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Abstract
In this thesis we develop methods to steer elastic waves along predefined paths in solid
materials with typical feature sizes at the nanometer scale. We start by reviewing the initial
proof of principle schemes and finish with concrete CAD designs that can be fabricated and
realized in an experiment with present day technology. Our goal is to find a scheme that is
very robust against any kind of disorder as possible applications arise on the chip. Especially
at nanometer length scales, fabrication errors are hard to avoid, so that the robustness is an
essential feature.
In the beginning, we briefly review a proposal that initiated the overall project of "Topologically
Protected Transport of Phonons at the Nanoscale". By utilizing the optomechanical interaction
we proposed to create a Chern insulator for sound waves in a solid state platform. For this
purpose, optomechanical cavities are arranged on a Kagome lattice. By engineering the laser
phases and amplitudes, the individual cavities are driven with, the optomechanical interaction can be controlled in situ. This results in complex-valued effective hopping amplitudes
for phonons. By properly adjusting the laser phase pattern we designed an on-chip Chern
insulator featuring chiral, topologically protected transport channels for phonons that can be
probed all optically. Moreover, we investigated a phase diagram in dependence of the driving
laser strength and frequency, which gives rise to a large set of different topological phases.
Although the above scheme is extremely robust, the experimental realization remains challenging. In order to come up with a proposal that can easily be realized in the laboratory,
we present a scheme that can be achieved by only minor geometrical modifications to the
so-called snowflake crystal - a phononic crystal design that already exists and is experimentally
proven [1]. Here, the mechanism to guide the sound in a topologically protected way through
the crystal relies on a pseudo magnetic field that is created by breaking the six-fold rotational
symmetry of the snowflake structure in a controlled manner. These pseudo magnetic fields
for sound waves are the analogue of what electrons experience in strained graphene. With
this scheme we propose a platform that is robust against long-range disorder, scaleable to any
length scale that can technically be fabricated, and is well-suited for a variety of excitation and
readout mechanisms, among them optomechanical approaches.
In a subsequent work we simplify the structure further and design a topological insulator
setup for sound waves. To achieve this, we utilize the zone-folding trick as proposed by Wu and
Hu [2] that maps the Dirac cones from the high symmetry points K and K0 to the Γ-point of
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the band structure and creates a four-fold degeneracy. By properly breaking the translational
symmetry this degeneracy is lifted and a topological band gap arises. However, the system
maintains an anti-unitary symmetry that squares to minus the identity, which directly leads to
Kramer’s degeneracy. As a consequence, a pair of helical protected edge states can be observed
at the interface of two topologically different domains. Although the underlying symmetry
protecting these edge channels has a spatial part, it turns out to be surprisingly robust against
geometrical disorder caused by fabrication imperfections. Furthermore, we run a detailed
full finite-element simulation of a beam-splitter-like setup that separates the left-moving
edge states from the right-moving edge states simply by a proper arrangement of its different
domains. This setup is particularly important for an experimental realization as the excitation
method does not require any phase matching mechanisms.
Finally, we perform an optimization of the snowflake geometry, which has initially been
designed for the sake of a large optomechanical coupling rate in an optomechanical defect
mode cavity. In order to investigate more confined edge states in an experimental realization,
the corresponding band structure of the elementary building block should feature steep Dirac
cones. Moreover, the frequency range of the Dirac cone should not be disturbed by any other
bands across the whole Brillouin zone. For the optimization a genetic algorithm is used that
yields a portfolio of different geometries featuring suitable mechanical properties. As the
algorithm already implements the elementary building blocks for defect mode cavities, the
resulting geometries can easily be used to develop and engineer an optomechanical excitation
mechanism.
In conclusion, we have developed a nanoscale platform with the ability of guiding phonons
robustly along arbitrary paths. Apart from its fundamental interest, robust phonon transport
could be useful for many settings. Due to the simplicity of the nanoscale design, the proposed
schemes might turn into a versatile platform for generating arbitrary phononic circuits and
networks on the chip.
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Zusammenfassung
In der vorliegenden Arbeit entwickeln wir Methoden, elastische Wellen in Festkörpern entlang
vordefinierter Wege zu steuern. Die typische Größenordnung der relevanten Strukturen liegt
dabei im Nanometerbereich. Wir beginnen mit einem Rückblick der ersten Systeme, welche lediglich als Machbarkeitsnachweis dienen, und schließen die Arbeit mit konkreten CAD Plänen
ab. Dabei wird darauf geachtet, dass diese mit heutiger Technologie sowohl hergestellt als auch
deren Funktionsweise in Experimenten getestet werden können. Die wohl vielversprechendsten Anwendungs- und Einsatzmöglichkeiten dieser Strukturen liegen in der Miniaturisierung
und Einbettung in Chips. Unser oberstes Ziel ist es, ein System zu entwickeln, welches sehr
robust gegenüber typischen Störquellen ist. Besonders im Nonometerbereich sind Fabrikationsfehler schwer zu vermeiden, sodass eine hohe Robustheit gegen geometrische Störungen
eine essentieller Bestandteil solcher Strukturen ist.
Zunächst stellen wir unseren theoretischen Designvorschlag vor, welcher das gesamte Projekt
Topologisch geschützter Phononen Transport auf der Nanoskala" initiiert hat. Indem wir uns
die optomechanische Wechselwirkung zwischen Licht und Schall zu Nutze gemacht haben,
ist es uns gelungen, einen Chern-Isulator für Schallwellen im Festkörper zu entwickeln. Dazu
wurden optomechanische Kavitäten in einem Kagome-Gitter angeordnet. Durch eine genaue
Feinjustage von sowohl der Phase als auch der Amplitude des Lasers, mit dem die einzelnen
Kavitäten getrieben werden, kann die optomechanische Wechselwirkung lokal kontrolliert
werden. Dies führt zu komplexwertigen Hüpf-Amplituden der Phononen im Kagome-Gitter.
Durch passende Einstellungen des Laser-Phasen-Musters entwickelten wir einen on-chip
Chern-Isolator, der chirale, topologisch-geschützte Transportkanäle für Phonen aufweist.
Ein großer Vorteil dieses Systems ist, dass die Phononen optisch angeregt und detektiert
werden können. Zudem, erstellten wir ein Phasen-Diagramm über die zwei wesentlichen
Kontrollparameter des Systems, Laserstärke und Laserfrequenz, welches eine große Anzahl an
verschiedenen topologischen Phasen offenbart.
Obwohl das soeben erwähnte System extrem robust gegenüber beliebigen Störeinflüssen
ist, erweist sich die experimentelle Realisierung als extrem schwierig. Um ein System zu verwirklichen, das auch im Labor getestet werden kann, entwickeln wir in der vorliegenden
Arbeit einen Aufbau der durch kleine Modifikationen eines bereits experimentell realisierten
Systems umgesetzt werden kann - dem sogenannten Snowflake Crystal[1]. Dabei beruht der
Mechanismus, welcher die elastischen Wellen topologisch geschützt im phononsichen Kristall
leitet, auf pseudo-magnetischen Feldern. Diese werden durch ein kontrolliertes Brechen der
iii

Rotationssymmetrie der Snowflake-Struktur erzeugt. Jene pseudo-magnetischen Felder für
Phonon sind das analoge Phänomen, zu dem, was Elektronen in Graphen erfahren, das unter
mechanischer Spannung steht. Somit entwickeln wir eine Plattform, die robust gegenüber
langreichweitiger Störung ist. Zudem ist sie auf beliebige Längenskalen skalierbar und hervorragend für eine Vielzahl von Anregungs- und Auslesemechanismen geeignet - darunter auch
optomechanische Methoden.
In einer weiterführenden Arbeit vereinfachen wir die Struktur weiter und entwickeln daraus
einen topologischen Isolator für Schallwellen. Zu diesem Zweck nutzen wir den zone-foldingTrick, dessen zu Grunde liegender Mechanismus erstmals von Wu und Hu [2] entdeckt und
angewandt wurde. Dabei werden durch ein künstliches Vergrößern der Wigner-Seitz-Zelle in
periodischen C 6 -symmetrischen Strukturen die Dirac-Kegel an den Hochsymmetrie-Punkten
K und K0 auf den Γ-Punkt der Bandstruktur abgebildet, sodass dort eine vierfache Entartung
entsteht. Durch gezieltes Brechen der Translationssymmetrie wird diese Entartung aufgehoben und es entsteht eine topologische Bandlücke. Allerdings wird dabei eine anti-unitäre
Symmetrie, die quadriert die negative Identität ergibt, erhalten, was zur sogenannten KramersEntartung führt. Als Folge davon können helikale, topologisch geschützte Paare von Randkanälen an der Grenzfläche zwischen zwei topologisch verschiedenen Domänen beobachtet
werden. Obwohl die Symmetrie, welche den topologischen Schutz der Randkanäle gewährleistet, eine räumliche Komponente enthält, erweist sich diese als erstaunlich robust gegenüber
geometrischen Störquellen, die meist durch Fabrikationsfehler hervorgerufen werden. Des
Weiteren wird eine Finite-Elemente-Simulation eines Strahlungsteiler-ähnlichen Aufbaus
durchgeführt. Durch eine spezielle Anordnung der topologisch verschiedenen Domänen
werden der links-propagierende vom rechts-propagierdenen Randkanal getrennt, ohne dass
spezielle phase-matching Mechanismen bei der Anregung angewendet werden müssen. Dies
vereinfacht einen möglichen experimentellen Aufbau drastisch.
Zuletzt führen wir eine Optimierung der Snowflake-Geometrie durch, dessen Design eigentlich
entwickelt wurde um große optomechanische Kopplungsraten in optomechanischen Kavitäten zu erreichen. Um in Experimenten möglichst wohldefinierte Randkanäle zu beobachten,
sollte die entsprechende Bandstruktur möglichst steile Dirac-Kegel aufweisen. Außerdem
sollte das Frequenzband, in dem der Dirac-Kegel liegt, möglichst keine weiteren Bänder beinhalten. Für die eigentliche Optimierung wurde ein genetischer Algorithmus benutzt, welcher
ein Portfolio an verschiedenen Geometrien liefert, die angemesse mechanische Eigenschaften
aufweisen. Da der Algorithmus bereits die Basiskomponenten von defect-mode Kavitäten
mitberücksichtigt, können optomechanische Effekte zur Anregung dieser Geometrien genutzt
werden.
Zusammenfassend haben wir eine Plattform entwickelt, die Phononen im Festkörper robust
entlang beliebiger Wege im Nanometer-Bereich leitet. Abgesehen von dem fundamentalen
Interesse an solchen Strukturen, kann sich robuster Phononen-Transport in vielen Anwendungsgebieten als nützlich erweisen. Aufgrund der Einfachheit des Designs könnten die
vorgestellten Systeme eine vielfältig angewandte Plattform zur Erzeugung von phononischen
Schaltungen und Netzwerken auf dem Chip darstellen.
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1 Introduction

1.1 Physics and Topology
One of the most prominent research fields in physics - topological insulators - obviously
combines the field of topology, as a well-defined mathematical discipline, with the notion of
insulators, which is known in physics as materials with a zero electrical conductivity. But how
can both research fields be combined? To understand that, we first explain what topology
actually means in a very illustrative way before we make the connection.
The field of topology has its origin in the late nineteenth century with Henry Poincare publishing his ground-breaking paper Analysis Situ in 1895. In that work, he introduced the basic
concepts which are nowadays known as part of algebraic topology. Formally the term topology
can be defined as...

...the study of qualitative properties of certain objects (called topological spaces)
especially those properties that are invariant under a certain kind of invertible
transformation (called homeomorphism).[3]

As the notion of topology naturally occurs in many different fields of mathematics it makes it a
very fundamental concept. One key insight is that in many cases geometric problems depend
not on the exact shape of the involved objects, but rather on the way they are composed.
Probably the most famous example is the comparison of a coffee mug and a donut. From
a topological point of view they are identical: Both objects have exactly one hole which is
formed by the handle of the coffee mug and the central hole of the donut itself. By smoothly
distorting one of the objects it can be easily transformed into the other. Smoothly distorting in
this sense means that the object is not cut into pieces and different areas of the objects are
not allowed to be "glued" together. Technically, both objects, the coffee mug and the donut,
have an identical so-called topological invariant. In this particular example the topological
invariant, which is here also known as genus, can be thought of as the number of holes of an
object. In this sense, a sphere would have a vanishing genus, whereas the coffee mug has a
1
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genus of 1 and the shape of a pretzel has a genus of 3.
Although the coffee-mug-donut example is the most prominent every-day example of topology
it is hard to see the connection to any field in physics. However, another example is a direct
analogue of a feature that appears in quantum physics: Consider a long flexible strip whose
ends are first twisted to each other with an angle of 180◦ and after that both ends are stitched
together. This generated two-dimensional object is known under the name Möbius band.
Objects like this can be topologically classified by their so-called winding number, which
medium
letter size:
32ptsmooth deformations. Now consider a small insect that crawls in one
does
not change
under
small letter size: 24pt
direction
along
path16pt
on the band. For clarification Fig. 1.1 illustrates this setup. Starting at
very small
letterasize:
Frequency in GHz
the top side of the Möbius band the insect ends up on the bottom side of the band after one
frequency in GHz
label Another
size: 40ptrun
x 40pt
cycle.
would be necessary for the insect to end up
again at the top side. In other
frequency in GHz
◦
words: A rotation by 720 is necessary to keep the system invariant, whereas a rotation by 360◦
only flips the "sign".

Figure 1.1 – An insect that starts at the top side of the Möbius band ends up on the bottom
site after crawling one cycle along the band. Only after two full cycles it comes back to its
initial position. In more technical terms it can be said that a phase shift of 4π keeps the system
invariant, which is due to the fact that the winding number of the Möbius band is 1.
A similar behavior can be observed in quantum mechanics. Here, an electron can be described
by its wave function, that contains all its information like the probability to find the particle
within a certain spin state at a certain point in space. Counterintuitively, a rotation of the spin
by 360◦ yields a phase shift of the wave function, such that all wave valleys become summits
and vice versa. After another rotation by 360◦ the systems goes back to its original state. This
bahvior depends on the property of the SU (2)-group that represents the rotation of spin-1/2
particles.
Another example, that will be clarified in much more detail in the following sections and
chapters, is the field of topological insulators. There the topological invariant might be the
so-called Chern number or the Z2 -invariant, that can be used to predict the behavior of edge
states in a solid material. The remarkable thing here is that the topological invariants are
solely calculated from the bulk system where there is no notion of a boundary. The arising
2
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edge states are then protected by the topology of the system such that they are independent
of the exact shape of the boundary. Consequently, they show a great robustness against
perturbations as long as the underlying topological classification of the material does not
change. Consequently, those materials feature a conducting surface due to the propagating
edge states, whereas their bulk is insulating. This phenomenon motivates the term topological
insulator. The following chapter will give a short introduction of the field.

1.2 Brief History of Topological Insulators
Compared to many other fields in physics the field of topologically robust particle transport
and in particular the field of topological insulators is very young. In retrospect, the discovery
of the Quantum Hall Effect in the 1980s [4] can certainly be stated as the foundation for topological insulators. As the title of this work "A new method for High-Accuracy Determination of
the Fine-Structure Constant Based on Quantized Hall Resistance" indicates, the achievement
of this work was to derive the fine-structure constant α with an accuracy that has not been
possible before. This feature already reveals that strong effects are present in this setup to
yield such a great robustness. Even to the present day, about forty years later, the precise
measurement of the fine structure constant by leveraging the Quantum Hall Effect is used to
determine the elementary charge.
The rough experimental setup of the Quantum Hall effect is surprisingly simple: An electrical current I x flows (in the x-direction) through the inversion layer of a MOSFET (metaloxide-semi-conductor field-effect transistor). Here, the electrons can be considered as a
two-dimensional electron gas exposed to an external magnetic field being applied perpendicular to the current (in the z-direction). Consequently, the electrons drift towards the upper
or lower edge of the inversion layer due to the Lorentz force, thereby inducing a voltage U y
that can be measured. Fig. 1.2 a provides a schematic figure of the setup. The fraction of the
induced voltage in the y-direction and the applied current in the x-direction is referred to as
Hall-Resistance %x y = U y /I x . For small magnetic fields the Hall-Resistance is proportional to
the strength of the external magnetic field. However, at low temperatures and strong magnetic
fields the Hall resistance does not grow smoothly but increases discretely by taking values
on plateaus, that are given by %x y = h/νe 2 , with the Planck’s constant h and the elementary
charge e. ν is an integer number defining the plateau. In Fig. 1.2 b the qualitative result of the
measurement is shown. Here, it is remarkable that this effect does not depend on the particular material used in the experiment, but solely on the Planck’s constant and the elementary
charge, thereby resulting in the quantization of the Hall resistance.
To express the result in terms of the fine structure constant, which is mentioned in the title
of the original paper, one simply needs to use the definition α = µ0 e 2 c/4π~ with the speed of
light c which is is set to be 299792458 m/s and the permeability of vacuum µ0 which is exactly

3
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classical

Uy

quantum

strength of B-field

Figure 1.2 – (a) Schematic setup to observe the Quantum Hall Effect: An electrical current
is applied to a two-dimensional electron gas in the x-direction. Due to the magnetic field
piercing the plane in the z-direction the Lorentz force deflects the electrons in the y direction,
such that a voltage U y can be measured. The resulting Hall resistance U y /I x is qualitatively
depicted in (b). In the classical limit for weak magnetic fields the Hall resistance grows linearly
with the strength of the B-field, whereas very stable plateaus can be seen for strong magnetic
fields, being known as Quantum Hall Effect. Note that (a) illustrates the classical picture of the
phenomenon.

4π · 10−7 Hm−1 . The Hall resistance can then be expressed as
%x y =

αµ0 c
,
2ν

(1.1)

thereby providing a very precise measurement of α.
After Klitzing et al. discovered the Quantum Hall Effect intensive theoretical investigation
was done to fundamentally understand the robustness of the effect. In 1981 Laughlin showed
that the quantization of the Hall conductivity of two-dimensional metals is a consequence of
gauge invariance and the existence of a mobility gap [5]. Moreover, edge effects are shown to
have no influence on the accuracy of quantization. In the following year Thouless, Kohmoto,
Nightingale and Nijs made another breakthrough as they discovered a topological invariant,
the so-called TKNN topological invariant, that determines the quantization of the Hall conductance [6]. In a simplified model of a non-interacting electron gas in a periodic potential
under the influence of an external magnetic field perpendicular to the plane of the electrons,
they introduced the TKNN-invariant, which is the integer value ν discovered by Klitzing et
al. It can be calculated by an integral of the Bloch wave function over the whole magnetic
Brillouin zone for each band in the band structure. As the TKNN invariant can just take whole
numbers the stability of the plateaus depicted in Fig. 1.1 a can be easily explained.
At this point we briefly explain the concept behind the TKNN-invariant ν, which is later also
called the Chern number Q. This concept is general and applies to systems with an arbitrary
number of bands. In order to acquire a physical intuition about the Chern number it is useful
to discuss the simplest setting in which this physics plays a role - a two band model such
that we can have one band gap. For concreteness we focus on a particular two-band model,
4

1.2. Brief History of Topological Insulators
the so-called Qi-Wu-Zhang model. It features a square lattice with two sublattice degrees of
freedom within the unit cell. Therefore, the Hamiltonian can be expressed by a 2 × 2-matrix
and is given by
H (~
k) = ~
h(~
k) ·~
σ,

(1.2)

with the Pauli matrices ~
σ = (σx , σ y , σz ) and the Bloch vector



A · sin k x


~
h(~
k) = 
A · sin k y

B + cos k x + cos k y

(1.3)

The quasi momentum is denoted by ~
k = (k x , k y ). The two parameters A and B are real numbers
and can be used to tune the model. They control the hopping strength between two sites with
equal and with different sublattice indices, respectively. For more details see [7].
For two-band systems the Chern number can be calculated by integrating the normalized
Bloch vectors ĥ := ~
h/|~
h| over the whole Brillouin zone according to the following formula:
1
Q=
4π

Z

Ã

!
∂
ĥ
∂
ĥ
d 2~
k
×
ĥ,
∂k x ∂k y
BZ

(1.4)

which counts the number of times the Bloch vector wraps around the unit sphere as a function
of the quasi momentum. It is obvious that this can only happen an integer-number of times,
which yields the great robustness. Details about the derivation can be found in [8]. Fig. 1.3
shows the band structure as well as the bloch vector as a function of the quasi momentum
for two different parameters B /A. Whereas the first case yields trivial Chern numbers for the
bands the second case shows non-vanishing Chern numbers and thus, features a so-called
topological band gap.
In general, the TKNN invariant can be used to classify systems into topological equivalence
classes, which was further studied by Avron, Seiler and Simon in [9]. In particular, they showed
that Hall conductance is the only quantized quantity associated with the energy bands. They
also stated that this quantity is not necessarily preserved when two bands touch and separate
again during a smooth parameter sweep. However, the sum for both bands remains constant.
A few months later Simon published his work [10] in which he related the TKNN invariant
to Berry’s geometrical phase factor in the quantum adiabatic theorem [11]. Thereby, he
connected the integers of Thouless et al. not only to computationally simple formulas but also
interpreted them in terms of eigenvalue degeneracies.
In 1985, Kohomoto published a sequel [12] to the manuscript from 1982 in which he took
all previous works into account and illustrated the topological invariant of Thouless et al. in
a rather simple physical picture. In a first step he related the TKNN invariant to a quantity
that has already been established in math, the so-called (first) Chern number. In a second
5
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Figure 1.3 – Band structure and Bloch vector of the Qi-Wu-Zhang model. (a) At B /A = 2.5 the
system’s Chern numbers are zero such that no topologically protected effects can be expected.
The Bloch vectors as a function of the quasi momentum only covers a small fraction of the
unit sphere. It does not wrap around the unit sphere such that Q 1/2 = 0. In contrast to that (b)
h(kx,Bk/A
y) = 0.5. h(k
x,ky)the Bloch vector wraps around the
shows the same model for the parameter
Here,
unit sphere once such that the Chern numbers are Q 1/2 = ±1. In gernal, the Chern numbers
are non-trivial if |B /A| < 2 in the Qi-Wu-Zhang model.
step, Kohomoto applied the Chern number in the context of the Quantum Hall effect and
discovered that the Chern number calculates the number of edge states at the interface to
a topological trivial vacuum. However, the sole input of the calculation are properties from
the bulk system, i.e. the parameters of an infinitely extended, periodic Hamiltonian. There
is no notion of a boundary or any parametrization of the shape of any edges of the system.
Exactly this feature is the reason for the remarkable robustness of the Quantum Hall effect.
The topological protection of the edge states, and thereby the constant Hall conductance,
solely depends on the bulk system and not on the exact properties of the metallic sample
used in the experiment. Before Kohomoto published his manuscript, the Chern number has
been an abstract mathematical quantity which now got a very concrete physical meaning by
relating it to the TKNN-invariant.
Until that point it was widely believed that the essential ingredient for a non-zero Hall conductance was to have an externally generated magnetic field. However, in 1988 Haldane showed
that to have a non-zero net magnetic field within a unit cell is not necessary but is rather
sufficient to break the time reversal symmetry [13]. In his model, which in present days is
well known under the name Haldane model, he used a two-dimensional condensed-matter
lattice model, in particular a tight-binding model with nearest-neighbor and next-to-nearestneighbor hopping on a honeycomb lattice. In order to keep the spatial symmetries of the
lattice, the timeso-reversal symmetry needs to be broken with without a net flux per plaquette.
To achieve this, Haldane put a magnetic phases on the next-nearest neighbor hopping amplitudes. Fig. 1.4 illustrates the lattice model with its phase convention. He showed that his model
also leads to a quantization of the Hall conductance and chiral topological edge channels.
This so-called anomalous quantum Hall effect is based on a staggered magnetic field and gives
6
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Figure 1.4 – Illustratuion of the Haldane model: The unit cell of the hexagonal lattice with its
sublattice-sites A and B is depicted by the blue area. Moreover, the nearest neighbor hopping
amplitudes t 1 ∈ R are illustrated with solid lines, whereas the next to nearest neighbor hopping
amplitudes t 2 e i ϕ (t 2 ∈ R) are represented with dashed lines.

additional insight into the origin of the topological properties. This investigation nicely fits
into the picture as the observed chirality of edge states breaks time reversal symmetry anyway.
Now it was understood that the breaking of time reversal symmetry is rather the cause and not
the effect of the phenomena.
As we have seen before, breaking the time reversal symmetry might cause nonzero Chern
numbers (or TKNN integers) under certain circumstances. Chiral edge states protected by
the topology of the system can be expected. Conversely, one might think that for the time
reversal invariant systems, in which the Chern number vanishes by definition, one can not
expect Quantum-Hall-Effect-like phenomena. However, this is not completely true in general
as Kane and Mele showed in 2005 [14]. In their work they theoretically showed that a single
layer of graphene can convert from an ideal two-dimensional semimetalic state to a so-called
"quantum spin Hall insulator" at sufficiently low temperatures. Assuming a single layer of
graphene and taking the effect of spin-orbit-coupling into account they discovered a state
that shows a band gap in the bulk band structure but also supports edge channels once
boundaries are introduced. Thereby, the energy gap is generated by the spin-orbit interaction.
Kane and Mele found that the edge states are non-chiral, but they are insensitive to disorder
due to the fact that their directionality is correlated with their spin. The Hamiltonian of the
system turns out to be seperable into two non-interaction parts for the spin-up state and a
spin-down state. Taken separately both sub-Hamiltonians violate the time reversal symmetry
and are equivalent to Haldane’s model for spinless particles. The spin-up electron exhibits
a chiral integer quantum Hall Effect while the spin-down electron exhibits an anti-chiral
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Figure 1.5 – Two types of topological insulators. (a) An illustration of an edge state of a Chern
insulator with a chiral transport channel along the edge of the material. (b) An illustration of a
Z2 -topological insulator that supports two non-interacting edge channels. Spin-up particles
are transported in one direction whereas spin-down particles are transported in the other
direction. Note that, in contrast to Chern insulators, Z2 -topological insulators do not break
time reversal symmetry.
Although these investigations were theoretical at that point it was highly promising as the
required temperatures were feasible for an experimental realization and in addition to that
the preparation of single-layer graphene films just became possible [15].
The achievement of Thouless et el. [6] was to identify a topological invariant thereby enabling
a classification of topological materials. However, this only applies to systems breaking the
time reversal symmetry. For time reversal invariant system the Chern number becomes zero.
Thus, topological insulators could not be distinguished from trivial insulators with the help of
this particular topological invariant. In a sequel to the initial work Kane and Mele filled the
theoretical gap in understanding the Quantum Spin Hall Effect by introducing a topological
invariant for time reversal invariant system [16]. In their manuscript they introduced the
so-called Z2 -invariant for time reversal systems, which is the analogous to the Chern number
for systems that break the time reversal symmetry. This new class of the topological insulators
are also called Z2 -topological insulators, whereas the topological insulators that break time
reversal-symmetry are also termed Chern insulators.
The discovery of topologically protected transport has been considered as one of the "greatest
benefits to mankind" in the fields of physics, such that the Royal Swedish Academy of Sciences
has decided to award the Nobel Prize in Physics 2016 to David J. Thouless, F. Ducan M. Haldane
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and J. Michael Klosterlitz for their theoretical discoveries of topological phase transitions and
topological phases of matter. Thouless received one half of the price, whereas Haldane and
Klosterlitz were awarded with one quarter each.
The only particle species considered so far have been electrons, that are guided along topologically protected paths along an interface between two topologically different materials.
However, robust transport is not restricted to electronic systems. In 2008 Haldane and Raghu
proposed a "Possible Realization of Directional Optical Waveguides in Photonic Crystals with
Broken time reversal Symmetry" [17]. By assuming an interface between two magneto-optic
photonic crystals (i.e. non-reciprocal media with the presence of the Faraday effect) they
predicted unidirectional photonic modes confined at the interface, which are analog to the
chiral edge states of electrons in the quantum Hall effect. With their work the two authors
paved the way towards photonic topological insulators. One year later this theoretical proposal
was experimentally implemented for the first time [18]. In this work the authors observed
photonic chiral edge states in the microwave regime in a waveguide created at an interface
between a gyromagnetic photonic-crystal slab and a metallic material. During that time a lot
of different theoretical as well as experimental works have been published thereby enriching
the field of robust topological transport by adding electromagnetic waves to the portfolio.
Some of the most relevant publications are [19–26]. For a recent review see [27].
In addition to the photons the community also did intensive research in other particle species,
like ultracold atoms [28–31] or magnons [32–37] as well as phonos. The latter will be intensively
studied in the present work Topologically Protected Transport of Phonons at the Nanoscale.

1.3 Mechanisms for Topological Protection
In this section we briefly recap and clarify the difference of Chern insulators compared to
Z2 -topological insulators. In particular, we will focus on what exactly causes the robustness
and the topological protection of the resulting edge channels.
As presented in the previous section the so-called Chern numbers, which are topological
invariants (i.e. they do not change under smooth transformations of the Hamiltonian), can
be evaluated for systems that break time reversal symmetry. Bands in the band structure of
trivial insulators feature vanishing Chern numbers, whereas systems with non-trivial Chern
numbers are called Chern insulators. Note that the set of Chern numbers is a property of the
bulk system. One Chern number can be calculated for each band and they can only change
if bands touch and separate again. The bulk-boundary correspondence predicts that the
number of edge states that arise at the sample boundary with a frequency which is inside the
bulk band gap is given by the sum of the Chern numbers of all lower lying bands. Moreover the
sign of this sum determines the directionality (cf. Fig. 1.6 a). These chiral edge states are very
robust against disorder as any distortion of the edge can not close the bulk band gap. However,
it is the bulk properties that cause and protect the edge state. Another interpretation of the
robustness is that there is simply no scattering partner for a chiral edge state that propagates
9
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Figure 1.6 – (a) Fictitious band structure of a Chern insulator with one edge. The figure
shows two bulk bands with their corresponding Chern numbers. Chiral edge states appear
in the band gaps with their number and directionality being determined by the sum of all
Chern numbers of all lower lying bands. The edge states are protected by the topology of the
bulk. (b) Fictitious band structure of a Z2 -topological insulator. Within the band gap of the
two bulk bands a pair of helical edge states arises. They are protected by the time reversal
symmetry that squares to -1. The insight shows a fictitious szenario how the edge states could
be destroyed. However, this would mean that the degeneracy at time reversal invariant points
in the Brillouinzone need to be lifted which is not allowed by Kramer’s theorem.

in the opposite direction such that no backscattering can occur. As long as the disorder is
smaller than the topological bandgap the robustness is maintained. Consequently, edge states
in Chern insulators are protected by the topology of the bulk of the system.
In contrast to Chern insulators Z2 -topological insulators are time reversal invariant systems,
which can formally be expressed by
Tˆ Ĥ Tˆ −1 = Ĥ ,

(1.5)

with the time reversal operator Tˆ and the Hamiltonian Ĥ describing the system. In the
simplest case, e.g. for single particles with no internal degree of freedom, Tˆ is simply the
complex conjugation operator K̂ . However, time reversal should flip the momentum as well
as the spin for particles with spin. Consequently, in models with internal degrees of freedom
like spin (or a sublattice in lattice models) the time reversal operator becomes
Tˆ = τ̂K̂

(1.6)

with an additional unitary operator τ̂ that acts only on the internal degrees of freedom. It turns
out that there are two different possibilities of time reversal and a Hamiltonian with no unitary
symmetry can only maintain one type of time reversal symmetry, either Tˆ 2 = +1 or Tˆ 2 = −1,
but not both. An example of the first case would be a spinless particle such that Tˆ = K̂ . The
latter case is present for spin 1/2 particles as Tˆ = −i σ y K̂ , with the Pauli matrix σ y . Time
reversal of the type Tˆ 2 = −1 directly results in the so-called Kramer’s degeneracy. This theorem
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states that for every energy eigenstate of a system that maintains a symmetry that squares to
-1, another eigenstate with equal energy can be constructed by simply applying the symmetry
operator to that particular state. This becomes crucial for those points in the Brillouin zone
that map into themselves by time reversal. For those so-called time-reversal invariant points,
e.g. the Γ-point, every energy eigenvalue of the Hamiltonian is degenerate if Tˆ 2 = −1. Fig.
1.6 b illustrates the band structure of such a system with the two conter-propagating helical
edge states highlighted in orange and red. Under continuous deformation of the edge region
these modes in the bulk bandgap can be deformed. Here, we assume that the deformation
respects the symmetry and the translational invariance along the edge. In order to destroy the
helical pair of edge states the crossing at the time reversal invariant point in the Brillouinzone
would need to turn into an anti-crossing such that the degeneracy is lifted (see insight in
Fig. 1.6b). However, this is not possible as Kramer’s theorem states a degeneracy at this
particular quasi momentum. Hence, edge states of a Z2 -topological insulator are only robust
against perturbation that does not break the symmetry that squares to −1 in contrast to Chern
insulators that are robust against arbitrary perturbation.
For more details Asboth et al. give a nice introduction into the field of topological insulators in
their work A Short Course On Topological Insulators [7].
Note that Tˆ 2 = −1 is only possible for fermionic particles, whereas Tˆ 2 = 1 for bosonic particles.
However, it is still possible to have Kramer’s degeneracy, thus topological insulators, for
bosonic particles, if also an additional unitary symmetry Û is present such that (Û Tˆ )2 = −1.
T˜ := Û Tˆ is often referred to as pseudo-time reversal symmetry. Note that this will not be the
symmetry that is created by inverting the arrow of time.

1.4 The Field of Topologically Protected Phonon Transport
After having understood the fundamental mechanisms behind topologically protected edge
states we will now focus on a particle species that has not been covered yet in this introduction,
namely phonons. For this a detailed overview of the most relevant theoretical as well as
experimental works from the field will be presented in the present section. In addition to the
text the full time line of all the relevant works is depicted in the following seven figures. They
are ordered by the time the corresponding manuscripts appeared on the arXiv. If a manuscript
has not been uploaded before publication the date when the corresponding work has been
received by the journal is taken for sorting. All the figures displayed in the timeline are taken
from the corresponding publication (citation can be seen above the figure). The title of each
publication is displayed below the figure.
All the works can be classified according to some criteria, that are presented in the timeline.
The first criterion is whether the work is experimental or a theoretical proposal. Moreover, the
typical length scales of the systems are shown. As possible applications will most likely be on a
chip this is a crucial key characteristic. Futhermore, we can separate the different works based
on the type of topological protection. As explained in the previous section Chern insulators
11

Chapter 1. Introduction

are protected against any arbitrary type of perturbation while topological insulators only
against perturbation that does not split Kramer’s degeneracy. In order to achieve a topological
insulator for phonons, a pseudo time reversal symmetry T˜ is constructed by combining the
time reversal symmetry Tˆ with a unitary symmetry Û that squares to −1. In many cases,
the unitary operator Û contains a spatial part which reduces the protection of the arising
edge state to the type of disorder that does not break that particular symmetry. Although
this seems like a huge disadvantage, numerical simulation show that the edge states are still
surprisingly robust as the typical geometrical disorder comes with fabrication errors of the
devices that are typically distributed smoothly. Apart from the generation of a pseudo time
reversal symmetry there are also other mechanisms like pseudo magnetic fields or dimerized
models that lead to topological protected states for mechanical excitations. However, they all
have in common that the time reversal symmetry is not broken and that they are robust only
against spatial disorder that does not break the underlying protection mechanism. For this
reason we distinguish between systems that break time reversal symmetry (and result in a
Chern-insulator-like setup) and setups that do not break time reversal symmetry and rely on
the maintenance of some symmetry that protects the edge states.
Moreover, most works can also be classified according to one of the following three classes:
Discrete models, Acoustic waves and Elastic waves. The first category corresponds to edge states
that are formed by excitations of discrete lattice sites. The detailed propagation of the modes
is simplified by scalar hopping terms in the corresponding Hamiltonian. Exemplary systems
are coupled pendula, theoretical tight-binding models, etc. Acoustic-wave-systems feature
topological modes that appear in the continuous fields of the pressure distribution within
fluids. The air flow in an array of solid steel rods or water waves in a pipe of changing diameters
are systems of that category. Finally, systems with topological edge modes appearing in the
continuous deformation field of solid materials, e.g. specially patterned slabs of silicon, are
referred to as elastic-wave-models.
The first phononic topologically protected edge states have been discovered by Prodan and Prodan in 2009 [38]. In their seminal theory-paper they discovered that the topological vibrational
modes could play a role in the vibrational modes of microtubules, i.e. self assembled hollow
12

1.4. The Field of Topologically Protected Phonon Transport

protein tubes present in live cells. They discovered Dirac points in the phonon spectrum and
investigated a splitting thereof, that leads to phonon bands with non-trivial Chern-numbers.
The corresponding topological vibrational modes are localized at the edges of the microtubules. Note that this model rested on the speculative assumption that the elementary
molecular building blocks of the microtubulues would contain magnetic particles. After this
publication it took about six years for a second paper to appear that contributes to the field
of topological phononics. In 2015 the first topological insulator comprising topological edge
states for sound waves was successfully implemented by Xiao et al. [39]. Their conceptual
setup is fairly simple as it comprises a single tube filled with air that varies its radius along its
length. By properly engineering the radii they created two topologically different domains
that generate zero-dimensional topological protected edges states at the domain interface.
The whole setup is an acoustic analog of the Su-Schrieffer-Heeger (SSH) model, which is the
simplest one-dimensional model presenting topological behavior [40–42].
In the same year Peano et al. published the first theoretical paper that proposed a twodimensional topological insulator with a wavelength of the elastic waves in the micro regime
[43]. In contrast to previous realized schemes with 0-dimensional edge states, this work
proposes a setup hosting 1-dimensional edge channels. Consequently, it can be used for
transport. The chiral phonoic modes are created by using optomechanical crystals that have
the ability to host co-localized optical and mechanical modes. This work is crucial for the
following chapters and will be discussed in more detail in the following section 1.5. Also in
2015 Yang et al. proposed the first two-dimensional acoustic topological insulator guiding
fluids [44]. On a triangular acoustic lattice of metal rods the time reversal symmetry is broken
by a circulating fluid around the metal rods which results in chiral edge states for sound
waves at the interface of two domains. The two domains differ in the directionality of the
circulating fluids (counter-clockwise vs. clockwise). In contrast to the previous work the
system operates in the macroscopic regime with a typical feature size of a few centimeters. A
quite similar proposal was publish by Ni et al. a few months later [45]. They arranged acoustic
ring cavities, that are connected to each other, on a honeycomb lattice and similar to [44] they
broke time reversal symmetry with an air circulation in the ring cavities, resulting in chiral
edge channels. In [46] Xiao et al. extended the field with the proposal of the first phononic
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topological insulator on a three dimensional lattice. By stacking different hexagonal layers
with an interlayer coupling they were able to engineer an inversion symmetry breaking and
thereby created an effective gauge field, achieving an acoustic analogue of the topological
Haldane model.
With an array of coupled macroscopic pendula Suesstrunk et al. realized the first twodimensional phononic topological insulator in an experiment [47]. They engineered a mechanism in which a pair of pendula with one degree of freedom each are coupled in a sophisticated
way by using several mechanical springs in order to mimic the x- and y-amplitude of a single
pendulum with two degrees of freedom. By also coupling the individual pairs of pendula
to each other they created a whole array, in which the mechanical oscillators exhibit the
phenomenology of the quantum spin Hall effect. In contrast to the previous Suesstrunk et
al. experiment in which the time reversal symmetry is maintained, Nash et al. set up an
experiment with an array of coupled spinning gyroscopes that show chiral edge states as
a result of the broken time reversal symmetry [48]. The gyroscopes that are arranged on a
honeycomb lattice are coupled by small magnets. The system shows a vibrational spectrum
with a sonic gap which is populated by topologically protected edge modes. These modes
propagate only in one direction and are unaffected by disorder. At about the same time, a
theory paper published by Wang et al. [49] studies this setup of spinning gyroscopes in more
detail. In the same month Yang et al. published a proposal of the Su-Schrieffer-Heeger (SSH)
model by assuming surface water-waves in a quasi-one-dimensional chain of circular water
tanks connected by channels with varying diameters [50]. In [51] Kariyado et al. proposed a
new scheme to generated chiral edge states by spinning the whole hexagonal lattice made
of springs and masses. They were the first to leverage the Coriolis force in order to achieve
annihilation and creation of Dirac particles and results in non trivial topological phases. In
[52] Khanikaev et al. proposed another scheme using coupled fans arranged on a honeycomb
lattice, thereby forming a topological insulator for air. In contrast to similar schemes from
Yang et al. [44] and Ni et al. [45], they solved the full microscopic equations, i.e. the stationary
Navier-Stokes equations, by using a finite element solver instead of mapping them to an
effective Hamiltonian.
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Also in 2015 Mousavi, Khanikaev and Wang numerically demonstrated a topological metamaterial hosting protected elastic waves, thereby proposing an analogue of the quantum spin
Hall effect [53]. The phononic crystal comprises two different feature sizes; the macro-lattice
is designed to create a pair of Dirac cones, whereas the smaller features on the micro-lattice
are engineered to make the pairs of Dirac cones coinciding. After breaking the spatial mirror
symmetry the accidental four-fold degeneracy lifts and the band structure features a topological band gap. By that, Mousavi et al. drawed up a concrete design for topologically protected
elastic waves, that was designed by utilizing finite-element methos. Thus, it was the first that
exhibited the microscopic details of the elastic modes, i.e. the concrete displacement field,
and showed their topological protection.
Another acoustic topological insulator was proposed by Lu et al. [54], in which triangular steel
rods immersed in water are placed on a hexagonal pattern. As the triangles are not aligned
with the hexagonal lattice a mismatch of mirror symmetries between the lattice and scatterers
arises, breaking the C 3v -symmetry and leading to topological edge states. Similar to [46] Pal et
al. proposed the generation of helical edge states using two identical lattices with an interlayer
coupling between them [55]. At the same time Fleury et al. published their work about a
Kagome lattice of silicon rubber cavities operating in the acoustic regime with periodically
modulated capacitance [56]. In [57] Chen et al. theoretically investigated Dirac-like cones in
C 4 -symmetric hollow ring wave guides with an air flow breaking the time reversal symmetry.
With the beginning of 2016, Yang et al. expanded an acoustic SSH model made of cylinders
with sound-hard boundaries in a second dimension in their theoretical study [58]. With an
extension into three dimensions by stacking the two-dimensional lattice they investigated
Weyl-points.
He et al. investigated the first experimental quasi two-dimensional acoustic topological
insulator with steel rods being arranged on a hexagonal lattice [59]. By varying the radius of
the steel rods two types of phononic "graphene" are constructed such that helical sound waves
are guided in a topologically protected way along the interface of the two domains. In their
setup the authors came up with a new way of arranging the two domains in a beam-splitter
like setup that naturally separates the pair of helical edge states. This is a crucial point as the
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no mode-selective excitation mechanism that launches only unidirectional sound waves is
required. The bare excitation of modes with the right frequency is sufficient for this setup with
the beamsplitter-like arrangement.
After their experimental work with the array of coupled pendula [47] Suesstrunk et al. investigated a classification scheme of linear topological phonons [60]. As they did not propose
any concrete setup, their work may serve as a blueprint for future applications in the field of
topological phononics. After their theory paper proposing a hexagonal lattice with triangular
steel rods Lu et al. realized their concept in an experiment [61]. It was the second experiment
observing topologically guided sound waves in a quasi two-dimensional setup.
In their work [62] Mei et al. proposed a scheme in which they created an accidental degeneracy
in a two dimensional acoustic crystal on a triangular lattice composed of core shell cylinders
in water. Utilizing the point group symmetry of the two doubly degenerate eigenstates, a
pseudo-time reversal symmetry as well as pseudo spin-states can be created resulting in
topological edge states interfaces of topological different domains. By that, they implemented
a variation of the zone-folding trick by Wu and Hu [2] for phonons for the first time. Also in
2016 our work explained in detail in chapters 4 and 5 was published [63]. It deals with the
generation of pseudo magnetic fields for elastic waves in a phononic crystal. It was the first
platform providing topologically protected transport for elastic waves with a feature size in
the nanometer regime. For this purpose, the synthetic gauge field is generated by properly
breaking the 3-fold rotational symmetry.
After that Kariyoda et al. published a detailed study of topology of tight binding models
with hopping texture, that may act as a style guideline for creating phononic topological
insulators. By applying strain on mechanical graphene Abbaszadeh et al. [64] proposed
a way to generate a synthetic gauge field for phonons, resulting into Landau levels in the
phononic band structure. By using self propelled particles in a fluid Souslov et al. produced a
spontaneous flow in a Lieb lattice of connected hollow rings [65]. Thereby, the time reversal
symmetry is broken, which gives rise to topologically protected chiral edge states. Due to the
spontaneous flow no external driving is required in this proposed scheme to break the time
reversal symmetry.
16
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As a sequel to the original pendula experiment Suesstrunk et al. created a switchable topological phonon channel [66] with a similar setup as in [47]. By locally changing the coupling
rates of individual pendula in an array they achieved the generation of an edge potential. In
another experimental work Ye et al. realized the observation of acoustic valley vortex states. In
addition to that they observed a beam splitting phenomenon in which separate beams are
locked to a certain vortex chirality [67].
By the end of 2016 three more theoretical works have been published: Pal et al. proposed an
elastic plate carrying an array of resonators arranged on a hexagonal lattice. They investigated
elastic edge waves in the substrate, i.e. a plate which is described as a continuous elastic
system [68]. Matlack et al. introduced perturbative metamaterials which is a class of metamaterial comprising only weakly interacting unit cells. This allows them to associate the actual
continuous model to a discrete model, thereby enabling a systematic design process [69].
Finally, Mitchell et al. published their sequel to the experiment using spinning gyroscopes
[48]. They showed that topological edge states can also be expected in an amorphous lattice
of the coupled gyroscopes [70].
In 2017 the work that is presented in the chapters 4 and 5 was published [71]. Here it is
shown that the snowflake phononic crystal structure can be turned into a topological insulator
for elastic waves by applying just minor geometrical modifications to original system. The
underlying trick to create topologically protected edge channels goes back to the zone folding
mechanism that was first introduced by Wu and Hu for photonic crystals [2]. Here, properly
breaking the translational symmetry of a hexagonal lattice yields an increase of the size of the
unit cell and generates a gapped pair of Dirac cones at the Γ-point. By connecting two domains,
whose translational symmetry is broken in two different ways, topologically protected edge
states arise at their interface.
Chaunsali et al. numerically investigated and experimentally demonstrated a mechanical onedimensional SSH-like model made of cylindrical granular particles [72]. The system is driven
by a piezo actuator and can be read out by a laser Doppler vibrometer. By changing the relative
angle of two neighboring cylinders the effective coupling is changed such that topological
phases can be engineered in situ. Another work based on the zone folding mechanism was
17
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published by Deng et al. They experimentally observed topological acoustic edge states
in an array of rods on a hexagonal lattice on the centimeter scale [73]. In the same year
Yves et al. published a demonstration and study of inducing non-trivial acoustic states at
the deep subwavelength scale in a structured two-dimensional metamaterial composed of
Helmholtz resonators [74]. Yu et al. also leveraged the Hu and Wu zone folding scheme and
observed topologically protected elastic waves on a monolithic substrate [75]. By that, they
implemented a topological insulator for phonons that could in principle also be done on chip
for the first time. Chaunsali et al. proposed a plate structure that can be used to demonstrate
the pseudo-spin Hall effect for flexural waves [76]. The system consists of a thin plate with
periodically arranged resonators mounted on its top surface. By changing the dimensions of
the resonators the zone folding mechanism can be applied easily.
In 2018 Cha et al. published the first experimental realization of an on-chip topological
metamaterial [77]. Also by leveraging the trick of band structure folding they get a four-fold
degeneracy of Dirac points at the Γ-point of the Brillouin zone. To characterize the edge
states, Cha et al. excited the flexural motion of the membranes by applying a dynamic voltage
between an excitation electrode and the grounded substrate.
For a more detailed overview of the field, Zhang et al. published a review of the field in July
2018. It is titled Topological Sound and comprises an exhaustive collection of all the relevant
works of the research field [78].

1.5 Prequel work: Topological Phases of Sound and Light
The overall project of Steering Sound at the Nanoscale has been started in beginning of 2014
with the initial manuscript that has been published under the title "Topological Phases of
Sound and Light" [43]. A major part if this project has been carried out by the author if this
thesis during his undergraduate studies and will only be briefly covered in the present Ph.D.
thesis. However, it is an important prequel to the following chapters.
The goal of the project was to find a mechanism that guides phonons in a protected way along
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a predefined path. Moreover, the setup should operate on a small length scale. The work
was inspired by Haldane’s publication from 1988 [13] such that a staggered magnetic field
for phonons needs to be generated in order to break time reversal symmetry and to create a
Chern insulator for phonons.
Under the influence of a magnetic field phonons should pick up a phase by hopping from
one site to another. One way to engineer this, is by leveraging the optomechanical interaction
in optomechanical cells. In an optomechanical cell optical and mechanical modes are colocalized and interact with each other. A concrete implementation of an optomechanical cell
is a simple Fabry Perot cavity with one end mirror being attached to a movable cantilever, such
that the length of the cavity is not fixed. Due to the light pressure force the movable mirror
moves out of its equilibrium position, thereby slightly changing the resonance frequency of
the cavity. As a consequence the light intensity inside the cavity drops and the movable mirror
shifts back towards its equilibrium position. See the review by Aspelmeyer, Kippenberg and
Marquardt for more details about the field of cavity optomechanics [79]. An implementation
that will be assumed throughout the following chapters are optomechanical crystals. In their
medium letter size: 32pt
simplest specification they comprise a defect mode cavity that is designed to host an optical
small letter size: 24pt
mode
as well
assize:
a mechanical
mode. Due to the moving-boundary-effect and the photo-elasticvery
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systems
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An alternative is the
frequency in GHz
two dimensional snowflake optomechanical crystal [1], that can also be extended to a whole
array of coupled optomechanical cells.
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b̂ can be described by the following equation:
Ĥint, j = ~(g e i ϕ j â †j b̂ j + h.c.),

(1.7)

where the index j indicates the j -th cell in case of an optomechanical array. The optomechanical interaction strength is denoted by g and ϕ j is the phase of the driving laser, which can
easily be gauged away for a single optomechanical cell. The above interaction term assumes a
parameter regime in which the so-called rotating-wave-approximation, that only considers
particle-conserving terms, is valid. By assuming several optomechanical cells basically any
lattice can be designed which can be modeled by the following tight-binding Hamiltonian:
Ĥ =

X
j

~Ωb̂ †j b̂ j − ~∆â †j â j + Ĥint, j + ~

X
j ,〈k, j 〉

K b̂ †j b̂ k + J â †j â k .

(1.8)

Here Ω is the eigenfrequency of the mechanical mode, whereas the detuning ∆ is given as
the difference of the eigenfrequency of the optical mode and the frequency of the driving
laser. The photonic and phononic hopping rates are given by J and K , respectively. 〈k, j 〉
denotes the set of nearest neighbors k of the site j . Here, the individual optomechanical cells
are assumed to be equal. For the generation of the phonon Chern insulator a Kagome lattice
made of optomechanical cells was assumed, while the phase differences between neighboring
sites ϕ j − ϕk are designed to be 2π/3. Fig. 1.7 a shows the arrangement of the cells. Within a
certain parameter regime the light field can be integrated out and the effective Hamiltonian
for the phonons reads:
Ĥeff = ~

X |g |2 †
X
b̂ j b̂ j + ~
K eff e i θ j k b̂ †j b̂ k
∆
+
Ω
j
j ,〈k, j 〉

(1.9)

Now the effective phonon hopping K eff e i θ j k can become complex such that phonons pick
up a phase once they tunnel from one site to another. More details about the calculation
can be found in [43]. By adding up the phases that are picked up by the phonons it can be
seen that the resulting flux Φ pierces the triangles of the lattice whereas a flux −2Φ pierces
the hexagons. Due to the fact that the Kagome lattice comprises twice as much triangles that
hexagons the overall net-flux of the array vanishes, thereby generating a staggered magnetic
filed for the phonons. This directly results into non-trivial Chern numbers which can be seen
in Fig. 1.7 b. The phase diagram depicts the six Chern numbers of the three phonon and the
three photon bands in the band structure. Different colors illustrate topologically different
phases. The diagram is spanned by the two parameters that can easily be tuned; the laser
driving strength and the laser frequency. As a consequence chiral edge states arise at the
boundary of the sample. Fig. 1.7 c depicts a topologically protected phononic edge state (red)
propagating along the sample boundary without any backscattering at the obstacle. On their
way the phonons always have a chance to convert into photons which is an advantage for any
possible experimental realization as photons can be detected more easily than phonons.
Although the theoretical concept is rather simple a concrete implementation turns out to be
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quite challenging. On the one hand a coherent laser drive over the whole sample needs to be
realized with the phase front accurately matching the requirement of the underlying Kagome
lattice. On the other hand quite strong optomechanical coupling rates need to be present in
order to see topological effects, which in turn requires large laser input powers. This aspect
is covered in Appendix A, that investigates the needed input power for the driving laser for
different parameter regimes of the on-chip phononic Chern insulator setup.

1.6 Outline of the Thesis
In the last section we have reviewed our proposal for an on-chip phononic Chern insulator.
The arising chiral edge states of this setup feature a great robustness as they are protected by
the topology of the bulk. However, the implementation of this scheme in an experiment turns
out to be challenging. For that reason the rest of this thesis concentrates on another method
to guide sound waves in a topologically protected way within on-chip devices: Geometrical
modifications of their micro structures are engineered to break spatial symmetries of the
crystal structure in a controlled manner. Thereby, pseudo magnetic fields or pseudo time
reversal symmetries that square to -1, enabling Z2 -topological insulators, can be generated
to guide the phonons. The advantage over on-chip phononic Chern insulators is that these
setups are easy to fabricate and reasonable to realize in an experiment. However, the simplicity
comes with a price: The underlying symmetries protecting the edge states are spatial in nature
such that geometrical disorder of the sample can disturb the mechanism which leads to an
interaction between the helical pair of edge states and backscattering occurs. These devices
are simpler but in general less robust. In order to design these devices the microscopic
features need to be taken into account such that finite element method (FEM) simulations
are performed that consider the concrete geometry with just very few approximations. In the
chapters 2 and 3 a way of generating a pseudo-magnetic field for phonons in the snowflake
phononic crystal is given. The pseudo-magnetic fields give rise to protected phonon edge
channels at the sample boundaries. Chapter 4 and 5 are inspired by the work done by Wu
and Hu from 2015 [2] and propose an implementation of the zone-folding mechanism on the
snowflake phononic crystal slab. Moreover, a detailed description of a possible experimental
setup is given. For the preparation of the experiment chapter 6 deals with the optimization of
the initial snowflake geometry. This particular geometry was optimized towards co-localized
optical and mechanical band gaps to create an optomechanical crystal. However, in the setup
of the following chapters only the phononic properties are crucial. Therefore, new geometries
are proposed that are optimized towards large topological band gaps as those yield a good
confinement of the mechanical edge state in the experiment.
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2 Pseudomagnetic Fields For Sound At
The Nanoscale

In this chapter we present our results that were published in this form in

• Christian Brendel, Vittorio Peano, Oskar J. Painter, and Florian Marquardt
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PNAS 2017 114 (17) E3390-E3395
doi: 10.1073/pnas.1615503114
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and its Supplemental material. Some minor changes have been made to the text in order to
better embed this work into this thesis. Furthermore, some figures have been rescaled or the
corresponding subfigures have been rearranged to match the single-column layout of this
work.
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2.1 Introduction
Unlike electrons, phonons do not feel a magnetic field, since they are not charged. As a
consequence, much of the interesting physics connected to the behavior of charged particles
in a magnetic field is absent for phonons, be it the Lorentz force or the uni-directional transport
along the edges of the sample. In the past two years, researchers have started to study how
one might make sound waves behave in ways similar to electrons in a magnetic field or related
topological settings. This research promises to pave the way towards transport along edgechannels that are either purely uni-directional [48] or helical [47] (i.e. with two “spins” moving
in opposite directions), as well as the design of novel zero-frequency boundary modes [81, 82].
The first few experimental realizations [39, 47, 48, 59, 82–84] and a number of theoretical
proposals [44, 49, 51, 52, 55–57, 62, 81, 83, 85] involve macroscopic setups. These include
coupled spring systems [38, 47–49, 51, 55] and circulating fluids [44, 52, 54, 57] for a review [60].
These designs represent important proof-of-principle demonstrations of topological acoustics
and could open the door to useful applications at the macroscopic scale. However, they are
not easily transferred to the nanoscale, which would be even more important for potential
applications. First concepts for Chern insulators or topological insulators at the nanoscale are
challenging and have not yet been implemented, since they require either strong laser driving
[43] or designs that are hard to fabricate [53].
Fruitful inspiration for an entirely different avenue towards non-reciprocal transport can be
found in the physics of electrons propagating on the curved surface of carbon nanotubes
[86] and in strained graphene [87–90]. It has been discovered that these electrons experience
so-called pseudo-magnetic fields, whose distribution depends on the strain pattern. Pseudomagnetic fields mimic real magnetic fields, but have opposite sign in the two valleys of the
graphene band structure and, thus, do not break time-reversal symmetry. This results in helical
transport, with two counter-propagating species of excitations. In the past, this concept has
already been successfully transferred to engineered carbon monoxide molecular graphene
[91] and a photonic waveguide system [92]. The idea of pseudo-magnetic fields generated by
distortions is so powerful because it can be implemented entirely using a purely geometrical
approach, without any external driving, which is a crucial advantage at the nanoscale.
In the present chapter, we show for the first time how to engineer pseudo-magnetic fields
for sound waves at the nanoscale. In addition, it turns out that our design will be realizable
in a platform that has already been fabricated and reliably operated in experiments, the
snowflake phononic crystal [1]. That platform has the added benefit of being a well-studied
optomechanical system, which, as we will show, can also provide powerful means of excitation
and readout. Besides presenting our nanoscale design, we also put forward a general approach
to pseudo-magnetic fields for Dirac quasiparticles based on the smooth breaking of the
appropriate point group (the C 6 or the C 3v groups) and translational symmetries. Our scheme
is especially well suited to patterned engineered materials such as phononic and photonic
crystals. It ties into the general efforts of steering sound in acoustic metamaterials at all scales
[93–96].
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2.2 Dirac Equation and Gauge Fields
The 2D Dirac Hamiltonian in the presence of a gauge field A(x) reads (we set the Planck
constant and the charge equal to one) [97]
ĤD = m σ̂z + v(p x − A x (x))σ̂x + v(p y − A y (x))σ̂ y .

(2.1)

Here, m is the mass, v is the Dirac velocity, and σ̂x,y,z are the Pauli matrices. For zero mass
and a constant gauge field (m = 0 and A(x) = A), the band structure forms a Dirac (double)
cone, where the top and bottom cones touch at the momentum p = A.
In a condensed matter setting, the Dirac Hamiltonian describes the dynamics of a particle in
a honeycomb lattice, or certain other periodic potentials, within a quasimomentum valley,
i.e. within the vicinity of a lattice high-symmetry point in the Brillouin zone. In this context,
p is the quasi momentum counted off from the relevant high-symmetry point. Here, we are
interested in a scenario where the Dirac Hamiltonian Eq. 2.1 is defined in two different valleys
mapped into each other via the time-reversal symmetry operator T . This scenario is realized
in graphene, where the Dirac equation is defined in the two valleys around the symmetry
points K and K0 . For charged particles, the gauge field A(x) usually describes a real magnetic
field B, where B = ∇ × A. In this case, the time-reversal symmetry T is broken. For m = 0 and
a constant magnetic field, the Dirac cones break up in a series of flat Landau levels [97],
p
E n = sign(n) |n|ωc ,

p
ωc = v 2B ,

(2.2)

where n ∈ Z and ωc is the cyclotron frequency. The presence of a physical edge then leads
to topologically protected gapless edge states in each valley. For a real magnetic field, the
edge states in the two valleys have the same chirality. However, here, we will be interested in
the case of engineered pseudo-magnetic fields, where the gauge field A(x) does not break the
T -symmetry. In this case, B = ∇ × A must have opposite sign in the two different valleys to
preserve the T -symmetry. It is clear that as long as one can focus on a single valley, the nature
of the magnetic field (real or pseudo magnetic field) does not play any role. This holds true
also in the presence of boundaries. For a given valley and gauge potential A, exactly the same
edge excitations will emerge in the presence of a pseudo- or a real magnetic field. The nature
of the magnetic field only becomes apparent when the eigenstates belonging to inequivalent
valleys are compared. When time-reversal is preserved (pseudo magnetic field), each edge
state in one valley has a time-reversed partner with opposite velocity in the other valley. Thus,
the edge states induced by a pseudo magnetic field are not chiral but rather helical.

2.3 Dirac Phonons in the Snowflake Phononic Crystal
Finite-element mechanical simulations of a silicon thin-film snowflake crystal are presented
in Fig. 2.1. Throughout this work, we restrict our attention to the modes that are even under
the mirror symmetry (x, y, z) → (x, y, −z), i.e. the z-symmetric modes, see supplementary
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Figure 2.1 – Snowflake crystal: geometry, band structure and displacement fields. (a) Image
of a silicon snowflake phononic crystal. It is formed by upwards and downwards triangles
connected by links. The links form a Kagome lattice whose Bravais sublattices are marked
by circles of different colors. (b) Top view of the field |Ψm s ,τ (x, z)|2 (time-averaged square
displacement) for one normal mode at the Dirac point (m s = −1 and valley τ = −1). The
dashed line indicates the border of the Wigner-Seitz cell. The relevant geometric parameters
a
are indicated. (c) Phononic band structure (z symmetric modes) for three values of the
snowflake radius r , in silicon. For r = 180nm, a group of three bands (plotted in red) is
separated by complete band gaps from the remaining bands. The triplet is well fitted by a
Kagome lattice model and exhibits Dirac cones at the high symmetry points K and K 0 (only
K is shown). At the cone tip, the degenerate normal modes have quasi-angular momentum
m s = ±1. (d-f) Snapshots of the mechanical displacement field (absolute value encoded in the
color scale) for the mode with quasi-angular momentum m s = −1 and valley τ = −1, within a
Wigner-Seitz cell. Subsequent snapshots are taken after one third of a period (cf. the clocks).
Each snapshot is the anti-clockwise rotation by a 2π/3 angle around the snowflake center
of the previous snapshot (cf. the arrows). All band structures and normal mode profiles are
computed using a finite-element solver (COMSOL). The simulated slab thickness is 220nm,
the snowflake spacing a, and the width w, c.f. panel (b), are (a, w) = (500, 75)nm. In panels
(a-b,d-f ) the snowflake radius is r = 180nm.
In preparation of this, we use the snowflake radius as a knob to engineer a pair of Dirac cones
which are spectrally well isolated from other bands and have a large velocity. The snowflake
crystal can be viewed as being formed by an array of triangular membranes arranged on a
honeycomb lattice and connected through links (see Fig. 2.1 b). In principle, we could choose
a situation where the links are narrow (large snowflake radius r ), such that all the groups of
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bands are spectrally well isolated. However, then the Dirac velocities tend to be small. For
wider links (smaller r ), the motion of the adjacent edges of neighboring triangular membranes
becomes strongly coupled. This give rise to normal modes where such adjacent sides oscillate
in phase, resulting in large displacements of the links. We note that these links are arranged
on a Kagome lattice, see Fig. 2.1 a. This observation explains the emergence (see r=180nm plot
of Figure 1e) of a group of three bands, separated from the remaining bands by complete band
gaps, and supporting large velocity Dirac cones. The triplet of isolated bands can be well fitted
by a Kagome lattice tight-binding model with nearest-neighbor and next-nearest neighbor
hopping. The Kagome lattice model would be entirely sufficient to guide us in the engineering
of the desired gauge fields. However, we prefer to pursue a more fundamental and general
approach based on the symmetries of the underlying snowflake crystal.

2.4 Identifying the Dirac Pseudo-Spin by the Symmetries
The snowflake thin-film slab crystal has D6h point group symmetry. If we restrict our attention
to the z-symmetric modes, the remaining point group is C 6v (six-fold rotations about the
snowflake center and mirror symmetries about the vertical planes containing a lattice basis
vector). The degeneracies underpinning the Kagome Dirac cones as well as the other robust
cones in Fig. 2.1 b are usually referred to as essential degeneracies. They are preserved if
the point group includes at least the C 6 symmetries (six-fold rotational symmetry about the
snowflake center) or the C 3v symmetries (three-fold rotations and mirror symmetries about
three vertical planes containing a lattice unit vector). The point group here contains both
groups but, for concreteness, our explanation will focus on the C 6 symmetry. It is useful
to think of the C 6 symmetry as a combination of a C 3 (three-fold) symmetry group and a
C 2 (two-fold) symmetry group. The three-fold rotations C 3 belong to the group of the highsymmetry points K and K0 (they leave each of these point invariant modulo a reciprocal lattice
vector). As a consequence, at these points, the eigenmodes can be chosen to be eigenvectors
of the C 3 rotations with quasi-angular momentum m s = 0, ±1. The essential degeneracies
come about because the eigenvectors with non-zero quasi-angular momentum m s come in
quadruplets (a degenerate pair in each inequivalent valley), mapped into each other via the
time-reversal symmetry operator T̂ and the rotation R̂ π by 180o about the snowflake center
(the sole non-trivial element of the C 2 group). If we denote the members of a quadruplet by
Ψm s ,τ (x, z), where m s = ±1 and τ = ±1 indicates the valley and z is the vertical coordinate, we
have
Ψm s ,τ = T̂ Ψ−m s ,−τ = R̂ π Ψm s ,−τ = T̂ R̂ π Ψ−m s ,τ

(2.3)

Note that both T̂ and R̂ π change the sign of the quasimomentum and, thus, of τ. However,
only T̂ changes the sign of the quasi-angular momentum.
The Dirac Hamiltonian (Eq. 2.1) for a given valley τ is obtained by projecting the underlying
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elasticity equations onto a two-dimensional Hilbert space spanned by the normal modes
Ψp,m s ,τ (x, z) = e i p·x Ψm s ,τ (x, z),

(2.4)

and by identifying −m s = ±1 with the eigenvalues of the σ̂z matrix (for a detailed explanation
see section 3.2). In other words, the quasi-angular momentum m s plays the role of the
Dirac pseudospin. A mass term is forbidden because states with equal quasimomentum
and opposite quasi-angular momentum are mapped into each other by the symmetry T̂ R̂ π ,
Ψp,m s ,τ (x, z) = T̂ R̂ π Ψp,−m s ,τ (x, z). A gauge field A is also forbidden because it would couple
states with different quasi-angular momentum at the symmetry point.
In our phononic Dirac system, the eigenstates Ψm s ,τ (x, z) are three-dimensional complex
vector fields. They yield the displacement fields,
£
¤
u m s ,τ (x, z, φ) = Re e −i φ Ψm s ,τ (x, z)

(2.5)

where φ is the phase of the oscillation. In this classical setting, |Ψm s ,τ (x, z)|2 can be interpreted
as the square displacement averaged over one period,
|Ψm s ,τ (x, z)|2 = π−1

2π

Z
0

d φ|u m s ,τ (x, z, φ)|2 .

(2.6)

We note that the field |ψm s ,τ (x, z)|2 is invariant under threefold rotations about three inequivalent rotocenters: the center of the snowflake and the centers of the downwards and upwards
triangles (see Fig. 2.1b). Three snapshots of the instantaneous displacement field for the state
with m s = −1 and τ = −1 are shown in Fig. 2.1 d–f. By definition of a quasi-angular momentum
eigenstate with m s = −1, when the phase φ varies by 2π/3 (after one third of a period), the
instantaneous displacement field is simply rotated clockwise by the same angle. When the
valley is known, the quasi-angular momentum (which here plays the role of the pseudospin)
can be directly read off from a single snapshot based on the position of the nodal lines. For
m s τ = 1 (m s τ = −1), they are located at the center of the downwards (upwards) triangles, cf.
Fig. 2.1 b,d–f. (For a detailed explanation see section 3.2). Below, we will take advantage of our
insight on the symmetries of the pseudospin eigenstates to engineer a local force field which
selectively excites uni-directional waves.

2.5 Pseudo-Magnetic Fields and Symmetry-Breaking
A crucial step towards the engineering of a pseudo-magnetic field is the implementation of a
spatially constant vector potential A in a translationally invariant system. Afterwards arbitrary
magnetic field distributions can be generated straightforwardly by breaking the translational
invariance smoothly.
A perturbation that breaks the C 3 symmetry but preserves the C 2 symmetry will simply shift
the Dirac cones, without opening a gap (cf. Fig. 2.2 c). This can be identified with the appear28
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the valley τ = −1, for the geometry in panel (a) when r 1 is varied from 160 nm to 200 nm, while
r 2 = r 3 and r = (r 1 + r 2 + r 3 )/3 = 180 nm. The remaining parameters are as in Fig. 2.1.

In the snowflake phononic crystal, we can achieve the desired type of symmetry breaking
(breaking C 3 while preserving C 2 ) by designing asymmetric snowflakes formed by arms of
different lengths, r 1 , r 2 , r 3 (cf. Fig. 2.2 a). If only one of the arms is changed, symmetry requires
that the vector potential A points along that arm as shown in Fig. 2.2 d. For the Dirac cones
associated with the Kagome lattice, our FEM simulations show that the cone displacement
grows linearly with the length changes, as long as these remain much smaller than the average
arm length r = (r 1 + r 2 + r 3 )/3. In this linear regime, and for a general combination of arm
lengths, r 1 , r 2 , r 3 , we have
A ≈ τ f (r )d ,

d = (r 1 e 1 + r 2 e 2 + r 3 e 3 ).

(2.7)

The unit vectors e j point into the direction of the corresponding snowflake arms, e j =
cos θ j e x + sin θ j e y , where θ j = 2π( j − 1)/3. The factor τ = ±1 appears because the vector
potential has opposite sign in the two valleys as we have not broken time reversal symmetry.
We note that in general changes of the arm lengths also shift the frequency of the Dirac point.
When the arm lengths are chosen to be position dependent, as is required for implementing arbitrary magnetic fields, this energy shift will enter the Dirac equation as a scalar potential V (x),
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which may be unwanted. However, our numerical simulations show that we can keep V (x)
approximately constant, by retaining a constant average arm length r . Any smooth deviations
from that are harmless as long as the resulting potential shifts remain much smaller than the
typical gap between Landau levels, set by the cyclotron frequency ωc , which is easily feasible.
Non-smooth disorder caused by fabrication imperfections requires a separate treatment (see
below).

2.6 Phononic Landau Levels and Edge States in a Strip
We can test these concepts by implementing a constant phononic pseudo-magnetic field
in an infinite snowflake crystal strip, where we can directly test our simplified description
against full microscopic simulations. The strip is of finite width W in the y-direction (where
−W /2 < y < W /2). We can realize the corresponding vector potential in the Landau gauge,
A(x) = (−B z y, 0, 0), by varying the length r 1 along the x-axis, while keeping the remaining arm
lengths equal, r 2 = r 3 . For concreteness we choose B z > 0 for τ = −1.
The treatment of the boundaries merits special consideration. We recall that particles in
pseudo-magnetic fields are guaranteed to emulate their topologically protected counterparts,
i. e. charged particles in real magnetic fields, only when the system parameters are varied
smoothly such that no inter-valley coupling is introduced. Clearly, sharp boundaries can
lead to such undesired coupling. Indeed, it has been shown for graphene, in the case of
real magnetic fields, that the edge states localized close to sharp armchair boundaries are
not valley-polarized [98]. Such valley-mixing would arise also in the present system if sharp
boundaries are chosen. Here, we address this challenge by engineering smooth boundaries. A
notable advantage of our platform is that this task is completely straightforward. Any smooth
gradient of snowflake parameters near the boundaries of the sample will lead to well-defined
edge states that are spatially separated from the physical system boundary. In general, this
could involve both a potential gradient as well as a gradient in the effective mass (gap). In our
simulations, we will display results obtained for a smooth mass gradient, whose details do
not matter for the qualitative behavior. This gives rise to magnetic edge states which can be
easily addressed, because they have only negligible spatial overlap with their non-magnetic
counterparts. A Dirac mass term appears upon breaking the C 2 symmetry, which we here
choose to do by transversally displacing one of the snowflake arms, as shown in Fig. 2.2 b, with
the displacement varying smoothly in the interval Wbulk /2 < |y| < W /2.
By changing the snowflake arm lengths we can displace the Dirac cones only over a finite
range of quasimomenta. In our simulations δA max ≈ 0.17π/a, as shown in Fig. 2.2 d. Using
Eq. 2.2 and the definition of the magnetic length `B = B −1/2 , we see that there is a trade-off
between the cyclotron frequency ωc and, thus, the achievable magnetic band gaps and the
p
system size in the appropriate magnetic units: ωc ≤ 2vδA max /w where w = W /`B . For our
FEM simulations we have chosen w = 6.2.
In Fig. 2.3, we display the phonon band structure and the phonon wave functions (mechanical
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Figure 2.3 – Band structure and displacement fields of a strip in a constant pseudo-magnetic
field: (a) Band structure (only the z-symmetric modes are shown) and (b) zoom-in of the
valley τ = −1. The band structure displays multiple flat Landau plateaus in the vicinity of the
K0 -point (k x a = 2π/3). In (b), the dashed lines indicate the energies of the Landau levels as
calculated from the Dirac equation for mass m = 0, cf. Eq. 2.2. In (a,b), the dot-dashed bands
correspond to intrinsic non-chiral edge states located at the physical boundary of the system,
see supplementary information (chapter 3). (c) Mode shape of the 0-th Landau level and the
ensuing edge states (marked in red in panels a,b) as a function of the quasimomentum k x . The
region of the smooth boundaries (where m 6= 0) is marked in grey and the magnetic length `B
in white. (d) Zoom-in of the displacement field of the n = 0 Landau level. At the lattice scale,
the displacement field pattern encodes the pseudospin m s = −1 of the Landau level (cf. Fig.
2.1 f). (e) Zoom-in of the edge state displacement field. The profile of the arm lengths r i and of
the displacement ∆ are shown in Figure S3. The other parameters are the same as in Fig. 2.1.

displacement fields) extracted from finite-element numerical simulations as a function of the
quasimomentum k x along the translationally invariant (infinite) direction. We display only
positive k x because, due to time-reversal symmetry, both the frequencies and the displacement
fields are even functions of k x . In the bulk, we expect to reproduce the well-known physics of
Dirac materials in a constant (pseudo)-magnetic field [97]. Indeed, the numerically extracted
band structure consists of a series of flat Landau Levels at energies of precisely the predicted
form ω = Ē + E n (E n is defined in Eq. 2.2); see panel (a) and the zoom-in (b) of Fig. 2.3. The
Landau plateaus extend over a quasi momentum interval of width δk x ≈ δA bulk = Wbulk B .
Furthermore, in the bulk, we expect the mechanical eigenstates to be localized states of size
`B = B −1/2 (in the y-direction). Their quasi momentum k x should be related to the position
via ȳ = −[k x − 2π/(3a)]/B z . This behavior is clearly visible in Fig. 2.3 c, where we show the
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displacement field of the central Landau level. A zoom-in of this field (panel d) reveals that,
at the lattice scale, it displays the same intensity pattern as the bulk pseudospin eigenstate
m s = −1 shown previously in Fig. 2.1 f. This behavior is also predicted by the effective Dirac
description where the central Landau level is indeed a pseudo-spin eigenstate with m s = −1
when the magnetic field B z is positive [97]. Note that the pseudo-magnetic field engineered
here also gives rise to a Lorentz force that will curve the trajectory of phonon wavepackets
traveling in the bulk of the sample. The sign of the force is determined by the valley index τ.
Having demonstrated that we can implement a constant phononic pseudo-magnetic field
in the bulk, we now discuss the resulting physics at the boundary. Each Landau level gives
rise to an edge state in the region of the smooth boundaries. The typical behavior of the
wavefunction is shown (for n = 0) in Fig. 2.3 c. For increasing quasimomenta k x , an edge state
localized on the upper boundary smoothly evolves into a bulk state, and eventually into an
edge state localized on the lower boundary. In this way, at any given energy, edge states always
appear pairwise (at the upper and lower boundary), as is clear from Fig. 2.3 a and Fig. 2.3 b.
Although this may seem trivial, it is by no means what happens if we were to consider sharp
boundaries. In fact, both for our system, as well as for graphene in a pseudomagnetic field
[90], sharp boundaries lead to a peculiar feature. In these cases, for zig-zag edges, there is a
different number of edge states on the opposite sides of a strip. The two edges of the strip are
not on equal footing because a pseudo-magnetic field changes sign under a π-rotation. As a
result, there is no uninterrupted edge state around the sharp boundary of a finite-size sample,
see supplementary information (chapter 3). This localization is induced by the inter-valley
coupling at the sharp edges and can be prevented by using smooth boundaries, leading to the
robust behavior displayed in Fig. 2.3.
A characteristic feature of the band structure of a finite system with smooth boundaries in a
pseudo-magnetic field is that there is a band gap without edge states immediately below or
above the n = 0 Landau level, c.f. Fig. 2.3 a,b. In our approach, the qualitative behavior of the
edge states originating from the n = 0 Landau level can be controlled by changing the sign of
the mass. A negative mass (as in our simulations) drags this Landau level into the band gap
below. Vice versa, a positive mass will drag it into the band gap above. This behavior is related
to the peculiarity of the Landau level being a pseudospin eigenstate (with m s = −1) and, thus,
an eigenstate of the mass term (with eigenvalue m), cf. Eq. 2.1.

2.7 Transport in a Finite Geometry and Disorder
Any pseudo-magnetic field that is realized without explicit time-reversal symmetry breaking
necessarily gives rise to helical transport, where the chirality depends on some artificial spin
degree of freedom, i.e. the valley. A central question in this regard is the robustness against
short-range disorder. In order to assess this, we have studied numerically transport in a finite
geometry. As presented in Figure 4, we consider a sample of hexagonal shape with smooth
boundaries in the presence of a constant pseudo-magnetic field (we choose the symmetric
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gauge for the vector potential A). In this illustrative example, a local probe drive excites
vibrations near the boundaries, as indicated in Fig. 2.4 a. Its frequency is chosen to lie inside
the bulk band gap separating the n = 0 and n = −1 Landau levels. In this band gap, the system
supports a pair of counter-propagating helical edge states belonging to opposite valleys.
One can select a propagation direction by engineering the driving force. In a simple setting,
one could apply a time-dependent force that is engineered to excite only the pseudo-spin
eigenstate
ms =
1 in32pt
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Figure 2.4 – Tight-binding transport simulations in a finite geometry: The hexagon (height
55 unit cells) comprises an internal bulk area (height 45 unit cells) and external smooth
boundaries. An engineered oscillating force (at the position indicated by the grey arrow)
with frequency in the middle of a band gap (separating the Landau levels n = −1 and n = 0)
launches clockwise propagating sound waves. (a) Resulting displacement field (unit-cell
resolved). (b) and inset of (c) Displacement field in the presence of disorder and drains where
the excitation are absorbed. (c) Probability P (averaged over 150 disorder implementations)
that an excitation is absorbed in the left drain as a function of the disorder strength. The
estimated error is represented by error bars. The shaded area represents the values of P within
one standard deviation. In the tight-binding model, the random onsite energies are equally
distributed on an interval of width ∆Ω. For weak disorder (∆Ω/J . 70% where J is the average
hopping rate), P is well fitted by a parabola (dashed line), indicating that the transport is
quasi-ballistic. In this regime, the corresponding scattering length ` is shown in the right
vertical axis.
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It turns out to be most efficient (and entirely sufficient) to implement the numerical simulations for these rather large finite-size geometries with the help of a tight-binding model on a
Kagome lattice, see supplementary information (chapter 3). The parameters of that model
can be matched to full FEM simulations that have been performed for the translationally
invariant case. This allows us to systematically study the effects of disorder. In the presence
of moderate levels of smooth disorder, which does not couple the two valleys, the nature
of the underlying magnetic field (pseudo vs. real) will not manifest itself and the transport
will largely be immune to backscattering. Here, we focus instead on lattice-scale disorder
which can lead to scattering with large momentum transfer that couples the two valleys and
thereby leads to backscattering. We emphasize that short-range disorder will, in practice,
introduce backscattering in any purely geometric approach to acoustic helical transport. In
particular, this also includes acoustic topological insulators, where generic disorder will break
the unitary symmetry that ultimately protects the transport [27].To quantify the effect of
lattice scale disorder, we consider a setup with two drains, one to the clockwise and one to the
counter-clockwise direction, as shown in Fig. 2.4 b. In the absence of disorder, the vibrations
travel clockwise (in this example) and are absorbed in the right drain; only very weak residual
backscattering occurs at the sharp hexagon corners. In the presence of lattice-scale disorder,
a portion of the excitations will be backscattered and subsequently reach the left drain. In
Fig. 2.4 c, we plot the portion P of excitations absorbed in the left drain, averaged over a large
number of disorder implementations, as a function of the disorder strength. In the regime of
quasi-ballistic transport (for weak enough disorder), P is proportional to the backscattering
rate. Thus, it scales as the square of the disorder amplitude and can be used to extract the
scattering length `: P = d /`, where d is the distance between source and drain. In current
nanoscale snowflake crystal experiments [1], the fabrication-induced geometric disorder is
on the order of 1% of the absolute mechanical frequency Ē which corresponds to 25% of the
average hopping rate in the tight-binding model. In that case, our simulations indicate the
resulting scattering lengths ` to be very large (of the order of more than 1000 snowflake unit
cells).

2.8 Discussion
We emphasize once more that one of the great practical advantages of the pseudomagneticfield based design put forward here is that it relies entirely on a simple geometry. As timereversal symmetry is not broken, there is no need for driving. This is in contrast to the first
proposal for engineered chiral sound wave transport at the nanoscale [43], where a patterned
slab illuminated by a laser realizes a Chern insulator for sound. The laser drive in [43] breaks
the time-reversal symmetry, enabling uni-directional topologically protected transport, but
it also requires a suitable engineering of the wavefront and rather strong intensities. The
other existing proposal for topologically protected sound transport in a 2D nanoscale lattice
can do without driving, as it is based instead on a topological insulator [53]. However, it
involves a geometry that seems to be hard to fabricate, in contrast to the design described
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here, which is based on an experimentally proven simple structure. In addition, of course, a
major difference between the topological insulator and our pseudomagnetic field approach is
that the present design offers access to the entire physics of the quantum Hall effect, such as
spatially inhomogeneous magnetic field distributions or flat bulk Landau levels. The latter
may become particularly interesting for situations with interactions between the excitations.
Since our design is scale invariant, a variety of different implementations can be easily envisioned. At the nanoscale, the fabrication of thin-film silicon snowflake crystals and resonant
cavities have already been demonstrated with optical read-out and actuation [1]. At the macro
scale, the desired geometry could be realized using 3D-laser printing and similar techniques.
A remaining significant challenge relates to the selective excitation of helical sound waves
and the subsequent read out. In an optomechanical setting, the helical sound waves can be
launched by carefully crafting the applied radiation pressure force. For the typical dimensions
of existing snowflake optomechanical devices operating in the telecom wavelength band
(lattice spacing a ≈ 500nm), the required force could be engineered using tightly-focused
intensity-modulated laser beams impinging from above on three different snowflake triangles.
The read-out could occur by measuring motionally-induced sidebands on the the reflection
of a laser beam. Although the direct radiation pressure of the beam will induce rather weak
vibrations, they could still be resolved using optical heterodyning techniques. Alternatively, in
a structure scaled up 10 times, selected triangles could host defect mode optical nanocavities.
This would boost the radiation pressure force and the read-out precision by the cavity finesse,
see supplementary information (chapter 3). Helical sound waves can then be launched by
either directly modulating the light intensity or a photon-phonon conversion scheme, using a
strong red-detuned drive, with signal photons injected at resonance. In the micron regime
one can benefit from electro-mechanical interactions. A thin film of conducting material
deposited on top of the silicon slab in combination with a thin conducting needle pointing
towards the desired triangles forms a capacitor. In this setting, an AC voltage would induce
the required driving force. The vibrations could be read out in the same setup as they are
imprinted in the currents through the needles. In a different electromechanical approach, the
phononic crystal could be made out of a piezoelectric material and excitation and read out
occur via piezoelectric transducers [99].
We have shown how to engineer pseudo-magnetic fields for sound at the nanoscale purely
by geometrical means in a well established platform. Our approach is based on the smooth
breaking of the C 6 or the C 3v point groups and the discrete translational symmetry in a
patterned material; it is, thus, of a very general nature and directly applies to photonic crystals
as well. Indeed, the same geometrical modifications that have led to the pseudomagnetic
fields for sound investigated in our work will also create pseudomagnetic fields for light
[27, 92] in the same setup. Our approach offers a new paradigm to design helical photonic and
phononic waveguides based on pseudo-magnetic fields. In addition to edge state transport,
our approach allows for the design of arbitrary spatial distributions of pseudomagnetic fields,
which could be used to study bulk phonon transport under the action of artificial Lorentz
forces.
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In this chapter we present our results that were published in this form in
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and its Supplemental material. Some minor changes have been made to the text in order to
better embed this work into this thesis. Furthermore, some figures have been rescaled or the
corresponding subfigures have been rearranged to match the single-column layout of this
work.
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Figure 3.1 – Eigenmodes of the silicon snowflake phononic crystal. (a) Different choices of the
unit-cell: While the blue cell will nicely illustrate the motion of the snowflake itself (cf. Fig. 1c),
the red one rather emphasizes the motion of the links connecting the triangles (cf. b-d). (b-d)
Displacement field of the same eigenmode shown in Fig. 2.1 c (m s = −1, τ = −1). Subsequent
snapshots are taken after one third of a period (cf. the clocks), where the arrow indicates the
current direction of the links’ velocities. Notice that the quasi-angular momentum about the
center of the unit cell is m 1 = 1 (anti-clockwise rotation).

3.1 Kagome-Dirac Modes from Another Point of View
In section 2.3, we have plotted the normal modes in a Wigner-Seitz cell around the center of
the snowflake. An alternative choice that highlights better the motion of the links forming the
Kagome lattice is to center the Wigner-size cell around the center of a triangle, see Fig. 3.1 a. In
Fig. 3.1 b-d, we show the same normal mode plotted in Fig. 2.1 d-f for the different Wigner-Seitz
cell. Note that the picture is rotated anti-clockwise by a 2π/3 angle after one third of a period
corresponding to the quasi-angular momentum about the center of the unit cell m 1 = 1 , cf.
Eq. 3.11 with τ = −1 and m s = −1 .

3.2 Explanation of the Essential Degeneracies and Symmetries of
the Pseudospin Eigenstates
Here, we discuss the symmetries of the normal modes Ψm s ,τ of the snowflake crystal at the
high-symmetry points. Thereby we also explain the appearance of the essential degeneracies
underpinning the robust Dirac cones, and explain how to identify a pseudospin eigenstate
from the FEM simulation of a strip. We consider a generic mode Ψ(x, z) with quasimomentum
k,
T̂ (a)Ψ(x, z) = Ψ(x − a, z) = e −i k·a Ψ(x, z)

(3.1)

where T̂ (a) is a translation by a lattice vector a. As usual we can use the Bloch ansatz
Ψ(x, z) = e i k·x Φ(x, z),
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(3.2)

3.2. Explanation of the Essential Degeneracies and Symmetries of the Pseudospin
Eigenstates
where φ(x, z) is periodic under discrete translations, Φ(x, z) = Φ(x−a, z). We choose the center
of the snowflake as the origin of the coordinates, see Fig. 3.1 a. By applying a rotation by a
angle θ about the z-axis, we find
R̂(θ)z [Ψ(x, z)] = R(θ)z Ψ(R(−θ)x, z)
= e i k·R(−θ)x R(θ)z Φ(R(−θ)x, z)
= e i R(θ)k·x R(θ)z Φ(R(−θ)x, z)

(3.3)

where
Ã
!
R(θ) 0
R(θ)z =
,
0
1

Ã

cos θ
R(θ) =
sin θ

!
− sin θ
.
cos θ

(3.4)

We note that R̂(θ)z [Ψ(x)] has a quasimomentum k0 = R(θ)k rotated by θ. For a triangular
lattice, the high-symmetry points K, K0 , and Γ have the peculiarity to be invariant under C 3
rotations. For example, R(2π/3)K = K + b1 where b1 is a basis vector of the reciprocal lattice.
Thus, applying the rotation R̂(2π/3)z to a state with quasimomentum k = K, see Eq. (3.12), we
find another state with the same quasimomentum,
R̂(2π/3)z [Ψ(x, z)] = e i K·x Φ0 (x, z)

(3.5)

where
Φ0 (x, z) = e i b1 ·x R(2π/3)z Φ(R(−2π/3)x, z)

(3.6)

is invariant under 2D discrete translations, Φ0 (x + a, z) = Φ0 (x, z). In other words, R̂(2π/3)z
(and more in general any C 3 rotation) commutes with the projector P̂ K onto the states with
quasimomentum K. The same holds for K0 , and Γ. Thus, for each high-symmetry point
k = K, K0 , and Γ, it is possible to find a basis of eigenstates of the C 3 rotations spanning the
sub-Hilbert space of states with that particular quasimomentum. If the crystal has the 2D
discrete translational invariance and the C 3 symmetry, such a basis can be chosen to be
eigenstates of the Hamiltonian. In the following, we denote a common eigenstate of the C 3
rotations and the translations by Ψm s ,τ (x) where τ indicates the valley (τ = 1 for k = K and
τ = −1 for k = K0 ) and m s the quasi-angular momentum,
R̂(2π/3)z [Ψm s ,τ (x, z)] = e −i m s 2π/3 Ψm s,τ (x, z).

(3.7)

From Eq. (3.12), we see that in terms of the corresponding translational invariant field
Φm s ,τ (x, z) we have
e i τb1 ·x R(2π/3)z Φm s ,τ (R(−2π/3)x, z) = e −i m s 2π/3 Φm s ,τ (x, z)

(3.8)
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Next, we show that the eigenstates with non-zero quasi-angular momentum m s = ±1 at the
valleys τ = ±1 can be organized in quadruplets which are degenerate if the Hamiltonian
has time-reversal symmetry T and the full C 6 symmetry. We denote the members of the
quadruplet Ψm s ,τ (x). Starting from an arbitrary state with m s = 1 or m s = −1, the remaining
three members of the quadruplet are (by definition) obtained by applying the time-reversal
symmetry T and R̂(π)z (a rotation by π about the z-axis),
Ψ−m s ,−τ (x, z) = T Ψm s ,τ (x, z),
Ψm s ,−τ (x, z) = R̂(π)z Ψm s ,τ (x, z),
Ψ−m s ,τ (x, z) = T R̂(π)z Ψm s ,τ (x, z).

(3.9)

where T Ψm s ,τ (x, z) = Ψ∗m s ,τ (x, z). It is straightforward to explicitly check that the states
Ψ−m s ,−τ (x, z), Ψm s ,−τ (x, z), and Ψ−m s ,τ (x, z) as obtained via the above definitions from Ψm s ,τ (x)
are indeed eigenstates of the C 3 rotations and the discrete translations with the appropriate
eigenvalues. For the C 3 rotation we have to show that if Eq. (3.8) is assumed to hold for a
specific choice of m s and τ, it will hold also for the remaining combinations of m s and τ.
Next we discuss the behavior of the states Ψm s ,τ (x) under C 3 rotations about the center of the
downwards and upwards triangles, cf. Fig. 3.1 a,
¶
µ
a
c1 = 0, p ,
3

¶
a a
c2 =
, p ,
2 2 3
µ

(3.10)

respectively. We note that these points lie at the corners of the Wigner-Seitz cell around the C 6
rotocenter (in this case the snowflake center). Thus, as in any C 6 symmetric triangular lattice,
they are threefold rotocenters. The states Ψm s ,τ (x, z) are also eigenstates of the C 3 rotations
about c1 and c2 (or about any other point belonging to the corresponding Bravais lattices)
with quasi-angular momentum

m1

= (m s + τ + 1)mod3 − 1,

m2

= (m s − τ + 1)mod3 − 1,

(3.11)

respectively. Here, we use the definition of the function (n)mod3 where (−1)mod3 = 2. It is
easy to verify the above statement by applying the rotation R̂(2π/3)ci ,z about the point ci to
the normal modes Ψm s ,τ (x, z),
R̂(2π/3)ci ,z Ψm s ,τ (x, z) = T̂ (ci )R̂(2π/3),z T̂ (−ci )Ψm s ,τ (x, z)
= e −i (m s 2π/3+τb1 ·ci ) Ψm s ,τ (x, z).

(3.12)

Taking into account that b1 · c1 = 2π/3 and b1 · c2 = −2π/3 we arrive to Eq. (3.11). Since
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3.3. Derivation of the Dirac Equation in the Presence of the C 6 Symmetry
Ψm s ,τ (x, z) are simultaneous eigenvectors of the C 3 rotations about all three inequivalent
threefold rotocenters of the crystal (the origin, c1 and c2 ), the time-averaged squared displacement field |Ψm s ,τ (x, z)|2 is invariant under all these symmetry transformations, cf. Fig. 2.1 b.
We note that for m s τ = 1 (m s τ = −1), the quasi-angular momentum about the center of the
downward (upwards) triangles c1 (c2 ) is finite, |m 1 | = 1 (|m 2 | = 1), corresponding to a vortex
configuration. Thus, the wavefunction has nodes at these points, cf. Fig. 2.1 b.
We note that a generic pseudospin eigenstate, e. g. the zero Landau level, is the product of a
smooth function and the normal mode Ψm s ,τ (x, z). Thus, it will show the same displacement
pattern at the lattice scale, cf. Fig. 2.3 d. Consequently, the pseudo-spin can be immediately
read off from a FEM simulation of a strip (where the valley is known) just by observing the
location of the nodes of |Ψm s ,τ (x, z)|2

3.3 Derivation of the Dirac Equation in the Presence of the C 6 Symmetry
Here, we derive the Dirac Hamiltonian for the case where the C 6 symmetry is preserved [Eq. 2.1
with m = 0 and A = 0]. In each valley (τ = ±1), we project the Hamiltonian onto the states
Ψp,1,τ (x, z) = e i p·x Ψ1,τ (x, z) and
Ψp,−1,τ (x, z) = e

i p·x

Ψ−1,τ (x, z),

(3.13)
(3.14)

where the quasimomentum p counted off from the symmetry point is assumed to be small.
For each p we define the Pauli matrices according to
σ̂z,p = |Ψp,−1,τ 〉〈Ψp,−1,τ | − |Ψp,1,τ 〉〈Ψp,1,τ |.

(3.15)

From this definition (assuming the usual commutation relations for the Pauli matrices) we
also have
σ̂+,p = (σ̂x,p + i σ̂ y,p )/2 = |Ψp,−1,τ 〉〈Ψp,1,τ |.

(3.16)

From the band structure calculated by the FEM simulations (without the pseudomagnetic
fields) we see that the eigenenergies are linear in |p| close to the relevant symmetry point (they
form a cone). Thus, the Hamiltonian should be, to first approximation, linear in p. Taking into
account that Ψp,−1,τ (x, z) = T R̂(π)z Ψp,1,τ (x, z) and that T R̂(π)z is a symmetry, a mass term
(proportional to σ̂z,p ) is forbidden and the most general Hamiltonian which is linear in p has
the form
Ĥ = Ē +

X
p

v · pσ̂+,p + h.c.

(3.17)
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where Ē is the degenerate energy of the normal modes Ψm s ,τ (x, z). Under the rotation R̂(2π/3)z
we have

R̂(2π/3)z Ĥ R̂(−2π/3)z

=

X
p

=

X
p

v · pR̂(2π/3)z σ̂+,p R̂(−2π/3)z + h.c.
v · pe −i 2π/3 σ̂+,R(2π/3)p + h.c.

X
=
(R(2π/3)v) · pe −i 2π/3 σ̂+,p + h.c.

(3.18)

p

Since the Hamiltonian is invariant under C 3 rotations we must have
R(2π/3)v = e i 2π/3 v.

(3.19)

From Eq. (3.4), we find v = ve i φ (1, −i ) where v is the slope of the cones. The phase φ can
be set to zero in one of the valleys by appropriately choosing the phase of one of the vectors
Ψm,τ (x, z) (the other phases are then set by the definition Eq. 3.9). By enforcing the invariance
under the T -symmetry, we find φ = π in the other valley. Finally, by plugging into Eq. (3.17)
and projecting onto a single quasimomentum, we obtain the Dirac equation (Eq. 2.1 for m = 0
and A = 0).

3.4 Details to the Numerical Calculations of the Pseudomagnetic
Fields
In this section we provide additional details about the numerical calculations performed
with the COMSOL finite-element solver, thereby guiding through the computation of the
movements of the Dirac cones in reciprocal space and the construction of the resulting pseudo
magnetic field for phonons in a strip configuration. In all calculations the material is assumed
to be silicon (Si) with Young’s modulus of 170 GPa, mass density 2329 kg/m3 and Poisson’s ratio
0.28.
Breaking the 3-fold rotational symmetry (C 3 -symmetry) of the snowflake geometry but maintaining its inversion symmetry (C 2 -symmetry), displaces the Dirac cones from the high symmetry points K and K0 , but does not gap the system (cf. Fig. 2.2 c). This effect is depicted in
Fig. 3.2, which shows the motion of the Dirac cones, as an effect of the broken C 3 -symmetry.
Thereby the radius of the horizontally orientated snowflake arm is varied by δr 1 (r 1 = r + δr 1 ),
which displaces the Dirac cones in the k x -direction. Generally this would also shift the Dirac
cone’s energy. In order to avoid that, the remaining two snowflake arms are varied equivalently
by δr 2 = δr 3 in such a way that the average radius is kept fixed at r = (r 1 + r 2 + r 3 )/3 = 180 nm
(i.e δr 1 + δr 2 + δr 3 = 0).
To engineer a constant pseudo magnetic field in a strip configuration, that is infinitely extended
in the x-direction, the snowflakes need to be designed properly: The B-field is given by
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Figure 3.2 – Displacement of the Dirac cones in reciprocal space due to a broken C 3 -symmetry
(cf. Fig. 3.2 a). Here the snowflakes arm lengths r i = r + δr i are changed with δr 1 6= δr 2 = δr 3 ,
while δr 1 + δr 2 + δr 3 = 0 in order to keep the average radius constant at r = 180 nm. (a) depicts
the shift of the Dirac cone p at k = K0 (τ = -1 valley) computed by the COMSOL finite element
solver for different arm length δr 1 (red and blue circles). For the other valley (τ = 1) the cones
move in the opposite direction, which builds the foundation of a pseudo magnetic field for
phonons that does not break the time-reversal symmetry. The data can be very well fitted by a
parabola (solid black lines). (b) Overview of the Brillouin zone, with the blue bars indicating
the range of the Dirac cones position that can be achieved by a variation of the snowflake arm
length by δr 1 = [−20; +20]nm.
b

a
B z = ∂A y /∂x − ∂A x /∂y, whereas the vector
potential for a given valley is directly related to the
shift of the Dirac cones A = p. As the strip is periodically extended in the x-direction the vector
field is not allowed to vary along this direction (i.e.∂A y /∂x = 0), while A x must depend linearly
on the vertical position y (i.e. ∂A x /∂y = const .), in order to have a constant magnetic field
(cf. Fig. 3.3 a). Using the relation between the shift of the Dirac cones and the variation of the
radii (quadratic fit in Fig. 3.2 a), the radii of the snowflakes can be calculated in dependence
of their position in the strip (cf. Fig. 3.3 b). In addition to that, we want to engineer smooth
boundaries by opening a mass gap, which is done by breaking two-fold rotational symmetry
at the edges of the sample. This can be achieved by displacing one of the snowflake arms by ∆
(cf. Fig. 2.2a), with ∆ = 0 in the bulk region while it smoothly increases in the vicinity of the
sample’s edge (cf. Fig. 3.3 c).

3.5 Edge States at the Physical Boundary
In the Fig. 3.4, we investigate the intrinsic edge states that appear at the physical edge of the
strip and that will be present even in the absence of pseudo-magnetic fields. The relevant
bands are highlighted as colored lines in the band structure of the strip, see panel a. The
corresponding displacement fields are shown in panel b. Note that the edge states are defined
only on a finite portion of the Brillouin zone (where the bands are plotted as dashed lines) and
smoothly transform into bulk modes in the remaining quasimomentum range.
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Figure 3.3 – Details about the strip configuration (cf. Fig. 2.3). (a) depicts the displacement
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n y in the strip, which forms the basis of a pseudo-magnetic field for phonons. Those shifts
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(b).
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Figure 3.5 – (a) Scheme of the Kagome tight binding lattice on a hexagon. The solid triangles
indicate the unit cells, whereas the dashed lines illustrate the nearest neighbor coupling to
different unit cells. The three different colors illustrate the different sublattice sites. The
red hexagonal line separates the bulk area (inner part) from the boundary area (outer part).
The uppermost side of the hexagon shows a zig-zag type boundary. (b) Zoom into the lattice,
depicting one unit cell and its six neighboring sites. Within one unit cell mechanical excitations
can hop from one site to another with the internal hopping rates J (iAB) , J B(i A) and JC(i A) , whereas
external hopping rates out of one unit cell are labeled with J (e)
, J (e) and JC(e)A . Note that internal
AB B A
and external hopping rates are equal if the C 2 -symmetry is maintained.

3.6 Tight Binding Model on the Kagome Lattice
For the transport calculations, we have modeled the hexagonal snowflake crystal by a tightbinding Hamiltonian on a Kagome lattice, which is the lattice that describes the links between
neighboring triangles, whose motion represents the relevant sound waves for the particular
triple of bands that we choose to consider. The Kagome lattice Hamiltonian reads,
Ĥ =

X
X
(Ē + δE )â j† â j +
J j,j0 â j† â j0 .
j

(3.20)

〈j,j0 〉

Here, j is a multi-index, j = ( j 1 , j 2 , s) where j 1/2 label the unit cell, and s = A, B,C the sublattice,
see Fig. 3.5 a. As usual, 〈j, j0 〉 indicates the sum over the nearest neighbors. The hopping
matrix K j,j0 is symmetric and its matrix elements are chosen to reproduce the same Dirac
equation that would effectively describe our patterned snowflake crystal. The energy Ē is the
eigenenergy of the states Ψm s ,τ for the rotationally symmetric crystal while δE cancel out a
renormalization of the energy by the hopping terms.
We have shown how the FEM simulations can be mapped onto the effective Dirac Hamiltonian
(Eq. 2.1). Here, we show how the tight-binding model Eq. 3.20 can be mapped onto the same
effective Hamiltonian. We first consider the simple case where the invariance under discrete
translations and the C 6 symmetry are not broken corresponding to m = 0 and A = 0. In this
case, all (nearest-neighbor) hopping rates must be equal K j,j0 = K . One can easily calculate the
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equivalent first-quantized Hamiltonian
Ē + δE

h(k) =  J (1 + e i k·a1 )
J (1 + e −i k·a3 )


J (1 + e −i k·a1 )
Ē + δE
J (1 + e i k·a2 )


J (1 + e i k·a3 )

J (1 + e −i k·a2 ) ,
Ē + δE

(3.21)

p
p
where a 1 = (a, 0), a 2 = a(−1, 3)/2, and a 3 = a(−1, − 3)/2. By expanding around k = K or
k = K0 and projecting onto the states
p
|m 1 = 0, τ〉 = (1, 1, 1)/ 3 and

p
|m 1 = −τ, τ〉 = (1, e −i 2πτ/3 , e i 2πτ/3 )/ 3

(3.22)
(3.23)

(m 1 is the quasimomentum about the center of the downwards triangles) we find the Dirac
p
Hamiltonian (Eq. 2.1) with m = 0, A = 0, and v = 3aK /2. The energy at the tip of the cones is
Ē if δE = −J .
Next, we break the C 6 symmetry but preserve the translational symmetry such that the mass
m and the gauge A fields are constants. In this case, there are six different hopping rates. Three
(i )
(i )
of them describe the hopping within the same (to a different) unit cell J j,j0 = J s,s
0 = J + δJ s,s 0
(e)
(e)
0
0
0
(J j,j0 = J s,s
0 = J + δJ s,s 0 ) where s 6= s and j x/y = j x/y ( j x/y 6= j x/y ). The resulting first-quantized
Hamiltonian reads


Ē + δE
h AB (k · a 1 ) hC∗ A (k · a 3 )


h(k) = h ∗AB (k · a 1 )
(3.24)
Ē + δE
h BC (k · a 2 ) ,
∗
hC A (k · a 3 ) h BC (k · a 2 )
Ē + δE
(i )
(e) −i x
where h ss 0 (x) ≡ J ss
. Since we are interested in the case where the C 6 symmetry is
0 + J ss 0 e
(i /e)
(i /e)
broken only weakly, we assume δJ s,s
¿ J . Up to leading order in δJ s,s
this correspond to
0
0
the the Dirac Hamiltonian (Eq. 2.1) with

(e)
(i )
A ≈ −τ[(J (e)
+ J (iAB) )e1 + (J BC
+ J BC
)e2 + (JC(e)A + JC(i A) )e3 ]/v,
AB

m

≈

δE

≈

(e)
(i )
(J (e)
+ J BC
+ JC(e)A − J (iAB) − J BC
− JC(i A) )/2,
AB
(i )
(e)
−(J (iAB) + J BC
+ JC(i A) + J (e)
+ J BC
+ JC(e)A )/6,
AB

(3.25)
(3.26)
(3.27)

where the vectors e j are defined in section 2.5.
With the help of the relations Eq. 3.25, Eq. 3.26 and Eq. 3.27 we can simulate the Dirac Hamiltonian (Eq. 2.1) with the desired constant pseudo-magnetic field (in the symmetric gauge
A = τB (y, −x, 0)/2) and mass profile. To simulate the disorder we add and additional random
energy shift Ωj equally distributed on the interval−∆Ω/2 < Ωj < ∆Ω/2. A finite decay rate of
the phonons (necessary to reach a steady state), is described within the standard input/output
formalism [100]. In the simulations with the drains, the decay rate is increase smoothly in the
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regions of the drains (in order to avoid introducing any additional backscattering).

3.7 Backscattering at a Sharp Boundary
Here, we show that sharp boundaries can lead to undesired backscattering. As a case study we
have considered a finite system similar to the hexagon investigated in section 2.7, but with a
sharp zig-zag boundary (cf. Fig. 3.5) of the Kagome lattice. As a comparison, we also display
once more the setup of section 2.7, with smooth boundaries. Our results are summarized in
Fig. 3.6 where the set of panels (a–c) and (d–f) refer to the case of sharp and smooth boundaries,
respectively. Panels (c) and (f) show the spatially resolved motional amplitude pattern induced
by an external field driving a single selected unit cell (this amplitude pattern represents the
unit-cell-resolved transmission). A pattern of driving phases is applied in order to excite
uni-directional edge waves. In panel (f), the area of large amplitude (transmission) is extended
along the whole smooth boundary. Thus, the phonons complete a closed loop without being
backscattered. This is the usual behavior for a helical edge state. By contrast, this behavior is
not reproduced in the presence of a sharp boundary, see panel (c). In this case, the area of
large transmission is localized entirely on the bottom side of the hexagon, near the excitation
point. This implies that the phonons cannot penetrate into the neighboring sides and instead
are perfectly reflected at the corners. We note that this is not simply a consequence of having
sharp corners, similar behaviour would be seen even for differently shaped corners.
To explain this stark contrast between smooth and sharp boundaries, we note that if one
extends the length of two opposite sides of the hexagon to infinity, one obtains an infinite
strip geometry. Thus, to study the edge states of a semi-infinite strip offers an indirect way to
investigate the hexagon’s edge states in the central region of each hexagon side (away from the
corners). The band structures of the infinite strip for smooth and sharp zig-zag boundaries
are shown in Fig. 3.6 panels (a) and (d), respectively. In these panels, we also display the
frequency of the driving field used in the transport simulations [the dashed horizontal line].
We see that at the frequency selected by the drive, immediately below the n = 0 Landau level,
there are (in total) four edge states in the case of smooth boundaries and only two for sharp
boundaries. We note that, since the two edge states for the case of sharp edges are connected
by the time-reversal symmetry, they must lie on the same boundary. Consequently, in that
case there are no edge states at the other boundary.
We can check which edge state is excited by the driving field by plotting the overlap between
the wavefunctions of the particular energy level highlighted in red and the mode shape of
the driving, as a function of the transverse position of the applied drive, see panels (b) and
(e). By comparing panel (a) and (b) [panel (d) and (e)] we see that in both cases (sharp
or smooth boundaries) only the clockwise propagating mode is initially excited. For sharp
boundaries, both edge states are on the bottom boundary, but only the clockwise propagating
mode is visible in panel (b) because the driving field had been chosen to be orthogonal to the
anti-clockwise edge state.
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Figure 3.6 – (a) Band structure of a Kagome strip with sharp zig-zag edges in a pseudo-magnetic
field. (b) Overlap between the wavefunction of the red energy level highlighted in (a) and
the mode-shape of a driving field focussed on a single unit cell, as a function of the unit
cell’s transverse position. The pattern of driving phases, with a phase delay of 2π/3 on each
sublattice (A, B , or C ) compared to the previous one (C , A, or B ), is the same as in the
transport calculations (c) and (f). (c) Transport in a hexagon with a sharp zig-zag boundary.
Each complete unit cell is represented by a circle and the corresponding unit-cell-resolved
transmission is encoded in the color scale. The external drive is focussed onto a single unit
cell below the white spot (for clarity the spot is much larger than a single unit cell). (d), (e)
and (f) are the same as (a), (b), and (c), respectively, but with smooth boundaries. Clearly,
uninterrupted transport along the whole sample boundary is only possible, at this frequency,
for the case of smooth boundaries.
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It might appear surprising that the two boundaries of the strip with sharp edges are not on
a equal footing in a pseudo-magnetic field. Since the two boundaries are mapped one onto
the other by a π-rotation, this implies that the underlying Hamiltonian is not invariant under
this transformation. Interestingly, this occurs because a pseudo-magnetic field, unlike a
magnetic field, changes sign under this transformation. This surprising feature has a simple
explanation: the sign of the magnetic field is different in the two valleys which are exchanged
by a π-rotation. We can learn even more by applying the same argument to the hexagon where
a π/3-rotation exchanges subsequent sides but also the two valleys. There, we can deduce that
the neighboring sides of the bottom side of the hexagon are equivalent to the top side of the
hexagon. Based on our simulation of the strip, these neighboring sides thus do not support
any edge state either. This explains the perfect backscattering at the corner of the hexagon
observed in the transport simulation in panel (c).
In conclusion, these simulations confirm that for pseudomagnetic fields it is crucial to engineer
smooth boundaries, not only to avoid possible backscattering, but even just to allow transport
at all, along an uninterrupted edge state following the boundary.

3.8 Possible Implementations
Here, we provide a few more comments regarding the optomechanical excitation and read
out of helical waves. In the simplest approach without a cavity, one could illuminate the
structure from above by tightly focussed laser beams, exerting radiation pressure directly. A
rough estimate of the force, for a laser power of 1 mW, indicates that (out-of-plane) vibrational
amplitudes of the order of 10fm might be achieved. In this estimate, we have adopted the
simplest possible approach, treating the triangle as an oscillator with a frequency of order
2π · 14GHz and a decay rate (2GHz) set by the scale of the bandwidth of the Kagome bands. A
more detailed analysis would be needed to extract the excitation efficiency for the particular
vibrational modes of interest, which formed the basis of our discussion in section 2.8.
However, a much more efficient approach is available, involving optical cavities. A structure
scaled up by a factor of X = 10 (resulting in frequencies lower by X ) can host defect-mode nano
cavities embedded in the triangles itself, cf. Fig. 3.7. For any such optical cavity, a circulating
light with a modulated intensity will give rise (via radiation pressure and photoelastic forces)
to periodic cycles of expansion and contraction of the structure. This type of motion (when
the right frequency is selected) clearly overlaps with the vibrational modes that are relevant for
our proposal, cf. Fig. 2.1 d–f. We note that the light intensity is enhanced by the cavity’s finesse
(usually at least & 100), thereby increasing the amplitude of the vibrations. As the thermal
p
motion decreases with the factor 1/ X , it is easily possible to overcome the thermal motion at
room temperature. In addition, during the measurements one can average out the noise and
provide a clear signal of the excited sound waves traveling through the structure, regardless of
thermal fluctuations.
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Figure 3.7 – Schematic picture of a scaled up snowflake array with one triangle hosting a
defect-mode nano cavity. Impinging light is enhanced by the cavity’s finesse thereby launching
mechanical excitations via the optomechanical interaction.

3.9 Role of the Anti-Symmetric Modes
The device investigated here is symmetric under the mirror symmetry (x, y, z) → (x, y, −z), i.e.
reflection at a horizontal plane cutting the slab into two parts. Thus, it is possible to choose
a complete set of normal modes which are either symmetric or anti-symmetric under this
symmetry. As long as no perturbation breaks the mirror symmetry, these two different sets of
modes are completely independent.
In our investigation, we have focused on the symmetric modes. This choice is standard in
optomechanics and has been made in view of the optomechanical approach to excitation
and read-out outlined above. In fact, only the vibrations in the symmetric modes change
substantially the optical mode volumes and, thus, lead to a strong optomechanical coupling.
Therefore, in the optomechanical approach, only the symmetric modes will be excited and
detected.
We observe that fabrication imperfections will break the mirror symmetry and introduce a
small coupling between symmetric and anti-symmetric modes. The effect of this coupling
will be small and qualitatively similar to the effects of lattice scale disorder investigated in
section 2.7. Moreover, the disorder effects associated to the anti-symmetric modes could be
further suppressed significantly by engineering their band structure to display a band gap in
the frequency range where the band structure of the symmetric modes support the Kagome
Dirac cones. In Fig. 3.8, we show that by enlarging the snowflake inplane dimensions (a, w, r )
by an appropriate factor g (while keeping the slab thickness constant), it is indeed possible to
engineer such a band gap.
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Figure 3.8 – FEM simulations of the snowflake phononic crystal bulk band structure (in the
absence of pseudo-magnetic fields) for three different snowflake geometries. It includes also
the z-anti-symmetric bands (grey lines) which were not displayed in Fig. 2.1 c. The left panel
shows the band structure for the same geometrical parameters considered in Fig. 2.1: Slab
thickness 220nm, width w = 75nm, spacing a = 500nm, radius r = 180nm. In the other panels,
we have simulated a slab with the same thickness but snowflake radius, width and spacing
enlarged by the same factor g . For g = 10, the Kagome Dirac cones (red lines) lie in the middle
of a complete band gap of the anti-symmetric modes.
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3.10 Lateral vs Dilational Modes
Apart from their behavior under C 3 in-plane rotations, the details of the normal mode shapes
are largely irrelevant for our analysis of the pseudomagnetic fields. Nevertheless, a more
in-depth discussion of the normal mode shape could be of interest or even inspire future
investigations of the snowflake phononic crystal and is included here as an add on.
As discussed above, the mirror symmetry with respect to the xy-plane allows a sharp distinction between z-symmetric and z-anti-symmetirc modes (see previous section). For thin slabs,
an additional (less sharp) distinction can be made between lateral modes (whose displacement fields predominantly point in the horizontal, in-plane direction) and dilational modes
(with a predominantly vertical displacement).
These two types of modes will exhibit a different behavior as a function of the aspect ratio
g := d /a of the snowflake crystal, i.e the relation between the slab’s thickness and the in-plane
geometry parameters (r /a and w/a are kept constant). The frequency of predominantly
dilational modes will depend on d according to f (d i l ) = O (c 0 /d ), whereas the frequencies of
the lateral modes will not vary significantly as long as we keep (a, r, w) fixed and d is small.
With the speed of sound for silicon c 0 = 2200 m/s, the dilational modes for our design are
expected to have frequencies of the order of f (d i l ) ∼ 10 GHz within the frequency range of
interest here. Indeed, the dependence on thickness described above can be clearly observed
in the FEM simulation shown in Fig. 3.9. There, we have plotted the band structure for various
values of the aspect ratio g . In order to better illustrate that the predominantly lateral modes
eigenfrequencies depend weakly on the thickness d , we vary d while keeping the in-plane
parameters fixed. We quantify the character of the modes (dilational vs lateral) by calculating
the parameter
R

D=R

V

V

d x 3 |ez · Ψ(x, y, z)|

d x 3 (|ex · Ψ(x, y, z)|2 + |e y · Ψ(x, y, z)|2 )1/2

,

(3.28)

where e j ( j = x, y, z) are unit vectors (ez is normal to the plane of the slab). We note that the
quantity |e j · Ψ(x, y, z)| can be interpreted as the root mean square (the average being over one
oscillation period) of the displacement field projected in the direction j = x, y, or z,
µ Z 2π
¶1/2
1
2
|e j · Ψ(x, y, z)| =
d φ|e j · u(x, y, x, φ)|
,
π 0

(3.29)

cf. Eq. 2.4. Thus, (small) large D’s correspond to comparatively (small) large out-of-plane
displacements. In Fig. 3.9, the color of the bands ranges from grey to blue as the parameter
D for the underlying modes increases. We note that for d = 220nm, the Dirac bands which
we have used to create the phononic pseudomagnetic fields tend towards the grey end of the
color scale indicating a preference for lateral displacement. This is also confirmed by directly
inspecting the snapshots in Fig. 2.1 d-f and in Fig. 3.1. For (thinner) thicker slabs the dilational
component of the Dirac bands (decreases) increases. This is accompanied by an (increase)
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Figure 3.9 – Band structures of the snowflake array for different values of the slab’s thickness
d . The color scale characterizes the nature of the particular mode shape: Grey modes reveal
displacement fields with field vectors predominantly pointing in the in-plane direction (lateral
modes) whereas the blue modes are predominantly dilational with displacement fields pointing in the z-direction. The red boxes indicate Dirac cones consisting of hybridized modes.
For the sake of clarity we only depict modes that are z-symmetric. The in-plane geometry
parameters are (a, r, w) = (500, 180, 75) nm.
decrease of the bandwidth and an (improvement) degradation of the spectral isolation of the
Dirac cones.
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In this chapter we present our results that were published in this form in

• Christian Brendel, Vittorio Peano, Oskar J. Painter, and Florian Marquardt
Snowflake Phononic Topological Insulator at the Nanoscale
Phys. Rev. B, 97:020102 (2018)
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Copyright (2018) by the American Physical Society

and its Supplemental material. Some minor changes have been made to the text in order to
better embed this work into this thesis. Furthermore, some figures have been rescaled or the
corresponding subfigures have been rearranged to match the single-column layout of this
work.
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4.1 Introduction
First examples of topologically protected mechanical wave transport have just emerged during
the past three years. So far, experimental implementations exist on the centimeter-scale, both
for the case of time-reversal symmetry broken by external driving [48], such as in coupled
gyroscopes, as well as for the case without driving [47, 59, 61, 67, 101], such as in coupled
pendula. Moreover, a multitude of different implementations have been envisioned theoretically [38, 44, 49, 51, 52, 54–57, 60, 62, 64, 65, 68, 70, 102–104]. However, it is highly desirable to
come up with alternative design ideas that may be realized on the nanoscale, eventually pushing towards applications in integrated phononics. The first theoretical proposal of this kind
[43] suggested to exploit the optomechanical interaction to generate chiral (uni-directional)
mechanical waves in a phononic crystal. While that approach is particularly robust against
disorder, it requires breaking the time-reversal symmetry by an external laser drive. To avoid
this requirement, one can resort to topological insulators, with helical mechanical waves
where the propagation direction depends on a (pseudo-)spin. These can be implemented
using a purely geometrical approach. A first step in this direction is the phononic crystal
design proposed in Ref.[53]. However, it requires feature sizes much smaller than the phonon
wavelength. It is, thus, impossible to reach wavelengths comparable to the smallest feature
sizes allowed by nanofabrication. In this letter, we propose a simple modification to an already
existing structure, the so-called snowflake phononic crystal, that has already proven to be a
reliable platform for nanoscale optomechanics [1], and could also support pseudomagnetic
fields for mechanical waves [63]. With the proposed modification, which is inspired by an idea
first analyzed by Wu and Hu for photonic systems [2] (see also [105] for the corresponding
experimental implementation and [62, 103, 104, 106] for related theoretical work), we are able
to create a topological insulator for mechanical waves based on a proven nanoscale platform.

4.2 Original Snowflake Design
The snowflake crystal is a planar quasi-two-dimensional crystal slab patterned with snowflakeshaped holes arranged on a triangular lattice. Thus, it exhibits the D6h symmetry (six-fold
rotational symmetry with in-plane and out-of-plane reflections). Strictly speaking, it is an
optomechanical crystal, but here, we will only make use of its phononic properties which
we investigate by solving the full elasticity equations [107], as well as approximate analytical
treatments and tight-binding models. The phononic crystal band structure is shown in
Fig. 4.1c. It displays Dirac cones at the two high-symmetry points, K and K0 . The geometrical
parameters are optimized to obtain spectrally well isolated Dirac cones in view of opening a
complete topological band gap for the modified crystal, as described below.
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Figure 4.1 – Setup and bulk band structures (FEM simulations). (a) Snowflake crystal design
defined by the parameters (a, r, w, d , ∆r ) where d is the slab thickness. For ∆r = 0 (∆r 6= 0), the
border of the Wigner-Seitz cell is drawn in blue (red). (c) Reciprocal space. The edges of the
corresponding Brillouin zones are drawn in the same colors. Plotted are also the contours
along which the band structures in panel (c) and (d-e) are calculated (blue and red contours,
replaced big
respectively). (c) Band structure for ∆r = 0. (d) Same band structure, but folded into the
pdfs with
smaller BZ. The Dirac cones at the K and K0 points are now mapped onto the Γ point. (e)
screenshot
Band structure for ∆r 6= 0. The Dirac cones are now gapped. Note that the same behavior is
observed for several Dirac cones (highlighted by dotted boxes). The modes symmetric to the
x y-plane are displayed in darker colors. [Here we have considered a silicon crystal slab with
Young’s modulus of 170 GPa, mass density 2329 kg/m3 , Poisson’s ratio 0.28, and geometrical
parameters (a, r, w, d ) = (5000, 1800, 750, 220) nm]
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4.3 Topological Design
The proposed modification consists in changing the radius of every third snowflake, cf.
Fig. 4.1 a. By doing so, we break the original translational symmetry while preserving the
point group. The new Wigner-Seitz cell, with a single modified snowflake at its center, is
enlarged by a factor of three, while the Brillouin Zone (BZ) is reduced by the same factor, cf.
Fig. 4.1 b. We anticipate this reduction by folding the band structure for the as-yet unperturbed
structure into the new BZ (see Fig. 4.1 a,b). This maps the Dirac cones from K and K0 points
of the old BZ to the Γ-point of the new BZ, forming a degenerate pair of Dirac cones at Γ
(Fig. 4.1 c,d). For the new structure, the breaking of the translational symmetry of the original
structure splits the cones, opening a complete band gap (Fig. 4.1 e). Below, we show that such
band gap can be topological in nature.

4.4 Effective Hamiltonian
We complement our finite element simulations by deriving an effective Hamiltonian valid
for long wavelengths. In this context, the normal mode wavefunction Ψ(x, y, z) is a complex
three-dimensional vector field related to the mechanical displacement field u(x, y, z) by u =
¤
£
Re Ψ · e −i ωt where ω is the normal mode eigenfrequency. We follow a route that clarifies the
connection to the original valley degree of freedom. The results can alternatively be explained
by the symmetry arguments first advocated for C 6 -symmetric structures in a photonic context
in [2]. We start by pointing out that the Dirac cones of the regular snowflake crystal stem
from an essential degeneracy enforced by the C 6v symmetry. Such a degeneracy occurs
whenever a normal mode |Ψσ,τ 〉 has three-fold quasi-angular momentum σ = +1 or σ = −1
for quasimomentum K (corresponding to τ = 1) or K0 (corresponding to τ = −1). That this
indeed occurs for the tip of a cone can be verified using finite elements simulations, see Ref.
[63] where the mode displacement fields are shown for similar parameters. By applying the
symmetries M̂ xz (reflection through the plane xz), and R̂ π (180-degree rotation) it follows that
the state belongs to a quadruplet of degenerate states |Ψσ,τ 〉 (σ = ±1 and τ = ±1) fullfilling
|Ψσ,τ 〉 = M̂ xz |Ψ−σ,τ 〉 = R̂ π |Ψσ,−τ 〉 .

(4.1)

Next, we introduce two sets of Pauli matrices to span this 4-dimensional Hilbert space. One
set encodes the valley degree of freedom, τ̂{x,y,z} , and another one the quasi-angular degree
of freedom, σ̂{x,y,z} , such that τ̂z |Ψσ,τ 〉 = τ |Ψσ,τ 〉 and σ̂z |Ψσ,τ 〉 = σ |Ψσ,τ 〉, and the usual set of
Pauli matrices holds in this basis.
We now write the Hamiltonian as a Taylor series up to linear order in k by using the above
matrices. By keeping only terms that are invariant under the time-reversal symmetry T̂ ,
60-degree rotations R̂ π/3 , and M̂ xz , we obtain
Ĥk = g τ̂x + v τ̂z (k x σ̂x − k y σ̂ y ).
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(4.2)

4.5. Helical Edge Channels
This derivation can be generalized to systems without the symmetry M̂ xz (in-plane point group
C 6 ), see section 5.4 for a detailed derivation. Up to a unitary transformation, Hamiltonian
(Eq. 4.2) is the large-wavelength limit of the Bernevig-Hughes-Zhang model for a topological
insulator [108]. Here, the conserved helicity is the matrix Ŝ = τ̂x σ̂z . Combined with the timereversal operator, it gives rise to a pseudo time-reversal symmetry (T̂ Ŝ), which squares to
minus the identity, directly leading to Kramer’s degeneracy. The first term in Eq. 4.2 is induced
by the breaking of the translational symmetry of the original structure and is responsible for
gapping the Dirac cones. In other words, g can be interpreted as a mass. At the Γ-point, the
common eigenstates of Ĥk=0 and Ŝ are the states |p ± 〉 and |d ± 〉 which obey τ̂x |d ± 〉 = |d ± 〉,
τ̂x |p ± 〉 = − |p ± 〉, Ŝ |p ± 〉 = ∓ |p ± 〉, and Ŝ |d ± 〉 = ∓ |d ± 〉. One can show that these states are
actually of p- and d -type with respect to 60-degree rotations (cf. section 5.4)
R̂ π/3 |p ± 〉 = e ±i π/3 |p ± 〉 ,

R̂ π/3 |d ± 〉 = e ±i 2π/3 |d ± 〉 .

(4.3)

Thus, the band inversion signaling a topological phase is realized for g < 0. Note that away
from the Γ point only states of the same helicity (s = ±1) will get mixed to form the finite−k
eigenstates. This conservation law emerges because the terms which are linear in k can
induce transitions only between states whose 60-degree quasi-angular momenta differ by
one quantum: p + to d + and p − to d − (cf. section 5.4). Higher-order terms (e.g. ∼ k 2 ) not
included in Eq. 4.2 mix different helicities (cf. section 5.4) but are negligible close to the Γ
point. An indirect signature of this coupling is the lifting of the degeneracy of the two helicities.
Remarkably, for our specific design, the splitting remains smaller than 1.5% of the band gap
even for a quasimomentum as large as 1/4 of the distance to the boundary of the Brillouin
zone, |k| ≤ π/(6a).
From Eq. 4.2, we see that the snowflake crystal undergoes a topological phase transition
whenever the mass g changes sign. We can simply tune g by varying the radius of the central
snowflake, see Fig. 4.2. The behavior of g can be understood by noting that the p-orbitals
have extra nodes at the external links leading out of the (enlarged) unit cell (enforced by a
phase-difference of π across those links) and taking into account that the p− and d − bands
are degenerate for the original structure. Thus, the additional energy cost associated with the
larger phase gradient (compared to a d -orbital) across these external links exactly offsets the
benefit of a reduced phase gradient on a path encircling the central snowflake when ∆r = 0
(∆r is the change of radius). Obviously, stronger internal links, corresponding to a negative
∆r , favor energetically the p-states, leading to positive g , cf. Fig. 4.2.

4.5 Helical Edge Channels
In the presence of a domain wall where the mass g changes sign, Eq. 4.2 leads to helical
edge states along the domain wall [7, 8, 109]. More precisely, the edge states have opposite
helicity (s ± 1), propagate in opposite directions with speed v, and have penetration depth
ξ ∼ |g bulk |/v [7, 8, 109]. The underlying assumption is that the mass g changes smoothly at
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0

+100
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-

r in nm
Figure 4.2 – Band inversion (FEM simulations): Frequencies of the |p ± 〉, |d ± 〉 modes at the
Γ-point evolving for a sweep of ∆r . Snapshots of the corresponding displacement fields for
∆r = ∓200 nm are also shown. The in-plane displacement field is directly visualized by the
deformation, whereas the out-of-plane displacement is encoded in the color scale. d (p)orbitals are (anti-)symmetric under rotation by 180 degrees.

the lattice scale. Here, we test this scenario for a sharp domain wall, solving the full elasticity
equations (cf. section 5.6). More specifically, we consider a strip with a finite extent along y.
Before investigating the effects of domain walls, we briefly discuss the strip with a spatially
homogeneous mass term. Fig. 4.3 shows the band structures of strip configurations with
∆r = −200 nm (b) and ∆r = 200 nm (c). The Dirac cones are replaced by a complete bulk band
gap. Moreover, localized boundary states occur due to the symmetry breaking at the sharp
sample boundaries (Fig. 4.3 g), but these are not protected by any symmetry and are highly
sensitive to the exact geometry of the edge.
Next, we attach both structures to each other (Fig. 4.3 a) and obtain a strip geometry with a
domain wall where the sign of the mass g ∝ ∆r flips. The corresponding band structure is
shown in Fig. 4.3 d. It is basically a superposition of the band structures depicted in (b) and (c).
However, two new states appear that traverse the gap entirely, with a linear dispersion of opposite slope (group velocity). Moreover, there is no discernible avoided crossing between these
two states, underlining the absence of back-scattering expected for topological insulators due
to the symmetry-protection. Fig. 4.3 f shows the quasi-momentum resolved wave function of
the right-moving state (red energy dispersion in panel e). For small quasi-momenta it is highly
confined around the domain wall, with a typical penetration depth inversely proportional to
the size of the bulk band gap (as expected from ξ = v/g 0 ).
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Figure 4.3 – FEM simulations for an infinite strip. (a) Snowflake strip configuration comprising
two different domains, with the lower (upper) domain containing smaller (larger) snowflakes
with ∆r = −200 nm (∆r = +200 nm). The depicted strip hosts n = 11 resized snowflakes
(n l = 6 blue and n u = 5 red). (b) Acoustic band structure of the blue domain only, with a
system size n = 17. The blue shaded area indicates the strip’s bulk bands, whereas the sole
remaining bands are degenerate pairs of edge states localized at both boundaries of the strip.
(c) Counterpart to (b) for the upper domain, essentially the strip version of Fig. 4.1 e. A strip
comprising two domains (∆r l /u = ∓200 nm,n l = 18,n u = 17) has the band structure depicted
in (d,e). In addition to the bulk modes and the edge modes at the physical boundaries (g), it
reveals the two topologically protected counter-propagating modes localized at the domain
wall [wave function in (f)]. For clarity, in all these band structures we just depicted the modes
symmetric to the sample plane. For all FEM calculations fixed boundaries (u = 0) were used at
the upper and lower end of the silicon slab.
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4.6 Effects of Disorder
One of the more intriguing questions is how far the helical transport is robust once the C 6
symmetry is broken by the presence of a domain wall or by generic disorder. Here, based on
simple general arguments, we identify the conditions where the resilience should be granted.
Moreover, we identify two scenarios where it goes far beyond the expectations.
Any smooth perturbation can be described in the framework of an envelope function approximation by the effective Hamiltonian (Eq. 4.2) with space dependent parameters g and v. Thus,
smooth disorder and smooth domain walls are non-magnetic (they do not break the pseudo
time-reversal symmetry) and do not lead to any backscattering of topological excitations.
More generally, backscattering is suppressed for any perturbation whose matrix elements
between states of opposite helicity vanish for small quasimomentum transfer. One can show
that this applies even to sharp defects if the defect itself has the C 6 symmetry, e.g. a hexagonal
cell where the masses of all 6 triangles have been changed by the same amount, or where the
central snowflake hole has been left out.

4.7 Arbitrary Boundaries
Next, we discuss two scenarios where the resilience of the topological transport goes well
beyond the expectations. Firstly, our FEM simulations do not show any discernible sign of
backscattering for sharp, translationally invariant domain boundaries. Such a scattering would
show up in the form of a minigap, i.e. an avoided crossing between the counter-propagating
edge states. A similar behavior has been observed also in [2, 106] for related C 6 -based photonic
topological insulators. Secondly, inspired by this unexpected behavior, we have investigated a
related scenario where the suppression of backscattering would seem at a first sight even less
probable: randomly shaped domain walls. To keep the computational effort manageable, we
consider a tight-binding model on the honeycomb lattice (cf. also [110]) that closely mimics
our phononic crystal design (cf. section 5.6).
As shown above, the unidirectional edge states along smooth domain walls are superpositions
of the states with the same helicity s (e.g. p + and d + ). Fig. 4.4 shows the energy distribution for
a mechanical wave that is propagating at a randomly shaped domain wall. We excite a whole
unit cell (indicated by the yellow arrow) with a |p − 〉-type mode shape, thereby launching a
right-propagating mechanical wave. By calculating the linear response of each lattice site
to this particular excitation, we obtain the propagation probability (modulus squared of
the Green’s function) of the mechanical excitation. Our simulations reveal a surprisingly
weak helicity-flipping by the sharp randomply-shaped boundaries, cf. panel c where the
transmission of |p + 〉-type excitations is plotted. This helicity-flipping is completely suppressed
when a sharp domain wall (with a sudden jump in hopping amplitudes) is replaced by even
only a slightly smoothened wall, cf Fig. 4.3 d–f. Most remarkably, even for sharp boundaries
there is no visible transmission to the left of the injection point, cf. Fig. 4.4 a–d. In other words,
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the weak scattered component visible. (d) Weak component of opposite polarization (p + )
appearing at a corner [color scale different from before]. (e) Domain wall geometry (transverse
to corner). (f) The total fraction of p + polarization decreases for a smoother domain wall.
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the backscattering is still suppressed in spite of the randomly-shaped boundaries. On the
other hand, significant backscattering is introduced by moderate values (above 3%) of generic
disorder, see (cf. section 5.7). A surprising resilience to sharp disorder was also observed in
recent extensive FEM simulations [104] for a macroscopic acoustic metamaterial similar to
the photonic design of [2].

4.8 Implementation
The snowflake phononic topological insulator proposed here is a simple modification of an
existing nanoscale structure and is, thus, straightforward to fabricate at any scale, down to the
nanoscale. The fabrication induced disorder observed in existing nanoscale devices is of the
order of 1% [1] and will be smaller for larger scale devices. For the more complex finite structures discussed above, FEM simulations including the effects of disorder would be numerically
far too expensive. However, our tight-binding calculations suggest that 1% disorder will not induce significant backscattering (cf. section 5.7). The remaining experimental challenge is the
excitation and read out of helical mechanical waves. The most suitable approach depends on
the implementation scale and ranges from mechanical, through electrical, to optomechanical,
see [63]. On the nanoscale, each triangular membrane forming the snowflake lattice could
host a optical cavity interacting with the edge mode via radiation pressure. In this setting,
the desired mechanical waves could be induced and read out by a laser with a modulated
intensity, similar to the schemes proposed in [63, 111]. A helicity-selective excitation and read
out of mechanical waves is possible by interfering two laser beams, one of them carrying unit
orbital angular momentum [112], which produces a suitable pattern of forces. Alternatively,
one could excite and read out unpolarized mechanical waves, while the helical nature of the
transport could still be revealed by a beam-splitter-like setup as in Ref. [59]. We have further
validated our approach performing a complete ab-initio finite-element simulation of this
setup, see (cf. section 5.5).

4.9 Outlook
The simplicity of the nanoscale design will turn the snowflake phononic topological insulator
into a versatile platform for generating arbitrary phononic circuits and networks [113, 114] on
the chip, which may interact with hybrid quantum systems of various kinds, including embedded strain-coupled dopant-based qubits [115–117] and superconducting qubits coupled via
surface-acoustic waves [118]. A qubit could emit phonons in a pseudo-spin-selective way via a
triplet of electrodes applying piezo-electric strain to the snowflake triangles in a chiral fashion.
These new helical phonon networks could also contain optically tunable non-reciprocal elements [119], as well as quantum-limited chiral traveling wave amplifiers of phononic signals
(adapting the scheme presented in [120]).
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5 Supplementary Information:
Snowflake Phononic Topological Insulator at the Nanoscale
In this chapter we present our results that were published in this form in
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Phys. Rev. B, 97:020102 (2018)
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and its Supplemental material. Some minor changes have been made to the text in order to
better embed this work into this thesis. Furthermore, some figures have been rescaled or the
corresponding subfigures have been rearranged to match the single-column layout of this
work.
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5.1 Finite Element Simulations
The results shown in Fig. 4.1, Fig. 4.2 and Fig. 4.3 have been obtained by solving the eigenvalue
problem
h £
¤i
div C : gradΨ + (gradΨ)T = −2%ω2 Ψ,

(5.1)

using the COMSOL finite element solver. Ψ denotes the complex three-dimensional wave
£
¤
function related to the mechanical displacement field u = Re Ψ · e i ωt of the crystal, C is the
elasticity tensor, and % the mass density. Here : is a short-hand for the tensor product, [C :
gradΨ]i j = C i j kl ∂l Ψk . For concreteness, we envisioned a phononic crystal slab of thickness
220 nm as in state-of-the-art optomechanical devices [1].

5.2 Full Band Structures for Various Central Snowflake Radii
Fig. 4.1 just shows the frequency range of the band structure which is relevant for the emerging
edge states at the domain interface for the parameters ∆r = 0 and ∆r = 200 nm (cf. Fig. 4.1 d,e).
To give a larger overview Fig. 5.1 displays the same band structures again but in an extended
frequency range. In addition to that, band structures for various other central snowflake radii
r c = r + ∆r are depicted. We are especially interested in the size of the band gap separating
the two Dirac cones. As expected, the finite element simulations show that the band gap
separating the Dirac cones closes when all snowflakes have the same radius, r c = r = 1800nm.
For larger central snowflake radii, r c > r (∆r > 0), the band gap increases monotonically with
the radius. In this case, a limit to the band gap size is set by the geometry [r c ≤ 2500nm
because for r c = 2500nm the size of the bridge connecting the triangles vanishes]. On the other
hand, for smaller snowflake radii, r c < r (∆r < 0), the band gap depends non-monotonically
on the radius and reaches a maximum for ∆r ≈ −200 nm (r c = 1600nm). We attribute this
non-monotonic behavior to the breakdown of the four-band approximation.

5.3 Zigzag vs Armchair Domain Wall
Edge states that are not topologically protected crucially depend on the details of the boundary
of the system. For example, a graphene strip supports edge states in the presence of zigzag edges but not armchair edges. In our present system, our effective Hamiltonian has a
topological bulk and, thus, edge states will appear at any smooth domain wall. In principle,
one could nevertheless expect a different behavior for sharp domain walls. In Fig. 5.2, we show
the band structure for two different strips supporting sharp domain walls of the zig-zag type
(panel a) and armchair type (panel b), respectively. The domain walls are created by choosing
opposite values of ∆r in the two domains while keeping the six-fold rotational symmetry
within each unit cell. Comparing the band structure for different domain wall configurations,
cf. (a) and (b), we observe a qualitatively different behavior only for the bands depicted with
faded color which correspond to edge states localized on the physical boundaries. This is not
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Figure 5.1 – Band structures for various central radii r c of the snowflake phononic crystal slab,
along a path passing the high symmetry points of the Brillouin zone (cf. Fig. 4.1 b). Here, the
modes symmetric to the x y-plane are depicted with darker colors. The lower row shows the
region around the Dirac cones of interest, with the gray shaded area indicating the complete
band gap arising due to the breaking of the discrete translational symmetry T a .
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surprising because the mapping to our effective topological Hamiltonian (Eq. 4.2) completely
breaks down at a sharp interface with the vacuum. On the other hand, as far as the remaining
bands are concerned there is no clear difference between the two domain walls configurations.
This includes the domain wall bands (the bands with linear dispersion crossing in the vicinity
of the Γ-point). Most importantly, in both cases no minigap could be resolved within the
numerical accuracy of our finite elements simulations. Such a minigap could be reasonably
expected to appear due to the sharp breaking of the six-fold symmetry at the domain wall.

5.4 Derivation of Effective Hamiltonian up to Quadratic Terms
The effective Dirac Hamiltonian (Eq. 4.2) is obtained by projecting the elasticity equations
(Eq. 5.1) onto a fixed in-plane quasi-momentum k = (k x, k y ) close to the Γ point. The resulting
Hamiltonian is further projected onto a Hilbert space spanned by the appropriate set of four
normal modes |Ψσ,τ,k 〉 labeled by the indices σ = ±1, τ = ±1. In position space, we have
Ψσ,τ,k (x, z) = e i k·r Ψσ,τ (x, z),

(5.2)

where r = (x, y) and z are the inplane and out-of-plane coordinates, respectively. The states
Ψσ,τ (x, z) at the Γ point are chosen to be eigenstates of the three-fold rotations, and of the
discrete translational symmetry T̂ a associated to the original unit cell (in the original Wigner68
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Seitz cell their quasi-momenta lie at the K and K0 points for τ = 1 and τ = −1, respectively)
fullfilling Eq. 4.1. We note that the mirror symmetry is not strictly speaking necessary. In a
crystal where this symmetry is not present, one could use the alternative definition
¯
¯
¯
®
®
®
¯Ψσ,τ = T̂ ¯Ψ−σ,−τ = R̂ π ¯Ψσ,−τ .

(5.3)

¯
®
This alternative definition of the basis ¯Ψσ,τ has the disadvantage of not fixing the relative
phase of the states with opposite σ (because the time-reversal symmetry T̂ is anti-unitary).
After fixing appropriately this relative phase, one arrives nevertheless at the same effective
Hamiltonian (Eq. 4.2), see Ref. [63] for the case g = 0. A different choice of the relative phase
corresponds to a gauge transformation that will change the effective Hamiltonian (Eq. 4.2)
but, obviously, not the physical properties, e. g. the presence of edge states or the Kramers
degeneracy.

The effective Hamiltonian, including also the quadratic terms, is most conveniently derived
using a different set of eigenstates,

|p k+ 〉 =
|p k− 〉 =
|d k+ 〉 =
|d k− 〉 =

¢
1 ¡
p −|Ψ1,1,k 〉 + |Ψ1,−1,k 〉 ,
2
¢
1 ¡
p |Ψ−1,1,k 〉 − |Ψ−1,−1,k 〉 ,
2
¢
1 ¡
p |Ψ−1,1,k 〉 + |Ψ−1,−1,k 〉 ,
2
¢
1 ¡
p |Ψ1,1,k 〉 + |Ψ1,−1,k 〉 .
2

(5.4)

±
±
At the Γ point, the states |p k=0
〉 and |d k=0
〉 are of the p- and d -type as it can be readily verified
¯
¯
®
®
by using R̂ π/3 = R̂ −2π/3 R̂ π where R̂ −2π/3 ¯Ψσ,τ = exp[i σ2π/3] ¯Ψσ,τ , to find the expected
behavior for p- and d -type orbital under 60-degree rotations, R̂ π/3 |p ± 〉 = exp[∓i π/3]|p ± 〉,
R̂ π/3 |d ± 〉 = exp[∓2i π/3]|d ± 〉. From the definitions of the τ̂’s and σ̂’s matrices, it also readily
follows that the p- and d -type orbitals are eigenstates of the gap-opening operator τ̂x and of
the conserved pseudo-spin Ŝ = τ̂x σ̂z , |d ± 〉 = |d ± 〉, τ̂x |p ± 〉 = −|p ± 〉, Ŝ|p ± 〉 = ∓|p ± 〉, and Ŝ|d ± 〉 =
∓|d ± 〉. From Eq. 4.2 one can also deduce the behavior under reflections M̂ xz |p ± 〉 = −|p ∓ 〉,
M̂ xz |d ± 〉 = |d ∓ 〉. Below, we denote the eigenstates defined in Eq. 5.4 by the more compact
alternative notation |m, k〉 where m = ±1, ±2 is the six-fold quasi-angular momentum carried
by the pseudo-spin of the phonons, | ± 1, k〉 = |p k± 〉 and | ± 2, k〉 = |d k± 〉.

The effective Hamiltonian can be expanded in powers of the quasi-momentum,
Ĥk = Ĥk(0) + Ĥk(1) + Ĥk(2) + O (k 3 ),

(5.5)

where the matrix elements of Ĥk(0) are independent of k, those of Ĥk(1) are linear in k, and
those of Ĥk(2) quadratic in k. Next, we will show how each term Ĥk(i ) , i = 0, 1, 2, is constrained
by the symmetries of the problem. In the proof below, we will also assume the additional
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condition |Ψσ,τ 〉 = T̂ |Ψ−σ,−τ 〉, which, when plugged into Eq. 5.4, yields T̂ |m, k〉 = | − m, −k〉 for
the eigenstates of the 60-degree rotations. We note that this condition sets a constraint on the
sum of the phases of the two eigenstates |Ψσ,τ 〉 and |Ψ−σ,−τ 〉. Since all relative phases for the
basis |Ψσ,τ 〉 were already fixed by Eq. 4.1, the additional condition corresponds to fix a global
phase for the basis |Ψσ,τ 〉. This will clearly not change the form of the final Hamiltonian but
makes the proof less cumbersome. Thus, the additional condition does not lead to any loss of
generality of the proof.
We start from Ĥk(0) whose most general form is
Ĥk(0) =

X
mm 0

(0)
0
h m,m
0 |m, k〉〈m , k|

(5.6)

(0)
(0) ∗
(0)
where h mm
is hermitian. We enforce the rotational symmetry
0 = (h m 0 m ) to ensure that Ĥ k
by requiring

X
k

Ĥk =

X
k

†
R̂ π/3 Ĥk R̂ π/3
,

(5.7)

which should hold at each order in k. Taking into account that
R̂ π/3 |m, k〉 = exp[−i mπ/3]|m, R̂k〉

(5.8)

where R̂k is the rotated quasi-momentum,
Ã
p !
1 1 − 3
p
,
R̂ =
2
3
1

(5.9)

we find
X
k

†
R̂ π/3 Ĥk(0) R̂ π/3

=

XX
k

mm 0

=

XX

=

XX

k mm 0
k mm 0

0

(0)
0
e i (m −m)π/3 h m,m
0 |m, R̂k〉〈m , R̂k|
0

(0)
0
e i (m −m)π/3 h m,m
0 |m, k〉〈m , k|
(0)
0
h m,m
0 |m, k〉〈m , k|

(5.10)

The last equality follows from the six-fold rotational symmetry Eq. 5.7 and it implies that
(0)
0
h mm
0 = 0 for m 6= m . In other words, the states carrying different quasi-angular momen(0)
tum are not coupled in Ĥk(0) . We can further constrain the matrix elements h mm
0 by taking
advantage of the time-reversal symmetry. Under the time-reversal symmetry we have
X
k

T̂ Ĥk(0) T̂ †

=

X

=

X
km
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(0)
h m,m
| − m, −k〉〈−m, −k|

km
(0)
h m,m
| − m, k〉〈−m, k|.

(5.11)
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P
P
(0)
(0)
Thus, from k T̂ Ĥk(0) T̂ † = k Ĥk(0) it follows that ĥ mm
= ĥ −m−m
. No further constraint follows
from the mirror symmetries. In order to arrive at Eq. 4.2, we also have to express the allowed
terms in terms of the τ̂’s and σ̂’s Pauli matrices. This is readily done by rewriting Eq. 5.6 with
(0)
(0)
the constraint ĥ mm
in terms of the basis |Ψσ,τ,k 〉 using Eq. 5.4. In this basis, we find
= ĥ −m−m

Ĥk(0) = ω + g τ̂x

(5.12)

(0)
(0)
where ω = (ĥ 11
)/2 is the frequency of the tip of the cones for the unperturbed lattice
+ ĥ 22
(0)
(0)
∆r = 0, and g = (ĥ 22 − ĥ 11
)/2 is the mass. Next we follow a similar procedure with Ĥk(1) whose
most general form is

Ĥk(1) =

X
mm 0

|m, k〉〈m 0 , k|.
k · h(1)
m,m 0

(5.13)

Here, for each fixed m and m 0 , m, m 0 = ±2, ±1, h(1)
is a 2-vector, and h(1)
= (h(1)
)∗ to
mm 0
mm 0
m0m
(1)
ensure that Ĥk is hermitian. Under a rotation by 60 degrees we find
X
k

†
R̂ π/3 Ĥk(1) R̂ π/3

=

XX

=

XX

=

XX

k mm 0
k mm 0
k

mm 0

0

k · h(1)
e i (m −m)π/3 |m, R̂k〉〈m 0 , R̂k|
m,m 0
0

k · R̂h(1)
e i (m −m)π/3 |m, k〉〈m 0 , k|
m,m 0
k · h(1)
|m, k〉〈m 0 , k|.
m,m 0

(5.14)

Thus, we find the constraint
0

R̂h(1)
e i (m −m)π/3 = h(1)
.
m,m 0
m,m 0

(5.15)

This implies that h(1)
= 0, or it is an eigenvector of the matrix R̂ with eigenvalue exp[i (m −
mm 0
0
m )π/3]. Since R̂ has eigenvalues exp[±i π/3], h(1)
can be different from zero only for ∆m =
m,m 0
0
m − m = ±1. In other words, the linear terms in the quasi-momentum induce transitions that
change the quasi-angular momentum by one unit. We note that the allowed transitions do not
flip the spin Ŝ. This underlies the block structure of the Dirac Hamiltonian Eq. 4.2. By solving
Eq. 5.15, we find

h(1)
1,2
h(1)
−2,−1

Ã !
1
=
,
i
Ã !
(1)
∗
(1) 1
= (h−1,−2 ) = h −
,
i
∗
(h(1)
2,1 )

(1)
= h+

(5.16)

(1)
where h ±
are two complex numbers. The Hamiltonian is further constrained by the remaining
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symmetries. By applying the time-reversal symmetry we find
X
k

T̂ Ĥk(1) T

=

XX
k

=

XX
k

=

mm 0
mm 0

XX
k

mm 0

k · (h(1)
)∗ | − m, −k〉〈−m 0 , −k|
m,m 0
k · (−h(1)
)∗ |m, k〉〈m 0 , k|
−m,−m 0
k · h(1)
|m, k〉〈m 0 , k|.
m,m 0

(5.17)

From the last equality (that enforces the T̂ symmetry)
h(1)
= (−h(1)
)∗ = −h(1)
.
m,m 0
−m,−m 0
−m 0 ,−m

(5.18)

Using Eq. 5.16, it follows
(1)
(1)
h+
= −h −
.

(5.19)

We can constrain even more h(1)
by using the mirror symmetry M̂ xz . We find,
mm 0
X
k

M̂ xz Ĥk(1) M̂ xz

=

XX

=

XX

=

XX

k mm 0
k mm 0
k mm 0

0

(−1)m+m k · h(1)
| − m, M̂ k〉〈−m 0 , M̂ k|
m,m 0
0

(−1)m+m k · M̂ h(1)
|m, k〉〈m 0 , k|
−m,−m 0
k · h(1)
|m, k〉〈m 0 , k|,
m,m 0

(5.20)

where
Ã

!
1 0
M̂ =
.
0 −1

(5.21)

From the last equality in Eq. 5.20, we find
(1)
h(1)
1,2 = −M̂ h−1,−2 ,

(5.22)

and from Eq. 5.16
(1)
(1)∗
h+
= −h −
.

(5.23)

(1)
(1)
From the above equation and Eq. 5.19, it follows that h +
= −h −
and both matrix elements
(0)
are real. As already outlined for the term Ĥk , we express also Ĥk(1) in terms of the σ’s and τ’s
Pauli matrices to obtain

Ĥk(1) = vτz (k x σ̂x − k y σ̂ y ),
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(5.24)

5.4. Derivation of Effective Hamiltonian up to Quadratic Terms
(1)
where v = −h +
. Thus, putting together Eq. 5.5, Eq. 5.12 and Eq. 5.24 we find Eq. 4.2. Next, we
go a step further, calculating the term H (2) containing the quadratic contributions,

Hk(2) =

X
mm 0

(2)
0
(kĥ m,m
0 k)|m, k〉〈m , k|

(5.25)

(2)
where for each fixed m and m 0 , m, m 0 ∈ ±2, ±1, ĥ m,m
0 is a 2 × 2 complex matrix that can be
(2)
(2)
∗
chosen to be symmetric. Moreover, ĥ m,m
to ensure that Hk(2) is hermitian. By
0 = (ĥ m 0 ,m )
applying a rotation by 60-degrees we find

X
k

R̂(π/3)Hk(2) R̂ † (π/3) =

XX

=

XX

=

XX

=

XX

k mm 0
k mm 0
k mm 0
k mm 0

0

(2)
i (m −m)π/3
kĥ m,m
|m, R̂k〉〈m 0 , R̂k|
0 ke
0

(2)
−1
(R̂ −1 k)ĥ m,m
k)e i (m −m)π/3 |m, k〉〈m 0 , k|
0 (R̂
0

(2)
−1
kR̂ ĥ m,m
ke i (m −m)π/3 |m, k〉〈m 0 , k|,
0 R̂
(2)
0
kĥ m,m
0 k|m, k〉〈m , k|,

(5.26)

Using the last equality (that follows from the six-fold rotational symmetry of Hk(2) ) we find
0

(2)
(2)
−1
= ĥ m,m
e i (m −m)π/3 R̂ ĥ m,m
0.
0 R̂

(5.27)

For each fixed m and m 0 , m, m 0 ∈ ±2, ±1, this is just a homogeneous system of four linear
(2)
equations of four variables (the entries of the matrix ĥ mm
0 ). For the combinations of m and
(2)
m 0 where all equations are independent, it has only a trivial solution ĥ m,m
0 = 0. Thus, a finite
(2)
matrix element ĥ m,m
0 6= 0 is allowed only if the system of linear equations defined in Eq. 5.27 is
not independent. It turns out that this is the case for ∆m = (m 0 −m)mod6 = 0, ±2. We note that
the transitions that change the quasi-angular momentum by two units flip the spin Ŝ. Such
spin-flipping transitions lift the degeneracy of states with opposite spin. By solving Eq. 5.27
(2)
taking also into account the constraints on ĥ m,m
discussed above we find,

Ã
(2)
ĥ m,m

= αm

!
1 0
,
0 1

(5.28)
Ã

(2)
ĥ −1,1
(2)
ĥ 2,−2

!
1 i
=
= β1
,
i −1
Ã
!
1 i
(2) ∗
= (ĥ −2,2 ) = β2
,
i −1
(2) ∗
(ĥ 1,−1
)

(5.29)
(5.30)

where αm (m = ±1, ±2) are real numbers, while β1 and β2 are complex numbers. However, a
straightforward calculation along the same line as the one displayed in Eq. 5.20 shows that the
mirror symmetry sets the additional constraints αm = α−m and β1/2 ∈ Re. Finally, we rewrite
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also Hk(2) in terms of the Pauli matrices to obtain
Hk(2) = (ᾱ + δατ̂x )(k x2 + k y2 ) − (β̄ + δβτ̂x )[(k x2 − k y2 )σ̂x + 2k x k y σ̂ y ]

(5.31)

where ᾱ = (α1 + α2 )/2, δα = (α2 − α1 )/2, and likewise for β̄ and δβ.

5.5 Full Finite Element Simulation of Helical Propagation
In this section, we present full numerical ab-initio results for the propagation of helical
excitations in a finite-size geometry that supplement and confirm the tight-binding results
discussed in section 4.6.
To motivate the approach followed here, we note that it is challenging to generate helicityselective excitations in an experiment (especially at the nanoscale). In theory, the most
straightforfard approach consists in tailoring the driving force to imprint a finite quasi-angular
momentum to the vibrations. This could be achieved by interfering two lasers one of them
carrying orbital angular momentum and, thus, creating a pattern of phase delays between the
sinusoidal radiation pressure forces acting on different neighboring triangular membranes.
In practice, a simpler approach consists in exciting both valley polarizations at the same time
(by a simple sinusoidal force acting on a single membrane), relying on the valley-dependent
propagation direction to separate the two polarizations, and subsequently confirming this
separation using a suitable geometry. Such a scheme can be implemented using a beamsplitterlike setup such as the one proposed in [59] for acoustic waves at the macroscale. As we will
show here, a setup of this type can also enable valley-polarized states of elastic waves at the
nanoscale. This setup requires the silicon slab to be divided into four regions (Fig. 5.3), where
opposite sections belong to the same domain (either∆r < 0 or ∆r > 0), which basically results
in two intersecting domain interfaces. A driving force with a properly chosen frequency excites
the structure at one point near a domain interface in order to launch edge states propagating
left- and rightwards along this particular domain interface (Fig. 5.3 a,b). In the case of nonhelical edge states there is no distinction between left- and right-movers such that after hitting
the center of the beamsplitter the elastic waves will propagate in all four directions along the
domain interfaces (Fig. 5.3 b). However, in the case of helical states only the right-movers
(cyan) eventually reach the center of the beamsplitter. Due to the special arrangement of the
domains there are only two domain interfaces supporting right-moving states that propagate
away from the center, whereas the remaining domain interface (lower-right interface) does not
support right-moving states propagating outwards (Fig. 5.3 b). In this way, helical transport
can be clearly distinguished from non-helical transport, even though the initial excitation
produces both polarizations.
We have verified the above scenario by calculating the linear response to a periodic driving
force using finite element methods. An intrinsic damping factor was introduced to avoid
elastic waves hitting the physical boundary. This helps to keep the simulated structure and
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Figure 5.3 – Full FEM simulation of helical transport, in a beamsplitter arrangement for
elastic waves. By dividing the snowflake silicon slab into four regions, with opposite sections
belonging to the same domain, one can establish the presence of helical transport. With
an arrangement as depicted in (b), only the right moving state (cyan) propagates towards
the center of the beamsplitter. As only two of the four domain interfaces support rightmovers traveling outwards, no elastic waves propagate along the interface opposite to the
excitation-interface. In contrast, non-helical edge-states would propagate symmetrically
along all domain interfaces (c). Finite-element simulations of the full 3D snowflake crystal
reveal the helicity of the edge states: The linear response to a localized periodic force (at
frequency f ex = 1.463 GHz in this simulation) results in elastic waves propagating towards
the ports A,B and D but not to port C. (d) depicts the corresponding rms-displacement field
over one cycle of oscillation of the structure. Note that only the essential central part of the
beamsplitter is shown here (the simulated structure is about twice as large). (e) illustrates a
zoom into a domain interface, showing the exact geometry of the domain interfaces.

the computational effort as small as possible. The result clearly shows that an excitation near
port A results in a propagation of the elastic waves to port B and D, whereas no elastic waves
will hit port C, thereby proving the helical nature of the elastic waves (Fig. 5.3 d).
We use the beam-splitter setup also to test the resilience to disorder of the topological transport
without having to rely on the tight-binding model. In an experiment, fabrication errors are
expected to be the main source of disorder. In our finite element simulations, we model
these fabrication errors as random variations of the snowflake radii. In a structure with lattice
constant 5 µm, we allow a variation of the radii of the order of 40nm, see Fig. 5.4 a. (This is one
order of magnitude larger than the typical error using state of the art fabrication techniques.)
The corresponding transmission plot, cf. Fig. 5.4 b, shows that even in the presence of realistic
disorder the beam-splitter like setup separates the right-moving elastic wave, guiding it to
port B and D but not to port C.
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Figure 5.4 – Full FEM simulation of the beamsplitter arrangement with an incorporated
geometric disorder. (a) Distribution of the radii of the individual snowflakes. The radii vary
randomly across the whole simulated setup that comprises more than 2000 snowflakes. The
simulated geometrical disorder is roughly one order of magnitude larger than the disorder
that can be achieved with present-day fabrication techniques. (b) Linear response of an elastic
wave launched in the upper-left domain interface (white dot). For the design details see
Fig. 5.3.

5.6 Tight Binding Model for the Transport Simulations
In our transport calculation, we have simulated the photonic crystal by a tight-binding model
that displays the same symmetries as the phononic crystal and, thus, is described by the same
effective Dirac equation Eq. 4.2. In the tight-binding model, a bosonic mode â j is localized
on each site j of a honeycomb lattice and hopping occurs between nearest neighbors. The
bosonic modes are identical but there are two different hopping rates: the hopping rate J˜ for
the links connecting the sites within a hexagonal unit cell containing 6 sites, and the hopping
rate J for the links connecting sites in neighboring unit cells, cf. the sketch in Fig. 5.5. We
can map the tight-binding model to our finite element simulations taking into account that
g = J˜ − J , and v = 3J /2.
Besides sharing the same symmetries, there is a obvious connection between the tight-binding
model and our snowflake phononic crystal: the phononic crystal can be viewed as an arrangement of triangular membranes on a honeycomb lattice connected by weak links. By changing
the radius of the central snowflake, the links connecting the triangles also change, consequently leading to different couplings. In particular, smaller central snowflakes (∆r < 0) imply
larger internal couplings ( J˜ > J ).
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Figure 5.5 – Scheme of the tight-binding model: A triangular lattice of hexagonal unit cells
comprising six sites (grey triangles) with equal eigenfrequency Ω. The single sites within one
unit cell (indicated by the dashed line) are coupled with the hopping amplitudes J˜ (blue lines)
whereas two sites of different unit cells are coupled by J (red lines).

5.7 Effect of Disorder
We investigate the effects of disorder by simulating the propagation of mechanical waves in
the effective tight-binding model. In our simulations, the tight-binding parameters Ωi (onsite
energies) and J i and J˜i (external and internal hoppings) vary randomly according to
Ωi = Ω + ξi ,1 Ω,

(5.32)

J i = J + ξi ,2 J ,

(5.33)

J˜i = J˜ + ξi ,3 J˜,

(5.34)

where the index i indicates the lattice site, and ξi , j are independent random variables in
the range −² < ξi , j < ². This is a reasonable choice as the main source of disorder are the
fabrication-induced geometrical errors. We are, thus, basically assuming that a deviation
from the the ideal geometry affects all parameters in the effective tight-binding model to an
approximately equal degree (though the sign and exact size of the change may be different for
the different parameters; hence the assumed independence of the random variables). Our
numerical results, displayed in Fig. 5.6, show that the uni-directional propagation of a polarized mechanical wave along a domain wall is not significantly perturbed for disorder as large
as ² = 3%. This is already safely above the level of disorder (∼ 1%) seen in the experimentally
produced snowflake phononic crystals. In the present case, where we envisage structures of
larger lattice constant, the fractional disorder level ² is expected to be even smaller.
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6.1 Introduction
The previous chapters 2 - 5 focussed on the theory of guiding phonons robustly through
nano-mechanical structures. Thereby, two different ideas have been elaborated: In chapter
2 and 3 a scheme is proposed in which phonons experience a pseudo magnetic field that is
generated by smoothly breaking the C 3 symmetry of an initially C 6 symmetric structure. This
results in helical transport channels for the phonons that can be designed to have arbitrary
spatial distributions even on small length scales. In chapter 4 and 5 a topological insulator for
mechanical waves is introduced. Inspired by an idea that has first been proposed for photonic
systems [2], the snowflake crystal array can be easily used to guide phonons robustly. There
only minor geometrical changes to break the crystal’s translational symmetry are needed
to generate a topological insulator. Many ideas on how to concretely implement the above
ideas in an experimental setup have been mentioned in the previous work. Here, the focus is
mainly on the excitation mechanism of the mechanical waves by using light and the optomechanical coupling thereof to the mechanics. In contrast to that, this chapter deals with the
optimization of the mechanical structure itself such that better results can be expected in an
experimental realization. Here, the focus is to improve the scheme of the topological insulator
for phonons (chapter 4 and 5). However, many of the following ideas can also directly be used
for the scheme explained in chapter 2 and 3. In both cases the goal of the optimization is to
achieve steeper Dirac cones in the band structure. A larger Dirac velocity (i.e. steeper Dirac
cone) ensures more confined topological edge states such that a smaller overall size of the
samples can be chosen. Moreover, more confined states simplify the excitation mechanism
as the masses that need be accelerated are smaller such that less power is needed. Here, an
optomechanical excitation mechanism, cf. section 3.8, is assumed.
The schemes of chapters 2 - 5 use the snowflake crystal structure [1] as the fundamental
building block, which has a D6h point group symmetry. Restricting ourselves to z-symmetric
modes, which is necessary for an optomechanical coupling discussed in section 3.8, the
remaining point group is C 6v , i.e. sixfold rotations about the snowflake center and mirror
symmetries about the vertical planes containing a lattice basis vector. The scheme to generate
a pseudo magnetic field requires a C 6 - or a C 3v -symmetry while a C 6 -symmetry is needed to
engineer a phononic topological insulator. Hence, the snowflake crystal structure is suitable
for both schemes. However, the original purpose of the snowflake crystal is to provide a basis
for an optomechanical cavity. In [1] it is optimized towards a large optomechanical coupling
between a pair of co-localized optical and mechanical modes, which is a feature that is not
essential in any of above schemes. Therefore, the following geometry optimization is purely
for the purpose of generating steeper and more isolated Dirac Cones. To this end the only
necessary ingredient is a C 6 -symmetric structure (here we aim to create a phonon topological
insulator). So once the structure features a C 6 symmetry its band structure is guaranteed to
have Dirac cones at the high-symmetry points K and K0 . The question that need be answered
at that point is how to achieve "good" Dirac cones. For that purpose a quantity measuring the
"goodness" of a Dirac cone needs to be defined and tunable parameters need to be chosen
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Figure 6.1 – Scheme of an optimized snowflake crystal structure with an embedded cavity.
The shape of the hole Sgeo features a C 6 -symmetry which is a necessary ingredient for the
topological insulator setup introduced in the chapters 2 and 3. As the structure is homogeneously patterned with circular holes in a C 6 -symmetric fashion it is easy to embedded an
optical defect mode cavity in order to excite the mechanical modes of the crystal by using
the optomechanical interaction. This is illustrated by missing holes at the top end of the unit
cell. The optical defect-mode is illustrated by the red spot. Although an optical cavity strictly
speaking breaks the C 6 -symmetry, topological effects can still be expected as the cavity can be
treated as a minor perturbation due to the small modifications that are necessary to create it.

that can be used for the optimization.
Silicon slabs can only be purchased with certain thicknesses such that the thickness can not
be tuned easily which is a disadvantage for the purpose of the geometry optimization. In the
following, the thickness of the silicon slab will be kept fixed at d = 220 nm. In contrast to that,
the remaining set of geometrical parameters, which basically defines the two-dimensional
projection of the unit cell, can be tuned easily as long as the resulting structure features the C 6 symmetry. However, fabrication limitations like the maximum bending radius or limitations
on the sample size need to be taken into account and corresponding constraints need to
formulated. Details on that will follow in section 6.2.
A Dirac cone is considered as "good" if the linear dispersion is maintained as long as possible
within the Brillouin zone. Additionally, the frequency range of the Dirac bands should be very
well separated from the other bands that are not of interest, which simplifies the excitation as
well as the read-out of the mechanical waves significantly. In section 6.5 the fractional cone
bandwidth f will be introduced that implements all these requirements.
At a later step a cavity for the excitation will be implemented which itself needs to be optimized by changing the geometry. For that reason a proper platform for a cavity needs to
be provided already at this point, such that only minor changes are needed to implement it.
These modifications should not change the mechanical band structure significantly. A method
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to solve this issue will be explained in section 6.3.
The ideas that have been quickly introduced above are illustrated in Fig. 6.1 and will be
explained in more detail by the following sections.

6.2 Parametrization and Bezier Curves
The goal of this chapter is to find an optimal geometrical structure to build the topological
insulator setup explained in sections 4 and 5. In order to apply numerical optimization
methods the whole shape of the structure needs to be parametrized. Here, it is beneficial to
have a small set of tuneable parameters as this decreases the computational effort drastically.
However, we need to be able to create very generic structures from these parameters. If this
is not the case the optimization algorithm might fail to explore important subspaces of the
overall solution space. A nice way to master this balancing act between very few parameters
on the one hand and a generic structure on the other hand is to use Bezier functions to
parametrize the geometry. They have the advantage to create a great variety of possible curves
with a relatively small set of parameters. Moreover, Bezier curves have a very smooth shape by
definition, which perfectly mimics the typical shapes produced by nano fabrication methods.
The general definition of the Bezier curve of n ctl -th degree for a given set of n ctl + 1 control
points P j ∈[0,nctl ] is given by
C(t ) =

n
ctl
X

B j ,nctl (t )P j ,

(6.1)

j =0

with t ∈ [0, 1] and the j -th Bernstein polynomial B j ,nctl (t ), which is defined by
Ã

!
n ctl j
B j ,nctl (t ) =
t (1 − t )nctl − j .
j

(6.2)

In the following cubic Bezier-curves (n ctl = 3) will be used. Above equation can then be
simplified to
C(t ) = (1 − t )3 P0 + 3t (1 − t )2 P1 + 3t 2 (1 − t )P2 + t 3 P3 .

(6.3)

Fig. 6.2 a illustrates the construction of a particular cubic Bezier curve with the dashed lines
depicting the control polygon of the Bezier curve. For the sake of simplicity at a later step
we change the notation at this point. In the following a cubic Bezier curve will no longer be
defined by a set of four points (P0 , P1 , P2 , P3 ) but instead we use the initial point Qi := P0 and
final point Q f := P3 of the curve. In addition to that a "cantilever" defined by its length l and
its angle to the horizontal α is attached to both points. From now on the tuples (Qi , f , l i , f , αi , f )
are called control points of a cubic Bezier curve. Note that, according to the new notation,
a cubic Bezier curve now contains only two 4-dimensional control points instead of four
2-dimensional control points. Both notations are shown in Fig. 6.2 a.
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Figure 6.2 – Parametrization the the crystal’s geometry: (a) Construction of a cubic Bezier
curves using eight degrees of freedom. The so-called control polygon can be described by the
four vertices (P0 , P1 , P2 , P3 ) as well as by the two 4-dimensional control points (Qi , f , l i , f , αi , f ).
(b) Concatenation of cubic Bezier curves. (c) Construction of a C 6 -symmetric structure
by copying an rotating one sector. (d) Construction of a C 6v -symmetric structure by first
mirroring the red sector and then proceeding as in (c). Note that in (c) and (d) n = 2 controlpoints are used to define the overall shape. However, this number can be varied if more or less
variation possibilities are needed.

In order to generate an arbitrary long and smooth line several Bezier curves can easily be
stitched together. However, to maintain a smooth line the following conditions need to hold
for subsequent Bezier curves j and j + 1:
f

= Qij +1

f

= αi j +1 + π

f

= l ij +1

Qj
αj
lj

(6.4)

Here, the first condition ensures the resulting curve to be steady, whereas the second and third
condition guarantees a continuously differentiable curve. Fig. 6.2 b shows a sample line that is
generated by three subsequent Bezier curves. As the goal is to optimize the geometry of the
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holes of a crystal structure, we only need closed curves to define these holes. Consequently
one does not need to distinguish between initial and final point of individual cubic Bezier
curves, such that the superscripts i and f are dropped in the following. An arbitrary closed line
defined by n cubic Bezier curves is then fully defined by a set of n ctl control points (Q, l , α) j ,
j ∈ [1, n ctl ].
As explained in section 6.1 a necessary ingredient to build a topological insulator scheme is
that the structure features a C 6 symmetry. To satisfy this constraint the hexagonal unit cell is
divided into six parts, whereas one of those parts can be filled with n different control points
(Q, l , α) j . Copying the control points to the remaining sectors by rotating the filled sector five
times will create a C 6 symmetric geometry. Fig. 6.2 c shows this for an example of n = 2 control
points. To create a geometry that features a C 6v symmetry only half of the initial sector should
be filled with control points, whereas the other half is generated by mirroring the filled half.
Like before, the remaining geometry is generated by rotating and copying this sector five times.
Fig. 6.2 d shows an example of a C 6v symmetric structure. In the following, the line of one
sector is denoted by Ssec , whereas the full line is denoted by Sgeo (cf. Fig.6.2 c,d).

Figure 6.3 – Constraints for the generation of the arbitrary structure: Due to the given fabrication technique the minimum bending radius of any given point on Sgeo is given by r min ≈ 40 nm.
(a) shows that this constraint directly translates into a constraint for the control points’ cantilever length l > l min . Moreover, we demand Sgeo to be located within the red area depicted in
(b) which is defined by y min and y max . (c) In order to not result in too thin support structures
the quotient s direct /s path needs to be larger than a certain c min . In all three subfigures light gray
corresponds to the area covered by silicon. Dark gray illustrates air or vacuum.
Although the Bezier curves generated according to above scheme already output quite reasonable geometries, we still need to define constraints in oder to filter out some remaining
meaningless geometries generated by the algorithm.
On the one hand electron beam fabrication does not allow arbitrary large structures without
putting a lot of effort in reducing the stitching errors that arise due to a re-positioning of the
sample on the stage of the electron beam writer. On the other hand the structure needs to
be large enough to host an optical cavity (details on that will follow in section 6.3). For that
reason we restrict the lattice constant a mech to
a min < a mech < a max .
84

(6.5)

6.2. Parametrization and Bezier Curves
Promising cavities for our setup with a reasonable high optical quality factor have a lattice
constant a opt around 500 nm and their modes are mainly localized in a rectangular area of
about 6 × 10 optical unit cells [121, 122] . Hence, the minimum mechanical lattice constant
should be at least 10 × a opt .
Another constraint given by the fabrication technique is that the minimum bending radius
at any point on Sgeo is restricted by r min ≈ 40 nm. However, by making the cantilever length
of the control points quite small (l → 0) one can easily undercut this limit. For that reason a
minimum cantilever length is defined:
l > l min

(6.6)

Obviously intersections in the resulting Bezier curve do not generate a valid and realistic
geometry. Hence, all curves Sgeo intersecting with themselves are not taken into account.
Moreover, the Bezier curve should be restricted to a certain horizontal corridor given by y min
and y max such that
y min < S sec,y < y max .

(6.7)

For the case of y max being too large, the geometry might become too thin such that it can
not support itself any more, i.e. there must be enough material (silicon) left to have a stable
structure. Moreover, in a later step an optical cavity should be embedded into the mechanical
structure, which requires some space in order to achieve reasonable optical quality factors (cf.
section 6.3). If y min is chosen too small, it might happen that the resulting geometries are very
small compared to size of the whole unit cell.
The above constraint avoids thin support structures at the edge of the unit cell. However,
unstable structures can also be generated within the corridor defined by y min and y max . In
order to avoid those as well, we define the direct-pathway-fraction to be the quotient between
direct connection of two arbitrary points on Sgeo and the minimum distance of the same two
points on their path along Sgeo (cf. Fig. 6.3 c). For a geometry we demand
s direct
> c min
s path

(6.8)

In the following all the parameters defining the above constraints are listed. All the following
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structures are generated by using those values.

a min

= 8000 nm

a max

= 12000 nm

l min

= 50 nm

y min

= 500 nm

y max

=

c min

= 0.05

a mech − 1000 nm
(6.9)

Fig. 6.4 illustrates random geometries that have been produced by the explained algorithm
with the above values such that any of the structures could be easily fabricated.

Figure 6.4 – SEM images of fabricated C 6 -symmetric structures that have been generated by
concatenating Bezier curves. All subfigures share the same length scale. The corresponding
lattice constants are 15000 nm (a), 14039 nm (b), 14039 nm (c), 13767 nm (d), 14566 nm (e),
and 8216 nm (f). In order to test the fabrication a max and a min used for the generation of these
geometries are different from the values given in Eq. 6.9. Details about the fabrication can be
seen in [123].

6.3 Preparation of a Cavity
As suggested in section 3.8 the desired mechanical mode could be excited by coupling it to
an optical mode of a cavity that is embedded in the mechanical structure. In order to keep
the overall structure as small as possible it is beneficial to use optical cavities only made of
circular holes as they are easiest to fabricate on small length scales. At this point we will not
fully design a cavity but just prepare a metamaterial by placing holes in the structure in a
periodic fashion. A cavity can then easily be implemented by leaving out several holes or
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slightly changing the position or the radius of individual holes. Inspired by [121] and [122] we
use an underlying triangular lattice with an optical lattice constant of a opt = 500 nm. This has
also the benefit that it can easily be implemented without breaking the overall C 6 symmetry.
Depending on the mechanical lattice constant a mech the optical lattice constant a opt needs to
be slightly modified such that a mech is divisible by a opt without remainder. This will simply
slightly rescale the optical frequency of the cavity mode but does have little impact in its
quality factor. In addition to the constraints formulated in the previous section 6.2 we add
one more constraint: The distance d hg between an individual cavity hole and Sgeo should be
large enough such that the algorithm does not produce too slim and unstable structures (cf.
Fig. 6.5). Here we choose
d hg > d hg,min = 100 nm.

(6.10)

Figure 6.5 – Triangular lattice of holes forming the basic building block of the cavity. In order
not to generate too slim support structures the minimum radius between an individual hole
and the geometry Sgeo (blue line) is given by d hg,min .
Simulations have shown that placing holes have a more complicated effect on the mechanical
properties than just a rescaling of the effective mass density and stiffness such that they can
not be neglected. The band structure does not simply rescale in its frequency but drastically
changes important features like the spectral isolation of Dirac cones to other bands, which
makes the preparation of a cavity at this step necessary (cf. Fig. 6.6). Implementing the full
cavity by modifying or leaving out individual holes at a later step after the optimization can
then be treated as small perturbation and the mechanical properties will only slightly change
such that topological effects can still be expected.

6.4 Effects of Anisotropic Silicon
In any simulation of the previous chapter we assumed silicon to be an isotropic material with
the a Poisson ration of γ = 0.28 and a young’s modulus of E = 170 GHz, which is independent
of the direction of the acting stress. However, silicon is an anisotropic material due to its
face-centered diamond-cubic crystal structure. Thereby, the young’s modulus varies between
133 GPa and 188 GPa, whereas its shear module varies between 51 GPa and 80 GPa. In Fig. 6.7 a
detailed view of the crystal structure is shown. Silicon slabs that will be used in an experiment
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Figure 6.6 – Band structures along the high symmetry points Γ, M and K for the snowflake
crystal structure in a solid material (a,c) and in a material with embedded holes arranged on a
triangular lattice (b,d).

are arranged in such a way that the slab’s normal vector is parallel to the [001]-direction of the
crystal. Due to the lattice constant of silicon of roughly 0.5 nm and the the thickness of the
silicon slab of d = 220 nm the slab can be assumed to be infinitely extended compared to the
silicon’s microstructure. Under this assumption the silicon lattice features a C 4 symmetry (cf
Fig. 6.7 b).
The C 4 symmetry of the silicon’s micro structure is incompatible with the C 6 symmetry of the
overall geometry, which is the key ingredient for the topological insulator scheme of chapter 4.
However, as both symmetries share the 180-degree rotational invariance, the C 2 symmetry is
still maintained. As discussed in section 2.5 this simply results in a shift of the Dirac cones
position in the Brillouin-zone without gapping them.
Fig. 6.8 compares two band structures to evaluate the influence of the anisotropy. Panel a
shows the mechanical band structure by assuming silicon to be an isotropic material, whereas
panel b assumes anisotropic material for ϕ = 15◦ . Both band structures follow the same path
in the Brillouin zone starting at the Γ-point, passing the K- and M-point and finishing at the
Γ-point. It can be seen that both band structures are qualitatively equal as they share the same
features like position of band gaps and Dirac cones. However, for the anisotropic silicon it
can be seen that the Dirac cone seems to be gapped. In fact the Dirac cone is not gapped, it
just means that it was not perfectly hit by the path through the Brillouin zone. This effect is
depicted in Fig. 6.8 c. As the anisotropy still slightly changes the band structure it is crucial
to take it into account for further simulations. Nevertheless, topological effects can still be
expected as the breaking of the C 6 -symmetry is relatively weak such that it can be treated as a
perturbation.
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Figure 6.7 – (a) Face-centered diamond cubic crystal structure of silicon. The dark blue atoms
are located at the edges of the unit cell, whereas the atoms depicted in light blue are positioned
at the center of the outer faces. The silicon atoms illustrated in red are centered around three
light blue atoms and one dark blue atom. The slab’s normal vector (z-direction) is parallel to
the [001]-direction of the silicon lattice, resulting in one degree of freedom; the orientation
between the silicon’s [100]-direction and the x-axis of the slab, which is quantified by the angle
ϕ. The lattice constant of silicon (a SI ≈ 0.5 nm) is significantly smaller the slab’s thickness
(d = 220 nm) such that the unpatterend silicon slab features a C 4 symmetry (b).

6.5 Evaluating the Quality of a Structure
The steeper the Dirac cone in the band structure is, the better are the results that can be expected in an experiment as the edge channels are more confined in their transversal direction.
The confinement comes with several advantages: Less mass needs to be excited, which is in
particular important for an excitation mechanism that uses the optomechanical interaction
as less laser driving power is needed. Moreover, the overall sample size can be kept smaller
which avoids the stitching issues in the fabrication process as the sample might not need to
be repositioned on the stage of the electron beam writer.
In order to excite a topologically protected elastic wave it is beneficial if the corresponding
Dirac cone lies in a "band gap" with respect to the remaining band structure. In particular the
frequency range of the Dirac cone should be very well spectrally isolated from other bands.
This has the effect that a Dirac mode can be excited easily by only frequency-selective methods.
Therefore, it is not needed to care about a good mode matching which would require much
more effort.
A proper quantity to evaluate the goodness of the Dirac cone is its bandwidth ∆ωD , i.e the
spectral range in which the linearity of the the dispersion is preserved:
∂ω
≈ const.
∂k

(6.11)

However, this is not the sole condition. In addition we demand that no other bands feature
frequencies that lie in the frequency range of the Dirac cone. In other words, the Dirac
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Figure 6.8 – (a) Band structure of the snowflake crystal with embedded holes (cf. Fig 6.6b) and
the assumption an isotropic silicon. (b) Same structure as in (a) but calculated for anisotropic
silicon. By following the path along the high symmetry points the Dirac cone seems to gap at
the K-point. (c) The anisotropy of the silicon crystal structure breaks the C 6 -symmetry of the
snowflake crystal. Eventually a C 2 -symmetry remains which does not gap the Dirac cone but
slightly shifts it by (∆k x , ∆k y ), yielding the impression of a band gap in (b).

bandwidth is limited by full band gaps of the remaining bands of the band structure. Ideally
the Dirac cone should be in the center of this band gap. To also take this effect into account, the
cone bandwidth ∆ωD is defined as the twice the minimum distance of the smallest distance
to any other band that does not belong to the bands forming the Dirac cone. Fig 6.9 illustrates
this.
In order to define the range of linear dispersion we take the frequency range in which the upper
(lower) Dirac bands have a monotonously increasing (decreasing) frequency with an increasing
distance from the K-point in the Brillouin zone. It turns out that this sloppy measurement
already yields sufficiently good results such that the goodness of different Dirac cones can be
reliably compared to each other.
Using the sole cone bandwidth ∆ωD as the quantity that needs to be optimized by an algorithm
that can tune the lattice constant will always tend to decrease the lattice constant as this
increases all the frequencies and therefore also the bandwidths of Dirac cones. To avoid that
we use the fractional cone bandwidth f to compare the quality of different Dirac cones, which
is defined as the quotient of the cone bandwidth ∆ω and the cone frequency ωD
f :=
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∆ωD
.
ωD

(6.12)
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Figure 6.9 – Schematic band structure to evaluate the fractional bandwidth of a Dirac cone.
The blue and red dots represent the calculated frequencies that are taken into account for the
evaluation of the Dirac cone. Data points represented in blue are monotonously increasing
(decreasing) with an increasing distance from the Dirac cone for the upper (lower) cone,
whereas the red data points are not. The bandwidth of the Dirac cone ∆ωD is then given by
minimum distance of the Dirac cone to any of the red data points.

6.6 Optimization Algorithm
Everything is now settled to run an optimization of the structure, as the overall problem is
defined in mathematical terms: The structure is parameterized by Bezier curves that are
able to yield a great variety of structures with just tuning very few parameters, constraints
and boundary conditions are formulated that restrict the parameter space to just reasonable
structures that can be fabricated at a later step and we presented a way to evaluate the quality
of a structure by evaluating the fractional cone band width f , that can easily be used as the
quantity to be optimized by the algorithm, i.e. the so-called fitness function.
Simulations have shown that the solution space has two main features that need to be taken
into account for designing a proper optimization algorithm. On the one hand it turns out
that the solution space has a lot of local maxima. On the other hand the fitness-function
plotted against the Bezier control points does not yield a steady hyperplane. This is due to the
fact that the fractional cone band width suddenly drops to zero if the algorithms runs into a
boundary condition (for instance by generating a structure that has a direct path-way fraction
s direct /s path below the threshold). Both effects are disadvantages for a simple optimization
algorithms like gradient descent as the algorithm will steer into a local maximum quite fast
and will most likely converge to this solution. Therefore, the solution will heavily depend
on the starting set of parameters that are chosen, i.e. the seed structure. For that reason the
optimization will be divided in two steps:
At first seed structures will be generated and their fractional cone band widths will be calculated. Here it needs to be decided what kind of symmetry will be used. Although just a
C 6 is necessary to construct the topological scheme of chapter 4 it might be beneficial to
use even higher symmetric structures. For that reason we randomly generate C 6 -symmetric
structures with a probability p 1 and C 6v -symmetric structures with a probability of 1 − p 1 .
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After that it needs to be decided how many control points should be used to engineer the
geometry. Like before, we randomly decide for a single control point with a probability p 2 and
for two control points with a probability 1−p 2 . Fig. 6.10 a illustrates this scheme. All remaining
parameters, i.e. position, angle and cantilever-length of the individual control points, can
be chosen completely freely as long as they satisfy the boundary conditions. As these seed
structures are computed by randomly generating control points they homogeneously cover
most of the overall solution space.
In a second step the best of those structures are fine-tuned by using an evolutionary algorithm.
Thereby n mutations of the seed structure are generated. In particular a mutation is defined
by varying all its parameters by a certain amount x i which is defined as
p new = p old · (1 + r · x i ),

(6.13)

with r being a random number between −1 and +1. Here x defines the mutation strength. If
the resulting mutation is not a valid structure (because of the boundary conditions) it will be
dropped and new mutations are generated until a valid one results. After generating n valid
mutations their fractional cone band widths are calculated and compared to each other as well
as to the seed structure. The best structure, i.e. the one with the largest fractional cone band
width, will be chosen as the new seed structure and the algorithm repeats the last step. If the
seed structure does not change (i.e. no better structure has been found with the n mutations)
for m subsequent generations, the mutation strength will be decreased,
x i → x i +1 with x i > x i +1

(6.14)

and the upper step will be repeated again. In the following we call a set of mutations that share
the same seed one generation of structures. Hence a generation comprises at least n and at
most n · m structures.
The algorithm terminates when x i will not be decreased further. Fig. 6.10b shows the decision
tree of the used optimization algorithm. This kind of optimization will be performed on
the best seed structures that have been computed by the random selection of the first step.
Therefore, it is an efficient way of fine-tuning the structures in step 2.
In general evolutionary algorithms contain the so-called genetic operators: mutation, recombination and selection. Thereby, mutation and recombination are used to investigate the
solution space. While the mutation operator is able to explore new parts of the solution space
the recombination operator rather tries to combine preferable features of two or more seed
structure in order to improve the child structure. However, if the fitness function features
a lot of local minima it is very likely that two seed structure close to distinct global maxima
recombine to a structure that sits in the valley in between these local maxima. Due to this
effect recombination is not used here.
Evolutionary algorithms are stochastic algorithms which have the peculiarity that they usually
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Figure 6.10 – (a) Decision tree of the first step of the optimization routine: Structures are
generated randomly featuring a C 6 -symmetry (C 6v -symmetry) with a probability p 1 (1 − p 1 )
and comprise a single (two) control point(s) with a probability p 2 (1 − p 2 ). This step will be
performed multiple times to provide a variety of seed structures for the following step. (b)
Second step of the routine: By generating mutations of a given seed structure from the first
step the fractional cone bandwidth f is optimized by successively decreasing the mutation
strength x.

do not provide the globally best solution but very efficiently yield reasonable good solutions,
which is a desired feature for the optimization of the snowflake crystal. This is basically
due to the fact that we do not want to have one very good structure but rather a collection of
reasonable good structures as later also other effects will become crucial that are not taken into
account so far. For example a very good structure with a perfect Dirac cone in the mechanical
band structure is not guaranteed to provide a good host for an optical cavity with a reasonable
high quality factor and optomechanical coupling strength to excite the Dirac mode. Hence, it
is beneficial to use the computational resources to get several good structure instead of the
one overall best structure. Moreover, by implementing a cavity later the mechanical structure
will also slightly change such that a previously fully fine-tuned mechanical structure will most
likely not be the globally best structure anymore.
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6.7 Results
This section provides the results of the optimization algorithm explained in the previous
section. For the first step 1000 different structures are randomly generated and the fractional
cone bandwidths f are calculated. Fig. 6.10 a depicts the decision tree of the corresponding
algorithm that generates a single structure. Here, we choose the following parameters:

p1

= 0.5

(6.15)

p2

= 0.33

(6.16)

As structures with a higher number of Bezier control points n ctl yield a greater variety of
geometries the probability to generate such a structure is chosen larger than the probability
for generating a structure with just a single control point. The result of the first step is depicted
in Fig 6.11. It shows the fractional cone bandwidth f of the individual structures. Moreover,
the exact geometries of the best seven structures are also shown.

Figure 6.11 – Fractional band width f of 1000 different seed structures created by the algorithm
illustrated in Fig. 6.10. In the subfigures (a) - (g) concrete structures of some of the best
geometries that are found at the first step of the optimization routine are shown. The 50 best
structures are indicated by the dashed lines at f ≈ 0.18.

In the second step we take the best 50 structures that have been found in the first step and
optimize them with the genetic algorithm explained in section 6.6. The corresponding flow
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chart of the algorithm is shown in Fig. 6.10 b, whereas the following parameters are used:

n

= 10

(6.17)

m

= 3

(6.18)

= [0.1, 0.05, 0.025]

(6.19)

x

A typical optimization according to this scheme is depicted in Fig. 6.12. The algorithm tries
to localize the best solution in the parameter space by decreasing the mutation strength x
in three steps. If a generation is extended to n · m = 30 structures the mutation strength is
decreased, which has happened after generation 4 and 6. Generation 9 also comprises the
maximum amount of structures, such that the algorithm terminates as the mutation strength
should not be decreased any further. Overall the algorithm increased the fractional cone
bandwidth from initially f = 35.2 % to f = 44.9 % in the depicted example.

Figure 6.12 – Result of the second part of the optimization routine (cf. Fig. 6.10b) for one
specific seed structure generated by the first part of the optimization (cf. Fig. 6.10a). (a)
illustrates the different generations during the optimization. Here, the gray dots represent the
individual mutations of the structure that are linked by the gray lines. The red dots are those
mutations that feature the largest fractional cone bandwidth f among one generation. The
red line illustrates the path through the different generations beginning at a geometry with
f = 0.3517 until the routine converged at a geometry with f = 0.4490. (b-d) show the concrete
geometries and the band structures around the K-point for the seed structure as well as the
parent structures of the two last generations.
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In Fig. 6.13 a the increase of the the fractional cone band widths is shown for the best 50
structures that were found by the first step of the algorithm.

Figure 6.13 – (a) Result of the second step of the optimization algorithm, which was applied
on the 50 best structures that were found by the algorithm’s first step. The light colored dots
represent the root geometries, whereas the dark colored dots represent the structures after the
fine-tuning by the genetic algorithm. It can be seen that the fractional bandwidth significantly
increased for most of the structures. (b) and (c) show two of the most promising geometries.
(a) is the overall best structure with a fractional cone band width of f = 49.2 %. However,
the space which is left to embed a cavity might be too small. In contrast to that (c) shows a
structure which provides a lot of space for a cavity. Its fractional cone band width is f = 26.7 %.
Finally Fig. 6.13 b,c depicts two of most promising structures with (b) being the overall best
structure the was found by the algorithm with a fractional cone bandwidth of f = 49.2 % and
(b) offering a lot of space to engineer a cavity in a further step. The latter cavity still has a
reasonable large fractional cone band width of f = 26.7 %.
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In this thesis we have investigated methods to guide sound waves in a solid state robustly
along predefined paths.
We started with reviewing a work that initiated the overall project of Steering Sound at the
Nanoscale and paved the way towards topological phononics on the chip. By utilizing the
optomechanical interaction we presented a scheme to generate a Chern insulator for phonons
in a lattice of optomechanical cavities. Although the scheme is generic and applicable to
any optomechanical setup, we focused on optomechanical crystals. The feature size of those
crystals is at the nanometer scale and the phononic excitations arise as sound waves within the
solid state. Arranged on a Kagome lattice equal optomechanical cavities are driven with lasers
that feature equal driving frequencies but different phases. Thereby, the optomechanical interaction can be controlled such that effective complex-valued hopping rates for the phonons
can be achieved. By properly engineering the phase pattern a staggered magnetic field with an
overall vanishing net flux can be created for phonons. This leads to non-trival Chern numbers.
Consequently, topological protected phonon edge channels arise at the interface between two
topological different domains. Due to the optomechanical interaction the phonon channels
can be excited and probed all optically.
Although above scheme provides a great robustness against disorder and several other advantages like all-optical probing, a realization in the laboratory remains challenging. In order to
design a setup that is simple to implement, we presented another scheme generating pseudo
magnetic fields for sound waves. This system can be created purely by geometrical means
in a well-established platform, the so-called snowflake crystal. The approach is based on the
smooth breaking of the C 6 or the C 3v point groups and the discrete translational symmetry
in a patterned material. The pseudo magnetic fields for sound waves are the analogue of
what electrons experience in strained graphene and give rise to topological edge state at the
sample boundaries. With this scheme we proposed a platform that is robust against disorder,
scaleable to any length scale that can technically be fabricated, and is well-suited for a variety
of excitation and readout mechanisms, among them optomechanical approaches.
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In a subsequent work we designed a topological insulator for phonons by adapting to a
phononic crystal a symmetry-based scheme, that was initially proposed in a topologically
photonic framework by Wu and Hu [2]. In this scheme, the Dirac cones from the high symmetry
points K and K0 are mapped to the Γ-point of the band structure, which creates a fourth fold
degeneracy. By breaking the translational symmetry in a way that conserves the six-fold
rotational symmetry, this degeneracy is lifted and a topological band gap arises. This yields a
pair of helical, topological protected edge states at the interface of two topological different
domains. We show that a beam splitter-like setup separates the left-moving edge state from the
right-moving edge states by a suitable arrangement of its two domains. This has the advantage
that no mode-selective excitation mechanism needs to be performed in an experiment. By
driving the system at the right frequency left- and right-mover will be generated equally
and separated by the beamsplitter. Therefore, the helicity of the edge states can be proven
easily. Moreover, the overall scheme is underpinned by a full-finite element simulation of the
beam splitter-like setup, thereby providing details of the helical edge states itself as well the
microscopic insights of the beam-splitting process.
Finally, the snowflake geometry that has been the fundamental building block of the above
schemes has been optimized. The snowflake design was developed for the sake of large
optomechanical coupling rates in an optomechanical defect mode cavity [1]. In order to
achieve a better confinement of the edge states the steepness of the Dirac cone needs to be
as large as possible. Moreover, the frequency range of the Dirac cone in the band structure
should not be disturbed by any other bands within the whole Brillouin zone. Both aspects have
been considered and optimized with a genetic algorithm that produced a portfolio of different
geometries with reasonable mechanical properties for an experimental realization. In view
of exciting and reading out mechanical excitations by all optical means we have applied our
genetic algorithm to designs that incorporates a regular sub-mechanical-wavelength pattern
of holes. In a subsequent step individual holes can be modified in order to design optical
defect mode cavities. Due to its smaller feature size the latter modifications have negligible
impact on the mechanical band structure.
The cavity design has been engineered by Tirth Shah and is not part of the present Ph.D.
thesis. The defect mode cavity shows a high quality factor as well as a reasonably strong
optomechanical coupling to the extended mechanical Dirac modes. Moreover, he studied how
to break the translational symmetry for the new designed geometry in a way that optimized
the size of the topological band gap.
At the Oskar Painter Lab at the California Institute of Technology first samples of the device
have already been fabricated (in September 2018) and are going to be tested. With a two-fibre
setup the edge states will be excited by coupling the optomechanical cavity to a tapered fibre,
whereas a second fibre is used for scanning the overall setup and reading out the response.
Due to the beamsplitter-like setup the helicity of the edge states can be proven.
Apart from its fundamental interest, robust phonon transport could be useful for many settings.
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Due to the simplicity of the nanoscale design, the snowflake phononic topological insulator
will turn into a versatile platform for generating arbitrary phononic circuits and networks
[113, 114] on the chip. This technology might be integrated in hybrid quantum systems, which
includes embedded strain-coupled dopant-based qubits [115–117] and superconducting
qubits coupled via surface-acoustic waves [118]. Phonons could be emitted by a qubit in
a pseudo-spin-selective way via a triplet of electrodes applying piezoelectric strain to the
snowflake triangles in a chiral fashion. These new helical phonon networks could also contain
optically tunable nonreciprocal elements [119], as well as quantum-limited chiral traveling
wave amplifiers of phononic signals [120].
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A Implementation of the On-Chip
Phononic Chern Insulator
Here, we discuss potential experimental realizations of a phononic Chern insulator as proposed in reference [43]. We assume the snowflake optomechanical crystal cavities designed
by Savafi-Naeini et al. [1] in order to bring the scheme on the chip. First we recap the characteristic numbers of this platform before we derive an expression for the necessary laser input
power to achieve the desired optomechanical coupling strength. Finally, we discuss different
parameter regimes at which the platform can operate.

A.1 Parameters of the Snowflake Crystal Design
Let us first clarify the setup parameters of the snowflake optomechanical crystal cavity before
we start any further investigation. According to [1] the following parameters hold, which are
assumed in the following discussion:

g0

= 2π · 220 kHz

ωm

= 2π · 9.3 GHz

ωo

= 2π · 195 THz

κex

= 2π · 1.0 GHz

κ = 2π · 2.1 GHz
γi

= 2π · 600 kHz

(A.1)

Here g 0 is the vacuum optomechanical coupling strength and ωm/o the cavity’s mechanical
and optical resonance frequency. κex refers to the cavity loss rate associated with the input
coupling, whereas κ refers to the total loss rate. The intrinsic mechanical loss rate is illustrated
by γi . Note that the mechanical damping rate depends on the number of intra cavity photons.
The given value holds for n circ & 15 000. Moreover, we restrict the maximum input laser power
to P i n . 20 mW and the number of the intra cavity photons to n circ . 106 .
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A.2 Estimation of the Laser Input Power
Before we discuss the different regimes of the on-chip phononic Chern insulator, we need to
derive an expression for the needed laser input power in dependence of the desired optomechanical coupling strength. For a single optomechanical cavity the equation of motion for the
light field in a frame that rotates at the laser frequency ωL is
κ
p
p
∂t â = (i ∆ − )â + κin fˆin + κex â in ,
2

(A.2)

with the total decay rate κ being the sum of the decay rates of the two channels, the vacuum
fluctuation fˆin (intrinsic loss) and the laser drive â in . Going to the classical limit by taking the
expectation value 〈â〉 := a yields
κ
p
ȧ = (i ∆ − )a + κex a in .
2

(A.3)

Hence, in a steady state (i.e. ȧ = 0) the number of circulating photons in the cavity n circ is
κ
n circ = |a|2 = ¡ κ ¢2
ex
2

· |a in |2 .
+ ∆2 | {z }

(A.4)

ṅ in

The situation becomes slightly different assuming an array as different sites (labeled by j ) as
well as different modes (labeled by l and quasimomentum ~
k) need to be distinguished. Eq. A.4
then generalizes to
(l )
n circ,
=¡ ¢
j
κex 2
2

κ
(l )
2
2
³
´2 · ṅ in · |〈 |l , k = 0〉| · |α j ,k=0 | .
(l )
+ ∆k=0

(A.5)

)
Only Γ-point modes (~
k = 0) are considered here, where ∆(lk=0
is the eigenfrequency of the l -th
Γ-point mode |l , k = 0〉, which has the following coefficients in the basis of the sublattice sites:
)
)
)
|l , k〉 = |α(lA,k
, α(lB,k
, αC(l ,k
〉

(A.6)

Moreover, the laser input state has the form
|

1
〉 = p |1, e i 2π/3 , e −i 2π/3 〉.
3

(A.7)

The optomechanical coupling strength g (lj ) can be obtained by multiplying the steady-state
(l )
light field a (lj ) (|a (lj ) |2 = n circ,
) with the vacuum optomechanical coupling strength g 0 , which in
j
general depends on the sublattice index j as well as on the Γ-point eigenmode l . Consequently,
Eq. A.5 becomes

g 02 · ṅ in
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=

|g (lj ) |2
κex
¡ κ ¢2 ³ (l ) ´2
+ ∆k=0
2

)
· |〈 |l , k = 0〉|2 · |α(lj ,k=0
|2

.

(A.8)

A.2. Estimation of the Laser Input Power
We obtain the eigenmodes |l , k〉 as well as ∆(lk ) by diagonalizing the following matrix


−∆

~


+i ~
k a~1
H (~
k) = 
)
 −J (1 + e

~

−J (1 + e −i k a~1 ) −J (1 + e −i k a~2 )




~
−J (1 + e −i k a~3 ) 
,
+i ~
k a~2
+i ~
k a~3
−J (1 + e
) −J (1 + e
)
−∆

−∆

(A.9)

p
a 1 = a(2, 0), ~
a 2 = a(1, 3) and ~
a3 = ~
a2 − ~
a 1 , where a is the distance of two neighboring
with ~
sites in the Kagome lattice. In the following, we evaluate explicit expressions for any of the
factors appearing in Eq. A.8.

Γ-point modes |l , k = 0〉
One can show analytically that the Γ-point modes are independent of the detuning ∆ = ωL −ωo .
They have the following form:

=1)
∆(lk=0
= −∆ − 4J
=2/3)
∆(lk=0
= −∆ + 2J

1
→ |l = 1, k = 0〉 = p |1, 1, 1〉
3
1
→ |l = 2/3, k = 0〉 = p | − (αB + αC ), αB , αC 〉
N

(A.10)

=2)
=3)
Here not only the eigenfrequencies ∆(lk=0
and ∆(lk=0
are degenerate but also the eigenmodes
|l = 2, k = 0〉 and |l = 3, k = 0〉. Hence, there is an infinite number of eigenmodes that can be
excited by the laser-mode. The normalization constant is given by

£
¡
¢¤
N = 2 |αB |2 + |αC |2 + Re αB αC∗ .

(A.11)

It is an advantage to choose the following two basis vectors in order to span the space of all
high-frequency eigenmodes (l = 2/3):

|l = 2, k = 0〉 =
|l = 3, k = 0〉 =

1
p |1, e i 2π/3 , e i 4π/3 〉
3
1
p |1, e −i 2π/3 , e −i 4π/3 〉
3

(A.12)

|l = 2, k = 0〉 represents a mode circulating counterclockwise, whereas |l = 3〉 circulates clockwise. As there is no z ∈ C so that |l = 2, k = 0〉 = z · |l = 3, k = 0〉 both modes are linear independent such that they from a basis of this subspace.
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1
|l = 2/3, k = 0i = p | (↵B + ↵C ), ↵B , ↵C i
N
1
|l = 2/3, k = 0i = p | (↵B + ↵C ), ↵B , ↵C i
N

|h
K0

|l = 1, k = 0i|2 = 0

K

Figure A.1 – Bandstructure: The l = 1 eigenmode does not overlap with the laser input state,
which would result in an infinite laser input power, whereas the two remaining Γ-point
eigenmodes are degenerate.

Mode overlap |〈 |l , k = 0〉|2
Consequently also the mode overlap is independent of ∆:
|〈 |l = 1, k = 0〉|2
|〈 |l = 2/3, k = 0〉|2

= 0
³
p ´i
1 h
=
|αB |2 + |αC |2 + Re αB αC∗ (1 + i 3)
N

(A.13)

In particular the overlap for the two chosen basis vectors is
|〈 |l = 2, k = 0〉|2

= 1,

|〈 |l = 3, k = 0〉|2

= 0.

(A.14)

In combination with Eq. A.5 we can realize that just the |l = 2, k = 0〉 can generate circulating
photons in the cavities. Note that the laser mode is identical to the supported cavity mode
whereas the |l = 3, k = 0〉-mode circulates in the opposite direction which results in a vanishing
overlap.

Lorentzian
With the analytical expression for the eigenfrequencies this term can be written as:

106

4κ(κ2 + 4∆2 + 64J 2 + 32∆J )−1

for l = 1

4κ(κ2 + 4∆2 + 16J 2 − 16∆J )−1

for l = 2, 3

(A.15)

A.3. Evaluation of Different Regimes

OM interaction
With the upper choice of the basis vectors Eq. A.5 now yields:

(l =2)
n circ,
j

= 4κex (κ2 + 4∆2 + 64J 2 − 16∆J )−1 ·

(l =3)
n circ,
j

= 0

1
· ṅ in
3
(A.16)

The circulating intensity is independent of the sublattice index j and therefore constant within
(l )
the unit cell. As |a (lj ) |2 = n circ,
the absolute value of the light field amplitude needs to remain
j
constant for all j . Consequently, we can assume an equally strong optomechanical coupling
on every lattice site, i.e. g (lj ) = g (l ) e i ϕ j . Note that g (1) and g (3) are zero due to the vanishing
overlap integral. Thus, we can write g := g (2) .

Finally, we insert the derived terms from Eq. A.12 – Eq. A.16 into Eq. A.8 which results in the
following expression:

g 02 · ṅ in

=



 ∞2

for l = 1
for l = 2




3g
2
2
2
4κex (κ + 4∆ + 16J − 16∆J )

∞

for l = 3

(A.17)

With P in = ~ωo ṅ in the laser input power is

P in (g , ωL ) =
=

¶
µ
3~ωo g 2 κ2
2
+ (ωo + 2J − ωL )
4
κex g 02

3~ωo κ2 g 2 3~ωo g 2
· +
(ωo + 2J − ωL )2 .
4κex g 02
κex g 02
| {z }

(A.18)

2.7·10−9 W

Note that the first term has a negligible contribution. For one million intra-cavity photons it
just yields ≈ 2.7mW. In order to minimize the input power the second term needs to vanish,
which yields the optimal laser frequency ω(min)
= ωo + 2J .
L

A.3 Evaluation of Different Regimes
In this section we observe four different regimes and discuss their realization in the experiment.
The different regimes are achieved by varying the laser frequency ωL (∆ = ωL − ωo ), the laser
p
input power P in (g = ng 0 ) as well as the optical and mechanical hopping rates J and K .
First we discuss regimes that are not realizable in an experimental setup. We exemplarily
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Figure A.2 – The plot illustrates the laser input power in dependence of the laser frequency
and the optomechanical coupling strength. The red lines indicate n circ = {103 , 104 , 105 , 106 }
intra cavity photons. For a given g the minimum laser power is achieved at ω(min)
= ωo + 2J .
L

show some hypothetical values of laser powers in order to set up the system proposed in
[43]. After that we present a regime that has the advantage of a totally independent optical
hopping rate J , such that it can be chosen arbitrarily large. This stabilizes the system against
disorder, without affecting other values. However, it remains challenging to realizable this
regime experimentally as the needed laser powers are on the order of a few hundred mW
per unit cell. Furthermore, a setup is proposed that yields edge states for laser powers of
3 mW per unit cell. This regime seems to be best realizable in an experiment, although the
optical hopping rates are quite small (J ≈ 0.15 ωm ). In contrast to the previous regimes, we also
assume positive hopping rates at the end. Although the propagation length of the edge states
in this regime is not that as large as in the previous regimes this might give an alternative, if
negative hopping amplitudes are not realizable.

Not realizable setups
The parameters of the system proposed in [43] are:

J

= 10 ωm

−∆ = 4 J + 0.2 ωm
K

= 0.05 ωm

g

= 0.007 ωm

(A.19)

This means that the mechanical bands feature frequencies slightly inside the spectral range of
the optical bands and interact with them near the Γ-point. Fig. A.3 shows the corresponding
band structure. In order to achieve the required optomechanical coupling strength g with the
given g 0 one needs approximately 107 intra-cavity photons, which is above the threshold of
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(opt)

106 . As the laser frequency ωL is quite far from ωL
the needed laser input power would be
6684W per unit cell, which is far above the given maximum laser power of 20 mW. Scaling
that down to a laser power of 10 − 100 mW per unit cell results in nearly vanishing topological
band gaps that are smaller than the intrinsic mechanical damping rate γi . We conclude that
edge states will not be experimentally observable in that regime.
Choosing a smaller hopping for the photons (J = ωm ) shifts the laser frequency ωL closer to
(opt)
ωL
which decreases the laser input power drastically. For 106 intra-cavity photons (which
yields g = 103 g 0 ≈ 0.023ωm ) the laser input power needs to be ≈ 9.7 W per unit cell. However,
this is still three orders of magnitude too large. Hence, the regime assumed in [43] is not
realizable with present day technology.

Figure A.3 – (a) Full band structure including the counterrotating terms (mirrored bands).
(b) Zoom in the mechanical part of the band structure. The parameters are J = 10ωm , −∆ =
4J + 0.2ωm , K = 0.005J and g = 0.07ωm [43]. This setup is not realizable in an experiment, as
the needed input laser power is three orders of magnitude above the threshold.

This shows that regimes that need a coupling strength of g > 103 g 0 = 2π · 220 MHz are not
realizable as the intra cavity photon number becomes too high. Moreover, laser frequencies
ωL (∆) that are too far detuned from ω(min)
= ωo + 2J (∆(min) = 2J ) are also not realizable as
L
they result in too large laser input powers.

J -independent regime
In the following, we concentrate on a regime where the mechanical bands are just below the
optical bands. Moreover, we assume negative optical and mechanical hopping rates J , K < 0.
Flipping the signs of the hopping rates yields flipped band structures. The flat optical band
appears at a frequency −∆ + 2J , whereas the maximum of the upper optical band is at −∆ − 4J .
Here, we set the distance between the optical flat band and the center of the mechanical band
to ≈ 1.5κ. This means (−∆ + 2J ) − ωm ≈ 1.5κ, which corresponds to
∆ = −ωm + 2J − 1.5κ,
ωL = ωo + 2J − ωm − 1.5κ.

(A.20)
109

Appendix A. Implementation of the On-Chip Phononic Chern Insulator
Flipping the band structure causes a decrease of the input laser power as the laser frequency
(opt)
ωL is closer to ωL
(Eq. A.18):
P in (g , ωL ) =

3~ωo κ2 g 2 3~ωo g 2
(ωo + 2J − ωL )2
· +
{z
}
4κex g 02
κex g 02 |
| {z }
=ωm +1.5κ

(A.21)

2.7 nW

Note that the second term is independent of the hopping J in this regime, which means that
the hopping can be arbitrary high without affecting the laser input power. This is an advantage
as larger hopping amplitudes are more robust against disorder. For the following discussion
we set J = −10 ωm , whereas the mechanical hopping rate is set to K = −0.005 ωm . The table
below shows the sizes of the topological band gaps appearing in the band structure.
P in /mW →
20
100
400

g /g 0
229
512
1025

→ ∆8/9 /γi
1.21
6.05
24.2

Unfortunately the band gap for a laser input power of 20 mW is too small to observe edge state
(at least in an array of roughly 30 × 15 unit cells). This can be seen in Fig. A.4(e) which depicts
the propagation probability of phonons initiated by a probe laser probing at a frequency right
in the center of the topological band gap.

Figure A.4 – (a) Full bandstructure of the system. (b,c) Zoom into the mechanical bands, where
a topological band gap of the size ∆8/9 = 30.2γi appears. (d) Transport map for the photons
(blue) and phonons (red) initiated by a probe laser, injecting photons with a frequency ωp
indicated in (c). The parameters depicted here are J = −10 ωm , K = −0.005ωm , ∆ = −ωm +2J −
1.5κ and P in = 20 mW. Moreover, the vacuum optomechanical coupling strength is assumed
imp
to be g o = 5g 0 here. (e) shows the phonon propagation for the same variables but without
assuming an improved vacuum optomechanical coupling strength.
A laser power of 400 mW would be necessary in order to see edge states, which is above the
threshold of 20 mW. Instead of increasing the laser power an improvement of the vacuum
optomechanical coupling strength g 0 can yield the same result. An increase by a factor of 5
imp
(g 0 = 5g 0 ≈ 1 MHz) would be sufficient. Fig. A.4(a-d) shows the band structure as well as the
imp
propagation map assuming an improved g 0 .
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Resonant regime ωL = ω(min)
L
In order to reduce the laser input power as much as possible, we drive the system on resonance,
which means that the laser frequency is equal to the frequency of the flat optical band:
ωL

= ω(min)
= ωo + 2J
L

∆ = 2J

(A.22)

The hopping rates J and K are assumed to be negative. Furthermore, we put the mechanical
band right above the optical band. At the Γ-point the distance between the upper optical band
and the mechanical frequency is set to κ/2 (it turns out that this leads to the clearest edge
states):
ωm − (−∆ − 4J ) = κ/2

(A.23)

m
This sets the optical hopping rate to J = κ/2−ω
≈ −0.14 ωm , whereas the mechanical hopping
6
rate is assumed to be K = −0.005 ωm . Fig. A.5 shows the band structure of that system. As
the second term of the laser input power (cf. Eq.A.18) vanishes in this regime a laser input
power of just 3 mW leads to a optomechanical coupling strength of g = 1057g 0 , which is at the
upper threshold of the intra cavity photon number. The transmission map for the photons
and phonons in an array of roughly 20 × 10 unit cells is plotted in Fig. A.5. One can clearly see
a phononic edge state propagating along the sample’s edge.

Figure A.5 – (a) Full band structure of the system. (b) Zoom into the mechanical bands.
The topological band gap (between the cyan and yellow mechanical band) has the size of
∆10/11 = 17.6 γi . (c) Transport map for the photons (blue) and phonons (red) initiated by a
probe laser, injecting photons with a frequency ωp indicated in (b). The parameters are ∆ = 2J ,
J = (κ/2 − ωm )/6, K = −0.005ωm and P in = 3 mW (→ g = 1057 g 0 ).
Decreasing |J | qualitatively results in the same edge state. As the band gap ∆10/11 becomes
smaller the propagation length of the edge state decreases as well. Increasing |J | leads to an
"intersection" of the optical bands and the mechanical bands. The band gaps vanish (at least
for small input power so that the number of circulating photons remains below 106 ) and edge
states are not observable. If one increases J further the mechanical bands are below the optical
Dirac cones. The system becomes unstable, which means that g needs to be small in order to
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avoid running in the lasing instability. The consequence are very small band gaps, such that
edge states will not be observable. So there is no way to increase the magnitude of the optical
hopping rate.
The big disadvantage of the regime depicted in Fig. A.5 is the small optical hopping rate. It
is very sensitive to disorder. Pushing the optical band a bit down (ωL = ω(min)
+ ωm /2) and
L
increasing J , such that the top optical band is close to the mechanical ones at the Γ-point,
does not improve anything. One needs more laser power to achieve a sufficiently large g ,
which leads to a laser instability pretty fast.

Positive hopping rates
Now we consider a similar situation as in section A.3 but with positive hopping rates J , K > 0.
The optical bands are below the mechanical ones with a seperation of 0.3κ between the top
optical band and the mechanical frequency (this value turned out to yield the clearest edge
states). Moreover, we assume ωL = ωo − 4J (∆ = −4J ) which leads to
ωm − (-∆+2J) = 0.3 · κ → J =

ωm − κ/4
.
6

(A.24)

Furthermore, the mechanical hopping rate is assumed to be K = 0.005 ωm . As we are now far
from ω(min)
the laser power is increased compared to the previous regime. An optomechanical
L
coupling strength of g = 328 g o can be achieved with an input laser power of P in = 20 mW.
Fig. A.6 shows the band structure of that regime. With the topological band gap being smaller
than the mechanical line width (∆11/12 = 0.58γi ), a lot of phonons are scattered into the
bulk, once a finite sample is probed at the edge with a laser of a frequency right in center
of the topological band gap. Nevertheless, phonons traveling along the edge can also be
observed. Although the propagation length of the edge states in this regime is not as large as
in the previous regimes this might give an alternative, if negative hopping amplitudes are not
realizable.

Figure A.6 – (a) Full band structure of the system. (b) Zoom into the mechanical bands.
The insight shows the topological band gap appearing in that system which is quite small
(∆10/11 = 0.58γi ). (c) shows the propagation of the photons (blue) and phonons (red) initiated
by a probe laser probing with a frequency ωp right in the center of the topological band gap.
The parameters are ∆ = −4J , J = (ωm − κ/4)/6, K = 0.005 ωm and P in = 20 mW (→ g = 328g 0 ).
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B Optomechanics with COMSOL Multiphysics
The following tutorial is based on the COMSOL Multiphysics version 5.1. Moreover, MATLAB
R2015a is used.

B.1 Quick Overview
Comsol Multiphysics and its modules
COMSOL Multiphysics is a software package for the simulation of physical processes by solving the underlying differential equations using the finite element method. It is especially
powerful for solving coupled phenomena and multi-physics, consequently it is widely used for
fundamental research as well as for concrete engineering applications. COMSOL Multiphysics
provides a graphical user interface such that no programming skills are required and even
complex simulations can be build via mouse-clicks. A large number of physical models is
already implemented in the software, however, for special cases also own models can be
build by simply defining the corresponding differential equations that are passed to the solver.
Therefore, COMSOL Multiphysics provides a great flexibility on the one-hand and a very easy
and straight-forward approach for common problems on the other hand. The main product,
COMSOL Desktop, includes the graphical user interface and already some powerful methods
like eigenfrequency solvers for several models or a small library of material constants of the
most common materials. Additionally, COMSOL Multiphysics offers a variety of add-on products which are divided in the sections: electrical, mechanical, fluid, chemical, multipurpose
and interfacing (cf. Fig. B.1). Moreover, it offers an API for Java and the LiveLink for MATLAB
such that the software can be controlled externally. This feature gives the possibility of writing
scripts to perform simulations, which is a huge advantage in many cases compared to the
click-approach over the graphical user-interface described above.
The following sections will explain the most important features of COMSOL Multiphysis and
how to set up and solve simulations. In particular, we focus on optomechancial simulations
and calculate the optical and mechanical eigenfrequencies and eigenmodes of the optome-
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Figure B.1 – The COMSOL software family: The main program and a variety of add-on
modules.

chanical snowflakes crystal design [1]. The first question to be answered at this point is, what
modules are needed in order to simulate optomechanical setups. In most cases one would like
to build an optomechanical crystal made of some dielectric material with a special geometry
and observe how light waves and elastic waves propagate in this special material as well as the
response of the material to the light and elastic waves.

Electromagnetics theroy
In order to simulate the effects of light in the optomechanical crystal one needs to solve
Maxwell’s equations. Their differential form, which can be directly processed by a finite
element solver, is given below:

∇D

= %,

(B.1)

∇B

= 0,

(B.2)

∇×E

= −

(B.3)

∇×H

=

(B.4)

∂B
,
∂t
∂D
j+
∂t

with the electric displacement D, electric field intensity E , magnetic field intensity H and
magnetic flux intensity B . The electric charge density is given by % and j indicates the current
density. Moreover, the equation of continuity is given by
∇j = −
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∂%
.
∂t

(B.5)

B.1. Quick Overview
In order to obtain a closed system, one needs to include the constitutive equations

D

= ²0 E + P ,

(B.6)

B

= µ0 (H + M),

(B.7)

= σE ,

(B.8)

j

with the electric polarization vector P and the magnetization vector M. ²0 and µ0 is the
permittivity and permeability of vacuum, whereas σ indicates the electric conductivity that
depends on the material. In the case of linear materials the electric field intensity is directly
proportional to the polarization (P = ²0 χe E ). Moreover, also the magnetization is directly
proportional to the magnetic field (M = χm H ), such that the constitutive equations can be
simplified as follows:

D

= ²0 (1 + χe )E = ²0 ²r E ,

B

= µ0 (1 + χm )H = µ0 µr H ,

(B.9)
(B.10)

with the electric and magnetic susceptibilities χe and χm , which are absorbed in the relative
permittivity ²r and the relative permeability µr . In the context of finite element simulation, the
latter two parameters can be best imagined as space depended scalars for isotropic media or
space dependent tensors for anisotropic media those values dependent on the corresponding
material the model contains at a specific point in space. Therefore, in a sense ²r and µr also
encode the geometry of the model.
For the sake of designing optomechanical crystals, eigenfrequency analysis is crucial. To
perform those kind of simulations the fields need to be written in their time-harmonic form
by assuming a sinusoidal excitation
E (r , t ) = E 0 (r )e i ωt ,
H (r , t ) =

H0 (r )e

i ωt

.

(B.11)
(B.12)

Assuming a linear medium the Maxwell equations result in the eigenfrequency equation of
the electrical and magnetic field
∇ × (µ−1 ∇ × E ) = ω2 ²E ,
−1

2

∇ × (² ∇ × H ) = ω µH .

(B.13)
(B.14)

Explicitly solving the Maxwell equations could in principal be done with the help of COMSOL’s
AC/DC Module, RF Module and Wave Optics Module. They all solve different variations of
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the Maxwell equations, thereby taking different approximations into account. The important
number in the decision what module to use is the fraction of the maximum dimension of the
object L c and the free space wavelength λ of the operating frequency:
• L c . λ/100: AC/DC module.
• L c ≈ λ : RF module or wave optics module. Note that if L c & 10 λ, models builded with
the letter
RF module
will become increasingly more computationally demanding, which is
medium
size: 32pt
not
a
problem
in
small letter size: 24pt 2D but certainly in 3D modelling. A model of the size 10λ × 10λ × 10λ
very would
small letter
size:
16pt
already
take
a 64GB RAM computer to solve, and
memory requirements
will grow
Frequency
in GHz
3
as O (λ ).
frequency in GHz
label size: 40pt x 40pt
• L À λ: Wave optics module.
frequency in GHz
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Figure B.2 – Usage of the different modules in dependence of the free space wavelength λ = c/ f
and the size of the object L c . The highlighted red region is the area where optomechanical
crystals typically operate.
Fig. B.2 shows which module to use in order to simulate Maxwell’s equations in dependence of
the free space wavelength λ and the size of the object L c . For typical optomechanical crystals a
single unit cell (e.g. snowflake defect) is about L c ≈ 500
nm in size and the mid-gap frequency
100Thz
300Thz
of these devices is around ν = 200 THz, which corresponds
to a free-space wavelength of
9
−1
12 −1
λ ≈ c/ν = (3 · 10 ms )/(200 · 10 s ) = 1 500 nm. Therefore, the RF module is the appropriate
choice.

Theory of linear elasticity

100Thz
300Thz

To simulate the mechanical deformation of an optomechanical crystal COMSOL’s structural
mechanics module is used, which implements the theory of linear elasticity. The equation of
50µm
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motion reads
divσ + F = %

∂2
u,
∂t 2

(B.15)

with the stress tensor σ being a second order tensor. Its nine components describe the
distribution of forces inside a deformed material. On the other hand F is the body force per
unit volume which is defined to be the space independent part of the overall load. Usually
the body forces are gravity or external forces. The mass density is denoted by % and the
3-dimensional vector field u illustrates the displacement field of the body. Integration over
the whole volume results into Newton’s second law. The body force per unit volume simply
R
yields the externally acting force, whereas dV divσ vanishes. Due to the integration the
displacement field gets weighted by the mass density such that the term on the right hand
side of Eq. B.15 becomes m · a, with a being the acceleration of the whole body and m its total
mass. From the displacement field one can easily extract the strain tensor that is defined as
²=

¡
¢T
gradu + gradu

2

.

(B.16)

² is a second order tensor and quantifies the transformation of the body from its equilibrium
or reference position, which can be written as

²x
τx y /2 τxz /2


² =  τx y /2
²y
τ y z /2  ,
τxz /2 τ y z /2
²z


with ²i quantifying the normal strain and τi j the shear strain

²i

=

τi j

=

∂u i
∂x i
∂u i ∂u j
+
.
∂x j ∂x i

(B.17)
(B.18)

For the case of a pseudo one-dimensional rod with a constant force acting on one end of the
rod the strain tensor reduces to relative elongation ² = ∆L/L. In order to get a complete set of
equations one needs a constitutive equation that couples the kinematic quantities (that relate
coordinates and their derivatives, here: ²) with the kinetic quantities (that relate motion with
forces, here: σ). This is given by
σ = C : ²,

(B.19)

with the material-dependent forth order elasticity tensor C . Eq. B.19 is a the generalized
version of Hooke’s law. This can easily be seen if one considers the homogenous, isotropic
pseudo one-dimensional rod of length L and a cross section of A. The stress is given by σ = F /A
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with the force F acting on A parallel to the axis of the rod. In this case the elasticity tensor C
reduces to the young’s modulus E such that Eq. B.19 can be rewritten as F /A = E · ∆L/L. Here,
the relative elongation from above is used. By solving this equation for F one gets Hook’s law
F = k · ∆L,

(B.20)

with the spring constant k := E A/L. Similar to the case of electromagnetic waves the harmonic
approximation is assumed for the displacement field u in order to calculate the eigenfrequencies:
u(r, t ) = u(r ) · e i ωt

(B.21)

In addition to that the body forces are set to zero as effects like gravity can be neglected for the
eigenfrequency study. The left hand side of Eq. B.15 then reads
¡ ¡
¢¢
1
divσ = div(C : ²) = e i ωt · div C : grad u(r ) + [grad u(r )]T
2

(B.22)

whereas the right hand side becomes
%

∂2
∂2
u(r,
t
)
=
%
u(r )e i ωt = −ω2 %u(r )e i ωt .
∂t 2
∂t 2

(B.23)

Finally the equation of motion becomes an eigenvalue equation for the mechanical eigenfrequencies and eigenmodes
¡ ¡
¢¢
div C : grad u(r ) + [grad u(r )]T = −2%ω2 u(r ).

(B.24)

This equation (or a slightly modified version if one also models inelastic effects) is solved
by COMSOL’s finite element solver in order to calculate the eigenfrequencies of mechanical
structures.

LiveLink to MATLAB
Although COMSOL’s click-approach is quite intuitive, in a lot of cases it is more convenient
to write a script in order to set up a simulation. This can easily be done via the LiveLink to
MATLAB, which is the third add-on package one would need for simulating optomechanical
setups. In contrast to the other two add-ons, the LiveLink to MATLAB is for free and accessible
once the main program is installed.
Note that MATLAB needs to be installed before the installation of COMSOL is done on the
computer. During the installation process one will be asked for the path of MATLAB. After
the installation the program COMSOL Multiphysics can be executed, which simply opens the
COMSOL Desktop, or one can launch COMSOL with MATLAB which opens a slightly modified
version of MATLAB that already includes all the functions of COMSOL. The advantage of

118

B.2. Modelling with COMSOL
using MATLAB is the availability of control structures, like for-loops and if-queries. In many
cases one would like to loop through several parameters (like the quasi momentum of band
structures) or a certain geometry needs to be duplicated more often (like the snowflake defects
in an optomechanical array).

Further information and useful tutorials
COMSOL Multiphysics provides a huge library of user guides, tutorials and exemplary applications for all the add-on modules. Open COMSOL and go to Help→Documentation in order to
find them. The most efficient way to get used to the COMSOL User Interface is by working
through the step-by-step tutorials Introductions to the RF Module as well as the Introduction to
the Structural Mechanics Module. Another useful tutorial is Bracket - Eigenfrequency Analysis
which can be found in Application Library→Structural Mechanics Module→Tutorials and
Computing Q-Factors and Resonant Frequencies of Cavity Resonators which can be found in
Application Library→RF Module→Verification Examples. For more specific questions the
COMSOL Discussion Forum is a good address to look for answers [124]. If this does not
answer the question writing an email to the COMSOL support center is probably the most
efficient way. Typically they reply within a few hours and they answer technical questions
(e.g. "COMSOL with MATLAB does not launch. What should I do?") as well as physics related
questions ("How can I combine the chemical reaction engineering module and the structural
mechanics module in order to simulate the processes in an engine?"). Another good address
is the COMSOL blog [125]. It contains interesting articles dealing with questions like the
difference of a perfectly-matched-layer boundary condition and the scattering condition or
which of the electrical modules should be used for simulating Maxwell’s equations for a certain
wavelength.

B.2 Modelling with COMSOL
In order to build a model in COMSOL one needs to go through several steps to define everything COMSOL needs to calculate. An overview is depicted in Fig. B.3. First of all the global
parameters need to be set in the Global Parameters node. These are parameters that are of
global importance and can be accessed from every other node of the project. A reasonable
parameter, one would define globally, would be the thickness of a photonic crystal slab for
instance. In the next step the Component node needs to be defined, which itself separates in
the subnodes Definition, Geometry, Materials, Physics and Mesh. The Definitions node enables
one to define views or groups of domains and boundaries. For beginners this node is rather
unimportant and can be neglected at first. In Geometry the shape of the component will be
defined. For a three dimensional project the geometry consists of three dimensional domains,
two dimensional boundaries, one dimensional edges and zero dimensional points. Under
Materials the different domains of the component will be allocated to materials (silicon, air,
etc.). The differential equations that should be solved as well as the corresponding boundary
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Figure B.3 – Structure of COMSOL’s model builder: It is separated in the four different nodes
Global Definintion, Component, Study and Results, whereas the Component node consists of
the five subnodes Definitions, Geometry, Materials, Physics and Mesh. Note that, depending
on how complicated the project is, there might occur several more subnodes to any of the
Parameters that are defined here can be accessed from all
other nodes as well. Global Definitions nodes of the project
Component

The object to model with all its properties

Definitions

Defines groups of domains, views, …

Geometry

Geomety defined by domains, boundaries, edges and points

All materials
component
consists
(silicon, air,…)
Materials
conditions are defined in the
Physics node.
Bytheusing
the
RF ofmodule
those would be Maxwell’s
Physics
Defining differential
equations
(Maxwell’s
…)
equations or the equations of
linear elasticity
theory
once
the equation,
Structural
Mechanics module is
Mesh at whose nodes
the differential equation
will be solved
Mesh the differential
used. Finally the mesh on which
equations
are solved
will be defined under
Defines what will be calculated (eigenfrequancies,
Study
Mesh. After having properly
defined the
component a Study node needs to be created, which
deformation,…)
defines what exactly should
be calculated
the
defined in the subnode Physics. This
Savedwith
solutions,
plots,theory
etc…
Results
might be the eigenfrequencies of the system or the component’s deformation due to some
external load. After solving the problem a node Results will automatically be generated in
which the solution is saved and plots can be defined.

At this point it is recommended to go through the step-by-step tutorials Introductions of the
RF Module as well as the Introduction to the Structural Mechanics Module, as one needs to be
familiar with COMSOL’s user interface in the following sections.

B.3 Mechanical Unit Cell of the Snowflake Crystal
In the following the unit cell of a snowflake defect [1] will be modelled and its mechanical
eigenmodes will be calculated. For that purpose, the steps introduced in section B.2 are
proceeded and explained in detail one after another. The corresponding COMSOL-file can be
found in [126].

Global Definitions
In this case the global parameters are just the geometry parameters, as they remain constant
during the whole calculation.
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Figure B.4 – The snowflake unit cell: (a) The component with the work plane, that is used
to extrude a two dimensional snowflake defect into the third dimension. The three pairs of
Floquet boundary conditions are highlighted in red, yellow and blue. The mesh shows the
points in space at which the equations of linear elasticity theory will be solved. (b) Solution
of the eigenfrequency problem. The figure shows the exaggerated displacement field (scale
factor of 7.8 × 109 ) of the Γ-point eigenmode (k x = k y = 0) corresponding to the frequency of
νm = 7.7 GHz.
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Geometry
The easiest way to built the geometry of the snowflake is to create a two dimensional work
plane in the x y-plane and define the snowflake shape first in that plane. This can easily be
done by creating a hexagon (polygon-object) and a rectangle object. Creating two copy objects
from the rectangle and rotating them by 60◦ and 120◦ via rotate objects yields the snowflake
structure in two dimensions. Extruding this in the z-direction by the thickness of the crystal
slab generates the three dimensional geometry of the component. Note that one does not
need to model the surrounding air, as the mechanical displacement field is just defined for
the crystals itself in contrast to the electric and magnetic fields that can and will also scatter
out of the crystal slab. Now the geometry consists of one domain (the whole structure), 26
boundaries (two dimensional surfaces), several edges (one dimensional lines) and vertex
elements (points).

Materials
Via the built-in material library domain 1 is allocated to silicon in the material node. The builtin library is part of COMSOL’s main program and comprises the most important materials
with all of its physical constants needed for the available modules. If the standard built-in
library is not sufficient, the COMSOL material library module is a lot more extensive.

Physics
The first subnode Linear Elastic Material shows the differential equations that are used to
describe domain 1 of the component (so the whole component as it just comprises of a single
domain). By default the free boundary condition is set to all the boundaries as there are no
constraints on the displacement field on surfaces in the beginning. Moreover, the initial values
are set to zero for the whole component by default as well. At some point one will be interested
in the band structure of an array of periodically concatenated hexagonal unit cells so that
periodic boundary condition need to be introduced. As the system has a hexagonal shape
there are three pairs of boundary condition (cf. Fig. B.4 a). In order to implement a Bloch
~~
~ =~
ansatz ~
u (~
r + R)
u (~
r )e i k R the Floquet periodicity needs to be used in the periodicity settings.
This enables one to achieve a phase shift according to the wave vector ~
k of the displacement
field by propagating from one unit cell to another. In the beginning it is enough to just consider
~
k = (0, 0, 0), which is actually equal to the continuity periodic boundary condition. Later one
needs to sweep through different ~
k in order to calculate the band structure of an array made
of snowflake defects.
At this point one could in principle also add some symmetries to the system. For instance
horizontally cutting the crystal in two halves (which just means reducing the thickness by
a factor of 2) and adding a symmetry boundary condition at the bottom surface to result
in just symmetric modes with respect to the x y-plane. This will become important for the
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electro-magnetic field as TE- and TM-like modes will be considered later.

Mesh
It is recommended to build two-dimensional triangular meshes at the surfaces of the periodic
boundary conditions first in order not to get a conflict with the periodic boundary condition.
For each boundary condition one surface mesh needs to be a copy of the corresponding
opposite surface mesh. Once all three pairs of meshes are generated the rest of the domain
can be meshed via the standard tetrahedral mesh. Note that the triangular meshes need
to be generated first (they need to be above the tetrahedral mesh in the model builder tree
as COMSOL works its way down the model builder tree). Fig. B.4 a shows the mesh of the
snowflake defect.
In fact, for the newer versions of COMSOL it would not be necessary to copy this surface
meshes, it would also work if one just meshes the whole array with a tetrahedral mesh. However, with older versions of COMSOL it might happen that an error is thrown if one does not
copy the meshes.

Study
In this case we are interest in the eigenfrequency study. For that purpose one needs to tell
COMSOL how many eigenmodes it should calculate and around what central frequency it
should look for those eigenmodes. Under solver configuration one could also change the
setting of the used solver. However, for this purpose the default settings are fine.

Results
Once the eigenmodes are computed the node results appears as well as the default plot of the
displacement field (cf. Fig. B.4 b). Here, one can go through all the different eigenmodes by
selecting the corresponding eigenfrequency in the subnode 3D Plot Group. After pressing Plot
the selected eigenmode appears in the graphics window. Note that the first few eigenmodes
with a very large imaginary part in their eigenfrequency are just numerical artifacts. Here,
COMSOL diagonalized a Hermitian matrix as no loss is incorporated in the physics subnode of
the component, so that the eigenvalues need to be purely real numbers. (This will change for
the optical eigenmodes as scattering boundary conditions will be used to restrict the modelled
area.)

B.4 Optical Unit Cell of the Snowflake Crystal
Now the optical part of the snowflake defect will be modelled. The corresponding COMSOL-file
can be found in [127].
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Global Definitions
As for the mechanical part, any kind of parameters can be stored in the node.

Geometry
In contrast to the calculation of the mechanical eigenmodes, the surrounding air also needs
to be modelled as the electromagnetic field scatters out of the crystal slab. The thickness of
the surrounding air slab should be approximately three times the free-space-wavelength of
the light. As we are just interested in the TE-like eigenmodes it is enough to model half of
the system as there will be a perfect magnetic conductor boundary condition attached to the
bottom surface at z = 0. Here, it is important that the crystal slab is built first as the extruded
hexagon which is going to be the air stack will just cover regions that have not been cover yet
by any other domain. In this case the whole component comprises two domains - one of them
will be defined as air and the other one as the silicon slab. Fig. B.5 a shows the component’s
geometry.

Materials
As the component consists of a silicon slab and an air stack one of these domains need to be
defined as silicon and the other one as air via the built-in material library.

Physics
Analogue to the previous chapter, where the mechanics is modelled, the first subnode in the
physics node shows the differential equations that are going to be solved. In this case these
are the wave equations resulting from Maxwell’s equations. By default the perfect electric
~ = 0) is attached to all outer surfaces which will be
conductor boundary condition (~
n ×E
overwritten by the following boundary conditions. The initial values for the electric field
is set to zero by default as well (subnode initial values). Analogue to the mechanical part
three Floquet periodic boundary conditions need to be set (each boundary condition now
comprises four surfaces; two air boundaries and two silicon boundaries). As one needs to
limit the modelled air stack artificially a scattering boundary condition needs to be used for the
top boundary of the air stack. This results in a non-Hermitian matrix that will be diagonalized,
which might cause complex eigenfrequencies for modes that are extended in the z-direction.
The imaginary part then corresponds to the loss which is scattered out of the component via
the scattering boundary condition. [128] nicely discusses the opportunities COMSOL has to
~ = 0) is attached to
n×H
limit the model. A perfect magnetic conductor boundary condition (~
the bottom surface of the system as just TE-like modes are considered. This means that the
~ -field is (anti)parallel to the normal vector ~
~ -field
H
n of the x y-plane, which results in an E
with a vanishing z-component (E z = 0) in the x y-plane (z = 0). Therefore, the field can be
described by (E x , E y , H z ) in that plane, which means transverse electric (TE-like modes).
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Figure B.5 – The snowflake unit cell: (a) geometry of the snowflake unit cell (blue) surrounded
by air(gray). As just TE-like modes are considered there is a perfect magnetic conductor
~ = 0) attached to the bottom surface of the system. (b,c,d) Plots
n×H
boundary condition (~
p
~ -point eigenmode (~
~ | in V/m of the M
of the electric field norm |E
k = (2π/ 3a,0)) with the
frequency νO = 279 THz. The red dotted line in (d) shows the symmetry plane at z = 0 along
the y-direction.

Mesh
With the periodic boundary conditions in the RF module causing conflicts if meshes of corresponding boundaries are not exactly identical, triangular meshes need to be attached on the
surfaces first and copied in the next step to their corresponding surfaces. Once the surface
meshes of the periodic boundary conditions are built a free tetrahedral mesh is attached to the
rest of the component’s domains. With the newer versions of COMSOL assigning triangular
meshes first is not necessary any more; simply using tetrahedral meshes is fine. Note that the
silicon slab requires a much finer mesh than the air stack as the more extended modes do not
vary that much on small distances, in contrast to the localized modes.

Study and Results
For the eigenfrequency study these steps are analog to the study and results section of the
mechanical part(B.3).

B.5 Calculating Band Structures
In order to calculate the band structure of the snowflake defect one would need to run the
previous simulations over and over again for different values of the wave vector ~
k in the Floquet
periodic boundary condition. For this purpose it is convenient to use the LiveLink to MATLAB
and write a script that simply loops through the corresponding ~
k-values, saves them and plots
the resulting band structure.
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LiveLink to MATLAB
At this point it is assumed that the reader knows how to use MATLAB.
The simplest way to get used to the syntax is to save a project in COMSOL as an .m-file
(File→Save as). Every click that has been done so far is then saved in this MATLAB file using
the corresponding code. Consequently, these files are usually rather long and unclear to read.
Nevertheless they give a quite intuitive first impression on the syntax and instead of looking
in the lengthy documentation it is mostly more efficient to do the corresponding action in
COMSOL by clicking the right buttons and save it as an .m-file to find the right syntax. Explicit
examples of COMSOL projects can be found here:

• [129]: calculation of the mechanical band structure.
• [130] : calculation of the optical band structure.
• [131] : calculation of the optical band structure (TE-like bands only).
• [132] : calculation of the optical band structure (TM-like bands only).
• [133]: loads the saved files produced from the previous four scripts and plots the corresponding band structures (this is just a simple MATLAB code which has nothing to do
with COMSOL).

Note that the four scripts [129–132] have already been cut down to the essential part. By
saving the project as a .m-file in COMSOL a lot more unnecessary material constants would be
defined and the whole history would be written down. Moreover, in those files a shorter syntax
is used by defining variables in MATLAB. For example the syntax produced by COMSOL for
1
2
3

1 geometry = model . geom . create ( ’ geom 1 ’ ,3) ;
2 workplane = geometry . feature . create ( ’ wp 1 ’ , ’ WorkPlane ’) ;
3 workplane . set ( ’ quickz ’ , ’0 ’) ;

would be
1
2
3

1 model . geom . create ( ’ geom 1 ’ , 3) ;
2 model . geom ( ’ geom 1 ’) . feature . create ( ’ wp 1 ’ , ’ WorkPlane ’) ;
3 model . geom ( ’ geom 1 ’) . feature ( ’ wp 1 ’) . set ( ’ quickz ’ , ’0 ’) ;

Especially in the third line it becomes clear that the first approach by defining variables in
MATLAB makes things a lot clearer and easier to understand.
The COMSOL syntax is quite similar to Java-syntax, so that the easiest way is to think of
classes and instances of that classes with its attributes. Every node in COMSOL’s model builder
represents one instance of a certain class, whose attributes may itself be instances of other
classes. This is going to be explained using the following example of producing part of the
geometry:
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workplane = geometry . feature . create ( ’ wp 1 ’ , ’ WorkPlane ’) ;
workplane . set ( ’ quickz ’ , ’0 ’) ;
hexagon = workplane . geom . create ( ’ pol 1 ’ , ’ Polygon ’) ;
hexagon . set ( ’ source ’ , ’ table ’) ;
hexagon . setIndex ( ’ table ’ , ’a / sqrt (3) ’, 0 , 0) ;
hexagon . setIndex ( ’ table ’ , ’0 ’ , 0 , 1) ;
hexagon . setIndex ( ’ table ’ , ’a /(2* sqrt (3) ) ’, 1 , 0) ;
hexagon . setIndex ( ’ table ’ , ’a /2 ’ , 1 , 1) ;
hexagon . setIndex ( ’ table ’ , ’-a /(2* sqrt (3) ) ’, 2 , 0) ;
hexagon . setIndex ( ’ table ’ , ’a /2 ’ , 2 , 1) ;
hexagon . setIndex ( ’ table ’ , ’-a / sqrt (3) ’, 3 , 0) ;
hexagon . setIndex ( ’ table ’ , ’0 ’ , 3 , 1) ;
hexagon . setIndex ( ’ table ’ , ’-a /(2* sqrt (3) ) ’, 4 , 0) ;
hexagon . setIndex ( ’ table ’ , ’-a /2 ’ , 4 , 1) ;
hexagon . setIndex ( ’ table ’ , ’a /(2* sqrt (3) ) ’, 5 , 0) ;
hexagon . setIndex ( ’ table ’ , ’-a /2 ’ , 5 , 1) ;
rect 1 = workplane . geom . create ( ’ r 1 ’ , ’ Rectangle ’) ;
rect 1. set ( ’ size ’ ,{ ’w ’ ’2*r ’}) ;
rect 1. set ( ’ base ’ , ’ center ’) ;
copy 1 = workplane . geom . create ( ’ copy 1 ’ , ’ Copy ’) ;
copy 1. selection ( ’ input ’) . set ({ ’ r 1 ’}) ;
rot 1 = workplane . geom . create ( ’ rot 1 ’ , ’ Rotate ’) ;
rot 1. selection ( ’ input ’) . set ({ ’ copy 1 ’}) ;
rot 1. set ( ’ rot ’ , ’60 ’) ;
copy 2 = workplane . geom . create ( ’ copy 2 ’ , ’ Copy ’) ;
copy 2. selection ( ’ input ’) . set ({ ’ r 1 ’}) ;
rot 2 = workplane . geom . create ( ’ rot 2 ’ , ’ Rotate ’) ;
rot 2. selection ( ’ input ’) . set ({ ’ copy 2 ’}) ;
rot 2. set ( ’ rot ’ , ’ -60 ’) ;
dif = workplane . geom . create ( ’ dif 1 ’ , ’ Difference ’) ;
dif . selection ( ’ input ’) . set ({ ’ pol 1 ’}) ;
dif . selection ( ’ input 2 ’) . set ({ ’ r 1 ’ ’ rot 1 ’ ’ rot 2 ’}) ;
ext = geometry . feature . create ( ’ ext 1 ’ , ’ Extrude ’) ;
ext . set ( ’ workplane ’ , ’ wp 1 ’) ;
ext . selection ( ’ input ’) . set ({ ’ wp 1 ’}) ;
ext . setIndex ( ’ distance ’ , ’d /2 ’ , 0) ;
...
98 geometry . run ;

Here geometry has been defined before. In the first line an object of the class WorkPlane is
generated as an attribute of the object geometry. The feature-command always references
to a subnode. If it is not yet generated the command feature.create(<variable name
in COMSOL>, <class>) generates an object/subnode of the class with a corresponding
internal name in COMSOL. If one wants to access a subnode in order to adjust its setting
geometry.feature("wp1").set( "quickz", "0") needs to used. As the workplane object needs to be accessed more often it is convenient to define it as a MATLAB variable so
that the syntax simplifies to workplane.set( "quickz", "0"). Note that if the main nodes
geometry, mesh, material, physics and study are not defined in MATLAB variables they are
simply accessed via
• model.geom(<name of geometry>),
• model.mesh(<name of mesh>),
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• model.material(<name of material>),
• model.physics(<name of physics>) and
• model.study(<name of study>).
The feature command is just used for the subnodes of the main nodes. In line 3 to 16 an
object of the class polygon is generated by defining its coordinates in a table. The first entry is
the name of the table, the third and the forth entries are the row and column indices of the
table and the second entry is the value for that corresponding cell in the table. Line 17 to 19
generates an object of the class rectangle. In the lines 20 to 24 first a copy object is made of the
this rectangular and then a rotate-object is generated of the that copy object with an angle of
60◦ . This is repeated in the lines 25 to 29 with angle of −60◦ in order to build a snowflake shape
of three rectangles. In the following three lines an object of the difference class is generated to
cut the snowflake shape out of the hexagon. Finally, this two dimensional shape is extruded
in the lines 33 to 35 by generated an extrude object. Similar things need to be done in order
to model the air surrounding the crystal slab. In the last step geometry.run finalizes the
geometry.
In the following, the most important commands are listed:

• import mom.cosmos.model.*; first line of the code: connects with COMSOL and
loads functions
• import mom.cosmos.model.util.*; second line of the code: connects with COMSOL and loads functions
• model = ModelUtil.create(’Model’); third line of the code: generates the model
• model.modelNode.create(’comp1’); forth line of the code: generates the component node
• geometry.run; finalizes the geometry
• mesh.run; finalizes the mesh
• study.run; finalizes the study
• mphgeom(model); plots the geometry in a MATLAB window
• mphmesh(model); plots the mesh in a MATLAB window
• mphselectcoords(model,’geom1’,coord’,’domain’,’radius’,a); finds geometry entity numbers based on their vertex coordinates. (More detailed information in
LiveLink for MATLAB User’s Guide page 291)
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Figure B.6 – (a) mechanical band structure of the snowflake design with its band gap around
9 GHz. (b) optical band structure of the TE-like modes: The red dots represent eigenmodes
with a large imaginary part in their eigenfrequency which corresponds to a large loss due to
the scattering boundary condition. Consequently those modes are largely extended, whereas
the modes represented by the blue dotes are well localized at the defect. Both domains are
separated by the light cone (2πν)2 = c 2 · (k x2 + k y2 ).
• mphselectbox(model,’geom1’,coordBox,’domain’); retrieves geometric entities
enclosed by a box (in 3D) or rectangle (in 2D). (More detailed information in LiveLink
for MATLAB User’s Guide page 289)
• mphsave(model,’filename’); saves the project in an mph-file
Further and more detailed information about the LiveLink to MATLAB can be found in the
tutorial ”Introduction to LiveLink for MATLAB” and in LiveLink for MATLAB User’s Guide’.
Especially chapter 6 of the User’s Guide is quite useful as it lists all commands of the COMSOL
API, explains them and gives small examples.

Mechanical and optical band structure
The files calc_mech_bands.m, calc_opt_bands.m, calc_opt_TEbands.m and calc_opt_TMbands.m
build the unit cell’s geometry, mesh it, define materials and calculate its mechanical and optical eigenfrequencies for different quasimomenta in the Floquet periodic boundary condition.
Fig. B.6 shows the full phononic and the photonic TE-like band structure of the snowflake
defect.

B.6 Optomechanical Coupling
In order to calculate the optomechanical coupling between a mechanical mode and an optical
mode two effects need to be taken into account. On the one hand, the dielectric boundary
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of the sample changes due to the vibrations of the mechanical mode which in return slightly
changes the eigenfrequency of the optical mode of the that sample. On the other hand, the
stress in the sample induced by the mechanical mode also slightly changes the refractive index
of the sample which also has an impact on the optical eigenfrequency of the mode. Adding up
both contributions yields the overall optomechanical coupling strength
¶
d ω0 ¯¯
d ω0 ¯¯
g = g mb + g pe =
¯ +
¯ x zpf ,
d α mb d α pe
µ

(B.25)

with g mb corresponding to the moving-boundary effect and g pe to the photo-elastic contribution. Both contributions are defined by the change in the optical mode frequency due to
the change of the structure, which is encoded in a generalized coordinate α. The zero-pointfluctuation is given by
s

x zpf =

~
2m eff ωm

,

(B.26)

with the effective motional mass m eff , the mechanical mode frequency ωm and the Planck
constant ~. In the following detailed expressions for both contributions are given that allow
an explicit calculation of the optomechanical coupling rate with a finite element solver:
d ω0 ¯¯
¯
d α mb
d ω0 ¯¯
¯
d α pe

ω0
= −
·
2

H

A q(u, v) · n(u, v)(∆²|E ∥ (u, v)|

R

2

− ∆²−1 |D ⊥ |(u, v)2 )d A

²(x)|E (x)|2 d x

Y dx
ω0 ²0 n 4
· R Si 2
2
²|E | d x

,

(B.27)

R

=

(B.28)

with
Y

= 2Re{E x∗ E y }p 44 S x y
+ 2Re{E x∗ E z }p 44 S xz
+ 2Re{E y∗ E z }p 44 S y z
+ 2Re{E x∗ E z }p 44 S xz
¡
¢
+ |E x |2 p 11 S xx + p 12 (S y y + S zz )
¡
¢
+ |E y |2 p 11 S y y + p 12 (S xx + S zz )
¡
¢
+ |E z |2 p 11 S zz + p 12 (S xx + S y y ) .

(B.29)

Here the infinitesimal area element d A is defined by two directions d A = d ud v. q(u, v)
illustrates the (rescaled) displacement field and n(u, v) is the surface unit normal at a certain
position on the surface. The subscripts ∥ and ⊥ denote the parallel and perpendicular parts of
−1
the corresponding fields to a the surface, whereas ∆² = ²1 −²2 and ∆²−1 = ²−1
1 −²2 . ²i = ²0 ²r,i is
the permittivity with i = 1 denoting the sample’s material and i = 2 illustrating the surrounding
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environment (usually air or vacuum). For the photoelastic effect the photoelastic tensor p
needs to be taken into account as well as the strain tensor S. n denotes the refractive index of
the sample and ² its permittivity.
The full derivation of above equations and a detailed description of the appearing parameters
can be found in the dissertation of Jasper Chan: Laser cooling of an optomechanical crystal
resonator to its quantum ground state [134]. The expression for the moving boundary effect
was first derived by Johnson et al. and is publish in [135]. The MATLAB code for the calculation
of the optomechanical coupling rate using COMSOL Multiphysics (version 4 or higher) is
explained in the dissertation of Hannes Pfeifer Silicon optomechanical crystals for arrays tunability, disorder and 2D designs for low temperature experiments [123].
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