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Zusammenfassung
Der Begriff der Nanotechnologie beschreibt die Nutzung neuartiger, im Bereich weniger
Nanometer auftretender Effekte zur Herstellung allerkleinster Strukturen. In diesem Größenordnungsbereich hängen die mechanischen, optischen, magnetischen, elektrischen und chemischen Eigenschaften nicht allein von der Art des Ausgangsmaterials ab, sondern werden
auch in besonderer Weise von der Größe und Gestalt der Nanoteilchen beeinflusst. Dies
verdeutlicht die Tatsache, dass Nanotechnologie weit mehr verkörpert, als nur gleiche Funktionalitäten auf kleinerem Raum zu realisieren. Über den experimentellen Zugang hinaus
erfordert dieses zukunftsweisende Technologiefeld eine interdisziplinäre Herangehensweise
hinsichtlich der Identifizierung optimaler Prozessbedingungen sowie bei der Aufklärung der
beteiligten Mechanismen.
In diesem Zusammenhang beschäftigt sich die vorliegende Arbeit in einem interdisziplinären Forschungsprojekt mit dem Fachbereich des Chemieingenieurwesens mit der Modellierung, Simulation und Optimierung spezieller Verfahren zur Herstellung funktionaler
Nanoteilchen. Die betrachteten Stoffsysteme stellen eine Auswahl wichtiger Bausteine
zukünftiger Nanotechnologien dar und stehen darüber hinaus stellvertretend für zwei der
häufigsten Synthesewege in der Nanopartikelindustrie: Fällungsreaktionen sowie Gasphasenprozesse. Je nach Einsatzgebiet der Nanopartikel ist eine genau definierte Größenverteilung
der Teilchen im Endprodukt erforderlich. Die ablaufenden Prozesse (z.B. Reaktion, Wachstum, Reifung und Agglomeration) werden aus diesem Grund in der Modellierung durch
Populationsbilanzgleichungen abgebildet. Diese bestehen aus einer hyperbolischen partiellen Integro-Differentialgleichung zur Beschreibung der zeitlichen Evolution der Größenverteilung gekoppelt an eine oder mehrere gewöhnliche Differentialgleichungen zur Beschreibung weiterer Systemkomponenten. Die analytische wie auch numerische Behandlung
dieser Gleichung stellt den roten Faden der vorliegenden Arbeit dar. Abhängig vom Grad
der Modellreduktion behandeln die einzelnen Kapitel die mathematische Aspekte einfacher
Systeme gewöhnlicher Differentialgleichungen bis hin zu hochgradig nichtlinearen, gekoppelten PDE-ODE Modellen.
Eine besondere Herausforderung bei der Umsetzung des Projekts liegt in der direkten
Validierung anhand experimenteller Daten sowie im Anspruch einer abschließenden Übertragung der gewonnen Ergebnisse zurück auf die ursprüngliche Anwendung. Als direkte
Folge werden im Rahmen dieser Arbeit einerseits Parameterschätzer entwickelt, um die
bestehenden Modellunsicherheiten zu behandeln sowie angepasste numerische Methoden
implementiert, welche die auftretenden Nichtlinearitäten und unterschiedlichen Skalen adequat auflösen.
Für eine gezielte Einstellung der größenabhängigen Partikeleigenschaften ist eine systematische Wahl der Herstellungs- und Reaktionsbedingungen von ausschlaggebender Bedeutung. Die zu diesem Zweck hergeleiteten optimalen Kontrollstrategien beruhen auf
ableitungsfreien, wie auch auf einem Adjungiertenkalkül basierenden Optimierungsverfahren. Durch die aus den Anwendungen vorgegebene Struktur ergeben sich zudem in der analytischen Betrachtung der entsprechenden Gleichungen in besonderer Weise neue Fragestellungen hinsichtlich Existenz und Eindeutigkeit sowie der Regularität der betrachteten Systeme.
Die im Rahmen des gemeinsamen Projekts durchgeführten Untersuchungen schaffen
die Voraussetzung für eine gezielte Herstellung innovativer Nanomaterialien. Durch die
mathematische Behandlung der komplexen Zusammenhänge bieten sich detaillierte Ein-
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blicke in die einzelnen Syntheseschritte sowie deren Abhängigkeiten. Dabei ermöglicht die
erfolgreiche Modellierung und Validierung anhand experimenteller Daten kombiniert mit
den Methoden der optimalen Steuerung eine gezielte Beeinflussung der zugrundeliegenden
Prozesse und damit in vielen Fällen erstmals einen systematischen Zugang zur Produktion
maßgescheiderter Nanopartikel.

Abstract
The concept of nanotechnology describes the use of novel effects which occur in the nanometer regime in order to produce small-scaled structures. In this size range, the mechanical, optical, magnetic, electrical and chemical properties do not solely depend on the nature of the
material; they are also influenced in a special way by the size and shape of the nanoparticles.
This illustrates the fact that nanotechnology represents far more than just realizing the same
functionality at a smaller scale. Beyond the experimental investigation, this future-oriented
field of technology requires an interdisciplinary approach to address the identification of
optimal process conditions as well as for elucidating the involved mechanisms.
Embedded in an interdisciplinary research project with the department of chemical engineering, the present work investigates the modeling, simulation, and optimization of specific processes for the production of functional nanoparticles. The examined material systems represent a selection of important core building blocks for future nanotechnologies.
Furthermore, the considered processes cover two of the most common synthetic routes in
nanoparticle industry: precipitation reactions and gas-phase processes. Depending on the
application, a well-defined particle size distribution of the final product is required. The underlying mechanisms (e.g. reaction, growth, ripening, and agglomeration) are described in
the modeling via population balance equations. The models consist of a hyperbolic partial
integro-differential equation describing the temporal evolution of the particle size distribution coupled to one or more ordinary differential equations characterizing other system components. The analytical and numerical investigation of this equation represents the common
thread of the present work. Depending on the degree of model reduction, the individual
chapters discuss the mathematical aspects ranging from systems of ordinary differential
equations to highly non-linear, coupled PDE-ODE models.
A particular challenge in the implementation of the project is the direct validation against
experimental data as well as the claim of a final transfer of the obtained results back to the
original application. As a direct result, the scope of the present work covers the development of parameter estimation techniques in order to deal with present model uncertainties
complemented by a special numerical implementation resolving adequately the arising nonlinearities and wide disparity of scales. For a targeted modification of the size-dependent
properties of the nanoparticles, a systematic approach for choosing the corresponding process and reaction conditions represents a crucial issue. For this purpose, the derived optimal
control strategies are based on derivative-free as well as on adjoint based optimization methods. Resulting directly from the structure of the model, the analytical investigations of the
corresponding equations provide new challenges regarding the existence and uniqueness as
well as the regularity of the considered systems.
The conducted studies of the joint project establish the essential requirements for a targeted production of innovative nanomaterials. The mathematical treatment of the complex
structural relations provides a detailed insight into the individual synthesis steps as well
as their interdependencies. The successful modeling and validation against experimental
data combined with the methods of optimal control theory thereby allow for a targeted manipulation of the underlying processes which establishes in many cases for the first time a
systematic approach for the production of tailor-made nanoparticles.
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Chapter 1
Introduction

The present work investigates the controlled fabrication of nanoparticulate products and
focuses on the development of new mathematical concepts for optimizing the associated
processes. In an interdisciplinary research project which is jointly set up with the Institute
of Particle Technology directed by Prof. Dr.-Ing. W. Peukert, theoretical investigations and
experimental studies are tied together in order to provide applicable results. The analyzed
processes range from validated model systems to modern high-performance materials required in key engineering areas including the production of silicon nanoparticles for flexible
solar cells and novel zinc oxide quantum dots which have revealed outstanding characteristics in the field of semiconductor manufacturing. The modeling of the involved particle
formation mechanisms thereby poses additional challenges linked to the inherent nonlinearities and highly different scales which are present in the nanometer regime.
The considered models represent a particular class of hyperbolic partial integro-differential equations. Depending on the degree of the potential model reduction, the mathematical
problems consists of non-linear transport equations up to coupled systems of partial and
ordinary differential equations (PDE-ODE systems). Due to the multitude of studied processes combined with the variety of associated mathematical issues, each chapter focuses
within the scope of this work primarily on one aspect. Starting with a thematic overview
(chap. 2), the sequence of the chapters is structured according to the degree of complexity
of the involved equations.
Within the scope of the thesis, emphasis is laid on the fact that the mathematical theory
covers the problems directly arising from an application point of view. Besides demanding adapted numerical methods for an accurate description of the processes (chap. 4), the
respective analysis has to comprise in particular the investigation of existence, uniqueness,
and stability properties of the underlying models (chap. 6 and 8).
The provision of precise models and their effective simulation represents a significant
step toward the prediction of experimental results in order to save time and costs in the
production process. Due to the advancing field of optimal control theory, this development
goes nowadays one step further: the mathematical concepts open up the possibility to estimate parameters that are difficult or even impossible to measure (chap. 3) and allow for the
search of optimal process control strategies in order to attain novel product characteristics
(chap. 5).
For determining improved process controls, the use of adapted optimization methods is
required (chap. 7). Due to the complexity of the considered models, the exact derivation
of optimality criteria places high demands on the underlying theory. Therefore, a structured gradient based optimization necessitates a specific, newly introduced adjoint calculus
subject to the coupled PDE-ode system (chap. 6). The gained experience together with
the developed methods culminate in the final chapter where entirely new process control
strategies are in search for a precise manufacturing of zinc oxide quantum dots (chap. 9).
Specifically, outstanding optical properties become accessible by exploiting the exceptional
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physical properties on the nanoscale. The distinguishing feature of the underlying optimization framework is the direct control of the process conditions based on aspects of the
appearance relevant to the final product (opacity, brilliance, color, etc.).

Parts of this work have been or will be published in the following journal articles:
Chapter 3 appeared as:
• V. Vassilev, M. Gröschel, H.-J. Schmid, W. Peukert, G. Leugering, Interfacial energy
estimation in a precipitation reaction using the flatness based control of the moment
trajectories, Chemical Engineering Science, 65, 2009, 2183-2189.
Parts of chapter 4 and chapter 5 appeared as:
• M. Gröschel, R. Körmer, M. Walther, G. Leugering, W. Peukert, Process control strategies for the gas phase synthesis of silicon nanoparticles, Chemical Engineering Science, 73, 2012, 181-194.
Parts of chapter 6 are submitted:
• M. Gröschel, A. Keimer, G. Leugering und Z. Wang, Regularity theory and adjoint
based optimality conditions for a nonlinear transport equation with nonlocal velocity,
to appear in SIAM Journal on Control and Optimization, 2012.
Parts of chapters 7 and 8 appeared as:
• M. Gröschel, G. Leugering, W. Peukert, Model reduction, structure-property relations
and optimization techniques for the production of nanoscale particles, in "Constrained
Optimization and Optimal Control for Partial Differential Equations,", International
Series of Numerical Mathematics, 160, Springer 2012, 541-559.
Chapter 9 contains:
• M. Gröschel, L. Pflug, J. Semmler, G. Leugering, W. Peukert, Implicit MUSCLHancock based method for simulating the ripening of zinc oxide quantum dots, to
appear in Computer Methods in Applied Mechanics and Engineering, 2012.

Chapter 2
Population balance equations for nanoparticulate
systems
A thematic overview

Disperse or particulate products, i.e. powders and suspensions, are of enormous economic relevance. E.g., they comprise around 70 % of all products in chemical industry.
Particulate products cover a wide range of fields from gross products to novel high performance specialty products. As a special characteristic of disperse products, the specific
product properties - and, consequently, the product value - are not governed by the chemical
composition alone but to a large extent by the so-called disperse properties, i.e. particle size,
primary particle size, morphology etc. Therefore, it is of great importance to control and
optimize the synthesis process in order to get tailor-made products. This is especially true
for nanosized particulate products which become more and more important nowadays.
Nanoparticles generally refer to particles having a size smaller than 100 nm. Frequently,
however, the designation refers to the size range less than around 10 nm since the physical
properties differ in this regime from those of the bulk solids. The benefit and quality of
nanoscaled products depends therefore strongly on the prevailing disperse properties. For
instance, the dissolution behavior and, thus, the bio-availability of many pharmaceutical
substances is governed by the primary particle size.
In the nanometer regime, various quantum mechanical effects are observed, exerting an
enormous influence on the material properties. An increase in the band gap of a semiconducting material occurs, for example, when the size of the considered quantum dots (QDs) is
reduced resulting in an entirely different optical behavior in comparison to the bulk material
(see fig. 2.1, published by Mansur (2010, p.116)). Moreover, for nanoscaled particulate suspensions, the color strength of the involved anorganic pigments increases with decreasing
particle size.
Although there is still a lack of reliable long-term studies assessing the potential risks of
nanoparticles, the knowledge on how to prepare, characterize, process, and apply nanoparticles in seminal applications is expected to be one of the key technologies in the sector
of bioengineering and material sciences. Moreover, for particle sizes below approximately
10 nm, a decrease in the materials melting point as well as a change in the wavelengths of the
light absorbed and emitted by the particles occurs. Figure 2.2 shows the connection between
the morphology of the particles and the corresponding optical properties which are strongly
connected in the nanometer regime.
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Figure 2.1: Schematic drawing representing the changes on optical behavior of nanoparticles associated with their size. Top: Electronic structure of QDs with ’blue shift’ due to
quantum confinement. From: Mansur (2010), p. 116

For the purposes of illustration, an exemplary list of observed properties is stated which
render the use of nanoparticles in the production of solar cells, LEDs, and displays particularly promising:
• The absorption of light is stronger than for bulk material
• Nanoparticles show a negligible scattering behavior
• Nanoscale production processes allow for a reduction of scales in the process enabling
further miniaturization in products
• Emissions are confined to much narrower and more symmetric spectrum providing a
clearer color
• The conductive properties enable the printing of circuits on flexible substrates in a
cost effective process
• Less amount of material is therefore needed in order to fabricate efficient solar cells
or LEDs

2.1 Particle formation phenomena

5

Figure 2.2: Relationship between disperse properties and characteristic features of nanoparticles. Absorption spectra of aqueous suspensions of gold nanoparticles: spheres (black
curve), short nanorods (red curve), and long nanorods (blue curve) complemented by SEM
pictures of the particles. Source: Institute of Particle Technology

In summary, the possibility of tuning the performance of a particulate product by varying
its size distribution opens up promising opportunities for future applications. In the context
of nanoscaled products these techniques have to stay very close to the application in order to
provide valuable results. The acquisition of valid models is therefore essential for obtaining
results close to reality. However, the modeling of the involved mechanisms often becomes
critical due to the lack of theory.
The following sections outline the various particle formation phenomena (sec. 2.1) as
well as the considered synthesis procedures (sec. 2.2) without going into the physical details.
In this work, the evolution of the processes in the reactors is described by an approach based
on the population balance equations (sec. 2.3). Subsequently, in order to be able to interpret
the results of the modeling, it is shown how the different mechanisms are reflected by the
according particle size distributions (PSDs) which concludes the thematic overview.

2.1

Particle formation phenomena

The fabrication of nanoparticles is classified in either top-down (e.g. grinding or milling) or
bottom-up (precipitation, polymerization, thermal decomposition, etc.) processes. The individual production method can further be categorized by the corresponding working environment, i.e., the solid, liquid, or gas phase. Next to economic considerations, their respective
advantages and disadvantages make each process suitable for a particular class of products.
Top-down processes like comminution in stirred-media mills offer the possibility of a
nanoparticle production with high throughput in a comparatively simple and well-established
solid phase process (Salman et al., 2007). In contrast, gas phase methods generally produce
higher quality nanoparticles at the price of a lower capacity (Pratsinis and Vemury, 1996).
In the gas phase, nanoparticles are usually prepared using chemical reactions or physical
state changes at a rate of tens of grams per hour. In the liquid phase, various methods,
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such as evaporation decomposition, crystallization, precipitation, sol-gel process, polymerization, etc., are well-established (Mantzaris, 2005). However, the production of highly pure
nanoparticles as well as the achievement of a high yield are generally two opposing objectives. The scale up of the synthesis procedures in order to enable their usage for a mass
production of nanoparticulate products represents therefore an active field of research.
Particle synthesis comprises the following chemical and physical processes which are
covered within the scope of this thesis:
• Formation of a supersaturation – the present concentration of product molecules is
higher than the saturation concentration
• Nucleation – formation of new primary particles in the case when a single product
molecule cannot already be considered as a thermodynamically stable particle
• Growth – either by condensation of product molecules due to van-der-Waals forces or
by surface reaction of precursor molecules on the surface of already formed nanoparticles
• Agglomeration/Coagulation – particles stick to each other after a collision due to their
inherent Brownian motion or induced by a shear flow of the surrounding laminar or
turbulent flow field
• Ripening – denoting the process of preferred dissolution of fine particles and growth
of larger particles due to increasing solubility with decreasing particle size
In particular, it has to be mentioned that ripening is a thermodynamically driven slow mechanism which is predominant in a post reaction step. Operating on a different time scale,
ripening is therefore mainly treated separately in the modeling.

2.2

Survey of synthesis processes

For the investigations presented in this work, the focus lies on four model processes, i.e. the
production of barium sulfate, zinc oxide, silicon, and titania nanoparticles. On the experimental side, these material systems have already been studied by the cooperating Institute of
Particle Technology. Each of the chosen systems is considered from the point of view of one
aspect in order to demonstrate the challenges and unsolved problems in the modeling, optimization, and controlled production of nanoparticles. The following overview classifies the
different systems in order to arrive at a more accurate assessment of the analyzed processes.
First, we consider precipitation reactions which represent a widespread process in the industry for the production of particles of varying size distributions and/or morphologies. The
precipitation of barium sulfate BaSO4 is studied in detail since the involved formation mechanisms comprise an established test system with well-known kinetic parameters. Figure 2.3
sketches the set-up of such a precipitation reaction in a T-mixer. The two feed streams mix
in the vertical reaction zone, where a local supersaturation is reached. The supersaturation,
in turn, constitutes the thermodynamical driving force for the subsequent particle formation
and growth processes. Further downstream larger particles may collide and form complex
agglomerates.
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Figure 2.3: Schematic diagram of a precipitation reaction with the corresponding PSD.
Source: Institute of Particle Technology

Within the project, the ripening of precipitated zinc oxide (ZnO) quantum dots is considered representing an exemplary process for a secondary particle formation mechanism.
Since the possible technical applications are particularly promising due to their outstanding
electro-optical properties, ZnO semiconducting nanoparticles have attracted considerable
attention during the past ten years (Spanhel, 2006). Since the corresponding band gap of
3.37 eV is comparably large with respect to other semiconductors, ZnO has a strong potential as electron transfer system in solar cells (Spanhel, 2006; Zhang et al., 2007). Consequently, much research has been carried out to understand and optimize the comparatively
slow ripening kinetics of ZnO particles, especially concerning different synthesis routes and
correlations of the resulting optical characteristics with the associated disperse properties
(Viswanatha et al., 2004). In the present case, the synthesis of the considered ZnO nanoparticles is accomplished accordingly to the previously mentioned BaSO4 in the liquid phase by
a precipitation reaction. The particles are subsequently investigated at different times during
an Ostwald ripening process (Wagner, 1961) via the measurement of absorbance spectra. A
particular feature of the corresponding optimization is given by the fact that the influence on
the particle properties is based on the quantum size effect (Halperin, 1986) which dominates
the optical behavior since the largest particles are still below 10 nm and, therefore, located
in the quantum regime.
Besides our studies on the precipitation reaction and the subsequent ripening mechanisms, gas phase synthesis processes represent an important industrial application (Pratsinis,
1998). Particle synthesis in the gas phase is usually a continuous process, while liquid-based
synthesis routes are often performed in a batch form. The latter approach has the drawback
of possibly varying product properties from one batch to another. Gas phase processes
are generally purer than liquid-based processes since the solvent always contains traces of
minerals which introduces impurities and surfactants at the particle surface (Townshend and
Jackwerth, 1989). In the project, we therefore investigate for the remaining model-processes
aerosol reactors allowing at the same time for a precise control of the residence time and
temperature. Large-scale industrial processes for aerosol synthesis comprise, e.g., the production of carbon black, silica, or titania as well as other oxides in hot-wall, flame, or plug
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flow reactors (Kodas and Hampden-Smith, 1999). Aerosol synthesis processes are typically
conducted in high throughput flow reactors operating at very high temperatures with fast
kinetics. The phenomena nucleation, growth as well as agglomeration are partially occurring in parallel and, thus, their respective contributions depend highly on the chosen process
conditions (Artelt et al., 2005).
For the production of high purity silicon nanoparticles (SiNPs) various kinds of gas
phase processes have been developed in the past three decades. Besides other reactor concepts particularly the hot-wall reactor became well-established. Hot-wall reactors feature
important advantages like a high production rate, a simple scalability, and a precise control
of the present reaction conditions. SiNPs have been synthesized via pyrolysis of monosilane (SiH4 ) diluted in high purity argon in a resistively heated, vertical hot-wall reactor (see
(Körmer et al., 2010a)). At a production rate of 0.7 g/h, the size of the particles can be
precisely controlled in the range of 20 − 40 nm at a residence time of several hundred milliseconds. These SiNPs were subsequently characterized by image analysis on the basis of
scanning electron microscopy (SEM) pictures. The observed particle growth mechanism for
the narrowly distributed SiNPs relies on a short nucleation burst in the beginning, predominantly followed by surface growth and condensation. The particle number concentration in
the reactor is sufficiently low to avoid significant agglomeration.
Another important group of nanoparticles consists of metal oxides. Titania powder
(TiO2 ), for example, finds a major use as a white pigment in paints and absorbents because it combines brightness and a very high refractive index. The possible applications
range from its widespread use as pigment, reinforcing agent, ceramic powder, optical fibers
to novel semiconductor material or effective photocatalyst under ultraviolet (UV) light. The
pigmentary properties of titania, such as the opacity and gloss, depend thereby heavily on the
particle size. Numerous experimental studies have suggested that simultaneously chemical
reaction, nucleation, condensation, coagulation, and convective transport is present (Kalani
and Christofides, 2000). In particular, the gas phase oxidation of titanium tetrachloride TiCl4
is considered in the project. See figure 2.4 for particles formed by the different processes
mentioned above.

Figure 2.4: Examples of particle synthesis: a) SiO2 from liquid phase process b) BaSO4
from precipitation c) & d) TiO2 particles formed in a flame process

The processes are selected in order to cover a wide range of key technologies in the field
of nanoparticle engineering. The analysis of the corresponding models is therefore suitable
to demonstrate the applicability of the presented mathematical concepts in many types of
applications.
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Population balance models

As a distinctive characteristic of disperse compounds, the specific product properties, and
consequently the product value, are not governed by the chemical composition alone. The
major features are determined to a large extent by the so called disperse properties, i.e. primary particle size, free surface area, morphology etc. Therefore, it is of great importance to
control and optimize the synthesis process in order to obtain tailor-made products.
If one aims at modeling such processes, one has to choose an appropriate abstraction
level. Each individual particle may be characterized by one or more parameters ranging
from the respective particle diameter to complex morphologies. Due to the large number of
particles, it is reasonable to investigate the evolution of the whole particle ensemble instead
of tracking them individually. Therefore, it is important to determine the quantities which
ought to be regarded as distributed or averaged for all particles in order to embed them
properly in the model. Moreover, due to the high number of particles, the transition from a
discrete to a continuous description of the process is reasonable.
Although the various production routes (precipitation, flame spray pyrolysis, etc.) are
quite different, the progress in the reactor may be described mathematically in a unified
manner. In the modeling
of these kinds of reactions, the particle ensemble is represented by

a PSD y xi , r j ,t which is in general depending on several particle properties xi (i = 1 . . . I,
usually called ’internal’ coordinates), the location r j (called ’external’ coordinates), and the
time t. The PSD therefore provides, for example, information about the number of particles
of a specific size at a certain position and time in the reactor.
Describing the evolution of the whole particle ensemble, the law of conservation for the
PSD in an incompressible fluid leads to the general population balance equation:

∂
∂    ∂  
y+
Vx · y +
Vr · y = B − D.
∂t
∂ xi
∂ ri

(2.1)



x xi , r j ,t denotes the growth rate in the respective particle coordinates, e.g. the
Here, V
growth
ofa spherical particle due to the condensation of free monomers on the surface.

r xi , r j ,t represents the fluid velocity causing convection; whereas B and D denote the
V
so-called birth and death terms.
B includes in general Bnuc which represents the source term caused by nucleation (i.e.
formation of new particles) and Baggl accounts for agglomerated particles, i.e. particles
sticking together after a collision. Accordingly, D describes the removal of particles from
the particle size distribution resulting from agglomeration Daggl or fragmentation/breakage
processes D f rag . In the case of agglomeration of two particles the corresponding integral
operators are given by:
1
Baggl (y)(x) :=
2

 x
0

Daggl (y)(x) :=

β (x − s, s) y(x − s) y(s) ds
 ∞
0

β (x, s) y(x) y(s) ds.

(2.2)
(2.3)

This model accounts for binary particle collisions due to Brownian motion. If two colliding
particles adhere, they are assumed to form a new one comprising the mass of both collision
partners. The collision kernel β in Baggl represents a function describing the probability that
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two particles of size s and x − s agglomerate, adding a new particle of size x to the PSD.
The second term Daggl removes afterwards the two original particles from the distribution to
maintain the mass balance.
Numerical techniques for solving 1D population balances (i.e. one particle property in a
well-mixed system) are almost mature nowadays with available solvers based on finite particle size classes (so-called sectional models, see e.g. Hounslow et al. (1988); Mühlenweg
et al. (2002)), the more advanced cell-average technique (see Kumar and Warnecke (2008)),
or the Finite Element Method (see Wulkow (2001)). Furthermore, there are some attempts
to include a second particle property in Artelt et al. (2006); Fischer et al. (2006); Kumar
et al. (2011) or dealing with more than one species in the context of biological systems.
In the models accounting for agglomeration and breakage, a naive discretization of the
integral operators leads to full matrices and therefore to quadratic complexity. The most
complicated quadratic source term accounting for the agglomeration of particles is therefore
subject to ongoing research. For special kernel functions a discretization based on the H matrix calculus leads to a complexity of O(n log n) for large n (see Koch et al. (2008)).
Since the population balance equation is of conservation form, its discretization has to be
designed in such a way that the mass is preserved (see Hackbusch (2007)). The coupling of
the flow field with the population balance in Mühlenweg et al. (2002) and Johannessen et al.
(2000) is still restricted to very crude compartment models dividing space in a relatively
small number of well-mixed sub-spaces or monodisperse models for the population balance.
A first simulation of crystal growth and attrition in a stirred tank in 2D and 3D is considered
in Logashenko et al. (2006) using parallel adaptive multigrid methods. Moreover, in (Suciu
et al., 2010) the coupling of a PSD to a flow field is considered which is, however, restricted
to relatively large particles.
The models used to describe these processes raise also the question of a rigorous mathematical analysis subject to existence and uniqueness. The fully coupled system is far too
complex in order to approach it directly. No existence, uniqueness, and regularity results
are available concerned with the stated integro-differential PBE coupled to an ODE accounting, for instance, for the mass balance. It is therefore necessary to introduce a hierarchy
of problems which are themselves tractable. It turns out that each of them focuses on new
difficulties in the analysis and optimal control of PDEs.
An existence result incorporating the integral terms, which cause the main difficulties,
but without the coupled ODEs, was considered in Roquejoffre and Villedieu (2001). Consecutively the approach has been extended in Escobedo et al. (2004)) in a very general
setting for the case when the distribution function depends additionally on the spatial variable. Since no growth terms have been taken into account, the results cannot be applied to
the problems under consideration.
Concerned with the control of population balance equations, a first approach incorporating the adjoint equation is set up in Henze et al. (2004). The initial distribution of different
species in a condensational growth process was recovered using various observation modes.
In Sandu et al. (2005b), a first step towards the estimation of model parameters was concerned. In the contribution the kernel function is one of the control variables and thus subject to optimization. All relevant physical quantities are realized as unbounded optimization
variables such that the resulting solution might be far away from realistic situations.
Depending on the degree of model reduction which is appropriate for an accurate description of the processes described in section 2.2, a profound analysis becomes thus indis-
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pensable on both, the numerical as well as the theoretical level.
2.3.0.1 Interpretation of simulation results
Based upon the available information from the simulations, the results have to be interpreted
in order to draw conclusions about the mechanisms which take place in the reactor (see fig.
2.5). Therefore, a detailed description of the qualitative effects of the respective particle
formation phenomena stated in section 2.1 on the PSD is introduced in the following. The
stated summary is intended to become more familiar with the modeling of particulate processes based on population balance equations.

Figure 2.5: Evolution of particle size distribution inside a T-mixer at times t1 , t2 , and t3

particle size distribution

2.3.0.2 Formation of new primary particles

The contribution of the nucleation term to the overall
population balance equation is generally confined to a
very narrow size interval compared to the entire simulation range. Particles are formed in a supersaturated
vapor or solution at a critical cluster size. Pure nucleation generates many particles of similar size which
leads to a PSD showing a sharp peak.
particle size [nm]

In the modeling of nanoparticle synthesis, particle nucleation is probably the most difficult
process. Due to lacking measurement techniques, the formation mechanism is still poorly
understood. One approach relies on applying the theory of homogeneous nucleation of
Vollmer-Becker-Döring-Zeldovich for inorganic nanoparticles. In their model, monomers
and subcritical clusters are present in a supersaturated vapor (Volmer and A Weber, 1926;
Becker and Döring, 1935; Zeldovich, 1946). When the molecules exceed a critical radius
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after collision, they form stable clusters which continue to grow in the reactor. This critical
radius depends on the surface energy, the volume of the formed structure, the temperature,
and the degree of supersaturation. Unfortunately, surface energies can only be measured for
clusters which are significantly larger than the nucleated particles. Therefore, the surface
energy is usually estimated from bulk properties and may thus deviate from the true values
by several orders of magnitude. A possible estimation via molecular dynamics simulations
is computationally very expensive and still contains significant approximations. However,
in most cases these estimates are frequently used in the modeling of surface energies (Kraft,
2005).

particle size distribution

2.3.0.3 Growth of primary particles

particle size [nm]

Growth causes an increase in size of all individual particles and thus results in a shift of the particle size distribution to larger sizes. Basically, a size-independent
growth rate does not alter the shape of the distribution;
whereas assuming, for instance, transport-controlled
growth, smaller particles grow faster than large ones.
This leads in general to a focusing of the size distribution to a smaller size interval in time.

Particle growth usually occurs if free molecules are attached to the surface. Increasing the
radius of large particles requires, however, the incorporation of many more atoms than it is
the case for increasing the radius of smaller particles. For this reason, the volume of large
particles grows faster, but the radius grows slower compared to smaller ones. A volume
weighted PSD exhibits therefore a certain focusing in time, i.e. the PSD is confined to a
smaller interval and the corresponding standard deviation decreases. The observed growth
rates may thereby span over many orders of magnitude depending on the temperature, solubility, and surface energy of the examined particles. However, the variation of the PSD in
time is particularly slower than a change due to nucleation since growth always applies to
the entire range of particle sizes simultaneously. Although nucleation and growth are described above separately for a detailed presentation, both phenomena are part of the particle
formation process and, thus, often cannot be technically separated.
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particle size distribution

2.3.0.4 Growth of particles under continuous nucleation

particle size [nm]

Nucleation and growth usually occur simultaneously.
Consequently, the two described mechanisms interact
and mutually influence the resulting shape of the size
distribution. The primary particles grow while nucleation takes continually place. The PSD is therefore
broadening while being shifted to larger sizes. In practice, this behavior is particularly undesirable since narrowly distributed particles yield more uniform properties leading to superior product characteristics.

In general, particles only grow if the particle diameter exceeds a certain limit which is given
by the critical cluster size. During the particle formation process most of the particles stay
above this limit as long as a high monomer concentration and, thus, a high supersaturation
is present. If the reactants deplete, the supersaturation ratio decreases and, on the contrary,
the corresponding critical cluster size increases. Then, at low monomer concentrations, the
smaller particles drop below this limit and dissolve. At this stage Ostwald ripening starts to
dominate the process (Wagner, 1961).

particle size distribution

2.3.0.5 Coarsening of particles due to Ostwald ripening

Ripening is a thermodynamically-driven spontaneous
process which occurs because larger particles are energetically favored compared to smaller ones. The tendency of a system to decrease its total surface area
therefore results in the dissolution of small particles.
Since the free monomers are deposited on the larger
particles, the average particle size increases and the
PSD is spread over a broader size interval.
particle size [nm]

Ostwald ripening is a slow phenomenon which is predominant in a post reaction step at a
global supersaturation equal to one. The system lowers its Gibbs free energy by dissolving
small particles and adding the free monomers to larger particles. While the formation of
many small particles is kinetically favored since they nucleate more easily, large particles
are thermodynamically favored. Thus, from a standpoint of kinetics, it is easier to nucleate
at a given critical cluster size many small particles instead of few large ones. However,
compared to large particles, smaller particles have a larger surface area to volume ratio.
Molecules on the surface are therefore energetically less stable than the ones already well
ordered and densely packed in the interior. As a result of the ripening process, the PSD is
therefore defocussing and existing bimodalities vanish with time.
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As outlined before, the production of nearly monodisperse PSDs is of great importance
in order to attain uniform product properties. When aiming at narrow particle size distributions, a particularly undesirable effect is the aggregation of particles.

particle size distribution

2.3.0.6 Formation of particle agglomerates

particle size [nm]

The underlying phenomenon of agglomeration is the
sticking together of two particles and the subsequent
merging into one. The preceding particles are removed from the PSD; whereas the composite particle
with the corresponding size is inserted. As a consequence, a second peak is frequently introduced in the
PSD comprising the agglomerated particles. In the
course of each agglomeration event, the total mass of
particles remains conserved while the number of particles decreases. Accordingly, the particle size distribution expands to larger particle sizes and further maxima may be generated.

Nanoparticles can aggregate through van-der-Waals interactions, chemical bonding, hydrophobic effects, and magnetic attraction. Frequent contact between the particles genuinely
promotes aggregation. Consequently, particle aggregation is decreased by reducing the number of collisions or by preventing their fusion via charge or steric stabilization. Modeling
the effect of aggregation on the PSD always comprises a source and a sink. Since the probability of aggregation of three or more particles is assumed to be is negligibly small, only
aggregation processes of two individuals are taken into consideration. The probability that
two particles form a stable aggregate is thereby described by a size- and probably timedependent aggregation kernel.
In the considered modeling of particulate processes (sec. 2.2) based on population balance equations (sec. 2.3), the observed process phenomena (sec. 2.1) are reflected in the
corresponding PSD allowing for a detailed description of the progress in the reactor. The
results of the simulation and optimization techniques presented in the subsequent chapters
therefore allow for a detailed analysis of the processes in order to deduce required parameter
estimates or novel optimal process control strategies.

Chapter 3
Precipitation reaction of barium sulfate
A flatness based parameter estimation technique
3.1

Batch crystallization process

One of the first tasks of the project was to gain deeper insight into the precipitation reaction
of nanoscaled barium sulfate (BaSO4 ). At an industrial scale, precipitation is a widespread
synthesis route for the production of particles with widely varying properties and morphologies. In order to apply precipitation processes in the production of nanoparticles, a further
and deeper understanding of the steps involved in the synthesis is required. Precipitation
is a promising method for the economical production of huge amounts of nanoparticles as
it is fast and operable at ambient temperatures (see fig. 3.1 for a schematic overview of
the experimental setup). Since reaction processes can often not be reliably monitored at

Figure 3.1: Experimental setup. From (Schwarzer and Peukert, 2004a)

the nanoscale, process simulation represents an appropriate way to provide a systematic
approach to predict and improve the properties of the final product.
As outlined in the introduction, population balance equations represent the state-of-theart model describing the considered precipitation process. However, most of the models
need difficult-to-access data related to the particles, e.g. their surface charge or surface energy. These material properties usually depend on the suspension composition such that an
exact estimation of their contribution to the evolution of the PSD becomes very complicated
or even impossible. Despite the challenging measurement of these determining factors in
the nanometer regime, the question arises how to still obtain reliable estimates.
The interfacial energy is such a crucial variable as the nucleation rate and, thus, the resulting PSD are very sensitive to this parameter. Therefore, an accurate estimation of the
interfacial energy is absolutely indispensable. In this chapter, we present a methods to validate the chosen modeling approach after having analyzed the dependence of the interfacial
energy on the material properties, the composition of the solution, and the prevailing growth
mechanism. The results of this chapter are obtained in close cooperation with Vassil Vassilev from the Institute of Particle Technology who contributed to the parameter studies and
supported the implementation of the moment model.
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3.1.1 Experimental setup
In the experimental set-up of the precipitation of barium sulfate BaSO4 , a specially crafted
T-mixer consisting of PMMA was used. The feed streams consist of aqueous solutions of
barium chloride and sulfuric acid which are inserted by two pistons moved by a stepping
motor. The equivolumetric flow rates can be varied from 0.2 ml/s to 12 ml/s resulting in
Reynolds numbers between 250 and 15,000 which are predicted from calculations based
on the main tube diameter (see figures 2.3,3.1, and 3.2 for an overview of the considered
process).

Figure 3.2: Overview of the mixer setup containing the main process conditions

For a precipitation of particles in the nanometer regime, a relatively small geometry has
to be chosen for the mixer. Despite the small dimensions, the mixer is capable to produce a
total of 1 m3 aqueous solution within 24h. Confirmed by visualization experiments, a high
pressure drop is detected after the impinging of the two feed jets. Containing information on
the total amount of friction and shear, the flow field in the main tube can be considered turbulent for most of the investigated Reynolds numbers (Schwarzer, 2005). The high mixing
intensities accompanied by high initial supersaturations produced in the considered reactor
set-up nanoparticles with the smallest size down to 30 nm. For a characterization of the
particles and the corresponding PSDs, dynamic light scattering is used. Additionally, after
filtration and drying of the samples, the specific surface area was determined via BET. Validated against AFM images, the morphology was analyzed by X-ray diffraction and TEM
(Schwarzer and Peukert, 2004a) (see fig. 3.3). A surplus of barium ions was chosen in the
experiments to stabilize electrostatically the generated suspensions against aggregation.
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Figure 3.3: TEM micrographs of barium sulfate precipitated from 0.7 M BaCl2 and 0.23 M
H2 SO4 solutions at Re 382 (left) and Re 6360 (right).
From: (Schwarzer and Peukert, 2004a)

3.1.2 Modeling approach
Using barium sulfate as a test system, the precipitation process has been studied experimentally and numerically, for instance by Marchisio et al. (2002), Judat and Kind (2004), and
Schwarzer and Peukert (2004a). Taking the given setting into account, the general population balance equation (2.1) has to be adapted to the precipitation framework. In the ideal
plug-flow reactor model, a complete radial mixing is assumed. Therefore, it is sufficient to
observe only a 1D spatial resolution rz along the z-direction representing the mixer axis.
In the following, the residence time t is introduced in order to transform the one dimensional spatial evolution of the PSD into a system evolving with respect to time. In this case
r vanishes and a reformulation of the general PBE reduces for
the space convective term V
an ideally mixed batch process to

∂ y(x,t) ∂ (G(S, x,t) · y(x,t))
+
= Bhom (S, γPF ,t) · f (x, xc )
∂t
∂x
+ Bagg (y(x,t)) − Dagg (y(x,t)),

(3.1)

assuming that the total volume of the system remains constant. For a detailed justification
of the model derivation in the case of precipitation experiments see (Schwarzer and Peukert,
2004b). Here, y(x,t) represents the PSD of particles at time t, f (x, xc ) the density distribution of nuclei sizes, Bhom the homogeneous nucleation rate, G(x) the particle growth rate,
and Bagg (y, x) resp. Dagg (y, x) the source and sink terms due to agglomeration. All mentioned quantities in the course of the derivation of the process components are summarized
in the table of symbols at the end of this chapter (see p. 29).
For the investigation of the precipitation reaction, barium sulfate BaSO4 was chosen
representing a hardly soluble product; therefore, the equilibrium is shifted to the right hand
side in the chemical equation:
Ba2+ + SO2−
4 → BaSO4 ↓

(3.2)

Being the thermodynamical driving force of the reaction, the supersaturation is defined as

aBa2+ cBa2+ · aSO2− cSO2−
4
4
(3.3)
S=
KSP
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The activity coefficients were obtained from the semi empirical method proposed by (Bromley, 1973).
In this context, it has to be considered that the incomplete dissociation of the sulfuric
2−
+
acid in its second stage (HSO−
4  H + SO4 ) is described by the dissociation constant
Kdiss as defined below:
aH+ cH+ · aSO2− cSO2−
4
4
Kdiss =
(3.4)
aHSO− cHSO−
4

4

Usually, the critical cluster size xc for stable nuclei is approximated by
xc =

2 · γPF ·Vm
.
kB T · ν ln S

(3.5)

Due to numerical reasons in the simulations, a narrow lognormal size distribution f (x, xc )
around this cluster size is assumed (see (3.1)).
The homogeneous nucleation rate Bhom can be calculated based on the classical nucleation theory:
7

γPF
3
·Vm
Bhom (S, γPF ,t) = 1.5 · D
KSP · S · NA
kB T
(3.6)
γPF 3
16π
Vm2
·
· exp −
·
3
kB T
(ν ln S)2

10

20

3

nucleation rate Bhom[1/m s]

Details on the derivation can be found for example in (Mersmann et al., 2000). We want to
point out that the interfacial energy γPF has a strong influence on the nucleation rate Bhom ,
which results in a high sensitivity of the precipitation process on the values of the interfacial
energy (see fig. 3.4). Therefore, a change of the interfacial energy leads to a significant
change of the resulting PSD.
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Figure 3.4: Homogeneous nucleation rate as function of supersaturation and interfacial
energy. From (Schwarzer and Peukert, 2004a)

In general, particle growth is a complex process including several steps. Predominantly
the transport of ions to and the subsequent integration into the surface determines the speed
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of the growth process. Based on several assumptions like equal transport rates and an instantaneous change of the equilibrium surface charge (see Schwarzer and Peukert (2004b)), the
growth rate G for spherical particles at high supersaturations can be expressed by
√
2ShDM KSP (S − 1)
G(S, x,t) =
,
(3.7)
·
ρP
x
where Sh is the Sherwood number and D the constant diffusion coefficient.
Dx
Applying the definition of the Sherwood number Sh = kD
, the mass transfer coefficient
kD is the last remaining parameter depending on the particle size. In order to meet further
needed requirements, the diffusive transfer coefficient is henceforth assumed to be constant.
Thus the particle growth rate G turns into
√
2kD M KSP
G(S,t) =
· (S − 1).
(3.8)
ρP
Concerning agglomeration, i.e. the terms Bagg (y, x) and Gagg (y, x), the impact due to the
Brownian as well as shear-induced mechanisms is found to increase for higher supersaturation as a result of the increasing particle numbers. However, under the simulated conditions
presented in this chapter, these effects were found to have negligible influence due to a
successful electrostatic stabilization (Schwarzer et al., 2006).
Both, the nucleation and growth term, depend on the current composition of the system
through the induced supersaturation values and the interfacial energy. Based on the concept
of a Gibbs dividing surface and assuming constant temperature as well as an equilibrium
throughout the three-phase system (solid, interface, liquid), the Gibbs adsorption isotherm
can be derived analogously to the Gibbs-Duhem equation (Hunter, 1986; Sugimoto, 1996,
1999). Using the Grahame equation (Eq. 5.28, taken from Israelachvili (2010)) the following expression for the interfacial energy is derived:

γPF = γ0 − R · T · ∑ Hi · ai −
i

 ψs
0

σ (ψ )d ψ

(3.9)

This equation permits to calculate the interfacial energy γPF of a particle-fluid interface
at equilibrium. The first term on the right hand side is a material-specific contribution to the
interfacial energy, the second term accounts for the chemical contribution due to sorption on
the interface, and the last term stands for the electrostatic contribution arising for charged
species. It is important to emphasize that the summation in the Grahame equation includes
all ion species in the electrolyte solution. Using this equation, the value for the interfacial
energy can be calculated for the considered well-established test system at all times using
the corresponding concentrations.

3.1.3 Prior results
In-depth studies for the forward modeling have been conducted in order to systematically
understand the influence of the leading parameters including the influence of mixing, surface energy, nucleus size, and nucleus size distribution as well as their temporal evolution in
the process. These evaluations are based on our previous work for the prediction of size distributions and the detailed 3D-reconstructions of all major process variables including supersaturation, nucleation rates, growth rates, and particles sizes in the T-mixer (Schwarzer and
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Peukert, 2004a,b; Schwarzer et al., 2006; Gradl et al., 2006; Gradl and Peukert, 2009). The
performed simulations intend to identify strategies for a potential reduction of the model.
For the numerical calculations in the parameter studies, the commercial software package PARSIVAL was used. PARSIVAL from the Computing in Technology (CiT) GmbH represents a common modular tool for solving efficiently the entire integro-differential equation.
The implemented numerical algorithm is described in detail in (Wulkow, 2001). PARSIVAL has already been successfully used for the forward simulation in terms of calculating
the PSD and its evolution (Schwarzer and Peukert, 2004a; Schwarzer et al., 2006). The
considered precipitation reaction is thereby implemented on the basis of the equations and
dependencies shown in section 3.1.2.
The simulations were conducted with a barium concentration of cBa2+ = 0.25 mol
l and a
mol
sulfate concentration of cSO2− = 0.165 l ; the volume used in the simulation was 1 m3 . As
4
outlined in the experimental setup in section 3.1.1, mixing represents a key issue in chemical
reactions. Mersmann (1994) showed that in a stirred tank reactor nearly perfect mixing can
be assumed for the case when the reactants are merged at sufficient speed. As the procedure
of mixing is of low interest in our current investigation, its influence is reduced to a mixing
gradient assuming an instantaneous mixing of the components to a certain specified extent.
In the case of steep mixing gradients, the local supersaturation reaches almost the value of
the ideally mixed case and, therefore, results in very similar PSDs.
As shown in the theoretical section, the size of the nuclei is calculated by (3.5) depending
on the supersaturation as well as on the interfacial energy. Simulations assuming different
nuclei sizes are conducted to investigate the possibility of eliminating this dependency. In
figure 3.5, the results for four different calculations are presented. The first curve represents
the calculated nucleus size from the Kelvin equation (3.5) at every time step. The further
used values are chosen to be the constant, minimal, and average value of the nuclei size as
well as the so-called "crystallographic density". The latter represents the size of a BaSO4
molecule when it is considered to be an ideal solid matter. The resulting PSDs for the
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Figure 3.5: Variation of the nuclei size

different nuclei size coincide to a great extend showing that at least in the present setting a
sophisticated modeling is dispensable.
As a third factor we investigate the interfacial energy representing a quantity which is
difficult to measure but, at the same time, has a decisive impact on the nucleation term. On
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the other hand, the growth rate is independent of the surface energy since transport-limited
growth is predominant under the considered reaction conditions. However, a change of the
relation between the nucleation and growth terms influences strongly the particle formation
process.
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Figure 3.6 shows the influence of the interfacial energy for an educt composition for
which the physical model of the interfacial energy predicts the value γPF = 0.126 mJ2 . The
shown variation using a constant mixing gradient influences strongly the process as can
be seen on the evolution of the supersaturations. As the value of the interfacial energy
decreases, the nucleation term gains more influence. This leads to an increased nucleation
and, thus, to a fast reduction of the supersaturation resulting in a relatively narrow PSD. A
±20% change of the value of the interfacial energy shifts the mean particle size from 35nm
to 220nm influencing also the width of the PSD.
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Figure 3.6: Influence of varying of interfacial energy

Moreover, it is important to analyze whether the value of the interfacial energy may be
assumed to be constant throughout the simulation. Precisely, as outlined in the modeling
section, the interfacial energy is a function of the chemical composition of the system. The
increase of the interfacial energy between the start and end value is, however, only about
1% of the initial value. The comparison between two simulations with constant and varying
values (see fig. 3.7) shows only a very slight difference of the resulting PSD. Therefore, the
use of a constant value is sufficient for simulations without loosing their validity.
The obtained results give evidence to the fact that the critical size in the formation of
particles as well as the activity coefficient in the modeling of the supersaturation can be
regarded as insignificant. Under the present experimental conditions for the production of
BaSO4 , aggregation and agglomeration were also found to have negligible influence due to
successful electrostatic stabilization (Schwarzer et al., 2006). Therefore, the corresponding
terms on the right hand side vanish in the modeling of the process. In contrary, the magnitude
of the interfacial energy γPF exerts a crucial effect on the evolution of the PSD; whereas,
however, small fluctuations of the value may be neglected.

2
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Figure 3.7: Small variation of the interfacial energy

3.2

Parameter identification

For the considered precipitation reaction, the Grahame equation yields a validated model for
the interfacial energy (Israelachvili, 2010). The approach rests upon describing the interfacial energy as a sum of the chemical and electrostatical contributions. In contrary, for the
case of more complex molecules or structures, no proper model of this decisive parameter
is available. This encourages the investigation of parameter estimation methods to provide
at least a reasonable range of this quantity. Especially in the context of nanoscaled products, these techniques have to stay very close to the application in order to provide valuable
results.
Therefore, we focus on the framework of a specific class of systems, called differentially
flat systems (Fliess et al., 1992, 1995), in order to investigate the system dynamics. It is
important to point out that many systems commonly used in nonlinear control theory are
flat. A system of equations is said to be flat if one can find a set of variables, called the
flat outputs, such that the system is (non-differentially) algebraic over the differential field
generated by the considered set of flat outputs. Some applications of this framework stated
in (Martin, 2003) are, for instance, the stabilization of the water movement in a tank and
the control of nonlinear heavy chain systems or flexible beams. The method has also been
used for example in (Vollmer and Raisch, 2003) to control the cooling process of a batch
crystallization process. Basically, it is required that the structure of the trajectories of the
nonlinear dynamics can be completely characterized, i.e. two distinct trajectories may not
intersect.
In order to apply this concept, we introduce the method of moments which reduces the
description of the full model (3.6) complemented by reasonable boundary conditions to the
evolution of a number of significant quantities (i.e. the total number or the total mass of
precipitated particle).

3.2.1 Model reduction using the method of moments
The method of moments is a method which reduces the description of the PSD to the calculation of a number of moments. Using the moment technique, the characteristic properties of
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the PSD like mean particle size, deviation, and skewness can be calculated. The method is
connected with a low computational effort; but, on the other hand, the continuous evolution
of the PSD can not be completely obtained without further requirements.
The kth moment of a PSD is defined as follows

μk (t) =

 ∞

xk y(x,t) dx

(3.10)

0

where y(x,t) is the PSD. Integrating over the entire PSD, i.e. the zeroth moment μ0 (t),
gives per definition the total number of particles. Furthermore, the third moment μ3 (t) is
proportional to the total volume of particles per unit suspension volume.
To apply the method of moments to the model derived in section 3.1.2, we use the fact
that the number of particles increases only through nucleation and that there is a maximum
particle size limiting the distribution density function. Additionally, collecting now all facts
and premises regarding the analysis of the forward simulation in section 3.1.3, the full model
(3.1) is reduced to

∂ y(x,t)
∂ (G(S,t)y(x,t))
=−
∂t
∂x
Bhom (S, γPF ,t)
y(0,t) =
G(S,t)
y(x, 0) = 0.

(3.11)
(3.12)
(3.13)

Thus, under the present experimental conditions, the evolution of the principal moments can
be obtained by integration in the form of the following coupled equations:
dμ0 (t)
= Bhom (S, γPF ,t)
dt
dμk (t)
= kG(S,t)μk−1 (t)
dt

(3.14)
(3.15)

Equation (3.14) reflects the assumption that the number of particles only changes through
nucleation. The other moments depend on each other through relation (3.15), which can be
checked by partial integration. Thus, the considered population balance equation is reduced
to the level of a small system consisting of coupled ODEs.

3.2.2 Notion of orbital flatness
The ability of simulating the progress of precipitation reactions has led to new insights
into the prevailing system dynamics. Naturally, the next step will consist in the attempt
to influence the process in a favorable manner. In this context, control theory provides a
methodical approach to invert the system dynamics in order to compute the control strategies
required to perform a specific task. This inversion may involve finding appropriate inputs or
parameters to trigger a control system from one state to another or finding inputs to follow
a desired trajectory for some or all of the state variables of the system. Desired inputs could
be, for instance, the temperature profiles, the feed concentrations, or the intensity of mixing.
The most common structure to exploit is a linear dependence of one output of the system
with respect to a variable input parameter. As the systems that we seek to control become
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more complex, the use of a linear structure alone is often not sufficient to solve the control
problems that arise in applications. This is especially true for inverting the nonlinear dynamics present in the considered setting. In this section, we focus on a specific class of systems,
called differentially flat systems, for which the structure of the trajectories of the nonlinear
dynamics can be completely characterized. Applying this in the present context means that
if particles are formed in the process at different points in time, their resulting final size must
stay distinct.
A starting point for introducing the notion of flatness is the differential equation
y (t) = f (y(t), u(t)),

y(0) = y0 ∈ Rn ,

(3.16)

with the right hand side depending on a parameter u from a set U ⊂ Rm . The set U is called
the set of control parameters and contains all admissible inputs resp. strategies affecting the
system states y(t) coupled through the dynamic system.
Equation (3.16) is called differentially flat if there exists an observation or output w(t) ∈
m
R being uniquely defined by a function h of the system states in combination with the input
and its first r derivatives:
h : Rn × (Rm )(r+1) → Rm
s.t.
w = h(y, u, u , u , . . . , u(r) ).

(3.17)

On the other hand, the system states and inputs have to be explicitly characterized by the
output and finitely many of its time derivatives:
y = Φ(w, w , w , . . . , w(r−1) ),
u = Ψ(w, w , w , . . . , wr ).

(3.18)
(3.19)

In this case w is called a flat output and the complete system can be retrieved exploiting only
the observation function (3.17).
If a sufficiently smooth trajectory of the flat output is given, the evolution of the correlated moments can be computed without solving a differential equation (Vollmer and Raisch,
2003). As outlined in Moya et al. (2002) or Guay (1999), the notion of differential flatness
can be applied to a larger class of ordinary differential equations after an appropriate timescaling. If the transformed system offers the structure of flatness, the original system is
called orbitally flat. The used scaling function has to ensure invertibility in order to be able
to recover subsequently the desired input in real time.
A new time variable τ is introduced by
dt
= ϕ (y(t), u(t)),
dτ

τ (t0 ) = τ0

(3.20)

given a positive and bounded scaling function ϕ = ϕ (y(t), u(t)). By this bijective transformation, the dynamic system (3.16) turns into

∂
y(τ ) = f (y(τ ), u(τ )) ϕ (y(τ ), u(τ )).
∂τ

(3.21)
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3.2.3 Estimation of the interfacial energy
In sections 3.1.2 and 3.1.3, we have derived a population balance equation determining the
evolution of the PSD:

∂ y(x,t)
∂ (G(S,t)y(x,t))
=−
,
∂t
∂x
Bhom (S, γPF ,t)
y(0,t) =
,
G(S,t)
y(x, 0) = 0.

(3.22)
(3.23)
(3.24)

Due to the required conservation of mass, an additional equation is established in order to
describe the concentration at time t calculated from the third moment μ3 (t):
c(t) = c0 −

ρP kv
μ3 (t).
M

(3.25)

where ρP denotes the density of the product, Kv is the shape coefficient, and M the molar
mass of BaSO4 . This equation is only valid under the assumption that the volume of the
fluid remains constant during the precipitation reaction. The present process characteristics
legitimate the assumption since an inorganic substance with ionic bonds is precipitated and
the particle concentration was under 3.0 weight percent. Thus, the supersaturation S which
depends on the concentration at time t is also related to the third moment μ3 (t).
Conclusively, the involved birth and growth rates are solely characterized through μ3 (t)
and γPF (t). Characterizing the formed particles, the differential equations can be written
using only the first four moments:
dμ0 (t)
dt
dμ1 (t)
dt
dμ2 (t)
dt
dμ3 (t)
dt

= B(μ3 (t), γPF (t))

(26a)

= G(μ3 (t)) · μ0 (t)

(26b)

= 2 G(μ3 (t)) · μ1 (t)

(26c)

= 3 G(μ3 (t)) · μ2 (t)

(26d)

In the above stated evolution of moments, all dependencies are unambiguously accessible. Using the notion of differential flatness, we are going to show that the system states
μ0 , . . . , μ3 together with the control, realized by γPF , forms a finite-dimensional non-linear
flat system.
In order to proof that the system (26a)-(26d) of ordinary differential equations is orbitally flat, we need to apply an appropriate time-scaling. Requiring that the solution is kept
supersaturated, the time scaling function

ϕ (t) =

1
G(μ3 (t))

(3.27)

introduces a new time variable τ by means of
dτ = G(μ3 (t)) dt,

τ0 = 0.

(3.28)
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Invertibility is provided through the requested permanent supersaturation of the solution.
Otherwise particles may dissolve and the corresponding moment trajectories fail to be unique.
The time-scaling commutes the system (26a)-(26d) to
dμ0 (τ )
dτ
dμ1 (τ )
dτ
dμ2 (τ )
dτ
dμ3 (τ )
dτ

=

B(μ3 (τ ), γPF (τ ))
,
G(μ3 (τ ))

(29a)

= μ0 (τ ),

(29b)

= 2 μ1 (τ ),

(29c)

= 3 μ2 (τ ).

(29d)

Moreover, as a conclusive point for orbital flatness, properties (3.18) and (3.19) remain to be
validated for our approach. Analyzing the structure of the underlying system of equations,
w(τ ) = μ3 (τ )

(3.30)

is supposed to be an appropriate choice for the observation function. Being a state variable
itself, μ3 obviously fulfils equation (3.17). Furthermore, the latter two equations (3.18) and
(3.19) are checked by differentiating the output with respect to τ :
dw(τ )
dτ
2
d w(τ )
dτ 2
d3 w(τ )
dτ 3
4
d w(τ )
dτ 4

= 3 μ2 (τ ),

(31a)

= 6 μ1 (τ ),

(31b)

= 6 μ0 (τ ),

(31c)

=6

B(μ3 (τ ), γPF (τ ))
.
G(μ3 (τ ))

(31d)

In order to construct a proper function Φ(w, w , . . . , w(iv) ), we use the first three equations
(31a)-(31c) plus the observation variable w itself. Therefore, the required correlation between the system states and the output is shown. The last equation (31d) implies the remaining condition (3.19), as the parameter γPF can be obtained by solving the nonlinear equation.
Recapitulating the fact that w(τ ) defines a flat output, the system (29a)-(29d) is differentially
flat and, consecutively, the original system (26a)-(26d) yields the property of orbital flatness.
In conclusion, the birth and growth rates and therefore also the interfacial energy γPF (t) can
be retrieved through the observation of the variable μ3 (t).
The shown equivalence constitutes the basis to identify the interfacial energy from a
given evolution of moments. We use this fact to calculate γPF (τ ) and subsequently validate
or adapt the modeling of the homogeneous nucleation rate. However, the relationship is still
expressed in the new notion of time τ . In order to retrieve the original time profile, equation
(3.28) has to be inverted analytically or numerically.
Using the notion of the previously proven orbital flatness, the calculation of the optimal
value of the interfacial energy becomes feasible. A forward simulation in PARSIVAL solving the full PBE with predefined values for the educt concentration was conducted. The
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calculated evolution of the third moment acted as an input for the inverse simulation. In
figure 3.8, the obtained values for the interfacial energy are presented. At later time steps
the influence of the nucleation rate and thus of the control decreases to such an extent that no
reliable calculation of considered parameter is possible. At this point the total number of particles in the system has reached 99.99% of its end value. The parameter estimation method
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Figure 3.8: Comparison of the temporal evolution of the surface energy (line: value taken
for forward simulation, cross: data from inverse simulation)
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is applied to a certain number of test cases with different educt concentrations. In figure
3.9, the predicted values of the interfacial energy by the inverse simulation are compared to
the physical model. For the considered precipitation reaction, the Grahame equation yields
consistent results validating the presented approach.
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Figure 3.9: Comparison of the interfacial energy by the Grahame equation and the inverse
simulation

All values deviate ±0.8% from the values for the interfacial energy calculated by means
of the Grahame equation. Thus a quantity like the interfacial energy, which is difficult to
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measure, can be calculated from the third moment being in direct correlation to the amount
of precipitated substance and, therefore, is accessible to measurements.
Since the results are in good agreement with the theoretical prediction (conf. figure 3.9),
the underlying model has to be consistent with the prevailing reaction mechanisms. The
steps interconnecting the calculated values with the measured output, i.e. the third moment
μ3 , are thus verified and must correspond to the considered precipitation process on the main
lines. This way, a validation of the nucleation rate given by equation (3.6) has been achieved
in an indirect way by confirming the inverse calculation of the interfacial energy.

3.3

Concluding remarks and restrictions

In this chapter, the particle synthesis process for a precipitation of BaSO4 nanoparticles
was discussed. Besides an outline of the experimental setup, we presented a model for
the continuous precipitation reaction in the considered T-mixer. A detailed analysis of the
simulation results based on a population balance equation, the sensitivity to the involved
parameters motivated a further investigation of their modeling.
It turned out that the interfacial energy strongly influences the evolution of the particle
size distribution in the mixer. Therefore, we established a new method for validating the
hitherto proposed model. The construction of an simplified but still approved model of the
precipitation process allowed for an inverse calculation relying on the verified property of
orbitally flatness. This enabled an estimation of the decisive parameter based on the third
moment which is accessible to measurements since it corresponds the volume fraction of
formed particles. For the precipitation of BaSO4 , an approved physical model is available
calculated by means of the Grahame equation. Acting as a reference solution, we were
finally able to validate the presented parameter estimation approach.
In contrast, for the case of more complex molecules or structures, no proper model of
this decisive parameter is available. The stated comparison encourages the use of the presented technique in order to provide at least a reasonable range for the interfacial energy in
these situations. The parameter estimates obtained from controlling the simplified moment
model can subsequently be used in a more elaborated simulation procedure. The resulting continuous description of the particle size distribution then provides information on the
evolution of all system states based on the improved parameter estimates.
It has to be mentioned that using the reduced moment model restricts the range of applications considerably. The studied setting of a continuous precipitation reaction provided
the necessary requirements allowing for an estimation of the interfacial energy. However,
more sensitive parameters like the present supersaturation may not be deduced from measurements. For these cases, the model has to stay closer to the given process which requires
simultaneously the use of advanced optimization techniques.
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diffusion coefficient, [m2 s−1 ]
general death rate density function, [m−4 s−1 ]
death rate density function of aggregation, [m−4 s−1 ]
density distribution of nuclei sizes, m−1
growth rate, [m s−1 ]
Henry-type adsorption coefficient of species i, [m3 m−2 ]
Boltzmann constant (1.381 × 10−23), [J K−1 ]
mass transfer coefficient, [m s−1 ]
solubility product, [kmol2 m−6 ]
volume shape factor, dimensionless
molecular weight, [kg kmol−1 ]
PSD of size x at residence time t, [m−4 ]
Avogadro’s number (6.023 × 1026), [kmol−1 ]
spatial position in the main duct of the mixer, [m]
ideal gas constant(8314), [J (kmol K)−1 ]
supersaturation, dimensionless
Sherwood number, dimensionless
residence time, [s]
temperature, [K]
velocity field in the main duct of the mixer, [m s−1 ]
molecular volume, [m3 ]
particle size, [m]
material specific contribution of interfacial energy, [J m−2 ]
interfacial energy of particle-fluid interface, [J m−2 ]
i-th moment of particle distribution [various]
moles of ions in 1 mole of solute, dimensionless
electrical potential, [V]
surface potential, [V]
density of particles, [kg m−3 ]
surface charge density, [C m−2 ]
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Chapter 4
Synthesis of silicon nanoparticles
Matching experimental data
Beyond the investigation of the BaSO4 model process in the previous section, new challenges arise when we focus on the future-oriented technological field of printable electronics.
Solar panels have a new competitor in applications where monocrystalline silicon wafers are
too expensive or fragile. For these applications a new technology is emerging in the form
of printing circuits on flexible substrates. Printable electronics will be used in creating flat
panel displays for TVs, backplanes for TFT (Thin-Film Transistors), flexible circuits for
OLED displays, and RFID (Radio- Frequency Identification) antennas.
In order to open doors for the large scale production of printable electronics in a cost effective process, the printed electronic industry requires highly conducting inks. Conducting
thin films consist in closely packed materials printed on an insulating substrate. Particles
with small dimensions between 1 to 100 nanometers usually absorb light more strongly than
the bulk material. Therefore, the amount of material needed to make efficient solar cells or
LEDs is much less than for traditional materials. For an accurate arrangement in a thin film,
uniform and homogeneous particles are required. The production of narrowly distributed
silicon nanoparticles (SiNPs) represents one important field of research when aiming for
nanometer-sized conducting thin films. Numerous recent studies deal with aerosol-assisted
processes for the production of nanomaterials and nanostructured materials. As outlined
in the introduction, gas-phase processing systems may prove better in many applications because of their inherent advantages like high purity, continuous production, or simple process
control.
The considered gas-phase process consist in the thermal pyrolysis of monosilane in a
hot-wall reactor. The silane decomposition and the subsequent formation of silicon hydride
species involves several partial reaction steps. In the reactor, the overall residence time of
the nucleated SiNPs ranges from 80 ms to 420 ms yielding a final particle size between 1060 nm. Commonly, only the final particle size distribution as well as the temperature profile
at the reactor wall are accessible by measurements. The most important process controls to
influence the system are usually the flow rates of silane and argon, the total pressure, and
the time-temperature history of the system (see fig. 4.1).
In the synthesis of silicon nanoparticles, a production rate of approximately 0.7 gh is obtained under optimal process conditions. This corresponds to a number of 2.13 · 1016 particles per hour assuming an average diameter of 30 nm.
The successful implementation of the synthesis process was significantly supported by
Richard Körmer from the Institute of Particle Technology. His profound knowledge on the
present mechanism provided me a deeper insight in the modeling and offered a realistic
assessment of the results. Moreover, he kindly provided the available data and contributed
to a large extend to the publication process of the joint journal article.
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Matching experimental data

Figure 4.1: Schematic reactor set-up with main process controls

4.1

Pyrolysis of silane in a hot wall reactor

Various kinds of gas phase processes have been developed for the production of high purity
silicon nanoparticles (SiNPs) in the past three decades. In the early eighties, Cannon et al.
(1982a,b) were one of the first groups who produced SiNPs within a laser heated reactor via
silane pyrolysis. Besides other reactor concepts like plasma reactors (Kortshagen, 2009) or
microwave reactors (Knipping et al., 2004), particularly the hot wall reactor became wellestablished in the production of SiNPs. Alam and Flagan (1986) were the first to utilize
this reactor and several other research groups continued working in this field (Onischuk
et al., 1994; Wiggers et al., 2001). Hot wall reactors show important advantages like high
production rates, simple scalability, and a precise control of the present reaction conditions.
This helps to produce well defined particulate building blocks requested, e.g., in hierarchically ordered systems (Bishop et al., 2009). An accurate arrangement of the produced units
in nanoparticulate layers results for example in high performance thin films or functional
devices with outstanding optical properties.
The first accurate numerical models for the description of aerosols based on the so-called
general dynamic equation were suggested by Gelbard and Seinfeld (1978). Significant advancements were presented by Wu et al. (1988) who included fast chemical reactions into
the aerosol model or by Kruis et al. (1993) who tracked simultaneously agglomeration and
sintering processes. Several authors established different aerosol modeling approaches over
the years and monodisperse (Warren and Seinfeld, 1985a), moment (Pratsinis, 1988), and
sectional methods (Warren and Seinfeld, 1985b) have become extensively used. A comparison of the method of moments, the quadrature method of moments, and the sectional method
in the context of silane pyrolysis is stated in Talukdar and Swihart (2004). If a high numerical efficiency and a more precise numerical description of the particle size distribution are
required simultaneously, the finite element method represents a suitable technique (Appel,
2001). Due to its inherent mass conservation property, the finite volume method has become
increasingly important in the last years. In the context of particulate processes Qamar and
Warnecke (2007), extended by Kumar and Warnecke (2010), employ the framework of fi-
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nite volume schemes besides the method of characteristics in their simulations. The issue
of structure formation in aerosol processing was theoretically investigated by Schmid et al.
(2004) using Monte Carlo simulations (see also Al-Zaitone et al., 2009).
Further work on aerosol synthesis of silicon nanoparticles was provided by Swihart and
Girshick (1999) who rigorously examined the reaction kinetics and the molecular structure
of the initial clusters. This detailed reaction mechanism was then coupled to an aerosol
model to account for nucleation and particle growth under various reaction conditions (Girshick et al., 2000). Another sophisticated, fully coupled model was presented by Dang and
Swihart (2009a,b) which incorporates fluid dynamics, laser heating, gas phase and surface
reaction as well as a thorough description of the aerosol dynamics.
A detailed knowledge about the gas phase chemistry which significantly influences particle formation and growth is an important prerequisite towards multiscale modeling of gas
phase synthesis processes. Recently, Menz et al. (2011) presented a model that simultaneously solves the reaction mechanism for silane pyrolysis of Swihart and Girshick (1999)
coupled to a specific aerosol model with special focus on the sintering processes.
A detailed comparison between experimentally obtained and calculated particle size distributions of SiNPs at various process conditions was presented for the thermal silane pyrolysis by Körmer et al. (2010a,b). Including simplified global reaction kinetics, nucleation,
and growth rates, the applied population balance model proved to be consistent with the
actual process and therefore constitutes a verified basis for this contribution.
In all these contribution either a reduced moment or sectional approximation was used or
the full complexity of the underlying process has been disregarded. In this study a full finite
volume model has been combined with a state-of-the-art trust-region optimization algorithm
for process control. In contrast to moment approximations, the chosen discretization of
the particle size distribution is capable to distinguish multimodal PSDs caused by several
nucleation bursts. The resolution of the applied finite volume scheme is in general superior
to sectional models and guarantees mass conservation (Gunawan et al., 2004).

4.1.1 Experimental setup
SiNPs have been synthesized via pyrolysis of monosilane (SiH4 ) diluted in high-purity argon
in a resistively heated, vertical hot-wall reactor (see figure 4.2 for a schematic reactor set-up).
Typical operation conditions comprise temperatures between 900 − 1100 ◦C, a total pressure
of 25 mbar, a silane partial pressure of 1.0 − 3.2 mbar and a residence time between 80 −
420 ms. Aerosolized SiNPs were extracted by a hooked probe which is mounted centered
at the exit of the reactor. These SiNPs were deposited by a low pressure impactor and
subsequently characterized by image analysis on the basis of scanning electron microscopy
pictures. Spherical SiNPs with narrow PSD (geometric standard deviation (GSD) of ≤ 1.1)
could be obtained in the specified process parameter regime (see figure 4.3).
Identified prerequisites for the generation of narrow PSDs are mainly a low total pressure
(25 mbar) and an initial silane partial pressure of 1 mbar or below. The proposed particle
growth mechanism for the narrowly distributed SiNPs relies on a short nucleation burst in
the beginning, predominantly followed by surface growth and condensation. The particle
number concentration in the reactor is sufficiently low to avoid significant agglomeration. A
particle synthesis process, which is dominated by agglomeration and sintering, would lead
to much broader PSD. The particle number concentration is essentially influenced by the
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Figure 4.2: Schematic diagram of the experimental setup. From (Körmer et al., 2010a,
fig.1)

total pressure of the reactor since the silane pyrolysis reaction is strongly depending on the
number of collision partners and, therefore, on the argon partial pressure. A high number of
collision partners leads to rapid silane pyrolysis and subsequently to a significant broadening
of the PSD. Further information concerning the experiments can be found in Körmer et al.
(2010a).

a) SEM picture of monodisperse SiNPs

b)HRTEM image of spherical SiNPs

Figure 4.3: Characterization of SiNP powder properties

4.1.2 Modeling approach
Experimental observations indicated that surface reaction and condensation play a significant role in the growth of particles even though a direct proof through measurements was
not available. Therefore, an additional investigation of the underlying mechanisms of silicon nanoparticle formation by means of process simulation was initiated. The applied model
includes mechanisms for a simplified gas phase as well as surface reaction of silane. Particles are incepted by homogeneous nucleation from a supersaturated vapor. Furthermore, the
model accounts for condensation on the surface of the particles and agglomeration of the
particles.
In the prior work, the associated equations for each mechanism were implemented in the
commercial software PARSIVAL (Wulkow, 2001) which solves the system of differential
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equations. A brief description of the model is given below, for more details see Körmer et al.
(2010b) and Artelt et al. (2005, 2006).
In order to describe the effect of growth and nucleation on the particle size distribution,
we consider the partial differential equation that evolves the number distribution y(x,t) ≥ 0
in time. One specific realization of the general PBE is given in the case where the particle
diameter x ∈ R+ represents the only internal variable (Friedlander, 2000). Assuming a constant feed rate in an ideally mixed system with regard to the cross-section of the reactor, the
position of a particle transfers accordingly to its individual residence time t. This approach
leads to a reduced model for the pyrolysis of monosilane previously described in section
4.1.1:
∂
∂
(4.1)
y(x,t) +
(G(x,t)y(x,t)) = B(x,t)
∂t
∂x
The growth rate is denoted by G and the corresponding term to nucleation is represented by
the source B on the right hand side. No initial seed particles y(x, 0) = 0, ∀ x ∈ R+ or influx
boundary condition y(0,t) = 0, ∀ t ∈ [0, T ] are assumed since all particles are formed at a
critical cluster diameter through homogeneous nucleation.
The aerosol model accounts for SiNP formation via the pyrolysis of silane. Thereby,
silane can undergo two kinds of possible reactions: A homogeneous gas phase reaction
and a surface reaction on particles. The principally very complicated reaction network of
silane decomposition and the subsequent formation of silicon hydride species (Purnell and
Walsh, 1966; Becerra et al., 1995; Chambreau et al., 2002; Swihart and Girshick, 1999) is
considerably simplified by taking an overall reaction equation into account. This equation
is based on the studies of Petersen and Crofton (2003) who investigated the rate limiting
step of the silane decomposition mechanism in the gas phase for temperatures between
787 − 1457 ◦C and a total pressure of 0.6 − 5.0 bar. The equation accounts for the formation
of a silylene radical due to the collision of a silane molecule with any third-body collision
partner which is in the present case argon:
SiH4 + Ar → SiH2 + H2 + Ar

(4.2)

Therefore, the corresponding pressure dependent silane pyrolysis kinetic is given by
d[SiH4 ]
= −k1a · [SiH4 ] · [Ar],
dt

(4.3)

in the isothermal case. The rate coefficient k1a in equation (4.3) is stated by
−22710 K
m3
k1a = F1 · 7.2 · 109 · e( T ) ·
mol s

(4.4)

including an additional scaling term F1 .For the time being, it is reasonable to restrict the
complex description of all possible chemical species and reactions in the gas phase to the
stated global reaction kinetic. For the particular case operating at 1100 ◦C and a residual
time of 80 ms, the fit parameter F1 has empirically been determined. The choice allows
for a reasonable approximation of the chemical reaction as shown in (Körmer et al., 2010b,
section 3) for the considered process conditions. In the present contribution this analysis
will further be substantiated by parameter estimation techniques based on more than one
experimental data set.
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Besides the gas phase reaction, a heterogeneous deposition of monosilane on the surface
of the SiNPs takes place (surface reaction). According to Peev et al. (1991) the corresponding film growth rate Rd is described by the following global equation
Rd = F2 ·

k p · KSiH4 · [SiH4 ] MSi
·
.
1 + KSiH4 · [SiH4 ] ρSi

(4.5)

Again, the stated equation has been fitted to the present reaction conditions by introducing
the parameter F2 . The applicable heterogeneous rate coefficient k p
−19099 K
mol
k p = 6.9 · 104 · e( T ) · 2
m s

(4.6)

and the equilibrium adsorption constant of silane KSiH4 in equation (4.5)
6976 K
m3
KSiH4 = 3.8 · 10−2 · e( T ) ·
mol

(4.7)

are also adopted from Peev et al. (1991) (see Körmer et al. (2010b)).
The theoretical nucleation study from Kruis et al. (1994) highlights that silicon clusters
which contain more than one atom are typically present in the gas phase; therefore, the
critical cluster diameter xc can comprise up to 25 monomers depending on the process conditions. According to the Kelvin equation (Kodas and Hampden-Smith, 1999) xc is given
by
4 · γ ·V1
xc =
,
(4.8)
kB · T · ln S
where γ signifies the temperature dependent surface energy

γ = 1.152

N
N
− 1.574 · 10−4
·T
m
Km

(4.9)

of the cluster, V1 the volume of a silicon atom, kB the Boltzmann constant, T the current
process temperature, and S the supersaturation. All quantities are defined according to the
presentation in Körmer et al. (2010b). The latter is defined via
S=

pSi

(4.10)

pSi,sat

with the actual silicon partial pressure pSi and the strongly temperature dependent saturation
vapor pressure of silicon pSi,sat from Gray (1972)
pSi,sat = 10


4
7.5341− 2.3399·10
T

K



kg
.
m s2

(4.11)

Altogether, the homogeneous nucleation rate Bn,Si is calculated according to an extended
approach of the kinetic nucleation theory of Girshick and Chiu (1990) given by
Bn,Si = n21,S · S ·V1 ·V

2·γ
e
π · m1

Θ−

4·Θ3
27·(ln S)2

· δxc

(4.12)
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π · x12 · γ
kB · T

(4.13)

where δxc represents the Kronecker-delta, n1,S denotes the monomer, respectively, silicon
atom number concentration for a saturated vapor, m1 the mass and x1 the diameter of a
silicon atom.
In the present model the growth of particles results from two distinct mechanisms. On
the one hand, a heterogeneous deposition of monosilane on the surface of the SiNPs occurs
as described above; furthermore, free monomers condense from the supersaturated vapor on
the surface of existing particles.
The growth rate due to chemical surface reaction GSiH4 with respect to the diameter of a
spherical particle
GSiH4 = 2Rd
(4.14)
is obtained by adding twice the film growth rate stated in equation (4.5). Growth by surface
reaction on existing particles is only relevant as long as the precursor is available.
The modeling of the condensation of free monomers from the gas phase on the surface
of the existing particles follows an approach of Panda and Pratsinis (1995) based on the
kinetic theory of gases assuming also spherical particles

GSi = 2 · n1,S ·V1 · (S − 1) ·

kB · T
· FKn .
2 · π · m1

(4.15)

adapted by the correction term FKn
FKn =

4
3

· Kn · (1 + Kn)

1 + 1.71 · Kn + 43 · Kn2

.

(4.16)

based on the Knudsen number Kn to allow for an extension of the equation into the continuum regime.
It has to be pointed out that the change of volume needs to be considered in the present
setting due to the variable temperature profile. In consequence, for example equation (4.3)
has to be adapted to the present size of the control volume. For a complete description of
the reaction processes, the tracking of the remaining precursor mass mSiH4 along with the
available silicon mass mSi in the gas phase has to be set up. Considering the pyrolysis of
monosilane (index r for gas phase reaction), of course a decrease (D) of the precursor mass
Dr,SiH4 is accompanied by an increase (I) of silicon mass Ir,Si in the vapor. As described
above, new particles originate through homogeneous nucleation (index n) from the saturated
vapor. To account for the corresponding reduction of available silicon mass in the balance
equation, the rate of decrease is denoted by Dn,Si . Subsequently, the reduction rate of silane
Dg,SiH4 due to the surface reaction (index g for growth) is calculated by summing up the
adsorbed mass on all particles. Analogously, the consumption of silicon from the gas phase
Dg,Si in the case of condensation can be derived.
Thus, the complete model can be assembled from the equations for each individual mechanism. Following the previous findings, it is has to be pointed out that this model is only
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valid for reaction conditions with negligible agglomeration.

∂
y(x,t) =
∂t
∂ mSiH4 (t)
=
∂t
∂ mSi (t)
=
∂t
x∈
t∈

−

∂
[(GSiH4 (t) + GSi (x,t)) y(x,t)] + Bn,Si (x,t)
∂x

− Dr,SiH4 (t) − Dg,SiH4 (t)
Ir,Si (t) − Dg,Si (t) − Dn,Si (t)
Ω ⊂ R+
0
[tmin ,tmax ]

y(x, 0) = y0 (x)
y= 0

(4.17)
in Ω
on ∂ Ω × [tmin ,tmax ]

mSiH4 (0) = m0SiH4
mSi (0) = m0Si
In summary, the described model comprises two ODEs reflecting the mass balances besides to the main PDE of the population balance equation. Coupled systems of this kind
have rarely been investigated by advanced optimization techniques in order to identify suitable processes conditions. Of particular importance is the fact that the model agrees with
the experimental data and does not employ any moment approximations. However, a crucial
step for a successful modeling is the ability of matching the simulations to the confirmed
experimental data.

4.1.3 Prior results
The main objective of the performed simulations by Körmer et al. (2010b) was to understand
the formation mechanism that is behind the experimentally observed narrow PSDs which
is very uncommon in aerosol processing. A prospect of this formation mechanism was
presented on the basis of the experimental findings in Körmer et al. (2010a). In the following
the main results are stated for a brief review.
The process parameters of the simulations were chosen to match the experimental conditions in the best possible way. The precursor loss due to the deposition of silicon on the reactor walls is determined in the experiments and has subsequently been taken into account for
initializing the simulation (see Körmer et al., 2010b, p.5). The temperature characteristics
from the hot-wall reactor were transferred into time-temperature profiles by incorporating
the respective volume flow rates from the experiments.
For the remaining part of this contribution, the basic set of process parameters refers to
the configuration specified by T =1100 ◦C, pSiH4 = 1 mbar, ptotal = 25 mbar and a residence
time of 80 ms. The corresponding simulation result was validated against the experimental
observations and yields a total particle number concentration of 2.4 · 1015 m−3 with a mean
particle diameter of 27 nm and a geometric standard deviation (GSD) of 1.1.
Furthermore, one key feature in the growth mechanism was attributed to condensation.
In the prior simulations with neglected condensation the final PSD exhibited much smaller
particle sizes and improper GSDs. Thus, any attempt to correlate similarities between the
simulation and the experimentally obtained PSDs fails. These findings discussed in Körmer
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et al. (2010b) confirm the significant impact of the condensation mechanism on the particle
formation mechanism. Besides condensation, different aspects concerning the influence of
the main process variables were highlighted. The importance of the total pressure in the
reactor was pointed out since it is only possible to generate narrow size distributions at low
pressures.
Following the experimental data, the maximum temperature of 1100 ◦C was decreased in
the simulations to 1000 ◦C and 900 ◦C. The decreased reaction kinetic and, consequently, the
incomplete precursor consumption reproduced the trend of a shift of the PSD to smaller sizes.
Although the results show a narrow primary particle size distribution, only a qualitative
agreement could be found regarding the experimental measurements.
In the outline of the model, two additional parameters have been introduced in order to
fit the model to the present reaction conditions. This adaption has become necessary since
the global reaction kinetics have been replaced by a parametrical model. Using two fitting
parameters F1 and F2 , the rate coefficient k1a (4.4) in the silane decomposition kinetic and
the film growth rate Rd (4.5) have been adjusted empirically based on the case with standard
process parameters. This choice will further be investigated in chapter 5 in order to provide
a better quantitative agreement with the experimental data.
Concerning the choice of process conditions, in Körmer et al. (2010a,b) a suitable regime
for the production of narrow particle size distributions has been identified. The results show
that a low standard deviation can only be met in a certain temperature range as long as both
the initial silane concentration and the reactor total pressure are low.

4.2

Numerical challenges

The controlled production of nanoparticles with defined size and shape requires a deep understanding of the underlying system dynamics. Typically, high temperatures and rapid
chemical reactions in the order of several milliseconds limit the experimental access to
particle formation mechanisms or local reaction conditions. Despite huge progress, most
aerosol reactors operate mainly under empirically obtained process conditions. Nowadays,
simulation techniques provide a more systematic approach to control the process.
For the numerical study of the process described in section 4.1, a finite volume solver
was chosen for simulating the evolution of the corresponding PSD. Qamar and Warnecke
(2007) already considered growth and aggregation processes within the framework of the
finite volume methods. In the simulations of their model problem, they also incorporated
nucleation as a boundary condition. In contrast to their approach, the use of realistic reaction
rates, a treatment of the nucleation as a source term, and the validation against experimental
data lead to additional challenges in the present case.
Without a final validation of a simulation result against measured data, the information
deduced from investigating the model is rendered useless. Despite this fact, numerous mathematical studies take only a possible practical application as a motivation to analyze the
underlying equations within a simplified framework. The results therefore lack a realistic
basis and are rarely reassigned to experiments in order to gain new insight in the application.
Although a thorough investigation opens up many questions which are often not encountered
in the context of model problems, we consider this task worth the effort.
In the following the results of the implemented simulation are shown, yielding an appro-
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priate description of the silicon nanoparticles synthesis. For all simulations, the following
standard parameter configuration derived from the experimental studies is used:
• total system pressure: psys = 2500 Pa
• initial mass of the carrier gas argon: m0Ar = 8.3 · 10−3 kg
• initial mass of the precursor monosilane: m0SiH4 = 6.0 · 10−5 kg
• mass of already existing seed particles: m0Si = 0 kg
• temperature profile as shown in Figure 4.1
• Min/max particle diameter: xmin = 0.2 nm, xmax = 50 nm
• start/end time: tmin = 0 s, tmax = 0.08 s
Before addressing the numerical challenges in the solution of the PBE, a simulation run is
analyzed to better understand the production process of silicon nanoparticles. The result of
a simulation with standard process parameters is shown and explained below in figure 4.4.
Additionally, we would like to thank Maximilian Walther for the support and the provision
of the algorithmic framework for this project as well as for the good collaboration.
Figures 4.4a to 4.4d show the temperature profile T plus three only on the temperature
dependent quantities, the volume V , the rate coefficient of the silane decomposition k1a ,
and the equilibrium adsorption constant of silane KSiH4 . In the second row of figures, the
thermodynamical driving force of the particle formation process is shown. If the silicon
partial pressure pSi (fig. 4.4e) exceeds the saturation vapor pressure pSi,sat (fig. 4.4f), a
supersaturation S (fig. 4.4g) is built up. The degree of supersaturation determines to a great
extend the rate of nucleation Bn,Si (fig. 4.4h) as well as the rate of particle growth due to
condensation. The critical cluster size xc (fig. 4.4i) determines the size at which the nuclei
form a stable particle which is subsequently incorporated in the PSD. The predominant
growth mechanism via surface reaction GSiH4 is depicted in figure 4.4j. Particle growth due
to surface reaction consumes the precursor molecule silane. Figure 4.4k and 4.4l show the
corresponding decrease of the silane mass mSiH4 as well as the concentration profile cSiH4
taking additionally the volume change into account. At the same time, silane is decomposed
to silicon monomers present in the gas phase. Thus, the silicon mass mSi first increases
(fig. 4.4m); whereas the available silicon mass is decreased again by nucleation and the
condensation of free monomers from the gas phase on the particles. Figures 4.4n to 4.4p
describe the evolution of the corresponding PSD. On the left, the total number of particles
is shown. Since nucleation has ceased after 20 ms, the number of particles remains constant
in the remaining process. On the right, the evolution of the particle number distribution
is shown resulting finally in the PSD shown in figure 4.4o. Note that integrating over the
number distribution y corresponds to the total number of formed nanoparticles.
The obtained product using standard process parameters yields a total number of particles in the range of 2 · 1015 m−3 with a mean particle diameter of 27 nm and a geometric
standard deviation (GSD) of 1.08. In order to validate this result, a sample of particles is collected from the reactor operated at standard conditions. Using the characterization methods
described in Körmer et al. (2010a), a PSD is obtained reflecting the final product properties.
Figure 4.5 shows the experimental data together with the simulation results.
Both distributions have been normalized in order to obtain the corresponding number
density distributions to enable comparison. The mean diameters coincide at a value of 27 nm;
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Figure 4.4: Output of a simulation with standard parameters. From: Walther (2011)

the geometric standard deviations do not coincide but the simulated value of GSD=1.08
agrees still well with the experimental data (GSD=1.06). However, the difference in the
height of the distributions is ascribed to the difference in the GSD since both PSDs are
normalized to equal area. In the experiment, the total number of particles is deduced from
the production rate being situated in the range of 1015 m−3 . This finding confirms that the
model largely agrees with the experiments.
A brief overview of the general method for solving the numerical problem is given below. The finite volume scheme is particularly suitable as a solution method due to its inherent conservation property. However, it has been rarely used in the context of PBE. For
a common presentation of the method, the system of equations (4.17) is reformulated in a
general setting.
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Figure 4.5: Comparison between experimental data and the simulation for the standard
process conditions

Replacing the growth terms by a general flux function f (x,t, y(x,t)) and the nucleation
by a generic source term S(x,t, y(x,t)), we end up with the following system:

∂
∂
y(x,t) = −
f (x,t, y(x,t)) + S(x,t, y(x,t))
∂t
∂x
(x,t) ∈ [xmin , xmax ] × [0,tmax ]
(4.18)

y(x, 0) = y0 (x)
y(xmin ,t) = 0
y(xmax ,t) = 0

where tmax represents the final time; whereas xmin and xmax limit the size range of the distribution. The section in between these values Ω = [xmin , xmax ] is discretized by a specified
number Nx of equidistant cells Ωi with
Ωi = [xi,L , xi,R ]
xi,L + xi,R
xi =
2
xNx ,R − x1,L
Δx =
Nx
x1,L = xmin
xNx ,R = xmax

i = 1, ..., Nx
i = 1, ..., Nx
(4.19)

xi denotes the midpoint, xi,L and xi,R delineate the boundaries, and Δx designates the length
of each cell Ωi . Moreover, the PSD is represented by the mean values yi calculated on the
individual intervals
1
yi = yi (t) =
Δx


Ωi

y(x,t)dx

i = 1, ..., Nx .

(4.20)
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After a semi-discretization of the general partial differential equation (4.18) w.r.t. the spatial
variable, we end up with a system of n ordinary differential equations

∂
1
yi = −
( fi,R − fi,L ) + Si
∂t
Δx

i = 1, ..., Nx .

(4.21)

The numerical flux fi,R approximates hereby the physical flux function f (x,t, y(x,t) at the
right boundary xi,R based on an evaluation of the flux depending on a certain number of
neighboring cells (see fig. 4.6).
Ωi
n
fi,L

n
fi,R

y(t, x)

xi−1

xi,L

xi,R

xi

xi+1

Figure 4.6: Flux formulation of a finite volume method

The choice of the numerical flux determines the quality of the resulting conservative
scheme for the solution of the PBE. The straightforward choice
fi,R = fi,R (yi , yi+1 ) =

1
( fi + fi+1 )
2

with fi = f (yi ), fi+1 = f (yi+1 ) produces for example an unconditionally unstable scheme
even when applied to the linear advection equation in which f (y) = ay. A stable conservative
scheme is Godunov’s first-order upwind method. The intercell flux is defined as time integral
average of the physical flux evaluated at the boundaries of each cell
fi,R =

1
Δt

 Δt
0

f (y(xi,R ,t)) dt

(4.23)

In general, one expresses the Godunov flux as
god
= f (yi,R (0)),
fi,R

(4.24)

where yi,R denotes the exact solution yi,R (x/t) of the locally defined Riemann problem RP(yi ,
yi+1 )
yt + f (y)x = 0,

(4.25)
if x < 0,
yi
y(x, 0) =
yi+1 if x > 0.
evaluated at x/t = 0. The local Riemann problem may be solved analytically or has to be
approximated. Again, for the simplest case of a linear advection equation the exact solution
of RP(yi , yi+1 ) is given by

if x/t < a,
yi
yi,R (x/t) =
(4.26)
yi+1 if x/t > a.
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for a > 0. Besides the standard Godunov scheme, higher order approximations of the flux
function generate significantly more accurate solutions (see, e.g. (Toro and Titarev, 2006a;
Titarev and Toro, 2006; Castro and Toro, 2006) for ADER schemes, (Gerolymos et al., 2009;
Canestrelli et al., 2009) for WENO schemes, or (Toro and Titarev, 2006b) for MUSTA
schemes). However, at the same time spurious oscillations occur near high gradients. Monotone methods do resolve this problem but according to Godunov’s theorem they are at most
first order accurate.
For a comprehensive presentation of the discretization, we refer to the standard textbooks
on finite volume methods (Toro, 2009) and (LeVeque, 2004).

4.2.1 Scales and stiffness
For a successful simulation of the synthesis process of silicon nanoparticles, the implementation of the model presented in section 4.1.2 involves a range of challenges.
First, the individual mechanisms of the particle formation process are closely interlinked
and mutually influence each other. For example, the supersaturation determines the rate at
which new particles are formed as well as the amount of silicon molecules which condensate
on the surface. Both phenomena reduce the available silicon mass in the gas phase, affecting
in turn the present supersaturation. Therefore, the use of an improper model has severe
consequences. The corresponding simulation is then often not able to reproduce the effect
of potential variations in the process conditions. In the literature, however, often models
are encountered that are fitted to one specific setting without being validated against other
feasible operating conditions. Due to the interdependence of the involved mechanisms, the
model reacts very sensitively to changes in the process conditions and renders an isolated
testing and validation of the individual components impossible.
Furthermore, the model exhibits a high degree of nonlinearity. All significant terms of
the model are strongly depending on the temperature. If we look at the nucleation rate (4.12),
for instance, the temperature enters to the power of plus three in the exponential part of the
term. At the same time, the temperature profile in the reactor represents one of the main
parameters for controlling the particle formation process. The behavior of a model which
relies on realistic data is therefore fundamentally different to simplified systems which only
reflect the structure of the equations.
As a consequence, the use of experimental data entails extremely different scales. The
observed production rate of 0.7 gh corresponds to the enormous number of 1015 particles
which are formed in the first 20 ms of the reaction. In this period less than 5% of the initial
precursor mass is consumed. This corresponds to 3 · 10−6 kg of monosilane; whereas the
maximum mass of silicon molecules in the gas phase is even two magnitudes lower (about
1.5 · 10−8 kg). It is worth recalling the fact that the available silicon mass determines predominantly the supersaturation which is the driving force of the nucleation. Therefore, a
quantity that varies in the range of 10−12 − 10−8 kg pinpoints the rate of nucleation with a
magnitude of 1011 − 1017 m−3 s−1 .
These findings highlight the need to pay particular attention in the discretization of the
model. High nonlinearities, different scales and strongly coupled components require a high
resolution scheme for solving the PBE. One way of resolving the outlined contradiction
between a high order of accuracy and the absence of spurious oscillations is by constructing
nonlinear methods. Total Variation Diminishing methods, or TVD methods for short, are a

4.2 Numerical challenges

45

prominent class of nonlinear methods that prevent the occurrence of unphysical oscillations
Yee et al. (1983); LeVeque (2004); Bürger et al. (2010). Based on the requirement that the
total variation of the numerical solution to be nonincreasing in time, TVD methods mimic
a property of the exact solution if no source term is present. As a matter of fact, the exact
solution of the considered conservation law does possess a source; therefore, an operator
splitting technique becomes indispensable.
The idea of a splitting method is simple: divide et impera (divide and conquer). It is
probably one of the most important systematic technique for the development of algorithms
concerned with dynamical systems. As long as the convective term is not depending on
the solution itself, the entire system may be split up and solved independently. The same
methodology is usually referred to as the method of characteristics. In the present case, the
convective term also depends on the current solution requiring a technique called sequential
splitting.
For this purpose, we choose a time discretization of the interval [0,tmax ] with an adaptive
stepsize which remains to be specified. The values yk (x) define an approximation to the
analytical solution y(x,t) at time tk . In the (k+1)-th time step, we have to solve the following
system
∂
∂
y(x,t) +
f (x,t, y(x,t)) = S(x,t, y(x,t))
∂t
∂x
(4.27)
y(x,tk ) = yk (x)
(x,t) ∈ [xmin , xmax ] × [tk ,tk + Δt],
where yk denotes the solution of the preceding step and Δt the according time step. In this
situation, we apply the splitting method in order to obtain the two initial value problems
⎫
∂
∂
⎬
y(x,t) +
f (x,t, y(x,t)) = 0
∂t
∂x
(4.28)
⇒ yk+1 (x)
⎭
y(x,tk ) = yk (x)
⎫
∂
y(x,t) = S(x,t, y(x,t)) ⎬
∂t
⇒ yk+1 (x).
⎭
y(x,tk ) = yk+1 (x)

(4.29)

Therefore, we solve two simpler problems separately on the respective time interval [tk ,tk +
Δt], wherein the subproblems are correlated via the initial conditions. If we denote the
solution operator of the first step (4.28) by C(Δt) and the corresponding solution operator of
the second step (4.29) by D(Δt) , the next time step is calculated by:


k+1
(Δt) (Δt) k
y (x) = D C
y (x)
(4.30)
Clearly, the splitting discretization process introduces an error in the solution of the PDE
which is called local splitting error.
Theorem 4.2.1 For the sequential splitting introduced in (4.28)-(4.29), the local splitting
error is calculated by


∂ ∂f
Δt 2 ∂ S ∂ f
k+1
y − y(x,tk+1 ) =
−
S + O(Δt 3 ),
(4.31)
2 ∂y ∂x
∂y ∂x
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with
f = f (x,t, y(x,t))

and S = S(x,t, y(x,t)).

The splitting method (4.30) therefore is first order accurate.
PROOF :

In order to compute the local splitting error, we compare the solution after one step
of the problem 4.27 to the exact solution y(x,tk+1 ). In the proof a Taylor expansion is used
to obtain an estimate for the local splitting error ρ

ρ = y(x,tk+1 ) − y∗∗ (x,tk+1 ) = y(x,tk+1 ) − yk+1

(4.32)

as stated in the theorem (see (Walther, 2011) for the complete proof).



There are various possibilities described in the literature on how to increase the order of
the splitting procedure (Hundsdorfer and Verwer, 1995; Song et al., 1997; Kristensen et al.,
2007). However, the very popular Strang splitting approach in which the first subproblem is
divided into two parts each with half the stepsize


1
1
yk+1 (x) = D( 2 Δt)C(Δt) D( 2 Δt) yk (x)
(4.33)
is not an appropriate choice in the present context. It turned out that due to the special
structure of the underlying system, the considered Strang-splitting method does not reach
its theoretically predicted second order accuracy. One of the main reasons for this behavior,
which also gives rise to further problems, is linked to the inherent stiffness of the system.
For an explanation of this fact, we will explain in the following the main steps of the adopted
implementation.
Regardless of what splitting method is used, we have to choose an appropriate discretization of the two subproblems (4.28) and (4.28). The first PDE is discretized via the method of
lines using the flux formulation in order to get a conservative scheme. In order to eliminate
the spurious oscillations near high gradients, a WAF approximation of the flux is chosen.
Considering the general flux formulation
fi,R =

1
1
t2 − t1 x2 − x1

 t2  x2
t1

x1

f (x,t, yi,R (x,t)) dx dt,

(4.34)

the WAF scheme uses a midpoint rule in time where the spatial integration limits are given
by the midpoints of the two neighboring cells
WAF
fi+
1 =
2

1
xi+1 − xi

 xi+1
xi

1
1
f (x,t1 + Δt, yi,R (x,t1 + Δt))dx.
2
2

(4.35)

Again, yi,R denotes the solution of the Riemann problem with piece-wise constant data
(yi , yi+1 ). The formulation given in (4.35) is neither restricted to uniform meshes nor to
flux function which are constant with respect to the spatial variable. The time step Δt is restricted by the maximum Courant number CCFL which is in general chosen to be CCFL = 0.9.
In the simulation of the synthesis process of SiNPs, we have f (x,t, y(x,t)) = a(x,t) · y(x,t)
where a(x,t) represents the sum of the two growth terms. Therefore, the restriction for Δt is
given by the courant number
|c| =

Δt
· max {a(xi ,t)} < CCFL .
Δx i=1...n
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There are four fundamental properties related to a numerical method, consistency, stability,
convergence, and accuracy. Concerning accuracy, the stated WAF scheme represents the
only centered three point scheme which is second order in space and time. For background
reading on stability analysis of numerical methods, we refer to Toro (2009) or Hirsch (1988),
for example, and the references therein. The selected scheme is stable for the case of linear
advection. However, for non-linear problems there is a severe lack of theory. In practice,
we have to rely heavily on computations of the numerical solution on a sequence of meshes
with decreasing mesh size.
Since the WAF scheme constitutes a linear scheme of second order, it cannot be monotone due to Godunov’s theorem. The TVD approach resolves this imposed restriction using
a nonlinear correction, even when applied to linear problems. This correction of the flux is
controlled in a very precise manner so that spurious oscillations are eliminated retaining at
the same time a high order of accuracy in the smooth parts of the solution. From a theoretical point of view, the size dependent convective term actually forbids the application of a
TVD method since the exact solution does not yield this property. However, Bürger et al.
(2010) ascertained by their numerical experiments that the TVD scheme still works in the
considered context as long as smooth solutions are present. Due to this fact, we choose an
approach to construct a TVD version of the basic WAF scheme using the SUPERA limiter
which is presented below for simplicity in the case of the model linear advection equation:
1
1
WAF
fi,R
= (1 + φi+ 1 )ayi + (1 − φi+ 1 )ayi+1 .
2
2
2
2
with the limiter SUPERA

φsa (r, |c|) =

⎧
1
⎪
⎪
⎪
⎪
⎪
⎪
⎪
1 − 2(1 − |c|)r
⎪
⎪
⎨
|c|
⎪
⎪
⎪
⎪
⎪
⎪
1 − (1 − |c|)r
⎪
⎪
⎪
⎩
2|c| − 1

(4.36)

falls r ≤ 0
falls 0 ≤ r ≤

1
2

1
≤r≤1
2
falls 1 ≤ r ≤ 2
falls r ≥ 2
falls

(4.37)

using the ratio of the upwind change
ri,R =

yi − yi−1 + ε
yi+1 − yi + ε

(4.38)

introducing a small ε for numerical stability.
The WAF limiter function above corresponds to the well known flux limiter SUPERBEE
of Roe (see for further details Toro, 2009, p. 457-461). Figure 4.7 shows the TVD region
(Sweby diagram (Sweby, 1984)) of the SUPERA limiter given an arbitrary lower limit L ∈
[−1, |c|]. The chosen scheme proved to have the expected features. In regions where the
solution is smooth a second order convergence is found; whereas the accuracy falls back
to first order where high gradients are present. As a result, no spurious oscillations are
produced by the scheme (see figure 4.8).
As a next step, we have to consider the second subproblem of the splitting method stated
in (4.29). The contribution of the nucleation to the overall population balance equation is
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Figure 4.7: TVD region for the WAF method (gray) with the SUPERA limiter (red) for a
fixed c and L

generally confined to a very narrow size interval compared to the entire simulation range.
Therefore, the corresponding system of ODEs needs to be treated with special care from a
numerical point of view. Due to the mentioned nonlinearities and the very different scales,
the ODE turns out to exhibit a very stiff behavior. Applying standard discretization techniques to the PBE thus becomes infeasible since the restriction on the time step would be
too strong.
The considered population balance equation therefore contains both features, the nucleation as a stiff source term besides the regular non-stiff growth terms. A separation of
the two components in the proposed operator splitting technique guarantees an appropriate
treatment of the stiff term ensuring at the same time a reasonable computational effort. Integrating in time, the stiff expression undergoes an implicit treatment based on a trapezoidal
rule and solved by a Newton-type iterative method; whereas the explicit part is handled via
a standard higher-order Runge-Kutta method.
Conclusively, the stiff contribution of the nucleation to the system (4.27) is the reason
why the splitting method of second order fails. Hundsdorfer and Verwer (2003) have observed that in splitting processes with a strong diffusive or stiff subproblem an order reduction occurs. A verification of the final scheme against the numerical solution provided
by PARSIVAL reveals that the implementation yields a very accurate solution in combination with a low computational effort. Furthermore, the simulation is considerably more
stable than the corresponding FEM-discretization, and even coarse discretization still give
reasonable results. For a more detailed analysis of the simulation based on the finite volume
method, we refer to Walther (2011).

4.2.2 Preserving peaks - the dynamic memory cell approach
In the previous section we have seen that in the simulation of the aerosol reactor an adapted
numerical method is required. The obtained results are in good agreement with the adaptive h-p-Galerkin method from PARSIVAL and, in particular, with the experimental data.
Moreover, the finite volume scheme proved to be very robust and computationally efficient.
However, the resulting scheme still shows a certain degree of numerical dissipation. For the
considered test case, it turned out not to be a crucial issue since the resulting PSD spans
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Figure 4.8: Comparison of TVD-WAF approach to upwind schemes of first and second
order applied to the aerosol process. From: Walther (2011)

over a certain spatial range. For the special case of a separated nucleation and growth phase,
however, the nucleated particles form a sharp peak which is subsequentially shifted to larger
sizes due to a nearly uniform growth of all particles. Since the PSD is then confined to an
even smaller size range, the inherent numerical dissipation becomes particularly relevant
(see figure 4.9). In order to avoid an unphysical broadening of the distribution, a high spatial discretization has to be chosen which in turn decreases the respective CFL-number and,
thus, the time step. Retaining the height of the originally formed peak therefore requires a
disproportionately high computational effort.
The TVD-WAF approach, and yet every limited finite-volume-scheme, suffers from two
distinct sources of numerical dissipation. First, every limiter generally introduces a clipping
of extrema. In numerical solutions computed with TVD or monotone methods, minima
increase and maxima decrease as time evolves. It is well known that the degree of clipping
is depending on the choice of the limiter. See figure 4.10 for a exemplary comparison of four
choices of limiter functions according to Toro (2009). A second source of the numerical
dissipation is due to the finite volume methodology itself which is due to the final averaging
after each time step. Since the evolved parts are integrated in the new mean values of
the cells, their information propagates faster than expected. In the next two subsections, a
possible solution to each problem is presented leading in combination to a dissipation free
finite volume scheme when applied to the linear advection equation.
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Figure 4.9: Broadening of the final PSD depending on the spatial discretization due to
numerical dissipation

4.2.2.1 Finite Volume scheme with optimal limiting
In this section, the limiting process of the finite volume methodology is discussed in detail.
The analysis leads to a new global limiting approach which is considered to be optimal for
the studied class of schemes. We restrict the presentation to slope limiters which are indeed
equivalent to the previously mentioned flux limiters (Spekreijse, 1987). The formulation is
more natural for finite volume schemes since it is based on the reconstruct-evolve-project
based on (Godunov, 1959) (see LeVeque, 2004, section 4.10). In the considered MUSCL
(Monotone Upstream-centered Scheme for Conservation Laws) approach, a local piece-wise
linear reconstruction approximates the cell averages yi
yi (x) = yi +

(x − xi )
Δi
Δx

x ∈ [xi , xi+1 ]

in cell Ωi with a suitably chosen slope Δi (see fig. 4.11). The method was introduced by van
Leer in a series of papers (van Leer, 1973, 1974, 1977a,b, 1979). For clarity reasons, the superscript n for the current time step is dropped for all discrete values if there is no likelihood
of confusion. For the computation of the next time step, the boundary extrapolated values
yi,L and yi,R are evolved by Δt/2 to obtain ȳi,L and ȳi,R using the MUSCL-Hancock method
(MHM) (see fig. 4.12 and (Toro, 2009, section 13.4.2)).
Taking these values as initial values for a piece-wise constant Riemann problem, the
corresponding flux is calculated in the same way as for the Godunov flux (4.2). Finally, the
average value of the new step yn+1
is found by a projection of the evolved segments to the
i
Δt
, and positive a ∈ R+ ,
current cell. For the linear advection equation with f (y) = ay, c = a Δx
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Figure 4.10: Numerical (symbols) and exact (line) solutions for the advection of a square
wave at time t = 10 (1250 time steps) with Δx = 0.01. Results from MUSCL-Hancock
Upwind scheme are compared using various slope limiters. From (Toro, 2009, p.510)

yi+1

y(t, x)
yi−1

yi

xi−1

xi

yi
yi−1

xi+1

xi−1

xi

yi+1

xi+1

Figure 4.11: Piecewise linear reconstruction in the MUSCL approach

we obtain the evolved values by
1
1
ȳi,R = yi + (1 − c)Δi = yi + Δi
2
β
2
where β = 1−c
using a standard advection step with Δt/2. Therefore, in order to determine
the advected part in each cell, the MHM corresponds to the midpoint rule for integration
which is exact in the present case of a linear reconstruction (see fig. 4.12).
The overall flux at the right boundary of cell Ωi is given by

1
1
MHM
= (1 + sgn(c)) f (ȳi,R ) + (1 − sgn(c)) f (ȳni+1,L ).
fi,R
2
2
For the case of linear advection and a > 0, the update formula for cell Ωi reads in total

Δt  MHM
MHM
fi,L − fi,R
)
Δx
= yi + c ȳRi−1 − c ȳRi

= yni +
yn+1
i
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fi,R > 0

ȳi,R
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×
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yi+1
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xi,R
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c · ȳi,R

Figure 4.12: Outflow of cell Ωi according to the MUSCL-Hancock method

Next, turning towards a TVD-version of the MUSCL approach, the slope of the reconstruction is basically limited in order to avoid the generation of new minima or maxima. In the
MUSCL scheme, the slopes Δi are chosen by the finite difference approximation
1
1
Δi = (1 + ω )(yi − yi−1 ) + (1 − ω )(yi+1 − yi ).
2
2

(4.39)

For ω = 0, this formula gives a central difference approximation of second order, multiplied
by Δx; for the optimal value of ω = 13 (2c − sgn(c)), the MHM features third-order accuracy
in space and time (Toro, 2009, p. 431). The TVD property in the scheme is most commonly
imposed by taking inequalities of the following form into account
yi ≤ ȳni,R ≤ yi+1 ,
assuming yi ≤ yi+1 and a positive flux function (Toro, 2009, p.480, eq. (13.200)). The limiter
restricts the choice of the slope Δi to Δ̄i such that the described inequality is fulfilled for all
cells independently (see chapter 13.8 of (Toro, 2009) for different choices of the limiter).
Thus, the evolved segment ȳRi may not exceed the average value of the cell to the right
which might possibly create a new maximum (see figure 4.13). However, in this process
ȳni,R
yi−1

yi

×

yi+1

yi+2

c · ȳi,R

Figure 4.13: Generation of a new maxima in cell Ωi+1 using the unrestricted slope

only the outflow of the current cell is considered neglecting the inflow from the left cell as
well as the outflow of the next cell. One of the main reasons for the described clipping is
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due to this local character of all limiter functions. As a further consequence, the accuracy
drops to first order where the limiter becomes active.
Taking into account additional information from the neighboring cells (see fig. 4.14), the
limiter possibly will even not get activated and, thus, the second order accuracy is preserved
in most cases.

Figure 4.14: Consideration of the in- and outflow for all cells

The proper inequality which should be imposed therefore reads
≤ yi+1
yi ≤ yn+1
i
which restricts the actual value of yi in the next time step instead of the pure upwind information.
Theorem 4.2.1 If the limited slopes Δ̄i are chosen such that the following inequalities
2
sgn(yi − yi−1 ) · (Δi − Δi−1 ) ≤ sgn(yi − yi−1 ) · (yi − yi−1 )
c
− sgn(yi − yi−1 ) · (Δi − Δi−1 ) ≤ sgn(yi − yi−1 ) · β (yi − yi−1 )
hold for all i=1. . . Nx , β =

2
1−c

(4.40)
(4.41)

then the resulting MUSCL scheme is TVD.

First assume yi−1 ≤ yi . Considering the condition yi ≤ yn+1
≤ yi+1 , which is also
i
called the data compatibility condition (Toro, 2009, prop. 13.54), and inserting (4.2.2.1)
gives
PROOF :

yi ≤ yi + c ȳRi−1 − c ȳRi ≤ yi+1
1
1
yi ≤ yi + c (yi−1 + Δi−1 ) − c (yi + Δi ) ≤ yi+1
β
β
and, thus, by reordering of the terms
2
−β (yi − yi−1 ) ≤ Δi − Δi−1 ≤ (yi − yi−1 ).
c
An analogous calculation for yi−1 ≥ yi yields
2
(yi − yi−1 ) ≤ Δi − Δi−1 ≤ −β (yi − yi−1 ).
c
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Combining these two inequalities, we obtain the stated inequalities which are coupling the
entire limiting process. The limited values of the slopes Δi may thus not be computed
directly. Moreover, we note that when (yi − yi−1 ) and (yi+1 − yi ) are of opposite sign, the
only possible choice for the limited slope is Δ̄i = 0.
Since the data compatibility condition entails the TVD-property (Toro, 2009, sec. 13.6.2)
the considered scheme is less restrictive than the standard limiter approach but still yields
the TVD-property.

Conclusively, the conditions on the slopes Δi are not local anymore. Although the determination of the restricted slopes is computationally more expensive, the proposed scheme
provides the best possible result in the limiting procedure.
Since the conditions (4.40) and (4.41) have to be fulfilled simultaneously for all slopes
Δi , either an iterative procedure can be chosen to compute the limited values or we may
reformulate the given set of inequalities in terms of a quadratic optimization problem (QP)
with linear constraints. For this purpose, we assume that the approximated slopes (4.39)
are optimal for the inner cells, complemented at the boundary by the respective one-sided
approximations or periodic boundary conditions. In the following, we restrict ourselves to
the periodic case which is more suitable to demonstrate the advantages of the presented
method. We obtain the following minimization problem for the vector Δ ∈ RNx −1
min

1
2
2 (Δ − z)

s.t.

A Δ ≤ b.

Δ∈RNx −1



= 12 Δ Δ − z  Δ + 12 z  z

(4.42)

where the vector z in the objective functional represents the approximated slopes
1
1
zi = (1 + ω )(yi − yi−1 ) + (1 − ω )(yi+1 − yi )
2
2
1
1
z1 = (1 + ω )(y1 − yn−1 ) + (1 − ω )(y2 − y1 )
2
2

for

i = 2 . . . Nx − 1

and A ∈ R 2(Nx −1)×Nx −1 is given by

A =

A1
−A 1



with
⎛
sgn(y1 − yn−1 )
0
⎜
⎜− sgn(y2 − y1 ) sgn(y2 − y1 )
⎜
⎜
⎜
0
− sgn(y3 − y2 )
A1 := ⎜
⎜
⎜
⎜
..
⎜
.
⎝
0

...

...

0

− sgn(y1 − yn−1 )

0

...

0

..

.

..

.

0

..
.
sgn(yn−2 − yn−3 )

0

− sgn(yn−1 − yn−2 ) sgn(yn−1 − yn−2 )

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠
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The right hand side b ∈ R2(Nx −1)
⎛

⎞

sgn(y1 − yn−1 ) · 2c (y1 − yn−1 )

⎜
⎟
⎜
⎟
sgn(y2 − y1 ) · 2c (y2 − y1 )
⎜
⎟
⎜
⎟
..
⎜
⎟
⎜
⎟
.
⎜
⎟
⎜
⎟
⎜ sgn(yn−1 − yn−2 ) · 2 (yn−1 − yn−2 ) ⎟
c
⎜
⎟
⎟
b := ⎜
⎜
⎟
⎜ sgn(y − y ) · β (y − y ) ⎟
1
n−1
1
n−1
⎜
⎟
⎜
⎟
⎜
⎟
sgn(y2 − y1 ) · β (y2 − y1 )
⎜
⎟
⎜
⎟
⎜
⎟
..
⎜
⎟
.
⎝
⎠
sgn(yn−1 − yn−2 ) · β (yn−1 − yn−2 )

The system can be reduced where yi−1 = yi holds since the limited slopes are then fixed to
zero by (4.40)/(4.41), and yn+1
= yni holds. In figure 4.15, a comparison to the unlimited
i
scheme and two different limiter functions is given. We observe that the scheme with optimal limiting still shows some numerical dissipation but preserves the height of the second
step significantly better than the schemes using local limiters.
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Figure 4.15: Numerical (symbols) and exact (line) solution for different limiter functions
compared to the proposed optimal limiting approach
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In practice, the described method is not restricted to the case of linear advection. The
implemented version is based on an unstructured grid and contains further flexibility in the
parameter ω in order to adapt the method to the local change of the flux function.
4.2.2.2 Finite Volume scheme with dynamic memory cells
As outlined before, the second source of the numerical dissipation is due to the finite volume
methodology itself. Principally, the solution of the next time step is calculated by an approximate calculation of the flux over the boundaries of each cell and the subsequent update
of the cell averages. For the exemplary case of the linear advection equation, the fraction
Δt
given by c = a Δx
is transported to the adjacent cell in each time step. Now, if only part of
a cell is advected, i.e. if c < 1 (first row in fig. 4.16), then after one time step the cell Ci
contains information of the cell Ci−1 (second row). Due to the final averaging (third row),
this information will already be transferred to the cell Ci+1 in the following time step (forth
row).

Δt

average

Δt

Figure 4.16: Transported fraction according to the linear advection equation with c =
one time step and subsequent averaging

1
3

for

This behavior is not reflected by the analytical solution, since the corresponding characteristics do not evolved that far in the same time span. Therefore, the solution is smoothed
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in the averaging procedure because not only the relevant information of the directly adjacent
cell is incorporated. This effect become particularly significant at points where jumps in the
solution are present or in sections with strongly varying gradients (see fig. 4.17).

Δt

Δt

Δt

Δt

Δt

Δt

Figure 4.17: Transported fraction according to the linear advection with c =
lytical case (left) and for a standard finite volume formulation (right)

1
3

in the ana-

The proposed idea now consists in separating the fraction of new information in each
cell until the previous content is completely transported out of the cell. Thus, an unphysical
conveyance of information over several cells is prevented. For this purpose the finite volume
scheme is equipped with dynamic memory cells which remember the reconstructed solution
until the information of the cell is completely transferred to its neighboring cell. This corresponds to the point in time where the characteristic emanating from one cell boundary
crosses the opposing boundary. From this instant on, the accumulated new information is
used in the subsequent calculation of the flux. This way, we construct a finite volume scheme
without any numerical dissipation in the linear case. The solution reproduces the analytical
solution independent of the number of time steps, whether jumps are present or not.
Up to our knowledge, even in the linear case no finite volume scheme has yet existed
that exactly conserves jumps in the solution without relying on an explicit tracking of the
characteristics. A lot of effort was made to overcome this disadvantage, either by raising
the polynomial degree in the reconstruction phase or by using higher order approximations
of the spatial and temporal derivatives (Gerolymos et al., 2009; Dumbser et al., 2008). The
exemplary behavior of the novel algorithm is shown in figure 4.18 comparing the proposed
dynamic memory cell approach to the best MUSCL-Hancock based finite volume scheme
using the optimal limiter.
In the algorithm, the content of the dynamic memory cells as well as the degree of filling
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Figure 4.18: Numerical (symbols) and exact (line) solution for best finite volume scheme
using the optimal limiter compared to the proposed dynamic memory cell approach

have been additionally tracked (see algorithm 1). In the linear case using an equidistant
grid, all characteristics cross the opposing boundary at the same time. Thus, the filling
level is equal for all cells. Either in the nonlinear setting or for irregular grids, the degree
of filling has to be tracked individually which is more sophisticated in the implementation
but still straightforward. Obviously, we cannot expect to reproduce the analytical solution
in the nonlinear case since the flux function is evaluated only at some extrapolated values.
Although, we still obtain a solution yielding a strongly reduced numerical dissipation. For
a comprehensible description of the corresponding algorithm, we restrict the presentation to
the linear case; whereas possible extensions are given at the end of this sections.
The approach presented in algorithm 1 has the advantage that every finite volume scheme
may be used in order to perform the advection steps in lines 5 and 14. Thus, the method
of using DMCs is neither restricted to any particular limiting method nor to the MUSCLHancock scheme which is implemented in the present case. In each iteration, the current
slopes are determined by equating the values of ȳn+1+k
in line 11. After having adapted the
i,R
current slopes, only the fraction which corresponds to the analytical solution is transported.
Conclusively, the final averaging which is common to most finite volume schemes may be
effected without causing any artificial dissipation.
The calculation of the limited slopes in the algorithm in lines 3 and 13 is performed
using an adapted version of the optimal global limiter approach described in the previous
section. In this combination, the inherent numerical dissipation of the standard finite volume
schemes is fully eliminated at least for the linear case. In the numerical treatment of scalar
conservation laws, the presented method allows for a very precise solution at the price of
an increased numerical effort. For theoretical investigations where the solution has to be
calculated after many time steps, the availability of such a method is of great importance. In
practice, the cost intensive limiting may be replaced by a standard limiting procedure since
the main source of the numerical dissipation is related to the averaging in the finite volume
scheme. The additional effort which remains due to the introduction of the dynamic memory
cells can be compensated by the possibility of using a coarser grid.
In figure 4.19, the growth of a sharp peak as outlined in the introduction is taken up
again. Choosing a coarse spatial discretization with one hundred cells (Nx = 100), the peak
is confined to only six cells. However, the proposed scheme is able to maintain the low
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Algorithm 1 Finite volume scheme equipped with dynamic memory cells
Input:
Cell averages yni , courant number c assuming 0 ≤ c ≤ 1
Approach: Use information stored in dynamic memory cells (marked by a tilde) until all
data is transported out of the cell
Phase 1 - Initialization of Dynamic Memory Cells (DMCs)
procedure I NIT
Δni ← Init slopes using (4.39)
Δ̄ni ← Calculate limited version of Δni
 n ← Store current state in DMCs
yin , Δ̄
4:
i
5:
yn+1
← Perform a standard advection step with Δ̄ni
 c ≤ 1 is guaranteed
i
c ← 1 − c
 degree of filling of the DMC
6:
7: end procedure
1:
2:
3:

Phase 2 - Advection without emptying the DMCs
Approach: Determine current slope Δn+k
such that performing a standard advection step
i
uses only the correct information stored in the DMC
8: procedure A DVECTION
9:
k←1
10:
while c ≥ c do
 i.e., DMC not empty

n

1
n+1+k
n
= yi + 2 (1 − (2k + 1) · c) Δ̄i
 from DMC
ȳ
11:
Δn+k
← i,R
i
n+k
1
ȳn+1+k
= yn+k
+ (1 − c) Δ
 from current cell
i,R
i
 2 2kc  n i
n+k
2
n
n+k
12:
Δi = (yi − yi ) · β + 1 − 1−c Δ̄i
 β = 1−c
13:
← Calculate limited version of Δn+k
Δ̄n+k
i
i
14:
yin+k+1 ← Standard advection step with yn+k
, Δ̄n+k
i
i
15:
k ← k + 1, c ← c− c
16:
end while
17: end procedure
Phase 3 - Advection when emptying the DMCs
Approach: Determine the respective proportions x and (1 − x) of c such that the corresponding part is used either from the DMC or the current cell
18: procedure P ROCEED
19:
x ← c/c
 fraction to be used from DMC

20:
Call A DVECTION with c = x · c
 empty DMC
21:
Store current data in DMC, set c = 0
22:
Call A DVECTION with c = (1 − x) · c
 transport remaining part
23:
Goto Phase 2
24: end procedure
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standard deviation in the growth process. Noting that the same degree of accuracy by a
standard finite volume scheme can only be attained using a strongly refined grid (conf. fig.
4.9, p. 50).
0.3


q0 (x) [nm−1 ]

0.25
0.2


0.15




spatial discretization
(Nx = 100)
t=0.04s
t=0.06s
t=0.08s





0.1






0.05
0
0


 


                                                

2

4

6

8

 

                                

10

12

14

particle diameter [nm]
Figure 4.19: Growth of a narrow PSD on a coarse grid (Nx = 100) without broadening
using the proposed DMC approach

4.3

Conclusion

This chapter dealt with a gas phase synthesis process for the production of nearly monodisperse SiNPs. The development of a model predicting the final particle properties represents
a difficult but highly relevant task for industrial as well as ecological applications. For the
simulation, a highly nonlinear model has to be solved consisting of a PDE for the population balance equation coupled to two ODEs for the corresponding mass balances. The
first objective was concerned with the comparison against experimental data. Without this
validation, the achieved results may not be transferred back to the experimental investigations. Therefore, realistic reaction rates and material properties have to be included in the
implementation of the established model.
In particular, it has to be mentioned that the behavior of a model which relies on physical
data is fundamentally different to simplified systems which only reflect the structure of the
equations. The use of a model which is close to experiments entails extremely different
scales as well as a strong interdependence of the individual mechanisms. We presented an
adapted numerical treatment for simulating the evolution of the PSD in the reactor including
an operator splitting technique. This approach enabled the use of a TVD finite volume
method based on the WAF scheme even in the presence of a source term. Additionally, the
separated stiff nucleation term undergoes an implicit treatment for stability reasons. The
established implementation proved to be very robust even when decreasing the accuracy in
order to reduce the computational time with regard to a subsequent optimization.
The second objective of this section is concerned with the inherent numerical dissipation
of all finite volume schemes. We identified two distinct sources for the clipping of edges and
presented two newly developed techniques for addressing them. The introduced global limiting approach is able to remedy the overly restrictive behavior of the well established local
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limiters. Since the main source of numerical diffusion in finite volume schemes is attributed
to an unphysical propagation of information over several cells, a standard MUSCL-Hancockmethod has been equipped with dynamic memory cells. We thus succeeded in constructing
a novel approach in the framework of FVM which is able to convect a square wave solution without any dissipation in the linear case. In practice, the method is therefore capable
to transport a PSD consisting of a sharp peak only accompanied by a minimal decrease in
height even in a nonlinear setting.

Table of symbols
B
Bn,Si
Dg,Si
Dg,SiH4
Dn,Si
Dr,SiH4
F1
F2
FKn
G
GSi
GSiH4
Ir,Si
k1a
KSiH4
kB
kp
Kn
m1
MSi
MSiH4
mSi
m0Si
mSiH4
m0SiH4
n1,S
Ntotal
pSi,sat
pSi
pSiH4
q0
Rd

general nucleation rate, [s−1 ]
homogeneous nucleation rate from a supersaturated vapor, [s−1 ]
decrease of silicon mass due to condensational growth, [kg s−1 ]
decrease of silane mass due to surface reaction, [kg s−1 ]
decrease of silicon mass due to nucleation, [kg s−1 ]
decrease of silane mass due to gas phase reaction, [kg s−1 ]
first fitting parameter used in eq. (4.4), [-]
second fitting parameter used in eq. (4.5), [-]
correction term for the continuum regime, [-]
general growth rate, [m s−1 ]
condensational growth rate, [m s−1 ]
growth rate due to chemical surface reaction, [m s−1 ]
increase of silicon mass due to gas phase reaction, [kg s−1 ]
rate coefficient of the silane decomposition, [m3 mol −1 s−1 ]
equilibrium adsorption constant of silane, [m3 mol −1 ]
Boltzmann constant, [m2 kg s−1 K −1 ]
heterogeneous rate coefficient, [mol m−2 s−1 ]
Knudsen number, [-]
mass of a silicon atom, [kg]
molecular weight of silicon, [kg mol −1 ]
molecular weight of silane, [kg mol −1 ]
silicon mass in the gas phase, [kg]
initial silicon mass, [kg]
precursor mass, [kg]
initial precursor mass, [kg]
silicon atom number concentration for a saturated vapor, [m−3 ]
total particle number density, [m−3 ]
saturation vapor pressure of silicon, [kg m−1 s−2 ]
silicon partial pressure, [kg m−1 s−2 ]
silan partial pressure, [kg m−1 s−2 ]
number density distribution, [m−3 ]
film growth rate, [m s−1 ]
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S
t
[tmin ,tmax ]
T
u
V
V1
x
x1
xc
y
y0

supersaturation, [-]
residence time, [s]
temporal domain of computation, [s]
current p0rocess temperature, [K]
general set of design variables
current control volume, [m3 ]
volume of a silicon atom, [m3 ]
diameter of a particle, [m]
diameter of a silicon atom, [m]
critical cluster diameter, [m]
number distribution of particles, [-]
initial seed particles, [-]

δxc
γ
Ω
ρSi

Kronecker-delta, [-]
temperature dependent surface energy, [kg s−2 ]
spatial domain of computation, [m]
density of silicon atom, [kg m−3 ]

Chapter 5
Process control strategies for the pyrolysis of monosilane
Accomplishing narrow size distributions
One of the key disadvantages when realizing cost-effective solar technology on flexible substrates is the low efficiency of current power cells. One of the reasons consists in the requirement that the conducting particles have to be arranged in closely packed layers. However,
most synthesis processes are not able to produce particles of a single size; the size of the
resulting nanoparticles is rather liable to a certain degree of variation. Strongly varying
diameters cause larger interparticle distances which in turn decreases the conducting properties.
In order to achieve a maximum efficiency, preferably uniform and homogeneous particles are required in the considered application of the silane pyrolysis. Genuinely, the next
step aims towards the development of optimal process control strategies in order to meet specific predefined product properties. As described before, the basic set of process parameters
refers to the configuration specified by T = 1100 ◦C, pSiH4 = 1 mbar, ptotal = 25 mbar, and
a residence time of 80 ms. The corresponding simulation result was validated against the
experimental observations and yields a total particle number concentration of 2.4 · 1015 m−3
with a mean particle diameter of 27 nm and a geometric standard deviation (GSD) of 1.1.
Varying the individual process conditions results in significantly different final particle size
distributions (see fig. 5.1)

Figure 5.1: Resulting PSDs for a variation silane partial pressure. From (Körmer et al.,
2010a)

Concerning the choice of process conditions, in Körmer et al. (2010a,b) a suitable regime
for the production of narrow particle size distributions has been identified. The results show
that a low standard deviation can only be met in a certain temperature range as long as
both, the initial silane concentration and the reactor total pressure, are low. Considering
other combinations of feasible process conditions, even tighter particle size distributions
may be achieved. However, changing parameters without being conscious of their impact
on the complex process is not best practice. In contrary, tuning the process conditions within
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an optimization method may provide new insight on how the reaction conditions can be
improved in the future.
Techniques for the dynamic inversion of population balance equations (PBE) on the
level of moment methods have been presented by Vollmer and Raisch (2006), Vassilev et al.
(2010), or recently by Bajcinca et al. (2011) using the framework of flat systems. In Chittipotula et al. (2010), a genetic algorithm has been used to optimize a CFD soot prediction
model combined with the direct quadrature method of moments. Doyle et al. (2002) also
work with genetic algorithms to control the product quality in polymerization processes.
In particular, process control strategies for aerosol models have been presented by
Christofides et al. (2008) who used a moment approximation of the PSD described by a
lognormal distribution. Simulation, estimation, and control of size distribution in aerosol
processes with simultaneous reaction, nucleation, condensation, and coagulation are considered in Shi et al. (2006). Adjoint methods for the inverse modeling of aerosol dynamics
have been presented by Sandu et al. (2005b) based on a piecewise linear representation of
the PSD in eight bins (Sandu, 2006) or combined with a finite difference discretization for
data assimilation in local air quality models (Sandu et al., 2005a).
In all these contribution either a reduced moment or sectional approximation was used or
the full complexity of the underlying process has been disregarded. In this study, a full finite
volume model has been combined with a state-of-the-art trust-region optimization algorithm
for process control. In contrast to moment approximations, the chosen discretization of
the particle size distribution is capable to distinguish multimodal PSDs caused by several
nucleation bursts. The resolution of the applied finite volume scheme is in general superior
to sectional models and guarantees certain conservation properties(Gunawan et al., 2004).
In the following, we restate the system which is subject to the optimization

∂
y(x,t) =
∂t
∂ mSiH4 (t)
=
∂t
∂ mSi (t)
=
∂t
x∈

−

∂
[(GSiH4 (t) + GSi (t)) y(x,t)] + Bn,Si (x,t)
∂x

− Dr,SiH4 (t) − Dg,SiH4 (t)
Ir,Si (t) − Dg,Si (t) − Dn,Si (t)
Ω ⊂ R+
0,

y(x, 0) = y0 (x)
y= 0

t ∈ [tmin ,tmax ]

(5.1)

in Ω
on ∂ Ω × [tmin ,tmax ]

mSiH4 (0) = m0SiH4
mSi (0) = m0Si
Following the experimental data, the maximum temperature of 1100 ◦C was decreased in
the simulations to 1000 ◦C and 900 ◦C. The decreased reaction kinetic and, consequently, the
incomplete precursor consumption reproduced the trend of a shift of the PSD to smaller sizes.
Although the results show a narrow primary particle size distribution, only a qualitative
agreement could be found regarding the experimental measurements. (see fig. 5.2a)
As outline in chapter 4 concerned with the modeling of the aerosol reactor, two additional parameters have been introduced in order to fit the model to the present reaction conditions. This adaption has become necessary since the global reaction kinetics have been
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Figure 5.2: Number density distributions q0 obtained at tmax = 420 ms from
(a) measurements taken from [Körmer et al. (2010b)] and (b) resulting from calculations
with PARSIVAL, i.e. with the use of the parameter set F80 = [1.25 · 10−3 , 70] which has
been determined for tmax = 80 ms (pSiH4 = 1.0 mbar, ptotal = 25 mbar, tmax = 420 ms)

replaced by a parametric model. Using two fitting parameters F1 and F2 , the rate coefficient
k1a in the silane decomposition kinetic (4.4) and the film growth rate Rd (4.5) have been
adjusted empirically based on the case with standard process parameters. This choice will
further be investigated in this chapter. The optimization approach presented in the next section is expected to provide a better quantitative agreement with the experimental data. This
section is based on the simulation framework which is set up in cooperation with Richard
Körmer from the Institute of Particle Technology who provided the extensive experimental
background knowledge and Maximilian Walther from the Institute of Applied Mathematics who conscientiously set up the algorithmic framework. Moreover, special thanks go to
Alexander Thekale from the Institute of Applied Mathematics for contributing the derivative
free optimization method EFOS which he has developed within the context of his dissertation.

5.1

Derivative free optimization framework

The main goal is now to build up an inverse model capable of finding optimal process parameters. Moreover, the introduced fit parameters in the reaction kinetic as well as in the
growth rate due to chemical surface reaction (see section 4.1.2) have to be ascertained or
recalibrated by a parameter estimation technique. By prescribing the total particle number,
the mean particle diameter, and the geometric standard deviation in a nonlinear least squares
optimization problem, suitable process control strategies are finally obtained.
The described situation fits in the context of general nonlinear constrained optimization
problems. Within such an optimization, the simulation needs to be carried out repeatedly.
Since no derivatives are available, Trust-region methods constitute a widespread and popular approach due to their flexibility and efficiency (see, e.g., Conn et al., 2000). In the
present case, the time for a single simulation run is significantly larger than the pure computation time of the optimization method. Therefore, a special globally convergent trust-region
based algorithm designed by Thekale (2011) was applied in order to solve the considered
optimization problem.
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The method is based on the idea of iteratively replacing the simulation inside the optimization by models with sufficient accuracy. In addition, as much information as possible is
preserved from the original optimization problem in order to keep the number of simulation
runs low. For the simulations, a finite volume solver based on the techniques described in
the previous chapter in section 4.2 was chosen. When minimizing the model function, the
algorithm uses the derivative information available for the model to guarantee fast convergence. Therefore, the method is of hybrid type using derivative-based techniques as well
as derivative-free ones. For the stated special class of optimization problems, the proposed
algorithm yields excellent convergence behavior using at the same time considerably fewer
function evaluations.
The field of optimization and control of systems governed by partial differential equations is a very active area of research in applied mathematics with a growing impact on
engineering applications. Simulations provide in general a particular solution y for a given
set of process parameters u solving the corresponding PDE model. Nonlinear optimization
problems deal with the minimization of a given objective function J(y(u)) which quantifies
in general the distance between the current solution and a given target
min J(y(u)).

(5.2)

u∈Λ

In particular, it becomes amply clear that a set of constraints Λ has to be taken into account
since the process parameters are often restricted to certain range limits.
In the simulation of the considered aerosol pyrolysis, the primary objective is to realize
a predefined particle size distribution y∗ after the process. The solution of the simulation at
the final time tmax is given by y(x,tmax ). In many cases the properties of the full PSD are
not available, whereas the main characteristics may be observed. Considering for example
the total particle number Ntotal , the mean particle diameter x, and the geometric standard
deviation σgeo in a normalized observation function g(y)
⎛

⎞
1
Ntotal (y∗ ) Ntotal (y)
⎜
⎟
1
g(y) = ⎝
⎠,
x(y∗ ) x(y)
1
σgeo (y∗ ) σgeo (y)

(5.3)

the general least squares objective function
J(u) =
transforms to

α
g(y∗ ) − g(y(u))22
2

(5.4)

!⎛
⎞!2
1
!
! 1−
N
(y(u))
∗
total
N
(y
)
!
total
α!
!
!⎜
⎟
1 − x(y1∗ ) x(y(u))
J(u) = !⎝
⎠! .
!
2!
! 1 − σ 1(y∗ ) σgeo (y(u)) !
geo

(5.5)

2

As a consequence of the normalization, all observables are equally weighted balancing the
different scales of the variables. Nevertheless, a subsequent change of the individual weighting remains possible.
The characteristic particle properties themselves are defined using the principal moments
of the distribution. Using the moment methodology a clear representation of the considered
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quantities in the objective function at the final time tmax becomes feasible. The total particle
number concentration Ntotal for example is therefore stated by the zeroth moment and the
mean particle diameter can be calculated accordingly.
The geometric standard deviation σgeo was chosen since the PSDs in aerosol processes
are generally represented by a lognormal distribution. However, there are no restrictions
concerning the shape of the distribution due to the used finite volume scheme.

5.2

Structural model uncertainties

In section 4.1.2, two parameters, F1 and F2 , have been introduced in order to fit the described
model to the present conditions in the reactor. This adaption has become necessary since
the global reaction kinetics have been replaced by a parametric model as outlined before.
Up to now, it has been unclear whether this set of parameters is unique or if there are other
possibilities to reproduce the previously published results. In the following, this proposal
will further be substantiated by a parameter estimation based on several particular data sets
available for a residence time of 420 ms.
Table 5.1 summarizes the characteristic properties of the experimental PSDs, obtained
from measurements using the process parameters pSiH4 = 1.0 mbar, ptotal = 25 mbar, tmax =
420 ms and the three varying temperature histories described in section 4.1.3.
Table 5.1: Characteristic properties of the PSDs shown in fig. 5.4a

data set T [◦C]
1
900
2
1000
3
1100

Ntotal [ m−3 ] x [nm]
4.0 · 1015
22
15
29
1.8 · 10
15
32
1.3 · 10

σgeo
1.08
1.08
1.07

The values given in table 5.1 have subsequently been employed in defining the objective
function J of the corresponding optimization problem. The value of J measures hereby the
distance of the final properties between each simulation run and the experimental data. In
the optimization, the parameters F1 and F2 are adapted such that the value of the objective
function decreases, i.e. that the simulations are approaching the experimental PSDs (see
table 5.1). The corresponding evolution of the number density distributions in the optimization process is depicted in figure 5.3.
At first, the simulation has been adapted to a residence time of 420 ms still using the
parameter set F80 = [F1 , F2 ] = [1.25 · 10−3 , 70] which was empirically determined at a residence time of 80 ms. A first simulation run produces three almost indistinguishable PSDs
for the different temperature profiles (see fig. 5.3a-5.3c). Displaying the fifth iteration, figures 5.3d-5.3f show that the mean particle sizes of the final PSDs already differ significantly.
This change is reflected by a drop in the value of the objective function J by three orders of
magnitude (see table 5.1). After 14 iterations (fig. 5.3g-5.3i), the optimization routine obtains an optimized set of fit parameters F420 = [2.2 · 10−4 , 37.4] for a residence time of 420
ms. A much better correlation with the experimental data is achieved by using the newly
found set of parameters (see figure 5.4 compared to figure 11 of Körmer et al. (2010b)).
Compared to the initially almost identical PSDs, the mean particle diameters are now
considerably more consistent with the predefined values from table 5.1. Furthermore, it is
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data set 1 (900 ◦C)

data set 2 (1000 ◦C)

data set 3 (1100 ◦C)

(a) iteration 0

(b) iteration 0

(c) iteration 0

(d) iteration 5

(e) iteration 5

(f) iteration 5

(g) iteration 14

(h) iteration 14

(i) iteration 14

Figure 5.3: Evolution of the PSDs in the optimization process varying the fit parameters F1
and F2 (pSiH4 = 1.0 mbar, ptotal = 25 mbar, tmax = 420 ms, temperature profiles according
to section 4.1.3)

important to note that the magnitude of the determined parameters remains in the range of
the empirically found parameter set F80 .
Figure 5.5 shows the profiles of the present supersaturation against the relative residence
times for a temperature of 1100 ◦C and residence times of 80 ms and 420 ms, respectively.
Thus, according to their position in the reactor, the particles encounter at the same time the
maximum degree of supersaturation.
This substantiates the reasoning stated in Körmer et al. (2010b), that the adopted parametrical representation constitutes an approved model of the complex reaction kinetics in
the gas phase. However, reviewing the comparison of the final PSDs resulting from the two
different residence times in figure 8 of Körmer et al. (2010a), a longer exposure time causes
an increased mean particle size and a reduced total number of particles (see fig. 5.6).
A detailed view on the different reaction kinetics reveals that even though the supersaturations are comparable in their relative profiles, the growth and nucleation processes may
differ to a great extend. Figure 5.7 shows the available silicon mass in the gas phase as
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Figure 5.4: Number density distributions q0 obtained from (a) measurements taken from
[Körmer et al. (2010b)] and (b) resulting after the optimization, i.e. with the determined
parameter set F420 = [2.2 · 10−4 , 37.4] (pSiH4 = 1.0 mbar, ptotal = 25 mbar, tmax = 420 ms)
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Figure 5.6: Number density distributions q0 for residence time variation (pSiH4 = 1.0 mbar,
ptotal = 25 mbar, T = 1100 ◦C. From Körmer et al. (2010a)

well as the corresponding precursor concentration on the top. Below, the homogeneous nucleation rate and the film growth rate are compared for the considered residence times. In
the optimization, the fit parameters of the reaction kinetic were adapted to match the experimental data which also results in a reduced silicon mass in the gas phase for the case of the
longer exposure time of 420 ms. Subsequently, the nucleation rate is diminished and fewer
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particles are formed. Thus, a higher silane concentration remains and the particle growth is
sustained for a longer time span.
Under these conditions the resulting particle size distribution is shifted to the right and
contains fewer particles due to the mentioned reduced nucleation rate. However, figure
5.3 shows that the new parameters do not only slow down the kinetics since the effect of
the temperature variation is reflected in a reasonable way. In consequence, the proposed
model is able to match three more datasets at a different residence time. The robustness of
the optimization framework makes it reasonable to assume that there are no other possible
choices for the two parameters. Since there is no possibility to match both cases with an
identical set, the introduced fit parameters definitely require further investigation to study
their specific dependencies. Since the main process mechanisms have been analyzed in
detail in Körmer et al. (2010a,b), the temperature distribution inside the reactor persists to
be one of the possible remaining uncertainties.
5.2.0.3 Analysis of the temperature profile in the base case
Since the temperature profile has been identified as a possible model uncertainty in the last
section, the temperature curve applied in the simulations requires a more detailed investigation. The simulation of the base case (see section 4.1.3) yields a total particle number
concentration of 2.4 · 1015 m−3 with a mean particle diameter of 27 nm and a GSD of 1.1.
The assumed temperature history of the particles inside the reactor is depicted in figure 5.8.
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Now the question arises whether the experimentally obtained PSD may also be attained by
a different temperature profile in the simulations.
Starting from a completely different temperature history, an optimization run is supposed
to determine the optimal profile which yields the same characteristic values of the final PSD.
The variable temperature profile is built up using a five point spline interpolation as shown in
figure 5.8; whereas the initial precursor mass m0SiH4 represents the sixth process parameter
besides the five nodes in the optimization routine. The coarse interpolation was chosen
since an increased number of nodes would allow for unphysical temperature oscillations
which can not be realized in the reactor.

temperature [K]

1400

1200

1000

800
0

profile for standard process conditions
variable profile with five control nodes
0.02

0.04

0.06

0.08

residence time [s]

Figure 5.8: Temperature profile of the base case and spline interpolation of a variable
temperature profile using five nodes

A first simulation run with the initial values shown in figure 5.9a produces a far too high
number of particles combined with a very low mean particle size (see table 5.2 and figures
5.9b/5.9c). Varying the temperature profile (see fig. 5.9d), the optimizer tries to match the
final properties to the prescribed values. Thus, particle growth is promoted in iteration 10.
Now, however, a very low particle number density is attained due to the low initial precursor
mass (see fig. 5.9e/5.9f). After 20 iterations figures 5.9g-5.9i reveal a different picture. The
temperature history has turned into a profile resembling quite more to the original profile.
Although a first nucleation burst occurs around 10 ms, it is not visible in the figures
5.9h/5.9i since most particles are mainly formed after the first half of the process. Due
to the rapid increase of the temperature, the supersaturation declines for the next 10 ms.
Then, after 40 ms, again a sufficient degree of supersaturation is attained inducing a second
nucleation period. The number of nucleated particles exceeds the previously formed ones by
two orders of magnitude since the available silicon mass in the gas phase is much higher this
time. In the remaining iterations, the characteristic values are fine-tuned resulting in a final
temperature profile and precursor mass (fig. 5.9j) equivalent to the basic set of parameters.
After 80 iterations, the objective function has dropped to a value of 9.9 · 10−1 indicating that
a very good agreement with the prescribed data is attained (see table 5.2). The corresponding
evolution of the particle size distribution and the final PSD are shown in figures 5.9k/5.9l.
Starting from a completely different trajectory, the optimization routine has finally determined a temperature profile which is similar to the standard shape used in the simulations.
The highly stable convergence indicates that the determined temperature histories are in
good agreement with the effective thermal influences on the particles in the reactor. There-
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Figure 5.9: Evolution of the number density distributions q0 in the optimization process varying
the temperature profile (left column) and the initial silane mass m0SiH4 (ptotal = 25 mbar,
tmax = 80 ms)

fore, the considered model uncertainties on the process have been analyzed under the present
assumptions and the findings of Körmer et al. (2010a,b) are consolidated as far as possible
by the stated optimization results.

5.3

Optimal process control strategies

Besides the resolution of potential model uncertainties, the possibility of controlling the
simulation process to predefined target configurations is of special interest for industrial
applications. In this section the inverse problem of finding the optimal values of the process
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variables for a given PSD via the optimization routine is addressed.
After having identified process conditions which result in particles with a mean diameter
of 27 nm, the main challenge is to produce particle size distributions with a small predefined
standard deviation and a specific mean diameter. Two distinct objectives are therefore defined aiming at a PSD with a theoretical GSD of 1.0 and a mean particle diameter of 10
nm and 60 nm, respectively. Subject to the optimization, the corresponding optimal process conditions are found by solving the inverse problem. Additionally, in a next step the
opposite direction of producing broad PSDs with a geometric standard deviation of 2.0 is
addressed. The related process conditions, obtained again by the optimization method, help
to analyze the underlying process mechanisms. This work schedule not only demonstrates
the flexibility of the presented optimization method, it also shows up new insights on how
the reaction conditions can be improved in the future.
Beginning with the small particles, the predefined characteristic properties [x∗ = 10 nm,
∗
∗ = 1.0] are set in the objective function J. All target values are
Ntotal
= 2.4 · 1015 m−3 , σgeo
identified by an asterisk, specifying the prescribed properties of the final PSD in the optimization process. Again, the distance of the current solution to the specific target properties
is to be minimized. Therefore, the underlying trust-region algorithm varies the temperature
profile defined by the five nodes shown in figure 5.8 in a way which reduces the stated
objective function.
An optimization run attained in 99 iterations the minimal value of the objective function
for the narrow distribution corresponding to the set of characteristic values [x = 10.5 nm,
Ntotal = 3.47 · 1015 m−3 , σgeo = 1.01]. The required mean particle diameter of 10 nm and
the low geometric standard deviation have apparently been met; whereas the total number
of particles exceeds the intended value. In the optimization process, this deviation is usually
an undesirable result; however, from a practical point of view, an additional benefit with
respect to the overall throughput is attained. The intended use of prescribing the total number
of particles though consists in avoiding the regime where particles may aggregate. For
the present reaction conditions, a total number of 5 · 1015 m−3 particles has been identified
experimentally as an upper limit on the considered time scale.
Figure 5.10 shows the temporal evolution of the PSD in the reactor. After 40 ms the
final shape of the distribution is already attained indicating that the nucleation has stopped
and the particles will only grow for the remaining time. Attention should be paid to the shift
of the very sharp profile since the particle size distribution would generally broaden due to
a continuous numerical dispersion. The used finite volume scheme introduced in chapter 4
is adapted to handle this case appropriately such that the peak of the distribution remains
almost at the same height.
As outlined before, the next step consists in the aim to alter the process conditions such
that a broad particle size distribution with an equal mean particle diameter of 10 nm is attained. Therefore, the objective function is changed in order to obtain the following charac∗
∗ = 2.0]. An optimization run attained
teristic values [x∗ = 10 nm, Ntotal
= 2.4 · 1015 m−3 , σgeo
after 115 iterations almost perfectly the specified target. Using the identified process conditions, the following set of characteristic values [x = 10.0 nm, Ntotal = 2.42 · 1015 m−3 , σgeo =
2.00] was obtained. Remarkably, only 320 simulation runs have been performed in the optimization for this purpose which is less than three evaluations per iteration. This number
is notably low in order to build up a new model including the computation of a feasible
trust-region. Compared to other TR-methods, the algorithm propagates thus in a very ef-
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Figure 5.10: Evolution of narrow number density distribution q0 in time corresponding to
the final values [x = 10.5 nm, Ntotal = 3.47 · 1015 m−3 , σgeo = 1.01]

ficient way which saves in average more than 80 % of computational time compared to
standard MATLAB routines. Exemplary, figure 5.11 shows the convergence behavior for
the previously mentioned optimization run attaining a geometric standard deviation of 2.0.
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Figure 5.11: Exemplary convergence behavior of the optimization method aiming for the
∗
∗ = 2.0]
= 2.4 · 1015 m−3 , σgeo
prescribed values [x∗ = 10 nm, Ntotal

Obviously, a suitable set of process conditions can be found for both cases. This puts
forward the question of what is the difference between the two strategies. Figure 5.12 shows
the final particle number concentration along with the corresponding temperature profiles
obtained in the optimization. For a detailed analysis of the underlying process mechanisms,
the nucleation rate as well as the growth rate due to surface reaction are also depicted in the
figure.
As it can be clearly seen, the main difference in producing a narrow size distribution
instead of a broad one is due to a successful separation of the nucleation and growth process.
This partition is achieved since the first part of the reactor is operated at a low temperature
in the first case. Thus, the nucleation process can take place for a long time span in absence
of growth, maintaining an extremely narrow PSD for even 50% of the residence time. The
final increase of the temperature sustains the growth of the particles until they reach their
required mean diameter.
In the case of a high prescribed geometric standard deviation both processes occur right
at the beginning in parallel. Therefore, the primarily formed particles grow while nucleation
takes continually place spreading the particle size distribution to a larger size range. When
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Figure 5.12: Comparison between narrow and broad size distributions for the case of small
particles showing the final PSDs, the computed temperature profile as well as the correlated
nucleation and growth rate

nucleation has ceased after about 30 ms, the available silane concentration has not been
used up completely. Further growth was inhibited in the optimization by a decrease in the
temperature in order to comply with the requirement of a small mean diameter. It has to
be mentioned that particle growth may not only be limited in practice by a decrease in the
temperature alone but also by a reduced initial precursor mass.
Conclusively, the main achievement of the optimization consists in the ability of controlling the mechanisms in the reactor such that both cases are met. Starting from identical
conditions, the optimizer identified two temperature profiles which result in two PSDs with
very different standard deviations. However, the restrictions of the present reactor set-up,
i.e. the maximum temperature of 1200 ◦C and the common shape of all temperature profiles,
limit the possibilities of an experimental validation.
In a next step, the opposite test case is intended to produce particles with a mean diam∗
eter of 60 nm specified in the objective function by the target values [x∗ = 60 nm, Ntotal
=
15
−3
∗
2.4 · 10 m , σgeo = 1.0]. First optimization runs revealed that the requested final prop-
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erties cannot be met under the prescribed conditions by solely adjusting the temperature
profile. Therefore, besides the five parameters for the temperature spline, the precursor concentration pSiH4 as well as the total system pressure ptotal have subsequently been subjected
to optimization.
An optimization run attained in 35 iterations the minimal value of the objective function
for the narrow distribution (see fig. 5.13) corresponding to the set of characteristic values
[x = 59.6 nm, Ntotal = 5.90 · 1014 m−3 , σgeo =, 1.05] using pSiH4 = 2.6 mbar and ptotal =
15 mbar. While the mean diameter has been perfectly met, the total number of particles
as well as the geometric standard deviation differs from the requested values. Therefore, it
must be suspected that the present means to influence the process are not sufficient to attain
the prescribed PSD.
Figure 5.13 reveals that after 20 ms the main mechanisms have already ceased sustaining the particle formation process. Consequently, the remaining temperature profile has only
little influence upon the final properties of the distribution. The elevated precursor concentration enforces both, nucleation and growth, such that the slowly varying temperature profile
in the first stage of the reactor is not capable of separating the processes in a satisfactory
manner.
Nevertheless, the final process parameters yield a considerably lower standard deviation in comparison to the case where a broad particle size distribution is objected. The
latter was obtained with an objective function using the following target properties [x∗ =
∗
∗ = 2.0]. The corresponding final PSD is shown on the
60 nm, Ntotal
= 2.4 · 1015 m−3 , σgeo
top right of figure 5.13. In this case the optimization routine generated after 42 iterations
the following set of characteristic values [x = 60.2 nm, Ntotal = 2.82 · 1014 m−3 , σgeo = 1.15].
The identified process conditions consist in the temperature profile depicted in the subfigure
below together with the values pSiH4 = 1.3 mbar and ptotal = 20 mbar.
Recapitulating the analysis of the first test case, it has been observed that a successful
separation of the nucleation and growth processes allow for the production of a narrow
size distribution instead of a broad one. In principle, the same behavior is encountered in
the present case. The optimization method consequently altered the corresponding process
conditions in a manner that the broadening of the PSD is reduced. However, the lower
temperature in the first part of the reactor is capable of inhibiting particle growth only to
a certain extend. This limitation is due to the previously mentioned increase of the initial
silane concentration which is required for the production of a PSD with a mean particle
diameter of 60 nm. Therefore, a complete detachment of both processes is not possible in
this setting. In consequence, a comparably narrow PSD as for the case of the small particles
may not be obtained under the considered process conditions.

5.4

Conclusion

Conclusively, the discussed process control mechanisms provide a deeper insight and understanding of the silane pyrolysis in the framework of the considered hot-wall aerosol reactor.
Although the newly identified process parameters still have to be validated against experiments, the principal statements open up new approaches in choosing appropriate operating
conditions for the production of predefined particle size distributions. The applied numerical scheme proved to be consistent with the experiments and turned out to be very efficient
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Figure 5.13: Comparison between narrow and broad size distributions for the second test
case aiming at big particles (showing the final PSD, the computed temperature profile as
well as the correlated nucleation and growth rate)

and flexible. In combination with the chosen, problem-adapted optimization routine, a versatile range of product properties can be achieved under the determined optimal process
conditions. Moreover, the prevailing model uncertainties concerning the parametrical reaction model and the temperature profile inside the reactor are substantiated. The achieved
results presented in this contribution open up further research possibilities for the production of tailored particle size distributions which yield special product properties. As a next
step, the presented framework is intended to be transferred to different material systems as
well as possible extensions in the direction of optimizing the shape of the reaction zone is
endeavored.
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Tables

iteration

Table 5.1: Evolution of the fitting parameters F1 and F2 in the optimization run together
with the value of the objective function J and the corresponding characteristic values Ntotal ,
x, and σgeo of each data set
design variables
F1
[−]

F2
[−]

0

1.3 · 10−3

70.0

5

2.0 · 10−4

29.5

14

2.2 · 10−4

37.4

final characteristic properties
data set 1 (900 ◦C)
[m−3 ]/[nm]/[−]

data set 2 (1000 ◦C)
[m−3 ]/[nm]/[−]

data set 3 (1100 ◦C)
[m−3 ]/[nm]/[−]

N = 1.1 · 1016
x̄ = 16.2
σ = 1.09
N = 3.4 · 1015
x̄ = 23.6
σ = 1.06
N = 3.2 · 1015
x̄ = 24.7
σ = 1.06

N = 1.1 · 1016
x̄ = 16.2
σ = 1.09
N = 2.2 · 1015
x̄ = 28.0
σ = 1.06
N = 2.2 · 1015
x̄ = 28.1
σ = 1.06

N = 1.1 · 1016
x̄ = 16.3
σ = 1.09
N = 1.0 · 1015
x̄ = 36.1
σ = 1.05
N = 1.2 · 1015
x̄ = 34.5
σ = 1.06

J
[−]
3.0 · 106
5.3 · 103
4.7 · 103

iteration

Table 5.2: Evolution of the process variables in the optimization. The entries correspond
to figure 5.9 showing the data points of spline interpolation T1 − T5 , the initial silane mass
m0SiH4 , the characteristic final values [Ntotal , x, σgeo ] as well as the value of the objective
function J
design variables

final characteristic properties
x̄
[nm]

σgeo
[−]

J
[−]

1.7 · 1016

1.3

1.22

3.8 · 106

1.5 · 10−5

9.9 · 1013

15.6

1.04

1.1 · 105

[749, 1401, 1465, 1394, 1034]

4.5 · 10−5

2.3 · 1015

22.3

1.14

3.5 · 103

[1069, 1356, 1395, 1341, 700]

4.8 · 10−5

2.3 · 1015

25.6

1.08

4.9 · 102

[1151, 1449, 1471, 1473, 761]

6.0 · 10−5

2.4 · 1015

27.2

1.10

9.9 · 10−1

[T1 , T2 , T3 , T4 , T5 ]
[K]

m0SiH4
[kg]

Ntotal
[m−3 ]

0

[1350, 900, 950, 1050, 1200]

5.0 · 10−6

10

[700, 896, 751, 1500, 1500]

20
40
80

Table of symbols
Bn,Si
Dg,Si
Dg,SiH4
Dn,Si
Dr,SiH4
F1
F2
F80

homogeneous nucleation rate from a supersaturated vapor, [s−1 ]
decrease of silicon mass due to condensational growth, [kg s−1 ]
decrease of silane mass due to surface reaction, [kg s−1 ]
decrease of silicon mass due to nucleation, [kg s−1 ]
decrease of silane mass due to gas phase reaction, [kg s−1 ]
first fitting parameter used in eq. (4.4), [-]
second fitting parameter used in eq. (4.5), [-]
set of fit parameters [F1 , F2 ] for a residence time of 80 ms
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F420
GSi
GSiH4
g
Ir,Si
J
k1a
KSiH4
mSi
m0Si
mSiH4
m0SiH4
n1,S
Ntotal
∗
Ntotal
pSi,sat
pSi
pSiH4
ptotal
q0
Rd
S
t
[tmin ,tmax ]
T
[T1 , T2 , T3 , T4 , T5 ]
u
V
x
x
x∗
xc
y
y∗
y0

set of fit parameters [F1 , F2 ] for a residence time of 420 ms
condensational growth rate, [m s−1 ]
growth rate due to chemical surface reaction, [m s−1 ]
normalized observation function, [-]
increase of silicon mass due to gas phase reaction, [kg s−1 ]
objective function, [-]
rate coefficient of the silane decomposition, [m3 mol −1 s−1 ]
equilibrium adsorption constant of silane, [m3 mol −1 ]
silicon mass in the gas phase, [kg]
initial silicon mass, [kg]
precursor mass, [kg]
initial precursor mass, [kg]
silicon atom number concentration for a saturated vapor, [m−3 ]
total particle number density, [m−3 ]
predefined total particle number density, [m−3 ]
saturation vapor pressure of silicon, [kg m−1 s−2 ]
silicon partial pressure, [kg m−1 s−2 ]
silan partial pressure, [kg m−1 s−2 ]
total system pressure, [kg m−1 s−2 ]
number density distribution, [m−3 ]
film growth rate, [m s−1 ]
supersaturation, [-]
residence time, [s]
temporal domain of computation, [s]
current process temperature, [K]
control nodes of temperature spline interpolation, [K]
general set of design variables
current control volume, [m3 ]
diameter of a particle, [m]
mean particle diameter, [m]
predefined final mean particle diameter, [m]
critical cluster diameter, [m]
number distribution of particles, [-]
predefined final number distribution of particles, [-]
initial seed particles, [-]

α
γ
Λ
Ω
ρSi
σgeo

weight factor in the cost functional, [-]
temperature dependent surface energy, [kg s−2 ]
general set of constraints on design variables
spatial domain of computation, [m]
density of silicon atom, [kg m−3 ]
geometric standard deviation, [-]

Chapter 6
Adjoint approach to process control
Existence and regularity properties
In the analysis of advanced techniques for the optimization of the aerosol synthesis process,
a specific feature of the system (4.17) became apparent. Due to the coupled PDE-ODE
system, the growth of particles exhibits a nonlocal dependence on the entire state variable
at any given time. For example, the film growth rate Rd , given by equation (4.5), describes
the deposition of monosilane on the surface of the particles. Besides the temperature, the
surface reaction is mainly determined by the silane mass available in the process. The
corresponding quantity is tracked by the first ODE complementing the main PDE of the
population balance equation. However, the more particles are present, the more silane is
consumed. The coupling therefore results in a nonlocal integral dependence of the main
process mechanisms (i.e. growth and nucleation) on the solution even up to the currently
processed time level.
The stated feature requires in particular the development of nonstandard techniques in
the calculation of the corresponding KKT-system in order to provide first order necessary
conditions to optimality. Furthermore, the associated adjoint system also yields an additional term showing the same kind of nonlocality. Both issues are rarely covered in the
literature and up to our knowledge no rigorous analysis has been carried out concerned with
the well-posedness of the system or the regularity of solutions. The following section will
stress the specific features of the process model and focuses therefore on one growth mechanism in order to present the established results in a comprehensible manner. Subsequently,
the adjoint calculus with respect to the original system is reviewed to investigate optimal
control strategies relying on derivative based optimization techniques.
The framework presented in this chapter provides a prime example of the synergistic
effects of a rigorous mathematical treatment when addressing engineering applications. The
structure of the established models requires new mathematical techniques in the analysis
of the equations; whereas the achieved results are transferred back in order to gain new insight in how to improve the considered application. The joint approach opens up completely
new opportunities in the development of innovative materials and products by providing
enhanced process control strategies or optimized production technologies. The theoretical
analysis of the governing equations is jointly set up with Alexander Keimer from the Institute of Applied Mathematics whose precise reasoning and profound knowledge on analytical
techniques made a substantial contribution to the results presented in this chapter.

6.1

Nonlocality of the particle growth mechanism

The goal of this section is to present the nonlocal dependence of the individual process
mechanisms in greater detail. The analysis identifies the special characteristics of the system
under consideration and highlights potential similarities to the mathematical research in
different fields of applications.
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Focusing on the growth of particles via surface reaction (see eq. 4.14), the corresponding
growth rate is given by
GSiH4 = 2 · F2 ·

k p · KSiH4 · [SiH4 ] MSi
·
.
1 + KSiH4 · [SiH4 ] ρSi

Thereby, the heterogeneous rate coefficient k p
−19099 K
mol
k p = 6.9 · 104 · e( T ) · 2
m s

and the equilibrium adsorption constant of silane kSiH4
6976 K
m3
KSiH4 = 3.8 · 10−2 · e( T ) ·
mol

depend strongly on the temperature T ; whereas the molar concentration of silane [SiH4 ]
is derived from the available mass of silane mSiH4 in the process. For this purpose, the
temperature induced change of volume is taken into account:
[SiH4 ] =

psys · mSiH4
MSiH4 · c pV T · T

assuming the thermodynamic properties of an ideal gas c pV T := pV /T = const which is
feasible since the reactor is operated at high temperatures and low pressures.
The surface growth rate therefore essentially depends on the remaining mass of silane in
the system mSiH4 (t). By the conservation of masses, the initial mass of precursor gas m0SiH4
is gradually incorporated in particles which are added to the mass of the initial particle size
distribution m0PSD
mSiH4 (t) = m0SiH4 + m0PSD − mPSD (t).
The current total mass of all formed particles mPSD (t) may also be calculated by
mPSD (t) = kν · ρSiH4 ·

 xmax

x3 y(t, x) dx

(6.1)

xmin

using the volume shape coefficient kν , which is equal to π /6 for spherical particles. By
introducing the integral function W3 (t, y) defined via
W3 (t, y) :=

 xmax

x3 y(t, x) dx,

xmin

the corresponding population balance equation for the growth of particles via surface reaction turns into

∂t y(t, x) = −GSiH4 (T , W3 (t, y)) ∂x y(t, x)
y(0,t) = u(t)
y(x, 0) = y0 (x)

(t, x) ∈ (0, T ) × (0, L)
t ∈ (0, T )
x ∈ (0, L).
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Hereby, the assumed initial condition y0 corresponds to present seed particles; whereas the
boundary data u(t) reflects for example either the nucleation rate inserting new particles or
the flow rate of a feed stream. Conclusively, we made the nonlocal property of the considered system particularly explicit by including the mass balance into the population balance
equation.
The observed nonlocal correlation of the convective term to an integral expression evaluating the entire state variable is, however, not restricted to particle synthesis processes.
Related studies in the context of highly re-entrant manufacturing systems (Armbruster et al.,
2006) are also concerned with this kind of first-order hyperbolic initial-boundary value
problems. Motivated by problems occurring in the production of semiconductors, Coron,
Kawski, and Wang considered in (Coron et al., 2010b) the analytic properties of this class
of scalar nonlinear PDEs. Their modeling comprises in particular a nonlocal dependence of
the convective term on the current solution. Since the special structure therefore covers various applications and is additionally capable of being transferred to network settings (Herty
et al., 2007; Gugat et al., 2005), further investigations are indispensable for a comprehensive
analysis of this important class of problems.
The results presented in the next section build up on the work of Coron et al. (2010b)
dealing with the following continuum description of an influx controlled supply-chain model:

ρ̇ (t, x) + λ (W (t, ρ ))ρx (t, x) = 0

(t, x) ∈ (0, T ) × (0, 1),

(6.2)

where λ (W (t, ρ )) defines a nonlocal velocity function using information on the entire state
variable at time t, e.g.,
W (t, ρ ) :=

1

ρ (t, s) ds

t ∈ [0, T ].

(6.3)

0

In the context of manufacturing systems, the boundary data corresponds to the influx acting
as the controlled variable, complemented by an initial configuration:

λ (W (t, ρ ))ρ (t, 0) = a(t)
ρ (0, x) = ρ0 (x)

t ∈ (0, T )
x ∈ (0, 1)

(6.4)
(6.5)

Comparing the stated model to the previously studied context of particle synthesis, the
corresponding term to the surface growth rate is hereby represented by the velocity function
λ . The nonlocal dependence on the entire state variable W3 (t, y) is in this case realized by
the slightly simpler integral evaluation W (t, ρ ). But still the same structure of nonlocality is
retained which encourages a common analysis covering both frameworks.
For further references concerning the modeling of supply chains, we refer to Armbruster
et al. (2006); van den Berg et al. (2008) and the references therein. The existence, uniqueness, and regularity for the considered system have been shown by Coron et al. (2010b) for
L p –data.
Questions concerning the possibility of precisely controlling the production steps emerge
genuinely as a fundamental challenge in industry. The main control elements to influence
the process typically consist in varying the influx or the composition of feed streams, respectively. Therefore, the acquisition of optimal control strategies for the considered systems is
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essential for obtaining a high economic efficiency. Optimal control problems in the context
of hyperbolic systems are treated in Bressan (2000); further literature is referenced for example in Coron (2007) or Colombo (2011). The closely related field of boundary controllability
for nonlinear conservation laws is addressed in Coron et al. (2010a).
Concerning control problems in the context of particle synthesis we refer, for instance, to
(Christofides et al., 2008; Vollmer and Raisch, 2006). For the particular case of production
systems, La Marca et al. (2010) considered the problem of controlling the continuum supply
chain model. In their approach a formal adjoint calculus is used for optimally tracking a
demand rate as well as a backlog tracking. Systems closely related to the special structure of
the adjoint system are reported in Ackleh and Deng (2003); Li (1988); Calsina and Saldaña
(1995) treating different aspects against the background of population dynamics. In Coron
et al. (2010b), the existence of optimal controls to the former mentioned control problem is
proven; additionally, a time-optimal control between equilibrium states has been identified.
Recently, the results have been extended in Coron and Wang (2012) to the case of state and
nodal profile controllability.
In the next sections the aforementioned optimal boundary control problem is studied
using the corresponding Lagrange multiplier method. Therefore, we establish rigorously
the existence, uniqueness, and regularity properties of the governing state equation as well
as of the corresponding adjoint system in a general W 1,p –setting. Besides a proof of the wellposedness with respect to the initial data, in particular the introduced Lagrange formalism
is justified.

6.2

Analysis of a nonlinear transport equation with nonlocal velocity

As outlined in the introduction, the described class of applications allows for a uniform modeling. The governing state equations consists in a first order hyperbolic partial differential
equation. Pointing out the nonlocal dependence of the convective term on the current solution, the presented framework demands a non-standard mathematical treatment. Various
challenges inherently arise concerning the existence and regularity properties of solutions
depending on the choice of spaces.
Definition 6.2.1 (Basic definitions and notation)
" #
+
+
We define R+ := {x ∈ R : x > 0}, R+
0 = R ∪ 0 and T ∈ R . Let furthermore ΩT :=
(0, T ) × (0, 1) and q : ΩT → R be a weak differentiable function. Then we denote by q̇(t, x)
the partial derivative with respect to the first variable, the so called time variable, and with
qx (t, x) the partial derivative with respect to the second, spatial variable.
For a precise statement of the optimal control problem, we introduce the abstract Banach space H which specifies the postulated regularity of the forward and backward PDE.
p
and W+1,p accounting for the nonnegativity of solutions:
Additionally, we define the sets L+
p
Definition 6.2.2 (H, L+
, and W+1,p )
Let p ∈ [1, ∞), Ω ⊂ Rn be open and bounded in Rn , n ∈ N. Then we define:

H := C([0, 1], H 1 (0, T )) ∩C([0, T ], H 1 (0, 1))

6.2 Analysis of a nonlinear transport equation with nonlocal velocity
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p
L+
(Ω) := {y ∈ L p (Ω) : y ≥ 0 almost everywhere}

W+1,p (Ω) := {y ∈ W 1,p (Ω) : y ≥ 0 almost everywhere}
In the following, we consider the optimal boundary/initial control problem
min

ρ ∈H,w∈W,a∈A

J(ρ , w, a)

subject to
ρ̇ (t, x) = −λ (W (t, ρ ))ρx (t, x)
ρ (0, x) = w(x)

ρ (t, 0) =

a(t)
λ (W (t,ρ ))

(6.6)
(t, x) ∈ ΩT
x ∈ (0, 1)

(6.7)
(6.8)

t ∈ (0, T )

(6.9)

t ∈ [0, T ]

(6.10)

where W (t, ρ ) is defined by the integral expression
W (t, ρ ) :=

1

ρ (t, s) ds

0

and the cost functional is given by
J(ρ , w, a) := α2 a − ad 2L2 (0,T ) + β2 λ (W (·, ρ )) − vd 2L2 (0,T )
+ 2γ λ (W (·, ρ )) 2 (ρ (·, 1) − ρ1,d ) 2L2 (0,T )
1

(6.11)

+ δ2 ρ (T, ·) − ρT,d 2L2 (0,1) + ε2 w − ρ0,d 2L2 (0,1)
+
1
1
with λ ∈ C1 (R+
0 , R ), W := H+ (0, 1), and A := H+ (0, T ). The particular choice of the sets
is motivated by the anticipated higher regularity in the considered W 1,p –setting and will be
justified in Section 6.2.2.
In the given cost functional, we are allowed to specify ρT,d , ρ0,d ∈ H 1 (0, 1), ad , vd ,
ρ1,d ∈ H 1 (0, T ) as well as the selectable weights α , β , γ , δ , ε ∈ R+
0 . Hereby ρ1,d and ρT,d
represent the tracked values of ρ at x = 1 and t = T , respectively; whereas vd denotes the
intended value of the velocity function. Additionally, ad and ρ0,d are enclosed in order to be
able to prescribe an average inflow or a desired initial condition.
In order to obtain a well posed problem, it becomes necessary to ensure that the tracked
values are feasible:

Assumption 6.2.3 (Compatibility conditions on ad , ρ0,d and ρ1,d , ρT,d )
Since ad , vd , ρ1,d ∈ H 1 (0, T ) and ρT,d , ρ0,d ∈ H 1 (0, 1), the Sobolev embedding theorems
H 1 (I) → C(I) holds for every real bounded open interval I (see Evans (2010)[Section 5.6,
Theorem 5, p 269] or Adams and Fournier (2003)[Theorem 4.12, Part I and Part II, p.
85]). Therefore, we can define a representative of each of these functions which belongs
to the space C([0, T ]), C([0, 1]) respectively. For continuity reasons, we require the two
compatibility conditions
ad (0) = λ (W (0, ρ0,d )) ρ0,d (0),
to hold in the origin (0, 0) and in the final point (T, 1).

ρ1,d (T ) = ρT,d (1)
T
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Since the individual terms of the cost functional appear in the calculation of the KarushKuhn-Tucker-conditions (KKT-conditions), the stated compatibility requirements expand to
the choice of the weights:
Assumption 6.2.4 (Regularity assumptions regarding the cost functional)
We require the continuity of the boundary values at the corners of the domain ΩT , essentially
w.r.t. (0, 0) and (T, 1). We also assume that

α=

ε
,
λ (W (0, ρ0,d ))

γ = δ.

to guarantee compatible initial data for the forward and backward PDE following the same
reasoning as in assumption 6.2.3.
T
Remark 6.2.5 (Particular choice of the cost functional)
The cost functional (6.11) is intended to be kept as general as possible. However, it is
marked by the peculiarity that the outflow is not explicitly tracked. The corresponding term
is replaced by the L2 distance of (ρ (·, 1) − ρ1,d ) weighted by the square root of the velocity
function λ (W (·, ρ )). Consequently, an outflow tracking must be realized by individually
prescribing the intended velocity vd and the value of ρ1,d at the boundary.
It has to be pointed out that this particular choice seems to be the decisive factor to guarantee the expected regularity of the adjoint equation. All other straightforward choices of the
cost functional give rise to an unsteady specification of the corresponding initial/boundary
conditions in the backward PDE including measure valued Lagrange multipliers.
T
Remark 6.2.6 (A remark about the velocity function λ )
Since λ is continuous on R+ and positive, there exists for every M ∈ R+ a λmin > 0 and
λmax such that
λmin ≤ λ (t) ≤ λmax ∀ t ∈ [0, M].
T

6.2.1 Adjoint based optimality conditions
In the following, we define a Lagrange functional associated to the described optimal control
problem using the L2 –inner product to derive first-order necessary conditions. Introducing
the Lagrange multiplier p for the PDE constraint, we determine the adjoint solution of the
optimality system (6.6)-(6.11). Initially, we assume sufficient regularity on the solution ρ
as well as for the Lagrange multiplier p which will be justified later in Sections 6.2.2 and
6.2.3, respectively.
Recalling the Banach space H := C([0, T ]; H 1 (0, 1)) ∩ C([0, 1]; H 1 (0, T )) from Definition 6.2.2, we define an appropriate Lagrange functional:
Definition 6.2.7 (Definition of the Lagrange functional)
The functional

H 1 (0, 1) × H 1 (0, T ) × H × H × H 1 (0, 1) × H 1 (0, T ) → R
L:
z := (w, a, ρ , p, p1 , p2 ) → L(w, a, ρ , p, p1 , p2 )

6.2 Analysis of a nonlinear transport equation with nonlocal velocity
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with
L(z) := J(ρ , w, a) −  ρ , ṗ + λ (W (·, ρ ))px L2 (ΩT )
+  p(T, ·) , ρ (T, ·) L2 (0,1) −  p(0, ·) , ρ (0, ·) L2 (0,1)
+  p(·, 1) , λ (W (·, ρ ))ρ (·, 1) L2 (0,T ) −  p(·, 0) , λ (W (·, ρ ))ρ (·, 0) L2 (0,T )
+  ρ (0, ·) − w , p1 L2 (0,1) +  λ (W (·, ρ ))ρ (·, 0) − a , p2 L2 (0,T )
is called Lagrange functional.
Remark 6.2.8 (Lagrange multipliers and dual space)
The multipliers p, p1 , p2 are the Lagrange multipliers for the given constraints. The Lagrange multiplier p represents the PDE constraint, the multiplier p1 gives the dependency
of the initial control w to the initial condition ρ (0, ·) and, finally, p2 represents the connection between the control a and the inflow λ (W (·, ρ ))ρ (·, 1). As one could expect, each of
them represents an element in the dual space with respect to the space under consideration.
But in the following we will show that each of these multipliers can be chosen more regular
as expected, justifying the given domain of the Lagrange functional.
T
Lemma 6.2.9 (Gâteaux derivative of λ (W (t, ρ )) with respect to ρ )
Let ρ , ρ̃ ∈ C([0, 1]; L2 (0, T )) ∩ C([0, T ]; L2 (0, 1)) be given. Then the Gâteaux derivative of
λ (W (t, ρ )) with respect to ρ can be computed in the following way:

∂ λ (W (·, ρ ))
ρ̃ = λ  (W (·, ρ )) ·
∂ρ

1

ρ̃ (·, s) ds

0

In particular, the derivative exists.
+
Chain rule, reconsidering that λ is C1 (R+
0 , R ) and W (t, ρ ) is defined by W (t, ρ ) :=
ρ (t, s) ds.


PROOF :

$1
0

Theorem 6.2.1 (KKT-conditions)
Taking into account the assumptions 6.2.3 and 6.2.4, the KKT-conditions for the optimal
control problem (6.6)-(6.11) are given by:
The forward PDE
ρ̇ (t, x) = −λ (W (t, ρ ))ρx (t, x)
ρ (0, x) = w(x)
ρ (t, 0) =

(t, x) ∈ ΩT
x ∈ (0, 1)

a(t)
λ (W (t,ρ ))

and the adjoint problem

t ∈ (0, T )
⎛

⎞

ṗ(t, x) = −λ (W (t, ρ ))px (t, x) − λ  (W (t, ρ )) ⎝

ρ (t, s)px (t, s) ds⎠

1
0



+ λ (W (t, ρ )) β (λ (W (t, ρ )) − vd (t)) − 2γ (ρ (t, 1)2 − ρ1,d (t)2 )


p(T, x) = −δ (ρ (T, x) − ρT,d (x))

(t, x) ∈ ΩT
x ∈ (0, 1)
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p(t, 1) = −γ (ρ (t, 1) − ρ1,d (t))

t ∈ (0, T )

and the coupling conditions
p(t, 0) = α (a(t) − ad (t))

t ∈ (0, T )

p(0, x) = ε (w(x) − ρ0,d (x))

x ∈ (0, 1)

PROOF : We first compute formally the derivatives of L with respect to the functions a, w
and ρ in order to obtain the optimality conditions. We will skip the computation of the
derivative with respect to p, p1 , and p2 since they only result in the forward problem. Let
ã ∈ H 1 (0, T ) be given, then we have

∂ L(z)
ã = α  a(·) − ad , ã(·) L2 (0,T ) −  ã(·) , p2 L2 (0,T )
∂a
=  ã , α (a(·) − ad ) − p2 L2 (0,T ) .
Since this term has to be zero ∀ ã ∈ H 1 (0, T ), we can conclude, using the isomorphism of
Riesz, that
p2 (t) = α (a(t) − ad (t))

for t ∈ (0, T ) a.e.

(6.12)

We continue with the derivative with respect to w and obtain, using similar arguments as
above,
p1 (x) = ε (w(x) − ρ0,d (x))

for x ∈ (0, 1) a.e. .

Finally, we determine the Gâteaux derivative of L with respect to ρ using Lemma 6.2.9.
This computation has to be closely inspected, especially with respect to the variation of ρ
on the boundary of ΩT . Let ρ̃ ∈ H be given, then we obtain

∂ L(z)
ρ̃ = +  p(·, 1) , λ (W (·, ρ ))ρ̃ (·, 1) L2 (0,T )
∂ρ
+ γ  λ (W (·, ρ )) (ρ (·, 1) − ρ1,d ) , ρ̃ (·, 1) L2 (0,T )
+ δ  ρ (T, ·) − ρT,d , ρ̃ (T, ·) L2 (0,1) +  p(T, ·) , ρ̃ (T, ·) L2 (0,1)
−  p(0, ·) , ρ̃ (0, ·) L2 (0,1) +  ρ̃ (0, ·) , p1 (·) L2 (0,1)
+  λ (W (·, ρ ))ρ̃ (·, 0) , p2 L2 (0,T )
−  λ (W (·, ρ ))ρ̃ (·, 0) , p(·, 0) L2 (0,T )
−  ρ̃ , ṗ + λ (W (·, ρ ))px L2 (ΩT )
&
%
 1

− λ (W (·, ρ ))
ρ̃ (·, s) ds · px , ρ
%



λ (W (·, ρ ))

+
%



λ (W (·, ρ ))

−
%
+

0

 1
0

 1
0

L2 (ΩT )

&

ρ̃ (·, s) ds · ρ (·, 0) , p2

L2 (0,T )

&

ρ̃ (·, s) ds · ρ (·, 0) , p(·, 0)

λ  (W (·, ρ ))ρ (·, 1)

 1
0

&

ρ̃ (·, s) ds , p(·, 1)

L2 (0,T )

L2 (0,T )
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%
+β
+

γ
2



λ (W (·, ρ ))
%



λ (W (·, ρ ))

 1
0

 1
0
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&

ρ̃ (·, s) , λ (W (·, ρ )) − vd

L2 (0,T )

&

ρ̃ (t, s) ds , (ρ (·, 1) − ρ1,d )

2
L2 (0,T )

$

The terms which contain the integral 01 ρ̃ (·, s) ds will thereby contribute to the adjoint problem, while the remaining terms will play their part in the boundary condition of the adjoint
PDE. To separate the corresponding items, we can choose ρ̃ ∈ C0∞ (ΩT ) since the necessary
optimality conditions require the computed derivative to be zero for all ρ̃ ∈ H. C0∞ (ΩT ) is a
dense subspace of C([0, 1], H01 (0, T )) ∩C([0, T ], H01 (0, 1)) ⊂ H, and since the boundary and
initial/end values are zero, we conclude that
%
0=



ρ̃ , − ṗ − λ (W (·, ρ ))px − λ (W (·, ρ ))
'

 1
0

&

ρ (·, s) · px (·, s) ds


(
+ ρ̃ , λ (W (·, ρ ))ρ (·, 0) p2 (·) − p(·, 0) L2 (Ω )
T
'
(

+ ρ̃ , λ (W (·, ρ ))ρ (·, 1)p(·, 1) L2 (Ω )
T
'
(

+ β ρ̃ , λ (W (·, ρ )) (λ (W (·, ρ )) − vd ) L2 (Ω )
T
(
γ'

2
+ 2 ρ̃ , λ (W (·, ρ ))(ρ (·, 1) − ρ1,d ) L2 (Ω )

L2 (ΩT )



T

(6.13)
∀ ρ̃ ∈ H

using Fubini’s theorem. In particular, we want to point out that due to the nonlocal dependence of the flux function on the entire state variable, we obtain boundary terms in the
derivation of the adjoint equation. These terms are a special feature of the given system and
may not be neglected in order to get the correct adjoint equation. Sorting also the boundary
terms gives
'

(
0 = ρ̃ (·, 1) , λ (W (·, ρ )) p(·, 1) + γ (ρ (·, 1) − ρ1,d ) L2 (0,T )
+  ρ̃ (T, ·) , p(T, ·) + δ (ρ (T, ·) − ρT,d ) L2 (0,1)
+  ρ̃ (0, ·) , p1 − p(0, ·) L2 (0,1)
'

(
+ ρ̃ (·, 0) , λ (W (·, ρ )) p2 − p(·, 0) L2 (0,T )

∀ ρ̃ ∈ H.

At this point the special choice of the cost functional (6.11), as described in remark 6.2.5,
becomes indispensable. It allows for a decoupling of the tracked value γ (ρ (·, 1) − ρ1,d (t))
at x = 1 from the nonlocal velocity function λ (W (·, ρ )). So we can set, since λ (W (t, ρ )) =
0, ∀ t ∈ [0, T ]
p(t, 1) = −γ (ρ (·, 1) − ρ1,d (t))
p(T, x) = −δ (ρ (T, x) − ρT,d (x))

for t ∈ (0, T ) a.e.
for x ∈ (0, 1) a.e.

Reconsidering the reasoning in assumption 6.2.3 together with the assumption 6.2.4,
these equations can even be extended pointwise to the closed intervals. Therefore, if and
only if ρ1,d (T ) = ρT,d (1) and γ = δ , we obtain
p(t, 1) = −γ (ρ (·, 1) − ρ1,d (t))
p(T, x) = −δ (ρ (T, x) − ρT,d (x))

for t ∈ [0, T ]
for x ∈ [0, 1].

(6.14)
(6.15)
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Remark 6.2.10 (Loss of regularity)
Interestingly, a direct tracking of the outflow as well as disregarding the compatibility conditions, both lead to an occurrence of distributions in the adjoint equation. This can be
illustrated by a different choice of the test function ρ̃ to be in the set ρ̃ ∈ {ρ ∈ H : ρ (0, x) =
0, ρ (t, 0) = 0} by which we obtain
'

(
ρ̃ (·, 1) , λ (W (·, ρ )) p(·, 1) + γ (ρ (·, 1) − ρ1,d ) L2 (0,T )
= −  ρ̃ (T, ·) , p(T, ·) + δ (ρ (T, ·) − ρT,d ) L2 (0,1) .
If the compatibility conditions are not fulfilled, we may not find a continuous extension such
that the equation holds true for all ρ̃ . Since the variation is carried out with respect to H,
i.e. ρ̃ ∈ H, the boundary values hold true pointwise by the trace theorem. Therefore, we
obtain a jump in the adjoint variable p at the corner (T, 1) which enters the adjoint problem
by the coupling terms in form of a distribution. As a consequence, the predicted regularity
of the corresponding adjoint solution does only hold in the interior of the domain.
T
In a next step we consider the second part of the assumptions 6.2.3 and 6.2.4. By an analogous argument as above we find that
p1 (x) = p(0, x)
p2 (t) = p(t, 0)

for x ∈ [0, 1]
for t ∈ [0, T ].

(6.16)
(6.17)

holds using the higher regularity of the representations of p1 , p2 and p. Conclusively, we
can even write
p2 (t) = α (a(t) − ad (t))

for t ∈ [0, T ]

using equation (6.12). Let us now turn our focus on the adjoint problem. We reformulate
(6.13) by sorting the terms
 1
)

ρ̃ , − ṗ − λ (W (·, ρ ))px − λ (W (·, ρ ))
ρ (·, s)px (·, s) ds
0




+ λ  (W (·, ρ )) ρ (·, 0) p2 (·) − p(·, 0) + ρ (·, 1)p(·, 1)

*

2
= 0.
+ λ (W (·, ρ )) β (λ (W (t, ρ )) − vd (t)) + γ (ρ (·, 1) − ρ1,d ) )
2
L (ΩT )

This equality has to be true for all ρ̃ ∈ H. Under the given assumptions 6.2.3/6.2.4 and using
the equalities (6.14)-(6.17) deduced above, we obtain the adjoint PDE in the interior ΩT as
⎛

⎞

ṗ(t, x) = −λ (W (t, ρ ))px (t, x) − λ  (W (t, ρ )) ⎝

ρ (t, s)px (t, s) ds⎠

1
0



+ λ (W (t, ρ )) β (λ (W (t, ρ )) − vd (t)) − 2γ (ρ (t, 1)2 − ρ1,d (t)2 )


This concludes the proof of the stated theorem.

(t, x) ∈ ΩT



Having computed the necessary optimality conditions formally, we are obliged to justify that
the regularity of the forward and backward problem is in fact at least H. Since the regularity
of the considered systems may also be of interest in different settings, we establish a more
general result assuming W 1,p –data.

6.2 Analysis of a nonlinear transport equation with nonlocal velocity

91

Remark 6.2.11 (Velocity function λ ≡ const)
If λ is a constant positive function, the terms multiplied by λ  vanish and we obtain the
expected KKT-Conditions for a linear boundary (and initial) control system. Furthermore
the solution operator of the forward PDE is self-adjoint, so forward and backward problem
are of the same structure.
T

6.2.2 Properties of the forward problem
Starting with the regularity properties of the forward PDE, we consider the state equation
constraining the optimal control problem (6.6)-(6.9). Since there are up to our knowledge no
appropriate regularity results on the considered problem for W 1,p –data, we need to extend
the statements established in Coron et al. (2010b) to match our requirements. In order
to keep a clear notation, we definethe characteristics, which are used in the proofs of the
following lemmata and theorems, at this point and summarize their related properties:
Definition 6.2.12 (Characteristics) Let α ∈ C0 ([0, T ], R+ ). First of all, we define the characteristic ξ : [0, T ] → R+ emanating from the origin by

ξ̇ (t) = α (t),

ξ (0) = 0

(6.18)

and, with the help of ξ , the characteristic ξ(t,x) : [0, T ] → R+ ending in (t, x) ∈ ΩT

ξ̇(t,x) (t) = α (t),

ξ(t,x) (t) = x.

(6.19)

Furthermore, we define the functions η , τ mapping the spatial variable x ∈ [0, 1] for a given
time t ∈ [0, T ] to the corresponding initial or boundary value (see Figure 6.1):
"

η:
and

#
(t, x) ∈ ΩT : x ≥ ξ (t), t ≤ ξ −1 (1) → [0, 1]
(t, x) → ξ(t,x) (0)


{(t, x) ∈ ΩT : x < ξ (t)} → [0, T ]
τ:
−1
(t, x) → ξ(t,x)
(0).

(6.20)

(6.21)

Remark 6.2.13 (Related properties of the characteristics)
We present selected properties of the defined characteristics related to our context:
• Since t → ξ (t) and also t → ξ(t,x) (t) are functions in C1 ([0, T ], R+ ) with strictly positive derivative α (t), the characteristic ξ (t) is invertible and approving the definition
in (6.21).
• We obtain an explicit formulation by integration

ξ (t) =

t
0

α (s) ds and ξ(t,x) (t) = x +

t
t

α (s) ds.
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x0

(t0 , x0 )
ξ(t0 ,x0 ) (t)

x

ξ (t)
η (t0 , x0 )
x1

(t1 , x1 )

(0, 0) τ (t1 , x1 ) t1

ξ(t1 ,x1 ) (t)

t

t0

Figure 6.1: Definition of characteristics ξ (t) and ξ(t,x) (t), (t0 , x0 ), (t1 , x1 ) ∈ ΩT

• We have

ξ(t,ξ (t)) (t) = ξ (t) +

t

α (s) ds = ξ (t) + ξ (t) − ξ (t) = ξ (t),

t

so the definition in (6.19) generalizes the definition in (6.18).
• In order to express η in (6.20) solely based on ξ (t), we can write

η (t, x) = x − ξ (t)

for (t, x) ∈ {(t, x) ∈ ΩT : x ≥ ξ (t), t ≤ ξ −1 (1)}

$0

using ξ(t,x) (0) = x + α (s) ds = x − ξ (t).
t

• To express τ in (6.21) accordingly using only ξ (t), we perform for x < ξ (t) the transformation
−1
τ (t, x) = ξ(t,x)
(0) =⇒ ξ(t,x) (τ (t, x)) = 0.
Now

ξ(t,x) (τ (t, x)) = x +

τ(t,x)

α (s) ds = x +

t

τ(t,x)

α (s) ds −

0

t

α (s) ds

0

= x + ξ (τ (t, x)) − ξ (t) = 0
and, therefore,

ξ (τ (t, x)) = ξ (t) − x =⇒ τ (t, x) = ξ −1 (ξ (t) − x)
so we can finally write

τ (t, x) = ξ −1 (ξ (t) − x)

for (t, x) ∈ {(t, x) ∈ ΩT : x < ξ (t)}.
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• For a given time t ∈ [0, T ] the functions τ and η define a mapping of the spatial variable x ∈ [0, 1] to the corresponding initial or boundary value later used for particular
integral transformations
+
τ (t, ·) : [0, ξ (t)) → [0,t]
for 0 ≤ t ≤ ξ −1 (1).
η (t, ·) : [ξ (t), 1] → [0, 1 − ξ (t)]

Moreover, as shown in Figure 6.2, we have iteratively for t > ξ −1 (1) and for every
n∈N

τ (t, ·) :

[0, 1] → (ξ −1 (ξ (t) − n),t]

for ξ −1 (n) < t ≤ ξ −1 (n + 1).

x
2
1

(0, 0)

ξ −1 (1)

ξ −1 (2)

t

Figure 6.2: Iterative definition of characteristics for t > ξ −1 (1)

• For the partial derivatives of η (t, x) we obtain

and

∂ η (t, x)
=1
∂x

(6.22)

∂ η (t, x)
= −ξ  (t) = −α (t).
∂t

(6.23)

• For the partial derivatives of τ (t, x) we use the following equality taking at first the
derivative with respect to time

ξ (τ (t, x)) = ξ (t) − x =⇒ ξ  (τ (t, x))

∂ τ (t, x)
= ξ  (t) = α (t)
∂t

in order to get

∂ τ (t, x)
α (t)
=
.
∂t
α (τ (t, x))
Taking the spatial derivative accordingly
ξ (τ (t, x)) = ξ (t) − x =⇒ ξ  (τ (t, x))

(6.24)

∂ τ (t, x)
= −1
∂x
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we get

∂ τ (t, x)
1
=−
.
∂x
α (τ (t, x))

(6.25)
T

Having stated a precise definition of the characteristics, we recall the regularity result of
Coron et al. (2010b) established for L p –data, analyzing the forward problem.
Theorem 6.2.2 (Regularity of the forward problem for L p –data)
p
p
Let ρ0 ∈ L+
(0, 1) and a ∈ L+
(0, T ), then there exists a unique weak solution

ρ ∈ C0 ([0, T ], L p (0, 1)) ∩C0 ([0, 1], L p (0, T ))
of the forward problem

ρ̇ (t, x) = −λ (W (t, ρ ))ρx (t, x)
ρ (t, 0) =

(t, x) ∈ ΩT

a(t)
λ (W (t,ρ ))

t ∈ (0, T )

ρ (0, x) = ρ0 (x)
W (t, ρ ) =

1

x ∈ (0, 1)

ρ (t, s) ds

t ∈ [0, T ]

0
+
with λ ∈ C1 (R+
0 , R ), which is nonnegative almost everywhere in ΩT .

PROOF :

See Coron et al. (2010b)[Theorem 2.3 and Remark 2.6].



In the case under consideration, we need a stronger result to justify the derivation of the requested optimality conditions; as we can expect a ∈ W+1,p (0, T ) and assume ρ0 ∈ W+1,p (0, 1),
we propose the following regularity

ρ ∈ C0 ([0, T ],W 1,p (0, 1)) ∩C0 ([0, 1],W 1,p (0, T ))
for the solution of the forward problem. Since we will show in the main theorem of this
section that ρx and ρ̇ belong to C0 ([0, T ], L p (0, 1)) ∩ C0 ([0, 1], L p (0, T )), we will make use
of the following lemma to conclude our proof.
Lemma 6.2.14 (Regularity in abstract Banach spaces)
Let p ∈ [1, ∞) be given and ρ : ΩT → R a function with ρ (0, ·) ∈ W 1,p (0, 1), ρ (·, 0) ∈
W 1,p (0, T ) and ρx , ρ̇ ∈ C0 ([0, T ], L p (0, 1)) ∩C0 ([0, 1], L p (0, T )). Then we have

ρ ∈ C0 ([0, T ],W 1,p (0, 1)) ∩C0 ([0, 1],W 1,p (0, T )).
PROOF :

We perform the following estimation for t, t ∈ [0, T ]:
p
ρ (t, ·) − ρ (t, ·)W
1,p (0,1))

=

1
0

|ρ (t, x) − ρ (t, x)| p + |ρx (t, x) − ρx (t, x)| p dx
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The second term in the integral vanishes for t → t due to the fact that we assumed ρx ∈
C0 ([0, T ], L p (0, 1)) ∩ C0 ([0, 1], L p (0, T )), so we concentrate only on the first term of the
right hand side and do some further calculations to obtain an estimation depending on the
L p –norm of ρx . Using the fundamental theorem of calculus we have:
1

|ρ (t, x) − ρ (t, x)| dx =
p

0

1 ,

,ρ (t, 0) − ρ (t, 0) +

x

,p
ρx (t, s) − ρx (t, s) ds, dx

0
0
⎫⎞ p
⎧
x

⎬
⎨
≤ ⎝2 max |ρ (t, 0) − ρ (t, 0)|, |ρx (t, s) − ρx (t, s)| ds ⎠ dx
⎭
⎩
0
0
⎫⎞ p
⎧
⎛
1
1
⎬
⎨
≤ 2 p ⎝max |ρ (t, 0) − ρ (t, 0)|, |ρx (t, s) − ρx (t, s)| ds ⎠ dx.
⎭
⎩

1

⎛

0

0

The right hand side in this inequality also vanishes due to the assumptions on ρ (·, 0) ∈
W 1,p (0, T ) → C0 ([0, T ]) (see again Evans (2010)[Section 5.6, Theorem 5, p 269] or also
Adams and Fournier (2003)[Theorem 4.12, Part I and Part II, p. 85]) and ρx ∈ C0 ([0, T ],
L p (0, 1)) ∩C0 ([0, 1], L p (0, T )).
To show that ρ ∈ C0 ([0, 1],W 1,p (0, T )) results in an analogous estimation exchanging x
and t.

Remark 6.2.15 (Compatibility condition)
The assumptions of this lemma, namely ρ (0, ·) ∈ W 1,p (0, 1) for the initial data and ρ (·, 0) ∈
W 1,p (0, T ) for the boundary data, include also the continuity at the origin. Since we have
for every open interval I ⊂ R a continuous embedding of W 1,p (I) in C0 (I) (see, e.g., Evans
(2010)[Section 5.6, Theorem 5, p. 269] or Adams and Fournier (2003)[Theorem 4.12, Part
I and Part II, p. 85]), the continuity at the origin is inherently contained in the welldefiniteness of ρ . By the same reasoning, the stated remark applies accordingly to all further
theorems.
T
Before proving the claimed properties of the forward equation, we consider the regularity of
the following linear transport equation. Although a specification of L p –data is uncommon in
the general theory, we encounter the following setting in the proof of our theorem. Therefore,
anticipating this subproblem, the result is stated below.
Lemma 6.2.16 (Regularity of a linear transport equation)
We consider the linear transport equation
q̇(t, x) + v(t)qx (t, x) = 0
q(0, x) = q0 (x)
q(t, 0) = a(t)

(t, x) ∈ (0, T ) × (0, 1)
x ∈ (0, 1)
t ∈ (0, T ),

where v ∈ C0 ([0, T ], R+ ), a ∈ L p (0, T ), and q0 ∈ L p (0, 1). Then the following regularity
holds:
q ∈ C0 ([0, T ], L p (0, 1)) ∩C0 ([0, 1], L p (0, T ))
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Using the characteristics, specified in Definition 6.2.12 with v ≡ α , for t ≤ ξ −1 (1)
we can state the weak solution of the linear transport equation as

a(τ (t, x))
for x ≤ ξ (t)
q(t, x) =
q0 (η (t, x)) for x > ξ (t).
PROOF :

For t > ξ −1 (1) the solution q depends only on the boundary conditions, so we have q(t, x) =
q(τ (t, x), 0) for all x ∈ [0, 1]. For simplicity, we only consider the case t ≤ ξ −1 (1).
In order to prove the regularity q ∈ C0 ([0, T ], L p (0, 1)) ∩C0 ([0, 1], L p (0, T )), we refer to
several particular properties of the characteristics presented in Remark 6.2.13.
Let t, t ∈ (0, T ) be given and let us assume without loss of generality, that t < t and,
therefore, ξ (t) ≤ ξ (t), we have:
q(t, ·) − q(t, ·)L p (0,1) =

1

1
p

|q(t, x) − q(t, x)| p dx

0

ξ (t)


|a(τ (t, x)) − a(τ (t, x))| p dx +

=

ξ(t)

|q0 (η (t, x)) − a(τ (t, x))| p dx

ξ (t)

0

+

1

1
p

|q0 (η (t, x)) − q0 (η (t, x))| p dx

ξ (t)

 ξ (t)
 1  ξ(t)
1
p
p
p
p
≤
|a(τ (t, x)) − a(τ (t, x))| dx +
|q0 (η (t, x)) − a(τ (t, x))| dx
ξ (t)

0

+



1

|q0 (η (t, x)) − q0 (η (t, x))| dx
p

1

p

ξ (t)

≤

ξ (t)

,

t

0

t

,
,a(ξ −1 (s)) − a(ξ −1 (s +

1
+ vmin
aL p (0,ξ −1 (ξ (t)−ξ (t))) +

,p
,
v(s) ds)), ds

1−
ξ (t)

1
p

+ q0 L p (0,ξ (t)−ξ (t))

,
 t
, p
,
,
,q0 (s) − q0 s − v(s) ds , ds

ξ (t)−ξ (t)

1
p

t

Thereby vmin denotes the minimal value of v(·), that is
vmin := min v(t) > 0.
t∈[0,T ]

Since a ∈ L p (0, T ), q0 ∈ L p (0, 1), ξ ∈ C0 ([0, T ]) and the measure of the integration area
tends to zero for t → t, we have
q0 L p (0,ξ (t)−ξ (t)) → 0 as well as

1
vmin aL p (0,ξ −1 (ξ (t)−ξ (t)))

→ 0.
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Both of the remaining terms converge to zero for t → t considering that for a function
f ∈ L p (0, 1) and arbitrary ε ∈ (0, 1)
1−
 ε

| f (x + h) − f (x)| p dx → 0 if h → 0

0

and for continuously differentiable ξ −1 : [0, 1] → [0, T ], the composed function f (ξ −1 (·)) is
in L p (0, 1). This shows the postulated regularity.

Finally, we obtain the following theorem
Theorem 6.2.3 (Regularity of the forward problem for W 1,p –data)
Let p ∈ [1, ∞), ρ0 ∈ W+1,p (0, 1), a ∈ W+1,p (0, T ), and let the compatibility condition ρ0 (0) =
a(0) hold. Then there exists a unique weak nonnegative solution

ρ ∈ C0 ([0, T ],W 1,p (0, 1)) ∩C0 ([0, 1],W 1,p (0, T ))
satisfying

ρ̇ (t, x) = −λ (W (t, ρ ))ρx (t, x)
ρ (t, 0) =

(t, x) ∈ ΩT

a(t)
λ (W (t,ρ ))

t ∈ (0, T )

ρ (0, x) = ρ0 (x)
where
W (t, ρ ) =

1

x ∈ (0, 1)

ρ (t, s) ds

t ∈ [0, T ]

0
+
with λ ∈ C1 (R+
0 , R ).

PROOF :

Assuming sufficient regularity we differentiate the forward PDE with respect to x.
We obtain the following initlal boundary value problem:

ρ̇x (t, x) = −λ (W (t, ρ ))ρxx (t, x)
ρ̇ (t,0)
1
ρx (t, 0) = − λ (W
(t,ρ )) = − λ (W (t,ρ ))

ρx (0, x) = ρ0 (x)
W (t, ρ ) =

1

ρ (t, s) ds



a(t)
λ (W (t,ρ ))



(t, x) ∈ ΩT
t ∈ (0, T )
x ∈ (0, 1)
t ∈ [0, T ]

0

From Coron et al. (2010b)[p. 1349] we know that for L p –initial and boundary data, t →
W (t, ρ ) is an absolutely continuous function with derivative

0 ≤ t ≤ ξ −1 (1),
a(t) − ξ  (t)ρ0 (1 − ξ (t))


(6.26)
W (t, ρ ) =
ξ −1 (ξ (t)−n))
ξ −1 (n) < t ≤ ξ −1 (n + 1), n ∈ N,
a(t) − ξ ξ(t)a(
 (ξ −1 (ξ (t)−n))
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where ξ (t) is again the characteristic from Definition 6.2.12. Due to our assumption of
W 1,p –data, the stated result applies in our case as well.
+
0
Since λ ∈ C1 (R+
0 , R ) and W ∈ C ([0, T ]), the function t → λ (W (t, ρ )) is continuous
on [0, T ]. Furthermore, ρ0 ∈ L p (0, 1) and

a(t)
−
λ (W (t, ρ ))



=

λ  (W (t, ρ ))W  (t)a(t) − λ (W (t, ρ ))a (t)
(λ (W (t, ρ )))2

.

Now we show that this function is bounded in L p :
!
!
! λ  (W (t, ρ ))W  (t)a(t) − λ (W (t, ρ ))a (t) ! p
!
!
!
!
2
!
! p
(λ (W (t, ρ )))
L (0,T )
!p
!
!
!
! λ  (W (t, ρ ))W  (t)a(t) !
! a (t) ! p
!
!
!
!
≤!
+!
!
! p
2
!
!
λ
(W
(t,
ρ
))
(λ (W (t, ρ )))
L (0,T )
p
L (0,T )

Let I ⊂ R be an open interval. Then we have the continuous embedding of W 1,p (I) in C0 (I)
(see Remark 6.2.15) and can therefore estimate:
!
!
! λ  (W (t, ρ ))W  (t)a(t) ! p
!
!
!
!
2
!
! p
(λ (W (t, ρ )))

≤

!
!
! a (t) ! p
!
!
+!
λ (W (t, ρ )) ! p

L (0,T )
L (0,T )
p
p
p


 p
1
1
2p λ (W (·, ρ ))L∞ (0,T ) aL∞ (0,T ) W L p (0,T ) + λ p a L p (0,T )
λmin
min

<∞

In the last inequality we also estimated λ (W (·, ρ )) in the uniform norm. This is possible
$1

since W (t, ρ ) = ρ (t, s) ds is an absolute continuous function (see above) and takes its max0

imum and minimum on [0, T ]. Therefore, considering Remark 6.2.6 also λ (W (t, ρ )) attains
its (maximum) minimum on [0, T ], which we denote by λmin .
That W  (·, ρ ) is bounded with respect to the L p –norm can be shown as follows: From
the definition of the characteristics we find that

ξ (t) =

 t
0

λ (W (s, ρ )) ds.

Since the function t → λ (W (t, ρ )) is continuous, we have ξ ∈ C1 ([0, T ]). Furthermore
ξ  (t) = λ (W (t, ρ )) is positive, so ξ −1 exists and, hence, by the implicit function theorem,
the function t → ξ −1 (·) is also continuously differentiable. So we can perform the following
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estimation, again using W 1,p (0, T ) → C0 [0, T ]:
W  Lp p (0,T ) =

−1 (1)
ξ

,
,
,a(t) − ξ  (t)ρ0 (1 − ξ (t)), p dt

0

+

T ,



−1 (ξ (t)−1))

ξ
,a(t) − ξ (t)a(
 −1
ξ (ξ

(ξ (t)−1))

,p
, dt

ξ −1 (1)

≤ a(·) − ξ  (·)ρ0 (1 − ξ (·))Lp∞ (0,T ) ·

−1 (1)
ξ

dt
0

T
ξ  (·)a(ξ −1 (ξ (·)−1)) p
+ a(·) − ξ  (ξ −1 (ξ (·)−1)) L∞ (0,T ) ·
ξ −1 (1)
≤ T a(·) − ξ  (·)ρ0 (1 − ξ (·))Lp∞ (0,T )


dt

−1

ξ (ξ (·)−1)) p
+ T a(·) − ξ ξ(·)a(
 (ξ −1 (ξ (·)−1)) L∞ (0,T ) < ∞

The right hand side is bounded (thanks to the embedding theorems) and so W  ∈ L p (0, T ).
The transformed PDE is a transport equation with L p –initial and boundary data and
a velocity function λ (W (·, ρ )) ∈ C0 [0, T ]. This equation - using the results presented in
Lemma 6.2.16 - admits a unique solution ρx ∈ C0 ([0, T ], L p (0, 1)) ∩C0 ([0, 1], L p (0, T )). Using the continuity of λ (W (·, ρ )) in the partial differential equation, we obtain the same
regularity result for ρ̇ . So we can finally conclude with the help of Lemma 6.2.14

ρ ∈ C0 ([0, T ],W 1,p (0, 1)) ∩C0 ([0, 1],W 1,p (0, T )).
The fact that the solution is nonnegative almost everywhere as claimed in the theorem can
p
be deduced with the help of Theorem 6.2.2, since W+1,p ⊂ L+
.

Remark 6.2.17 (Non-negativity of the solution ρ )
Since we have ρ ∈ C0 ([0, T ],W 1,p (0, 1)) → C0 ([0, T ],C0 ([0, 1)])  C0 (ΩT ), we can even
find a representation of ρ which is continuous on ΩT . Therefore, the non-negativity for the
representation holds everywhere in ΩT .
T
Theorem 6.2.4 (Stability of the solution of the forward problem)
For the PDE and the assumptions stated in Theorem 6.2.3, we have the well-posedness in
the C([0, 1],W 1,1 (0, T ))∩C([0, T ],W 1,1 (0, 1))–norm with respect to the initial and boundary
data.
In the following, we first inspect the analysis concerning the C([0, T ],W 1,1 (0, 1))–norm.
Analogously, one can also deduce well-posedness with respect to the initial and boundary
data in the C([0, 1],W 1,1 (0, T ))–norm in order to finally obtain the requested well-posedness
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in C([0, 1],W 1,1 (0, T )) ∩C([0, T ],W 1,1 (0, 1)). For clarity reasons, we will therefore concentrate on the following estimation:
.
1
ρ C([0,T ],W 1,1 (0,1)) ≤ ρ0 W 1,1 (0,1) + max 1, λmin aW 1,1 (0,T )


λ
1
+ max2 aL∞ (0,T ) · aL1 (0,T ) + λmin
ρ0 L1 (0,1) ,
λmin

where

λmax := max λ (W (t, ρ ))
t∈[0,T ]

λmin := min λ (W (t, ρ ))
t∈[0,T ]


λmax

:= max λ  (W (t, ρ )).
t∈[0,T ]

PROOF : Form Coron et al. (2010b)[Remark 2.4] it is well known that the solution ρ can be
represented as
⎧
⎪
ρ (η (t, x))
for 0 ≤ ξ (t) ≤ x ≤ 1, 0 ≤ t ≤ ξ −1 (1)
⎪
⎨ a(0τ (t,x))
for 0 ≤ x ≤ ξ (t) ≤ 1, 0 ≤ t ≤ ξ −1 (1)
ρ (t, x) = ξ  (τ (t,x))
⎪
⎪
⎩ a(ξ −1 (ξ (t)−x−n)) for 0 ≤ x ≤ 1, ξ −1 (n) ≤ t ≤ ξ −1 (n + 1), n ∈ N
ξ  (ξ −1 (ξ (t)−x−n))

where ξ (t) is the characteristic curve as it is stated in Definition 6.2.12 for α ≡ λ (W (·, ρ )),
defined by
ξ (0) = 0, ξ  (t) = λ (W (t, ρ )).
Let us now consider for simplicity T ≤ ξ −1 (1). Then we can compute the derivate of ρ with
respect to x to obtain
ρx (t, x) =


ρ0 (η (t, x))

a(τ (t,x))ξ  (τ (t,x))−ξ  (τ (t,x))a (τ (t,x))
λ (W (τ (t,x),ρ ))3

for 0 ≤ ξ (t) ≤ x ≤ 1, 0 ≤ t ≤ T
for 0 ≤ x ≤ ξ (t) ≤ 1, 0 ≤ t ≤ T.

Thereby we used the properties of the characteristics several times. We will use these
properties also in the following estimates. Let t ∈ [0, T ] be fixed:
ρ (t, ·)W 1,1 (0,1) = ρ (t, ·)L1 (0,1) + ρx (t, ·)L1 (0,1)
!
!
! a(τ (t,·)) !
= ! ξ  (τ (t,·)) ! 1
+ ρ0 (η (t, ·))L1 (ξ (t),1)
L (0,ξ (t))
!
!
! 
!
! a(τ (t,·))ξ  (τ (t,·))−ξ  (τ (t,·))a (τ (t,·)) !
!ρ0 (η (t, ·))! 1
+!
+
!
3
L (ξ (t),1)
λ (W (τ (t,·),ρ ))
1
L (0,ξ (t))

≤ aL1 (0,t) + ρ0 L1 (0,1−ξ (t))
!
!
!
!
! !

!
!
! a !
ξ
!ρ ! 1
+ ! λ (Wa·(·,
+
+
!
!
!
2
0 L (0,1−ξ (t))
λ (W (·,ρ )) 1
ρ ))
1
L (0,t)

L (0,t)

≤ aL1 (0,T ) + ρ0 L1 (0,1) + ρ0 L1 (0,1) + λ 1 a L1 (0,T )
min
!
! 
! a·λ (W (·,ρ ))W  (·) !
+ ! λ (W (·,ρ ))2 ! 1
L (0,T )
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In order to estimate the last term, we use the expression for W  (t) given in Equation (6.26):
!
!
! 
! 
! a·λ (W (·,ρ ))(a−ξ  (·)·ρ0 (1−ξ (·)) !
! a·λ (W (·,ρ ))W  (·) !
≤!
! 1
! λ (W (·,ρ ))2 ! 1
λ (W (·,ρ ))2
L (0,T )
L (0,T )



≤ λmax2 aL∞ (0,T ) aL1 (0,T ) + ρ0 (1 − ξ (·))L1 (0,T )
λmin



λmax
1
=
ρ0 L1 (0,1)
2 aL∞ (0,T ) · aL1 (0,T ) + λ
λmin

min

This combined with the estimation above gives the claimed result. For more details on the
estimation see the proof of Theorem 6.2.6 where we perform the estimations regarding the
corresponding characteristics in more detail.

Remark 6.2.18 (Estimation in L∞ –norm)
Since a ∈ H 1 (0, T ) → C[0, T ], H 1 (0, T ) is embedded in C[0, T ], the estimation of a with respect to L∞ , that is aL∞ (0,T ) , is reasonable and the estimation in Theorem 6.2.4 is justified.
T

6.2.3 Properties of the adjoint problem
Next we consider the adjoint PDE defined in Theorem 6.2.1 again in a more general setting.
We analyse the following system for given W 1,p boundary and final data:


ṗ(t, x) = −λ (W (t, ρ ))px (t, x) − λ (W (t, ρ ))

1

ρ (t, s)px (t, s) ds

0



+ λ (W (t, ρ )) β (λ (W (t, ρ )) − vd (t)) − 2γ (ρ (t, 1)2 − ρ1,d (t)2 )


(t, x) ∈ ΩT

p(T, x) = p0 (x)

x ∈ (0, 1)

p(t, 1) = u(t)

t ∈ (0, T )

For a more convenient representation, we transform the backward problem using the following affine mappings:
T : [0, T ] → [0, T ], t → T − t
and
X : [0, 1] → [0, 1], x → 1 − x
Definition 6.2.19 (transformed PDE)
For T, X and p as defined before we set
p̃(t, x) := p(T(t), X (x))

∀ (t, x) ∈ ΩT .

Then we obtain
Lemma 6.2.20
The function p̃ defined on ΩT fulfills the following initial boundary value problem
p̃˙(t, x) + α (t) p̃x (t, x) = −

1

γ (t, s) p̃x (t, s) ds − φ (t)

(t, x) ∈ ΩT

(6.27)

x ∈ (0, 1)
t ∈ (0, T )

(6.28)
(6.29)

0

p̃(0, x) = p0 (X (x))
p̃(t, 0) = u(T(t))
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where

α (t) := λ (W (T(t), ρ ))
γ (t, x) := λ  (W (T(t), ρ ))ρ (T(t), X (x))

ϕ (t) := −λ  (W (T(t), ρ )) β (λ (W (T(t), ρ )) − vd (T(t)))

− γ2 (ρ (T(t), 1)2 − ρ1,d (T(t))2 )
are independent with respect to p̃.
PROOF :



The proof can be done by simple calculations.

Since (6.27)-(6.29) are equivalent to the adjoint problem (the transformations in time and
space are affine and bijective) the obtained regularity results apply accordingly for both
systems.
Moreover, reconsidering Remark 6.2.15, we require the stated compatibility condition
in the following theorem as well.
Theorem 6.2.5 (Existence and regularity for the adjoint solution)
Let us consider the PDE
p̃˙(t, x) + α (t) p̃x (t, x) = −

1

γ (t, s) p̃x (t, s) ds − ϕ (t)

(t, x) ∈ ΩT

(6.30)

x ∈ (0, 1)
t ∈ (0, T ).

(6.31)
(6.32)

0

p̃(0, x) = p̃0 (x)
p̃(t, 0) = u(t)

If p̃0 ∈ W 1,p (0, 1), u ∈ W 1,p (0, T ) with p ∈ [1, ∞), and the compatibility condition u(0) =
p̃0 (0), as well as α ∈ C([0, T ], R+ ), γ ∈ C0 (ΩT ), and ϕ ∈ C0 ([0, T ], R) holds, there is a
unique solution p̃ satisfying
p̃ ∈ C0 ([0, T ],W 1,p (0, 1)) ∩C0 ([0, 1],W 1,p (0, T )).

PROOF : Considering the structure of the adjoint equation, we identify two source terms.
The first term is nonlocal depending also on the entire solution for a certain time t and results
from the convective term in the state equation; whereas the second term enters from the cost
functional as well as from the boundary due to the coupling conditions. Obviously, the entire
source term does not depend on x, so assuming sufficient regularity we differentiate the PDE
with respect to x and obtain
p̃˙x + α (t) p̃xx (t, x) = 0.

For the initial value we have
p̃x (0, x) = p̃0 (x),
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and for the boundary value we use the PDE to get
⎛
1

p̃x (t, 0) = − α1(t) · ⎝ p̃˙(t, 0) +

⎞

γ (t, s) p̃x (t, s) ds + ϕ (t)⎠

0

⎛
= − α1(t) · ⎝u (t) +

1
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⎞

γ (t, s) p̃x (t, s) ds + ϕ (t)⎠ .

0

In this way the nonlocal component of the adjoint equation is shifted into the boundary
data. For a clear presentation of the system under consideration, we substitute q(t, x) :=
p̃x (t, x), (t, x) ∈ ΩT to obtain
q̇(t, x) + α (t)q(t, x) = 0
q(0, x) = p̃0 (x)

⎛

q(t, 0) = − α1(t) · ⎝u (t) +

1

⎞

γ (t, s)q(t, s) ds + ϕ (t)⎠

(6.33)
(6.34)
(6.35)

0

As mentioned in the introduction, this kind of problem was already studied for instance in
Ackleh and Deng (2003); Calsina and Saldaña (1995); Li (1988). However, the system has
neither been considered in the context of an adjoint calculus, nor have the required regularity
results been stated therein.
Taking again the characteristics into account, for t ≤ ξ −1 (1) the solution to (6.33)-(6.35)
can be expressed via initial and boundary values as (see also Lemma 6.2.16):

for x < ξ (t)
q(τ (t, x), 0)
q(t, x) = p̃x (t, x) =
(6.36)
p̃0 (η (t, x))
for x ≥ ξ (t)
For t > ξ −1 (1), the solution q depends only on the boundary conditions, so then we have
q(t, x) = q(τ (t, x), 0) for all x ∈ [0, 1]. For simplicity, we only consider the case t ≤ ξ −1 (1).
It is important to emphasize that this expression includes an implicit definition of the
solution, since the boundary data depends simultaneously on the entire solution at each
point in time. In order to resolve this relation, we aim at a different representation which
ought to be more convenient to analyze.
Therefore, we consider the source term of the adjoint equation (6.30) for a certain time
t ∈ [0, ξ −1 (1)]
f (t) :=

1

γ (t, s) p̃s (t, s) ds + ϕ (t).

(6.37)

0

Moreover, we can split the integral into two individual parts referring to the corresponding
division of the explicit solution in (6.36), where ξ is the characteristic emanating from the
origin as defined in (6.18)
f (t) =

ξ (t)


γ (s,t) p̃x (t, s) ds +

0

1

ξ (t)

γ (t, s) p̃x (t, s) ds + ϕ (t).
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Since p̃x (t, x) = q(t, x), we have for 0 ≤ s ≤ ξ (t)
p̃x (t, s) = p̃x (τ (t, s), 0)
while for ξ (t) ≤ s ≤ 1 the characteristic is traced back to the part accounting for the initial
data
p̃x (t, s) = p̃0 (η (t, s)).
Inserting these into the integrals gives
f (t) =

ξ (t)


γ (t, s) p̃x (τ (t, s), 0) ds +

1

γ (t, s) p̃0 (η (t, s)) ds + ϕ (t)

(6.38)

ξ (t)

0

$t

In the first integral we substitute s(t) = α (r) dr to obtain
t

ξ (t)


0

0

t

γ (t, s) p̃x (τ (t, s), 0) ds = −

=−

 t
   t
 
α (t)γ t, α (r) dr p̃x τ t, α (r) dr , 0 dt
t

0

t

 t

α (t)γ t, α (r) dr p̃x (t, 0) dt

(6.39)

t

t

 $t

using s(t) = 0, s(0) = ξ (t) and τ t, α (r) dr = τ (t, ξ (t) − ξ (t)) = t.
t

On the other hand, evaluating the adjoint equation (6.30) at x = 0 and employing the
boundary data (6.32) gives


u (t) + α (t) p̃x (t, 0) +

1

γ (t, s) p̃x (t, s) ds − ϕ (t) = 0.

0

for all t ∈ [0, T ]. Therefore, we can substitute in (6.39) for t ∈ [0,t]


α (t) p̃x (t, 0) = −u (t) −

1

γ (t, s) p̃x (t, s) ds − ϕ (t)

0

on the right hand side and, hence,
ξ (t)




γ (t, s) p̃x τ (t, s), 0 ds

0

=−

t
0

γ (t,

t

1



α (r) dr) u (t) + γ (t, s) p̃s (t, s) ds + ϕ (t) dt

t

=−

0

t  t

γ t,

0

t

α (r) dr

/

0
u (t) + f (t) dt.
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Turning toward the second integral in (6.38), we use the transformation s(s) = s + ξ (t) to
shift the integral along the characteristics
1

γ (t, s) p̃0 (η (t, s)) ds

=

1−
ξ (t)

γ (t, s + ξ (t)) p̃0 (η (t, s + ξ (t))) ds

ξ (t)

0

=

1−
ξ (t)

γ (t, s + ξ (t)) p̃0 (s) ds

0

using s(0) = ξ (t), s(1 − ξ (t)) = 1 and η (t, s + ξ (t)) = s + ξ (t) − ξ (t) = s (see Definition 6.2.12 and Remark 6.2.13). If we put this together, we obtain

f (t) = −

t   t

γ t,

t

0

−

1−
ξ (t)

α (r) dr u (t) dt +
γ (t, s + ξ (t)) p̃0 (s) ds

t  t

γ t,

0



α (r) dr f (t) dt + ϕ (t) = g(t) +

t

0

t

k(t, t) f (t) dt

0

with
f (t) :=

1

 t

k(t, t) := −γ t, α (r) dr ,

γ (t, s) p̃s (t, s) ds + ϕ (t),

t

0

g(t) := −

t  t

γ t,

0

(6.40)

1−
ξ (t)

α (r) dr u (t) dt + ϕ (t) +
γ (t, s + ξ (t)) p̃0 (s) ds.

t

(6.41)

0

$t

Note that k ∈ C0 ([0, T ]2 ) since t → α (r) dr ∈ C0 ([0, T ]) and γ ∈ C0 (ΩT ) as assumed in
t

the theorem (see Remark 6.2.13). Furthermore, reconsidering the properties of p̃0 and u, we
have g ∈ C0 ([0, T ]). So the integral equation
f (t) = g(t) +

t

k(t, t) f (t) dt

(6.42)

0

is a Volterra integral equation of second kind, which admits an unique solution f ∈ C0 ([0, T ])
(for instance see Hackbusch (2004)[Theorem 2.2.1]). Conclusively, we can state the solution
p̃, defined in Theorem 6.2.5, explicitly in the following way

p̃(t, x) =

⎧
$t
⎪
⎪
f (s) ds, for x ≤ ξ (t)
⎨u(τ (t, x)) −
τ (t,x)

$t
⎪
⎪
⎩ p̃0 (η (t, x)) − f (s) ds
0

(6.43)
for x ≥ ξ (t).
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Since we have p̃0 ∈ W 1,p (0, 1), u ∈ W 1,p (0, T ) and f ∈ C0 ([0, T ]), this can be verified directly. Considering

p̃(t, 0) = u(τ (t, 0)) +

t

f (s) ds = u(t) +

τ (t,0)

t

f (s) ds = u(t),

t

with τ (t, 0) = t shows that the boundary value is attained. Furthermore, we compute the
initial value

p̃(0, x) = p̃0 (η (0, x)) +

0

f (s) ds = p̃0 (x),

0

using η (0, x) = x. For x ≤ ξ (t) we have
∂ τ (t,x)
p̃˙(t, x) + α (t) p̃x (t, x) = u (τ (t, x)) ∂ τ∂(t,x)
t − f (t) + f (τ (t, x)) ∂ t


∂ τ (t,x)
+ α (t) u (τ (t, x)) ∂ τ∂(t,x)
+
f
(
τ
(t,
x))
x
∂x

= − f (t) = −

1

γ (t, s) p̃x (t, s) ds − ϕ (t),

0

where we used (6.24) and (6.25), respectively. For x ≥ ξ (t) we compute

∂ η (t, x)
∂ η (t, x)
− f (t) + α (t) · p̃0 (η (t, x))
p̃˙(t, x) + α (t) p̃x (t, x) = p̃0 (η (t, x))
∂t
∂x
= − f (t) = −

1

γ (t, s) p̃x (t, s) ds − ϕ (t),

0

where we used (6.22) and (6.23), respectively. So the PDE with initial and boundary values,
as stated in the theorem, holds.
Finally, we will show the regularity
p̃ ∈ C0 ([0, T ],W 1,p (0, 1)) ∩C0 ([0, 1],W 1,p (0, T )).
using the explicit solution of p̃ stated in (6.43). For t, t ∈ [0, ξ −1 (1)] and without loss of generality t > t and therefore ξ (t) ≤ ξ (t) (ξ is a monotone function) we perform the following
technical estimation:
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 p̃(t, ·) − p̃(t, ·)W 1,p (0,1) =

+

τ (t,x)

+

t

τ (t,x)

,
t
,
f (s) ds
,u(τ (t, x)) − u(τ (t, x)) −
,

ξ (t)

,
0

t
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τ (t,x)

,p
ξ(t),
t
,
,
,
,
f (s) ds, dx +
, p0 (η (t, x)) − f (s) ds − u(τ (t, x))
,
,
ξ (t)

0

,
,p
,p
1 ,
t
,
,
,
,
,
f (s) ds, dx +
, p̃0 (η (t, x)) − p̃0 (η (t, x)) + f (s) ds, dx
,
,
,
ξ (t)

1
p

t

,
,
1
1
1
u (τ (t, x)) + α (τ (t,x))
u (τ (t, x)) + f (τ (t, x)) α (τ (t,x))
, − α (τ (t,x))
,

ξ (t)

,

+

0

,p
ξ(t),
,
,
,
, 
1
1
− f (τ (t, x)) α (τ (t,x))
u (τ (t, x))
, dx +
, p0 (η (t, x)) + α (τ (t,x))
,
,
ξ (t)

,
,p
,p
1 ,
,
,
, 
,
,

1
p̃
f (τ (t, x)), dx +
(
η
(t,
x))
−
p̃
(
η
(t,
x))
+ α (τ (t,x))
, 0
, dx
0
,
,
,

1
p

ξ (t)

t
! t
!
!
!
≤ u(τ (t, ·)) − u(τ (t, ·))L p (0,ξ (t)) + !
f (s) ds −
f (s) ds!
τ (t,x)

τ (t,x)

L p (0,ξ (t))

! t
!
!
!
+ p0 (η (t, ·))L p (ξ (t),ξ (t)) + u(τ (t, ·))L p (ξ (t),ξ (t)) + ! f (s) ds!
0

! t
!
!
!
+!
f (s) ds!
τ (t,·)

L p (ξ (t),ξ (t))

!
!
!
!
+ ! p0 (η (t, ·) − p0 (η (t, ·))!

L p (ξ (t),1)

! t
!
!
!
!
! 1
!


1
!
+ ! f (s) ds L p (ξ (t),1) + ! α (τ (t,·)) u (τ (t, ·)) − α (τ (t,·)) u (τ (t, ·))!
t

!
!
! 1
!
1
+ ! α (τ (t,·)) f (τ (t, ·)) − α (τ (t,·)) f (τ (t, ·))!

L p (0,ξ (t))

L p (ξ (t),ξ (t))

L p (0,ξ (t))

+ p0 (η (t, ·))L p (ξ (t),ξ (t))

+  α (τ 1(t,·)) u (τ (t, ·))L p (ξ (t),ξ (t)) +  α (τ 1(t,·)) f (τ (t, ·))L p (ξ (t),ξ (t))
+ p0 (η (t, ·)) − p0 (η (t, ·))L p (ξ (t),1)

Since f is continuous, p0 ∈ W 1,p (0, 1) and u ∈ W 1,p (0, T ) the right hand side is bounded.
Furthermore, for t → t every summand converges to zero either because the measure of
integration tends to zero or because one can use that for f ∈ L p (a, b), a < b ∈ R, and arbitrary
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ε ∈ (0, b − a)
b−
 ε

| f (x + h) − f (x)| p dx → 0 if h → 0.

a

For a more detailed proof that this sum converges to zero see Lemma 6.2.16, where we did
similar estimations. That p̃ is also an element in C0 ([0, 1],W 1,p (0, T )) can be proved by
using the PDE or doing similiar estimations as we did for the C0 ([0, T ],W 1,p (0, 1))–norm.
So we established that the solution p̃ has the regularity claimed in the theorem.


Theorem 6.2.6 (Stability of the solution to the adjoint problem)
For the PDE and the assumptions stated in Theorem 6.2.5, we establish again first the
wellposedness with respect to the initial and boundary data in the C([0, T ],W 1,1 (0, 1))–
norm. The related wellposedness with respect to the initial and boundary data in the
C([0, 1],W 1,1 (0, T )) can be deduced analogously in order to obtain the wellposedness in
C([0, 1],W 1,1 (0, T )) ∩ C([0, T ],W 1,1 (0, 1)). We will skip this part and concentrate only on
the following estimation:


αmax .
 p̃C([0,T ],W 1,1 (0,1)) ≤ max αmax ,
+ (2 + αmax )c1 (T, γ ) uW 1,1 (0,T )
αmin


+ 1 + (2 + αmax)c1 (T, γ )  p̃0 W 1,1 (0,1)
+ (2 + αmax)c2 (T, γ )φ L∞ (0,T )
where αmin := min α (t) > 0 and αmax := max α (t) < ∞ and
t∈[0,T ]

t∈[0,T ]



+

c1 (T, γ ) := T max γ L∞ (ΩT ) , γ 2L∞ (ΩT ) T exp(γ L∞ (ΩT ) T )
c2 (T, γ ) := T 2 γ L∞ (ΩT ) exp T γ L∞ (ΩT ) + T

Firstly, we estimate f using the Volterra integral equation (6.42) and f , g, k, α , φ
defined in the proof of Theorem 6.2.5:
PROOF :

| f (t)| ≤ |g(t)| +

t
0

|k(t, t)| | f (t)| dt ≤ |g(t)| +

t
0

max |k(t, t)| | f (t)| dt

t∈[0,T ]

∀ t ∈ [0, T ]

Then we obtain with the help of Gronwall’s inequality a pureley qualitative estimate on
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| f (t)|:
| f (t)| ≤ |g(t)| +

t

|g(t)| max |k(t, t)| exp
t∈[0,T ]

0

≤ |g(t)| + kL∞ ([0,T ]2 )

t

t
t

max |k(t, s)| ds dt

t∈[0,T ]

|g(t)| exp kL∞ ([0,T ]2 ) (t − t) dt

0

≤ |g(t)| + kL∞ ([0,T ]2 ) exp tkL∞ ([0,T ]2 )

t

|g(t)| dt

0

Inserting the definition in (6.41) for g and (6.40) for k, we obtain
,
, 1−ξ (t)
t  t
,
, 

,
,


γ (t, s + ξ (t)) p̃0 (s) ds − γ t, α (r) dr u (t) dt + φ (t),
| f (t)| ≤ ,
,
,
0

t

0

, ξ (t)
t , 1−

,
+ γ L∞ (ΩT ) exp tγ L∞ (ΩT )
γ (t, s + ξ (t)) p̃0 (s) ds
,
,
0
0
,
t
t
  
,

,

− γ t, α (r) dr u (s) ds + φ (t), dt
,
0

s

≤ γ L∞ (ΩT )

1−
ξ (t)

t ,
,
,
,
,  ,
,  ,
, p̃0 (s), ds + γ L∞ (ΩT ) ,u (t), dt + φ L∞ (0,T )

0

+ γ 2L∞ (ΩT ) exp

tγ L∞ (ΩT )

t 

0
1−
ξ
 (t)

| p̃0 (s)| ds +

0

0

t


|u (s)| ds dt

0

+ γ L∞ (ΩT ) exp tγ L∞ (ΩT ) tφ L∞ (0,T )
≤ γ L∞ (ΩT )

1 ,

T ,
,
,
,  ,
,  ,
, p̃0 (s), ds + γ L∞ (ΩT ) ,u (t), dt

0

+ γ 2L∞ (ΩT ) exp

0

tγ L∞ (ΩT )

t

 1

0

0

| p̃0 (s)| ds +

T


|u (s)| ds dt

0

+ γ L∞ (ΩT ) exp tγ L∞ (ΩT ) tφ L∞ (0,T ) + φ L∞ (0,T )
≤ γ L∞ (ΩT ) p0 L1 (0,1) + γ L∞ (ΩT ) u L1 (0,T )


+ γ 2L∞ (ΩT ) exp T γ L∞ (ΩT ) T  p̃0 L1 (0,1) + u L1 (0,T )
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+ γ L∞ (ΩT ) exp T γ L∞ (ΩT ) T + 1 φ L∞ (0,T )
So we have



+

 f L1 (0,T ) ≤ T max γ L∞ (ΩT ) , γ 2L∞ (ΩT ) T exp(γ L∞ (ΩT ) T ) ·


p0 W 1,1 (0,1) + uW 1,1 (0,T )


(6.44)

+ γ L∞ (ΩT ) exp T γ L∞ (ΩT ) T + 1 φ L∞ (0,T )


= c1 (T, γ ) p0 W 1,1 (0,1) + uW 1,1 (0,T ) + c2 (T, γ )φ L∞ (0,T )
with



+

c1 (T, γ ) := T max γ L∞ (ΩT ) , γ 2L∞ (ΩT ) T exp(γ L∞ (ΩT ) T )
c2 (T, γ ) := T 2 γ L∞ (ΩT ) exp T γ L∞ (ΩT ) + T.
Secondly, one can estimate
 p̃C([0,T ],W 1,1 (0,1)) = max

t∈[0,T ]

t
!
!
!
!
f (s) ds!
!u(τ (t, ·)) −

t
!
!
!
!
+ ! p̃0 (η (t, ·)) − f (s) ds!

!
!
! 
!
+ ! p̃0 (η (t, ·))!
≤ max

t∈[0,T ]

0

L1 (0,ξ (t))

τ (t,·)

L1 (ξ (t),1)

!
!
!
!
+ !u (τ (t, ·)) α (τ 1(t,·)) + f (τ (t, ·)!

L1 (0,ξ (t))

L1 (ξ (t),1)

! t
!
!
!
u(τ (t, ·)L1 (0,ξ (t)) + !
| f (s)| ds!
τ (t,·)

! T
!
!
!
+ p0 (η (t, ·))L1 (ξ (t),1) + ! | f (s)| ds!
0

L1 (0,ξ (t))

L1 (ξ (t),1)

+  p̃0 (η (t, ·))L1 (ξ (t),1)

1
+ αmin
u (τ (t, ·)L1 (0,ξ (t)) +  f (τ (t, ·)L1 (0,ξ (t))

αmax 
u L1 (0,T )
αmin
+ αmax  f L1 (0,T ) +  p̃0 L1 (0,1) +  f L1 (0,T ) +  p̃0 L1 (0,1)
αmax .
uW 1,1 (0,T ) + (2 + αmax ) f L1 (0,T ) +  p̃0 W 1,1 (0,1) .
≤ max αmax ,
αmin

≤ αmax uL1 (0,T ) +  f L1 (0,T ) +
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Now using the inequality (6.44) for  f L1 (0,1) , we obtain
αmax .
uW 1,1 (0,T ) +  p̃0 W 1,1 (0,1)
 p̃C([0,T ],W 1,1 (0,1)) ≤ max αmax ,
αmin


+ (2 + αmax )c1 (T, γ )  p̃0 W 1,1 (0,1) + uW 1,1 (0,T )
+ (2 + αmax )c2 (T, γ )φ L∞ (0,T )


αmax .
+ (2 + αmax )c1 (T, γ ) uW 1,1 (0,T )
= max αmax ,
αmin


+ 1 + (2 + αmax )c1 (T, γ )  p̃0 W 1,1 (0,1)
+ (2 + αmax )c2 (T, γ )φ L∞ (0,T ) .
A similar result for p > 1 can be proved.



Conclusively, we have established estimates providing the stability of the solution to the
adjoint PDE with respect to initial and boundary data and thus completed the proof of wellposedness of the adjoint system. All results have been presented on the level of a simplified
description of the process including only particle growth via surface reaction. Adding the
remaining mechanisms renders the calculations more complex but leaves the basic idea unchanged on how to deal with the distinctive nonlocal features of the system.

6.3

Adjoint based optimization - the complex case

The rigorous analysis of the given setting in the previous sections outlined the principal
behavior of the system in a comprehensible manner. In a next step, we want to return to
the original model which describes also the thermal decomposition of monosilane to silicon
molecules in the gas phase, the corresponding condensational growth mechanism as well
as nucleation. For this purpose, we have to add an additional mass balance in order to
track the current concentration of free silicon molecules in the gas phase. Reintroducing
the silane decomposition mechanism inhibits, however, the inclusion of the corresponding
mass balances into the population balance equation as outlined in section 6.1. But still the
investigated nonlocal structure remains which allows for a transfer of the principles stated
in the first part of this chapter.
A direct application of the results is though not possible since the nucleation mechanism
introduces an additional nonlocal source term. In the presented analysis, the nonlocality
has yet been restricted to the convective term. However, assuming a constant critical cluster
diameter, we may shift the nucleation term to the boundary data. Then the minimal particle
size xmin is set to the value of the critical cluster size xc and particles enter the system by
prescribing the influx to match the nucleation rate. Having a closer look on the results of
the standard simulation presented in figure 4.4, this approach is justified since the value of
xc in subfigure 4.4i is not deviating significantly from its initial value in the time span when
nucleation 4.4h is active. The structure of the respective formulation of the influx reflects
again the nonlocal dependence on the entire state variable as the nucleation rate is predominantly determined by the present supersaturation inherently coupled to the concentration of
silicon molecules in the gas phase. This way, we obtain an analogous setting as described in
section 6.2.
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In the context of particle synthesis, the cost functional concentrates on different targets.
An explicit outflow tracking is in general not required since we want to consider the evolution of the whole particle ensemble throughout the simulation. The spatial domain therefore
includes even the largest particles formed in the reactor. The main objective intended in
applications is a tracking of the particle size distribution at time tmax which determines the
main characteristics and therefore affects the final value of the product. Conclusively, we
consider the following optimal control problem:
min

y∈H, u∈R+
0
w∈W, a∈A

J(y, u, w, a)

(6.45)

subject to the PBE
ẏ(t, x) = −G1 (t, m1 ) ∂x y(t, x) − G2 (t, m2 ) ∂x y(t, x)
y(0, x) = w(x)
a(t)
y(t, 0) =
G1 (t, m1 ) + G2 (t, m2 )

(t, x) ∈ ΩT
x ∈ (0, L)

(6.46)
(6.47)

t ∈ (0, T )

(6.48)

t ∈ [0, T ]

(6.49)

complemented by the mass balance for silicon in the gas phase
ṁ1 (t) = c1 (t) m2 (t) −

 L
0

c2 x2 G1 (t, m1 ) y(t, s) ds

m1 (0) = 0

(6.50)

and for the precursor monosilane
ṁ2 (t) = −c3 (t) m2 (t) −

 L
0

c4 x2 G2 (t, m2 ) y(t, s) ds

t ∈ [0, T ]

m2 (0) = u.

(6.51)
(6.52)

The cost functional is given by
J(y, u, w, a) := 12 y(T, ·) − yT,d 2L2 (0,L) + 12 (u − ud )2
+ 12 w − y0,d 2L2 (0,L) + 2(G

1
a − ad 2L2 (0,T )
1 (y0,d )+G2 (y0,d ))

(6.53)

with ΩT = (0, T ) × (0, L), W := H+1 (0, L), and A := H+1 (0, T ). The particular choice of
the sets is motivated by the anticipated higher regularity in the considered W 1,p –setting as
presented in section 6.2.2. The corresponding growth terms G1 ≥ 0 and G2 > 0 are given
from section 4.1.2 by abstracting GSi in equation (4.15) and GSiH4 in (4.14):
G1 (t, m1 ) = c5 (t) m1 (t) + c8 (t)
c7 (t) m2 (t)
G2 (t, m2 ) =
1 + c8 (t) m2 (t)

(6.54)
(6.55)

In the cost functional, we are allowed to specify yT,d , y0,d ∈ H 1 (0, 1), ud ∈ R. Hereby, yT,d
represents the tracked value of y(t, x) at t = T ; whereas ud denotes the intended initial precursor mass. Additionally, y0,d is enclosed in order to be able to prescribe a desired initial
condition if seed particles are available.
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In the following we define a Lagrange functional associated to the described optimal
control problem using the L2 –inner product to derive first-order necessary conditions. Introducing the Lagrange multiplier p for the PDE constraint, we determine analogously to the
first part of this chapter the adjoint solution of the optimality system (6.45)-(6.53). Initially,
we assume sufficient regularity on the solution y as well as for the Lagrange multiplier p
which is deduced from the sections 6.2.2 and 6.2.3, respectively.
Assumption 6.3.1 (Compatibility conditions on y0,d and yT,d )
Since yT,d , y0,d ∈ H 1 (0, L), the Sobolev embedding theorems H 1 (I) → C(I) holds for every
real bounded open interval I (conf. assumption 6.2.3). Therefore, we can define a representative of each of these functions which belongs to the space C([0, L]) respectively. For
continuity reasons, we require the two compatibility conditions
y0,d (0) = 0

ρT,d (L) = 0

to hold at the origin (0, 0) and at the final point (T, L). Since we are tracking the entire
PSD, the considered range of diameters has to be chosen appropriately to guarantee that no
particles leave the simulation domain, i.e. we have to require that
y(t, L) = 0

∀ t ∈ [0, T ].

holds.
T
Recalling the Banach space H := C([0, T ]; H 1 (0, L)) ∩ C([0, L]; H 1 (0, T )) from Definition 6.2.2, we define an appropriate Lagrange functional:
Definition 6.3.2 (Definition of the Lagrange functional)
The functional

L:

H × H 1 (0, T ) × H 1 (0, T ) × R × H 1 (0, L) × H 1 (0, T ) × H × H 1 (0, T ) × H 1 (0, T ) → R
z := (y, m1 , m2 , u, w, a, p, p1 , p2 ) → L(y, m1 , m2 , u, w, a, p, p1, p2 )

with
L(z) := J(y, u, w, a) −  p , ẏ + G1 (·, m1 )yx + G2 (·, m2 )yx L2 (ΩT )
+  p(0, ·) , y(0, ·) − w L2 (0,L) +  p(·, 0) , (G1 + G2 )y(·, 0) − a L2 (0,T )
%
&
 L
2
+ p1 (·) , ṁ1 (·) − c1 (·)m2 (·) +
c2 x G1 (·, m1 )y(·, s) ds
0

%
+

p2 (·) , ṁ2 (·) + c3 (·)m2 (·) +

 L
0

L2 (0,T )

&
c5 x2 G2 (·, m2 )y(·, s) ds

L2 (0,T )

+ p1 (0)m1 (0) + p2 (0) (m2 (0) − u)
is called Lagrange functional.
Theorem 6.3.1 (KKT-conditions)
Taking into account the assumption 6.3.1, the KKT-conditions for the optimal control problem (6.46)-(6.53) are given by:
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The forward problem
ẏ(t, x) = −G1 (t, m1 ) ∂x y(t, x) − G2 (t, m2 ) ∂x y(t, x)

(t, x) ∈ ΩT

y(0, x) = w(x)

x ∈ (0, L)

a(t)
G1 (t, m1 ) + G2 (t, m2 )
y(t, L) = 0

t ∈ (0, T )

y(t, 0) =

t ∈ (0, T )

complemented by two ODEs for the mass balances
ṁ1 (t) = c1 (t) m2 (t) −

 L
0

m1 (0) = 0
ṁ2 (t) = −c3 (t) m2 (t) −

c2 x2 G1 (t, m1 ) y(t, s) ds

 L
0

c4 x2 G2 (t, m2 ) y(t, s) ds

t ∈ [0, T ]

t ∈ [0, T ]

m2 (0) = u.

and the adjoint problem
ṗ(t, x) = −G1 (t, m1 )px (t, x) − G2 (t, m2 )px (t, x)
− c2 x2 G1 (t, m1 )p1 (t) ds − c5 x2 G2 (t, m2 )p2 (t) ds

(t, x) ∈ ΩT

p(T, x) = −(y(T, x) − yT,d (x))

x ∈ (0, L)

p(t, 1) = 0

t ∈ (0, T )

with the corresponding adjoint ODEs
p˙1 (t, x) =

 L
0

+

c2 x2 ∂m1 G1 (t, m1 )p1 (t)y(t, s) ds

 L
0

∂m1 G1 (t, m1 )px (t, s)y(t, s) ds

t ∈ (0, T )

p1 (T ) = 0
p˙2 (t, x) = −c3 (t)p2 (t) +
+ c1 (t)p1 (t) +

 L
0

 L
0

c5 x2 ∂m2 G2 (t, m2 )p2 (t)y(t, s) ds

∂m2 G2 (t, m2 )px (t, s)y(t, s) ds

t ∈ (0, T )

p2 (T ) = 0

further requiring the coupling conditions
a(t)
(G1 (y0,d ) + G2 (y0,d ))
p(0, x) = w(x) − y0,d (x)
p(t, 0) =

p2 (0) = u − ud .

t ∈ (0, T )
x ∈ (0, 1)
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PROOF : For proving the KKT-conditions, we follow the approach stated in the proof of
theorem 6.2.1. In a first instance we compute formally the derivatives of L with respect to a,
u, w, and y in order to obtain the optimality conditions. The computation of the derivative
with respect to p, p1 , and p2 clearly just result in the forward system.
In particular, we want to point out that the nonlocal dependence of the convective terms
on the entire state variable is given in this setting by the coupling to the mass balances. The
ODEs contain the respective integral evaluation of the state. This special feature is in turn
reflected in the adjoint system by the terms interconnecting the adjoint states p1 , p2 , and p.
Reconsidering assumption 6.3.1 together with the fact that no particles leave the domain,
i.e. y(t, L) = 0 for all times t ∈ (0, T ), we obtain the required continuity at the corner (T,L)
since p(T, 1) = 0. Furthermore, we have assumed y0,d (0) = 0 and by the special choice of
the cost functional (analogous to assumption 6.2.4), the continuity in the origin is guaranteed.
For proving the stated necessary optimality conditions, we choose appropriate test functions
to separate the boundary terms. Under the given assumptions 6.3.1, we finally obtain the
claimed adjoint system together with the complementary coupling conditions.


Remark 6.3.3 (Control in the temperature)
The presented derivation of the optimality conditions is also possible for an optimization
based on a temperature control as considered in chapter 5. The adjoint system is then being
extended by the corresponding derivatives with respect to the adapted control. Pointing out
the fact that all the main terms of the forward system depend inherently on the temperature,
the calculations become particularly complex. Therefore, since the basic structure of the
equation remains unchanged and no essentially new information would be provided, the
corresponding derivation is omitted.
T
For applying the regularity results from the first part of this chapter, we consider the two
solution operators for the introduced ODEs (6.49) and (6.51) describing the mass balances
of the available silicon molecules in the gas phase and the precursor monosilane. For a given
time t ∈ [0, T ] the solution of the nonlinear ODE (6.49) for given initial data (6.50) depends
also on the current solution of the forward PDE y(t, x) as well as on the currently available
silane mass m2 (t). The corresponding solution operator Φ1 (t) therefore reads

1
H+1 (0, T ) × R+
0 × H (0, L) × R → R
Φ1 :
(a, u, w,t) → m1 (t) := Φ1 (a, u, w,t).
Accordingly, the current precursor mass m2 (t) is calculated from the ODE (6.49)/(6.50) by
the solution operator Φ2 (t)

1
H+1 (0, T ) × R+
0 × H (0, L) × R → R
Φ2 :
(a, u, w,t) → m2 (t) := Φ2 (a, u, w,t).
If we assume for the temperature profile T(t) to be continuously differentiable, i.e. T(t) ∈
C1 ([0, T ]), we obtain that the regularity is also maintained for the solution operators Φ1 , Φ2 ∈
C1 ([0, T ]). Inserting the solution operators in the definition of the growth functions (6.54)
+
+
0
+
and (6.55), we deduce G1 (t, m1 ) ∈ C0 ([0, T ]×R+
0 , R0 ) and G2 (t, m2 ) ∈ C ([0, T ]×R0 , R ),
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+
respectively. Conclusively, for the sum of the growth rates, (G1 + G2 ) ∈ C0 ([0, T ] × R+
0 ,R )
yields satisfying the required properties on the convective part as stated in remark 6.2.6.
Therefore, we conclude that the following corollary holds:

Corollary 6.3.4 (Regularity and nonnegativity of solutions y, m1 , and m2 )
Under the given assumptions on the initial data, requiring T(t) ∈ C1 ([0, T ]), and using
the previously established solution operators of the complementary ODEs, it is guaranteed
that the forward and backward PDE established in theorem 6.3.1 fulfill the assumptions of
theorem 6.2.3 and 6.2.5. Therefore, we can deduce that the forward solution y admits by
theorem 6.2.3 the regularity
y ∈ C0 ([0, T ], H 1 (0, L)) ∩C0 ([0, L], H 1 (0, T )),
and that the solution of the adjoint pde p admits by theorem 6.2.5 the same regularity, that
is
p ∈ C0 ([0, T ], H 1 (0, L)) ∩C0 ([0, L], H 1 (0, T )) → H 1 (ΩT ).
In particular the Lagrange approach in theorem 6.3.1 is justified.
In the statement of the control problem (6.45)-(6.53) we assumed u ∈ R+
0 , w(x) ∈ W :=
H+1 (0, L), and a(t) ∈ A := H+1 (0, T ). Together with the nonnegativity of the growth terms,
i.e. G1 ≥ 0 and G2 > 0, we obtain the nonnegativity of the solutions y, m1 , and m2 . Since we
have y ∈ C0 ([0, T ],W 1,p (0, L)) → C0 ([0, T ],C0 ([0, L)])  C0 (ΩT ), we can even find a representation of y which is continuous on ΩT . Therefore, the nonnegativity for the representation
holds everywhere in ΩT .
T
In the numerical realization of the stated control problem applied to a model problem, the
corresponding decrease of the cost functional shows the expected speedup by using adjoint
information. The calculations are intended to be a proof of concept and have to be extended
to realistic growth and nucleation rates. However, due to the high nonlinearities outlined in
chapter 4, a special numerical treatment becomes necessary. Analogously to the discretization of the forward problem, an operator splitting technique is indispensable separating again
the stiff parts in the computations of the adjoint solution. At this point the implementation
of the implicit solver for the adjoint system is still work in progress.

6.4

Conclusion

In this chapter, we considered an optimal boundary control problem subject to a first order
nonlinear, nonlocal hyperbolic partial differential equation. First, the model established in
chapter 4 is reduced to draw attention to the specific features of the system. The observed
nonlocal correlation of the convective term to an integral expression evaluating the entire
state variable is, however, not restricted to particle synthesis processes. Related studies in
the context of semiconductor production via highly re-entrant manufacturing systems are
also concerned with this kind of problem.
In the main part of the chapter, we established rigorously the existence, uniqueness, and
regularity properties of the governing state equation in a general W 1,p –setting. Based on
a general cost functional, the special structure of the corresponding optimality system is
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discussed. Due to the nonlocal dependence of the flux function on the current solution,
we identify necessary compatibility conditions and demonstrate the need of an appropriate
choice of the cost functional. In particular, an outflow tracking must be realized by prescribing the involved factors individually, i.e. by separately tracking the intended velocity and
the value of the state variable at the boundary.
In a next step, the existence, uniqueness, and regularity of the adjoint system is derived
for W 1,p –data justifying the introduced Lagrange formalism. The obtained results are finally
completed by a proof of the well-posedness with respect to the initial data. Conclusively, we
return to the original model outlining that the established theory also covers more complex
cases. Last, a numerical example demonstrates the implementation of the stated adjointbased optimization technique.
The nonlocal character of the velocity function demanded for a non-standard mathematical treatment which is intensively discussed in the section concerned with the derivation of
the optimality system. The obtained results give rise to many interesting question concerned
with a relaxation of the presumed regularity in a rigorous treatment of this nonlocal setting.

Chapter 7
Flow control for the gas phase synthesis of titanium dioxide
Structure exploiting monotone algorithm
This chapter aims to study optimization methods in the context of particle production. Remarkably, the present high nonlinearities (see, e.g., sec. 4.2) in the corresponding models
induce a poor performance of standard, gradient-based algorithms. In order to develop efficient tools for finding the inverse solution, i.e. determining the optimal process conditions
to achieve a desired product property, new methods need to be developed. Monotonically
convergent schemes were found to perform excellently in the comparably nonlinear setting
of quantum control (Zhu and Rabitz, 1998). Thereby, a particular use of the adjoint equation provides the possibility of assuring a monotone convergence in the iteration procedure.
Besides a transfer of the concept, we present a novel approach on optimally choosing the
step size of the descent. In most known algorithms, this choice represents a critical issue for
convergence.
As a model-process for this study an innovative aerosol process is chosen allowing for a
precise control of the residence time and temperature. Large-scale industrial processes for
aerosol synthesis comprise e.g. the production of carbon black, silica or titania as well as
other oxides in flame reactors. Aerosol synthesis processes are typically high-throughput
flow reactors operating at very high temperatures with fast kinetics. In many cases highly
structured aggregates evolve with complex morphologies consisting of primary particles
which are partly fused together to form fractal aggregates.
Therefore, the modeling involves the challenge to capture the main mechanisms in the
formation of nanoparticles, the interactions with the surrounding gas phase, and their transport through the reactor. Despite a lot of research has been conducted in this direction, the
predictive power for complex synthesis processes remains poor (conf. (Kraft, 2005)). Instead of studying, for example, a spray injection reactor of complex geometry in which the
flow is turbulent, simpler experimental configurations have recently been considered. Their
use allows for a realistic modeling and, more importantly, for a subsequent application of
the results in the experiments. An example of a tractable reactor set-up is given by the plugflow reactor (PFR) (Levenspiel, 2012). The fluid in a PFR is assumed to travel in the axial
direction of the reactor as a series of infinitely thin coherent ’plugs’ of uniform composition.
Moreover, in a tubular PFR, the residence time of the particles is correlated to their spatial
position in the reactor.
In (Kalani and Christofides, 1999, 2000), the authors established a general nonlinear
partial integro-differential equation model which describes the spatio-temporal evolution of
the aerosol size distribution. Additionally, the evolution of the concentrations of species
and the temperature is tracked in the continuous phase. Their model accounts for simultaneous nucleation, Brownian as well as shear-induced coagulation, and convective transport
describing the gas phase oxidation of titanium tetrachloride.
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7.1

Experimental setup and model reduction

Since the value of the final product depends mostly on the disperse properties of the particles
as outlined in the introduction, the possibility of controlling the process becomes a major
challenge. The oxidation of titania is again modeled by a population balance equations describing the evolution of the according particle size distribution in time along the axis of the
plug-flow reactor. Considering the additional mechanism of agglomeration, this approach
leads to a hyperbolic nonlinear integro-differential equation of the form (7.1) (Ramkrishna,
2000):
⎧
∂
∂
∂
⎪
⎪
y + (Vx y) + (Vz y) − I(x) = B(y) − D(y)
⎪
⎪
∂t
∂x
∂z
⎪
⎪
⎪
⎪
⎪
⎨ with
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎩

1
B(y) − D(y) =
2

 x
0

(7.1)

β (x − s, s)y(x − s,t)y(s,t) ds

−y(x,t)

 ∞
0

β (x, s)y(s,t) ds.

In the investigation of the aerosol process, we consider due to the present assumptions a
particle distribution y(x, z,t), where the variable x represents the volume equivalent particle
diameter, z denotes the spatial coordinate running along the reactor and t the time. This
formulation includes the prevailing mechanisms of the process, where Vx represents the
growth rate through condensation, I the nucleation and B as well as D the influence of
agglomeration (see figure 7.1).

Figure 7.1: Schematic view of a plug-flow reactor and the corresponding particle formation
mechanisms

In addition to the evolution of the particle size distribution it is necessary to track the
concentrations of species and the temperature of the gas phase in order to obtain a complete
model comprising a mass and energy balance.
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The main control elements to influence the process consist in varying the composition of
the feed streams, adjusting the temperature of the reactor, or regulating the residence time
of the particles. In the following, we will focus on the last aspect to control the evolution
of the particle ensemble. Changing the residence time of the particles in a tubular reactor
running along the z-axis is equivalent to the adjustment of the overall feed rate (resp. the
flux rate) Vz in time.
The complexity of the outlined model deserves studying possible reduction techniques
to enable a control of the process. Referring to the work of Kalani and Christofides (1999),
we use the fact that the particle size distributions in aerosol processes may be adequately described by the evolution of a log-normal size distribution. Therefore, we use the assumption
ln2 (x/xg )
1
y(x, z,t) = √
exp −
18 ln2 σ
3 2π ln σ

1
,
x

where xg is the geometric average particle size and σ the standard deviation.
Moreover, it turns out that the significant parameters of the log-normal distribution may
be obtained using only information on the first three moments. According to the definition
of the k-th moment of the size distribution
Mk (t, z) =

 ∞

xk y(x, z,t) dx

0

the significant parameters of the lognormal distribution may be represented using only M0
to M2 :
M2
M0 M2
1
.
ln2 σ = ln
xg = 3/2 1 1/2 ,
9
M12
M M
0

2

Therefore, it is sufficient to track only these averaged quantities in order to recover the full
distribution in a post-processing step.
In contrast to the previous modeling of the silane pyrolysis which is operated under special process conditions in order to avoid the agglomeration of particles, we cannot eliminate
the agglomeration terms here. Instead, in the formation of titania powder, their contribution
alters considerably the PSD. Following the demonstration in Kalani and Christofides (1999),
we thus apply the moment approximation to the given system of PDEs (7.1) including the
source terms to obtain

∂N
∂N
= −vz
+ I − ξ N2
∂t
∂z

(7.2)

∂V
∂V
= −vz
+ I  k∗ + η (S − 1)N
∂t
∂z

(7.3)

∂ V2
∂ V2
= −vz
+ I  k∗ 2 + +2ε (S − 1)V + 2ζ V 2
∂t
∂z

(7.4)

Where N, V and V2 represent the first three moments M0 − M2 in a dimensionless formulation describing the evolution of the aerosol concentration, the aerosol volume, and the
second aerosol moment. Completed by a mass and energy balance, the equations constitute
a reduced model of the process. The latter effects are subsequently included in a state vector
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denoted by x̄. For a detailed description of all involved quantities, we refer to Kalani and
Christofides (1999). Under the assumption of the lognormal distribution, the full particle
size distribution can be recovered at every point in time of the reaction. In the spatially
homogeneous case Kalani and Christofides validated this approach verifying the simulation
results in comparison to a sectional model (see Kalani and Christofides (2002)).

7.2

Theory of monotone algorithms

In this section we provide a novel, monotonically decreasing algorithm for the control of
the described moment model approximation of the aerosol process. Neglecting any fluid
dynamics, the resulting PDE constitutes a bilinear optimal control problem with respect to
the throughput u(t) = Vz acting as the controlled quantity.
Setting X = [N,V,V2 , x̄] as the state variable, we end up with the following abstract
bilinear system:

∂
∂
X + u(t)A X = F(X)
∂t
∂z
X(0) = X 0 ,

(7.5)

X(t, 0) = b(t),

(7.6)

with the highly nonlinear right-hand-side F(X) representing the source terms.
In contrast to the work of Christofides (Kalani and Christofides, 1999, 2000), we incorporate the adjoint state Y for controlling the particle size distribution in order to develop an
iterative method. The special properties of the algorithm presented below guarantee that in
each iteration step the control is improved to come closer to the required optimal process
conditions.
In the implementation of the forward and backward problem, an adapted numerical
scheme is used. A Strang-splitting approach (see section 4.2.1) separates the solution of
the homogeneous advection equation from the source terms on the right hand side. For the
solution of the advection problem a finite volume approach is used in such a way that the
overall scheme is of at least second order.
In the sequel a general cost functional is assumed and we consider the optimal bilinear
control problem:
 1

inf J(X, u) :=

u∈U

0

g(X(T, x)) dx +

 T 1
0

0

f (X(t, x)) dx dt +

subject to
(7.5), (7.6), u(t) ∈ [0, M].

 T

h(u(t)) dt,
0

(7.7)

This cost functional comprises the possibility of tracking the evolution of the particle size
distribution along a specific given trajectory using an appropriate function f or the definition
of g to match required properties at the final time T . Additionally the flow-rate may be
subjected to a penalization via the function h.
Theorem 7.2.1 (KKT-conditions)
Taking into account the assumptions presented in section 7.1, the reduced model of the
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aerosol process (7.2)-(7.4) fits into the general setting given in (7.5) and (7.6). The KKTconditions for the optimal control problem (7.7) are given by:
The forward problem
∂t X = −u(t)A∂z X + F(X)

(t, x) ∈ ΩT

X(0, x) = X 0 (x)
X(t, 0) = b(t)

x ∈ (0, 1)
t ∈ (0, T ),

the adjoint problem
∂t Y = −u(t)A∗ ∂zY − DF(X)Y − ∇ f (X)
Y (T, x) = ∇g(X(T, x))
Y (t, 1) = 0
and the coupling condition
Y (t, 0) = ∇h(u(t))
PROOF :

(t, x) ∈ ΩT
x ∈ (0, 1)
t ∈ (0, T ),
t ∈ (0, T )

We define an appropriate Lagrange functional
L(X, y, u) := J(X, u) −  Y , ∂t X + u(t)A∂z X − F(X) L2 (ΩT )
(
'
− Y (0, ·) , X(0, ·) − X 0 L2 (0,1) −  Y (·, 0 , X(·, 0) − b L2 (0,T ) .

In order to obtain the optimality conditions, the derivatives of L with respect to the function
u, X and y are computed by standard calculations. Thereby, the computation of the derivative
with respect to Y only results in the forward problem.

To match a specified particle size distribution after the process, we may choose in the
following the set of corresponding values Xd = [N̄0 , N̄1 , N̄2 , x̄] of the lognormal distribution
at the final time T . Now we can impose this criterion in the cost functional by setting
1
g(X(T, x)) = (X(T, x) − Xd (x))2 .
2
In addition, the throughput is penalized via
h(u(t)) =

κ
u(t)2
2

for stability reasons to ensure the convergence of the algorithm. One can also think of using
a different penalization
κ
h(u(t)) = (u(t) − ud (t))2
2
avoiding strong deviations around a mean flow rate ud . Without loss of generality, we do
not impose a specific progress of the state, i.e. f ≡ 0, in the aerosol process since tracking
the evolution of the distribution is not as relevant as reaching required specifications of the
final product.
By providing the adjoint information, all standard, gradient based optimization techniques become available. Starting from an initial guess u0 , the question arises how to find
an appropriate update rule for finding the optimal control u∗ . Implementing for example
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the method of steepest descent, in addition the choice of a step size parameter is required.
In most cases, the process of finding the optimal parameter is computationally quite timeconsuming. The choice of a fixed step size, however, generally yields poor results.
In the present approach, we propose a different first-order optimization algorithm that
guarantees, in contrast to the standard gradient methods, a monotone decrease of the cost
functional even for fixed parameters.
In the spirit of the monotone algorithms developed in the context of quantum control
(see for example J. Salomon, G. Turinici, and Y. Maday in (Maday et al., 2006; Salomon
and Turinici, 2011)), a solution strategy has been established accounting for the special
structure of the underlying model. To satisfy the property of a monotone decrease of the
cost functional in each step, i.e. J(uk+1 ) − J(uk ) < 0 for all k, we establish the following
iterative approach:
After initialization, first solve the state equation for X k , uk

∂ k
∂
X + uk A X k = F(X k )
∂t
∂z
X k (0) = X 0

(7.8)

X k (t, 0) = b(t)

such that the scalar constraint
Y k−1 (t), (ũk−1 − uk )(t)A
+(h(u (t)) − h(ũ
k

k−1

∂ k
X 
∂z

(7.9)

(t))) ≤ 0

holds for all t.
Additionally, we may introduce an intermediate control ũ in the adjoint problem to individually fine-tune the optimization process (conf. Maday and Turinici (2003)). The corresponding adjoint equation for Y k with the control ũk therefore reads

∂ k
∂
Y + ũk A∗ Y k = −DF(X k )Y k − ∇ f (X k )
∂t
∂z
Y k (T ) = ∇g(X k (T )),

(7.10)

Y k (t, 1) = 0

requiring that a second scalar constraint holds for all t:
Y k (t), (uk − ũk )(t)A

∂ k
X 
∂z

(7.11)

+h(ũ (t)) − h(u (t)) ≤ 0
k

k

Due to the imposed fundamental constraints a monotone decrease of the cost functional is
obtained.
In the stated iteration procedure, we still have to specify ũk as well as uk such that the
corresponding constraints are satisfied. Defining uk through
uk (t) = (1 − δ )ũk−1 +

δ
κ

 1
0

Y k−1 A

∂ k
X dx.
∂z

(7.12)
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constitutes an update rule that is only based on data in the interval [0,t] whereas the necessary
monotonicity condition may also be checked by standard calculations. ũk is then likewise
defined by

η 1 k ∂ k
ũk (t) = (1 − η )uk +
Y A X dx.
(7.13)
κ 0
∂z
This choice guarantees a monotone decrease of the cost functional for all values of the
parameters δ and η in the interval [0, 2].
Theorem 7.2.2 (Monotone convergence)
The algorithm presented in (7.8) and (7.10) converges monotonically with respect to the
given cost functional (7.7) if the given scalar constraints (7.9) and (7.11) are satisfied.
Moreover, for the special choice of h(u(t)) = κ2 u(t)2 , the update rules (7.12) and (7.13)
guarantee a monotone decrease of the cost functional for δ , η ∈ [0, 2].
PROOF :

In order to minimize the cost functional
J(X, u) =

 1
1
0

12

2

(X(T, x) − Xd (x)) dx +
23
4

 T
κ
0

g(X(T ))

(u(t))2 dt
2
1 23 4

(7.14)

h(u(t))

we iterate the forward problem (7.8) using the control uk and the adjoint problem using ũk .
For guaranteeing a monotone decrease of the cost functional, we consider the change
in each iteration J(X k , uk ) − J(X k−1 , uk−1 ). Moreover, by a Taylor expansion using X k =
X k−1 + δ X, i.e.
g(X k ) = g(X k−1 ) + ∇g(X k−1 ) · δ X + O((δ X)2 ),
we obtain
J(X , u ) − J(X
k

k

k−1

,u

k−1

)=
=

 1
0

g(X ) − g(X
k

 1

k−1

) dx +

∇g(X )δ X dx +
10
23
4
k−1

 T
0

 T
0

h(uk ) − h(uk−1 ) dt

h(uk ) − h(uk−1 ) dt + O(δ X 2 )

I

Using the end condition of the adjoint problem, we observe by partial integration for the
first integral I
)
*
)
*
k−1
k−1
I 0 ∇g(X ) , δ X 2
= Y (T, 0) , δ X 2
L (0,1)
L (0,1)
)
*
)
*
k−1
k−1
= ∂t Y
, δX 2
+ Y
, ∂t δ X 2
L (ΩT )
L (ΩT )
)
*
k−1
+ Y (0, x) , δ X(0, x) 2
L (0,1)
1
23
4
=

)

=0 since δ X(0,x)=0

*

−ũ A∂zY
− DF(X ) , δ X 2
L (ΩT )
)
*
k−1
k
k
k
+ Y
, −u A∂z X + F(X ) 2
L (ΩT )
)
*
k−1
k−1
k−1
k−1
+ Y
, +u A∂z X
− F(X ) 2
k−1

k−1

k−1

L (ΩT )
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with the definition of the forward (7.8) and adjoint (7.10) problem. Since F(X k ) = F(X k−1 )+
DF(X k−1 ) · δ X + O((δ X)2 ), a reordering of the terms results in
*
)
I ≈ Y k−1 , (ũk−1 − uk )A∂z X k 2
L (ΩT )
)
*
+ Y k−1 , (uk−1 − ũk−1 )A∂z X k−1 ) 2
L (ΩT )

In order to guarantee a decrease up to the neglected higher order terms, we insert I into the
change of cost functional which is supposed to be negative in each iteration:
*
)
J(X k , uk ) − J(X k−1 , uk−1 ) = Y k−1 , (ũk−1 − uk )A∂z X k 2
L (ΩT )
)
*
+ Y k−1 , (uk−1 − ũk−1 )A∂z X k−1 ) 2
(7.15)
L (Ω )
+

 T
0

T

!

h(uk ) − h(uk−1 ) dt ≤ 0

A separation of the terms yields the stated inequality constraints (7.9) and (7.11). In order
to proof the choice of the update rules, we consider only one part of (7.15) and obtain by
adding and subtracting h(ũk−1 )
*
)
J1 (X k , uk ) − J1 (X k−1 , uk−1 ) = Y k−1 , (ũk−1 − uk )A∂z X k 2
L (ΩT )
(7.16)
 T
k
k−1
+
h(u ) − h(ũ ) dt
0

as well as the term for J2 (X k , uk ) − J2 (X k−1 , uk−1 ) which may be treated analogously. Considering the choice of the update rule (7.12)
uk (t) = (1 − δ )ũk−1 +

*
δ ) k−1
Y
, A∂z X k 2
,
κ
L (0,1)

we retrieve by resorting the terms
)

Y k−1 , A∂z X k

*
L2 (0,1)

=

κ
2
2ũk−1 − (ũk−1 − uk )
2
δ

Inserting this equality in (7.16) using the special choice h(u(t)) = κ2 u(t)2 yields
J1 (X k , uk ) − J1 (X k−1 , uk−1 ) =

 T
κ
0

2
(ũk−1 − uk ) 2ũk−1 − (ũk−1 − uk )
2
δ

κ
− (ũk−1 − uk )(ũk−1 + uk ) dt
2
 T
2 !
κ
2  k−1
1−
ũ − uk ) ≤ 0
=
δ
0 2

(7.17)

The last expression not positive if δ ∈ [0, 2] which proofs the claimed monotone decrease of
the cost functional by using the stated update rules.
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A different formulation of the algorithm in the context of quantum control is presented
in Salomon and Turinici (2011) proving the existence of the solution to this equation. Additionally the well-posedness of the general algorithm is shown and important properties of
the optimal control functional are given. Studies concerned with the convergence are, for
example, Baudouin and Salomon (2008); Salomon (2007). We want to point out that the
presented algorithm may not be confused with the parareal in time approach of Lions et al.
(2001), however there is a combination of both techniques published in Maday et al. (2007).
In Lapert et al. (2009), the algorithm is complemented by spectral constraints in order to
select particular control fields which take experimental constraints into account. Moreover,
an extension to solve a wide class of quantum optimal control problems satisfying an inhomogeneous integro-differential equation of motion is presented in Ohtsuki et al. (2007).

7.3

Approximate step-size control

The given definitions of the updates for the control variables in (7.12) and (7.13) still contain
two parameters that may be chosen. As mentioned, using any value in the stated interval
will lead to a monotone decrease in the cost functional. In contrast to the extensive research
which is conducted to transfer the algorithm to different settings, no satisfactory approach
has been proposed so far for optimally choosing the involved parameters.
In the iteration procedure, the parameter delta can be chosen for example to be a fixed
value for all k (see fig. 7.2 depicting δ = 0.069, the optimal fixed value of δ ∈ [0, 2]) without
losing the monotonicity. However, by using the update rules (7.12) and (7.13), an additional
nonlinearity is introduced into the state and adjoint systems (7.8), (7.10). Since the degree
of nonlinearity is also affected by the selection of these parameters, this indicates that the
choice has a decisive influence on the system dynamics.
In (Maday and Turinici, 2003), Maday and Turinici carried out a parameter study on the
influence of the two parameters. They point out that it is a priori not obvious to determine
the best values for δ and η . Although an automatic approach on finding these parameters
is introduced in their contribution, the employed condition is questionable to guarantee the
optimality of the update. The considered criterion is given by ∂∂δ J(uk+1 ) − J(uk ) which may
also be satisfied on the isolines of J.
Choosing these parameters appropriately in each step leads to an improved convergence
at the cost of a higher computational effort. For a clear presentation of the theoretical considerations η will be set from now on to zero, such that the update rule only affects the
calculations for the state equation (7.8) and not the adjoint system (7.10), i.e. ũk = uk . The
presented approach is however not restricted to this simplified case.
In the project, two different approaches have been implemented for choosing the parameter δ ∈ [0, 2]. First, an optimal choice of δ in each iteration was accomplished using Brent’s
method (see chap. 4 in Brent, 2002). This direct search method involves many evaluations
of the state equation in order to reach the optimal value for the control.
A different approach is to calculate the optimal value of δ analytically by differentiation
of J(u(δ )) using first order optimality conditions:
Theorem 7.3.1 (Optimal choice of the involved parameters)
Considering the monotonically decreasing algorithm (7.8) and (7.10) for the optimal control
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problem (7.7) using the update rules (7.12) and (7.13). Furthermore, let η = 0, i.e. ũk = uk .
An approximation to the optimal choice of the involved parameter δ is given by
'
(
5 k
6
u (t) + κ1 W , A∂z X k+1 L2 (0,1)
'
(
δ = Proj[0,2] k
u (t) + κ1 Y k , A∂z X k+1 L2 (0,1)
using the additional PDE-constraint

∂
∂
W − AT W =
∂t
∂z

δ
κ

%

∂
A X k ;W
∂z

W (T ) = ∇g(X k (T )),

&
− δ u k AT

∂ k
Y
∂z

W (t, 1) = 0

where Proj[0,2] denotes the projection to the interval [0, 2].
In order to calculate the optimal value of δ analytically, we differentiate J(u(δ )) to
derive first order optimality conditions. Inserting again the considered cost functional (7.14),
we obtain
 1

 T
∂
∂
k+1
k+1
k+1
J(u (δ )) = ∂δ
g(X(u (δ ))) dx +
h(u (δ )) dt
∂δ
∂δ 0
0
 1
 T
∂
∂
∂
k+1
k+1
g(X(u (δ ))) X(u (δ )) dx +
=
h(uk+1 (δ )) dt
∂δ
∂δ 0
0 ∂X
PROOF :

Now, assume that ∇g(X(uk+1 (δ ))) is the end condition of a complementing partial differen . By partial integration, we obtain
tial equation with the associated variable W
%
&
%
&
∂
∂  ∂
∂
∂
k+1
k+1
k+1
,
J(u (δ )) =
X(u (δ ))
+ W
X(u (δ ))
W,
∂δ
∂t
∂δ
∂t ∂δ
L2 (ΩT )
L2 (ΩT )


T
∂
+
h(uk+1 (δ )) dt
∂
δ
0
&
%
%
∂  ∂
k+1
, ∂
X(u (δ ))
+ W
=
W,
∂t
∂δ
∂δ
L2 (ΩT )

+

 T
∂
0

∂u

h(uk+1 (δ ))

∂
X(uk+1 (δ ))
∂t

&
L2 (ΩT )

∂ k+1
u (δ ) dt
∂δ

Inserting the definition of the state equation (7.8) for
tives, and sorting the remaining terms by

∂ uk+1
∂δ

∂
k+1 (δ )),
∂ t X(u

calculating the deriva-

gives the first order optimality conditions

%
&
 T
 T k+1
∂
u − uk
∂ k+1 
uk+1 − uk k+1
k+1
u dt −
A X ;W
J(u (δ )) =
κ
∂δ
δ
δ
∂z
0
0
7
9
%
&
 T
∂ uk+1
∂
δ
∂
∂
 − δ uk+1 AT Y k
 + AT W
+
A X k+1 ; W
; −∂t W
−
∂δ
∂z
κ
∂z
∂z
0
1
23
4
8)
(W

(7.18)
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However, the calculations reveal that for determining δ and, thus, uk+1 , an additional PDE8) has to be solved. Due to the coupling via the end condition, this approach
constraint (W
requires the knowledge of X k+1 on the entire time interval which may only be computed
based on the searched control uk+1 . Therefore, we obtain an implicit formulation which
has to be computed in order to obtain analytically the optimal value for δ . In order to
solve the implicit formulation iteratively, for example, again many function evaluations are
necessary. Therefore, the direct application is not recommended due to the considerably
high computational effort.
In our proposed approach, we consider instead an approximation to the complex expres8) using only the known values of the former iteration. The implicit dependence is
sion (W
therefore replaced by an explicit computation to avoid the need of an iterative method. The
approximated expression (W ) still denotes a third equation that needs to be solved additionally to the state and adjoint system. Accordingly, the approximation using just the known
values of the former iteration k reads
%
&
⎧
∂
∂
δ
∂ k
T
k
T ∂ k
⎪
⎪
W
−
A
W
=
X
Y
A
A
;W
−
δ
u
⎪
⎨ ∂t
∂z
κ
∂z
∂z
(W )
(7.19)
⎪
⎪
⎪
⎩
W (T ) = ∇g(X k (T )), W (t, 1) = 0
Using the approximated formulation (W ) and reordering the terms, the first order optimality
conditions read
%
&
 T
∂
∂ k+1
uk+1 − uk
k+1
k+1
J(u (δ )) =
κ u − A X ;W
dt
∂δ
δ
∂z
0
(7.20)
%
&
&
 T % k+1
∂u
δ
∂ k
T ∂
k
T ∂ k
W+
Y dt
A X ;W − δ u A
; −∂t W + A
−
∂δ
∂z
κ
∂z
∂z
0
Since the additional PDE-constraint is assumed to be satisfied, the second line vanishes.
Therefore, ∂∂δ J(uk+1 (δ )) = 0 is only fulfilled if either uk+1 = uk or
u

k+1

1
(t) =
κ

%
&
∂ k+1
A X ;W
∂z

which is equivalent to the choice of δ
'
(
uk (t) + κ1 W , A∂z X k+1 L2 (0,1)
'
(
.
δ= k
u (t) + κ1 Y k , A∂z X k+1 L2 (0,1)

(7.21)

Since theorem 7.2.2 proves that a monotone decrease is only possible for δ ∈ [0, 2] which
may be violated due to the approximation, equation (7.21) is finally projected onto this
interval.

Numerical simulations show that our novel approach yields excellent convergence results without causing a high computational overhead compared to, e.g., the implicit approach
or the direct search method by Brent. The computation of the solution to (W ) entails the
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Figure 7.2: Several choices for δ (with η = 0 fixed)

same complexity of the solution of one adjoint problem. Figure 7.2 shows the corresponding
choices of δ .
The blue line describes the optimal choice of a fixed value which has been determined by
an outer iteration loop checking all values in [0,2]. Without this time consuming optimization, this value is a-priori not available. The green line results from the direct search method
(see chap. 4 in Brent, 2002) which involves however a high number of function evaluations.
It can be observed that the value of δ oscillates in the entire interval [0, 1]. The proposed
approach of Maday and Turinici (2003) to choose δ > 1 could not be confirmed. The presented analytical choice, however, does not exhibit the same oscillatory behavior yielding at
the same time a comparable convergence according to figure 7.3. Since oscillatory controls
represent another critical issue related to monotone algorithms (Turinici and Rabitz, 2004;
Jean-Michel Coron and Andreea Grigoriu and Catalin Lefter and Gabriel Turinici, 2009),
the presented results indicate that the use of the novel method for computing the involved
parameter provides a practicable solution. Moreover, we observe that the optimal value of
δ does not leave the interval [0, 2]. The stated projection is therefore not necessary in the
present case.
In figure 7.3, the resulting values of the cost functional J are shown using the different
choices of δ described in figure 7.2. In all cases a monotone decrease is obtained, converging
to the optimal value calculated by a reference solver. As expected, we obtain the fastest
convergence by using the optimal value of δ determined in the direct search method. It
is important to stress that the optimizer involves thereby several hundred evaluations of
the state equation to obtain the optimal parameter. In contrast to this approach the use
of the best possible fixed choice of the parameter gives still a sufficient decrease without
any computational overhead. However, this value is in general not a-priori known. When
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Figure 7.3: Corresponding values for the cost functional J

we compare the results, the decrease obtained by the approximated analytical value of δ
represents a very successful compromise. The procedure to calculate an improved δ takes
only half the effort which is necessary to solve (7.8), (7.10); at the same time a remarkable
convergence is achieved.

7.4

Conclusion

This chapter focuses on the topic of optimization methods adapted to the framework of
particle synthesis. From an industrial perspective, meeting specific pre-required properties
is a major challenge in the production of nano-scaled particulate products by aerosol processes. In this setting, common gradient-based algorithms perform poorly due to the present
high nonlinearities. Therefore, a promising algorithm is proposed in section 7.2 yielding
an optimal feed-rate profile to attain the demanded features. The use of adjoint information
provides the possibility of assuring a monotone convergence in the iteration procedure without involving an expansive line search for determining the step size. The generality of the
assumed cost functional additionally offers a wide range of possible applications.
The algorithm provides the possibility of tuning the convergence behavior by adaptively
choosing two intrinsic parameters. However, in most known situations, this choice has yet
not been satisfactorily investigated although it represents a critical issue for convergence.
The proposed method calculates analytically an approximation to the optimal value using
first order optimality conditions. Compared to a direct search method that involves many
evaluations of the state equation, our approach performed particularly well considering that
the overall computational costs are only raised by a factor of 1.5. Thus, an efficient, mono-
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tonically decreasing algorithm is obtained converging to the optimal value of the given cost
functional. Moreover, no oscillatory effects have been observed compared to optimally
choosing δ in each time step. A numerical validation gave evidence to the fact that the established optimization method provides an efficient way to gain access to optimal process
conditions and thus represents a step towards a comprehensive control of the particle size
distribution.

Chapter 8
Population balance model with agglomeration
Mathematical analysis of a partial integro-differential equation
In the previous chapters, different hierarchically ordered abstraction levels in the set-up of
the models have been considered. Ranging from optimization problems on how to run a
process in terms of operating conditions to the question of well-posedness, each level of abstraction raises the question of new mathematical techniques. As demonstrated in chapter 6,
a rigorous mathematical analysis subject to existence and uniqueness opens up new insights
in the structure of the considered equations and often provides suitable conditions on how
to run a process appropriately.
In the modeling of many polydisperse particulate processes, the phenomenon of agglomeration has to be included in the population balance equation in order to be able to represent
the system
The resulting description of the evolution of the particle size distri properly.

bution y xi , r j ,t ≥ 0 consists therefore in an integro-differential equation (conf. chapter
7). After the formation of particles, growth and agglomeration are the decisive mechanisms
influencing the final size distribution of a particulate product. As ripening and sintering are
thermodynamically driven slow mechanisms which are predominant in a post reaction step,
we provide in this chapter an existence result for the kinetic model focusing on the phenomena of growth and agglomeration. In particular, we show the existence of global weak
solutions to an integro-differential equation in the spatially homogeneous case.
One specific realization of the general PBE (2.1) introduced in chapter 2 is therefore
given by the case where the particle size x ∈ R+ represents the only internal variable in an
ideally mixed system. In contrast to the previous chapter, we omit the spatial transport term
r and the particles grow in a supersaturated solution due to homogeneous, size independent
V
growth mechanisms (i.e. Vx = u(t)). We reformulate the general PBE (2.1) to

∂
∂
1
y(x,t) +
(u(t)y(x,t)) =
∂t
∂x
2

 x
0

β (x − s, s)y((x − s),t)y(s,t) ds
−y(x,t)

with the following initial

 ∞
0

β (x, s)y(s,t) ds

∀ x ∈ R+

y(x, 0) = y0 (x)

(8.1)

(8.2)

and a boundary condition
y(0,t) = h(t)

t ∈ [0, T ].

(8.3)

The integral terms on the right hand side are denoted in the following by Q(y) = Q1 (y) −
Q2 (y) with

1 x
Q1 (y)(x,t) :=
β (x − s, s)y((x − s),t)y(s,t) ds
(8.4)
2 0 
Q2 (y)(x,t) := y(x,t)

∞

0

β (x, s)y(s,t) ds.

(8.5)
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The main difficulties in the proof of existence of weak solutions to this integro-differential
equation are related to the integral terms. As mentioned, the coalescence kernel β (x1 , x2 )
corresponds to the collision frequency that results in the coagulation of two particles. The
kernel modeling for instance random Brownian motion is given by

βB (x1 , x2 ) = c(x1 + x2 )

1
1
.
+
x1 x2

The pure coalescence equation has been subject to numerous mathematical studies, see
for example Aizenman and Bak (1979) for bounded or Stewart (1989) for unbounded kernels. However, in most contributions quite restrictive assumptions on the collision kernel are
required. More generally, the analysis of solutions to equation (8.1) has been studied without growth term in the spatially homogeneous case by Roquejoffre and Villedieu (2001),
which has been extended by Escobedo et al. (2004) for distributions depending also on the
spatial position. To our knowledge the existence of solutions incorporating an additional
growth term in the present general setting has not yet been studied.
In Laurençot and Mischler (2002a), the existence of solutions considering also the fragmentation of particles is presented; furthermore, the discrete formulation is studied in Laurençot and Mischler (2002b). For further references, see for example the monograph of
Dubovskii (1994) or the paper by Escobedo et al. (2005) considering also the stationary
problem as well as self-similarity properties. Related studies are concerned with measure
valued solutions allowing for an additional source term (Escobedo and Mischler, 2006),
deterministic and stochastic models for coalescence (Aldous, 1999), or existence results
including diffusive processes (Amann and Walker, 2005).

8.1

A priori estimates

Considering equation (8.1) with initial (8.2) and boundary data (8.3), we need some additional conditions to establish the existence of a weak solution which are, however, still as
general as possible.
Assumption 8.1.1 (Structure condition on the kernel function)
First discussing the conditions on the coalescence kernel, a natural assumption is the positivity and symmetry of β
0 < β (x1 , x2 ) = β (x2 , x1 )

a.e. in R+ × R+

(8.6)

and the following structure condition

β (x1 , x2 ) ≤ β (x1 , x1 + x2 ) + β (x2 , x1 + x2 )

∀ x1 , x2 ∈ R+ .

(8.7)
T

To establish our existence result, we require a priori estimates on the solution y. For this
purpose, we have to consider several properties of the integral operator Q.
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Remark 8.1.2 (Properties of the integral operator Q)
First, we take a testfunction ϕ : R+ → R+ and multiply (8.1) by ϕ to get by partial integration

∂
∂t

 ∞
0

y(s,t)ϕ (s) ds =

 ∞
0

Q(y)(s,t)ϕ (s) ds + u(t)y(0,t)ϕ (0)

(8.8)

In order to obtain a priori estimates, we integrate (8.8) with respect to time
 ∞
0

y(s,t)ϕ (s) ds =

 t ∞
0

+

0
 t
0

Q(y)(s, τ )ϕ (s) ds d τ +

u(τ )y(0, τ )ϕ (0) d τ

 ∞
0

∀ϕ

y(s, 0)ϕ (s) ds
(8.9)
1
∈ Lloc
(0, ∞)

Analyzing again the weak formulation of (8.1), we retrieve the identity
 ∞
∂
0

∂t

yϕ ds +

 ∞
∂

∂x

0

1
=
2

(uy)ϕ ds

 ∞ ∞
0

0

(8.10)

β (r, s)y(r)y(s) (ϕ (r + s) − ϕ (r) − ϕ (s)) dr ds

which is obtained after changing variables and applying Fubinis theorem to Q1 (y).
The main interest lies now in choosing the testfunctions ϕ such that (8.9) or (8.10) have
a useful structure.
1. ϕ (x) = x.
Then ϕ (r + s) − ϕ (r) − ϕ (s) = 0 which gives the conservation of the initial mass
 ∞
0

y(s,t)s ds =

 ∞

y(s, 0)s ds
0

for all times t ∈ [0, T ]

(8.11)

2. Choosing ϕ (x) = 1, we get
 ∞
0

1
y(s,t) ds +
2

 t  ∞ ∞
0

0

=

0
 ∞
0

β (r, s)y(r, τ )y(s, τ ) ds dr dt,

y(s, 0) ds +

 t
0

(8.12)
u(τ )y(0, τ ) d τ

3. For subadditive functions ϕ , we eventually obtain the following estimate
 ∞
0

y(s,t)ϕ (s) ds ≤

 ∞
0

y(s, 0)ϕ (s) ds +

 t
0

u(τ )y(0, τ )ϕ (0) d τ

(8.13)

due to the subadditivity property ϕ (s + r) ≤ ϕ (s) + ϕ (r) of ϕ .
T
Under these assumptions, the following estimate can be proven:
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Lemma 8.1.3 (Preparing estimates)
Let now φ ∈ C 1 ([0, ∞)) be a general nonnegative and convex function with φ (0) = 0 and let
y be a solution to (8.1)-(8.3). Considering the function of time
 ∞
0

φ (y(s,t)) ds =: f (t),

(8.14)

we obtain under the structure assumptions (8.6) and (8.7) on the kernel β (x1 , x2 ) a nonincreasing function of time.
Additionally, using the notation a ∨ b = max{a, b}, a ∧ b = min{a, b}, the following
estimate holds
 ∞
0

φ (y(s,t)) ds
 t  ∞ ∞

1
+
2
+
≤
where ϕ (w) =
PROOF :

0
0
 t  ∞ ∞

 ∞

0

0

dφ
dw (w)

0

0

0

β (r, s)(y(r) ∨ y(s))ϕ (y(r) ∧ y(s)) dr ds d τ
(8.15)

χ[s,∞) β (r, s)y(r)ψ (y(s)) dr ds d τ

φ (y(s, 0)) ds +

 t
0

u(τ )y(0, τ )ϕ (y(0, τ )) d τ

for w ≥ 0 and ψ (w) = wϕ (w) − φ (w) ≥ 0.

We have

∂
f (t) =
∂t
=

 ∞
dφ
0

dy

0

∂t

 ∞
∂

=−

(y(s,t))

y(s,t)ϕ (y(s,t)) ds

 ∞
∂
0

∂
y(s,t) ds
∂t

∂s

(8.16)

(u(t)y(s,t))ϕ (y(s,t)) ds +

 ∞
0

Q(y)(s,t)ϕ (y(s,t)) ds

using the relation of our testfunction ϕ to φ by

ϕ (w) =

dφ
(w), w ≥ 0.
dw

(8.17)

After integration (8.16) with respect to time
f (t) − f (0) =

 t
0

+

u(τ )y(0, τ )ϕ (y(0, τ )) d τ

 t ∞
0

0

(8.18)
Q(y)(s, τ )ϕ (y(s, τ )) ds d τ ,

we need to analyze the second term on the right hand side.
For the estimate, we introduce the convex conjugate φ ∗ of φ by

φ ∗ (u) = sup {uw − φ (w)}

(8.19)

w≥0

for u ≥ 0, we recall Young’s inequality
uw ≤ ϕ (u) + φ ∗ (w)

u, w ≥ 0,

(8.20)
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and, finally, we review the identity

φ ∗ (ϕ (u)) = ψ (u)

u≥0

(8.21)

Moreover, we define a ∨ b = max{a, b}, a ∧ b = min{a, b}, and ψ (w) = wϕ (w) − φ (w) ≥ 0.
Therefore, we have
 ∞ ∞

β (r, s)y(r)y(s)ϕ (y(r + s)) dr ds

0 0 
∞ ∞

=

≤

0∞ 0∞

β (r, s) (y(r) ∧ y(s)) (y(r) ∨ y(s)) ϕ (y(r + s)) dr ds
β (r, s) (y(r) ∨ y(s)) ϕ (y(r) ∧ y(s)) ds dr

0 0
∞ ∞

+

0

0

(8.22)

β (r, s) (y(r) ∨ y(s)) ψ (y(r + s)) ds dr

Using the structure assumption (8.7) on the kernel we get
 ∞ ∞

β (r, s)y(r)y(s)ϕ (y(r + s)) dr ds

0 0 
∞ ∞

≤

β (r, s) (y(r) ∨ y(s)) ϕ (y(r) ∧ y(s)) ds dr

0 0 
∞ ∞

+2

=

 ∞ 0 ∞ 0

β (r, r + s)y(r)ψ (y(r + s)) ds dr

(8.23)

β (r, s) (y(r) ∨ y(s)) ϕ (y(r) ∧ y(s)) ds dr

0 0 
∞ ∞

+2

0

0

χ[0,s] (r)β (r, s)y(r)ψ (y(s)) ds dr

Hence according to (8.10) and (8.23) gives
 ∞
0

Q(y)(s)ϕ (y(s)) ds




1 ∞ ∞
=
β (r, s)y(r)y(s)(ϕ (y(r + s)) − ϕ (y(s)) − ϕ (y(r)) dr ds
2 0 0
 
1 ∞ ∞
≤
β (r, s) (y(r) ∨ y(s)) ϕ (y(r) ∧ y(s)) ds dr
2 0 0
+

∞

∞

χ[0,s] (r)β (r, s)y(r)ψ (y(s)) ds dr

 0
1 ∞ ∞

−
1 2

0

0

(8.24)

0

β (r, s)(ϕ (y(s)) + ϕ (y(r)))y(r)y(s) dr ds
23
4
I3

Using (8.20) and (8.21) the last integral I3 turns into
I3 = −
−

 ∞ ∞
0

β (r, s)y(r)ψ (y(s)) dr ds

 0
1 ∞ ∞

2

0

0

(8.25)

β (r, s) {y(r)ϕ (y(s)) + y(s)ϕ (y(r))} dr ds.
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Putting the previous results together, we conclude
 ∞
0

Q(y)(s)ϕ (y(s)) ds




1 ∞ ∞
≤−
β (r, s) (y(r) ∨ y(s)) ϕ (y(r) ∧ y(s)) ds dr
2
 ∞0 ∞0
χ[s,∞) (r)β (r, s)y(r)ψ (y(s)) ds dr
−
0

(8.26)

0

Going back to (8.9), we obtain
 ∞
0

φ (y(s,t)) ds −
1
+
2
+

≤

0

 t  ∞ ∞
0

0

0

0

φ (y(s, 0)) ds

β (r, s)(y(r) ∨ y(s))ϕ (y(r) ∧ y(s)) dr ds d τ

0
0
 t  ∞ ∞

 t
0

 ∞

(8.27)

χ[s,∞) β (r, s)y(r)ψ (y(s)) dr ds d τ

u(τ )y(0, τ )ϕ (y(0, τ )) d τ

which is equivalent to the proposed estimate. Moreover, since
1
2

 t  ∞ ∞
0

0

0

β (r, s)(y(r) ∨ y(s))ϕ (y(r) ∧ y(s)) dr ds d τ ≥ 0

 t  ∞ ∞
0

0

0

χ[s,∞) β (r, s)y(r)ψ (y(s)) dr ds d τ ≥ 0

(8.28)
(8.29)

we have also accomplished the property of f (t) to be a non-increasing function of time
which concludes the proof of the lemma.

Assumption 8.1.4 (Boundedness of given data)
Referring again to the non-negative, non-decreasing, and convex function φ ∈ C 1 [0, ∞) with
dφ
φ (0) = 0 and ϕ (w) = dw
(w) for w ≥ 0, we assume that the following estimate holds for the
boundary data


T

0

y(0,t)ϕ (y(0,t)) dt +

T

0

y(0,t) dt ≤ βbdy .

(8.30)

Additionally, the initial data satisfies
 ∞
0

φ (y(s, 0)) ds ≤ γin

(8.31)

and the growth rate u(·) is assumed to be bounded
u(·)L∞ (0,T ) ≤ αvel .

(8.32)
T

Theorem 8.1.1 (A-priori estimates)
Let φ ∈ C 1 ([0, ∞)) be a non-negative and non-decreasing convex function such that φ (0) = 0
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holds and that the assumptions (8.30)-(8.32) are fulfilled. If y0 ∈ L1 (0, ∞), then a solution
to (8.1) satisfies
 ∞

sup
t≥0 0

(φ (y(s,t)) + y(s,t)) ds ≤ γin + αvel βbdy < ∞

PROOF :

With the assumption (8.31) on the initial data as well as with the corresponding
conditions (8.30) for the boundary data and the growth rate (8.32), we conclude from the
previous lemma 8.1.3 that theorem 8.1.1 holds.


8.2

Existence result for the integro-differential equation

For the precise statement of the existence result, a definition of weak solutions (conf. Escobedo et al. (2004)) of the given integro-differential equation (8.1) is given by
Definition 8.2.1 (Weak solutions)
Let y0 (x) be a non-negative function satisfying y0 ∈ L1 ((0, ∞), (1 + s)ds). A weak solution
to the stated PBE (8.1) is given by a non-negative function
y ∈ C ([0, ∞); L1 (0, ∞)),

y(·, 0) = y0 ,

(8.33)

satisfying the estimate of theorem 8.1.1 for a non-negative and non-decreasing convex functions ϕ ∈ C 1 ([0, ∞)) such that

ϕ (u)
=∞
and
u
and solving (8.1) in the sense of distributions.
lim

u→∞

ϕ (0) = 0

(8.34)

In the proof of the main theorem the convergence of an approximated problem to a unique
fixed point is shown using the contraction mapping theorem. Since all the assumptions
of theorem 8.1.1 are satisfied for the family of approximated problems, the estimate holds
uniformly with respect to the regularization parameter.

8.2.1 Analysis of an approximate problem
We consider an approximate problem to (8.1) using the following notation
;
:
⎧
1
⎪
⎪
βδ (τ , s) := min β (τ , s),
⎪
⎪
δ
⎪
⎪
 ∞
⎪
⎪
⎪
⎪
⎪
ρg :=
|g| ds
⎪
⎪
0
⎪
⎪

⎪
⎪
1 x
⎨
:=
Qδ (g)(x)
β (x − s, s)g(x − s)g(s) ds
2 0 δ
⎪
∞
⎪
⎪
⎪
βδ (x, s)g(s) ds
−
g(x)
⎪
⎪
0
⎪
⎪
⎪
⎪
1
⎪
⎪
Q̃δ (g) =
q (g)
⎪
⎪
1 + δ ρg δ
⎪
⎪
⎪
⎩
Qδ ,λ (g) =Q̃( g) + λ g

(8.35)
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Moreover, we introduce the Banach space
.
X = g ∈ L∞ (0, ∞) | (1 + |s|)5 g ∈ L∞ )(0, ∞)

(8.36)

with the norm
gX = (1 + |s|)5 g∞

(8.37)

In order to analyze the approximate problem, we need two estimates established in the
following lemmata:
Lemma 8.2.2 (Approximated operator Qδ ,λ )
The operator Qδ ,λ is bounded in X, i.e. there exists a constant C > 0 such that
∀g∈X
PROOF :

for

1
δ2

: Qδ ,λ ( f )X ≤ CgX

,
,
,
,
1
5
,
,
Q
(g)(x)
+
λ
g(x)
(1
+
x)
δ
, 1 + δ ρg
,
:,  ∞
,1
1
1
,
≤
|g(s)| dsg∞
,
1 + δ ρg 2 0 δ
,;
 ∞
,
1
5,
+g(x)
|g(s)| ds(1 + x) , + |λ g(x)(1 + x)5 |
0 δ
1
C
ρg + λ gX
≤
1 + δ ρg δ
ρg
=
+ λ gX ≤ Cλ gX
δ + δ 2 ρg

≤ λ.

(8.38)

(8.39)



Lemma 8.2.3 (Estimates on Qδ ,λ )
We have that for all g1 , g2 ∈ X gi  ≤ R it holds
Qδ ,λ (g2 ) − Qδ ,λ (g1 )L1 (0,∞) ≤ CR g2 − g1 L1 (0,∞)

(8.40)

|(Qδ ,λ (g2 ) − Qδ ,λ (g1 ))(x)|
, ∞
,
,1
,
,
≤,
βδ (x − s, s) (g2 (x − s)g2 (s) − g1 (x − s)g1 (s)) ds,,
2 0
, ∞
,
,
,
,
+,
βδ (x, s) (g2 (s)g2 (x) − g1 (s)g1 (x)) ds,,
0

(8.41)

PROOF :

Regarding
g2 (x − s)g2 (x) − g1 (x − s)g1 (s) =
g2 (x − s)g1 (s) + g1 (x − s)(g2 (s) − g1 (s)) − g1 (x − s)g1 (s)
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we obtain
, ∞
,
,1
,
,
,
β
(x
−
s,
s)
(g
(x
−
s)g
(s)
−
g
(x
−
s)g
(s))
ds
2
2
1
1
,2 0 δ
,
, ∞
,
,1
,
,
≤,
βδ (x − s, s) (g2 (x − s) − g1 (x − s)) g1 (s) ds,,
2 0
, ∞
,
,1
,
+ ,,
βδ (x − s, s)g2 (x − s) (g2 (s) − g1 (s)) ds,,
2 0
≤

(8.42)

CR
g2 − g1 L1 (0∞)
(1 + δ ρg )δ

and hence (8.40) holds for some CR > 0.



Theorem 8.2.1 (Existence of solutions to the approximated problem)
The approximated problem to (8.1)

∂
∂
yδ + u yδ = Qδ (yδ )
∂t
∂x
yδ (·, 0) = y(·, 0)
yδ (0,t) = η (t)

in (0, ∞) × (0, T )
(8.43)

≥0
≥0

admits a unique solution yδ , where Qδ is given by
1
Qδ (g)(x) :=
2

 x
0

βδ (x − s, s)g(x − s)g(s) ds

− g(x)
#
"
with βδ (τ , s) := min β (τ , s), δ1 .
PROOF :

 ∞
0

(8.44)

βδ (x, s)g(s) ds

First, we consider a general problem of the form
⎧
⎪
⎨ ∂t h + u∂x h + λ h = Qδ ,λ (g)
h(·, 0) = y(·, 0)
⎪
⎩
h(0,t) = η (t)

≥0
≥ 0,

(8.45)

with Qδ ,λ (g) = Q̃( g) + λ g and define the solution operator S such that h = Sg. Moreover,
we introduce the set

+
XT =

g ∈ C ([0, T ]; L1 (0, ∞)) ∩ L∞ ([0, T ]; X)

| sup g(t)X ≤ 2B

where B = y(·, 0)X . For the following definition of a metric
⎧
⎨ d(g1 , g2 ) = sup g1 (t) − g2 (t)L1 (0,∞)
⎩

(8.46)

t∈[0,T ]

t∈[0,T ]

for g1 , g2 ∈ XT ,

we first observe that g ≥ 0 implies Sg ≥ 0, whenever y(·, 0) ≥ 0, u(t) ≥ 0.

(8.47)
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Indeed, recalling
1
Q (g)(x) + λ g(x)
1 + δ ρg δ
: x
1
1
β (x − s, s)g(x − s)g(s) ds
Qδ (g)(x) :=
1 + δ ρg 2 0 δ
Qδ ,λ (g) =

−g(x)


 ∞
0

;

βδ (x, s)g(s) ds

∞
1
g(x)
βδ (x, s)g(s) ds
≥−
1 + δ ρg
0

1 ∞
1
g(s) dsg(x)
≥−
1 + δ ρg δ 0
1
1
ρg g(x)
=−
1 + δ ρg δ

and for λ ≥

1
δ2

(8.48)

it holds

λ−

rhog
≥0
δ + δ 2 ρg

ρg 1
Qδ (g)(x) + λ g(x) ≥ λ −
1 + δ ρg δ

⇐⇒

(8.49)

Hence, g ≥ 0 implies Qδ ,λ (g) ≥ 0.
We observe that the solution of (8.45) h satisfies accordingly to equation (2.4)
 ∞
0

h(s,t) ds + λ
 ∞

=

0

+
Therefore we get

 ∞
0

 t ∞
0

y(s, 0) ds +

 t ∞
0

0

h(s, τ ) ds d τ

0

 t
u

u(r)y(0, τ ) d τ

Qδ (g) ds d τ + λ

(hg2 − hg1 )(s,t) ds + λ

=

 t ∞
0

0

 t ∞
0

0

 t ∞
0

0

(8.50)
g(s, τ ) ds d τ

(hg2 − hg1 )(s, τ ) ds d τ
(8.51)

Qδ ,λ (g2 ) − Qδ ,λ (g1 ) ds d τ

or reformulated using the solution operator S
sup Sg2 (t) − Sg1 (t)L1 (0,∞)

t∈[0,T ]

= sup

 ∞

t∈[0,T ] 0

≤ CR sup

|h2 (s,t) − h1 (s,t)| ds

 t ∞

t∈[0,T ] 0

0

(8.52)
|Qδ ,λ (g2 ) − Qδ ,λ (g1 )| ds d τ

≤ CR T sup g2 (t) − g1 (t)L1 (0,∞)
t∈[0,T ]
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For T > 0 sufficiently small, we infer that
d(Sg2 , Sg1 ) ≤ κ d(g2 , g1 )

(8.53)

with κ ∈ (0, 1) ∀ g1 , g2 ∈ XT .
By the contraction mapping theorem, S has a unique fixed point in XT , so therefore we
conclude that there is a unique solution yδ such that
⎧
∂
∂
⎪
⎪
⎨ ∂ t yδ + u ∂ x yδ = Qδ (yδ )

in (0, ∞) × (0, T )

yδ (·, 0) = y(·, 0)
yδ (0,t) = η (t)

⎪
⎪
⎩

≥0
≥0

(8.54)



which concludes our proof.

8.2.2 Existence of weak solutions
Theorem 8.2.2 (Existence of weak solutions)
Under the conditions stated in assumption 8.1.4, the stated structure conditions on the kernel
in assumption 8.1.1, and if y0 ∈ L1 ((0, ∞); (1 + s) ds) holds for the initial data, there exists
at least a solution y ≥ 0 to the population balance equation (8.1) satisfying
y ∈ C ([0, T ]; L1 (0, ∞)),

Q(y) ∈ L1 ((0, ∞) × (0, T ))

(8.55)

for all T > 0.
PROOF : Since all assumptions of theorem 8.1.1 are satisfied for the family {yδ }, the estimates from section 8.2.1 holds uniformly with respect to δ .
Therefore, there is a subsequence (yδk ) of (yδ ) and a function y such that for any T > 0
it holds
(8.56)
yδk −→ y
in C (0, T ; w − L1 (0, ∞)).

Here we have to mention that also the modified coalescence kernel βδ (τ , s) satisfies the
structure conditions (8.6) and (8.7) uniformly with respect to δ .
In order to prove the weak L1 -compactness of (Q1 (yδ )), we consider the sequence (yn )
and therefore the term
a(t, r, s) = β (r, s) (yn (r) ∨ yn (s)) (yn (r) ∧ yn (s))
Moreover,

ϕ (u)
u

(8.57)

is increasing for u sufficiently large, thus

ϕ (yn (r) ∨ yn (s)) ϕ (M)
≥
yn (r) ∨ yn (s)
M

(8.58)

for yn (r) ∨ yn (s) ≥ M, M large. This shows that
yn (r) ∨ yn (s) ≤

M
ϕ (yn (r) ∨ yn (s))
ϕ (M)

(8.59)
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In the next step, we consider the term a(t, r, s) again and obtain the following estimate:

β (r, s) (yn (r) ∨ yn (s)) (yn (r) ∧ yn (s))

=β (r, s) (yn (r) ∧ yn (s)) χyn (r)∨yn (s)≤M (r,t)


+ (yn (r) ∧ yn (s)) χyn (r)∨yn (s)≥M (r,t)

≤β (r, s) (yn (r) ∧ yn (s)) M χyn (rs)∨yn (s)≤M (r,t)

M
+
ϕ (yn (r) ∨ yn (s))χyn (r)∨yn (s)≥M (r,t)
ϕ (M)
≤β (r, s) (yn (r) + yn (s)) M χyn (r)∨yn (s)≤M (r,t)
M
β (r, s) (yn (r) ∧ yn (s)) ϕ (yn (r) ∨ yn (s))
+
ϕ (M)

(8.60)

Thus
 R
0

≤

Q1 (yn )ϕ ds
M
2

 R R
0

0

1 M
+
2 ϕ (M)
≤M

 R R
0

0

β (r, s)(yn (s) + yn (s))ϕ (r + s) ds dr
 R R
0

0

β (r, s) (yn (r) ∧ yn (s)) ϕ (yn (r) ∨ yn (s))ϕ (s + r) ds dr

(8.61)

β (s, r)yn (r)ϕ (s + r) ds dr

1 M
+
2 ϕ (M)

 R R
0

0

β (r, s) (yn (r) ∧ yn (s)) ϕ (yn (r) ∨ yn (s))ϕ (s + r) ds dr

where the right hand side is bounded under the specified assumptions due to lemma 8.1.3.
The corresponding term Q2 (yδ ) the same arguments apply and can be treated accordingly.
Therefore there is a subsequence (yδk ) of (yδ ) and a function y such that for any T > 0
it holds
(8.62)
Q̃δ (yδk )  Q(y) in L1 ((0, T ) × (0, ∞))
Finally, it is shown that y(x,t) is a weak solution in the sense of definition 8.2.1 to (8.1)-(8.3).
Using the structure conditions (8.7) and the stated a priori result (theorem 8.1.1), we can
proof by extraction of a subsequence that y(x,t) is a weak solution of (8.1) in the sense of
definition 8.2.1.


8.3

Conclusion

For the considered conservation equation (8.1)-(8.3) under certain conditions on the initial
and boundary data a new existence result has been proven incorporating the growth term.
A priori estimates are established in order to show the existence of a global weak solution
satisfying (8.55) for all times T . In the proof of the main theorem the convergence of an
approximated problem to a unique fixed point is shown using the contraction mapping theorem. Since all the assumptions of theorem 8.1.1 are satisfied for the family of approximated

8.3 Conclusion

145

problems, the estimate holds uniformly with respect to the regularization parameter. In order to address the full problem, i.e. without a moment approximation, the obtained results
remain to be extended to the spatially nonhomogeneous case.

Chapter 9
Ripening of zinc oxide quantum dots
Establishing a structure-property relation
The present work investigates the controlled fabrication of nanoparticulate products and focuses on the development of new mathematical concepts for simulating the associated processes. In the nanometer regime, quantum mechanical effects prevail and exert an enormous
influence on the product properties. Focusing on semiconducting zinc oxide (ZnO) nanoparticles, we investigate the systematic customization of their optical properties by means of
an Ostwald ripening process. Based on the quantum size effect, a targeted modification of
the corresponding particle size distribution subsequently allows for a precise control of the
band gap structure as detailed below.
Since the considered particle diameters are typically below 15 nm, their size is situated in
the range of the exciton Bohr radius representing a critical characteristic length for nanocrystals. In this regime, the exitons (electrically neutral bound state of an electron and a hole in a
semiconductor) of the particles are confined in all spatial dimensions which has earned them
the name quantum dots (QDs). According to the Pauli exclusion principle, two nearby electrons are not allowed to share exactly the same energy level. Therefore, the energy spectrum
splits into discrete energy states (quantum confinement) which leads to structural features
between the isolated atoms and the macroscopic bulk material (see fig. 9.1).
E

σ∗

p

conduction band

sp3
band gap
s

σ

atom

molecule

valence band

quantum dot

bulk

Figure 9.1: Schematic diagram of the electronic band structure in the transition from a
single atom to the bulk material. Reproduced from Roy (2010, fig. 30.3(b))

Generally, the smaller the diameter of the particle, the larger the band gap, the greater
the difference in the energy between the highest valence band and the lowest conduction
band becomes. Therefore, a reduction of the size causes that more energy is required to
excite the quantum dot, and concurrently, more energy is released when the dot returns to its
original state (see fig. 9.2). Quantum confinement thus affects the absorption and emission
behavior of nanoparticulate products allowing for a selective modification of their optical
properties by a control of the corresponding particle size distribution. Moreover, due to
the nanoscale of the ZnO particles, light scattering at visible or longer wavelengths nearly
vanishes, which is important in order to minimize optical losses in practical applications.
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Compared to traditional bulk materials, less material is hence needed in the manufacturing
of optical devices.
Conclusively, semiconducting ZnO nanoparticles are of great interest due to their interesting optical and electronic properties. Their scope ranges from UV shielding, solar
cell, information storage, and sensor applications to electronic and photonic devices. QDs
also provide new, future-oriented possibilities as markers and probes in medicine, cell and
molecular biology, although sufficient clinical long-term trials concerned with their human
compatibility are still pending (Mansur, 2010).
2
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Figure 9.2: Splitting of the energy spectrum into discrete energy states according to the
tight binding model (Viswanatha et al., 2004)

In this contribution, we investigate the optical behavior of semiconducting ZnO nanoparticles establishing the complete chain ranging from the process conditions (the temperature
profile in the ripening process) through the dispersed properties (the particle size distribution) to the relevant functional properties of the final product (absorbance behavior). The
precipitated particles undergo a slow Ostwald ripening process in which different solubilities
occur since the surface tension depends strongly on the curvature of a particle. Therefore,
the solubility increases exponentially when the particle size decreases (Gibbs-Thomson effect) and small particles dissolve; whereas the free molecules are subsequently incorporated
into larger ones (Wagner, 1961). This results in an increase of the mean particle size and,
accordingly, of the geometric standard deviation of the particle size distribution (PSD). The
rate of the entire ripening process is mainly determined by the temperature, which is externally adjusted by a thermostat. In order to demonstrate the specific challenges and open
problems related to the ripening behavior of ZnO quantum dots, a detailed analysis of the
underlying theory as well as an outline of the prior results is presented before addressing the
actual numerical realization.
The results in this chapter are realized jointly with Lukas Pflug and Johannes Semmler
who set up the implementation with a lot of effort and a strong ability to resolve numerical
problems. Their ideas inspired the development of new methods for customizing the optical
properties of the considered ZnO quantum dots. Concerning the experimental studies, the
close cooperation with the Institute of Particle Technology is taking on special importance.
Namely, Doris Segets invested a great deal of time in discussing the subject and contributed
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significantly to the achieved results. Her profound knowledge covered the arising questions
on the ripening kinetics and had a direct impact on the success of the project. Moreover, she
carried out and supervised the corresponding experiments at the Institute of Particle Technology. In this connection, we also appreciate the assistance of Christian Lutz in conduction the
ripening experiments. Moreover, the authors would like to thank Johannes Gradl for making
available the prior experimental data, Robert Boksznaider for the measurements regarding
the thermostat as well as Michael Haderlein for the useful comments on the description of
the numerical scheme.

9.1

Fully implicit method for Ostwald ripening

In a preceding primary particle formation process, ZnO nanoparticles have been prepared by
a controlled precipitation from zinc acetate and lithium hydroxide in alcoholic solution. In
order to study the production chain spanning the entire spectrum from the process conditions
to the properties of the final product, we focus however on the secondary particle formation
process which is predominant in a post reaction step. After the reactants have depleted, the
solution is no longer highly supersaturated. In the nanometer regime, the Gibbs-Thomson
effect however causes an increased solubility of smaller particles. After their dissolution,
a local supersaturation is built up and the free molecules are incorporated at the surface
of larger particles. This process is referred to as Ostwald ripening dedicated to the Nobel
laureate W. Ostwald.

9.1.1 Modeling approach
First investigations on the ripening of ZnO particles were performed by Meulenkamp (1998)
and Wong et al. (1998). Ripening is a thermodynamically-driven spontaneous process which
occurs due to the tendency of the system to decrease the total surface area. The molar
solubility cL of a particle with diameter x is given by
cL (x) = c∞L · exp

4 · γSF ·VB
ν · x · kB · T

.

(9.1)

Thereby, c∞L is the solubility of a flat ZnO surface, γSF the surface tension, VB the molecular
volume, ν a stoichiometric coefficient, x the particle diameter, kB the Boltzmann constant,
NA the Avogadro constant, and T the temperature.
The parameter γSF is modeled according to A. Mersmann. In (Mersmann, 1990), a theoretical approach assuming a perfect crystal is described to calculate the interfacial energy
γSF only based on material specific parameters:

ρZnO
kB · T
γSF = Kγ · 
·
ln
3
c∞L · M
VB2

(9.2)

where the value of the constant Kγ = 0.414 is determined from theoretical considerations.
The parameter range has further been validated by a comparison with experimental data
(Mersmann, 1995, Kγ = 0.333).
The solubility of solids in liquids c∞L is generally described by an Arrhenius law according to

Ripening of zinc oxide quantum dots
Establishing a structure-property relation

150

c∞L = kL · exp −

ΔHSOL
kB · NA · T

.

(9.3)

relative solubility cL /c∞L / -

For the considered ZnO particles in the lower nanometer range, the relative solubility increases exponentially confirming the fact that larger particles are more energetically favored
than smaller ones (see fig. 9.3).
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Figure 9.3: Relative solubility of ZnO nanoparticles in ethanol at different temperatures

Previous experiments at the Institute of Particle Technology provide a positive enthalpy
of dissolution ΔHSOL = 109 kJ/mol for ZnO in ethanol, which is only slightly smaller than
the determined activation energy EA of the ripening process (EA = 116 kJ/mol) (Segets et al.,
2009a). Moreover, for the considered temperature range between 10 ◦C and 50 ◦C, the interfacial energy γSF as well as the solubility of a flat surface were established by our group
assuming diffusion limited ripening. The corresponding values at 40 ◦C, γSF = 0.63 J/m2 and
c∞L = 1.23 · 10−11 mol/l, lie, for instance, within the expected range. The employed model
for the molar solubility cL is therefore verified against the references which are available in
the literature.
The decision whether a particle dissolves or grows is determined by offsetting the present
global supersaturation which promotes growth against its tendency to dissolve. The general
rate equation for the diffusion controlled ripening process therefore reads
R(x,t, c) =

4·D·M·c∞L
c(t)
4·γSF ·VB
·
− exp
∞
ρZnO ·x
cL
ν ·x·kB ·T

.

(9.4)

A change of sign is thus determined by the relation between the global supersaturation in
the liquid and the local supersaturation at the particle surface given by the exponential expression. Moreover, D stands for the diffusion coefficient, ρ for the density of the material,
and c(t) for the current concentration of ZnO in the solution. Accordingly, depending on the
temperature T and the particle diameter x, the ripening rate can be either positive (growth)
or negative (dissolution).
We refer to the PSD by q(x,t) denoting the present density of particles with a diameter x
at time t. Thus, the system describing the evolution of q in time is given by the partial differential equation (9.5) complemented by the mass balance (9.6) accounting for the required
information on the concentration c(t) of ZnO in the solution.

∂
∂
q(x,t) +
(R(x,t, c) · q(x,t)) = 0
∂t
∂x

(9.5)
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x3 · q(x,t) dx = c0

(9.6)

with

π ρZnO
6 V
xc thereby represents the critical diameter at which the nanoparticles are assumed to dissolve
and kρ replaces the material specific coefficients including the volume shape factor. The total
mass m0 = c0 · V of ZnO is therefore split into the amount of precipitated particles which
are represented by the PSD and the mass corresponding to ZnO molecules in the solution.
In order to calculate the net change of the concentration, we differentiate (9.6) with respect
to time, apply the definition of the PDE (9.5), and perform a partial integration with respect
to the spatial variable
kρ =

∂ c(t)
∂
= − kρ ·
∂t
∂t
= − 3kρ

 ∞

 ∞
xc
3

xc

x3 · q(x,t) dx

x2 · R(x,t, c) · q(x,t) dx

(9.7)

− kρ · xc · R(xc ,t, c) · q(xc ,t).
In particular, we point out that the second boundary term in the partial integration vanishes
due to the limited mass in the system; whereas the remaining boundary term accounts for
the increase of the concentration due to the dissolution of the smallest particles.
A crucial issue related to the numerical realization of the ripening process is due to the
high nonlinearities of the ripening function (see fig. 9.4). Lifshitz and Slyozov (Lifshitz
and Slyozov, 1961) and Wagner (Wagner, 1961) have developed an asymptotic description
for the evolution of a PSD during Ostwald ripening (LSW theory). In their approach, the
exponential term is replaced by a truncated Taylor series approximation (9.8) which still
reflects the principal behavior for sufficiently large particles (see fig. 9.4):
Rtaylor (x,t) =

c(t)
4·D·M
4· γSF ·VB
·
− 1+
∞
ρZnO ·x
cL
ν ·x·kB ·T

(9.8)

The approximated ripening function behaves numerically more friendly since the rate of
dissolution, which applies for the smallest particles, is lowered significantly. This property
is particularly obvious for case c) of figure 9.4 representing a situation where all particles
are currently being dissolved.
Reviewing the recent literature on simulating the influence of Ostwald ripening on particulate systems, Filbet and Laurençot investigate in (Filbet and Laurençot, 2003) the properties
and the convergence of an explicit finite volume scheme for solving a theoretical ripening
model which neglects the variation in the degree of supersaturation and thus does not result
in a coupled pde-ode system. This assumption is no longer sustainable when addressing
realistic particulate systems. A publication of Iggland and Mazzotti (2012) theoretically
studies the effects of varying the initial conditions of the population balance model in a
crystallization process. For the considered crystal sizes of several micrometers, both formulations of the ripening rate yield identical results since the high nonlinearities are not
present in the considered particle size range. Up to the knowledge of the authors, only the
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Figure 9.4: Nonlinearity of ripening function at a ZnO concentration of (a) 10−8 kg·m−3 ,
(b) 3 · 10−9 kg·m−3 , and (c) 10−12 kg·m−3

approximated formulation of the ripening function has however been used for simulating the
ripening process in the lower nanometer regime (see, e.g., Talapin et al., 2001; Segets et al.,
2009a). However, this approach constantly underestimates the dissolution of small particles
and, thus, less free molecules are available. Therefore, the overall increase of the mean
particle size is underestimated especially in the beginning of the ripening process where the
small particles represent a large fraction of the size distribution. Despite this drawback of
the LSW-approach, all preceding investigations rely on this methodology due to the mentioned numerical issues. In the next section, a short outline of the prior results is given
which constitute the baseline situation for the work presented in this contribution.

9.1.2 Prior results
A detailed description on the synthesis procedure of ZnO nanoparticles from a zinc acetate
precursor solution mixed with lithium hydroxide, both dissolved in ethanol, is found in
(Segets et al., 2009a,b). The corresponding experiments are performed at the Institute of
Particle Technology; we thank particularly Doris Segets and Johannes Gradl for making
available the experimental data. The produced particles include sizes between 2 and 8 nm in
diameter. The particle size is obtained from Dynamic Light Scattering (DLS), Transmission
Electron Microscopy analysis (TEM), UV-Vis spectroscopy (UV-Vis), and Hyper Rayleigh
Scattering (HRS). The simultaneous measurement of UV-Vis and HRS thereby allows to
determine directly the rate of nucleation as well as the growth and ripening rates (Segets
et al., 2009b).
Due to the quantum size effect, the UV-Vis spectra of ZnO particles in the smaller
nanometer range differ significantly among each other. This fact may therefore be used in
order to reconstruct the particle size distribution corresponding to the experimental UV-Vis
data. This approach is in particular favorable since the UV-Vis spectra are easily accessible
by online measurements during the ripening process (see fig. 9.5).
In our group, an algorithm has been developed which decomposes the measured absorption spectra into the contributions from the different particle size fractions (Segets et al.,
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Figure 9.5: Temporal evolution of the UV-Vis spectra measured during a ripening process
of ZnO nanoparticles at a temperature of 40 ◦C within 12 hours. Source: Institute of Particle
Technology

normalized mass density q3 / nm−1

2009a). The method relies on calculating the onset of the absorption edge depending on the
size of the ZnO nanocrystals. As a result, the evolution of the mean diameters of the PSD in
the ripening process is reliably obtained (see fig. 9.6).
The approach is based on a precise tight-binding model which is proposed and validated
in Viswanatha et al. (2004) describing the size dependence of the band gap. During the
process, the extinction spectra between 250 nm and 400 nm are recorded for this purpose
using a UV-Vis absorption spectrophotometer Cary 100 Scan (Varian). The general effect
of a variation in the temperature is depicted in figure 9.7 showing the evolution of the mean
diameter in the course of five different ripening experiments.
For validating the model established in section 9.1.1 against the experimental data, an
absorption spectrum is measured every ten minutes. The experimentally determined starting PSD is chosen as initial condition in the simulation of the population balance equation
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Figure 9.6: Simulated evolution of the PSD obtained from PARSIVAL during a ripening
process at 40 ◦C. Reproduced from Gradl (2010, fig. 5.46)
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Figure 9.7: Temporal evolution of the reconstructed volume weighted mean diameters x1,3
during the ripening process at five different temperatures. Reproduced from Segets et al.
(2012, fig. 10)

(9.5). For the solution of this highly nonlinear partial differential equation, the commercially
available program PARSIVAL by CiT GmbH (Wulkow, 2001) is applied. The finite element
software is based on the Galerkin h-p method using Legendre polynomials and is hence not
restricted to specific prescribed shapes, i.e. solely considering monodisperse or lognormally
distributed PSDs. For details on the method concerning time integration and adaptive grid
spacing, the reader is referred to the publication of Wulkow (2001). A comparison between
the scheme of PARSIVAL and other high resolution schemes is given in the publication
of Qamar et al. (2006). The method is applicable to various phenomena observed in particle technology like breakage, sintering, and agglomeration and is successfully used by our
group for numerical studies on milling (Sommer et al., 2006), gas phase synthesis (Artelt
et al., 2006), and precipitation (Schwarzer et al., 2006; Vassilev et al., 2010).
In the simulations, however, the exponential term had to be approximated by the first
term of the Taylor series in order to obtain a tractable numerical problem. Due to the approximation of the Gibbs-Thomson equation, the simulation underestimates the kinetics in
the ripening process for smaller particles. Reviewing figure 9.4, it becomes clear that the
approximation mainly underestimates the ripening kinetics of particle sizes below 5 nm but
also the zero of the ripening function is shifted towards smaller particles and lower concentrations.
A comparison of the simulations with the experimental data at 20 and 40◦ C is presented
in figure 9.8 showing the evolution of the volume weighted mean particle size x1,3 over the
process time. The diagram shows a significant agreement of the model with the experiments;
especially the variation of the temperature is qualitatively well reproduced. As expected, the
simulation is specifically inaccurate in the initial phase of the ripening procedure which is
due to the use of the approximated ripening rate. This error however has to be accepted
since the finite element method used by PARSIVAL even requires extremely small time
steps when solving the approximated formulation. Moreover, figure 9.9 reveals that the
ripening rate of particles situated around the equilibrium particle size still exhibit a strong
oscillatory behavior.
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Figure 9.8: Experimental data compared to PARSIVAL simulations at a ripening temperature of 20 and 40◦ C, respectively. Reproduced from Segets et al. (2012, fig. 11)

An attempt to remedy this behavior was proposed in (Segets et al., 2012) introducing an
additional size-dependent diffusion term. However, for every new simulation, the involved
parameters have to be manually fine tuned with respect to numerical stability and minimal
influence on the particle size evolution. Depending on the process conditions, the computational time though remains in an unacceptable range. Since we principally aim at using the
simulation procedure in an optimization framework, a fast and numerically stable method is
required.
Practically, no numerical scheme is currently able to solve the stated model of the ripening process for ZnO particles in the lower nanometer regime within a reasonable time. In
this contribution, a finite volume based fully implicit method for Ostwald ripening (FIMOR)
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Figure 9.9: Ripening velocity of particles at xα , the α -quantile diameter, of the number
density distribution q0 (x,t) simulated in PARSIVAL (a grey linecolor implies a negative
ripening rate; a black linecolor designates positive values). Reproduced from Gradl (2010,
fig. 5.48)
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is proposed which relies on an analytical formulation of the Jacobian with respect to the discretized system. Therefore, we have to provide derivatives not only with respect to the model
under consideration, but also with respect to the numerical scheme itself. The corresponding derivation of the method is stated in the following section where the semi-discretization
in space is accomplished by a total variation diminishing MUSCL-Hancock approach. The
implicit method makes use of the special structure of the equation and places us in a position
where we are even able to use the original ripening rate relying on the exponential term.

9.1.3 Numerical realization
In this section, a newly developed method (FIMOR) for solving the coupled PDE-ODE
model of an Ostwald ripening process is presented. Although the principal idea behind the
method is not restricted to this special system, we demonstrate the results by means of this
particularly promising practical example which also initiated the research in this direction.
The full system of the process is given by

∂
∂ 
R(x,t, c) · q(x,t)
(x,t) ∈ ΩT
q(x,t) = −
∂t
∂x
q(x, 0) = q0 (x)
x ∈ [xc , xmax ]
fxc (t)
t ∈ [t 0 ,t max ]
q(xc ,t) =
R(xc ,t, c)
with ΩT = [xc , xmax ] × [t 0 ,t max ] and

(9.9)



∞
∂ c(t)
= − 3kρ
x2 · R(x,t, c) · q(x,t) dx
∂t
xc
− kρ · xc3 · fxc (t)
t ∈ [t 0 ,t max ]

(9.10)

c(0) = c0
and

π ρZnO
·
6 V
where the initial PSD q0 (x) > 0 results from a preceding precipitation reaction and the
starting concentration c0 is initialized with an arbitrary small value, i.e. c0 = 1 · 10−9 kg/m3 .
Reviewing the boundary condition in (9.9), the function fxc (t) denotes the flux at the
critical diameter xc at which the nanoparticles are assumed to dissolve. Since the global
supersaturation has depleted, it is guaranteed that the evaluation of the ripening rate at xc
always yields a negative value, i.e. that no new particles are nucleated. The respective term
also occurs in (9.10) accounting for the mass of the dissolved which go into solution.
The proposed discretization relies basically on the finite volume methodology which is
chosen due to its inherent conservative properties. Starting with a semi-discretization in the
spatial variable (method of lines (Schiesser, 1991)), the novel scheme is deduced step by
step in the remaining part of this section.
kρ =

Spatial discretization
In the chosen semi-discretization,
we
# decompose the computational domain [xc , xmax ] in finite
"
many cells Ci , i ∈ I = 1, . . . , Nx centered around the midpoints x1 < x2 < . . . < xNx . The
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Ci+1

Ci
fi,L

fi,R
q(x,t)

xi−1

xi,L
xi−1,R

xi,R x
xi+1,L i+1

xi

Figure 9.10: Notation for the spatial discretization

corresponding intervals Ci := [xi,L , xi,R ] are delimited by xi,L := 12 (xi + xi−1 ) and xi,R := 12 (xi +
xi+1 ) such that x1,L = xc and xNx ,R = xmax holds (see fig. 9.10). In order to avoid notational
confusion, the spatial discretization is subsequently chosen to be equidistant, i.e. hi :=
xi,R − xi,L is constant for all i ∈ I , noting that all calculations may be straightforwardly
extended to the non-equidistant case.
Piecewise linear approximation of the solution
A fundamental approach in the context of finite volume schemes is based on the reconstructevolve-project form introduced by (Godunov, 1959) (see LeVeque, 2004, section 4.10).
The
initial reconstruction phase establishes an approximation of the cell averages qi (t) =
1 $
hi Ci q(x,t) dx relying on polynomials of varying degree. The considered MUSCL (Monotone Upstream-centered Scheme for Conservation Laws) scheme is based on a piecewise
linear reconstruction and is therefore situated between the standard constant approximation (Godunov scheme (Godunov, 1959)) and sophisticated higher order ENO or WENO
schemes (Weighted Essentially Non-Oscillatory schemes (Gerolymos et al., 2009)). Reaching a good compromise between accuracy and complexity, the PSD q(x,t) is thus reconstructed in the FIMOR-method by a piecewise linear function qh (x,t) (see fig. 9.11):
(x − xi )
di (t)
∀ x ∈ [xi,L , xi,R ]
(9.11)
h
The slopes di of the reconstructed solution qh (x,t) are obtained in a standard three-point
scheme by an ω -weighted averaging of the forward and backward finite differences:
qh (x,t) = qi (t) +

1
di (t) = (1 + ω )(qi (t) − qi−1 (t))
2
(9.12)
1
+ (1 − ω )(qi+1 (t) − qi (t))
2
In order to use a more concise presentation, we introduce the time dependent vectors
q(t), d(t) : [t 0 ,t max ] → RNx gathering the entries of all cells Ci and reformulate (9.12) in
the matrix-vector notation
d(t) = Dω q(t)
(9.13)
using the tridiagonal matrix Dω ∈ RNx ×Nx
⎛
2ω
⎜
1 ⎜−(1+ω )
Dω := ⎜
2⎝

⎞

(1−ω )

⎟
⎟
⎟.
... ...
(1−ω )⎠
2ω
−(1+ω )
..

.

..

.
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q(x,t)

qh (x,t)

qi+1

qi
qi−1

qi
qi−1

xi−1

xi+1

xi

xi−1

xi

qi+1

xi+1

Figure 9.11: Piecewise linear reconstruction in the MUSCL approach preserving the integral value in each cell

For ω = 0, this scheme is of second order stating the central difference approximation of
the slopes multiplied by h. Noting that for the optimal value of ω = 13 (2a − sgn(a)), the
corresponding MUSCL-Hancock method (MHM) features third-order accuracy in space and
time (Toro, 2009, p. 431) which represents, however, a rather theoretical result for the case
of a linear advection problem with Courant number a.
Continuous evolution in time
For the temporal evolution of the solution, we reconsider the principal PDE (9.9) and derive
the conservative integral formulation which is split over the disjunct cells:

∂
∂t


Ci

q(x,t) dx = −



∂
(R(x,t, c) · q(x,t)) dx.
Ci ∂ x

(9.14)

Recalling the fact that the approximated solution qh (x,t) (9.11) is still continuous in time,
the performed spatial discretization yields

∂
h · qi (t) = −
∂t



∂
(R(x,t, c) · qh (x,t)) dx
Ci ∂ x

(9.15)

since the reconstruction was chosen to conserve the integral value in each cell (see dashed
area in fig. 9.11). Applying the fundamental theorem of calculus to the term on the right
hand side of (9.15) leads to

∂
R(xi,L ,t, c)
qi (t) =
· qh (xi,L ,t)
∂t
h
R(xi,R ,t, c)
· qh (xi,R ,t)
−
h

(9.16)

with the first (second) term denoting the weighted exchange over the left (right) boundary
when referring to a single cell. Thus,
1
qh (xi,L ,t) = qi (t) − di (t)
2

(9.17)

1
qh (xi,R ,t) = qi (t) + di (t)
2

(9.18)

and
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are only locally defined since the global piecewise linear function is generally discontinuous
at the interface of the cells.
Based on the mass balance equation (9.10), the rate of change in the concentration ∂∂t c(t)
also involves the PSD. In order to apply the spatial discretization, the corresponding integral
is accordingly split and subsequently being approximated by the piecewise linear solution
qh (x,t):

∂
c(t) = − 3kρ ∑
x2 · R(x,t, c) · qh (x,t) dx
∂t
C
i
(9.19)
i∈I
− kρ · xc3 · R(xc ,t, c) · qh (xc ,t)
Since every di (t) and, thus, every segment of qh (x,t) only relies on three of the average values qi (t), both derivatives are expressed just in terms of the vector d(t) and c(t).
Altogether, we establish a nonlinear system of ODEs
R (q) (q(t), c(t))
∂ q(t)
=
∂ t c(t)
R (c) (q(t), c(t))

(9.20)

with the corresponding discretized initial conditions q 0 (x) and c0 . The vector notation describes the evolution of the state variables, i.e. the cell average values (q(t))i := qi (t) for all
i ∈ I , complemented by the concentration c(t).
Time discretization
In a next step, a definition of the time discretization t 0 < t 1 < t 2 < · · · < t Nt with t Nt = t max is
required in order to solve the system (9.20). In the following, the time stepsize is abbreviated
by τ n := t n+1 − t n ; whereas the superscript n denotes the approximated value of a quantity at
time t = t n , e.g. qni ≈ qi (t n ).
For advancing one time step according to (9.20), the following equation has to be solved
q(t n+1 )
c(t n+1 )

q(t n )
=
+
c(t n )

 t n+1
∂
tn

q(t)
dt
∂ t c(t)

(9.21)

involving the integration over the rate of change in the state variables. Every numerical
scheme relies now on a certain type of approximation to this integral. Taking the explicit
Euler method as an example, the integral is approximated by
,
 t n+1
,
∂ q(t)
∂
q(t)
,
n
dt = τ ·
+ O(τ 2 )
,
∂ t c(t)
∂ t c(t) , n
tn
t=t
(9.22)
n
Δq
=:
+ O(τ 2 )
Δcn
Therefore, the two quantities, Δq n and Δcn , have to be determined always referring to a
complete time step τ n ; Δq n indicating the change of the average value in each cell as well as
Δcn representing the increase or decrease of the concentration of ZnO in the solution.
We start with the question on how to update the values qni based on the information
which is available at time t = t n . The presented method is principally based on the MUSCLHancock method (MHM) published in van Leer (1984). For a standard advection problem,
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the MHM is of second order in time and space (Toro, 2009, see sec. 13.4.2). The method relies on a trapezoidal integration in time of the flux over a boundary and is therefore specially
adapted for the piecewise linear reconstruction of the MUSCL approach. In the present setting, however, the process-determining ripening rate additionally involves the concentration
which results in the stated coupled system (9.20). Since the concentration is only available at
time t n in the considered explicit discretization, the overall degree of accuracy of the scheme
falls back again to first order. Both, a straightforward explicit discretization and a first order
scheme, are not sufficient in order to obtain a fast and stable simulation framework of the
process. In this contribution, we aim therefore at an implicit formulation for solving the
entire coupled system.
In order to describe the change in qni when advancing in time for τ n , i.e. (Δq n )i (see
eq. (9.16) and (9.22) ), the flux over a cell boundary in the time step τ n has to be analyzed.
In the derivation of the corresponding equations, we establish the direct dependency of
all quantities on the discretized state variables. For the present case of an explicit Euler
approach, all expressions are elaborated in great detail only relying on the data available at
time t n . However, the corresponding quantities may subsequently be used in the implicit
formulation taking advantage of the established notation.
For this purpose, we consider first the flux over the boundaries of a single cell. Accordn
ingly, the part of cell Ci which is transported over the boundary either to the right μi,R
(see
n
fig. 9.12) or to the left μi,L is given by
.

n
:= min 0, τ n R xi,L ,t n , cn ≤ 0,
μi,L
(9.23)
.

n
n
n n
≥ 0.
μi,R := max 0, τ R xi,R ,t , c
Therefore, the total flux over the left boundary xi,L , i.e. the number of transported particles,
is described as follows
 xi,L
n
fi,L =
qh (x,t n ) dx
(9.24)
n +μ n
xi,L −(μi,L
i−1,R )

involving the cells Ci−1 and Ci . Since the slopes in each cell are further depending on the
average values of the two respective adjacent cells, in total four entries of dn are required to
compute the given quantity. In the following, these dependencies are disassembled by using
an appropriate matrix notation.
qh (x,t)

qi

qi+1

qi−1

xi−1
μi−1,R

xi

μi,R

xi+1

μi+1,R

Figure 9.12: Flow over the cell boundaries according to the MUSCL-Hancock method
for a ripening rate which exhibits a change of sign in the inner of cell Ci . The dashed
area corresponds to the flux over the respective boundary and represents the number of
transported particles

With the distinction on the flux stated in (9.23), which is based on the sign of the ripening
rate, the integral in (9.24) is partitioned into one term describing the positive flow from the
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cell Ci−1 minus the negative flow from cell Ci
n
fi,L
=

 xi−1,R
n
xi−1,R −μi−1,R
 xi,L −μ n
i,L

−

xi,L

qh (x,t n ) dx
(9.25)

qh (x,t ) dx.
n

More precisely, inserting the definition of qh (x,t n ) from (9.11), we obtain the respective
integrals by using the trapezoidal rule:
1 n
1 n
n
n
fi,L
qni−1 + di−1
1 − μi−1,R
=μi−1,R
2
h
1 n
1
n
qni − din 1 + μi,L
)
+ μi,L
2
h

(9.26)

which is exact due to the piecewise linear structure of qh (x,t n ). Noting that due to the chosen
notation, it holds
n
n
fi,R
= fi+1,L
for all i ∈ I . Finally, we reformulate the given expression in the matrix-vector notation in
n
n
order to achieve a concise presentation. Introducing the matrices M(1)
, M(2) , and M(3)
(the
superscript n denoting the temporal dependency) according to
⎛ n
⎞
μ1,L
⎜ n ...
⎟
⎜μ
⎟
n
:= ⎜ 1,R .
(9.27)
M(1)
⎟
...
..
⎝
⎠
n
n
μN−1,R
μN,L
⎛
M(2) :=
⎛
M

n
(3)

⎞

−1

1⎜
⎜1
⎜
2⎝

...
... ...
1

⎟
⎟
⎟
⎠

(9.28)

−1

⎞

n 2
(μ1,L
)

⎜ n 2 ..
.
1 ⎜
⎜(μ1,R )
:=
.
⎜
..
2h ⎝

...
n
n
)2 (μN,L
(μN−1,R

2

⎟
⎟
⎟,
⎟
⎠

(9.29)

we obtain


n
n
fLn = M(1)
dn .
q n + M(2) − M(3)

(9.30)

Therefore, by inserting the representation of the slopes (9.13), the dependence of the flux
over the left boundary xi,L of one cell is established solely based on the vector q:


n
n
fLn = M(1)
+ M(2) Dω − M(3)
Dω q n
(9.31)
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Having in mind that the overall change of the average value in cell Ci is required, the flux
over both boundaries has to be taken into consideration. We observe
n
n
n
n
Δqni = fi,L
− fi,R
= fi,L
− fi+1,L

(9.32)

and by introducing the matrix F

⎞
⎛
1 −1
⎟
⎜ ... ...
⎟
⎜
F := ⎜
⎟,
...
⎝
−1⎠
1

(9.33)

the direct dependency of Δq n on q n is established
Δq n = F fLn


n
n
= F M(1) + M(2) Dω − M(3) Dω q n .

(9.34)

n
n
For their further use, it is important to note that the matrices M(1)
and M(3)
are strongly
n
depending on the present concentration c .

Moreover, the change of the concentration of ZnO in the solution, i.e. Δcn , at time level t n
is required when advancing in time by τ n . For reasons of clarity, the ripening rate is assumed
to be constant in each cell Ci for the subsequent calculations, i.e. R(x,t, c) = R(xi ,t, c) for all
x ∈ Ci , noting that the extension to the more exact case of a linear interpolation is straightforward. However, in the ultimately proposed implicit method even the constant approximation
n
yields accurate results. Analogue to μi,L
, we denote by μin the value of the ripening rate xi
multiplied by τ n
μin = τ n R(xi ,t n , cn ).
(9.35)
Introducing in (9.19) the definition (9.11) of qh (x,t) in order to perform the integration with
respect to each cell Ci , we obtain the expression



(x−xi ) n
n
n
2
n
x qi (t) + h di (t) dx
Δc = − 3kρ ∑ μi
i∈I

3
n

Ci


− kρ x1,L μ1 qn1 − 12 d1n

,xi,R
n 1 3 n ,
= − 3kρ ∑ μi 3 x qi ,
i∈I

− 3kρ

∑ μi

i∈I

xi,L

 
n 1 1



h

 n ,,xi,R
xi 3
4
4 x − 3 x di ,

3
− kρ x1,L
μ1n qn1 − 12 d1n



(9.36)

xi,L

reminding that qh (x1,L ,t) = q1 (t) − 12 d1 (t) , xc = x1,L , and R(x1,L ,t, c) = R(xc ,t, c) holds.
For a concise notation, we introduce the diagonal matrices N(1) and N(2) containing the
coefficients of the integration, i.e.,
3
(N(1) )1,1 :=kρ x1,R
 3

3
(N(1) )i,i :=kρ xi,R
− xi,L
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and
 4

3
4
1
(N(2) )1,1 :=kρ 12 x1,R
x1,R − x1,L
− kρ 4h
 3

 4

3
4
1
− kρ 4h
xi,R − xi,L
− xi,L
(N(2) )i,i :=kρ 12 xi,R
in which the corresponding boundary values are already taken into consideration. We thus
obtain the expression


Δcn = − ∑ μin (N(1) )i,i qni + μin (N(2) )i,i din
(9.37)
i∈I
n
n
n
n
= − μ , N(1) q  − μ , N(2) d  ,
where ·, · denotes the standard scalar product. Again, we want to point out that the vector
μ n strongly depends on the present concentration cn ; whereas the matrices N(1) as well as
N(2) are time independent and, therefore, may be computed in advance.
In summary, we established in this section an approximation to the nonlinear system
(9.20) based on the explicit Euler approach. The time stepping is thereby performed using
q(t n+1 )
c(t n+1 )

=

q(t n )
Δq n
+
c(t n )
Δcn

(9.38)

with
Δq n
Δcn

=

 n

n
F M(1)
+ M(2) Dω − M(3)
Dω q n
− μ n , N(1) q n  − μ n , N(2) Dω q n 

(9.39)

in the matrix-vector notation which makes the dependencies of the resulting terms on the
state variables particularly clear.
Limiting
The observed high nonlinearities, different scales, and strongly coupled components require
a high resolution scheme for solving the model of the ripening process. In the previous
section, a discretization based on the MUSCL approach is introduced which is, however,
known to yield spurious oscillations near high gradients. This behavior is observed, for
instance, if the fraction which is transported to the adjacent cell is higher than the respective
average value (see fig. 9.13) causing the formation of new maxima.
Although monotone methods do resolve this problem, they are at most first order accurate according to Godunov’s theorem. One way of resolving the outlined contradiction
between a high order of accuracy and the absence of spurious oscillations is by constructing
nonlinear methods. Total Variation Diminishing methods, TVD methods for short, are a
prominent class of nonlinear methods that prevent the occurrence of unphysical oscillations
(Yee et al., 1983; LeVeque, 2004; Bürger et al., 2010). Based on the requirement that the
total variation of the numerical solution to be nonincreasing in time, TVD methods mimic a
property of the exact solution if no source term is present.
Since all quantities in the present paragraph refer to the time level t = t n , the superscript
n is dropped for simplicity reasons. In order to ensure that no new extrema are produced, we

Ripening of zinc oxide quantum dots
Establishing a structure-property relation

164

qi+1

qi

μi,R

Figure 9.13: Exemplary situation in which the MHM generates a new maxima in cell Ci+1
when using the unrestricted slopes

are looking for a limited slope d˜i characterized by a minimal offset |d˜i − di | to the original
slope di and fulfilling the following two conditions
qi − 12 d˜i ∈ [min(qi−1 , qi ), max(qi−1 , qi )]
qi + 1 d˜i ∈ [min(qi+1 , qi ), max(qi+1 , qi )] .
2

The stated conditions are equivalent to the next two inequalities


d˜i ≥ 2 · max min(qi − qi−1 , 0), min(qi+1 − qi , 0)


d˜i ≤ 2 · min max(qi − qi−1 , 0), max(qi+1 − qi , 0) ,
which are fulfilled if and only if
d˜i = min(max(di , di ), di )
holds with

1
(1 + ω )(qi − qi−1 ) + (1 − ω )(qi+1 − qi )
2


di := 2·min max(qi −qi−1 , 0), max(qi+1 −qi , 0)


di := 2·max min(qi −qi−1 , 0), min(qi+1 −qi , 0) .
di :=

Applying the proposed limiter, we observe that in regions where the solution is smooth,
the higher order approximation is preserved; whereas the accuracy falls back to first order
where high gradients are present. As a result, no spurious oscillations are produced by this
choice of d˜i ensuring that in the described process no new extrema are introduced.
Furthermore, the inequality constraints guarantee that no negative values of qh (x,t) may
occur which do not yield a meaningful physical interpretation. The resulting nonlinear operator which maps from the state variable q to the limited slopes d˜ is denoted by DωL . In
the derived scheme for solving the discretized ODE (9.38) all operators Dω are therefore replaced by their limited version DωL . As a footnote, it has to be mentioned that for theoretical
investigations, DωL has to be replaced by a smooth approximation of the involved min and
max functions.
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Restrictions of the explicit scheme

ripening rate
PSD

xR<0

xR=0

ripening rate R / pm · s−1

normalized mass density q3 / nm−1

As outlined in section 9.1.2, various numerical problems arise in the simulation of the Ostwald ripening process. This behavior is particularly observed in the lower nanometer regime
where the corresponding scales reveal a wide disparity. For this purpose, we have to investigate the special structure of the ripening function in detail. In the situation depicted in figure
9.14, small particles dissolve while larger particles grow and, furthermore, there exist particles in an equilibrium state at xR=0 which remain at their size. One of the main reasons for
the unstable behavior in the finite element simulation is now linked to the fact that a small
shift of the PSD causes a relatively large amount of ZnO to be consumed/dissolved.

xR>0

particle diameter / nm
Figure 9.14: Schematic diagram combining a PSD with the ripening rate reflecting a situation in which particles below the equilibrium size of xR=0 dissolve; whereas larger particles
grow

Assuming a very low current concentration of ZnO present in the solution, i.e. in the
range of 10−9 − 10−12 kg/m3 , almost all particles preferably dissolve as shown in 9.4 (b)
and (c). Due to the dissolution of particles, the concentration increases and the PSD shifts
to the left. A theoretical shift of one picometer, i.e. a thousandth part of their actual size,
thereby results in a change of the concentration of about 5 · 10−4 kg/m3 . Reviewing figure
9.4 (a), this drastic increase causes an immediate change of the ripening behavior; now all
particles tend to grow. If the time step is not drastically reduced, the procedure is reiterated
leading to the described oscillatory behavior which is in particular observed in figure 9.9.
Due to the mentioned nonlinearity and the present disparity of scales, the discretized
system turns out to exhibit a very stiff behavior. Even a minor relative change in an entry of
the vector q results in a crucial relative change of the value cn . Applying standard explicit
discretization techniques to the PDE-ODE system (9.5)-(9.6) thus becomes infeasible since
the resulting restriction on the time step is far too strong.
Therefore, implicit schemes represent a suitable choice for solving the considered system of ODEs (9.20). The implicit Euler approach, for instance, relies on an implicit approx-
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imation of the respective integral in (9.21), i.e.,
,
,
∂
q(t)
q(t)
,
dt = τ n ·
,
∂ t c(t)
∂ t c(t) ,

 t n+1
∂
tn

+ O(τ 2 )

t=t n+1

=:

(9.40)

Δq
+ O(τ 2 ),
Δcn+1
n+1

requiring the previously introduced quantities Δq n and Δcn now based on the information
present at time t n+1 .
General implicit scheme
Since the outlined stability issues, which are related to the stiff behavior of the system (9.38),
are only successfully eliminated if an implicit discretization of (9.20) is used. We now turn
to the corresponding derivation of the proposed fully implicit method for Ostwald ripening
(FIMOR). For simplicity, the vector
the state variables is abbreviated by y for
qnrepresenting

n
:=
introducing the method, i.e. y
cn .
In the implementation, we used the trapezoidal rule to solve a general system of ordinary
differential equations

1
(9.41)
y n+1 = y n + Δy n + Δy n+1
2
which gives an implicit method of second-order. Due to the implicit formulation derived
from applying the trapezoidal quadrature rule in time, a solution of (9.41) leads to the problem of finding the root of
Φ(y n+1 ) := y n+1 − y n −


1 n
Δy + Δy n+1 .
2

(9.42)

For this purpose, Newton’s method represents a standard choice for solving (9.42). The
method yields quadratic convergence for the case when Φ is at least twice continuously
differentiable. The numerical determination of the root is accomplished iteratively by

−1
n+1
n+1
n+1
n+1
y(k+1)
= y(k)
− DΦ(y(k)
) Φ(y(k)
).

(9.43)

Hence the Jacobian DΦ(y) of Φ is needed. The corresponding entries are given by
⎛
⎞
⎜


DΦ(y n+1 ) i j := ⎜
⎝

1 ∂
δi j − ·
(Δy n+1 )i
2 ∂ yj

⎟
⎟.
⎠

(9.44)

Discrete Jacobian in the FIMOR-scheme
We now have to derive the entries in the Jacobian stated in (9.44) for the system of ODEs
(9.38)-(9.39) under consideration. Due to the clearly arranged dependencies in (9.39), the
notation is ideally suited for a comprehensible presentation of the respective derivatives.
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The corresponding matrix consists of four parts which are subsequently described in detail.
The discrete Jacobian is therefore given by
⎛
⎞
⎜
⎜
DΦ(y n ) = ⎜
⎝

I
III

II ⎟
⎟
⎟
⎠
IV

(9.45)

with the following four submatrices

∂  n
Δq i
∂ qnj

∂ 
IIi := − 12 · n Δq n i
∂c
∂
III j := − 12 · n Δcn
∂ qj
∂
IV := 1 − 12 · n Δcn .
∂c
Ii j := δi j − 12 ·

(9.46)
(9.47)
(9.48)
(9.49)

The first square partition, denoted by I, is obtained by using the derivative of (9.34) with
respect to q n yielding

 n
n
(9.50)
+ M(2) Dω − M(3)
Dω
I = 1 − 12 F M(1)
noting that the remaining matrices are independent of q n . For the remaining derivatives of
Δq n and Δcn with respect to cn , we first state the derivative of the ripening rate R(x,t, c) with
respect to the concentration

∂c R(x) :=

∂
4·D·M
R(x,t, c) =
.
∂c
ρZnO ·x

(9.51)

Since the right hand side of (9.51) is not depending on the state variables q n and cn or the
temperature, the expression is constant in time. Analogously, the corresponding derivatives
n
n
of the values μ n in (9.35) as well as μi,L
and μi,R
in (9.23) are calculated by
(∂c μ n )i := τ n

4·D·M
ρZnO ·xi

(9.52)

and
n
:= τ n
∂c μi,L

4·D·M
ρZnO ·xi,L

n
:= τ n
∂c μi,R

4·D·M
.
ρZnO ·xi,R

(9.53)

Next, in order to finally define the second submatrix, we need to derive the matrices
n
n
M(1)
, M(2) and M(3)
stated in (9.27)-(9.29) with respect to the concentration cn . The first
derivative is given by
⎛
⎞
n
∂c μ1,L
...
⎜
⎟
⎜∂ μ n
⎟
n
:= ⎜ c 1,R .
(9.54)
∂c M(1)
⎟
.
..
..
⎝
⎠
n
n
∂c μN−1,R
∂c μN,L
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consisting of entries introduced in (9.53). Moreover, in the linear Mapping from q n to
Δq n , the matrix M(2) has a vanishing derivative with respect to cn as it is constant in time.
n
Furthermore, the coefficients of the derivative of the matrix M(3)
with respect to cn are given
by
1 n
n
n
(∂c M(3)
)ii = μi,L
∂c μi,L
h
1
n
n
n
)i−1,i = μi,R
∂c μi,R
.
(∂c M(3)
h

(9.55)
(9.56)

resulting in a time dependent matrix due to the quadratic appearance of the ripening rate in
n
n
the entries μi,L
and μi,R
. This leads to the following representation of the second submatrix


n
n
− ∂c M(3)
Dω q n
(9.57)
II = − 12 F ∂c M(1)
Accordingly, the remaining submatrix is derived from (9.37)
III = − 12 (μ n )T N(1) − 12 (μ n )T N(2) Dω

(9.58)

and, finally, the last entry in (9.45) is equal to
IV = 1 − 12 ∂c μ , N(1) q n  − 12 ∂c μ , N(2) Dω q n 

(9.59)

Using the stated partition, a clear presentation of the discrete Jacobian is established which
is required for implicitly solving the time stepping (9.21) in the ripening process.
Remarks on the implementation
In the implementation of the method, a number of additional constraints are introduced to
guarantee numerical stability. Mainly, the adaptive time stepping is a crucial issue for retaining a valid solution. The established implicit method actually allows for reasonable step
sizes; but, still, we restrict the current time step τ n to satisfy the following two properties.
First, the variation of the concentration is limited since a high value may indicate the occurrence of oscillations. Therefore, for a certain error bound εc , we require in each time step τ n
that for the relative change of the concentration it holds
,
, n+1
n,
,c
−
c
n
, < εc .
,
τ ∈ (0, τmax )
s.t.
,
,
cn
Another reasonable reduction of the current time step is triggered within Newton’s method.
If the inherent error is not damped below a prescribed error bound εN within a maximum
number of iterations, the time step is iteratively set to τ n ← β τ n using a factor β ∈ (0, 1)
before restarting Newton’s method until the tolerance is met. Finally, regarding the solution
of the implicit system (9.41), it has to be mentioned that the proposed limiting method
formally does not satisfy the requirement of being twice continuously differentiable. To
remedy the situation, a smooth variant of the limiter may be used; however, numerical tests
proved that it is sufficient to use the limited version of the operator DωL everywhere except in
the calculation of the Jacobian (9.44) where the nonlimited operator Dω is employed. Due
to this modification, the positivity of the approximated values is no longer guaranteed by the
limiter as outlined in the corresponding section. Therefore, an additional query is performed
to suppress negative values even within the numerical tolerance.
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Results and discussion

The presented FIMOR-method is based on an implicit treatment of the entire coupled PDEODE system (9.9)-(9.10). For this purpose, we extended the MUSCL-Hancock method
which is second order accurate in both space and time in its standard version by an implicit
treatment of the concentration. Thereby, the integrating in time now relies on an implicit
trapezoidal rule and is solved by a Newton-type iterative method. This novel approach
involves the calculation of derivatives with respect to the PDE as well as concerning the
numerical scheme (MHM) itself. As a result, the complete system is solved using the analytical derivation of the discrete Jacobian (9.45) stated in (9.50), (9.57), (9.58), and (9.59),
which drastically reduces the overall computational time by allowing for larger time steps.
More precisely, the effort of a standard computation ranges from thirty seconds to a few
minutes on a standard workstation. At the same time, the computation is more stable than
the explicit FEM used in (Segets et al., 2012) and does not require any artificial diffusion
term. In figure 9.15, the evolution of the ripening rates is shown, evaluated at x0.05 , x0.50 ,
and x0.95 denoting the size where 5, 50, and 95 per cent of particles are smaller than the
stated size (α -quantile diameter). Compared to the calculations based on the explicit finite
element method in figure 9.9, our algorithm ensures in particular that no oscillations occur
for the value R(x0.50 ) which is situated near the zero of the ripening function (see fig. 9.15).
ripening velocity |R| / pm · s−1

101

|R(x0.05 )|
|R(x0.50 )|
|R(x0.95 )|

R<0
100

R>0
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0.2 0.4 0.6 0.8

1

1.2 1.4 1.6 1.8

2

process time / h
Figure 9.15: Ripening velocity of particles at xα , the α -quantile diameter, of the number
density distribution q0 (x,t) simulated by the newly introduced FIMOR-approach (a grey
linecolor implies a negative ripening rate; a black linecolor designates positive values)

Furthermore, the introduced implicit framework opened up the possibility of using the
original ripening rate based on the exponential term. Thus, the previously obtained parameter estimates (Segets et al., 2009a) are obviously not valid any more. They were based on
the approximation of the ripening rate and rely therefore on the corresponding assumptions
of the LSW-theory. Since the established simulation is computationally that efficient, the
new implementation opens up the possibility of being used in an optimization framework.
Therefore, based on a least squares approach, a new set of parameters is derived using the
evolution profiles of the mean diameter according to two different datasets, each database
thereby consisted of four different ripening experiments at varying temperatures. In the pa-
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rameter estimation routine, the following optimal parameters for kL and ΔHsol in equation
(9.3) as well as the coefficient Kγ in equation (9.2) are determined (see table 9.1).
Table 9.1: Determined process parameters for the case using the original ripening rate
incorporating the exponential term

Kγ (-) ΔHsol (kJ/mol) kL (kmol/m3 )
0.4274
115.9
9.342 · 109
0.4459
116.1
8.953 · 109

dataset
1
2

We observe that the established mean value for the enthalpy of dissolution ΔHsol =
115.9 kJ/mol corresponds accurately to the activation energy EA of the ripening process.
Moreover, the value of the coefficient in equation (9.2) is perfectly situated in the range
described by Mersmann derived from his theoretical as well as practical experiments. Conclusively, figure 9.16 shows the evolution of the mean diameter for 20◦ C and 40◦ C in the
simulations incorporating the exponential formulation of the ripening rate as well as the
newly identified set of parameters.
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Figure 9.16: Experimental data compared to the simulation at a ripening temperature of
20◦ C and 40◦ C using the proposed FIMOR-approach according to fig. 9.8. Experimental
data from Segets et al. (2012, fig. 11)

At this stage, we would like to acknowledge once more that the experimental data used in
this section is kindly provided by the Institute of Particle Technology. The respective mean
values depicted in figure 9.16 and 9.19 are thereby calculated on the basis of the algorithm
presented in (Segets et al., 2009a). The simulation runs yield a satisfactory agreement with
respect to the mean diameter of the PSDs. In particular, the simulated values provide now a
better matching in the initial stage of the ripening process as well as for the final size of the
particles. Therefore, a further significant advantage of the introduced framework consists
in the possibility of using the original formulation of the ripening rate in the simulations,
i.e. without an approximation of the exponential term which describes the local solubilities.
Specifically, this achievement allows for a more accurate description concerned with the
dissolution behavior of the small particles. Figure 9.17 shows the actual simulation results
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normalized mass density q3 / nm−1

for a temperature of 40 ◦C in accordance with figure 9.6 in section 9.1.2. According to the
PSDs, fewer particles remain therefore in the range between two and three nanometers at
later stages of the process in comparison to the previous simulations.
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Figure 9.17: Simulated PSDs obtained from the FIMOR-method describing the ripening
process at 40 ◦C within 12 hours

Since we aim in particular at new process control strategies for a targeted modification of the optical behavior of the final ZnO nanoparticles in a subsequent optimization of
the ripening procedure, the time-temperature profile represents the main influencing factor.
Therefore, a realistic description of the true change in the temperature is required which is
set at the external thermostat. For a detailed analysis of the cooling and heating phases, the
effective temperature is measured in a ripening process involving several temperature stages
(see fig. 9.18).
The vertical lines denote thereby the points in time in which the indicated temperature
are set. Obviously, the heating phase proceeds much faster than a cooling of the system.
This behavior is realized according to the data based on a linear heating followed by a
short overheating period and an exponential cooling phase. For comparison, the resulting
implemented temperature variation in the FIMOR-approach is shown in figure 9.18 which
indicates an excellent agreement.
In order to validate a targeted adjustment of the temperature profile, two experiments
are conducted in which the process is operated at two temperature stages ([10 ◦C, 25 ◦C] and
[35 ◦C, 10 ◦C], respectively). The reconstruction algorithm provides thereby the curve of
experimental mean diameters as depicted in figure 9.19:
The presented data shows the reconstructed evolution of the mean particle size for the
two stage processes as well as the simulation results. The achieved agreement in the simulation gives evidence to the fact that the proposed FIMOR-approach yields an accurate
description of the Ostwald ripening process in the lower nanometer regime.
The availability of a fast and stable simulation routine which is validated against experimental data is particularly important for subsequently being included in an optimization
framework. The results presented in this contribution constitute therefore an ideal situation
for optimizing, for instance, the time-temperature profile in the ripening process. In a first
step, either a time optimal temperature profile may be retrieved by prescribing the final PSD
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Figure 9.18: Analysis of the cooling and heating phases of the thermostat and the corresponding realization implemented in the simulations. Experimental data provided by the
Institute of Particle Technology
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Figure 9.19: Two different evolutions of x1,3 obtained from a two-stage ripening process at
the indicated temperatures and the corresponding results from the simulations. Experimental data from Gradl (2010, fig. 5.58)

or a given evolution of the PSD may be tracked. However, the primary objective consists in
establishing the complete chain ranging from process conditions for particle formation, the
dispersed properties (size and shape of the PSD) to the relevant functional properties of the
final particles.

9.3

Reconstruction algorithm for UV-Vis spectra

Following the previous outline, we will now investigate the optimization of the time-temperature profile in the ripening process. For tracking a given evolution of the PSD, it turns out
to be sufficient to provide the corresponding values of the mean diameter x1,3 . In a first
step, the preset data results from a previous simulation which excludes the influence of the
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reconstruction from UV-Vis spectra. Taking into account the technological constraints, i.e.
the heating and cooling behavior of the thermostat (see fig. 9.18), an inverse calculation of
the temperature profile in the process is studied.
The corresponding set-up incorporated five equidistant switching time points at an interval of one hour resulting in six possible parameters for the temperature T = [T1 , T2 , T3 , T4 ,
T5 , T6 ]. The process was operated at three temperature stages (20 ◦C, 40 ◦C, 20 ◦C) providing
the curve of the volume weighted mean diameter x1,3 depicted in figure 9.20:
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Figure 9.20: Simulated evolution of the volume weighted mean diameter x1,3 resulting
from a three stage process operated at the indicated temperatures

The monitored evolution of the mean particle size was used to specify the cost functional
in the subsequent optimization routine. Starting from a constant initial profile (i.e., T =
[10, 10, 10, 10, 10, 10]), the optimizer succeeded in exactly recovering the prescribed step
profile (i.e., T = [20, 20, 40, 40, 20, 20]) depicted below figure 9.21:
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Figure 9.21: Resulting time-temperature profile established by the optimizer when starting
from a constant initial profile

In a next step, the prescribed values are supposed to originate from the reconstruction
based on the UV-Vis spectra which are easily accessible to measurements. In our group,
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an algorithm was developed which decomposes the measured absorption spectra into the
contributions from the different particle sizes (Segets et al., 2009a). Again, the derived
evolution of the mean particle size has been prescribed in the corresponding cost functional
of the optimization framework. Figure 9.22 shows again the reconstructed evolution of the
mean particle size for a two stage process (T = [10, 25]) as already depicted in the previous
section.
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Figure 9.22: Optimized evolution of x1,3 obtained by using the stated temperatures from
figure 9.23

The optimized simulation result yields a better agreement especially concerning the final
particle size. The achieved agreement in the simulation is reached by identifying the proper
temperature profile in the optimization (see fig. 9.23):
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Figure 9.23: Temperature profiles corresponding to figure 9.22 indicating that the effective
temperature is situated below the targeted value of 25 ◦C

The optimized value of 22 ◦C for the second stage of the process is, however, situated
below the preset value at the thermostat (25 ◦C). This deviation indicates that problems in
the adjustment of the temperature by the thermostat may have been present allowing for a
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further detailed analysis of the process set-up. Conclusively, the basic relationship between
the process conditions and the principal evolution of the mean particle size is accomplished
representing a prerequisite for the entire optimization process.
Instead of tracking an evolution of the mean particle size, the principal aim, however,
consists in directly prescribing the absorbance spectrum in the cost functional. For this
purpose, the conversion of a UV-Vis spectrum into the corresponding PSD and vice versa
is required to be included into the optimization framework. Reconsidering the fact that the
absorbance spectra of nanoparticulate products differ significantly from those of the bulk
material the individual contribution of the distinct particle size fractions has to be analyzed.
However, down to a limit which is situated around 30 nm, the absorbance of the nanoparticles
still resembles the bulk spectrum (see fig. 9.24):

absorbance Aλ / -

Bergström
Yoshikawa

250

300

350

wavelength λ / nm

400

450

Figure 9.24: Absorbance of bulk ZnO according to Bergström (Bergstrom et al., 1996) and
Yoshikawa (Yoshikawa and Adachi, 1997)

For suspensions that contain not only one defined particle size but rather a distribution
of size classes, each particle fraction contributes to the overall spectrum according to its
distinct size and relative concentration. Thus, the measured spectrum has to be decomposed
in order to reconstruct the PSD.
Novel reconstruction algorithm
A first algorithm used for decomposing a spectrum into a PSD is proposed by Pesika et al.
(2003). The method yields good results for monotone spectra and bigger particles; whereas
the reconstructions breaks down in the lower nanometer regime since the corresponding the
absorbance spectra feature a pronounced maximum. The observed behavior is caused due
to the quantum size effect which results in an increase of the band gap of a semiconducting
nanomaterial changing significantly the optical behavior in comparison to the bulk material.
The first approach to a quantitative understanding of this quantum mechanical effect on
the band gap as a function of the size is based on the effective mass approximation (EMA).
Since EMA is found to overestimate the properties of smaller sized systems, Viswanatha et
al. elaborated a precise tight-binding model (TBM) in (Viswanatha et al., 2004). Using an
analysis of the contributions of the partial density of states model and the Crystal Orbital
Hamiltonian Population to range the hopping interactions, an accurate description of the
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bulk band dispersions is established yielding a reliable description of the highest valence
and lowest conduction band. Thus, the principal shift of the UV-Vis spectra to smaller wavelengths (blue shift) is governed by the widening of the band gap according to the decrease
in size of the nanoparticles.
The reconstruction method established in (Segets et al., 2009a) relies on a calculation
of the onset of the absorption edge depending on the size of the ZnO nanoparticles based
on the model proposed in Viswanatha et al. (2004). For decomposing the spectrum into the
individual parts resulting from the different size classes, the bulk spectra of Yoshikawa and
Bergström is shifted according to the TBM model. Subsequently, the part of the spectrum
is subtracted which is absorbed by the corresponding particle size class. Due to the lack of
exact absorbance properties for small nanoparticles, the shifting of the bulk spectrum with
fixed shape represents one of the principal assumptions of the method. Therefore, according
to figure 9.25, especially two features may not be reflected properly: the incline of the onset
as well as a pronounced maximum followed by a low minimum. Both features are already
determined by the linear superposition of the characteristic shape of the bulk spectrum (see
fig. 9.24).
Despite the inevitable assumptions, it has to be pointed out that the method provides a
good correspondence with the mean particle size obtained from TEM measurements. However, there is a significant difference in the reestablished absorbance spectra (see fig. 9.25)
indicating that the corresponding conversion is quite sensitive to small deviations in the PSD.
This discrepancy prevents the use of the described reconstruction algorithm in a subsequent
optimization.
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Figure 9.25: Calculated UV-Vis spectra based on the previously reconstructed PSDs by the
algorithm proposed in (Segets et al., 2009a) in comparison to experimental UV-Vis spectra
obtained at the beginning and after 12 hours of a ripening process at 30 ◦C

When reiterating an improper conversion in the course of a subsequent optimization process, severe errors are introduced. Therefore, a novel reconstruction method is developed
based on the experience gained from the previous algorithm. The method does not presuppose any particular shape of the absorbance spectra which correspond to a certain particle
size. At the same time, however, the method is based on a physical reasonable decomposition of the entire spectrum into several absorption peaks modeling the respective transition
paths of electrons. Since the transitions are confined in all spatial dimensions for the considered ZnO quantum dots, the energy spectrum is split into discrete energy states. As a
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consequence, for a particle with a diameter of d nanometer, the probability of a transition is
assigned to a normal distribution ϕ (μ , σ ; d) with standard deviation σ and amplitude γ

ϕ (μ , σ ; x) =

1 x−μ 2
1
√ e− 2 ( σ )
σ 2π

(9.60)

located at the wavelength μ which corresponds to the equivalent energy level. Figure 9.26
shows an exemplary superposition of the absorbance spectrum for a particle of diameter x
by several normal distributions according to
S(d; λ ) =

N

∑ γk,d ϕ



μk,d , σk,d ; λ



(9.61)

k=1

Due to the widening of the band gap which was observed and experimentally validated in
(Viswanatha et al., 2004), the individual energy levels are simultaneously spread. Therefore,
a higher transition energy is required in order to trigger the respective excitation of the
quantum dot. Viswanatha et al. proposed in their study a rational function for describing
the difference ΔE(x) between the size dependent band gap of the nanoparticle E(x) and the
bulk band gap E 0 , i.e.
E(x) = E0 + ΔE(x)

(9.62)

described via the fitted rational function of the form
ΔEg (x) = 1.67 x −1.4

(9.63)

absorbance Aλ / -

The bare band gap E(x) obtained from the difference between the highest valence and
the lowest conduction band determines the absorption edge corresponding to the excitonic
peak position, i.e. the first electron transition, in the nanoparticle. The systematic variation
in ΔE(x) is represented using a function of the form f (x) = a · x−b which indicates that the
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Figure 9.26: Exemplary superposition of the absorbance spectrum for a given PSD by
several normal distribution
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(k)

variations of the higher transitions ΔEg (x) obey the same law:
(k)

ΔEg (x) = αk x−βk

(9.64)
(k)

E (k) (x) = E0 + ΔEg (x)
σk,x = σk
γk,x = γk

(9.65)
(9.66)
(9.67)

Moreover, it is reasonable to establish a connection between the normal distributions calculated for the distinct particle sizes. Since each normal distribution represents an isolated
transition, the amplitude as well as the respective standard deviation is fixed for the entire
size range.
Therefore, the spectra for the individual particle sizes are not just purely fitted; they rely
to a great extend on physical considerations. The entire spectrum for a particle diameter x is
thus formed by a superposition of a certain number of normal distributions shifted according
to (9.65) using (9.64):
S(x; λ ) =

N

∑ γk ϕ

 −β

αk x k , σk ; λ

(9.68)

k=1

The description relies on the parameters αk and βk , which determine the size dependence
of the energy difference of the transition k, as well as on the respective amplitude γk and
standard deviation σk of the related normal distribution describing the absorbance behavior.
In summary, each of the transitions is uniquely defined by four parameters in the entire size
range which is dominated by the quantum size effect.
As a next step, the introduced parameters need to be identified. For this purpose, the
available data has to be reviewed. The only information which is accessible by measurements are the UV-Vis spectra during the ripening process at different temperatures. However,
each spectrum results from superimposing the partial spectra which reflect the absorbance
behavior of the different particle size classes. An isolated measurement of a spectrum resulting from particles yielding only a distinct size is not available. In order to establish a
parameter estimation for the variables introduced in (9.64)-(9.68), the absorbance behavior
of the PSDs q(x) which result from a simulation is calculated based on the current set of
variables which describe the individual size spectra:
Aλ (q) =

π
·
6

 xmax
xc

q(x) · x3 · S(x, λ ) dx

(9.69)

For obtaining the optimal parameter set, a derivative free optimization tool is used matching the calculated absorbance spectra with the measurements. It turns out that the number
of considered transitions has to be chosen neither too low (bad approximation of the spectra) nor too high (numerical instabilities). For the present calculations, a number of ten
transitions are taken into consideration yielding a reasonable compromise. Moreover, further constraints are introduced to prohibit a possible intersection of the distinct displacement
curves which correlate the excitation energy E (k) of transition k with the particle size. Figure
9.27 shows five exemplary displacement curves resulting from the optimization.
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Figure 9.27: Displacement curves correlate the excitation energy E (k) of transition k with
the particle size x complemented by the experimentally validated TBM model established
in Viswanatha et al. (2004) and the bulk band gap

Accordingly, the optimized set of parameters is summarized in table 9.2.
Table 9.2: Optimized set of parameters describing the position and shape of the normal distributions representing the transition k in the absorbance spectrum as well as their respective
displacement curves caused by the quantum confinement effect

k
1
2
3
4
5
6
7
8
9
10

αk
1.6947
1.8259
2.3792
3.5124
3.6825
5.2211
5.3246
7.3890
7.5533
7.7112

βk
1.1327
0.9168
0.8625
0.9108
0.8490
0.8956
0.8451
0.8727
0.8155
0.7641

σk
γk
5.7800 1.0000
6.9503 1.0000
9.2555 1.0000
12.1722 1.8769
14.9999 1.0000
13.7872 1.0000
14.9996 3.3187
10.7796 2.0116
12.9965 2.2052
7.8002 2.6541

Of particular interest in the performed optimization is the possibility of predicting the
absorbance spectra of quantum dots at a singular size without any overlaying. In figure
9.28, four spectra are depicted illustrating the stated difference in the absorbance behavior
of particles in the quantum confined size range.
Based on the obtained spectra, an improved decomposition of a given spectrum becomes
feasible providing the corresponding PSD. The reconstruction involves again an optimization based on a piecewise constant description of a PSD using 80 compartments. For every
PSD q(x), the complementary absorbance spectrum Aλ (q) is composed by a linear superposition of the theoretically predicted, individual spectra given by (9.69). The optimizer
matches the calculated absorbance spectra against the specified target spectrum Aλ ,d obtained from measurements. For stability reasons, additional constraints F(q) have to be
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Figure 9.28: Theoretical prediction of spectra according to an individual particle size obtained from an optimization which is based on a set of ripening experiments

included in order to penalize the first and second derivative of the resulting PSD.
q∗ = argmin J(q)
q∈C+2

(9.70)
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Moreover, the positivity of the solution is guaranteed by the set of admissible PSDs.
Validation
The obtained results provide in particular the possibility to calculate the absorbance spectrum of any given PSD and vice versa. Although it is necessary to consider that the performed optimization strongly relies on the accuracy of the underlying simulation of the
ripening experiment, significant reasons exist to have confidence in the results. First, the
approach is supported by the fact that the ripening simulation has previously been validated
against experimental data. Using the confirmed reconstruction based on the evolution of the
mean values of the PSD, the results are in good agreement with the established measurements (see fig. 9.20 and 9.21). The considered model is additionally able to reproduce the
ripening behavior at different process conditions including a variation of the temperature
(see fig. 9.22).
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Moreover, the newly established displacement curve for the absorption edge corresponds
accurately to the values determined by Viswanatha et al. (2004) (see fig. 9.27). Last, we
can expect that the calculated absorbance spectrum of a PSD which is situated above the
quantum confined regime resembles that of the bulk. Figure 9.29 reveals that the onset as
well as the principle shape of the theoretically predicted spectrum satisfactorily matches
the spectra published by Bergström and Yoshikawa. The deviation for wavelengths above
the onset is supposed to originate from scattering effects which are present for the bulk.
Scattering phenomena are however not incorporated in the model since they disappear in
the lower nanometer regime.

absorbance Aλ / -

Spectrum 25 nm
Bergström
Yoshikawa

320
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380
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Figure 9.29: Validation of the predicted absorbance behavior for the bulk against the spectra
according to Bergström (Bergstrom et al., 1996) and Yoshikawa (Yoshikawa and Adachi,
1997)

The appearance of a pronounced maximum for particles in the lower nanometer regime
is actually confirmed by the literature. For instance, a calculation of theoretical spectra for
PbSe and PbS quantum dots based on the Maxwell-Garnett effective medium approximation
has been published (see (Hens and Moreels, 2012) and the references therein). Their findings
approve the fundamental change of the absorbance behavior for quantum dots in comparison
to the bulk spectrum.
Conclusively, there are reasonable grounds to assume that the ripening simulation represents a verified basis for the investigations and, in particular, that the theoretically predicted
spectra yield an adequate description for the absorbance behavior of the considered ZnO
quantum dots. Figure 9.30 shows four UV-Vis spectra measured in the course of a ripening
process at 30 ◦C.
The method denoted as prior reconstruction in figure 9.30 thereby corresponds to the
algorithm proposed in (Segets et al., 2009a) providing the reconstructed spectra from the
previously calculated PSDs; whereas the novel reconstruction results in a spectrum which
is obtained from the newly proposed optimization approach. Moreover, the reconstructed
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PSDs obtained from both methods as well as the simulation results are provided in figure
9.31.
In contrast to the spectra obtained from larger particles, the corresponding spectrum of
the initial PSD, which is located around a mean diameter of 2.4 nm (see top-left plot in
fig. 9.30), exhibits the predicted pronounced maximum. Altogether, the results agree well
with both, the simulation and the measured spectra. The proposed reconstruction is therefore
appropriate for a subsequent use in the optimization.

9.4

Model-based design of customized optical properties

The outlined sensitivity of the reconstruction on differences in the PSD prevents the use of
all previously availably algorithms for decomposing a spectrum to the corresponding PSD
or, vice versa, the evaluation of the absorbance behavior for a given PSD which is based on
the same assumptions on the partial spectra. In section 9.3, a new reconstruction algorithm
is proposed yielding a better agreement with the measured data. Since the reconstructed
process time t = 4 h
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Figure 9.30: Calculated UV-Vis spectra based on the previously reconstructed PSDs by the
algorithm proposed in (Segets et al., 2009a) and the novel reconstruction proposed in this
section in comparison to experimental UV-Vis spectra obtained at the beginning and after
4,8, and 12 hours of a ripening process at 30 ◦C
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Figure 9.31: Reconstructed PSDs by the algorithm proposed in (Segets et al., 2009a) and
the novel reconstruction proposed in this section in comparison to the simulated PSD obtained at the beginning and after 4,8, and 12 hours of a ripening process at 30 ◦C

PSDs also comply accurately with the simulated PSDs resulting from the ripening process,
the optimization framework now provides the possibility of correlating the final product
properties with the corresponding process conditions. Therefore, optical properties directly
serve to specify the operating mode of the ripening process without relying just on principal
characteristics which are attributed to the intermediate disperse properties. Emphasizing
that in the case of nanoparticulate products - in contrast to the macroscopic situation - a new
level has been achieved, especially concerning the selective design of products measured
according to their significance for future applications.
In a first step, the presented framework allows for an inverse calculation of the process
conditions in order to obtain a prescribed evolution of UV-Vis spectra. This possibility is
primarily important for validating the presented approach as well as for the identification of
problems in the production process. Within the optimization routine, the associated timetemperature profile is identified based on the measured absorbance spectra verifying, for
example, whether the thermostat has been properly adjusted and has worked reliably. For
demonstrating this ability, a two stage temperature profile was recorded with an initial temperature of 10 ◦C regulating the thermostat after two hours to a temperature of 25 ◦C. In
contrast to the previous case where the evolution of the mean diameter was prescribed in the
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optimization, the cost functional now directly measures the least-squares-distance according
to the measured UV-Vis spectra (see fig. 9.32). The resulting temperature profile is obtained
by prescribing five equidistant switching time points at an interval of one hour which corresponds to six possible parameters for the temperature T = [T1 , T2 , T3 , T4 , T5 , T6 ]. Starting
from a constant initial profile, the optimizer succeeded in recovering the step profile of the
experiment that has actually been carried out (i.e., T = [20, 20, 40, 40, 20, 20]).
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Figure 9.32: Input for an optimization based on the evolution of the absorbance behavior by
prescribing the UV-Vis spectra which correspond to the evolution of the volume weighted
mean diameters depicted in figure 9.20

As far as the question of attaining an arbitrary final spectrum is concerned, the previous
studies do not admit a clear answer since the influence of the temperature on the shape and
position of the PSD remains to be analyzed. Starting from a common initial PSD, a variation
of the temperature is performed in order to investigate its effect on the mean diameter as
well as the corresponding standard deviation. The results revealed the unfavorable result
that the PSD yields the same standard deviation when attaining a previously fixed mean
diameter regardless which temperature profile was chosen. In the variation, only the amount
of time needed in order to realize a certain mean particle size was affected. Therefore, the
initial PSD, which results from a previous precipitation process, limits significantly the set
of attainable PSD in the ripening procedure. This restriction applies accordingly to the
prescription of an arbitrary spectrum in the optimization process which implies that there is
no unrestricted freedom of choice.
Since the initial particles are generally given by an experiment, the challenge is to make
best use of the existing means in order to influence the starting PSD. For this purpose, a new
concept for the systematic adjustment of the mean particle size without changing the standard deviation is proposed. In a standard ripening experiment the increase of the mean particle size automatically implies an increase in the standard deviation due to the monotonicity
of the ripening function. A focusing of the PSD is yet only observed for high monomers concentrations which are difficult to adjust and control in a process (Talapin et al., 2001). In our
approach, a standard sample with a mean particle size of 2.3 nm is exposed to a temperature
of 20 ◦C sustaining the ripening process for about 15 h. The initial PSD is shifted to larger
sizes, i.e. a mean particle size of 4 nm, in order to have a completely separated support with
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respect to its initial position. A subsequent mixing with the initial probe results therefore in
a bimodal PSD in which the ratio of small to large particles may be accurately adjusted.
A simulation of the resulting bimodal PSD revealed that the smaller particle dissolve
first sustaining the growth of the larger particles. Only once the smaller fraction is dissolved,
the same process affects the smallest particles of the larger fraction. Therefore, while the
smaller PSD goes into solution, the mean diameter of the larger PSD increases without a
simultaneous increase in its standard deviation. Figure 9.33 shows the simulated ripening
behavior of solutions with different mixing ratios, i.e. zero, forty, and sixty weight percent
of small particles compared to large particles. Generally, the mean diameter increase more
rapidly the more smaller particle are present. This results from the fact that the smaller particles dissolve faster providing more free molecules accelerating the growth of the remaining
particles.
7
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Figure 9.33: Evolution of the volume weighted mean diameter x1,3 for different mixing
ratios, i.e. zero, forty, and sixty weight percent of small particles compared to large particles

A detailed analysis of the relationship between mean diameter and standard deviation
illustrates the described behavior (see fig. 9.34).
First, the smaller fraction dissolves while the larger particles grow resulting in an overall
increase of the standard deviation. After a certain period of time, the standard deviation
starts to decrease indicating that a large amount of the smaller fraction has already been
dissolved. This progress ends when the small particles have completely vanished marking
an important turning point in the ripening of the bimodal PSDs. At that time, the larger
fraction is isolated and, thus, is solely subject to the ongoing ripening process which includes
a further increase of the respective standard deviation.
Figure 9.35 shows the corresponding evolution of the standard deviation over the volume
weighted mean diameter x1,3 indicating that the described minima are situated below the
respective standard deviation when simulating only the ripening of the large particle fraction.
The main challenge consists in stopping the process at the right time in order to obtain
the remaining larger particles at a minimal standard deviation, i.e. before undergoing a
further ripening process. For this purpose, the established simulation framework can be
profitably used in order to accurately predict the correct end time.
The proposed approach therefore allows for a precise adjustment of the mean particle
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Figure 9.34: Evolution of the standard deviation corresponding to figure 9.33

diameter based on a variation of the ratio between small and large particles. For samples between zero to seventy weight percent of small particles, the corresponding bimodal ripening
experiments are simulated resulting in the final PSDs shown in figure 9.36. The plots show
the situation after the small fraction is dissolved and before the larger particles undergo the
further ripening process. Compared to a standard ripening experiment based on the previously used initial PSD in which the PSD continually broadens, the standard deviation may
be frozen at a value of 0.7; whereas the mean diameter may be adjusted in the range of 4 nm
up to 7 nm by adjusting the mixing ratio (see fig. 9.37). Therefore, the initial PSD which
is subject to a subsequent optimization of the absorbance behavior may be controlled by a
prior bimodal ripening process.
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Figure 9.35: Evolution of the standard deviation over x1,3 indicating that the minimal standard deviations of the mixed suspensions are situated below the value corresponding to a
ripening of only the large particle fraction
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Validation
The theoretical considerations predict a systematic approach in order to produce PSDs yielding a prescribed mean diameter at a minimal standard deviation. Therefore, it is of great
importance to validate the simulations against experimental data.
For this purpose, the suggested approach is realized by first providing an appropriate
source solution via precipitation. The absorbance spectrum of the resulting nanoparticles
(see fig. 9.38) is measured in order to establish the corresponding PSD via the reconstruction
algorithm described in section 9.3. In the following, we refer to this solution as the fraction
of small particles which is characterized by a mean diameter of 2.6, nm (see fig. 9.39)). In
order to fabricate a second fraction yielding a PSD which is clearly distinguishable, the small
fraction is subject to a ripening process for five hours at a temperature of 30 ◦C. The resulting
solution being referred to as the large fraction is characterized by UV-Vis spectroscopy.
Using the reconstruction algorithm, again the corresponding PSD is obtained yielding a
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mean diameter of 4.3 nm and a standard deviation of 0.68 nm as shown in figure 9.39. It is
essential that the two PSDs are chosen such that the peaks are separated without proceeding
the ripening too long which would already cause a relatively broad PSD since the standard
deviation is continuously increasing in this process.
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Figure 9.38: Measured UV-Vis spectra of the initially used small and large fraction as well
as of the mixed suspension. Additionally, a theoretical absorbance spectrum is calculated
from both initial fractions to validate the mixing ratio
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Figure 9.39: Reconstructed PSDs corresponding to the spectra shown in fig. 9.38

The next step consists in producing a bimodal solution which will be subject to a second ripening process. For this purpose, the two fractions are mixed at different ratios as
outlined before in the theoretical section. In order to demonstrate the validity of the presented approach, a mixing ration of eighty volume percent of the small fraction to twenty

9.4 Model-based design of customized optical properties

189

volume percent of the larger particles is chosen. To validate the mixing ratio, a theoretical
absorbance spectrum is calculated from both fractions. Figure 9.38 depicts the corresponding experimental absorbance spectra of the bimodal solution in which the smaller fraction
obviously dominates the absorbance behavior while only the changing slope of the onset
indicates the presence of a second, larger fraction.
In a second ripening process which is operated again at a temperature of 30 ◦C, the
bimodal solution undergoes the previously, in the theoretical section described change; small
particles are dissolving sustaining the growth of larger ones. In accordance with figure 9.35,
we plot again the standard deviation against the volume weighted mean diameter x1,3 in
the course of the ripening process (see fig. 9.40). The corresponding data results from the
individual reconstructions based on the ongoing UV-Vis measurements. In particular, we
observe the theoretically predicted behavior of an initial increase of the standard deviation
subsequently followed by a strong decrease leading to the proposed minimum. Since the
time of the decrease and the subsequent increase in the ripening process is in the range of
thirty hours, the occurring minimum can easily be identified in order to collect a sample.
Finally, we provide the corresponding PSDs in figure 9.41. As a reference, the result of
a standard ripening experiment based on the initially precipitated particles is shown when
reaching the same mean diameter. The PSD obtained from the newly introduced concept
features a significantly lower standard deviation. The reference value of 0.80 nm at a mean
particle diameter of 4.9 nm is reduced to 0.70 nm which actually remains in the range of the
standard deviation calculated for the large particle fraction.
Therefore, with the presented concept the initial PSD of the large fraction is shifted by
0.8 nm without a significant increase in the standard deviation. As outlined in figure 9.20, a
certain range of mean diameters becomes accessible by choosing different mixing ratios by
means of this well-controlled bimodal ripening process.
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Figure 9.40: Evolution of the standard deviation over x1,3 validating that the minimal standard deviations of the bimodal suspension is situated below the value corresponding to a
ripening of only the large particle fraction
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Figure 9.41: Bimodal PSD after ripening process corresponding to mean diameter at the
minimum indicated in figure 9.40. The results show that the PSD is shifted to the right
yielding a lower standard deviation than the reference PSD

Outlook
The new approach now allows for a far more flexible choice when prescribing a target spectrum. In the following, we state an outlook on how the introduced concept may be used in
order to attain a requested optical behavior of the final product.
For this purpose, we define an arbitrary target spectrum featuring, for instance, a relatively constant absorbance behavior for wavelengths ranging from 280−320 nm not showing
the pronounced maximum which is in general present in this region. Moreover, we require
a linear decrease down to wavelengths around 350 nm followed by a standard onset with
constant slope at 360 nm which may only be provided by a narrow PSD (see fig. 9.42b).
The idea relies on a combination of more than one PSD in order to obtain the target spectrum. This approach is rendered possible since the previously introduced concept allows
for a systematic production of PSDs with a specific mean diameter while maintaining a
comparatively narrow distribution. Starting from this set of reachable combinations of the
mean diameter and the respective minimal standard deviation, we perform an optimization
in which the described spectrum is set as the target value in the cost functional.
We now assume that the optimizer is allowed to mix three different PSDs which are in
the set of admissible distributions, i.e. which may be produced by the previously introduced
approach. The free parameters are represented by the mixing ratio as well as the corresponding mean diameters of the individual PSDs. In the optimization routine, we obtain
the PSD given in figure 9.42a characterized by the set of volume weighted mean diameters
1−3
x1,3
= [2.47, 3.38, 6.84] at a mixing ratio of 1.48 : 0.79 : 1.72. The corresponding spectrum
is depicted on the right in figure 9.42b showing a remarkable agreement of the two spectra.
The result encourages that the presented framework is able to attain a broad range of varying
spectra.
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Figure 9.42: Attaining an arbitrary spectrum: a) optimal PSD composed by three individual PSDs at different mixing ratios b) verification of the optimized spectrum against the
prescribed target spectrum

9.5

Conclusion

The considered semiconducting ZnO nanoparticles are currently of great interest due to their
interesting optical and electronic properties. As outlined before, various quantum mechanical effects are observed in the nanometer regime and exert an enormous influence on the
product properties. As a result of an increase in the band gap of a semiconducting material
when its size is reduced, the optical behavior changes significantly. From an application
point of view, the ability of determining the proper process conditions for precisely tuning
the optical behavior (color, luminescence, opacity, etc.) opens up the way for novel materials
with outstanding functional properties.
In order to address this issue, a computational effective algorithm is established providing an accurate description of the present mechanisms. The proposed fully implicit method
for solving the Ostwald ripening process (FIMOR) preserves, in particular, its stable behavior even with respect to the inherent high sensitivities and wide disparity of scales observed
for the coupled pde-ode system in the lower nanometer regime. Moreover, the implementation proved to be consistent with the experimental data and yields a low computational effort
representing therefore an appropriate method for being included in the targeted optimization
framework.
The principle aim of directly incorporating optical properties of the final product in the
optimization method requires an accurate correlation between the absorbance behavior and
the corresponding PSD. For this purpose, a novel reconstruction method is proposed relying
on a physical reasonable decomposition of the entire spectrum into several absorption peaks
modeling the respective transition paths of electrons. Since the transitions are confined in
all spatial dimensions for the considered ZnO quantum dots, the energy spectrum is split
into discrete energy states. As a consequence, the probability of a transition is assigned to a
normal distribution positioned at the wavelength which corresponds to the equivalent energy
level. Based on the quantum size effect, the respective band gaps increase when the size of
the particles decreases. The accomplished decomposition particularly yields the possibility
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of a theoretical description concerning the absorption of particles at a single size.
Since the reconstructed PSDs also comply accurately with the simulated PSDs resulting
from the ripening process, the optimization framework now provides the possibility of correlating the final product properties with the corresponding process conditions. Therefore,
optical properties directly serve to specify the operating mode of the ripening process without relying just on principal characteristics which are attributed to the intermediate disperse
properties. Emphasizing that in the case of nanoparticulate products - in contrast to the
macroscopic situation - a new level has been achieved, especially concerning the selective
design of products measured according to their significance for future applications. Conclusively, a method is proposed for systematically producing a specific composition of PSDs
yielding an arbitrary predefined UV-Vis spectrum and, thus, establishing the complete chain
from process conditions to the properties of the final product.
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Chapter 10
Conclusion and outlook

For a final assessment of the experience and knowledge gained in the course of the
project, the specific characteristics and challenges of the investigated processes have to be
taken into account. A particular aspect of the results established within the scope of this
thesis was dedicated to the close cooperation with the Institute of Particle Technology. The
interdisciplinary collaboration promoted new developments in both research areas: Aiming
at a controlled production of nanoparticulate products, new insight in the development of
advanced models and improved process conditions were provided by applying specialized
mathematical methods from the field of optimal control theory. Likewise, from a mathematical point of view, the problems arising from the applications featured a high complexity
encouraging the development of new mathematical concepts.
The initial research period was concerned with the construction of an simplified but
still approved model of the well-established precipitation process of barium sulfate. The
presented approach allowed for the estimation of a decisive parameter in the modeling based
on data which is accessible to measurements. The successful comparison with a physical
model encourages the use of the presented technique in order to provide at least a reasonable
range for the case of more complex molecules or structures where no approved models are
commonly available. However, employing a reduced moment model restricted the range of
applications considerably. The performed validation emphasized the fact that the degree of
model reduction has to stay in accordance with the intended use. In order to stay closer to
the given process, advanced simulation and optimization techniques had been indispensable
for obtaining applicable results.
Beyond the investigation of the BaSO4 model process, new challenges arise when aiming at the production of silicon nanoparticles. The special interest in the process was due
to the numerous future-oriented applications; whereas the underlying phenomena were not
thoroughly investigated. A detailed study of the particle formation mechanisms at different
process conditions was conducted by our cooperation partner which represented an important prerequisite toward the development of a precise model. The derived representation of
the process consists in a PDE for the population balance equation coupled to two ODEs accounting for the mass balances featuring high nonlinearities and a strong interdependence of
the individual mechanisms. The main purpose lay in the production of narrowly distributed
particulate products in order to provide uniform properties.
The use of a model which is close to experiments required therefore an adapted scheme
yielding a high resolution in the numerical realization. The proposed finite volume based
method is capable to distinguish the underlying mechanisms. However, a major problem
was encountered when considering the simulation of narrowly distributed PSDs which is
due to the inherent numerical dissipation of all finite volume schemes. For this issue, an
innovative approach in the framework of FVMs was proposed reproducing the analytical
solution at minimal dissipation. The established discretization proved to be consistent with
the actual process and therefore constituted a verified basis for obtaining optimal process
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conditions. Predicting the final particle properties is a difficult but highly relevant task for
industrial applications. Therefore, an derivative-free as well as an adjoint-based gradient
type optimization framework were established. The corresponding mathematical analysis
provided a new result concerned with the rigorous derivation of optimality conditions for a
coupled PDE-ODE system. The cooperative investigations resulted in the identification of
novel process control strategies accomplishing a broad range of targeted product characteristics.
For the discussed processes, the degree of model reduction stayed in accordance with
the experimental requirements in order to avoid agglomeration by stabilizing the process
or appropriately choosing the process conditions. However, looking at the production of
titania powder, agglomeration plays an important role and may not be neglected. The subsequent studies focused therefore on a model additionally comprising the corresponding
integral terms. Under these assumptions, an adapted optimization method was studied representing an effective alternative to standard gradient based methods. The algorithm provides a monotone decrease at a comparatively low computational effort using the proposed
variant for tuning the convergence behavior. The underlying mathematical model was theoretically reviewed with regard to existence focusing on the included phenomena of growth
and agglomeration. In particular, we proved the existence of a global weak solution to an
integro-differential equation in the spatially homogeneous case.
When considering the field of optimal control concerned with particulate processes, most
methods deal with the adjustment of the final PSD which determines the important characteristics of the product comparatively well. However, in order to fabricate products with novel
properties, the primary objective consists in a direct optimization of the distinctive physical
qualities. For this purpose, the Ostwald ripening process of semiconducting ZnO quantum
dots was investigated allowing for a systematic modification of the optical properties based
on the quantum size effect.
Based on a predefined spectrum, a controlled adjustment of the temperature profile in
the ripening process was explored in order to precisely control the band gap structure of the
resulting nanoparticles. Therefore, a correlation between a given PSD and its corresponding optical properties had been established based on the physico-chemical properties of the
quantum dots. Relying only on the data acquired in the ripening process, a decomposition of the optical absorbance properties of the particle ensemble became feasible with the
newly developed approach. The method provides a theoretical prediction of the absorbance
spectra for the individual size classes which has previously not been possible. Based on
the established correlation an optimization spanning the complete range from process conditions to the properties of the final product was accomplished. An important result of the
investigations consists in the possibility of adjusting the size of the PSD without changing
its standard deviation allowing for a subsequent experimental design in order to attain an
arbitrary prescribed absorbance spectrum.
The presented results highlight the fact that an interdisciplinary cooperation of mathematicians and engineers is highly effective, both at the development of new theoretical
concepts as well as at the elaboration of improved process control strategies for the production of nanoparticulate products. The lack of theory for modeling the processes as well
as the present high nonlinearities and different scales in the nanometer regime demand a
non-standard numerical treatment. A precise simulation framework combined with adapted
parameter estimation techniques and novel optimization methods will therefore significantly
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extend the possible range of product properties. Conclusively, the achieved results of this
interdisciplinary project will open up new and exciting opportunities in the production of
nanoparticles leading toward innovative applications.
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