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Zusammenfassung

Nichtlokale Bilanzgleichungen sind nichtlineare partielle Integro-Differentialgleichungen, die

im Rahmen der Modellierung realer Abläufe vielseitig anwendbar sind. Von der Beschreibung

von Wachstumsprozessen in der Nanopartikelsynthese bis hin zu makroskopischen Modellierun-

gen von Verkehrsfluss sind Gleichungen diesen Typs von entscheidender Bedeutung.

In der vorliegenden Arbeit wird eine allgemeine Formulierung eindimensionaler nichtlokaler

Bilanzgleichungen hinsichtlich Existenz, Eindeutigkeit und Regularität von schwachen Lösungen

untersucht. Es wird gezeigt, dass die im Kontext von Bilanzgleichungen weit verbreitete Kružkov

Entropiebedingung in der betrachteten Klasse von Gleichungen nicht benötigt wird, um die Ein-

deutigkeit schwacher Lösungen zu erhalten. Basierend auf der Methode der Charakteristiken und

einer Fixpunktgleichung im Funktionenraum wird eine analytische Darstellung dieser Lösung

hergeleitet. Die Lösbarkeit der Fixpunktgleichung wird dann mithilfe des Banachschen Fixpunk-

tsatzes für kleine Zeiten bewiesen. Durch Aneinanderreihung dieser kleinen Zeitschritte wird ein

Zeithorizont bestimmt, auf dem die schwache Lösung existiert. An verschiedenen Beispielen

wird die Schärfe des so bestimmten Zeithorizonts gezeigt.

Üblicherweise werden Lösungen von nichtlokalen Bilanzgleichungen mithilfe von problemspe-

zifisch angepassten Finite-Volumen-Verfahren numerisch approximiert. Um den methodischen

Nachteil der numerischen Dissipation zu beheben, wird eine alternative Approximationsmethode

aufbauend auf der analytischen Darstellung der schwachen Lösung entwickelt. Hierfür wird

eine Semi-diskretisierung basierend auf der Methode der Charakteristiken und einer stückweise

konstanten Darstellung der Lösung eingeführt und hinsichtlich der Konvergenz im Sinne der Lp-

Norm untersucht. Abhängig von der globalen sowie stückweisen Regularität der Daten werden

a priori Fehlerabschätzungen hergeleitet. Hierbei wird im Sinne der Anfangsdaten die ganze

Bandbreite ausgehend von Funktionen mit beschränkter Variation bis hin zu Lipschitz-stetigen

Funktionen untersucht.

Das vorgestellte numerische Verfahren sowie Teile der analytisch hergeleiteten schwachen

Lösung werden auf verschiedenen Beispielen aus der Verkehrsflussmodellierung sowie der Nano-

partikelsynthese angewandt. Dabei wird im Vergleich zu veröffentlichten Simulationsergebnissen

die hohe Genauigkeit des numerischen Verfahrens sichtbar. Durch das eingeführte numerische

Verfahren werden Unstetigkeiten in der Lösung verfolgt und nicht numerisch geglättet. Dadurch

wird die Struktur der Lösung besser dargestellt. Darüberhinaus werden exemplarisch im Rah-

men der Nanopartikelsynthese modellbasiert optimale Prozessbedingungen bestimmt, welche zu

Partikelverteilungen mit niedriger Disperität führen.
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Abstract

Nonlocal balance laws are nonlinear partial integro-differential equations that play a major

role in the modeling of real world phenomena. From the description of ripening processes in

nanoparticle synthesis up to macroscopic modeling of vehicular traffic flow these equations are

of crucial importance.

In the presented work a general formulation of one-dimensional nonlocal balance laws was

analyzed with respect to existence, uniqueness and regularity of weak solutions.

The Kružkov entropy condition is in the context of balance laws widely used to obtain unique-

ness of weak solutions. The presented work shows that the entropy condition is obsolete in the

discussed class of nonlocal balance laws. An analytical representation of the weak solution is

derived based on the method of characteristics and a fix-point mapping in the function space.

The solvability of the fix point mapping for small times is proven by Banach’s fixed-point theo-

rem. A time-horizon where the weak solution exists is determined by clustering of these small

times steps. The gained result is shown to be sharp in special cases.

Commonly weak solutions to nonlocal balance laws were approximated numerically using

problem specific finite volume schemes. To get rid of the inherent numerical dissipation an

alternative numerical scheme is deduced based on the analytical representation of the weak

solution. Therefore, a semi-discretization based on the method of characteristics and a piecewise

constant representation of the solution is introduced and analyzed with respect to convergence.

In dependence on the global as well as piecewise regularity of the data a priori error estimates

are derived. Therefore the whole spectrum from inital data of bounded variation up to Lipschitz-

continuous initial data were analyzed.

The presented numerical scheme and parts of the analytical weak solution are applied to

examples from the modeling of traffic flow and the nanoparticle synthesis. Thereby the high

accuracy of the presented scheme is discussed in comparison to published simulation results.

Through the introduced numerical method, discontinuities of the initial data are tracked over

time and will not be smoothed, thus the character of the solution is represented more accurately.

In the context of nanoparticle synthesis, optimal process conditions which lead to particle size

distributions with small dispersity were determined exemplarily.
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1 Introduction

Nonlocal balance laws are a class of nonlinear partial integro-differential equations. They play

an important role in the modeling of real world phenomena. In general, this type of equation is

used to describe the temporal development of properties of a large number of objects. Within

the evolution the number of objects will stay constant and only the properties will change. By

a nonlocal behavior the evolution of one individual object cannot only depend on the properties

itself rather than on the properties of parts of the whole population. Within the model, the

objects are no longer described as individuals rather than as a property density function which

develops over time starting at a given initial distribution.

The applications, where nonlocal balance laws play an important role, range from the modeling

of nanoparticle synthesis processes in particle technology to the modeling of vehicular traffic flow.

As the modeling of nanoparticle synthesis plays a prominent role within the present work and

will be discussed in Chapter 4 it is also described in more detail in this introduction.

Applications within particle technology

A wide range of consumer as well as industrial products rely on the properties of nanoparticles

[74, 65, 68]. To mention two examples:

• Mineralic sunscreen: Many mineralic sunscreens are based on zinc oxide nanoparticles.

They should scatter and absorb parts of the ultraviolet sunlight and should be invisible

for humans, i.e. should not interact with the sunlight in the visible range of the spectrum.

The interaction of electromagnetic waves with these particles is depending on their size

which is a direct result of the change of the band gap from small crystals to bulk zinc

oxide material [20, 90].

• Iron oxide color pigment: This pigment is used worldwide to paint buildings and consists

of nanoparticles where – beside the crystallographic structure and chemical composition –

the shape as well as internal structure of the particles and distributions thereof define the

color [56, 29]. One advantage of iron oxide pigment particles compared to other pigment

systems is their stability with respect to chemical as well as electromagnetic interactions.

The desire for optimal product properties thus directly leads to questions about optimal

nanoparticles and how synthesis reactions have to be controlled in order to obtain them. Op-
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timality in this context is meant in terms of size, shape, topology, multi-material composition

and distributions thereof [94].

The mathematical modeling of properties of particulate products based on the educts as well

as the process conditions of the synthesis can be separated into two steps:

Step I: The mapping from educt concentrations and process conditions to a final particle

distribution is mostly given by the solution operator of an appropriate nonlocal balance law.

This nonlinear hyperbolic initial value problem describes the evolution of the particle distribution

– which is proportional to the probability of a particle to have given disperse properties – over

process time.

Step II: The mapping from a particle distribution to product properties can in most cases

be modeled by partial differential equations describing the underlying physical behavior. Often

cannot be solved numerically as this involves mostly a huge number of particles in an represen-

tative volume this. To get rid of this multi-scale issue the step can be divided into two problems

where in the first one a set of properties of single particle are computed (Step IIa) which lead

to coefficients in a second problem describing the macroscopic effect (Step IIb).

In general there are three scales involved in the mapping from educt concentrations as well

as process conditions to product properties. On the finest scale – the nanoscale – particle

nucleation, growth and ripening takes place. The considered sizes are in the range of the size

of molecules which are in the range of a few angstroms to nanometer. On an intermediate

second scale – the microscale – aggregation as well as agglomeration is described and single

particle properties are modeled. The nanoparticles have sizes in the range of nanometer to a

few micrometers and affect the product properties on the third scale – the macroscale – which

is in the size range of micrometer to millimeter depending on the particular application. The

model in the third scale can vary in its complexity from simple algebraic equations up to partial

integro-differential equations.

In the following two subsections, the two steps are explained in more detail. The main focus

of this work is on the mathematical modeling as well as numerical approximation of particle

precipitation processes, i.e. Step I. To illustrate the second step in more detail it is described

along optical properties as one exemplary application which was studied in detail in collaboration

with engineers and physicists during the last years (see [85, 29, 74, 67, 84]).

From educt concentrations to particle distributions

On a sub-nanometer scale, particles grow or shrink due to adsorption or desorption of educts from

the liquid or gas phase to the solid phase or vice versa [92, 48]. On a nanometer or micrometer

scale particles can grow due to agglomeration and aggregation or shrink due to breakage [91, 10].

New particles can emerge due to over-saturation of educts in the liquid / gas phase [86, 99]. As

this happens for a huge number of particles this is in general modeled by balance laws where,

for vanishing source term and fully dissolved particles, the number of particles remains constant



over process time. Thus the single particles are no longer described exactly, but the whole

population is describe as a population number density function in which the variables are the

process time and the disperse properties (e.g. radius, porosity, composition). The evolution of

the whole population is then modeled by a balance law which preserves the number of particles

in the population

q̇(t, x) +
(
λ(t, x)q(t, x)

)
x

= Qn,a,b(t, x) + qi,o(t, x)

q(0, x) = q0(x)

where q0 is an initial particle size distribution, λ is the growth velocity, Qn,a,b a term describing

the nucleation of new particles, agglomeration and breakage of particles and qi,o the addition

or subtraction of particles into or out of the reactor. Neglecting nucleation, agglomeration and

breakage this leads to the following inhomogeneous linear balance law, i.e.

q̇(t, x) +
(
λ(t, x)q(t, x)

)
x

= qi,o(t, x)

q(0, x) = q0(x)

In the case of ripening the growth velocity depends on the concentration of educts in the solution

which is by conservation of mass coupled to the third moment of the particle size distribution:

c(t) =
1

V

(
M0 −

4πρ

3

∫ ∞
0

y3q(t, y)dy

)
where V is the reactor volume, M0 the total mass of the analyzed material and ρ its density. In

other precipitation processes the growth velocity depend also nonlocal – in terms of the disperse

property – on the solution, in general we can formulate this as follows:

qt(t, x) + ∂x

(
λ(Wn[q](t), t, x)q(t, x)

)
= qi,o(t, x) (t, x) ∈ [0, T ]× R

q(0, x) = q0(x) x ∈ R.

Wn[q](t) :=

∫ ∞
0

ynq(t, y) dy t ∈ [0, T ].

Different ripening processes require different ripening functions λ and one can find several

examples for those functions in the literature. Just to mention two cases:

(1) In Ostwald-Ripening processes [62, 44, 83] the ripening function depends on the concen-

tration of educts in the solution in an affine way. This is given by the total mass of the educts

reduced by the mass of educts incorporated in the nanoparticles (W3[q], see [62, Equations (4,5),

Page 36]).

(2) In fluidized bed spray granulation processes [30, 93] the educt, by which the particles

grow, is distributed over all particle surfaces. Thus, the growth rate depends inversely on the

total particle surface (W2[q], see [93, Equations (7,8), Page 4391]) within the process.



Although all of the modeling is considered in [0, T ] × R, typically the dispersive properties

of particles are positive (which are actually described by the “spatial” variable x ∈ R). In

most cases the growth velocity is non negative or non positive for x = 0 and all times, i.e.

λ(t, 0) ≥ 0 ∨ λ(t, 0) ≤ 0 ∀t ∈ [0, T ]. This is why one can consider initial data equal to zero for

x ∈ R<0, extend the ripening function correspondingly, and obtain an equivalent problem on

space time ΩT .

From particle distributions to product properties

As mentioned above, in many cases a large number of particles are embedded in the final product.

Thus, although the physical model exists which describes the desired product property, a full

resolved numerical simulation is out of scope of our days high performance computer possibilities

from both sides: storage as well as computational power. Thus, homogenization methods have

to be applied in order to divide the problem into one problem on the particle level and one

– depending on effective parameters determined by the particle level problem – on a large

scale approximating the product property. Depending on the application, the particles can be

embedded in a well defined periodic way in the matrix material or the embedding procedure

could include uncertainties up to a fully stochastic embedding procedure.

Depending on the desired physical properties, classical mathematical homogenization methods

may be applicable in the case of periodic arrangement of particles in the matrix material and

lead to the discussed two problems [34, 3, 13, 50, 59]. The same holds in the case of randomness

included in the embedding procedure. There exists theoretical and numerical results to divide

the full problem into a cell problem and a macroscopic one dealing with effective properties only

[17].

However, in the case of optical properties of particulate systems where the size of the particles

are in the range of the wavelength, – up to the knowledge of the author – available homoge-

nization methods cannot be applied. For such problems homogenization could be understood

in a more general way which splits the large scale problem into one on the particle level and

a macroscopic one dealing with effective properties. There exist heuristic models based on the

accounting of energy fluxes to approximate optical properties of those systems. This enables

to simulate the desired properties up to a high accuracy but without rigorous error analysis

[101, 22, 70].

Applications in the macroscopic modeling of traffic flow

Vehicular traffic flow can be modeled on different scales. On the micro scale [49, table 1, page

285] each individual road-user and its behavior is modeled. The evolution of the set of road-users

can than be described by its interactions. Neglecting the intermediate mesoscopic models, on the

macroscale [49, table 1, page 285] road-users are – comparable to the previous section – described

as a density-function. The first model used in describing car traffic flow on a macroscopic level

is known as the LWR model, named after Lighthill, Whitham [63] and Richards [80]. The LWR



model is a scalar non-linear hyperbolic partial differential equation.

qt(t, x) + ∂x
(
λ(q(t, x))q(t, x)

)
= 0 ∀(t, x) ∈ [0, T ]× R (1.1)

q(0, x) = q0(x) ∀x ∈ R (1.2)

λ(q(t, x)) := vf
(
1− q(t,x)

qmax

)
(1.3)

where q0 is the car density at the initial time, vf is the free-flow speed of the cars and qmax is

the maximal car density.

There exist various attempts to reformulate the LWR model and traffic flow in general in

terms of a nonlocal balance laws [7, 61, 16]. On the one hand one then can describe the reaction

of car-drivers on car densities further ahead which would then cover for example the slowing

down of cars approaching a traffic jam. On the other hand nonlocal balance laws can be used

to approximate solutions of the local version of the LWR model. In a slightly different setting,

in Monte-Carlo-Type models of traffic flow, nonlocal behavior of car-drivers is also taken into

account [87, 66].

Most recently S. Blandin and P. Goatin [15] as well as P. Goatin and S. Scialanga [36] have

modeled traffic flow in the following nonlocal way:

qt(t, x) + ∂x

((
1−

∫ x+η

x
q(t, y)ωη(y − x) dy

)
q(t, x)

)
= 0 (t, x) ∈ [0, T ]× R

q(0, x) = q0(x) x ∈ R,
(1.4)

where q denotes the density of cars in space time, q0 ∈ L∞(R; [0, 1]) the initial density at time

t = 0, η ∈ R>0 a given constant and ωη ∈ C1([0, η];R>0) a non-increasing kernel such that

‖ωη‖L1((0,η)) = 1.

They succeed in showing existence and uniqueness of a solution assuming that the initial data

is of bounded variation using Kružkov’s entropy condition [55] which is well known for local

conservation laws. It turns out that the thereby used entropy condition is not necessary for

obtaining a unique weak solution. This will be discussed in detail in Chapter 2.

Applications in the modeling of pedestrian flow, supply chains and

crowd dynamics

Pedestrian flow, supply chains as well as crowd dynamics are further examples for populations

evolving over time while the individual interacts with its surrounding. In most cases these

examples can no longer be modeled by one-dimensional conservation laws rather then two or

even higher-dimensional.

In [25], the authors investigate a nonlocal continuity equation with applications in the simu-

lation of pedestrian flow and supply chains. For space dimension N = 1, this model fits into our

proposed framework, although the modeling of supply chains typically asks for a bounded space

domain as does traffic flow. The assumptions in order to obtain well-posedness are different



from our framework and seem to be much stricter. In particular, they also require the Kružkov

entropy condition to obtain a unique solution. [8] simulates a supply chain by using nonlocal

conservation laws. It is suggested to use a space-dependent nonlocal term where the space de-

pendency is realized in the integral boundaries in the nonlocal term or by a space-dependent

weight. Numerical results are presented and applications are discussed. The model we consider

in this work covers the models introduced in [8] in the absence of boundary data.

In [26, 32], the authors introduce a system of nonlocal conservation laws in two dimensions to

model pedestrian flow and crowd dynamics. The system is coupled by the sum of the nonlocal

terms of every conservation law and they show the well-posedness of the model on any time

horizon by using the “classical Kružkov theory of scalar conservation laws in several space

dimensions” [26, Abstract].

Structure of the thesis

In order to cover the various applications we will analyze the following general form of a nonlocal

balance law in one space dimension:

Definition 1.1 (nonlocal balance law).

q̇(t, x) +
(
λ[W [q, γ, a, b]](t, x)q(t, x)

)
x

= h(t, x) (1.5)

q(0, x) = q0(x) (1.6)

W [q, γ, a, b](t, x) :=

∫ b(x)

a(x)
γ(t, x, y)q(t, y)dy (1.7)

The flux function λ[W ] is made more explicit in Assumption 2.1 and will be sometimes also

referred to as “velocity function”. q0 is the initial data and h represents the source term, while W

is the so called nonlocal impact (in supply chain modeling this is called the “Work in progress”).

γ represents a weight function denoting a space and time dependency of this nonlocal impact W

in space and time, and finally a and b represent the “boundaries” of that nonlocal term in space.

The complicated notation for λ involving W enables to keep track of the involved functions in

order to denote the results of this paper directly with respect to them.

In the applications introduced in the previous sections, the second variable of the density

functions – beside the time t – has different meanings. It can represent a geometric parameter,

e.g. radius of nanoparticles, within particle technology and is thereby called dispersive property.

In the modeling of vehicular traffic flow it represents the spatial location of cars. This is why x

in Equation (1.5) will be called dispersive property as well as spatial variable.

In Chapter 2 we will analyze this general model with respect to existence, uniqueness and

regularity of the weak solution q. Examples at the end of this chapter show the sharpness of



the derived results. In the subsequent Chapter 3 a non-dissipative numerical scheme will be

introduced as well as a priori error estimates will be derived in detail based on the regularity of

the involved functions. By various examples, the generality and the accuracy of the investigated

numerical scheme is demonstrated. Within Chapter 4 we will discuss examples from traffic flow

models as well as the modeling and simulation of particle precipitation processes. Chapter 5

will conclude the work and gives an outlook on further research questions.
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Definition 1.1 and has been published in the Journal of Differential equations in 2017. Due to

its generality the gained results are applicable to the models introduced above.



2 Existence, uniqueness and regularity results

This chapter is already published and is a joint work together with (A. Keimer, ITS UCL

Berkeley) where both have contributed equally to all parts of the publication:

Keimer A., Pflug L.,

Existence, uniqueness and regularity results on nonlocal balance laws,

Journal of Differential Equations, vol. 263, issue 7, pages 4023-4069, 2017.

The Idea to this work came from both sides (A. Keimer: supply chains [42] and traffic flow

modeling [51], L. Pflug: modeling or nanoparticle synthesis [44, 74]).

In the available literature of nonlocal balance laws, for the proofs of existence and uniqueness

semi-group approaches or modified Lax-Friedrichs schemes [57, 60, 18] and compactness results

complemented by the Kružkov entropy condition [55] are used. Thereby, the entropy condition

is required to guarantee uniqueness [15, 25, 14], while in this chapter the problem is – in a more

general form – investigated via the method of characteristics [60]. We will show that the assumed

Kružkov entropy condition is obsolete for uniqueness of the weak solution under relatively weak

assumptions and that any solution satisfying the somewhat seminal framework has to be unique

as long as the solution does not blow up. Thus, this chapter improves, simplifies and generalizes

several of the already available results significantly.

In the proposed framework, no shocks can emerge – or more precisely – in case a shock

emerges, the solution breaks down by necessity.

We will present an (explicit) formula for the solution, involving a fixed-point equation in the

nonlocal term. This formula also enables us to study the regularity of solutions depending on

the regularity of initial data q0, source term h, velocity λ, weight γ and boundary terms a, b for

the nonlocal term, although the explicit dependency of the nonlocal term with respect to the

spatial variable makes the analysis much harder.

In [104], the authors study a nonlocal conservation law modeling particle suspension, in a

different framework and for a specific nonlocal term (λ[w] ≡ w) involving a kernel. It is worth

mentioning that they also perform a fixed-point argument but in the solution and not in the

nonlocal term as performed here. They also use the method of characteristics and mention

that “. . . no entropy condition is necessary for uniqueness, supporting the claim that . . . has

essentially linear regularity properties” [104, Remark 2.4.1].

In [4], the existence and uniqueness of a solution to a ”nonlocal-local” (i.e. a local conservation

law incorporating a nonlocal term) conservation law is shown. Due to the involvement of the

9



local term, the canonical entropy condition is required for uniqueness. Taking the local flux

function equal to the identity (which is not covered in the named paper), the proposed model

fits in the framework introduced above.

For a bounded spatial domain and strictly positive velocity function, existence and uniqueness

of weak solutions for nonlocal conservation laws with boundary data and not-space dependent

nonlocal term is shown in [27]. A generalization of that model is presented in [43]. Therein, the

authors consider a coupled system of nonlocal conservation laws (multi-commodity) and show

existence and uniqueness of weak and strong solutions as well as existence of a minimizer, also in

a network setting with nodal controls in BV . Recently, nonlocal multi-commodity conservation

laws on bounded domains were generalized in [52] to nonlocal conservation laws with weighting

functions (here: γ) and right hand side data h, explicitly dependent on the solution point-wise in

space-time (semi-linear case). However, the integral bounds of the nonlocal terms in [27, 43, 52]

are not space dependent.

In [73], another class of nonlocal conservation laws is considered where the nonlocal impact

is not located in the velocity of the corresponding conservation law but in the boundary terms

(Renewal Equation) or/and the right hand side data.

Structure of the Chapter

In Section 2.1 we define a weak solution for a linear balance law and use this solution for defining

a fixed-point problem in order to show existence of solutions to the nonlocal balance law. In

the nonlocal balance law, at any given time, the velocity depends on the averaged density of q

with respect to the spatial variable, which makes a fixed-point argument to address the nonlocal

dynamics quite natural. With Banach’s fixed-point theorem, we are able to show existence of a

weak solution under relatively weak assumptions on the involved functions for sufficiently small

time horizon.

In Section 2.2 we show uniqueness of the solution. In general, this result is not dependent on

any time horizon, hence, as long as we have a solution, this result is applicable. Therefore, it

shows that in general there is no necessity of imposing an entropy condition to obtain uniqueness.

In Section 2.3 we show existence and uniqueness of a solution for long(er) time and for special

cases for any finite time horizon. As it turns out, the maximal existence interval, we propose

for given data, is sharp in the sense that we can give counter examples which will not admit a

solution for any finite time horizon but explode exactly when we cross the a priori computed

existence interval. This result, namely Theorem 2.25, is one of the main Theorems in this works,

incorporating and combining all previously results of existence and uniqueness.

In Section 2.4 we study explicitly the regularity of the solution when assuming more regular

initial data and source term as well as weight γ.

Section 2.5 shows and discusses several examples explaining the dynamics of the nonlocal

balance law but also compares our deduced results with already available results. For all exam-

ples presented, we can derive – based on the method of characteristics – in part the analytical

solution in an explicit formulation.



Section 2.6 summarizes the given results and explains the meaning and importance of the pub-

lication for future research, in particular for further extensions and generalizations of the model

and optimal control problems. It also addresses the advantage of the method of characteristics,

when it comes to numerical realizations.

2.1 Existence of a weak solution

The existence of a solution of the nonlocal balance law stated in Equation (1.5)-(1.7) will be

shown in two steps.

(1) In a first step, the nonlocal termW will be replaced by a time and space dependent variable

w ∈ L∞((0, T );W 1,∞(R)). For that fixed w, we construct a solution of the corresponding linear

partial differential equations via the method of characteristics.

(2) Then, we use this result to deduce a fixed-point equation for the nonlocal PDE and show

via Banach’s fixed-point theorem the existence and uniqueness of such a W in a proper Banach

space, namely in L∞((0, T );W 1,∞(R)).

We consider the linear PDE for a fixed w as

qt(t, x) + ∂x

(
λ[w](t, x)q(t, x)

)
= h(t, x) (t, x) ∈ ΩT (2.1)

q(0, x) = q0(x) x ∈ R. (2.2)

For the well-posedness, we provide the following Assumption 2.1 on the velocity function λ

Assumption 2.1 (Assumptions on the velocity function λ).

For T ∈ R>0, we assume λ ∈ C(R × ΩT ) and continuously differentiable in the first and third

component. In the present work, λ is always evaluated in the first component at function values,

so that we will write for w ∈ L∞((0, T );W 1,∞(R))

λ[w](t, x) := λ(w(t, x), t, x) ∀(t, x) ∈ ΩT .

We denote with ∂iλ for i ∈ {1, 3} the derivative of λ with respect to the first or third component

and d
dxλ is thus defined as:

d
dxλ[w](t, y) := ∂1λ[w](t, y)∂2w(t, y) + ∂3λ[w](t, y)

To be able to deduce existence, uniqueness and differentiability results for the corresponding

characteristics as defined later in Definition 2.3, we need the following assumptions on λ involving

w.

Assumption 2.2 (Local Lipschitz-continuity and bounded growth).

For λ as given in Assumption 2.1 we assume for w ∈ L∞((0, T );W 1,∞(R)) in addition

• λ is locally Lipschitz continuous with respect to the space variable, meaning that for every



x ∈ R, there exists A[w](x) > 0 and δ ∈ R>0 such that

|λ[w](t, x)− λ[w](t, x̃)| ≤ A[w](x)|x− x̃| ∀x̃ ∈ Bδ(x) ∀t ∈ [0, T ].

• There exists B[w] ∈ R≥0 such that

|λ[w](τ, x)| ≤ B[w](1 + |x|) ∀(τ, x) ∈ ΩT . (2.3)

• There exists C[w] ∈ R such that

C[w] := ess-inf
(t,x)∈ΩT

d
dxλ[w](t, x), (2.4)

which implies

λ[w](t, x̃)− λ[w](t, x) ≥ C[w](x̃− x) ∀x, x̃ ∈ R a.e, x̃ > x, t ∈ [0, T ].

With these assumptions we are prepared for defining the characteristics:

Definition 2.3 (Characteristics).

For all w ∈ L∞((0, T );W 1,∞(R)) and λ as in Assumption 2.1 the characteristics ξw[t0, x0](·)
starting in (t0, x0) ∈ ΩT are defined as the solution of the following ODE

ξ̇w[t0, x0](τ) = λ[w] (τ, ξw[t0, x0](τ)) ∀τ ∈ [0, T ] (2.5)

ξw[t0, x0](t0) = x0, (2.6)

and we denote – for better readability – the subscript w for the characteristics ξ only whenever

this is important to understand the formulae. With the latter definition, we obtain the following

result:

Lemma 2.4 (Global existence of and regularity of characteristics).

Suppose λ satisfies Assumptions 2.1, 2.2. Then, the initial value problem in Equation (2.5)–(2.6)

has a unique solution for all initial data x0 ∈ R on the full time horizon [0, T ].

Proof. The proof is a direct consequence of the Picard-Lindelöf Theorem (for example see [31])

guaranteeing uniqueness – although the right hand side might not be continuous in time and

has therefore been interpreted as a Caratheódory solution (for example see [24]). If the right

hand side does not grow more than linearly in ξ, every solution can be extended on any finite

time horizon. See [88, Theorem 2.12 and Theorem 2.3].

The idea and meaning of ξ[t, x](τ) is illustrated in Figure 2.1. For the following theorems

some sensitivity results of the characteristics when changing initial time and initial value are

required which we present now:



0 x
x2

τ

t0

t1

x0 x1

ξ[t1, x1](·)

ξ[t0, x1](·)

ξ[t0, x0](·)

Figure 2.1: Characteristics for different initial values x0, x1, x2 ∈ R and times t0, t1 ∈ (0, T ] with
ξ[0, x2] ≡ ξ[t1, x1] and ξ[0, x2](t1) = ξ[t0, x1](t0)

Theorem 2.5 (Weak differentiability of the characteristics with respect to initial data and ini-

tial time).

Suppose that the characteristics are given as the solution of Equation (2.5)–(2.6) and let As-

sumptions 2.1,2.2 hold. Then, for

w ∈ L∞((0, T );W 1,∞(R)),

the unique solution ξ[t, x] ∈W 1,∞((0, T )) is weakly differentiable with respect to (t, x) ∈ ΩT with

derivatives ∂1ξ[t, x] ∈W 1,∞((0, T )) and ∂2ξ[t, x] ∈W 1,∞((0, T )).

Proof. Due to the lack of continuity of the first order derivative of λ[w] with respect to the

spatial variable, we cannot use the typical results on “continuously differentiable dependence”

of the solution with respect to initial time and data, as for example, proposed in [46, Chapter

5].

Thus, we will use the implicit function theorem for Fréchet differentiable functions to deduce

the regularity of the derivatives of ξ[t, x] with respect to (t, x) ∈ ΩT . Define for (t, x) ∈ ΩT and

ξ ∈W 1,∞((0, T )) the function

G :

ΩT ×W 1,∞((0, T )) →W 1,∞((0, T ))

(t, x, ξ) 7→
(

(τ) 7→ x+
∫ τ
t λ[w](s, ξ(s)) ds− ξ(τ)

)
.

Then, the corresponding characteristic ξ[t, x] which we have shown to be unique in Lemma 2.4

is the solution ξ of G[t, x, ξ] ≡ 0.

Furthermore, G : ΩT×W 1,∞((0, T ))→W 1,∞((0, T )) is continuous. Computing the directional



derivative with respect to (t, x, ξ) in direction (t̃, x̃, ξ̃) ∈ ΩT ×W 1,∞(0, T )) one obtains

DG[t, x, ξ](t̃, x̃, ξ̃) :=


∂G(t,x,ξ)

∂t t̃
∂G(t,x,ξ)

∂x x̃
∂G(t,x,ξ)

∂ξ ξ̃

 =

 −λ[w](t, ξ(t)) · t̃
x̃∫ τ

t ∂3λ[w](s, ξ(s))ξ̃(s) ds− ξ̃(τ)


with DG[t, x, ξ] : ΩT × W 1,∞((0, T )) → W 1,∞((0, T ))3. As one can easily show, one has

DG[t, x, ξ] ∈ L(ΩT×W 1,∞((0, T ));W 1,∞((0, T ))3) for all (t, x, ξ) ∈ ΩT×W 1,∞((0, T )) and, in ad-

dition, G is also Fréchet-differentiable. Next, focusing on the third component, we would like to

prove the surjectivity of the induced operator, meaning that ∀f ∈W 1,∞((0, T )) and (t, x) ∈ ΩT

fixed, we would like to find a ξ̃ ∈W 1,∞((0, T )) such that
∫ τ
t ∂3λ[w](s, ξ(s))ξ̃(s) ds− ξ̃(τ) = f(τ).

This can easily be achieved by setting

ξ̃(τ) = exp
(∫ τ

t
∂3λ[w](s, ξ(s)) ds

)(∫ τ

t
f(s) exp

(
−
∫ s

t
∂3λ[w](y, ξ(y)) dy

)
ds− f(t)

)
.

Obviously, ξ̃ ∈ W 1,∞((0, T )) for every given (t, x) ∈ ΩT and thus we can apply the implicit

function theorem [102, Theorem 4.B] to conclude that the mappings x 7→ ξ[t, x](τ) and t 7→
ξ[t, x](τ) are Fréchet differentiable for every (t, x) ∈ ΩT with ∂1ξ[t, x] ∈W 1,∞((0, T )) 3 ∂2ξ[t, x].

Lemma 2.6 (Properties of the characteristics).

Suppose that we have the characteristics ξ as given in Equation (2.5)–(2.6). Let further the

Assumptions 2.1 and 2.2 hold. Then, for w ∈ L∞((0, T );W 1,∞(R)) we obtain:

1. The mapping x 7→ ξ[t, x](τ) is for every t, τ ∈ [0, T ] invertible and the following identities

hold for every (t, x, τ) ∈ ΩT × [0, T ]

ξ[t, ξ[τ, x](t)](τ) = x (2.7)

∂1ξ[t, x](τ) + λ[w](t, x)∂2ξ[t, x](τ) = 0. (2.8)

2. The derivative of the characteristics with respect to the initial value x ∈ R is for t, τ ∈ [0, T ]

given as

∂2ξ[t, y](τ) = exp

(∫ τ

t

d
dxλ[w](s, ξ[t, y](s)) ds

)
. (2.9)

Thus, for every τ ≤ t the following inequality holds

‖∂2ξ[t, ·](τ)‖L∞(R) ≤ exp
(
(τ − t)C[w]

)
,

where C[w] is given in Assumption 2.2 in Equation (2.4). In addition, the derivative of the

characteristics w.r.t. the initial value x ∈ R is continuous when measuring spatial variable



in L1
loc, i.e. for t, t̃ ∈ [0, T ] one has

lim
t̃→t

∥∥∂2ξ[t, ·](τ)− ∂2ξ[t̃, ·](τ)
∥∥
L1
loc(R)

= 0 ∀τ ∈ [0, T ]. (2.10)

3. For M ∈ R>0 and for all w, w̃ ∈ CM with

CM :=
{
φ ∈ L∞((0, T );W 1,∞(R)) : ‖φ‖L∞(ΩT ) ≤M

}
,

the characteristics are Lipschitz-continuous with respect to w for t, τ ∈ [0, T ], i.e.

‖ξw[t, ·](τ)− ξw̃[t, ·](τ)‖L∞(R)

≤ |τ − t|‖w − w̃‖L∞(ΩT ) sup
v∈CM

‖∂1λ[v]‖L∞(ΩT )e
TEM (‖wx‖L∞(ΩT )).

Thereby, EM (s) is for s ∈ R defined as

EM (s) := s · sup
v∈CM

‖∂1λ[v]‖L∞(ΩT ) + sup
v∈CM

‖∂3λ[v]‖L∞(ΩT ),

and ξw denotes the characteristics in the sense of Definition 2.3 for the flux function λ[w],

and ξw̃ the characteristics for the flux function λ[w̃].

Remark 2.7 (Lipschitz-continuity and Item 3).

Please notice that the Lipschitz-continuity of the characteristics with respect to the fixed nonlocal

terms w and w̃ in the latter Lemma still depends on the Lipschitz-constant of w, i.e. ‖wx‖L∞(ΩT ).

Since we will perform a fixed-point argument with respect to w, we leave the result as it is and

later make sure that we are able to control wx, at least for sufficiently small time.

Proof. We start with showing that the characteristics are differentiable with respect to initial

value and initial time. This will be the key ingredient for the results provided in Items 1-3.

1. Considering the solution of the ODE in integral form, we obtain for the right hand side of

the identity we want to prove:

ξ[t, ξ[τ, x](t)](τ) = ξ[τ, x](t) +

∫ τ

t
λ[w] (s, ξ[t, ξ[τ, x](t)](s)) ds

= x+

∫ t

τ
λ[w] (s, ξ[τ, x](s)) ds+

∫ τ

t
λ[w] (s, ξ[t, ξ[τ, x](t)](s)) ds

For τ = t we obviously have ξ[t, ξ[t, x](t)](t) = x ∀t ∈ [0, T ]. Now, taking advantage of

Item 2 we compute the derivative with respect to t ∈ [0, T ] for every τ ∈ [0, T ] and x ∈ R
arbitrary, and obtain by the chain rule

d
dtξ[t, ξ[τ, x](t)](τ) = λ[w] (t, ξ[τ, x](t))− λ[w] (t, ξ[t, ξ[τ, x](t)](t))

+

∫ τ

t
∂3λ[w] (s, ξ[t, ξ[τ, x](t)](s)) d

dtξ[t, ξ[τ, x](t)](s) ds



= λ[w] (t, ξ[τ, x](t))− λ[w] (t, ξ[τ, x](t))

+

∫ τ

t
∂3λ[w] (s, ξ[t, ξ[τ, x](t)](s)) d

dtξ[t, ξ[τ, x](t)](s) ds.

Obviously,

d
dtξ[t, ξ[τ, x](t)](τ) = 0 ∀τ ∈ [0, T ] (2.11)

solves this integral equation and by Grönwall’s Lemma as can be found in [33, Appendix B

k) ii] we obtain the uniqueness of the solution. Thus, the function t 7→ ξ[t, ξ[τ, x](t)](τ) is

constant for any τ ∈ [0, T ] and yields the claimed identity. Coming back to Equation (2.11),

we end up with

0 = d
dt

(
ξ[t, ξ[τ, x0](t)](τ)

)
= ∂1ξ[t, ξ[τ, x0](t)](τ) + ∂2ξ[t, ξ[τ, x0](t)](τ)∂3ξ[τ, x0](t)

= ∂1ξ[t, ξ[τ, x0](t)](τ) + ∂2ξ[t, ξ[τ, x0](t)](τ)λ[w](t, ξ[τ, x0](t)).

This directly implies ∀(t, y, τ) ∈ ΩT × [0, T ]

∂1ξ[t, y](τ) + λ[w](t, y)∂2ξ[t, y](τ) = 0.

2. By Theorem 2.5 we know that the solution ξ[t, x0](τ) of Equations (2.5) and (2.6) is

differentiable with respect to its second argument, i.e. the initial value x0 ∈ R, and

∂2ξ[t, x0] satisfies the linear differential equation in y

y′(τ) = d
dxλ[w](t, ξ[t, x0](τ))y(τ)

y(t) = 1.

This is a Carathéodory type ordinary differential equation [24], because the right hand

side is an L∞-function only with respect to time and not continuous. However, the ODE

is still linear such that it can easily be shown to admit a unique solution and be solved

to obtain the claim in Item (2). For the second part, we take the integral formulation for

the characteristics and estimate for t, t̃ ∈ [0, T ] and (τ, x) ∈ ΩT – assuming without loss of

generality t ≤ t̃ –

∂2ξ[t, x](τ)− ∂2ξ[t̃, x](τ)

=

∫ τ

t

d
dxλ[w](y, ξ[t, x](y)) dy −

∫ τ

t̃

d
dxλ[w](y, ξ[t̃, x](y)) dy

=

∫ t̃

t

d
dxλ[w](y, ξ[t, x](y)) dy +

∫ τ

t̃

d
dxλ[w](y, ξ[t, x](y))− d

dxλ[w](y, ξ[t̃, x](y)) dy



and thus for K
c
⊂ R with |K| being the one-dimensional Lebesgue measure∥∥∂2ξ[t, ·](τ)− ∂2ξ[t̃, ·](τ)

∥∥
L1

loc(K)

≤ |t− t̃||K| exp
(
T |C[w]|

)
+

∫ τ

t̃

∫
K

∣∣ d
dxλ[w](y, ξ[t, x](y))− d

dxλ[w](y, ξ[t̃, x](y))
∣∣ dx dy.

The first term obviously goes to zero for t̃ → t. For the second term, we perform the

following estimate∣∣∣∣∫ τ

t̃

∫
K

d
dxλ[w](τ, ξ[t, x](τ))− d

dxλ[w](τ, ξ[t̃, x](τ)) dx dτ

∣∣∣∣
=

∣∣∣∣∫ τ

t̃

∫
K
f(τ, ξ[t, x](τ))− f(τ, ξ[t̃, x](τ)) dx dτ

∣∣∣∣
=

∣∣∣∣∣
∫ τ

t̃

∫
ξ[τ,K](t)

(
f(τ, z)− f(τ, ξ[t̃, ξ[τ, z](t)](τ))

)
∂2ξ[τ, z](t) dx dτ

∣∣∣∣∣
≤ ‖∂2ξ‖L∞(ΩT×(0,T ))

∫ τ

t̃

∫
ξ[τ,K](t)

∣∣f(τ, z)− f(τ, ξ[t, ξ[t̃, ξ[τ, z](t)](t)](τ))
∣∣ dx dτ

≤ ‖∂2ξ‖L∞(ΩT×(0,T ))

∫ τ

t̃

∫
ξ[τ,K](t)

|f(τ, z)− f(τ, z + δ(z))| dz dτ

with f :≡ d
dxλ[w] ∈ L∞((0, T );L∞(R)) and δ(z) := ξ[t̃, ξ[τ, z](t)](τ) − z. Obviously, we

obtain

lim
t̃→t

∥∥∥ξ[t̃, ξ[τ, ·](t)](τ)− ξ[t̃, ξ[τ, ·](t̃)](τ)
∥∥∥
L∞(ξ[τ,K](t))

= 0.

This holds true due to the uniform continuity of ξ w.r.t. the first argument. By the

continuity of the Lebesgue integral with respect to a shift, we obtain the claim.

3. From the integral formulation of the ODE in Definition 2.3, we obtain for (t, x) ∈ ΩT and

τ ∈ [0, T ] the identity

ξw[t, x](τ) = x+

∫ τ

t
λ[w] (y, ξw[t, x](y)) dy

for w ∈ CM given. Thereby, the subscript w and later w̃ denotes the characteristics for the

given velocity function λ and w, w̃ respectively. Thus, we can estimate for w, w̃ ∈ CM by

means of the mean value theorem

|ξw[t, x](τ)− ξw̃[t, x](τ)|

=

∣∣∣∣∫ τ

t
λ[w] (y, ξw[t, x](y)) dy −

∫ τ

t
λ[w̃] (y, ξw̃[t, x](y)) dy

∣∣∣∣
≤
∣∣∣∣∫ τ

t
λ[w] (y, ξw[t, x](y))− λ[w̃] (y, ξw[t, x](y)) dy

∣∣∣∣



+

∣∣∣∣∫ τ

t
λ[w̃] (y, ξw[t, x](y))− λ[w̃] (y, ξw̃[t, x](y)) dy

∣∣∣∣ .
For the first part, we estimate∣∣∣∣∫ τ

t
λ[w] (y, ξw[t, x](y))− λ[w̃] (y, ξw[t, x](y)) dy

∣∣∣∣
≤ sup

v∈CM
‖∂1λ[v]‖L∞(ΩT )

∫ max{t,τ}

min{t,τ}

∣∣w(y, ξw[t, x](y)
)
− w̃

(
y, ξw[t, x](y)

)∣∣ dy

≤ sup
v∈CM

‖∂1λ[v]‖L∞(ΩT )‖w − w̃‖L∞(ΩT )|τ − t|.

For the second part, we have to consider the derivatives of λ and w with respect to the

spatial variable so that we come up with the following expression∣∣∣∣∫ τ

t
λ[w̃] (y, ξw[t, x](y))− λ[w̃] (y, ξw̃[t, x](y)) dy

∣∣∣∣
≤

(
sup
v∈CM

‖∂1λ[w]‖L∞(ΩT )‖wx‖L∞(ΩT ) + sup
v∈CM

‖∂3λ[v]‖L∞(R)

)

·
∫ max{t,τ}

min{t,τ}
|ξw[t, x](y)− ξw̃[t, x](y)| dy,

which we abbreviate as

EM (‖wx‖L∞(ΩT )) := sup
v∈CM

‖∂1λ[w]‖L∞(ΩT )‖wx‖L∞(ΩT ) + sup
v∈CM

‖∂3λ[v]‖L∞(R).

By Grönwall’s inequality, we finally find the uniform estimate with respect to x ∈ R

|ξw[t, x](τ)− ξw̃[t, x](τ)| ≤ |τ − t|‖w − w̃‖L∞(ΩT ) sup
v∈CM

‖∂1λ[v]‖L∞(ΩT )e
TEM(‖wx‖L∞(ΩT ))

which then concludes the proof.

Corollary 2.8 (Continuity and differentiability of the characteristics with respect to initial

time).

Let the assumptions of Lemma 2.6 be given. Then, we obtain as a direct consequence of the

Lemma the continuity of the characteristics, i.e. ξ satisfying Equations (2.5) and (2.6), with

respect to the initial time, i.e. ∀(t, x0) ∈ ΩT :

lim
t̃→t
‖ξ[t̃, x0]− ξ[t, x0]‖C([0,T ]) = 0 (2.12)

In addition, ξ[t, x0](τ) is differentiable with respect to initial time satisfying for τ ∈ [0, T ] the



equation

∂1ξ[t, x0](τ) = −λ[w](t, x0) exp

(∫ τ

t

d
dxλ[w](s, ξ[t, x0](s)) ds

)
,

where d
dxλ[w] is interpreted as in Assumption 2.1.

Proof. Continuity of the characteristics ξ[t, x0](τ) with respect to the first argument, i.e. t ∈
[0, T ], and (τ, x0) ∈ ΩT fixed, can be established by using the integral formulation for the solution

and applying Grönwall’s Lemma. The explicit expression of ∂1ξ[t, x0](τ) can be obtained by

combining Item 1 and Item 2 first part in Lemma 2.6.

Getting back to the linear PDE as proposed in the beginning of Section 2.1, we define its weak

solution canonically as

Definition 2.9 (Weak solution for the linear transport equation).

For T ∈ R>0 we call

q ∈ C([0, T ];L1(R))

a weak solution of the initial value problem defined in Equation (2.1)–(2.2) for q0 ∈ L1(R), h ∈
L1(ΩT ) and v ∈ L∞(ΩT ) iff ∀p ∈ C1

c ((−1, T )× R) the following integral equation holds:∫∫
ΩT

pt(t, x)q(t, x) + px(t, x)v(t, x)q(t, x) dx dt+

∫
R
p(0, x)q0(x) dx

= −
∫∫

ΩT

h(t, x)p(t, x) dx dt

(2.13)

In addition, we call q ∈ C([0, T ];L1
loc(R)) a weak solution in case that

q0 ∈ L1
loc(R) and h ∈ L1((0, T );L1

loc(R))

and q satisfies the same integral Equality (2.13).

For Lemma 2.11, we need a result which connects C([0, T ];L1
loc) and C([0, T ];L1). This is

made precise in the following Lemma 2.10:

Lemma 2.10 (C([0, T ];L1
loc(R)) and C([0, T ];L1(R))). For T ∈ R>0, we have the identity

C([0, T ];L1
loc(R)) ∩ L∞((0, T );L1(R)) = C([0, T ];L1(R)).

Proof. First, we notice that we obtain for a ρ ∈ C([0, T ];L1
loc(R)) the following statement

∀ε ∈ R>0 ∀K ⊆ R compact ∃δ(K, ε) ∀t, s ∈ [0, T ] with

|t− s| ≤ δ(K, ε) : ‖ρ(t, ·)− ρ(s, ·)‖L1(K) ≤ ε
3

and as ρ ∈ L∞((0, T );L1(R)), the following holds:

∀ε ∈ R>0 ∃K(ε) ⊆ R compact : ‖ρ(t, ·)‖L1(R\K(ε)) ≤ ε
3 ∀t ∈ [0, T ].



This directly leads to the following estimate for all t, s ∈ [0, T ] with |t− s| ≤ δ(K(ε), ε)

‖ρ(t, ·)− ρ(s, ·)‖L1(R) = ‖ρ(t, ·)− ρ(s, ·)‖L1(K(ε)) + ‖ρ(t, ·)− ρ(s, ·)‖L1(R\K(ε))

≤ ‖ρ(t, ·)− ρ(s, ·)‖L1(K(ε)) + ‖ρ(t, ·)‖L1(R\K(ε)) + ‖ρ(s, ·)‖L1(R\K(ε)) ≤ ε

and thus to the claimed equality.

For the linear transport equation, we present an explicit formula of the solution of the problem

defined in Lemma 2.11 in terms of characteristics as

Lemma 2.11 (Weak solution for the linear transport equation).

Suppose that

q0 ∈ L1(R) ∩ L∞(R) ∧ h ∈ L1(ΩT ) ∩ L1((0, T );L∞(R))

or only

q0 ∈ L∞(R) ∧ h ∈ L1((0, T );L∞(R))

are given. Let v ≡ λ[w] satisfy the Assumptions 2.1,2.2 for

w ∈ L∞((0, T );W 1,∞(R)).

Then, for (t, x) ∈ ΩT the weak solution in the sense of Definition 2.9 of regularity

C([0, T ];L1(R)), C([0, T ];L1
loc(R))

respectively, can be stated for (t, x) ∈ ΩT as

q(t, x) = q0(ξ[t, x](0))∂2ξ[t, x](0) +

∫ t

0
∂2ξ[t, x](τ)h(τ, ξ[t, x](τ)) dτ, (2.14)

where the characteristics ξ[t, x] are defined as the solution of the initial value problem in Equa-

tion (2.5)–(2.6).

Proof. For p ∈ C1
c ((−1, T )×R), we plug in the explicit expression of the solution (2.14) in terms

of the characteristics into the first part in Definition 2.9 and use Item 2 of Lemma 2.6. Then,

we end up with∫∫
ΩT

pt(t, x)q(t, x) + px(t, x)v(t, x)q(t, x) dx dt

=

∫∫
ΩT

pt(t, x)

(
q0(ξ[t, x](0))∂2ξ[t, x](0) +

∫ t

0
∂2ξ[t, x](τ)h(τ, ξ[t, x](τ)) dτ

)
dx dt

+

∫∫
ΩT

px(t, x)v(t, x)q0(ξ[t, x](0))∂2ξ[t, x](0) dx dt

+

∫∫
ΩT

px(t, x)v(t, x)

∫ t

0
∂2ξ[t, x](τ)h(τ, ξ[t, x](τ)) dτ dx dt



=

∫∫
ΩT

pt(t, ξ[0, y](t))q0(y) dy dt+

∫∫
ΩT

px(t, ξ[0, y](t))v(t, ξ[0, y](t))q0(y) dy dt

+

∫∫
ΩT

(∫ t

0
∂2ξ[t, x](τ)h(τ, ξ[t, x](τ)) dτ

)(
pt(t, x) + v(t, x)px(t, x)

)
dx dt

=

∫∫
ΩT

q0(y) d
dtp(t, ξ[0, y](t)) dy dt

+

∫∫
ΩT

∫ t

0
h(τ, y)

(
pt(t, ξ[τ, y](t)) + v(t, ξ[τ, y](t))px(t, ξ[τ, y](t))

)
dτ dy dt

=

∫∫
ΩT

q0(y) d
dtp(t, ξ[0, y](t)) dy dt+

∫∫
ΩT

h(τ, y)

∫ T

τ

d
dtp(t, ξ[τ, y](t)) dtdy dτ

= −
∫
R
q0(y)p(0, y) dy −

∫∫
ΩT

h(t, y)p(t, y) dy dt

since p(T, ·) ≡ 0 and ξ[0, y](0) = y by Lemma 2.6. The test function p ∈ C1
c ((−1, T ) × R) was

arbitrary, such that the latter expression is directly the definition of a weak solution as stated

in Definition 2.9.

Next, we show that q admits the regularity C([0, T ];L1(R)), C([0, T ];L1
loc(R)) respectively, as

postulated in the Definition 2.9 of a weak solution. Thus, considering t, s ∈ [0, T ] and K
c
⊂ R,

we obtain for the difference in the L1-norm in space

‖q(t, ·)− q(s, ·)‖L1(K)

≤
∫
K
|q0(ξ[t, x](0))∂2ξ[t, x](0)− q0(ξ[s, x](0))∂2ξ[s, x](0)| dx

+

∫
K

∣∣∣∣∫ t

0
∂2ξ[t, x](τ)h(τ, ξ[t, x](τ)) dτ −

∫ s

0
∂2ξ[s, x](τ)h(τ, ξ[s, x](τ)) dτ

∣∣∣∣ dx

≤
∫
K

∣∣∣∣∣q0(ξ[t, x](0))
(
∂2ξ[t, x](0)− ∂2ξ[s, x](0)

)∣∣∣∣∣
+

∣∣∣∣∣∂2ξ[s, x](0)
(
q0(ξ[t, x](0))− q0(ξ[s, x](0))

)∣∣∣∣∣dx
+

∫
K

∣∣∣∣∣
∫ min{t,s}

0
∂2ξ[t, x](τ)

(
h(τ, ξ[t, x](τ))− h(τ, ξ[s, x](τ))

)
+ h(τ, ξ[s, x](τ))

(
∂2ξ[t, x](τ)− ∂2ξ[s, x](τ)

)
dτ

∣∣∣∣∣ dx
+

∫
K

∣∣∣∣∣
∫ max{t,s}

min{t,s}
∂2ξ[t, x](τ)h(τ, ξ[t, x](τ)) dτ

∣∣∣∣∣ dx
+

∫
K

∣∣∣∣∣
∫ max{t,s}

min{t,s}
∂2ξ[s, x](τ)h(τ, ξ[s, x](τ)) dτ

∣∣∣∣∣dx
≤ ‖∂2ξ[t, ·](0)− ∂2ξ[s, ·](0)‖L1(K)‖q0‖L∞(R)



+ ‖∂2ξ[s, ·](0)‖L∞(K)

∫
K
|q0(ξ[t, x](0))− q0(ξ[s, x](0))| dx

+ ‖∂2ξ[t, ·](∗)‖L∞(K×(0,T ))

∫
K

∫ min{t,s}

0
|h(τ, ξ[t, x](τ))− h(τ, ξ[s, x](τ)|dτ dx

+ ‖h‖L1((0,T );L∞(K))‖∂2ξ[t, ·](∗)− ∂2ξ[s, ·](∗)‖L∞((0,T );L1(0,T ))

+

∫
K

∣∣∣∣∣
∫ max{t,s}

min{t,s}
∂2ξ[t, x](τ)h(τ, ξ[t, x](τ)) dτ

∣∣∣∣∣ dx
+

∫
K

∣∣∣∣∣
∫ max{t,s}

min{t,s}
∂2ξ[s, x](τ)h(τ, ξ[s, x](τ)) dτ

∣∣∣∣∣dx.
‖∂2ξ[t, ·](∗)‖L∞((R×(0,T )) is bounded by Lemma 2.6, in particular due to the estimate in the

second part of Item 2, and therefore second line and third line go to zero for s → t by [19,

Lemma 4.3].

The expressions in the latter two lines go to zero since the measure of integration goes to zero,

and for the first and fourth line we can use the third part of Item 2 in Lemma 2.6. Since K was

arbitrary, this gives the postulated regularity

q ∈ C([0, T ];L1
loc(R)).

for both cases, i.e. for L1 as well as L1
loc. Now, let us assume in addition that q0 ∈ L1(R) and

so is h ∈ L1((0, T )× R). Then, we recall that for every t, τ ∈ [0, T ], x ∈ R, the derivative of the

characteristics ξ[t, x](τ) with respect to the initial value x, i.e. ∂2ξ[t, x](τ) is strictly positive.

This is a direct consequence of the first part of Item 2 in Lemma 2.6 and we can thus use

integration by substitution to obtain for t ∈ [0, T ]

‖q(t, ·)‖L1(R) ≤ ‖q0‖L1(R) + ‖h‖L1(ΩT )

and can conclude

sup
t∈[0,T ]

‖q(t, ·)‖L1(R) ≤ ‖q0‖L1(R) + ‖h‖L1(ΩT ).

Furthermore, we know by the previous assumption that q ∈ C([0, T ];L1
loc(R)). Thus, we can

apply Lemma 2.10 and obtain the claim.

This explicit result can be complemented by an existence and uniqueness result [28]:

Lemma 2.12 (Uniqueness of the weak solution for the linear transport equation).

The weak solution defined in Definition 2.9 for the linear transport equation as stated in Equa-

tion 2.1–2.2 is under the assumptions in Lemma 2.11 unique.

Proof. The proof can be found in [28, Corollary II.1, Corollary II.2] and is much more general

than what we actually proposed here. We cannot use the most general result for linear balance /

linear conservation laws with space and time dependent velocity function, since for our nonlocal

term later, we need the Lipschitz-continuity with respect to the spatial variable.



Due to the dependencie of the velocity λ on the nonlocal term W , it becomes necessary to

define explicitly a weak solution for the nonlocal balance law, in particular if we want to allow

solutions to be just locally integrable in space as well. Of course, the Definition 2.13 is not very

different from the solution for the linear balance law 2.9:

Definition 2.13 (Weak solution - Nonlocal Balance Laws).

For T ∈ R>0 given, we distinguish two cases:

1. For q0 ∈ L1(R), h ∈ L1(ΩT ), a, b ∈ C(R) ∪ {−∞,∞}, γ ∈ L∞(ΩT × R) and λ ∈ C(R ×
[0, T ]× R), we call q ∈ C([0, T ];L1(R)) a weak solution of the nonlocal balance law stated

in Equations (1.5)-(1.7) iff ∀p ∈ C1
c ((−42, T )× R) the following integral equation holds:∫∫

ΩT

pt(t, x)q(t, x) + px(t, x)λ
[
W [q, γ, a, b]

]
(t, x)q(t, x) dx dt

+

∫
R
p(0, x)q0(x) dx = −

∫∫
ΩT

h(t, x)p(t, x) dx dt

(2.15)

with

λ
[
W [q, γ, a, b]

]
(t, x) :=

∫ b(x)

a(x)
γ(t, x, y)q(t, y) dy for (t, x) ∈ ΩT . (2.16)

2. Let the same assumptions as in the previous Item be given and replace q0 ∈ L1(R) by

q0 ∈ L1
loc(R), h ∈ L1(ΩT ) by h ∈ L1((0, T );L1

loc(R)) and a, b ∈ Cb(R). Then, we call

q ∈ C([0, T ];L1
loc(R)) a weak solution iff it satisfies the same integral equality (2.15)-(2.16).

Remark 2.14 (L1
loc vs. L1).

We note that for any L1
loc solution we have to make sure that Equation (2.16) remains well

defined. This is why we assume in the second item of Definition 2.13 a, b to be essentially

bounded. However, this is a condition which assures the well-posedness of the nonlocal term but

is not sharp in general. For instance, assume γ(t, x, ·) is for fixed (t, x) ∈ ΩT in the Schwartz

space, the nonlocal term might be well defined even if a = −∞ and b =∞. Unfortunately, it is

not obvious how to write down an explicit condition involving a, b and γ such that the nonlocal

term is well-posed for every (t, x) ∈ (0, T ) × R and boundary and source term in L1
loc except

the condition on a and b being essentially bounded, or doing it implicitly by postulating the

boundedness of the entire term.

For Proposition 2.17, which is the key ingredient to prove the existence of a solution for

sufficiently small time, we require some assumptions on the involved functions

Assumption 2.15 (Weight γ, a and b).

For T ∈ R>0, we assume that a, b ∈ C1(R) with a′, b′ ∈ Cb(R) and

γ ∈ L∞((0, T );W 1,∞(R2).

Equipped with these assumptions, we define the fixed-point mapping in the nonlocal term W

as



Definition 2.16 (Preparations for the main theorem, fixed-point mapping).

Let λ satisfy the Assumptions 2.1, 2.2 and a, b, γ satisfy Assumption 2.15. In addition, assume

that q0 ∈ L∞(R) ∩ L1(R) and h ∈ L1(ΩT ) ∩ L1((0, T );L∞(R)). Then, we define for ν ∈ R>0

M := ‖γ‖L∞(ΩT ;L∞(R))

(
‖q0‖L1(R) + ‖h‖L1(ΩT )

)
M ′ν := ‖∂2γ‖L∞(ΩT×R)

(
‖q0‖L1(R) + ‖h‖L1(ΩT )

)
+ exp(ν)‖γ‖L∞(ΩT×R)

(
‖a′‖L∞(R) + ‖b′‖L∞(R)

) (
‖q0‖L∞(R) + ‖h‖L1((0,T );L∞(R))

)
and

ΩM :=
{
φ ∈ L∞((0, T );W 1,∞(R)) : ‖φ‖L∞((0,T )×R) ≤M

}
ΩM ′ν :=

{
φ ∈ L∞((0, T );W 1,∞(R)) : ‖φx‖L∞((0,T )×R) ≤M ′ν

}
Ω
M ′ν
M := ΩM ∩ ΩM ′ν

the following mapping

F :



Ω
M ′ν
M → L∞((0, T );W 1,∞(R))

w 7→

(
(t, x) 7→

ξw[t,b(x)](0)∫
ξw[t,a(x)](0)

γ(t, x, ξw[0, z](t))q0

(
z
)

dz

+
t∫

0

ξw[t,b(x)](τ)∫
ξw[t,a(x)](τ)

γ(t, x, ξw[τ, z](t))h(τ, z) dz dτ

)
,

(2.17)

where the characteristics ξw[t, x0](·) are – as introduced in Definition 2.3 – defined as the unique

weak solution of the following ODE on [0, T ] for (t, x0) ∈ ΩT :

ξ̇[t, x0](τ) = λ[w] (τ, ξ[t, x0](τ))

ξ[t, x0](t) = x0.
(2.18)

For arbitrary large time, it is not true in general that F [w] is a self mapping. However, for

sufficiently small time t ∈ (0, T ) we are able to prove it. Moreover, we are even able to show

that F is Lipschitz-continuous when using the topology induced by the L∞-norm:

Proposition 2.17 (Properties of F , the fixed-point mapping).

Consider the fixed point mapping from Definition 2.16 with the therein given assumptions. Then,

we have:

1. F is bounded:

|F [w]‖L∞((0,T );L∞(R)) ≤M ∀w ∈ ΩM

2. d
dxF is bounded: ∀ν ∈ R>0 ∃T ′ ∈ (0, T ] s.t.∥∥ d

dxF [w]
∥∥
L∞((0,T ′)×R)

≤M ′ν ∀w ∈ Ω
M ′ν
M



Thereby, T ′ := min
{

ν
EM (M ′ν) , T

}
with EM (·) defined as in Lemma 2.6 Item 3, i.e.

EM (M ′ν) = M ′ν sup
v∈ΩM

‖∂1λ[v]‖L∞(ΩT ) + sup
v∈ΩM

‖∂3λ[v]‖L∞(ΩT ). (2.19)

3. F is Lipschitz-continuous, i.e. for w, w̃ ∈ Ω
M ′ν
M

‖F (w)− F (w̃)‖L∞(ΩT ) ≤ CT sup
v∈CM

‖∂1λ[v]‖L∞(ΩT ) exp(TEM (M ′ν))‖w − w̃‖L∞(ΩT ) (2.20)

with

C := 2‖γ‖L∞(ΩT×R)‖q0‖L∞(R) + ‖∂3γ‖L∞(ΩT×R)‖q0‖L1(R)

+ 2‖γ‖L∞(ΩT×R)‖h‖L1((0,T );L∞(R)) + ‖∂3γ‖L∞(ΩT×R)‖h‖L1(ΩT )

(2.21)

and EM (·) as defined in Item 3 in Lemma 2.6 and also stated in equation (2.19).

Proof.

1. For w ∈ ΩM and t ∈ [0, T ], we estimate

‖F [w](t, ·)‖L∞(R)

=

∥∥∥∥∥
∫ ξw[t,b(·)](0)

ξw[t,a(·)](0)
γ(t,·, ξw[0, z](t))q0

(
z
)

dz +

∫ t

0

∫ ξw[t,b(·)](τ)

ξw[t,a(·)](τ)
γ(t, ·, ξw[τ, z](t))h(τ, z) dz dτ

∥∥∥∥∥
L∞(R)

≤ ‖γ‖L∞(ΩT×R)

(
‖q0‖L1(R) + ‖h‖L1(ΩT )

)
= M.

Since the estimate for ‖F [w](t, ·)‖L∞(R) is uniformly in t ∈ [0, T ], F [w] is essentially

bounded by M and we have F [ΩM ] ⊆ ΩM .

2. This estimate is more delicate. We obtain for the derivative with respect to x, using

Lemma 2.6 Item 2, for t ∈ [0, T ′] with T ′ ∈ (0, T ] yet to be determined and w ∈ Ω
M ′ν
M as

well as x ∈ R

d
dxF [w](t, x) =

∫ ξw[t,b(x)](0)

ξw[t,a(x)](0)
∂2γ(t, x, ξw[0, z](t))q0

(
z
)

dz

+

∫ t

0

∫ ξw[t,b(x)](τ)

ξw[t,a(x)](τ)
∂2γ(t, x, ξw[τ, z](t))h(τ, z) dz dτ

+ γ(t, x, b(x))∂2ξw[t, b(x)](0)b′(x)q0(ξw[t, b(x)](0))

− γ(t, x, a(x))∂2ξw[t, a(x)](0)a′(x)q0(ξw[t, a(x)](0))

+

∫ t

0
γ(t, x, b(x))∂2ξw[t, b(x)](τ)b′(x)h(τ, ξw[t, b(x)](τ) dτ

−
∫ t

0
γ(t, x, a(x))∂2ξw[t, a(x)](τ)a′(x)h(τ, ξw[t, a(x)](τ)) dτ

(2.22)



and, thus∥∥ d
dxF [w](t, ·)

∥∥
L∞(R)

≤ ‖∂2γ‖L∞(ΩT×R)

(
‖q0‖L1(R) + ‖h‖L1(ΩT )

)
+ ‖γ‖L∞(ΩT×R)

(
‖a′‖L∞(R) + ‖b′‖L∞(R)

)
·
(
‖∂2ξw[t, ·](0)‖L∞(R)‖q0‖L∞(R)

+ max
τ∈[0,T ′]

‖∂2ξw[t, ·](τ)‖L∞(R)‖h‖L1((0,T );L∞(R))

)
≤ ‖∂2γ‖L∞(ΩT×R)

(
‖q0‖L1(R) + ‖h‖L1(ΩT )

)
+ ‖γ‖L∞(ΩT×R)

(
‖a′‖L∞(R) + ‖b′‖L∞(R)

) (
‖q0‖L∞(R) + ‖h‖L1((0,T );L∞(R))

)
· max
τ∈[0,T ′]

∥∥∥ exp
(
−
∫ t

τ

d
dxλ[w](t, ξ[t, ·](s)) ds

)∥∥∥
L∞(R)

where we have used Lemma 2.6, Item 2. Performing a worst case estimate on the expo-

nential term, we end up with

max
τ∈[0,T ′]

∥∥∥ exp
(
−
∫ t

τ

d
dxλ[w](t, ξ[t, ·](s)) ds

)∥∥∥
L∞(R)

≤ e
T ′maxs∈[0,T ]

∥∥ d
dxλ[w](t,ξ[t,·](s))

∥∥
L∞(R) ≤ e

T ′
(
M ′ν

∥∥∂1λ[w]
∥∥
L∞(ΩT )

+
∥∥∂3λ[w]

∥∥
L∞(ΩT )

)
≤ eν

for T ′ ≤ ν
EM (M ′ν) with EM (M ′ν) as given in Equation (2.19). Thus, we have found a T ′

such that we have F
[
Ω
M ′ν
M

]
⊆ Ω

M ′ν
M , i.e. for sufficiently small time-horizon F is indeed a

self-mapping.

3. Next, we show the Lipschitz-continuity of the fixed-point mapping F as defined in Defi-

nition 2.16. To keep notation simple, we first introduce some abbreviations for (τ, t, x) ∈
[0, T ]× ΩT and w, w̃ ∈ Ω

M ′ν
M

I[t, x](τ) :=
[
ξw[t, a(x)](τ), ξw[t, b(x)](τ)

]
Ĩ[t, x](τ) :=

[
ξw̃[t, a(x)](τ), ξw̃[t, b(x)](τ)

]
I∩[t, x](τ) := I[t, x](τ) ∩ Ĩ[t, x](τ),

where ξw, ξw̃ denote once more the characteristics as defined in Definition 2.3 for given w

and w̃. We estimate for (t, x) ∈ ΩT

|F (w)(t, x)− F (w̃)(t, x)|

≤

∣∣∣∣∣
∫
I[t,x](0)

γ(t, x, ξw[0, z](t))q0

(
z
)

dz −
∫
Ĩ[t,x](0)

γ(t, x, ξw̃[0, z](t))q0

(
z
)

dz

∣∣∣∣∣ (2.23)

+

∫ t

0

∣∣∣∣∣
∫
I[t,x](τ)

γ(t, x, ξw[τ, z](t))h(τ, z) dz (2.24)



−
∫
Ĩ[t,x](τ)

γ(t, x, ξw̃[τ, z](t))h(τ, z) dz

∣∣∣∣∣dτ. (2.25)

Let us now concentrate on the first summand in Expression 2.23:∣∣∣∣∣
∫
I[t,x](0)

γ(t, x, ξw[0, z](t))q0

(
z
)

dz −
∫
Ĩ[t,x](0)

γ(t, x, ξw̃[0, z](t))q0

(
z
)

dz

∣∣∣∣∣
≤

∣∣∣∣∣
∫
I[t,x](0)\I∩[t,x](0)

γ(t, x, ξw[0, z](t))q0

(
z
)

dz

∣∣∣∣∣
+

∣∣∣∣∣
∫
Ĩ[t,x](0)\I∩[t,x](0)

γ(t, x, ξw̃[0, z](t))q0

(
z
)

dz

∣∣∣∣∣
+

∣∣∣∣∣
∫
I∩[t,x](0)

(
γ(t, x, ξw[0, z](t))− γ(t, x, ξw̃[0, z](t))

)
q0

(
z
)

dz

∣∣∣∣∣
≤ ‖γ‖L∞(ΩT×R)‖q0‖L∞(R)

(∣∣I[t, x](0) \ I∩[t, x](0)
∣∣+
∣∣Ĩ[t, x](0) \ I∩[t, x](0)

∣∣)
+ ‖∂3γ‖L∞(ΩT×R)

∫
I∩[t,x](0)

∣∣∣ξw[0, z](t)− ξw̃[0, z](t)
∣∣∣∣∣∣q0(z)

∣∣∣ dz.
For the second summand, i.e. Expression (2.25), we obtain analogously

∫ t

0

∣∣∣∣∣
∫
I[t,x](τ)

γ(t, x, ξw[τ, z](t))h(τ, z) dz −
∫
Ĩ[t,x](τ)

γ(t, x, ξw̃[τ, z](t))h(τ, z) dz

∣∣∣∣∣dτ
≤ ‖γ‖L∞(ΩT×R)

∫ t

0
‖h(τ, ·)‖L∞(R)

(∣∣I[t, x](τ) \ I∩[t, x](τ)
∣∣+
∣∣Ĩ[t, x](τ) \ I∩[t, x](τ)

∣∣)dτ

+ ‖∂3γ‖L∞(ΩT×R)

∫ t

0
‖h(τ, ·)‖L∞(R)

∫
I∩[t,x](τ)

∣∣∣ξw[τ, z](t)− ξw̃[τ, z](t)
∣∣∣ dz dτ.

We continue the estimate by claiming for (t, x) ∈ ΩT and τ ∈ [0, T ]∣∣I[t, x](τ) \ I∩[t, x](τ)
∣∣+
∣∣Ĩ[t, x](τ) \ I∩[t, x](τ)

∣∣
≤
∣∣ξw[t, a(x)](τ)− ξw̃[t, a(x)](τ)

∣∣+
∣∣ξw[t, b(x)](τ)− ξw̃[t, b(x)](τ)

∣∣.
Then, for (t, x) ∈ ΩT we obtain by the latter estimates, altogether,

|F [w](t, x)− F [w̃](t, x)|

≤ ‖γ‖L∞(ΩT×R)‖q0‖L∞(R)

(∣∣∣ξw[t, a(x)](0)− ξw̃[t, a(x)](0)
∣∣∣

+
∣∣∣ξw[t, b(x)](0)− ξw̃[t, b(x)](0)

∣∣∣)
+ ‖∂3γ‖L∞(ΩT×R)

∫
I∩[t,x](0)

∣∣∣ξw[0, z](t)− ξw̃[0, z](t)
∣∣∣∣∣∣q0(z)

∣∣∣ dz



+ ‖γ‖L∞(ΩT×R)

∫ t

0
‖h(τ, ·)‖L∞(R)

(∣∣ξw[t, a(x)](τ)− ξw̃[t, a(x)](τ)
∣∣

+
∣∣ξw[t, b(x)](τ)− ξw̃[t, b(x)](τ)

∣∣)dτ

+ ‖∂3γ‖L∞(ΩT×R)

∫ t

0

∫
I∩[t,x](τ)

|h(τ, z)|
∣∣∣ξw[τ, z](t)− ξw̃[τ, z](t)

∣∣∣ dz dτ

≤
(

2‖γ‖L∞(ΩT×R)‖q0‖L∞(R) + ‖∂3γ‖L∞(ΩT×R)‖q0‖L1(R)

+ 2‖γ‖L∞(ΩT×R)‖h‖L1((0,T );L∞(R)) + ‖∂3γ‖L∞(ΩT×R)‖h‖L1(ΩT )

)
‖ξw − ξw̃‖L∞(ΩT×R)

≤ Ct sup
v∈CM

‖∂1λ[v]‖L∞(ΩT ) exp(TEM (M ′ν))‖w − w̃‖L∞(ΩT )

with C as defined in Equation 2.21 and EM (·) as defined in Lemma 2.6, in particular in

Item 3.

Remark 2.18 (The meaning of the parameter ν ∈ R>0).

The parameter ν ∈ R>0, introduced in Definition 2.16, allows to have a tradeoff between the

self mapping property and the bound of the derivative of the nonlocal term. Of course, this

is due to their interdependency. As it turns out, introducing this parameter is crucial for the

“maximal time” extension as can be seen in Theorem 2.25.

Altogether, the latter Proposition 2.17 guarantees that for small time t the mapping F is

a fixed-point mapping and Lipschitz-continuous. Combining both results, we can prove the

existence of a nonlocal w in terms of a fixed-point argument. One might wonder if the Assump-

tion 2.15 on the boundaries a and b – being a′ and b′ essentially bounded – are required. The

following remark answers this question:

Remark 2.19 (Counter example for unbounded derivative of the integral limits a and b).

We consider the following counter example showing that for boundaries a, b with unbounded

derivative we cannot expect the weak solution to be essentially bounded:

qt(t, x) + ∂x

(∫ b(x)

0
q(t, y) dy q(t, x)

)
= 0

q(0, x) = q0(x).

Define

ψn(x) :=
1

2



1 + 3n2(x− 2n)− 4n6(x− 2n)3 x ∈
(
2n− 1

2n2 , 2n+ 1
2n2

)
2 x ∈

[
2n+ 1

2n2 , 2n+ 1− 1
2n2

]
1− 3n2(x− 2n− 1) + 4n6(x− 2n− 1)3 x ∈

(
2n+ 1− 1

2n2 , 2n+ 1 + 1
2n2

)
0 else



By choosing b ≡
∑∞

n=1 ψn and q0 ≡ 1, the solution is unbounded for any t > 0. This can be

seen as follows: Due to ψn(x) = 1 for all x ∈
[
2n+ 1

2n2 , 2n+ 1− 1
2n2

]
and ψn(2n+ 1 + 1

2n2 ) = 0,

all the mass of q0 in the interval [
2n+ 1− 1

n
, 2n+ 1 +

1

2n2

]
is for t ≥ 1

n −
1

2n2 concentrated in the interval[
2n+ 1− 1

2n2
, 2n+ 1 +

1

2n2

]
and, thus, the L∞-norm has to satisfy

‖q( 1
n , ·)‖L∞(Kn) ≥ 1

2 + n

for Kn := [0, 2n+ 2]. Thus, the L∞-norm is unbounded for any time t > 0. The velocity

function λ which is by construction the upper integral limit b, are visualized in Figure 2.1. A

similar argument can be used for constructing a counter example in case q0 ∈ L∞ ∩ L1 by just

“scaling the smoothing interval length” instead of n−2 by n−4.

Altogether, such a boundary with unbounded derivative – here b′ – may cause a nonlocal func-

tion with unbounded derivative. To that end recall the proof of Proposition 2.17, in particular

Item 2.

Theorem 2.20 (Existence for sufficiently small time).

Let T ∈ R>0, and the assumptions in Proposition 2.17 hold. Then, there exists T ∗ ∈ (0, T ] such

that the nonlocal initial value problem as defined in Equations (1.5)–(1.7) admits a weak solution

q ∈ C([0, T ];L1(R)) in the sense of Definition 2.13. For (t, x) ∈ [0, T ∗] × R the weak solution

can be written as

q(t, x) = q0(ξw∗ [t, x](0))∂2ξw∗ [t, x](0) +

∫ t

0
∂2ξw∗ [t, x](τ)h(τ, ξw∗ [t, x](τ)) dτ (2.26)

where w∗ is the unique solution on (0, T ∗) × R of the fixed-point mapping as defined in Defini-

tion 2.16 and ξw∗ the correspondent characteristics as the solution of the parameter-dependent

ODE in Definition 2.3.

Proof. We make extensive use of Proposition 2.17. For the uniqueness, we refer to the following

Theorem 2.23. Now, pick T ∗ ∈ (0, T ] such that

T ∗ < min

{
1

2CT sup
v∈CM

‖∂1λ[v]‖L∞(ΩT ) exp(TEM (M ′ν))
,

ν

EM (M ′ν)

}
. (2.27)

Then, we obtain by Proposition 2.17 that F is a self-mapping and a contraction.
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Figure 2.2: Flux function (top), its spatial derivative (middle), and the characteristics (bottom)
of a counterexample for a nonlocal problem with unbounded derivative of the integral
limits.

Moreover, L∞((0, T ∗)×R) is a Banach space and thus, we have a unique w∗ ∈ L∞((0, T ∗)×R)

such that

w∗(t, x) = F [w∗](t, x) for (t, x) ∈ (0, T ∗)× R.

Having determined such a w∗ we can easily follow Lemma 2.11 to obtain the weak solution for

(t, x) ∈ (0, T ∗)× R in terms of

q(t, x) = q0(ξw∗ [t, x](0))∂2ξw∗ [t, x](0) +

∫ t

0
∂2ξw∗ [t, x](τ)h(τ, ξw∗ [t, x](τ)) dτ.

q is indeed a weak solution which can be shown as in the proof of Lemma 2.11.

Remark 2.21 (Sign preserving solution, bounded L1-norm).

Non-negative initial data q0 and source term h lead to a non-negative solution on the domain of

definition (i.e. [0, T ∗]× R) with T ∗ as defined in the foregoing Theorem 2.20 and later with T ∗

as defined in Theorem 2.25, the “time”-prolongation. The analogue result holds for non-positive



initial data and source term.

As can be expected, the L1-norm of the solution to the nonlocal balance law as defined in

Equation (3.3) q will remain bounded by the initial datum and the source term, i.e. ∀t ∈ [0, T ∗]

where T ∗ has been defined in the foregoing Theorem 2.20 we obtain

‖q(t, ·)‖L1(R) ≤ ‖q0‖L1(R) + ‖h‖L1((0,t)×R). (2.28)

In case q0 ≥ 0 ∧ h ≥ 0 or q0 ≤ 0 ∧ h ≤ 0, we obtain even equality in Inequality 2.28.

2.2 Uniqueness of the weak solution

To obtain uniqueness of a weak solution, we need the following Lemma 2.22.

Lemma 2.22 (Properties of a weak solution).

For T ∈ R>0 let q ∈ C([0, T ];L1(R)), q ∈ C([0, T ];L1
loc(R)) rspectively, be a weak solution in the

sense of Definition 2.13. Then, for any τ ∈ [0, T ] and every test function p ∈ C1
c ((−1, τ+1)×R),

we have the integral equality∫ τ

0

∫
R
pt(t, x)q(t, x) + px(t, x)v(t, x)q(t, x) dx dt+

∫
R
p(0, x)q0(x) dx

=

∫
R
p(τ, x)q(τ, x) dx−

∫ τ

0

∫
R
h(t, x)p(t, x) dx dt,

where we use for a better readability the abbreviation v :≡ λ
[
W
[
q, γ, a, b

]]
on ΩT .

Proof. Pick for ε ∈ R>0 small a function κε ∈ C([0, τ ]) such that

κε(t) = 1 for t ∈ [0, τ − ε] ∧ κε(τ) = 0 ∧ ‖κε‖L∞((0,τ)) = 1.

Then, we have for any function g ∈ C([0, τ ])

lim
ε→0

∫ τ

τ−ε
κ′ε(t)g(t) dt = −g(τ). (2.29)

Now, suppose p ∈ C1
c ((−42, T + 1) × R) is given, we construct pε :≡ p · κε. Obviously, pε ∈

C1
c ((−42, T )×R) is a proper test function in the sense of Definition 2.13, such that we can write

the very definition of a weak solution as∫∫
ΩT

pεt (t, x)q(t, x) + pεx(t, x)v(t, x)q(t, x) dx dt+

∫
R
pε(0, x)q0(x) dx

= −
∫∫

ΩT

h(t, x)pε(t, x) dx dt.



Reconsidering the definition of pε, we end up with the integral equality∫∫
ΩT

(
p(t, x)κ′ε(t) + pt(t, x)κε(t)

)
q(t, x) + κε(t)px(t, x)v(t, x)q(t, x) dx dt

+

∫
R
p(0, x)q0(x) dx = −

∫ T

0
κε(t)

∫
R
h(t, x)p(t, x) dx dt.

Observing that κε ⇀ 1 in L2((0, τ)) and Equation (2.29) we obtain – still for ε fixed –∫ τ

τ−ε
κ′ε(t)

∫
R
p(t, x)q(t, x) dx dt+

∫ τ

0
κε(t)

∫
R

(pt(t, x) + px(t, x)v(t, x)) q(t, x) dx dt

+

∫
R
p(0, x)q0(x) dx = −

∫ T

0
κε(t)

∫
R
h(t, x)p(t, x) dx dt

ε→0−→

−
∫
R
p(τ, x)q(τ, x) dx+

∫ τ

0

∫
R

(pt(t, x) + px(t, x)v(t, x)) q(t, x) dx dt∫
R
p(0, x)q0(x) dx = −

∫∫
ΩT

h(t, x)p(t, x) dx dt

observing that q ∈ C([0, T ];L1(R)) was given, such that t 7→
∫
R q(t, x)f(t, x) dx is continuous as

long as

f ∈ C([0, T ];L∞(R)) ⊃ Cc([−1, T + 1]× R).

Since p was arbitrary, this is exactly the conjecture.

To prove the uniqueness of a weak solution we were inspired by the proof of uniqueness in

[27, 43]. However, here we deal with a balance law on a strip and do not have boundary data.

Moreover, the velocity function is explicitly space dependent such that the arguments in that

proofs have to be adapted. We provide the adaption in the following:

Theorem 2.23 (Uniqueness of the weak solution).

Let the assumptions of Definition 2.16 be given, then a weak solution of the nonlocal balance law

in the sense of Definition 2.13 is unique.

Proof. Suppose we have two weak solutions q, q̃ ∈ C([0, δ];L1(R)) for δ ∈ [0, T ∗] be given with

T ∗ as introduced in Theorem 2.20. Then, define

W̃ (t, x) :=

∫ b(x)

a(x)
γ(t, x, y)q̃(t, y) dy

and ξ̃[t, x0] for (t, x0) ∈ Ωδ as the solution of the characteristic ODE

ξ̇[t, x0](τ) = λ[W̃ ] (τ, ξ[t, x0](τ)) ∀τ ∈ [0, δ]

ξ[t, x0](t) = x0.



Due to the assumption on q̃ and λ, γ, a, and b, all of these expressions are well defined and

finite. Now, let ψ0 ∈ C1
c (R) be given and define for (t, x) ∈ Ωδ

ψ(t, x) = ψ0(ξ̃[t, x](δ)).

Then, ψ satisfies the following backward end value problem

ψt(t, x) = −λ[W̃ ](t, x)ψx(t, x) (t, x) ∈ Ωδ

ψ(δ, x) = ψ0(x) x ∈ R.

This can easily be seen by computing it explicitly, i.e.

ψt(t, x) = ψ′0(ξ̃[t, x](δ))∂1ξ̃[t, x](δ)

λ[W̃ ](t, x)ψx(t, x) = λ[W̃ ](t, x)ψ′0(ξ̃[t, x](δ))∂2ξ̃[t, x](δ)

ψ(δ, x) = ψ0(ξ̃[δ, x](δ)) = ψ0(x)

and thus

ψt(t, x) + λ[W̃ ](t, x)ψx(t, x) = ψ′0(ξ̃[t, x](δ))
(
∂1ξ̃[t, x](δ) + λ[W̃ ](t, x)∂2ξ̃[t, x](δ)

)
= 0

by Lemma 2.6 and in particular Item 1.

In addition, ψ indeed satisfies the assumption on the test functions as given in Lemma 2.22

and we can plug it into this equation as test function to obtain∫
R
ψ0(ξ̃[0, x](τ))q0(x) dx−

∫
R
ψ0(x)q̃(δ, x) dx = −

∫ δ

0

∫
R
h(t, x)ψ0(ξ̃[t, x](δ)) dx dt.

Integration by substitution and once more Lemma 2.6, Item 1 yields∫
R
ψ0(x)q̃(δ, x) dx

=

∫
R
ψ0(y)q0(ξ̃[δ, y](0))∂2ξ̃[δ, y](0) dy +

∫
R
ψ0(y)

∫ δ

0
∂2ξ̃[δ, y](t)h(t, ξ̃[δ, y](t)) dt dy.

Since ψ0 ∈ C1
c ([−1, δ+ 1]×R) was arbitrary, we can use the Fundamental Theorem of Calculus

of Variations in [19, Corollary 4.24] to obtain for almost every y ∈ R and τ ∈ [0, δ]

q̃(τ, y) = q0(ξ̃[τ, y](0))∂2ξ̃[τ, y](0) +

∫ τ

0
∂2ξ̃[τ, y](t)h(t, ξ̃[τ, y](t)) dt.

Thus, we can compute once more for (t, x) ∈ [0, δ]× R

w̃(t, x) =

∫ b(x)

a(x)
q̃(t, y)γ(t, x, y) dy



=

∫ b(x)

a(x)

(
q0(ξ̃[t, y](0))∂2ξ̃[t, y](0) +

∫ t

0
∂2ξ̃[t, y](τ)h(τ, ξ̃[t, y](τ)) dτ

)
γ(t, x, y) dy

=

∫ ξ̃[t,b(x)](0)

ξ̃[t,a(x)](0)
γ(t, x, ξ̃[0, z](t))q0

(
z
)

dz +

∫ t

0

∫ ξ̃[t,b(x)](τ)

ξ̃[t,a(x)](τ)
γ(t, x, ξ̃[τ, z](t))h(τ, z) dz dτ

= F [w̃](t, x)

by the Definition 2.16 of the fixed-point mapping. Obviously, we also have w̃ ∈ Ω
M ′ν
M , where

M and Ω
M ′ν
M are also defined in Definition 2.16. This means that w̃ is another solution of the

fixed-point Equation (2.17) and since the solution is by means of Banach’s fixed-point theorem

unique (Theorem 2.20), we conclude q ≡ q̃ on [0, δ]× R.

Remark 2.24 (Uniqueness of the weak solution).

The latter Theorem 2.23 is the guarantee that no entropy condition for the uniqueness of the

weak solution is required. Even more, as long as there exists a weak solution at a time t ∈ [0, T ]

satisfying the necessary assumptions, the solution is always unique, even if we are not able to

guarantee the existence of the solution with Banach’s fixed-point method. In particular, one

can use other methods – numerical approximation methods, etc. – to show the existence of a

solution and then can use this result to obtain uniqueness.

2.3 Existence and uniqueness of the weak solution for long(er) time

Theorem 2.25 (Existence of the solution for larger time).

Suppose that the assumptions of Theorem 2.20 are satisfied. Then, the unique solution

q ∈ C([0, T ∗];L1(R))

existing on the time interval [0, T ∗] can be extended to the time-horizon [0, T ∗max] for any T ∗max ∈
(T ∗,∞) satisfying:

If β 6= 0 and α 6= 0 ∨ h∞ 6= 0 then T ∗max <
ln
(
α+β(2h∞+q∞0 )

)
−ln
(
β(h∞+q∞0 )

)
α+βh∞ (2.30)

If β 6= 0 and α = 0 ∧ h∞ = 0 then T ∗max <
1

βq∞0
(2.31)

If β = 0 then T ∗max ∈ R≥0 (2.32)

with the following definitions:

q∞0 := ‖q0‖L∞(R)

h∞ := ‖h‖L1((0,T );L∞(R))

M := ‖γ‖L∞(ΩT ;L∞(R))

(
‖q0‖L1(R) + ‖h‖L1(ΩT )

)



ΩM :=
{
φ ∈ L∞((0, T );W 1,∞(R)) : ‖φ‖L∞((0,T )×R) ≤M

}
α := sup

v∈ΩM

‖∂3λ[v]‖L∞(ΩT ) + sup
v∈ΩM

‖∂1λ[v]‖L∞(ΩT )‖∂2γ‖L∞(ΩT×R)

(
‖q0‖L1(R) + ‖h‖L1(ΩT )

)
β := sup

v∈ΩM

‖∂1λ[v]‖L∞(ΩT )‖γ‖L∞(ΩT×R)

(
‖a′‖L∞(R) + ‖b′‖L∞(R)

)
.

x

τ

T1 q2
0(x) = q1(∆T0, x)

T2 q3
0(x) = q2(∆T1, x)

T3 q4
0(x) = q3(∆T2, x)

...

q1(t, x)

q2(t+ T1, x)

q3(t+ T2, x)

...
T ∗

0 x

τ

T1 q2
0(x) = q1(∆T0, x)

T2 q3
0(x) = q2(∆T1, x)

T3 q4
0(x) = q3(∆T2, x)

T4 q5
0(x) = q4(∆T3, x)

...

q1(t, x)

q2(t+ T1, x)

q3(t+ T2, x)

q4(t+ T3, x)

...

0

Figure 2.3: Prolonging the interval of existence by clustering a sequence of Cauchy problems(
qi(t, x)

)
i∈N. Left: An upper bound to the maximal interval of existence, Right:

No upper bound on the maximal interval of existence.

Proof. Let (Ti)i∈N≥0
be the sequence of time intervals and ∆Ti := Ti+1−Ti, i ∈ N≥0 with T0 := 0,

one obtains when iteratively prolonging the existence interval by clustering as sequence of Cauchy

problems as suggested in Figure 2.3. To be precise, we obtain for initial data q0 and right hand

side data h by Theorem 2.20 a T ∗ ∈ (0, T ] on which the weak solution q ∈ C([0, T ];L1(R)),

q ∈ C([0, T ];L1
loc(R)) is well-defined. Due to the continuity in time, we can therefore compute

q(T ∗, ·) ∈ L1(R), L1
loc(R) respectively, which still admits a L∞-bound. Defining q(1) :≡ q on

(t, x) ∈ [0, T ∗] × R and T1 = T ∗, we can define for k ∈ N≥2 the following Cauchy problems

iteratively

q
(k)
t (t, x) + ∂x

(
λ
[
W (k)

](
t, x
)
q(k)(t, x)

)
= h

(
Tk−1 + t, x

)
(t, x) ∈ (0,∆Tk−1)× R

q(k)(0, x) = q(k−1)
(
∆Tk−1, x

)
x ∈ R

γ(k)(t, x, y) := γ(t+ Tk−1, x, y) ∀(t, x, y) ∈ (0, T − Tk−1)× R.

W (k) := W
[
q(k), γ(k), a, b

]
By applying Theorem 2.20 on every of these Cauchy problems inductively, we obtain the sequence

of times (∆Ti)i∈N≥2
, on which the solution of every of those Cauchy problems exists. We now

study whether the sum of those intervals will converge (existence of a solution on a finite time

horizon, see Figure 2.3 upper) or diverge (existence of a solution on any finite time horizon, see

Figure 2.3 lower).



By Inequality 2.27, the interval lengths ∆Ti are for i ∈ N≥0 can be chosen by

∆T νi = min
{
f1(ν, ‖q(Ti, ·)‖L∞), f2(ν, ‖q(Ti, ·)‖L∞)

}
with

f1(ν, p) :=
1(

α1(h∞ + p) + α2

)
exp

(
T (α3 + α4eν(h∞ + p))

) , (2.33)

f2(ν, p) :=
ν

α3 + α4eν(h∞ + p)
(2.34)

and

α1 := ‖γ‖L∞(ΩT×R)

α2 := ‖γ‖L∞(ΩT×R)

(
‖q0‖L1(R) + ‖h‖L1(ΩT )

)
α3 := sup

v∈ΩM

‖∂3λ[v]‖L∞(ΩT )

+ sup
v∈ΩM

‖∂1λ[v]‖L∞(ΩT )‖∂2γ‖L∞(ΩT×R)

(
‖q0‖L1(R) + ‖h‖L1(ΩT )

)
α4 :=: sup

v∈ΩM

‖∂1λ[v]‖L∞(ΩT )‖γ‖L∞(ΩT×R)

(
‖a′‖L∞(R) + ‖b′‖L∞(R)

)
.

(2.35)

Then, there exists ν ∈ R>0 so that f1(ν, q∞0 ) ≥ f2(ν, q∞0 ). Let N(ν) satisfy

f1(ν, q∞0 ei) ≥ f2(ν, q∞0 ei) ∀i < N(ν).

Furthermore, by the explicit formula of the solution in Equation (2.14) the following holds for

i ∈ {1, . . . , N(ν)}:

∣∣q(Ti+1, x)
∣∣ ≤ ‖q(Ti, ·)‖L∞(R)

∣∣∂2ξ[Ti+1, x](Ti)
∣∣+

∫ Ti+1

Ti

‖h(s, ·)‖L∞(R)

∣∣∂2ξ[Ti+1, x](s)
∣∣ ds

≤
(
‖q(Ti, ·)‖L∞(R) + ‖h‖L1((Ti,Ti+1);L∞(R))

)
e∆T νi EM (M ′ν).

By construction of ∆T νi , this leads to:∣∣q(Ti+1, x)
∣∣ ≤ (‖q(Ti, ·)‖L∞(R) + ‖h‖L1((Ti,Ti+1);L∞(R))

)
eν .

Applying this inequality recursively leads to

∣∣q(Ti+1, x)
∣∣ ≤ ‖q0‖L∞(R)e

(i+1)ν +
i∑

k=0

‖h‖L1((Tk,Tk+1);L∞(R))e
(i−k+1)ν (2.36)

≤
(
‖q0‖L∞(R) + h∞

)
e(i+1)ν (2.37)

thus q∞i := ‖q(Ti, ·)‖L∞ ≤ (q∞0 + h∞)eiν . The first step to show Inequality 2.30 is to determine



a lower bound for N(ν)

f1(ν, q∞i ) ≥ f2(ν, q∞i )⇐⇒ ν ≤ α3 + α4e(i+1)ν(q∞0 + h∞)(
α1(q∞0 + h∞)eiν + α2

)
exp

(
α3 + α4e(i+1)ν(q∞0 + h∞)

) .
(2.38)

Using the following straight forward estimate for every ν ∈ R>0 and i ∈ N≥0

α3 + α4e
(i+1)ν(q∞0 + h∞)

α1(q∞0 + h∞)eiν + α2
≥ α5q

∞
0(

α1q∞0 e
ν + α2e−(i+1)ν

) ≥ α4e
(i+1)ν(q∞0 + h∞)

α1(q∞0 + h∞)eiν + α2

≥ α4(q∞0 + h∞)

α1(q∞0 + h∞)e−ν + α2e−(i+1)ν
≥ α4(q∞0 + h∞)

α1(q∞0 + h∞) + α2

we can strengthen Inequality 2.38. Therefore we postulate that ν has to satisfy

ν ≤ α4(q∞0 + h∞)(
α1(q∞0 + h∞) + α2

)
exp

(
α3 + α4e(i+1)ν(q∞0 + h∞)

) =⇒ f1(ν, q∞i ) ≥ f2(ν, q∞i ).

This is fulfilled for all i ∈ N≥0 satisfying

α4e(i+1)ν(q∞0 + h∞) ≤ ln

(
α4(q∞0 + h∞)

ν
(
α1(q∞0 + h∞) + α2

))− α3

which is true for all i < N(ν), with N(·) defined as

N(ν) :=

⌊
1

ν
ln

(
1

α4(q∞0 + h∞)

(
ln

(
α4(q∞0 + h∞)

ν
(
α1(q∞0 + h∞) + α2

))− α3

))
− 1

⌋
.

Please notice that for sufficiently small ν ∈ R>0 the term N(ν) is well defined. Obviously, we

obtain νN(ν)→∞ as ν ↘ 0. Thus, we can perform the following estimate for p ∈ R>0

N(ν)∑
i=0

f2(ν, peiν) ≥
∞∑
i=0

f2(ν, peiν)−
∞∑

i=N(ν)+1

ν

α4eν(i+1)p
≥
∞∑
i=0

f2(ν, peiν)− 1

α4peνN(ν)
.

As the last term vanishes as ν tends to zero, we get the existence of a solution on the time-

horizon [0, T ∗max] for any T ∗max ∈ R≥0 satisfying:

T ∗max < lim
ν↘0

∞∑
i=0

f2(ν, (q∞0 + h∞)eiν) (2.39)

For the concrete expression of the sum as given in Equation (2.30), we concentrate for fixed

ν ∈ R>0 on the same and observe that – analogously to the integral test for the convergence of



sequences – we obtain for p ∈ R>0

Aν :=

∫ ∞
0

f2(ν, pexν) dx ≤
∞∑
i=0

f2(ν, peiν) ≤ f2(ν, p) +

∫ ∞
0

f2(ν, pexν) dx.

Aν is computable and

A0 := lim
ν→0

Aν =
ln
(
α3 + α4(2h∞ + q∞0 )

)
− ln

(
α4(h∞ + q∞0 )

)
α3 + α4h∞

.

Since

lim
ν→0

f2(ν, q∞0 ) = 0,

we obtain the claimed formula. The second item in Theorem 2.25 is a direct consequence of

Equation (2.39) and the definitions in the Equations (2.33) and (2.34) as it in total defines a

geometrical series.

For the last item in Theorem 2.25, the summands of the series do not depend on the L∞-norm

of the solution, and thus all ∆T νi are constant which obviously leads to existence on any finite

time horizon.

Remark 2.26 (The maximal time T ∗max when it comes to the source term h).

Obviously the Estimate (2.37) is not sharp w.r.t. h and could be improved knowing for example

the support of h.

Corollary 2.27 (Extension of the solution to arbitrary large time).

For T ∈ R>0 let the Assumptions in Theorem 2.20 be given, i.e. λ satisfy the Assumptions 2.1,

2.2 and a, b, γ Assumption 2.15. Further let the initial data satisfy q0 ∈ L∞(R) ∩ L1(R) and

the source term h ∈ L1(ΩT ) ∩ L1((0, T );L∞(R)). Assume additionally one of the following

conditions to hold:

1. Support of γ is a subset of the area of integration, i.e.

supp(γ(t, x, ·)) ⊆ 〈a(x), b(x)〉 ∀(t, x) ∈ ΩT

where

〈a(x), b(x)〉 := (min{a(x), b(x)},max{a(x), b(x)}) ,

2. Area of integration is constant, i.e.

a(x) ≡ a and b(x) ≡ b with a, b ∈ R ∪ {±∞},

3. Lower integral bound is identity and non-negative initial data and source term, i.e.

∀x ∈ R : a(x) = x, q0 ≥ 0, h ∈ L∞((0, T );L∞(R;R≥0))



and the following inequality holds for γ and the upper integral bound b

∂1λ[w](t, x)γ(t, x, x) < min
{

0 , ∂1λ[w](t, b(x))γ(t, x, b(x))b′(x)
}
∀(t, x) ∈ [0, T ]× R

Then, the solution of the nonlocal balance law admits a unique weak solution on [0, T ].

Remark 2.28 (Applicability of Corollary 2.27 in the literature).

The latter item is applicable to various problem settings in traffic flow modeling. For example,

the problem defined in Equation (1.4) is solvable on any time-horizon if the integral weight

function satisfies the following inequality ωη(0) ≥ max{0, ωη(η)}, which turns out to be a gen-

eralization of the results in [15, Equation 1]. Therein, the assumptions to obtain well-posedness

are restricted to a non-increasing ω and to the special choice of the flux function λ[w] = 1− w.

In case of non-positive data q0 and h, the inequality sign is reversed. Corollary 2.27 will be

applied in Section 2.5, in particular in Example 2.45.

Proof.

1. We prove the first and second Item simultaneously. To this end, recall the fixed-point

mapping F in Definition 2.16 and consider the proof of Proposition 2.17 for guaranteeing

that F is a self-mapping. Estimating d
dxF [w], the “boundary values are cancelling out”

since

supp(γ(t, x, ·)) ⊆ 〈a(x), b(x)〉 ∀(t, x) ∈ ΩT

or – as assumed in the second case – a(x) ≡ a and b(x) ≡ b, such that we finally obtain

for t ∈ [0, T ′] ∥∥ d
dxF [w](t, ·)

∥∥
L∞(R)

≤ ‖∂2γ‖L∞(ΩT×R)

(
‖q0‖L1(R) + ‖h‖L1(ΩT )

)
.

By the construction of the solution in terms of characteristics as given in Equation (3.3),

the L1-norm of q does not increase as pointed out in Remark 2.21 and the L1-norm of h is

fixed, the mapping F remains a self mapping for every finite time horizon, such that the

assumption on the minimal existence interval in Inequality 2.27, i.e. T ∗ ≤ ν
EM (M ′ν) can be

dropped. Next, we look into the proof for showing that F is a contraction once more. For

that, define now the “mass” of the derivative of w with respect to x ∈ R

M̃ := ‖∂2γ‖L∞(ΩT×R)

(
‖q0‖L1(R) + ‖h‖L1(ΩT )

)
. (2.40)

Suppose first that we have supp(γ(t, x, ·)) ⊆ 〈a(x), b(x)〉 ∀(t, x) ∈ ΩT . Then, our fixed-

point mapping satisfies the estimate for w, w̃ ∈ ΩM̃
M

‖F [w]− F [w̃]‖L∞(ΩT ) ≤ ‖∂3γ‖L∞(ΩT×R)

(
‖q0‖L1(R) + ‖h‖L1(ΩT )

)
‖ξw − ξw̃‖L∞(ΩT×R)

≤ ‖∂3γ‖L∞(ΩT×R)

(
‖q0‖L1(R) + ‖h‖L1(ΩT )

)



· T sup
v∈CM

‖∂1λ[v]‖L∞(ΩT )e
TEM (M̃)‖w − w̃‖L∞(ΩT )

where we have used Lemma 2.6.

We can now pick a sufficiently small time period to obtain a fixed-point as it was done

in the proof of Theorem 2.20 and iterate the procedure as performed in the proof of

Theorem 2.25. This time, the right hand side in the above deduced inequality will not

change since M̃ , the uniform constant for bounding wx has no effect on the existence

interval, such that we can prolong the existence interval to any length. Having a well-

posed w on the full time horizon, it is straight forward to write down the explicit solution

as presented in Equation (3.3).

In case a = −∞ and b = ∞, the performed estimate for the contraction is still valid and

there is nothing to be done anymore.

For the case when a(x) and b(x) are constant but at least one of them is not ±∞, we have

to go into the fixed-point mapping and the contraction argument once more. Recalling

that ‖wx‖L∞(ΩT ) ≤ M̃ , we can use that to estimate the L∞-bound of the solution over

time.

We know by Item 2 in Lemma 2.6 that

‖∂2ξ[t, ·](τ)‖L∞(R) ≤ exp
(
|τ − t|C[w]

)
≤ exp

(
T · sup
w∈ΩM

′
M

C[w]
)
,

which is – since M̃ is not affecting the time interval – a uniform estimate for every time

horizon. Thus, we can just take the same T ∗ for every member of the sequence of Cauchy

problems to prolong the existence interval, and arrive at an arbitrary large time. The

process is again illustrated in Figure 2.3.

2. To prove Item 3 we investigate how the solution q evolves on the characteristics, i.e. we

evaluate

q(t, ξ[τ, x](t)) = q(τ, x)∂2ξ[t, ξ[τ, x](t)](τ) +

∫ t

τ
∂2ξ[t, ξ[τ, x](t)](s)h(s, ξ[τ, x](s)) ds.

(2.41)

By Equation 2.9 as part of Lemma 2.6, we have

∂2ξ[t, ξ[0, x](t)](0) = exp

(
−
∫ t

0

d
dxλ[w](s, ξ[0, x](s)) ds

)
and thus we get for the total time derivative

d
dt∂2ξ[t, ξ[τ, x](t)](τ)

∣∣
τ=t

= − d
dxλ[w](t, x).

Differentiating Equation 2.41, directly leads to the following formula for the evolution of q



on the characteristics. Thereby, the differentiability is a direct consequence of evaluating

the solution along the characteristics, shifting the time derivative to the characteristics

d
dtq(t, ξ[τ, x](t))

∣∣∣
τ=t

= −
(
∂1λ[w](t, x)wx(t, x) + ∂3λ[w](t, x)

)
q(t, x) + h(t, x).

The “crucial term” wx is for a(x) = x, ∀x ∈ R, denoted by

wx(t, x) = γ(t, x, b(x))q(t, b(x))b′(x)− γ(t, x, x)q(t, x) +

∫ b(x)

x
∂2γ(t, x, y)q(t, y) dy.

With the abbreviations

A(t, x) := ∂1λ[w](t, x)γ(t, x, x)

B(t, x) := ∂1λ[w](t, b(x))γ(t, x, b(x))b′(x)

C(t, x) := ∂1λ[w](t, x)
∫ b(x)
x ∂2γ(t, x, y)q(t, y) dy + ∂3λ[w](t, x)

for (t, x) ∈ ΩT , we get the following formula for the change of the solution on the charac-

teristics

d
dtq(t, ξ[τ, x](t))

∣∣∣
τ=t

= q(t, x)
(
A(t, x)q(t, x)−B(t, x)q(t, b(x))− C(t, x)

)
+ h(t, x).

Due to non-negative initial data q0 and the non-negative source term h which is assumed to

be in L∞((0, T );L∞(R)), the solution ‖q‖L∞((0,T );L∞(R)) is bounded if the following holds

∂1λ[w](t, x)γ(t, x, x) < min
{

0 , ∂1λ[w](t, b(x))γ(t, x, b(x))b′(x)
}

∀(t, x) ∈ ΩT .

Remark 2.29 (Pure L1-solution and pure L∞-solutions in special cases).

Assume that L∞(R) 3 q0 6∈ L1(R) and L1((0, T );L∞(R)) 3 h 6∈ L1(ΩT ) and ‖b− a‖L∞(R) finite.

Then, we obtain a weak solution of the nonlocal balance law for sufficiently small time with

regularity q ∈ C([0, T ];L1
loc(R)). For that observe that in the proposed case the fixed-point

equation in the proof of Proposition 2.17 does not require L1-regularity, when redefining

M := ‖γ‖L∞(ΩT×R)

(
‖q0‖L∞(R) + ‖h‖L1((0,T );L∞(R))

)
‖a− b‖C(R)

M ′ν := ‖∂2γ‖L∞(ΩT×R)

(
‖q0‖L∞(R) + ‖h‖L1((0,T );L∞(R))

)
‖a− b‖C(R)

+ exp(ν)‖γ‖L∞(ΩT×R)

(
‖a′‖L∞(R) + ‖b′‖L∞(R)

) (
‖q0‖L∞(R) + ‖h‖L1((0,T );L∞(R))

)
.

Then, with the same tools as for the L1 ∩ L∞ case, we can show the uniqueness of a solution

of the fixed-point mapping and obtain – finally – a weak solution for the nonlocal conservation

law. As pointed out, the weak solution will in general be only L1
loc in space, however, we have



the additional and quite obvious regularity result

q ∈ L∞((0, T );L∞(R)) ∩ C([0, T ];L1
loc(R))

for T sufficiently small. With the analogue approach as in Theorem 2.25, we can prolong the

domain of existence, however due to the change of the constants M and M ′ν above, we will not

obtain the same constants as presented in Inequalities (2.30),(2.31),(2.32). We do not go into

details here.

A similar result holds for pure L1-data: Assume that the boundary data in the nonlocal term

satisfies a = −∞ ∧ b =∞ or that the weight γ in the nonlocal term satisfies

∀(t, x) ∈ ΩT : supp(γ(t, x, ·)) ⊆
(
a(x), b(x)

)
where we assume without loss of generality that a(x) ≤ b(x) ∀x ∈ R. Then, by a careful study

of the proof of Item 1 and 2 in Theorem 2.27, one can observe that a L∞-bound on the initial

data is not required and we obtain the formula of the solution as given in Equation 3.3 as a

purely L1-weak solution as defined in Definition 2.13

q ∈ C([0, T ];L1(R))

which might be – as pointed out – unbounded. Of course, due to Corollary 2.27 we obtain the

L1-solution on any finite time horizon.

Remark 2.30 (Time extension and arbitrary large time horizon).

The results obtained in Theorem 2.27 Item 1 and 2 are consistent with the latter Theorem. By

letting ‖a′‖L∞(R) and ‖b′‖L∞(R) tend to zero, the final time T ∗ tends to infinity.

2.4 Higher regularity of the weak solution

We start with a remark about the continuity of the nonlocal w as solution of the fixed-point

equation.

Remark 2.31 (Hidden regularity of w in case, γ is continuous).

Suppose that

γ ∈ L∞((0, T );W 1,∞(R2)) ∩ C([0, T ]× R;L∞(R)).

Then, we can use the very definition of the nonlocal term as given in Equation (1.7) and the

regularity of the solution for w ∈ L∞((0, T );L∞(R)) to deduce that the nonlocal w is even

continuous.

For the BV estimates in Corollary 2.33, we present some required results in the following

Lemma:



Lemma 2.32 (Properties of BV ). For u, v in BV (R), where BV denotes the Banach space of

functions of bounded variation equipped with the norm ‖f‖BV (R) := ‖f‖L1(R) + |f |TV (R) and

|f |TV (R) := sup
φ∈C1

c (R)
‖φ‖L∞(R)≤1

∫
R
f(x)φ′(x) dx,

the following holds:

1. |uv|TV (R) ≤ ‖u‖L∞(R)|v|TV (R) + |u|TV (R)‖v‖L∞(R)

2. For ψ ∈W 1,∞
loc (R) with ψ′ ∈ L∞(R)

|ψ ◦ u|TV (R) ≤ ‖ψ′‖L∞(R)|u|TV (R).

3. For a homeomorphism ψ ∈ C(R)

|u ◦ ψ|TV (R) ≤ |u|TV (R).

Proof.

1. For the given functions u, v, we can find a sequence of functions

(un)n∈N ⊂W 1,1(R) ∩ C∞(R) ⊇ (vn)n∈N

by [58, Theorem 13.9] such that

lim
n→∞

‖u− un‖L1(R) = 0 ∧ lim
n→∞

‖u′n‖L1(R) = |u|TV (R) (2.42)

lim
n→∞

‖v − vn‖L1(R) = 0 ∧ lim
n→∞

‖v′n‖L1(R) = |v|TV (R) (2.43)

and since un and vn can be constructed with the help of a standard mollifier, we can use

[58, Theorem C.19 (iii)] and claim

∀n ∈ N : ‖un‖L∞(R) ≤ ‖u‖L∞(R) ∧ ‖vn‖L∞(R) ≤ ‖v‖L∞(R).

Thereby, ‖v‖L∞(R) and ‖u‖L∞(R) are bounded, since BV (R) ↪→ L∞(R) by [58, Theorem

13.30]. Since un, vn converge to u, v in L1(R), we can use the lower semi-continuity of the

total variation, i.e. the TV semi-norm, for L1
loc-functions (see [58, Exercise 13.3 (iii)]])

(recalling that unvn ∈ L1
loc(R) since un, vn ∈ L∞(R)) to obtain the inequality

|u · v|TV (R) ≤ lim inf
n→∞

|un · vn|TV (R).

Since un and vn are more regular, the semi-norm of the total variation coincides with the



derivative of un · vn in the L1-norm and we end up with the following estimate

|un · vn|TV (R) =
∥∥(un · vn)′

∥∥
L1(R)

≤ ‖un‖L∞(R)‖v′n‖L1(R) + ‖vn‖L∞(R)‖u′n‖L1(R)

≤ ‖u‖L∞(R)‖v′n‖L1(R) + ‖v‖L∞(R)‖u′n‖L1(R).

Now, using the convergence results stated in Equation (2.42),(2.43), we obtain

|u · v|TV (R) ≤ lim inf
n→∞

|un · vn|TV (R) ≤ lim
n→∞

(
‖u‖L∞(R)‖v′n‖L1(R) + ‖v‖L∞(R)‖u′n‖L1(R)

)
= ‖u‖L∞(R)|v|TV (R) + ‖v‖L∞(R)|u|TV (R).

2. The result can be found in [5, Theorem 2.1] or [58, Exercise 13.49].

3. We first approximate ψ by a sequence ψn ≡ ψ ∗ φ, where φ is the standard mollifier as

presented in [58, Remark C.18, Equation C.8]. Then, the monotonicity of ψ is handed

down to ψn and we have by [58, Theorem C.19(i)] for every compact set K
c
⊂ R

lim
n→∞

‖ψ − ψn‖C(K) = 0.

This immediately implies u ◦ ψn → u ◦ ψ in L1
loc(R) and we can again use the lower semi-

continuity of the total variation w.r.t. the L1
loc-topology [58, Exercise 13.3 (iii)] and the

very definition of the total variation to obtain

|u ◦ ψ|TV (R) ≤ lim inf
n→∞

|u ◦ ψn|TV (R)

= lim inf
n→∞

sup
φ∈C1

c (R)
‖φ‖L∞(R)≤1

∫ ∞
−∞

u(y)φ′(ψ−1
n (y))ψ−1

n
′
(y) dy ≤ |u|TV (R).

Corollary 2.33 (Higher regularity).

Let the assumptions of Definition 2.16 hold. Then, we have for T = T ∗ as defined in Theo-

rem 2.25:

1. The solution q admits the regularity q ∈ C([0, T ];Lp(R)) ∀p ∈ [1,∞).

2. If q0 ∈ Cb(R), h ∈ L1((0, T );Cb(R)) and γ ∈ C([0, T ];W 1,∞(R2)), then q ∈ Cb(ΩT ).

3. If q0 ∈ BV (R), h ∈ L1((0, T );BV (R)), ∂1λ[w], ∂3λ[w] ∈ L∞((0, T );TV (R)) and

a, b ∈
{
f ∈ C1(R) : ‖f ′‖L∞(R) <∞ ∧ f ′ ∈ TV (R)

}
homeomorphisms and γ ∈ L∞((0, T );W 1,∞(R2)) with ∂2γ, ∂3γ ∈ L∞((0, T );L1(R2)), then

q ∈ L∞((0, T );BV (R)).



For the following items we assume that λ is in addition to Assumption 2.1 twice continuously

differentiable with respect to first and third variable, and for a, b ∈ R ∪ {±∞}

supp(γ(t, x, ·)) ⊆ 〈a(x), b(x)〉 ∀(t, x) ∈ ΩT or a(x) ≡ a ∧ b(x) ≡ b. (2.44)

4. If γ ∈ L∞((0, T );W 2,∞(R2)) and q0 ∈W 1,p(R) and h ∈ L1((0, T );W 1,p(R)) for p ∈ [1,∞),

then q ∈ C([0, T ];W 1,p(R)).

5. If γ ∈ C1([0, T ] × R2) ∩ L∞((0, T );W 1,∞(R)), q0 ∈ C1(R) ∩ L∞(R) as well as h ∈
C([0, T ];L∞(R)) ∩C([0, T ];C1(R)), the solution q ∈ C([0, T ];L1

loc(R)) is continuously dif-

ferentiable and – therefore – a classical solution.

Proof. 1. Use the explicit formula for the solution in Equation (3.3) and recall that a function

f ∈ L∞(R) ∩ L1(R) is in Lp(R) ∀p ∈ [1,∞] as

∥∥f∥∥
Lp(R)

≤
∥∥f∥∥1

p
L1(R)

∥∥f∥∥1−1
p

L∞(R).

2. Recalling again the explicit solution in Equation (3.3), we only have to make sure that

ξw∗ [t, x](τ) is continuous in all three components and so it comes down to the question

if x 7→ ∂2ξw∗ [t, x](τ) is continuous for t, τ ∈ [0, T ]. Recalling our fixed-point mapping F

in Definition 2.16, with the therein defined set ΩM ′
M , we have to show that this mapping

admits a fixed-point in the space of continuous functions.

Therefore, consider the mapping F this time restricted to continuously differentiable func-

tions w.r.t. x ∈ R, i.e.

F : ΩM ′
M ∩ C([0, T ];C1(R))→ ΩM ′

M .

Obviously, this is a self-mapping, recalling that γ was assumed to be continuous in time.

By exactly the same argument as in the proof of Lipschitz-continuity in Proposition 2.17

the mapping yields a contraction when measuring in L∞(ΩT ). Therefore, we obtain the

same existence interval for the contraction which was assumed to be T and gain w ∈
C([0, T ];C1

b(R)).

By the explicit formula for the solution in Equation 3.3, we obtain the continuity of the

solution, since all involved functions are continuous or continuously differentiable (in case

of ξ).

3. In the following we show that the we can denote a time-stepsize ∆T where the TV-

seminorm of q(t, ·) is for all t ∈ [t0, t0 + ∆T ] bounded by an affine linear function of

|q(t0, ·)|TV (R). This is based mainly on the boundedness of the L∞-norm of the solution

for all t ∈ [0, T ]. Without loss of generality this is only shown for t0 = 0, i.e. for the first

“time iteration”.

For fixed t ∈ [0, T ) we obtain the following estimate for the TV -seminorm of q(t, ·), apply-



ing the explicit formula of the solution in Equation (3.3) and Lemma 2.32:

|q(t, ·)|TV (R) = sup
φ∈C1

c (K)
‖φ‖L∞(K)≤1

∫
K
q(t, x)φ′(x) dx

= sup
φ∈C1

c (R)
‖φ‖L∞(R)≤1

∫
R

(
q0(ξ[t, x](0))∂2ξ[t, x](0)

+

∫ t

0
∂2ξ[t, x](τ)h(τ, ξ[t, x](τ)) dτ

)
φ′(x) dx

≤
∥∥q0

∥∥
L∞(R)

∣∣∂2ξ[t, ·](0)
∣∣
TV (R)

+
∣∣q0

∣∣
TV (R)

∥∥∂2ξ[t, ·](0)
∥∥
L∞(R)

+
∥∥h∥∥

L1((0,t);L∞(R))

∣∣∂2ξ[t, ·](∗)
∣∣
L∞((0,t);TV (R))

+
∣∣h∣∣

L1((0,t);TV (R))

∥∥∂2ξ[t, ·](∗)
∥∥
L∞((0,t);L∞(R))

.

All terms – beside the TV-seminorm of ∂2ξ[t, ·](∗) – are obviously bounded. For the latter

expression we recall the following identity in Lemma 2.6 Item 2, which reads for (t, x) ∈ ΩT

and τ ∈ [0, T ] as:

∂2ξ[t, x](τ) = exp

( τ∫
t

∂1λ[w](s, ξ[t, x](s))wx(s, ξ[t, x](s)) + ∂3λ[w](s, ξ[t, x](s)) ds

)
.

As ξ[t, x](s) is monotone and a bijection with respect to x, we can apply Lemma 2.32

Item 2 and 3 and can estimate the total variation of ∂2ξ[t, ·](τ):

∣∣∂2ξ[t, ·](τ)
∣∣
TV (R)

≤

∣∣∣∣∣ exp

( τ∫
t

∂1λ[w](s, ·)wx(t, ·) + ∂3λ[w](s, ·) ds

)∣∣∣∣∣
TV (R)

(2.45)

≤ exp
(
EM (M ′ν)

) τ∫
t

(∣∣∂1λ[w](s, ·)
∣∣
TV (R)

∥∥wx(s, ·)
∥∥
L∞(R)

(2.46)

+
∥∥∂1λ[w](s, ·)

∥∥
L∞(R)

∣∣wx(s, ·)
∣∣
TV (R)

+
∣∣∂3λ[w](s, ·)

∣∣
TV (R)

)
ds (2.47)

Applying the assumptions on the velocity λ for this item, the right hand side of the latter

inequality remains bounded, if wx ∈ TV (R). To show that wx is of bounded variation,

we recall the derivative of w with respect to x – given in equation (2.22) – and thus for

t ∈ [0, T ] we can estimate under the assumptions of a and b are both homeomorphisms:

|wx(t, ·)|TV (R) ≤ C(M,M ′, |q0|TV (R)) +D |∂2ξw[t, ·](·)|L∞((0,t);TV (R))

with the appropriately chosen constant C(M,M ′, |q0|TV (R)) depending affine linear on the



TV-seminorm of q0 and

D := ‖γ‖L∞(ΩT×R)

(
‖b′‖L∞(R) + ‖a′‖L∞(R)

)
·
(
‖q0‖L∞(R) + ‖h‖L1((0,T );L∞(R))

)
.

This leads with the previous Estimate (2.47) to

|wx|TV∞ ≤
2tD2 exp

(
2EM (M ′ν)

)(
|∂1λ[w]TV∞M

′ + |∂3λ[w]|TV∞
)

+ C(M,M ′, |q0|TV (R))
1
2 − tD exp

(
EM (M ′ν)

)
‖∂1λ[w]‖L∞(ΩT )

with |a|TV∞ := |a|L∞((0,t);TV (R)) for a ∈ L∞((0, t);TV (R)). Therefore, by picking

T ∗ =
1

4D exp(EM (M ′ν))‖∂1λ[w]‖L∞(ΩT )

we obtain using a standard absorbing argument

|wx|TV∞ ≤ 2D exp
(
EM (M ′ν)

) |∂1λ[w]|TV∞M ′ + |∂3λ[w]|TV∞
‖∂1λ[w]‖L∞(ΩT )

+ 2C(M,M ′, |q0|TV (R))

=: M ′′.

The latter estimate shows that

F : ΩM ′
M ∩

{
f ∈ L∞((0, T ),W 1,∞(R)) : |fx|TV (R) ≤M ′′

}
is a self-mapping on [0, T ∗]×R and once more a contraction w.r.t. the L∞(ΩT ∗)-topology.

The time interval – where we can show the boundedness of the TV-seminorm – is not

depending on the total variation of the initial data q0 and the L∞-norm of q(t, ·) is bounded

for all t ∈ [0, T ]. Thus, M and M ′ can be chosen identical for every time iteration, and the

argument can be applied iteratively up to the final time T . In summary, the TV-seminorm

of q(t, ·) is bounded for all t ∈ [0, T ] although it might increase strongly.

4. First notice that we have by Theorem 2.20 and Theorem 2.23 at least a weak solution

q ∈ C([0, T ];L1(R)) and a unique nonlocal w∗ ∈ L∞((0, T );W 1,∞(R)) on the given time

horizon T ∗. However, we indeed require w to have a second order derivative with respect

to the spatial domain. This is why we consider once more the fixed-point mapping F and

compute – formally – its second order derivative in space assuming that the assumptions

in Equation (2.44) hold, which simplify the second order derivative of F significantly:

F [w]xx(t, x) =

∫ ξw[t,b(x)](0)

ξw[t,a(x)](0)
∂2

2γ(t, x, ξw[0, z](t))q0

(
z
)

dz

+

∫ t

0

∫ ξw[t,b(x)](τ)

ξw[t,a(x)](τ)
∂2

2γ(t, x, ξw[τ, z](t))h(τ, z) dz dτ

Noting that the derivative of the integral bounds vanishes due the regularity of γ and the



Assumption (2.44) on the support of γ, we can estimate

‖F [w]xx‖L∞(ΩT ) ≤ ‖∂2
2γ‖L∞(ΩT×R)

(
‖q0‖L1(R) + ‖h‖L1(ΩT )

)
=: M ′′.

This gives the self-mapping property of F : ΩM ′,M ′′

M → ΩM ′,M ′′

M with

ΩM ′,M ′′

M := ΩM ′
M ∩

{
v ∈ L∞((0, T );W 2,∞(R)) : ‖vxx‖L∞((0,T );L∞(R)) ≤M ′′

}
.

By the same arguments as in Proposition 2.17, the mapping F : ΩM ′,M ′′

M is a contraction

in the L∞(ΩT )-topology. Having shown the existence of a unique fixed-point w∗ ∈ ΩM ′,M ′′

M

we recall the identity in Item (2), Lemma 2.6

∂2ξw[t, y](τ) = exp

(∫ τ

t

d
dxλ[w](s, ξw[t, y](s)) ds

)
,

and obtain for the second derivative of ξ with respect to y

∂2
2ξw[t, y](τ) = exp

(∫ τ

t

d
dxλ[w](s, ξw[t, y](s)) ds

)
∂
∂y

∫ τ

t

d
dxλ[w](s, ξw[t, y](s)) ds.

Plugging in the definition of d
dxλ[w], we have

d
dxλ[w](s, ξw[t, y](s)) = ∂1λ[w](s, ξw[t, y](s))wx(s, ξw[t, y](s)) + ∂3λ[w](s, ξw[t, y](s))

and obtain

∂
∂y

τ∫
t

d
dxλ[w](s, ξw[t, y](s)) ds

=

∫ τ

t

(
∂2

1λ[w](s, ξw[t, y](s))wx(s, ξw[t, y](s))2 + ∂2
3λ[w](s, ξw[t, y](s))

+ 2∂1∂3λ[w](s, ξw[t, y](s))wx(s, ξw[t, y](s))

+ ∂1λ[w](s, ξw[t, y](s))wxx(s, ξw[t, y](s))
)
∂2ξw[t, y](s) ds

:=

∫ τ

t
f(s, ξw[t, y](s))∂2ξw[t, y](s) ds

with f ∈ L∞((0, T );L∞(R)) appropriately defined. For γ ∈ L∞((0, T );W 2,∞(R2)) and

w ∈ ΩM ′,M ′′

M this is obviously bounded and it directly follows that there exists c̃, C̃ ∈ R>0

so that

∂2
2ξw[t, y](τ) ≤ c̃ exp

 τ∫
t

d
dxλ[w](s, ξw[t, y](s)) ds

 (2.48)



·
τ∫
t

exp

 s∫
t

d
dxλ[w](u, ξw[t, y](u)) du

 ds ≤ C̃. (2.49)

Next, we will show that q is in C([0, T ];W 1,p(R)) as required. To that end, it is sufficient to

show qx ∈ C([0, T ];Lp(R)). The other part, namely q ∈ C([0, T ];Lp(R)), directly follows

by Item 1. Since we have shown that ξ[s, y] is twice differentiable with respect to y, we

can use the explicit formula for the solution as stated in Equation (3.3) and obtain

∂xq(t, x) = q′0(ξ[t, x](0)) (∂2ξ[t, x](0))2 + q0(ξ[t, x](0))∂2
2ξw[t, x](0)

+

∫ t

0
∂2

2ξw[t, x](τ)h(τ, ξw[t, x](τ)) + (∂2ξw[t, x](τ))2 hx(τ, ξw[t, x](τ)) dτ.

This can be bounded by the latter Inequality 2.49 and Item 2, Lemma 2.6, since w ∈
L∞(R;W 2,∞(R)). The continuity of ∂2

2ξ w.r.t. the first argument in L1
loc can be shown

analogously to the proof of Result (2.10) in Lemma 2.6 and the continuity with respect

to t ∈ [0, T ] when measuring space in Lp can be established as was done in the proof of

Lemma 2.11.

5. We compute formally the first derivative of F with respect to time and obtain – since the

boundary terms do not contribute thanks to the Assumption given in Equation (2.44)

F [w]t(t, x) (2.50)

=

ξ[t,b(x)](0)∫
ξ[t,a(x)](0)

∂1γ(t, x, ξw[0, z](t))q0

(
z
)

(2.51)

+ ∂3γ(t, x, ξw[0, z](t))q0

(
z
)
∂3ξw[0, z](t) dz

+

b(x)∫
a(x)

γ(t, x, z)h(t, z) dz +

∫ t

0

∫ ξ[t,b(x)](τ)

ξ[t,a(x)](τ)
∂1γ(t, x, ξ[τ, z](t))h(τ, z) dz dτ (2.52)

+

∫ t

0

∫ ξ[t,b(x)](τ)

ξ[t,a(x)](τ)
∂3γ(t, x, ξ[τ, z](t))h(τ, z)∂3ξ[τ, z](t) dz dτ.

Assuming that w ∈ C(ΩT ), we obtain ∂3ξw[·, ?](∗) ∈ C(ΩT×[0, T ]) since λ[w] is continuous,

and since h ∈ C([0, T ];L1(R)) and γ continuously differentiable, we obtain F [w]t ∈ C(ΩT ).

Therefore, we can consider the fixed-point mapping F : Ω
M ′ν
M ∩ C([0, T ];C1(R)) which

is obviously a self-mapping. The fixed-point argument is once more carried out analo-

gously to the proof of Corollary 2.17. In the usual L∞(ΩT )-topology, we then obtain a

unique solution of the fixed-point mapping which is continuously differentiable in space

and continuous in time.

For the differentiability with respect to t we remark that for the continuity of wt it is only

required that w ∈ C(ΩT ), which we obtain from the fixed-point result and the previous



hidden regularity we deduced in Equation 2.52.

Using the explicit formula for the weak solution in Equation (3.3), this is a sum and a

product of continuously differentiable functions, since also ∂2ξ[t, x](τ) is continuously dif-

ferentiable w.r.t. t and x. This can be seen by recalling the definition of the characteristics

Definition 2.3, the right hand side is by assumption continuous and possess a continuous

first order derivative w.r.t. the space. Then, we can use [46, Chapter V, Theorem 3.1,

Theorem 4.1] to obtain ξ being twice differentiable with respect to t and x. This concludes

the proof.

As it is outlined at the beginning of this chapter, the previous Corollary 2.33 states that there

is no loss of information when the solution is evolving in time.

Remark 2.34 (Item 4 and 5 in Corollary 2.33).

It is also possible to get rid of Assumption (2.44) in Item 4 and 5, Corollary 2.33 and to obtain

the same regularity results under higher regularity assumptions on a, b, γ, λ. In principal the

proof is similar to the proof of Item 3, the BV -case. However, this is not outlined in detail as

it is very technical and would not present any deeper insight into the actual proof strategy.

2.5 Examples

To visualize occurring phenomena and properties of nonlocal balance laws and to illustrate the

derived results we pick up some examples from the literature [15, Chapter 4]. For the following

three examples, it is possible to express the solution in parts analytically.

Example 2.35 (Traffic flow model 1).

As first example we consider the following nonlocal conservation law

qt(t, x) +
(
w[q](t, x) q(t, x)

)
x

= 0 ∀(t, x) ∈ ΩT

q(0, x) = χ[0,1](x) ∀x ∈ R

w[q](t, x) =

∫ x+1

x
q(t, s) ds ∀(t, x) ∈ ΩT

Corollary 2.36 (Solution to problem defined in Example 2.35).

The characteristics are given by

ξ[0, x](τ) =


x+ τ x ≤ 0

x+ (1− x)τ x ∈ (0, 1)

x x ≥ 1

∀τ ∈ [0, 1)



the nonlocal term by solution is given by

w(t, x) =



1 x ∈ (0, t)

t−1−x
t−1 x ∈ (t− 1, 0)

t−x
t−1 x ∈ (t, 1)

0 else.

∀τ ∈ [0, 1)

ans the solution by

q(t, x) =

 1
1−t x ∈ (t, 1)

0 else
∀τ ∈ [0, 1)

The solution is shown in Figure 2.4.

Remark 2.37 (Remark to problem defined in Example 2.35).

Obviously, for x ≥ 1 the velocity is zero, meaning that no data can pass the line t 7→ (1, t) ∀t ∈
[0, 1]. In addition, no data can pass the line t 7→ t · (1, 1) as it it shown in the right picture

of Figure 2.4. Since both lines intersect, the entire initial data between x ∈ [0, 1] remains

between both lines over time, and finally – for t → 1 – the L∞-norm of the solution explodes,

which is equivalent to a breakdown of the solution. In general, for a breakdown of the solution

this example is valid for all nonnegative initial data whose support admits an upper and finite

boundary.

Example 2.38 (Traffic flow model 2).

As second example we consider the following nonlocal conservation law

qt(t, x) +
((

1− w[q](t, x)
)
q(t, x)

)
x

= 0 ∀(t, x) ∈ ΩT

q(0, x) = χ[0,1](x) ∀x ∈ R

w[q](t, x) =

∫ x+1

x
q(t, s) ds ∀(t, x) ∈ ΩT

Lemma 2.39 (Solution to problem defined in Example 2.38).

The problem defined in Example 2.38 can be solved for any final time T ∈ R>0 and parts of the

solution are given by

q(t, x) =


1

1+t x ∈ (t, 1 + t)

0 x > 1 + t

? else

w(t, x) =


1− x

1+t x ∈ (t, 1 + t)

0 x > 1 + t

? else.

and are shown in shown in Figure 2.5.

Remark 2.40 (Remark to problem defined in Example 2.38).

Since we have the specific initial data satisfying ‖q0‖L1(R) = 1 and since the weight γ ≡ 1, the
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Figure 2.4: nonlocal term (upper left) where (red = 1, yellow > 0, white = 0), characteristics
(upper right) where (blue = 0, red > 0) and solution (lower) where (red = 10, yellow
> 0, white = 0) of Example 2.35

velocity function w can never become negative. For x = 1, which represents the upper boundary

of supp(q0), the corresponding characteristic moves with constant speed 1 for all times, since at

the right hand side of the characteristic line t 7→ (1 + t, t), there is zero mass. For x ∈ [0, 1] the

more we move to x = 0 the bigger w becomes so that the velocity is lowering. Although the

characteristics starting at x ∈ (−∞, 0) are decreasing (not necessarily strictly) in speed, we do

not illustrate them in the Figure 2.5, since the corresponding initial data is zero and the solution

is and remains zero on every time horizon. Altogether, the “non-zero part” of the solution will

be distributed more and more which can – roughly – explain why the solution is well-defined for

every finite time horizon. The assumptions to apply Corollary 2.27 Item 3 are satisfied, which

gives the existence of the solution for any finite time horizon.

Example 2.41 (Traffic flow model 3).



As third example we consider the following nonlocal conservation law

qt(t, x) +
(
w[q](t, x) q(t, x)

)
x

= χ[0,1](x) ∀(t, x) ∈ ΩT

q(0, x) = 0 ∀x ∈ R

w[q](t, x) =

∫ x+1

x
q(t, s) ds ∀(t, x) ∈ ΩT

Lemma 2.42 (Solution to problem defined in Example 2.41).

A part of the solution can analytically be computed for the maximal time interval t ∈ [0, π2 ) as:

q(t, x) =


tan(t) x ∈ (1− cos(t), 1)

0 x > 1

? else

w(t, x) =


(1− x) tan(t) x ∈ (1− cos(t), 1)

0 x > 1

? else.

.

ans is shown in Figure 2.5.

Remark 2.43 (Remark to problem defined in Example 2.41).

This example is very similar to Example 2.35, however, the effect of the right hand side data

becomes stronger and stronger the longer we wait. Finally, all mass becomes – once more

– concentrated in (t, x) = (π2 , 1) resulting in a breakdown of the solution as it happens in

Example 2.41.

Applying the upper bound, derived in Theorem 2.25 for the final time, leads for Example

2.35 to a sharp estimate of the time-horizon on which the solution exists. The problem has

therefore to be reformulated with the upper integral limit 1 instead of x+ 1. This results in the

same solution q and the now sharp estimate for the existence interval of T < 1. For the second

example, i.e. Example 2.35, the derived result in Corollary 2.27 leads to the existence of the

unique solution on any finite time horizon.

Example 2.44. The case λ[w] :≡ w(t, x) on [0, π2 )×R with initial data q0 ≡ 0 and source term

h(t, x) := χ[0,1](x) ∀(t, x) ∈ [0, T ) × R is shown in Figure 2.5. This case is very similar to Case

1, however, the effect of the right hand side data becomes stronger and stronger the longer we

wait. Finally, all mass becomes – once more – concentrated in (t, x) = (π2 , 1) resulting in a

breakdown of the solution as it happens in Case 1. A part of the solution can be computed for

the maximal time interval t ∈ [0, π2 ) as:

q(t, x) =


tan(t) x ∈ (1− cos(t), 1)

0 x > 1

? else



w(t, x) =


(1− x) tan(t) x ∈ (1− cos(t), 1)

0 x > 1

? else.
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Figure 2.5: Characteristics (upper) and the weak solution (lower) of Example 2.38 where (red
= 1, yellow > 0, white = 0) and the x-axis represent the disperse property, the y-axis
the time and the z-axis the solution q.

Example 2.45 (Space independent nonlocal term with initial and source term).

The solution to the following inhomogeneous nonlocal problem

qt(t, x) +
(

(2w(t)− 3) q(t, x)
)
x

= χ[ 1
2
, 3
2 ]×[0,1](t, x) (t, x) ∈ ΩT

q(0, x) = χ[0,1](x) x ∈ R

w(t) =

∫
R
q(t, s) ds t ∈ [0, T ]

is shown in Figure 2.7. In this example, the nonlocal term is only time dependent and since

the L1-norm of the solution does not change over time, from t ∈ [0, 1
2 ], the nonlocal term is

constant, resulting in a constant negative velocity of the characteristics, namely −1. Then,
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Figure 2.6: Characteristics where (red > 0, blue = 0) of Example 2.41 with x-axis representing
the disperse property and the y-axis the time

until time arrives 3
2 , the source term h is constantly contributing, resulting in an increase of

the nonlocal term, i.e. w(t) = 1
2 + t, and eventually in a zero velocity at t = 1. After that the

velocity becomes positive and increases, since the L1-norm of the solution increases. Finally, at

t = 3
2 the source term stops to contribute and the nonlocal term is not changing anymore, i.e.

the velocity remains constant and equal to 1. As can be seen, the solution exists on any finite

time horizon, and Corollary 2.27 Item 2 indeed predicts this.
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Figure 2.7: Characteristics (upper) and solution (middle, lower) where (red = 2, yellow > 0,
white = 0) of Example 2.45, the black box and the black line from (0, 0) to (1, 0) in
the left picture represent the support of the source term and initial data.



2.6 Conclusion

Introducing a very general framework for nonlocal balance laws, which includes – to some extent

– the seminal nonlocal conservation law models available in the literature, we have shown under

weak assumptions the existence and uniqueness of a solution for small time without applying

an entropy condition. We managed to extend the solution to a – in general – significantly larger

time horizon and gave an explicit a priori estimate for the size of this time horizon, which turned

out to be even sharp. Under certain assumptions, the time horizon could even reach infinity,

i.e. the solution would become “semi-global”. Moreover, we have studied the regularity of the

solution in detail and proposed conditions so that the solution is a classical solution, a strong

solution, a BV solution, or a weak solution.





3 Nondissipative semi-discretization

Based on the second chapter of this work, where an explicit solution in terms of a fixed-point

equation is presented, the method of characteristics and its application to numerical discretiza-

tion is used to obtain a non-dissipative numerical scheme.

We will first perform a discretization in space only and show convergence in different frame-

works. The resulting initial value problem, i.e. the system of ordinary differential equations

with initial datum, can easily been discretized in time by numerical integration schemes which

is shortly noticed in a section at the end of this chapter.

The presented numerical scheme will outrun the typical finite volume and finite difference

schemes – as they can be found in R. LeVeque [60] – in accuracy and speed and – most important

– is able to keep track of discontinuities of the initial datum.

So far there are no publications which deal specifically with numerical schemes for nonlo-

cal conservation laws in the proposed rigorousness and generality. However, [15] introduces a

modified Lax-Friedrichs scheme to prove existence of a solution with the drawback that the

specific scheme is not actually specified for the special structure of problems we propose here,

particularly it still admits some smoothness behavior which we avoid with the proposed scheme.

In [35, Section 3,4] the authors consider discretization approaches involving the method of

characteristics. Convergence and even necessary existence and uniqueness of a solution to this

population balance equations is not considered and only some numerical experiments are per-

formed.

In [77] the numerical use of the method of characteristics and finite volume schemes are

combined and also a purely semi-discrete finite volume scheme is presented to solve population

balance equations numerically. In addition, several numerical experiments are performed and

the results backed up by comparing specific cases of problems where an analytical solution exists

with their numerical correspondence. However, no proof of convergence is given and also a proof

of existence and uniqueness is not presented.

Structure of the chapter

In Section 3.1 fundamental definitions and results are introduced which are used throughout the

thesis.

In Section 3.2 an auxiliary semi-discretized problem for linear balance laws is considered and

study for its convergence for initial datum and source term in BV and W 1,p (p ∈ [1,∞]).

Section 3.3 aims for generalizing and extending the obtained results in Section 3.2 to nonlocal
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balance laws by introducing a semi-discrete problem of the nonlocal balance law as stated in

Definition 1.1. Thereby, the nonlocal term has to be discretized as well and makes a proper

convergence analysis much harder.

Section 3.5 presents some numerical results and compares them with available explicit solu-

tions.

3.1 Fundamental definitions, results and conventions

We start with some fundamental definitions enabling a clear notation within this chapter

Definition 3.1 (Fundamental Notation).

The characteristic function χA of a set A ⊂M with a superset M is defined as χA : M 7→ {0, 1}
with χA(x) = 1 iff x ∈ A.

For N ∈ N≥1 and x ∈ RN we define the usual 1-norm and the max-norm as

‖x‖1 :=
N∑
i=1

|xi|, ‖x‖∞ := max
i∈{1,...,N}

|xi|. (3.1)

For a finite sequence of vectors (xk)k∈{1,...,n} ⊆ RN with n ∈ N≥1 given, we define analogously

‖(x1, . . . ,xn)‖∞ := max
i∈{1,...,n}

‖xi‖∞, ‖(x1, . . . ,xn)‖1 :=
n∑
i=1

‖xi‖1.

Furthermore we define throughout this article 1
∞ := 0 and for a ≥ 0 we define a

1
∞ := sgn(a).

We abbreviate an initial value problem in the field of ordenary differential equations as IVP.

3.1.1 Notation, results and definitions for the considered class of balance laws

For a better readability we recall the definition of the nonlocal balance law stated in Defini-

tion 1.1:

Definition 3.2 (Nonlocal balance law).

With a nonlocal balance law we mean the following hyperbolic PDE

qt(t, x) +
(
λ
[
W
[
q, γ, a, b

]]
(t, x)q(t, x)

)
x

= h(t, x) (t, x) ∈ ΩT

q(0, x) = q0(x) x ∈ R

W [q, γ, a, b]
(
t, x
)

:=

∫ b(x)

a(x)
γ(t, x, y)q(t, y) dy (t, x) ∈ ΩT .

We call h the source term, λ the velocity and q0 the initial datum. In addition, we call W the

nonlocal impact onto the velocity and a and b the boundaries of the nonlocal term.



The definition of a weak solution can be found in Definition 2.13 and [53, Definition 2.13]. In

this chapter we will discuss the convergence of the numerical scheme under various assumptions

on the involved functions, for a better readability they are classified in the following:

Assumption 3.3 (General regularity assumptions on λ, γ, a, b).

(A.0) Let γ ∈ L∞((0, T );W 1,∞(R2)) and a, b ∈ C1(R) with a′, b′ ∈ Cb(R) be given. Let λ ∈
C(R × ΩT ) be continuously differentiable w.r.t. first (the nonlocal component) and third

component. For w ∈ L∞((0, T );W 1,∞(R)) let λ[w] satisfy a global Lipschitz-estimate, i.e.

for t ∈ [0, T ] a.e. there exists C[w] ∈ R>0:

|λ[w](t, x)− λ[w](t, y)| ≤ C[w]|x− y|, ∀(x, y) ∈ R2. (3.2)

(A.1) In addition to Item Assumption (A.0) we assume

a, b ∈
{
f ∈ C1(R) : ‖f ′‖L∞(R) <∞ ∧ f ′ ∈ TV (R)

}
and furthermore γ ∈ L∞((0, T );W 1,∞(R2)) homeomorphisms with

∂2γ, ∂3γ ∈ L∞((0, T );L1(R2)),

∂1λ[w], ∂3λ[w] ∈ L∞((0, T );TV (R)).

(A.2) In addition to Item Assumption (A.0) let λ be twice continuously differentiable with re-

spect to first and third variable, q0 ∈ W 1,p(R), γ ∈ L∞((0, T );W 2,∞(R2)) and h ∈
L1((0, T );W 1,p(R)) for p ∈ [1,∞).

For the sake of convenience, we repeat the most important results of Chapter 2 concerning

existence regularity and uniqueness of a solution to the nonlocal balance law defined in Defini-

tion 3.2 in the following Theorem 3.4 based on the assumptions defined in Assumption 3.3

Theorem 3.4 (Existence, uniqueness, regularity, maximal interval of existence).

We state the following existence and uniqueness results for the nonlocal balance law as defined

in Definition 3.2.

• Consider Item Assumption (A.1). Let

q0 ∈ L1(R) ∩ L∞(R) and h ∈ L1(ΩT ) ∩ L1((0, T );L∞(R)

be given. Then, there exists a time T ∗ ∈ R>0 so that there exists a unique weak solution q ∈
L∞((0, T ∗);L∞(R)) of the nonlocal balance law as stated in Definition 3.2 with regularity

q ∈ C([0, T ∗];Lp(R)) ∩ L∞((0, T ∗);L∞(R)), ∀p ∈ [1,∞).



In addition, the solution can be represented in terms of characteristics for (t, x) ∈ ΩT ∗

q(t, x) = q0(ξw∗ [t, x](0))∂2ξw∗ [t, x](0) +

∫ t

0
∂2ξw∗ [t, x](τ)h(τ, ξw∗ [t, x](τ)) dτ (3.3)

where the nonlocal impact w∗ satisfies the fixed-point equation stated in [53, Definition

2.16] in the space L∞((0, T ∗);L∞(R)) and the characteristics ξw∗ [t, x0] for (t, x0) ∈ ΩT ∗

are defined as the unique solution of the odnry differential equation

ξ̇[t, x0](τ) = λ[w∗] (τ, ξ[t, x0](τ))

ξ[t, x0](t) = x0.
(3.4)

• Suppose now that Item Assumption (A.2) holds and in addition we have q0 ∈ BV (R),

h ∈ L1((0, T );BV (R)), ∂1λ[w] ∈ L∞((0, T );TV (R)) and ∂3λ[w] ∈ L∞((0, T );TV (R)).

Assume that γ ∈ L∞((0, T );W 1,∞(R2)) with ∂2γ, ∂3γ ∈ L1((0, T );L1(R2)) and a, b home-

omorphisms with a′, b′ ∈ TV (R). Then, the solution of the nonlocal balance law admits the

additional regularity

q ∈ L∞((0, T ∗);BV (R)). (3.5)

• Suppose that λ is twice times differentiable w.r.t. first and third component and the bound-

aries of the nonlocal term satisfy a, b ∈ C2(R) with a′, b′ ∈ C1
b (R). Let for p ∈ [1,∞)

initial datum q0 ∈ W 1,p(R) and h ∈ L1((0, T );W 1,p(R)) with γ ∈ L∞((0, T );W 2,∞(R2)),

then the solution satisfies even

q ∈ C([0, T ∗];W 1,p(R)) (3.6)

and is in particular continuous. For p =∞ the solution q satisfies

q ∈ C([0, T ∗];W 1,p(R)) ∩ C([0, T ∗];L∞(R)) ∩ L∞((0, T );W 1,∞(R)). (3.7)

Proof. All results can be found in Chapter 2 as well as in [53].

Definition 3.5 (Time of existence, the critical time T c).

For the nonlocal balance law as defined in Definition 3.2 and for the maximal considered time

horizon determined by T ∈ R>0, we define the critical time T c or time of existence of the nonlocal

balance law implicitly as

T c := sup{t ∈ (0, T ) : q|(0,t)×R ∈ L∞((0, t)× R)}. (3.8)

Since the mapping τ 7→ ‖q‖L∞((0,τ)×R) is monotonically increasing and finite for sufficiently

small time τ ∈ (0, T ] by Theorem 3.4, T c is well-defined and unique.

In Chapter 2 we have derived lower bounds for the maximal/critical time which are given

in Theorem 2.25. In Corollary 2.27 there are stated sufficient conditions under which the so-



lution exists on every finite time horizon. Since for any application and numerical method to

approximate the solution of a nonlocal balance law it is crucial that there exists a solution to

the original problem, we assume from now on – without repeating this Assumption again – once

and for all that

Assumption 3.6 (T c = T ).

Given the assumptions and definitions in Definition 3.5 we assume T c = T , so that it is not nec-

essary to actually distinguish between considered time horizon T and the existence of a solution

(on a possible) smaller time horizon.

To be able to present the framework properly and for simplification, we first assume that

the nonlocal balance law as given in Definition 3.2 is independent from the nonlocal term, i.e.

∂1λ ≡ 0. This leaves us with a flux function λ which is space and time dependent only. The

convergence of the emerging linear balance law with source term is studied in detail and later

the result generalized to the nonlocal balance law. We define

Definition 3.7 (Linear balance law).

We call the following initial value problem in q : ΩT → R

qt(t, x) +
(
λ(t, x)q(t, x))x = h(t, x) (t, x) ∈ ΩT (3.9)

q(0, x) = q0(x) x ∈ R (3.10)

for given

q0 : R→ R, h : ΩT → R and λ : ΩT → R

of certain regularity linear balance law.

Proof. The proof of existence, uniqueness and regularity of a solution and the require regularity

of the involved functions can be found in Chapter 2 by choosing that the velocity is not dependent

on any nonlocal term. However, these results are very well known and can – in an extended

setting – also be found in [28].

In the following Definitions and Remarks we will introduce and discuss suitable spatial dis-

cretizations

Definition 3.8 (Ordered spatial discretization).

Let N ∈ N≥1 be given, we call (x,y) ∈ R2N an ordered spatial discretization iff

x < y ∧ xn+1 ≥ yn ∀n ∈ {1, . . . ,N − 1}.

Definition 3.9 (q0-r-conformal and q0-BV -conformal spatial discretization).

Let N ∈ N≥1 be given. Let, furthermore, x0,y0 ∈ RN satisfy Definition 3.8. Then, we define

for n ∈ {1, . . . ,N} the open and bounded intervals

In := (x0
n,y

0
n) ⊂ R. (3.11)



If for a given r ∈ [1,∞] the initial datum q0 ∈ L∞(R) satisfies in addition

q0|In ∈W
1,r(In) ∀n ∈ {1, . . . ,N}

and the source term h ∈ L1((0, T );W 1,r(R)) and λ ∈ L1((0, T );W 2,∞(R)), we call the spatial

discretization (x0,y0) q0-r-conformal.

We call a discretization as defined in Definition 3.8 q0-BV -conformal iff initial datum q0 ∈
L∞(R) satisfies

q0

∣∣
In
∈ BV (In) ∀n ∈ {1, . . . ,N},

the velocity λ ∈ L1((0, T );W 1,∞(R)) with ∂2λ ∈ L1((0, T );TV (R)) and the source term satisfies

h ∈ L1((0, T );BV (R)).

Remark 3.10 (q0-r-conformal discretization, q0-BV -conformal discretization).

Notice that q0-r-conformal and q0-BV -conformal spatial discretizations exist only if there is an

open neighborhood U ⊂ R at a specific point in space where the initial datum is actually of

regularity q0

∣∣
U
∈ W 1,r(U) or q0

∣∣
U
∈ BV (U) respectively. In particular, it restricts the set of

functions simultaneously as it restricts the possible spatial discretizations.

Remark 3.11 (Conformal discretization also w.r.t. the source term h).

Notice that we could have generalized Definition 3.9 so that it would not have required the source

term h(t, ·) to be in BV (R), W 1,r(R) but only on the set In(t). However, due to the explicit

time dependency and due to the fact that this term contributes to the solution in an integral

form it would have been much more technical to track which part of h would actually have been

used to detail and specify later estimates and results. This is why we took the regularity of the

source term “globally”.

In the subsequent subsection we will introduce, proof and discuss results dealing with Lp esti-

mates for approximations of functions of bounded variation and weakly differentiable functions

as well as general properties of functions of the mentioned regularity.

3.1.2 Lp estimates for functions in BV or W 1,r

The next Proposition 3.12 will present approximation results for different settings of functions:

(1) For BV datum, we obtain estimates of order p−1 when measuring the error in Lp and when

the functions are approximated by the mean value.

(2) For W 1,r datum, we obtain at most linear convergence when measuring the error in Lp,

again approximating the given function by the mean value.

Proposition 3.12 ((Modified) Poincaré-type inequality for BV and W 1,r).

Let p, r ∈ [1,∞], U ⊂ R an open bounded interval and define for f ∈ L1(U) the “mean value”

of f on U w.r.t. the L1-norm as

fU :=
1

|U |

∫
U
f(y) dy,



where |U | represents the one-dimensional Lebesgue measure of U and |U | > 0. Then, the fol-

lowing statements hold:

(1) For f ∈ BV (U) one has ‖f − fU‖Lp(U) ≤ |U |
1
p |f |TV (U).

(2) For f ∈W 1,r(U) one has ‖f − fU‖Lp(U) ≤ |U |
min

{
1− 1

r
+ 1
p
,1
}
‖f ′‖Lr(U).

Proof.

(1) One shows the result for W 1,1(U)-functions first and uses the density of these functions in

BV (U) w.r.t. the weak star topology. Thus, we prove it by first showing for f ∈W 1,1(U)

the inequality ‖f − fU‖L∞(U) ≤ ‖f ′‖L1(U).To this end, we estimate

‖f − fU‖L∞(U) ≤ ess-sup
x∈U

1
|U |

∣∣∣∣∫
U

∫ x

y
f ′(z) dz dy

∣∣∣∣ ≤ ‖f ′‖L1(U).

Now, we obtain with the usual Hölder estimate for p ∈ [1,∞]

‖f − fU‖Lp(U) ≤ |U |
1
p ‖f − fU‖L∞(U) (3.12)

and altogether for f ∈W 1,1(U) combining the latter estimates

‖f − fU‖Lp(U) ≤ |U |
1
p ‖f ′‖L1(U). (3.13)

For extending this estimate to BV (U) we use [58, Theorem 13.9] and know by the Theorem

that for a given f ∈ BV (U) there exists a sequence (fn)n∈N ⊂W 1,1(U) such that lim
n→∞

‖fn−
f‖L1(U) = 0 (and by the compact embedding [6, Corollary 3.49] also lim

n→∞
‖fn−f‖Lp(U) = 0

for p ∈ [1,∞)) and such that lim
n→∞

‖f ′n‖L1(U) = |f |TV (U). Thus, for every n ∈ N we obtain

the estimate as stated in Inequality (3.13). By construction of the sequence (fn)n∈N we

thus obtain

‖f − fU‖Lp(U) = lim
n→∞

‖fn − (fn)U‖Lp(U) ≤ lim
n→∞

|U |
1
p ‖f ′n‖L1(R) = |U |

1
p |f |TV (U). (3.14)

Since we also have f ∈ L∞(U), letting p→∞ yields the estimate for p =∞. This result

can also be found in a more general setup in [6, Remark 3.50].

(2) For p < r a more general result can be found in [58, Theorem 12.30]. For this framework,

the exact formulation is presented in [58, Proposition 12.29]. The case where p ≥ r can

be obtained by considering that for f ∈ W 1,r(U) there exists ζ ∈ U such that fU = f(ζ)

and thus by the Hölder inequality

‖f − fU‖pLp(U) =

∫
U

∣∣∣∣∫ x

ζ
f ′(y) dy

∣∣∣∣p dx ≤ |U |p−
p
r

+1‖f ′‖pLr(U).



Remark 3.13 (Sharp estimates in the Poincaré-type inequalities).

Later we will see that the Poincaré-type inequalities above, especially the terms |U | and |U |
1
p ,

influence in their respective cases the convergence order of our numerical scheme. With examples

such as U := [−1, 1] ⊂ R and f := χ(( 1
2
,1)) for Item (1) and f := xα for Item (2) with α > 1− 1

r

we obtain that the exponents 1
p and 1− 1

r + 1
p are sharp in their respective cases.

Proof.

Let u ∈ (0, 1] and U := (−u, u) be given.

(1) Let further f ∈ BV (R) be given as f(x) := χ(0,1)(x). The mean value of f on U is given

by fU = 1
2 and thus,

‖f − fU‖Lp(U) =

(∫ u

−u
|f(x)− 1

2 |
p dx

)1
p

=

(∫ u

−u

1

2p
dx

)1
p

=
1

2
|U |1p

which shows the sharpness of the estimate in the cases of f ∈ BV (R).

(2) Let further f ∈W 1,r(U) be given as

f(x) := sgn(x)|x|α ∀x ∈ [−1, 1]

with α ∈ R>0 and α > 1− 1
r . Then the mean value is given by fU = 0 and following holds

‖f − fU‖Lp(U) =

(
2

∫ u

0
xαp dx

)1
p

=
( 2

αp+ 1

)1
p
uα+ 1

p

as this has to hold for all α > 1− 1
r the claimed estimate is sharp.

Lemma 3.14 (Composition f ◦ u if f is locally Lipschitz and u ∈ BV ).

Suppose u ∈ BV (R) is given and f ∈W 1,∞
loc (R). Then, we have for U ⊂ R an open and bounded

interval

|f ◦ g|TV (U) ≤ ‖f ′‖L∞((−‖g‖L∞(U),‖g‖L∞(U))) |g|TV (U) . (3.15)

Proof. We use the canonical approximation result by convolution with smoothing kernels. Define

for every n ∈ N the function gn := ρ 1
n
∗ g on Un, where Un := {x ∈ U : dist(x, ∂U) > 1

n} and

ρ 1
n

the standard mollifier. According to [58, Theorem C.19], we have ∀n ∈ N≥1 : ‖gn‖L∞(Un) ≤
‖g‖L∞(U) =: g∞U . Together with [58, Theorem C.19] this implies

‖f ◦ g − f ◦ gn‖L1(Un) ≤ ‖f ′‖L∞(g(Un)∪gn(Un))‖g − gn‖L1(Un)

≤ ‖f ′‖L∞((−g∞U ,g
∞
U ))‖g − gn‖L1(Un)

n→∞→ 0.



Let now ϕ ∈ C1
c (U) be arbitrary, but fixed. Then, we have by integration by parts∣∣∣∣ ∫
U
f(g(x))ϕ′(x) dx

∣∣∣∣ =

∣∣∣∣ lim
n→∞

∫
Un

f(gn(x))ϕ′(x) dx

∣∣∣∣
≤ ‖ϕ‖L∞(U)‖f ′‖L∞((−g∞U ,g

∞
U )) lim

n→∞
‖g′n‖L1(Un)

and by [58, Lemma 13.10] we obtain, recalling g ∈ BV (U),∣∣∣∣ ∫
U
f(g(x))ϕ′(x) dx

∣∣∣∣ ≤ ‖ϕ‖L∞(U)‖f ′‖L∞((−g∞U ,g
∞
U ))|g|TV (U).

Taking the supremum over all ϕ ∈ C1
c (U) with ‖ϕ‖L∞(U) ≤ 1 yields because of [58, Exercise

13.3] that f ◦ g ∈ BV (U) and furthermore the postulated inequality.

Lemma 3.15 (BV and vanishing L∞).

Suppose u ∈ BV (R) is given. Then, it holds

lim
ρ→∞

‖u‖L∞(R\(−ρ,ρ)) = 0. (3.16)

Proof. The result can be proven by using a precise and pointwise representation of u following

[58, Theorem 7.2]. This representation ū can be written as the difference between two monoton-

ically increasing functions, thus the limit of these functions at x → ±∞ exists and contradicts

that ū ∈ L1(R) if lim
x→±∞

|ū(x)| 6= 0.

Lemma 3.16 (Lp distance between a function and its composition with a Lipschitz-continuous

function).

Let f ∈W 1,∞
loc (R) with f ′ ∈ L∞(R) and ess-inf

x∈R
f ′(x) > 0, then for p ∈ [1,∞] the following holds:

1. For u ∈ BV (R) one has

‖u ◦ f − u‖Lp(R) ≤
(
2‖u‖L∞(R)

)1− 1
p max

{
1 ,

∥∥∥ 1
f ′(·)

∥∥∥1
p

L∞(R)

}
‖f − Id‖

1
p

L∞(R)|u|
1
p

TV (R).

2. For u ∈ L∞(R) and a finite sequence of disjoint open intervals (In)n∈{1,...,N0} ⊂ R with

N0 ∈ N≥1 and (In)n∈{1,...,N0} being a partition of R, i.e. R =
⋃N0
n=1 In and u|In ∈

W 1,r(In) ∀n ∈ {1, . . . ,N0}, one has for p ∈ [1,∞]

p ≤ r

‖u ◦ f − u‖Lp(R) ≤ | supp(|u|+ |u ◦ f |)| 1p− 1
r max

{
1 ,

∥∥∥ 1
f ′(·)

∥∥∥ 1
r

L∞(R)

}
‖f − Id‖L∞(R)

·
N0∑
n=1

‖u′‖Lr(In) + 2(N0 − 1)
1
p ‖f − Id‖

1
p

L∞(R)‖u‖L∞(R)



p > r

‖u ◦ f − u‖Lp(R) ≤
(
2‖u‖L∞(R)

)1− rp max
{

1 ,
∥∥∥ 1
f ′(·)

∥∥∥ 1
p

L∞(R)

}
‖f − Id‖

r
p

L∞(R)

·
( N0∑
n=1

‖u′‖Lr(In)

) r
p

+ 2(N0 − 1)
1
p ‖f − Id‖

1
p

L∞(R)‖u‖L∞(R)

Proof. We start by showing the second item and and split the Lp-norm as follows:

‖u ◦ f − u‖pLp(R) =

N0∑
n=1

(
‖u ◦ f − u‖p

Lp(In∩f−1(In))
+ ‖u ◦ f − u‖p

Lp(In\f−1(In))

)
(3.17)

By Hölders inequality we estimate the first summand in the latter equation by

p < r ‖u ◦ f − u‖Lp(In∩f−1(In)) ≤ ‖u ◦ f − u‖Lr(In∩f−1(In))|In ∩ f−1(In)| 1p− 1
r , (3.18)

p > r ‖u ◦ f − u‖Lp(In∩f−1(In)) ≤ ‖u ◦ f − u‖
r
p

Lr(In∩f−1(In))

(
2‖u‖L∞(In∩f−1(In))

)1− rp . (3.19)

Using the trivial identity In =
(
In ∩ f−1(In)

)
·∪
(
In \ f−1(In)

)
, the weak differentiability of

u|In and by using the Minkowski-inequality in integral form [1, Theorem 2.9] we obtain for each

summand of the first part of the latter equation the following estimate

‖u ◦ f − u‖Lr(In∩f−1(In))

≤
(∫

In∩f−1(In)

(∫ 1

0

∣∣u′(x+ τ · (f(x)− x))
∣∣ · |f(x)− x|dτ

)r
dx
) 1
r

≤
∫ 1

0

(∫
In∩f−1(In)

∣∣u′(x+ τ · (f(x)− x))
∣∣r · |f(x)− x|r dx

) 1
r

dτ

≤ ‖f − Id‖L∞(R)

∫ 1

0

(∫
In∩f−1(In)

∣∣u′(x+ τ · (f(x)− x))
∣∣r dx

) 1
r

dτ.

Noting that for every τ ∈ [0, 1] the function x 7→ x + τ · (f(x) − x) is invertible, we can define

its inverse as gτ and can continue our estimate

‖u ◦ f − u‖Lr(In∩f−1(In))

≤ ‖f − Id‖L∞(R)

∫ 1

0

(∫
In

|u′(y)|rg′τ (y) dy
) 1
r

dτ

≤ ‖f − Id‖L∞(R)‖u′‖Lr(In)
max

(τ,x)∈[0,1]×R
(1 + τ(f ′(x)− 1))−

1
r

≤ max

{
1 ,

∥∥∥ 1
f ′(·)

∥∥∥ 1
r

L∞(In)

}
‖f − Id‖L∞(R)‖u′‖Lr(In).



The second part of Equation (3.17) only occurs whenever N0 > 1 and we therefore obtain

N0∑
n=1

‖u ◦ f − u‖p
Lp(In\f−1(In))

≤
N0∑
n=1

∫
In\f−1(In)

(
|u(f(y))|+ |u(y)|

)p
dy

≤ 2p‖u‖pL∞(R)

(
|I1 \ f−1(I1)|+

N0−1∑
n=2

|In \ f−1(In)|+ |IN0 \ f−1(IN0)|
)
.

there exists a ∈ (R ∪ {±∞})N0+1 s.t. In = (an,an+1) for all n ∈ {1, . . . ,N0} s.t.

≤ 2p‖u‖pL∞(R)

( N0∑
n=2

|f−1(an)− an|χ((−∞,an))(f
−1(an))

+ |f−1(an)− an|χ((an,∞))(f
−1(an))

)
≤ 2p(N0 − 1)‖u‖pL∞(R)‖f

−1 − Id‖L∞(R)

and using the identity ‖f−1 − Id‖L∞(R) = ‖f − Id‖L∞(R) we end up with the claimed estimate.

For the first item, we can use I1 = R and [58, Theorem 13.9]. To this end, we use the result for

r = 1 in the second item and the density of W 1,1 functions in BV w.r.t. the weak star topology

to obtain this estimate in BV , i.e.

‖u ◦ f − u‖Lp(R) ≤
(
2‖u‖L∞(R)

)1− 1
p ‖u ◦ f − u‖

1
p

L1(R)

≤
(
2‖u‖L∞(R)

)1− 1
p max

{
1 ,

∥∥∥ 1
f ′(·)

∥∥∥1
p

L∞(R)

}
‖f − Id‖

1
p

L∞(R)|u|
1
p

TV (R)

Remark 3.17 (Sharp estimates in Lemma 3.16).

Let u ≡ χ((0,1)), fε ≡ (1 − ε)Id for ε ∈ R>0 and p ∈ [1,∞], then u ∈ BV (R) and u
∣∣
(0,1)

∈
W 1,p((0, 1)) as well as fε ∈ W 1,∞

loc (R) with f ′ε ∈ L∞(R) and ess-inf
x∈R

f ′ε(x) = ε for every ε ∈ R>0

and the following holds

‖u ◦ fε − u‖Lp(R) =
(∫ 1

0

∣∣χ((ε,1+ε))(x)− χ((0,1))(x))p
∣∣ dx

)1
p

=
(
2ε
)1
p . (3.20)

Thus, the order of convergence with respect to ‖fε − Id‖L∞(R) in the BV as well as in the W 1,p

case in Lemma 3.16 is sharp.



3.2 Semi-discretization and linear auxiliary problem

As pointed out in the introduction of Chapter 3, we first consider the linear balance law as

defined in Definition 3.7 and turn in Section 3.3 to nonlocal balance laws, using the results

established in this section as well as in Chapter 2.

To that end, we define a semi-discretized (w.r.t. the spatial variable) version of the linear

balance law:

Definition 3.18 (IVP system of semi-discrete linear balance laws and related definitions).

Let N ∈ N≥1, T ∈ R>0 and x0,y0 ∈ RN satisfying Definition 3.8 and assume q0 ∈ L1(R),

h ∈ L1(ΩT ) and λ ∈ L1((0, T );W 1,∞
loc (R)) with ∂2λ ∈ L1((0, T );L∞(R)). Then, we call the

system of initial value problems for t ∈ [0, T ]ẋn(t)

ẏn(t)

q̇n(t)


n∈{1,...,N}

=

 λ(t,xn(t))

λ(t,yn(t))∫ yn(t)
xn(t) h(t, y) dy


n∈{1,...,N}xn(0)

yn(0)

qn(0)


n∈{1,...,N}

=

 x0
n

y0
n∫ y0

n

x0
n
q0(y) dy


n∈{1,...,N}

the semi-discretized linear balance law.

In Literature semi-discretization techniques of partial differential equations are also known as

Method of Lines [89, 81].

Lemma 3.19 (Existence and Uniqueness of a solution to Definition 3.18).

Under the assumptions stated in Definition 3.18 there exists a unique Carathéodory solution

(x,y, q) ∈W 1,1((0, T );R3N ) of the therein presented semi-discretized linear balance law.

Proof. The right hand side of the system of IVPs is globally Lipschitz-continuous in the second

variables (i.e. componentwise in (x,y, q) ∈ R3N ) so that one can apply [45, Theorem 5.3] to

obtain a unique weak solution on (0, T ) with postulated regularity.

For simplicity we also introduce the following abbreviations:

Definition 3.20 (Notation regarding the spatial discretization scheme). Given a solution of the

ODE system in Definition 3.18, we define for the therein given (x,y, q) ∈W 1,1((0, T );R3N )

In(t) := (xn(t),yn(t)), I(t) :=
N⋃
n=1

In(t) (3.21)

δmax(t) := max
n=1,...,N

|In(t)|, δmin(t) := min
n=1,...,N

|In(t)|. (3.22)

Remark 3.21 (Prevention of an overload of Definitions).

Notice that In with n ∈ {1, . . . ,N} as defined in Definition 3.9 coincides with In(0) as defined



in Definition 3.20, i.e. In(0) = In ∀n ∈ {1, . . . ,N}. Since it is not possible to define the time

dependent intervals In(t) for t ∈ [0, T ] first, this inconvenience regarding notation could not be

avoided.

Remark 3.22 (Explicit solution of q).

Note that the system of initial value problems in Definition 3.18 is not fully coupled meaning

that (xn(t),yn(t))n∈{1,...,N} can be solved independently of the remaining functions. Having

solved for xn(t) and yn(t), the initial value problem in qn is analytically solvable and we can

write down the explicit solution solution ∀t ∈ [0, T ] as

qn(t) =

∫
In(0)

q0(s) ds+

∫ t

0

∫
In(τ)

h(τ, s) dτ ds

=

∫
In(t)

q(t, s) ds.

where q ∈ C([0, T ];L1(R)) is the solution of the linear balance law in Definition 3.7. Thus qn(t)

is given by the mass of q(t, ·) on the interval In(t).

In order to obtain convergence results of the semi-discrete system in Definition 3.18 to the

solution of the linear balance law Definition 3.7 it is crucial to know how the length of the

intervals In(t) for n ∈ {1, . . . ,N} can change over time. This change can be bounded by the

uniform Lipschitz constant of λ(t, ·) for t ∈ [0, T ] which is made precise in the following:

Lemma 3.23 (Bounds of the interval length w.r.t. time).

Let the assumptions and functions as in Definition 3.18, Definition 3.20 be given. Then, we

obtain for the length of In(t), n ∈ {1, . . . ,N}, for 0 ≤ t ≤ T the inequality

exp
(
− tL

)
≤ |In(t)|
|In(0)|

≤ exp
(
tL
)
, with L := ‖∂2λ‖L∞(ΩT ). (3.23)

Proof. For 0 ≤ t ≤ T we have by the very definition of xn(t) and yn(t) in Definition 3.18 the

following estimate

|In(t)| = |In(0)|+
∫ t

0
|λ(s,yn(s))− λ(s,xn(s))| ds

≤ |In(0)|+
∫ t

0
‖∂2λ(s, ·)‖L∞(R)|yn(s)− xn(s)|ds

and thus |In(t)| ≤ |In(0)|+
∫ t

0 L|In(s)|ds.We obtain by Grönwall’s inequality [96, III. Gronwall’s

Inequality]

|In(t)| ≤ |In(0)| exp(tL).

The postulated lower bound can be obtained similarly.

For the following error estimates, the space derivative qx on In(t) of the solution to the balance

law as stated in Definition 3.7 is required. The next Lemma will yield that under suitable



assumptions on the data and velocity as well as nonlocal term (compare Assumption 3.3) we

obtain the required regularities so that these objects are well-defined.

Lemma 3.24 (Preservation of the regularity of the solution on In).

Let q0 ∈ L∞(R) and h ∈ L1((0, T );L∞(R)) be given and assume that we have a q0-p-conformal

spatial discretization as defined in Definition 3.9 for p ∈ [1,∞] and In(·) for n ∈ {1, . . . ,N} as

defined in Definition 3.20. Then, the following statements hold true for

q ∈ L∞((0, T );L∞(R))

being the solution of the linear balance law as defined in Definition 3.7:

1. If λ ∈ L1((0, T );W 2,∞(R)), q0|In(0) ∈ W 1,p(In(0)) for all n ∈ {1, . . . ,N} as well as

h ∈ L1((0, T );W 1,p(R)), then q(t, ·)|In(t) ∈ W 1,p(In(t)) ∀t ∈ [0, T ] almost everywhere, in

particular

q(∗, ξ[0, ·](∗))|[0,T ]×In(0) ∈ C([0, T ]︸ ︷︷ ︸
∗

;W 1,p(In(0)︸ ︷︷ ︸
·

)

and

q(t, ·)|In(t) ∈W 1,p(In(t))︸ ︷︷ ︸ ∀n ∈ {1, . . . ,N}.

2. If λ ∈ L1((0, T );W 1,∞(R)) with ∂2λ ∈ L1((0, T );BV (R)), and q0|In(0) ∈ BV (In(0))

for n ∈ {1, . . . ,N} as well as h ∈ L1((0, T );BV (R)), then q(t, ·)|In(t) ∈ BV (In(t)) for

t ∈ [0, T ] almost everywhere, in particular

q(∗, ξ[0, ·](∗))|(0,T )×In(0) ∈ L∞((0, T )︸ ︷︷ ︸
∗

;BV (In(0))︸ ︷︷ ︸
·

) ∩ C([0, T ];Lp(In(0))).

and

q(t, ·)|In(t) ∈ BV (In(t))︸ ︷︷ ︸ ∀n ∈ {1, . . . ,N}.

Proof. (1) Recalling the explicit solution formula in Equation (3.3), the regularity of the so-

lution not only depends on initial datum q0 and source term h but also on the regularity

of the characteristics, i.e. implicitly on λ. For the following estimate it suffices to assume

λ ∈ L1((0, T );W 1,∞(R)). Then

∂2ξ[t, x](0) = exp
(
−
∫ t

0
∂2λ(s, ξ[t, x](s)) ds

)
, (t, x) ∈ ΩT

and for λ ∈ L1((0, T );W 2,∞(R))

∂2
2ξ[t, x](0) = −∂2ξ[t, x](0)

(∫ t

0
∂2

2λ(s, ξ[t, x](s))∂2ξ[t, x](s) ds
)
.



If λ ∈ L1((0, T );W 1,∞(R)) with ∂2λ ∈ L1((0, T );BV (R)), we obtain by using Lemma 3.14

|∂2ξ[t, ·](s)|TV (In(t)) =
∣∣∣e∫ st ∂2λ(τ,ξ[t,·](τ)) dτ

∣∣∣
TV (In(t))

≤ e2t‖∂2λ‖L∞(Ωt)

∣∣∣∣∣
∫ s

t
|∂2λ(τ, ξ[t, ·](τ))|TV (In(t)) dτ

∣∣∣∣∣
≤ e2t‖∂2λ‖L∞(Ωt)

∣∣∣∣∣
∫ s

t
|∂2λ(τ, ·)|TV (In(τ)) dτ

∣∣∣∣∣
≤ e2t‖∂2λ‖L∞(Ωt)‖∂2λ‖L1((0,t);TV (R)).

Now consider that ξ[t, ·](0) is monotone and that ξ[t, In(t)](0) = In(0). This yields for t ∈ [0, T ]

almost everywhere

‖q(i)
0 (ξ[t, ·](0))‖L∞(In(t)) = ‖q(i)

0 ‖L∞(In(0)) i ∈ {0, 1}

provided q
(i)
0 exists. For p ∈ [1,∞), we obtain

‖q(i)
0 (ξ[t, ·](0))‖Lp(In(t)) ≤ ‖∂2ξ[0, ·](t)‖

1
p

L∞(In(0))‖q
(i)
0 ‖Lp(In(0)) i ∈ {0, 1}.

Now, by formally differentiating q w.r.t. x ∈ R, one obtains

qx(t, x) = ∂2
2ξ[t, x](0)q0(ξ[t, x](0)) + ∂2ξ[t, x](0)2q′0(ξ[t, x](0))

+

∫ t

0
∂2

2ξ[t, x](s)h(s, ξ[t, x](s)) + ∂2ξ[t, x](s)2hx(s, ξ[t, x](s)) ds.

Thus for the W 1,p case, the results above imply together with the regularity of h that this

differentiation is well-defined on In(t) while the derivative of – in particular – q0 over the

boundary of In(0) could be a Dirac measure.

(2) For the BV case, we remark that ‖ · ‖BV := ‖ · ‖L1 + | · |TV . Obviously, by Lemma 2.11

q(t, ·) is in L1(R) for every time t ∈ [0, T ], thus we only have to concentrate on the total variation

which we estimate for given t ∈ [0, T ] as

|q(t, ·)|TV (In(t)) ≤ |∂2ξ[t, ·](0)q0(ξ[t, ·](0))|TV (In(t))

+

∣∣∣∣∫ t

0
∂2ξ[t, ·](τ)h(τ, ξ[t, ·](τ)) dτ

∣∣∣∣
TV (In(t))

≤ |∂2ξ[t, ·](0)q0(ξ[t, ·](0))|TV (In(t))

+

∫ t

0
|∂2ξ[t, ·](τ)h(τ, ξ[t, ·](τ))|TV (In(t)) dτ

and applying Lemma 3.14 and the product rule for BV [6, p. 124] yields the required regularity

of q(t, ·).



In the rest of the article we will not consider stronger convergence results as for BV , piecewise

W 1,p and W 1,∞ datum. Therefore we define the following piecewise constant function space

representation of the semi-discrete solution:

The foregoing estimates allow us now to define a semi-discrete solution and – depending on

the regularity of the initial datum and source term – also to show convergence. We start with

BV datum and show convergence of order 1
p when measuring the error in Lp and then linear

convergence order for W 1,p datum.

Definition 3.25 (Approximated solution for piecewise constant approximation in space qpc).

For T ∈ R>0 we define the piecewise constant approximation to the linear balance law as

stated in Definition 3.7 for the solution (x,y, q) ∈ W 1,1((0, T );R3N ) of the system of IVP as

presented in Definition 3.18 as

qpc[x,y, q] :


ΩT → R

(t, x) 7→
N∑
n=1

qn(t)
yn(t)−xn(t)χ(xn(t),yn(t))(x).

(3.24)

Lemma 3.26 (Properties of piecewise constant approximation qpc in space).

For T ∈ R>0 and a given solution (x,y, q) ∈ W 1,1((0, T );R3N ) of the ODE system in Defini-

tion 3.18 with the therein stated assumptions we obtain for qpc[x,y, q] ∈ L∞((0, T );L∞(R)) as

given in Definition 3.25 the following bounds

1. L1-bound: ∥∥qpc[x,y, q](t, ·)
∥∥
L1(R)

≤ ‖q0‖L1(R) + ‖h‖L1(Ωt) ∀t ∈ [0, T ]

2. L∞-bound: ∥∥qpc[x,y, q](t, ·)
∥∥
L∞(R)

≤ ‖q(t, ·)‖L∞(R) ∀t ∈ [0, T ]

3. For q0 ∈ BV (R), h ∈ L1((0, T );BV (R)) and ∂2λ ∈ L∞((0, T );TV (R)) the TV -seminorm

estimate:

|qpc[x,y, q](t, ·)|TV (R) ≤ |q(t, ·)|TV (R) + 2N0‖q(t, ·)‖L∞(R) ∀t ∈ [0, T ]

where N0 :=
∣∣{k ∈ {2, . . . ,N} : y0

k−1 6= x0
k}
∣∣ and x0,y0 as defined in Definition 3.18,

The function q is the solution of the linear balance law in Definition 3.7 with the respective initial

datum q0, velocity function λ and source term h.

Proof. Item 1 and Item 2 are a direct consequence of Remark 3.22. For Item 3 we obtain

|qpc[x,y, q](t, ·)|TV (R)



= sup
ψ∈C1

c (R)
‖ψ‖L∞(R)≤1

N∑
n=1

∫
In(t)

qpc[x,y, q](t, s)ψ′(s) ds

= sup
ψ∈C1

c (R)
‖ψ‖L∞(R)≤1

(
− ψ(x1(t))q1(t)

+
N∑
n=2

(
ψ(yn−1(t))qn−1(t)− ψ(xn(t))qn(t)

)
+ qN (t))ψ(yN (t))

)
≤ 2N0‖q(t, ·)‖∞ + |q1(t)|+

∑
n∈{2,...,N}
yn−1=xn

|qn−1(t)− qn(t)|+ |qN (t)|

= 2N0‖q(t, ·)‖∞ +
∣∣∣ ∫
I1(t)

q(t,s)
|I1(t)| ds

∣∣∣
+

∑
n∈{2,...,N}
yn−1=xn

∣∣∣∣ ∫
In−1(t)

q(t,s)
|In−1(t)| ds−

∫
In(t)

q(t,s)
|In(t)| ds

∣∣∣∣+
∣∣∣ ∫
IN (t)

q(t,s)
|IN (t)| ds

∣∣∣.
This holds true due to |{k ∈ {2, . . . ,N} |yk 6= xk+1}| = N0. Now, we approximate q(t, ·) ∈
BV (R) by a series of qε(t, ·) ∈ W 1,1(R) for all ε > 0 with ‖qε(t, ·) − q(t, ·)‖L1(R) → 0 and

‖∂2q
ε(t, ·)‖L1(R) → |q(t, ·)|TV (R) for ε → 0 using [58, Theorem 13.9]. For t ∈ [0, T ] arbitrary

but fixed there exists – by the mean value theorem – ξε ∈ RN with ξεn ∈ [xn(t),yn(t)] ∀n =

{1, . . . ,N} s.t.∣∣∣ ∫
I1(t)

qε(t,s)
|I1(t)| ds

∣∣∣+
∑

n∈{2,...,N}
yn−1=xn

∣∣∣∣ ∫
In−1(t)

qε(t,s)
|In−1(t)| ds−

∫
In(t)

qε(t,s)
|In(t)| ds

∣∣∣∣+
∣∣∣ ∫
IN (t)

qε(t,s)
|IN (t)| ds

∣∣∣
= |qε(t, ξε1)|+

∑
n∈{2,...,N}
yn−1=xn

∣∣∣qε(t, ξεn−1)− qε(t, ξεn)
∣∣∣+ |qε(t, ξεN )|

≤
∫ ξε1

−∞
|∂2q

ε(t, s)|ds+
∑

n∈{2,...,N}
yn−1=xn

∫ ξεn

ξεn−1

|∂2q
ε(t, s)|ds+

∫ ∞
ξεN

|∂2q
ε(t, s)|ds

≤ ‖∂2q
ε(t, ·)‖L1(R) = |qε(t, ·)|TV (R).

Passing to the limit ε→ 0 we obtain eventually the claim.

With the previous definition of an approximation qpc we are now equipped to prove for the

linear balance law convergence of order 1
p for BV datum and of linear order for piecewise W 1,p

datum when measuring the error in Lp.

Corollary 3.27 (Order of Convergence).

Consider for T ∈ R>0 the semi-discrete solution qpc as defined in Definition 3.25 and Defini-

tion 3.18 for the linear balance law as given in Definition 3.7. Then, for every p ∈ [1,∞] the

distance between the discretized solution qpc and the actual solution q provided by theorem 2.25



is bounded as follows:

• Let Item Assumption (A.1) be satisfies. By Lemma 3.24 q(t, ·) ∈ BV (R) and

‖q(t, ·)− qpc[x,y, q](t, ·)‖Lp(I(t)) ≤ δmax(t)
1
p |q(t, ·)|TV (I(t)) ∀t ∈ [0, T ],

• Let Item Assumption (A.2) be satisfied. By Lemma 3.24 q(t, ·)|In(t) ∈W 1,r(In(t)) and for

every t ∈ [0, T ] the following holds:

‖q(t, ·)− qpc[x,y, q](t, ·)‖Lp(I(t)) ≤ δ
1− 1

r+ 1
p

max ‖∂2q(t, ·)‖Lr(I(t)) p > r

= δ
1− 1

r+ 1
p

max

( N∑
n=1

‖∂2q(t, ·)‖rLr(In(t))

) 1
r

p > r

‖q(t, ·)− qpc[x,y, q](t, ·)‖Lp(I(t)) ≤ δmax|I(t)| 1p− 1
r ‖∂2q(t, ·)‖Lr(I(t)) p ≤ r

= δmax|I(t)| 1p− 1
r

( N∑
n=1

‖∂2q(t, ·)‖rLr(In(t))

) 1
r

p ≤ r,

where δmax is defined in Definition 3.20.

Proof. We start by computing the distance of the solution and its semi-discretized form and

write for p ∈ [1,∞) and t ∈ [0, T ] – recalling Definition 3.20 –

‖q(t, ·)− qpc[x,y, q](t, ·)‖pLp(I(t)) =

N∑
n=1

‖q(t, ·)− qpc[x,y, q](t, ·)‖pLp(In(t)) (3.25)

=

N∑
n=1

∫
In(t)

|q(t, s)− qn(t)|p ds. (3.26)

By Definition 3.18 and Remark 3.22 we know that qpc is piecewise given by the “mean values”

of the actual solution, i.e. we can apply Proposition 3.12, in particular (1) for the BV estimate

and continue the estimate in Equation (3.26)

‖q(t, ·)− qpc[x,y, q](t, ·)‖pLp(I(t)) ≤
N∑
n=1

|In(t)| · |q(t, ·)|pTV (In(t)) ≤ δmax(t)|q(t, ·)|pTV (I(t))

This yields the postulated convergence order in the BV case. For the W 1,r-case – using (2) in

Proposition 3.12 – we distinguish the cases where p ≥ r and p < r. In the first one we obtain

‖q(t, ·)− qpc[x,y, q](t, ·)‖pLp(I(t)) ≤
N∑
n=1

|In(t)|p−
p
r

+1‖∂2q(t, ·)‖pLr(In(t))

≤ δmax(t)p−
p
r

+1
N∑
n=1

‖∂2q(t, ·)‖pLr(In(t))

≤ δmax(t)p−
p
r

+1‖∂2q(t, ·)‖pLr(I(t)).



In the second one it follows

‖q(t, ·)− qpc[x,y, q](t, ·)‖pLp(I(t)) ≤ δmax(t)p‖∂2q(t, ·)‖pLp(I(t))

≤ |I(t)|1−
p
r δmax(t)p‖∂2q(t, ·)‖pLr(I(t))

which leads to the claimed estimates.

Remark 3.28 (Estimate for every t ∈ [0, T ] in the BV case).

In order to see that even in the case of a q0-BV -conformal discretization we have estimates for

every time, recall that we have q ∈ L∞((0, T );BV (R))). This implies with the explicit formula

of the solution as given in Lemma 2.11 that we have in the BV case estimates for every t ∈ [0, T ].

Remark 3.29 (Approximating the solution on R for any given precision).

Following the assumptions and the proof of Corollary 3.27 we can find for every ε ∈ R>0 and

p ∈ [1,∞] a N ε ∈ N and a q0-1-p-conformal discretization dependent (x0,ε,y0,ε) ∈ R2N ε such

that for t ∈ [0, T ] one has

‖q(t, ·)− qpc[x,y, q](t, ·)‖Lp(R) ≤ ε+ ‖q(t, ·)− qpc[x,y, q](t, ·)‖Lp(Iε(t))

with

Iε(t) :=
N ε⋃
n=1

Iεn(t) and δεmax(t) := max
n∈{1,...,N ε}

|Iεn(t)|.

This means that we can approximate any solution on R with any given precision by choosing ε

sufficiently small and so δεmax(t).

For the case p =∞ one needs some more requirements. In order to approximate the solution

on whole R w.r.t. the L∞-norm up to an accuracy of ε, we need more regularity conditions

on the data q0 and h. On the one hand, we need that there exists p ∈ [1,∞) such that

q0 ∈ Lp(R), h ∈ L1((0, T );Lp(R)), so we can apply the estimates as above together with a limit

argument. On the other hand, we need that these functions vanish at infinity. A sufficient

condition therefore is q0 ∈ BV (R), h ∈ L1((0, T );BV (R)) (see Lemma 3.15).

Corollary 3.30 (Approximating Lp solutions for any given precision).

Let p ∈ [1,∞) be given. Further let the initial datum q0 ∈ Lp(R) ∩ L∞(R) and the source term

h ∈ L1((0, T );Lp(R)) and the velocity function λ ∈ L1((0, T );W 2,∞(R)) be given. Then, we

obtain the following approximation for p ∈ [1,∞)

∀ε ∈ R>0 ∃Nε ∈ N, (x0
ε,y

0
ε) ∈ RNε × RNε , qεs : ΩT → R : ‖q(t, ·)− qεs (t, ·)‖Lp(R) ≤ ε (3.27)

where for every t ∈ [0, T ] it holds qεs (t, ·)|(xεn(t),yεn(t)) ∈W 1,p((xεn(t),yεn(t)).

Proof. The main idea of the proof consists of approximating the initial datum and source term

by a more regular function in W 1,p. This is possible due to [19, Corollary 4.23], the density of

C∞c (Ω) in Lp(Ω) for Ω ⊂ RN open with N ∈ N≥1 and p ∈ [1,∞).



Remark 3.31 (p =∞ in the previous Corollary 3.30).

Of course, such an estimate is impossible for p = ∞ since a discontinuity in the initial datum

cannot be approximated uniformly with higher regular functions. This is a direct consequence

of the following inclusion

C1
c (∈ particularinR)

‖·‖L∞(R) ⊂ BV (R)
‖·‖L∞(R) ( L∞(R).

For a q0-p-conformal discretization as defined in Definition 3.9 we recall Remark 3.10 and

make precise:

Remark 3.32 (Partition of I for q0-p-conformal discretization).

Let q0-p-conformal discretization (x0,y0) ∈ R2N with N ∈ N≥1 be given. Let further

M := {1} ∪
{
n ∈ {2, . . . ,N} : q0|(zn−1(0),zn(0)) /∈W 1,p((zn−1(0), zn(0)) ∨ yn−1(0) 6= xn(0)

}
,

N0 := |M| and N ∈ {M ∪ {N + 1}}N0+1 with Nk < Nk+1 ∀k ∈ {1, . . . ,N0} and we define for

k ∈ {1, . . . ,N0} and (x,y) ∈W 1,1((0, T );R2N ) as solution of the ODE system in Definition 3.18

Jk(t) :=
(
xNk

(t),yNk+1−1(t)
)
, J(t) :=

N0⋃
k=1

Jk(t), t ∈ [0, T ].

The sets Jk(t), t ∈ [0, T ], denote the largest open intervals contained in the connected compo-

nents of I(t) on which the function q(t, ·) has no jumps and J(t) denotes the union of all those

components. By Lemma 3.24, starting from t = 0 this property remains valid for all t ∈ [0, T ].

Obviously, the following holds for every t ∈ [0, T ]

|J(t)∆I(t)| = 0 and q0|Jk(0) ∈W 1,p
(
Jk(0)

)
.

As N0 depends – by construction – on the regularity of q0|J(0) and J(0) only, this holds for any

q0-p-conformal discretization of J(0). The content of the Remark is illustrated in Figure 3.1.

Remark 3.33 (Higher order semi-discretizations).

Notice that a generalization to higher convergence orders is possible, as roughly spoken one can

state that approximations of order M− 1 lead to convergence of order M for M ∈ N≥1 when

defining the proper basis functions. This is straight forward for the linear balance law, however,

for the nonlocal balance law, this is very technical and the reason why we concentrate only on

BV and W 1,p in this article.
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Figure 3.1: Illustration of Jk(0). The example shows the q0 − ∞−conformal discretization of
a piecewise Lipschitz-continuous initial datum q0 ∈ BV (R). The number of the
blue marked intervals (Ik(0))k=1,...,11 will increase after refinement, the red marked
intervals (Jk(0))k=1,...,4 defined as in Remark 3.32 will not.

3.3 Semi-discretization of nonlocal balance laws

In this section, we apply the previous deduced results for linear balance laws in semi-discretized

form to nonlocal balance laws. To this end, we first define what we mean with a semi-discrete

version of the nonlocal balance law. In this Definition 3.34 it is crucial that also the nonlocal

term is semi-discretized.

Definition 3.34 (Semi-discrete problem approximating the nonlocal balance law).

Let N ∈ N≥1, T ∈ R>0. According to Definition 3.8, let a BV -conformal or a q0-p-conformal

discretization (x0,y0) for p ∈ [1,∞] be given and let assumption 3.3, in particular item As-

sumption (A.0) hold. Then, we call the system of initial value problemsẋn(t)

ẏn(t)

q̇n(t)


n∈{1,...,N}

=

λ[Wpc[x,y, q]](t,xn(t))

λ[Wpc[x,y, q]](t,yn(t))∫ yn(t)
xn(t) h(t, y) dy


n∈{1,...,N}xn(0)

yn(0)

qn(0)


n∈{1,...,N}

=

 x0
n

y0
n∫ y0

n

x0
n
q0(y) dy


n∈{1,...,N}

with the semi-discretized nonlocal term

Wpc[x,y, q](t, x) :=

∫ b(x)

a(x)
qpc[x,y, q](t, y)γ(t, x, y) dy

the semi-discrete system of the nonlocal balance law as stated in Equations (1.5)–(1.7) where

qpc was defined in Definition 3.25.



As Definition 3.34 involves the evaluation of the nonlocal term, it is crucial that the area where

we discretize the solution is a superset of the area of integration of the nonlocal term. If this

is not made sure the discretized version of the nonlocal term cannot converge to its continuous

version since qpc would be zero outside the area of discretization. To guarantee this, we come

up with the following:

Assumption 3.35 (Further conditions for the initial discretization).

We assume in addition to the assumptions in Definition 3.34 for T ∈ R>0 that

I(0) ⊃ supp(q0) ∧ I(t) ) supp(h(t, ·)) ∀t ∈ [0, T ],

i.e. the support of q0 is contained in I(0) and the support of h(t, ·) for almost every time t ∈ [0, T ]

contained and not equal to I(t).

For the proof of existence of a solution to the system of initial value problems as stated in

Definition 3.34, we have to make sure that the difference of the initial datum for xn and yn,

n ∈ {1, . . . ,N}, is bounded away from zero since qpc depends on the inverse of this difference.

This is the reason for the following Definition 3.36:

Definition 3.36 (Convex neighborhood of an ordered spatial discretization).

Let N ∈ N≥1 and (x,y) ∈ R2N be an ordered spatial discretization defined in Definition 3.8.

Then, we define the inactive indices, i.e. the indices where there is no “gap” between xi+1 and

yi, as

I(x,y) :=
{
i ∈
{

1, . . . ,N − 1} : xi+1 = yi

}
(3.28)

and in addition for the minimal distance between x and y

ε(x,y) := min
{

min
i∈{1,...,N−1}\I(x,y)

|xi+1 − yi| , min
i∈{1,...,N}

|yi − xi|
}
.

The convex neighborhood of (x,y) is then defined as:

M(x,y) :=
{

(x̃, ỹ, q̃) ∈ R2N : ‖(x,y)− (x̃, ỹ)‖∞ ≤ 1
3ε(x,y) ∧ ‖q̃‖1 ≤ ‖q0‖L1(R) +‖h‖L1(ΩT )

}
Remark 3.37 (Convex neighborhood with nonempty interior in the proper subspace topology).

Following Definition 3.36, we note that every (x̂, ŷ) ∈ M(x,y) is an ordered spatial discretiza-

tion as defined in Definition 3.8. Furthermore, (x,y) has by its very construction a convex

neighborhood in M(x,y) with – reduced to the proper 2N − |I(x,y)|-dimensional subspace –

nonempty interior.

Lemma 3.38 (Existence of a solution for small time).

Let N ∈ N≥1 be given and (x,y) ∈ R2N be an ordered spatial discretization defined in Def-

inition 3.8. The system IVPs defined in Definition 3.34 has a unique solution (x,y, q) on a

sufficiently small time horizon T ∗ ≤ T .



Proof. The mapping

F :



M(x0,y0)× [0, T ] → R3N

(x,y, q, t) 7→


λ[W̃ [x,y, q]](t,xn)

λ[W̃ [x,y, q]](t,yn)∫ yn
xn

h(t, y) dy


n∈{1,...,N}

W̃ [x,y, q](t, x) :=

∫ b(x)

a(x)
γ(t, x, z) qn

yn−xn
χ(xn,yn)(z) dz.

is Lipschitz-continuous on M(x0,y0)× [0, T ], since λ is locally Lipschitz-continuous in the first

and third component as well as by the boundedness of h. The Lipschitz continuity of W̃ on

M(x0,y0) × [0, T ] w.r.t. the fifth argument is given by a′, b′, ∂2γ(t, ·, z) ∈ L∞(R) ∀(t, z) ∈ ΩT

w.r.t the fourth argument the Lipschitz-continuity directly follows from ∂1γ ∈ L∞(ΩT × R).

The remaining Lipschitz-continuity of W̃ w.r.t the first three arguments will be shown in the

following: ∣∣W̃ [x,y, q](t, x)− W̃ [x̃,y, q](t, x)
∣∣

≤ ‖γ‖L∞(ΩT×R)

∫ b(x)

a(x)

N∑
n=1

∣∣∣ qn
yn−xn

χ(xn,yn)(z)−
qn

yn−x̃n
χ(x̃n,yn)(z)

∣∣∣ dz
≤ ‖γ‖L∞(ΩT×R)

∫ b(x)

a(x)

N∑
n=1

(
|qn|

yn−xn

∣∣χ(xn,yn)(z)− χ(x̃n,yn)(z)
∣∣

+
∣∣∣ qn
yn−xn

− qn
yn−x̃n

∣∣∣χ(x̃n,yn)(z)

)
dz

≤ 2‖γ‖L∞(ΩT×R)

N∑
n=1

∣∣∣ qn
yn−xn

∣∣∣ · ∣∣x̃n − xn∣∣
≤ 2‖γ‖L∞(ΩT×R)

(
‖q0‖L1(R) + ‖h‖L1(ΩT )

) 1

3ε(x0,y0)
‖x̃− x‖∞

which holds analogues for the second argument. For the third argument of W̃ we obtain:∣∣W̃ [x,y, q](t, x)− W̃ [x,y, q̃](t, x)
∣∣ ≤ ‖γ‖L∞(ΩT×R)‖q − q̃‖∞|I|

and consequently alltogether∣∣W̃ [x,y, q](t, x)− W̃ [x̃, ỹ, q̃](t, x)
∣∣

≤ ‖γ‖L∞(ΩT×R)

(
|I|+ 4

3

‖q0‖L1(R)+‖h‖L1(ΩT )

ε(x0,y0)

)
‖(x,y, q)− (x̃, ỹ, q̃)‖∞.

We thus can apply Picard-Lindelöf in its qualitative version in [46, Theorem 1.1] to obtain

the existence and uniqueness of a solution to the system of IVPs defined in Definition 3.34 on a



sufficiently small time horizon [0, T ∗] where T ∗ ∈ R>0 is bounded from below by

T ∗ ≥ ε(x0,y0)

3 supu∈U ‖λ[u]‖L∞([−η(T ),η(T )]×[0,T ])

η(T ) := sup
u∈U

exp(B[u]T )(1 + ‖(x0,y0)‖∞)− 1

where

U :=
{
u ∈ L∞(R) | ‖u‖L∞(R) ≤

‖q0‖L1(R)+‖h‖L1(ΩT )

3ε(x0,y0)

}
and ε as defined in Definition 3.36.

Proposition 3.39 (estimates for the solutions of differential inequalities).

Let F be continious in an open set D containing a point (x0, t0) and suppose that the initial

value problem

u′(t) = F (t, u(t)) u(t0) = x0

has a unique solution û(t) on the domain t0 ≤ t ≤ t1. If x is any differentiable function on

[t0, t1] s.t. (t, x(t)) ∈ D for t ∈ [t0, t1] and

x′(t) ≤ F (t, x(t)) x(t0) ≤ x0 ∀t ∈ [t0, t1]

then

x(t) ≤ û(t) ∀t ∈ [t0, t1]

the same holds whenever ≤ is replaced in all inequalities by ≥.

Proof. The theorem can be found in [72, Theorem 2.2.2] and the proof for instance in the book

of W. Walter [97, Theorem 10, p. 68] or the book of D. Bainov and P. Simeonov [11, Theorem

6.3,p. 57].

Lemma 3.40 (properties of the solution).

For ε as defined in Definition 3.36 we obtain the following lower bound:

ε[x0,y0](t) ≥ ε[x0,y0](0) exp
(
− (α+ βq̂max(t))t

)
hold for all times t ∈ [0, T ∗] if q̂max : [0, T ] 7→ R≥0 satisfying

q̂′max(t) = ‖h‖L∞(ΩT ) + q̂max(t)
(
α+ βq̂max(t))∀t ∈ [0, T ] (3.29)

q̂max(0) = ‖q0‖L∞(R) (3.30)

is bounded on [0, T ∗] where

α :=‖∂2γ‖L∞(ΩT×R)

(
‖q0‖L1(R) + ‖h‖L1((0,t)×R)

)
sup
u∈U
‖∂1λ[u](t, ·)‖L∞(R)



+ ‖∂3λ[u](t, ·)‖L∞(R)

β :=
(
‖b′‖L∞(R) + ‖a′‖L∞(R)

)
‖γ‖L∞(ΩT×R) sup

u∈U
‖∂1λ[u](t, ·)‖L∞(R)

U :=
{
u ∈ L1(R) | ∃v ∈ L1(R) : ‖v‖L1(R) ≤ ‖q0‖L1(R) + ‖h‖L1(ΩT ) ∧ u ≡

∫ b(·)
a(·) γ(t, ·, y)v(y) dy

}
Proof. In order to proof the lower bound of ε[x0,y0](t) we first derive an upper bound for the

derivative of the mean value for each cell:

∂t
qn(t)

yn(t)− xn(t)

=
q̇n(t)

yn(t)− xn(t)
− qn(t)

yn(t)− xn(t)
ẏn(t)−ẋn(t)
yn(t)−xn(t)

≤ ‖h‖L∞(ΩT ) +
qn(t)

(yn(t)− xn(t))2

((
‖b′‖L∞(R) + ‖a′‖L∞(R)

)
· ‖γ‖L∞(ΩT×R) max

k∈{1,...,N}

qk(t)

yk(t)− xk(t)
+ ‖∂2γ‖L∞(ΩT×R)

(
‖q0‖L1(R) + ‖h‖L1((0,t)×R)

))
· sup
u∈U
‖∂1λ[u](t, ·)‖L∞(R)

(
yn(t)− xn(t)

)
+

qn(t)

(yn(t)− xn(t))2
sup
u∈U
‖∂3λ[u](t, ·)‖L∞(R)

(
yn(t)− xn(t)

)
.

For the maximum of qpc which is given by

qmax(t) := max
k∈{1,...,N}

qk(t)

yk(t)− xk(t)

we obtain

∂tqmax(t) ≤ ‖h‖L∞(ΩT ) + qmax(t)
(
βq̄max(t) + α).

By Proposition 3.39 the mean value qmax is bounded by q̂max satisfying Equation (3.29) for all

times t ∈ [0, T ∗] whenever q̂max ∈ L∞([0, T ∗]). Let further n1(t), n2(t) ∈ {1, . . . ,N} be defined

s.t.

ε[x0,y0](t) = |yn2(t) − xn1(t)| ∀ ∈ [0, T ∗].

As the pointwise maximum over a finite number of Lipschitz continious functions remains Lip-

schitz continious we can derive the following estimate

∂tε[x
0,y0](t)

≥ −
∣∣∣ ∫ yn2(t)(t)

xn1(t)(t)

d
dxλ[W [x,y, q]](t, s) ds

∣∣∣
≥ −ε[x0,y0](t)‖ ddxλ[W [x,y, q]](t, ·)‖L∞(R)

≥ −
(
(‖b′‖L∞(R) + ‖a′‖L∞(R))‖γ‖L∞(ΩT×R)‖qpc[](t, ·)‖L∞(R)

+ ‖∂2γ‖L∞(ΩT×R)‖qpc[](t, ·)‖L1(R)

)



· sup
u∈U
‖∂1λ[u](t, ·)‖L∞(R)ε[x

0,y0](t)− sup
u∈U
‖∂3λ[u](t, ·)‖L∞(R)ε[x

0,y0](t)

≥ −
(
(‖b′‖L∞(R) + ‖a′‖L∞(R))‖γ‖L∞(ΩT×R)q̂max(t)

+ ‖∂2γ‖L∞(ΩT×R)

(
‖q0‖L1(R) + ‖h‖L1((0,t)×R)

))
· sup
u∈U
‖∂1λ[u](t, ·)‖L∞(R)δmin(t)− sup

u∈U
‖∂3λ[u](t, ·)‖L∞(R)δmin(t)

= −
(
βq̂max(t) + α

)
ε[x0,y0](t)

Again, by Proposition 3.39 ε[x0,y0] has an lower bound given by the solution of

∂tε[x
0,y0](t) = −

(
βq̂max(t) + α

)
ε[x0,y0](t).

As q̂max is strictly monotone increasing on (0, T ∗) the claim holds true.

Theorem 3.41 (Existence of a solution for larger times independent on δmin(0)).

If for T ∗ ∈ (0, T ] the solution q̂max to the IVP defined in Equation (3.29) is bounded, i.e.

q̂max|(0,T∗) ∈ L∞((0, T ∗)) the system of IVPs has – for any ordered satial discretizations (x0,y0)

– a unique solution on the time horizon [0, T ∗].

Proof. By assumption there exists q̄max ∈ R≥0 defined as q̄max := ‖q̂max‖L∞((0,T )). By Proposi-

tion 3.39 and Lemma 3.40 the following estimate holds

δmin(t) ≥ ε[x0,y0](0) exp
(
− (α+ βq̄max)T ∗

)
due to δmin(t) ≥ ε[x0,y0](t) ∀t ∈ [0, T ∗] by construction. Thus for all order spatial discretiza-

tions (x0,y0) the right hand side of the system of IVPs defined in Definition 3.34 is Lipschitz-

continuous on (0, T ∗) and by Picard-Lindelöf there exists a unique solution on (0, T ∗).

Lemma 3.42 (Piecewise linear transformation mapping and its properties).

Let x1,y1,x2,y2, q : [0, T ] 7→ RN be given with

xkn(t) < ykn(t) ∧ ykn(t) ≤ xkn+1(t) ∀(n, t, k) ∈ {1, . . . ,N} × [0, T ]× {1, 2}.

Then there exists Θ[x1,x2,y1,y2] : ΩT 7→ R with

Θ[x1,x2,y1,y2](t, ·) ∈ L∞loc(R) ∧ ∂6Θ[x1,x2,y1,y2](t, ·) ∈ L∞(R) ∀t ∈ [0, T ] (3.31)

satisfying

1. transformation property

x2
n(t) = Θ[x1,x2,y1,y2](t,x1

n(t)) ∀(t, n) ∈ [0, T ]× {1, . . . ,N}

y2
n(t) = Θ[x1,x2,y1,y2](t,y1

n(t)) ∀(t, n) ∈ [0, T ]× {1, . . . ,N}



2. maximal distance to the identity mapping

‖Θ[x1,x2,y1,y2](t, ·)− Id‖L∞(R) ≤ ‖(x2,y2)(t)− (x1,y1)(t)‖∞ ∀t ∈ [0, T ]

3. positive minimal derivative

inf
x∈R
‖∂6Θ[x1,x2,y1,y2](t, x)‖ ≥ D[x1,x2,y1,y2](t)

with

D[x1,x2,y1,y2](t) := min

 min
n∈{1,...,N}

y2
n(t)−x2

n(t)
y1
n(t)−x1

n(t)
, min
n∈{1,...,N−1}
y1
n 6=x1

n+1

x2
n+1(t)−y2

n(t)

x1
n+1(t)−y1

n(t)

 ∀t ∈ [0, T ].

Proof. We prove the claim by explicitly defining the – in the spatial variable continuous –

mapping Θ for (t, z) ∈ ΩT as

Θ[x1,x2,y1,y2](t, z)

:=
N∑
n=1

(
(z − x1

n(t))y
2
n(t)−x2

n(t)
y1
n(t)−x1

n(t)
+ x2

n(t)
)
χ((x1

n(t),y1
n(t)))(z)

+
∑

n∈{1,...,N−1}
y1
n(t)6=x1

n+1(t)

(
(z − y1

n(t))
x2
n+1(t)−y2

n(t)

x1
n+1(t)−y1

n(t)
+ y2

n(t)
)
χ((y1

n(t),x1
n+1(t)))(z)

+
(

(z − x1
1(t)) + x2

1(t)
)
χ((−∞,x2

1(t)))(z) +
(

(z − y1
N (t)) + x2

N (t)
)
χ((y2

N (t),∞))(z)

by construction Θ[x1,x2,y1,y2](t,x1
n(t)) = x2

n(t) and Θ[x1,x2,y1,y2](t,y1
n(t)) = y2

n(t). In each

interval (xn(t),yn(t)) it is a linear mapping and thus the piecewise constant function qpc is

transformed s.t.

qpc[x
1,y1, q](t, x)

= qpc[x
2,y2, q](t,Θ[x1,x2,y1,y2](t, x))∂6Θ[x1,x2,y1,y2](t, x) ∀(t, x) ∈ ΩT .

As Θ is a piecewise linear function, the maximal distance to the identity mapping is denoted by

the difference of the values at the supporting points x(t) and y(t) of Θ[x1,x2,y1,y2]. This is by

construction bounded by the claimed value. By construction Θ[x1,x2,y1,y2](t, ·) is continuous

on R for every t ∈ [0, T ] and thus the positive minimal derivative can directly be computed by

differentiating Θ[x1,x2,y1,y2](t, ·) in each interval where it is linear.

Lemma 3.43 (estimates for the approximated nonlocal term).

Let q(t, ·)|In(t) ∈ W 1,r(In(t)) for all (n, t) ∈ {1, . . . ,N} × [0, T ] be given. The difference of the

nonlocal term W [qpc[x
2,y2, q2], γ, a, b] and w can in the L∞(R)-norm in space be bounded as



follows:

‖W [qpc[x
2,y2, q2], γ, a, b](t, ·)− w(t, ·)‖

≤ C1‖(x2,y2, q2)(t)− (x1,y1, q1)(t)‖∞ + C2

∫ t

0
‖(x2,y2)(τ)− (x1,y1)(τ)‖∞ dτ

+ C3δ
1
max(t)2− 1

r

with

C1 :=
(
‖∂3γ‖L∞(ΩT×R)

(
‖q0‖L1(R) + ‖h‖L1(ΩT×R)

)
+ 2‖γ‖L∞(ΩT×R)

(
‖q̂max‖L∞((0,T ) + ‖q‖L∞(ΩT ) + 2δmax(0) exp

(
TL1

x

)))
C2 :=

(
‖∂3γ‖L∞(ΩT×R)δmax(0) sup

s∈(0,t)

(
‖(x2,y2)(s)− (x1,y1)(s)‖∞ exp

(
T (L2

x + 3L1
x)
)

+ δmax(0) exp
(
T (L2

x + 2L1
x)
))

+ 2‖γ‖L∞(ΩT×R)

)
‖h‖L∞(ΩT )

C3 := sup
s∈(0,T )

‖qx(s, ·)‖Lr(I1(s))

(
2‖γ‖L∞(ΩT×R) + 1

4‖∂3γ‖L∞(ΩT×R)δ
1
max(t)

1
r |I1(t)|1− 1

r

)

Proof. For the sake of simplicity we define in the current proof the following abbreviations

q`pc
:= qpc[x

`,y`, q`] , W ` := W [q`pc, γ, a, b] ∀` ∈ {1, 2} and Θ[] := Θ[x2,x1,y2,y1]

The difference of the nonlocal terms W 2 and W 1 can be for arbitrary but fixed (t, x) ∈ ΩT

estimate as follows:

|W 2(t, x)−W 1(t, x)| (3.32)

=

∣∣∣∣ ∫ Θ[](t,b(x))

Θ[](t,a(x))
γ(t, x,Θ[]−1(t, y))qpc[x

1,y1, q2](t, y) dy −
∫ b(x)

a(x)
γ(t, x, y)q1

pc(t, y) dy

∣∣∣∣ (3.33)

≤
∣∣∣∣ ∫

U1∪U2

(
γ(t, x,Θ[]−1(t, y))− γ(t, x, y)

)
q1

pc(t, y) dy

∣∣∣∣ (3.34)

+

∣∣∣∣ n2∑
k=n1

∫ y1
n(t)

x1
n(t)

γ(t, x,Θ[]−1(t, y))
(
qpc[x

1,y1, q2](t, y)− q1
pc(t, y)

)
dy

∣∣∣∣ (3.35)

+

∣∣∣∣ ∫
U2

γ(t, x,Θ[]−1(t, y))
(
qpc[x

1,y1, q2](t, y)− q1
pc(t, y)

)
dy

∣∣∣∣ (3.36)

+

∣∣∣∣ ∫
U3

γ(t, x,Θ[]−1(t, y))qpc[x
1,y1, q2](t, y) dy

∣∣∣∣+

∣∣∣∣ ∫
U4

γ(t, x, y)q1
pc(t, y)

)
dy

∣∣∣∣ (3.37)

with

n1 := min{n ∈ {1, . . . ,N} | x1
n(t) ≥ min{a(x),Θ[](t, a(x))}},

n2 := max{n ∈ {1, . . . ,N} | y1
n(t) ≤ max{b(x),Θ[](t, b(x))}}



and

U1 :=
(
x1
n1

(t),y1
n2

(t)
)
,

U2 :=
((
a(x), b(x)

)
∩
(
Θ[](t, a(x)),Θ[](t, b(x))

))
\ U1,

U3 :=
(
Θ[](t, a(x)),Θ[](t, b(x))

)
\
(
a(x), b(x)

)
,

U4 :=
(
a(x), b(x)

)
\
(
Θ[](t, a(x)),Θ[](t, b(x))

)
.

The terms in Equations (3.33), (3.36) and (3.37) can be bounded by the suprema of the integrand

times the integral length, i.e.∣∣∣∣ ∫
U1∪U2

(
γ(t, x,Θ[]−1(t, y))− γ(t, x, y)

)
q1

pc(t, y) dy

∣∣∣∣
≤ ‖∂3γ‖L∞(ΩT×R)‖Θ[]−1(t, ·)− Id‖L∞(R)

(
‖q0‖L1(R) + ‖h‖L1(ΩT )

)
≤ ‖∂3γ‖L∞(ΩT×R)‖(x2,y2)(t)− (x1,y1)(t)‖∞

(
‖q0‖L1(R) + ‖h‖L1(ΩT×R)

)∣∣∣∣ ∫
U2

γ(t, x,Θ[]−1(t, y))
(
qpc[x

1,y1, q2](t, y)− q1
pc(t, y)

)
dy

∣∣∣∣
≤ 2δ1

max(t)‖γ‖L∞(ΩT×R)‖q2(t)− q1(t)‖∞∣∣∣∣ ∫
U3

γ(t, x,Θ[]−1(t, y))qpc[x
1,y1, q2](t, y) dy

∣∣∣∣+

∣∣∣∣ ∫
U4

γ(t, x, y)q1
pc(t, y)

)
dy

∣∣∣∣
=

∣∣∣∣ ∫
Θ[]−1(t,U3)

γ(t, x, y)q2
pc(t, y) dy

∣∣∣∣+

∣∣∣∣ ∫
U4

γ(t, x, y)q1
pc(t, y)

)
dy

∣∣∣∣
≤ 2‖γ‖L∞(ΩT×R)

(
q̂max(t) + ‖q(t, ·)‖L∞(R)

)
‖Θ[](t, ·)− Id‖L∞(R)

≤ 2‖γ‖L∞(ΩT×R)

(
q̂max(t) + ‖q(t, ·)‖L∞(R)

)
‖(x2,y2)(t)− (x1,y1)(t)‖∞

where q̂max as defined in Lemma 3.40 and

‖Θ[]−1(t, ·)− Id‖L∞(R) ≤ ‖(x2,y2)(t)− (x1,y1)(t)‖∞

by Lemma 3.42. To estimate the remaining term, i.e. Equation (3.35), we define

q̂2
n(t) :=

∫ t

0

∫ φ(τ,y2
n(τ))

φ(τ,x2
n(τ))

h(τ, s) ds dτ

where the mapping φ : ΩT → R is defined as

φ(τ, x) =


x1
n1

(τ) x < x1
n1

(τ)

y1
n2

(τ) x > y1
n2

(τ)

x else.



By construction of φ the following holds:

q̂2
n(t) =

n2∑
k=n1

A(t)n,k and q1
n(t)− q1

n(0) =
N∑
n=1

A(t)n,k (3.38)

with the following abbreviations

A(t)n,k :=

∫∫
K̂

2
n(t)∩K1

k(t)
h(τ, s) ds dτ

K`
n(t) = {(τ, x) ∈ (0, t)× R | x ∈ I`n(τ)} ` ∈ {1, d}

K̂
2
n(t) = {(τ, x) ∈ (0, t)× R | x ∈

(
φ(x2

n(τ)), φ(y2
n(τ))

)
.}

Thus we can estimate the remaining part of the difference between the two approximations of

the nonlocal term by∣∣∣∣ n2∑
n=n1

γ̃n
(
q2
n(t)− q1

n(t)
)∣∣∣∣

≤
∣∣∣∣ n2∑
n=n1

γ̃n

((
q2
n(t)− q2

n(0)
)
− q̂2

n(t)
)∣∣∣∣+

∣∣∣∣ n2∑
n=n1

γ̃n

(
q̂2
n(t)−

(
q1
n(t)− q1

n(0)
))∣∣∣∣

=

∣∣∣∣ n2∑
n=n1

γ̃n
(
q2
n(t)− q2

n(0)− q̂2
n(t)

)∣∣∣∣+

∣∣∣∣ n2∑
n=n1

γ̃n

( n2∑
k=n1

A(t)n,k −
(
q1
n(t)− q1

n(0)
))∣∣∣∣

≤ ‖γ‖L∞(ΩT×R)

∣∣∣∣ n2∑
n=n1

(
q2
n(t)− q2

n(0)− q̂2
n(t)

)∣∣∣∣
+

∣∣∣∣ n2∑
n=n1

n2∑
k=n1

γ̃nA(t)n,k −
n2∑

k=n1

γ̃n
(
q1
n(t)− q1

n(0)
))∣∣∣∣

with

γ̃n :=
1

y1
n(t)− x1

n(t)

∫ y1
n(t)

x1
n(t)

γ(t, x,Θ[]−1(t, y)) dy ∀n ∈ {1, . . . ,N}.

The sum in the first part of the latter estimate can be estimated as follows∣∣∣∣ n2∑
n=n1

(
q2
n(t)− q2

n(0)− q̂2
n(t)

)∣∣∣∣ =

∣∣∣∣ n2∑
n=n1

(∫∫
K2
n(t)∩K̂2

n(t)
h(τ, s) dsdτ

)∣∣∣∣
≤
∫ t

0

∣∣∣∣ ∫ x1
n1

(τ)

x2
n1

(τ)
|h(τ, s)| ds

∣∣∣∣+

∣∣∣∣ ∫ y1
n1

(τ)

y2
n1

(τ)
|h(τ, s)|ds

∣∣∣∣ dτ
≤ 2‖h‖L∞(ΩT )

∫ t

0
‖(x2,y2)(τ)− (x1,y1)(τ)‖∞ dτ.



The second part can be estimated as follows∣∣∣∣ n2∑
n=n1

n2∑
k=n1

γ̃nA(t)n,k −
n2∑

k=n1

γ̃n
(
q1
n(t)− q1

n(0)
))∣∣∣∣

≤
∣∣∣∣ N∑
n=1

n2∑
k=n1

γ̃kA(t)n,k −
n2∑

k=n1

γ̃n
(
q1
n(t)− q1

n(0)
))∣∣∣∣+

∣∣∣∣ n2∑
n=n1

n2∑
k=n1

(
γ̃n − γ̃k

)
A(t)n,k

∣∣∣∣
+

∣∣∣∣ n1−1∑
n=1

n2∑
k=n1

γ̃kA(t)n,k

∣∣∣∣+

∣∣∣∣ N∑
n=n2+1

n2∑
k=n1

γ̃kA(t)n,k

∣∣∣∣.
The first part of the latter estimate vanishes due to Equation (3.38) the remaining terms can

be estimated as follows:∣∣∣∣ n2∑
n,k=n1

(
γ̃n − γ̃k

)
A(t)n,k

∣∣∣∣+

∣∣∣∣ n1−1∑
n=1

n2∑
k=n1

γ̃kA(t)n,k

∣∣∣∣+

∣∣∣∣ N∑
n=n2+1

n2∑
k=n1

γ̃kA(t)n,k

∣∣∣∣
= max

i,j∈{n1,n2}
|i−j|≤d

∣∣γ̃i − γ̃j∣∣∑
n 6=k
|A(t)n,k|

+ 2‖γ‖L∞(ΩT×R)‖h‖L∞(ΩT )

∫ t

0
‖(x2,y2)(s)− (x1,y1)(s)‖∞ ds

≤
(
‖∂3γ‖L∞(ΩT×R) sup

s∈(0,t)

(
‖(x2,y2)(s)−(x1,y1)(s)‖∞

δ1
min(s)

+ 1
)
‖Θ[]−1(t, ·)′‖L∞(R)δ

1
max(t)

+ 2‖γ‖L∞(ΩT×R)

)
‖h‖L∞(ΩT )

∫ t

0
‖(x2,y2)(τ)− (x1,y1)(τ)‖∞ dτ

≤
(
‖∂3γ‖L∞(ΩT×R) sup

s∈(0,t)

(
‖(x2,y2)(s)− (x1,y1)(s)‖∞ δ1

max(t)δ2
max(t)

δ1
min(t)δ1

min(s)
+ δ2

max(t)δ1
max(t)

δ1
min(t)

)
+ 2‖γ‖L∞(ΩT×R)

)
‖h‖L∞(ΩT )

∫ t

0
‖(x2,y2)(τ)− (x1,y1)(τ)‖∞ dτ

thus alltogether we obtain:

‖W 2(t, ·)−W 1(t, ·)‖L∞(R)

≤
(
‖∂3γ‖L∞(ΩT×R)

(
‖q0‖L1(R) + ‖h‖L1(ΩT×R)

)
+ 2‖γ‖L∞(ΩT×R)

(
q̂max(t) + ‖q(t, ·)‖L∞(R) + 2δ1

max(t)
))
‖(x2,y2, q2)(t)− (x1,y1, q1)(t)‖∞

+
(
‖∂3γ‖L∞(ΩT×R) sup

s∈(0,t)

(
‖(x2,y2)(s)− (x1,y1)(s)‖∞ δ1

max(t)δ2
max(t)

δ1
min(t)δ1

min(s)
+ δ2

max(t)δ1
max(t)

δ1
min(t)

)
+ 2‖γ‖L∞(ΩT×R)

)
‖h‖L∞(ΩT )

∫ t

0
‖(x2,y2)(τ)− (x1,y1)(τ)‖∞ dτ

≤ C1‖(x2,y2, q2)(t)− (x1,y1, q1)(t)‖∞ + C2

∫ t

0
‖(x2,y2)(τ)− (x1,y1)(τ)‖∞ dτ

For the pointwise difference of W 1 and w for again arbitrary but fixed (t, x) ∈ ΩT we obtain the



following estimate:

|W 1(t, x)− w(t, x)|

≤
∣∣∣∣ ∫ yn1−1(t)

a(x)
γ(t, x, y)

(
qpc[x

1,y1, q1](t, y)− q(t, y)
)

dy

∣∣∣∣
+

∣∣∣∣ n2∑
k=n1

∫ yk(t)

xk(t)
γ(t, x, y)

(
qpc[x

1,y1, q1](t, y)− q(t, y)
)

dy

∣∣∣∣
+

∣∣∣∣ ∫ b(x)

xn2+1(t)
γ(t, x, y)

(
qpc[x

1,y1, q1](t, y)− q(t, y)
)

dy

∣∣∣∣
≤
∣∣∣∣ ∫ yn1−1(t)

a(x)
γ(t, x, y)

∫ y

ξ1
n1−1(t)

qx(t, s) ds dy

+

n2∑
k=n1

∫ yk(t)

xk(t)

(
γ(t, x,z1

n(t)) +

∫ y

z1
n(t)

∂3γ(t, x, s) ds

)(
q(t, ξ1

k(t))− q(t, y)
)

dy

+

∫ b(x)

xn2+1(t)
γ(t, x, y)

∫ y

ξ1
n2+1(t)

qx(t, s) ds dy

∣∣∣∣
≤ ‖γ‖L∞(ΩT×R)

(
|In1−1(t)|2− 1

r ‖qx(t, ·)‖Lr(In1−1(t)) + |In2+1(t)|2− 1
r ‖qx(t, ·)‖Lr(In2+1(t))

)
+ ‖∂3γ‖L∞(ΩT×R)

n2∑
k=n1

∫ yk(t)

xk(t)
|z1
n(t)− y|dy

∫ y1
k(t)

x1
k(t)
|qx(t, s)|ds

∣∣∣∣
≤ ‖qx(t, ·)‖Lr(I1(t))

(
2‖γ‖L∞(ΩT×R)δ

1
max(t)2− 1

r + 1
4‖∂3γ‖L∞(ΩT×R)δ

1
max(t)2|I1(t)|1− 1

r

)
≤ C3δ

1
max(t)2− 1

r

and thus we obtain the claimed estimate

‖W 2(t, ·)− w(t, ·)‖L∞(R)

≤ C1‖(x2,y2, q2)(t)− (x1,y1, q1)(t)‖∞ + C2

∫ t

0
‖(x2,y2)(τ)− (x1,y1)(τ)‖∞ dτ

+ C3δ
1
max(t)2− 1

r .

We now derive an estimate for the difference of the solution of the problems defined in the

two Definitions 3.18 and 3.34 in the `∞-norm depending on the regularity of the initial data as

well as the sourc term:

Theorem 3.44 (order of convergence of semi-discretization).

Let q(t, ·)|In(t) ∈ W 1,r(In(t)) for all (n, t) ∈ {1, . . . ,N} × [0, T ] be given. The difference of the

solution to the system of initial value problems defined in Definition 3.18 and the solution to the

system of initial value problems defined in Definition 3.34 can be bounded as follows:



‖(x2,y2, q2)(t)− (x1,y1, q1)(t)‖∞ ≤ C1 exp
(
TC2

)
δmax(0)2− 1

r

with

C1 := sup
u∈U
‖∂1λ[u]‖L∞(ΩT ) sup

t∈(0,T )
‖qx(t, ·)‖Lr(I1(t)) exp

(
2Lx∞

)
·
(

2‖γ‖L∞(ΩT×R) + 1
4‖∂3γ‖L∞(ΩT×R)δmax(0)

1
r (yN (0)− x1(0))1− 1

r exp
(

max{Lx∞, 1}
))

C2 := ‖γ‖L∞(ΩT×R)‖q‖L∞(ΩT ) + ‖∂3γ‖L∞(ΩT×R)‖q0‖L1(R) + ‖ ddxλ[w]‖L∞(ΩT )

Proof. We start by estimating ‖x2(t)− x1(t)‖∞, i.e.

|x2
n(t)− x1

n(t)| (3.39)

≤
∣∣∣∣ ∫ t

0
λ[W 2](τ,x2

n(τ))− λ[w](τ,x1
n(τ)) dτ

∣∣∣∣ (3.40)

≤
∫ t

0

∣∣λ[W 2](τ,x2
n(τ))− λ[w](τ,x2

n(τ))
∣∣+
∣∣λ[w](τ,x2

n(τ))− λ[w](τ,x1
n(τ))

∣∣dτ (3.41)

≤
∫ t

0
sup
u∈U
‖∂1λ[u]‖L∞(ΩT )‖W 2(τ, ·)− w(τ, ·)‖L∞(R) + ‖ ddxλ[w]‖L∞(ΩT )|x2

n(τ)− x1
n(τ)| dτ

(3.42)

where W 2 := W [qpc[x
2,y2, q2], γ, a, b] and U is defined as in Lemma 3.40. We thus obtain

‖(x2,y2, q2)(t)− (x1,y1, q1)(t)‖∞ ≤ c1δmax(0)2− 1
r + c2

∫ t

0
‖(x2,y2, q2)(τ)− (x1,y1, q1)(τ)‖∞ dτ

with the constants c1, c2 ∈ R≥0 as defined above.

Remark 3.45 (linear convergence of semi-discetization for BV-solution).

As a direct consequence of Theorem 3.44 the maximal distance between the semi-discrete solu-

tions to Definition 3.18 and Definition 3.34 is converging linear w.r.t. δmax(0) for q0 ∈ BV (R).

In order to be able to obtain convergence of the piecewise approximation of nonlocal balance

laws with initial data and source term of bounded variation, i.e. q0 ∈ BV (R), h ∈ L∞(BV (R))

satisfying Assumption 3.35 and Assumption 3.3 (A0), we need to define a second spatial grid:

Definition 3.46 (semi-discrete solution on coarsened grid).

Recalling Definition 3.9, we choose for given N ∈ N≥1, α ∈ (0, 1] and c1, c2 ∈ R>0 with c1 < c2

and a solution (x`,y`, q`)(t) ∈W 1,1((0, T );R3N ) of the sytem of IVPs defined in Definition 3.18

or Definition 3.34 an N (α) ∈ {1, . . . ,N} s.t.

c1 ≤
Nα

N (α)
≤ c2.



Further we choose k ∈ {1, . . . ,N}N (α) s.t.

c1 ≤
kn+1 − kn
N 1−α ≤ c2 ∀n ∈ {1, . . . ,N (α)}

Finally we define a semi-discrete solution on the coarsened grid by

(x`,αn ,y`,αn , q`,αn ) :=

(
x`kn ,y

`
kn ,

kn+1−1∑
i=kn

q`i

)
∀n ∈ {1, . . . ,N (α)}

Theorem 3.47 (Order of convergence of semi-discrete approximation scheme).

For a solution q to Definition 3.2 which is weakly differntiable in Lr(R), i.e. q ∈ W 1,r(R)

and ”locally” in Lr
′
(In(t)), i.e. q(t, ·)|In(t) ∈ W 1,r′(In(t)) there exists C1, C2, C3 ∈ R s.t. for

α ∈ (0, 1] the following estimate holds

‖qpc[x
2,α,y2,α, q2,α](t, ·)− q(t, ·)‖Lp(R) ≤ C1δ

2− 1
r′−α + C2δ

α·min{1− 1
r′+

1
p
,1}

+ C3δ
(2− 1

r′ )·min{ r
p
,1}

Proof. By subdividing the Lp norm into the following four terms i.e.∥∥qpc[x
2,α,y2,α, q2,α](t, ·)− q(t, ·)

∥∥
Lp(R)

(3.43)

≤
∥∥qpc[x

2,α,y2,α, q2,α](t, ·)− qpc[x
1,α,y1,α, q1,α](t,Θ[](t, ·))Θ[](t, ·)′

∥∥
Lp(R)

(3.44)

+
∥∥qpc[x

1,α,y1,α, q1,α](t,Θ[](t, ·))
(
Θ[](t, ·)′ − 1

)∥∥
Lp(R)

(3.45)

+
∥∥qpc[x

1,α,y1,α, q1,α](t,Θ[](t, ·))− q(t,Θ[](t, ·))
∥∥
Lp(R)

(3.46)

+
∥∥q(t,Θ[](t, ·))− q(t, ·)

∥∥
Lp(R)

(3.47)

we can apply derived results. With the help of

|y2,α(t)− x2,α(t)| ≥ |kn+1 − kn|δ2
min(t)

≥ c1|I2(t)|1−αδ2
max(t)α−1δ2

min(t)

≥ C0
δmax(0)
δmin(0) δmax(0)α

where k and c1 are defined in and which holds due to Definition 3.46 we obtain by Theorem 3.44

for the first two terms, i.e. (3.44) and (3.45), the following estimate for C1 ∈ R properly chosen:∥∥qpc[x
2,α,y2,α, q2,α](t, ·)− qpc[x

1,α,y1,α, q1,α](t,Θ[](t, ·))Θ[](t, ·)′
∥∥
Lp(R)

+
∥∥qpc[x

1,α,y1,α, q1,α](t,Θ[](t, ·))
(
Θ[](t, ·)′ − 1

)∥∥
Lp(R)

=

(∫
R

N̂∑
n=1

∣∣∣ q2,α(t)−q1,α(t)
y2,α(t)−x2,α(t)

∣∣∣pχ(x2,α(t),y2,α(t))(x) dx

)1
p



+

(∫
R

N̂∑
n=1

∣∣∣ q1,α(t)
y1,α(t)−x1,α(t)

· (y1,α−x1,α)−(y2,α−x2,α)
y2,α−x2,α

∣∣∣pχ(x2,α(t),y2,α(t))(x) dx

)1
p

.

For the third term, i.e. (3.46), there exists by Proposition 3.12 and Theorem 3.44 a constant

C2 ∈ R s.t : ∥∥qpc[x
1,α,y1,α, q1,α](t,Θ[](t, ·))− q(t,Θ[](t, ·))

∥∥
Lp(R)

≤ C2δ
α·min{1− 1

r+ 1
p ,1}

Finally, for the fourth term, i.e. (3.47), there exists by Lemma 3.16 and Theorem 3.44 a constant

C3 ∈ R s.t : ∥∥q(t,Θ[](t, ·))− q(t, ·)
∥∥
Lp(R)

≤ C3δ
(2− 1

r′ )·min{ rp ,1}

Remark 3.48 (Order of convergence in special cases).

The result of Theorem 3.47 can in the two most relevant cases be simplified to the following

• For a ”locally” piecewise Lipschitz-continuous solution q of Definition 3.2, i.e.

q(t, ·)|I1
n(t) ∈W

1,∞(I1
n(t)) ∀t ∈ (0, T ),

there exists C ∈ R s.t. following holds for all r, p ∈ N>0 and t ∈ [0, T ]:

‖qpc[x
2,y2, q2](t, ·)− q(t, ·)‖Lp(R) ∈ Cδ

min{ 2r
p
,1}

where α = 1 in the latter Theorem. Thus we obtain linear convergence if p ≤ 2r.

• For a solution q(t, ·) of Definition 3.2 which is of Bounded-Variation, i.e.

q ∈ L∞((0, T );BV (R)),

there exists C ∈ R s.t. following holds

‖qpc[x
2,α,y2,α, q2,α](t, ·)− q(t, ·)‖Lp(R) ∈ Cδ

1
p+1

for all p ∈ N>0 and t ∈ [0, T ] where α = p
p+1 in the latter Theorem 3.47. Thus we

obtain convergence rate 1
2 when measuring the approximation error in the L1(R)-norm with

initial data and source term of bounded variation in the spatial variable and 1
3 whenever

measuring in the L2(R)-norm.

Remark 3.49 (Order of Convergence modulo shifts in space).

As can be observed by a comparison between linear and nonlocal balance law, in case of the

nonlocal balance law there are two errors to consider: 1) The error coming from the approxi-

mation of the initial datum and source term 2) The error caused by the nonlocal impact, i.e. an



approximation error in the initial datum and source automatically results in an error in the non-

local term, which comes down to an error in the velocity function resulting in slightly different

characteristical curves. While the first error is to some extend inherent and can be decreased

by higher resolution, the second error cannot in case we measure the error in an essential norm

like L∞. However, from a application point of view it is more interesting to actually trace the

shape of the evolving initial datum and source term than its precise spatial coordinate.

This is why it might be reasonable to change the actual norm how the error is measured, i.e.

for t ∈ [0, T ] and p ∈ [1,∞) as

‖q(t, ·)− qpc[x
2,y2, q2](t, ·)‖Lp(R)

by a shifted norm, and taking the infimum over the slightly shifted apprixmation while penalizing

the difference of the shifting operator and the identity mapping, i.e.

d[q, qpc](t) := inf
ϕ∈F
‖q(t, ·)− qpc[x

2,y2, q2](t, ϕ(·))‖Lp(R) + ‖ϕ− Id‖L∞(R)

with

F := {φ ∈W 1,∞
loc (R) | φ′ ∈ L∞(R)}

This would actually allow to obtain much better convergence results, since it would cancel out

any spatial shifts. For ”locally” W 1,r′ initial datum and appropriate source term there exists

C ∈ R s.t. for p ≤ r′ the following holds:

d[q, q2
pc](t) ≤ Cδ

2− 1
r′ (3.48)

From this point of view, the proposed numerical method is much more precise than any finite

volume or difference scheme, where the difference is only measured in a norm where a jump

difference does not necessarily have a big impact.

3.4 Time discretization of semi-discretized problem

In order to approximate the initial value problem defined in Definition 3.34 whenever the semi-

discretization is not analytically solvable we can choose any suitable integration scheme, e.g.

schemes of the class of multi-step methods described in [39]. As this is rather straightforward

but the notation is technical we will focus on the elementary case of a time integration scheme, i.e.

euler scheme. Depending on the application the system can be stiff with respect to the nonlocal

term. This is for example the case in Ostwald ripening processes discussed in the introduction

as well as in Section 4.2.3. To counter this issue we will introduce a mixed explicit-implicit euler

scheme therefore:

Definition 3.50 (Time discretization schemes to approximate semi-discrete problem).

Let the assumptions of Definition 3.34 be satisfied. Let further τ ∈ (0, T ]K−1 with
∑K−1

k=0 τ k = T



be given for K ∈ N then we define the following time integration scheme:

Xk+1
n = Xk

n + τ kλ
(
w

(`)
k ,uk, tk,X

k
n

)
Y k+1
n = Y k

n + τ kλ
(
w

(`)
k ,uk, tk,Y

k
n

)
Qk+1
n = Qk

n +

∫ tk+1

tk

H(s,Y k
n)−H(s,Xk

n) ds

X0
n = xn,0

Y 0
n = yn,0

Q0
n =

(
Q0(yn,0)−Q0(xn,0)

)
for all (k, n) ∈ {1, . . . ,K − 1} × {1, . . . ,N} where ∂2H ≡ h and ∂1Q0 ≡ q0, ` ∈ {e, i} and

t ∈ [0, T ]K be defined as tk =
∑k−1

n=1 τn ∀k ∈ {1, . . . ,K} and t0 = 0. We call the solution method

explicit iff ` = e and semi-implicit iff ` = i with

w
(e)
k :=

∫ ∞
0

γ(tk, x, y)qpc[X
k,Y k,Qk](y) dy

w
(i)
k :=

∫ ∞
0

γ(tk, x, y)qpc[X
k+1,Y k+1,Qk+1](y) dy

and qpc defined in Definition 3.25 is in this cases and in the following redefined as

qpc[X
k+1,Y k+1,Qk+1](y) :=

N∑
n=1

Qk+1
n

Y k+1
n −Xk+1

n

χ(Xk+1
n ,Y k+1

n )(y)

Theorem 3.51 (A priori error estimate for time discretized semi-discrete solution).

Let the assumptions of Theorem 3.47 being satisfied. Let further, the system of initial value

problems being with respect to time regular enough to satisfy the assumptions of the utilized

time integration scheme to converge with order β then there exists C1, C2, C3, C4 ∈ R>0 s.t. the

following estimate holds:∥∥qpc[X
K,Y K,QK](·)− q(T, ·)

∥∥
Lp(R)

≤ C1δ
α·min{1− 1

r′+
1
p
,1}

+ C2δ
(2− 1

r′ )·min{ r
p
,1}

+ C3

(
τmax

)β(
δmax

) p
p−1 + C4

(
τmax

)β·min{ r
p
,1}(

δmax

)−1

for all δmax, τmax ∈ R>0. Where δmax is the maximal spatial interval-length in the initial dis-

cretzation and τmax the maximal time step-length in the time integration scheme and X,Y ,Q ∈
RN×K solves the system of initial value problems defined in Definition 3.50 or equivalent the

chosen time-discretization scheme.

Proof. The claimed result directly follows from Theorem 3.47 and the order of convergence of

the time-integration scheme.



3.5 Numerical examples

In the following examples Heun’s-method ([39, table 9.7, page 131]) is used to approximate the

semi-discrete system. To be able to discuss the error of the spatial discretization only we have

chosen a fine discretization of the time interval and we will neglect this error. As example we

discuss the following nonlocal balance law:

Definition 3.52 (Nonlocal balanc law example).

Let η ∈ R>0, q0 ∈ L∞(R;R≥0) and h ∈ L1([0, T ];L∞(R;R≥0)) be given s.t.∫
R
y2q0(y) dy <∞ and

∫ T

0

∫
R
y2h(t, y) dy dt <∞

then we define the following nonlocal balance law:

qt(t, x) + ∂x

( 1

1 + w[q](t)
q(t, x)

)
= h(t, x)

q(0, x) = q0(x)

w[q](t) :=

∫
R
y2q(t, y) dy

Corollary 3.53 (Existence of a solution to Definition 3.52). The solution to the problem defined

in Definition 3.52 exists and is unique on the time horizon [0, T ] for all T ∈ R>0 for η ∈ R>0

Proof. The result is a direct consequence of Corollary 2.27 as the boundaries of the nonlocal

term are constant. The unboundedness of γ(t, x, y) ≡ y can be neglected for q0, h satisfying the

stated inequalities.

Further, parts of the analytical solution are given by:

Lemma 3.54 (Analytical solution to Definition 3.52 in the homogeneous case).

Let q0 ∈ L∞(R) satisfy the assumptions Definition 3.52. Then for h ≡ 0 the solution of the

problem defined in Definition 3.52 is given by

q(t, x) = q0(x− s(t))

s(t) :=
1

2c0

(
2

2
3 ν(t)− 2

4
3 (c0 − c2

1 + c0c2)

ν(t)
− 2c1

)
ν(t) :=

(
3c2

0t− 2c3
1 + 3c0c1(1 + c2) + η(t)

) 1
3

η(t) :=
√
c2

0

(
4c0(1 + c2)3 + 18c0c1(1 + c2)t+ 9c2

0t
2 − 3c2

1

(
(1 + c2)2 + 4c1t

))
where

ck :=

∫
R
ykq0(y) dy ∀k ∈ {0, 1, 2}



Proof. The solution can be constructed by first solve the corresponding linear balance law, i.e.

q`t (t, x) + q`x(t, x) = 0 (t, x) ∈ ΩT

q`(0, x) = q0(x) ∀x ∈ R,

which is by the solution formula Equation (2.14) for all time given by:

q`(t, x) = q0(x− t) ∀(t, x) ∈ ΩT

as the characteristics are given by

ξ[t, x](τ) = x+ (τ − t) ∀(t, x, τ) ∈ ΩT × [0, T ]

The nonlocal solution is in this case given by a temporal rescaling of the linear solution. We

thus can use the following ansatz: q(t, x) = q`(s(t), x). This directly results in the following

initial value problem for the rescaling function s : R≥0 7→ R≥0:

s′(t) =
1

1 + w[q`](s(t))
s(0) = 0

which is by construction of the nonlocal term and the analytical solution of the linear balance

law equivalent to

s′(t) =
1

1 + c2 + 2c1s(t) + c0s(t)2
s(0) = 0 ∀t ∈ [0, T ],

which is satisfied by the claimed formula.

To verify the shown order of convergence, we define the following estimated order of conver-

gence (EOC).

Definition 3.55 (Estimated order of convergence).

The estimated order of convergence is for given δ defined as:

EOCp :=
log
(
err2

)
− log

(
err1

)
log
(
2
)

where err1 := ‖v − vh1‖Lp(R), err1 := ‖v − vh2‖Lp(R). vh1 ∈ Lp(R) is an approximation of

the analytical function v ∈ Lp(R) corresponding to the discretization δ and vh2 ∈ Lp(R) is an

approximation corresponding to the discretization 2δ. In cases where the analytical solution is

not known, v will be approximated by a sufficiently accurate approximation vh∞. Whenever not

mentioned explicitly – in the case where the analytical solution is not given – we chose the spatial

resolution to be δmax(0) = 2−16 as sufficiently accurate solution.

Example 3.56 (Numerical Example). Let the problem be defined as in Definition 3.52. There-

fore we define the following three examples



a) Lipschitz-continuous initial data and vanishing source term

q0(x) :=


4x+ 12 x ∈ (−3,−3 + 1

2 ]

−8− 4x x ∈ (−3 + 1
2 ,−2)

0 else

h ≡ 0

b) Discontinuous and piecewise Lipschitz-continuous initial data and vanishing source term

q0(x) :=


2x+ 13

2 x ∈ (−3,−3 + 1
2 ]

−7
2 − 2x x ∈ (−3 + 1

2 ,−2)

0 else

h ≡ 0

c) Discontinuous and piecewise Lipschitz-continuous initial data and source term

q0(x) := χ(−3,−2)(x) h(t, x) := χ(4,6)(t)χ(−1,−1
2 )

(x)

Remark 3.57 (Discussion of numerical results to Example 3.56).

The convergence behavior (see middle plot of Figure 3.3,3.5 and 3.7) of the numerical approx-

imation of the three problems defined in Example 3.56 to its corresponding analytical solution

is as it has been predicted in Chapter 2, Theorem 3.47 for Lipschitz-continuous initial datum

and piecewise Lipschitz-continuous initial datum respectively. The high accuracy of the method

even for coarse spatial discretization of is visualized in the lower plot in Figure 3.3,3.5 and 3.7.

As the characteristic converge for piecewise Lipschitz-continuous initial data with second order

with respect to the spatial discretization, see. Theorem 3.44, the location of the solution, i.e.

its support, is predicted with second order.
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Figure 3.2: Plot of the numerical approximation of the solution at initial time t = 0 (upper) and
final time t = 10 (middle) to the problem defined in Definition 3.52 and Example 3.56
case (a1). The lower image shows the solution in space-time where red = 2, yellow
> 0 and white = 0.
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Figure 3.3: Plot of the Lp(R)-error of the numerical approximation of the solution at final time
t = 10 (top) and the resulting EOC (middle) as defined in Definition 3.55 to the
problem defined in Definition 3.52 and Example 3.56 case (a1). The lower plot
shows the piecewise constant numerical approximation of the solution at final time
T = 10 for various discretizations.
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Figure 3.4: Plot of the numerical approximation of the solution at initial time t = 0 (upper) and
final time t = 10 (middle) to the problem defined in Definition 3.52 and Example 3.56
case (b1). The lower image shows the solution in space-time where red = 2, yellow
> 0 and white = 0.
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Figure 3.5: Plot of the Lp(R)-error of the numerical approximation of the solution at final time
t = 10 (top) and the resulting EOC (middle) as defined in Definition 3.55 to the
problem defined in Definition 3.52 and Example 3.56 case (b1). The lower plot
shows the piecewise constant numerical approximation of the solution at final time
T = 10 for various discretizations.



-3 -2.5 -2 -1.5 -1 -0.5 0 0.5 1 1.5 2
0

0.5

1

1.5

2

-3 -2.5 -2 -1.5 -1 -0.5 0 0.5 1 1.5 2
0

0.5

1

1.5

2

-3 -2.5 -2 -1.5 -1 -0.5 0 0.5 1 1.5 2
0

0.5

1

1.5

2

-3 -2.5 -2 -1.5 -1 -0.5 0 0.5 1 1.5 2
0

0.5

1

1.5

2

-3 -2.5 -2 -1.5 -1 -0.5 0 0.5 1 1.5 2

x

0

2

4

6

8

10

t

Figure 3.6: The upper four plots show the numerical approximation of the solution to the
problem defined in Definition 3.52 and Example 3.56 case (c1) at time t = 0, 2, 4, 10.
The lower image shows the solution in space-time where red = 2, yellow > 0 and
white = 0.
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3.6 Conclusion

In this chapter a discretization scheme for a very general class of nonlocal balance laws in a

mathematical rigorous and precise way, considering questions of convergence of the method

as well as discussing sharpness of the obtained estimates and generality of the approach was

derived.

The presented method complements and even completes existent numerical methods in pop-

ulation balance laws, traffic flow with nonlocal conservation laws and even crowd dynamics.

Based on the global and the piecewise regularity of the involved data we have determined a pri-

ori error estimated with respect to the Lp-norm. The main advantage of the presented method

is its non-dissipative nature.





4 Modeling and simulation of real world

phenomena

In this chapter we will focus on the modeling and numerical simulation of real world phenom-

ena. Nonlocal models for traffic flow and its solutions will be discussed within the first section.

Particle synthesis processes modeled by nonlocal balance laws are discussed within the second

section. By applying the derived results as well as the numerical scheme of the previous chapters

we can numerically approximate and compare various applications of nonlocal balance laws.

4.1 Nonlocal traffic flow models

The classical Lighthill–Whitham [63] and Richards [80] (LWR) model for vehicular traffic is

given by a balance law

qt(t, x) + ∂x
(
V (q(t, x))q(t, x)

)
= 0

with a properly chosen speed law V : R 7→ R.

Inspired by the work of S. Blandin and P. Goatin [15] and the work of P. Amorim, R. Colombo

and A. Teixeira [7] we define in Definition 4.1 a nonlocal model for traffic flow which is closely

related to LWR-type models. The model is reasonable as drivers adapt their velocity to the traffic

density in their surroundings, e.g. the traffic ahead. In this section we discuss the effect of the

location of the nonlocal impact (downstream, central and upstream), the effect of the nonlocal

weight function as well as the solution originating in an oscillating initial datum. We further

discuss two examples with Lipschitz-continuous kernel, i.e. γ(t, x, ·) ∈W 1,∞(R) ∀(t, x) ∈ ΩT .

Definition 4.1 (Nonlocal traffic flow model).

By choosing the speed law in the LWR traffic flow model as V = 1 − Id and approximating the

local impact non locally we obtain the following nonlocal model for traffic flow:

qt(t, x) + ∂x

((
1−W [q](t, x)

)
q(t, x)

)
= 0,

q(0, x) = q0(x),

W [q](t, x) :=

∫ b(x)

a(x)
wη(x− y)q(t, y) dy

with q0(x) ∈ L1(R; [0, 1]) and a, b ∈ C(R), wη ∈W 1,∞(R) properly chosen.
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Lemma 4.2 (Parts of analytical solution to nonlocal traffic flow model in special cases).

Let ν0, ν1 ∈ [0, 1] with η ∈ R>0, wη(y) ≡ η−1 and x1 ∈ R be given. Then for q0 ∈ L∞(R) with

q0(x) = χ(−∞,x1)(x)ν0 + χ(x1,∞)(x)ν1we defined the following two cases:

1) In the case of downstream nonlocal impact, i.e. a = Id, b = Id + η, the weak solution

q ∈ L∞(ΩT ) of the problem defined in Definition 4.1 is in parts given by

q(t, x) =


ν0ν1

exp
(
−ν1t

η

)
(ν1−ν0)+ν0

x ∈ (fd(t), ξ1(t))

ν1 x > ξ1(t)

? else.

∀t ∈ [0, T ]

where

fd(t) :=

ξ1(t)− η ν0 ≥ ν1,

ξ0(t) ν0 < ν1,

with ξ1(t) = x1 + (1− ν1)t and ξ0 satisfying the following initial value problem:

ξ̇0(t) = 1−
(
ξ1(t)− ξ0(t)

)
ν0ν1

exp
(
−ν1t

η

)
(ν1−ν0)+ν0

−
(
ξ0(t) + η − ξ1(t)

)
ν1, ξ0(0) = x1 − η

2) In the case of upstream nonlocal impact, i.e. a = Id − η, b = Id, the weak solution

q ∈ L∞(ΩT ) of the problem defined in Definition 4.1 is in parts given by

q(t, x) =


ν0 x ≤ ξ1(t)

ν0ν1

exp
(
ν0t
η

)
(ν0−ν1)+ν1

x ∈ (ξ1(t), fu(t))

? else

∀t ∈ [0, T ]

where

fu(t) :=

ξ1(t)− η ν0 < ν1,

ξ0(t) ν0 ≥ ν1,

with ξ1(t) = x1 + (1− ν0)t and ξ0 satisfying the following initial value problem:

ξ̇0(t) = 1−
(
ξ1(t)− (ξ0(t)− η)

)
ν0ν1

exp
(
ν0t
η

)
(ν0−ν1)+ν1

−
(
ξ0(t)− ξ1(t)

)
ν1, ξ0(t) = x1 + η

Proof. By the analytic representation of a weak solution to Definition 1.1 given in Equation (3.3)

we can construct the weak solution of the problem defined in Definition 4.1 in parts. Without

loss of generality we restrict ourself to the downstream case, i.e. a = Id, b(x) = Id + η with



η ∈ R>0. Therefore the characteristics – originating x ≥ x1 for t = 0 – are given by

ξ[0, x](t) = x+ (1− ν1)t ∀(t, x) ∈ R>0 × [x1,∞).

The remaining part can be constructed by solving the fixed-point equation stated in Equa-

tion (2.17).

Corollary 4.3 (Existence of a solution to the problem defined in Definition 4.1).

A lower bound for the time of extistence of a solution to nonlocal balance laws as defined in

Definition 4.1 is given in Theorem 2.25 and Corollary 2.27. Further we can – as long as the

solution is finite – iteratively apply Theorem 2.25 to obtain the solution on a larger time-horizon.

4.1.1 Effect of kernel support location on the solution

In the first two examples we will study the effect of the location of the nonlocal impact on the

solution.

Example 4.4 (Kernel support location: First example).

To demonstrate the effect of the support location of the nonlocal impact we define three different

examples which are inspired by [15, Figure 1]. For the problem defined in Definition 4.1 we thus

define the following source terms q0, nonlocal weight functions wη:

q0(x) :=
6

10
χ(−2,0](x) +

2

10
χ(0,2)(x) wη ≡ η−1.

and for η ∈ R>0 boundaries of the nonlocal term a, b:

a1) Downstream nonlocal impact, i.e. a = Id, b = Id + η (Figure 4.1)

b1) Central nonlocal impact, i.e. a = Id− η
2 , b = Id + η

2 (Figure 4.4)

c1) Upstream nonlocal impact, i.e. a = Id− η, b = Id (Figure 4.5)

Remark 4.5 (Discussion of numerical results to Example 4.4).

The area of the nonlocal impact, i.e. (a(x), b(x)) ∩ supp γ(t, x, ·), has a major influence on the

solution. This can be seen comparing Figure 4.1, Figure 4.4 and Figure 4.5. The discontinuity

in the initial data at x = 0 is shifted over time and the height of the jump changes but does

not disappear. In comparison to the numerical results obtained by Goatin et al. (showed in [15,

Figure 1]) with a finite volume scheme the obtained results represent the solution much better.

Finite volume schemes do not resolve the discontinuity and the results are smeared out due to its

dissipative nature. The predicted order of convergence, i.e. min{1, 2
p}, in Theorem 3.47 can be

seen in Figure 4.3 as well as the belonging Lp-norm of the error in Figure 4.2. For the numerical

simulations we used – whenever not explicitly given – a time and space-resolution of 2−10. In

Figure 4.2 one can see that even for low spatial resolutions the approximation is already very

accurate in the sense of the L1-norm.
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Figure 4.1: Visualization of the numerical approximation and parts of the analytical solution at
different time-steps to the problem defined in Example 4.4 case (a1) where η = 0.1
up to the final time T = 0.5. The obtained results can be compared to the results
of Goatin et al. (see [15, Figure 1, b])

Example 4.6 (Kernel support location: Second example).

In contrast to Example 4.4 the initial datum is now increasing at x = 0. This is inspired by

[15, Figure 2] and for the problem in Definition 4.1 we thus define the following source terms q0,

nonlocal weight functions wη:

q0(x) :=
4

10
χ(−2,0](x) +

9

10
χ(0,2)(x) wη ≡ η−1.

and boundaries of the nonlocal term a, b:

a2) Downstream nonlocal impact, i.e. a = Id, b = Id + η

b2) Central nonlocal impact, i.e. a = Id− η
2 , b = Id + η

2

c2) Upstream nonlocal impact, i.e. a = Id− η, b = Id
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where η = 0.1 at the final time T = 0.5 compared to a very fine resolved reference
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Figure 4.3: Estimated order of the numerical scheme introduced in Chapter 2. The estimated
order of convergence (Definition 3.55) is derived for the numerical solution of the
problem defined in Example 4.4 case (a1) where η = 0.1 at the final time T =
0.5. The analytical solution is replaced by a reference solution with a high spatial
resolution, i.e. δmax(0) = 2−16. The analytically derived order of convergence (o) is
denoted in Theorem 3.47.

Remark 4.7 (Discussion of numerical results to Example 4.6). Similar to the latter example

Remark 4.5, the area of the nonlocal impact has a major influence on the solution. This can also
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Figure 4.4: Visualization of the numerical approximation at different time-steps to the problem
defined in Example 4.4 case (b1) where η = 0.1 up to the final time T = 0.5. The
obtained results can be compared to the results of Goatin et al. (see [15, Figure 1,
c])

be seen comparing Figure 4.6, Figure 4.7 and Figure 4.8. In the cases (b2) and (c2), the total

variation of the solution is increasing. For example (b2) the solution is only bounded on [0, T ]

for T < 1
4 log 9

5 ≈ 0.147. Thus a solution to Example 4.6 Case (c2) does not exists in L∞(R) up

to time T = 0.5. When comparing the numerical approximations to literature values ([15]) it

shows the high accuracy of the presented scheme.
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Figure 4.5: Visualization of the numerical approximation and parts of the analytical solution at
different time-steps to the problem defined in Example 4.4 case (c1) where η = 0.1
up to the final time T = 0.5. The obtained results can be compared to the results
of Goatin et al. (see [15, Figure 1, d])
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Figure 4.6: Visualization of the numerical approximation and parts of the analytical solution at
different time-steps to the problem defined in Example 4.6 case (a2) where η = 0.1
up to the final time T = 0.2. The obtained results can be compared to the results
of Goatin et al. (see [15, Figure 2, b])
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Figure 4.7: Visualization of the numerical approximation at different time-steps to the problem
defined in Example 4.6 case (b2) where η = 0.1 up to the final time T = 0.09. The
obtained results can be compared to the results of Goatin et al. (see [15, Figure 2,
c])
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Figure 4.8: Visualization of the numerical approximation and parts of the analytical solution at
different time-steps to the problem defined in Example 4.6 case (c2) where η = 0.1
up to the final time T = 0.09. The obtained results can be compared to the results
of Goatin et al. (see [15, Figure 2, d])



4.1.2 Effect of nonlocal weight function on the solution

Example 4.8 (Nonlocal weight function).

To demonstrate the effect of the nonlocal weight function we define three different examples

which are inspired by [15, Figure 3]. For the problem defined in Definition 4.1 we thus define

the following source terms q0 and boundaries of the nonlocal term a, b:

q0(x) :=
4

10
χ(−2,0](x) +

9

10
χ(0,2)(x) a = Id b = Id + η.

The effect of the nonlocal weight functions wη is studied in the following three cases:

a3) Linear increasing kernel, i.e. wη(x) = 2xη−2 ∀x ∈ [0, η]

b3) Linear decreasing kernel, i.e. wη(x) = 2(η − x)η−2 ∀x ∈ [0, η]
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Figure 4.9: Visualization of the numerical approximation at different time-steps to the problem
defined in Example 4.8 case (a3) where η = 0.1 up to the final time T = 0.2. The
obtained results can be compared to the results of Goatin et al. (see [15, Figure 3,
middle, left])
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Figure 4.10: Visualization of the numerical approximation an parts of the analytical solution at
different time-steps to the problem defined in Example 4.8 case (b3) where η = 0.1
up to the final time T = 0.2. The obtained results can be compared to the results
of Goatin et al. (see [15, Figure 3, bottom, left])

Remark 4.9 (Discussion of numerical results to Example 4.8).

Comparing the result obtained for the increasing kernel, i.e. (a3) see Figure 4.9, constant

kernel, i.e. (a2) see Figure 4.6, and increasing kernel, i.e. (b3) see Figure 4.10 demonstrates the

sensitivity of the solution on the choice of the nonlocal weight function. The total variation is

increasing for a downstream nonlocal impact with increasing kernel and is constant for constant

or decreasing kernel. As we have seen in the previous examples, the discontinuity in the solution

is tracked with a high accuracy. These simulations can be compared to [15, Figure 3] where the

dissipative nature of finite volume schemes is once more visible.

4.1.3 Effect of oscillating initial datum on the solution

Example 4.10 (Oscillating initial datum and various kernel support location).

To demonstrate the effect of the support location of the nonlocal impact we define three different

examples which are inspired by [15, Figure 6]. For the problem defined in Definition 4.1 we thus



define the following source terms q0, a constant nonlocal weight function wη:

q0(x) :=


0.5
(
1 + sin(10πx

)
x ∈ (−0.5, 0.5)

0.5 x ∈ (−2,−0.5) ∪ (0.5, 2)

0 else

wη ≡ η−1.

and boundaries of the nonlocal term a, b:

a4) Downstream nonlocal impact, i.e. a = Id, b = Id + η

b4) Central nonlocal impact, i.e. a = Id− η
2 , b = Id + η

2

c4) Upstream nonlocal impact, i.e. a = Id− η, b = Id
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Figure 4.11: Visualization of the numerical approximation and parts of the analytical solution at
different time-steps to the problem defined in Example 4.10 case (a4) where η = 0.1
up to the final time T = 0.2. The obtained results can be compared to the results
of Goatin et al. (see [15, Figure 6, top, left])



Figure 4.12: Visualization of the numerical approximation over space time to the problem defined
in Example 4.10 case (a4) where η = 0.1 up to the final time T = 0.2. The color as
well as the elevation denotes the density value q.

Figure 4.13: Three dimensional visualization of the piecewise constant numerical approximation
in space time to the problem defined in Example 4.10 case (a4) where η = 0.1. The
color denotes the density value q.

Remark 4.11 (Discussion of numerical results to Example 4.10). As predicted in Chapter 3

the numerical scheme converges linearly in the case of Lipschitz-continuous inital datum (see

Remark 3.48). This can be seen in Figure 4.15 and Figure 4.14. By the analytical representation
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Figure 4.14: Lp-Error of the numerical solution of the problem defined in Example 4.10 case (a4)
where η = 0.1 at the final time T = 0.5 compared to a very fine reference solution
(δmax(0) = 2−16).
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Figure 4.15: Estimated order of the numerical scheme introduced in Chapter 2. The estimated
order of convergence (Definition 3.55) is derived for the numerical solution of the
problem defined in Example 4.10 case (a4) where η = 0.1 at the final time T =
0.5. The analytical solution is replaced by a reference solution with a high spatial
resolution, i.e. δmax(0) = 2−16. The analytically derived order of convergence
(oblue circles) is denoted in Theorem 3.47.

of the weak solution it is obvious that the roots of the initial datum will be kept over time and

only change their position. This can be seen in all three cases presented (Figure 4.11,Figure 4.16

and Figure 4.17). As also in the previous examples, central and upstream nonlocal impacts

lead to an increasing total variation of the solution. The downstream nonlocal impact is not
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Figure 4.16: Visualization of the numerical approximation at different time-steps to the problem
defined in Example 4.10 case (b4) where η = 0.1 up to the final time T = 0.05. The
obtained results can be compared to the results of Goatin et al. (see [15, Figure 6,
mide, left])

influencing the total variation in this setting. In Comparison to numerical results obtained by

Goatin et al. [15, Figure 6, left], the character of the weak solution is much better represented

by the proposed numerical scheme.
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Figure 4.17: Visualization of the numerical approximation as well as parts of the analytical
solution at different time-steps to the problem defined in Example 4.10 case (a4)
where η = 0.1 up to the final time T = 0.05. The obtained results can be compared
to the results of Goatin et al. (see [15, Figure 6, bottom, left])

4.1.4 Downstream nonlocal LWR model

Based on the work of C. Chalons, P. Goatin and L.M. Villada [21] using higher order numerical

schemes to approximate the solution of nonlocal balance laws, we define the following example:

Example 4.12 (Downstream nonlocal LWR model).

To study the convergence of the numerical approximation we define – equivalent to the problem

discussed in [21, Figure 1] – the following:

a = Id, b = Id + η wη ≡ η−1.

with two cases for the initial data:

a5) monotone increasing initial datum, i.e. q0(x) = 1
20 + 9

10χ(−0,5,∞)(x),

b5) block profile initial datum, i.e. q0(x) = 1
20 + 9

10χ(−0,5,0.5)(x).
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Figure 4.18: Visualization of the numerical approximation and parts of the analytical solution
at the initial and final time (T = 0.1) to the problem defined in Example 4.12 case
(a5). The right two plots are magnifications of the corresponding left ones.
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Figure 4.19: Visualization of the numerical approximation as well as parts of the analytical solu-
tion at the initial and final time (T = 0.1) to the problem defined in Example 4.12
case (b5). The obtained results can be compared to the results of Chalons et al.
(DG1,DG2,DG3 see [21, Figure 1, (a) and (b)]). The lower two plots visualize a
closer view on the solution at the discontinuity originated in x = −0.5 in the inital
datum. The right two plots are magnifications of the corresponding left ones.
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Figure 4.21: Estimated order of convergence as defined in Definition 3.55 for various Lp-norms
of the numerical approximation of Example 4.12 compared to refined reference
solution (i.e. δx = 2−16)

Remark 4.13 (Discussion of numerical results to Example 4.14). In the plot on the lower

right hand side of Figure 4.19 three numerical approximations of the solution published in [21,

Figure 1, (b)] are plotted to visualize the differences to the approximation obtained by the

presented numerical scheme. The higher order finite volume type scheme as well as time and

space discretizations used therein is explained in [21, 5.1 Test 1a] and is based on a discontinuous

galerkin approximation [37]. At the finale time T = 0.1 with a maximal velocity smaller one,



the width of the smoothed part in the higher order discontinuous galerkin simulations, i.e.

≈ 0.1, is not negligible. This effect will increase over time and thus influencing the numerical

approximation significantly.

Figure 4.18 denotes the solution to the initial datum with one jump only, thus the part right

of the discontinuity is analytically solvable. In Figure 4.19 the location and height of the left

jump, i.e. originating in x = −0.5 for t = 0, can not be derived analytically due to the negligible

but existent influence from the right discontinuity, i.e. originating in x = 0.4 for t = 0.

4.1.5 Lipschitz-continuous kernel

In the previous subsection we have discussed various effects of the nonlocal impact as well as the

initial condition. The discussed nonlocal weight functions ωη are viualized in Figure 4.22 where

in the legend the examples are named in which the marked weight function are used. Within

the following example we will discuss the effects of a Lipschitz-continuous weight function, i.e.

γ(t, x, ·) ∈W 1,∞(R) with supp(γ(t, x)) ⊂ (a(x), b(x)) ∀(t, x) ∈ ΩT .

-2 0 2
0

2

22 a1,a2,a4,a5
b1,b2,b4
c1,c2,c4
a3
b3
a6
b6

Figure 4.22: Nonlocal weight functions which are used in the presented examples.

Example 4.14 (Nonlocal traffic flow example with Lipschitz-continuous kernel).

To demonstrate the effect of the support location of the nonlocal impact we define three different

examples which are inspired by [7, Figure 1]. For the problem defined in Definition 4.1 we thus

define the following source term q0 and boundaries of the nonlocal term a, b:

q0(x) :=
1

2
χ(−2.8,−1.8)(x) +

3

4
χ(−1.2,−0.2)(x) +

3

4
χ(0.6,1.0)(x) + χ(1.5,3)(x).

And the two nonlocal weight functions wη as well as its boundaries a, b:

a6) Downstream nonlocal impact, i.e. a = Id, b = Id + η with ωη(x) := αη
(
x(η−x)

) 5
2χ(0,η)(x)

b6) Upstream nonlocal impact, i.e. a = Id− η, b = Id with ωη(x) := αη
(
(x+ η)x

) 5
2χ(−η,0)(x)

where αη ∈ R is chosen s.t. ‖ωη‖L1(R) = 1 and the two cases of wη as well as the nonlocal weight

function used in the previous examples are visualized in Figure 4.22.
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Figure 4.23: Numerical approximation and parts of the weak analytical solution of the nonlocal
balance law defined in Example 4.14 case (a6) for η = 1

4

Remark 4.15 (Discussion of numerical results Example 4.14). Comparing the numerical results

of both cases in Example 4.14 shown in Figure 4.24 and Figure 4.24 again shows the high accuracy

of the presented scheme. All discontinuities are kept within the approximation. The influence of

the upstream and downstream nonlocal impact lead to oscillations to the right or the left of the

discontinuities. However, the Lipschitz-continuous nonlocal weight function leads to existence

and thus boundedness of the weak solution for all finite times, see Corollary 2.27.
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Figure 4.24: Numerical approximation and parts of the weak analytical solution of the nonlocal
balance law defined in Example 4.14 case (b6) for η = 1

4

4.2 Particle synthesis

In order to optimize particulate products the need of predictive simulations for particle pre-

cipitation processes is obvious and motivated in the introduction chapter. An overview on the

relevance of model-based optimal control within particulate products from an engineering point

of view is given by Christofides et al. [23].

In engineering applications process control possibilities range from the choice of initial particle

size distribution, i.e. q0, over time-dependent control of the ripening velocity, i.e. λ, and the

time-dependent addition of new particles, i.e. h to the choice of the final time T ∈ R≥0. Thus,

an numerical optimization framework has to handle all theese possibilities. The control of the

nonlocal weight function γ as well as the boundaries of the nonlocal impact a, b may in other

application such as traffic flow be of interest and will be subject of further studies but will not

be discussed within this work. While the results of the previous two chapters are beside particle

precipitation processes applicable to a wide range of applications e.g. traffic flow and supply

chains this section focuses on particle precipitation processes as application.

In the first subsection a general nonlocal balance law covering a wide range of particle pre-

cipitation batch processes is derived. This is followed up by applying the derived results of

the previous two chapters on this specific problem formulation. Further we formulate a general



objective functional based on the expectation value of the particle size distribution as well as

on the variance thereof. In the last two subsections of this section the obtained results are

exemplarily applied to fluidized bed spray granulation processes as well as Ostwald ripening

process of zinc oxide nanoparticles. The subsection dealing with fluidized bed spray granulation

processes focuses on the numerical approximation error of the solution. For zinc oxide quantum

dots the focus is on a parameter study to determine optimal constant inflow rates in the sense

of the introduced objective functional.

4.2.1 Problem definition

The general formulation of nonlocal balance laws – in the case of controllable particle precipi-

tation batch processes – can be simplified and reformulated as follows:

Definition 4.16 (Nonlocal balance laws in controllable particle precipitation batch processes).

Let Mu,Mv, p ∈ N, u ∈ (L∞(0, T ))Mu and vi,1 ∈ L∞(0, T ) with vi,1(t) ≥ 0 ∀t ∈ [0, T ] ,

vi,0 ∈ R≥0 be given ∀i ∈ {1, . . . ,Mv}. Let further q0
i ∈ L1(R) ∩ L∞(R) with∫ ∞

0
|q0
i (y)|yp dy <∞

for all i ∈ {1, . . . ,Mv} and λ ∈ C(R × ΩT ) twice continuously differentiable in the first and

third argument be given, then we define the following problem:

q̇(t, x) +
(
λ(w[q](t), u(t), t, x)q(t, x)

)
x

=

Mv∑
i=1

vi,1(t)q0
i (x),

q(0, x) =

Mv∑
i=1

vi,0q0
i (x),

w[q](t) :=

∫ ∞
0

ypq(t, y) dy.

In the following remark we will discuss the general framework of particle precipitation pro-

cesses defined in Definition 4.16 which can on the one hand be controlled by the addition of new

particles as well as by the choice of the initial particle size distribution and on the other hand

by influencing the growth velocity λ.

Remark 4.17 (Modeling of particle precipitation processes).

During particle precipitation processes new particles can be added which results in a particle

size distribution as source term. This particle size distribution can be chosen as a non-negative

linear combination out of a finite number, i.e. Mv of particle size distributions for each time.

As this holds also for the initial datum and as the velocity function can also be influenced by a

finite number of parameters, i.e. Mu, this results in the model defined in Definition 4.16

In most cases within particle technology the dispersive property is by definition non-negative,



which stands in contradiction to the general model of the nonlocal balance law defined in Defi-

nition 1.1. This issue is discussed in the following remark

Remark 4.18 (negative disperse properties).

As mentioned in the introduction chapter, in many applications the disperse property is strict

positive and the velocity function can only be derived on R>0, for example in the case of the

disperse property modeling the diameters of spherical particles. Nevertheless, we can model the

evolution of the particle size distribution on R by extending the velocity function, the initial

data and source term to R<0. This is valid if the velocity function is finite and can not change

its sign for limx→ 0 for all time.

Lemma 4.19 (Existence of a unique solution on [0, T ]).

The problem defined in Definition 4.16 admits for all T ∈ R>0 on the time-horizon [0, T ] a

unique solution q ∈ C([0, T ];L1(R))

Proof. This directly results from Corollary 2.27 as the boundaries of the integral for the nonlocal

impact are constant, i.e. a ≡ 0 and b ≡ ∞.

Based on a wide range of engineering publications, the aim within particle technology is to

design and control processes in order to be able to produce particles with a narrow variety of

disperse properties. Being able to produce particle size distributions with desired mean particle

size and negligible variance enables engineers to fabricate any desired particle size distribution

by mixing. This leads to the wide application range of the following objective functional:

Definition 4.20 (Physical objective functional).

For ν, µd, p ∈ R≥0 and v ∈ L1(R) ∩ L∞(R) s.t.∫ ∞
0

v(x)x2 dx <∞

we define the following objective functional

Jq(v) :=
(
E

+

p [v]− µd
)2

+ νVar
+

p

(
v
)

where the – expected value like – term E+
p is defined as

E
+

p [v] :=

(∫ ∞
0

(
xpv(x)

)
x dx

)(∫ ∞
0

xpv(x) dx

)−1

(4.1)

and the – variance like – term Var
+

p as

Var
+

p

(
v
)

:=

(∫ ∞
0

(
xpv(x)

)(
x− E

+

p [v]
)2

dx

)(∫ ∞
0

xpv(x) dx

)−1

(4.2)

for the sake of simplicity E+
p [v] and Var

+

p (v) will be called expected value or mean value and

variance of v.



Remark 4.21 (E+
p and Var

+

p ).

In particulate products the mass weighted mean diameter of a particle size distribution is often

of interest. This value is represented by E+

3 and the belonging variance by Var
+

3 .

In the semi-discrete setting defined in Definition 3.34 together with the piecewise approxima-

tion qpc defined in Definition 3.25 the objective functional is given as follows

Corollary 4.22 (E+
p and Var

+

p in the semi-discrete setting).

In terms of a semi discrete solution qpc as defined in Definition 3.25 the mean value E+
p and the

variance Var
+

p are given as follows

E
+

p [qpc[x,y, q](T, ·)] =
p+ 1

p+ 2

N∑
i=1

qi(T )
max{yi(T ), 0}p+2 −max{xi(T ), 0}p+2

yi(T )− xi(T )

·

( N∑
i=1

qi(T )
max{yi(T ), 0}p+1 −max{xi(T ), 0}p+1

yi(T )− xi(T )

)−1

Var
+

p

(
qpc[x,y, q(T, ·)

)
=

(
1
p+3

N∑
i=n+1

qi(T )
max{yi(T ), 0}p+3 −max{xi(T ), 0}p+3

yi(T )− xi(T )

−
(

1
p+2

N∑
i=1

qi(T )
max{yi(T ), 0}p+2 −max{xi(T ), 0}2

yi(T )− xi(T )

)p+2
)

·

(
1
p+2

N∑
i=n+1

qi(T )
max{yi(T ), 0}p+2 −max{xi(T ), 0}p+2

yi(T )− xi(T )

−
(

1
p+1

N∑
i=1

qi(T )
max{yi(T ), 0}p+1 −max{xi(T ), 0}2

yi(T )− xi(T )

)p+1
)−1

Proof. For the expected value we obtain by Equation (4.1) and by the piecewise constant defi-

nition of qpc defined in Definition 3.25 the following:

E
+

p [qpc[x,y, q](T, ·)]

=

(∫ ∞
0

xp+1 qpc[x,y, q](T, ·) dx

)(∫ ∞
0

xp qpc[x,y, q](T, ·) dx

)−1

=

(
N∑
i=1

qi(T )

yi(T )− xi(T )

∫ max{yi(T ),0}

max{xi(T ),0}
xp+1 dx

)(
N∑
i=1

qi(T )

yi(T )− xi(T )

∫ max{yi(T ),0}

max{xi(T ),0}
xp dx

)−1

= p+1
p+2

N∑
i=1

qi(T )
max{yi(T ), 0}p+2 −max{xi(T ), 0}p+2

yi(T )− xi(T )

·

( N∑
i=1

qi(T )
max{yi(T ), 0}p+1 −max{xi(T ), 0}p+1

yi(T )− xi(T )

)−1

Together with Equation (4.2) we similarly obtain the claimed result for the variance.



As mentioned in Remark 3.49 one obtains an higher order of convergence of the scheme

introduced and analyzed in Chapter 2 approximating the functional defined in Definition 4.20.

We obtain the same order of convergence for the latter introduced functionals, i.e. E+
p and Var

+

p

defined in Definition 4.20. This is shown in the next lemma.

Lemma 4.23 (Semi-discrete approximation of the objective functional).

Let the assumptions of Assumption 3.3 and Definition 3.34 hold. Let further q be the solu-

tion of the problem stated in Definition 3.2 and x,y, q the solution of the problem defined in

Definition 3.34. Then there exists C ∈ R s.t. the following assumptions holds ∀δ > 0∣∣Jq(q(T, ·))− Jq(qpc[x,y, q](T, ·))
∣∣ ≤ (Cδmax)2− 1

r′ (4.3)

Proof. With φ mapping Jk(T ) defined in Remark 3.32 onto its discretized counterpart, i.e.

φ(xn(T )) = ξ[0,xn(0)](T ) for all n ∈M, and φ(x) = x for all x > xN (T )+1 and x < x1(T )−1.

Where M is defined in Remark 3.32 and ξ in Definition 2.3. We then obtain for f ∈ C(R)∣∣〈f , q(T, ·)〉R>0 − 〈f , qpc[x,y, q](T, x)〉R>0

∣∣
=

∣∣∣∣ ∫ ∞
φ−1(0)

φ(f(x))q(T, φ(x))φ′(x)dx−
∫ ∞

0
f(x)qpc[x,y, q](T, ·)dx

∣∣∣∣
≤
∫
R

∣∣(φ(f(x))φ′(x)− f(x)
)
q(T, φ(x))

∣∣dx|
+

∣∣∣∣ ∫ ∞
0

f(x)
(
q(T, φ(x))− qpc[x,y, q](T, ·)

)
dx

∣∣∣∣
≤
∥∥φ(f(·))φ′(·)− f(·)

∥∥
L∞(R)

∥∥(φ−1)′(·)
∥∥
L∞(R)

‖q(T, ·)‖L1(R)

+ sup
x∈X

f(x) ·
∥∥q(T, φ(·))− qpc[x,y, q](T, ·)

∥∥
L1(R)

with X := supp q(T, ·) ∪ supp qpc[x,y, q](T, ·) and 〈 , 〉R>0 denoting the standard L2(R>0) inner

product. For the first and second factor of the first summand of the latter estimate there exists

C1 ∈ R≥0 for q(T, ·) piecewise in W 1,r′ by Theorem 3.44 s.t.∥∥φ(f(·))φ′(·)− f(·)
∥∥
L∞(R)

∥∥(φ−1)′(·)
∥∥
L∞(R)

≤
∥∥(φ−1)′(·)

∥∥
L∞(R)

(∥∥φ′(·)∥∥
L∞(R)

∥∥φ(·)− Id
∥∥
L∞(R)

+
∥∥f(·)(φ′(·)− 1)

∥∥
L∞(R)

)
≤ C1(δmax)2− 1

r′

the supremum of f over the set X is bounded as the support of q(T, ·) is bounded by Assump-

tion 3.35 and thus the support of qpc[x,y, q](T, ·) is bounded too. For the L1(R)-norm of the

distance between the shifted q(T, ·) and qpc[x,y, q](T, ·) there exists by Lemma 3.16 a constant

C2 ∈ R and by Theorem 3.44 Ĉ2 ∈ R>0 s.t. :∥∥q(T, φ(·))− qpc[x,y, q](T, ·)
∥∥
L1(R)

≤ C2‖φ− Id‖L∞(R) ≤ C2Ĉ2(δmax)2− 1
r′



Both parts of the physical objective functional defined in Definition 4.20 can be represented as

function of the discussed type, i.e.

(E
+

p [v]− µd)2 =

(
〈Idp+1 , v〉R>0

〈Idp , v〉R>0

− µd
)2

, Var
+

p (v) =
〈Idp+1(Id− E+

p [v])2 , v〉R>0

〈Idp , v〉R>0

,

which thus leads to the claimed estimate.

As a direct consequence of the latter lemma we obtain:

Remark 4.24 (Second order property).

The scheme presented in Chapter 3 is for piecewise Lipschitz-continuous initial data with

bounded support, Lipschitz-continuous source term with bounded support, a, b constant and

γ, λ with the appropriate regularity of second order in terms of the objective functional defined

in Definition 4.20.

In the following subsections two examples will be modeled and discussed. The first example

considers the fluidized bed spray granulation batch processes, the second the synthesis of zinc

oxide (ZnO) quantum dots.

4.2.2 Fluidized bed spray granulation processes

Fluidized bed spray granulation is a widely used method for producing particles from liquids.

The main purpose in its application within the field of chemicals, food products and pharma-

ceutical is to convert light and fine powders into free flowing granulates. Depending on the

physical properties of the educts as well as drying parameters, granules can be produced with

specific particle morphologies (onion-skin and blackberry structures) with different properties

and particle characteristics. The growth on a single particle level is studied in detail by K. C.

Link et al. [64].

In fluidized bed spray granulation processes particles grow due to deposition of educts on

the particle surface. Thus by the assumption that sprayed material distributes equally on the

surfaces of all particles and by neglecting nucleation of new particles as well as agglomeration

of particles the process can be modeled as follows (discussed by Heinrich et al. in [48] and by

Poon et al. in [75]):

Definition 4.25 (Population balance model of fluidized spray granulation batch process).

Let fs, fn ∈ L∞(0, T ;R≥0) and q0 ∈ L1(R) ∩ L∞(R) with

0 <

∫ ∞
0
|q0(y)|y2 dy <∞

be given, then a fluidized bed spray granulation batch process can be modeled as

q̇(t, x) +

(
fs(t)

A[q](t)
q(t, x)

)
x

= fn(t)q0(x),



q(0, x) = q0(x),

A[q](t) := 4π

∫ ∞
0

y2q(t, y)

where fs, fn denote the mass flow of the sprayed educt and the inflow of new nuclei respectively

and x represents the radius of the involved particles.

The control parameters in this setting are the time dependent injection-rate fn of new particles

with a given particle size distribution q0 and the mass flow of educt material injected into the

reactor fs.

Corollary 4.26 (Existence of a solution to Definition 4.25).

The solution to the problem defined in Definition 4.25 exists on every time horizon [0, T ] for

T ∈ R>0.

Proof. The result is a direct consequence of the first item in Corollary 2.27 as the integral

boundaries of the nonlocal term are constant.

Example 4.27 (Fluidized bed spray granulation example).

Let fs(t) = 1 ∀t ∈ [0, T ] and T = 10 for the nonlocal balance law defined in Definition 4.25.

Let further the initial datum q0 be given by the density function of the beta distribution to the

parameter (3, 1), i.e. q0(x) = 30
4πx

2(1− x)χ0,1 then we define the following two examples:

a7) Homogeneous case: fn ≡ 0

b7) Inhomogeneous case: fn ≡ 0.1

Remark 4.28 (Discussion of numerical results to Example 4.27).

For the simulation of a fluidized bed spray granulation process as modeled in Definition 4.25,

the approximation with the presented numerical scheme is fast and of high accuracy. As the

velocity function is not x-dependent, one only has to solve for one characteristic as they are all

equivalent except a constant spatial shift. Due to the nonlocal impact, the total growth of the

largest particles within the initial particle size distribution is reduced by the addition of new

nuclei during the process. This holds true due to the increase of the total particle surface and

thus a decreasing growth velocity.

In more general, most fluidized bed spray granulation processes are operated in process chains

with feedback loops where particles are taken out of the reactor and parts thereof are milled

and injected back into the reactor ([30, 48]). This leads to the need of a generalization of the

analyzed set of nonlocal balance laws which also have to cover nonlocal source terms and is

subject of further research and sketched in the conclusion chapter.
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Figure 4.25: Numerical approximation of the nonlocal balance law defined in Example 4.27. The
plots show the inital datum for both cases (top), case (a7) at final time (second)
and case (b7) at t = 5 (third) and at final time (bottom). As the numerical and
analytical solution coincide with a high accuracy the difference is not visible in this
magnification and thus not plotted.

4.2.3 Ostwald ripening processes of zinc oxide quantum dots

Zinc oxide quantum dots (QDs) are nanometer sized zinc oxide (ZnO) particles. They represent

a suitable model system for fundamental studies with many possible technical applications. To

mention just a few applications: Nanoscale ZnO particles play an important role in sensors [98],

catalysis [100], photovoltaics [78], spintronics [54], cosmetics [9] and pharmaceutical [79]. In case

of applications due to the optical properties of the ZnO QDs, the size of the particles directly

influence the extinction spectrum – which is the amount of energy absorbed or scattered – (see

Segets et al. [82]) as well as their photoluminescence properties (see Zhou et al. [103]). The

extinction spectrum of ZnO QDs will be discussed in more detail in the following.



Definition 4.29 (Extinction spectrum of ZnO quantum dots).

Beside – in the case of ZnO quantum dots negligible – surface structure as well as internal

structure effects, the extinction spectrum of a quantum dot depends on its material and mass

only. Thus one can assign to each quantum dot size an unique extinction spectrum, i.e.

Extm(y, λ) ∈ L∞((R>0)2) ∩ C((R2
>0)) (4.4)

which is a continuous and bounded function of the diameter y ∈ R>0 and the wavelength λ ∈ R>0.

As the particles can – in general – not be produced monodisperse, i.e. with vanishing variance,

one can not measure the spectrum of a single particle. Thus, this property can not be determined

directly. Two ways to access this function experimentally are described briefly in the following

Remark:

Remark 4.30 (Determination of size dependent extinction spectrum of ZnO quantum dots).

This property can either be determined by analytical ultra centrifugation (AUC) which can be

used to sediment the particles with size dependent velocity. Together with inline extinction

spectra measurements at various positions of the sample and deconvolution type calculations

this results in extinction spectra of the individual sizes [2, 95]. Another way to model the

desired function is based on the influence of the size onto the band-gap [20, 90] of the particle

which together with the extinction spectrum of bulk ZnO can be used to model the desired size

dependent extinction spectrum ([82]).

In dilute samples, i.e. low particle concentrations, the measurable extinction spectrum of a

particle size distribution q ∈ L∞(R;R≥0) is due to Beer-Lambert law ([12]) proportional to the

function Ext[q] : L∞(R;R≥0) 7→ L∞(R>0;R≥0) defined in Definition 4.31 as particle-particle

interaction can be neglected due to the low concentration. Thus we can neglect the mass of the

particles in a sample by a scaling of the measured extinction spectrum.

Definition 4.31 (Extinction spectrum of ZnO quantum dot distribution).

The extinction spectrum of a particle size distribution q ∈ L1(R) ∩ L∞(R) with

q(x) ≥ 0 ∀x and

∫ ∞
0

y3q(y) dy <∞

is for given wavelength λ ∈ R>0 given by the linear combination of the individual spectra, thus

it can be written as a function Ext : L1(R) 7→ L∞(R>0) which is defined as:

Ext[q](λ) =

∫ ∞
0

y3q(y)Extm(y, λ) dy (4.5)

for all λ ∈ R>0

Thus, by controlling nanoparticle synthesis processes to a small variance of the final particle

size distribution, we can achieve the possible optical properties by mixtures of various samples.



The ripening of ZnO quantum dots in a batch process can be modeled by Ostwald ripening

([41, 44]). In this case the velocity function is given as follows:

Definition 4.32 (Ripening velocity of zinc oxide quantum dots).

The size and temperature dependent velocity of the Ostwald ripening process of zinc oxide quan-

tum dots in a liquid phase batch process is based on the work of Haderlein et al. [44] given

by

λO(c, T , x) :=
4DM

ρx

(
c− cL(T , x)

)
with

cL(T , x) := c∞L (T ) exp

(
4Kγ V

1
3

ν x
log

(
ρ

c∞L (T )M

))

c∞L (T ) := kL exp

(
− ∆Hsol

R T

)
where c denotes the concentration of ZnO in the liquid phase, T the Temperature, x the particle

diameter, D the diffusion coefficient (which being more accurate would also depend on the Tem-

perature), M the molar mass of ZnO, ρ the density of ZnO particles, Kγ , VB, ν, kL,∆Hsol,R.

where the involved coefficients within the ripening velocity formula are given in Remark 4.33

based on Literature values.

Remark 4.33 (Material coefficients for ZnO QDs).

The material coefficients used in the following calculations are given in the following table:

symbol description value unit ref.

D diffusion coefficient 1.82 · 10−9 ms−1 [40]

M molar mass of ZnO 81.379 gmol−1 [76]

ρ density of ZnO 5600 · 103 gm−3 [47]

Kγ coeff. to model the surface energy 0.414 - [38]

0.4274∗ / 0.4459 - [40]

0.333 - [69]

0.3347 - [44]

ν stoichiometric factor 2 - -

kL solubility constant 9.342 · 109 ∗ / 8.953 · 109 kmolm−3 [40]

4.310 · 1010 kmolm−3 [44]

∆Hsol molar enthalpy change of solution 115.9∗ / 116.1 kJ mol−1 [40]

119 kJ mol−1 [44]

kB Boltzmann constant 1.38064852 · 10−23 J K−1 [71]

R gas constant 8.3144598 J (molK)−1 [71]

Whenever multiple choices of the coefficient are mentioned, the ones chosen in the simulations

are marked with an asterisk.



The velocity function of Oswald ripening processes – defined in Definition 4.32 – does not

satisfy the assumptions to be extended from R>0 to R. But, the model includes the assumption

of infinite speed of diffusion as the concentration is assumed to be equal at every point in the

reactor for fixed time, the velocity function can be bounded from below by a maximal dissolution

speed of nanoparticles which – in a sense – mimics the finite diffusion speed for the dissolution

of small particles. Thus we obtain the following nonlocal model for Ostwald ripening processes:

Definition 4.34 (Ostwald ripening particle precipitation process).

Let Mv,Mt ∈ N and T ∈ L∞(0, T ), φ ∈ (L∞(0, T ))Mt, v0 ∈ RMv
≥0 and v ∈ RMv×Mt

≥0 be given.

Let further q0
i ∈ L1(R) ∩ L∞(R) with∫ ∞

0
|q0
i (y)|yp dy <∞

and V,M0, ρ ∈ R>0 be given, then the nonlocal balance law modeling Ostwald ripening process of

ZnO quantum dots

q̇(t, x) +
(
λ̂O(c[q](t), T (t), x)q(t, x)

)
x

=

Mv∑
i=1

Mt∑
k=1

vi,kφk(t)q
0
i (x)

q(0, x) =

Mv∑
i=1

v0
i q

0
i (x)

c[q](t) :=
1

V

(
M(t)− 4πρ

3

∫ ∞
0

y3q(t, y) dy
)

with

M(t) := V c0 +

Mv∑
i=1

(
v0
i +

Mt∑
k=1

vi,k

∫ t

0
φk(τ) dτ

)4πρ

3

∫ ∞
0

y3q0
i (y) dy

λ̂O(c[q](t), T (t), x) := maxε{λO(c[q](t), T (t),max{x, 0}) , vmin}

where V is the reactor volume, ρ its density, T the process temperature, maxε a smooth version

of the maximum operator, vmin the most negative velocity and λO as defined in Definition 4.32.

The functions (φk)k=1,...,Mt represent a finite basis of achievable control profiles.

As mentioned, one major aim – in nanoparticle synthesis processes – is the invention of

processes and the determination of process conditions which lead to narrow final particle size

distributions with defined mean values. Studies of Haderlein et al. [44] in the case of ZnO

nanoparticle synthesis have shown that temperature control has an negligible effect on the vari-

ance (defined in 4.1) of the final particle size distribution at given mean diameter (defined in 4.2).

Thus, the two remaining controls are the choice of the initial distribution as well as the addition

of new particles during the ripening reaction. As already shown in [40, Figures 9.36,9.37], the

choice of a bi-modal, i.e. a mixture of two distributions with different mean diameters, initial

particle size distributions lead to a narrower particle size distribution than in the mono-modal



case. In the following we will concentrate on the constant addition of new particles during

the reaction. By biscetion we therefore determine global optima of the following optimization

problem for varying µd.

Definition 4.35 (Ostwald ripening particle precipitation process optimization problem).

For given q0 ∈ L1(R) ∩ L∞(R) with E+

3 [q0] ∈ R>0, µd ∈ R with µd > E+

3 [q0] and T ∈ R>0

min
(v0,T )∈[0,vmax]×R≥0

Var
+

3 (q(·, T ))

s.t.

q̇(t, x) +
(
λ̂O(c[q](t), T , x)q(t, x)

)
x

= v0q0(x) ∀ (t, x) ∈ ΩT

q(0, x) = q0(x) ∀x ∈ R

E
+

3 [q(·, T )] = µd

c[q](t) :=
1

V

(
M(t)− 4πρ

3

∫ ∞
0

y3q(t, y) dy
)

where M(t) := V c0 +
(
1 + tv0

)4πρ
3

∫∞
0 y3q0(y) dy and λ̂O defined as in Definition 4.34.

Remark 4.36 (Parameter study for process control). For the ZnO ripening process defined in

Definition 4.35 with T = 30◦C ,

q0(x) := (1 + cos(π(µ0 − x)ν−1
0 )χ(µ0−ν0,µ0+ν0)(x) ∀x ∈ R

and the other coefficients are chosen as described in Remark 4.33, in [44] and [40]. We have

determined optimal flow-rates, i.e. v0, for a range of mass weighted mean diameters, i.e.

E
+

3 ∈ {3.0nm, 3.1nm, . . . , 10.0nm}

the resulting minimal mass weighted standard deviations of the final distributions, i.e. σ3 :=

(Var
+

3 )
1
2 as defined in Equation (4.2), over its mass weighted mean diameter, i.e. E+

3 as defined in

Equation (4.1), are displayed in Figure 4.28. The mass weighted final particle size distributions

are plotted in Figure 4.26 in a normalized way for both cases: the uncontrolled one (v0 = 0) and

the controlled one. Compared to the results in [40], wen can even further optimize the therein

predicted and validated [40, Figure 9.37,9.40] effect of focusing the particle size distribution for

increased mean diameter. The reduction of the variance is possible due to the convex part of

the Ostwald ripening velocity in which smaller particles grow faster than larger particles. By

introducing new small particles we can indirectly increase the ZnO concentration and thereby

move - roughly spoken - the convex part of the ripening function to a desired position. The

results in the uncontrolled setting (see Figure 4.28, thick green line, linear behavior) have already

been simulated with a different numerical scheme and been published in Haderlein et al. (see

[44, Figure 7 (b)]). A time dependent optimal control of the inflow rate is leading to slightly

better ratios of σ3 over E+

3 but the sensitivity of the ratio with respect to errors in the final time
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Figure 4.26: Mass weighted particle size distributions at various process times for the Ostwald
ripening process of ZnO quantum dots as defined in Definition 4.34. The particle
size distributions obtained by the uncontrolled process, i.e. v0 = 0, are plotted with
a solid line, the ones obtained by optimal constant inflow rates of new particles (see
Definition 4.35) are plotted as a dashed line. The time steps ti for i ∈ {1, . . . , 6} are
chosen s.t. E+

3 [q(ti, ·)] = (i+ 1) · 109, the time steps t∗i for i ∈ {3, . . . , 6} are chosen

s.t. E+

3 [q∗(ti, ·)] = (i+ 1) · 109 with q∗ being the solution to the optimal controlled
process.

is high. On the contrary, the sensitivity of the derived control strategy of constant flow rates

to the final time with respect to the introduced objective functional is low (see Figure 4.28).

Thus, the proposed process control is preferable and leads – in this idealized way of looking at

the ripening process of zinc oxide quantum dots – to a focusing of the particle size distribution

in comparison to the defocusing without process control.
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solution.
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4.3 Conclusion

All examples discussed within this chapter show the predicted order of convergence. Comparing

the numerical simulations to published results ([7, 21, 15]) the quality of the introduced numerical

scheme can be seen directly. Discontinuities in the initial data are tracked over time where the

commonly used finite volume type approximation schemes are smoothing out possible jumps

(see [15, Figure 1]). As shown in the analytic solution of Example 4.4, the jump in the initial

datum is decreasing its height over time but is not vanishing in finite time. Roots in the initial

datum can move its location but can not vanish, this can be seen in the analytical formula of

the weak solution, i.e. Equation (3.3). This character is well represented in the introduced

numerical approximation, see Example 4.10, and is not well represented by the finite volume

type approximation published in [15, Figure 6]. Overall, the numerical scheme described and

analyzed in Chapter 2 is keeping the character of the solution since it takes the structure of the

problem into account.



5 Summary and Outlook

Summary

A widely applicable class of one-dimensional nonlocal balance laws was mathematically analyzed

with respect to existence, uniqueness and regularity of a weak solution in L1(R)∩L∞(R), L1(R)

and L∞(R).

In a very general way this work shows that the well known Kružkov entropy condition – that

is used in literature in the discussed setting – is not needed to obtain a unique weak solution

in the considered type of nonlinear partial integro-differential equations. The regularity of the

unique solution is discussed in detail based on an analytic representation of the solution which

itself is based on the solution to a fix-point problem.

The time of existence of a solution is determined for the different occurring settings. This

ranges from a small time-horizon only – which is shown to be a sharp estimate – to the existence

on any finite time-horizon. The latter is for instance true for particle precipitation processes

– discussed in the Introduction and Chapter 4 – as the Lipschitz continuity of the ripening

function for every finite time is given due to boundedness of the L1-norm of initial data as well

as the L1-norm of the source term and the bounded ripening velocity.

Solutions to nonlocal balance laws are commonly approximated by problem specific adapted

finite volume schemes. By construction, they do not take any structure of the solution into

account. However a more appropriate numerical scheme based on characteristics is studied

in detail in this work. Lp-norm a priori error estimates based on the regularity of the involved

functions were derived in detail. The range of analyzed initial datum regularity is from functions

of bounded variation, i.e. BV (R) up to Lipschitz-continuous functions, i.e. W 1,∞(R).

Examples from vehicular traffic flow as well as from particle technology show the wide ap-

plicability of the derived results. Numerical approximations of solutions to nonlocal traffic flow

models show – compared to finite volume type schemes – the high accuracy of the introduced

numerical method. Further – for discontinuous initial data – the structure of the solution is

much better represented as discontinuities are tracked and not smeared out.

Outlook

System of multidimensional nonlocal balance laws:
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Recently in collaboration with A. Keimer (ITS, UC Berkeley) and M. Spinola (AM2, FAU

Erlangen-Nürnberg) the obvious generalization to systems of multi-dimensional nonlocal

balance laws and analysis therefore was performed, and will be published soon. This en-

ables to model pedestrian flow in two space dimensions and particle precipitation processes

involving different types of particles where each particle type may be described by multiple

parameters.

Nonlinear nonlocal source term:

The source terms of the analyzed class of nonlocal balance laws should be generalized to

cover nonlocal effects therein. In the case of agglomeration within particle precipitation

processes the source term can be modelled as Qa(t, x) :=
∫∞
x k(x, y)q(t, y)q(t, s(y)) dy with

appropriate agglomeration kernel k : R≥0 × R≥0 7→ R≥0 and s : R≥0 7→ R≥0.

Higher order numerical scheme:

The order of convergence of the presented scheme can be increased by taking higher order

polynomial representations of the solution – in the domain where the initial data meet

higher regularity requirements – into account.

Numerical scheme for system of multidimensional nonlocal balance laws:

Numerical approximation of these systems of multi-dimensional nonlocal balance laws are

similar to the one-dimensional case, usually approximated by finite volume type schemes.

The issue of numerical dissipation again can be prevented by using a characteristic based

method. The numerical analysis of schemes therefore will be subject of further research.

Optimal control of nonlocal balance laws:

Optimal control of nonlocal balance laws with respect to initial data, source term, the

nonlocal weight and the flux function is also of great interest. Thereby the existence of

optimizers and in particular a sound and mathematically rigorous optimality system in

terms of adjoint equations needs to be studied. The high importance therefore is obvious

due to the wide applicability of nonlocal balance laws. Beside the improvement of product

quality, optimization of particle synthesis processes is also important from an ecological

point of view as the energy consumption of processes can be decreased. The same holds for

vehicular traffic flow, optimization of for example space dependent speed limits in order

to reduce traffic jams and stop-and-go traffic should be performed in order to confine

environmental damage.

Within the modeling of an appropriate optimization problem to determine particle pre-

cipitation process strategies leading to optimal product properties one has to determine

the scope of applicability of the modeled process kinetics precisely. This will lead to con-

straints on the control parameters, e.g. temperature, constraints on the nonlocal terms,

e.g. concentration, as well as to constraints on the support of the weak solution, i.e.

supp q(t, ·) ⊂ Uad ∀t ∈ [0, T ]. The latter state constraint is important whenever the

growth function λ is only valid in a specific range with respect to the third argument.
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[17] Bouchitté, G., Bourel, C., and Manca, L. Resonant effects in random dielectric

structures. ESAIM: Control, Optimisation and Calculus of Variations 21, 1 (2015), 217–

246.

[18] Breuß, M. The correct use of the Lax–Friedrichs method. ESAIM: Mathematical Mod-

elling and Numerical Analysis 38, 3 (2004), 519–540.

[19] Brezis, H. Functional analysis, Sobolev spaces and partial differential equations. Univer-

sitext. Springer, New York, 2011.

[20] Brus, L. E. Electron–electron and electron-hole interactions in small semiconductor

crystallites: The size dependence of the lowest excited electronic state. The Journal of

Chemical Physics 80, 9 (1984), 4403–4409.

[21] Chalons, C., Goatin, P., and Villada, L. High order numerical schemes for one-

dimension non-local conservation laws.

[22] Chandrasekhar, S. Radiative transfer. Dover Publications, 1960.

[23] Christofides, P., Elfarra, N., Li, M., and Mhaskar, P. Model-based Control of

Particulate Processes. Chemical Engineering Science 63, 5 (2008), 1156–1172.

[24] Coddington, E. A., and Levinson, N. Theory of ordinary differential equations. Tata

McGraw-Hill Education, 1955.

[25] Colombo, R. M., Herty, M., and Mercier, M. Control of the continuity equation

with a non local flow. ESAIM Control Optim. Calc. Var. 17, 2 (2011), 353–379.

[26] Colombo, R. M., and Lécureux-Mercier, M. Nonlocal crowd dynamics models for

several populations. Acta Mathematica Scientia 32, 1 (2012), 177–196.



[27] Coron, J.-M., Kawski, M., and Wang, Z. Analysis of a Conservation Law Modeling

a Highly Re-entrant Manufacturing System. Discrete Contin. Dyn. Syst. Ser. B 14, 4

(2010), 1337–1359.

[28] DiPerna, R. J., and Lions, P.-L. Ordinary differential equations, transport theory

and sobolev spaces. Inventiones mathematicae 98, 3 (1989), 511–547.

[29] Distaso, M., Zhuromskyy, O., Seemann, B., Pflug, L., Mačković, M., Encina,
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