and complex signal sets 24
H Channel matrix 8, 12
Hred Channel matrix after basis reduction 54, 113, 122
R Basis change matrix 54, 113, 122, 157
x Transmit signal vector 8, 12
a Data symbol vector 24, 81
y Receive signal vector 8, 12
n Noise vector 8, 12
σ2

v/σ2
v,c Per-component variance of vector v/vc 155, 30

Ēb,eq Equivalent received energy per bit 14
N0 One-sided noise power spectral density 14

� Diagonal scaling matrix, � = diag(1/s11, . . . ,1/sKK) 33, 101
P Permutation matrix, i.e., pi j ∈ {0,1}, PPT = I 38, 103, 109
QSK{v} Quantization of K-dimensional vector v to points of

the discrete set S K
30, 55
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Abbrevations

The following list summarizes the acronyms used in this work together with the page
where they are defined (first occurrence).

Acronym Meaning Page

AWGN Addititve white Gaussian noise 31
ASK Amplitude shift keying 24
CDMA Code division multiple access 8
CSI Channel state information 81
DFE Decision-feedback equalization 32
DS-CDMA Direct sequence code division multiple access 15
DSL Digital subscriber line 8
EIIP Even-integer-interference precoding 116
ISI Intersymbol interference 22
KZ Korkine-Zolotareff (lattice reduction) 161
LLL Lenstra, Lenstra, Lovász (lattice reduction) 159
LoT Lower triangular part (of a matrix) 36
LRAD Lattice reduction-aided detection 61
LRA-VP Lattice reduction-aided vector precoding 122
LRP Lattice reduction-aided precoding 113
MIMO Multiple input multiple output 1
MLD Maximum-likelihood detection 29
MMSE Minimum mean-squared error 30
PAM Pulse amplitude modulation 8
QAM Quadrature amplitude modulation 24
QL, QR Matrix decomposition (Gram-Schmidt 49, 32

orthogonalization)
RX Receiver 7
S-LRAD Subspace lattice reduction-aided detection 66
SD Sphere decoder 48
SD-VP Sphere decoder-based vector precoding 117
SNR Signal-to-noise ratio 13
SVD Singular value decomposition 150
THP Tomlinson-Harashima precoding 93
TX Transmitter 7
UMTS Universal mobile telecommunications system 15
V-BLAST, Vertical Bell Labs layered space-time 36

VB (detection algorithm)
V-BLAST-L, Vertical Bell Labs layered space-time 107

VB-L (detection algorithm), modified version for loading
VP Vector precoding 117
ZF Zero-forcing 30
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Appendix B

Properties of the Real-Valued Model

In this appendix we collect some properties of the mappings

Hc 7→ H =

[
ℜHc −ℑHc

ℑHc ℜHc

]

(B.1)

� Kc×Kc →
�

2Kc×2Kc =
�

K×K (B.2)

and

xc 7→ x =

[
ℜxc

ℑxc

]

(B.3)

� Kc →
�

2Kc =
�

K (B.4)

from complex-valued matrices and vectors to real-valued matrices and vectors, cf.
also [Tel99]:

HH

c ⇔ HT (B.5)

||xc||2 =
Kc

∑
k=1

|xc,k|2 =
Kc

∑
k=1

(

(ℜxc,k)
2 +(ℑxc,k)

2
)

=
K

∑
k=1

x2
k = ||x||2 (B.6)

From this follows

trace(xcxH

c ) = trace(xxT) (B.7)

HcGc = Fc ⇔ HG = F (B.8)

Hcxc = yc ⇔ Hx = y (B.9)

trace(H) = 2ℜ trace(Hc) (B.10)

⇒ trace(HHT) = 2trace(HcHH

c ) (B.11)

If ℜxc and ℑxc are independent vectors of independent random variables with variance
σ2 = σ2

c/2 each,

E{xcxH

c } = σ2
cI ⇔ E{xxT} =

σ2
c

2 I = σ2I (B.12)
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While the “2” in (B.10) and (B.11) may look strange at first glance, we still have

E{trace(xcxH

c )} = σ2
c trace(I) = E{trace(xH

c xc)} = Kcσ2
c

= Kσ2 = E{trace(xTx)} = E{trace(xxT)} = σ2 trace(I) (B.13)

(where the identitiy matrices are of dimension Kc and K = 2Kc, respectively).
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Appendix C

Lattice Reduction

In this appendix we introduce the notion of a lattice and lattice basis reduction. It is
based on the exposition in [vzGG99]. See also [Jou93] for a very readable introduction,
[Coh93] for variants of the LLL algorithm and [CS99] as general reference for lattice
theory.

C.1 Basic Definitions

Definition 1. The set G � K , for G ∈ GLK(
�

), is called a K-dimensional lattice in
�

K .
The matrix G is called the generator matrix of the lattice. Its columns g1, . . . ,gK are
called basis vectors, and the elements (vectors) of the lattice are called lattice points.

Definition 2. The continuous set RV ( � ) = {a−argmin � ∈ � ||a+ � ||,a ∈
�

K}, for � a
lattice, is called the Voronoi region of the lattice.

Two examples for 2-dimensional lattices are shown in Fig. C.1, where together with
the generator matrices some lattice points around the 0 vector and the Voronoi regions
are depicted.

Lemma 1. If � 1 = G1 � K ⊆ � 2 = G2 � K , then det(G1) | det(G2). If � 1 = � 2, then
|det(G1)| = |det(G2)|.

Proof. If all points of the lattice � 1 are contained in � 2, in particular the basis vectors
themselves are contained in � 2. Hence we can write G1I = G2R for some R ∈ � K×K .
Therefore |det(G1)| = |det(G2)| |det(R)|, which proves the first part of the Lemma. If

� 1 = � 2, divisibility holds in both directions, hence |det(G1)| = |det(G2)|. �

As a consequence of Lemma 1, a basis change of a lattice is only possible if it leaves
the absoulte value of the determinant unchanged. Thus, we can replace G with GR
for R ∈ GLK( � ) without affecting the lattice: All such R have |det(R)| = 1, and since
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G =

[
1
2 0√
3

2 1

]

RV RV

G =

[
1 0
0 1

]

Figure C.1: Examples of 2-dimensional lattices: � 2-lattice (left) and hexagonal lattice
(right).

the columns of GR are integer linear combinations of the columns of G no “rotation”
takes place.

The lattice reduction problem is to find a generator matrix G′ that consists of the short-
est linearly independent vectors contained in the lattice. Unfortunately, the problem of
finding the shortest vector contained in a lattice is NP -hard, which means no efficient
algorithm is available—even though the lattice decoding algorithm from Section 4.5
works well for relatively large numbers of dimensions K: The shortest vector in a lat-
tice can be found by the lattice decoding algorithm for y = 0 and excluding the 0 vector
from the set of allowable points [AEVZ02]. For the algorithm of Fig. 4.12 this means
that the modifications for finite constellations are removed and the update of the “best”
point in lines 25–27 is done only if newdist > 0.

C.2 LLL Reduction

In the following we introduce a special notion of a “reduced” generator matrix, for
which an efficient algorithm was reported in [LLL82]. But first we need the following

Definition 3. The matrix G∗ is called the Gram-Schmidt orthogonal basis of G, where

g∗k = gk −
k−1

∑
l=1

µklg∗l with µkl =
(gk)

Tg∗l
||g∗l ||2

. (C.1)

Note that det(G∗) = det(G), since we can write G = G∗M, where

M =








1 0 · · · 0

µ21 1 0
...

...
. . . . . . 0

µK,1 · · · µK,K−1 1








. (C.2)

From the Gram-Schmidt orthogonal basis we can also obtain a lower bound on the
length of any vector in the lattice:
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function LLL(G)
1 k = 2, R = I
2 calculate G∗, M
3 while (k ≤ K) {
4 for (l = k−1, . . . ,1) {
5 gi = gi −bµklegl , update G∗, M, R
6 }
7 if ((k > 1)∧ (||g∗k−1||2 > 2||g∗k ||2)) {
8 exchange gk−1 and gk, update G∗, M, R
9 k = k−1

10 }
11 else {
12 k = k +1
13 }
14 }
15 return G,R

Figure C.2: The basic LLL algorithm (from [vzGG99])

Lemma 2. For any vector g ∈ G � K \{0} we have

||g|| ≥ min{||g∗1||, . . . , ||g∗K||} (C.3)

The proof follows from writing g = Gp = G∗Mp with p ∈ � K and the fact that the g∗i
are pairwise orthogonal.

This result shows a connection between short vectors and orthogonality, which is also
essential to the application of reduced bases in this work.

If G∗ were a generating matrix for G � K , Lemma 2 says that one of the g∗k is a shortest
vector. Unfortunately, in general M 6∈ GLK( � ).

Definition 4. A generator matrix G is called LLL-reduced, if and only if ||g∗k ||2 ≤
2||g∗k+1||2 for k = 1, . . . ,K −1.

Lemma 3. If G is an LLL-reduced basis for the lattice � , ||g1|| ≤ 2(n−1)/2||g|| for any
g ∈ � \{0}.

The algorithm to obtain this reduced basis can be summarized as shown in Fig. C.2,
where a given basis G is modified (line 5) until it satisfies the Definition 4 of an LLL-
reduced matrix (line 7).

In [vzGG99] the following theorem is proved:

Theorem 1. The algorithm in Fig. C.2 returns a reduced generator matrix G with
O(K4 log(A)) arithmetic operations, with A = max1≤k≤K ||gk|| of the initial generator
matrix G.
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function LLL(G)
1 k = 2
2 kmax = 1
3 g∗1 = g1
4 R = I
5 M = 0
6 while (k ≤ K) {
7 if (k > kmax) {
8 kmax = k
9 for ( j = 1, . . . ,k−1) {

10 if (||g∗j ||2 > 0) {
11 mk, j = gT

k g∗j/||g∗
j ||2;

12 }
13 else {
14 mk, j = 0
15 }
16 }
17 b = 0
18 for ( j = 1, . . . ,k−1) {
19 b = b+mk, jg∗j
20 }
21 g∗k = gk −b
22 }
23 red(k,k−1)

24 while (||g∗k ||2 < ( 3
4 −m2

k,k−1)||g∗k−1||) {
25 swapg(k)
26 k = max{2,k−1}
27 red(k,k−1)
28 }
29 if (k−2 > 0) {
30 for (l = k−2,k−3, . . . ,1) {
31 red(k, l)
32 }
33 }
34 k = k +1
35 }
36 return G∗,R

Figure C.3: Detailed pseudocode for LLL algorithm, including modifications for lin-
early dependent sets of basis vectors
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function red(G,M,R,k, l)
1 if (|mk,l | > 1

2) {
2 q = bmk,le
3 gk = gk −qgl

4 rk = rk −qrl

5 mk,l = mk,l −q
6 for (i = 1, . . . , l−1) {
7 mk,i = mk,i −qml,i

8 }
9 }

Figure C.4: Pseudocode of auxiliary function red(G,M,R,k, l) for the LLL algorithm

Surprisingly this algorithm usually performs better than what is guaranteed by the
LLL-reduction from Definition 4, and the vectors in the LLL-reduced basis are close
to the shortest vectors possible.

A more useful and complete version of this algorithm is given in Figs. C.3 and C.4,
C.5, where a variant of the basic LLL algorithm from [Coh93] is given that also works
if the columns of the given basis G are linearly dependent (i.e., a redundant basis). This
algorithm is a basic ingredient for the Korkine-Zolotareff reduction algorithm given in
the next section.

C.3 Korkine-Zolotareff Reduction

A matrix G is called Korkine-Zolotareff (KZ)-reduced [AEVZ02], if the following
holds:

||gk||2 = min
z∈ � 2K−k+1,z 6=0

|| [gk, . . . ,gK]z ||2 (C.4a)

|gT

` gk|
||gk||2

≤ 1
2

, ` > k , (C.4b)

where (C.4a) guarantees gk to be a shortest nonzero vector in the lattice spanned by
the columns k, . . . ,K of G, hence the lengths obtained can be considered “optimum”,
which is the fundamental difference to LLL reduction, Definition 4. This property
requires the application of a lattice decoding algorithm, which is the reason for the
exponential complexity of this reduction algorithm.

The pseudocode for an algorithm performing this reduction is shown in Fig. C.6. It
relies on a shortest vector search (line 11), which can be implemented by a lattice
(sphere) decoder as mentioned earlier in Sec. C.1. This shortest vector is written into
Gred (line 13). In order to find a new basis for the lattice orthogonal to this shortest
vector, the matrix consisting of the basis vectors is augmented by the new shortest
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function swapg(k)
1 b = gk
2 gk = gk−1
3 gk−1 = b
4 s = rk

5 rk = rk−1

6 rk−1 = s
7 if (k > 2) {
8 for ( j = 1, . . . ,k−2) {
9 m = mk, j

10 mk, j = mk−1, j

11 mk−1, j = m
12 }
13 }
14 m = mk,k−1

15 y = ||g∗k ||2 +m2||g∗k−1||2
16 if (y = 0) {
17 b = g∗k
18 g∗k = g∗k−1
19 g∗k−1 = b
20 for (i = k +1, . . . ,kmax) {
21 m = mi,k

22 mi,k = mi,k−1

23 mi,k−1 = m
24 }
25 else if (||g∗k ||2 = 0∧m > 0) {
26 g∗k−1 = mg∗k−1
27 mk,k−1 = 1/m
28 for (i = k +1, . . . ,kmax) {
29 mi,k−1 = mi,k−1/m
30 }
31 else if (||g∗k ||2 > 0) {
32 t = ||g∗k−1||2/y
33 mk,k−1 = mt
34 b = g∗k−1
35 g∗k−1 = g∗k +mb
36 g∗k = −mk,k−1g∗k + ||g∗k ||2/yb
37 for (i = k +1, . . . ,kmax) {
38 t = mi,k

39 mi,k = mi,k−1 −mt
40 mi,k−1 = t +mk,k−1mi,k

41 }
42 }

Figure C.5: Pseudocode of auxiliary function swapg(k) for the LLL algorithm
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vector and projected onto the orthogonal complement of gs using the straightforward
projection

I−gsg
T

s /gT

s gs . (C.5)

The matrix it then processed by the LLL algorithm (given in Fig. C.3, for linearly de-
pendent vectors), in line 14. The matrix augmented by gs is necessary, since otherwise
it is not guaranteed that basis returned by the LLL algorithm contains the shortest vec-
tor. Simply replacing one of the columns of G⊥,(k) is only possible if the vector us has
only one nonzero entry equal to ±1. Since gs is obviously linearly dependent of the
columns of G⊥,(k), and additionally the projection (C.5) nulls out this direction, the
first two columns of the matrix

[gs,g
⊥,(k)
1 , . . . ,g⊥,(k)

K−k+1]R (C.6)

will be 0 (since the columns of the LLL-reduced basis are sorted in length). The
L+2×L matrix ĔL used in lines 15 and 16, which is defined as

ĔL =
[
ĕi j
]
, ĕi j =

{

1, i = j +2

0, else
, (C.7)

serves to remove these superfluous columns: multiplication of a K × L + 2 matrix
G with this matrix from the right results in a K × L matrix consisting of columns
3, . . . ,L+2 of G.

The matrix G⊥,(k) in the algorithm is the basis for the lattice after the projection into
the orthogonal complement of the vectors gred, l, l < k, while G(k) corresponds to the
basis without the projections. Lines 7–17 constitute the main part of the KZ reduction
algorithm, the remainder, lines 18–36 perform an additional reduction step on the vec-
tors collected in Gred to ensure that condition (C.4b) is met (using the red() function
from Fig. C.4).

More details on efficient lattice reduction algorithms that allow to adjust complexity
and quality of the reduced basis arbitrarily between those of LLL and KZ reduction
can be found in [SE94].
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function kzr(G)

1 G⊥,(1) = G
2 G(1) = G
3 Gred = 0
4 G∗

red = 0
5 M′ = 0
6 for (k = 1, . . . ,K) {
7 if (k = K) {
8 gred,k = G(k)

9 }
10 else {
11 us = argmin ũ||G⊥,(k)ũ||2
12 gs = G⊥,(k)us

13 gred,k = G(k)us

14 *,R = LLL((I−gsg
T
s /||gs||2)[gs,g

⊥,(k)
1 , . . . ,g⊥,(k)

K−k+1])

15 G⊥,(k+1) = [gs,g
⊥,(k)
1 , . . . ,g⊥,(k)

K−k+1]RĔK−k

16 G(k+1) = [gred,k,g
⊥,(k)
1 , . . . ,g⊥,(k)

K−k+1]RĔK−k

17 }
18 if (k = 1) {
19 g∗red,1 = gred,1

20 }
21 else {
22 for ( j = 1, . . . ,k−1) {
23 if (||g∗red, j||2 > 0) {
24 m′

k, j = gT

red,kg∗red, j/||g∗red, j||2
25 }
26 else {
27 m′

k, j = 0
28 }
29 }
30 b = 0
31 for ( j = 1, . . . ,k−1) {
32 b = b+m′

k, jg
∗
red, j

33 }
34 g∗red,k = gred,k −b
35 for (l = k−1,k−2, . . . ,1) {
36 red(Gred,M′, /0,k, l)
37 }
38 }
39 }

Figure C.6: Pseudocode for Korkine-Zolotareff reduction
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Appendix D

Complexity of Receiver
Implementations

In this appendix we give expressions for the receiver implementations underlying the
complexity considerations in Sec. 4.8.

The complexity is given as the total number of arithmetic operations, where addition,
multiplication and quantization each count as one arithmetic operation.

D.1 Linear Equalization

In the case of the linear receiver (Fig. 4.2), we form for each of the K components

x̂k = QA

{

∑K
κ=1 f̃kκyκ

}

, (D.1)

and if QA{·} (scalar quantization to the constellation A) counts as one arithmetic op-
eration, the receiver requires a total of

K2 +K(K −1)+K = 2K2 (D.2)

arithmetic operations.

D.2 Decision-Feedback Equalization

For the decision-feedback receiver (Fig. 4.5), component k is calculated as (with the
definition W = � F)

x̂k = QA

{

∑K
κ=1 wkκyκ −∑k−1

`=1 bk`x̂`

}

, (D.3)
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and the total number of arithmetic operations is 1
2(3K2−K) multiplications, 3

2(K2−K)

additions and K quantizations, which gives a total of

3K2 −K (D.4)

arithmetic operations.

While calculating the matrices for V-BLAST decision-feedback equalization is more
complex than standard decision-feedback equalization, the number of arithmetic oper-
ations per received vector is the same, since a permutation of the data symbols does
not require arithmetic operations.

D.3 Lattice Reduction-Aided Detection

The linear lattice reduction-aided detection technique (Fig. 4.25) forms

x̂k = QA

{

∑K
κ=1 rkκ

⌊

∑K
`=1[H

−1
red ]κ`y`

⌉}

, (D.5)

for a total of

4K2 (D.6)

operations. (If the translation necessary for QAM constellations were counted, we end
up with 4K2 +2K arithmetic operations.)

In the case of V-BLAST decision-feedback-based lattice reduction-aided detection
(Fig. 4.17), we have

x̂k = QA

{

∑K
κ=1 rkκ

⌊

∑K
`=1 wk`yκ −∑`−1

m=1 bκmym

⌉}

, (D.7)

and the total number of operations is

3K2 −K +2K2 = 5K2 −K . (D.8)

D.4 Subspace Lattice Reduction-Aided Detection

For the S-LRAD approach (Fig. 4.25) we basically have K
√

M (or K log2

√
M for

the coset decomposition approach of Sec. 4.7.1) parallel linear lattice reduction-aided
detectors applied to shifted versions of y, each returning a K −1 dimensional vector.

We need to evaluate, for i = 1, . . . ,K
√

M (or i = 1, . . . ,K log2

√
M), the squared Eu-

clidian distances ||Hx̂(i) − y||2, equal to, e.g., ||H(di/2e)x̃(i) − 1
2hi − y||2 if x̃(i) denotes

the result of the detector that fixes component di/2e to + 1
2 .
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Therefore we replace the (K − 1)× (K − 1) matrix R(k) by the K × (K − 1) matrix

R̄
(k)

, H(k)R(k) to save a matrix multiplication, and write ỹ(i) = H(di/2e)x̃(i). For com-
ponent m of the K dimensional vectors returned by the detector for fixed component
k,

ỹ(2k−1)
m = ∑K

κ=1 r̄(k)mκ

⌊

∑K
`=1[(H

(k)
red)

+]κ`(y`− 1
2 h`k)

⌉

= ∑K
κ=1 r̄(k)mκ

⌊

∑K
`=1[(H

(k)
red)

+]κ`y` − 1
2 ∑K

n=1[(H
(k)
red)

+]κ`hnk

⌉

, (D.9)

and

ỹ(2k)
m = ∑K

κ=1 r̄(k)mκ

⌊

∑K
`=1[(H

(k)
red)

+]κ`y` + 1
2 ∑K

n=1[(H
(k)
red)

+]κ`hnk

⌉

, (D.10)

(in the 4-QAM setting; the higher rate modulation cases are straightforward) and there-
fore we can reuse the result of

∑K
`=1[(H

(k)
red)

+]κ`y` (D.11)

in all detectors that fix component k. The vector 1
2(H(k)

red)
+hk is independent of y and

can be pre-calculated.

Since (H(k)
red)

+ is (K−1)×K, this results in (K−1)K +(K−1)(K−1) = 2K2−3K +1
arithmetic operations for (D.11), which is necessary once for each k = 1, . . . ,K.

For every value ||Hx̂(i)−y||2, K−1 arithmetic operations are needed to apply the shift

with the pre-calculated 1
2(H(k)

red)
+hk, K − 1 quantizations and 2K2 − 3K operations to

obtain the K dimensional result, i.e., a total of 2K2 −K −2 arithmetic operations.

In total, we have

K(2K2 −3K +1)+K
√

M(2K2−K −2) =

2K3 −3K2 +K +
√

M(2K3−K2 −2K) (D.12)

arithmetic operations for full enumeration and

K(2K2 −3K +1)+(log2

√
M)(2K2 −K −2) =

2K3 −3K2 +K +(log2

√
M)(2K3−K2 −2K) (D.13)

operations for the subset decomposition approach.

D.5 Sphere Decoder Algorithm

We now give an annotated listing of the sphere decoder algorithm as discussed in
Sec. 4.5 and 4.8. Figure D.1 shows the pseudocode together with the number of arith-
metic (OA) operations counted for each line of the algorithm. The calculation of the
matrices in lines 1 and 3 is not counted, and since the calculations in line 2 and 7
can be combined into a multiplication of y by QTG, only one matrix multiplication is
counted (in line 7).
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function decode(w,G)
1 Q,R = qr∗(H)
2 w = QTy
3 G = R−1

4 bestdist= ∞
5 k := K
6 distK+1 := 0
7 ek = Gw (2K2 −K)OA

8 x′k := bekke OA

9 x′k := max(x′k,0); x′k := min(x′k,Qmax) 2A
10 y := (ekk − x′k)/gkk 2OA

11 stepk = sgn∗(y) OA

12 while (1) {
13 newdist := distk+1 + y2 2OA

14 if (newdist< bestdist∧ (x′k ≥ 0∧ x′k ≤ Qmax)) {
15 if (k 6= 1) {
16 for (i = 1, . . . ,k−1) { ek−1,i := eki − ygik } 2(k−1)OA

17 distk := newdist

18 k := k−1 OA

19 x′k := bekke OA

20 x′k := max(x′k,0); x′k := min(x′k,Qmax) 2OA

21 y := (ekk − x′k)/gkk 2OA

22 stepk := sgn∗(y) OA

23 }
24 else {
25 x̂ := x′

26 bestdist := newdist

27 k := k +1 OA

28 x′k := x′k +stepk OA

29 stepk := −stepk −sgn∗(stepk) 2OA

30 if (x′k < 0∨ x′k > Qmax) {
31 x′k := x′k +stepk OA

32 stepk := −stepk −sgn∗(stepk) 2OA

33 }
34 y := (ekk − x′k)/gkk 2OA

35 }
36 }
37 else {
38 if (k = K) { return x̂ }
39 else {
40 k := k +1 OA

41 x′k := x′k +stepk OA

42 stepk := −stepk −sgn∗(stepk) 2OA

43 if (x′k < 0∨ x′k > Qmax) {
44 x′k := x′k +stepk OA

45 stepk := −stepk −sgn∗(stepk) 2OA

46 }
47 y := (ekk − x′k)/gkk 2OA

48 }
49 }
50 }

Figure D.1: Annotated pseudocode for sphere decoder algorithm.
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Appendix E

Derivation of Linear MMSE
Preequalization

The problem to be solved for linear MMSE preequalization (Sec. 5.3 and 6.2.2) is
given as

F̃ = argmin
β,F

E
{
||β−1(HFa+n)−a||2

}
(E.1a)

such that E
{
||Fa||2

}
= Kσ2

a , (E.1b)

with β ∈
�

.

For the solution, a Lagrange multiplier λ is introduced and we solve for the minimum
of the function

trace
(

σ2
a(β

−1HF− I)(β−1HF− I)T +β−2σ2
nI
)

+λ
(

σ2
atrace(FFT)−Kσ2

a

)

=

trace
(

β−2σ2
aHFFTHT−β−1σ2

aHF−β−1σ2
aFTHT +(σ2

a +β−2σ2
n)I
)

+

λ
(

σ2
atrace(FFT)−Kσ2

a

)

. (E.2)

For this, we need to evaluate the partial derivatives with respect to all components of F,
fkl . (If the complex-valued description were used, we would need to resort to the so-
called Wirtinger Calculus, e.g., [Fis02] in order to characterize the optimum solution
in the complex domain). We find that the partial derivatives of the trace of the matrices
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involved are matrix elements,

∂
∂ fkl

trace(FFT) =
∂

∂ fkl

K

∑
m=1

K

∑
n=1

( fmn)
2 = 2 fkl = 2

[
F
]

kl , (E.3)

∂
∂ fkl

trace(HF) =
∂

∂ fkl

K

∑
m=1

K

∑
n=1

hmn fnm = hlk =
[
HT
]

kl (E.4)

∂
∂ fkl

trace(HFFTHT) =
∂

∂ fkl

K

∑
i=1

K

∑
j=1

(
K

∑
m=1

him fm j

)2

(E.5)

= 2
K

∑
i=1

(
K

∑
m=1

him fml

)

hik (E.6)

= 2
K

∑
i=1

[
HF
]

ilhik = 2
[
HTHF

]

kl , (E.7)

and therefore setting the partial derivatives with respect to all components of F to zero
results in the matrix equation

(β−2HTH +λI)F = β−1HT . (E.8)

From this we conclude (cf. also [VJ98])

F = β(HTH+β2λI)−1HT

= βHT(HHT +β2λI)−1 , (E.9)

where the last line follows from the matrix inversion lemma. Forcing the derivative
of (E.2) with respect to λ to zero yields the power constraint

trace(FFT) = K . (E.10)

Following [JUN03], we introduce ξ = β2λ and write

F(ξ) = β(ξ)F̄(ξ) (E.11a)

with

F̄(ξ) = HT(HHT +ξI)−1 (E.11b)

β(ξ) =

√

K

trace(F̄(ξ)F̄(ξ)T)
(from (E.10)) . (E.11c)

For the minimization of (E.2) also its derivative with respect to β has to vanish,

2β−3(σ2
aβtrace(HF)−σ2

atrace(HFFTHT)−σ2
ntrace(I)) = 0 , (E.12)
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and because all traces involved are real, we can equivalently write, with F̄(ξ) and β(ξ)

as above,

trace
(

β(ξ)2σ2
aHF̄(ξ)−β(ξ)2σ2

aHF̄(ξ)F̄(ξ)THT−σ2
nI
)

=

trace

(

HF̄(ξ)F̄(ξ)THT −HF̄(ξ)+
σ2

n

β(ξ)2σ2
a

I
)

=

trace

(

HF̄(ξ)F̄(ξ)THT−HF̄(ξ)+
trace(F̄(ξ)F̄(ξ)T)σ2

n

Kσ2
a

I
)

=

trace

(

HF̄(ξ)F̄(ξ)THT −HF̄(ξ)+
Kσ2

n

Kσ2
a

F̄(ξ)F̄(ξ)T
)

= 0 (E.13)

and with trace((HTH + ξI)F̄(ξ)F̄(ξ)T) = trace(HF̄(ξ)), as well as using the cyclic
property of the trace,

trace

(

HTHF̄(ξ)F̄(ξ)T− (HTH+ξI)F̄(ξ)F̄(ξ)T +
σ2

n

σ2
a

F̄(ξ)F̄(ξ)T
)

=

trace

((

HTH− (HTH+ξI)+
σ2

n

σ2
a

I
)

F̄(ξ)F̄(ξ)T
)

=

trace

((
σ2

n

σ2
a
−ξ
)

F̄(ξ)F̄(ξ)T
)

= 0 . (E.14)

Since we can assume F̄(ξ) to be of full rank, this means

ξ =
σ2

n

σ2
a

, (E.15)

and finally,

F̃ = βF̄ (E.16a)

with F̄ = HT(HHT +
σ2

n

σ2
a

I)−1 , (E.16b)

β =

√

K

trace(F̄F̄
T
)

(E.16c)
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Appendix F

Bit Error Rate-Optimum Power Loading

When we study transmission over parallel channels, it can happen that we are faced
with subchannels that would require enormous transmit power to achieve bit error
rates significantly lower than 1

2 . In this case it is beneficial, given the fixed amount
of transmit power available, not to aim for equal error rates in all subchannels, but
perform a bit error rate-optimum power loading as proposed in [HD03]. Here we
basically repeat the argument given there, adapted for our application.

Of the transmission schemes considered in this thesis, particularly the SVD based
transmission system of Sec. 5.2 suffers from the problem of relatively “difficult” sub-
channels. There the resulting parallel channels are characterized by the singular values,
i.e., the entries of the matrix

�
, ς1, . . . ,ςK .

For simplicity we assume 4-QAM transmission in all subchannels in the following,
i.e., ak ∈ ±1

2 . In this case the average bit error rate for a fixed channel H = U
�

VT is
simply given by

BER =
1
K

K

∑
k=1

Q

(√

σ2
a

σ2
n

ς2
kSk

)

, (F.1)

where

Q(x) =
1√
2π

� ∞

x
exp(−t2/2)dt (F.2)

is the complementary Gaussian error integral and Sk the transmit power assigned to
component k. (With ak as above, σ2

a = 1
4 ). For (5.1) to hold,

K

∑
k=1

Sk = K (F.3)

must be assured.
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Figure F.1: Graph of the Lambert W-function.

The optimum power allocation vector
[
S1, . . . ,SK

]T
that minimizes the average bit

error rate is obtained by introducing the Lagrange function

L =
1
K

K

∑
k=1

Q

(√

σ2
a

σ2
n

ς2
kSk

)

+λ

(

K −
K

∑
k=1

Sk

)

, (F.4)

and we obtain for the partial derivatives

∂L
∂Sk

=
−1

2K
√

2π

√

σ2
aς2

k

Skσ2
n

exp

(

−σ2
aς2

kSk

2σ2
n

)

−λ . (F.5)

Solving
∂L
∂Sk

= 0 for Sk (a computer algebra system such as MAPLE can come in

handy), we get

Sk(λ) =
σ2

n

σ2
aς2

k

W

((
σ2

aς2
k

σ2
n

)2
1

8λ2K2π

)

, (F.6)

where W (x) is Lambert’s W-function, the inverse of the function f (x) = xexp(x) (i.e.,
W (x) = a ⇔ aexp(a) = x) [Wei04].

Since the W (x) function is real and monotonously increasing for real x > −1/e, cf.
the plot in Fig. F.1, the value of λ such that (F.3), i.e., ∑k Sk(λ)−K = 0, holds can be
found by using a classical root-finding method such as bisection, namely solving (F.6)
for trial values of λ until convergence. Note that fast numerical algorithms for W (x)
and x > −1/e exist, e.g., [Bri98].
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