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Abstract
Service robots are expected to rapidly grow in spread and importance in the
years to come. Service robots are autonomous mobile robots performing useful
tasks for humans, excluding manufacturing operations. Thus, they frequently
operate in unstructured and dynamic indoor environments among humans.
A crucial prerequisite for the efficient and safe operation of such devices is
the reliable and accurate localization. Although widely spread for global positioning and navigation, satellite-based technologies such as GPS cannot provide
sufficient reliability and accuracy in many outdoor and virtually all indoor scenarios. As service robots frequently operate indoors, an alternative is needed.
Many promising approaches have been demonstrated in the past, however, no
technology has yet managed to reach mass-market adoption for indoor localization.
The aim of this work is to present a powerful alternative for indoor and outdoor local positioning based on secondary radar combining range and angle
measurements. This combination allows for accurate and reliable localization
with much less infrastructure compared to state-of-the-art multilateration and
multiangulation techniques. This is thoroughly studied based on a frequencymodulated continuous-wave (FMCW) single-input multiple-output (SIMO) secondary radar. The theoretical limits on the achievable measurement accuracy
are shown and analyzed in multiple experiments. The effect of intrinsic and
extrinsic error sources on range and angle estimation accuracy is also studied.
An indoor localization system for healthcare service robots is developed using
the proposed radar device. Using multi-modal sensor data fusion with an ultrasonic device and odometry, accurate and robust positioning is achieved and verified in three real-life scenarios. Another system for 6-degrees-of-freedom (DOF)
service robot localization for planetary exploration missions based on the same
concept is analyzed theoretically in terms of achievable accuracy. Measurement
campaigns in three different scenarios show the advantages of the approach to
combine range and angle measurements for 6-DOF localization. The versatility
and flexibility of the proposed concept is also proved by a successful participation in the Microsoft Indoor Localization Competition 2016 and a UAV 3D
localization experiment demonstration.

Zusammenfassung
In den nächsten Jahren ist ein starkes Wachstum im Bereich der Servicerobotik
zu erwarten. Serviceroboter sind autonome mobile Roboter, die für Menschen
nützliche Aufgaben ausführen, ausgenommen Industrieroboter. Sie agieren häufig
in unstrukturierten, dynamischen Indoorumgebungen unter Menschen.
Eine entscheidende Voraussetzung für die effiziente und sichere Operation
solcher Roboter ist die zuverlässige und genaue Ortung. Satellitenbasierte Technologien wie GPS können keine ausreichende Zuverlässigkeit und Genauigkeit in
vielen Outdoor- und faktisch allen Indoorszenarien bereitstellen, obwohl sie weit
verbreitet für globale Lokalisierung und Navigation sind. Da Serviceroboter oft
im Indoor agieren, ist eine Alternative notwendig. Zahlreiche vielversprechende
Ansätze wurden in der Vergangenheit demonstriert, jedoch konnte bis jetzt keine
Technologie eine breite Verbreitung im Bereich der Indoorortung finden.
Das Ziel dieser Arbeit ist, eine leistungsfähige Alternative für Indoor- und
Outdoorortung basierend auf Sekundärradar, das Abstands- und Winkelmessungen kombiniert, vorzustellen. Im Vergleich zu Multilaterations- und Multiangulations-Techniken nach dem Stand der Technik ermöglicht diese Kombination die
Ortung mit viel geringeren Infrastrukturanforderungen. Basierend auf einem
single-Input multiple-Output (SIMO) frequenzmodulierten Dauerstrich-Sekundärradar (FMCW-Sekundärradar) wurde dies gründlich untersucht. Die theoretischen Grenzen der erreichbaren Genauigkeit wurden aufgezeigt und in zahlreichen Experimenten analysiert. Der Einfluss der intrinsischen und extrinsischen
Fehlerquellen auf die Abstands- und Winkelschätzungsgenauigkeit wurden ebenfalls studiert.
Basierend auf dem vorgestellten Radargerät wurde ein Indoorortungssystem
für Krankenhaus-Serviceroboter entwickelt. Unter Einsatz von multimodaler
Sensordatenfusion mit einem Ultraschallsensor und Odometrie konnte genaue
und zuverlässige Ortung erreicht und in drei realen Szenarien demonstriert werden. Ein weiteres System zur Serviceroboterortung mit 6 Freiheitsgraden (DOF)
für die Planetenerforschung basierend auf dem gleichen Konzept wurde bezüglich
der erreichbaren Genauigkeit analysiert. Messkampagnen in drei verschiedenen
Szenarien zeigen die Vorteile des Ansatzes, Abstands- und Winkelmessungen
für 6-DOF-Ortung zu kombinieren. Die Flexibilität des vorgestellten Konzepts
wurde auch durch die erfolgreiche Teilnahme an der Microsoft Indoor Localization Competition 2016 und ein Experiment zur 3D-UAV-Ortung demonstriert.
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1 Introduction
With the onset of artificial intelligence, autonomously operating machines will
become an integral part of our daily life. While self-driving cars are still in active
research [1], the sector of service robotics is already developing rapidly with an
annual growth of 20-30 % [2]. One of the main challenges for safe and robust
context-aware service robots is the accurate and reliable localization, which is
imperative for successful navigation.
An example, where service robots are being successfully employed, is the area
of logistics [3], where local positioning systems enable autonomous mobile robots
to transport goods in warehouses, factories, and harbors. Another novel use case
with great potential are healthcare service robots for repetitive transportation
tasks in hospitals like the one shown in Fig. 1.1.
Service robots frequently need to operate among humans and other robots,
in indoor or in cramped outdoor environments. These scenarios pose a serious
challenge for the state-of-the-art positioning technologies. The aim of this work
is to explore secondary radar combining range and angle measurements as an
alternative.

Fig. 1.1: Intelligent Transport Assistant (ITA) for transportation tasks in hospitals, developed in the project iserveU (see Chapter 4).
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1.1 State of the Art of Positioning Technology
GNSS Probably the most well-known and wide-spread positioning technology
is the global positioning system (GPS), which is one of several available global
navigation satellite systems (GNSS). The 3D position of a receiver can be determined by receiving a signal from at least 4 GPS satellites based on the time-ofarrival (TOA) measurement principle and trilateration. The satellites must be
accurately synchronized and for this reason are equipped with expensive highprecision atomic clocks. The receiver on the other hand can use cheaper clocks
since its clock bias can also be estimated from the measurements [4]. GPS
thus provides global coverage with an accuracy of a few meters using low-cost
receivers.
In order to improve the accuracy, a static reference receiver at precisely known
coordinates can additionally be employed to compensate for common-mode errors e.g. caused by the signal propagation through the atmosphere. This technology is known as differential GPS (DGPS) [5] and has a typical accuracy in
the range of 10 cm. Real Time Kinematic (RTK) satellite navigation further
uses the signal carrier wave’s phase to reach an accuracy of 1 cm. Using multiple receivers and tightly-coupled sensor fusion, it is also possible to estimate
the heading, mitigate multipath effects and reach accuracies of less than 1 cm
under favorable conditions [6].
The inherent drawback of GNSS is that at least 4 satellites need to be visible
at any moment to provide a position estimate. This problem can be mitigated
by fusing the (D)GPS measurements with vehicle motion sensors such as inertial
sensors or odometers when the satellite signal is shortly unavailable [5]. This
is the case in cities, where tall buildings can shadow the signal or cause multipath reflections (urban canyons). Indoor environments will also remain out of
reach for GPS due to signal attenuation and reflection, even if high-sensitivity
receivers are employed [7]. Extraterrestrial exploration missions represent another scenario where an alternative positioning system is needed, as no GNSS
are available on other planets or moons.
As evident from this example, GNSS is not able to provide accurate and reliable positioning in several situations, which are particularly interesting for autonomously operating mobile robots. An alternative for indoor or high-precision
outdoor scenarios is provided by local positioning systems (LPS). The following
sections outline some of the available concepts.
Ultrasound Ultrasound propagates as a mechanical wave causing oscillation of
the particles in a given medium. It has a frequency beyond that of audible sound,
i.e. beyond 20 kHz. Some animals, e.g. bats and dolphins use it for echolocation
to locate and identify objects and prey. Due to the relatively low frequencies, it
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is also rather inexpensive to realize in hardware.
Many local positioning systems based on ultrasound have been presented in
the past. In one of the earliest attempts, the Active Bat system [8], a mobile
beacon is triggered via a radio signal to send an ultrasonic pulse to a grid of
static receivers. The receivers are reset by a wired signal at the same time as
the radio signal is sent. As electromagnetic waves travel approximately 6 orders
of magnitude faster than acoustic waves, the TOA at the receivers can be determined by measuring the time interval between the reset signal and receiving
the ultrasonic pulses. The 3D position of the beacon can then be determined by
multilateration after converting the TOA to ranges using the known propagation
speed of sound.
The ultrasonic system Cricket developed by the MIT Laboratory for Computer Science also provides 3D indoor localization [9]. In contrast to Active
Bat, it relies on static emitters and mobile receivers, enabling decentralized
positioning. The positioning is again based on TOA measurements and multilateration.
While both systems feature excellent accuracy in the range of a few centimeters, they have several drawbacks inherent to ultrasound. Due to the impedance
mismatch between air and standard piezoelectric materials and the high signal
attenuation in air [10], the maximum operating range of ultrasonic systems is
limited to approximately 10 m. This means, that many sensors are necessary to
cover larger areas as e.g. in [11], which leads to high installation and maintenance
cost. Multipath propagation can also decrease the positioning performance. An
additional error source is the speed of sound in air which is dependent on the
temperature. Furthermore, certain everyday actions performed by humans indoors such as typing on a keyboard generate ultrasound which can interfere with
the positioning signals [12].
Camera Since vision is the dominant sense of humans, which we also use for
navigation, it is natural to attempt to use cameras and computer vision algorithms for positioning [13]. Using a single camera, only the angles to an object in
the scene can be determined. Employing additional cameras, also the distance
to an object can be measured using triangulation. However, the accuracy is dependent on the distance between the cameras, which is unfavorable for mobile
applications.
There exist several approaches to camera-based positioning [14]. Some systems try to detect landmarks with known locations in the environment and
then perform triangulation to find the position of the camera. This has the advantage that no additional infrastructure is needed. Other systems use markers
instead (quick-response (QR) codes, light-emitting diodes (LED) or other coded
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targets), which increases the robustness of the system, but requires that the environment is equipped with markers beforehand [15]. Such systems provide dm
to cm accurate localization [16]. The commercially available system OptiTrack
[17] relies on multiple static cameras surrounding a test volume. The cameras
can recognize and track markers, which enables tracking the 3D position and
3D orientation of an object in the test volume with sub-millimeter accuracy for
optimal configurations.
Structured-light cameras also pose a powerful localization concept. By projecting an infrared (IR) pattern and analyzing its geometrical distortion due
to the reflection on objects, such cameras provide RGB-D (Red, Green, Blue,
Depth) data. By matching it to a known map or by performing SLAM (Simultaneous Localization and Mapping) it is possible to determine the position
of a mobile robot. One popular example is the Microsoft Kinect camera [18].
A structured-light camera is also used in the now deprecated Google Project
Tango [19].
Due to the falling prices of computing power and charge-coupled device (CCD)
sensor chips, camera-based positioning systems are becoming increasingly attractive. However, the maximum measurement range is relatively low, depending on the size of the markers being used. Moreover, the performance can
deteriorate in very dark or very bright environments depending on the operation principle. Fog, rain and dust also have severe negative impact on optical
systems.
Laser Scanner Laser scanners (or LiDAR/LADAR – Light Detection and Ranging / LAser Detection And Ranging), e.g. the popular commercially available
systems of the companies SICK [20] and Velodyne [21] are another example of
a powerful scanning system, which can be used for localization. The distance to
an object can be determined by measuring the round-trip time-of-flight (RTOF)
of a pulsed infrared laser beam from the emitter to the object and back to the
receiver. A 2D or 3D point cloud representation of the environment can be
obtained by additionally employing a rotating mirror and/or multiple channels
[22]. The measured point cloud can then be matched to a map to perform localization by using e.g. Monte Carlo Localization (MCL) [23], freely available in
the amcl package of the robotic framework ROS [24].
While such systems achieve excellent accuracy in the range of 1 cm [25] and
provide a map of their surroundings, which is especially important for navigation
and collision avoidance, they also have some inherent drawbacks. They can
become unreliable in dynamic environments when the map changes. Bars and
rods can remain undetected due to the limited angular resolution of the laser
scanner, which can lead to collisions. Glass doors and windows can also be
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problematic depending on the laser wavelength used. As simpler laser scanners
only perform a 2D scan in a plane, many objects with strongly varying profile
in height can pose a problem. For example, only a table’s legs and not the
plate will be detected, which can lead to collisions. Using additional lasers in
elevation direction is technically possible, but expensive. The relatively high
cost and the mechanically moving parts can also limit the use of laser scanners
in many applications. Similar to other optical systems, their performance can
quickly deteriorate, when dust, fog or rain are present.
Received Signal Strength The strength of an electromagnetic wave diminishes
by the power of two of the traveled distance due to free-space path loss (FSPL).
Most commercial off-the-shelf (COTS) radio chips provide received signal strength
(RSS) values for the received signals. Thus, in theory, the range between the
transmitter and the receiver can be calculated from the RSS based on a signalpropagation model. This is utilized e.g. in the SpotON positioning system [26]
using a multilateration approach with several transmitters at known locations.
Another option is to use a technique called “fingerprinting”, where a radio map
of a building is created. The measured RSS values are then matched to the map
to determine the receiver position as in Microsoft’s system called “RADAR” [27].
Such maps, however, need to be frequently updated to account for any changes
in the environment, such as adding or removing furniture.
RSS-based positioning is very attractive due to its simplicity and due to the
fact, that it can use already available infrastructure, such as Wi-Fi access points
and COTS components. However, it has inherently poor accuracy, as the signal
strength is strongly influenced by multipath reflections at walls and furniture.
Typical reported accuracies lie in the range of several meters [28] which is insufficient for indoor navigation.
Ultra-Wideband and FMCW Due to the extensive research performed in the
area of GNSS, most microwave-based wireless local positioning systems (WLPS)
are also based on the time-of-arrival (TOA) or time-difference-of-arrival (TDOA)
measurement principles [29]. Such systems in general consist of multiple static
devices at known positions distributed across the measurement area (instead of
satellites in space) and one or more mobile devices.
As the range estimation accuracy and resolution is in general proportional
to the signal bandwidth, multiple localization systems based on ultra-wideband
(UWB) signals have been proposed and several have made it to commercial
products [30]. A system is referred to as UWB, when its bandwidth is more
than 20 % of its center frequency or over 500 MHz in the USA or over 50 MHz
in Europe [31]. One such system is Zebra Technologies’ [32] Dart UWB sys-
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tem. It comprises multiple static Dart Sensors, which are synchronized over a
wired connection. Using UWB pulses in the frequency range from 5.94 GHz to
7.12 GHz, it is capable of locating a large number of active RFID tags using the
TDOA measurement principle with an accuracy of 30 cm [33]. Another example
is Time Domain’s1 PulsON UWB chip series [34] with a range measurement accuracy of 5 cm [35]. Ubisense’s [36] smart space platform also uses UWB pulses,
but combines TDOA with angle-of-arrival (AOA). Using this approach only
2 measurements are necessary for 3D positioning (instead of 4 without AOA)
[37]. Nanotron Technologies’ nanoLOC system uses symmetrical double-sided
two way ranging (SDS-TWR) to estimate the distance between two wireless
nodes operating in the 2.4 GHz ISM band. The reported accuracy is better
than 1 m [38]. A popular low-cost solution is DecaWave’s [39] ScenSor DW1000
chip, which is compliant to the IEEE 802.15.4-2011 UWB standard. With a
bandwidth of 500-900 MHz using two-way ranging its accuracy in range is below
10 cm even in indoor scenarios [40].
The Locata system is another example of a WLPS designed to enable localization at places where GPS is not available [41]. Using a network of timesynchronized transmitters (pseudolites) and GNSS-similar localization principles
it achieves accuracies in the range of 1-10 cm by also utilizing the carrier phase.
The company Abatec’s [42] LPM (local position measurement) system uses
a frequency-modulated continuous-wave (FMCW) radar in the 5.8 GHz industrial, scientific, medical (ISM) band to locate a car on a race track. By arranging
several static base stations around the measurement site and using a reference
transponder at a known position to synchronize them, the position of a mobile
transponder can be estimated based on TDOA and multilateration. The reported accuracy is 10 cm up to a range of 500 m [43]. The company Symeo2 [44]
also uses FMCW in its RTOF local positioning radar (LPR® ) devices [45]. A
wireless local positioning system (WLPS) for container terminal logistics using
Symeo’s LPR® combining inverse TDOA (ITDOA) and RTOF is presented in
[46].
UWB systems can achieve very good accuracy, since the range resolution
is in general proportional to the bandwidth. This is especially important in
indoor applications to mitigate the effect of multipath reflections. However, the
transmit power of UWB systems is limited by legal radiation regulations. This
is necessary to prevent interference on existing communication systems [31].
Due to the relatively low power of UWB systems, their maximum measurement
range is in general limited to a few tens of meters.

1
2

Acquired by 5D Robotics in 2016 and by Humatics Corp. in 2018.
Symeo GmbH was acquired by Analog Devices, Inc. in 2018.
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Interim Conclusion As the previous sections show, a broad range of technologies
are being used for localization. They utilize a wide band of the electromagnetic
spectrum, starting from radio waves and microwaves in the MHz/GHz range
and going up to infrared and visible light in the THz range. Mechanical waves
such as sound and ultrasound in the kHz range are also being used. However,
none of the proposed systems has yet managed to reach mass market adoption,
but have mostly remained niche products for specific applications.
This list of positioning systems is in no way complete, but barely attempts
to give an overview of the problem of positioning from different perspectives.
More thorough surveys can be found in [16], [29], [47], and [48]. Dead-reckoning
positioning systems based for example on inertial measurement units (IMU) are
not discussed in this work as they have limited accuracy and reliability due to
accumulated error caused by sensor bias and drift.
The fact that none of the technologies mentioned in Section 1.1 provides
a universal solution for the positioning problem demonstrates its complexity.
While certain systems provide very good accuracy, their cost and requirement for
complex infrastructure is a limiting factor. Other systems are cheap and simple,
but their accuracy or measurement range is insufficient for many applications.
This suggests, that a combination of multiple sensor types with complementary
properties could outperform a system based on a single technology. Furthermore,
a cost reduction and a broader adoption could be achieved by reducing the
infrastructure required by the localization system.

1.2 Multilateration vs. RTOF + DOA
The overview in Section 1.1 shows that the vast majority of positioning systems
is based on the multilateration positioning principle. As shown in Fig. 1.2 (a),
this method can be used to determine the position of a mobile node (Node 0)
relative to several static nodes at known positions (Node 1. . . 3). Multilateration
can be applied to both 2D and 3D positioning problems based on measurements
to at least 3 resp. 4 static nodes3 . It can be used in conjunction with the RTOF,
TOA, TDOA and RSS measurement principles.
For RTOF and TOA, the distance dn = c0 · τn between the mobile node and
the static node n can be determined from the time a signal needs to travel
the distance between the nodes τn and the speed of propagation c0 . From geometric considerations the mobile node then lies on the intersection point of
circles (or spheres in the 3D case) around the static nodes. The same principle applies for RSS, with the difference that the signal attenuation instead of
3

Excluding the case of degenerated layouts, e.g. when the static nodes lie on a straight line.
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Fig. 1.2: Positioning based on (a) Multilateration; (b) RTOF combined with
DOA.
the time-of-flight is evaluated to determine dn . For TDOA, the distance difference dn,m from the mobile node to the static nodes n and m is derived from
the difference of the traveled times. The mobile node position is then on the
intersection of hyperbolas (or hyperboloids in the 3D case) around the static
nodes [49]. As real measurements rarely intersect in a point and for the case of
over-determined measurement constellations, the problem can be solved e.g. by
using least-squares optimization [50].
While multilateration allows for precise localization by only using relatively
simple range-measuring sensors, it has some inherent drawbacks. Multiple nodes
are necessary to determine the target position. Hence, complex infrastructure
is required and there is high installation and maintenance cost and effort if a
large area needs to be covered. Furthermore, this leads to lower reliability, as
multiple measurements to different units are required to obtain a single estimate
for the target position. This means that if the measurement to one of the static
nodes fails, e.g. due to missing line-of-sight (LOS) or due to multipath fading,
no positioning can be performed4 . This problem can be mitigated by carefully
choosing the static nodes’ positions or by simply increasing their number. This
is already being done in GPS-based positioning systems by incorporating the
4

Assuming that only 3 or 4 nodes are available for 2D or 3D positioning, respectively.
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satellites of other GNSS systems to increase the reliability e.g. in urban canyons.
An alternative solution for localization is shown in Fig. 1.2 (b). It is based on
the combination of the RTOF and the direction-of-arrival (DOA) measurement
principles. Using this approach, it is possible to determine the 2D position of
Node 0 by performing a single RTOF+DOA measurement, thus determining the
distance d1 and the azimuth angle ϕ1 (3D positioning is possible by additionally
measuring the elevation angle ϑ1 ). This means that only a single static node
and a single measurement is sufficient for a 2D or 3D position estimate. Furthermore, by measuring the azimuth angle ϕ2 to Node 1, Node 0 can determine
its orientation in 2D (the measurement of both the azimuth and the elevation
angles to at least two static nodes is necessary for the complete 3D orientation).
As this system concept reduces the required number of static nodes (and thus
the system cost) and increases the reliability, it will be examined in this work
based on several application scenarios.

1.3 Outline and Contribution of this Work
This work is organized as follows:
Chapter 1 gives a short overview of the state-of-the-art of localization technology with focus on local positioning. A simple comparison between the proposed
concept of combining RTOF and DOA measurements and the classic multilateration and multiangulation approaches is made.
In Chapter 2, the secondary FMCW radar device used is presented and examined. The intrinsic (noise, calibration) and extrinsic (multipath) error sources
are analyzed in theory and in experiments. The achievable positioning accuracy
in 3D using only 2 radar devices is derived and demonstrated.
Chapter 3 provides and overview of the basics of probabilistic sensor fusion
with focus on mobile robot localization.
In Chapter 4, a 3 degrees of freedom (DOF) local positioning system for
healthcare service robots based on the approach from Chapter 2 and multimodal sensor data fusion with further complementary sensors is presented. Using a demonstrator system capable of real-time operation, it is shown that the
proposed concept achieves very good accuracy and reliability with minimum
infrastructure in three challenging real-life indoor scenarios. Large portions of
this chapter have been submitted in the form of two journal papers to IEEE
Access [51] and IEEE Transactions on Microwave Theory and Techniques.
Chapter 5 presents another application where a mobile robot for space exploration applications is located with 6 DOF. A comparison of the expected
accuracy of the proposed approach and state-of-the-art multilateration and multiangulation is performed. The feasibility of the concept is demonstrated in three
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realistic scenarios.
Chapter 6 presents two further applications proving the versatility and flexibility of the presented approach. The successful participation in the Microsoft
Indoor Localization Competition 2016 shows the effectiveness of the approach,
as the proposed system outperformed others, which used a much larger bandwidth. Accurate 3D localization of a UAV is also demonstrated.
Chapter 7 concludes the work with some final comments and an outlook.
Appendix A defines several geometric functions frequently used throughout
this work. Appendix B contains some remarks regarding the evaluation of positioning systems.

2 24 GHz FMCW SIMO Secondary Radar
This work is based on an 8-channel single-input multiple-output (SIMO) FMCW
secondary radar operating in the 24 GHz ISM band with a bandwidth of 250 MHz.
The FMCW radar waveform is widely used and well-known as it, among others, allows for relatively easy hardware implementation, requires low baseband
bandwidth and low peak power, and also has relatively good resistance to interference [52]. Using a secondary radar has the advantage that the SNR depends
with 1/R2 with range R opposed to 1/R4 for primary radar. The radar used
here was developed by the company Symeo GmbH and is based on the Local
Positioning Radar (LPR® ) measurement principle.

2.1 Operating Principle and Signal Model
The radar system consists of at least two secondary SIMO FMCW radar nodes.
Each node has N receive (Rx) channels and 1 transmit (Tx) channel. The
generic measurement geometry is depicted in Fig. 2.1. Assuming a common
global coordinate system, the 3D positions of Rx antenna n of radar node m
is given by the vector rRx,m,n ; that of the Tx antenna by rTx,m . Both radars
are identically constructed in hardware and software. They need to be coarsely
pre-synchronized in time before the measurement cycle in order to obtain an
intermediate frequency (IF) within the passband of the baseband filter. This is
done over an IEEE 802.15.4 link or over frequency-shift keying (FSK) communication in the 24 GHz band. The achieved pre-synchronization accuracy is in
the range of ∆t = ±100 ns [53].
The system is based on signals with linear frequency modulation with a lower
frequency fl , duration T , and bandwidth B. The resulting sweep rate is denoted
as µ = B/T . During each measurement cycle one node assumes the role of a
master and the second node that of a slave as illustrated in Fig. 2.2.
Synchronization The master initiates the measurement cycle at time t = t0 by
sending an upsweep from fl to fl +B and a subsequent downsweep back to fl . At
time t = t0 + ∆t the slave’s local oscillator (LO) generates a local upsweep and
downsweep pair with the same parameters, but with an additional frequency
offset of fa + ∆f . The term fa is a known additional offset included to ensure a
positive frequency after mixing and to ensure that the primary radar responses
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Fig. 2.1: Measurement geometry with two radar nodes with N = 4 Rx antennas. The Rx antennas in node m with coordinates rRx,m,n are denoted
by thin green antenna symbols Y; the Tx antennas rTx,m∑by thin grey
N
Y. The thick green Y denotes the centroid r̄Rx,m = N1
n=1 rRx,m,n
of the Rx antenna array of node m. The thick black Y signifies the
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Fig. 2.2: LPR® operation principle: synchronization and measurement sequence. Not to scale.
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don’t overlap with the secondary signals. The terms ∆t and ∆f account for
the fact, that both devices are only coarsely synchronized in time and frequency
and can be either positive or negative.
As can be seen in Fig. 2.1, after the propagation time
τ1,n =

d(Tx1 → Rx2,n )
∥rRx,2,n − rTx,1 ∥
=
c0
c0

(2.1)

the master FMCW ramps are received by the slave Rx channels and mixed with
the LO sweeps. ∥ · ∥ denotes the Euclidean norm (cf. Appendix A.1). After lowpass filtering, two baseband signals are obtained from the two FMCW ramps
in every channel n. The frequencies fup,sy,n and fdn,sy,n of these signals can be
determined e.g. by using the fast Fourier transform (FFT). As shown in [54],
these are used for very precise synchronization between the master and the slave
node with respect to time and frequency by calculating the unknown offsets ∆t
and ∆f for time and frequency by
fdn,sy,n − fup,sy,n
,
2µ
fdn,sy,n + fup,sy,n
∆f =
− fa .
2
∆t =

(2.2)

As the time and frequency offsets ∆t and ∆f are equal in all Rx channels,
the baseband signals can be combined to obtain an averaged estimate using
the estimators presented in Section 2.3.1.2. The slave node is hence precisely
synchronized relative to the point in time t0 + τ̄1 with
τ̄1 =

N
∥r̄Rx,2 − rTx,1 ∥
1 ∑
τ1,n =
.
N n=1
c0

(2.3)

The time of flight τ̄1 thus corresponds to the distance from the Tx antenna of
the master node to the geometric center of the Rx antenna array of the slave
node (cf. Fig. 2.1).
As evident from Eq. (2.2) both the upsweep and the downsweep are necessary
to determine the time and frequency offsets between the nodes. However, no
information about the distance between both nodes is available during synchronization, as the time t0 is unknown. It is necessary to repeat this precise synchronization step before every measurement, as the clocks of the two radar nodes
drift apart for various reasons (thermal variations, mechanical shock, etc.). A
clock rate difference of 1 ppm over a time of 100 ms would cause a ranging error
of approximately 15 m. Therefore, it is crucial to synchronize the stations both
in time and in frequency. A more detailed description of the synchronization
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procedure can be found in [54].
Measurement After a known and predefined processing time tproc , the slave
responds with an upsweep and a downsweep at time t = t0 + τ̄1 +tproc (assuming
ideal synchronization). These are received by the Rx antennas of the master
node, mixed with its LO sweeps started at time t = t0 + tproc and low-pass
filtered to obtain IF signals with the frequencies fup,n and fdn,n in channel
n = 1 . . . N . Again a known offset frequency of fa is added to the local sweeps.
For simplicity, we assume that this offset is equal in the synchronization and
measurement as well as in both up and down sweeps.
In the following paragraphs, the signal model for the baseband measurement
signal will be derived. Although the derivations apply for the up ramp, the
equations for the down ramp can be obtained in analogous fashion. During the
measurement procedure, the locally generated up ramp in the master radar node
sm,LO (t) can be modeled as
sm,LO (t) = cos(2π(fl + fa )t + πµt2 + φLO ),

(2.4)

with the unknown starting phase of the LO ramp φLO . The amplitude is modeled
as unity, since it is irrelevant for this analysis. The signal sRx,n (t) received in
channel n = 1 . . . N is
sRx,n (t) = cos(2πfl (t − τrt,n ) + πµ(t − τrt,n )2 + φRx ).

(2.5)

The phases φRx are caused by the unknown starting phase of the slave ramp and
the signal propagation from the slave to the master. The term τrt,n is the roundtrip time of flight of the signal which is the sum of the time-of-flight τ̄1 from the
master Tx antenna to the slave Rx array centroid during synchronization plus
the time-of-flight τ2,n from the slave Tx antenna to master Rx antenna n during
the measurement:
τrt,n = τ̄1 + τ2,n = τ̄1 +

∥rRx,1,n − rTx,2 ∥
.
c0

(2.6)

Multiplying sRx,n (t) from Eq. (2.5) with sm,LO (t) from Eq. (2.4) in a mixer
results in a signal component with a frequency of more than 2fl and a second
component with a frequency close to fa . By low-pass filtering the result and by
removing some in general negligible terms, the resulting IF signal sn (t) can be
expressed as
sup,n (t) = low-pass{sm,LO (t) · sRx,n (t)}

≈ An cos(2π(fa + µτrt,n )t + 2πfl τrt,n + φ0 )

(2.7)
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with the unknown phase term φ0 = φLO − φRx and the amplitude An . It is
evident from Eq. (2.7) that the frequency as well as the phase of the resulting
signal depend on τrt,n Deriving the phase of sn (t) w.r.t. to t and dividing by 2π
yields the momentary frequencies fup,n and fdn,n from Fig. 2.2:
fup,n = fa + µτrt,n ,
fdn,n = fa − µτrt,n .

(2.8)

Again, a peak search can be used to determine these frequencies from the DFT
spectrum (using the up ramp as an example):
(
)
Sup,n (f ) = An Wf (f − fup,n ) exp j(2πfl τrt,n + φ0 ) ,
(2.9)
where Wf denotes the window function frequency response.
Based on Eq. (2.8), the round-trip distance drt,n in channel n using the up
ramp can be calculated by
drt,n = τrt,n c0 =

c0 T
(fup,n − fa ).
B

(2.10)

Replacing the frequency axis in the spectrum from Eq. (2.9) with a distance
axis according to Eq. (2.10) yields
))
( ( 2π
drt,n + φ0 ,
(2.11)
Sn (d) = An Wd (d − drt,n ) exp j
λ
with the wavelength λ = fl /c0 and the window function frequency response
converted to range Wd .
Combining the spectra of all N Rx channels as shown in Section 2.3.1.2, an
estimate for the round-trip time τ̄rt is obtained:
τ̄rt =

N
∥r̄Rx,2 − rTx,1 ∥
∥r̄Rx,1 − rTx,2 ∥
1 ∑
τrt,n = τ̄1 + τ̄2 =
+
N n=1
c0
c0

(2.12)

∥r̄RxTx,1 − r̄RxTx,2 ∥
d0
=2
=2 .
c0
c0

As can be seen from the comparison of Eq. (2.12) with Fig. 2.1, the measured
round-trip time τ̄rt is proportional to the distance d0 between the Rx/Tx centroids of both nodes. This distance is independent of the relative position and
orientation of both nodes. Hence, setting the coordinate systems of both nodes
in the Rx/Tx centroids decouples the RTOF and DOA estimation problems.
This consideration and Eq. (2.3) are valid in the array far field, i.e. for distances
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d0 for which applies:

2D2
≈ 1.6 m,
(2.13)
λ
where D = 10 cm is the array size. This condition is satisfied for virtually all
problems and situations considered in this work. For near-field scenarios, the
3D spatial matched filter (holography) from Section 2.4.1 has to be used.
Combining the result of the up and down ramps from Eq. (2.8), a compensation of the Doppler effect can be achieved in case the radar nodes are not static
during the measurement (this is not considered in the presented model and will
not be discussed further in this work)
d0 >

τrt,n =

T
· (fup,n − fdn,n ).
2B

(2.14)

A more detailed derivation and description of the basic operating principle of
the deployed system can be found in [54]. Several 1D and 2D localization applications based on this system are presented in [45].
The azimuth and elevation angles of the impinging signal (respectively, of the
slave node) are estimated by analyzing the phase differences of sn (t) between
the Rx channels using digital beamforming. This will be discussed in greater
detail in Chapter 2.4.
The radar nodes are connected with each other over an IEEE 802.15.4 or an
FSK link in the 24 GHz band in a dynamic network, which also serves coarse
time synchronization and communication purposes. Measurements with multiple radar nodes can be done in a time-division multiplexing (TDM) manner,
which, however, leads to a reduced measurement rate. Alternatively, frequency
division multiplexing (FDM) can be implemented by using different frequency
offsets in the response of the slave nodes. While this approach is favorable for
its higher measurement rate, it reduces the maximum unambiguous range, since
it divides the baseband bandwidth among the participating radar nodes.

2.2 Hardware Description
Each radar node consists of a radio-frequency (RF) board and a digital-signalprocessing (DSP) board as shown in Fig. 2.3. A planar sparse antenna array
comprising 8 patch antennas is connected to the RF board using flexible phasestable HUBER+SUHNER Astrolab minibend coaxial cables.
On the DSP board an FPGA is responsible for precisely scheduling the stages
of the synchronization and measurement process. The FFT calculation of the
signals and the subsequent peak search in the resulting spectrum is also performed on the FPGA. The microcontroller unit (MCU) is used to program the
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Fig. 2.3: 24 GHz secondary radar. Adapted from [55].
phase-locked loop (PLL) chip on the RF board and the IEEE 802.15.4 radio
chip. It is also in charge of the coarse pre-synchronization and of determining
the time slot to use in the node network.
During signal transmission, the FMCW ramps are generated by a fractional-N
PLL, which is programmed over SPI (serial peripheral interface) by the MCU.
A 12 GHz voltage-controlled oscillator (VCO) is controlled by the PLL. Before
eventually reaching the Tx antenna, the FMCW ramp is doubled in frequency,
band-pass filtered and amplified.
In receiving mode the Tx path is disabled by switching off the frequency
doubler. The 8 received 24 GHz FMCW ramps are amplified by a low-noise
amplifier (LNA) and band-pass filtered. By using a cascade of Wilkinson power
dividers, the 12 GHz FMCW VCO signal is distributed and mixed with the
received signals in subharmonic mixers. The resulting IF signals are digitized
by differential 14-bit ADCs with sampling frequency fs = 8 MHz and sent to
the FPGA for further processing. The hardware used was also presented in [56].
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The system parameters are summarized in Table 2.1.
Table 2.1: System parameters of the FMCW radar used.
Parameter
Lower frequency fl
Sweep bandwidth B
Sweep duration T
Output power
IF bandwidth fs /2

Value
24 GHz
250 MHz
1.024 ms
13 dBm
4 MHz

2.3 Distance Measurement
The expected accuracy of a positioning system strongly depends on the performance of the sensors used. Therefore, it is important to perform an analysis of
the error sources and verify the system performance in different environments.

2.3.1 Ranging Precision in Ideal Environment
In an ideal environment without any systematic errors which can be caused
for example by multipath (MP) propagations distorting the line-of-sight (LOS)
signal, the system performance depends only on radar-internal error sources.
These cause only statistical errors and limit the ranging precision of the system.
One way to describe the best achievable performance in this case is the CramérRao Lower Bound (CRLB). It gives a lower bound for the variance of an unbiased
estimator [57]. The main noise sources for secondary radar systems have been
recognized as thermal and quantization noise, which can be modeled as additive
white Gaussian noise (AWGN), and phase noise.
2.3.1.1 Phase Noise
As recognized in [58] and [59], the phase noise is the dominant limiting factor for
the localization precision for the employed measurement method as described
in Section 2.1 at high signal-to-noise ratio (SNR), i.e. when the noise power of
white thermal noise is low relative to the signal power. The CRLB used in [59]
to describe the localization precision σd is
√
c0
1)
1 (
σd ≥
1
+
(2.15)
2B π 2 η
η
as given by [60] and similarly in [57]. As can be seen from Eq. (2.15), the measurement precision depends only on the sweep bandwidth B and the signal-to-
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noise ratio (SNR) η. While the bandwidth is a known system design parameter
and is limited by technical factors and legal regulations, the SNR needs further
study.
Equation (2.15), however, fails to model the fact, that the CRLB decreases as
the observation time (sweep duration) is increased1 . Therefore, in this work the
CRLB σf for frequency estimation from [61], [57], and [58] was used instead:
√
fs
12
σf ≥
Fwnd ,
(2.16)
2π ηN (N 2 − 1)
with the sampling frequency fs , the number of samples N = T fs , and the
degradation factor Fwnd depending on the window used given by [62]. The SNR
can be calculated by integrating the measured normalized phase noise spectrum
L(f ) from Fig. 2.4 as shown in [63]:
∫ fu
PS
1
η=
, PS = , PN =
L(f )df,
(2.17)
PN
2
fl
with the signal and noise power PS and PN , respectively. The lower integration
limit fl was approximated by 1/T (lower-frequency components present a nearly
constant phase offset over the whole baseband); the upper integration limit fu
was chosen as the low-pass filter corner frequency fs /2. The derivation of σd
from σf will be shown later in this section.
To verify the validity of Eq. (2.16), a Monte Carlo (MC) simulation based on
the measured phase noise profile from Fig. 2.4 was conducted. The simulations
confirmed the N −3 dependence of the bound σf on the observation duration.
However, the value predicted by Eq. (2.16) differed from the MC result by a
constant scaling factor, since Eq. (2.16) (as well as Eq. (2.15)) is only valid for
additive white Gaussian Noise (AWGN). The effect of phase noise φPN (t) on a
single-tone signal s(t) with amplitude A and frequency f can be approximated
as
s(t) = A cos(2πf t + φPN (t)) ≈ A cos(2πf t) − A sin(2πf t)φPN (t),

(2.18)

assuming φPN (t) is small, zero-mean, Gaussian and having a normalized power
spectral density as in Fig. 2.4. Although Gaussian and approximately additive,
it is nonwhite and thus Eq. (2.16) is not completely accurate, as the covariance
matrix for colored noise is non-diagonal. MC simulations, where the phase noise
was assumed white concurred with Eq. (2.16) demonstrating the correctness
of this consideration. Eq. (2.18) also demonstrates why increasing the signal
1

Unless implicitly considered in the SNR η.
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Phase Noise Power L(f ) in dBc/Hz

amplitude A does not improve the performance – the phase noise power is also
scaled by A.
A more accurate analytical result can be obtained by computing the covariance matrix of the signal and using it to obtain the Fisher information matrix
(FIM) as shown for the general Gaussian case in [57]. The effect of phase noise
on frequency estimation is also considered in [64] and [65]; an analytical expression for white phase noise (modeled as a Wiener process) is given in [66]. A more
accurate calculation of the CRLB in the presence of phase noise is beyond the
scope of this work. As shown in [59] and as valid for the parameters used here,
ADC quantization noise is much lower than the phase noise and is therefore
neglected.
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Fig. 2.4: Measured phase noise spectrum of the 24 GHz CW signal.
A series of MC simulations was conducted in order to examine the error
propagation during the synchronization and measurement process. Up and down
FMCW ramps for the Rx and LO signal in the slave with the system parameters
from Table 2.1 were generated. Phase noise with a phase-noise profile according
to the measurement in Fig. 2.4 was added. The mixing process was simulated
and a band-pass filter was applied to the result to obtain the baseband signal. By
computing the FFT and performing a peak search with quadratic interpolation,
the standard deviation of the synchronization signal frequencies fup,sy and fdn,sy
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from Fig. 2.2 was estimated to
σfsy ≈ 5.5 Hz.
(2.19)
√
This value corresponds to 2σf from Eq. (2.16) as it results from mixing the
Rx and LO signals whose noise is uncorrelated. The standard deviation of the
calculated time offset from Eq. (2.2) is
√ {
}
σ∆t = E (∆t − E {∆t})2
√ {
}
1
=
E (fdn,sy − fup,sy − E {fdn,sy − fup,sy })2
2µ
√ {
}
1
=
E ((fdn,sy − E {fdn,sy }) − (fup,sy − E {fup,sy }))2
2µ
1 √ 2
σfsy − 2 E {(fdn,sy − E {fdn,sy }) · (fup,sy − E {fup,sy })} +σf2sy
=
2µ



=0,uncorrelatedness

1
= √ σfsy .
2µ

(2.20)
For the standard deviation of the estimated frequency offset we obtain analogously
1
(2.21)
σ∆f = σ∆t = √ σfsy .
2µ
The starting point of the measurement ramps is triggered by a clock with ns
accuracy. However, this is insufficient for precise range measurements. Therefore, to compensate the time offset ∆t, frequency offsets proportional to ∆t
with opposite signs are added to the start frequency measurement ramps. The
accuracy of the frequency offset is limited by the PLL step size [53], which is
fstep = 30.4 Hz for the given system. As shown in [67], this causes a discretizaf
f
tion error, with an approximately uniform distribution U(− step
, step
) with a
2
2
standard deviation of
fstep
σdisc = √ .
(2.22)
12
The uncertainty of the time synchronization, expressed as the standard deviation
of the quantized measurement ramp start frequency is then
√
2
σf ,disc = (σ∆t µ)2 + σdisc
.
(2.23)
Eq. (2.23) describes the uncertainty caused by the synchronization process neglecting the error caused by imperfect frequency synchronization as it has no
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direct effect in Eq. (2.14). It causes an additional timing error due to the clock
rate differences during the relatively short time of 14 ms between the synchronization and the measurement.
As the oscillators in both stations have similar characteristics, the value from
Eq. (2.19) can be reused to describe the effect of phase noise on the measurement:
√
2
σf ,ms = σf2sy + σdisc
.
(2.24)
σf ,ms is the covariance of the IF frequencies from Eq. (2.8). Finally, by using
Eq. (2.14) and (2.10), the range uncertainty is
c0 T √ 2
σd =
2σf ,ms = 4.1 mm.
(2.25)
4B

In order to verify the expected ranging precision, a series of measurements was
conducted. The error distribution for 1000 stationary measurements at a constant distance of 1.5 m is shown in Fig. 2.5. As evident from the plot, the error
has an approximately Gaussian distribution with σd ≈ 6.8 mm. The measured
error is larger than the predicted, probably due to further less significant unmodeled error sources and multipath reflections, since the measurements were
done in a laboratory environment and not in an anechoic chamber. Although
stationary, multipath reflections do not only change the mean of the resulting
distribution, but also the standard deviation, as they are decorrelated from the
LOS by the difference in time of flight (as shown e.g. in [68]).
2.3.1.2 AWGN
At low SNR (large distances), AWGN becomes dominant over the phase noise
[58]. In this case, the use of multiple channels, as available in the system at hand,
can improve the detectability of the signal. No improvement can be achieved
against phase noise, as it is identical in all channels.
Several estimators of the distance d were compared in a series of MC simulations based on the model in Eq. (2.11). The analyzed estimators which all
basically calculate the mean distance to the target in all channels are:
1. Estimator “1 channel”: Determine d from peak search in FFT magnitude
of 1 channel (with subsequent quadratic peak interpolation):
d1 channel = arg max |S1 (d)| .

(2.26)

d

2. Estimator “mean”: Determine d from peak search in FFT magnitude in
all N channels separately (with subsequent quadratic peak interpolation)
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Fig. 2.5: Measured error distribution for a stationary measurement scenario.
and calculate mean:
dmean =

N
1 ∑
arg max |Sn (d)| .
N n=1
d

(2.27)

3. Estimator “sumabs”: Determine d from peak search in the sum of the FFT
magnitudes of all N channels (with subsequent quadratic peak interpolation):
( N
)
∑
dsumabs = arg max
|Sn (d)| .
(2.28)
d

n=1

This estimator relies upon the narrowband assumption (the signal bandwidth B is so narrow or the array size is so small, that there is a significant
overlap of the peaks in the spectra of all channels despite the TOF differences between them [69]). This is valid for the system used.

4. Estimator “holo”: Determine d assuming the azimuth and elevation angles
ϕaz and ϑel to the target can be accurately determined or are known. The
angles can then be used to manipulate the phase in each channel to obtain
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Fig. 2.6: Comparison of 4 range estimators for varying SNR (see text) and
corresponding CRLB.
constructive interference of all channels:
( N
)
∑
−jφn (ϕaz ,ϑel )
Sn (d)e
dholo = arg max
.
d

(2.29)

n=1

This estimator is equivalent to using a 3D spatial matched filter (also
known as holography or wideband beamforming), as described in Eq.
(2.36) and Fig. 2.15 for the case when the angles to the target can successfully be estimated.
1000 MC simulation runs were performed while varying the SNR for a radar
with parameters as in Table 2.1 and antenna array as in Fig. 2.16 (a) using the 4
estimators with different noise realizations. The signal model from Eq. (2.7) was
2
extended by an AWGN noise term Nn (t) ∼ N (0, σN
) which was band-limited
to fs /2:
sn (t) = An cos(2π(fa − µtrt,n )t − 2πfl trt,n ) + Nn (t).
(2.30)
√
Eq. (2.16) was used for the CRLB σf for 1 channel. For 8 channels σf / 8 can
be used due to the uncorrelatedness of the noise in the channels. The SNR η
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was defined as
ηlin =

E{s2n (t)}
0.5A2
=
, η = 10 log10 ηlin .
2
E{Nn2 (t)}
σN

(2.31)

The result of the MC simulations and the corresponding CRLB are shown in Fig.
2.6. As evident from the graph, all estimators asymptotically reach the CRLB
as the SNR (or the number of samples) becomes sufficiently large. However,
some estimators reach the CRLB “faster” than others, they are thus capable of
detecting a signal at lower SNR.
As expected, the worst estimator is the FFT-based “1 channel” as it uses data
from only a single channel. The estimator “mean” is somewhat better, due to the
introduced averaging of several results with independent noise. “sumabs” is an
even better estimator, because the averaging here is performed in the magnitude
of the raw data, which leads to a higher SNR of the summed magnitude (signal
sums up, noise averages out). “holo” is the best FFT-based estimator, as the
summation here is performed phase-coherently. This leads to an even better
SNR of the sum.
Although “holo” performed best, its computational cost is also very high (unless the angles to the target are known beforehand). “sumabs” has almost equal
performance at a much lower computational cost. “sumabs” also has good re-
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sistance against multipath fading, when most of the channels report correct
distance, but the others are severely disturbed (this case is not handled well by
“mean”). Therefore, the estimator “sumabs” was used throughout this work.
2.3.1.3 Measurement Results
A measurement series at varying distances was conducted to verify the accuracy
of the system. One radar node was stationary and a second node was mounted
on a high-precision linear guide (model Isel LEZ 3) and moved away from the
first one from 1.1 to 2.5 m in 10 cm steps. 10 measurements were done per
range step. The results are shown in Fig. 2.7. As can be seen from the plot,
the measurement closely matches the reference values and achieves an accuracy
of σd ≈ 1.64 cm. The error is larger than the static measurement error from
Fig. 2.5, since it was again conducted in a laboratory environment. Different
multipath components lead to varying systematic errors at each measurement
step, which leads to lower accuracy.

y in m

1
0
−1
0

1

2

3

4

5
x in m

6

7

8

9

10

Fig. 2.8: Top view of a long narrow corridor with one wall denoted as a thick
black line. White denotes the space inside the corridor; grey denotes
an occupied area inside the wall. The transmitter is shown as a filled
green square. The LOS paths to a target, shown as a black circle at
3 different positions, are plotted as solid black lines. The reflection
points on the wall are shown as red diamonds; the corresponding MP
components are illustrated as dashed lines. Given the geometry, a
virtual transmitter can be defined as illustrated by the empty green
rectangle.
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2.3.2 Ranging Accuracy in a Long Narrow Corridor
Long narrow corridors are of particular importance for the applications this
work focuses on (see the scenarios in Section 4.12). They represent a very
difficult problem for wireless localization systems due to the relatively strong and
numerous multipath reflections caused by the floor, ceiling, and walls. Furniture
and door frames which are often present in corridors cause further multipath
components.
To illustrate this, a scenario consisting of a transmitter close to an ideal
smooth reflecting surface was considered as shown in Fig. 2.8. This is representative for a radar unit at a distance of 1 m from a wall in a long narrow corridor.
Assuming ideal specular reflections at the surface, which is modeled as infinite
in the xz plane, the ray-tracing approach can be used to simulate the resulting
propagation paths. This results in the LOS paths denoted by the continuous
black lines and in the MP paths shown as dashed black lines in the figure. Given
the geometry, a virtual transmitter can be defined by mirroring the real transmitter at the reflecting surface to aid the intuitive interpretation of the problem.
For simple scenarios, this can be used to improve the localization as shown in
[70]. However, in the case of indoor localization in a corridor, in the ideal case
such a reflection occurs at least at both walls, at the floor and at the ceiling
making such an approach less promising. The path length difference between
the LOS and the MP component for a transmitter in the middle of a 2 m-wide
corridor and a receiver moving away from it in the middle of the corridor was
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Fig. 2.9: Path length difference between the LOS component dLOS and the MP
component dMP for a transmitter and receiver placed in the middle
of a 2 m-wide corridor at a distance dLOS apart.
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Fig. 2.10: Simulation of the range error ed for the superposition of a LOS and
a MP component for range difference dMP − dLOS = 0.1 . . . 0.2 m (a)
and 0 . . . 3 m (b). Both signals impinge from ϕaz = 0°, ϑel = 0°.
calculated and plotted in Fig. 2.9. As evident, the path length difference quickly
decreases as the distance between the transmitter and the receiver increases. For
a secondary radar system with the parameters from Table 2.1, the resolution in
range is ∆dmin ≈ 2 cB0 ≈ 2.4 m, where the factor 2 is valid for a Hann window2 .
Thus, the MP component quickly becomes indistinguishable from the LOS and
impairs the range estimation accuracy.
To study this effect, a simulation was performed. A LOS component with
amplitude ALOS and of constant length dLOS and a multipath signal with amplitude AMP = 0.5ALOS and length dMP were assumed and superimposed linearly
in every channel n according to
( ( 2π
))
Sn (d) = ALOS W (d − dLOS,n ) exp j
dLOS,n
λ
(2.32)
))
( ( 2π
dMP,n .
+ AMP W (d − dMP,n ) exp j
λ
2

The resolution of secondary radar is lower than that of a primary radar given by
c0
∆dmin,primary ≈ 2 2B
, because only the one-way time-of-flight is considered.
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The result for a MP impinging from ϕaz = 0°, ϑel = 0° is shown in Fig. 2.10
for a single channel. The length difference dMP − dLOS was varied in the range
0.1 . . . 0.2 m (a) and 0 . . . 3 m (b) in steps of 1 mm. As can be seen, the range
estimation error ed varies within −18 . . . 18 cm for the parameters used. The
simulation also shows that the range error can vary strongly by several cm for a
1 mm variation of the difference between the signals due to the superposition of
the two waves with relatively quickly varying phases. This variation is almost
zero-mean and can roughly be modeled as Gaussian3 .
For a MP impinging from ϕaz = 10°, ϑel = 10°, the result in Fig. 2.11 is
obtained for the 4 estimators from Section 2.3.1.2. It can be seen that the
estimators relying on multiple channels perform better than the single-channel
estimator in this case, as the length difference between the MP and the LOS
component varies in every channel and the error partially averages out. This
is not the case for ϕaz = 0°, ϑel = 0°, since here the range difference is almost
identical in all channels. For the simulations, it was assumed that the two signals
can be resolved neither in distance, nor in angle.
1 channel
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Fig. 2.11: Simulation of the range error ed for the superposition of a LOS and
a MP component with range difference dMP − dLOS for 4 different
estimators. The LOS signal impinges from ϕaz = 0°, ϑel = 0°, the
MP from ϕaz = 10°, ϑel = 10°.
3

This is a coarse, but important assumption for the algorithms in Chapter 3.
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Albeit simplified, this simulation demonstrates the effect of multipath propagation on ranging accuracy. This was also closely studied e.g. in [71] and [72].
Extensive models were developed by in [73] and [74]. They basically model the
arrival times of the multipath components by a Poisson distribution and their
amplitudes as a Rayleigh (in [73]) or a Ricean (in [74]) distribution. The multipath signals arrive in clusters emanating from the building topology. For the
problem at hand, only the first cluster is of interest, as the others have virtually
no effect on the localization accuracy.
To verify the validity of these observations, a measurement was conducted
in a 2 m-wide corridor in Cauerstr. 6, FAU Erlangen-Nürnberg (the scenario is
depicted in Fig. 4.25). One radar node was static and the second node was
moved away from it at a constant height along the corridor. The resulting FFT
spectrum for a single measurement in all 8 Rx channels is shown in Fig. 2.12.
The one-way channel response for 110 measurements at a distance from 10 m to
20 m is shown in Fig. 2.13. As a comparison, the predicted amplitude decaying
with a time constant of 20 ns as described by the Saleh-Valenzuela model in [73]
is shown. As can be seen, the model approximately matches the measurement.
Another measurement series in the same environment was conducted to determine the range estimation accuracy of the system. 475 measurements were
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Fig. 2.12: Absolute values of the FFT spectrum of the received signals in channels n = 1 . . . 8 for a distance d = 0 . . . 50 m.
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Fig. 2.13: Measured FFT spectrum in a corridor and Saleh-Valenzuela model
prediction.
made at a distance from 3 m to 25 m using a mobile robot. A Leica TS30 total
station was used as a reference (cf. Section B.1). The ranging standard deviation was 7.45 cm with approximately Gaussian distribution. This proves the
validity of the aforementioned considerations and demonstrates the suitability
of the proposed system for indoor localization for applications as in Chapter 4.

2.4 Direction of Arrival Estimation
As outlined in Section 1.2, combining RTOF with DOA measurements has significant advantages over multilateration-based approaches. This section focuses
on the coherent processing of the Rx signals for DOA angle estimation.

2.4.1 3D Spatial Matched Filter
While the distance to the target is estimated by temporal sampling of the impinging signal at different points in time, the DOA angles are estimated by
spatial sampling using multiple antennas at different spatial positions at the
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same time. By computing the Fourier transform of Eq. (2.7) and converting it
from the frequency domain to the spatial domain by replacing the frequency axis
with a distance axis according to Eq. (2.10) we obtain the ideal signal model
( ( 2π
))
Sn (d) = An W (d − drt,n ) exp j
d2,n
λ
(2.33)
= An W (d − drt,n ) exp(jφn ),
with the signal amplitude An , the wavelength λ = fl /c0 , and the window function frequency response W . The round-trip distance drt,n = d¯1 + d2,n is the sum
of the distance d¯1 = τ̄1 c0 from the Tx antenna on the master to the Rx array
on the slave and the distance d2,n = τ2,n c0 from the slave’s Tx antenna to the
master’s Rx antenna n (see Fig. 2.1 and Eq. (2.3) and (2.6)). While d¯1 has no
effect on the baseband signal phase, it acts as a constant offset on the signal
frequency due to the synchronization process. The signal phase φn in channel
n depends only on d2,n .
Given the model in Eq. (2.33) and assuming unity amplitude, we can construct
the 3D spatial matched filter H3D,n as
H3D,n (∥rRx,n − rTx,h ∥) = Sn∗ (∥rRx,n − rTx,h ∥)
( 2π
)
= exp −j ∥rRx,n − rTx,h ∥ ,
λ

(2.34)

z
k(ϕaz , ϑel )

ϑel

rRx,n

y
x

ϕaz

Fig. 2.14: DOA estimation problem geometry. The Rx antennas are denoted
by the antenna symbol Y. The origin of the array coordinate system
is in the geometric center of the array. The antenna positions rRx,n
are known in this coordinate system.
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Fig. 2.15: Normalized magnitude of 3D spatial matched filter response
I(rTx,h ). The Rx antenna array of the master lays in the xy plane.
The black line denotes the LOS path between the target and the
array coordinate system origin. Adapted from [55].
where ∗ denotes the complex conjugate operator. As shown in Fig. 2.14, the
[
]T
vector rRx,n = xn yn zn
is the known 3D position of the nth antenna
[
]T
element. The vector rTx,h = xh yh zh is the hypothetical target position
in 3D (the target is the slave’s Tx antenna). The response to the matched filter
for a hypothetical target location rTx,h can be calculated by
N
⏐∑
⏐
⏐
⏐
I(rTx,h ) = ⏐
Sn (∥rRx,n − rTx,h ∥) · H3D,n (∥rRx,n − rTx,h ∥)⏐.

(2.35)

n=1

By evaluating (2.35) at every voxel in a given 3D range Rsearch ∈ R3 using
measured data, the holographic image in Fig. 2.15 was obtained. Assuming
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there is only 1 target in the search range, its position is
rTx,res =

arg max
rTx,h ∈Rsearch

(2.36)

I(rTx,h ).

[
]T
In this example, the correct position rTx = 1.4 m 1.0 m 2.4 m in the Rx
array coordinate system was determined. As evident from the distribution,
multiple other weaker local maxima are available. These are not real targets,
but phantom targets caused by the side lobes of the array response and the
window function.

2.4.2 Antenna Arrays
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(a) 8 channel planar

(b) 8 channel ring

(c) 16 channel ring

Fig. 2.16: Used antenna arrays: a) 8 channel planar antenna array with Rx
channels numbered 1 . . . 8; b) 8 channel ring antenna array; c) 16
channel ring antenna array.
For primary radar applications, low sidelobe level (SLL) is required, as otherwise a sidelobe can be easily mistaken for a target. Uniform linear arrays (ULA)
and uniform rectangular arrays (URA) with element spacing λ/2 are commonly
used, as they offer the smallest SLL and maximum unambiguous range. The disadvantage is the relatively small aperture size which results in a large mainlobe
beamwidth (MBW) and thus a lower resolution and accuracy.
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Fig. 2.17: Normalized array response for an impinging signal from ϕaz = 2°,
ϑel = 1° in dB. a) Ideal simulated array response. b) Measured array
response before calibration. A strong sidelobe is present at ϕaz =
−35°, ϑel = −15°. c) Measured array response after calibration. SLL
improved to close to ideal values.
Secondary-radar-based positioning applications, on the other hand, have much
more relaxed requirements regarding SLL, since – in the absence of multipath –
the slave radar node is the only target. This makes it possible to design sparse
antenna arrays with a relatively low number of elements and large aperture and
thus a narrow MBW and high accuracy. This comes at the cost of a high SLL
which makes them sensitive to multipath interference.
Fig. 2.16 depicts the antenna arrays used in this work. A 2D planar array
consisting of 8 Rx and 1 Tx linearly polarized patch antennas is shown in a).
A multi-objective particle swarm optimization (MOPSO) stochastic algorithm
was used to design an antenna array geometry as a trade-off between MBW and
SLL as described in [75]. Thanks to its 2D structure, this array is capable of
measuring both azimuth and elevation angles and has an unambiguous range of
√
ϕ2az + ϑ2el < 60°. As evident from the simulated array response in Fig. 2.17
a), the array has a SLL ≈ −3.7 dB and a MBW ≈ 10° at boresight. The MBW
becomes wider at larger angles, as at such angles the projected array aperture
is reduced.
For applications, where omnidirectional coverage in azimuth is important, the
“ring” arrays in Fig. 2.16 b) and c) were used. These consist of 8 (16) patches
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placed on the walls of an 8-sided (16-sided) prism. Because the signal coming
from any direction is received by at least 3 (5) patches, these arrays provide a
coverage of 360° in azimuth and ±45° in elevation. The Tx antenna used has
approximately equivalent radiation pattern. Due to mechanical constraints, the
antenna elements were spaced at distances > λ/2 which causes ambiguities in
the array response. To resolve these, the signal amplitude was additionally used
as shown in Section 2.4.6. Unfortunately, it is not possible to reliably estimate
the elevation DOA using the ring arrays.

2.4.3 Efficient Implementation
In order to enable real-time DOA estimation, it is necessary to implement the
algorithms efficiently on an embedded platform. Calculating the 3D matched
filter response I(rTx,h ) from Section 2.4.1 is very costly and is shown here for
illustrative purposes only. Such an approach (holography) is necessary in situations where the target is in the array near-field as described by Eq. (2.13).
However, for the application at hand, the array far-field approximation is valid
and the impinging signal can be modeled as a plane wave. Furthermore, under
the narrow-band assumption [69], the signal model from Eq. (2.33) simplifies to
( ( 2π
))
Sn (d) = An W (d − drt,n ) exp j
d2,n
λ
(2.37)
))
( ( 2π
d2,n .
≈ An W (d − 2d0 ) exp j
λ
It is thus assumed that the signal varies only in phase, but not in frequency
along the array aperture. This greatly reduces the computational effort by first
conducting a 1D peak search to estimate d0 as described in Section 2.3 and then a
2D peak search for azimuth and elevation. The corresponding 2D matched filter
(delay-and-sum beamformer [76]) assuming plane wave propagation is given by
H2D,n (ϕh , ϑh ) = exp(−jkT (ϕh , ϑh )rRx,n ),

(2.38)

where the hypothetical azimuth and elevation angles to the target are ϕh and
ϑh , respectively. As shown in Fig. 2.14, the wave vector k(ϕh , ϑh ) is defined as
⎡
⎤
cos ϕh cos ϑh
2π ⎣
sin ϕh cos ϑh ⎦ .
k(ϕh , ϑh ) =
(2.39)
λ
sin ϑh
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The 2D matched filter response is given by
N
⏐
⏐∑
⏐
⏐
Sn (2d0 ) · H2D,n (ϕaz , ϑel )⏐,
I(ϕh , ϑh ) = ⏐

(2.40)

n=1

where d0 is the estimated distance to the target. The angles ϕaz and ϑel then
maximize I(ϕh , ϑh ):
[ ]
ϕaz
=
arg max I(ϕh , ϑh ),
(2.41)
ϑel
[ϕh ,ϑh ]∈Ψsearch
with the array-dependent 2D angle search range Ψsearch . The far-field approximation causes errors < 0.1° at distances > 1 m for the antenna arrays used.
Eq. (2.41) poses a piecewise convex nonlinear optimization problem with no
closed analytic-form solution and needs to be solved by other means. Two
approaches were studied with respect to the efficiency on an embedded hardware
platform.
2.4.3.1 Grid-Based Processing (Brute Force / Exhaustive Search)
The evaluation of I(ϕh , ϑh ) on a grid in Ψsearch represents the most straightforward method to obtain the global maximum. However, as evident from Eq.
(2.38), a relatively large number of trigonometric functions needs to be calculated at every grid-point. This takes a relatively long processing time, especially
on embedded hardware and might not be suitable for real-time operation, even
when efficient approximations of the trigonometric functions are used (e.g. the
algorithm CORDIC, Taylor expansion or curve fit [77]).
However, since I(ϕh , ϑh ) is repeatedly evaluated on a constant grid, the
trigonometric functions at the grid-points can be pre-computed in advance and
stored in a lookup table (LUT). A further optimization can be achieved by first
finding the maximum of I(ϕh , ϑh ) on a coarse grid and performing a subsequent
search on a fine-grid around the maximum to accurately determine the angle-ofarrival. A parabolic fit can additionally be used to further increase the accuracy
of the result. This approach greatly reduces the processing time. An example
of grid-based processing is shown in Fig. 2.18 a). The black circles denote the
coarse grid and the filled black dots the fine grid. As can be seen, the direction
of arrival was correctly estimated to ϕaz = −8°, ϑel = 2°.
2.4.3.2 Solution with the Gauss-Newton Algorithm
The Gauss-Newton algorithm is a method for solving convex nonlinear leastsquares problems [78]. It can be derived from the Newton’s optimization method
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Fig. 2.18: Digital beamforming using a) Grid-based processing; b) GaussNewton method.
by ignoring the second-order derivative terms in the Hessian matrix. This simplification makes it particularly suited for real-time implementation [79]. In
order to use it to solve the problem in Eq. (2.41), an objective function Fx
needs to be defined, which can be minimized in the least-squares sense. Fx is
obtained from Eq. (2.40) by rewriting it to
[
]
cos(kT (ϕaz , ϑel )rRx )T − Re{s}
Fx =
,
(2.42)
sin(kT (ϕaz , ϑel )rRx )T − Im{s}
with rRx = [rRx,1 , . . . , rRx,N ] and s = [S1 (2d0 ), . . . , SN (2d0 )]T . The goal of the
Gauss-Newton algorithm is then to minimize
2N
∑

2
Fx,n
(x)

(2.43)

n=1

[
]T
for the optimization variable x = ϕaz ϑel . We thus have 2N equations and
2 unknowns. The algorithm is started with an initial guess x(0) and proceeds
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with the next iteration i to determine

with the step

x(i+1) = x(i) − ∆x(i) ,

(2.44)

∆x(i) = (JFTx JFx )−1 JFTx Fx (x(i) ).

(2.45)

The elements of the Jacobian matrix JFx are given by
[JFx ]m,n =

∂Fx,n (x(i) )
.
∂xn

(2.46)

The step calculation process can thus be interpreted as a linear least-square
approximation of the original nonlinear problem.
Since the function Fx is only piecewise convex, the estimate x in Eq. (2.44)
mostly converges to a local minimum. Therefore, the algorithm needs to be
started multiple times with different initial guesses to find the global minimum.
The result of applying the Gauss-Newton method to the beamforming problem is shown in Fig. 2.18 b). As evident, the algorithm could successfully find
the global minimum and thus the angle of arrival by evaluating the function
at only a fraction of points in Ψsearch = ±60° in azimuth and elevation (denoted as white filled dots). The overall runtime of the algorithm applied to the
beamforming problem from Eq. (2.38) could be greatly reduced by choosing appropriate initial guess points in Ψsearch (denoted as white circles) and applying
heuristic termination conditions for slowly converging iterations.
2.4.3.3 Comparison
In order to verify the performance of the proposed solutions, they were both
implemented on an embedded platform using the programming language C.
A set of measurement data was recorded to test the algorithms with respect
to accuracy and runtime. While both methods successfully found the global
maximum in every measurement with equal accuracy (to the numeric precision
used), there was a difference in the runtime. The Gauss-Newton algorithm had a
runtime varying by up to 13 % depending on the number of necessary iterations
with a mean of 15 ms. The grid-based method using a LUT for the trigonometric
functions on the other hand had an almost constant processing time with a mean
of 9 ms.
The comparison shows an advantage for the latter method due to the lower
and more stable processing time. The reason for the worse performance of the
Gauss-Newton method is that although it evaluates much fewer points, each
iteration is more costly due to the many multiplications necessary to solve the
linearized least-squares problem to determine the next iteration step in Eq.
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Fig. 2.19: MC simulation and CRLB for 2D DOA for the planar array from
Fig. 2.16 (a) for a signal impinging from ϕaz = 30°, ϑel = 30°.
(2.45). However, it could have an advantage on systems with limited memory,
as the LUT size for the grid-based method can range from a few hundred kB to
several MB depending on the chosen grid fineness.
The Gauss-Newton method can also have an advantage when it is sufficient
to only track a target and not execute a complete search after every measurement. In this case, it is assumed, that the target only moves slightly between
measurements, so that the result from the last measurement can be taken as
a starting point for the Gauss-Newton method in the next measurement. This
greatly reduces the number of searched points. A second search at a random
point can be started each time to ensure that the tracked peak is indeed the
correct one. Performing a grid search in the area of the last result is of course
also an option for tracking.
Another possible solution could be to use particle swarm optimization as
demonstrated in [80]. Because the grid-based solution had a runtime of 0.3 ms
on a more powerful platform used in later experiments, no further methods were
studied.
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2.4.4 CRLB
In contrast to distance estimation, where phase noise played an important role,
it has almost no effect on DOA, because it acts as an additive phase term which
is equal in all channels. The dominant noise source here is the AWGN term
Nn (t) from Eq. (2.30).
The CRLB for 2D angle estimation for an array with arbitrary geometry and
a signal impinging from a given direction is derived in [81] and can be applied
to the arrays used in this work with slight adaptation for the angles definition
from Fig. 2.14 like also defined in [82]. The lower bound for the azimuth σϕaz
and the elevation σϑel angles estimation standard deviation is
√
1
1
σϕaz ≥
·
,
J11 1 − ρ2
(2.47)
√
1
1
·
σϑel ≥
,
J22 1 − ρ2
where ρ describes the degradation in angle estimation due to the simultaneous
estimation of both the azimuth and elevation angles given by
ρ=

2
J12
.
J11 J22

(2.48)

The variables Jij represent the elements of the Fisher information matrix J
given by
J11 = 2N G

N
∑

(−xn sin ϕaz cos ϑel + yn cos ϕaz cos ϑel )2 ,

n=1

J22 = 2N G

N
∑

n=1

J12 = 2N G

N
∑

n=1

(−xn cos ϕaz sin ϑel − yn sin ϕaz sin ϑel + zn cos ϑel )2 ,

(2.49)

(−xn sin ϕaz cos ϑel + yn cos ϕaz cos ϑel ) ·
(−xn cos ϕaz sin ϑel − yn sin ϕaz sin ϑel + zn cos ϑel ) ,

with
G=

(

2π
λ

)2

·

2
ηlin
.
1 + N · ηlin

(2.50)

xn , yn , and zn are the coordinates of the N antenna elements in the array
coordinate system. The SNR ηlin is defined as in Eq. (2.31).
A MC simulation was performed to analyze the performance of the delay-and-
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sum beamformer. The planar array from Fig. 2.16 (a) and a signal impinging
from ϕaz = 30°, ϑel = 30° were assumed. The result in Fig. 2.19 shows that the
CRLB is attained for both angles. The worse result for elevation is due to the
smaller aperture in this direction.

2.4.5 Calibration
2.4.5.1 Signal Model
In order to account for some further effects present in real systems, the phase
term φn of the signal model from Eq. (2.33) needs to be extended to
φn = kT (ϕaz , ϑel ) · (rRx,n + pRx,n + pRx,PC,n (ϕaz , ϑel )) + φerr,n
= φg,n (ϕaz , ϑel ) + φp,n (ϕaz , ϑel ) + φPM,n + φMC,n + φ0

(2.51)

The term φg,n (ϕaz , ϑel ) = kT (ϕaz , ϑel ) · rRx,n is the difference in the received
phases in antennas n = 1 . . . N due to the problem geometry. It is the term which
contains the information on the DOA and the only one which was considered so
far. The term
φp,n (ϕaz , ϑel ) = kT (ϕaz , ϑel ) · (pRx,n + pRx,PC,n (ϕaz , ϑel ))

(2.52)

accounts for the 3D deviation pRx,n of the location of the antenna phase centers from the ideal values due to imperfections in production and mechanical
assembly (antenna position errors) as well as the angle-dependent variation in
the phase center position pRx,PC,n due to coupling effects as mentioned in [83].
These are effects, which change the antenna radiation pattern and phase center position depending on the neighboring antennas. Due to the complexity of
modeling and calibrating such effects and their relatively small impact on the
performance, pRx,PC,n is not considered in this work. Angle-dependent (also referred to as “local”) calibration which attempts to solve this problem is discussed
e.g. in [84] for a dense and in [85] for a sparse calibration grid.
The term φMC,n accounts for the mutual coupling between the Rx channels
(on the RF board as well as between the antennas). The mutual coupling can be
modeled as a complex constant, i.e. the signal from one channel is superimposed
on another with a certain attenuation and phase shift, but the radiation pattern
and the phase center do not change [83]. φMC,n is thus angle-independent.
The term φPM,n models the channel-to-channel phase mismatch, caused by
the different electrical length of the flexible cables connecting the antennas to the
front-end and further non-idealities in the system. The variation in the electrical
length of the cables comes from manufacturing tolerances and from the different
bending states of the cables. A measurement with a network analyzer showed a
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difference of approximately 9° of the phase of the S21 parameter between straight
and bent state, probably because the bending locally changes the thickness of
the insulating layer.
Terms φMC,n and φPM,n are angle-independent. The phase term φ0 is the same
for all channels but different in every measurement cycle due to the unknown
initial phase of the ramps. Due to φ0 , no absolute phase information is available
and thus only relative phase differences between the channels can be evaluated.
The term φ0 can be removed by norming all phases to one of the array elements.
This approach, however, can cause further problems due to the phase error of
the channel used for norming. These showed to be very small in practice. An
alternative solution is to use the phase differences between all permutations of
pairs of channels during calibration and beamforming. This mitigates the issue
with the phase error in the channel used for norming, but makes it impossible
to obtain a closed-form solution to the calibration problem.
If a corner reflector is used instead of a radar node during calibration, φ0
would not be an issue. However, the Tx antenna of the radar node presents a
better defined and easier to reference point target which is important for the
calibration procedure.
2.4.5.2 Simulation
In order to evaluate the effect of the different error sources, a number of MC
simulations was conducted. The simulations are based on the signal processing
chain and the error model presented in Sections 2.4.3 and 2.4.5.1.
AWGN A series of simulations was conducted to evaluate the precision depending on the SNR for different DOA similar to Section 2.4.4. 100 simulations were
performed every 5° on a grid in the range ±60° in both azimuth and elevation
directions. The resulting standard deviations of the azimuth and elevation DOA
errors are summarized in Fig. 2.20. As expected, the error distribution stays
approximately the same and only the value changes from 0.3° at η = −20 dB to
0.003° at η = 20 dB in azimuth (0.4° to 0.004° in elevation, respectively). It is
also evident that the precision deteriorates when moving away from boresight
direction due to the broadening of the beamwidth.
Phase Mismatch and Mutual Coupling As shown in [86], the effect of the phase
mismatch and mutual coupling φPM,n and φMC,n can be modeled by
x = Cs + n.

(2.53)
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Fig. 2.20: Simulation of DOA estimation error depending on SNR. The color
of every pixel denotes the standard deviation of the error in the
estimation at the corresponding angles ϕaz and ϑel . Upper row: Azimuth error in °. Lower row: Elevation error in °. Note the different
colormap scales below the plots. Gray denotes azimuth/elevation
combinations where DOA estimation fails due to a high sidelobe.
The N × 1 signal vector s = [S1 (2d0 ), . . . , SN (2d0 )]T denotes the ideal signal in
all N channels as given by Eq. (2.33). The N × N complex matrix C models
the error terms φPM,n and φMC,n from Eq. (2.51). The diagonal elements represent the gain and phase mismatch errors in every channel and the non-diagonal
elements model the coupling between the channels. The N × 1 vector x describes the extended signal model with the phase errors φerr from Eq. (2.51)
and the AWGN vector n. In order to compensate for the errors, the signal x
can be premultiplied by the complex calibration matrix T = C −1 , assuming C
is invertible.
As proposed in [86] and [87], an estimate for the calibration matrix T can
be obtained using M ≥ N measurements at known angles ϕaz,m , ϑel,m with
m = 1 . . . M . These measurements are combined in the N × M matrix X̃.
The elements of the corresponding N × M matrix S̃ with the ideally expected
signals at the known measurement angles can be calculated according to the

45

2.4. Direction of Arrival Estimation
Uncalibrated

Calibrated

Cal. w. ref. err.

ϑel in °

50
0
−50

ϑel in °

50
0
−50

−50

0
50
ϕaz in °

−10°−5° 0° 5° 10°

−50

−2°

0
50
ϕaz in °

0°

2°

−50

0
50
ϕaz in °

−2°

0°

2°

Fig. 2.21: DOA estimation error before and after phase mismatch and mutual
coupling calibration. Upper row: Azimuth error in °. Lower row: Elevation error in °. Left column: Before calibration. Middle column:
After calibration assuming ideal reference measurements. Right column: After calibration assuming errors in reference measurements.
Gray denotes azimuth/elevation combinations where DOA estimation fails due to a high sidelobe.
signal model
s̃n,m = sn (ϕaz,m , ϑel,m ) = exp(jkT (ϕaz,m , ϑel,m ) · rRx,n ),

(2.54)

with the wave vector k from Eq. (2.39). The complex value s̃n,m thus represents
the expected phase in each channel n in every measurement m assuming unity
amplitude.
The calibration matrix T can then be found as the least-squares solution of
T = arg min∥S̃ − T X̃∥F ,
T

(2.55)

where ∥·∥F denotes the Frobenius norm. As shown in [88], Eq. (2.55) has a
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closed-form solution given by
T = S̃ X̃ H (X̃ X̃ H )−1 ,

(2.56)

H

with the matrix conjugate transpose operator | · | (Hermitian transpose).
Based on this error and calibration model, a series of simulations were conducted to evaluate the effect of phase mismatch and mutual coupling on the DOA
estimation accuracy. The parameters for the simulation were SNR η = 0 dB; a
normal distribution with a standard deviation of 60° and zero mean for the phase
mismatch and mutual coupling phases; a uniform distribution from 0 (linear) to
−7.5 dB for the mutual coupling magnitude.
The DOA estimation result for a realization of the error sources is shown in
Fig. 2.21. As evident from the error plots before calibration, there is an error of
> 20° for many azimuth / elevation combinations caused by a side lobe, which
becomes higher than the main lobe due to the error terms. By applying the
calibration method from Eq. (2.56), assuming ideal reference measurement data
ϕaz,m , ϑel,m , the mean absolute error in both azimuth and elevation
directions
√
could be reduced to approximately 0.2° for an angle range of ϕ2az + ϑ2el < 60°
as shown in the middle of Fig. 2.21.
To test the stability of the calibration procedure, a normally distributed angle
error in both azimuth and elevation with a standard deviation of 2° and zero
mean was added to the reference measurement angles ϕaz,m , ϑel,m in another
simulation. As evident from the plots on the right-hand side of Fig. 2.21, this
only slightly increased the error to about 0.35° since the reference error contributions approximately cancel out. A bias in the reference causes a bias in the
result of roughly the same magnitude.
3D Position and Phase Center Errors The procedure from the previous sections
was repeated, but this time 3D position errors pRx,n as described in Eq. (2.52)
were also added to the simulation. While the calibration matrix T is angle independent, the phase term φp,n caused by the antenna position errors depends on
the DOA and cannot be removed by T . In order to compensate it, the 3D antenna position errors pRx need to be determined. This can also be accomplished
by means of a least-squares fit by extending (2.55) to
{T , pRx } = arg min∥S̃(pRx ) − T X̃∥F .
T ,pRx

(2.57)

This is a nonlinear least-squares problem which does not have a closed-form
solution. It is, however, separable into a linear problem with respect to T and
a nonlinear with respect to pRx [89]. The damped Newton method was used to
solve it in [89]. A computationally more effective approach is presented in [90],
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Fig. 2.22: DOA estimation error before and after position error calibration.
Upper row: Azimuth error in °. Lower row: Elevation error in °.
Left column: Before calibration. Right column: After calibration.
Gray denotes errors beyond ±4° and azimuth/elevation combinations where DOA estimation fails due to a high sidelobe.
which, however, cannot be applied to the system at hand, since no absolute, but
only relative signal phases are known.
The approach taken here, was to first find T as in Eq. (2.56) and then use
the Gauss-Newton method as described in Section 2.4.3 to estimate the position
error pRx . Similar to (2.42), the cost function is defined as
[
]
Re{S̃(pRx )} − Re{T X̃}
Fx =
Im{S̃(pRx )} − Im{T X̃}
(2.58)
[
]
cos(kT (ϕaz,m , ϑel,m )(rRx + pRx ))T − Re{T X̃}
=
,
sin(kT (ϕaz,m , ϑel,m )(rRx + pRx ))T − Im{T X̃}
with the 3N unknowns pRx (x, y, z for every channel N ) and M equations (number of measurements at known directions ϕaz,m , ϑel,m ). The algorithm is started
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with initial guess pRx = 0, which is assumed to be close to the searched result. If
the position error is large, the algorithm is likely to converge to a local minimum.
The effect of 3D position errors with normal distribution, zero mean and a
standard deviation of 1 mm (≈ 0.1λ) and its calibration is illustrated in Fig.
2.22. In another simulation, the same error was also added to the errors from
the previous section. The proposed calibration approach could successfully simultaneously estimate the position errors and the mutual coupling. The mean
absolute error was 0.4° for ideal reference and 0.8° for reference with errors as
in the previous section. The position errors could be estimated with a mean
absolute accuracy of 0.3 mm.
2.4.5.3 Measurement Results
Pyramidal electromagnetic absorbers
Master radar node
Slave radar node

2-axis rotary table

Fig. 2.23: Radar on 2-axis rotary table in anechoic chamber. The arrows denote the rotation axes.
To verify the developed calibration procedure, a series of 2000 measurements
was conducted in an anechoic chamber and processed offline. The slave radar
node was stationary and the master node was fixed on a programmable 2-axis
rotary table as shown in Fig. 2.23. The master node was rotated in √
both azimuth
and elevation directions in such a manner, that an angle range of ϕ2az + ϑ2el <
70° was covered. A total station Leica TS30 was used to determine the rotation
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Fig. 2.24: Each dot denotes a DOA measurement. The absolute error in each
measurement is color-coded corresponding to the colormap. Gray
dots denote measurements with an absolute error > 5°. a) Before
calibration. b) After calibration.
axes of the rotary table in order to calculate the ideal signal matrix S̃.
The absolute measurement error before and after applying the calibration procedure from the previous section is shown in Fig. 2.24. Each dot in the graphs
represents a measurement at the corresponding azimuth and elevation angles
and the color represents the absolute error in the estimation of the azimuth and
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Master radar node

Total station
Leica TS30

Mobile robot with slave node
and total station prism

Fig. 2.25: Measurement environment: Foyer in Cauerstr. 6, FAU ErlangenNürnberg. The red arrow denotes the robot movement direction.
elevation angles. It is evident from the uncalibrated results that large errors occur for positive azimuth and negative elevation angles of the impinging signal.
The reason is the rise of a high side lobe caused mostly by phase mismatch. Calibrating the system extends the unambiguous angular range to approximately
√
ϕ2az + ϑ2el < 60°. The mean absolute angle error was approximately 1° in both
azimuth and elevation directions. As shown in Fig. 2.17 b), before calibration
the SLL is −2.2 dB and the main peak is shifted by about 1° in both azimuth and
elevation. A more detailed study on the effect of mutual coupling on the beam
pattern shape can be found in [91]. The result in Fig. 2.17 c) after calibration
demonstrates the decrease of the SLL to the close-to-ideal value of −3.2 dB and
the correct position of the main beam.
While the measurement in the anechoic chamber provides a very good overview
of the performance of the system over the entire angular measurement range it
is very arduous and time-consuming. The reference signal had to be determined
by measuring the orientation of the master node with the Leica TS30 total station, which was inaccurate due to the problem geometry. The orientation of the
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radar node was calculated directly from the total station measurements. A typical 3D error of the total station of 1 mm over the length of the antenna array of
7 cm results in an angle error of 0.8°. Furthermore, the two rotation axes of the
rotary table had to be determined from the total station measurements, which
was a further error source.
An alternative measurement procedure is shown in Fig. 2.25. A relatively
large area with little multipath reflections is chosen. The master node, which is
to be calibrated, was stationary and mounted on a tripod. The slave node was
mounted on a mobile robot and driven in the area in front of the master node.
The reference signal matrix S̃ was obtained by tracking a prism on the mobile
robot by the total station. This procedure has the advantage, that the direction
to the calibration source and thus S̃ can be determined more accurately as it is
calculated by converting the prism position tracked by the total station to the
local polar coordinate system of the master node’s antenna array. A typical 3D
error of the total station of 1 mm at a distance of 3 m results in an angle error
of 0.02°. The complete pose of the master node needs to be measured precisely
only once. This makes this procedure suitable for on-site calibrations.
Multiple test runs consisting of about 500 DOA measurements each were
made on 2 different days and rearranging the scenario to test the stability of
the calibration. The test run trajectories are shown in Fig. 2.26. The resulting
accuracy (RMSE) in azimuth and elevation after separately calibrating each
error source is listed in Table 2.2 (cf. Appendix B.3 regarding accuracy metrics).
The calibration matrix T and the position errors pRx estimated from test run
“cal1” were used to evaluate all measurements.
As evident from the results, the phase mismatch is the dominant error source
and compensating it is sufficient for reliable DOA estimation. Contrary to expectation, additionally calibrating mutual coupling slightly deteriorates the result
in some of the measurements. The reason is probably multipath causing strong
variations of the magnitude across the array, unstable amplification in the Rx
path, or the unmodeled and uncompensated angle-dependent coupling.
An analysis of the calibration matrix illustrated in Fig. 2.27 shows a maximum
coupling of −7.5 dB between channels 1 and 5. This result is reasonable as the
corresponding antennas are spatially close to each other as illustrated in Fig.
2.16 a) and the on-board coupling is better than −30 dB. It can also be seen,
that the diagonal elements describing the channel gain mismatch are all much
larger and close to 0 dB.
By also calibrating the phase center position errors pRx , the result is consistently improved in all measurements demonstrating the efficiency of the proposed calibration procedure. A combination of only phase mismatch and position errors calibration was also tested, but did not lead to any consistent
improvement.
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Fig. 2.26: Test runs used for calibration and testing.

Table 2.2: DOA estimation accuracy (RMSE) with calibration of different error
sources. PM: phase mismatch; MC: mutual coupling; PE: position
errors.
Test run
cal1
cal2
cal3
ellipse
star
square
circle

PM
ϕaz
ϑel
0.60° 0.77°
0.67° 1.04°
0.58° 0.92°
0.83° 1.59°
0.60° 1.68°
0.63° 1.32°
0.72° 0.88°

PM + MC
ϕaz
ϑel
0.59° 0.75°
0.67° 1.03°
0.59° 0.89°
0.92° 1.68°
0.67° 1.77°
0.74° 1.33°
0.73° 0.90°

PM + MC + PE
ϕaz
ϑel
0.34°
0.69°
0.46°
0.97°
0.38°
0.87°
0.72°
1.38°
0.45°
1.47°
0.52°
1.09°
0.52°
0.77°
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Fig. 2.27: Absolute value of phase mismatch and mutual coupling calibration
matrix T in dB.

The estimated 3D phase center position errors were within the range of
±2 mm. This is a realistic value in line with the research on the position of
the mean electrical phase center (MEPC) of patch antennas for GPS applications [92], [93]. A closer study and modeling of the angle-dependent phase
center position of the antennas in an array could help to further improve the
DOA estimation accuracy. An alternative approach would be a sector-based
calibration where the angle search range is divided into sectors and a separate
calibration matrix Tsec is determined for each sector. Utilizing neural networks
as mentioned in [83] is another viable possibility.

2.4.6 Ring Array
The amplitude An in Eq. (2.33) is not of much use for the DOA estimation with
the planar array as all antennas look in the same direction and ideally receive
equal signal power (assuming a single target, no multipath and equal radiation
pattern and receive path characteristics). However, for the ring arrays in Fig.
2.16 b) and c), the Rx signal amplitude information can be used additionally to
aid the DOA estimation in a manner similar to the classic amplitude-comparison
monopulse technique in [94]. An extension also incorporating phase information and named “complex monopulse” (CMP) as a combination of amplitudecomparison monopulse and phase-comparison monopulse was presented in [95]
and [96]. Instead of calculating pairwise complex ratios as in the CMP algo-
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Fig. 2.28: Measurement result for DOA estimation with the ring array using
only phase information, only amplitude information, and using both.
A side lobe at −157.2° is present, which is higher than the main
lobe at 18.1° when only the phase is used. The amplitude is used to
resolve this ambiguity.
rithm, in this work the delay-and-sum digital beamformer from Eq. (2.38) was
extended by amplitude hypothesis information as
H2D,amp,n (ϕh , ϑh ) = Ahyp,n (ϕh , ϑh ) exp(−jkT (ϕh , ϑh )rRx,n ),

(2.59)

with the hypothesis for the signal amplitude Ahyp,n in channel n given by
Ahyp,n (ϕh , ϑh ) = fRP (ϕh − ϕant,n , ϑh − ϑant,n ).

(2.60)

The function fRP describes the radiation pattern of the antenna elements. It
can be implemented either as a LUT or as an analytic expression (e.g. a cardioid
in the case of patch antennas [97]). In this work the equations from [98] for the
radiation expression of a patch antenna were used. The angles ϕant,n and ϑant,n
denote the orientation of the antenna element n in the azimuth, respectively
in the elevation plane in the array coordinate system (corresponding to yaw
and pitch in Tait–Bryan angles). The effect of the antenna orientation in the
third dimension (roll) was neglected as it only leads to an approximately equal
variation of the amplitude in all antennas due to polarization mismatch. This
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Fig. 2.29: 2D angle-estimation search.
would have no effect on the DOA algorithm, as only relative amplitudes are
evaluated. Eq. (2.59) can readily be applied to 3D arrays, for example with
antenna elements on the surface of a hemisphere (dome array), or within the
volume of a sphere (crow’s nest array).
Naturally, calibrating the ring array is very important to get reliable and
accurate DOA measurements. In general, the models and procedures from Section 2.4.5 can also be applied to the ring array. However, care has to be taken
to only use antennas with LOS path to the calibration target. The remaining
channels contain noise or multipath reflections. Choosing the channels to use is
possible by applying the hypothesis for the element radiation pattern fRP for
the calibration measurement direction.
The resulting pseudo-spectrum after calibration applied to real measured data
when using only the signal phase, only the signal amplitude or both is depicted
in Fig. 2.28. As evident, using only the signal phase as in Eq. (2.38) results in
a “side lobe” at ϕaz = −157.2° which is higher than the “main lobe” at 18.1°.
Using only the amplitude, a very broad MBW results and the DOA is estimated
to ϕaz = 10.3° which is a coarse, but stable result. Combining the phase and
amplitude information, the correct result ϕaz = 18.1° is found.

Measured azimuth angle in °
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Fig. 2.30: Measurement result of azimuth DOA estimation using an 8-channel
ring array in an anechoic chamber for an azimuth range of
−35° . . . 50° and elevation range of −40° . . . 40°.
Although all antenna elements lie in one plane, it is not sufficient to only
perform a 1D search in azimuth direction. This is illustrated in Fig. 2.29 for a
signal impinging from ϕaz = 16.7° and ϑel = −43.9°. A search in both azimuth
and elevation is performed as given by Eq. (2.59) and (2.40). If a search over ϕh
for ϑh = 0° is performed, the result is ϕaz = 18.1° (the search and the result are
denoted as a blue line and circle in Fig. 2.29). As can be seen, if a search over
the elevation range is also performed, a better match is found at ϕaz = 17.3°
and ϑel = −23° (denoted as a green plus), which is the correct result. The
reason for this effect is, that the DOA estimation problem is 1D (all elements
and the target lie in a plane) only when looked at from ϑel = 0°. When looked at
from above or below, the problem becomes 3D and a 2D search is necessary for
accurate DOA estimation. However, due to the very small aperture in elevation
direction, no reliable elevation angle estimation is possible.
The performance of the ring array was evaluated in an anechoic chamber
using the proposed algorithms. The setup was similar to Fig. 2.23. The master
radar node with the ring array was fixed on a 2-axis rotary table and the slave
node was stationary. Measurements in the range −35° . . . 50° in azimuth and
−40° . . . 40° in elevation were done. The Leica total station TS30 was used
as a reference. As can be seen from the result shown in Fig. 2.30, the radar
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DOA measurement closely matches the reference, even for large variations in
the elevation angle. Using both amplitude and phase information and a 2D
search resulted in an RMSE in azimuth of 1.69°. The resulting RMSE was 4.5°
when using only the amplitude information. When using both the amplitude
and the phase information and performing a search only over ϕh for ϑh = 0°,
the RMSE was 2.92°.

2.5 3D RTOF + DOA Positioning
In order to obtain a 3D position estimate from the combination of RTOF and
DOA based on the techniques discussed in the previous sections, the measure[
]T
ment needs to be transformed from the polar representation z = d ϕaz ϑel
[
]T
to the Cartesian x = x y z . This can be achieved using the basic geometric considerations
⎡ ⎤ ⎡
⎤
x
d cos ϑel cos ϕaz
x(z) = ⎣y ⎦ = ⎣ d cos ϑel sin ϕaz ⎦ .
(2.61)
z
d sin ϑel
The result is given in the array coordinate system with origin in the geometric
center of the array.

2.5.1 Unbiased Estimator
As shown in the previous sections, the errors in both range and angles can typically be described as Gaussian distributions. However, due to the nonlinear
conversion caused by the trigonometric terms, the resulting probability distribution for the Cartesian position is in general not Gaussian anymore as shown
in Fig. 2.31 (a) on the example of a 2D conversion. Furthermore, as first demonstrated in [100] and later further studied in [101], [102], [103], and [104] in the
context of Converted Measurements Kalman Filter (CMKF), the estimator in
Eq. (2.61) is not unbiased. This can be shown by representing the measurement
z as
⎤
⎡ ⎤ ⎡
d
d¯ + d˜
z = ⎣ϕaz ⎦ = ⎣ϕ̄az + ϕ̃⎦ ,
(2.62)
ϑel
ϑ̄el + ϑ̃
¯ ϕ̄az , and ϑ̄el denote the true values and d,
˜ ϕ̃, and ϑ̃ are additive white
where d,
2
Gaussian noise terms with zero mean and variances σd2 , σϕ
, and σϑ2 . Inserting
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Fig. 2.31: Monte-Carlo simulation of 2D RTOF + DOA measurements converted to Cartesian coordinates (each MC run is denoted by a dot).
The radar is in the origin of the coordinate system. In (a) a target
was simulated at a distance d = 50 m and angle ϕ = 45° with a relatively large angular standard deviation of σϕ = 5°. The red ellipse
illustrates the covariance assuming a Gaussian distribution. The
ellipse corresponds to a Mahalanobis distance of 3.2 encompassing
99.5 % of the data [99]. The blue ellipse illustrates the covariance
calculated by Eq. (2.67). The red triangle is the mean obtained by
Eq. (2.61). The blue triangle is the unbiased mean given by Eq.
(2.65). In (b), the target is 4 m closer to the radar with a relatively
low angular standard deviation of σϕ = 0.5°. The green ellipse illustrates the covariance assuming a 2D Gaussian distribution and the
green triangle denotes the mean.
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Eq. (2.62) in (2.61) and taking the expectation of z yields
{
}
˜ sin(ϑ̄el + ϑ̃) = · · · = λϑ d¯sin ϑ̄el ,
E {z} = E (d¯ + d)

(2.63)

of z from Eq. (2.61) thus has a bias given by
}
{
bz = E d sin ϑel − d¯sin ϑ̄el = (λϑ − 1)d¯sin ϑ̄el .

(2.64)

using trigonometric identities and assuming
{ mutual
} independence of the range
and angle noise. The bias factor is λϑ = E cos ϑ̃ = exp(σϑ2 /2). The estimator

It increases with the standard deviation of the angular noise, as well as with the
distance to the target. It is also dependent on the angle to the target.
As shown in [101], the bias can be removed by pre-multiplying the estimator
from Eq. (2.63) with λ−1
ϑ , assuming the variance of the angular measurement
σϑ2 is known. The complete unbiased estimator xu is hence given by
⎤
⎡ −1 −1
λϑ λϕ d cos ϑel cos ϕaz
−1
⎦
(2.65)
xu (z) = ⎣ λ−1
ϑ λϕ d cos ϑel sin ϕaz .
−1
λϑ d sin ϑel
The mean obtained by the standard conversion from (2.61) is shown as a red
triangle in Fig. 2.31 (a) and has an error of approximately 13 cm in both x and
y directions. The correct mean obtained by the unbiased estimator is shown as
a blue triangle.
The entries of the corresponding covariance matrix Rxx,u can be calculated
by
{
}
¯ ϕ̄az , ϑ̄el ,
Rxx,u,i,j = E (xi − E {xi })(xj − E {xj }) | d,
(2.66)

where xi denotes the i-th entry of xu . However, the expectation in Eq. (2.66)
is conditioned on the true values. Since they are unknown in practice, [101]
proposes to approximate it by conditioning it on the measurements instead
Rxx,u,i,j = E {(xi − E {xi })(xj − E {xj }) | d, ϕaz , ϑel } .

(2.67)

The covariance matrix calculated based on the standard conversion from Eq.
(2.61) is illustrated as a red ellipse in Fig. 2.31 (a); the result of Eq. (2.67) is
shown in blue. As evident from the plot, the resulting probability distribution
can only roughly be approximated by a Gaussian distribution.

2.5.2 CRLB for 3D RTOF + DOA Positioning
2
In the opposite case when the angular measurement variances σϕ
and σϑ2 are
relatively small or the distance to the target is relatively short, the resulting
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probability distribution after conversion to Cartesian coordinates can be well
approximated by a Gaussian distribution and the bias of the estimator in Eq.
(2.61) can be neglected. This is illustrated by the green distribution, ellipse and
mean in Fig. 2.31 (b). Then, based on the range and angular CRLB calculated
in Sections 2.3.1 and 2.4.4, a CRLB for the 3D position can be derived [105],
[
]T
[106]. With the vector to be estimated x = x y z , the measurement
vector z conditioned on x is given by the standard conversion from Cartesian
to polar coordinates
⎡ ⎤ ⎡ √ 2
⎤
d
x + y2 + z2
⎦,
atan2(y,
z(x) = ⎣ϕaz ⎦ = ⎣
(2.68)
√ x)
2
2
ϑel
atan2(z, x + y )
where atan2(·) is the four-quadrant extension of the arcus tangens defined in
Appendix A.2.
The corresponding likelihood function to obtain the polar representation z
given the Cartesian x can then be approximated by a multivariate Gaussian
distribution given by
(
)
1
1
p(z|x) = √
exp − (z − E {z(x)})T Q−1 (z − E {z(x)}) , (2.69)
2
det(2πQ)
where Q denotes the covariance matrix of the measurement
⎡ 2
⎤
σd
0
0
2
0 ⎦.
Q = ⎣ 0 σϕaz
0
0
σϑ2 el

The Fisher Information Matrix (FIM)
{(
) (
)T }
∂ ln p(z|x)
∂ ln p(z|x)
Jx = Ex
·
.
∂x
∂x

(2.70)

(2.71)

is then the expectation conditioned on x of the squared log-likelihood of p(z|x)
[57]. As shown in [57], Chapter 3.9 and in [106], inserting Eq. (2.69) in (2.71)
yields
Jx = GT Q−1 G,
(2.72)
with the observation matrix G, which is the Jacobian
G=

∂z(x)
.
∂x

(2.73)
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Fig. 2.32: The result for the CRLB in x, y, z direction and in 3D using a
combination of RTOF and DOA with one static radar node denoted
by a white square.
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The CRLB Q3D is then the inverse of Jx from Eq. (2.72)
Q3D = Jx−1 = (GT Q−1 G)−1 .

(2.74)

This means that given a measurement in polar coordinates z with a covariance
matrix Q which is converted to Cartesian x with a covariance matrix Qx ,
Qx,i,i ≥ [Jx−1 ]i,i ,

(2.75)

applies for i = 1, 2, 3.
If the estimator from Eq. (2.68) is approximated by the first-order Taylor
expansion around the expectation of the measurement
x(z) ≈ x(E {z}) +

∂x(z)
(z − E {z}),
∂z

the covariance matrix Qx becomes
{
}
Qx = Ez (x − E {x})(x − E {x})T

{
} ∂x(z) T
∂x(z)
Ez (z − E {z})(z − E {z})T
∂z
∂z
= G−1 QG−T = Jx−1 .

=

(2.76)

(2.77)

The estimator from Eq. (2.62) thus attains the CRLB (2.74), if the Taylor
approximation in Eq. (2.76) is accurate, i.e. if the conversion is linear.
The components of the CRLB Q3D were evaluated on a grid of 10 cm in 2D
in the area around the radar node as shown in Fig. 2.32 (cf. Appendix B.4
regarding CRLB and position dilution of precision (PDOP)). The values σd =
8 cm, σϕaz = 0.8°, and σϑel = 1.2° were assumed for the range, azimuth, and
elevation standard deviations. For simplicity, omnidirectional antenna coverage
was assumed. As evident, a single radar node combining the RTOF and DOA
measurement principles is sufficient for 3D positioning with an accuracy < 15 cm
within a range of 12 m.

2.5.3 Measurement Results
A series of indoor tests was conducted to evaluate the system. In order to get
an estimate for the intrinsic performance, an environment with few multipath
reflections was needed. The relatively large foyer of the FAU Erlangen-Nürnberg
building at Cauerstr. 6 from Fig. 2.25 was chosen. One radar node equipped
with the 2D planar antenna array from Fig. 2.16 (a) was fixed on a tripod at
a height of approximately 2 m (depicted as a dark red square in Fig. 2.33). A
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Fig. 2.33: 3D positioning result. One radar node (denoted by the dark red
square) was stationary. A second node was carried by a person (the
black arrow denotes the movement direction).
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Fig. 2.34: Distance measurement result and error.
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Fig. 2.35: Azimuth and elevation angles measurement result and error.
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second node was carried by a person in his hands and moved in normal walking
speed in the area in front of the stationary node. A total station Leica TS30
was used as a 3D ground-truth reference.
The walked trajectory as measured by the radar and the total station is shown
in Fig. 2.33, demonstrating a very good correspondence of the radar to the
ground truth. The 3D positioning result of the total station was converted from
the global Cartesian to the local radar polar coordinate system. The measurements were recorded in a common time basis and the total station results were
linearly interpolated to the measurement times of the radar in order to estimate
its accuracy. The result of the distance measurement and the corresponding
error is shown in Fig. 2.34. The error was mostly within the bounds of ±10 cm
and the root-mean-square error (RMSE) was 5.12 cm. The angle error depicted
in Fig. 2.35 was mostly less than ±2°; RMSE was 1.03° in azimuth and 0.91° in
elevation.
Although this presents a very good positioning result, it is worse than the
CRLB calculated in the previous chapters. There are several reasons for that
discrepancy. There exist a number of multipath components caused by signal
reflections on the floor, ceiling and walls distorting the LOS signal. The DOA
16-ch. ring arr.
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0
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2

Fig. 2.36: 2D positioning result using 16-channel ring array. The dark red
square denotes the position of the master radar node.
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Fig. 2.37: Localization result (a) in outdoor scenario (b) at a range of up to
80 m.
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estimation is also affected by imperfect calibration. Although care was taken to
obtain accurate ground-truth data in space and time, residual synchronization
errors between the radar and the total station are still present. Furthermore, not
the same point in space was tracked by the total station (tracking a prism) and
the radar (tracking the Tx antenna of mobile radar node). This was manually
compensated after the measurement, but still leaves room for some additional
error.
Another test run in an equivalent scenario was performed using the 16-channel
ring antenna array from Fig. 2.16 (c). The master node with the ring array was
stationary at a height of approximately 1 m in the middle of the foyer and a
mobile robot carrying the slave node went in circles around it. The result in
Fig. 2.36 shows a very good match between the radar result and the reference
and demonstrates the omnidirectional coverage in azimuth. The range RMSE
was 4.03 cm and the azimuth RMSE was 1.17°.
In order to verify the system performance at larger distances, an outdoor
measurement was also performed as shown in Fig. 2.37. Unfortunately, due to
test site limitations the maximum measured distance was 80 m. As can be seen,
the measurement result was very stable with an RMSE of 6 cm in distance, 0.72°
in azimuth, and 0.65° in elevation. Based on this measurement, the result in Fig.
2.6, and the FSPL equation, the maximum measurement range of the system
was calculated to 250 m for the estimator “sumabs” and 150 m for “1 channel”
from Section 2.3.1.2.

3 Probabilistic Sensor Fusion for Mobile
Robot Localization Applications
As no model can reflect reality perfectly and no sensor can provide ideal measurements, the result of any mobile robot localization algorithm inevitably contains
a certain amount of error. In order to take this into account, algorithms based
on the probabilistic paradigm were developed. They consider states and measurements not as single values, but as probability distributions. This allows to
represent the corresponding uncertainties in a mathematically correct manner
and weight them in such a way as to obtain an optimal estimate of the true pose
of the mobile robot operating in a noisy world [107].

3.1 Bayes Filter
The state can be divided in static and dynamic. In the context of the discussed
applications, the static state consists of the map of the environment and the
poses of the radar nodes. The dynamic state represents the mobile robot pose.
For 3D localization problems, the pose is six-dimensional (position x, y, z and
orientation yaw, pitch, roll); for 2D problems – three-dimensional (position x, y
and orientation yaw, resp. heading).
The mobile robot can influence the state by executing a control action such as
moving for a given time with a certain velocity. The control data thus represents
the change of state. The mobile robot can also gather information about the
state by doing measurements like estimating the distance to a static radar node.
The measurement data conveys information about the current state. In this
work, the state will be represented by the vector xt , the measurements by zt ,
and the control by ut , where the index t denotes the discrete time step.
The state is said to be complete, if it reflects all aspects that carry any information useful to predict the next state so that no past measurements and
controls would improve the prediction. This is equivalent to assuming that the
state transition probability can be modeled as a one-dimensional Markov chain:
p(xt |x0:t−1 , z1:t−1 , u1:t ) = p(xt |xt−1 , ut ),

(3.1)

where the function p(·|·) denotes the conditional probability of its first argument
on the second argument. The complete state assumption means that it is pos-
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sible to estimate the state recursively based only on the previous estimate and
the last control. The current state is conditionally independent of the previous
states, measurements, and controls. This greatly reduces the computational cost
of the algorithm.
The complete-state assumption applied to the measurement probability implies
p(zt |x0:t , z1:t−1 , u1:t ) = p(zt |xt ).
(3.2)

This means that the result of a measurement can be predicted based only on
the current state and no previous states, measurements, or controls improve this
prediction.
However, discrepancies between the models and the real world violate the
complete-state assumption. In the case of a WLPS, these are e.g. non-idealities
in the motion and measurement models, but also systematic measurement errors caused, for example, by multipath reflections and static or mobile objects
obstructing the LOS path between the secondary radar nodes. Multipath errors,
however, tend to have a close-to-random behavior when viewed over a range of
positions and can be roughly modeled as a stochastic error source (cf. Section
2.3.2). In general, probabilistic algorithms are relatively robust to a mismatch
between model and reality.
As the true ideal state xt is unknown and cannot be directly measured, probabilistic algorithms instead calculate and maintain a belief bel for the state xt .
The belief after executing a control is given by
bel(xt ) = p(xt |z1:t−1 , u1:t ).

(3.3)

The bar · denotes a prediction, i.e. an estimate for the state based on all
controls and past measurements. By also including the last measurement in the
update step, the belief becomes
bel(xt ) = p(xt |z1:t , u1:t ).

(3.4)

Executing a control (the prediction step) always increases the uncertainty and
integrating the measurement (update step) always decreases the uncertainty of
the belief (except for the extreme cases of ideal controls or infinitely inaccurate
measurements).
Eq. (3.3) and (3.4) provide the foundation for the Bayes filter. Given an
initial state x0 with a belief bel(x0 ), it recursively incorporates the control and
calculates a state prediction using the theorem of total probability:
∫
bel(xt ) = p(xt |ut , xt−1 )bel(xt−1 )dxt−1 .
(3.5)
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Then it updates it with the measurement:
bel(xt ) = ηp(zt |xt )bel(xt ),

(3.6)

with the normalization constant η. As the Bayes filter can only be directly
applied to very simple problems, it will not be further discussed here. However,
it is the basis of many other probabilistic algorithms [107].

3.2 Kalman Filter
The Kalman filter implements the Bayes filter for the case of linear Gaussian
systems. It represents the belief by the moments representation, i.e. by the mean
µ and the covariance Σ. On top of the complete-state assumption, the Kalman
filter also requires that the initial belief bel(x0 ) is Gaussian and that the motion
and measurement models are linear. This ensures that the distribution of the
posteriors will always remain Gaussian.
The state transition from state xt−1 to state xt with the control ut is expressed by
xt = At xt−1 + Bt ut + εt .
(3.7)
The noise vector εt ∼ N (0, Rt ) models the increase in uncertainty caused by
the state transition as a multivariate Gaussian distribution with zero mean and
covariance matrix Rt . The state, the control, and the noise are column vectors.
The square matrix At models the change of state to the next time step when no
control is present. The matrix Bt transforms the control into a state change.
The state transition probability from Eq. (3.1) then becomes
)
(
1
1
p(xt |xt−1 , ut ) = √
exp − (xt − E {xt })T Rt−1 (xt − E {xt }) ,
2
det(2πRt )
(3.8)
with the expectation E {xt } = At xt−1 + Bt ut .
Similarly, the measurement zt is obtained by
zt = Ct xt + δt ,

(3.9)

with the measurement noise term δt ∼ N (0, Qt ) and the matrix Ct implementing the linear measurement model. The measurement probability from Eq. (3.2)
is then given by
(
)
1
1
p(zt |xt ) = √
exp − (zt − E {zt })T Q−1
(z
−
E
{z
})
, (3.10)
t
t
t
2
det(2πQt )
where E {zt } = Ct xt .
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By inserting Eq. (3.8) into (3.5) and after some manipulations which can be
found e.g. in [57] or [107], the predicted belief bel(xt ) at time step t represented
by the mean µ̄t and the covariance Σ̄t is
µ̄t = At µt−1 + Bt ut ,
Σ̄t = At Σt−1 AT
t + Rt .

(3.11)

Similarly, inserting Eq. (3.10) and (3.11) in (3.6), the updated belief bel(xt ) at
time step t given by the mean µt and the covariance Σt is
µt = µ̄t + Kt ∆z,
Σt = (I − Kt Ct )Σ̄t ,
with

∆z = zt − Ct µ̄t = zt − ẑ t ,
Kt = Σ̄t CtT St−1 ,
St =

Ct Σ̄t CtT

(3.12)

(3.13)

+ Qt .

I denotes an identity matrix the size of Σt . The innovation vector ∆z is the
difference between the measurement zt and the predicted measurement ẑ t =
Ct µ̄t . The innovation covariance matrix St is given by the addition of the
uncertainty after the prediction step converted from state space to measurement
space Ct Σ̄t CtT and the measurement uncertainty Qt . It is used to calculate
the Kalman gain Kt , which can be interpreted as a weighting factor for the
measurement represented by the innovation vector ∆z. When the measurement
uncertainty Qt is small, Kt is large and the measurement is trusted more –
the mean is changed to match the measurement and the covariance is decreased
as shown in Eq. (3.12). In fact, for Qt = 0 we obtain Σt = 0, i.e. for ideal
measurements, there is no uncertainty in the state estimation. For Qt → ∞,
the update step does not change the belief bel(xt ), since the measurement is
infinitely inaccurate.

3.3 Extended Kalman Filter (EKF)
If the motion and/or measurement model is not linear – which is frequently the
case for real systems – the Kalman filter from Chapter 3.2 is not applicable.
Instead, the extended Kalman filter (EKF) can be used. It represents the state
transition and the measurement by the nonlinear functions g and h:
xt = g(ut , xt−1 ) + εt ,
zt = h(xt ) + δt

(3.14)
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(compare with Eq. (3.7) and (3.9)). Due to the nonlinearity of the models, the
posterior uncertainty distributions are no longer Gaussian. The core concept
of the EKF consists in using a linear approximation of the nonlinear model
obtained from the first-order Taylor expansion of g and h around the most
likely state estimate. It is given by the Jacobian matrices Gt and Ht :
⏐
∂g ⏐⏐
Gt =
,
∂x ⏐ut ,µ̄t
⏐
(3.15)
∂h ⏐⏐
Ht =
.
∂x ⏐µ̄t
Using these Jacobians to replace the matrices At and Ct from Chapter 3.2
guarantees that the state uncertainty will always be approximated by a Gaussian
distribution.
Similar to Eq. (3.11) the EKF prediction step is then given by
µ̄t = g(ut , µt−1 )
Σ̄t = Gt Σt−1 GT
t + Rt .

(3.16)

The update step becomes (cf. Eq. (3.12) and (3.13))
µt = µ̄t + Kt (zt − h(µ̄t )),

Σt = (I − Kt Ht )Σ̄t ,
with

St = Ht Σ̄t HtT + Qt ,
Kt = Σ̄t HtT St−1 .

(3.17)

(3.18)

The EKF provides a method to handle weakly nonlinear systems by approximating the unknown underlying probability density function by a unimodal
multivariate Gaussian distribution. While this improves the computational efficiency, the linear approximation given by the Taylor expansion is not always
accurate. This is the case for large uncertainties and for locally highly nonlinear functions, since the resulting probability distributions can only poorly be
approximated by a Gaussian. Nevertheless, in practical applications the EKF is
robust even in cases when the underlying assumptions are somewhat violated.
Further algorithms such as the unscented Kalman filter (UKF) and the particle filter (PF) were developed to tackle non-linear problems. However, as shown
in [108] and [109], these algorithms are more computationally expensive and
do not outperform the EKF in the case of landmark-based positioning which is
observed here. Therefore, they will not be discussed further in this work.
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3.4 Geometric Interpretation of the Covariance Matrix
In order to facilitate the description of the sensor fusion algorithms used, a brief
overview of the geometric properties of the covariance matrix used to describe
the state and measurement uncertainty is given here following [110], [111], and
[99]. The covariance matrix Σ for the 2D case is
]
[
σ(x, x) σ(x, y)
,
(3.19)
Σ=
σ(y, x) σ(y, y)
with the data covariance
σ(x, y) = σ(y, x) = E{(x − E(x))(y − E(y))}.

(3.20)

The Mahalanobis distance
DM (u) =

√
(u − µ)T Σ−1 (u − µ).

(3.21)

is a measure of how far away in terms of “standard deviations” a point u is from
[
]T
the mean µ = E(x) E(y) . Using the Mahalanobis distance, a 2D covariance
matrix can be visualized as an ellipse on which DM is constant. The uncertainty
ellipse is given by the set of points
E(l) = {u ∈ R2 | DM (u) = lD },

(3.22)

where lD is a parameter determining the percentage of the values lying within
the ellipse.
Fig. 3.1 (a) illustrates the Gaussian distribution corresponding to a covariance
matrix for the case σ(x, y) = 0 with zero mean as an uncertainty ellipse with
DM = 3. As evident, the axes of the resulting uncertainty ellipse are parallel
to the x and y axes. In the illustrated case, the uncertainty is high along the y
axis and lower along the x axis. If the eigendecomposition of Σ
Σ = V LV −1
is analyzed, the matrix V whose columns are the eigenvectors of Σ is
[
]
1 0
V =
.
0 1

(3.23)

(3.24)

The matrix L whose diagonal elements are the corresponding eigenvalues is
[
]
σ(x, x)
0
L=
.
(3.25)
0
σ(y, y)
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Fig. 3.1: Geometry-dependent reduction of uncertainty.
Analyzing the covariance matrix Σ illustrated in Fig. 3.1 (c) with σ(x, y) ̸=
0, which is merely a rotated version of the matrix in (a), shows that it has
unchanged eigenvalue matrix L, but its eigenvectors now point in the direction of
the largest variance. The covariance elements σ(x, y) have the effect of changing
the orientation of the ellipse since they express the correlation in uncertainty in
the x and y direction. The variances determine the length of the main axes of
the ellipse.
The covariance matrix Σ can √
thus be interpreted as an identity matrix I
scaled by the scaling matrix S = L and subsequently rotated by the rotation
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matrix R = V :
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Σ = RSISRT .
−1

T

(3.26)
T

Since R is orthogonal R
= R applies. Because S is diagonal S = S is
valid.
If a sensor provides measurement data along a direction vs , this would reduce
the position uncertainty along this direction. If the direction of vs coincides
with the x direction, the resulting covariance matrix Σs can be calculated by
stretching (resp. shrinking) by a scaling factor of ls < 1:
] [
]T
[
ls 0
ls 0
Σ
= Ls ΣLT
(3.27)
Σs =
s .
0 1
0 1
This case is illustrated in Fig. 3.1 (a) and (c). If vs is not parallel to the x axis
as in Fig. 3.1 (b) and (d), the covariance matrix needs to be stretched along the
direction given by the vector vs . This is accomplished by the rotation matrix
−1
Vrot
which rotates vs in direction of the x axis. The covariance matrix is first
−1
rotated by Vrot
, stretched and rotated back:
(
(
−1 )
−1 )T
Σs = Vrot Ls Vrot
Σ Vrot Ls Vrot
.

(3.28)

The form of Eq. (3.28) is identical to the error propagation law, which interprets it as the transformation of an uncertainty by a linear system [112].

4 iserveU: Health-Care Service Robot Indoor
Positioning
1

Recently, robotic systems have been experiencing a strong growth and have
started becoming an integral part of everyday life [113]. One of the prime
reasons for this process is the continuously falling cost of processing power which
allows for complex algorithms to be executed. This leads to a reduction in the
price of robot labor, which makes using robots as a substitute for human jobs
financially more attractive. While most of the currently employed robots are
industrial robots (e.g. car assembly robots or automated ground vehicles (AGV)
for logistic applications), the segment of service robots is expected to experience
a significant development in the near future [114], [115] with an annual growth
of approximately 30 % [116].
A service robot is defined as a “robot that performs useful tasks for humans
or equipment excluding industrial automation applications” in the ISO standard
8373:2012. Service robots are usually employed among humans and could interact with people. Typically, a distinguishment is made between professional
and consumer service robots. While professional service robots serve as human
workforce replacement (e.g. transportation robots in the logistics), personal service robots are aimed at aiding people in their daily lives (e.g. robotic vacuum
cleaners) [116]. Healthcare service robots pose an important type of robots,
which are expected to grow in significance in the near future.

4.1 Motivation
Due to the quickly aging population, especially in highly developed countries,
the demand for hospital workers will continue to grow in the next decades. As
recognized in [117], a large portion of hospital expenses (30 % . . . 46 %) is spent
for hospital logistics. This includes simple, but tiring and repetitive assignments,
such as transportation or patient guiding tasks. The hospital expenses could be
reduced and the quality of service improved, if an autonomous robotic system
assumed these tasks. The nursing staff could then take more time for important
tasks such as patient care.
1

Large portions of this chapter have been submitted in the form of two journal papers to
IEEE Access [51] and IEEE Transactions on Microwave Theory and Techniques.
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Several commercial hospital logistics service robot systems are already available. Probably the earliest one is HelpMate (1994) [118], which initially used
ultrasound and structured light vision for localization and collision avoidance,
which was later replaced by a laser scanner [119]. Another early system is CSS
Robotics’ SpeciMinder (2008) [120], created to help technicians in hospital laboratories by transporting specimens. Its localization and navigation is also based
on a laser rangefinder. Two more recent systems show the continuing interest
in the area: Aethon’s TUG (2007) [121] and TransCar (2011) from Swisslog
(part of KUKA) [122] automatic healthcare service robot systems. They are
both capable of towing carts with food or medical supplies while autonomously
navigating using a laser scanner and ultrasound for additional safety.
This short overview of the state-of-the-art of healthcare service robotics shows
the importance of such systems, which will only be growing in the future. It is
also evident that basically all available systems use laser scanners for navigation
and localization. As outlined in Chapter 1.1 while powerful, such systems can
quickly become unreliable in dynamic situations or in the presence of objects
invisible for the laser scanner (e.g. glass, bars, objects like tables and chairs
which have almost no parts in the 2D scan plane of the lasers scanner). Since
laser-scanner-based positioning relies on matching the sensor readings to a map,
such systems can become unstable, when the robot position is lost, e.g. due
to a severe disturbance and it needs to be reinitialized, as many areas of the
map frequently look very similar. The kidnapped robot case (when the robot
is manually moved, but it doesn’t realize this) is also a problem for the same
reason. Therefore, an alternative to laser scanners is necessary. In this chapter,
one such alternative – a WLPS for healthcare service robots – will be presented.
It was developed within the scope of the research project iserveU2 .
The main aim of the project was to create a healthcare service robot called an
intelligent transport assistant (ITA) to relief nursing staff in hospitals by taking
over logistic tasks. Several use cases were defined. The mobile robot is supposed
to navigate autonomously through the hospital building and transport clinical
materials, meals, and laundry. In addition, it should be able to guide patients
through hospital facilities and follow nursing staff while carrying a payload.
One of the main challenges for the development of this system was to provide
real-time accurate and reliable positioning, which is a prerequisite for successful
navigation. In order to enable guidance and following tasks, the robot should
also be able to locate a person carrying a hand-held transponder.
2

The project iserveU (Intelligente modulare Serviceroboter-Funktionalitäten im menschlichen Umfeld am Beispiel von Krankenhäusern / Intelligent modular service robot
functionalities in the environment of humans at the example of hospitals) had a runtime of 3 years and was funded by the Federal Ministry of Education and Research of
Germany (BMBF), registration no. 01IM12008F. Project partners were Robert Bosch
GmbH, RWTH Aachen, TU Clausthal, Symeo GmbH, HS Ulm, REC GmbH.
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Static
Radar Node

Fig. 4.1: Service robot for transportation tasks in hospitals developed in the
project iserveU. A static radar node can be seen in the background
of the picture on the right.

4.2 WLPS for Healthcare Service Robots
Indoor operation poses a very difficult scenario for wireless positioning systems,
because of the strong and numerous multipath reflections and the high accuracy
requirements due to the relatively small dimensions of the environment [123]. As
summarized in [47], [48], and [124], a large number of various indoor positioning
system concepts have been presented in the past. However, thus far, no company or device has managed to attain a widescale commercial adoption. Indoor
localization systems have remained a niche product, although multiple systems
could demonstrate very good performance [125]. Microsoft has been anually organizing its Indoor Localization Competition3 (see also Chapter 6.1) trying to
give a fair overview of the state-of-the-art of indoor positioning. As detailed in
[126], the competition has shown an improvement in system performance every
year, demonstrating the active research ongoing in the area of indoor positioning. There is also an indoor localization competition finding place as part of the
3

https://www.microsoft.com/en-us/research/event/microsoft-indoor-localizationcompetition
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Indoor Positioning and Indoor Navigation Conference (IPIN) [127]. Research in
the area of indoor positioning systems (IPS) was also defined as one of the main
three goals in AGV research by Kiva Systems (now Amazon Robotics) in [128].
In order to fulfill the positioning requirements for the system in Chapter 4.1,
a WLPS was developed. As outlined in Section 1.2, since the most widely used
indoor positioning techniques – laser scanners and multilateration-based systems – both suffer from some inherent drawbacks, an alternative localization
system was developed to overcome these drawbacks. The secondary radar system described in Chapter 2 combining RTOF and DOA was used as an absolute
reference. Thanks to the employed measurement concept, a single radar node
was sufficient to provide positioning coverage in a room. For long corridors, two
radar nodes were used. To support the positioning in lateral corridor direction,
an ultrasonic wall-detection device was additionally employed. A multi-modal4
sensor fusion algorithm was developed to fuse the sensor measurements with the
odometry readings. An odometer measures the revolution of the robot’s wheels
using wheel-encoders and optionally gyroscope data. Additionally, a portable
radar node (“follow-me-beacon”) was used for personnel positioning relative to
the service robot. This enables the robot to execute tasks like following nursing
staff or guiding patients. The prototype of the mobile robot with the positioning
technology is shown in Fig. 4.1.

4.3 System Overview and Prerequisites
Fig. 4.2 shows an overview of the developed WLPS. Essentially, it consists of
stationary infrastructure and a mobile robot equipped with sensors. The infrastructure comprises one or more reference radar nodes equipped with a 2D
planar antenna array presented in Chapter 2. The stationary reference node 1
performs bilateral measurements with the mobile radar node 2 on the robot
4 (i.e. operates interchangeably as master or slave). The ultrasonic system 3
measures the distance and orientation relative to the wall.
Several coordinate systems and transformations need to be determined in
advance during the system setup. The global coordinate system fglo shown in
yellow in Fig. 4.2 is the one in which the map Mog of the scenario is available
and in which the mobile robot pose is estimated. The map Mog is a binary
occupancy grid map denoting whether a point on a grid of 5 cm is occupied
(wall or object) or free (corridor or room). The map is manually generated
using a total station or a laser scanner. The stationary radar coordinate frame
frad,st (in green in Fig. 4.2) is determined based on total station measurements
4

Disambiguation: Here “multi-modal” refers to the usage of different sensor types (sensing
modalities) and not to multimodal probability distributions [129].

81

4.3. System Overview and Prerequisites

1 Stationary radar node
2 Mobile radar node
3 Ultrasonic sensor
4 Mobile robot odometry

1
dst , ϕst , ϑst
dmo , ϕmo , ϑmo

2

dus , ϕus

4
3

∆xodo , ∆yodo , ∆θodo

Fig. 4.2: Localization scenario “Corridor in Cauerstr. 6” and WLPS concept
(adapted from [51] and [130]). The dashed planes and the arrows
illustrate the coordinate frames and the planes in which each sensor operates and provides measurement results. The ellipses denote
qualitatively the corresponding measurement uncertainties. See description in text.
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relative to fglo . The mobile robot coordinate system frob (in red) is set to the
center of the robot and is the frame in which the odometry data is provided. The
aim of the localization system is to determine the 2D position and orientation
of frob defined by the robot position xrob , yrob and the robot orientation around
the global z-axis θrob (heading) relative to fglo . The mobile radar node and
ultrasonic sensor frames frad,mo and fus in white, resp. blue, are determined
relative to frob .
When the static node is in master mode, it measures the distance to the
mobile node dst and both azimuth and elevation angles ϕst and ϑst in frad,st
with a measurement uncertainty described by the covariance matrix Qrad,st . By
transforming this measurement result to Cartesian coordinates in fglo , the 3D
position of the mobile robot can be determined5 . As the robot only operates
in a 2D plane, the determined 3D position is projected to the floor plane. The
corresponding measurement uncertainty is illustrated as a green ellipse in Fig.
4.2 (size and orientation not to scale).
When the mobile node assumes the master role, it determines the distance
and angles to the reference node dmo , ϕmo , and ϑmo in frad,mo with a measurement uncertainty Qrad,mo . These are then transformed to frob . The previously
determined 2D position can be improved with dmo and ϑmo relative to the known
reference node position. Additionally, the mobile robot heading can be determined using ϕmo . Thus, a single bilateral measurement and only one reference
node is sufficient for complete 2D pose estimation.
While this approach works well in typical office rooms and foyers, where multipath components can be resolved from the LOS path, the angle estimation
is disturbed and cannot provide sufficient accuracy in long narrow corridors,
where the multipath length is similar to the LOS length and the angle error is
in the order of magnitude of the corridor width. To support the positioning in
cross-range corridor direction in such environments, an ultrasonic sensor array is
additionally employed. It provides the distance dus and angle ϕus to the wall in
fus with a measurement uncertainty Qus . Given an estimate of the mobile robot
pose and a map of the scenario, dus and ϕus can be used to update the robot
orientation and the position in a direction perpendicular to the wall resulting in
a measurement uncertainty similar to the blue ellipse in Fig. 4.2.
Finally, the robot odometer provides a measure for the 2D relative motion of
the robot (translation and rotation) ∆xodo , ∆yodo , and ∆θodo in frob . While
very stable and accurate over a short course, odometry is a relative sensor and
needs to be initialized with a correct absolute position. Furthermore, it tends
5

This conversion assumes that an estimate for the robot orientation is available, since the
radar node is not in the origin of the mobile robot coordinate system. As no orientation
information is available during initialization, this leads to a relatively small error, which
is corrected by subsequent measurements.
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Rx

Tx

LiPo battery
holder

Fig. 4.3: The portable radar node (“follow-me beacon”) has a size of size 20 ×
15 × 5 cm and weighs 500 g with a LiPo battery enabling more than
2 hours of continuous operation.
to drift away on the long run due to error accumulation caused among others by
slippage of the wheels and drift of the gyroscope. The corresponding uncertainty
is illustrated as a red ellipse in Fig. 4.2. It can be fused with the other sensor
measurements to improve the short-term stability of the localization.
As mentioned in Chapter 4.1, the service robot should not only be able to
navigate autonomously through the hospital premises, but also to guide patients
or follow nursing staff while carrying a payload. Both tasks require knowledge
of the position of a person relative to the mobile robot. This was accomplished
using the portable radar node (“follow-me beacon”) shown in Fig. 4.3, which is
to be carried by the person on their back or front as shown. The follow-me
beacon implements the same measurement technique as described in Chapter
2.1. It is based on the same DSP and RF chips as the other radar nodes (cf.
Chapter 2.2), but has only 1 Tx and 2 Rx channels to minimize size and energy
consumption. It can thus measure range and only coarsely the angle of arrival.
When in “follow” or “lead” mode the mobile robot performs consecutive radar
measurements to the static nodes and to the follow-me beacon in order to determine its own position in the map and the relative position of the person. The
range and azimuth / elevation angle measurements from the mobile robot to the

4.4. State Vector and Motion Model

Reference
Radar Node

Nurse or
Patient

Bilateral Radar
Measurement

Follow-me
Beacon

Ultrasonic Wall
Search

84

Mobile
Radar Node

Mobile
Robot

Measurement
Uncertainties

Fig. 4.4: Schematic illustration of indoor mobile robot and person localization
concept (adapted from [46]).
follow-me beacon will be denoted as dfb , ϕfb , and ϑfb . They are available in the
coordinate system frad,mo with a measurement uncertainty Qrad,mo .
The complete localization concept is summarized in Fig. 4.4. The following
sections will describe the EKF-based sensor fusion and localization approach.

4.4 State Vector and Motion Model
The state vector xrob,t describes the sought mobile robot pose (2D position and
heading) at the discrete point in time t and is defined as
⎡
⎤
xrob,t
xrob,t = ⎣ yrob,t ⎦ .
(4.1)
θrob,t

In the EKF used, it is represented by the belief consisting of the mean µrob,t
and the corresponding covariance matrix (pose uncertainty)
⎤
⎡ 2
σx,rob σxy,rob σxθ,rob
2
Σrob,t = ⎣σxy,rob σy,rob σyθ,rob ⎦ .
(4.2)
2
σxθ,rob σyθ,rob σθ,rob
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Fig. 4.5: Typical measurement result of the robot odometry (a) and 3 static
radars (b) in the office building from Fig. 4.25 (c). A Leica TS30 total
station was used as a reference (adapted from [51]).
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Fig. 4.6: (a) Geometric representation of the prediction step using odometry.
(b) Simulation of prediction step. The ◦ symbol / dashed ellipse
signify the position and uncertainty of the mobile robot (blue before
and red after the prediction step); the solid lines denote the mobile
robot heading and the stretch between them is proportional to the
heading uncertainty (adapted from [51]).
The EKF prediction step is realized by an odometry motion model. Instead of
using the control velocities, it uses the sensor readings of the odometer. Even
though not a control, but a sensor measurement, odometry carries the same
information, but tends to be more accurate, since it measures the result of
applying the control to the physical system (Chapter 5.4 in [107]).
Odometry provides the relative change of the mobile robot pose in the coordinate system frob,t during the time step δtodo moving from xt−1 , yt−1 , θt−1 to
xt , yt , θt . A typical dead-reckoning positioning result given by the mobile robot
odometry is shown in Fig. 4.5 (a). The robot started at [x, y] ≈ [4 m, −3 m] and
moved out of the room and along the corridor with speed of up to 1 m/s. The
odometry result was shifted and rotated in post-processing to roughly match
the reference. As evident, although very stable on the short run, there is a
significant drift in both range and orientation during the test with a length of
approximately 30 m. The drift was most significant when the robot was turning
as wheel slippage is maximal in this situation. The accuracy in translation and

87

4.4. State Vector and Motion Model

rotation is approximately 2 cm/m and 0.016 °/°6 .
As shown in Fig. 4.6 (a), the motion can be represented by an initial turn by
δθ1,t , a translation of δdt and a final rotation by δθ2,t given by [107]
δθ1,t = wrap(atan2(yt − yt−1 , xt − xt−1 ) − θt−1 ),
√
δdt = (xt − xt−1 )2 + (yt − yt−1 )2 ,

(4.3)

δθ2,t = wrap(θt − θt−1 − δθ1 ).

The control vector ut then becomes
⎡
⎤
δθ1,t
ut = ⎣ δdt ⎦ .
δθ2,t

(4.4)

The function wrap(·) limits its argument to the range ±π as defined in Section
A.3. The model assumes a linear motion by δdt in the direction δθ1,t . The
second rotation δθ2,t is added to the model to account for the fact, that the
real motion trajectory might not be linear. Otherwise, the three-dimensional
[
]T
state vector x y θ would be incompletely described by a two-dimensional
[
]T
model δd δθ1 . The corresponding covariance matrix Mt in control space
is
⎤2
⎡
αθ,θ |δθ1,t |+αθ,d δdt
0
0
⎦ .
αd,d δdt +αd,θ (|δθ1,t |+|δθ2,t |)
0
0
Mt = ⎣
αθ,θ |δθ2,t |+αθ,d δdt
0
0
(4.5)
The parameters αθ,θ , αθ,d , αd,θ , and αd,d describe the accumulated error during
the motion.
The prediction step and the state transition function godo then take the form
(compare also with Eq. (3.16))
⎡
⎤
δdt cos(θrob,t + δθ1,t )
x̄rob,t = xrob,t−1 + ⎣ δdt sin(θrob,t + δθ1,t ) ⎦ +N (0, Mxyθ,t ),
(4.6)
δθ1,t + δθ2,t



godo

where the noise term describes the influence of the odometry noise on the state
vector with the noise covariance in state space Mxyθ,t .
The prediction for the robot pose µ̄rob,t is then governed by the nonlinear
6

The accuracy for a particular test run depends on many factors such as the trajectory
driven, the velocity, the floor material, the tyres pressure, etc.
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µrob,t−1
ut

Σrob,t−1

Odometry Motion Model EKF Prediction Step
µ̄rob,t = godo (ut , µrob,t−1 )
Gt = ∂godo /∂xrob |xrob =µ̄rob,t
Vt = ∂godo /∂u|u=ut
T
Σ̄rob,t = Gt Σrob,t−1 GT
t + Vt Mt Vt

µrob,t = µ̄rob,t
Σrob,t = Σ̄rob,t
Fig. 4.7: Simplified block diagram of the odometry-based EKF prediction step.
state transition function godo (cf. Eq. (3.16)):
⎡
µ̄rob,t

⎤
δdt cos(θrob,t + δθ1,t )
= godo (ut , µrob,t−1 ) = µrob,t−1 + ⎣ δdt sin(θrob,t + δθ1,t ) ⎦ .
δθ1,t + δθ2,t

(4.7)

The state transition Jacobian Gt used to linearize godo for the EKF prediction
step is then
⎡
⎤
⏐
1 0 −δdt sin(θ̄rob,t + δθ1,t )
∂godo ⏐⏐
Gt =
(4.8)
= ⎣0 1 δdt cos(θ̄rob,t + δθ1,t ) ⎦ .
∂xrob ⏐xrob =µ̄rob,t
0 0
1
The Jacobian Vt to transform the control covariance Mt to state space Mxyθ,t =
Vt Mt VtT is
⎡
⎤
⏐
−δdt sin(θ̄rob,t + δθ1,t ) cos(θ̄rob,t + δθ1,t ) 0
∂godo ⏐⏐
sin(θ̄rob,t + δθ1,t ) 0⎦ . (4.9)
Vt =
= ⎣ δdt cos(θ̄rob,t + δθ1,t )
∂u ⏐u=ut
1
0
1

The resulting state covariance prediction is then given by

T
Σ̄rob,t = Gt Σrob,t−1 GT
t + Vt Mt Vt .

(4.10)
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The first term on the right-hand side models the uncertainty propagation after
the motion. The second term accounts for the added uncertainty due to the noisy
odometry readings. The prediction step always increases the state uncertainty.
The algorithm is summarized in Fig. 4.7.

4.5 Fusing Static Radar Node Measurements
As illustrated in Fig. 4.2, one or more static radar nodes are mounted at the test
site. A typical measurement result is shown in Fig. 4.5 (b). The 3 static radar
nodes with ID 1, 2, and 3 measured the distance dst and angles ϕst and ϑst to
the radar node on the mobile robot which was moving as described in Section
4.4. As evident, the radars provide a very accurate 2D position measurement
at a close range (/ 10 m) with standard deviation of approximately 1° in both
azimuth and elevation. However, the angle estimation is severely distorted at
longer distances due to multipath, which renders it unreliable. The distance
standard deviation is approximately constant 7 cm.
In order to fuse this measurement in the mobile robot position estimate it is
converted from static radar measurement space [dst , ϕst , ϑst ] to state space [xrob ,
yrob ]. Using a conversion from polar to Cartesian coordinates, the measured 3D
position of the Tx antenna of the mobile radar node in frad,st is
⎤
⎡
dst cos ϑst cos ϕst
(4.11)
prad,st,frad,st = ⎣ dst cos ϑst sin ϕst ⎦ .
dst sin ϑst
prad,st,frad,st is then converted to global coordinates to obtain the absolute 3D
position of the static radar node measurement
prad,st = btran (frad,st , fglo , prad,st,frad,st ).

(4.12)

The function pd = btran (fs , fd , ps ) converts a point ps from a source coordinate
system fs to a point pd in a destination coordinate system fd and is defined in
Appendix A.4. The resulting point prad,st is used to determine the 2D position
of the mobile robot in global coordinates. The problem geometry is depicted in
Fig. 4.8 and 4.12.
The resulting measurement model is given by the transformation of the position of the measured point (which is the array centroid of the mobile radar node
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frad,st
ϕst
ϑst

crad,st

z
∆hst-mo

fglo
dst
y

dst,2D
x
prad,st

Fig. 4.8: Geometry of static radar node measurement. fglo denotes the global
coordinate system; frad,st is the static radar coordinate system. The
radar locates the mobile robot at the 3D position prad,st in global coordinates. dst,2D is the projection of the 3D distance measurement to
the 2D positioning problem. The constant and known height difference between mobile radar node and stationary node mounting height
is ∆hst-mo (adapted from [51]).
prad,mo,frob ) to global coordinates:
hrad,st (xrob ) = btran (frob , fglo , prad,mo,frob )
[
]
x + d∆2D cos(θrob − θ∆2D )
≈ rob
.
yrob + d∆2D sin(θrob − θ∆2D )

(4.13)

d∆2D and θ∆2D are the 2D projections of the known distance and angle from
the origin of the robot coordinate system to the mobile radar (see Fig. 4.12). If
the mobile robot heading θrob is not known yet (which is the case during the
initializing procedure), the measurement model in Eq. (4.13) leads to a relatively
small error (this is discussed in Section 4.9).
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σϑst = 0.5°
σϑst = 1°
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Fig. 4.9: Standard deviation of distance estimation based on elevation angle
measurement for 2 different elevation measurement uncertainties. The
dashed line denotes a standard deviation σdst = 10 cm.

4.5.1 Using Elevation to Support Distance Estimation
Since the mobile robot operates in 2D only and both the mobile and the static
radar nodes are mounted at known constant heights, only a distance and an
azimuth angle measurement are sufficient to determine the 2D position of the
robot. However, as the elevation angle measurement is supported by the radar
devices used, the problem is overdetermined as 3 measurements are available
(dst , ϕst , and ϑst ) to determine 2 unknowns (xrob and yrob ). The additional
knowledge of the elevation angle can, however, be potentially used to improve
the distance estimation using
dst (ϑst ) =

∆hst-mo
sin(ϑst )

(4.14)

with the mounting point height difference of the static and mobile radar nodes
∆hst-mo = hrad,st − hrad,mo .

(4.15)

The standard deviation of the elevation-based distance estimation σdst is then
√(
⏐
⏐
)2
⏐ cos(ϑst )∆hst-mo ⏐
∂dst (ϑst )
⏐ σϑst ,
σdst (ϑst ) =
σϑ2 st = ⏐⏐−
(4.16)
⏐
∂ϑst
sin(ϑst )2
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where σϑst denotes the standard deviation of the elevation measurement. For
typical values of ∆hst-mo = 1 m and σϑst = 0.5° resp. σϑst = 1° the distance
estimation uncertainty based on the elevation angle for a range of distances is
given in Fig. 4.9. As can be seen, the distance estimation error remains below
10 cm for dst / 2.5 m and / 3 m, respectively. It is thus sensible to use the
elevation angle up to this distance, as it causes uncertainty in the order of
magnitude of the distance estimation. For larger distances, the error grows due
to geometric dilution of precision and multipath interference and the elevation
measurement hardly conveys any useful information to the distance estimation.

4.5.2 2D EKF for Static Radar Node Measurements
As previously mentioned, the elevation measurement is not reliable at large distances and therefore it can cause a large error in the position of prad,st . Changing
ϑst while keeping dst and ϕst constant would move the measured position prad,st
along the dash-dotted purple arc (circle) crad,st in Fig. 4.8. Depending on the
roll orientation of frad,st , the circle is not necessarily orthogonal to the global
xy plane. This means that an error in ϑst changes not only the z but also the
x and y coordinates of prad,st .
As the mobile robot operates in 2D, its position can be described by prad,st,2D ,
which is the 2D component of prad,st . One possible solution to find prad,st,2D
without using the elevation angle is to find the intersection point of the circle
crad,st with the plane in which the mobile radar node moves, which is parallel to
the global xy plane at height hrad,mo . The circle crad,st can be described by its
center mrad,st (which is the position of the static radar array centroid and the
origin of frad,st ), its radius dst , and a vector ncrad,st normal to its plane. The
normal vector ncrad,st converted from frad,st to global coordinates is given by
(
[
]
)
dst cos ϕst
ncrad,st = btran frad,st , fglo ,
× nz,rad,st ,
(4.17)
dst sin ϕst
where × denotes the cross product. nz,rad,st is the unit vector in z-direction of
frad,st . The sought intersection point prad,st,2D must fulfill 3 conditions:
1. Its z-coordinate is hrad,mo .
2. It lies in the plane of the circle crad,st . In general, the scalar product of
the plane normal and any vector from a given point to a point in the plane
is equal. Since mrad,st is a known point in the plane, it can be used to

93

4.5. Fusing Static Radar Node Measurements
construct a second condition for prad,st,2D :
⎤
⎡
xprad,st,2D
⎣ yprad,st,2D ⎦ · ncrad,st = mrad,st · ncrad,st ,
hrad,mo

(4.18)

where · denotes the scalar product.

3. The distance of the sought point to the center of the circle equals the circle
radius:
∥prad,st − mrad,st ∥ = dst .
(4.19)
The resulting equations have a closed-form solution, which is not given here
for the sake of brevity. As they are quadratic, there are 2 possible solutions.
However, one of them can be easily dismissed, as it lies behind the radar.
The measurement vector in state space then becomes
zrad,st,t = hrad,st (xrob ) + N (0, Qrad,st,xy )
[
]
dˆ2D,t cos ϕ̂st,2D,t
= prad,st,2D,t = mrad,st,xy + ˆ
.
d2D,t sin ϕ̂st,2D,t

(4.20)

Qrad,st,xy is the measurement covariance matrix of the static radar converted to
xy state space. The distance and angle from the static to the mobile radar node
dˆ2D,t and ϕ̂st,2D,t in the xy plane are
dˆ2D,t = ∥prad,st,2D,t − mrad,st,xy ∥[x,y] ,

ϕ̂st,2D,t = ∠(prad,st,2D,t , mrad,st,xy )[x,y] .

(4.21)

The subscript [x,y] signifies that the corresponding operation is executed in the
xy plane (cf. also Appendix A.1 and A.2).
Using Eq. (4.13) the measurement prediction ẑrad,st,t becomes
[
]
x̄
+ d∆2D cos(θ̄rob,t − θ∆2D )
ẑrad,st,t = hrad,st (µ̄rob,t ) = rob,t
.
(4.22)
ȳrob,t + d∆2D sin(θ̄rob,t − θ∆2D )
Since the EKF update step is performed in state space, the static radar measurement covariance matrix
[ 2
]
σ
0
Qrad,st = dst
(4.23)
2
0
σϕ
st
needs to be converted from measurement space to state space to obtain the
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measurement covariance in state space
Qrad,st,xy,t = Gt Qrad,st GT
t .
This is accomplished using the Jacobian
⏐
⏐
⏐
[
⏐
∂zrad,st ⏐
cos ϕ̂st,2D,t
=
Gt = [
]⏐
ˆ
⏐
sin ϕ̂st,2D,t
d2D ⏐⎡
⎤
⎤ ⎡
∂
ϕ̂st,2D ⏐⎣ dˆ2D ⎦=⎣ dˆ2D,t ⎦
ϕ̂st,2D,t
ϕ̂st,2D

(4.24)

]
−dˆ2D,t sin ϕ̂st,2D,t
.
dˆ2D,t cos ϕ̂st,2D,t

(4.25)
The conversion from Eq. (4.24) using the Jacobian in (4.25) is an approximation to the real problem assuming dˆ2D ≈ dst and ϕ̂st,2D ≈ ϕst . It is accurate for
small roll and pitch angles of frad,st , which is valid for the problems discussed
here.
The EKF innovation covariance St then becomes (compare with Eq. (3.18))
St = Ht Σrob,t HtT + Gt Qrad,st GT
t ,
where the measurement matrix Ht is the Jacobian
⏐
[
]
∂hrad,st ⏐⏐
1 0 −d∆2D sin(θ̄rob,t − θ∆2D )
Ht =
=
.
0 1 d∆2D cos(θ̄rob,t − θ∆2D )
∂xrob ⏐xrob =µ̄rob,t

(4.26)

(4.27)

With the innovation vector

∆zt = zrad,st,t − ẑrad,st,t ,

(4.28)

the remaining EKF equations become:
Kt = Σrob,t HtT St−1 ,
µ̄rob,t = µrob,t + Kt ∆zt ,

(4.29)

Σ̄rob,t = (I − Kt Ht )Σrob,t .
Even though only the 2D position of the mobile robot is measured by the static
radar, the 3rd column of the matrix Ht in Eq. (4.27) also contains a dependence
on the orientation θrob . This reflects the fact that the position of the mobile
robot is not measured directly; the position of the mobile radar array centroid is
measured instead. The ramification of this is that the filter will not only change
the position, but also the orientation of the robot, even though the latter is not
measured directly. This behavior is correct, as the uncertainty in the position of
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Fig. 4.10: Simulation of the behavior of the 2D EKF for fusing the static radar
node measurements. The ◦ symbol and the dashed ellipse signify the
position and position uncertainty of the mobile robot (blue before
the update; red after the update); the ∗ symbol denotes the position
of the mobile radar node array centroid; the + symbol is the 2D
position measured by the static radar; the solid lines denote the
mobile robot heading and the stretch between them is proportional
to the heading uncertainty. The mobile robot heading uncertainty is
(a) σθ,rob = 1° and (b) σθ,rob = 10°. All other parameters are equal
in both subfigures.
the mobile radar array centroid results from the uncertainty of both the position
and the orientation of the mobile robot. The change in the orientation depends
on the proportion of the position and orientation uncertainty – if the position
uncertainty is low and the orientation uncertainty is high the filter will rotate
the robot more and translate it less; in the opposite case, the filter with translate
more and rotate less.
This is exemplified in Fig. 4.10. In both Fig. 4.10 (a) and (b) a pose with
a corresponding uncertainty was assumed for the robot (shown in blue). A
measurement was then fused using the proposed filter (shown in green). The
result is shown in red. The only difference between both simulations is that
σθ,rob = 1° in (a) and σθ,rob = 10° in (b) for the heading uncertainty was
assumed. As evident from (a), for small σθ,rob , the filter performs almost pure
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dst,t
ϕst,t
ϑst,t
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µrob,t
Σrob,t

if dst > 10 m → 1D EKF, else → 2D EKF
Static Radar 1D EKF
hrad,st,1D = db2D

∆zt = dst,2D,t − db2D,t
Ht = ∂hrad,st,1D /∂xrob |xrob =µ̄rob,t
Qt = σd2st

Static Radar 2D EKF


x + d∆2D cos(θrob − θ∆2D )
hrad,st (xrob ) = rob
yrob + d∆2D sin(θrob − θ∆2D )
"
#
db2D,t cos ϕ
bst,2D,t
zrad,st,t = mrad,st + b
d2D,t sin ϕ
bst,2D,t
zbrad,st,t = hrad,st (µ̄rob,t )
bst,2D,t ]T
Gt = ∂zrad,st /∂[db2D,t , ϕ

∆zt = zrad,st,t − zbrad,st,t
Ht = ∂hrad,st /∂xrob |xrob =µ̄rob,t
Qt = Gt Qrad,st GT
t

if DM,t > Dth,i → Qt = ls,i Qt
St = Ht Σrob,t HtT + Qt

Kt = Σrob,t HtT St−1
µ̄rob,t = µrob,t + Kt ∆zt
Σ̄rob,t = (I − Kt Ht )Σrob,t
µrob,t = µ̄rob,t
Σrob,t = Σ̄rob,t
Fig. 4.11: Simplified block diagram of the static radar EKF correction step.
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translation. It reduces the position uncertainty and leaves the heading and
heading uncertainty almost untouched. For large σθ,rob as in (b), the filter
performs a translation and a rotation. In this case the position uncertainty is
reduced less than in (a). The orientation uncertainty is also reduced here, as
denoted by the stretch between the solid lines.
The filter update will be a pure translation if the mobile radar node is placed
in the middle of the mobile robot coordinate system (d∆2D = 0 m) as the measurement matrix in this case becomes
]
[
1 0 0
.
(4.30)
Ht =
0 1 0
This simplifies the computations and makes the performance of the filter more
predictable and stable since the position and the orientation are decoupled.
Unfortunately, it is not always possible to position the mobile radar node array
centroid above the origin of the robot coordinate system, especially when more
than one mobile node is mounted on the robot.

4.5.3 1D EKF for Static Radar Node Measurements
While the 2D approach in Section 4.5.2 works well for relatively small distances
(dst / 10 m), it fails to handle adequately the large angular error caused by
multipath distortions at long distances. Therefore, for dst > 10 m a modified
1D version of the filter is used, which relies only on the measured distance and
discards the estimated angles. The sensor fusion is performed in measurement
space.
The measurement function hrad,st,1D is
√
hrad,st,1D = dˆ22D,x + dˆ22D,y = dˆ2D ,
(4.31)
where the x and y components of dˆ2D from Eq. (4.21) are

dˆ2D,x,t = x̄rob,t + d∆2D cos(θ̄rob,t − θ∆2D ) − mrad,st,x ,
dˆ2D,y,t = ȳrob,t + d∆2D sin(θ̄rob,t − θ∆2D ) − mrad,st,y .

(4.32)

As the correction is now performed in measurement space, the innovation vector
is redefined to
∆zt = dst,2D,t − dˆ2D,t .
(4.33)

4.6. Fusing Mobile Radar Node Measurements
The measurement Jacobian Ht becomes
[
⏐
dˆ2D,x,t
∂hrad,st,1D ⏐⏐
Ht =
=
⏐
∂xrob
dˆ2D,t
xrob =µ̄rob,t
∂h

dˆ2D,y,t
dˆ2D,t
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]
⏐
∂hrad,st,1D ⏐⏐
. (4.34)
∂θrob ⏐θ̄rob,t

The complete expression for rad,st,1D
in Eq. (4.34) is omitted here for the sake
∂θrob
of brevity. The innovation covariance is then
St = Ht Σrob,t HtT + σd2st .

(4.35)

The remaining filter equations remain the same as in Eq. (4.29). The processing
of the static radar measurements is summarized in Fig. 4.11.

4.6 Fusing Mobile Radar Node Measurements
As the radar system used allows for bilateral measurements, the radar node on
the mobile robot estimates the distance dmo to the static node. If the 2D planar
antenna array from Fig. 2.16 (a) is used, both angles ϕmo and ϑmo are measured
as well. If the ring antenna array from Fig. 2.16 (b) or (c) is used, only the
horizontal angle ϕmo is determined. All measurements are given in the mobile
node coordinate system frad,mo as illustrated in Fig. 4.12.
The result of the mobile radar measurement for a test run in an office building
is shown in Fig. 4.13 (a). As evident, even for relatively short distances, the
angle estimation accuracy is not very high (standard deviation 15°)7 . This is due
to the ring array used, as it has a very small aperture and only 3 to 4 antennas
per direction. Its performance in the presence of multipath is therefore limited.
As discussed in this section, having a coarse absolute orientation estimate is
very important for the application at hand.
Using the 2D projection of the measurement in the same way as in Eq. (4.32),
the measurement function hrad,mo is defined as
[ √
] [
]
dˆ22D,x + dˆ22D,y
dˆ2D
hrad,mo =
=
,
(4.36)
ϕ̂mo,2D
atan2(dˆ2D,y , dˆ2D,x )

where dˆ2D and ϕ̂mo,2D denote the 2D distance and angle between the mobile
and static radar nodes viewed from the mobile node.
As the same measurement principle as in the static radar is used, the considerations regarding the elevation angle measurements from Section 4.5 are valid
7

It should be noted, that this error also includes the error in the mobile robot orientation
as no reference for it was available.
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∆hst-mo

dmo

fglo
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dmo,2D
x
ϕmo
frad,mo

frob,t

d∆2D

θ∆2D

Fig. 4.12: Geometry of mobile radar node measurement. fglo denotes the
global coordinate system; frob,t is the mobile robot coordinate system at time t; frad,mo is the mobile radar node coordinate system.
The radar locates the static node at 3D position prad,mo in global coordinates. dmo,2D is the projection of the 3D distance measurement
to the 2D positioning problem. The constant and known height difference between mobile radar node and stationary node mounting
height is ∆hst-mo (adapted from [51]).
here as well. Applying the circle-plane intersection approach from Eq. (4.18)
and (4.19), the projections dmo,2D of the measured distance and ϕmo,2D of the
measured azimuth angle on the xy plane are determined. The measurement
vector zrad,mo,t at time step t becomes
[
]
dmo,2D,t
zrad,mo,t =
.
(4.37)
ϕmo,2D,t
The measurement prediction vector ẑrad,mo,t and innovation vector ∆zt are obtained analogously to Eq. (4.22) resp. (4.28).
Using the derivative of the atan2(·) function shown in Appendix A.2, the
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Fig. 4.13: Typical measurement result of the mobile radar node (a) and ultrasonic wall-search system (b) in the corridor shown in Fig. 4.25 (c).
A Leica total station was used as a reference (adapted from [51]).
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measurement matrix Ht which is the Jacobian of hrad,mo is derived:
⏐
∂hrad,mo ⏐⏐
Ht =
∂xrob ⏐xrob =µ̄rob
⎤
⎡
dˆ2D,x,t
dˆ2D,y,t d∆2D (dˆ2D,x,t sin θ∆2D − dˆ2D,y,t cos θ∆2D )
−
−
⎥
⎢ ˆ
dˆ2D,t
dˆ2D,t
⎥
⎢ d
= ⎢ ˆ 2D,t
⎥.
ˆ
d2D,x,t
⎦
⎣ d2D,y,t
d∆2D (dˆ2D,y,t sin θ∆2D +dˆ2D,x,t cos θ∆2D )
−
1
−
−
dˆ2
2D,t
dˆ2
dˆ2
2D,t

2D,t

(4.38)
The EKF update is then performed as given in Eq. (4.29).
Fig. 4.14 illustrates the behavior of the filter depending on the heading uncertainty of the mobile robot. As seen in Fig. 4.14 (a), for relatively low heading
uncertainty, the filter performs a translation and almost no rotation. Assuming
a higher heading uncertainty and keeping the remaining simulation parameters
unchanged, the filter performs almost pure rotation and almost no translation
as shown in Fig. 4.14 (b).
If the mobile radar node is positioned above the origin of the robot coordinate
system, i.e. d∆2D = 0, the equation for Ht simplifies to
⎡
⎤
dˆ2D,x,t
dˆ2D,y,t
−
−
0
⎢ ˆ
⎥
dˆ2D,t
⎢ d
⎥
Ht = ⎢ ˆ 2D,t
(4.39)
⎥.
ˆ
d2D,x,t
⎣ d2D,y,t
⎦
−
−1
dˆ2
dˆ2
2D,t

2D,t

In contrast to the static radar node measurement, the position and orientation
estimate do not decouple for the mobile radar node. The reason is that even
though the mobile robot heading in this case does not influence the range measurement, a change of the mobile robot position does have an effect on the angle
measurement. This is modeled by the first two elements in the second row of
Ht in Eq. (4.39).
Even though the static radar node measures the distance to the robot and the
mobile radar node measures the distance to the static unit, the physical quantity
measured – the distance between two points dˆ2D – is the same, the problem is
reciprocal. Thus, the distance measurement of the mobile radar node conveys
no qualitatively new information, but can only be used to improve the current
estimate. As the path is not entirely reciprocal due to the motion of the robot,
some multipath resistance is gained due to diversity.
This is not the case for the measured angle. While the angle measurement
ϕst of the static radar node carries information about the 2D position of the
robot, the information contained in the mobile node measurement ϕmo is about

4.6. Fusing Mobile Radar Node Measurements

102

0.1

y in m

0

−0.1

−0.2

0

0.1
0.2
x in m
(a) σθ,rob = 1°

0

0.1
0.2
x in m
(b) σθ,rob = 5°

Fig. 4.14: Simulation of the behavior of the 2D EKF for fusing the mobile radar
node measurements. The ◦ symbol and the dashed ellipse signify the
position and uncertainty of the mobile robot (blue before the update;
red after the update); the ∗ symbol denotes the position of the mobile
radar node; the solid lines denote the mobile robot heading and the
stretch between them is proportional to the heading uncertainty.
The mobile robot heading uncertainty is (a) σθ,rob = 1° and (b)
σθ,rob = 5°. All other parameters are equal in both subfigures.
the robot heading. The mobile radar node can thus be categorized as a range
and bearing sensor [107]. Each radar measurement provides only 2 constraints
in the three-dimensional mobile robot pose space and is thus not sufficient for
complete pose estimation. However, one bilateral radar measurement is enough
to determine the complete 2D pose of the mobile robot.
As already mentioned, the angle measurement with the antenna arrays used
is not reliable in the envisaged environment for large distances. Therefore, for
dmo & 10 m the filter was divided in two 1D filters similar to Section 4.5.3.
As their derivation is very similar to the filters already shown, it will not be
discussed here in detail.
Even though the angle estimation for dmo & 10 m is not very accurate, it
is very useful especially during the initialization procedure and when the filter
loses the robot position and needs to recover. In these cases, the coarse absolute
orientation is very important, as it is necessary to fuse the odometry readings
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dmo
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ϑmo

µrob,t
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Mobile Radar 2D EKF


db2D
hrad,mo =
ϕ
bmo,2D


dmo,2D,t
zrad,mo,t =
ϕmo,2D,t
zbrad,mo,t = hrad,mo (µ̄rob,t )
∆zt = zrad,st,t − zbrad,st,t
∂hrad,mo
Ht =
∂xrob xrob =µ̄rob
if DM,t > Dth,i → Qrad,mo = ls,i Qrad,mo
St = Ht Σrob,t HtT + Qrad,mo

Kt = Σrob,t HtT St−1
µ̄rob,t = µrob,t + Kt ∆zt
Σ̄rob,t = (I − Kt Ht )Σrob,t
µrob,t = µ̄rob,t
Σrob,t = Σ̄rob,t
Fig. 4.15: Simplified block diagram of the mobile radar EKF correction step.
correctly. Otherwise, the filter would not know if the robot is driving up or down
the corridor or towards the wall. Of course, estimating the driving direction is
possible using only the range data, but this assumes that the robot is moving for
a certain time. Using the mobile radar node angle, only a single measurement is
sufficient even when the robot is not moving. Thus, a high reliability is achieved.
The EKF for the mobile radar measurements is summarized in Fig. 4.15.
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4.7 Fusing Ultrasonic Measurements
To increase the position and orientation estimation accuracy for larger distances
between the robot and the static radar, an ultrasonic sensor was additionally
employed to measure the relative orientation and distance of the robot to the
walls.

4.7.1 Wall-Finding Ultrasonic Sensor
The ultrasonic device used consists of 3 air-coupled piezoelectric ultrasonic
transducers, which are arranged in a linear array [131]. They are operated
as transmitters and receivers in immediate succession obtaining 3 echo reflections from the wall. The Hough transform is then used to convert the digitized
echoes to the distance-angle parameter space. A subsequent peak search yields
the sought distance dus and angle ϕus to the wall in fus . This system can detect
a wall up to a distance of 3 m and within an angle of ±40°.
The performance of the ultrasonic system in a typical indoor office scenario is
illustrated in Fig. 4.13 (b). As evident, the sensor mostly successfully manages
to find the wall. It only fails at the door frames, where more than a single
unambiguous wall hypothesis exists. Apart from that, the sensor has a standard
deviation of 1 cm in range and 2.5° in angle.

4.7.2 Ultrasonic Virtual Tag
In order to fuse the ultrasonic measurement into the robot pose estimate, the
concept of a “virtual tag” was introduced. The virtual tag is defined as the point
in the map, which corresponds to the ultrasonic measurement and relative to
which the robot pose can be determined. For an ideal measurement this is the
point on the wall closest to the robot.
Given the ultrasonic measurement dus and ϕus , the virtual tag position mus,fus
in the ultrasonic coordinate frame fus can be calculated with simple geometric
considerations to
[
]
dus cos ϕus
mus,fus =
.
(4.40)
dus sin ϕus
mus,fus is then transformed to the robot coordinate system frob,t using the static
known transformation and then to the global coordinate system fglo to obtain
the virtual tag position in global coordinates mus (shown as a blue square in
Fig. 4.16).
To update the robot orientation estimate, the angle measured by the ultrasonic sensor needs to be converted to global coordinates. The angle φus between
the origin of the coordinate system of the ultrasonic sensor ofus and the virtual
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Fig. 4.16: Ultrasonic virtual tag measurement and estimation given a robot
pose estimate and a binary occupancy grid map (adapted from [51]).
tag is calculated by
φus = ∠(ofus , mus ) ≈ θrob + ϕus + π/2.
The measurement function hus is then defined as
[
]
dus
hus =
.
θrob + ϕus + π/2
and the measurement vector is
zus,t = hus (xrob,t ) + N (0, Qus ) =

(4.41)

(4.42)

[

]
dus,t
.
φus,t

(4.43)

Qus denotes the measurement covariance matrix of the ultrasonic sensor.
The estimate for the 2D position of the virtual tag m̂us is defined by
[
]
x̂m̂us
m̂us =
.
(4.44)
ŷm̂us
It needs to be calculated by finding the point on the wall closest to the current
position estimate.
Since the map of the scenario is only available as a raster binary occupancygrid map and not as geometric primitives, the problem cannot be solved analytically. Instead, ray casting is used. A ray is shot from the estimate for the
ultrasonic sensor coordinate system origin ofus in the direction of the current
ultrasonic angle measurement φus from Eq. (4.41), as this is a good guess at
where the wall is located relative to the mobile robot as shown in Fig. 4.16. The
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values of the points in the map are probed until an occupied point is found.
In order to efficiently find the intersection point with the wall, a coarse search
with an interval ∆dcoarse is first performed starting from ofus in wall direction.
The points belonging to this ray are given by
(
[
] )
∆dcoarse cos φus
pprobe,n = roundmap ofus +
n ,
(4.45)
∆dcoarse sin φus
where n denotes the consecutive point number and the function roundmap (·)
rounds the continuous [x, y] coordinates to a discrete point on the map (thick
teal points in Fig. 4.16). Starting at n = 1, the state of the point pprobe,n in the
map Mog [pprobe,n ] is checked. If the point is unoccupied, this means that the
point lies inside the corridor / room and the search continues with n = n + 1.
This is repeated until an occupied point is found, which lies inside the wall. The
sought point on the surface of the wall is then somewhere on the line between the
last 2 points. It should be noted, that this method assumes the wall is thicker
than ∆dcoarse . Otherwise, it might not be detected, as it could lie between two
consecutive points.
In order to accurately find the point on the surface of the wall, a fine search
in backward direction is performed with
(
[
] )
∆dfine cos φus
pprobe,m = roundmap pprobe,n −
m .
(4.46)
∆dfine sin φus
These points are illustrated as thin teal points in Fig. 4.16. Again, the state of
the map point Mog [pprobe,m ] is checked for growing m until an unoccupied point
pwall (φus ) is found. It lies on the wall with an accuracy given by the resolution
of the raster map ∆dmap . This is valid for ∆dfine ≤ ∆dmap .
To find the position of the virtual tag, the ray casting procedure is repeated
two more times at angles φus ±∆φwall to additionally obtain the points pwall (φus +
∆φwall ) and pwall (φus − ∆φwall ). If the mobile robot is close to an ideal wall
in the map, all 3 points would lie on a line, which describes the wall in global
coordinates. If it is close to a corner, the points lie on both sides of the corner
and not on a line. In this case an error is returned, as the sensor would fail to
find a wall and a virtual tag cannot be defined unambiguously.
A hypothesis for the wall is given by the line through the points pwall (φus +
∆φwall ) and pwall (φus − ∆φwall ). To determine whether a wall or a corner is
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found, the distance dpt from pwall (φus ) to the wall hypothesis is examined:
vn,wall =

pwall (φus + ∆φwall ) − pwall (φus − ∆φwall )
,
∥pwall (φus + ∆φwall ) − pwall (φus − ∆φwall )∥

vp,wall = pwall (φus − ∆φwall ) + ((pwall (φus ) − pwall (φus − ∆φwall )) · vn,wall )vn,wall ,
dpt = ∥pwall (φus ) − vp,wall ∥,

(4.47)
In Eq. (4.47), vn,wall describes the unit vector starting at pwall (φus − ∆φwall )
in direction of the wall hypothesis. dpt is the distance between pwall (φus ) and
its projection vp,wall on vn,wall . For dpt < ∆dmap the 3 points are assumed
to approximately lie on a line taking into account the map discretization (in
the ideal case dpt = 0 is valid, as the projection of a point from the line on
the line is the point itself). Otherwise, a corner is detected and the ultrasonic
measurement is dismissed as unreliable.
Assuming a wall was found, the virtual tag position estimate m̂us is the
projection of ofus on the line describing the wall [132]:
m̂us = pwall (φus − ∆φwall ) + ((ofus − pwall (φus − ∆φwall )) · vn,wall )vn,wall . (4.48)
m̂us is depicted as an orange square in Fig. 4.16.
The measurement prediction vector ẑus,t is then
ẑus,t = hus (µ̄rob,t ) =

[

]
] [
dˆus,t
∥ofus − m̂us ∥
≈
.
θ̄rob + ϕus + π/2
φ̂us,t

(4.49)

4.7.3 EKF for Ultrasonic Sensor
Given the measurement zus,t with the corresponding covariance
[ 2
]
σ
0
Qus = dus
2
0
σϕus

(4.50)

and the prediction ẑus,t at time step t, an EKF was derived to update the mobile
robot pose estimate. An important fact is seen by comparing Eq. (4.1) with
(4.43) – while the state is 3D (2D position and orientation), the measurement
is only 2D (distance and angle). Thus, the complete pose cannot be determined
using only zus,t . Even though the exact 2D position of the virtual tag was
calculated by the ray casting procedure, in fact it is only known that it lies on
the line describing the wall (its lateral position); its exact position along the line
(longitudinal position) is unknown. It is only determined relative to the current
position estimate. Therefore, using the 2D position of the virtual tag in the
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EKF would erroneously reduce the uncertainty of the estimate in longitudinal
direction. Thus, the 2D EKF for the mobile radar from Section 4.6 cannot be
used here. Instead, two 1D EKFs were used – one for the distance to the wall
and one for the orientation.
1D EKF for Orientation Based on the ultrasonic angle measurement, the mobile
robot orientation is estimated relative to the wall. Since the wall coordinates
in the map are known, this gives the global orientation. The innovation vector
∆zt is given by
∆zt = wrap(φ̂us,t − φus,t ).
(4.51)
The measurement matrix is Ht = 1 and the innovation covariance St is
2
2
,
St = Ht σθ,rob,t
HtT + σϕ
us

(4.52)

2
with the robot orientation variance σθ,rob,t
from
2
sensor angle measurement variance σϕus from Eq.

Eq. (4.2) and the ultrasonic
(4.50). The Kalman gain Kt
and updated estimate for the robot orientation θ̄rob,t and uncertainty σθ,rob,t
follow from the EKF equations:
2
Kt = σθ,rob,t
HtT St−1 ,

θ̄rob,t = θ̄rob,t + Kt ∆zt .

(4.53)

As described in Section 3.4, Eq. (3.27), the effect of this filter on the covariance
matrix is a scaling by a matrix Vs,t :
⎡
⎤
1 0
0
⎦,
0
Vs,t = ⎣0 1 √
(4.54)
0 0
1 − Kt Ht
T
Σrob,t = Vs,t Σ̄rob,t Vs,t
.

2
This ensures that the variance σθ,rob,t
as well as the covariances σxθ,rob,t and
σyθ,rob,t in Σrob,t are correctly updated.

1D EKF for Distance to Wall The 1D distance EKF operates along the axis
connecting the virtual tag and the position estimate (the orange dotted line in
Fig. 4.16). The unit vector describing this axis is given by
⎡
⎤
cos φ̂us,t
vus,t = ⎣ sin φ̂us,t ⎦ .
(4.55)
0
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The position variance along this axis σv2 us,t is described by the projection of the
robot pose uncertainty Σrob,t from Eq. (4.2) on vus,t :
T
σv2 us,t = vus,t
Σrob,t vus,t .

(4.56)

The innovation vector ∆zt for the resulting 1D EKF is in this case a scalar given
by
∆zt = dus,t − dˆus,t .
(4.57)

The measurement Jacobian Ht = 1 is a scalar as well. The innovation covariance
St results from the uncertainty in the position of the robot plus the measurement
uncertainty
St = Ht σv2 us,t HtT + σd2us,t .
(4.58)
The Kalman gain Kt and the corrected estimate d¯z,us,t follow from the EKF
equations:
Kt = σv2 us HtT St−1 ,
(4.59)
d¯z,us,t = dˆus,t + Kt ∆zt ,

The updated 2D estimate for the robot position from the 1D EKF result is then
[
]
[
]
x̄rob
d¯z,us cos φ̂us
= m̂us − ¯
.
(4.60)
ȳrob
dz,us sin φ̂us
It should be noted, that only d¯z,us is measured by the sensor and changed by
the filter. The direction φ̂us is determined by the wall geometry in the close
vicinity of the current position estimate; its value is not directly measured by
the sensor and therefore is not updated.
The EKF derivation above updates the position of the origin of the ultrasonic
sensor coordinate system ofus . However, its result is directly applied to the
mobile robot position in Eq. (4.60). This is valid, since both coordinate systems
fus and frob,t are connected by a known and constant transformation. Eq. (4.60)
can be interpreted as shifting the mobile robot (and herewith both coordinate
systems) along vus from Eq. (4.55) without changing its orientation.
In order to incorporate the 1D distance measurement in the 2D pose estimate,
its uncertainty also has to be fused correctly. The uncertainty reduction factor
ls,t along vus,t is
√
ls,t = 1 − Kt Ht ≤ 1.
(4.61)

The robot covariance matrix Σrob,t is updated by scaling it with ls,t along
vus,t . This is accomplished by first rotating Σrob,t by −φ̂us,t , scaling it with ls,t
and rotating it back by φ̂us,t as described in Section 3.4. The corresponding
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Fig. 4.17: Simplified block diagram of the ultrasonic wall-search EKF correction step.
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rotation matrix is given by
Vrot,t

⎡
cos(−φ̂us,t )
= ⎣ sin(−φ̂us,t )
0

− sin(−φ̂us,t )
cos(−φ̂us,t )
0

and the scaling matrix is

Vs,t

⎡

ls,t
=⎣ 0
0

0
1
0

⎤
0
0⎦
1

⎤
0
0⎦ .
1

(4.62)

(4.63)

The update of the robot pose covariance matrix is then performed by
T
T
−T
−1
Vs,t
Vrot,t
.
Σrob,t = Vrot,t
Vs,t Vrot,t Σ̄rob,t Vrot,t

(4.64)

Although the ultrasonic range measurement only updates the mobile robot position estimate, it is important to apply the stretching step (4.64) to the complete uncertainty matrix Σ̄rob,t in order to also correctly update the covariances
σxθ,rob,t and σyθ,rob,t . The EKF for the ultrasonic wall-search is summarized in
Fig. 4.17.
The ultrasonic sensor provides very accurate results at short distances and
when its view is unobstructed. This is normally the case in hospital and office
building corridors, which is the main envisioned scenario for the system. However, even in this case, it is unable to give an absolute estimate of the mobile
robot orientation as it measures it relative to the wall. Due to the symmetry
of typical corridors, the orientation result thus has an ambiguity of 180°. This
ambiguity can be resolved with the help of the mobile radar node. As the angular measurement range of the sensor is limited to ±40° due to the radiation
characteristic of the ultrasonic transducers, the sensor provides erroneous measurement for larger angles. This means that the sensor is blind when the robot
is facing the wall (the sensor is mounted on the side of the robot). A possible
solution would be to use multiple sensors on all sides of the robot.
Another use-case when the ultrasonic sensor fails, is when the mobile robot
operates in an office / hospital room, as rooms tend to be filled with objects,
which frequently obstruct the wall-measurement and the wall-detection works
unreliably in such cluttered environments. Large foyers are also a problematic
scenario due to the limited measurement range of the ultrasonic sensor. Such
situations can be covered by a purely radar-based localization, as in these cases
it can provide both accurate range and angle measurements due to the lower
number of available multipath components.
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4.8 Using Mahalanobis Distance to Improve Reliability and
Integrity
Although the performance of the EKF is optimal for normally distributed statistical measurement errors, it can quickly deteriorate when systematic errors are
present. For the ultrasonic sensor such errors can occur, when the wall detection fails, for example when the robot is passing by a corner or there are objects
between the robot and the wall. Systematic errors for the radar can be caused
by objects blocking the LOS path or by multipath interference. This manifests
as measurements with very wrong distance and angles. Since such cases cannot
be modeled, the EKF would try to treat them as normal measurements. This is
a violation of the complete state assumption defined in Section 3.1 and causes
an error in the position estimate.
A simulation of a 1D positioning system is shown in Fig. 4.18 (a) to exemplify
this. The system consists of an odometer and a range-measuring radar. As
evident from the figure, using only odometry (the blue curve), the estimate
drifts away with time from the correct result (the black curve). Fusing the
odometry data with the radar data (in green) using an EKF leads to the result
in red which follows the ideal curve much better.
However, the outliers in the radar measurements during time t ≈ 1 . . . 2 s
cause a significant error in the EKF result as they pose unmodeled systematic
error and violate the Markov assumption (Chapter 2.4.4 in [107]). A kidnapping
as present at t = 7.5 s also leads to a large error. Kidnapping means that the
robot is “teleported”, i.e. it gets moved to a new location while still believing it’s
at the old location as the motion was not measured by the odometer (Chapter
7.1 in [107]).
In order to improve the stability of the EKF and enable outlier detection, the
Mahalanobis distance DM presented in Section 3.4 is used [133]. It is calculated
during the EKF correction step and is given by
√
DM,t = ∆ztT St−1 ∆zt .
(4.65)
When applied to positioning problems, for the same Euclidean distance between
a measurement and a prediction (i.e. length of the innovation vector ∆z), the
Mahalanobis distance is shorter when the position uncertainty is larger (equivalently, it can be said that it’s equal to “fewer standard deviations” from that
distribution). DM can thus be used as a benchmark for the plausibility of a
measurement, when a belief for the position is available.
As shown in Listing 4.1, an outlier detection can be achieved by thresholding.
If DM,t is above a certain value, the measurement is marked as erroneous. It
can either be discarded completely, or its measurement uncertainty can be in-
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Fig. 4.18: 1D simulation demonstrating the usage of the Mahalanobis distance
DM for outlier detection and self-recovery: (a) Not using DM ; (b)
Using DM for outlier detection only (Listing 4.1); (c) Using DM for
self-recovery only (Listing 4.2); (d) Using DM for outlier detection
and self-recovery (Listing 4.1 and 4.2).
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Listing 4.1: Usage of Mahalanobis distance DM for outlier detection (simplified).
i f DM,t > Dth1
% increase measurement covariance by ls1 if DM > Dth1
Q = ls1 Q
end
Listing 4.2: Usage of Mahalanobis distance DM for self-recovery (simplified).
i f DM,t > Dth2
% increase state covariance by ls2 if DM > Dth2
Σrob,t = ls2 Σrob,t
end
creased. This lowers the weighting of the measurement and thus its effect on the
pose. This is illustrated in Fig. 4.18 (b). While this approach can successfully
filter out outliers when the position estimate is accurate, it also discards correct
measurements when the position estimate is wrong thus preventing self-recovery
as evident for the jump at t = 7.5 s.
This problem can be solved by the approach in Listing 4.2. When a measurement with large DM is detected, the covariance matrix Σrob,t describing
the mobile robot position uncertainty is manually scaled by a certain factor. If
many consecutive measurements have large DM , this frequently means, that the
current position estimate is wrong. Using this technique, the filter successfully
and quickly recovers from “kidnapping” as shown in Fig. 4.18 (c). However, the
performance when outliers are present also deteriorates, as the filter now reacts
more sensitively to large changes due to the increased covariance.
When both techniques are combined, if there are only a few measurements
with large DM which is typically the case for outliers, there is almost no impact
on the positioning, as the position uncertainty is reduced by the subsequent
correct measurements. In the case of a sudden position change, the position
covariance is increased until it becomes so big, that DM falls below the threshold
and the measurement is used to update the position estimate. This enables selfrecovery for the case of a lost or kidnapped robot as visible in Fig. 4.18 (d).
However, it should be noted, that in general the outlier-resistance is slightly
reduced and the reaction time to sudden changes is slower as can be seen by
comparing (d) with (b) and with (c).
Typical values used in this work for the parameters in Listing 4.1 and 4.2 are
Dth1 = 2, Dth2 = 5, ls1 = 100, and ls2 = 1.1. These values are independent of
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the absolute values of the measurement covariances.
Using these techniques improves the reliability (how often localization fails)
as well as the integrity (how well the localization can recover from failure or at
least can detect it) of the system [134].

4.9 Initialization / Kidnapped-Robot Case
One of the main advantages of the proposed mobile robot localization concept is
that it uses an absolute reference (the static radar node) to estimate the robot
pose. When the system is started, the pose is initialized to some coordinates
(e.g. the origin of the global coordinate system facing in positive y direction) and
the state uncertainty is set to a very high value. A single bilateral radar measurement is then sufficient to obtain an initial coarse estimate for the complete
mobile robot pose. The estimate is then refined with subsequent ultrasonic
measurements. Compared to relative localization techniques, e.g. based on a
laser scanner and map matching, this enables a quick, easy, and unambiguous
initialization without any prior knowledge about the mobile robot pose.
The absolute reference also enables reliable self-recovery for the case when the
sensor fusion result is implausible, e.g. when the estimate is on an occupied point
(inside a wall). If such an implausible situation occurs, the state uncertainty of
the mobile robot is set to a very large value. The subsequent sensor measurements are then used to recover the state as during the initialization procedure
described in the previous paragraph.
The concept used also makes it possible to detect when the robot is kidnapped.
If it is suddenly displaced to a new position without its knowledge, there will
be a big discrepancy between the predicted and the measured position and
the Mahalanobis distance will be large. Thanks to the absolute reference, the
techniques from Section 4.8 can reliably handle this case.

4.10 Relative Positioning of a Person
As described in Chapter 4.3, in the envisioned application, the mobile robot
should be capable of autonomously following or leading a person. This is possible by estimating the person’s position in 2D relative to the robot. For the
application at hand this was realized by radar measurements from the radar
node on the robot to the portable radar node shown in Fig. 4.3 (follow-me
beacon) carried by the person.
Based on the range dfb , azimuth ϕfb , and elevation ϑfb measurements from the
mobile radar to the follow-me beacon, its 3D position in the Cartesian mobile
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radar coordinate system frad,mo is
pfb,frad,mo

⎡
⎤
dfb cos ϑfb cos ϕfb
= ⎣ dfb cos ϑfb sin ϕfb ⎦ .
dfb sin ϑfb

(4.66)

On the assumption that an estimate for the mobile robot pose exists, pfb,frad,mo
can be converted to the global coordinate system by
pfb = btran (frad,mo , fglo , pfb,frad,mo ).

(4.67)

In contrast to the measurements to or from the static radar nodes described
in Chapter 4.5 and 4.6, the height difference between the mobile radar node and
the follow-me beacon is not constant due to the unknown height of the person
and the variation during a stride. Therefore, the elevation angle measurement
ϑfb is used to improve the estimation of the distance between the robot and the
person in the xy plane.
In order to improve the accuracy and stability of the radar-based localization,
an EKF based on a 2D discrete white noise acceleration (DWNA) model was
used [38], Chapter 6.2.2 in [135]. The state vector xfb contains the 2D position
[
]T
[
]T
xfb yfb and 2D velocity vfb,x vfb,y of the follow-me beacon carried by
the tracked person:
⎡
⎤
xfb
⎢ yfb ⎥
⎥
xfb = ⎢
(4.68)
⎣vfb,x ⎦ .
vfb,y
The model is based on the assumption, that during one time step, the person
[
]T
moves with a constant acceleration vector afb = afb,x afb,y . The acceleration terms are not measured and are thus unknown. Their mean is 0 as in general people start at standstill, accelerate, move, decelerate and stop. Therefore,
the accelerations are modeled as mutually independent zero-mean and normally
distributed noise terms with a covariance matrix Qa = σa2 I: afb ∼ N (0, Qa ).
The state prediction for the time step t is then given by the standard linear
motion equations
[
] [
] [
]
[
]
xfb,t
xfb,t−1
vfb,x,t−1
afb,x,t−1 ∆t2
=
+
∆t +
,
yfb,t
yfb,t−1
vfb,y,t−1
afb,y,t−1
2
(4.69)
[
] [
] [
]
vfb,x,t
v
a
= fb,x,t−1 + fb,x,t−1 ∆t,
vfb,y,t
vfb,y,t−1
afb,y,t−1
where ∆t denotes the time between two consecutive EKF prediction steps. This
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can be written in a more compact form as
(4.70)

xfb,t = Axfb,t−1 + Bafb,t−1 ,
with the state transition matrices
⎡
1
⎢0
A=⎢
⎣0
0
and

0
1
0
0

∆t
0
1
0

⎡

⎤
0
∆t⎥
⎥
0⎦
1

(4.71)

⎤
0
2⎥
0.5∆t ⎥
.
0 ⎦
∆t

0.5∆t2
⎢ 0
B=⎢
⎣ ∆t
0

(4.72)

Keeping in mind that the acceleration is modeled as zero-mean (E {afb } = 0),
the EKF prediction step becomes
µ̄fb,t = Aµfb,t−1 ,
Σ̄fb,t = AΣfb,t−1 AT + BQa B T .

(4.73)

As evident from Eq. (4.67), the radar measures the position of the follow-me
beacon directly. Hence, the measurement vector and measurement prediction
vector are
[
]
pfb,x,t
zt =
,
pfb,y,t
[
] [
]
µ̄
x
(4.74)
ẑt = fb,x,t = fb,t +N (0, Rt ).
µ̄fb,y,t
yfb,t
  
hfb

pfb,x,t and pfb,y,t denote the x and y components of pfb from Eq. (4.67) and
Rt the measurement noise in [x, y] space. ẑ is derived directly from µ̄fb in Eq.
(4.73). This leads to the innovation vector
[
] [
]
p
µ̄
∆zt = zt − ẑt = fb,x,t − fb,x,t
(4.75)
pfb,y,t
µ̄fb,y,t
and the measurement matrix
H=

⏐
[
∂hfb ⏐⏐
1
=
0
∂xfb ⏐xfb =µ̄fb

0
1

0
0

]
0
.
0

(4.76)
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Fig. 4.19: Resulting follow-me beacon position uncertainty (in red) depending
on the pose uncertainty of the mobile robot (in blue). Identical
radar measurement uncertainties were used; the robot position and
orientation uncertainty in (a) is lower than in (b).
Since the position of the follow-me beacon is measured relative to the mobile
robot, the absolute measurement uncertainty results from the addition of the
pose uncertainty of the robot and the radar measurement uncertainty. This is
illustrated in Fig. 4.19. The case of a relatively low robot position and orientation error is shown in (a). As evident from (b), while keeping the measurement
covariance matrix unchanged, increasing the position uncertainty has additive
impact on the absolute position error of the follow-me beacon; increasing the
orientation uncertainty causes a widening of the covariance ellipse in cross-range
direction.
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This can be expressed as a linear conversion of the covariance matrix
⎡
⎤
0
0
⎢ Σrob,t
0
0 ⎥
⎢
⎥
0
0 ⎥
Qt = ⎢
(4.77)
⎢
⎥
⎣0 0 0
⎦
Qrad,mo
0 0 0

[
]T
from state space / radar measurement space px = xrob yrob θrob dfb φfb
[
]T
to measurement space pz = xfb yfb described by the Jacobian
[
]
∂pz
1 0 −dfb,t sin φfb,t cos φfb,t −dfb,t sin φfb,t
=
.
(4.78)
Gt =
0 1 dfb,t cos φfb,t
sin φfb,t
dfb,t cos φfb,t
∂px
The 2D projection of pfb from Eq. (4.66) was used to obtain the polar representation
[ ] [
] [
]
dfb
∥µ̄fb,xy − µrob,xy ∥
dfb
=
≈
(4.79)
φfb
∠ (µ̄fb,xy , µrob,xy )
ϕfb + θrob
and

[

]
[
]
xfb
dfb cos φfb
= µrob,xy +
.
yfb
dfb sin φfb

(4.80)

St = Ht Σ̄fb,t HtT + Gt Qt GT
t .

(4.81)

The approximation in Eq. (4.79) allows for an easier conversion of the covariance.
It is accurate when the height of the mobile radar node and of the follow-me
beacon are approximately equal and when the mobile radar node is placed in the
center of the robot. Both conditions are fulfilled relatively well for the system
at hand.
The innovation covariance then becomes

The belief is then updated by
Kt = Σ̄fb,t HtT St−1 ,
µfb,t = µ̄fb,t + Kt ∆zt ,

(4.82)

Σfb,t = (I − Kt Ht )Σ̄fb,t .
From the equations above, it is not directly evident how the velocity is estimated. This can be seen by assuming a known initial state with Σfb,t = 0 and
[
]T
a perfect measurement zt = xfb yfb with Q = 0. Under these assumptions,
the state covariance from Eq. (4.73) simplifies to Σ̄fb,t = BQa B T and the in-
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novation covariance from Eq. (4.81) to St
the Kalman gain equation yields
⎡
1
⎢0
Kt = ⎢
⎣ 2
∆t
0
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= Ht Σ̄fb,t HtT . Inserting these into
⎤
0
1⎥
⎥.
0⎦

(4.83)

2
∆t

The state update equation using the Kalman gain from Eq. (4.83) and using the
above mentioned assumptions becomes
⎤
⎡
xfb,t
⎥
⎢
yfbt
⎥
(4.84)
µfb,t = ⎢
⎣2 xfb,t −xfb,t−1 − vfb,x,t−1 ⎦ .
2

∆t
yfb,t −yfbt−1
∆t

− vfb,y,t−1

The standard linear motion equations can be explicitly recognized in Eq. (4.84).
In the common case of non-zero state covariance and non-ideal measurements,
the state update is a weighted version of Eq. (4.84). The EKF for the follow-me
beacon relative positioning is summarized in Fig. 4.20.
To execute follow or lead tasks, only the relative position of the follow-me
beacon to the robot is necessary . Implementing the sensor fusion in absolute
coordinates, however, has the advantage, that the mobile robot localization uncertainty can be correctly considered. When the robot pose is known with high
certainty, the measurement of the follow-me beacon position should be weighted
more than in the opposite case. This ensures the consistent performance of
the filter. The techniques using the Mahalanobis distance to filter outliers from
Chapter 4.8 and the comments about initialization and self-recovery from Chapter 4.9 are valid here as well.
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dfb,t
ϕfb,t
ϑfb,t

µrob,t
Σrob,t
µfb,t
Σfb,t

Follow-me Beacon EKF Prediction Step
µ̄fb,t = Aµfb,t−1
Σ̄fb,t = AΣfb,t−1 AT + BQa B T
Follow-me Beacon EKF Correction Step


x
hfb = fb,t
yfb,t


pfb,x,t
zt =
pfb,y,t


µ̄fb,x,t
zbt =
µ̄fb,y,t
∆zt = zt − zbt
∂hfb
H=
∂xfb xfb =µ̄fb
∂pz
Gt =
∂px


0
0
 Σrob,t
0
0 


0
0 
Qt = 



0 0 0
Qrad,mo
0 0 0
if DM,t > Dth,i → Qt = ls,i Qt
St = Ht Σ̄fb,t HtT + Gt Qt GT
t

Kt = Σ̄fb,t HtT St−1
µ̄fb,t = µ̄fb,t + Kt ∆zt
Σ̄fb,t = (I − Kt Ht )Σ̄fb,t
µfb,t = µ̄fb,t
Σfb,t = Σ̄fb,t
Fig. 4.20: Simplified block diagram of the follow-me beacon relative positioning
EKF.
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4.11 System Implementation
In order to verify the effectiveness of the proposed localization concept and algorithms, a mobile robot was equipped with the sensors presented in the previous
chapters. All algorithms were implemented on embedded hardware to enable
real-time8 processing for a realistic evaluation of the system.
A simplified block diagram of the implementation is given in Fig. 4.21. The
two dashed rounded rectangles represent the two main processing units from
the point of view of the localization system. The grey one is the robot with the
main robot computer carrying the mobile radar with its DSP board which is
shown in green.
Three software frameworks (shown as red rounded rectangles) were used to
streamline the development, implementation, integration, and testing process:
Symeo FusionEngine [44], SmartSoft [136], and ROS [137]. All three frameworks
are based on the same basic principle – divide the processing in nodes (software
modules), which communicate internally and externally using messages (data
packets formatted according to certain rules). The radar signal processing was
implemented in the programming language C on the DSP board of the mobile
radar (the FFT and low level synchronization routines were implemented in an
FPGA by Symeo). The algorithms described in this chapter were also implemented in C as nodes for the Symeo FusionEngine as it is light-weight, stable,
and platform agnostic. Corresponding SmartSoft wrapper nodes were written
to enable interoperability and integration with nodes and services in SmartSoft
and in ROS contributed by other project partners.
The blue rectangles in Fig. 4.21 denote sensors and the black arrows inputs
and outputs. The sensors “odometry” and “wall detection” provide their measurement data zodo and zus directly to the SmartSoft framework. It then forwards them as a message (SmartSoft communication pattern / object) to the
FusionEngine.
On start, the framework FusionEngine reads in the binary 2D occupancy-grid
map of the scenario Mog and the poses of the static radar nodes mrad,st in it. It
then begins sending command messages cmeas to the mobile radar node software
coordinating the measurement procedure.
Based on the information in cmeas , the mobile radar node performs measurements to one of the multiple available static radar nodes or the follow-me
beacon. cmeas contains the ID number of the radar node to measure to and
8

The term “real-time” is commonly used in computer science to denote whether a processing
operation is always executed within a deadline (hard real-time) or can take longer on cost
of degrading the system performance (soft real-time). The definition used here, common
in digital signal processing, is similar. It states that the input data (from the sensors) is
processed at a faster rate than it arrives, thus enabling continuous operation (localization
output), albeit with a certain latency.
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Fig. 4.21: Simplified block diagram of implemented system. See description in
text (adapted from [51]).
the measurement mode. The mode can be unilateral (mobile radar is master,
the other node is slave) or bilateral (as in unilateral with a subsequent second
measurement with swapped roles). The measurement result of the static radars
is transmitted back to the mobile radar over an FSK link in the 24 GHz band.
The mobile radar software transmits the radar measurement result from and
to the static radar zrad,st and zrad,mo and to the follow-me beacon zfb to the
FusionEngine.
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µfb,0
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Beacon hfb
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Fig. 4.22: Simplified block diagram of the EKFs implemented in C in the software framework Symeo FusionEngine.
The sensor fusion is distributed across multiple FusionEngine nodes. There
are nodes preprocessing the sensor data and filtering out outliers based on
thresholding of the Rx signal power, beamformer magnitude, and measurement
sample variance. Other nodes coordinate the radar measurements and implement the EKFs presented in the previous chapters. Finally, there is a main node
which maintains the state vector, the coordinate transformations and fuses the
results of all EKFs. As the measurements from the different sensors are conditionally independent, i.e. p(x|zodo , zus , zrad ) = p(x|zodo )p(x|zus )p(x|zrad ),
they do not need to be processed simultaneously, but can be fused sequentially
in the order they are obtained (Chapter 7.4.3 in [107]). An overview of the
implementation of the EKFs is given in Fig. 4.22.
However, care needs to be taken about the correct processing order, since the
sensors used have different processing latencies ∆tproc and the time of reception
and timestamping in the software trec does not necessarily correspond to the
time tmeas at which the respective physical effects were measured. This problem
is known as “out-of-sequence measurements”, because it leads to an incorrect
temporal order of the measurements [138]. In the presented system, this problem
was solved by introducing a so-called “delay window” (a.k.a. “time sequencer”
in ROS). It is basically a FIFO buffer ordering the measurements not by the
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time they are received by the system, but by the estimated time the respective
physical effect was measured t̂meas = trec − ∆tproc , assuming the latency of the
corresponding sensor is known and constant. While this ensures the correct
fusion order of the measurements and thus increases the accuracy, it also causes
a delay in the availability of the final result. Due to the relatively low latency
of the sensors (/ 100 ms) and the relatively slow robot motion (/ 1 m/s), this
did not have any significant impact on the performance.

4.12 Results
In order to verify the effectiveness of the proposed concept, it was thoroughly
tested in three different real-life scenarios: a university building, a hospital, and
a company office building. Three robot platforms were used: A Festo Robotino
[139] (Fig. 4.23 (a) and (b)), a Pioneer P3-DX (Fig. 4.2), and a Pioneer P3-AT
[140] (Fig. 4.23 (c)). Thanks to the modularity of the employed frameworks, only
minimal configuration changes in software were necessary to switch between the
platforms.
During the tests, several configurations of the system were used. On the
robots, there were either two radar nodes equipped with the planar 2D arrays
from Fig. 2.16 (a) as shown in Fig. 4.23 (a) or one single radar node equipped
with the ring antenna array from Fig. 2.16 (b) or (c) as in Fig. 4.23 (b) and (c).
Although both configurations yielded very good results in terms of accuracy, the
ring-array featured better reliability, since it offered a 360° coverage in azimuth
(see lower part of Fig. 4.23).
The 2-radar configuration is virtually blind when the robot stands or moves
transversely in the corridor, as no LOS connection to the static nodes is present.
Detecting this condition in the sensor data fusion is challenging, as both radars
supply coarsely correct results over multipath reflections. The range sample
variance can be successfully employed to detect and filter out such situations
(the variance of the range measurement is in general much lower for LOS than
for MP during robot motion). Synchronizing and coordinating the measurement
cycles of the two mobile radars is a further complication.
The ring array configuration is not affected by the orientation of the robot,
uses less hardware and the measurement cycle coordination is simpler. However,
as fewer antennas are available per angle, the angular accuracy and multipath
resistance is lower. This does not have any significant impact on the system
performance, as the robot orientation is estimated mainly by the wall-detection
system. The two configurations in the test scenarios are shown in Fig. 4.24.
Two versions of the wall-detection system were used as well. The one used in
the configurations in Fig. 4.2 and 4.23 (c) relies on 3 ultrasonic sensors and can
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(a) Demonstrator robot (b) Demonstrator robot
platform with two radar platform with one radar
nodes with planar arrays
node with ring array

(c) Test robot
platform with one radar
node with ring array

Az. coverage ±45°
Radar node
Robot platform

Az. coverage 360°

Fig. 4.23: Robot platforms and sensor configurations used during development
and verification. See description in text (adapted from [51]).
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(a)

(b)

Static node

Static node
Two mobile nodes
with planar arrays

One mobile node
with ring array

Fig. 4.24: Mobile robot equipped with radar node in the Katharinenhospital
(a) and office building (b) scenarios (adapted from [51]).
detect the wall on one side of the robot. The platform in Fig. 4.23 (a) and (b)
is equipped with an ultrasonic camera (comprising two 2D ultrasonic arrays)
and a laser scanner and can detect the walls on both sides. Again, thanks to
the modularity of the frameworks used, only minor configuration changes were
required to switch between the different hardware devices.
Cauerstr. 6 The first test scenario, where the system was mainly developed
and tested, was the FAU Erlangen-Nürnberg university building in Cauerstr. 6,
Erlangen, Germany. The scenario consisted of an office room with a size of
4.5 × 3.5 m and a relatively narrow corridor sized 2.1 × 32 m as shown in Fig.
4.25 (c). Two metal cabinets were also present in the corridor. During the
test run, the robot started at position [4 m, −3 m], moved out of the room and
along the corridor to its destination [0.7 m, 23.3 m], where it turned around. The
test robot platform was remotely controlled manually and moved with a speed
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Fig. 4.25: Measurement result in test scenario “Corridor in Cauerstr. 6, FAU
Erlangen-Nürnberg” with test robot platform, 1 mobile radar with
an 8-channel ring array and ultrasonic array for wall detection
(adapted from [51]).
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between 0.5 m/s and 1 m/s. The robot platform from Fig. 4.23 was used.
The room (visible as a white rectangle to the lower right of Fig. 4.25 (a)) was
cluttered with furniture such as tables, chairs, and cabinets, which decreased the
performance of the wall-detection system. To enable positioning in the room,
a static radar node was placed in it (shown as a green square at coordinates
[6.6 m, −3 m]). Bilateral radar measurements were used to initialize and track
the mobile robot pose.
In the corridor, the mobile robot was located based on 2 static radar nodes
(shown as green squares) and the wall-detection system. Simultaneously, it was
tracked by a high-precision total station Leica TS30 whose result was used as a
reference.
The localization result of a typical test-run of the multi-modal sensor fusion
described in the previous sections is shown as a red curve in Fig. 4.25 (a). The
reference is shown as a blue dashed line. It can clearly be seen, that the localization result accurately matches the reference which proves the effectiveness of
the proposed concept.
The resulting 2D positioning error was calculated from the logged data by
linearly interpolating the reference measurements to the points of time when
the localization estimates were obtained. This approximation was assumed to
be valid, as the measurement rate is relatively high compared to the robot
motion speed. The resulting cumulative probability distributions for the error
in x-direction ex , in y-direction ey , and the absolute 2D error ed are shown in
Fig. 4.25 (b). The results are summarized in Table 4.1 in the column “Cauerstr.
6”. The maximum error is 24.2 cm.
Unfortunately, no reference for the heading was available (cf. Appendix B.2).
Assuming that the mobile robot orientation coincides with the motion direction,
a rough estimate can be derived from the position reference measurements using trigonometry and applying a smoothing operation. Compared to this, the
orientation RMS error is 1.92°. Although this error estimate is not very accurate (especially when the mobile robot rotates around its axis with almost zero
translation), it shows unequivocally that the proposed local positioning system
is capable of providing orientation estimate with relatively high accuracy.
The shape of the cumulative probability distributions resembles, but does not
completely match a Gaussian. The reason for this are the different underlying
error sources. While the ex in the room is relatively large due to imperfect
initialization, it becomes much smaller in the corridor, where the wall-detection
system is used. There is also a relatively large error in the area where the
robot exits the room, as the radar measurements there are strongly influenced
by multipath reflections from the door frame.
As uncertainty is a major aspect of probabilistic algorithms, it is interesting
to analyze the accuracy of the estimated covariance matrix. This was done by
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2
evaluating the squared Mahalanobis distance DM
of the measurements
[
]
[
]T
2
ey ,
DM
= ex ey Σ−1
xy ex
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(4.85)

2
where Σxy denotes the position covariance matrix. The mean of DM
for the
shown test run was 5.85.
For
an
ideal
zero-mean
Gaussian
2D
covariance
matrix,
{ 2}
the expectation is E DM = 2. This means that the filter provided a too
optimistic estimate for the position uncertainty. Nevertheless, it can be used in
further processing steps (e.g., navigation).
As already mentioned, narrow corridors represent a very difficult scenario for
microwave-based localization systems, as multipath reflections from the walls,
floor, ceiling, and objects in the scenario interfere with the LOS signal and
significantly increase the measurement error. Thanks to the fusion with complementary sensors, accurate and robust localization is possible even under these
challenging circumstances.

Katharinenhospital A second measurement campaign was conducted in the
Katharinenhospital, Stuttgart, Germany shown in Fig. 4.26 (c) with the demonstrator robot platform from Fig. 4.23 (a). The laser scanner was used for wall detection. The measurement scenario consisted of a main corridor of size 2.5×65 m
and multiple side corridors. As the tests were performed during a normal work
day, multiple patients, visitors, and nursing staff moving around hospital meal
delivery carts and wheeled beds were present. All these objects caused multipath reflections and partially obstructed the LOS path between the static and
the mobile radar stations and hindered wall detection. Nevertheless, the localization system could provide reliable positioning service with sufficient accuracy
for autonomous transportation tasks. The localization could be initialized and
recovered automatically in case of failure.
The trajectory of a typical run with the total station measurements as a
reference and the corresponding cumulative error probability distributions are
shown in Fig. 4.26 (a) and (b). The results are summarized in Table 4.1 in the
column “Katharinenhosp.”. The largest error was 39.4 cm. Again, an estimate
for the heading error was derived from the total station position data as no
dedicated orientation reference system was available. The resulting heading
RMS error was 1.56°. This is an excellent result, especially given the fact that
only 2 static radar nodes were used to provide coverage for the entire corridor
of length 65 m.
Office Building The third measurement campaign was performed in a corridor
in an office building shown in Fig. 4.27 (c) with the robot configuration from Fig.
4.23 (b). The laser scanner was used for wall detection. The scenario comprised
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Fig. 4.26: Measurement result in test scenario “Corridor in Katharinenhospital Stuttgart” with demonstrator robot platform, two mobile radar
nodes with 2D planar arrays and laser scanner for wall detection
(adapted from [51]).
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a corridor of the size of 2.25×30 m, two side corridors and a wider part furnished
as a waiting room of the size of 5.3×3.4 m connected to the main corridor without
a door (as seen at the bottom of Fig. 4.27 (a)). The whole scenario could be
covered using only 2 static radar nodes. As the waiting room was cluttered with
furniture and other objects, the performance of the wall-detection system was
strongly reduced. To enable localization in the waiting room, the lower static
radar node (depicted as a green square in Fig. 4.27) was placed to also cover
this area. Using bilateral radar measurements, a simultaneous 2D position and
orientation estimation was possible.
A typical autonomous test run is shown in the figure using the total station as
a reference. Due to the large angular velocity of the robot relative to the total
station, tracking failed in the beginning and no reference data was available.
This segment was not used during further analysis. The resulting cumulative
error probability distribution is shown in Fig. 4.27 (b). The results are summarized in Table 4.1 in the Column “Office”. The largest error was 37.9 cm.
A very interesting comparison was conducted during this measurement campaign. For two test runs, the mobile robot was localized with the presented
wireless positioning system and simultaneously with a SICK laser scanner using
the ROS adaptive Monte Carlo localization (AMCL) node. While the performance of both systems was equal in the corridor (with a difference of less than
0.5 cm for any of the systems depending on the trajectory segment chosen), the
laser scanner localization had an error of up to 30 cm at the end of the corridor
where a glass door was located (at [1 m, 26.5 m]) as can be also seen in the photo
in Fig. 4.27 (a) and (c).
The laser scanner measurement also presented an opportunity to evaluate the
quality of the mobile robot orientation estimation. Taking the laser scanner
localization as ground truth, the RMS error was 1.48°. Albeit not obtained by
a highly accurate reference, this value gives a feeling of the achieved orientation
estimation accuracy.
Table 4.1: iserveU localization accuracy results expressed as 68 %, resp. 95 %
of the measurement errors being below a certain threshold value as
given by the cumulative error distribution.
σ (=
ˆ 68 %) / 2σ (=
ˆ 95 %)
σx
σy
σ2D
2σx
2σy
2σ2D

Cauerstr. 6

Katharinenhosp.

Office

4.97 cm
4.90 cm
8.32 cm
22.08 cm
11.02 cm
24.22 cm

7.88 cm
9.74 cm
12.8 cm
15.96 cm
19.92 cm
28.81 cm

2.44 cm
10.08 cm
10.73 cm
6.76 cm
22.53 cm
22.54 cm
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Fig. 4.27: Measurement result in test scenario “Corridor in office building” with
demonstrator robot platform, 1 mobile radar with an 8-channel ring
array and laser scanner for wall detection (adapted from [51]).
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This shows that the proposed approach has approximately equal performance
in terms of accuracy compared to the laser-scanner based localization, which
can be assumed as the state-of-the-art for indoor mobile robot localization. The
radar-based approach, however, has better reliability in cases when transparent
surfaces are present in the scenario. Although not explicitly tested, the reliability
in the presence of bars, reflective surfaces, and dust should also be improved as
these pose a similar problem for laser scanners.
Follow-me Beacon Localization The positioning of a person carrying the followme beacon relative to the mobile robot was also verified as shown in Fig. 4.28.
The mobile robot was manually controlled and the person followed it in the scenario in Fig. 4.25 (c). The total station was used as a reference for the person
position. No reference for the robot position was available. The resulting trajectory in Fig. 4.28 (a) shows a close match between the estimated person position
obtained with the techniques presented in this chapter and the reference. As
can be seen from the cumulative error distribution in Fig. 4.28 (b), 68 % of the
12
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Fig. 4.28: Follow-me beacon localization in test scenario “Corridor in Cauerstr.
6, FAU Erlangen-Nürnberg” with test robot platform, 1 mobile radar
with planar 2D array and ultrasonic array for wall detection.
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errors of the distance between the robot and the person are below 9.7 cm and
95 % below 24.3 cm. The largest error was 44.3 cm. 68 % of the errors of the
angle between the robot and the person are below 2.7° and 95 % below 3.7°. The
largest error was 4.7°. It should be noted that the unknown error in the mobile
robot pose is also part of this error.

4.13 Hybrid Localization
The radar device used offers an interesting possibility. Although it was designed
and mainly used as a secondary radar, it can also be utilized as a primary radar.
This can be particularly useful to replace the ultrasonic sensor for wall detection
in order to reduce the complexity of the system. If the ring antenna array is
used, this would enable the robot to detect walls and obstacles in 360°.
A test was performed to investigate the suitability of the radar and ring array
for wall-detection. As the distance to the wall was quite small (/ 1.5 m) and the
bandwidth used was relatively low, the Rx/Tx coupling on the PCB as well as
between the antennas was a serious problem, as the wall reflection was indistinguishable from the coupling. This was solved by using a 3 m long coaxial cable
between the board and the Tx antenna and an RF amplifier to compensate the
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Radar Wall-Search
Ultrasonic Wall-Search
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Fig. 4.29: Wall-search using radar as primary radar.
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losses in the cable. This made the coupling peak resolvable from the reflection
peak in the FFT spectrum. The coupling between the antennas was reduced
by using RF absorbers and a more directional Tx antenna. Unfortunately, this
reduced the 360° measurement range to about ±45°.
The result of a measurement in the scenario from Fig. 4.25 (a) is shown in
Fig. 4.29. The ultrasonic wall-searching sensor was used together with the radar
in primary mode to compare the performance of both systems. As can be seen
from the picture, despite the limitations described in the previous paragraph,
the radar manages to successfully find the wall using a combination of range
and DOA measurements as described in Chapter 2 assuming specular reflection
from the wall. The obtained accuracy expressed as the measurement error standard deviation was 5.8 cm in range and 3.1° in angle. Although worse than the
performance of the ultrasonic sensor, this is in general enough for accurate and
reliable indoor mobile robot positioning.
One reason for the superior performance of the ultrasonic device is the better
resolution. The resolution in range ∆d for a primary radar / sonar is in general
given by
c
∆d =
.
(4.86)
2B
8

343 m/s
× 10 m/s
This equates to 2·2.4
= 7.15 cm for the ultrasonic sensor used and 32·250
=
kHz
MHz
60 cm for the radar. Due to the long coaxial cable used to resolve the signal
from the coupling, the SNR was poor and as shown in Section 2.3.1.2 this also
impairs the accuracy.
This simple experiment shows that a hybrid primary-secondary radar approach is viable and can be successfully used for indoor mobile robot localization. Employing optimized hardware and more advanced signal processing
techniques such as range-Doppler processing, synthetic aperture radar (SAR),
SLAM, and occupancy-grid mapping, a powerful radar-based system for indoor
localization, navigation, and collision avoidance can be developed.

4.14 Conclusion
The proposed concept of fusing secondary radar combining range and angle radar
measurements with further complementary sensors could be successfully verified
in three realistic challenging scenarios. The comparison to the laser scanner
localization also demonstrated the advantage of using an absolute reference.
The localization can be improved by using a higher RF bandwidth and more
Rx channels. This is both feasible with modern highly integrated radar chips.
This would also reduce the size of the system and improve its acceptance.

5 TransTerrA: 6 DOF Mobile Robot
Localization for Planetary Exploration
Another class of service robots is represented by mobile robots for space exploration missions on foreign planets like the Rover SherpaTT shown in Fig. 5.1.
While GNSS is the state-of-the-art technology for outdoor localization on Earth,
such systems are not present on other planets and an alternative is needed.

Static Node

Mobile Node

Static Node

Rover SherpaTT

Fig. 5.1: The rover SherpaTT [141] with radar-based wireless localization positioning system (WLPS) in the space exploration hall of the Deutsches
Forschungszentrum für künstliche Intelligenz / German Research
Center for Artificial Intelligence (DFKI) in Bremen, Germany [142]
(adapted from [143]).
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5.1 Motivation
As is the case e.g. on Mars, the environmental conditions are very harsh. The
temperature and lighting frequently vary in large intervals, the environment is
dusty, and an atmosphere is not always present. This is a serious challenge for
localization systems based on cameras, laser scanners, and sound/ultrasound.
An overview of currently used techniques based on relative sensors such as
wheel encoders or visual odometry is given in [144]. Since such approaches
inherently suffer from error accumulation, the position estimate deteriorates
as the mobile robot moves. A common exploration scenario includes driving
around a crater and mapping it by taking a series of images as described in
[144]. The images are combined to an integrated map. Points of interest (POI)
are identified in the map for closer study after a (manual) compensation of the
localization error. This is an arduous and time-consuming process. The mobile
robot then returns to the POI locations for investigation. Accurately driving
back to a POI is, however, only possible if both the mobile robot and the target
location are known.
In this chapter a wireless local positioning system for 6 degrees of freedom
(DOF) pose estimation of mobile robots using sparse infrastructure is presented.
It consists of at least one static node installed at the test site and another node
on the mobile robot, as depicted in Fig. 5.1. As the static nodes serve as an
absolute reference, error accumulation is no more an issue. Varying lighting, the
presence of dust, and the absence of atmosphere is not a problem as well due to
the robustness of radar in such conditions. The proposed WLPS can improve
and speed up the process of mapping and target finding in planetary exploration
missions.
Although the proposed system was developed for space exploration, it can
also be used in terrestrial applications where GNSS is not available (e.g. indoors, in warehouses, under large structures outdoors), when its coverage and
accuracy is insufficient or when 3D orientation estimation with a small baseline
is required. The necessity for a localization alternative / supplement to GNSS
is also emphasized in [134]: “After many years of operation, we have concluded
that the physics of GPS precludes it ever being made sufficiently reliable to be
used as a stand-alone autonomous navigation system.”
In the past, most positioning systems have been used for tracking and logging
of the vehicle position, as a navigation aid and for collision avoidance. Current research, however, focuses on fully autonomous systems. One example are
automated guided vehicles (AGVs) which are currently employed in warehouse
logistics. State-of-the-art positioning solutions use inductive guide paths [145],
magnetic point sequences [146], optical guide paths [147], [148], laser triangulation based on reflective markers or transponders embedded into the ground
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[149]. All of these positioning methods rely on complex infrastructure, require
significant installation and maintenance effort, and are not very flexible.
The WLPS presented in this chapter, is an interesting alternative. It was
developed as part of the project TransTerra1 , which builds upon the project
SOKOROB2 . The aim of SOKOROB was to develop a self-organizing wireless
positioning network, consisting of 5 mobile robots, operating in 3D. By performing bilateral sycondary RTOF+DOA measurements using the system presented
in Chapter 2, the relative poses of all robots to each other are determined in 3D.
This was accomplished using a breadth-first search algorithm as demonstrated
in SOKOROB and presented in [150] and can be improved by a probabilistic
approach. In TransTerrA it was assumed that 4 of the mobile robots are static
and their poses are known. The fifth is located relative to them while executing
an exploration mission as presented in this chapter.

5.2 Comparison of Positioning Techniques
The scenario investigated here is shown in Fig. 5.2. It consists of 4 static radar
nodes with known poses in 3D space (3D position and 3D orientation) and a
mobile robot equipped with a radar node moving in the area between them with
6 degrees of freedom (3 translational and 3 rotational). The goal is to determine
its complete pose relative to the static nodes.
Given this setup and the radar hardware from Chapter 2, the following positioning techniques can be applied to determine the 3D position of the mobile
robot (see also Fig. 1.2):
• Multilateration – The sought target position is determined based on the
measured distances (RTOF) to nodes at known positions.
• Multiangulation – The sought target position is determined based on the
measured angles (DOA) to nodes at known positions and with known
orientations.
1

The project TransTerrA (Semi-autonome kooperative Exploration planetarer Oberflächen
mit Errichtung einer logistischen Kette sowie Betrachtung terrestrischer Anwendbarkeit
einzelner Aspekte / Semi-autonomous cooperative exploration of planetary surfaces including the installation of a logistic chain as well as consideration of the terrestrial applicability of individual aspects) had a runtime of 1 year and was funded by the German
Aerospace Center (DLR), registration no. 50RA1301. The project was conducted in
collaboration with the Robotics Innovation Center (RIC) belonging to DFKI GmbH in
Bremen, Germany.
2
The project SOKOROB (Selbstorganisierendes ad-hoc Ortungsnetzwerk für extraterrestrische Explorationssysteme basierend auf kooperativen mobilen Roboter-Schwärmen
/ Self-organizing ad-hoc Positioning Network for Extraterrestrial Exploration Systems
Based on Cooperative Mobile Robot Swarms) had a runtime of 3 years and was funded
by the German Aerospace Center (DLR), registration no. 50RA1205.
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Static Node 2

Static Node 1

Static Node 4

Measurement Area

Fig. 5.2: Measurement scenario in the entrance hall of the DFKI building at
Robert-Hooke-Straße 1, Bremen, Germany.
• RTOF+DOA – The sought target position is determined using a combination of measured distances (RTOF) and measured angles (DOA) to nodes
at known positions and with known orientations.
In the following sections, these techniques will be compared regarding the achievable positioning accuracy for the geometry of the given scenario.

5.2.1 Multilateration
[
]T
Given N static nodes at known positions ps,n = xn yn zn , n = 1 . . . N ,
[
]T
the distance dn from the target pt = x y z to node n is given by
√
dn = ∥ps,n − pt ∥ = (x − xn )2 + (y − yn )2 + (z − zn )2 .
(5.1)

The range d1 constrains the target position on the surface of a sphere around
node 1 with a radius equal to the measured distance. When the measurement
uncertainty is also considered, the position constraint becomes a spherical shell
with a thickness corresponding to the measurement variance. An additional
measurement d2 from a second static node results in the general case in a constraint with the shape of a circle in 3D or roughly a torus, when measurement uncertainty is considered. A third range d3 to a third node limits the
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Fig. 5.3: The result for the CRLB in x, y, z direction and in 3D using multilateration with 4 static radar nodes ps,n , denoted by white squares.
Gray denotes areas where positioning fails (see explanation in text).
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sought position to two points, resp. two approximately spherical distributions.
A fourth range d4 is then necessary to determine the target position unambiguously. These considerations assume non-degenerate geometry, i.e. the static
nodes do not all lie in the same point, on a straight line or in a plane.
Two algebraic solutions to the multilateration problem are presented in [50]
and [151]. The main idea is to formulate an equation system from the nonlinear
range equations in Eq. (5.1) and solve it in the least-squares sense. The attainable accuracy for a given localization scenario geometry and target position can
be theoretically derived using the CRLB as shown in [49], [152], and Section
2.5.2. Given the measurement model in Eq. (5.1), the measurement Jacobian
Gd is
⎤
⎡ x−x
y−y
z−z
1

1

1
⎢ x−x
∂d(ps , pt )
⎢ d2 2
Gd (ps , pt ) =
= ⎢ x−x
∂pt
⎣ d3 3

d1
y−y2
d2
y−y3
d3
y−y4
d4

d

x−x4
d4

1

d1
z−z2 ⎥
d2 ⎥
z−z3 ⎥ ,
d3 ⎦
z−z4
d4

(5.2)

[
]T
where d = d1 d2 d3 d4 is a vector containing all measured ranges with
N = 4 for the problem at hand. Assuming independent and identically distributed Gaussian noise with standard deviation σd in all sensors, the measurement noise matrix is the 4 × 4 diagonal Qd = σd2 I. The derivation from Section
2.5.2 applies here as well and the resulting 3D position covariance matrix is
)−1
(
−1
.
(5.3)
Σd,3D (ps , pt ) = Jd−1 = GT
d Q d Gd

The CRLB for the measurement scenario shown in Fig. 5.2 was calculated.
The known positions of the static nodes ps,n from the picture and the realistic
value for the distance measurement standard deviation σd = 8 cm were assumed.
The result for the CRLB in x, y, z direction and in 3D is shown in Fig. 5.3.
The values of the covariance matrix Σd,3D were calculated for pt on a 10 cm
grid in the area surrounding the static nodes ps,n at the height of the nodes.
As apparent from the plots, for the given geometry and measurement accuracy,
multilateration is capable of providing a position estimate in x and y with an
accuracy of less than 10 cm in the area between the nodes. However, localization
in z and thus in 3D completely fails, as the target and all nodes are in the same
plane or very close to it. Therefore, the last column of Gd becomes 0 and Jd is
not invertible. For the plots, only the 2D problem was considered. The 3D case
where the target position also varies in z is examined in Section 6.2.

143

5.2. Comparison of Positioning Techniques
CRLB in x:

p

CRLB in y:

[Σα,3D ]1,1

5

0

5
x in m

CRLB in z:

p

10

0

5
x in m

CRLB in 3D:

[Σα,3D ]3,3

10

p
Tr{Σα,3D }

10
y in m

10
y in m

5

0

0

5

0

5

0

0

0 cm

[Σα,3D ]2,2

10
y in m

y in m

10

p

2 cm

5
x in m

4 cm

10

6 cm

0

5
x in m

10

8 cm 10 cm 12 cm 14 cm 16 cm 18 cm 20 cm

Fig. 5.4: The result for the CRLB in x, y, z direction and in 3D using multiangulation with 4 static radar nodes ps,n , denoted by white squares.
Gray denotes areas with an error > 20 cm.
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5.2.2 Multiangulation
Again we consider N = 4 static nodes at known positions ps,n and with known
orientation. For simplicity, the nodes are considered to have omnidirectional
coverage with angle-independent accuracy. The nodes measure the azimuth
ϕaz,n and elevation ϑel,n angles to the target pt :
ϕaz,n = atan2(y − yn , x − xn ),
(
)
z − zn
ϑel,n = asin
.
dn

(5.4)

Given a 2D angular measurement from one node, the target position is constrained on a ray starting from the node and pointing in direction of the measured angles. Considering measurement errors, the ray becomes roughly a pyramid with the apex at the node and base lengths proportional to the measurement
accuracy in azimuth and elevation and growing with distance. A second node
is then sufficient to estimate the position of the target as the intersection point
of two rays. When the measurement error is taken into account, the rays don’t
intersect and the point between them where their distance to each other is minimal is taken. When more than two nodes are present, the least-squares solution
for the intersection of the rays is sought [132].
Similar to the CRLB for multilateration and as shown in [106], [153], and
[154], the measurement Jacobian Gα for multiangulation is
⎡
⎤
y1 −y
x−x1
0
d2
d2
xy,1
xy,1
⎢
⎥
y2 −y
x−x2
⎢
0 ⎥
d2
d2
⎢
⎥
xy,2
xy,2
⎢
⎥
y3 −y
x−x3
0
⎢
⎥
2
2
dxy,3
dxy,3
⎢
⎥
y4 −y
x−x4
⎢
0 ⎥
⎢
⎥
d2
d2
∂α(ps , pt )
xy,4
xy,4
⎥
Gα (ps , pt ) =
(5.5)
=⎢
dxy,1 ⎥ .
(x−x1 )(z−z1 )
(y−y1 )(z−z1 )
⎢
∂pt
− d2 d
⎢− d21 dxy,1
⎥
d2
xy,1
1
1
⎢ (x−x2 )(z−z2 )
dxy,2 ⎥
2 )(z−z2 )
⎢−
⎥
− (y−y
⎢
d2
d2
d2
2 dxy,2
2 dxy,2
2 ⎥
⎢ (x−x3 )(z−z3 )
dxy,3 ⎥
(y−y3 )(z−z3 )
⎢− d2 d
⎥
− d2 d
d2
⎣
3 xy,3
3 xy,3
3 ⎦
dxy,4
(x−x4 )(z−z4 )
(y−y4 )(z−z4 )
− d2 d
− d2 d
d2
4 xy,4

4 xy,4

4

The vector containing all azimuth and elevation measurements is denoted as
[
]T
α = ϕaz,1 ϕaz,2 ϕaz,3 ϕaz,4 ϑel,1 ϑel,2 ϑel,3 ϑel,4 . The distance
dxy,n is the projection of dn on the xy plane. Using the 4 × 4 identity matrix
I4×4 , assuming independent and identically distributed Gaussian noise on the
DOA with standard deviation σϕaz , respectively σϑel , the measurement noise
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matrix is
Qα =

[

2
σϕ
I
az 4×4
0

]
0
.
σϑ2 el I4×4

(5.6)

Analogously to Eq. (5.3), the 3D position covariance matrix is
(
)−1
−1
Σα,3D (ps , pt ) = Jα−1 = GT
.
α Q α Gα

(5.7)

The result of evaluating Eq. (5.7) on a 10 cm grid in the measurement area with
σϕaz = 0.8° and σϑel = 1.2° is shown in Fig. 5.4. As evident, multiangulation
with four nodes measuring both angles is capable of providing a 3D position
estimate in the measurement area. However, a strong accuracy deterioration
can be observed in several areas due to unfavorable uncertainty intersection of
the measurements (dilution of precision).

5.2.3 RTOF+DOA
The CRLB for the combination of RTOF and DOA for a single node was derived
in Section 2.5.2. Assuming unbiased measurements zn = N (z̄n (x), Qn ) with
independent and identically distributed Gaussian noise as defined in Eq. (2.70),
the probability density function for the combination of nodes n = 1, . . . , N is
p(z1 , . . . , zN |x) =
=

N
∏

n=1

(
)
1
1
√
exp − (zn − z̄n (x))T Q−1
(z
−
z̄
(x))
.
n
n
n
2
det(2πQn )

(5.8)

Eq. (5.8) can be interpreted as the likelihood to obtain the measurements
z1 , . . . , zN when the target is at position x. Geometrically, it corresponds to the
intersection of the uncertainty ellipsoids as demonstrated in [155]. Analogously
to Eq. (2.71), the FIM is obtained by
{(
) (
)T }
∂ ln p(z1 , . . . , zN |x)
∂ ln p(z1 , . . . , zN |x)
Jx = E x
·
.
(5.9)
∂x
∂x
Similar to Eq. (2.74) we obtain
Σdα,3D =

Jx−1

=

(

N
∑

n=1

−1
GT
n Q n Gn

)−1

(5.10)

for the CRLB for 3D localization with N nodes using a combination of RTOF
and DOA measurements. Gn is the Jacobian Gn = ∂ z̄n (x)/∂x.
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Fig. 5.5: The result for the CRLB in x, y, z direction and in 3D using a combination of RTOF and DOA with 4 static radar nodes ps,n , denoted
by white squares.

147

5.2. Comparison of Positioning Techniques

The result of evaluating Σdα,3D on a grid of 10 cm at a constant height for the
scenario in Fig. 5.2 with N = 4 is shown in Fig. 5.5. As evident, the combination
of RTOF and DOA enables a consistently high 3D positioning accuracy in the
measurement area.
Estimator EKF Assuming that an EKF is used to fuse the measurements of the
N nodes, an initial estimate for the 3D position of the target can be obtained by
the measurement of node 1. Assuming no prior knowledge of the target location,
the state covariance Σ0 is very large. The update of the covariance matrix is
then:
S = HΣ0 H T + Q1

(5.11a)

K = Σ0 H T S −1

(5.11b)

Σ1 = (I − KH)Σ0 .

(5.11c)

Using the identity for the inverse of the sum of invertible matrices
(A + B)−1 = A−1 − A−1 B(I + A−1 B)−1 A−1

(5.12)

from [156], the Kalman gain K can be rewritten as
−1
K = H −1 − H −1 Q1 (I + H −T Σ−1 H −1 Q1 )H −T Σ−1
.
0 H

(5.13)

Inserting Eq. (5.13) in (5.11c) yields
−1 −1
−1
≈ (H1T Q−1
.
Σ1 = (H1T Q−1
1 H1 + Σ 0 )
1 H1 )

(5.14)

The approximation is valid, since the initial state covariance Σ0 is very large.
Fusing the measurement of a second node with the same considerations yields
−1 −1
T −1
−1
Σ2 = (H2T Q−1
= (H2T Q−1
.
2 H2 + Σ 1 )
2 H2 + H1 Q 1 H1 )

(5.15)

The extension to N nodes can be done analogously. The result of Eq. (5.15)
matches (5.10). Hence, for the assumptions made, the EKF attains the CRLB.
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Fig. 5.6: Geometric illustration of resulting covariance ellipses of the fusion of
RTOF+DOA measurements from two nodes depending on problem
geometry and estimator used.
Estimator “mean” If instead of the EKF, a simple mean is used disregarding
the information about the measurement uncertainty, we obtain
x(z) =

N
1 ∑
x(zn )
N n=1

N
{
}
1 ∑ T
Hn Qn Hn
Σdα,3D = E (x(z) − x̄)(x(z) − x̄)T = 2
N n=1

(5.16a)
(5.16b)

A comparison of the estimators EKF from Eq. (5.15) corresponding to the CRLB
and the mean from Eq. (5.16) is shown in Fig. 5.6 for two different problem
geometries. As visible, the EKF results in a smaller covariance.
Optimal Node Placement Assuming the 2D case for simplicity, the measurement matrix Hn takes the form
[
]
cos ϕaz,n
sin ϕaz,n
Hn =
,
(5.17)
− sin ϕaz,n /d cos ϕaz,n /d
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where ϕaz,n is the angle between the radar node n and the target. We also
assume two nodes with equal distance d to the target and use the EKF as
an estimator. The optimal position of the nodes can then be determined by
minimizing the trace of Σ2 from Eq. (5.15)
ϕaz,1 , ϕaz,2 = arg min Tr{Σ2 }.
ϕaz,1 ,ϕaz,2

(5.18)

The minimum can be found by taking the derivative of the trace with respect
to one of the angles and setting it to zero:
∂ Tr{Σ2 }
!
= · · · = cos(ϕaz,2 − ϕaz,1 ) = 0.
∂ϕaz,1

(5.19)

The solution is ϕaz,2 = ϕaz,1 + (2n + 1)π/2, n = 0, ±1, ±2, ±3, . . .. Inserting
this in the second derivative proves that this is a local minimum. The effect of
the problem geometry on the expected accuracy is also evident from Fig. 5.6.
When the static nodes are placed in such a way, that the covariance matrices are
geometrically orthogonal (ϕaz,2 = ϕaz,1 + (2n + 1)π/2), the resulting positioning
uncertainty is small and a good position dilution of precision (PDOP) is attained
Node 1
Node 2
Result

0.6
0.1

z in m

0.4

0.2
0

0.4
0.2
y in m

0
0

0.3 0.4
0.1 0.2
x in m

Fig. 5.7: CRLB of the intersection of two measurements in 3D.
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as shown in (a). This is the case for most positions between the nodes from the
scenario in Fig. 5.2. When both covariance matrices are geometrically parallel
to each other (ϕaz,2 = ϕaz,1 + nπ), the resulting uncertainty is higher due to
bad PDOP as can be seen in (b). This is the case when the target is far away
from the static radar nodes.
These results can easily be transferred to the 3D case as shown in Fig. 5.7. In
the given scenario the covariance intersection in the xy plane is approximately
orthogonal and therefore a good accuracy in horizontal direction is achieved. As
the covariance ellipsoids in z are approximately parallel, the vertical accuracy
is worse.

5.3 EKF for 6 DOF Positioning
Based on four static and one mobile radar nodes, an EKF was constructed to
achieve 3D position and 3D orientation localization. Each measurement from
a static node equipped with the planar 2D antenna array from Fig. 2.16 (a)
directly provides a 3D position estimate with a corresponding uncertainty. The
mobile node was fitted with the ring antenna array from Fig. 2.16 (b), which
was used to support the estimation of its yaw orientation. A 0.1°-accurate dualaxis inclinometer Posital Fraba ACS-080 was additionally employed to measure
the pitch and roll orientation of the robot. Deliberately, no further inertial
measurement unit (IMU) was used, in order to keep the developed positioning
system generically applicable for wheeled as well as legged robots.
The state vector x is defined as
⎡
⎤
pxyz
⎢ vxyz ⎥
⎥
x=⎢
(5.20)
⎣ θαβγ ⎦ ,
ωαβγ
[
]T
with the 3D position pxyz = x y z , the 3D translational velocity vxyz =
[
]T
[
]T
vx vy vz , the 3D orientation θαβγ = α β γ , and the 3D angular
[
]T
velocity ωαβγ = ωα ωβ ωγ .

5.3.1 Motion Model

As no IMU was available, a DWNA motion model similar to the one described
in Section 4.10 was used. To also account for the additional DOF of motion in
z and rotation in pitch and roll, the state transition matrices A from Eq. (4.71)
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∆t

µt−1
Σt−1

DWNA Motion Model
µ̄t = Aµt−1
Σ̄t = AΣt−1 AT + BQaα B T
µ̄t
Σ̄t
Fig. 5.8: Simplified block diagram of the EKF prediction step.
and B from (4.72) are extended to
⎡
I ∆tI
⎢0
I
⎢
A=⎣
0
0
0
0
⎡
0.5∆t2 I
⎢ I∆t
B=⎢
⎣ 0
0

⎤
0
0 ⎥
⎥,
∆tI ⎦
I
⎤
0
0 ⎥
⎥.
0.5∆t2 I ⎦
I∆t
0
0
I
0

(5.21a)

(5.21b)

I denotes the 3×3 identity and 0 the 3×3 zero matrices. ∆t is the time between
two successive EKF prediction steps.
The prediction equations remain unchanged as in (4.73)
µ̄t = Aµt−1 ,
Σ̄t = AΣt−1 AT + BQaα B T ,

(5.22)

with the matrix Qaα describing the translational a and angular α accelerations
as white Gaussian noise with covariance matrix
[ 2
]
σ I
0
Qaα = a
.
(5.23)
2
0
σα
I
The prediction step is summarized in Fig. 5.8.
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5.3.2 EKF for 3D Position
The EKF for estimating the 3D position is also very similar to the one used in
Section 4.10. The measurement vector zn,t for node n is given by the conversion
from polar to Cartesian coordinates
⎤
⎡
dst,n,t cos ϑst,n,t cos ϕst,n,t
(5.24)
zn,t = ⎣ dst,n,t cos ϑst,n,t sin ϕst,n,t ⎦ ,
dst,n,t sin ϑst,n,t
with the distance dst,n,t , azimuth ϕst,n,t , and elevation ϑst,n,t angles measured
by static node n at time step t. The measurement prediction vector is given by
the current estimate of the mobile robot 3D position
⎤ ⎡ ⎤
⎡
x
µ̄x,t
(5.25)
ẑn,t = ⎣µ̄y,t ⎦ = ⎣y ⎦ +N (0, Rt ).
z
µ̄z,t

hpos

The measurement matrix Ht is

⎡
⏐
1
∂hpos ⏐⏐
Ht =
= ⎣0
⏐
∂x x=µ̄t
0

0
1
0

0
0
1

⎤

03×9 ⎦ .

(5.26)

The Jacobian Gt to convert the measurement covariance matrix Qrad,st
⎡ 2
⎤
σdst
0
0
2
σϕst
0 ⎦
Qrad,st = ⎣ 0
(5.27)
0
0
σϑ2 st

to state space Rt = Gt Qrad,st GT
t is derived analogously to Eq. (4.78) and is
given by
Gt =
⎡
cos ϕst,n,t cos ϑst,n,t
⎣ sin ϕst,n,t cos ϑst,n,t
sin ϑst,n,t

−dst,n,t sin ϕst,n,t cos ϑst,n,t
dst,n,t cos ϕst,n,t cos ϑst,n,t
0

⎤
−dst,n,t cos ϕst,n,t sin ϑst,n,t
−dst,n,t sin ϕst,n,t sin ϑst,n,t ⎦ .
dst,n,t cos ϑst,n,t
(5.28)
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dst,n,t
ϕst,n,t
ϑst,n,t

µt
Σt

Static Radar n 3D EKF
 
x
hpos = y 
z


dst,n cos ϑst,n cos ϕst,n
zn,t =  dst,n cos ϑst,n sin ϕst,n 
dst,n sin ϑst,n


µ̄x,t
zbn,t = µ̄y,t 
µ̄z,t
∂hpos
Ht =
∂x x=µ̄t
if DM,t > Dth,i → Qrad,st = ls,i Qrad,st
St = Ht Σt HtT + Gt Qrad,st GT
t

Kt = Σt HtT St−1
µ̄t = µt + Kt (zn,t − zbn,t )
Σ̄t = (I − Kt Ht )Σt
µt = µ̄t
Σt = Σ̄t
Fig. 5.9: Simplified block diagram of the EKF 3D position estimation step.
The update step is then
St = Ht Σt HtT + Gt Qrad,st GT
t ,
Kt = Σt HtT St−1 ,
µ̄t = µt + Kt (zn,t − ẑn,t ),

Σ̄t = (I − Kt Ht )Σt .

(5.29)
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As the measurements
∏ of all static nodes are conditionally independent, i.e.
p(x|z1 , . . . , zN ) = N
n=1 p(x|zn ), they are fused sequentially in the order they
are obtained. The propagation step from Section 5.3.1 with the time difference
to the previous update is performed before fusing the current measurement. The
EKF for 3D position estimation is summarized in Fig. 5.9.

5.3.3 EKF for 3D Orientation
As already mentioned, a dual-axis inclinometer and the azimuth angle measurement of the mobile radar node were used to estimate the 3D orientation of the
mobile robot.
Inclinometer The inclinometer measures the angles θx and θy between its x
and y axes vx,inc and vy,inc and the global xy plane, respectively. The global
coordinate system is defined with its z axis anti-parallel to the gravity vector.
The problem geometry is illustrated in Fig. 5.10.
z (gravity aligned)
vz,inc

vx,inc

vy,inc
finc

θx

fglo

θy
y

x
Fig. 5.10: Global coordinate system fglo , dual-axis inclinometer coordinate
system finc and measured angles θx and θy .
In order to fuse the inclinometer data to the current orientation estimate,
they need to be converted to Tait-Bryan
angles. This can] be achieved by calcu[
lating the rotation matrix Rinc = vx,inc vy,inc vz,inc , which describes the
orientation of finc . Since the inclinometer does not measure the yaw (heading)
angle, it can be assumed without loss of generality that the vx,inc vector lies in
the global xz plane for the derivation of Rinc . From geometric considerations,
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vx,inc is
vx,inc

⎤
⎡
cos θx
= ⎣ 0 ⎦.
sin θx

(5.30)

vy,inc is the vector which fulfills the following three conditions:
1. vy,inc is orthogonal to vx,inc : vy,inc · vx,inc = 0.
2. vy,inc is a unit vector: ∥vy,inc ∥ = 1.
3. The projections
[
]of vy,inc on the z axis has the length sin θy :
vy,inc · 0 0 1 = sin θy .

The resulting equations have the closed-form solution
⎡
⎤
− tan θx sin θy
√
vy,inc = ⎣cos θy 1 − (tan θx tan θy )2 ⎦ .
sin θy

(5.31)

The z-axis vector is then given by the cross product vz,inc = vx,inc × vy,inc . This
completely defines the orientation matrix Rinc .
The robot orientation matrix Rrob is then obtained by rotating the constant
matrix Rinc2rob by Rinc :
Rrob = Rinc Rinc2rob .

(5.32)

Rinc2rob describes the relative 3D orientation of the mobile robot and the inclinometer coordinate systems and needs to be determined during the assembly
of the system. Using the conversion from rotation matrix to pitch β and roll γ
angles from [157], the measurement vector zinc,t at time t is given by
)]
(
√
[
] [
β(Rrob )
atan2 −[Rrob ]3,1 , [Rrob ]23,2 + [Rrob ]23,3
zinc,t =
. (5.33)
=
γ(Rrob )
atan2 (−[Rrob ]3,2 , [Rrob ]3,3 )
The measurement prediction vector is
[
] [ ]
µ̄β,t
β
ẑinc,t =
=
+N (0, Rt ).
µ̄γ,t
γ


(5.34)

hinc

Again, the covariance matrix Rt which describes the noise in state space is given
by the conversion Rt = Gt Qinc GT
covariance matrix
t of the 2 ×[2 inclinometer
]
2
Qinc = σinc
I with the Jacobian Gt = ∂zinc /∂ θx θy . With the measurement
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θx,t
θy,t
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µt
Σt

Inclinometer Pitch and Roll EKF
 
β
hinc =
γ


β(Rrob )
zinc,t =
γ(Rrob )


µ̄β,t
zbinc,t =
µ̄γ,t
∂hinc
Ht =
∂x x=µ̄t
if DM,t > Dth,i → Qinc = ls,i Qinc
St = Ht Σt HtT + Gt Qinc GT
t

Kt = Σt HtT St−1
µ̄t = µt + Kt (zn,t − zbn,t )
Σ̄t = (I − Kt Ht )Σt
µt = µ̄t
Σt = Σ̄t
Fig. 5.11: Simplified block diagram of the inclinometer-based EKF for mobile
robot pitch and roll estimation.
matrix Ht
Ht =

⏐
[
∂hinc ⏐⏐
02×7
=
∂x ⏐x=µ̄t

1
0

0
1

]
02×3 ,

(5.35)

the pitch β and roll γ angles can be updated using the standard EKF equations
as in Eq. (5.29). This is summarized in Fig. 5.11.
Mobile Radar Node The radar node on the mobile robot is equipped with the
ring antenna array from Fig. 2.16 (b) and is capable of measuring the distance
and the azimuth angle ϕmo,n to the static radar nodes at positions mrad,st,n ,
n = 1 . . . 4. It is used to determine the yaw orientation α of the mobile robot.
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z (gravity aligned)
vm,n

mrad,st,n

vz,inc
vϕ,n
vy,inc

ϕmo,n

vx,inc

frob
θx

θy

fglo

y

x
Fig. 5.12: Robot coordinate frame frob with mobile radar azimuth angle measurement ϕmo .
The result of the azimuth measurement is the vector
vϕ,n = vx,inc cos ϕmo + vy,inc sin ϕmo ,

(5.36)

which is the projection of the static node position mrad,st,n on the plane spanned
by vx,inc and vy,inc .
If the mobile radar node is parallel to gravity (β = γ = 0°), the measured
azimuth angle corresponds to the yaw orientation of the mobile robot up to a
constant offset given by the relative orientation of the mobile radar node to the
robot coordinate system. This is in general not the case at non-zero pitch or
roll angles as can be seen in Fig. 5.12.
An alternative interpretation is to say that the azimuth measurement constrains the static node position to the plane spanned by vϕ,n and vz,inc . It
should be noted, that this plane is only known from the combination of the
inclinometer and azimuth DOA measurements. If the roll or pitch angles are
non-zero and are unknown, no accurate yaw estimation is possible using only
azimuth DOA. Additionally, an estimate for the mobile robot 3D position should
be available.
The mobile robot yaw orientation α(ϕmo ) can thus be determined as the angle
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corresponding to the rotation
⎡

cos α(ϕmo )
Rz (α(ϕmo )) = ⎣− sin α(ϕmo )
0

sin α(ϕmo )
cos α(ϕmo )
0

⎤
0
0⎦ .
1

(5.37)

Rz (α(ϕmo )) rotates frob around the global z axis so that mrad,st,n lies in the
plane spanned by vϕ,n and vz,inc . The sought yaw angle α(ϕmo ) has to satisfy
two conditions:
1. The plane normal vϕ,n × vz,inc is orthogonal to the vector vm,n pointing
!
at mrad,st,n : (Rz (α(ϕmo ))(vϕ,n × vz,inc )) · vm,n = 0. There are two angles
α(ϕmo )1 and α(ϕmo )2 = α(ϕmo )1 + π which satisfy this condition and
there exists a rather long closed-form solution, which is not given here for
the sake of brevity.
2. The projections of the rotated vϕ,n on vm,n is positive, i.e. they point
roughly in the same direction (the second result in the first condition
points in the opposite direction): (Rz (α(ϕmo ))vϕ,n ) · vm,n > 0.

The measurement vector zmo is then

zmo,n,t = α(ϕmo,n,t )

(5.38)

and the measurement prediction
ẑmo = µ̄α,t = 
α +N (0, Rt ).

(5.39)

hmo

Rt is the measurement covariance matrix in state space given by the conversion
2
2
Rt = Gt σϕ
GT
t , where σϕmo is the variance of the azimuth measurement of
mo
the mobile radar node. Due to the very long expressions involved, the Jacobian
Gt was implemented as numeric instead of analytic differentiation:
Gt =

∂zmo
∆zmo
≈
.
∂ϕmo
∆ϕmo

(5.40)

The measurement matrix Ht is again given by the differentiation of the measurement function:
⏐
[
]
∂hmo ⏐⏐
Ht =
= 01×6 1 01×5 .
(5.41)
∂x ⏐x=µ̄t
The standard EKF equations can then be used to estimate the yaw orientation
of the mobile robot. This is summarized in Fig. 5.13.
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ϕmo,n,t

µt
Σt

Mobile Radar Azimuth EKF
hmo = α
zmo,n,t = α(ϕmo,n,t )
zbmo,n,t = µ̄α,t
∂hmo
Ht =
∂x x=µ̄t
2
2
if DM,t > Dth,i → σϕ
= ls,i σϕ
mo
mo
2
St = Ht Σt HtT + Gt σϕ
GT
t
mo

Kt = Σt HtT St−1
µ̄t = µt + Kt (zn,t − zbn,t )
Σ̄t = (I − Kt Ht )Σt
µt = µ̄t
Σt = Σ̄t

Fig. 5.13: Simplified block diagram of the mobile radar-based EKF for mobile
robot yaw estimation.

5.3.4 System Implementation
The architecture of the realized system is very similar to the one shown in Fig.
4.21 and will not be repeated here. All algorithms were implemented in C on
an embedded platform and the sensor fusion framework Symeo FusionEngine
was used. Due to the modularity of the framework, some of the functionality
implemented in Chapter 4 could be reused. The radar measurement rate was
30 Hz. This was also the rate with which the state was updated. The comments
regarding initialization, recovery, and outlier detection from Sections 4.8 and
4.9 apply here as well.

5.3.5 Results
The complete system was tested in three scenarios: the study hall Tentoria at
the FAU Erlangen-Nürnberg (Fig. 5.14 (a)), the DFKI space exploration hall
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in Bremen (Fig. 5.1), and the entrance hall of the DFKI building at RobertHooke-Straße 1, Bremen (Fig. 5.2).
Tentoria The measurements were performed as part of the SOKOROB project,
where the relative 3D positions and 3D orientations of 5 mobile robots Pioneer P3-AT (cf. Fig. 4.23 (c)) had to be determined. Using this hardware, the
TransTerra scenario could be mimicked by keeping the outer four robots static,
measuring their poses precisely with the total station and driving around with
the fifth mobile robot. The robot started on the platform in the middle, drove
down the ramp and then around it. During the run, its 3D position was tracked
by the total station, which served as ground-truth reference and by the EKF
described in Section 5.3. The result is shown in Fig. 5.14 (b). The red dots
denote the estimated 3D position of the mobile robot and the red lines its 3D
orientation. As can be seen, the EKF result matches the reference trajectory
accurately. Due to software limitations, the measurement rate in this campaign
was restricted to approximately 1 Hz, so that only a few measurement points
were obtained while the robot was driving relatively fast around the ramp. Unfortunately, no reference for the orientation was available. However, one can see
that it mostly matches the driven trajectory. The cumulative error distribution
is shown in Fig. 5.14 (c). The exact attained measurement accuracy in x, y, z,
and in 3D is given in the column “Tentoria” in Table 5.1.
DFKI Space Exploration Hall (DFKI SEH) A second measurement campaign
was performed in the DFKI space exploration hall in Bremen. As visible from
Fig. 5.1, two static radar nodes were used. The mobile radar node was carried
by the space exploration rover SherpaTT. As stated in [143] “SherpaTT is a
hybrid wheeled-leg rover with an active suspension system composed of four
limbs with a wheel mounted at the end of each limb. A total of 20 active degrees
of freedom (DOF) allow the robot to adapt to rough terrain while at the same
time maintaining a desired body height and/or attitude of the central body.”
The measurement results of a triangle-like trajectory are shown in Fig. 5.15 (a).
Again, the measurement trajectory closely matches the reference. As can be
seen, the estimated orientation is approximately constant, which corresponds to
the reality, as the mobile robot was moved sideways demonstrating its ability to
move in any direction. The cumulative error distribution is shown in Fig. 5.15
(b) and the attained accuracy is given in Table 5.1 in the column “DFKI SEH”.
DFKI Entrance Hall (DFKI EH) A third measurement campaign was conducted
in the entrance hall of the DFKI shown in Fig. 5.2. Four static radar nodes
equipped with 2D planar antennas were installed on tripod stands and their
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Fig. 5.14: Measurement result in test scenario “Tentoria, FAU ErlangenNürnberg” (a) with mobile node with an 8-channel ring array and 4
static nodes with 2D planar arrays (adapted from [150] and [158]).
Localization result and reference (b) and cumulative error probability (c).
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Fig. 5.15: Localization result with reference in DFKI space exploration hall (a)
and cumulative error distribution (b).
poses were precisely measured with the total station. The measurement area
had the size of 8 × 14 m. The rover SherpaTT was equipped with the radar with
the ring antenna array and the dual-axis inclinometer as shown in Fig. 5.16. The
result of a typical test run is shown in Fig. 5.17 (a). During the experiment, the
height of the rover was changed at multiple times to also demonstrate the localization capability in z-direction as shown in Fig. 5.17 (c). The cumulative error
distribution is shown in Fig. 5.17 (b) and the attained accuracy is summarized
in Table 5.1 in the column “DFKI EH”.
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Static node
Mobile node

Static node

Fig. 5.16: Rover SherpaTT equipped with mobile radar node and static nodes
in the background.

Table 5.1: TransTerrA localization accuracy results expressed as 68 %, resp.
95 % of the measurement errors being below a certain threshold
value as given by the cumulative error distribution.
σ (=
ˆ 68 %) / 2σ (=
ˆ 95 %)
σx
σy
σz
σ3D
2σx
2σy
2σz
2σ3D

Tentoria

DFKI SEH

DFKI EH

7.3 cm
4.9 cm
13.2 cm
17.4 cm
19.4 cm
20.6 cm
28.9 cm
40.6 cm

8.1 cm
10.9 cm
7.6 cm
14.9 cm
14.5 cm
19.6 cm
16.5 cm
26.2 cm

3.8 cm
3.5 cm
4.7 cm
7.3 cm
7.4 cm
7.1 cm
9.7 cm
12.1 cm
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Fig. 5.17: Localization result with reference in DFKI building entrance hall (a)
and cumulative error probability (b). A zoom-in demonstrating the
localization capability in z-direction (c).

165

5.4. Conclusion

5.4 Conclusion
In this chapter the accurate 6 DOF localization of a mobile robot with 4 static
radar nodes combining range and angle measurements was verified. The results
in three different scenarios showed a gradual improvement, as the measurement
rate of the system was increased and the array calibration improved.
Similar to Section 4.14, this application would also profit from modern radar
chips, offering higher bandwidth and more Rx channels. Additionally, employing
algorithms which can resolve (e.g. SAGE) and utilize the ground multipath
reflections [70] could improve the localization accuracy in z direction. Phasetracking approaches as in [159] can also lead to accuracy improvements, but
may be more susceptible to interference.

6 Further Applications
6.1 Microsoft Indoor Localization Competition
Although initially developed for planetary exploration applications, the system
presented in Chapter 5 fulfilled all requirements to participate in the Microsoft
Indoor Localization Competition 2016 [126], [160], [161]. The aim of this event is
to obtain a fair comparison of the performance of different localization systems
under equal real-life conditions. The competition took place in the Dachfoyer
hall of the Hofburg building (former imperial palace) in Vienna, Austria shown
in Fig. 6.1 and 6.4. The evaluation area contained two floors and a staircase
(see also the simplified geometry 3D plot in Fig. 6.2 and 6.3). As can be seen,
numerous objects and persons were present on-site and even more during the
evaluation of the systems. This made the task particularly challenging.
Since the maximum number of static nodes allowed by the rules was five, the
system from Chapter 5 was extended by one further node. As the map of the
scenario was known in advance, a CRLB simulation was performed to obtain
an initial estimate of the achievable accuracy and to choose optimal positions
for the static nodes. The result is shown in Fig. 6.2. As evident, 5 static nodes
combining RTOF and DOA with a field of view of ±60° are sufficient to cover
the whole evaluation area. A 3D accuracy of 10-20 cm can be expected in the
absence of systematic errors.
During the evaluation it turned out, that it was impossible to place the static
nodes as planned due to various limitations. Therefore, they were placed as
shown in Fig. 6.3. The mobile node was carried by hand to the evaluation
points chosen by the organizers and an IMU was additionally used as a standstill
detector to be able to automatically provide a constant and stable result as
required by the rules. NLOS paths between the mobile and the static nodes
were filtered out by a threshold on the sample variance of the measurements.
The evaluation points and the result of the proposed system are also shown in
Fig. 6.3.
The achieved result is given in Table 6.1. As can be seen, the accuracy in x and
y direction was much better than in z which stands in line with the theoretical
result. A major source of error in z were the points on the staircase (shown as
a darker brown rectangle in the figures), where the metal railings visible in Fig.
6.4 caused multipath reflections and partially obstructed the LOS path.
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Fig. 6.1: Microsoft Indoor Localization Competition 2016 evaluation area in
the Dachfoyer hall of the Hofburg building (former imperial palace)
in Vienna, Austria.
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Fig. 6.3: Poses of static radar nodes used during the competition. Evaluation
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Table 6.1: Localization accuracy in x, y, z, and in 3D in the evaluation phase at
the Microsoft Indoor Localization Competition 2016. The accuracy
metric used was the mean absolute error as chosen by the organizers.
mean(|ex |)
8.10 cm

mean(|ey |)
10.35 cm

mean(|ez |)
31.59 cm

mean(|e3D |)
37.23 cm

Metal railings

Radar node

Evaluation point

Fig. 6.4: The author and the participating system during the competition
phase at an evaluation point at the staircase. There were three more
evaluation points on the staircase.
With this result, the system was the fourth most accurate system in the
competition out of 31 contestants (18 in the 3D and 13 in the 2D category; the
complete official results can be seen in [160]). The most accurate system was
based on laser scanners, which are not allowed to participate in the competition
anymore as of 2018. Except for several sound/ultrasound devices, virtually all
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other systems were based on the Decawave UWB boards with a bandwidth
of up to 900 MHz and multilateration. This again shows the advantages of the
proposed concept which yielded very similar (and compared to most contestants
better) localization results with a much lower bandwidth of 250 MHz.

6.2 UAV Localization
Another interesting application which is expected to rapidly grow in importance
in the years to come is unmanned aerial vehicles (UAV) localization. UAVs are
poised to transform multiple industries in the next decades, like e.g. parcel delivery [162], [163], surveillance [164], and automated warehouse inventory [165].
GNSS/RTK is currently widely used for UAV localization and navigation as it
offers 3D position and heading estimation with an accuracy in the range of 1 cm
and 1°, respectively. However, it is not available indoors and its accuracy can
be greatly reduced in urban canyons.
The most critical flight phases are during takeoff and landing. As applications
relying on UAVs grow in popularity and acceptance, the risk of malicious jamming attacks of the GNSS satellite signals or the GNSS correction data streams
increases. As the landing sites are static and in general known to the public (e.g.
a parcel station), they are most vulnerable to attacks. Illegal, but commercially
available jamming devices are freely available. The cheapest emit CW signals
and cost as low as $5. More advanced devices at prices of a few hundred dollars use sawtooth signals with bandwidth of up to 100 MHz. GNSS signals are
very susceptible to such attacks, as their bandwidth is lower than 25 MHz and
their power at Earth level is approximately −130 dBm. An overview of available
GNSS jammers can be found in [166].
The jamming resistance of FMCW signals, on the other hand, is much higher
due to the modulation scheme used and because they commonly use a much
higher bandwidth [167]. A successful attack would require the jammer to estimate the signal parameters (sweep duration and bandwidth) and synchronize
to them with sufficient accuracy. Therefore, the system presented in Chapter
2 is an interesting candidate for 3D UAV localization to increase the reliability
during landing and takeoff, and also to enable indoor applications. Because the
system is secondary, the signal power is relatively higher compared to GNSS:
approximately −62 dBm at a distance of 100 m considering FSPL, simple patch
antennas and legally limited Tx power of 13 dBm. This greatly improves the
resistance to jamming.
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Fig. 6.5: CRLB for 3D positioning based on multiangulation, multilateration,
and the combination of RTOF and DOA (extended and adapted from
[168]).
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6.2.1 CRLB
Based on the results from Section 5.2 multiangulation, multilateration, and the
combination of RTOF and DOA were compared in terms of achievable accuracy
using the CRLB for 3D positioning. The measurement variances σd = 8 cm
and σϕaz = σϑel = 1° for distance, azimuth, and elevation, respectively were
assumed. Four nodes with omnidirectional coverage were simulated for multiangulation and multilateration, as this is the minimal number required for
unambiguous localization. The nodes were placed equidistantly on a circle with
a radius of 2 m. One omnidirectional node was assumed for the combination of
RTOF and DOA.
The resulting CRLB in 3D is shown in Fig. 6.5. The colored bubbles denote
iso-accuracy surfaces with a corresponding 3D positioning CRLB (e.g. the green
surfaces denote 3D positions where the 3D position standard deviation is 50 cm).
As can be seen, a single node using a combination of RTOF and DOA is capable
of providing accurate localization at a much larger range compared to multiangulation and multilateration. The egg-like shape of the resulting iso-accuracy
surfaces for RTOF+DOA is due to the fact that the positioning precision in z
depends only on the ranging and the elevation error (σz ∝ [σd , σϑ ]) and in x
and y also on the azimuth error (σx , σy ∝ [σd , σϕ , σϑ ]). This can be considered
during array design. The combination of RTOF and DOA is also much more
compact, which is important, if application such as e.g. parcel delivery stations
are considered.

6.2.2 Results
The suitability of the system presented in Chapter 2 for UAV localization was
tested in a measurement campaign in collaboration with the Institute of Flight
System Dynamics (FSD), RWTH Aachen University, Germany. A radar node
with a 2D planar antenna was static on the ground and the UAV was equipped
with the compact portable radar node from Fig. 4.3 as shown in Fig. 6.6 (a).
The UAV used is the tiltwing Maverix, developed at FSD, Aachen. Being able
to tilt the main wing in vertical as well as in horizontal position, it is capable of
vertical takeoff/landing and wing-borne aerodynamic flight. It has a wing-span
of approximately 1 m.
The results of three test flights performed with the described setup at a distance of up to 100 m are given in Table 6.2. The flight trajectory for flight #1 as
measured by the radar and the RTK is shown in Fig. 6.6 (c). As can be seen, a
single radar node is sufficient for accurate 3D positioning for UAV landing and
takeoff. The segment with relatively large discrepancy between the radar result
and the reference is due to problems with the antenna array calibration, as a
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Fig. 6.6: Tiltwing UAV Maverix equipped with portable radar node (a); measurement during flight at the RC model airfield in Orsbach/Aachen,
Germany (b); measured trajectory by radar with RTK as reference
(c) (extended and adapted from [168]).
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sidelobe was becoming higher than the mainlobe.
The initial theoretical derivations and test results prove the potential of the
proposed system for UAV localization. In a next step, a Kalman filter can be
used to improve the localization stability and reliability. An antenna array with
hemispherical coverage used in the static radar node will ensure that the UAV
can approach from any direction. A miniaturized portable radar node could
make the system more attractive for smaller UAVs.
Table 6.2: Radar measurement errors in distance ed , azimuth eϕ , elevation eϑ ,
and 3D distance e3D for three test flights from a test campaign at
the RC model airfield in Orsbach/Aachen, Germany shown in Fig.
6.6 (b). An RTK receiver was used as a reference.
Flight #
1
2
3

RMS(ed )
8.25 cm
7.91 cm
11.61 cm

RMS(eϕ )
0.65°
0.68°
0.70°

RMS(eϑ )
0.97°
0.94°
1.04°

mean(e3D )
19.66 cm
21.18 cm
31.19 cm

7 Conclusion and Outlook
A wireless local positioning concept based on secondary radar combining RTOF
with DOA measurements is presented in the thesis at hand. Using multi-modal
sensor fusion with complementary sensors, its performance is demonstrated in
several realistic applications.
The radar device used is a secondary FMCW radar with 8 Rx channels operating in the 24 GHz ISM band. Combining RTOF and DOA estimates, it was
shown that 3D positioning is possible with only a single measurement from a
static to a mobile radar node. This greatly reduces the complexity compared to
state-of-the-art multilateration or multiangulation localization systems, where
at least 4 static nodes are required. The error sources phase noise and AWGN
and their effect on the ranging accuracy were studied. It was shown that a
certain improvement can be achieved by combining all 8 Rx channels.
Compensating the phase noise typical for secondary radar as proposed in [169]
can improve the localization precision.
The DOA estimation was also analyzed regarding the achievable accuracy, the
efficient implementation on an embedded platform, and the effects of calibration.
It was demonstrated that the phase mismatch between the Rx channels, the
angle-independent mutual coupling, and the phase center position errors can be
successfully calibrated.
A thorough analysis of angle-dependent phase errors and their compensation
based on a signal model or a sector calibration could lead to further performance
improvements.
Accurate and reliable 3D localization in outdoor and large indoor environments could be demonstrated in multiple experiments with only a single static
radar node. RMSE of 5 cm in range and 1° in azimuth and elevation could be
achieved. However, there were significant problems in long and narrow corridors,
where multipath reflections severely interfered with the DOA estimation.
Employing a radar device with more Rx channels would lead to an array
pattern with lower sidelobes and narrower beamwidths and increase the performance in such situations. Optimizing the antenna array for a certain scenario
can also lead to improvements. Despite their high computational complexity,
high-resolution algorithms such as Capon and MUSIC could also be employed
to improve the angular resolution and reduce the negative impact of multipath
signals.
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Based on the presented radar concept, two wireless local positioning systems
were developed and tested. The radar sensor was combined with an ultrasonic device and odometry in an EKF-based sensor fusion to provide robust
localization of a healthcare service robot for autonomous navigation in a very
challenging indoor environment. The complementary properties of the employed
sensors ensured consistent localization quality. Only two static radar nodes were
sufficient to provide coverage in an up to 60 m-long corridor. A 2D positioning
accuracy of 10 cm and an orientation accuracy of 1.5° could be demonstrated
in three real-life scenarios. A compact portable radar node carried by a human
could also be located relative to the mobile robot to provide follow and lead
functionality.
A multi-hypothesis Kalman filter could be used to increase the reliability even
further in particularly difficult situations which can be described by multimodal
distributions [107]. Additionally employing an IMU in the portable radar node
can aid the relative localization of a person, especially in the case when no
LOS path is available. A hybrid primary-secondary radar approach, as shortly
demonstrated, also has great potential to create a powerful radar-based indoor
positioning system.
Another system for 6 DOF mobile robot localization for planetary exploration
applications was also presented. Using 4 static radar nodes, a mobile robot
carrying a fifth node was located using an EKF on an area of 110 m2 . A 3D
positioning accuracy in the range of 10 cm was achieved while simultaneously
using a dual-axis inclinometer for roll and pitch and radar for yaw orientation
estimation.
In such scenarios with relatively simple geometry, the multipath caused by the
ground reflection can be used to improve the localization as shown e.g. in [70].
It could also be resolved with algorithms like SAGE. Phase-based approaches
like the ones shown in [170] and [159] could lead to significant performance
improvements, but will probably be more susceptible to interference.
The proposed system competed in the Microsoft Indoor Localization Competition 2016 and outperformed many of the contestants, even though a much
lower bandwidth was used. Furthermore, the proposed approach was successfully tested for UAV localization.
Highly integrated 77 GHz FMCW radar chips with a higher bandwidth, multiple Rx / Tx channels as well as built-in mixing and signal digitization are
becoming available from several manufacturers. These chips will enable radar
devices with higher ranging and angular accuracy as well as a smaller form factor. This makes the concepts proposed in this work even more attractive for the
aforementioned applications.

A Geometric Functions
A.1 Euclidean Distance
The Euclidean distance between two vectors ∥v∥ = ∥v2 −v1 ∥, resp. the Euclidean
norm of a vector ∥v∥ is given by

 N
∑
∥v∥ = √
vn2 ,
(A.1)
n=1

where N denotes the dimensionality of the vector v.

A.2 Angle
The angle between two points p1 and p2 is
∠(p1 , p2 ) = atan2(p2,y − p1,y , p2,x − p1,x ).

(A.2)

The function atan2(·) is the four-quadrant extension of the arcus tangens commonly defined as
⎧
atan( xy )
if x > 0
⎪
⎪
⎪
⎨sign(y)(π − atan(| y |)) if x < 0
x
atan2(y, x) =
(A.3)
⎪
0
if x = y = 0
⎪
⎪
⎩
sign(y) π2
if x = 0, y ̸= 0.

x
1
Using the identity d arctan
= 1+x
2 and the chain rule, the partial derivatives
dx
can be shown to be
⎧∂
y
atan( xy ) = − x2 +y
if x > 0
⎪
2
⎪
⎪ ∂x
⎨
y
if x < 0
· · · = − x2 +y2
∂ atan2(y, x)
=
(A.4)
⎪
∂x
if x = y = 0
⎪
⎪0
⎩
0
if x = 0, y =
̸ 0

A.3. Wrap Angle
and

180

⎧∂
atan( xy ) =
⎪
∂y
⎪
⎪
⎨· · · = x
∂ atan2(y, x)
x2 +y 2
=
⎪0
∂y
⎪
⎪
⎩
0

if x > 0

x
x2 +y 2

if x < 0
if x = y = 0
if x = 0, y ̸= 0.

(A.5)

A.3 Wrap Angle

In order to wrap an arbitrary angle α to the range ±π, i.e. to α̂ ∈ [−π, π), the
function wrap(·) is defined as follows:
(A.6)

α̂ = wrap(α) = mod((α + π), 2π) − π,
with the modulo function mod(·, ·).

A.4 Basis Transformation
The function pd = btran (fs , fd , ps ) transforms the point ps from the source
coordinate system fs into the point pd in the destination coordinate system fd
(cf. Figure A.1). Although the following equations apply for the 3D case, they
can easily be adapted for 2D.
z
zs
zd

ys

yd
fs

fd
pd

ps
xs

xd
y

x
Fig. A.1: Transformation between coordinate systems.
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The coordinate systems are given in the form
]
[
f = pT
vxT vyT
0
[
= p0,x p0,y p0,z vx,x vx,y vx,z vy,x

vy,y

vy,z

]

(A.7)

with the origin of the coordinate system p0 and the unit x-direction and ydirection vectors vx , resp. vy given in a certain [“parent” coordinate
system.
]
The z-direction vector can be calculated to vz = vz,x vz,y vz,z = vx × vy
where × denotes the cross product. f can then be written in matrix form as
⎡
⎤
vx,x vy,x vz,x p0,x
[
]
⎢vx,y vy,y vz,y p0,y ⎥
Rf
Tf
⎥=
.
(A.8)
Af = ⎢
⎣vx,z vy,z vz,z p0,z ⎦
0 0 0 1
0
0
0
1

The matrix Af can be interpreted as an affine transformation consisting of a
rotation Rf and a translation Tf which converts a point p from f into its
parent coordinate system. The point p needs to be converted to homogeneous
coordinates by appending a 1 to the Euclidean representation to obtain p =
[
]T
px py pz 1 .
The function btran (·, ·, ·) is then defined by
[ ]
[ ]
ps
pd
.
(A.9)
A
= btran (fs , fd , ps ) = A−1
fs
fd
1
1
where Afd and Afs are the matrix representations of fd and fs derived analogously to Eq. (A.8).

B Evaluation of Positioning Systems
In order to verify the performance of a positioning system in a certain scenario,
a ground truth obtained by a high-precision reference system is indispensable.
One of the main requirements for a reference system is to feature an accuracy
at least 10 times better than the tested system.

B.1 3D Position
The survey instrument used throughout this work as a 3D position reference is
a total station TS30 from Leica Geosystems featuring mm-range accuracy [171].
The total station is usually mounted on a static tripod and needs to be manually
aligned to gravity. A built-in dual-axis inclination sensor is used to correct for
any errors in the instrument inclination. This ensures that the measured points
will be provided in a coordinate system, which is aligned to gravity. A direct
drive based on the converse piezoelectric effect in a ceramic material is used
to precisely rotate the alidade and telescope of the device [171]. This enables
the device to autonomously track a target or to be remotely controlled via an
interface.
The 3D measurement comprises 1D ranging combined with a 2D angle measurement. The angle measurement is based on static line-coded glass circles at
the alidade and the telescope which are read by a linear CCD array. As the code
used is absolute, no device initialization procedure is necessary [171]. The 1D
ranging is based on electronic distance measurement (EDM) using a modulated
IR or visible-light signal. Some surveying systems use TOF measurements of
laser pulses to determine the distance to the target. Others evaluate the phase
difference between the emitted and received signal. In order to resolve the
phase ambiguity, several measurements with different modulation frequencies
are performed and the results are combined to obtain an accurate estimate at a
long range [172] (similar to frequency-stepped continous wave (FSCW) radar).
Since the TOF measurement principle is better for long range measurements
and the phase difference offers superior accuracy, Leica combines both in its
PinPoint EDM technology [173]. 4 to 10 modulation frequencies in the range of
100 MHz are used. In order to enable high accuracy measurements, a calibration
of some system parameters is necessary. This is done periodically (every several
minutes) by switching the measurement laser beam to an internal reference light
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path [173]. The total station Leica TS30 is also capable of measuring to a prism,
a reflector or reflectorless. Prism tracking is also supported. The parameters of
the instrument relevant to this work are summarized in Table B.1.
Although the TS30 is a very accurate and reliable device, it is important to
understand and pay attention to its limitations. When used as a reference in
calibration procedures its accuracy might turn out to be insufficient and cause
additional errors. When tracking a moving target (e.g. prism on a mobile robot),
it can easily lose it and require manual re-initialization if the LOS to the prism is
blocked for example by a passing person or if the target moves too closely to the
total station which would require angular velocities beyond the capability of the
instrument. Furthermore, during the internal calibration procedure mentioned
in the previous paragraph, the device does not provide any tracking data, which
causes short interruptions in the reference data stream.
Table B.1: System parameters of total station Leica TS30 [174].
Parameter
Angle accuracy (horizontal / vertical)
Range accuracy (prism)
Range accuracy (reflector)
Range accuracy (reflectorless)
Range accuracy (prism tracking)
Tracking measurement rate

Value
0.5′′ (1.4 × 10−4 °)
0.6 mm
1 mm
2 mm
3 mm
≈ 3 Hz

B.2 3D Orientation
Because the 3D orientation is also estimated by the systems developed in this
work, a reference was required as well. Unfortunately, the total station could
not be used, as it is incapable of simultaneously measuring the position of more
than 1 point. Tracking multiple points on the target also has the disadvantage
that when the target is far away, the orientation accuracy would deteriorate due
to DOP.
One possible alternative which also supports 3D orientation measurements is
the OptiTrack system mentioned in Section 1.1. However, it requires to install
and calibrate a number of cameras to cover a certain test volume and has very
high cost. This makes it unsuitable for on-site measurement campaigns.
An alternative camera-based solution was devised in this work. It consists of
a low-cost camera mounted on the target (in this case the robot). A number of
LEDs, which can be turned on or off via a radio link, are distributed across the
test site at known coordinates. The LEDs are turned on sequentially (in time
division multiplexing (TDM)) and the video sequence captured by the camera
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Fig. B.1: Mobile robot orientation measurement.
is processed using the computer vision library OpenCV [175]. After calibrating
the intrinsic camera parameters, the azimuth and elevation angles to the LED
can be estimated using the pinhole camera model [175]. As the camera’s 3D
position is tracked by the total station, two measurements to the static LEDs are
sufficient to determine the 3D orientation of the camera and hence of the mobile
robot. Unfortunately, the system development was started too late during this
work. A very promising accuracy of 0.1° could be demonstrated with a low-cost
webcam. Because the angle-measuring device is on the target, the DOP should
also remain good at larger distances.
A test run was performed with the camera-based orientation reference system
and the 16-channel ring array from Fig. 2.16 (c). Both systems were mounted on
the mobile robot which was rotated around its axis and measured its orientation
relative to a static LED and a static radar node. The result shown in Fig.
B.1 demonstrates the feasibility of simultaneous 3D position and orientation
estimation. The resulting radar heading RMSE was 1.32°.

B.3 Quantifying Positioning Quality
Describing the positioning quality of a given localization system is important in
order to obtain an estimate for the expected performance. This is important for
the design of higher levels of functionality, such as navigation, which rely on the
localization. It also allows to compare the performance of different positioning
systems and concepts.
At least two terms are commonly used to describe the localization quality and
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system performance – “precision” and “accuracy”. While they are frequently used
interchangeably, they carry different notions as defined by ISO 5725 [176].
The general definition of precision coincides with that of standard deviation
(STD) and describes how close consecutive measurements are to each other in
a static situation, i.e. how reproducible the result is. The measurement can be
described by the random variable X having a stochastic component described
by the precision σ and a mean x̄ = E {X}:
√
σ = E {(X − E {X})2 }.
(B.1)
When only N samples are available, the estimates for the precision σ̂ (sample
ˆ are
standard deviation) and the mean x̄


N
N
 1 ∑
1 ∑
ˆ)2 , x̄
ˆ=
(xn − x̄
xn .
(B.2)
σ̂ = √
N − 1 n=1
N n=1

The term N − 1 in the denominator makes sure that the estimator σ̂ is unbiased
for a finite number of samples N . No knowledge about the true value of the
measurement is required to calculate the precision.
The trueness x∆ of the measurement can be calculated only if the true value
x0 is known:
x∆ = x0 − E {X} .
(B.3)
When only N samples are available, the estimate for the trueness x̂∆ is
ˆ.
x̂∆ = x0 − x̄

(B.4)

The trueness thus describes the bias (systematic error) of the measurement.
The accuracy (measurement uncertainty) describes both the stochastic and
the systematic error. There are several metrics commonly used to describe it
assuming N measurements with the true values x0,n . The most straight-forward
metric is the mean absolute error (MAE):
eMAE =

N
1 ∑
|xn − x0,n |.
N n=1

(B.5)

It describes the average absolute error of N measurements. The MAE was used
by the organizers in Section 6.1 to compare the participating systems.
Another accuracy metric frequently used throughout this work is the root-
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Fig. B.2: Cumulative error probability and error metrics for a bias-free Gaussian distribution with standard deviation of 1 cm (a) and the same
distribution with a bias of 1.5 cm (b).
mean-square error (RMSE):
eRMSE



N
1 ∑
=√
(xn − x0,n )2 .
N n=1

(B.6)

As can be seen, the equation for the RMSE is very similar to both the standard
deviation and the MAE. When the trueness is x̂∆ = 0 (i.e. the measurement
is bias-free), we have eRMSE = σ̂. Compared to the MAE, the RMSE weights
large error stronger and is thus a more “pessimistic” metric.
The third and most objective accuracy metric which is used throughout this
work is the cumulative error probability distribution (CEPD). It is defined as the
relative number of measurements having an error lower than a certain threshold:
1
· #(n | |xn − x0,n | < e),
(B.7)
N
with the function #(n | C) which gives the number n of elements in a set fulfilling a certain condition C. It gives a more complete and general overview of the
obtained error distribution and allows for different interpretations. Commonly,
the error below which 68.27 %, 95.45 %, and 99.74 % of the measurement sameCEPD (e) =
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ples lie are indicated, as these correspond to 1, 2, and 3 standard deviations,
respectively (assuming the error has a Gaussian distribution).
The cumulative error probability and the other metrics of two error distributions are illustrated in Fig. B.2. While both distributions are Gaussian and have
the same statistical component, the one shown in (a) is bias-free and the one
in (b) has a bias of 1.5 cm. As can be seen from the equations in this section,
when the measurement is bias-free, STD and RMS coincide. Additionally, if the
error distribution is Gaussian, the 68.27 %-mark coincides with STD and RMS.
This can be seen in Fig. B.2 (a), where we have STD = RMS = e68.27 % = 1 cm.
This is not the case in (b), where STD = 1 cm is still valid, but RMS is larger,
as it also describes the bias. This also applies for MAE.

B.4 CRLB and DOP
As shown e.g. in [177], the 3D position estimation covariance matrix Σ is in
general given by
Σ = (GT Q−1 G)−1 ,
(B.8)
where the matrix G contains information about the problem geometry and
Q about the sensor measurement variance. As shown in Section 2.5.2, this
definition coincides with the definition of the CRLB.
When the problem of position finding based on multilateration or multiangulation is concerned, the measurement covariance is the scaled identity matrix
Q = Iσ, where σ 2 describes the standard deviation of the distance, resp. angle
measurement. In this case Eq. (B.8) simplifies to
Σ = (GT G)−1 σ 2 .

(B.9)

Hence, the influence of the geometry (GT G)−1 and of the sensor precision σ 2
can be separated. The position dilution of precision (PDOP) is then defined as
√
Tr{Σ}
PDOP =
.
(B.10)
σ
The XDOP, YDOP, ZDOP (=VDOP, vertical DOP), HDOP (horizontal DOP)
are defined similarly. The advantage of this representation is that a metric is
obtained, which is only dependent on the problem geometry and not on the
sensor performance.
Unfortunately, for the combination of RTOF and DOA treated in this work,
the covariance matrix Q is diagonal, but not a scaled identity matrix as the
variances of the range, azimuth, and elevation measurements are different (and
even have different units). Hence, the simplification from Eq. (B.9) is not pos-
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sible and no representation which is dependent only on the geometry can be
obtained. Therefore, the CRLB is used to describe the error dependence on
geometry for a given set of sensor parameters in this work.
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