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Abstract
In the field of optomechanics, one typically studies the interaction of a single mechanical resonator
and a single optical cavity mode. In this thesis, we investigate collective quantum effects in
optomechanical systems with two or more optical and mechanical modes.
First, we study the generation and destruction of entanglement between two mechanical resonators effected by optical cavity fields. We also describe how the optomechanical interaction can
be employed to mediate strong coherent coupling and entanglement between a micromechanical
membrane and a single atom.
Secondly, we show that a configuration with two optical and a single mechanical mode can
lead to enhanced nonlinear interactions, which can be exploited for quantum non-demolition
measurements of the phonon and photon numbers.
Finally, we explore the quantum many-body dynamics of optomechanical arrays. In particular,
we research into the transition from a disordered state due to quantum noise to a state with phasecoherent mechanical oscillations. As an intermediate step towards this study, we also investigate
the nonlinear classical dynamics of single- and multi-mode optomechanical setups and compare
theoretical predictions to experimental data.
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Chapter 1

Introduction
1.1

From one to many: engineering controllable quantum systems

Experiments with individual quantum systems, originally restricted to the bright minds of the
founding fathers of quantum mechanics, have become reality over the past four decades. Almost
routinely, researchers can now control and detect a single ion trapped in an electric field [1], an
atom inside an optical cavity [2], a photon traveling through a fiber or trapped in a cavity [3], an
electron spin on a quantum dot [4], or an artificial atom in a superconducting circuit [5]. Only
recently, this collection of quantum systems was joined by massive mechanical resonators [6, 7, 8].
The crucial step in these experiments was to cool the resonators to their motional ground state,
which was achieved by employing conventional cryogenic techniques [6] as well as the interaction
with a radiation mode in optomechanical setups [7, 8].
Some of the most intriguing aspects of quantum mechanics, however, are revealed only if two
or more systems are coupled. The quantum correlations between them, termed entanglement,
are fundamentally different from their classical counterparts. The distinction of a quantum manybody state can, for example, be seen from its formal description: to characterize N particles it
does not suffice to consider N single-particle wavefunctions, as classical physics may suggest. It
rather requires a single wavefunction on a Hilbert space that grows exponentially with N . This
fact highlights the complexity of composite quantum systems, from which both serious challenges
for our understanding of the physical reality but also exciting directions of research and novel
applications emanate. Firstly, a number of fundamental questions in many-body systems remain
open, e.g. concerning multipartite entanglement and area laws [9, 10], decoherence and the
quantum to classical transition [11, 12, 13, 14, 15], as well as quantum phase transitions [16]
and nonequilibrium dynamics [17]. The study of these problems, however, is often impeded by
the fact that analytical models may only give approximate solutions, classical computers can,
in principle, only cope with few-body problems, and detailed experimental studies are precluded
in bulk material. Experiments with collections of quantum systems that can be manipulated
and observed individually may therefore be a useful resource for studying fundamental physical
questions [18, 19]. Beyond that, the complexity of quantum many-body states lends itself to
purposes in the fields of quantum information processing and computing [20] as well as quantum
metrology [21], which go beyond the scope of the classical methods commonly used.
Having these questions and applications at the back of their minds, researchers have started
to piece together two or more of the above mentioned quantum systems:
• Trapped ions can be made to interact via laser or microwave pulses, and coherent interactions
1
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Figure 1.1: Cartoons of isolated and controllable quantum systems: (a) a photon trapped inside
an optical cavity, (b) an electron spin in a quantum dot, (c) a single ion in a Paul trap, (d) a
phase qubit formed by a superconducting circuit, (e) the motion of a mechanical resonator.
of up to 14 ions have been reported [22]. Two neutral atoms stored inside separate optical
cavities have been entangled via the transmission of a single photon, as shown in [23]. The
level of control (interaction strengths, coherence rates, optical readout) obtained in these
systems is generally very good. The operating expenses for preparing and storing the atoms
are considerable, though, and full scalability is yet to be proven.
• In photonic setups, as many as eight photons have recently been prepared in an entangled
state [24]. Generally speaking, photons can propagate free from decoherence, but it is
hard to make them interact. Nonlinear interaction may be induced by coupling with other
quantum systems, e.g. single atoms, semiconductor quantum dots, or superconducting
circuits [25], or by using single photon sources and detectors [26].
• The regime of large numbers has already been reached for ultracold gases in optical lattices
with 103 − 106 atoms distributed over individual sites. These systems therefore are very
well suited for studying quantum many-body effects and have shown fascinating results
[27]. Addressability and readout of individual sites still pose a challenge in these setups, but
enormous progress has been made recently in this direction.
• Up to three electron spins have been brought into interaction in an electrostatically defined
triple quantum dot [28]. In different approaches, entanglement of two electron spins in
separate semiconductor quantum dots [29] as well as in separate nitrogen vacancy centers
of a diamond crystal [30] has been observed. Notably, the latter systems also offer the
opportunity to address single [31] or few [32, 33] nuclear spins via the NV-center’s electron.
• Four superconducting qubits have been coupled via microwave transmission lines, as reported
in [34]. The compact architectures of these solid-state devices (and likewise those of the
electron systems discussed above) make them attractive for extensions to larger scales.
This survey can highlight only a few experiments and approaches, and it was compiled in the
knowledge (and with the hope) that this status quo may be outdated soon. Still, this listing
illustrates that the various systems offer different opportunities and challenges, which qualify
2
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them for one task or another. Thus these setups may ultimately even be used in combination as
hybrid quantum networks.
In the young field of optomechanics, progress towards multi-mode systems in the quantum
regime is only just beginning. But the prospects for such experiments are very encouraging, a
view that can be substantiated when comparing them with the well-established atomic, electronic
and photonic quantum systems. Optomechanical systems bring together photons and mechanical
resonators and can profit from the advantageous properties of both components. As already
mentioned, photons can be guided and stored efficiently, and quantum optics offers various tools
for their manipulation and read-out. The solid-state based mechanical resonators are very robust
and can be fabricated with high accuracy and a huge flexibility in design. Most of the currently
available setups are produced using microfabrication techniques that have been developed over
several decades (primarily with regard to photonic or electronic systems). The microfabricated
solid-state setups provide a platform that can be extended to larger scales in a straightforward
manner, and thereby pave the way towards on-chip optomechanical arrays. On a more fundamental
level, the optomechanical interaction constitutes a versatile resource for coupling, manipulating,
and detecting photonic and phononic quantum states, and can provide the nonlinearities required
for many of the aforementioned purposes. In addition, optomechanical systems can connect easily
with other quantum systems and are therefore well-suited for hybrid quantum networks.
Despite this promising outlook and the general incentives that we hinted at above, the quantum
dynamics of multi-mode optomechanical systems are virtually uncharted territory. Neither the
precise route to take nor the short- and intermediate-term goals are set, and some very concrete
questions are as yet unexplored. It is the intention of this thesis to take up a few of these
issues and to theoretically study collective quantum effects that should be observable in upcoming
or near-future experiments. In the first two chapters of the thesis, we will deal with the most
straightforward extensions of optomechanical setups containing either two mechanical or two
optical modes. The guiding questions in this context are:
• Under what circumstances is it possible to generate entanglement between two mechanical
resonators inside an optical cavity?
• Can the presence of a second optical mode enhance the nonlinear interaction between
phonons and photons?
• What are the benefits gained from such a situation in terms of quantum measurements and
applications?
In the second part of the thesis, we turn towards whole arrays of optomechanical systems and
study their nonlinear quantum dynamics under these aspects:
• How are the nonlinear optomechanical effects altered in optomechanical arrays?
• Are there any novel collective quantum effects in large-scale setups?
We will outline this thesis in more detail at the end of this preface. Prior to that, we will give a
general introduction to optomechanical systems.

1.2

Optomechanical systems

The prototypical optomechanical system consists of an optical cavity with a movable end-mirror
(see Fig. 1.2). The light from a laser fills the cavity and exerts a radiation pressure force, which
3
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Figure 1.2: Schematic model of an optomechanical setup: a laser-driven optical mode is coupled
with the motion of a mechanical mode (here a movable mirror) via the radiation pressure force.
(b) Illustration of optomechanical cooling as a Raman scattering process: for a red-detuned laser
drive at ∆ = −Ω (red arrow) the scattering of photons at the anti-Stokes sideband is enhanced by
the cavity. This process annihilates a phonon from the mechanical mode. The converse process
at the Stokes sideband is strongly suppressed for κ < Ω.
deflects this mirror. In turn, the displacement changes the length of the cavity and hence its resonance frequency, and thereby alters the intensity of the cavity field. This basic optomechanical
interaction can be explored using any driven radiation mode whose resonance frequency depends
on the displacement of some mechanical degree of freedom. Thus, the variety of currently available optomechanical setups is huge, including laser driven optical cavities as well as microwave
cavities, and massive suspended mirrors, as well as micromechanical membranes, microdisks and
nanobeams. The frequencies of these mechanical objects range from a few hundred Hz to several GHz, and the masses from kg to a few picogram. But even for the smallest devices, the
motion involves as many as 1011 atoms. In view of other engineered quantum systems introduced above, this is a remarkably macroscopic number, not even obtained in superconducting
qubits where, typically, 1010 electrons act collectively. Optomechanical systems have thus been
proposed for fundamental tests of quantum mechanics in the novel regime of large masses, e.g.
[35, 36, 37, 38]. Besides the aforementioned quantum applications, optomechanical systems may
also serve for tasks in classical information processing (e.g. as a memory element [39]) or for high
precision measurements (see for instance [40, 41]).
In the following, we will review the basic concepts of optomechanical systems. We focus on the
quantum dynamics of the generic (single-mode) setup first, and then discuss extensions towards
multi-mode setups. Further details on the experimental and theoretical advances obtained in this
field can be found in recent reviews [42, 43, 44] and, more specific to the quantum regime, in
[45, 46].

1.2.1

The basic Hamiltonian

The basic physics of optomechanical systems can be captured in a Hamiltonian comprising the
optical cavity mode (annihilation operator â, resonance frequency ωcav ) and the mechanical mode
(b̂, oscillation frequency Ω, mass m):
Ĥ = ~ωcav (x̂)â† â + ~Ωb̂† b̂ + ... .
4
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†
The
p cavity frequency depends on the mechanical displacement x̂ = xZPF b̂ + b̂ . Here, xZPF =
~/2mΩ denotes the width of the mechanical ground state (set by the zero point fluctuations).
The optical resonance frequency can be expanded to lowest order in x̂ as ωcav (x̂) ≈ ωcav − Gx̂.
For a generic cavity of length L, the optical frequency shift per displacement G = −∂ωcav /∂x is
given by G = ωcav /L and will thus be larger for smaller cavities. To describe the interaction on
the level of single quanta, i.e. the frequency shift per phonon, the optomechanical coupling rate
g0 = GxZPF is introduced.
The coherent driving of the cavity (which we will often term the “laser” even if it could
also be a microwave source) is taken into account by a term αL â† eiωL t + âe−iωL t , where αL
denotes the driving strength and ωL the laser frequency. By transforming the cavity field into
the

rotating frame of the laser drive, i.e. applying the unitary transformation Û = exp iωL â† ât , the
explicit time-dependence of the driving term is removed. Moreover, the transformed Hamiltonian,
Ĥ → Û Ĥ Û † + i∂ Û /∂t, now features the difference between the laser and cavity resonance
frequency only, i.e. the detuning parameter ∆ = ωL − ωcav :



Ĥom = −~∆â† â + ~Ωb̂† b̂ − ~g0 (b̂† + b̂)â† â + ~αL (â† + â).

(1.2)

A photon that has entered the cavity decays at a rate κ either by transmission at one of the
mirrors or due to absorptive losses inside the cavity. The decay of mechanical energy is characterized by a damping rate Γ or, equivalently, by a mechanical quality factor Q = Ω/Γ.
The thermal environment at a temperature T is described by a phonon bath with occupation
−1
n̄th = exp(~Ω/kB T ) − 1 . It causes a decoherence rate of the mechanical ground state of
Γn̄th . Typically, n̄th is large: even for a high-frequency mechanical mode (Ω/2π = 1 GHz) at a
temperature of T = 1K the occupation number is n̄th ≈ kB T /~Ω ≈ 20. To formally include the
influence of the environment, we write Ĥ = Ĥom + Ĥκ + ĤΓ here, and discuss the treatment
of the open system’s dynamics in terms of Lindblad master equations, quantum jump trajectory
methods and Langevin equations below.

1.2.2

Basic effects: cooling, amplification, readout, and optical spring

When approaching the quantum regime, the optomechanical interaction offers two essential tools:
the cavity field can cool the mechanical mode thereby reducing the impact of thermal fluctuations,
and the mechanical motion can be continuously monitored via optical readout. Both effects can
be understood in terms of the linearized optomechanical interaction. To this end, the cavity field
is shifted by the coherent steady-state amplitude ᾱ, â → ᾱ + â. (Without loss of generality, ᾱ is
chosen to be real here.) This transformation generates an interaction term of
− ~g0 b̂† + b̂ â† â → −~g0 b̂† + b̂ ᾱ2 + ᾱ(â† + â) + â† â .






(1.3)

The first term of second bracket represents a constant force and thus causes a static displacement
of the mechanical resonator, which may simply be absorbed by shifting the frame of reference for
x̂. As an aside, however, we note that for very large laser powers this displacement may become
large enough to considerably change the intensity profile of the cavity mode (as a function of laser
frequency), resulting in bistable behavior and hysteresis. The second term, proportional to â† + â,
describes the linear interaction between the mechanical mode and the quantum fluctuations of
the optical field at a rate g0 ᾱ. For ᾱ  1, i.e. a strong coherent cavity field, this linear term will
dominate over the nonlinear interaction term ∝ â† â. The linearized optomechanical interaction
thus reads:


− ~g b̂† + b̂ â† + â ,
(1.4)
5
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where g = g0 ᾱ denotes the linear optomechanical coupling rate enhanced by the coherent cavity
field ᾱ. Eq. (1.4) describes the linear interaction of two harmonic modes, â and b̂, with frequencies
−∆ and Ω respectively. Note that the mode â is in its ground state (the laser driving term has
been absorbed into ᾱ), and hence can only be excited.
Cooling. - By picking the right laser frequency such that ∆ = −Ω, the process −~g b̂â†
becomes resonant, in which a phonon is annihilated and the mechanical motion is cooled. The
phonon excitation process −~g b̂† â† , on the other hand, is then off-resonant by an energy 2~Ω and
hence suppressed for Ω > κ (see also Fig. 1.2(b)). A thorough theoretical analysis, as given by [47,
48], indeed shows that it is possible to reach phonon numbers below unity using optomechanical
cooling, and the two aforementioned experiments [7, 8] have recently demonstrated this. In
chapter 2 of this thesis, a more detailed description of optomechanical cooling is given in the
context of entanglement generation between two mechanical modes.
Amplification. - In the reversed situation, for ∆ = Ω, the resonant transition −~g b̂† â† excites
phonons resulting in heating (or amplification) instead of cooling. If the corresponding amplification rate becomes larger than the intrinsic mechanical damping rate, the mechanical motion
experiences a dynamic instability and then settles into the regime of self-sustained oscillations
with a constant amplitude. The classical nonlinear dynamics of this “mechanical lasing” effect
have been studied in various setups [49, 50, 51, 52, 53, 54, 55, 56, 57, 39, 58]. In chapter 4 of
this thesis, we report on the experimental observation (and the theoretical analysis) of nonlinear
effects and multistable behavior (see also [52]) in a setup which is altered by the presence of a
thermal field. Moreover, the quantum dynamics of mechanical lasing are an essential ingredient
for the quantum many-body effects studied in chapter 5.
Readout. - A measurement of the mechanical motion can be obtained by monitoring the
optical phase shift in the transmitted (or reflected) light. This becomes evident when considering
the linearized optomechanical interaction for ∆ = 0. In this case, the cavity works solely as
an interferometer picking up a phase shift proportional to the mechanical displacement. This
signal is typically weak and has to be averaged over many cycles. Remarkably, the precision of
such a weak measurement is limited by a fundamental constraint, the so-called standard quantum
limit [59]. It states that the added noise from the measurement process itself is at least as
strong as the zero-point fluctuations, and that this minimal value is reached for a certain ideal
measurement strength (laser power). For small photon numbers, it is impossible to determine the
optical phase precisely. For a stronger laser drive, this imprecision is gradually removed, but at
the cost of stronger back-action noise, i.e. cavity shot noise, disturbing the mechanical motion.
This quantum limit is a direct consequence of the Heisenberg uncertainty principle: continuous
measurement of the mechanical motion provides information about both position and momentum
and hence cannot be carried out with arbitrary precision. Experiments have come close to this
quantum limit recently, with the precision dominated by back-action noise [55, 60].
Optical spring. - The optomechanical interaction also shifts the frequency of the mechanical
mode. The simplest way to illustrate this effect is to consider a far-off-resonant cavity field
(∆  Ω, κ). Perturbation theory in the linearized interaction (1.4) then yields a second order
2
energy shift of ~g 2 b̂† + b̂ /∆ for the low-energy mechanical modes. This optical spring effect
has, for example, been used to increase the mechanical frequency of a gram scale mirror by a
factor of almost 30 [61]. We note, that the optical spring effect may also be employed to couple
two mechanical resonators via a common cavity field, as discussed in chapter 2 of this thesis.
Related effects and trends. - The optomechanical interaction (1.4) may also be employed
to alter the characteristics of the light field. In recent works [62, 63, 64, 65, 66], the analog of
6
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electromagnetically induced transparency of atomic systems has been observed: in presence of a
strong laser beam, a much weaker optical beam may experience perfect transmission and delay
on resonance, an effect that may be exploited for storing optical information [67]. Moreover,
the presence of the mechanical mode inside the cavity may suppress the quantum noise of the
outgoing field (squeezing), as analyzed by [68, 69]. This effect has been demonstrated in a recent
experiment [70], where the motion of an atomic cloud takes the part of the mechanical resonator.
As a remarkable feature of (1.4), the coupling strength depends on the strength of coherent
cavity field ᾱ and can thus be switched on and off by using an appropriate sequence of laser
pulses. This renders possible a controlled state swap between the optical and the mechanical
modes. First demonstrations of such a state transfer have been reported in [71, 72, 73] (partly still
in the classical regime). Additionally, there are various schemes for measuring and manipulating
the mechanical state using either slow periodic modulations of the laser drive or fast pulses: backaction evading measurements of the mechanical motion and quantum state tomography [74, 75],
preparation of squeezed mechanical states [74, 76, 77], generation of robust entanglement between
the optical and the mechanical mode [78], and the preparation of non-classical mechanical states
using single-photon sources or detectors [79, 80, 81].
In the context of optomechanical cooling, it is interesting to note that alternative schemes
have recently been proposed involving pulsed laser driving [82, 83] as well as employing dissipative
coupling of the mechanical motion to the cavity bath, i.e. κ(x) [84, 85].

1.2.3

Strong coupling

The generic optomechanical setup can be characterized by a set of five dimensionless parameters
(see e.g. [54]),
Γ/Ω, κ/Ω, ∆/Ω, g0 αL /Ω2 , g0 /κ,
i.e. the mechanical and optical dissipation rates, the detuning, the driving strength, and the
“quantum parameter” g0 /κ. It can be shown [54] that only the first four parameters are required
to write down the classical equations of motion. A full quantum mechanical treatment (e.g. via a
Lindblad master equation), however, will depend on g0 /κ. Notably, all effects that were discussed
above can be described in terms of the linearized interaction (Eq. (1.4)) and thus do not depend
on the quantum parameter. And indeed, they almost exclusively involve Gaussian states (with
the exception of [79, 81, 80], where the optical field is assumed to be prepared in a non-Gaussian
state). It is thus instructive to distinguish between the regime of strong linear optomechanical
interaction (“strong coupling”) and the regime of strong interaction at the level of single quanta
(“single-photon strong coupling”).
Strong coupling g0 ᾱ > κ/2. - Assuming a cavity with sideband resolution (κ  Ω),
this regime can, in principle, be reached by boosting the laser power, so that the linearized
optomechanical interaction strength, g = g0 ᾱ (see Eq. (1.4)), exceeds the cavity decay rate.
For g > κ/2, the mechanical and optical modes hybridize and the mechanical response function
splits into two peaks (normal mode splitting). This regime has been demonstrated in a number
of setups, see e.g. [86, 72, 64]. If, in addition, the linear coupling rate exceeds the mechanical
decoherence rate (and g > Γn̄th /2), a coherent exchange of single photons and single phonons (i.e.
state transfer) is possible, see for instance [73]. In this case, the optomechanical cooperativity,
defined as Com = 4g 2 /κΓn̄th , is larger than one. Generally speaking, the cooperativity parameter
compares the transfer of excitations between the mechanical and the optical mode to the transfer
7
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toward and away from the mechanical phonon bath. Thus, for Com > 1, optomechanical cooling
can, in principle, be faster than the rethermalization of the mechanical mode - a prerequisite for
ground state cooling [47, 48]. If, however, the strong coupling relation g0 ᾱ > κ/2 holds, too,
the optical field is extracting quanta from the mechanical mode faster than it can emit them to
the outside. Thus, they may be fed back to the mechanical mode, and cooling becomes less
efficient [47]. It is exactly this strong interaction with the cavity field that can destroy mechanical
entanglement in the presence of cooling, as analyzed in chapter 2 of this thesis.
As an aside, we note that the cooperativity parameter is introduced in analogy to cavity QED
setups, where it describes the enhanced decay of a two-level atom induced by the cavity field and
2
is given by CQED = gat−ph
/κγat [87], where gat−ph is the atom-photon coupling rate, and γat
the spontaneous atomic decay rate. It is important to note, though, that the atomic two-level
system is a profoundly quantum mechanical entity and distinct nonclassical effects are found in
the properties of the cavity field for C & 1 (see for example [87]). This stands in contrast to a
mechanical resonator in the absence of nonlinear effects: even if cooled nearly to ground state,
the observation of genuine quantum effects is elusive and requires (e.g.) a measurement of the
mechanical energy (as demonstrated in [6] using a qubit) or the measurement of another cleverly
chosen observable (like the sideband asymmetry, see [88] for details).
Single-photon strong-coupling g0 > κ. - Nonlinear interaction on the level of single quanta
becomes available for g0 ≈ Ω, κ, i.e. for a coupling strength comparable to both the mechanical
frequency and the cavity decay rate. To illustrate this, one may consider the radiation pressure
force exerted by a single photon. This force will displace the mechanical mode by
~G
g0
= 2 xZPF ,
(1.5)
2
mΩ
Ω
i.e. by more than the ground state width for g0 > Ω. A displacement by xZPF , on the other hand,
can shift the cavity out of resonance if
∆x =

GxZPF
g0
= .
(1.6)
κ
κ
Thus, combining (1.5) and (1.6), we see that there will be strong back-action effects on the level
of single quanta if
G∆x
g2
=2 0 &1
(1.7)
κ
Ωκ
Indeed, in this regime the quantum dynamics differ considerably from the classical predictions.
This has been analyzed with regard to the optomechanical instability [54, 89], the cavity spectrum
[90], and the statistics of the cavity field [91].
If we now consider not a single photon but a superposition of different photon Fock states (e.g.
a coherent state), the following picture emerges, as first analyzed by Mancini et al. [92] and Bose
et al. [93]: Assuming the mechanical mode to be in ground state initially, the radiation pressure
interaction puts the mechanical mode into a superposition of different displaced states. This highly
entangled state of the mechanical and the optical mode can be interpreted as a “Schrödinger cat”
state, and has been discussed as a resource for studies of the decoherence of macroscopic objects,
e.g. in [35].
It is interesting to note that the quantum parameter g0 /κ does not only describe the ability
of the optical cavity to sense a single phonon (see Eq. (1.6)). It also quantifies the momentum a
single photon transfers to the mechanical mode while circulating in the cavity (see also [94]),
∆p =

c 1 2~ωcav
g0
= 2 pZPF ,
2L κ c
κ
8
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which is computed as the product of the photon’s inverse round trip time, the average lifetime
inside the cavity and the momentum transferred at each recurrence.
Following these observation, one may wonder whether nonlinear quantum dynamics can be
observed in the regime of g0 & κ but g02  Ωκ, i.e. for large mechanical frequencies Ω  κ.
Such a situation can indeed be found in a setup with two optical modes, as will be discussed in
more detail in chapter 3 (see also our recent article [95] and the related work by Stannigel et al.
[96]).
So far, the regime of g0 & κ, Ω has only been realized in optomechanical setups, where the
mechanical resonator is replaced by the motion of a cloud of cold atoms [97, 94, 98]. Experiments
with these setups have demonstrated strong back-action effects even for cavity occupation numbers
below one [97, 94]. In these optomechanical systems, the frequencies of the motional modes are
relatively small, and, as yet, the resolved sideband regime Ω > κ has not been reached.
Setups comprising micromechanical resonators, on the other hand, have entered the resolved
sideband regime with Ω  κ, but have not reached single-photon strong coupling yet. Typical
parameters are on the order of g0 /κ ≈ 10−3 , but advances in design and fabrication are generally
expected to make the regime of g0 > κ available in the near future. For a more detailed discussion
we refer to chapter 3 of this thesis.

1.2.4

Multi-mode setups

The progress towards multi-mode optomechanical setups was triggered and boosted by two important developments: first, the pioneering work of Thompson et al., whose “membrane-in-themiddle” setup [99] was the first realization of a multi-mode optomechanical system and extends the
toolbox of optomechanical systems (as discussed below). Secondly, the trend towards miniaturization, which was already mentioned in the introductory remarks, along with the prospect of integrated on-chip architectures for optomechanical arrays. This applies both to so-called whisperinggallery mode resonators (e.g. [103, 104, 105]), microwave resonator setups (e.g. [106, 107, 7])
and, in particular, optomechanical crystals [56, 108]. In the following, we review these ideas in
more detail and give an overview of recent experimental and theoretical research on multi-mode
setups.
Multiple optical modes (“membrane-in-the-middle” setup). - In the aforementioned
work [99], a situation with two optical and a single mechanical mode is brought about by placing
a dielectric membrane inside a standard optical Fabry-Perot cavity (Fig. 1.3(a)). The optical
frequencies can be made to depend either linearly or quadratically on the membrane position
[99, 109, 110]. For the latter case and for appropriate parameters, this scheme renders possible a
quantum nondemolition measurement of the mechanical energy. This means that one may watch
the quantum jumps between mechanical Fock states without disturbing the system - an important
tool for future experimental studies and applications.
The very basic Hamiltonian of this setup has also been realized using a double-disk resonator
[111] (where optical trapping has been shown) and two coupled microtoroids [112] (where amplification of mechanical motion in close analogy to an optical laser has been demonstrated).
Safavi-Naeini and Painter have shown in [100] how such a coupling scheme can be implemented
in optomechanical crystals. These devices are quasi-periodic nanostructures, in which optical or
mechanical excitations can be confined in localized modes, and can also be made to propagate
through waveguides. The proposal in [100] is a traveling wave phonon-photon translator (PPT),
which converts acoustic and optical waves in a bi-directional way. This would provide an interface
for phononic and photonic quantum information and, in contrast to conventional protocols for
9
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Figure 1.3: Multi-mode optomechanical setups (a)-(h) and hybrid setups (i),(j) as discussed in the
text. (a) Cartoon of the “membrane-in-the-middle” setup [99], and the corresponding pictogram.
A setup of this kind will also be discussed in chapter 3. (b) A related setup in an optomechanical
crystal, proposed as a traveling wave phonon-photon translator [100]. (c) Pictogram for a “twomembranes-in-the-middle” setup and (d) possible reduction for a single driven optical mode (see
chapter (2)). (e) Extended version with multiple modes inside a cavity (see section 4.4). (f),(g)
One- and two-dimensional arrays of coupled optomechanical cells, which will be discussed in section
4.4 and chapter 5 with regard to their classical and quantum nonlinear dynamics, respectively.
(h) Coupling scheme for arrays of mechanical modes via extended optical modes and mechanical
ancilla modes (orange), see [101] and section 2.3. (i) Hybrid system with the motion of a single
atom interacting with a mechanical resonator via a common cavity field (see 2.2). (j) Two qubits
of different kinds are coupled with an optical waveguide via optomechanical systems, as proposed
in [102].
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state transfer in optomechanical systems (see above), this scheme does not require control pulses.
Generally speaking, any optical cavity supports several optical modes, which may couple to
the same mechanical mode (but with different coupling strengths). In [113] (using a microtoroid
resonator) and [114] (using an optomechanical crystal nanobeam), a scenario of this kind was
used to demonstrate the conversion of photons of different wavelengths. Various proposals in
this direction have been made, including the conversion between optical and microwave photons
[100, 115] and adiabatic transfer via a mechanical dark mode [116, 117].
Other theoretical works have studied two-mode optomechanical setups with regard to the detection of phonon shot noise [118], mechanical squeezing [119], tripartite entanglement [120, 121],
and Landau-Zener-Stückelberg dynamics between the two cavity modes. In addition, a scheme
employing three cavity modes for improved readout of mechanical motion has been discussed in
[122].
As will be shown in chapter 3 of this thesis, a setup with two optical modes (see Fig. 1.3(a)) can
also be employed to generate strong quantum nonlinearities between the optical and mechanical
modes (see also our article [95]). Similar results were found by Stannigel et al. [96] for a setup of
two coupled optomechanical cells, similar to Fig. 1.3(f).
Multiple mechanical modes. - Similar to the case of the optical resonators discussed above,
any mechanical resonator naturally allows for several normal modes. In most experiments, however,
they are well separated and can be individually read out and addressed. One of the rare cases where
two mechanical normal modes have a strong impact on each other was reported in [53] in the
regime of mechanical lasing and for a cavity with relatively low finesse. In [123], the normal modes
of a “zipper” optomechanical cavity were investigated, as well as coupled mechanical modes in
a double-disk resonator showing Fano-like interference. The experimental setup presented in [55]
comprised an array of nanomechanical resonators coupled evanescently to a toroidal microcavity.
While in their case only the interaction of the light field with single mechanical modes was studied,
this work may be a starting point for multi-mode experiments with this setup.
The membrane-in-the-middle setup discussed above may also be extended in a straightforward
way by placing two (or more) membranes inside the cavity. Such a scheme has been analyzed
theoretically with regard to normal modes and their coupling [124, 125], as well as to the generation
of entanglement [126].
In chapter 2 of this thesis, we discuss the generation and destruction of entanglement via
optomechanical cooling in a setup with two mechanical modes (as depicted in Fig. 1.3(c) and
(d)).
Coupled optomechanical cells and extended schemes. - The multi-mode setups discussed above were based on the generic (single-mode) optomechanical system, which was only
extended to include several optical or mechanical modes. In view of the development of on-chip
optomechanical architectures, however, it is a straightforward consequence to consider also arrays
of several optomechanical cells. The most promising setups in this direction are optomechanical
crystal structures (see above). They offer a large flexibility in design, which has already been exploited for various single mode optomechanical devices with one-dimensional [108, 56, 8, 127, 128]
or two-dimensional [129, 130] geometries. Optomechanical crystals have evolved from photonic
crystals [131], which have already been tested as a powerful tool for on-chip multi-mode photonics.
The experiment reported in [132], for instance, has demonstrated an array of more than hundred
coupled optical cavities with very high quality factors. Equally important for optomechanical experiments are the excellent optomechanical coupling rates of optomechanical crystals, and the
high mechanical frequencies of several GHz, which should allow for an excellent shielding from
thermal fluctuations at cryogenic temperatures.
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There have been a few theoretical studies of the dynamics of optomechanical arrays, in most
cases referring to optomechanical crystal architectures, and we will briefly picture the main ideas.
In [67], Chang et al. have shown how an appropriately designed two-dimensional optomechanical crystal can be used to slow down, stop, and store a light pulse traveling through a
waveguide. This scheme is based on the same principle as corresponding works in single-mode
setups [63, 64, 65, 66], but offers a considerably improved functionality.
In the work of Heinrich et al. [133], the nonlinear classical dynamics in arrays of coupled
optomechanical cells (see Fig. 1.3(f)) was investigated: in the regime of self-induced oscillations
and for sufficiently strong nearest-neighbor coupling, the mechanical phases can synchronize.
We note that the phenomenon of synchronization has also been studied in arrays of mechanical
resonators coupled to a single optical mode (see Fig. 1.3(e)) [133, 134], and a first demonstration
in an optomechanical system composed of two optically coupled microdisks has been given in
[135].
The work presented in [101] analyzes a scheme for selectively generating entanglement in an
array of mechanical modes, or perform a state transfer between specific modes. The coupling of
the mechanical modes is mediated by a common optical mode (see 1.3(e)), and an extension of this
scheme to a two-dimensional array (see 1.3(h)) has been discussed. We will briefly review this work
in section 2.3. Other theoretical works concerned with the generation of entanglement between
two or three coupled optomechanical cells (not necessarily with references to optomechanical
crystals) include [136, 137, 138, 139, 140].
Tomadin et al. [141] have recently investigated a scheme on the basis of Fig. 1.3(c) and
its extension to a larger one-dimensional array. In their proposal, the dissipation induced by the
mechanical modes is used to induce correlations between the optical field modes.
An analysis of the nonlinear quantum dynamics of a two-dimensional array of coupled optomechanical cells (see Fig. 1.3(g)) will be given in chapter 5 of this thesis.
Hybrid quantum networks. - Optomechanical setups offer two possible routes to connect to
other quantum systems: either via an optical interface (thereby possibly bridging large distances),
or via a direct interaction of the mechanical mode. Using one way or the other, optomechanical setups can, in principle, link to any of the atomic, electronic or photonic quantum systems
mentioned above, and thus have the potential to play an important role in future hybrid networks
[142]. Let us make this argument a bit more explicit in the following.
With regard to the first option, it is important to note that all the quantum systems discussed
in section 1.1 can be addressed using optical or microwave radiation (with the only exception
given by the electrostatically defined quantum dots). In all cases, however, the wavelength has
to be tailored to match a specific transition. It is a unique feature of optomechanical setups that
the radiation pressure force can act on the mechanical mode regardless of its frequency. This
serves not only as the basic principle for optomechanical wavelength conversion (see above), but
also makes available a large number of hybrid optical coupling schemes. It has for example been
proposed in [143] to couple the mechanical mode of an optomechanical system to collective spin
states of an atomic ensemble outside the cavity. In chapter 2 of this thesis, we discuss how the
motion of a single atom and a mechanical resonator can be strongly coupled inside an optical
cavity (see also [144, 145]). A variant of this scheme without an optical cavity [146] has recently
been demonstrated in experiment [147].
The second option for a hybrid interface, the direct coupling with the mechanical mode, also
offers a broad range of possibilities: recent experiments have demonstrated the interaction of a
mechanical resonator with a single electron spin (using a magnetic tip) [148, 149], with nuclear
spins [150], with the motion of a Bose-Einstein condensate (via surface forces) [151], with excitons
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(in a semiconductor membrane) [152], with superconducting single electron transistors [153, 154],
with quantum dots embedded in carbon nanotubes [155, 156], and with superconducting qubits
[157, 6]. There have by now been a few proposals on how to integrate such a interface into an
optomechanical setup. In the work of [102], the transfer of quantum information between two
different kinds of qubits (e.g. spin and charge qubit) has been analyzed (see Fig. 1.3(j)). The
qubits interact with a mechanical mode each. The optomechanical interaction then translates the
information into an optical signal, which can be transferred via an optical waveguide. A similar
scheme, but with phononic (instead of photonic) waveguides has recently been studied in [158].
The phonon-photon translator may also serve as a transducer for quantum information between
different qubits, as discussed in [100].

1.3

Outline of this thesis

This thesis aims at exploring collective quantum effects in optomechanical systems by studying
setups with multiple modes and ultimately whole arrays. The progression of this work has to a
large part been stimulated by the rapid experimental advances during the last few years in this
field. The theoretical analysis presented in this work, however, will deal with general models of
multi-mode optomechanical systems and is not restricted to particular implementations.
In chapter 2, we analyze the prospects of observing entanglement between two mechanical
resonators with the aid of optical fields. The optomechanical cooling process reduces thermal
fluctuations, but it also introduces additional decoherence via the cavity shot noise baths. We
study the influence of this nonequilibrium environment in a general framework based on Langevin
equations and deduce an optimal cooling rate. This chapter will also deal with a hybrid optomechanical system: The motion of a single atom and a mechanical resonator can be strongly coupled
via common cavity fields. We discuss the basic coupling mechanism, the relevant dissipation rates,
and show how entanglement between the two mechanical modes can be generated by applying an
optical parametric drive.
In chapter 3, we study a system containing two optical and a single mechanical mode, see
Fig. 1.3(a). For mechanical frequencies nearly resonant to the optical level splitting, we find the
photon-phonon and the photon-photon interactions to be significantly enhanced. In addition to
dispersive phonon detection in a novel regime, this offers the prospect of optomechanical photon
measurement. We study these quantum nondemolition detection processes using both analytical
and numerical approaches.
Chapter 4 treats the classical dynamics of optomechanical systems in the regime of the mechanical instability. First, we will analyze the multistable behavior of the mechanical amplitude
in a setup where thermal effects induce an effective optical nonlinearity. Secondly, we study the
coupled amplitude and phase dynamics and the activation of higher-lying attractors in the presence of an modulated laser drive. Finally, we discuss the collective dynamics and synchronization
of multi-mode optomechanical systems.
In chapter 5 we will investigate the nonlinear quantum dynamics of an array of optomechanical systems. The competition between coherent interaction and dissipation gives rise to a rich
phase diagram characterizing the optical and mechanical many-body states. For weak intercellular
coupling, the mechanical motion at different sites is incoherent due to the influence of quantum
noise. When increasing the coupling strength, however, we observe a phase transition towards a
regime of phase-coherent mechanical oscillations. This transition and the phase diagram of the
system are studied using a Gutzwiller ansatz for the dynamics of the driven-dissipative system.
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Chapter 2

Entanglement of two mechanical
modes inside a cavity
The last decades have seen an ever growing interest in experiments concerned with the generation
and control of entanglement in optical setups, solid state systems, cold atomic gases, or between
trapped ions. The two essential prerequisites for all these experiments are a sufficiently strong
coupling mechanism and a good shielding from the thermal environment.
In this chapter, we will discuss how these two criteria can be achieved in an optomechanical
setup thus offering the prospects of observing entanglement between two mechanical objects. First,
the optomechanical interaction can be employed to generate an effective mechanical coupling via
the optical mode. As we will show below, this cavity-mediated coupling can even be employed to
make two mechanical objects of completely different masses, a single atom and a micromechanical
membrane, interact strongly. Secondly, for constraining the influence of the thermal environment,
optomechanical systems offer two possible routes: The optical field can cool the mechanical modes
down to their ground state [47, 48, 7, 8] or, alternatively, it can parametrically drive them into
an entangled state that is relatively robust against thermal fluctuations. The latter scenario goes
along with a parametric instability, i.e. an exponential increase of phonon numbers. In contrast,
by using optomechanical cooling, a steady state can be reached, which is then well protected
against thermal fluctuations. At the same time, however, the optical field introduces another
source of dissipation, the cavity shot noise bath, which, if too strong, prohibits entanglement
again. Remarkably, this twofold role of the cavity bath is not captured by a Lindblad approach to
the effective dynamics of the mechanical modes.
We will present a general method below that allows study of the influence of an arbitrary
(e.g. non-equilibrium and non-Markovian) bath on the entanglement between two mechanical
resonators. Within this framework, we will analyze the generation and destruction of entanglement
by a cavity shot noise bath and deduce an optimal cooling rate for the generation of entanglement.
The presentation given here (section 2.4) widely follows the publication
[159]

M. Ludwig, K. Hammerer and F. Marquardt,
Entanglement of mechanical oscillators coupled to a nonequilibrium environment,
Phys. Rev. A 82, 012333 (2010).
Copyright (2010) by the American Physical Society.

This work originated from a larger collaboration, in which the cavity mediated interaction between
a single atom and a micromechanical membrane was investigated as reported in the two articles
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[144]

K. Hammerer, M. Wallquist, C. Genes, M. Ludwig, F. Marquardt, P. Treutlein, P.
Zoller, J. Ye and H. J. Kimble,
Strong Coupling of a Mechanical Oscillator and a Single Atom,
Physical Review Letters 103, 063005 (2009).
Copyright (2009) by the American Physical Society.

[145]

M. Wallquist, K. Hammerer, P. Zoller, C. Genes, M. Ludwig, F. Marquardt, P. Treutlein, J. Ye and H. J. Kimble,
Single-atom cavity QED and optomicromechanics
Physical Review A 81, 023816 (2010).
Copyright (2010) by the American Physical Society.

The author was involved in all major steps of this work, the analysis of the coupling mechanism and
of the relevant dissipation channels as well as the optimization of parameters. He was primarily
responsible for studying the generation of entanglement, which, for the case of the parametric
amplification scheme, has been discussed in [145]. We will here review the basic concept of
the atom-membrane coupling in section (2.2), and discuss the generation of entanglement via
parametric driving in (2.3). The latter section also includes a few remarks on the extension of this
scheme for continuous-variable quantum state processing in optomechanical arrays, as analyzed
in [101].
In the following section, however, we will first introduce the basic setup and the concepts
that will be employed in the subsequent parts of this chapter. This includes the cavity-mediated
coupling and cooling schemes, as well as the general framework to compute the entanglement
between two harmonic oscillator modes.

a

b

Figure 2.1: (a) Two micromechanical membranes (x̂1 , x̂2 ) coupled with a laser driven cavity
mode (â). The optical field is driven far-off resonance, |∆|  κ, Ω, and it mediates an effective
interaction between the mechanical resonators. (b) The level scheme illustrates the cavity mediated
coupling by showing an example transition between the low-lying mechanical levels via a virtual
(high-energy) optical level.

2.1

The basic model: coupling, cooling, generating entanglement

The system studied in this chapter consists - in its simplest form - of two mechanical resonators
(b̂1,2 ) with identical properties and a driven cavity mode (â):
Ĥ = −~∆â† â + ~Ωb̂†1 b̂1 + ~Ωb̂†2 b̂2 − ~

X
j=1,2
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(j)

g0

b̂†j + b̂j â† â + ~αL (â† + â).


(2.1)

2.1 The basic model: coupling, cooling, generating entanglement
This is a straightforward extension of the generic optomechanical Hamiltonian (1.2), and such
a situation can be found in many different setups. The illustration in Fig. 2.1(a) shows an
example implementation with two micromechanical membranes inside an optical cavity, based on
the single-mode setup of Thompson et al. [99]. In this case, the coupling strengths between the
mechanical modes and the cavity mode depend on both the reflectivity of the membranes and
their position inside the cavity.
Throughout this chapter, we will assume parameters, for which the linearized optomechanical
interaction, Eq. (1.4), can be employed. This implies, in particular, a strong laser drive. In this
section, we will consider optomechanical coupling rates of equal strength, but with different sign,
√ (1)
(1)
(2)
i.e. g0 = −g0 , and define g0 = 2g0 to simplify notation. This choice is meant to make
illustration easier, but more general
scenarios will be considered below, too. After introducing the
 √
normal modes x̂± = x̂1 ± x̂2 / 2 and corresponding operators b̂± , it becomes evident, that only
the symmetric mechanical mode x̂− interacts with the optical field. The Hamiltonian reduces to
Ĥ = −~∆â† â + ~Ωb̂†+ b̂+ + ~Ωb̂†− b̂− − ~g b̂†− + b̂−


 †
â + â ,

(2.2)

where g = g0 ᾱ is the linear optomechanical coupling rate, which scales with the classical part of
the cavity field amplitude, ᾱ.
Cavity-mediated coupling. - For a large laser detuning (|∆|  Ω), the low-lying mechanical
modes are separated from the photonic excitations by a large energy gap, as illustrated in Fig.
2.1(b). In this scenario, the cavity-mediated coupling originates from a frequency shift of the
mechanical differential mode due to its interaction with the high-energy optical mode. This is the
well-known optical spring effect, which was discussed already in the introduction (section (1.2.2)).
One way to derive the expression for this frequency shift, valid for arbitrary detunings ∆ and
a finite cavity linewidth κ, can be given in terms of the quantum noise approach of [47], and
we will provide some details of this method below (section (2.4)). Here, we display the general
expression for this second order energy shift as it enters an effective Hamiltonian for the low-energy
excitations (i.e. the mechanical modes) of the full system:
δ Ĥeff = ~


2
g2 
∆+Ω
∆−Ω
+
b̂†− + b̂−
2
2
2
2
2 (∆ + Ω) + κ /4 (∆ − Ω) + κ /4

(2.3)

2

Noting that x̂2− = 12 x̂1 − x̂2 , it becomes apparent that Eq. (2.3) yields a coupling term in the
effective Hamiltonian of the two mechanical modes,
− ~K b̂†1 + b̂1 b̂†2 + b̂2 ,




(2.4)

with a cavity-induced coupling strength of
K=


g2 
∆+Ω
∆−Ω
+
,
2 (∆ + Ω)2 + κ2 /4 (∆ − Ω)2 + κ2 /4

(2.5)

and additional shifts of the mechanical frequencies.
This coupling exhibits two properties which are of particular interest for our purposes. First,
the coupling strength can be tuned by controlling the number of photons inside the cavity, since
g 2 ∼ ᾱ2 . Secondly, the coupling mechanism also works for two mechanical resonators of completely
different mass, as long as the full Hamiltonian has the form of Eq. (2.2).
For two resonators with equal frequencies and masses, on the other hand, it will later be
convenient to write the effective Hamiltonian in the form
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Ĥmech =

X mΩ
p̂2j
2
k
x̂2j +
+ x̂1 − x̂2 ,
j=1,2

2

2m

2

(2.6)

with k = 2mΩK, see section (2.4).
Cavity induced dissipation and cooling. - The cavity mode introduces additional decoherence for the mechanical modes, and phonons will be excited by or lost to the cavity in an incoherent
way. The form of the optomechanical interaction in Eq. (2.2) directly permits application of the
results given in [47, 48] for the laser cooling of a single mechanical mode. The rates

Γ↑opt =
Γ↓opt =

g2κ
(∆ − Ω)2 + κ2 /4
g2κ
(∆ + Ω)2 + κ2 /4

(2.7)

describe the excitation (b̂†− ) and de-excitation (b̂− ) of a single phonon of the differential mode.
These expressions can be derived directly from the spectrum of the cavity shot noise [47]. We will
discuss some details of this approach in section (2.4).
The cavity-induced dissipation can be used to cool down the mechanical motion from its
thermal fluctuation if Γ↓opt > Γ↑opt . This requires ∆ < 0, and is most efficient for ∆ = −Ω, as
already mentioned earlier (1.2.2). Indeed, the rates (2.7) directly correspond to the weights of the
Stokes and anti-Stokes sidebands as illustrated in Fig. 1.2(b). To efficiently cool both mechanical
modes, i.e. the differential and the common mode, a slightly extended scheme with two optical
cavity modes is required. We will employ such a scheme in section (2.4).
To make the coherent coupling K stronger than the decoherence rates Γ↑↓
opt , one has to consider
↑↓
large detunings |∆|  κ, Ω. In this case, the ratio K/Γopt scales as |∆|/κ, and the reduction
of the absolute strength of the coupling can be compensated by pumping more photons into the
cavity. This observation also suggests that the two tasks of coupling and cooling are best pursued
by independent cavity modes, i.e. a strong off-resonant coupling mode and weaker cooling modes
with ∆ ≈ −Ω.
Entanglement. - As a measure of the entanglement between the two mechanical modes
we employ the logarithmic negativity [160, 161, 162]. This quantity exploits the fact that the
transpose of a density matrix, ρ̂T , will also be a valid, positive-semidefinite density matrix. For a
separable system, for which the density matrix ρ̂ can be written as a tensor product ρ̂ = ρ̂1 ⊗ ρ̂2 ,
the partial transpose ρ̂T1 = ρ̂T1 ⊗ ρ̂2 will therefore be non-negative, too. When reversing this
argument, it becomes apparent that a system for which the partially transposed density matrix
has negative eigenvalues cannot be separable but must be in an entangled state.
In the remainder of this chapter, we will assume the mechanical system to be in a Gaussian
state. This assumption is valid as long as the nonlinear effects of the optomechanical interaction
can be neglected and as long as the environment is in a Gaussian state, too. In this case, the
logarithmic negativity can be computed [160, 161, 162] directly from
EN (ρ̂) =

X

f (c̃i ),

(2.8)

i=1,2

with f (c̃) = − log2 (2c̃) for c̃ < 0.5 and f (c̃) = 0 otherwise. Here, c̃1,2 are the symplectic
eigenvalues of the partially transposed covariance matrix C T1 of the mechanical system [162]. We
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will discuss how to compute them in a more general case below (2.4), but focus on an especially
simple case here. For a system that can be decoupled into normal modes, as it is the case for
the two mechanical modes considered above (Eq. (2.6)), the symplectic eigenvalues have the
compact form
q
x̂2±

c̃1,2 =

p̂2∓ .

(2.9)

Finite entanglement is hence obtained if either hx̂2+ ihp̂2− i or hx̂2− ihp̂2+ i becomes smaller than 1/4.
To illustrate this fact in a simple picture, let us study the two mechanical modes described by
the Hamiltonian (2.6), assume that they are in thermal equilibrium at a finite temperature T , but
neglect any coupling to the environment for the moment. The variances of the normal modes are
then determined by means of the equipartition theorem as
hx̂2± i =
hp̂2± i =

~
(2n± + 1)
2mΩ±
~mΩ±
(2n± + 1),
2

(2.10)

−1

where n± = e~Ω± /kB T −1
is the thermal occupation number. The frequency of the differential
√
2
mode is given by Ω− = Ω + 4KΩ ≈ Ω + 2K, while the frequency of the common mode is
independent of the coupling strength K, i.e. Ω+ = Ω.
To achieve finite entanglement, it is necessary that
(2n+ + 1)(2n− + 1) <

q

1 + 4K/Ω.

(2.11)

For weak coupling we can set n− ≈ n+ ≡ nth and, to first order in K/Ω, the condition (2.11)
can be written as
K/Ω > 2nth ,
(2.12)
essentially requiring the system to be close to the ground state. Given a certain coupling rate K,
the logarithmic negativity decreases linearly as a function of the thermal occupation nth :
EN (ρ) ≈ (2K/Ω − 4nth )/ ln 2.

(2.13)

Thus, as is well known, thermal fluctuations will reduce and eventually destroy entanglement even
in the absence of other detrimental effects that may be induced by the environment. Since the
mechanical resonators that we consider here typically have a large thermal occupation, there are
two routes to follow: One option is to squeeze the mechanical normal modes and bring either
hx̂2+ ihp̂2− i or hx̂2− ihp̂2+ i below the threshold of 1/4. We will follow this route in section (2.3) by
studying a parametrically driven system.
The other option is to use the optical field to cool down the mechanical motion and thereby
reach occupation numbers sufficiently close to the ground state. We will analyze this scheme and
the influence of the cavity shot noise on the generation of entanglement in section (2.4).

2.2

Strong coupling of a mechanical resonator and a single atom

Radiation pressure can couple strongly with mechanical objects of extremely different sizes, from
the macroscopic dimensions of gram-scale mirrors (e.g. [136]) to mesoscopic scales (e.g. dielectric
membranes of a few picogram [99]) or even the truly microscopic scale of a cloud of cold atoms
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[97, 94, 98]. The cavity-mediated coupling can therefore not only be employed to couple two
similar objects, e.g. two mechanical membranes, but also to couple the motion of objects of
totally different kind: A single atom and a micromechanical membrane can be brought into strong
interaction inside a cavity as shown in [144, 145]. Remarkably, this is possible despite a mass ratio
of roughly 10−12 , comparable to the mass ratio of a regular laboratory bench and a grain of dust.

Figure 2.2: (a) A dielectric mechanical membrane (x̂1 ) and a single atom couple with two modes
(â± ) of an optical cavity. The optomechanical interaction can generate an effective mechanical
coupling between the mechanical modes of membrane and atom that is much stronger than the
relevant dissipation rates.
The above scheme for the cavity-mediated coupling has to be modified only slightly when
replacing the second mechanical membrane by the motion of a single atom. Most importantly,
the atom has to be trapped in a harmonic potential that induces an oscillation frequency Ωat
close or even equal to the frequency of the membrane Ω, which is typically in the low MHz range
[99, 163, 147]. Secondly, a sufficiently strong linear coupling between the atomic motion and a
cavity mode has to be achieved. As we will discuss now, the two requirements can be fulfilled by
employing the dipole forces of two optical cavity modes, see Fig. 2.2. In this discussion, we will
partly follow the discussion of our review article [164].
The optical potential as seen by the atom has the form
V̂ (x̂at ) = ~U0 sin2 (k+ x̂at )â†+ â+ + sin2 (k− x̂at )â†− â− ) = V̂+ (x̂at ) + V̂− (x̂at ).


(2.14)

Here, k+ and k− denote the wavenumbers of the cavity fields â+ and â− respectively, and x̂at is
the position of the atom. The maximal potential energy per photon, given by ~U0 , is assumed
to be equal for both cavity modes for simplicity. It depends on the detuning of the optical
frequencies with respect to the atomic transition frequency ∆at−ph , on the mode volume, the beam
shape inside the cavity, and the atomic wavefunction in the transverse direction. In particular,
2
U0 = gat−ph
/∆at−ph , where gat−ph is the Rabi frequency of the atom in the cavity. Here, we
assume U0 to be negative and equal for both cavity fields. The atom will be trapped in one of the
potential minima at a mean position x̄at along the cavity axis. To deduce the trapping frequency,
one may replace the optical field operators â± in the optical potential by the classical, laser-driven
field amplitudes ᾱ± , and rewrite V̂ (x̂at ) → V(x̂at ). For simplicity, we will assume the classical
field amplitudes to be equal, ᾱ± = ᾱ. An expansion of the optical potential around around x̄at
then yields a quadratic trapping potential in the vicinity of x̄at given by
mat Ω2at = 2~U0 ᾱ2 u00 (x̄at ),
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2.2 Strong coupling of a mechanical resonator and a single atom
where mat is the atomic mass, u(x) = sin2 (k+ x) + sin2 (k− x) and u00 (x) = ∂ 2 u/∂x2 . The
trapping frequency can be increased either by raising the intracavity photon number ᾱ2 or the
photon-atom coupling strength U0 to match the frequency of the membrane.
At the equilibrium position x̄at , the motion of the atom couples linearly with the cavity field
operators â+ and â− . This can be captured by an interaction term in the Hamiltonian of the form
− ~gat,+ b̂†at + b̂at â†+ + â+ − ~gat,− b̂†at + b̂at â†− + â− ,








(2.16)

where the atomic displacement was shifted via x̂at → x̂at − x̄at , and then written as x̂at =

(at)
xZPF b̂†at + b̂at . The coupling strengths gat,± can be determined from the slopes of the cavity
intensity fields, i.e. V±0 (x̄at ). In particular, for a positioning of the atom inside the cavity as
sketched in Fig. 2.2, one can obtain V+0 (x̄at ) = −V−0 (x̄at ). In this case, the coupling of the
atomic motion to the cavity modes is described by rates of equal magnitude and different sign:
(at)

gat = ±gat,± = U0 ᾱk+ xZPF sin(2k+ x̄at ),

(2.17)

where we neglect small deviations due to different wavenumbers k+ and k− and set k+ ≈ k− ,
p
(at)
and where xZPF = ~/2mat Ωat denotes the ground state width of the atomic motion.
For the mechanical membrane we assume a positioning inside the cavity, such that its coupling
with the two cavity modes is equally strong (see Fig. 2.2):
− ~gm b̂†m + b̂m â†+ + â+ − ~gm b̂†m + b̂m â†− + â− ,








(2.18)

where we introduced the subscript m for the membrane modes (previously b̂1 ). If we additionally
assume
coupling rates of membrane and atom to be identical and define
√ the optomechanical
√
g = 2gm = 2gat , the situation is fully compatible with the above
case for two membranes
 √
(Eq. (2.2)). The differential mechanical mode, b̂− = b̂m − b̂at / 2, is shifted by the optical
 √
â− mode as shown in Eq. (2.3), while the common mode, b̂+ = b̂m + b̂at / 2, is shifted in an
analogous way by â+ . To make the combination of the two coupling mechanisms most effective,
the laser detunings for the two cavity modes should be chosen equally large, but with opposite
sign, ∆+ = −∆− = ∆. In this case the coupling between the membrane and the atomic motion
is again described by


~K b̂†m + b̂m b̂†at + b̂at ,
(2.19)
where K is now twice the rate of Eq. (2.5). We note that the terms ∼ x̂2m and ∼ x̂2at , which
emerge from the coupling to the cavity modes â+ and â− , cancel each other. Hence, the cavity
only mediates the coupling term (2.19), and there are no additional frequency shifts for the
membrane and the atom.
The more general case of non-identical optomechanical coupling rates
gm 6= gat is considered
 q
2 + g 2 and results in
in [145]. It essentially involves introducing the modes gm b̂m ± gat b̂at / gm
at
a coupling rate
K = 2gat gm




∆+Ω
∆−Ω
4gat gm
+
≈
,
2
2
2
2
(∆ + Ω) + κ /4 (∆ − Ω) + κ /4
∆

(2.20)

where, for the approximation, ∆  Ω, κ is assumed.
By definition, strong coupling is reached when the coherent coupling exceeds all relevant
decoherence rates. The interaction with the cavity leads to collective decay rates for the modes
↑↓
b̂± , Γ↑↓
opt,± , given by expressions of the form Γopt (see Eq. 2.7), but with ∆ replaced by the
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respective detunings ∆± . As discussed earlier, the decay and excitation processes associated with
these rates can be suppressed for |∆|  κ. Notably, for gm 6= gat , the cavity-induced decoherence
2
2
rates Γ↑↓
opt scale as gm + gat [145]. In view of the expression for the coherent coupling K, Eq.
2.20, this scaling makes the fully balanced case gm = gat generally preferable.
Spontaneous emission from the atom’s excited state leads to a momentum diffusion due to
photon recoil at a rate
2
gat−ph
ᾱ2
(at) 2
Γat = γat 2
kxZPF u(x̄at ),
(2.21)
∆at−ph
which depends on the spontaneous emission rate of the atom γat as well as the atom-photon
(at)
coupling gat−ph . It increases with the cavity field intensity and the Lamb-Dicke parameter kxZPF
−1
[144]. Since it scales with ∆−2
at−ph , in contrast to the coherent coupling strength U0 ∼ ∆at−ph , a
laser frequency far detuned from the atomic resonance is favorable. (We note that the different
requirements for the choice of cavity modes (and hence laser frequencies) with respect to the
trapping potential, the coupling, and the decoherence rates are indeed compatible, as discussed
in [145], section V.B).
The membrane is subject to thermal fluctuations due to its coupling with the environment
leading to a ground state decoherence rate of
Γm = Γnth '

kB T
.
~Q

(2.22)

In the proposal [144], temperatures of a few Kelvin in a cryogenic environment and a mechanical
Q-factor of 107 were assumed to reach K  Γm . In this context an additional aspect has to be
considered: For strong optical fields circulating inside the cavity, photon absorption has an substantial impact on the heating of the membrane. This is especially important at low temperatures,
where, for typical membrane materials, e.g. SiN, the thermal link is drastically reduced, and the
heat is not transported away from the membrane sufficiently fast. For the parameters analyzed
in [144], photon absorption is expected to lead to an increase of the membrane’s temperature of
about one Kelvin, making it difficult to further reduce Γm .
By carefully optimizing the parameters, it was shown in [144] that it should be possible to
enter the regime of strong coupling with
K ≈ 10×{Γat , Γm , Γ↑↓
opt }
using currently available experimental setups. Reaching this regime is essential for observing
coherent interactions between the two mechanical modes. Besides the observation of entanglement
between atom and membrane, this coupling may be employed to manipulate and readout the
membrane’s quantum state via state transfer from the atom. In this way, the experimental tools
obtained for preparing the atomic state may be adopted for controlling the motion of a massive
mechanical resonator, see [145] for examples.
Still, the influence of the thermal environment poses a serious obstacle for all these protocols,
as it will blur or even destroy all quantum effects. Note that even for a base temperature of
T = 1K, the membrane (Ω/2π ≈ 1 MHz) will be occupied by about 20 000 phonons. And even if
the membrane is prepared in the ground state initially by some cooling mechanism, it will quickly
heat up on a time-scale set by Γ−1
m .
Thus, continuous laser cooling of the membrane is an obvious route to choose, and we will
analyze it for a general setting of two mechanical resonators below. As discussed earlier, an
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efficient cooling mechanism requires a cavity linewidth smaller than the mechanical frequency,
and is best achieved using an additional cavity mode. An implementation of the latter in the
setting of Fig. 2.2 seems generally feasible. The parameters optimized for the coupling scheme,
however, do not reach the resolved sideband regime κ < Ω [144]. The reason for this can be
found in the fact that, for a given cavity finesse, the decay rate κ scales with the inverse of the
cavity length. The cavity volume, however, was assumed to be relatively small in order to reach
large atom-photon and membrane-photon coupling rates, at the cost of a relatively large cavity
linewidth.
For studying entanglement for the given setup and the parameters of [144], we therefore pick
a different scheme, the generation of entanglement via parametric amplification.

2.3

Atom-membrane entanglement generated by parametric driving

We have already indicated the possibility to control the linearized optomechanical interaction
via the temporal shape of the intracavity field in section (1.2.2). This general concept can also
be applied to the system considered here since the optical spring effect and likewise the cavitymediated coupling rate K scale with the cavity intensity ᾱ2 . We will now illustrate, how to
benefit from a time-modulated optical spring K(t) = K0 cos2 ω̄t with regard to the generation
of entanglement. To this end, we first consider the intensity modulation of a single cavity mode
ᾱ2 (t) = ᾱ2 cos2 ω̄t. In view of Eq. (2.3), this translates into a time-dependent energy shift of
δ Ĥeff = ~K cos2 ω̄t b̂†− + b̂−

2

(2.23)

In the interaction picture, this term is rewritten as

δ Ĥeff = ~




2
K
2 + e2iω̄t + e−2iω̄t 2b̂†− b̂− + 1 + b̂− 2 e−2iΩ− t + b̂†− e2iΩ− t .
4
2

(2.24)

Thus, for ω̄ = Ω− , the squeezing operation b̂2− + b̂†− becomes resonant, as can be seen from the
combination of the last and next-to-last terms inside the two brackets. As a result of these contributions, the variances of the motional state will grow exponentially for one particular quadrature
direction, but shrink exponentially in the complementary direction, see, for example, [165]. In the
two-mode situation studied here, squeezing of the differential (or common) mode can generate
entanglement even for thermally occupied modes. This is best seen from Eq. (2.9) and from the
fact that finite entanglement requires only one of the combinations in hx̂2± ihp̂2∓ i to shrink below
1/4.
In the following, we will study the prospects of generating entanglement between the atom
and the membrane using this parametric driving scheme. Part of this discussion is based on
section IV.E of [145]. A scheme like this has also been employed for studies of entanglement
between electromechanical resonators [166], trapped ions [167], or in general settings of coupled
harmonic oscillators [168, 169, 170]. The squeezing operation for a single mechanical mode in an
optomechanical system has been analyzed in [77].
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Figure 2.3: Setup for generating entanglement between a mechanical membrane and the motion
of an atom. A time-modulated laser drive induces oscillating intracavity fields ᾱ(t), which parametrically drive the mechanical modes into an entangled state. For this scheme, the trapping of
the atom is best achieved by an additional strongly driven cavity mode (not shown here) or an
external potential.
We will consider the setup described in the previous section but with slight modifications,
see Fig. 2.3: we assume the cavity modes to be driven so that their intensities have the form
ᾱ± 2 (t) = ᾱ2 cos2 ω̄t. To avoid a time-dependent atomic trapping potential, the atom is here
assumed to be trapped in an external potential. This external trap could, in principle, be an
additional (third) cavity mode, which is driven much stronger than â± . In this case, the trapping
2 (t), and, close to the equilibrium point x̄ , the trapping mode
frequency is not influenced by ᾱ±
at
does not contribute to the linear atom-cavity coupling either. Finally, we also release the condition
Ω = Ωat , and consider a slight mismatch between the mechanical frequencies of membrane and
atom. For far-off resonant optical fields, this does not change the coupling strength, which is still
given by K ≈ 4gat gm /∆ (with time-dependent coupling rates gat and gm , though).
The two coupling beams â± can now be employed to squeeze the mechanical normal modes
in the above scheme. The contribution from both coupling beams to the effective mechanical
Hamiltonian reads:


δ Ĥeff = ~K cos2 ω̄t b̂†m + b̂m b̂†at + b̂at .
(2.25)
For ω̄ = (Ω + Ωat )/2, this term is rewritten in the interaction picture as
δ Ĥeff ≈ ~


 K †
K † †
b̂m b̂at + b̂m b̂at +
b̂m b̂at ei(Ω−Ωat )t + b̂m b̂†at e−i(Ω−Ωat )t ,
4
2

(2.26)

where we omitted fast oscillating terms like b̂†m b̂at e2iΩt , which have negligible influence. The first
part of Eq. (2.26) describes the two-mode squeezing operation, which leads to strong correlations
between the atomic and the membrane’s motion.
To study this system numerically, we employ a Lindblad master equation for the density matrix
ρ̂ of the coupled mechanical modes only, i.e.
X
d
ρ̂ = −i[Ĥ, ρ̂]/~ +
Lα (ρ̂).
dt
α

(2.27)

Here, the coherent part of the evolution is described by the effective Hamiltonian Ĥ = ~Ωb̂†m b̂m +
~Ωat b̂†at b̂at +δ Ĥeff , with the interaction term δ Ĥeff given by (2.25). The Lindblad terms include the
effects of the membrane’s thermal environment via Lm,↓ (ρ̂) = Γ(nth + 1)D[b̂m ]ρ̂ and Lm,↑ (ρ̂) =
Γnth D[b̂†m ]ρ̂, the diffusion of the atomic momentum via Lat (ρ̂) = Γat D[b̂†at + b̂at ]ρ̂, and the
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cavity-induced decoherence via collective operators Lopt,↓ (ρ̂) = Γ↓opt,± D[b̂± ]ρ̂ and Lopt,↑ (ρ̂) =
 √
Γ↑opt,± D[b̂†± ]ρ̂ with b̂± = b̂m ± b̂at / 2 and D[Â]ρ̂ = Âρ̂Â† − 12 Â† Âρ̂ − 12 ρ̂Â† Â. The decoherence
rates are defined as in the previous section, and will be assumed to be sufficiently small here. Note
that, in the next section, we will discuss a regime, though, where the Lindblad approach fails to
capture the effects of the cavity shot noise bath.
(±)

b

entanglement

atomic excitiaton number

a

(±)

time

time

Figure 2.4: Generation of entanglement between atom and membrane by modulating the coupling
strength. (a) Logarithmic negativity as a function of time for different values of the dissipation
rates Γα = {0.1, 0.05, 0.01} K for the blue, red and black curve, respectively, where Γat =
†
Γ↑↓
opt = Γm = Γα . (b) Increase of the atomic excitation number nat = hb̂at b̂at i due to heating
by the thermal bath and due to the parametric instability. Here, we chose K/Ω = 0.034 and
Ωat /Ω = 1.1, and assumed the membrane to be in the ground state initially. (This figure has
previously been published in [145].)
As the state of the environment can be assumed to be Gaussian and the system consists of
linearly coupled harmonic oscillators only, the mechanical modes also end up in a Gaussian state.
The system is thus fully described by the covariance matrix
Cij = tr(ρ̂{R̂i , R̂j }/2),

(2.28)

where {R̂i , R̂j } = R̂i R̂j + R̂j R̂i , and R̂ = (p̂m , x̂m , p̂at , x̂at )T comprises the position and momentum operators of the membrane and the atomic mode. For simplicity, we have defined these
operators to have zero mean, i.e. hR̂j i ≡ 0, which can always be achieved by shifting the frame of
reference. Hence, the full dynamics of this quadratic system can be solved by computing the time
evolution of the covariance matrix according to Eq. (2.27), i.e. a finite set of linear equations
(see, for example, [145], appendix B).
For evaluating the entanglement via the logarithmic negativity (Eq. (2.8)), the symplectic
eigenvalues c̃1,2 of the partially transposed covariance matrix C T1 [162] are computed !
as the
A C
solutions ξ of ξ 4 + (det A + det B − 2 det C)ξ 2 + det C = 0, where C =
and
CT B
ξ = ±ic̃α . We can assume (in a system invariant under time-reversal) that there are no positionmomentum correlations, h{qα pβ }i = 0. Hence A, B and C are diagonal: A = diag(hp̂2m i, hx̂2m i),
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B = diag(hp̂2at i, hx̂2at i) and C = 21 diag(h{p̂m , p̂at }i, h{x̂m , x̂at }i). As an aside, we note that the
simple expression for c̃1,2 in systems that can be decoupled into normal modes, see Eq. (2.9),
follows upon rewriting the elements of C in terms of the normal mode variances.
Figure 2.4(a) displays the results for the generation of entanglement under parametric driving
for different levels of decoherence. Note that we have set all dissipation rates Γα = {Γat , Γ↑↓
opt , Γm }
↑↓
to be equal. Here, Γopt is a shortcut for the (de-)excitation rates for both modes, which differ
only by a sign (since ∆+ = −∆− ). While entanglement clearly improves when lowering the decoherence rates, the two-mode squeezing operation produces substantial entanglement even for
Γα = 0.1 K. We have assumed the mechanical mode to be in the ground state initially. Entanglement persists, however, even if the mechanical (and the atomic) phonon number is well above the
ground state. This can be seen when comparing to the evolution of the atomic excitation number,
as shown in Fig. 2.4(b). The heating-up of the system is due to the large thermal occupation
of the bath, Γ(nth + 1) ≈ Γnth = Γm , and is even enhanced by the parametric driving. It is
important to remark, though, that the atomic excitation number should not exceed a threshold
value of nat ∼ 5 − 10, in order to keep the effects of the anharmonicity in the trap negligible.
It is important to note that we chose a relatively large difference in the oscillation frequencies,
Ωat /Ω = 1.1, in order to suppress the influence of the beam splitter interaction, i.e. the terms in
the second bracket of Eq. (2.26).
This basic scheme for generating entanglement can be applied in a straightforward way to
setups with several mechanical modes coupled with a common cavity field. It will be desirable
to design the mechanical modes in such a way, that the eigenfrequencies Ωi are distributed over
a finite frequency window. Then, by choosing a driving frequency of ω̄ = (Ωi + Ωj )/2, one can
selectively generate entanglement between two mechanical modes. In addition, modulating the
optical fields at ω̄ = (Ωi − Ωj )/2 renders possible a state transfer between two modes via the
resonant beam-splitter interaction.
A choice of ω̄ = Ωi , on the other hand, singles out the one2
mode squeezing operation ∼ b̂†i + b̂2i . These three operations may serve as an essential building
block for continuous-variable quantum processing [171] with long-lived mechanical states. This
scheme and an extension to two-dimensional arrays via ancilla modes (see Fig. 1.3(h)) has been
analyzed in the work of Schmidt et al. [101], to which the author contributed.

2.4

Entanglement of mechanical resonators coupled to a nonequilibrium environment

In this section, we analyze how the radiation pressure forces of the optical modes can be employed
to reduce the thermal occupation of the mechanical resonators, thereby generating mechanical
entanglement in steady-state. From the above analysis, in particular Eq. (2.12), it is clear that
the mechanical ground state, i.e. phonon numbers below unity, has to be reached. Thus far it
remains unexplored, however, how the coupling to the environment, especially to the cavity shot
noise bath, affects entanglement.
In order to obtain an exact description, we develop a general framework based on quantum
Langevin equations, which makes it possible to analyze the entanglement between mechanical
resonators in the presence of coupling to a linear bath of arbitrary spectral density. First, we
exploit this scheme to show that even in equilibrium there are effects likely to be missed by simpler
approaches. For example, the minimum coupling strength needed for entanglement depends
logarithmically on the cutoff frequency for the most important case of an Ohmic bath spectrum.
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Finally, for the coupling to a cavity shot noise bath, we demonstrate a non-monotonic dependence of mechanical entanglement on the coupling strength to the nonequilibrium environment
and show that there is an optimal value for the coupling to the bath. Below this value, entanglement is diminished by thermal fluctuations, and above this value, it is lost through dissipation.
The striking behavior found here is missed entirely by a Lindblad approach to dissipative dynamics
of the mechanical modes, as will also be shown below.

Figure 2.5: The system considered in this section consists of two mechanical resonators (x̂1,2 ) that
are coupled via a harmonic force with spring constant k and are subject to fluctuating quantum
forces (F̂1,2 ) due to their coupling to the environment.

2.4.1

General framework

We consider the general case of two coupled resonators with masses m1,2 and frequencies Ω1,2 ,
see Fig. 2.5. In terms of their position and momentum operators, x̂1,2 and p̂1,2 , the Hamiltonian
reads
X mα Ω2
p̂2
k
α 2
Ĥsys =
x̂α + α + (x̂1 − x̂2 )2 ,
(2.29)
2
2m
2
α
α=1,2
with a coupling spring constant k. Here, the mechanical coupling k between the resonators is
assumed as given. It may be implemented in the above discussed way by employing off-resonant
cavity modes [126, 144], or by some other coupling scheme. The description of the system will
again be made in terms of the covariance matrix C as it was defined above (Eq. (2.28)), with
R̂ = (p̂1 , x̂1 , p̂2 , x̂2 )T .
We assume the mechanical resonators to be subject to fluctuating quantum forces F̂1,2 , which
are possibly correlated, and which derive from a bath of harmonic oscillators:
Ĥsys−bath = −

X

x̂α F̂α .

(2.30)

α=1,2

They will be characterized by their spectra as specified below.
An exact description of the dissipative dynamics is provided by quantum Langevin equations
[172] for the Heisenberg operators, obtained by eliminating the bath degrees of freedom:
¨1 + m1 Ω2 x̂1 + k(x̂1 − x̂2 ) =
m1 x̂
1
t
ˆ X
F̂1 +
χF1α (t − t0 )x̂α (t0 )dt0 ,

(2.31)

−∞ α=1,2

and likewise for (1 ↔ 2). F̂1,2 (t) denotes stationary quantum noise forces acting on the resonators
(with hF̂1,2 i = 0). The response functions that take into account the memory effect of the baths
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are given by
D
E
1
θ(t) F̂α (t), F̂β (0) .
i~
Solving Eq. (2.31) in Fourier space yields position correlators
ˆ
X
hx̂α x̂β iω = dteiωt hx̂α (t)x̂β (0)i =
χαα̃ (ω)χβ β̃ (−ω)hF̂α̃ F̂β̃ iω .

χFαβ (t) =

(2.32)

(2.33)

α̃,β̃∈{1,2}

´

Here hF̂α F̂β iω = dteiωt hF̂α (t)F̂β (0)i and χαβ (ω) are elements of a matrix whose inverse is
given by matrix elements
χ−1 (ω)


αα

= mα (Ω2α − ω 2 ) + k − χFαα (ω)

(2.34)

on the diagonal, and off-diagonal elements (α 6= β)
χ−1 (ω)


αβ

= −k − χFαβ (ω).

(2.35)

Momentum correlators follow from hp̂α p̂β iω = mα mβ ω 2 hx̂α x̂β iω , and hp̂α x̂β iω = −imα ωα hx̂α x̂β iω .
´
Finally, equal-time correlators are obtained by integration, hx̂α x̂β i = dω
2π hx̂α x̂β iω . The solution
of Eq. (2.31) thus provides the full covariance matrix Cij in terms of frequency integrals over
arbitrary bath spectra, and thereby the logarithmic negativity EN for two coupled dissipative resonators. Note
that
E we did not assume equilibrium, i.e. the fluctuation-dissipation relation between
D
F
does not necessarily hold.
χαβ and F̂α F̂β
ω
For simplicity, we will from now on restrict our explicit calculations to the symmetric case of
two resonators wih identical properties that couple equally strongly to independent baths, such
that hF̂α F̂β iω = δαβ hF̂ F̂ iω and χFαβ = δαβ χF . The system can then, as before, be decomposed
into the center of mass mode (x̂+ , p̂+ ) and theDrelative
E mode (x̂− , p̂− ), which become independent
dissipative resonators. We find hx̂± x̂± iω = F̂ F̂ |χ± (ω)|2 , where χ± (ω) = m(Ω2± − ω 2 ) −
−1
χF (ω) .

ω

After frequency integration, Eq. (2.9) thus directly yields the logarithmic negativity.
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Figure 2.6: Entanglement between two resonators with identical properties under the influence
of an equilibrium Ohmic bath. (a) Logarithmic negativity EN as a function of the thermal
occupation number nth (red curve). The effects of the environment reduce entanglement by
Γ ln ωΩc − 1 /(πΩ ln 2), as can be seen by comparing to the entanglement measure in the absence
of dissipation (see Eq. (2.13)). (b) Close-up of the low-temperature part of (a), showing that
the additional reduction with temperature scales as T 2 at low T . (We note that kB T /~Ω = 0.1
corresponds to nth ≈ 5 · 10−5 ). K = 0.2 Ω, Γ = 0.1 Ω, and ωc = 10 Ω. (This figure has been
published in [159]).
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2.4.2

Coupling to an equilibrium bath

First, we illustrate the general scheme for the case of equilibrium baths, picking the important
example of an Ohmic bath spectrum:
hF̂α F̂α iTω = hF̂ F̂ iTω = ~mΓω

coth( 2k~Ω
)+1
BT
1 + ω 2 /ωc2

,

(2.36)

where ωc denotes the cutoff frequency. For Γ < Ω and ωc  Ω, the position and momentum
variances of a resonator coupled to this bath are given analytically in [173]. Here we only display
the expansion to first order in Γ/Ω at T = 0
D

E

Γ
πΩ±

ωc
Γ
2 ln
−1 .
≈ 1+
πΩ±
Ω±

2mΩ± x̂2± /~ ≈ 1 −
D

E

2 p̂2± /~mΩ±

(2.37)

As illustrated in Fig. 2.6, entanglement between the resonators is suppressed due to their
coupling to the bath. The high-frequency bath modes cause momentum fluctuations that depend
logarithmically on the cutoff frequency, cf. Eq. (2.37). Thus, even at zero temperature, the coupling to the environment reduces the logarithmic negativity by Γ ln ωΩc − 1 /(πΩ ln 2) [as follows
from Eqs. (2.9) and (2.37)], and eventually destroys the entanglement completely. Entanglement
persists (EN > 0) only if the coupling rate exceeds a threshold value of
K ≥ Γ ln


ωc
− 1 /π .
Ω

(2.38)

As a distinctive feature, the minimal coupling rate depends logarithmically on the cutoff frequency.
It indicates that any approach that disregards the influence of high-frequency fluctuations has to
fail, as discussed for the example of the Lindblad approach below. Our general formula also allows
to obtain the full temperature-dependence, see Fig. 2.6.

2.4.3

Coupling to a non-equilibrium cavity shot noise bath

Here, we treat the conceptually clearest case of two mechanical resonators (x̂1 , x̂2 ) coupled with
two common cavity modes (â+ , â− ) (Fig. 2.7). The optomechanical coupling rates are chosen
such that the two optical fields exert independent light forces
F̂±cav =


~g
â†± + â±
xZPF

(2.39)

on the mechanical normal modes x̂± and thereby cool them [47, 48]. This is essentially the
coupling scheme that was employed when studying the atom-membrane coupling in section 2.2 (for
non-identical mechanical modes, though). The linearized optomechanical interaction is described
by

~g
(â†+ + â+ )x̂+ + (â†− + â− )x̂− ,
(2.40)
Ĥsys−cav = −
xZPF
in analogy to the Hamiltonian (2.2), which we considered above.
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Rand

Ran
Figure 2.7: Two coupled mechanical resonators, represented by membranes, under the influence of
non-equilibrium photon shot noise baths due to their coupling with two modes (â± ) of an optical
cavity. The placement of the membranes allows to cool the normal modes of the coupled system
by independent noise forces F±cav = ~g â†± + â± /xZPF .
Let us briefly review the basic elements of the theory of optomechanical cooling as given in
[47]. Eliminating the cavity degrees of freedom generates cavity noise spectra
D

F̂± F̂±

Ecav
ω

=

x2ZPF

g2κ
.
(ω + ∆± )2 + κ2 /4

(2.41)

These spectra induce the excitation and decay rates according to Fermi’s golden rule,
D

Ecav

D

Ecav

Γ↑opt,± = x2ZPF F̂± F̂±
Γ↓opt,± = x2ZPF F̂± F̂±

−Ω±
Ω±

,

,

(2.42)

as well as optomechanical cooling rates
Γopt,± = Γ↓opt,± − Γ↑opt,± .

(2.43)

In the optimal cooling regime, for ∆± = −Ω± and κ  Ω, these rates reduce to Γopt± ≈ Γopt =
4g 2 /κ. In this regime, the minimum possible phonon number due to optical cooling, defined by
the detailed balance relation
Γ↓opt,±
nopt± + 1
= ↑
,
nopt±
Γopt,±
will be much smaller than 1 (nopt± ≈ nopt = (κ/4Ω)2 ). Moreover, we assume Γm nth  Ω,
Γm  Γopt and g  Ω as required for ground state cooling. As an aside, we note that the optical
frequency shift (Eq. (2.3)) can be obtained from the cavity spectrum as [47]
x2
K = − ZPF
~2

ˆ

∞

−∞

 1
dω
1 
hF̂± F̂± iω
+
.
2π
ω−Ω ω+Ω

To also include the heating by a thermal environment, the full forces, F̂± = F̂±cav + F̂±T ,
contain thermal fluctuations, F̂±T , independent from F̂±cav . For low mechanical damping (Γ  Ω),
the spectrum of the thermal bath can be replaced by its values at the resonances, i.e., hF̂± F̂± iTω 7→
hF̂± F̂± iTω=sgn(ω)Ω± . The general scheme yields the variances by integrating hx̂± x̂± iω = (hF̂± F̂± iTω +
2
2 2
hF̂± F̂± icav
ω ) | χ± (ω) | and hp̂± p̂± iω = m ω hx̂± x̂± iω .
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entanglement
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mechanical coupling rate
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Lindblad solution
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optomechanical damping rate

Figure 2.8: Generation and destruction of entanglement by a cavity shot noise bath. Density
plot of the entanglement (logarithmic negativity EN ) for the non-equilibrium dissipative system of
Fig. 2.7, as a function of the optomechanical cooling rate Γopt and the mechanical coupling rate
K. The white solid line represents the boundary between entangled and separable states of the
system and thereby defines the minimal coupling rate Kmin necessary to observe entanglement.
The dashed white line depicts the result for Kmin from the simpler Lindblad approach. Γm nth =
10−4 Ω, ∆± = −Ω± and κ = 0.067 Ω. (This figure has been published in [159]).
In the optimal cooling regime, the variances of the optomechanically damped system can be
expressed in a compact way:
2
hp̂2 i ≈ 1 + 2(neff + δn),
~mΩ± ±
2hp2± i
2mΩ± 2
g2
hx̂± i ≈
+ 2
~
~mΩ± Ω

(2.44)
(2.45)

where neff = Γm nth /Γopt + nopt and δn = Γm nth /κ.
Together with Eq. (2.9), these formulas constitute our main result for entanglement in a system
subject to optomechanical cooling. We now extract and discuss its main physical features. The
first term on the right hand side of Eq. (2.44) describes the ground state energy, the second term
takes account of the cooling mechanism: the thermal occupation is reduced to an effective phonon
number neff . Thus, entanglement can in principle be created even for large bulk temperatures
(nth  1) if the optomechanical damping rate Γopt is sufficiently large. Since Γopt = 4g 2 /κ this
can be achieved by either reducing the cavity linewidth κ or by increasing the cavity-oscillator
coupling rate g. We identify two processes, however, that destroy entanglement for small κ and
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large g, respectively. First, as known from [47], the cooling mechanism becomes less efficient in the
strong coupling regime Γopt ∼ κ, where the contribution of δn becomes appreciable. Secondly,
for a large optomechanical coupling strength g, the low-frequency contributions of the photon
shot noise induce an increase of the position variance (second term on the right hand side of
Eq. (2.45)). This implies that strong correlations between the individual resonators and the driven
cavity lead to a destruction of entanglement between the resonators.
As a consequence, entanglement depends non-monotonically on the cavity linewidth κ and
the optomechanical damping rate Γopt in the optimal cooling regime, cf. Figs. 2.8 and 2.9.
Entanglement can be generated only if the mechanical coupling rate exceeds a value of
Kmin /Ω ≈ 2(neff + δn) + Γopt κ/8Ω2 .

(2.46)

This equation can be employed to optimize entanglement, e.g. by adjusting the laser driving
strengths accordingly.

required coupling strength
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Figure 2.9: Minimal coupling strength Kmin necessary to observe entanglement. Kmin displays an
optimum for intermediate values of the optomechanical damping rate Γopt and the cavity decay
rate κ. Γm nth = 10−4 Ω, ∆± = −Ω± . (This figure has been published in [159]).

2.4.4

Shortcomings of the Lindblad approach

The crucial destruction of entanglement by strong dissipation is missed entirely by the commonly
employed Lindblad master equation approach (Eq. (2.27)). For equilibrium baths, the Lindblad
(±)
(±)
terms are given by Lm,↓ (ρ̂) = (Γm /2)(n± + 1)D[b̂± ] and Lm,↑ (ρ̂) = (Γm /2)n± D[b̂†± ], where b̂±
are the mechanical normal mode annihilation operators. At zero temperature, the shortcomings
of the Lindblad approach are most obvious: The system evolves into its ground state, whose
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entanglement is not reduced at all by the system-bath coupling. To treat the non-equilibrium
(±)
case of Fig. 2.7 in the Lindblad approach, we have to consider four additional terms, Lopt,↓ (ρ̂) =
(Γ↓opt,± Ω± /2Ω)D[b̂± ](ρ̂) and Lopt,↑ (ρ̂) = (Γ↑opt,± Ω± /2Ω)D[b̂†± ](ρ̂), which take account of the
decoherence via the cavity modes (see, for instance, [145] for a detailed derivation). The steadystate variances of the normal modes follow as
(±)

2hp̂2± i
2mΩ± 2
≈ 2neff + 1
hx̂± i =
~
~mΩ±
This expression describes the cooling to an effective phonon number neff , but fails to capture
the loss of entanglement for strong optomechanical coupling (see dashed curve in Fig. 2.8). The
shortcomings of this approach can be understood by noting that the Born-Markov approximation,
which assumes the bath to have a very short correlation time (no memory) and to be uncorrelated
with respect to the system, does not hold in general for a non-equilibrium bath as can be seen in
our example.
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Chapter 3

Enhanced quantum nonlinearities in a
two-mode optomechanical system
In this chapter, we analyze a setup consisting of two optical modes coupled with a single mechanical
resonator. We derive an effective Hamiltonian of the system that captures the regime of strong
single-photon optomechanical coupling g0 /κ & 1 and large mechanical frequencies. The difference
between optical level splitting and mechanical frequency, δΩ = 2J − Ω, appears as a crucial
parameter. It enters the coupling rate g02 /δΩ that characterizes the coherent interaction among
photons and between photons and phonons. If this dispersive optical frequency shift exceeds the
cavity decay rate, one enters what we will call the strong dispersive coupling regime:
g02 & κδΩ.

(3.1)

Since δΩ can be made much smaller than Ω, this condition is easier to achieve than the corresponding one for the generic optomechanical system, g02 & κΩ. This is relevant, in particular,
because optomechanical systems have by now reached the regime of large mechanical frequencies
[8, 7, 72], where they are less susceptible to thermal fluctuations and optomechanical cooling is
more efficient.
As a first application of the enhanced phonon-photon interaction we investigate the possibility
of a quantum non-demolition (QND) detection of the phonon number. A measurement of this
kind has been proposed in the pioneering work of Thompson et al. [99] for the “membrane-in-themiddle” setup (see also (1.2.4)). Subsequently, this QND scheme [109, 174, 175, 176] and other
features of such a two mode system [177, 178, 119, 179, 180, 181] have been studied in detail.
An increase of the nonlinear coupling by making use of the full spectrum of cavity modes has been
demonstrated in [110, 111, 182]. However, the analysis of this scheme has so far been restricted
to cases where the influence of individual photons is weak. Furthermore, it was assumed that
the mechanical and optical time scales separate. Hence the previous analysis did not capture the
enhancement of the optomechanical nonlinearity, which, as we show below, results in an increased
read-out rate.
As a completely new feature of optomechanical systems, our effective description reveals
strong photon-photon interaction for mechanical frequencies comparable to the optical mode
splitting and opens up the possibility of a QND measurement of the photon number. The twomode optomechanical system can therefore be assigned to a larger class of optical systems whose
ultimate goal is the realization of QND photon detection on the level of single quanta [183].
In the discussion given here, we widely follow the lines of our publication
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a

b

c

Figure 3.1: (a),(b) Example implementations of the double cavity setup for enhanced quantum
nonlinearities: (a) membrane-in-the-middle and (b) optomechanical crystal setup. (c) Scheme
depicting the mechanical mode b̂ and the optical modes â± . For the photon and phonon detection
applications discussed in this chapter, the cavities are assumed to be driven by independent laser
sources and the transmitted signal is measured by photodetectors D± .
[184]

3.1

M. Ludwig, A. Safavi-Naeini, O. Painter, F. Marquardt,
Enhanced Quantum Nonlinearities in a Two-Mode Optomechanical System,
Physical Review Letters 109, 063601 (2012).
Copyright (2012) by the American Physical Society.

Model and level scheme

We consider an optomechanical setup consisting of two optical modes (â± , frequencies ω± ) and a
mechanical mode (b̂, frequency Ω) that is described by a Hamiltonian Ĥ = Ĥ0 + Ĥint + Ĥdrive +
Ĥdiss , where
Ĥ0 = ~ω− â†− â− + ~ω+ â†+ â+ + ~Ωb̂† b̂,
Ĥint =
Ĥdrive =


−~g0 (b̂ + b̂)(â†+ â− + â†− â+ ,
~α± (eiωL± t â± + e−iωL± t â± ).
†

(3.2)
(3.3)
(3.4)

The optomechanical coupling rate is denoted by g0 , and both optical modes are pumped by laser
sources at rates α± . The optical cavities are characterized by photon decay rates into the reflection
(κ±,r ) and the transmission channel (κ±,t ) with κ± = κ±,r + κ±,t . We assume the transmitted
signal from each of the modes to be measured independently using a photodetector (Fig. 3.1(c)).
The mechanical resonator couples to a thermal bath at a rate Γ with a bath occupation given by
nth . In the following, we assume the ratio of bath temperature to mechanical frequency to be
small enough such that the oscillator is close to the ground state.
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A Hamiltonian of this kind is found in the “membrane-in-the-middle” setup [99], in setups
comprising two coupled microtoroid resonators [112], and in optomechanical
crystals [100]. The
√
optical modes â± constitute normal modes â± = (âL ± âR )/ 2, where âL,R are geometrically
ˆ = H̃
ˆ + H̃
ˆ ,
distinct modes with an original Hamiltonian H̃
0

int

ˆ = ~ω â† â + â† â + ~Ωb̂† b̂,
H̃
0
L L
R R
 †

†
†
†
ˆ
†
H̃
int = −~J âL âR + âL âR − ~g0 b̂ + b̂ âL âL − âR âR .


(3.5)

The frequency splitting of the normal modes is given by the photon tunneling rate J, ω− − ω+ =
2J. We assume the tunneling rate to be larger than the cavity linewidth, J > κ, in which case the
optical normal modes can be driven independently and the transmitted signals can be separated
(e.g. using optical filters). It is important to note that, even if only one of the normal modes â±
is driven, the system has to be considered as a two-mode setup since the coherent coupling as well
as the dissipation crucially rely on the existence of two optical modes (as will be shown below).
As an aside, we remark that the situation considered in the previous chapter was distinctly
different: First, we considered two (or even three) modes from the full spectrum of orthogonal
cavity modes. These modes do not couple with each other (or at least only very weakly, see [110]).
Secondly, the placement of the membranes (and the atom) was chosen in such a way, that the
optical resonances depend linearly on the mechanical displacement. This situation can always be
achieved by going away from the degeneracy point of the optical resonances, see Fig. 3.2(a). In
view of Eq. (3.5), this would correspond to different bare frequencies of the optical modes âL and
ˆ .
âR in H̃
0
At the degeneracy point, however, the coupling between the optical normal modes and the
mechanical displacement vanishes to linear order in x̂. In the approach of [99, 109, 174, 175], this
has been studied by calculating the optical resonances as
ω±

q

J 2 + (g0 x̃)2 ≈ ω± ±

g02 2
x̃ ,
2J

(3.6)

(Fig. 3.2(a)). Here, J  g0 x̃ is assumed, and the mechanical displacement x̃ = b̂† + b̂ is treated as
a quasistatic variable (in the sense of the Born-Oppenheimer approximation, with photons playing
the role of electrons). This approach therefore has to fail if the optical frequency splitting and
the mechanical frequency become comparable. In this case, i.e. for |δΩ|  Ω, 2J, the transition
where a photon tunnels from the symmetric (â+ ) to the antisymmetric mode (â− ) is boosted by
the concomitant annihilation of a phonon, as illustrated by the energy level scheme, Fig. 3.2(b).
If this process becomes resonant, i.e. δΩ = 0, the modes of the system hybridize, resulting in a
nonlinear level scheme, see Fig. 3.3(b). These nonlinearities can be resolved if g0 & κ, and, for a
weakly driven cavity mode, can be employed to generate anti-bunched photon statistics [96]. The
resonant three-wave-mixing process g0 b̂† â†+ â− has also been studied by Zhao et al. [178] with
regard to amplification (and cooling) of the mechanical mode.
Here, however, we will consider a finite mode detuning δΩ, much larger than the optomechanical coupling strength, i.e.
g0  δΩ  Ω, 2J,

(3.7)

where we have dropped the absolute value bars for δΩ, assuming δΩ > 0. The basic physics
discussed below do not depend on the sign of δΩ, though, and the analysis will be valid both
for positive and negative δΩ. To capture the essential dynamics that arise from the three-mode
interaction in this regime, we will now derive an effective description.
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Figure 3.2: (a) Optical resonances vs. mechanical displacement. For δΩ = 2J − Ω  Ω, J, the
regime of enhanced quantum nonlinearities is reached. (b) Energy level scheme of the two-mode
cavity optomechanical system. For δΩ  Ω, the second-order transition via g0 b̂â+ â†− is strongly
favored as compared to the transition via g0 b̂† â+ â†− .

3.2

Effective description

The effect of the optomechanical interaction to first order in g0 can be described in the following
picture. A photon initially placed in the left (or right) cavity mode starts oscillating between the
left and right part of the cavity at a frequency 2J:
â†L âL − â†R âR (t) ≈ â†+ (0)â− (0)e−2iJt + H.c. + O(g02 ).


Accordingly, the radiation pressure force
F̂ =

~g0 †
â+ â− + â†− â+ )
xZPF

(3.8)

varies sinusoidally in time. This force drives mechanical oscillations
1
F̂
m(Ω2 − 4J 2 )
1
F̂ 0
2
Ω − 4J 2

X̂osc =
P̂osc =

(3.9)

where F̂ 0 = −2iJ ~g0 /xZPF â†+ â− − â†− â+ .
To take these elementary dynamics into account, we shift the oscillator by X̂osc and P̂osc via a

unitary transformation Ĥeff = eiŜ (Ĥ0 + Ĥint )e−iŜ , with Ŝ = X̂osc p̂ − P̂osc x̂ /~. This procedure
eliminates the interaction to first order in g0 and results in an effective Hamiltonian


Ĥeff




2
g02  1
1 
+
n̂− − n̂+ b̂† + b̂
2 2J − Ω 2J + Ω
2

2
g
1
1  †
+~ 0
−
â+ â− + â+ â†− ,
2 2J − Ω 2J + Ω

= Ĥ0 + ~
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(3.10)
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where n̂± = â†± â± are the photon number operators, and where we disregard terms of order
g03 /δΩ2 .
For vanishing tunnel coupling J, the unitary transformation reduces to a shift of the mechanical
position due to a static radiation pressure force. In this case, the effective Hamiltonian is given by
2
g2
Ĥ0 − ~ Ω0 â†L âL − â†R âR in correspondence to the “polaron transformation” for the single-mode
g2

2

setup [92, 93, 91, 90], which yields an effective photon nonlinearity −~ Ω0 â† â .
The most interesting regime is entered if the mechanical frequency becomes comparable to
the optical splitting, i.e. δΩ = 2J − Ω  J, Ω:

Ĥeff

= Ĥ0 + ~


g02
n̂+ n̂− + n̂− + n̂− n̂b − n̂+ n̂b ,
δΩ

(3.11)

where n̂b = b̂† b̂, and where we neglect terms of the order g02 /(2J + Ω) as well as rapidly rotating
2
terms like b̂2 , â†+ â− .
It is important to note, that the unitary transformation modifies the laser driving terms, Eq.
(3.3), and also the jump operators of a Lindblad master equation. For δΩ  J, Ω, the expressions
to leading order in g0 /δΩ are:
g0
b̂â+
δΩ
g0 †
= â+ +
b̂ â−
δΩ
g0 †
= b̂ +
â â−
δΩ +

eiŜ â− eiŜ = â− −
eiŜ â+ eiŜ
eiŜ b̂eiŜ

(3.12)

Thus, the transformed driving and dissipation terms contain an admixture of the other modes,
leading to unintended excitations and collective decay. In particular, the cavity-induced dissipation
processes acting on the mechanical resonator will play an important role in the analysis of the
phonon and photon detection below.
As an aside and to complement the comparison with the previous chapter, we note that
the method for deriving an effective Hamiltonian used here can also be applied to describe the
cavity-mediated coupling scheme. When considering the linearized optomechanical interaction,
the elementary dynamics are given by oscillations of the mechanical normal modes under the
influence of the force F̂ (t) = (~g/xZPF ) â† + â)(t) (see Eq. (2.39)) with â(t) ≈ â† (0)e−i∆t .
Eliminating these dynamics via a unitary transformation leads to an effective Hamiltonian with a
second order energy shift which agrees with the result for the optical spring effect, Eq. (2.3), for
κ = 0.
Figure 3.3(a) depicts the energy level scheme of the effective Hamiltonian, Eq. (3.11), for the
two-mode system. For simplicity, we assume the symmetric mode to be empty, n+ = hâ†+ â+ i = 0,
and the antisymmetric mode to be driven on resonance (ωL− = ω− ). The energies are then given
by E = ~Ωnb + ~δω n− nb , where nb = hb̂† b̂i and n− = hâ†− â− i, and where we introduced the
energy shift per phonon (or photon),
δω = g02 /δΩ.
(3.13)
Thus, by doing spectroscopy on one of the modes, it is possible to measure the occupation numbers
of the other modes in the system. We will analyze this detection scheme in detail below.
It is instructive to compare the level scheme in the dispersive regime to the one for resonant
interaction δΩ = 0. In the latter case, the energy shifts scale with the optomechanical coupling
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Figure 3.3: Enhanced nonlinearities of the two-mode setup in comparison with the single-mode
system: (a)-(b) Nonlinear energy level scheme of the two-mode setup in (a) the dispersive regime
and (b) the resonant regime. In the dispersive case, the energy levels are shifted proportional
to the occupation numbers of the mechanical and optical modes, making
phonon and photon
p
detection available. In the resonant case, the level splitting scales as (nb + 1)(n+ + 1)n− . We
assumed n+ = 0 in (a), and also for the bare levels in (b), which hybridize with other (n+ > 0)
levels, though. (c) The optical spectrum of the â− mode as a function of mode detuning δΩ in the
presence of resonant driving of the â+ mode (to n+ ≈ 1). Results from a numerical integration
of the master equation (3.20) with g0 = 20κ− , κ+ = 0.01 κ− , ωL+ = ω+ , αL− = κ− /4, nth = 0,
Γ = κ− . (d) For comparison, the nonlinear level scheme of the generic optomechanical system
comprising a single cavity field. The optomechanical interaction induces an effective nonlinear
energy shift of −U n2a . Red arrows illustrate the photon-blockade effect [91] for an optical drive
at ∆ = −U . The blue dashed arrow shows a transition between the na = 0 and na = 2 photon
state via a virtual state, a process that can lead to strong bunching and photon avalanches [185].
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rate g0 and with the square root of the occupation numbers, see Fig. 3.3(b). Hence, spectroscopy
may also reveal information about the state of the other modes. This, however, would constitute a
non-QND measurement. Observation of the photon-blockade effect is, in principle, possible in the
resonant regime because the frequency shifts show the required nonlinear scaling when raising the
photon number. (As an aside, we note that this feature of the level scheme may even be employed
to generate nonclassical phonon states.) In the dispersive regime, however, the frequency shifts
scale linearly when increasing the photon number. Hence, the photon statistics typically show
Poissonian statistics even if g02 /δΩ > κ.
To study the transition between dispersive and resonant interaction, we plot the spectrum of
the antisymmetric mode,
ˆ ∞
†
eiωτ hâ− (t + τ )â− (t)† idτ,
(3.14)
hâ− â− iω =
−∞

as a function of δΩ in Fig. 3.3(c). In contrast to Figs. 3.3(a),(b), we consider a finite occupation
of the symmetric mode here, n+ ≈ 1, which is achieved by a laser drive at the resonance frequency
ω+ . The optical spectrum of the â− is then measured with respect to this driving frequency, i.e.
ω − ω+ . Hence, when changing the mode splitting δΩ = 2J − Ω, the optical resonance of the
â− mode shifts (with J). This can be seen from the straight diagonal line, which depicts the
zero-photon (and zero-phonon) line of â− . In the dispersive regime, this zero-phonon line is
accompanied by additional resonances, which are separated by δω. These lines correspond to the
finite occupation of the photon mode (and the concomitant, spurious occupation of the phonon
mode), and may therefore be used to measure the combined occupation number n+ + nb , as
will be discussed in detail below. It is interesting to note, that a similar measurement can, in
principle, be performed by doing spectroscopy close to the mechanical frequency Ω: Directly at
the mechanical frequency Ω, a (dark) absorption line is visible, at least in the dispersive regime.
Close to this line, and shifted towards lower frequencies by multiples of δω, are the lines that
correspond to the occupation number n+ − n− .
At resonance, i.e. for δΩ = 0, on the
√ other hand, the modes hybridize and the splitting between
mutual sidebands is given by 2g0 , 2 2g0 , and so on. Upon changing δΩ, the line shapes are
continuously transformed to match the two limiting case, thereby forming several hyperbolas with
an additional diagonal zero-photon line. We note that, for Fig. 3.3(c), a relatively small mechanical
frequency was chosen to facilitate illustration. For this value, and in particular for δΩ ≈ −100 κ− ,
the effects of the transition g0 b̂† â+ â†− may already be appreciable. In our simulation, we thus
discarded this term from the Hamiltonian, see Eq. (3.2), to keep the results independent from
the particular value of Ω, which is generally assumed to be much larger than δΩ throughout this
chapter.
To compare to the limiting case of J → 0, we illustrate the level scheme for the generic,
single-mode optomechanical setup in Fig. 3.3(d). The nonlinear frequency shifts scale with ∼ n2a ,
where na is the number of photons in the single cavity mode (or, in the analogy employed here,
the photon difference between left and right cavity). This scaling renders possible the observation
of photon blockade for U = g02 /Ω > κ and for an appropriately chosen laser detuning [91]. This
effect is illustrated by the red arrows, which depict the allowed and the blocked photon transitions.
In addition, the nonlinear level scheme of the single-mode setup also exhibits several higher-order
photon resonances (as, for example, shown by the blue dashed arrow), which can trigger avalanchelike behavior of the photon stream coming out of the cavity. This behavior has been analyzed in
the work of Kronwald et al.[185], to which the author contributed. In the two-mode setup, similar
effects are expected to appear, too, and already in the regime g0 & κ instead of g02 & κΩ.
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3.3

Phonon detection

The effective Hamiltonian of Eq. (3.10) enables us to discuss optomechanical QND phonon
detection in its most general form, going beyond previous discussions [99, 109, 174, 175]. The
1
1
optical frequencies are shifted by ∓g02 ( 2J−Ω
+ 2J+Ω
)n̂b , and in the limit Ω  J the result of
[109] is recovered. However, for mechanical frequencies comparable to the optical splitting, i.e.
δΩ = 2J − Ω  2J, the frequency shift per phonon is greatly enhanced and given by δω (Eq.
(3.13)). We stress that the enhancement of the frequency shift is observable even in the weak
coupling regime g0  κ± , where the cavity modes have to be strongly driven [99, 175]. In the
following, however, we focus on the regime where both Ω ≈ 2J and g0 & κ± . The protocol
for detecting the phonon number is to pump one of the optical modes (here â+ ) with a laser
at frequency ωL+ and measure the transmitted signal using a photodetector (D+ ). The second
mode (â− ) is undriven, playing the role of an idle spectator (though it will become important
for dissipative processes). The spectrum of the detection mode â+ or, equivalently, the photon
number n+ = hâ†+ â+ i as a function of detuning −∆+ = ω+ − ωL+ then consists of several
resonances corresponding to different phonon number states, in analogy to the case studied above
(Fig. 3.3(c)). In a situation where the optical frequency shift per phonon δω is smaller than the
cavity linewidth κ+ , the resonances overlap (Fig. 3.4(a)). In the following section, we discuss this
"weak dispersive coupling" regime. The strong dispersive regime is also relevant, and we will come
back to it when discussing photon measurements. The time evolution of the mechanical state
can be monitored by pumping the detection mode at fixed detuning and recording the photon
counts at the detector during an interval τmeas . A quantum jump in the phonon number changes
the number of intracavity photons by ∆n+ and, accordingly, the number of detected photons by
κ+,t ∆n+ τmeas . The shift in photon number can be estimated as ∆n+ ≈ n+ δω/κ+ disregarding
a prefactor that depends on the detuning.
The measurement time τmeas has to be chosen large enough, such that the measured signal
exceeds the photon number uncertainty [59]:
τmeas >

κ2+ /κ+,t
.
δω 2 n+

(3.15)

On the other hand, the measurement time has to be smaller than the lifetime of a phonon
Fock state, which is governed by thermal fluctuations at rate Γth and by decoherence induced via
the optical modes at rate Γopt :


max Γth , Γopt τmeas < 1.

(3.16)


The thermalization rate of the phonon state nb is given by Γth = Γ (nth + 1)nb + nth (nb + 1)
in the uncoupled system. The major contribution to Γopt stems from the process where a phonon
is annihilated while a photon tunnels from the â+ to the â− mode and decays. An approximate
expression for this rate, denoted by Γ↓opt in analogy to Eqs. (2.7) and (2.42), can be found via
the spectrum of the optical force F̂ defined in Eq. (3.8). We assume the detection mode â+ to
be driven on resonance, and substitute â+ → ᾱ+ + â+ into F̂ . Calculating the spectrum in the
standard way [47], we neglect contributions of second order in â+ , to yield
hF̂ F̂ iω =

g02 ᾱ+ 2
κ−
2
xZPF (2J − ω)2 + κ2− /4

(3.17)

As discussed earlier, this linearization procedure is, in principle, only applicable in the regime of
large photon numbers and weak coupling g0 . The parameters that we will use for the numerical
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Figure 3.4: Phonon detection in the weak dispersive coupling regime δω = g02 /δΩ < κ+ , for
single-photon strong coupling g0 /κ+ = 3: (a) Schematic illustration of the resonances of the
detection mode corresponding to phonon number states 0,1,2,3,4. (b),(d) Quantum trajectories
of the photon number in the detection mode, n+ = hâ†+ â+ i (b), and the phonon number,
nb = hb̂† b̂i (d) from a numerical simulation of the stochastic master equation. δΩ = 20κ+ ,
nth = 2, Γ = 10−3 κ+ , α+ = κ+ , ωL+ = ω+ , κ− = 10−2 κ+ , κ±,t = 0.9κ± . (c) Photon counts
recorded at the photodetector D+ within an interval [t − τmeas , t] with τmeas = 50κ−1
+ . (This
figure has been published in [95].)
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analysis below, however, are outside this regime. Further numerical studies reveal that the full
spectrum of F̂ deviates from Eq. (3.17) for large g0 , e.g. showing an strong dependence on
the detuning ∆+ . To give an estimate on the strength of the decoherence rates, this approach
however suffices. According to Fermi’s golden rule, the phonon annihilation process for the Fock
state nb is then described by a rate
g02 n+ κ−
nb .
(3.18)
δΩ2
It is interesting to note, that this decay rate also appears in the effective description. In the
transformed system, the Lindblad jump operator for the photon decay from the â− mode gets an
additional contribution that describes the correlated decay via b̂â+ at a rate κ− g02 /δΩ2 , as can be
seen from the first line of Eq. (3.12).
Together with Eq. (3.15), the result of Eq. (3.18) implies that single-photon strong coupling,
i.e.
g02 > κ+ κ− ,
(3.19)
Γ↓opt = x2ZPF hF̂ F̂ iΩ nb ≈

is required to obtain a signal to noise ratio bigger than one, as has already been shown by
[174] for the limiting case of small mechanical frequencies Ω  J. We note that a phonon
measurement using the â− mode for detection can be described analogously. The main qualitative
difference being that the cavity-induced decoherence processes excite phonons at rate Γ↑opt ≈
g02 ā− 2 κ− (nb + 1)/δΩ2 , and thereby potentially cause an instability of the mechanical mode.
To simulate the envisaged QND phonon measurement, we employ the Lindblad master equation for the system’s density matrix ρ̂,
X
X
d
D[ĉi ]ρ̂ +
D[dˆi ]ρ̂,
ρ̂ = −i[Ĥ, ρ̂]/~ +
dt
observed
unobserved

(3.20)

where D[Â]ρ̂ = Âρ̂Â† − 12 Â† Âρ̂ − 12 ρ̂Â† Â. The unobserved channels, denoted by ĉi , are the
p
√
coupling to the thermal environment with ĉ1 = Γ(nth + 1)b̂ and ĉ2 = Γnth b̂† , and the photon
√
√
decay into the reflection channels c3,4 = κ±,r â± . The transmission channels dˆ1,2 = κ±,t â±
are, however, under observation. We unravel the time evolution into quantum jumps [186]
ρ̂(t + dt) = dˆi ρ̂(t)dˆ†i /hdˆ†i dˆi i(t)

(3.21)

that occur with probability pi (t) = hdˆ†i dˆi i(t)dt and are interpreted as detection events at the
photo detectors D± , and into the deterministic part


ρ̂(t + dt) = ρ̂(t) − i[Ĥ, ρ̂(t)]/~ −

X

D[ĉi ]ρ̂(t) +

i


X1 †
{dˆj dˆj , ρ̂(t)} dt
j

2

(3.22)

plus subsequent normalization. Figure 3.4(b)-(d) shows trajectories from such a simulation. The
phonon number jumps between the Fock states 0 and 4, driven by thermal fluctuations (Fig.
3.4d). The photon number in the detection mode follows the time evolution of the mechanical
mode (Fig. 3.4b). Thus, by monitoring the photon counts at the photodetector (Fig. 3.4(c)), a
QND measurement of the phonon number is achieved. In contrast to earlier numerical analysis
[175], our results apply to the general case of a two-sided cavity and thereby confirm the limits
imposed by quantum noise [174]. Moreover, they show the strong enhancement of the coupling
in the design considered here.
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3.4

Photon detection

As a novel feature of the system, we identify the dispersive photon-photon interaction in the
effective Hamiltonian (3.11). The interaction term vanishes in the limit of small mechanical
frequencies Ω  J and therefore did not appear in previous works. Here, we demonstrate the
prospects of a QND measurement of the photon number n̄+ using the â− mode for detection.
The roles of the two optical modes are chosen as to suppress the influence of unwanted transitions
from the â− mode to the energetically lower-lying â+ mode. Both modes are driven independently
by a laser and the data from the photodetector D− is used to extract the information about the
photon number n̄+ . We assume that the detection mode has a lower finesse than the signal mode,
κ−  κ+ , such that a sufficiently large number of photons arrives at the detector D− while the
state of â+ is only weakly perturbed by the photons in â− .
In the weak dispersive coupling regime, g02 < κ− δΩ, we find a required measurement time of
τmeas >

κ2− /κ−,t
,
δω 2 n−

(3.23)

in analogy to the case of phonon detection. To detect the photon state n̄+ within its lifetime it
is also required that τmeas < 1/n+ κ+ . Moreover, the measurement would be spoiled if a phonon
were to be excited during the measurement time since â− actually measures n̂+ + n̂b . We therefore
demand that the thermalization rate Γth and the rate for the optically induced heating process,
−1 . From the latter condition
given by g02 n− κ+ /δΩ2 , are smaller than the measurement rate τmeas
2
it follows that single-photon strong coupling, g0 /κ+ κ− > 1, is also required for an undisturbed
photon detection.
In the strong dispersive regime, g02 > κ− δΩ, a strong projective measurement of the photon
number (or analogously the phonon number) can be performed as illustrated in Fig. 3.5. The
spectrum of the detection mode â− (Fig.3.5(a)) shows well-resolved resonances with spacing δω.
The weights of the peaks correspond to the photon number distribution of the signal mode.
This is in close analogy to the theoretical and experimental results of [187, 188], where a qubit
coupled to a microwave cavity was used to measure the photon distribution. The quantum
trajectory simulations (Fig. 3.5(b),(c)) reveal strong measurement induced backaction leading to
(anti)correlation between signal and detection mode. Whenever the photodetector D− registers
photons from the detection mode, the state of the signal mode â+ is projected into the zero- or
one-photon Fock state depending on the detuning of the detection mode. This projection leads to
a disruption of the coherent evolution of the signal mode as is clearly visible in Figs. 3.5(b),(c)).
−1 > κ , this kind of measurement backaction affects the quantum evolution
Note that for τmeas
+
significantly. It can be shown that the photons impinging on the signal mode â− from the coherent
laser source tend to be prevented from entering the cavity due to the continuous observation of
the photon number inside the cavity, a manifestation of the quantum Zeno effect [189].

3.5

Experimental prospects and outlook

Single-photon strong coupling, i.e. g0 > κ, has been demonstrated in optomechanical systems
where the mechanical element is a cloud of cold atoms [97, 94, 98]. In principle, currently
available setups of this kind are extensible to a two-mode design by making use of the spectrum
of transverse cavity modes [110]. Reaching Ω ≈ 2J would additionally require larger trapping
frequencies, Ω > κ.
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Figure 3.5: (a) Spectrum of the detection mode, hâ− â†− iω , in the presence of a strongly driven
signal mode, n+ = 1. With increasing optomechanical coupling rate g0 , the splitting between
the resonance peaks grows like δω = g02 /δΩ. The inset shows the spectrum for g0 = 20κ− (cut
indicated in main figure). (b),(c) Quantum trajectories for the detection mode driven at (b) the
zero-photon resonance, ωL− − ω− = δω, and (c) at the one-photon resonance, ωL− − ω− = 2δω.
These results clearly show the anti-correlation or correlation, respectively, between signal and
detection modes induced by the photon interaction. g0 = 20κ− , δΩ = 100κ− , κ+ = 0.01 κ− ,
κ±,t = 0.9κ± , ωL+ = ω+ , αL− = κ− /4, nth = 0, Γ = κ− . (This figure has been published in
[95].)
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A number of optomechanical systems exhibit large mechanical frequencies of a few GHz, and
Ω ≈ 2J has been demonstrated [112, 100, 111]. Single-photon strong coupling, however, is yet
to be reached in solid-state systems. The current record is achieved in optomechanical crystal
setups, with g0 ≈ κ/200 ≈ 2π × 900kHz [127] for a high-frequency mechanical mode far in the
resolved-sideband regime (Ω ≈ 2π × 5 GHz ≈ 30 κ). Utilizing nanoslots [190] to enhance the
local optical field in such structures offers the prospect of coupling rates above 10 MHz. Advances
in design, fabrication and material properties are expected to lead to high-quality optical cavities
with κ/2π ≈ 10 MHz [191, 192]. These developments, taken together, should make g0 > κ
attainable.
In addition to strong optomechanical coupling, the proposed measurements require sufficient
isolation from thermal fluctuations. Given the large mechanical frequencies of state-of-the-art
devices, an integration into a helium dilution refrigerator with currently available technology would
allow to work at very low thermal occupation numbers nth < 10−3 for a 5 GHz mechanical mode
at 10 mK.
The results presented here demonstrate how the design flexibility of photonic crystals and
other optomechanical systems can be exploited to significantly enhance nonlinear coupling rates.
Besides the dispersive QND measurement schemes, one may think of studies of optomechanical
quantum many-body effects in arrays, or of further applications in quantum information processing
(see also the related work by Stannigel et al. [96]). The coherent Kerr-type interaction introduced
here can form the basis for an all-optical switch and directly permits to engineer a quantum phase
gate (based on the conditional phase shift) for photonic or phononic qubits. In addition, the
mechanical mode can serve as a quantum memory [67], and optomechanical interactions yield a
quantum interface between solid-state, optical and atomic qubits [102, 100]. The combination of
these ingredients will make optomechanical systems a promising integrated platform for quantum
repeaters and general “hybrid quantum networks“.
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Chapter 4

Classical nonlinear dynamics
For the purposes of the previous two chapters, the full effects of the optomechanical back-action
were not desirable: The cavity-induced coupling required the optical mode to be driven far-off
resonance as to ensure that it only acts as mediator without any additional action. When analyzing
phonon and photon QND detection in the two-mode setup, the transitions induced by the empty
cavity mode were taken into accountin order not to spoil the measurement by unwanted excitation
processes. In this chapter, however, we will shed light onto the rich nonlinear dynamics induced
by the optomechanical back-action. To this end we deliberately take one step back and analyze
the classical dynamics of single and multi-mode optomechanical systems. In this way, we set the
stage and introduce important prerequisites for the discussion of quantum many body effects in
the last chapter of this thesis.
Nonetheless this part contains independent and substantial work. After introducing the basic
effect of self-induced oscillations, we will first report on the experimental observation of nonlinear
dynamics in an optomechanical crystal nanobeam setup. These experiments were carried out by
Alex Krause and his colleagues in the group of Oskar Painter at Caltech. A manuscript with the
results of this work is in preparation:
[193]

Alex Krause, Amir Safavi-Naeini, Max Ludwig, Jasper Chan, Thiago P. Mayer Alegre,
Jeff T. Hill, Florian Marquardt, and Oskar Painter,
Observation of Nonlinear Dynamics and Thermal Multistabilities in an Optomechanical System,
in preparation.

The author had the privilege to follow the progress of the experiments and to contribute to the
analysis of the data. Here we will focus on the theoretical description of the observed dynamics,
show comparison to the experimental data, and in particular highlight the influence of the thermooptic effect that radically modifies the behavior of the system.
A novel tool for controlling and manipulating the mechanical motion and the underlying attractor diagram can be employed by modulating the phase of the laser drive. In section 4.3 we
theoretically analyze such a scheme and refer to a first experimental study of this effect [193].
In the last section of this chapter, we turn towards the nonlinear dynamics of multi-mode
optomechanical systems, i.e. a number of optomechanical cells, coupled together either mechanically or via an extended optical field mode. In such a system, the phenomenon of synchronization
can be studied, as has been analyzed in
[133]

Georg Heinrich, Max Ludwig, Jiang Qian, Bjorn Kubala and Florian Marquardt,
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Collective Dynamics in optomechanical arrays,
Physical Review Letters 107, 043603 (2011).
Copyright (2011) by the American Physical Society.
Here we review the main results of this work, thereby leading to the study of collective quantum
effects in optomechanical arrays in the last chapter.

4.1

Self-induced oscillations

The full complexity of the optomechanical interaction can be explored in the regime of self-induced
oscillations: Any initial (e.g. thermal) motion of the mechanical mode is parametrically amplified
by the light field. The mechanical amplitude grows at first exponentially and then saturates at
a fixed amplitude, see Fig. 4.1(a). This behavior is observed if the mechanical motion can gain
enough energy from the light field as to sustain these oscillations. Therefore, self-oscillations
require both an adequately chosen laser frequency and a large enough laser input power, see Fig.
4.1(b).
A theoretical analysis of the mechanical motion in the regime of self-induced oscillations has
been given by Marquardt et al. in [52]. It was predicted that the amplitude A as a function of
detuning ∆ follows an intricate attractor diagram and can have multiple solutions for a given set
of parameters. Here, we will review the solution given in [52] in a slightly different framework
using equations for the mechanical amplitude and phase. These Hopf equations have also been
employed in [133] and turn out to be useful for the purposes of the subsequent parts of the thesis.
The classical dynamics of the system is described by equations of motion for the mechanical
mode (position x) and the cavity field amplitude α:
mẍ = −mΩ2 x − mΓẋ + ~G|α|2
r

κ
κe
α̇ = i(∆ + Gx) −
α−
αin .
2
2

(4.1)

Again, G denotes the optical frequency shift per displacement and is related to the optomechanical
coupling rate by G = g0 /xZPF . For the
p laser input term, we use the notation commonly used in
the input-output formalism [59] with κe /2αin = iαL . The total photon decay rate κ = κi + κe
accounts for both intrinsic (κi ) and coupling losses (κe ). In the regime of self-induced oscillations,
the mechanical mode is described by x(t) = x̄ + A cos Ωt. The parameters x̄ and A are yet to be
determined, but the corresponding solution of the cavity amplitude can already be given at this
stage [52]:
r
X
κe
α(t) = −
αin eiGA sin Ωt/Ω
αn einΩt ,
(4.2)
2
n
˜ + inΩ] and Jn (x) denotes Bessel functions of the first
where αn = Jn (−GA/Ω)/[κ/2 − i∆
kind. Note that the static displacement x̄ has been absorbed into an effective detuning parameter
˜ = ∆+Gx̄. For the remainder of this chapter, we will redefine x as the mechanical position with
∆
the static shift subtracted, i.e. x → x − x̄. The value of x̄ can be inferred from the mechanical
equation of motion (4.1) as
~G
x̄ =
|ᾱ|2 ,
(4.3)
mΩ2
to be solved self-consistently [52]. Here, |ᾱ|2 denotes the number of photons inside the cavity,
averaged over one mechanical cycle.
50

4.1 Self-induced oscillations
a

displacement

b

amplitude

mechanical
amplitude

time

laser driving strength

Figure 4.1: (a) Mechanical motion x(t) settling into self-induced oscillations with a fixed amplitude
A and a static shift x̄. (b) The regime of self-induced oscillations is reached for a critical laser
driving strength above which the amplitude generically grows like the square root of the input
power.
In a next step, the equations of motion for the position x and momentum p are transformed
into polar coordinates, i.e. the amplitude A and the mechanical phase ϕ, with x = A cos ϕ and
p/mΩ = A sin ϕ:
d
dt

x
p/mΩ

!

=

p/m
−Ωx − Γp/mΩ + ~G|α|2 /mΩ

!

= Aϕ̇~eϕ + Ȧ ~eA .

(4.4)

By multiplying with the orthonormal vectors ~eϕ = (− sin ϕ, cos ϕ)T and ~eA = (cos ϕ, sin ϕ)T ,
the equations of motion for A and ϕ are found as
Aϕ̇ = −AΩ − AΓ sin ϕ cos ϕ +
Ȧ = −AΓ sin2 ϕ +

~G 2
|α| cos ϕ,
mΩ

~G 2
|α| sin ϕ
mΩ

(4.5)

Finally, taking the time average over one period of the mechanical motion (denoted by h...iT ),
the slow dynamics of the system are governed by:
~G
h|α|2 cos ϕiT /A,
mΩ
1
~G
Ȧ = − AΓ +
h|α|2 sin ϕiT .
2
mΩ
ϕ̇ = −Ω +

(4.6)

The first line determines the oscillation frequency, which is shifted from the bare frequency due
to a dynamic optical spring effect, see also [194]. The evolution of the amplitude, on the other
hand, is governed by the opposing effects of mechanical damping and radiation pressure. As a
result, the amplitude will settle to a steady state value, denoted by Ā in the following, at a rate γ
(the amplitude damping rate). This situation is expressed by the following equation, that serves
as an implicit definition for both Ā and γ:
Ȧ = −

Γ + Γopt (A)
A =: −γ(A − Ā).
2

(4.7)

Here, we additionally introduced the optomechanical amplification rate
Γopt (A) = −

2~G
h|α|2 sin ϕiT .
mΩA
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Figure 4.2: Attractor diagram showing the optomechanical amplification rate Γopt as a function
of laser detuning ∆ and mechanical oscillation energy ∝ A2 , with the black line depicting stable
solutions Ā with Γopt (Ā) = −Γ. The plot reveals bistable behavior at the second sideband
(∆ = 2Ω), where both A = 0 and a finite amplitude attractor are stable. The blue lines of the
inset depict solutions of Eq. (4.9) for different damping rates {0.08, 0.5, 1, 2} × Γ. For small
damping rates, multistable behavior sets in close to the first sideband (∆ ≈ Ω). Parameters:
κ = 0.5 Ω, Γ = 1.5 · 10−3 Ω, g0 αL = 0.028 Ω2 . A slightly different version of this figure was
published in [54].
Steady state, i.e. Ȧ = 0, is thus reached if the friction losses are balanced by the gain from the
optical field:
!

Γ = −Γopt (Ā).

(4.9)

Employing the solution of the field amplitude α(t) (Eq. (4.2)), the right hand side of (4.9) is
determined as
2
X

~Gκe αin
∗
Γopt (A) =
Im
αn+1
αn .
(4.10)
mΩA
n
We note that Eq. (4.9) is exactly the expression derived in [52] by demanding power balance over
!
one mechanical period, i.e. 0 = hẋẍiT .
The above equation (4.9) is best analyzed graphically, see Fig. 4.2. Together with the
expression for the static displacement, Eq. (4.3), it allows us to determine the variables describing
the mechanical motion, Ā and x̄, as a function of the system parameters ∆, κ, Γ and g0 αL
[52, 54].
The amplitude damping rate γ describes how fast a perturbation in the amplitude is led back
to the steady-state value Ā. To derive a general expression for γ around the steady-state, we
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expand the right hand side of Eq. (4.7) to first order in A − Ā :
Γ
d  Γopt (A) 
Γopt (Ā)
Ȧ ≈ − A −
Ā −
A
2
2
dA
2



Ā

A − Ā .

(4.11)

By definition, Γopt (Ā) = −Γ, and we can readily read off
γ=

d  Γopt (A) 
Γ
+
A .
2
dA
2
Ā

(4.12)

As an aside, we note that this term can be evaluated numerically,
using the explicit expression of

d
Γopt (A) given above and ds
Jn (s) = 12 Jn−1 (s) − Jn+1 (s) . At the onset of self-induced oscillations, we have Ā = 0, and Γopt (Ā = 0) reduces to the optomechanical damping (amplification)
rate, which was evaluated from the bare cavity shot noise spectrum in [47]. In addition, it follows
from Eqs. (4.12) and (4.9) that the amplitude damping rate γ = Γ + Γopt (0) /2 vanishes. Thus,
at threshold, the amplitude dynamics happen on extremely long time scales.
The dynamic optical spring effect, given by Ω(A) = Ω − ~Gh|α|2 cos ϕiT /mΩA (Eq. (4.6)),
reduces to the static optical spring effect (see e.g. [61]) for A = 0. For most optomechanical
setups (with large mechanical frequencies) the optical spring effect (both static and dynamic) is
small as compared to the bare mechanical frequency. This justifies, in retrospect, our approach of
neglecting the frequency shift in the evaluation of α(t), Eq. (4.2). But we note that, in principle,
an amplitude dependent mechanical frequency Ω̃ = Ω(A) can be introduced at the cost of an
additional implicit equation. It is also important to note, that the shift of the oscillation frequency
with amplitude can become noteworthy if, for example, compared to the amplitude damping rate
γ, see chapter 5.

4.2

Observation of thermally induced bistabilities

Self-induced oscillations have been studied experimentally in various optomechanical setups, including systems composed of coated cantilevers [49, 53], microtoroids [50, 51, 195, 112] and
related double-disk resonators [57], reflecting microresonators [196], nanostrings [55], optomechanical crystals [56], or nanoresonators in a waveguide cavity [39]. Still, only few of the intriguing features revealed by the attractor diagram have yet been explored in experiment. In [53], for
example, bistable behavior between a finite and the zero amplitude solution has been shown in
agreement with predictions of a modified attractor diagram.
In this section we report on experiments in an optomechanical crystal setup that provide
new insights into the nonlinear dynamics of such systems. In particular, an intricate attractor
diagram and bistable behavior between finite amplitude attractors is observed. This characteristic
behavior is facilitated by the thermo-optic effect, a characteristic feature of confined photonic
crystal structures. In the following, we will include this effect into the model, highlight the
consequences on the attractor diagram, and show that the experimental data is in very good
agreement with the theoretical model.
The optomechanical nanobeam setup features a high-frequency mechanical mode (Ω/2π =
3.7 GHz) with a large mechanical quality factor Q ≈ 105 . The photonic crystal defect cavity has
a linewidth of κ/2π = 1.2 GHz, and the small mode volume allows for a large optomechanical
coupling rate of g0 /2π = 900 kHz. Similar devices were also used for other studies [8, 65, 88,
114] in the Painter group recently. In experiment, the sample is cooled cryogenically to a base
temperature of about 20 K, corresponding to a thermal phonon number of about 110. The cavity
53

4. Classical nonlinear dynamics

cavity field
intensity

130

b

125

T(µW)

a

120
115

Sbb(2ωm) dbm Sbb(ωm) dbm

110
105
-30
-40
-50
-60
-70
-30
-40
-50
-60
-70

detuning

-150

-100

-50

0

50

100

Δλ0(pm)
detuning
(wavelength in pm)

Figure 4.3: Characteristics of the optomechanical crystal nanobeam setup (a) in the absence
and (b) in the presence of self-induced oscillations. (a) The cavity profile (optical intensity vs.
laser detuning) is red-shifted due to the thermo-optic effect, which essentially generates a Kerr
nonlinearity (schematic). The dashed line shows the Lorentzian profile of a linear cavity for
comparison. (b) Optical transmission T and its sideband components, Sbb (Ω) and Sbb (2Ω), when
sweeping the detuning from blue to red. The step-like structure is an indicator of the exceptional
behavior of the mechanical oscillation amplitude due to the thermo-optic effect (as discussed
below). The experimental data is shown as blue dots, the red curve is the theoretical prediction
extracted from the attractor diagram. Note that in this figure, the detuning is plotted in terms of
a wavelength, and hence the sweep is from left to right. (Fig. (b) is reproduced by courtesy of
A. Krause.)
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is driven by a laser, and the light is evanescently coupled into the crystal via a dimpled optical
fiber. Inside the cavity, the absorption of photons heats up the structure and leads to an increase
of the refractive index, as described in detail in [197]. This thermo-optic effect can be included
in the description of the system (Eq. (4.1)) by introducing a thermal field ϑ (see [197, 108]):
mẍ = −mΩ2 x − mΓ(|α|2 )ẋ + ~G|α|2
r
κ
κe
α̇ = (i∆ + iGx + icto ϑ − )α −
αin
2
2
ϑ̇ = −γto (ϑ − |α|2 ).

(4.13)

Here, the dimensionless quantity ϑ adjusts to the number of photons in the cavity, |α|2 (t). The
−1
timescale of this process is set by γto
and estimated to be of the order of the mechanical damping
−1
time Γ .
There is an additional subtlety to be considered in this setup: For large photon numbers,
the mechanical Q-factor is reduced. This effect can be attributed both to the generation of free
carriers and to the heating by absorbed photons, and it played an important role in the analysis of
the data of the ground state cooling experiment (see Supplementary Information of [8]). Based on
experimental studies, the increase of the damping rate can be modeled as Γ(|α|2 ) ≈ Γ(0)+c|ᾱ|1.2 ,
where |ᾱ|2 is the average number of intracavity photons, and the coefficient c is determined as
c ≈ 2 kHz. For photon numbers of a few thousand this shift can be of the same order as the
bare damping rate Γ(0). We will thus consider this effect throughout this section. To simplify
notation, however, we will use Γ ≡ Γ(|ᾱ|2 ) in the following.
A numerical integration of the equations of motion (4.13) reveals a remarkable behavior of the
steady-state mechanical amplitude Ā when varying the laser detuning ∆: The amplitude shows
sharp, step-like transitions at certain values of the detuning, see Fig. 4.4(a). The positions of
the steps depend on the direction of the detuning sweep, and the heights of the steps in GĀ are
approximately given by Ω. The resulting double-staircase shape is in clear contrast to the smooth
curves that are observed in the generic case, see for example Fig. 4.2. Yet, the thermo-optic effect
can be included in the analytical model, and the peculiar behavior can be understood in terms of
an attractor diagram.
To this end, we first note that, to a very good approximation, the mechanical dynamics in
steady-state do not depend on the detailed behavior of the thermal field. (As we will discuss below,
the details do matter for the switching between different attractors, though). For the moment, we
can therefore approximate the thermal field by its steady-state value ϑ ≈ |ᾱ|2 . The thermo-optic
effect thus gives rise to an effective nonlinearity of the optical mode, see Fig. 4.3(a). The shifted
optical frequency can be incorporated into the definition of the effective detuning,
˜ = ∆ + ~G|ᾱ|2 /mΩ2 + cto |ᾱ|2 ,
∆

(4.14)

and the attractor diagram can be calculated as described above. For small frequency shifts, the
attractor diagram is only slightly distorted. A strong thermo-optic effect, however, as observed
in the current experiment, complicates the graphical representation because of ambiguities in the
˜ → ∆. In Fig. 4.4(b) we thus plot the attractor diagram as a function of ∆
˜ and apply
mapping ∆
˜
the shift only to the contour that depicts possible solutions, i.e. Ā(∆) → Ā(∆) (white curve →
red curve in Fig. 4.4(b)). Comparison with the results from the numerical simulations shows very
good agreement, see Fig. 4.4(a).
Even more remarkably, the experimental data (Fig. 4.3(b), blue data points) matches the
contours extracted from the attractor diagram (red curves in Fig. 4.3(b)) very accurately. The
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Figure 4.4: (a) Multistability in the solution of the mechanical amplitude Ā as a function of the
bare laser detuning ∆. The red contour depicts the solutions of the power balance equation (Eq.
(4.9). A sweep from blue to red detuning (blue line) and from red to blue (black line) shows
sharp steps and hysteretic behavior. (The sweeps are obtained from a numerical integration of
the equations of motion (4.13)). (b) Attractor diagram showing the optomechanical damping
˜ = ∆ + 2g0 |α|2 + cto |α|2 , which
rate Γopt as a function amplitude A and effective detuning ∆
includes the thermo-optic effect and the (very small) static shift of the mechanical position. The
˜
white contour represents solutions of the power balance equation (4.9), Ā(∆).
By tracing the
˜
effective detuning ∆ back to the bare laser detuning ∆, the white contour is transformed into
˜ → Ā(∆). This transformation gives rise to the steps in GĀ(∆), whose
the red one, i.e. Ā(∆)
height is given by the distance between the peaks of the white contour (i.e. approximately by
Ω). When disregarding the increase of the damping rate with photon number, the amplitudes
would be slightly larger, see the yellow curve in comparison
to the white contour. Parameters:
√
g0 = 2.4 10−4 Ω, κ = 0.34 Ω, κe = 0.16 Ω, αin = 211 Ω, Γ = 1.1 · 10−5 Ω, cto = 2.7 · 10−4 Ω,
γto = 0.5 Γ.
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experimental
data is obtained from the transmitted field, whose amplitude is given by αout =
p
αin + κe /2α [59]. The transmitted field intensity |αout |2 reads
|αout |2
|αin |2

X

= 1 − κe Re

ei(m+n)Ωt

m,n

+

κ2e
4

X

ei(k−l)Ωt

k,l

Jn (−GA/Ω)Jm (GA/Ω) 
˜
κ/2 + inΩ − i∆

Jk (−GA/Ω)
Jl (−GA/Ω)
,
˜
˜
κ/2 + ikΩ − i∆ κ/2 − ilΩ + i∆

(4.15)

where the second term on the right hand side of Eq. (4.15) stems from the interference of the
incoming laser field (αin ) and the light coming out of the cavity (α). The full expression for
|αout |2 clearly inherits the intricate behavior of the mechanical amplitude as a function of laser
detuning ∆. The transmission T and the sidebands Sbb (Ω) and Sbb (2Ω) shown in Fig. 4.3(b) are
proportional to the zero frequency component and the components at ω = Ω, 2Ω of Eq. (4.15),
respectively, with a scaling factor that only depends on the experimental details of the intensity
measurement.
Whilst the comparison between experimental data, numerical results and the analytical approach generally yields very good agreement, a few open questions remain. In particular: How
does the system commit itself to one of the possible attractors in the multistable regime? And
what determines the stability of these attractors and the switching dynamics between them? In
this context, it is important to note, that the sweep from red to blue (black curve in 4.4(a)) follows the red contour until it reaches the final point of a step, and then jumps to the higher lying
attractor. When sweeping from blue to red, however, we observe that the mechanical amplitude
snaps to the lower attractor already before reaching the edge of the step - see the blue curve
of Fig. 4.4(a) as well as the experimental data of Fig. 4.3. This unexpected behavior can be
explained in terms of the effective potential that is exerted by the radiation pressure, as discussed
in the following.
In Figure 4.5, we analyze the power balance −(Γopt (A) + Γ)A/2, i.e. the right hand side of
Eq. (4.7). This quantity describes the optical and dissipative forces acting on the mechanical
amplitude and hence its time evolution. We note
can also be used to define
´ Athat the power balance

an effective potential via integration, U (A) = 0 dA0 Γ+Γopt (A0 ) A0 /2 [52]. The intricate shape
of the power balance as a function of amplitude A (Fig. 4.5) can be attributed to the thermo-optic
shift: For a given amplitude A and detuning ∆ there may be more than one possible value of the
intracavity photon number |α|2 and hence more than one value of Γopt . This can also be seen
in the attractor diagrams of Fig. 4.5(d): the effective detuning as a function of amplitude, i.e.
˜
∆(A)
(black contours), is no longer unique.
We will now study how the mechanical amplitude adjusts to a (sudden) change of the laser
detuning (and hence the optically induced potential). It turns out that this behavior depends
crucially on the sweeping rate, i.e. the size of the steps when detuning. We start by considering a
fast sweep (step size 0.1 Ω) now. The panels of Fig. 4.5(a) show snapshots of such a sweep: black
curves depict the static power balance, red dots show the time evolution of the system according
to a simulation of the full equations of motion (4.13) after each sweeping step. In the situation
depicted in the first panel (∆ = 1.83 Ω), the system has only one attractor of finite amplitude.
When reducing the detuning, this attractor (and the underlying potential) moves slightly towards
smaller amplitudes. The mechanical motion adapts to this change in the following way: Starting
from an initial value (red cross) to which it had adapted in a previous step (here ∆ = 1.93 Ω), it
first reduces its amplitude and emits energy to the optical mode (in the region where −Γopt (A) < Γ
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Figure 4.5: Bistable behavior of the system when sweeping from blue to red. (a)-(c) Plots of the
power balance −(Γopt + Γ)A/2 as a function of the oscillation amplitude A. The red dots depict
the time evolution according to Eqs. (4.13) (initial and final states marked by cross and triangle).
For a fast sweep, the system leaves the upper attractor as soon as the lower one emerges (second
panel of (a)). For a slower sweep, the system remains in the upper attractor, but drops as soon as
the attractor becomes metastable (third panel of (b)). (The inset shows an oscillatory behavior
around the attractor just before this drop occurs.) If the thermal relaxation rate is very small,
however, the system can sustain the upper attractor beyond this point, even for a fast sweep. The
attractor diagrams in (d) show the contours of the effective detuning as a function of amplitude
!
˜
∆(A)
(black curves). The intersections with the white contours (depicting −Γopt (Ā) = Γ) reveal
the appearance of up to three solutions (red dots). [Stepsize of the sweeps: 0.1 Ω for (a),(c),
0.02 Ω for (b); thermal relaxation rate γto = Γ × {50, 20, 0.5} for (a),(b),(c). Other parameters
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below the blue dotted line). After reaching the tip of the black power balance curve, it snaps
to the region of −Γopt > Γ, where it can again extract energy from the optical mode, increase
its amplitude and ultimately reach the stable attractor (red triangle). After the next detuning
step, see second panel with ∆ = 1.73, the optical potential has changed and allows for two
more attractors (i.e. intersections of the black curve with the blue dotted line). Thus, when
the mechanical system lowers its amplitude, it now reaches one of these new attractors and does
not continue its way towards the upper attractor. When continuing the sweep (third and fourth
panel), the mechanical motion can easily adapt to the changes and sticks to the lower amplitude
attractor.
For a slower sweep, the changes in the optically induced potential are smaller allowing the
mechanical system to stick to the upper attractor even in the multistable region, as can be seen
in Fig. 4.5(b) for a step size of 0.02 Ω. For a detuning of ∆ = 1.53 Ω (third panel), however, the
effective potential shows another important change: The upper attractor becomes metastable.
This can be seen from the fact that the slope of the power balance curve at the attractor changes
sign, such that the attractor becomes a local maximum of the effective potential. Interestingly,
when approaching this point during the sweep, the mechanical amplitude itself starts oscillating.
The inset of the third panel in Fig. 4.5(b) shows this behavior (blue dots depict the time evolution
for ∆ = 1.55 Ω). After the step to ∆ = 1.53 Ω, the system falls down to the lower attractor.
The full time evolution does not strictly follow the static effective potential (black curve) due to
transient effects connected with the thermal field. Note that for these simulations the relaxation
rate was chosen as γto = 20 Γ (as compared to γto = 50 Γ in Fig. 4.5(a)).
It turns out that a small thermal relaxation rate increases the system’s ability to stick to an
attractor (even if it is a metastable one in the sense of the static potential). For the plots of
Fig.4.5(c) and 4.4(a), we have assumed a value of γto = 0.5 Γ ≈ 2π × 10 kHz, which is expected
to be close to the experimentally observed value. In this case, the system returns to the upper
attractor even if it is perturbed strongly due to a rapid sweep (here the step size is again 0.1 Ω).
Still, the system snaps to the the lower attractor before the upper one ceases to exist, see the
fourth panel of Fig. 4.5(c).
As an aside, we note that so far we have assumed that the increase of the mechanical damping
rate happens instantaneously. Since this is a composite effect (heating due to absorption and
generation of free carriers) it is difficult to assign a definite time scale to this process. Numerical
tests with a time delayed variation of the mechanical Q-factor show a slight enhancement of the
system’s stability.
The analysis of the effective optical potential together with the numerical results for the
time evolution thus sheds light into how the attractors transform and how the mechanical system
switches between them. The striking step-like and hysteretic behavior of the mechanical amplitude
as a function of laser detuning can be explained as an interplay of the peculiar structure of the
effective optical potential and the stabilizing thermal effects. Our analysis has not considered
noise from the mechanical phonon bath or the shot noise to the optical field. We expect, however,
that these noise sources contribute to the switching dynamics, too.
Indeed, the multistable points of the attractor diagram offer an interesting platform for studying
the strength of fluctuations in such a system. One may think of preparing the mechanical amplitude
in a shallow well of the effective potential, or even an multistable point. The amplitude dynamics,
e.g. escape or returning times, will then be strongly dependent on the noise sources (phonon
bath, cavity shot noise and technical noise), and may be used to characterize the influence of the
environment.
59

b
1
0.5

oscillation amplitude

a

measures of synchronization

4. Classical nonlinear dynamics

0

-0.5

-0.001
0
0.001
frequency mismatch

0.8

0.6

0.4
-0.001
0
0.001
frequency mismatch

Figure 4.6: Phase locking of the mechanical oscillation to the modulation frequency ωF of the
laser drive: (a) Measures of synchronization hsin δϕit and hcos δϕit as a function of the frequency
mismatch ωF − Ω, where δϕ = ϕ(t) + ωF t denotes the phase lag between mechanical motion and
the drive. In the phase-locked regime (highlighted in yellow), the phase lag is constant, reaching
δϕ ≈ 0 for ωF = Ω. As will be shown below, the value of δϕ also depends on the driving strength
and the laser detuning ∆. Outside this region, δϕ is time-dependent, and the time-averages, which
are denoted by h...it and taken over large intervals ( Ω−1 ), approach zero. (b) The mechanical
amplitudes show a strong increase in the phase-locked regime. Outside the locking region, the
mechanical motion shows beating.√Thus, we plot the time-averaged amplitudes here. Parameters:
β = 0.75, κ = 0.14 Ω, αin = 183 Ω, Γ = 5 · 10−4 Ω, g0 = 1.4 · 10−4 Ω, ∆ = Ω.

4.3

Novel nonlinear effects generated by a phase-modulated laser
drive

So far we have discussed how the radiation pressure and the mechanical damping determine the
solutions of the mechanical amplitude in the regime of self-induced oscillations. Remarkably, such
a prediction does not exist for the phase of these oscillations. The instant of time at which
the oscillations start will depend on the initial conditions and the fluctuations induced by the
environment. One way to fix the mechanical phase is to introduce an external force to which the
mechanical system can lock. For the generic case of a sinusoidal force (a term F0 sin ωF t added
to the mechanical equation of motion (4.1)), this has been analyzed in the work of Heinrich et
al. [133]: Phase locking occurs if the detuning between the driving frequency and the mechanical
frequency fulfills the relation |ωF − Ω| < F0 /2mΩĀ. This equation expresses the fact that phase
locking will be harder to achieve if the mechanical amplitude is large.
In this section we focus on a different scenario that makes phase locking available and, even
more interestingly, stimulates the self-induced oscillations: Modulating the phase of the incoming
laser introduces an external drive to which the mechanical phase can lock. In addition, it alters
the optical spectrum by generating sidebands at the driving frequency. In the synchronized regime
this boosts the mechanical oscillations and, as we will see below, allows accessing higher lying
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attractors in the multistable regime. To model this scenario we consider optomechanical equations
of motion (disregarding thermal effects for the moment):
mẍ = −mΩ2 x − mΓẋ + ~G|α|2
r
κ
κe
α̇ = (i∆ + iGx − )α −
αin e−iβ sin(ωF t) ,
2
2

(4.16)

where the phase of the laser input field is modulated sinusoidally with frequency ωF and strength
β. When tuning the driving frequency ωF close to the mechanical frequency Ω, the mechanical
motion locks to the drive, as can be seen from the results of a numerical integration of (4.16)
in Fig. 4.6. In contrast to phase locking to an external independent force [133], the mechanical
amplitude changes substantially when entering the synchronized regime (see Fig. 4.6(b)). This
behavior makes it difficult to obtain a simple analytical expression for the locking range. On the
other hand, it indicates that the phase modulation has a strong impact on the amplitude dynamics,
as will be explored below.
In the following we restrict our considerations to the phase-locked regime, which, in principle,
can always be reached for a strong enough drive close to resonance. For simplicity, we set
ωF = Ω. A numerical integration of the equations of motion (4.16) reveals a novel behavior of
the mechanical amplitude (and the phase lag) as a function of laser detuning ∆, see Fig. 4.7(a).
Most strikingly, mechanical oscillations are observed even in the red detuned regime (∆ < 0). To
explain this behavior, we now employ an analytical approach in a similar way as above. Again,
we consider mechanical oscillations of the form x(t) = x̄ + Ā cos Ωt. This choice of the frame of
time makes the comparison to previous results more convenient, but it also requires to include the
phase lag δϕ into the expression of the phase modulation, i.e. β sin(ωF t) → β sin(ωF t + δϕ) in
Eq. (4.16). The solution of the cavity photon field is then found in analogy to Eq. (4.2) as
r

α(t) = −

X
κe
αnm ei(n+m)Ωt ,
αin eiΦ(t)
2
m,n

(4.17)

where

Jn (−GA/Ω − β cos δϕ) im Jm (−β sin δϕ)
(4.18)
˜ + i(n + m)Ω
κ/2 − i∆
˜ = ∆ + Gx̄. Accordingly, the optomechanical
and, as above, Φ(t) = GA sin(Ωt)/Ω as well as ∆
amplification rate is given by
αnm =

Γopt (A) =

2
X
X

~Gκe αin
∗
Im
αnm
αkl .
mΩA
k,l n+m=k+l+1

!

(4.19)

Demanding Γ = −Γopt (Ā), the solutions of Ā can be readily computed. Note, though, that the
phase lag δϕ is still a free parameter to be determined. We can, however, already now discuss
the qualitative behavior for a few special cases. For δϕ = 0, the solution of Eq. (4.17) reduces
to the expression found in the absence of a phase-modulated laser drive but with GA/Ω replaced
by GA/Ω + β. Hence, the mechanical motion interacts with an optical field whose sidebands are
enhanced proportional to β. (It is interesting to note that a second mechanical mode oscillating
with an amplitude βΩ/G and in full synchrony with the first mode would have the same effect on
the cavity mode as the phase modulation.) This can also be seen by rewriting the power balance
equation (4.9) as
2~G
Ā =
h|α|2 sin ϕiT ,
(4.20)
mΩΓ
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Figure 4.7: Dynamics of the mechanical resonator for a phase-modulated laser beam with ωF = Ω.
(a) The mechanical amplitude Ā as a function of laser detuning showing mechanical lasing even in
the red-detuned regime. The dashed line shows the amplitude in the absence of phase modulation
for comparison. The phase lag δϕ between drive and mechanical oscillations varies between
δϕ ≈ −π in the red detuned regime and δϕ ≈ π/2 close to the sideband. (Results from a
numerical integration of the equations of motion.) (b) Solutions of the mechanical amplitude as a
function of laser detuning and phase lag δϕ for fixed modulation strength β. The synchronization
condition, Eq. (4.22), allows to determine the phase lag (white contour lines), in good agreement
with the results from the numerical integration (magenta dots). (c),(d) Solutions of the oscillation
amplitude Ā and the phase lag δϕ as a function of laser detuning ∆ and modulation strength β.
The phase modulation stimulates the oscillations for modest driving strengths and fixes mechanical
phases in a distinct way. The white dashed lines mark the cuts for β = 0.75 corresponding to the
curves shown in (a). Note that the graphic noise in (d) (white dots in the lower left hand part) is
due to numerical
artefacts. Parameters Γ = 5 · 10−4 Ω, g0 = 1.45 · 10−4 Ω, κ = 0.14 Ω, κe = 0.5 κ,
√
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where the right hand side depends on GĀ/Ω + β only. For δϕ = 0 one may thus interpret the
effect of the phase modulation as shifting the attractor diagram downwards in the sense that
higher attractors can be reached for lower oscillation amplitudes. For δϕ = π, on the other hand,
the right hand side of Eq. (4.20) depends on GA/Ω − β only, and the attractor diagram is shifted
upwards. For large enough modulation strengths, the expression GA/Ω − β becomes negative
and mechanical oscillations are possible even in the red-detuned regime (∆ < 0). (Note that the
optomechanical amplification rate (4.10) changes sign for A → −A.)
The two special cases, δϕ = 0 or π, can indeed be found in the results of the numerical
integration, Fig. 4.7(a). To capture the full behavior of the phase lag, however, the analytical
approach has to include yet another equation to be solved for δϕ. It is the Hopf equation for the
mechanical phase (4.6) that can provide this resource. The equation can be solved implicitly for
δϕ by demanding phase locking, i.e.
!

ωF = Ω − ~Gh|α|2 cos ϕiT /mΩĀ,

(4.21)

and, for ωF = Ω,
!

0 = h|α|2 cos ϕiT .

(4.22)

This equation determines the phase of the mechanical oscillations in the regime of synchronization
with the external drive. The corresponding solution of the phase lag δϕ agrees very well with the
results from a numerical integration, as illustrated in Fig. 4.7(b). The density plot shows the
solution of the power balance equation (using Eq. (4.19)) with δϕ as a free parameter. The white
contours are the solutions of (4.22) and magenta dots denote the numerical results.
Thus, Eq. (4.19) can be used to compute the full dynamics of the mechanical motion, i.e. the
mechanical amplitude and the phase lag, which are now determined by both the laser detuning
and the modulation strength, see Figs. 4.7(c) and (d), respectively. In view of Fig. 4.7(c), we
note the following: When increasing the phase modulation strength, the oscillation amplitude at
first grows, especially at the sidebands (∆ = ±Ω, −2Ω), but reaches a maximum value at modest
modulation strengths. The decrease at large modulation strengths can be understood from the
fact that, for these parameters, the system does not have any attractors at higher amplitudes,
see the red contour lines in the attractor diagrams of Fig. 4.8. This situation changes, however,
when reducing the damping rate, see the white contour in Fig. 4.8(b) for Γ → Γ/4. The system
now has a multistable solution close to the first sideband, and the system can access the upper
attractor for a sufficiently strong phase modulation.
These observations suggest that the phase modulation scheme may be employed to activate
higher lying attractors in the multistable regime. One way to do this is to slowly increase the
modulation strength from zero to a finite value. Thereby, the mechanical amplitude can be
raised to a sufficiently high value, so that, after switching off the modulation, it sticks to a
higher attractor. Here, we demonstrate a slightly different procedure: The modulation strength is
suddenly switched on, kept constant for a relatively small time interval τβ and then switched off
again (see Fig. 4.9(a)). In this way, transient oscillations of the amplitude are excited, and the
system may ultimately end up in one of the multiple attractors. This scheme is less deterministic,
and the switching behavior depends on the switching time τβ and the initial conditions. But it turns
out to be an efficient method especially for the nanobeam setup, for which the thermo-optic effect
plays an important role. In this case, a slow and regulated transfer to a higher attractor is hampered
by the interplay of phase modulation and thermal shift. Note that the protocol would essentially
˜ (and not just the bare laser detuning ∆),
require complete control over the effective detuning ∆
which, however, is influenced by both effects. Thus, applying relatively fast pulses (possibly with
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Figure 4.8: Attractor diagrams showing enhanced mechanical oscillations in presence of phase
modulation at strength (a) β = 0.75 and (b) 1.75. The density plots depict the optomechanical
amplification rate Γopt as a function of laser detuning ∆ and oscillation amplitude A. (In the
black regions, Γopt > 0 and no amplification occurs.) The red contours show the steady-state
solutions of the amplitude, the black curve in (a) depicts the result from an integration of the
equations of motion (also shown in Fig. 4.7 (a)). The white contour in (b) shows the solution
for a reduced damping rate Γ → Γ/4. In this case, the system has multistable solutions close to
the sideband ∆ = Ω, and the phase modulation scheme can be employed to activate them, as
discussed in the main text. Parameters as in 4.7.
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π/Γ. (b)-(d) The amplitude of mechanial motion shows transient oscillations due to the phase
modulation. Depending on switching times and initial conditions, the system ends up in one of
three possible attractors. (e) This protocol is repeated for various values of the laser detuning in
the multistable region ∆ = [−Ω, 0]. The endpoints of each run, i.e. the mechanical amplitude
˜ are marked by blue crosses, in agreement with the underlying attractor
and effective detuning ∆,
diagram. (Slight deviations are due to transient effects only.) Parameters as in Fig. 4.4.
a few iterations) can just be an easier way to reach the same goal, and first experiments have
already been performed with such a scheme. Here, in Fig. 4.9, we present numerical studies of
the pulsed operation, which were carried out for the parameters of the nanobeam setup. The bare
laser detunings were varied between ∆ = −Ω and ∆ = 0, and the attractor diagram predicts
multiple solutions of the amplitude in this range, see Fig. (4.4). Figs. 4.9(b)-(d) show example
trajectories of the transient amplitude dynamics ending up in three different attractors. Here, the
bare detunings were ∆/Ω = {−0.29, −0.48 , 0} for (b), (c) and (d), respectively, but we note
that all three cases can be found in the range of (approximately) ∆ = −Ω/2 to ∆ = 0 and for
different initial conditions. (Here we assumed an empty cavity and a motionless mechanical mode
at t = 0.) The results of several runs of this protocol are shown in Fig. 4.9(e). The mechanical
amplitudes in steady-state after the pulses (blue crosses) are distributed among three different
attractors, in agreement with the underlying attractor diagram.

4.4

Synchronization in optomechanical arrays

In the previous section, we have already encountered the notion of synchronization when discussing
phase locking of a single mechanical mode to an external source. Now we turn towards a different
yet related scenario and consider two (or more) optomechanical cells containing a mechanical
and an optical mode each. If the cells are uncoupled, each of the mechanical modes performs
independent self-oscillations at its particular eigenfrequency. If, on the other hand, a coupling is
introduced between the cells, they may lock into collective motion and oscillate with the same
frequency and a definite phase lag. This behavior has been studied and analyzed in terms of an
effective model for the mechanical phases in
[133]

G. Heinrich, M. Ludwig, J. Qian, B. Kubala, and F. Marquardt,
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Copyright (2011) by the American Physical Society.
We will now review the basic results of this work and give a brief derivation of the main result,
the Kuramoto-like phase equation for coupled optomechanical cells. The details of this derivation
can be found in [198]. In addition, we present numerical studies here, which were carried out by
the author of this thesis, and which also cover the dynamics of an array of five mechanical modes
coupled to the same optical field.
To start with, we consider two optomechanical cells that are mechanically coupled:
mẍ1 = −mΩ2j xj − mΓẋ1 + ~G|α1 |2 + kx2
α̇1 =



i(∆ + Gx1 ) −

κ
α1 −
2

r

κe
αin ,
2

(4.23)

and likewise for 1 ↔ 2. For simplicity, we have assumed that the optical modes at each site
have identical properties. In the same way as shown above (Eq. (4.4)), the corresponding Hopf
equations are found as
ϕ˙1
Ȧ1

kA2 cos ϕ2
cos ϕ1
mΩ1 A1
kA2 cos ϕ2
= − γ(A1 − Ā1 ) +
sin ϕ1
mΩ1
=

−Ω(A1 ) +

(4.24)

and (1 ↔ 2). The mechanical oscillations are shifted due to radiation pressure, Ω(Aj ) = Ωj −
~G|α|2 cos ϕj /mΩj Aj . We note that, for the parameters considered in Fig. 4.10, this dynamic
optical spring effect is negligible, and it was therefore not considered explicitly in [133]. But this
effect will become important later (in chapter 5), and we will keep it in this derivation. In the
following, we assume that the dynamics of the mechanical amplitudes are mainly governed by the
optical field. In this case, the coupling between the cells will cause slow variations of the amplitude
around the average value, Aj (t) = Āj + δAj (t) with δAj (t)  Āj . Formally this can be seen by
integrating out the amplitude equation
ˆ t
k
0
δA1 (t) =
e−γ(t−t ) A2 cos ϕ2 sin ϕ1 dt0 .
(4.25)
mΩ1 −∞
An approximate solution can be given after setting A2 ≈ Ā2 and ϕ2 (t) ± ϕ1 (t) ≈ −(Ω2 ± Ω1 )t
in the integrand of Eq. (4.25). With respect to the latter approximation, deviations occur on
timescales set by the frequency difference δΩ12 = Ω2 − Ω1 [198]. Thus, the approximation is
justified, if the amplitude decay rate is faster than these deviations, i.e. γ  δΩ12 , which will be
assumed in the remainder of this section. Integration yields:
δA1 (t) ≈



k Ā2
ei(ϕ2 +ϕ1 )
ei(ϕ2 −ϕ1 )
k Ā2
Im
−
≈−
sin(ϕ2 − ϕ1 ),
2mΩ1
γ − i(Ω2 + Ω1 ) γ − i(Ω2 − Ω1 )
2mΩ1 γ

(4.26)

where it was used that Ω1 + Ω2  γ  |δΩ12 |. In a next steps, this solution and the analogous
term for δA2 (t) are plugged into the phase equation (4.24). Omitting fast oscillating terms (such
as ei(ϕ1 +ϕ2 ) ), an effective equation for the slow dynamics of the phase difference δϕ12 = ϕ2 − ϕ1
is found as:
˙
δϕ
(4.27)
12 = −δΩ12 − C12 cos δϕ12 − K12 sin 2δϕ12 .
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This is one of the main result of the analysis [133], a Kuramoto-like phase equation [199, 200].
It yields a general and convenient tool for studying the dynamics towards synchronization, i.e.
˙
δϕ
12 = 0. In the above variant, the term ∼ C12 stems from the direct coupling of the two phases,
that is already apparent from Eq. (4.24), and C12 = η12 − η21 )/2, where ηij = k Āj /mi Ωi Āi .
The contribution ∼ K12 results from
the coupling via the amplitude fluctuations, and the explicit
2
expression is K12 = η12 + η21 /8γ. It is hence second order in the spring constant k, but
enhanced for small amplitude damping rates γ. For cells with nearly identical properties (Ā1 ≈
Ā2 ), K12 = k 2 /2m2 Ω2 γ can become noteworthy, while C12 = δΩ12 × (k/2mΩ) will always be
much smaller than the frequency difference δΩ12 and can be neglected here.
Equation (4.27) can be illustrated in a picture that is well-known in the context of a currentbiased Josephson junction. A phase particle δϕ12 is sliding down a tilted washboard potential
˙ 0 (δϕ12 ). The frequency difference δΩ12 sets the overall slope, and the
U (δϕ12 ) with δϕ12 = −U
coupling constant K12 determines the strength of the ripples. If the coupling becomes strong
enough, the sliding may stop and the particle is trapped in the washboard potential. This is the
˙
synchronized regime, i.e. δϕ
12 = 0, which requires K12 > |δΩ12 |, see Eq. (4.27). Notably, the
coupling term in Eq. (4.27) is periodic in π, and synchronization is therefore possible for δϕ12 = 0
or π.
The onset of synchronization for K12 > |δΩ| and a switching between the two regimes δϕ12 =
0 and π is illustrated in Fig. 4.10 (a),(b). Panel (a) shows the results from a numerical simulation
of the equations of motion (4.23), in good agreement with the predictions of the phase equation
(4.27), see panel (b). Figure 4.10(c) shows the loss of synchronization for increasing laser driving
strength. This effect can be understood by noting that the amplitude damping rate γ increases
with driving power and K12 ∼ γ −1 . Hence, the effective coupling strength drops below the
synchronization threshold for a sufficiently strong laser drive.
In a different coupling scheme, several mechanical modes couple with the same optical field,
see Fig. 4.10(e). Such a setting may be implemented as a straightforward extension of existing
optomechanical setups, e.g. membranes inside a cavity (as discussed in the introduction and in
chapter 2) or coupled microtoroids (as employed in the experiments in the Lipson group [135]).
The cavity field now has a twofold role. It provides the coupling between the mechanical modes
and excites the mechanical oscillations. To achieve the latter, the laser frequency is tuned close
to the mechanical sidebands, ∆ ≈ Ωi , and the mechanical frequencies Ωi have to lie within a
range smaller than the cavity linewidth κ. For the parameter regime studied in Fig. 4.10(e), the
self-oscillations start at a relatively small laser driving strength (below the resolution of the plot)
and the modes are immediately synchronized. The spectrum of the cavity intensity I(t) = |α|2 (t)
shows a single mechanical sideband. Upon increasing the driving strength, the system switches
between different synchronization frequencies. It is interesting to note, that this behavior depends
on the speed and the direction of the parameter sweep. Ultimately, for very large laser powers, a
regime with chaotic behavior is reached. Panel 4.10(f) shows an example trajectory in this regime,
with a strongly fluctuating oscillation amplitude. Notably, the transition to chaos may also be
observed in a single-mode optomechanical setup, but only at much higher driving strengths.
This study of synchronization in arrays with few modes immediately brings up the question
for an extension to larger arrays - a regime that is commonly considered for the studies of the
generic Kuramoto model [200]. The second question that suggests itself is as of how the notion
of synchronization translates into the quantum regime, where both quantum correlations and
fundamental quantum noise enter. When discussing the quantum dynamics of optomechanical
arrays in the next chapter, both questions will reappear and play an important role in our analysis.
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gations we note that this eﬀect only occurs in small regions at the transition between regimes

of in-phase and anti-phase synchronization (cf. Fig. 5.8c) and if the coupling between cells
in terms of k/mΩ is larger than γ. Note that γ quantifies the force that confines the Hopf
oscillator to its limit cycle. Thus, this phenomenon, that is not described by the Kuramoto
model, only arises if the coupling between cells is large compared to the limit cycle’s restoring
force.
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Chapter 5

Many-body effects in optomechanical
arrays
In this chapter, we analyze the nonlinear photon and phonon dynamics in a homogeneous twodimensional optomechanical array. This issue poses a quantum many-body problem in a dissipative
non-equilibrium system, which we will treat by using a mean-field ansatz within a Lindblad master
equation approach. Unlike earlier works on optomechanical arrays [67, 101, 125, 141], the focus
of our analysis will be on nonlinear quantum effects, i.e. the dynamics beyond the quadratic
Hamiltonian.
First, we discuss the photon statistics of the array, in particular, how the photon blockade
effect [91] is altered in the presence of intercellular coupling. As the main part of this chapter,
however, we investigate the transition of the collective mechanical motion from an incoherent
state (due to quantum noise) to an ordered state with phase-coherent mechanical oscillations.
For these dynamics, the dissipative effects induced by the optical modes play a crucial role. On
the one hand, they allow the mechanical modes to settle into self-induced oscillations once the
optomechanical amplification rate exceeds the intrinsic mechanical damping, see chapter 4 and
Fig. 5.1(b). On the other hand, the fundamental quantum noise (e.g. cavity shot noise) diffuses
the mechanical phases and prevents the mechanical modes from synchronizing. This interplay
leads to an elaborate phase diagram that characterizes the transition.
This study thus adds the new aspect of a mechanical phase transition to the research on
many-body effects in driven dissipative quantum systems. Previous works in this regard have
studied, e.g., systems of cold atomic gases [201, 202, 203, 204, 205, 206, 207], nonlinear cavity
arrays [208, 209] and correlated photons in optical fibers [210].
In the following, we will introduce the model, and then present the results for the photon and
phonon dynamics. Finally, we will develop a semiclassical model, that captures the main features
of the mechanical phase transition and connects to the results of the previous chapter. Large parts
of this chapter rely on the article
[184]
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Quantum Many-Body Dynamics in Optomechanical Arrays,
Phys. Rev. Lett. 111, 073603 (2013).
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a

optical mode
mechanical mode
intercellular coupling

b

driving strength
Figure 5.1: (a) Two-dimensional optomechanical array with localized mechanical (b̂j ) and laserdriven optical modes (âj ) at each site. The optical and mechanical coupling between neighboring
sites is set by J and K, respectively. (b) Onset of self-induced oscillations for an isolated mechanical mode as a function of laser driving strength (schematic). The classical dynamics (black solid
line) shows a bifurcation (as discussed in chapter 4). Quantum fluctuations blur the transition
(dashed blue line) and the phase of the mechanical state is completely undetermined, see also Fig.
5.3(b).

5.1

Model setup and Gutzwiller ansatz

We study the collective quantum dynamics of a two-dimensional homogeneous array of N optomechanical cells (Fig. 5.1). Each of these cells consists of a mechanical mode and a laser driven
optical mode that interact via the radiation pressure coupling at a rate g0 :
Ĥom,j = −~∆â†j âj + ~Ωb̂†j b̂j − ~g0 (b̂†j + b̂j )â†j âj + ~αL (â†j + âj ).

(5.1)

Here b̂j are the operators of the mechanical modes (with mechanical frequencies Ω), and âj are
the cavity field modes, which are driven at the rate αL and a laser detuning ∆. In the most
general case, both photons and phonons can tunnel between neighboring sites hiji at rates J/z
and K/z, where z denotes the coordination number. The full Hamiltonian of the array is given
P
by Ĥ = N
j=1 Ĥom,j + Ĥint , with

Ĥint = −~



J X †
K X †
âi âj + âi â†j − ~
b̂i b̂j + b̂i b̂†j .
z hi,ji
z hi,ji

(5.2)

Treating this nonequilibrium quantum many body system is a challenging task, in particular due to
the scaling of the Hilbert space with the number of cells N . In addition, the dissipative processes,
mechanical fluctuations and photon decay, drive the density matrix into a product form. To bring
the model into a treatable form, we apply the Gutzwiller ansatz
Â†i Âj ≈ hÂ†i iÂj + Â†i hÂj i − hÂ†i ihÂj i
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(5.3)

5.2 Photon statistics in optomechanical arrays
to the interaction term, Eq. (5.2). Note that the accuracy of this approximation improves if the
number of neighboring sites z increases. For identical cells, the index j can now be dropped and
the Hamiltonian reduces to a sum of independent contributions, each of which is described by

Ĥmf

= Ĥom − ~J â† hâi + âhâ† i − ~K b̂† hb̂i + b̂hb̂† i .




(5.4)

To describe the time evolution of the open quantum system, we can now employ a Lindblad
master equation for the single cell density matrix ρ̂, dρ̂/dt = −i[Ĥmf , ρ̂]/~ + κD[â]ρ̂ + ΓD[b̂]ρ̂.
The Lindblad terms D[Â]ρ̂ = Âρ̂Â† − 21 Â† Âρ̂ − 12 ρ̂Â† Â take into account photon decay at a rate
κ and mechanical dissipation (here assumed due to a zero temperature bath) at a rate Γ.

5.2

Photon statistics in optomechanical arrays

In this section, we will discuss how the interaction of many cavities in an optomechanical array
alters the photon statistics. Aiming at nonclassical effects, we will revisit the most prominent
effect in this regard, the photon blockade [91]: For sufficiently strong optomechanical coupling
(g02 & κΩ), the presence of a single photon can hinder other photons from entering the cavity
(see also our discussion in chapter 3).
To this end, we analyze the steady-state photon correlation function [211]
g (2) (τ ) = hâ† (t)â† (t + τ )â(t + τ )â(t)i/hâ(t)† â(t)i2

(5.5)

at equal times (τ = 0). For a coherent state, it yields g (2) (0) = 1, and g (2) (0) > 1 for bunched
photons. A value of g (2) (0) < 1, on the other hand, is an unambiguous criterion for nonclassical
anti-bunched statistics, and for g (2) (0) = 0 photon blockade is complete.
Here, in Fig. 5.2, we probe the influence of the collective dynamics by varying the optical
coupling strength J, while keeping the mechanical coupling K zero for clarity. We note that,
when increasing J, the optical resonance effectively shifts: ∆ → ∆ + J. To see this, one may
consider the tight-binding energy dispersion, −∆ → −∆ − J cos(k) and the fact that, within
our model, only the symmetric mode, k = 0, is driven. Thus, to keep the photon number fixed
while increasing J, the detuning has to be adapted [212]. In this setting, we observe that the
interaction between the cells suppresses anti-bunching (inset of Fig. 5.2). Photon blockade is lost
if the intercellular coupling becomes larger than the effective nonlinearity, 2J & g02 /Ω. Above this
value, the photon statistics shows bunching, and ultimately reaches Poissonian statistics for large
couplings. Thus, a single cell loses photon blockade because the coupling will allow photons from
neighboring sites to enter. Similar physics has recently been analyzed for coupled qubit-cavity
arrays [212].
For very large coupling strengths, the density plot of Fig. 5.2 reveals signs of the collective
mechanical motion (hatched area). There, we observe the correlation function to oscillate at the
mechanical frequency and to show strong bunching. We will now investigate this effect in detail.

5.3

Collective mechanical quantum effects

To describe the collective mechanical motion of the array, we focus on the case of purely mechanical
intercellular coupling (K > 0, J = 0) for simplicity. Note, though, that the effect is also observable
for optically coupled arrays, as discussed above.
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Figure 5.2: Loss of photon blockade for increasing optical coupling in an array of optomechanical
cavities. The equal time photon correlation function shows anti-bunching (g (2) (0) < 1) and
bunching (g (2) (0) > 1) as a function of detuning ∆ and optical coupling strength J. The smallest
values of g (2) (0) are found for a detuning ∆0 = −g02 /Ω, i.e. shifted from resonance by the rate
of the effective photon nonlinearity. When increasing the coupling strength J while keeping the
intracavity photon number constant, i.e. along the dashed line, photon blockade is lost (inset,
g (2) (0) as black solid line). For a smaller driving power (inset, blue solid line, αL = 5 · 10−5 κ),
anti-bunching is more pronounced, and the behavior is comparable to that of a nonlinear cavity
(inset, dashed line). The hatched area in the main figure outlines a region where a transition
towards coherent mechanical oscillations has set in (see main text and further figures). κ = 0.3 Ω,
αL = 0.65 κ, g0 = 0.5 Ω, Γ = 0.074 Ω. (This figure has been published in [184].)
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5.3 Collective mechanical quantum effects
As our main result, Figs. 5.3(a) and 5.4(a) show the sharp transition between incoherent selfoscillations and a phase-coherent collective mechanical state as a function of both laser detuning
∆ and coupling strength K: In the regime of self-induced oscillations, the phonon number hb̂† b̂i
reaches a finite value. Yet, the expectation value hb̂i remains small and constant in time. When
increasing the intercellular coupling, though, hb̂i suddenly starts oscillating:
hb̂i(t) = b̄ + re−iΩeff t ,

(5.6)

and we term r the mechanical coherence.
Our more detailed analysis (see below) indicates that this transition results from the competition between the fundamental quantum noise of the system and the tendency of phase locking
between the coupled nonlinear oscillators. Below threshold, the quantum noise from the phonon
bath and the optical fields diffuses the mechanical phases at different sites and drives the mechanical motion into an incoherent mixed state. The reduced density matrix ρ̂(m) is predominantly
occupied on the diagonal, see Fig. 5.3(d), and the Wigner distribution,
ˆ ∞
1
W (x, p) =
hx − y|ρ̂(m) |x + yie2ipy/~ dy,
(5.7)
π~ −∞
has a ringlike shape, reflecting the fact that the phase of the motion is undetermined [89, 54],
see Fig. 5.3(b). Above threshold, the mechanical motion at different sites becomes phase-locked,
and the coherence parameter r (Eq. (5.6)) reaches a finite value. Within our mean-field ansatz, r
grows with a critical exponent 1/2 close to the threshold, see Fig. 5.4(a). This threshold behavior
is also found as a function of the laser detuning, and thus can, in principle, be studied in a fully
controlled way in experiment. To detect mechanical phase coherence in experiment, it suffices
to measure the total optical transmission from the array, which shows strong oscillations at the
mechanical frequency in the synchronized regime (see Figs. 5.2 and 5.4(a)).
The emergence of coherence also becomes apparent from the off-diagonal elements of ρ̂(m)
(Fig. 5.3(e)). The corresponding Wigner function assumes the shape of a coherent state with
a definite phase oscillating in phase space, see Fig. 5.3(c). Thus, this transition spontaneously
breaks the time translation symmetry. In a two-dimensional implementation, true long range order
is excluded, but a state with quasi-long range order is possible [213, 214, 215, 216] and coherence
between different sites is expected to decay as a power law with distance. The ordered mechanical
phase thus resembles the superfluid phase in cold atomic gases [217], or Josephson junction arrays
[218].
We also note that this transition is the quantum mechanical analogon of classical synchronization, which was studied for optomechanical systems in [133, 134] (see also section 4.4). An
important difference is, though, that the classical nonlinear dynamics were analyzed for an inhomogeneous system (with disordered mechanical frequencies) in the absence of noise [133, 134].
In our case, disorder is only introduced via fundamental quantum noise. Other systems for which
synchronization in the quantum regime was studied include cold atomic gases [219, 220, 221],
trapped ions [222, 223], spin systems [224], superconducting qubits [225], Josephson junction
arrays [226] and other superconducting devices [227].
The laser detuning determines both the strength of the self-oscillations and the influence
of the cavity shot noise on the mechanical motion. As we will show below, even the coherent
coupling between the mechanical phases (ultimately leading to synchronization) is tunable via the
laser frequency. As a result, the synchronization threshold depends non-trivially on the detuning
parameter ∆, see Fig. 5.3(a). The onset of self-induced oscillations happens continuously and
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Figure 5.3: Transition from the incoherent to the synchronized (coherent) phase: (a) Mechanical
coherence r, measuring the amplitude of the order parameter in hb̂i(t) = b̄ + re−iΩeff t , as a
function of laser detuning ∆ and mechanical coupling K. For weak coupling, the self-oscillations
are incoherent, r = 0, due to quantum noise. When increasing the coupling strength, the systems
shows a sharp transition towards the ordered regime, where the mechanical oscillations are phasecoherent, r > 0. A cut for fixed detuning (dashed line) is shown in Fig. 5.4(a). (b,c) Modulus
of the density matrix elements (in Fock space) and Wigner density of the collective mechanical
state in the incoherent (b) and the coherent regime (c) (as marked in (a)). g0 = κ = 0.3 Ω,
αL = 1.1 κ, Γ = 0.074 Ω (This figure has been published in [184].)
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Figure 5.4: (a) The mechanical coherence r as a function of coupling strength K for fixed detuning
∆ = 0.5 Ω. The dashed line shows the optical readout of coherence, i.e. the oscillating component
of the photon number hâ† âi, which is directly accessible in experiment. The loss of synchronization
for even larger coupling strengths can be attributed to enhanced phase fluctuations and a nonmonotonic behavior of the effective phase coupling rate between the phases, as discussed in the
main text. (b) The phonon number hb̂† b̂i shows maxima at the resonance and at the sideband
(∆ − ∆0 ≈ Ω). (c) The diffusion constant for the mechanical phase, Dϕ , for an uncoupled
(K = 0, solid line) and coupled array (K = 0.1 Ω, dash-dotted line). Other parameters as in Fig.
5.3. (This figure has been published in [184].)
already at a red-detuned laser frequency, ∆ < 0, due to the effect of the static mechanical shift
and the shift of the optical spectrum by ∆0 = −g02 /Ω. Close to the onset, the mechanical phases
are very susceptible to quantum noise preventing synchronization. The diffusion rate Dϕ , defined
as the linewidth of the correlator
hb̂(t)b̂† (0)i ∼ e−(iΩeff +Dϕ )t ,

(5.8)

shows a maximum (Fig. 5.4(c), solid line). For finite coupling strengths, the diffusion is enhanced,
most strikingly at the mechanical sideband. As a result, the synchronization threshold shows a
minimum between the onset of self-oscillations and the sideband. From extended simulations, we
find that this behavior is generic for systems in the resolved sideband regime (Ω > κ).
Self-consistent equations can provide a useful tool for the study of mean-field models. In the
context of our model, this implies to consider an external input w = Khb̂i(in) that enters the
master equation via the coupling term −~K b̂† hb̂i(in) + b̂hb̂† i(in) , and to compute the output
hb̂i(out) = Tr{ρ̂b̂} in the usual way from the master equation. The modulus of the output,
r = |hb̂i(out) |, grows linearly with the input |w|, and the slope can be used to extract the critical
coupling strength for the synchronization transition: Kc = |w|/r. In principle, this method can be
an efficient way to compute Kc requiring only a single simulation of the Lindblad master equation.
But there is one caveat: the phase hb̂i(out) oscillates in time at a frequency Ωeff , and, for the self75
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Figure 5.5: Self-consistent solution of the mean-field master equation using an external input field
hb̂iin (as described in the main text). (a) The overlap Q between external drive and the solution
of hb̂i from the master equation as a function of driving frequency ωF and detuning ∆. (b) After
minimizing the overlap as a function of ωF , the critical coupling strength can be inferred from
the self-consistency condition, see dashed magenta curve. The density plot shows the coherence
r as a function of detuning ∆ and coupling strength K resulting from the full mean-field master
equation for comparison. The self-consistent approach affirms the main qualitative features of the
full model, but the numerical accuracy is too weak for an exact prediction. The approach has
to fail in the regime where synchronization is precluded, i.e. for approximately ∆ < −0.5 and
∆ > 0.5 here. Parameters: g0 = 0.5 Ω, κ = 0.3 Ω, αL = 0.08 Ω, Γ = 0.037 Ω.
consistent approach to be valid, the input field w = |w|e−iωF t+ϕ has to match
these oscillations

(out)
both in frequency and in phase. Therefore, the overlap Q = h|Re hb̂i
/r − cos ωF t|it has to
be minimized. Here, h...it denotes the time average over a sufficiently large time interval (at least
one mechanical period). The results of such a numerical minimization are shown in Fig. 5.5(a),
where the overlap Q was computed for different input frequencies ωF . Notably, the minima in
Q are found for frequencies ωF smaller than Ω since, in the synchronized regime, the mechanical
oscillation frequency is shifted by the coupling term, Ω → Ω − K (see for example Eq. (5.4)).
After this minimization procedure, the critical coupling strength Kc can be extracted with the
above method, at least in the regime, where synchronization is possible, see Fig. 5.5(b). The
numerical approach studied here has very limited accuracy, but the method may still be used as
a test for the results from the full simulations of the master equation.

5.4

Semiclassical Kuramoto-like model

In this section, we establish the connection to the classical nonlinear dynamics, which we discussed
in the previous chapter, and develop a semiclassical Kuramoto-like model. It will reveal the basic
coupling mechanisms of the mechanical phases in the array, as well as their diffusion due to
quantum noise. This analysis will also result in an analytic expression for the synchronization
threshold.
76

5.4 Semiclassical Kuramoto-like model
As a starting point, we consider the Langevin equations of coupled optomechanical cells,
Γ
KX
− iΩ − βi + ig0 |αi |2 + i
βj +
2
z hiji

β̇i =
α̇i =



i∆ + ig0 (βi + βi∗ ) −

κ
αi − iαL +
2

r

s

Γ
ξβ
2

κ
ξα .
2

(5.9)

The fluctuating noise forces ξx (t) and ηα (t) mimic the effects of the zero temperature phonon
bath and the cavity shot noise, respectively. They are independent at each site, have zero means
and the second order moments are delta-correlated, i.e. hξx (t)ξx (t0 )i = mΓ~Ωδ(t − t0 ) and
hηα (t)ηα∗ (t0 )i = κ2 δ(t − t0 ). Note that h...i in this context denotes an average over different
realizations of the stochastic noise terms. A description of this kind has proven good qualitative
agreement with the full quantum dynamics for a single optomechanical cell [54, 194].
The corresponding Hopf equations describe the slow dynamics of the mechanicalpphases ϕi
and amplitudes Ai (measured in units of the mechanical ground state width xZPF = ~/2mΩ):

ϕ̇i

=

−Ω(Ai ) +

K X
Aj cos(ϕj − ϕi ) + ξ˜ϕ /Ai
zAi hiji

Ȧi = − γ(Ai − Ā) −

KX
Aj sin(ϕj − ϕi ) + ξ˜A .
z hiji

(5.10)

The radiation pressure drives the mechanical motion onto a limit cycle with steady state amplitude Ā, amplitude damping rate γ and a modified mechanical frequency Ω(Ai ) = Ω −
2g0 h|α|2 cos ϕi iT /Ai , see the discussion in section (4.1) of the previous chapter. The mechanical
coupling terms are yet to be averaged over a mechanical period, h...iT , in order to extract the
relevant slow dynamics. An approach of this kind has been employed to describe the classical
dynamics of an inhomogeneous optomechanical array ([133] and section 4.4 of this thesis). Here,
however, we assume cells with identical properties, but include the effects of quantum noise.
The noise forces acting on the mechanical phases and amplitudes, ξ˜ϕ and ξ˜A , directly follow
from the stochastic terms in the Langevin equations (5.9), as shown by Rodrigues et al. in
[194]. They can be characterized by effective diffusion constants, which are obtained from the
zero-frequency component of the correlators after averaging over a mechanical period T = 2π/Ω
[228, 194]:
ˆ ∞  ˆ T

1
2D̃σ =
dτ
dthξ˜σ (t + τ )ξ˜σ (t)i
(5.11)
T 0
−∞
where σ = {ϕ, A}. This definition is consistent with the expression given above (see Eq. 5.8),
and implies that, in absence of other effects, the phase fluctuations ∆ϕ = ϕ(t) + Ωt describe
a random walk with h(∆ϕ(t) − ∆ϕ(0))2 i = 2D̃ϕ t. The definition given in [194] differs slightly,
namely by the factor of 2 on the left hand side of Eq. (5.11). For further details, we refer to
the work of Rodrigues et al. [194], and only reproduce the explicit expressions for the diffusion
constants (in our notation) here:
D̃σ =

2 X 1
Γ κg02 αL
Jn−1 (g0 Ā/Ω) Jn+1 (g0 Ā/Ω) 2
+
±
,
2
2
2
hn−1
hn+1
n |hn |
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where the plus and the minus sign refer to the phase diffusion (i.e. σ = ϕ) and amplitude diffusion
˜ + nΩ) + κ/2,
(σ = A), respectively. Jn (y) denotes Bessel functions of the first kind, hn = i(∆
˜ = ∆ + Gx̄ includes the static shift of the mechanical mode (see
and the effective detuning ∆
also 4.1). The first term of the diffusion constant, Eq. (5.12), originates from the phonon bath,
while the second term describes the shot noise of an optomechanical cavity in the presence of
mechanical self-oscillations. For vanishing mechanical amplitudes Ā → 0 and in the resolved
sideband regime κ  Ω, the term for optically induced noise reduces to the generic expression of
the optomechanical damping rate, i.e. Γopt /2 ≈ 2g02 |ᾱ|2 /κ [47].
The complexity of the Hopf equations (5.10) can be reduced by integrating out the amplitude
dynamics in a very similar way as shown in [133, 198] and in section (4.4). The fluctuations
of the mechanical amplitudes around the steady state value Ā are given, as a straightforward
generalization of Eq. (4.26), by
δAi (t) ≈ −

K Ā X
sin(ϕj (t) − ϕi (t)).
zγ hiji

(5.13)

These beat modes introduce an effective second order coupling between phases at different sites,
as can be seen after plugging Eq. (5.13) into the Hopf equation for ϕi (5.10) and performing the
time averages h...iT :
ϕ̇i = −Ω(Ā) +

K dΩ X
KX
cos(ϕj − ϕi ) +
sin(ϕj − ϕi )
z hiji
z γ hiji

+


K2 X X
sin(2ϕ
−
ϕ
−
ϕ
)
−
sin(ϕ
−
ϕ
)
j
i
i
k
k
2z 2 γ hiji hjki

+

K2 X X
sin(ϕj + ϕk − 2ϕi ) + ξϕ
2z 2 γ hiji hiki

(5.14)

This equation takes into account the second order coupling terms (∼ K 2 ) that were already studied
in [133]. In addition, mechanical phases may couple because the slow amplitude fluctuations shift
the oscillation frequencies. The corresponding coupling term, the third one in the first line of Eq.
dΩ
|A=Ā , which stems
(5.14), scales with the coupling strength K and the differential dΩ = Ā dA
dΩ
from an expansion of Ω(Ai ) ≈ Ω(Ā) + δA dA |A=Ā .
The stochastic term ξϕ (t) now includes the fluctuations acting directly on the phases, i.e.
˜
ξϕ /Ai , but also noise that acts on the amplitudes originally. This noise is filtered by the amplitude
dynamics, and the low-frequency part is fed into the phase equation either via the mechanical
frequency shift or the mechanical coupling term. Thus, the diffusion constant associated with ξϕ
is given by

1
δΩ2 + K 2
Dϕ = 2 D̃ϕ +
D̃A .
(5.15)
2
γ
Ā
It fulfills hξϕ (t)ξϕ (t0 )i = 2Dϕ δ(t − t0 ) and, for K = 0, directly corresponds to the result of [194].
The main message of this equation is the following: Close to the threshold of self-oscillations, i.e.
for small amplitudes and small amplitude damping rates γ, the phase is highly susceptible to noise
(see also Fig. 5.4(c)).
Ultimately, we apply a mean-field approximation to Eq. (5.14): We replace eiϕj for neighboring
cells by heiϕj i ≡ ReiΨ and ei2ϕj by hei2ϕj i ≡ R2 eiΨ2 , where h...i denotes the average over all
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sites [199]. The resulting equation describes the coupling of the mechanical phase ϕ on a single
site to a mean field Ψ:

ϕ̇ = −Ω(Ā) + KR cos(Ψ − ϕ) + K1 R sin(Ψ − ϕ)
+ K2 R2 sin(2Ψ − 2ϕ) + K2 RR2 sin(Ψ2 − Ψ − ϕ) + ξϕ ,

(5.16)

where we defined the coupling rates K2 = K 2 /2γ and K1 = KdΩ/γ − K2 . This equation
(5.16) has the form of a mean-field Kuramoto equation [199] in the presence of noise. The most
important coupling term is K1 R sin(Ψ − ϕ), which is responsible for the threshold behavior, as
will be shown below. The physical origin of this term can be illustrated as follows: A beat mode
between two neighboring cells, as given in Eq. (5.13), can couple back to the phases of these cells
either via the mechanical frequency shift or the mechanical coupling itself. These two effects can
even counteract each other, namely for dΩ > 0, a situation which we will comment on in more
detail below. The higher order terms proportional to K2 in (5.16) describe how the amplitude
beating between two cells acts on the phase of yet another cell. The term KR cos(Ψ − ϕ), on the
other hand, characterizes the coupling between phases of neighboring sites without any assistance
from the amplitude dynamics.
The Kuramoto-like phase equation (5.16) can now be employed to study the synchronization
transition. In the incoherent regime, the order parameters R and R2 are zero and the mechanical
phase ϕ fluctuates freely. In the coherent regime, i.e. for 0 < R, R2 < 1, on the other hand, the
different coupling terms force the phase ϕ towards a fixed relation with Ψ. We note that, within
the mean-field approximation, only a configuration with ϕ = Ψ is stable. Such a situation can
be generated by the coupling terms proportional to K1 and K2 , which provide a restoring force
acting on ϕ as long as K1,2 > 0. The cosine term only renormalizes the oscillation frequency for
ϕ close to Ψ. This statement can be clarified by a linear stability analysis following the approach
of Strogatz et al. [229] for the generic Kuramoto model.
´ 2π Following [230, 229], we consider the density of the mechanical phases, %(ϕ). It is normalized,
R (R ) and the mean-field Ψ (Ψ2 ) can be computed from
0 %(ϕ)´= 1, and the order parameter
´ 2π 2iϕ 2
2π iϕ
iΨ
iΨ
2
Re = 0 e %(ϕ)dϕ (R2 e
= 0 e %(ϕ)dϕ). The Fokker-Planck equation [231, 232] for
%(ϕ), corresponding to Eq. (5.16), is given by
∂t % + ∂ϕ %v = Dϕ ∂ϕ2 %


(5.17)

with a velocity
v = −Ω(Ā) + K cos(Ψ − ϕ) + K1 R sin(Ψ − ϕ) + K2 R2 sin(2Ψ − 2ϕ) + K2 RR2 sin(Ψ2 − Ψ − ϕ)
(5.18)
In the unsynchronized regime, the mechanical phases are equally distributed over the interval
[0, 2π], and % = (2π)−1 . The behavior at the threshold of synchronization can now be analyzed
by studying the time evolution of a small fluctuation on top of the incoherent background [229].
To this end, we employ the ansatz
%(ϕ) =

1
+ c(t)eiϕ + c∗ (t)e−iϕ ,
2π

(5.19)

the simplest possible choice, but also a sufficient one: We are only interested in first order
deviations from the incoherent state, to which higher harmonics in %(ϕ) do not contribute. For the
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same reason, we can omit the terms proportional to R2 and RR2 in (5.18). The time evolution
of c(t) is then found from (5.17) as


ċ = − i Ω −

K
K1 
+ Dϕ −
c.
2
2

(5.20)

This equation reveals that the incoherent solution % = (2π)−1 becomes unstable for
K1 =2Dϕ .

(5.21)

and thus defines a critical coupling strength for the synchronization transition [229]. If, however,
K1 is negative, no stable phase synchronization is possible. This situation arises if dΩ < 0, or
for large intercellular coupling rates K > 2dΩ, and may serve as an explanation for the loss of
synchronization shown in Fig. 5.4(a).
In view of Eq. (5.20), we note that the time evolution of the order parameter R(t) at threshold
follows directly via R(t) = 2π|c|2 (t). The above method can also be extended to compute the
time evolution to higher order. Including second harmonics ∼ e2iϕ in the ansatz (5.19) and taking
into account all terms of the velocity (5.18) leads to corrections in (5.20) of the order O(c3 ).
As an aside, we remark that the homogeneous Kuramoto model at threshold is formally
equivalent to the classical xy-model within the mean-field approximation. In this analogy, the
diffusion rate Dϕ can be interpreted as the critical temperature of the transition, which, in our
case, is tunable via laser frequency and driving strength.
The semiclassical model thus confirms the main observations from the full quantum model.
It predicts a sharp synchronization threshold (see Fig. 5.4(a)), as well as the enhanced phase
diffusion at the onset of self-oscillations. Moreover, it reveals an interesting scaling with the
amplitude damping rate γ: While the strength of the effective coupling rate K1 increases when
lowering γ, this effect does not necessarily facilitate synchronization, since it may be overwhelmed
by the increase of the diffusion rate with γ −2 . This is an important observation even for the
classical regime as studied in the previous chapter.
Despite this basic consensus, the semiclassical equations can only give an approximate model
for the full quantum dynamics. They do not take into account higher order correlations and rely
on linearizations around the classical expectation values. Therefore, the semiclassical model can
not capture the regime of strong optomechanical and mechanical coupling, g0 , K ∼ κ, Ω. It was
this regime, though, that we analyzed in Figs. 5.3-5.5, intending to observe strong nonlinear
quantum effects. In addition, constraints with regard to computational expenses required us to
stay in the regime of small photon and photon numbers. The simulations for Figs. 5.2-5.5 were
performed in a truncated Hilbert space with up to 14 photon and up to 18 phonon levels (using
a fourth order Runge-Kutta method to integrate the mean-field master equation).

5.5

Experimental requirements and future directions

Observation of the mechanical phase transition does not require single photon strong coupling
(g0 & κ): The quantum fluctuations of the light field will dominate over thermal fluctuations as
long as g02 |ᾱ|2 /κ > kB T /Q. This is essentially the condition for ground-state cooling, which has
been achieved for large photon numbers |ᾱ|2 , high-Q mechanical resonators, and by reducing the
temperature T of the surroundings [7, 8]. In contrast, an observation of the photon-blockade effect
(Fig. 5.2) requires both very low temperatures T and g02 & Ωκ, or at least g0 & κ. Achieving this
80

5.5 Experimental requirements and future directions
regime in experiment is still challenging, but experiments are approaching it (see the discussion in
the introduction and in chapter 3).
The potential to design two dimensional arrays has been demonstrated for optomechanical
crystals in [130], and sufficiently strong optical and mechanical hopping rates are feasible, as
shown for comparable structures in [133]. The strongest challenge would likely be the simultaneous
optical driving of many cells, although similar physics may be observed for many cells coupled to
one extended optical mode [133, 134, 125] (thereby effectively realizing global coupling). We
expect the transition to be robust against disorder [133]. Given the flexibility and accuracy
of modern microfabrication methods, one could also study the formation of vortices and other
defects induced by engineered irregularities or periodic variations, and explore various different
lattice structures and topologies.
Additional theoretical works [184] have analyzed the influence of fluctuations between different
sites that are not captured in the mean-field approach. The mean-field approach itself could
be extended to include two mechanical modes per unit cell, and could potentially reveal antiferromagnetic order in the regime where K1 becomes negative. Extended numerical studies may
also be employed to study the differences between the semiclassical model and the full quantum
dynamics, or even track the quantum to classical transition by reducing g0 /κ.
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Conclusion and outlook
In this thesis, we have studied the basic collective quantum effects in optomechanical setups with
multiple modes. The main issues discussed in the first parts of the thesis, the generation of
entanglement and the access to nonlinear interactions, are elementary ingredients for potential
quantum applications of multi-mode optomechanical systems. An experimental realization would
pave the way for quantum information processing with phonons and photons. The optomechanical
interaction may then provide the means to perform the basic operations required for continuousvariable processing, or even to realize quantum gates for photonic and phononic qubits, and it
may also implement QND measurements of the phonon and photon numbers. In addition, the
integration of optomechanical setups with other quantum systems, as discussed above for the
optomechanical interface with a single atom, offers a promising approach to manipulating and
converting quantum information.
Optomechanical arrays also open up the prospect of providing insights into quantum manybody effects in a driven dissipative system. The mean-field analysis presented here has already
revealed a rich phase diagram, and studies of the full problem in experiments seem to be within
the reach of currently available setups. One may then even think of probing the nonequilibrium
dynamics of optomechanical arrays by sweeping the system parameters (e.g. the laser detuning)
through the phase transition.
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100

Kollektive Quanteneffekte in
optomechanischen Systemen
Studien optomechanischer Systeme befassen sich typischerweise mit der Wechselwirkung eines
einzelnen mechanischen Resonators mit einer Kavitätsmode. In dieser Arbeit untersuchen wir
kollektive Quanteneffekte in optomechanischen Systemen, die aus zwei oder mehreren optischen
und mechanischen Moden bestehen.
Zunächst befassen wir uns damit, wie quantenmechanische Verschränkung zwischen zwei
mechanischen Resonatoren mit Hilfe optischer Kavitätsmoden erzeugt, aber auch vernichtet werden kann. Wir beschreiben auch, wie die optomechanische Kopplung genutzt werden kann, um
die Bewegung einer mikromechanischen Membran und eines einzelnen Atoms stark miteinander
zu koppeln und zu verschränken.
Darüber hinaus zeigen wir, dass eine Anordnung aus zwei optischen und einer mechanischen
Mode zu verstärkten nichtlinearen Wechselwirkungen führt, und wie diese dazu genutzt werden
können, die Phonon- und Photonzahlen nicht-destruktiv zu messen.
Schließlich untersuchen wir quantenmechanischen Vielteilcheneffekte in Anordnungen aus vielen optomechanischen Systemen. Insbesondere erforschen wir den Übergang von einem ungeordneten Zustand, bedingt durch quantenmechanisches Rauschen, zu einem kollektiven Zustand mit
Phasen-kohärenten mechanischen Oszillationen. Als Zwischenschritt zu diesen Studien betrachten
wir auch die nichtlineare klassische Dynamik in optomechanischen Systemen mit einzelnen oder
mehreren Moden und vergleichen die theoretischen Vorhersagen mit experimentellen Daten.
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