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Prolonged physical exercise is often accompanied by mild to severe dehydration. 

Marathon runners, as an extreme example, can lose up to 14 % of their total 

body water (TBW) during races in warm environments. This excess of TBW loss 

is considered close to life-threatening. But also moderate TBW loss can impair 

aerobic endurance, muscular strength, and cognitive performance.

In this light, the present thesis proposes three machine learning approaches 

for quantitative estimation of TBW loss and two theoretical approaches for effi-

cient, nonlinear machine learning. The former approaches support the accurate 

diagnosis of exercise-induced dehydration as well as recommendations on fluid 

intake for rehydration. They are based on the analysis of bioimpedance mea-

surements, salivary markers, and sweat markers. The latter approaches facilitate 

efficient feature selection and classification in complex and nonlinear data sets. 

A combination of both contributions could therefore constitute the foundation of 

future energy-efficient, wearable devices for TBW monitoring.
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Abstract

Prolonged physical exercise is often accompanied by mild to severe de-
hydration. Marathon runners, as an extreme example, can lose up to
14 % of their total body water (TBW) during races in warm environments.
This excess of TBW loss is considered close to life-threatening. But also
moderate TBW loss can impair aerobic endurance, muscular strength,
and cognitive performance. In this light, the present thesis proposes three
machine learning approaches for quantitative estimation of TBW loss and
two theoretical approaches for efficient, nonlinear machine learning. The
former approaches support the accurate diagnosis of exercise-induced
dehydration as well as recommendations on fluid intake for rehydration.
The latter approaches could contribute to future wearable devices for TBW
monitoring, although they are not exclusively applicable to this context.

The first machine learning approach utilizes core and skin temperature
to correct corrupted bioimpedance measurements, which often occur be-
cause of confounding factors during physical exercise. It therefore enables
the usage of the noninvasive and portable bioimpedance technology for
TBW loss estimation during physical exercise. The second machine learn-
ing approach explores the potential of sweat chloride and sweat osmolality
for dehydration diagnosis. It reveals correlations between the two sweat
markers and TBW loss, and it proposes quantitative TBW loss estimations
based on the sweat markers. The third machine learning approach synthe-
sizes information from seven salivary markers (amylase, chloride, cortisol,
cortisone, osmolality, potassium, total proteins). It demonstrates that
salivary markers provide sufficient information for quantitative TBW loss
estimation, which extends previous saliva-based classifications between
euhydrated and dehydration individuals. All three approaches were eval-
uated using measurements that were collected from ten subjects after
eight consecutive, 15 min intervals of physical exercise. Among several
insights, like nonlinearly increasing salivary markers during progressive
dehydration, the evaluation highlighted that TBW loss estimations could
be achieved with an accuracy of 0.34 l, which corresponds to about a glass
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of water. This accuracy was achieved using salivary markers and nonlinear
machine learning.

The first theoretical approach weaves the powerful kernel machinery
into branch and bound (B&B) feature selection. It facilitates the recog-
nition of complex and nonlinear data structures using the efficient B&B
search method. The second theoretical approach introduces an approxi-
mation of the Gaussian radial basis function (RBF) kernel for the efficient
computation of nonlinear classification decisions. It also illustrates the
close relationship between the kernel approximation and the reproducing
kernel Hilbert space (RKHS) that is being approximated. Both approaches
were evaluated on benchmark data sets, which illustrated that they con-
stitute valuable alternatives to state-of-the-art methods.

In summary, nonlinear processing of salivary markers facilitated the
most accurate TBW loss estimations, and the theoretical approaches en-
hanced the toolbox of efficient and nonlinear machine learning. A combi-
nation of both contributions could therefore constitute the foundation
for efficient, nonlinear processing of the physiological measurements and
markers, which would in turn be prerequisite to develop energy-efficient,
unobtrusive wearable devices for TBW monitoring.
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Kurzdarstellung

Lang andauernde körperliche Betätigung wird oft von milder bis ernsthaf-
ter Dehydration begleitet. Marathonläufer, als extremes Beispiel, können
bis zu 14 % ihres Gesamtkörperwassers (engl. total body water, TBW)
während eines Laufs in warmer Umgebung verlieren. Dieses Ausmaß an
TBW-Verlust wird als nahezu lebensbedrohlich angesehen. Aber auch
moderate TBW-Verluste können Ausdauer, Muskelkraft, und kognitive
Leistung beeinträchtigen. In diesem Zusammenhang schlägt die vorlie-
gende Arbeit drei Ansätze des maschinellen Lernens für die quantitative
Schätzung von TBW-Verlusten und zwei theoretische Ansätze für effizi-
entes, nichtlineares maschinelles Lernen vor. Die erstgenannten Ansätze
unterstützen die präzise Diagnose von Dehydrationen sowie Empfeh-
lungen zur Flüssigkeitsaufnahme für Rehydration. Die letztgenannten
Ansätze können zukünftig zu tragbaren Systemen für TBW-Monitoring
beitragen, obwohl sie nicht ausschließlich in diesem Kontext anwendbar
sind.

Der erste Ansatz des maschinellen Lernens nutzt Körperkern- und Haut-
temperatur, um korrupte Bioimpedanz-Messwerte zu korrigieren. Korrup-
te Messwerte treten häufig aufgrund von Störfaktoren während körper-
licher Betätigung auf. Der vorgeschlagene Ansatz ermöglicht daher den
Einsatz der nicht-invasiven und tragbaren Bioimpedanz-Technologie für
die TBW-Verlustschätzung während körperlicher Betätigung. Der zweite
Ansatz des maschinellen Lernens untersucht das Potential von Schweiß-
Chlorid und Schweiß-Osmolalität für die Diagnose von Dehydrationen.
Er zeigt Zusammenhänge zwischen den beiden Schweiß-Markern und
TBW-Verlust auf, und er schlägt quantitative TBW-Verlustschätzungen mit
Hilfe der Schweiß-Marker vor. Der dritte Ansatz des maschinellen Lernens
synthetisiert Informationen aus sieben Speichel-Markern (Amylase, Chlo-
rid, Cortisol, Cortison, Osmolalität, Kalium, Gesamtproteine). Er zeigt,
dass die Speichel-Marker ausreichend Information enthalten, um quan-
titative TBW-Verlustschätzungen zu ermöglichen und erweitert damit
existierende Speichel-basierende Klassifikationen zwischen euhydrierten
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und dehydrierten Individuen. Alle drei Ansätze wurden mit Messwer-
ten evaluiert, die von zehn Probanden nach acht aufeinanderfolgenden,
15-min Intervallen körperlicher Betätigung aufgezeichnet wurden. Un-
ter verschiedenen Erkenntnissen, wie nichtlinear ansteigende Speichel-
Marker mit fortschreitender Dehydration, zeigte die Evaluation, dass TBW-
Verlustschätzungen mit einer Genauigkeit von 0,34 l erreicht werden konn-
ten, was etwa einem Glas Wasser entspricht. Diese Genauigkeit konnte
durch Speichel-Marker und nichtlineares maschinelles Lernen erreicht
werden.

Der erste theoretische Ansatz webt die mächtige Kern-Maschinerie in
die Verzweigen-und-Beschränken (engl. branch and bound, B&B) Merk-
malsauswahl ein. Er ermöglicht damit die Verarbeitung komplexer und
nichtlinearer Datenstrukturen unter Verwendung des effizienten B&B-
Suchverfahrens. Der zweite theoretische Ansatz schlägt eine Approximati-
on des Gaußschen Radiale-Basisfunktion (RBF) Kerns vor, um nichtlineare
Klassifikationsentscheidungen effizient zu berechnen. Er veranschau-
licht ebenso die enge Verwandtschaft dieser Kern-Approximation und
des Hilbertraums mit reproduzierenden Kern, der approximiert wird. Bei-
de Ansätze wurden auf Benchmark-Datensätzen evaluiert, wobei gezeigt
werden konnte, dass sie wertvolle Alternativen zum Stand der Technik
darstellen.

Zusammenfassend wurde gezeigt, dass die nichtlineare Verarbeitung 
von Speichel-Markern die genausten TBW-Verlustschätzungen ermöglich-
te, und dass die beiden theoretischen Ansätze den Werkzeugkasten des 
effizienten, nichtlinearen maschinellen Lernens erweitern konnten. Eine 
Kombination beider Beiträge könnte damit die Grundlage für die effizien-
te, nichtlineare Verarbeitung der physiologischen Messwerte und Marker 
darstellen, welche wiederum Voraussetzung wäre, um energieeffiziente, 
tragbare Systeme für TBW-Monitoring zu entwickeln.
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Chapter 1

Motivation, Contributions, and
Overview

This thesis is concerned with the most abundant constituent of the hu-
man body and situations in which severe amounts of this vital constituent
can be lost. This thesis is concerned with body water and physical exer-
cise. Marathon runners, as an extreme example, may lose up to 14 % of
their total body water (TBW) during races in warm environments (Arm-
strong et al. 1986; Costill 1977; Rehrer 2001). This excess of TBW loss is
considered close to life-threatening (Kenney et al. 2015; Maughan 2003;
Schoeller 2005). But also moderate levels of dehydration can impair aer-
obic endurance, muscular strength, and cognitive performance (Sawka
et al. 1996; Sawka et al. 2007). In this light, the present thesis proposes
three machine learning approaches for quantitative estimation of TBW
loss during physical exercise. The common aim of all three approaches
is to support the accurate diagnosis of exercise-induced dehydration as
well as recommendations on fluid intake for rehydration.

However, advances regarding accurate TBW loss estimation are not suffi-
cient on their own. Hardware in form of wearable devices or lab-on-a-chip
systems is equally important to acquire the measurements, execute the
machine learning algorithms, and report TBW loss estimations back to the
user. Among many aspects, such hardware requires efficient algorithms
to achieve immediate feedback, long battery life, and small, unobtrusive
form factors. The present thesis partly addresses these issues in terms of
two theoretical approaches for efficient and nonlinear machine learning.
A branch and bound (B&B) algorithm in kernel space is proposed for effi-
cient feature selection in nonlinear data sets, and an approximation of
the Gaussian radial basis function (RBF) kernel is introduced for efficient
computation of nonlinear classification decisions. These two theoretical
approaches are not exclusively applicable to the context of TBW loss esti-
mation, but they could contribute to future implementations on wearable
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devices since the machine learning approaches for TBW loss estimation
partially demanded nonlinear processing.

The structure of the thesis reflects above objectives. The machine learn-
ing approaches for TBW loss estimation are subject of Part II and the
theoretical approaches for efficient, nonlinear machine learning are sub-
ject of Part III. A recapitulation in Part IV synthesizes both objectives and
concludes the thesis.

This first chapter motivates research for TBW loss estimation (Chap-
ter 1.1) as well as efficient, nonlinear machine learning (Chapter 1.2). The
chapter then outlines the contributions to the progress of research (Chap-
ter 1.3) and closes with an overview of the thesis’ structure (Chapter 1.4).

Parts of this chapter have been published previously (Ring and Eskofier
2015b, 2016; Ring et al. 2014, 2015, 2016, 2017) and are recapitulated here
with permission.

1.1 Estimation of Water Loss During Physical Exercise

The scientific interest in and practical necessity for accurate TBW assess-
ment is, for example, reflected by the regularly appearing review articles
on the importance of water balance and consequences of dehydration
(e.g., Armstrong 2005; Cheuvront and Kenefick 2014; Grandjean et al. 2003;
Jéquier and Constant 2009; Nuccio et al. 2017; Popkin et al. 2010; Sawka
and Montain 2000; Sawka et al. 2007). To assess the absolute amount
of TBW, the dilution method is widely considered gold standard. In the-
ory, this method should also provide the most accurate assessment of
TBW loss during physical exercise. The dilution method is described in
detail below (Chapter 2.1), but in brief, it first administers a tracer that dis-
tributes within a subject’s TBW and then measures the degree of dilution.
However, regarding the assessment of TBW loss during physical exercise,
there are disadvantages to the dilution method that hamper its practical
application. Among these disadvantages are the requirement of a tracer,
the amount of time, the necessity of careful attention and expertise, the
costly and nontrivial laboratory analysis, and the subjects’ preparation
starting several hours before the procedure.

As a consequence, alternative methods have been proposed to diagnose
exercise-induced dehydration and to facilitate more convenient estima-
tion of TBW loss. These alternatives are reviewed below (Chapter 3), but
in summary, the majority either utilized measurements of bioimpedance
or analyzed aqueous body samples like blood, sweat, saliva, urine, and
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tears. In this context, the present thesis explores three machine learning
approaches to address current challenges in the bioimpedance-based
method, the sweat-based method, and the saliva-based method. The use
of machine learning was repeatedly demonstrated to successfully support
and deal with various physiological and health-related research questions
(e.g., Dürichen et al. 2015; Faul et al. 2007; Lee et al. 2016; Ring and Es-
kofier 2015a; Stegle et al. 2008). This chapter outlines the physiological
background as well as challenges regarding bioimpedance (Chapter 1.1.1),
sweat (Chapter 1.1.2), and saliva (Chapter 1.1.3), along with brief notes
on how the machine learning approaches contribute in this context.

1.1.1 Bioimpedance and Water Loss

Bioimpedance refers to the electrical impedance of the human body if
current is applied to it (Grimnes and Martinsen 2008, Chapters 1 and 9.10).
Bioimpedance is typically reported as a complex number, where the real
part denotes the resistance and the complex part denotes the reactance.
The use of bioimpedance to estimate TBW is recalled in detail below
(Chapter 2.2), but in short, bioimpedance measurements correlate with
the absolute amount of TBW because body water contains electrolytes that
conduct current through the body (Kyle et al. 2004a,b). The bioimpedance
method is attractive because the technology is noninvasive, portable,
rapid, and easy-to-use (Jaffrin and Morel 2008; Kyle et al. 2004a,b). Various
commercial devices are available and have been evaluated scientifically
(e.g., Bedogni et al. 2002; Gibson et al. 2008; Kriemler et al. 2009; Malavolti
et al. 2003). Research already focused on wearable bioimpedance devices
and textiles with integrated measurement devices (e.g., Beckmann et al.
2010; Schlebusch et al. 2010; Villa et al. 2014, 2016).

Regarding physical exercise and similar situations involving TBW loss
(e.g., sauna, diuresis), O’Brien et al. (2002) reviewed several studies that
reported conflicting observations on the resistance, though. Six studies
reported increased resistance values following TBW loss (Cin et al. 1992;
Deurenberg and Schouten 1992; Deurenberg et al. 1992; O’Brien et al.
1999; Olde Rikkert et al. 1997; Saunders et al. 1998), whereas five studies
reported decreased resistance values following TBW loss (Abu Khaled
et al. 1988; Asselin et al. 1998; Hutcheson et al. 1988; Pearman et al. 1989;
Thompson et al. 1991). The observations in those studies that involved
sweating (physical exercise, sauna) may be explained by the presence of
two factors that contrarily influence bioimpedance. The first factor is the
loss of electrolytes in sweat fluid. This loss reduces the total amount of
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electrolytes in the body and should increase bioimpedance (O’Brien et al.
2002). The second factor summarizes physiological effects of sweating
and exercising, in particular the elevated number of active sweat glands
and elevated skin temperature. These effects were reported to decrease
bioimpedance (Buono et al. 2004; Caton et al. 1988; Thomas and Korr
1957).

The conflicting influence of the two factors has been addressed in four
studies (Beckmann et al. 2009; Gatterer et al. 2014; Gudivaka et al. 1996;
Röthlingshöfer et al. 2011). For situations in which bioimpedance mea-
surements are recorded in cold or warm environmental conditions, Gu-
divaka et al. (1996) proposed a heuristic formula to correct bioimped-
ance measurements using additional skin temperature measurements.
Gatterer et al. (2014) asked subjects to take a cold shower after physical
exercise to reduce confounding effects of increased skin temperature and
increased skin blood flow. Beckmann et al. (2009) and Röthlingshöfer et al.
(2011) additionally measured skin temperature and suggested to compare
bioimpedance values only if skin temperature is comparable.

At this point, the present thesis contributes and investigates machine
learning to automatically and immediately correct bioimpedance mea-
surements using core and skin temperature measurements. The aim is to
facilitate the use of the bioimpedance technology for TBW loss estimation
during physical exercise, even if the raw measurements are corrupted by
confounding factors.

1.1.2 Sweat Markers and Water Loss

Sweating is a mechanism to release heat, which results, for example, from
increased metabolism and increased muscle activity during physical exer-
cise (Sawka 1992). This heat is transported with blood flowing from the
core body and muscles, where heat is produced, to the skin surface, where
heat can be released in form of sweat secretion (Sawka et al. 2007; Wilke
et al. 2007). The secreted sweat fluid contains various electrolytes but
mainly consists of water (about 99 %; Mena-Bravo and Castro 2014). For
every 1 ml of water evaporating on the skin, 2.4 kJ of heat are dissipated
to the environment (Wendt et al. 2007).

The relationship between sweat composition and exercise-induced
dehydration was investigated in only one study (Morgan et al. 2004). This
study analyzed several sweat markers, including chloride concentration,
sodium concentration, and osmolality, after 2 h of physical exercise in
two experimental conditions. In the euhydration condition, subjects were
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asked to replace TBW loss by drinking a sodium chloride solution. In the
dehydration condition, subjects were not allowed to replace TBW loss.
Morgan et al. (2004) observed that sweat chloride, sweat sodium, and
the osmolality were significantly greater after the dehydration condition
compared to the euhydration condition.

Two explanations may be reasonable for this observation. The first
explanation relies on the fact that electrolytes are contained in sweat
because the precursor fluid for sweat is filtrated from plasma, and elec-
trolytes are a constituent of blood plasma (Sawka and Montain 2000).
Moreover, electrolytes are partially reabsorbed in the duct of eccrine sweat
glands, because the loss of too many electrolytes can become dangerous
(Sato et al. 1989; Wilke et al. 2007). Considering this background, the first
explanation would argue that reabsorption of sodium and chloride was
reduced in the dehydration condition. However, Buono et al. (2008) noted
that reabsorption primarily changes with sweat rate, but Morgan et al.
(2004) observed no change in sweat rate.

The second and more likely explanation relies on the observation that
both serum sodium concentration and serum chloride concentration were
also increased (Morgan et al. 2004). Because the precursor fluid for sweat
is filtrated from blood, the second explanation would argue that increased
serum concentrations were carried over to sweat composition. The in-
creased serum concentrations were unlikely due to an absolutely higher
amount of electrolytes in the dehydration condition. Instead, serum con-
centrations were likely increased because sweating and TBW loss reduce
blood volume (Sawka and Montain 2000). This reduction corresponds
to a reduction of the space where electrolytes can dilute, but the volume
reduction was not compensated for by fluid intake in the dehydration.
Summarizing this explanation and the study of Morgan et al. (2004), sweat
chloride and sweat sodium seem to reflect blood volume changes caused
by sweating and TBW loss.

At this point, the present thesis contributes and explores machine learn-
ing to relate sweat markers and TBW loss. The aim is to utilize the potential
of sweat markers for the quantitative estimation of an individual’s TBW
loss.

1.1.3 Salivary Markers and Water Loss

The motivation to use salivary markers for TBW loss estimation is analo-
gous to the motivation to use sweat markers for TBW loss estimation. The
precursor fluid for salivation is similarly filtrated from plasma (Thaysen
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et al. 1954). Salivary composition should therefore reflect blood volume
changes caused by TBW loss, too.

The analysis of salivary markers for TBW loss estimation has received
comparatively more attention in the literature (Horn et al. 2012; Muñoz et
al. 2013; Smith et al. 2011; Taylor et al. 2012; Walsh et al. 2004a,b). Walsh et
al. (2004a,b) were the first to analyze saliva in this context. They confirmed
that three salivary markers (osmolality, total protein concentration, flow
rate) were correlated with plasma osmolality (Walsh et al. 2004b) and
TBW loss (Walsh et al. 2004a). However, they also reported substantial
inter-subject variability and assumed that this variability would hamper
subject-independent approaches.

Subsequent studies (Horn et al. 2012; Muñoz et al. 2013; Smith et al.
2011; Taylor et al. 2012) solely focused on salivary osmolality. Smith et al.
(2011) and Horn et al. (2012) studied firefighters and effects of firefighting
personal protective equipment (PPE). Taylor et al. (2012) and Muñoz et al.
(2013) classified euhydrated and dehydrated subjects using a threshold-
based approach. However, Taylor et al. (2012) did not achieve satisfying
accuracies in classification experiments with more than two classes. Tay-
lor et al. (2012) partly attributed these difficulties to the inter-subject
variability, which they observed similarly to Walsh et al. (2004a,b).

At this point, the present thesis contributes and investigates machine
learning to synthesize information from multiple salivary markers in a
regression approach. While the previous classifications enabled discrimi-
nation between discrete groups (e.g., euhydrated subjects vs. dehydrated
subjects), regressions can enable continuous estimations of TBW loss.

1.2 Efficient and Nonlinear Machine Learning

Machine learning methods that analyze, model, or process data with
inherently complex and nonlinear structures typically demand higher
computational resources than less advanced methods (Duda et al. 2001;
Hastie et al. 2009; Jensen et al. 2016; Ring et al. 2012). This is true for
the training and development phase, in which computational resources
are primarily spent on learning an algorithm’s parameters or model, as
well as for the testing and application phase, in which computational
resources are often prerequisite for efficient execution and immediate
feedback. If insufficient computational resources are available in either
phase, these methods will not reach their full potential. Regarding above
aim of quantitative TBW loss estimation, consequences may manifest as

8



1.2 Efficient and Nonlinear Machine Learning

less accurate TBW loss estimations than theoretically possible or unac-
ceptably long runtime on wearable devices. Both ramifications would
hamper acceptance and application of TBW loss estimation on sports
grounds.

In this context, the present thesis explores two theoretical approaches
for efficient, nonlinear machine learning. The first theoretical approach
considers feature selection in the training and development phase, while
the second theoretical approach considers classification in the testing and
application phase. This chapter motivates the two theoretical approaches
in context of TBW loss estimation (Chapters 1.2.1 and 1.2.2, respectively),
along with brief notes on how the two approaches may contribute in this
context. However, neither approach is exclusively applicable to TBW loss
estimation and additional, technical motivations are provided in Part III
(Chapters 8.1 and 9.1).

1.2.1 Kernels for Branch and Bound Feature Selection

Above saliva-based approach for TBW loss estimation is described in
detail below (Part II), but in summary, it performed best when a nonlinear
regression was combined with a preceding feature selection. The best-
performing features (salivary markers) for the nonlinear regression were
selected in the training and development phase. To this end, an exhaustive
search enumerated every possible feature combination and evaluated its
performance. This procedure is also known as wrapper approach and
it yields an optimal feature set, optimal in the sense that this feature
set provides the best empirical performance on the available data. The
wrapper approach with its exhaustive search was computationally feasible
in case of the saliva-based approach because the total number of features
was comparatively low. However, an exhaustive search may not be feasible
in the general case because of its enormous demands on computational
resources.

In this context, the B&B search method may be of interest (Casasent
and Chen 2003; Chen 2003; Nakariyakul and Casasent 2007; Nakariyakul
2009; Narendra and Fukunaga 1977; Somol et al. 2004; Wang et al. 2003;
Yu and Yuan 1993). Under certain conditions that are detailed below
(Chapter 8.2.1), the B&B search method guarantees to find an optimal
feature set without requiring the enormous computational resources of
an exhaustive search. Different methods for B&B feature selection have
been proposed previously and are reviewed in detail below (Chapter 8.2),
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but in short, these methods focused on classification problems without
complex and nonlinear structures.

At this point, the present thesis contributes and weaves the powerful
kernel machinery into the efficient and optimal B&B search method. This
approach facilitates B&B feature selection in classification problems with
inherently complex and nonlinear structures. It constitutes a first step
towards B&B feature selection in regression problems with inherently
complex and nonlinear structures, which might in turn be relevant for the
saliva-based approach.

1.2.2 An Approximation of the Gaussian RBF Kernel

The previous chapter mentioned that the saliva-based approach for TBW
loss estimation performed best when a nonlinear regression was employed
(Chapter 1.2.1). If this nonlinear regression is implemented on wearable
devices in the future, efficiency will likely become an issue. This is be-
cause wearable devices are typically equipped with lower computational
resources in order to adhere to the physical extents of an unobtrusive
accessory.

In this context, the support vector regression (SVR) algorithm may be
of interest (Schölkopf and Smola 2002; Vapnik 1995). The SVR algorithm
is recalled in detail below (Chapter 2.4), but in brief, it utilizes kernels to
process data with inherently complex and nonlinear structures. Kernels,
in turn, can be approximated to save computational resources. Several
kernel approximations have been proposed and are reviewed in detail
below (Chapter 9.2), but in summary, most approximations focused on
efficiency in the training and development phase.

At this point, the present thesis contributes and proposes an approxi-
mation of the Gaussian RBF kernel that focuses on efficiency in the testing
and application phase. This kernel approximation is evaluated using
support vector machines (SVMs), which constitute the discrete counter-
part to SVRs. Efficient SVMs constitute a first step towards efficient SVRs,
which might in turn be relevant for implementations of the saliva-based
approach on wearable devices.

1.3 Contributions to the Progress of Research

The following list summarizes the thesis’ contributions to the progress of
research. The list first covers the three machine learning approaches for
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TBW loss estimation as well as the corresponding data collection study.
The list then covers the two theoretical approaches for efficient, nonlinear
machine learning.

Contributions regarding TBW loss estimation during physical exercise:

(1) Literature reported that bioimpedance measurements are typically
corrupted during physical exercise because of confounding factors
like the elevated number of active sweat glands and elevated skin
temperature (Chapter 1.1.1). Only inconvenient or tedious counter-
measures are currently available, for example, taking a cold shower or
delaying measurements until confounding factors become negligible.

This thesis introduces a machine learning approach that utilizes core
and skin temperature to automatically and immediately correct cor-
rupted bioimpedance measurements during physical exercise. The
approach can be applied to both popular bioimpedance modeling
methods, the model in bioimpedance analysis (BIA) and the model
in bioimpedance spectroscopy (BIS). It facilities the application of
noninvasive and portable bioimpedance technology for TBW loss es-
timation during physical exercise. This contribution has been part of
two previous publications (Ring et al. 2014, 2016).

(2) Literature showed differences in sweat chloride, sweat osmolality, and
sweat sodium after physical exercise without fluid intake compared
to physical exercise with fluid intake (Chapter 1.1.2). The differences
were observed in samples that had been collected after 2 h of physical
exercise, but this discriminative potential has not been utilized to
estimate TBW loss quantitatively.

This thesis analyzes the progression of sweat chloride and sweat osmo-
lality with a higher temporal resolution, reveals correlations between
the two markers and TBW loss, and utilizes the markers for quanti-
tative TBW loss estimation. In contrast to one sample after 2 h of
physical exercise, samples were collected after eight consecutive, 15-
min intervals of physical exercise. Correlations are analyzed using
Pearson’s correlation coefficient, and quantitative TBW loss estima-
tions are proposed using machine learning and the two markers as
inputs. This contribution has been part of a previous publication
(Ring et al. 2015).

(3) Literature demonstrated that salivary osmolality enabled classifica-
tion between euhydrated and dehydrated subjects during physical
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exercise (Chapter 1.1.3). Finer classifications with more than two
groups did not achieve satisfactory results, though.

This thesis introduces quantitative TBW loss estimations that anal-
ogously facilitate classification into discrete groups but additionally
enable precise fluid intake recommendations and accurate dehydra-
tion diagnosis. The approach utilizes machine learning to synthesize
information from two previously investigated markers (osmolality,
total proteins) and five unexplored markers (amylase, chloride, corti-
sol, cortisone, potassium). The collection of eight samples revealed
a nonlinear increase in the markers, which extends previous, linear
observations based on four samples. This contribution has been part
of a previous publication (Ring et al. 2017).

(4) The three machine learning approaches were developed and evalu-
ated using measurements from ten subjects that performed 2 h of
physical exercise without fluid intake. Measurements were collected
every 15 min to analyze the progression of all physiological markers
with high temporal resolution. The parts of this study protocol that
were relevant for each machine learning approach have been pub-
lished in concert with the machine learning approach (Ring et al. 2014,
2015, 2016, 2017). The measurements that were used in these publi-
cations have been donated to PhysioNet1 (Goldberger et al. 2000) to
facilitate further research and to provide a benchmark data set.

Contributions regarding the theory of efficient and nonlinear machine
learning:

(5) Literature observed that B&B feature selection is typically faster than
the popular wrapper approach (Chapter 1.2.1). However, B&B feature
sets often provided only classification accuracies that were inferior to
the wrapper approach.

This thesis weaves the powerful kernel machinery into B&B feature
selection so that complex and nonlinear data structures can be rec-
ognized and competitive feature sets can be provided. To this end,
two traditional B&B criterion functions are transferred to kernel space.
The mean distance in kernel space is proposed as an additional cri-
terion function, which is computationally more efficient. The entire
approach was implemented and integrated into the Embedded Classi-
fication Software Toolbox (ECST) (Jensen et al. 2016; Ring et al. 2012),

1 Available at www.physionet.org/physiobank/database/qde.
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which is available as open source software2, to facilitate further re-
search. This contribution has been part of a previous publication
(Ring and Eskofier 2015b).

(6) Literature contains numerous methods to speed up kernel SVMs
(Chapter 1.2.2). However, the majority of methods focused on ef-
ficiency in the training and development phase, which may involve
suboptimal SVM solutions and amplify approximation effects in the
testing and application phase.

This thesis proposes an approximation of the Gaussian RBF kernel for
the efficient computation of SVM classification decisions in the testing
and application phase. The exact kernel is used in the training and
development phase to obtain the optimal SVM solution. The kernel
approximation is directly derived from the reproducing kernel Hilbert
space (RKHS) that is being approximated, in contrast to many previous
methods that took detours over (ad-hoc) algebraic reformulations or
theoretical properties of kernel functions. Moreover, an error analysis
is provided showing that the relative approximation error decreases
with factorial growth if the approximation quality is increased linearly.
This contribution has been part of a previous publication (Ring and
Eskofier 2016).

1.4 Overview of this Thesis

The remainder of this thesis is organized in three parts. Part II contains
the three machine learning approaches for TBW loss estimation. Part III
contains the two theoretical approaches for efficient, nonlinear machine
learning. Part IV synthesizes the previous two parts and concludes the
thesis.

Part II does not report the machine learning approaches for TBW loss
estimation subsequently, though. Because several aspects were identi-
cal (e.g., data collection, methodological aim, evaluation procedure), the
description of the machine learning approaches is consolidated accord-
ing to fundamentals, related work, data collection, methods, results, and
discussion (Chapters 2 to 7, respectively). In detail, Chapter 2 recalls
fundamental methods that were utilized in this thesis. The chapter re-
calls the dilution method for ground truth assessment of absolute TBW,
the bioimpedance method for estimation of absolute TBW, the ground

2 Available at www.github.com/ma2th/ecst.
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truth assessment of TBW loss, machine learning algorithms for regression
problems, and the leave-one-subject-out cross validation (LOSO-CV) pro-
cedure for model evaluation. Chapter 3 reviews related work regarding
the diagnosis of dehydration and estimation of TBW loss. It is structured
analogously to the three machine learning approaches, i.e., it first sum-
marizes bioimpedance-based approaches, then sweat-based approaches,
and finally saliva-based approaches. Chapter 4 portrays the data collec-
tion, which was conducted to obtain measurements for this thesis. To this
end, the chapter specifies the study protocol that was designed to record
measurements while the participating subjects were continuously losing
water because of physical effort. Chapter 5 proposes the machine learning
approach based on bioimpedance and temperature measurements, the
machine learning approach based on sweat markers, and the machine
learning approach based on salivary markers. Methodological details are
preceded by the common aim to estimate absolute TBW loss and suc-
ceeded by the common evaluation procedure. Chapter 6 illustrates the
evaluation results. These results consist of three primary evaluation mea-
sures, a statistical analysis of sweat markers, and a report of the feature
selection procedure that was applied in case of salivary markers. Chap-
ter 7 discusses concepts, results, drawbacks, and improvements of every
machine learning approach. The chapter also summarizes observations
beyond individual approaches and puts the TBW loss estimation errors
into context. The chapter finishes with potential research directions for
future studies.

Part III describes the two theoretical approaches for efficient, nonlinear
machine learning (Chapters 8 and 9, respectively). In detail, Chapter 8
reviews previous algorithms for B&B feature selection and motivates the
use of kernel-based criterion functions. The chapter describes the pro-
cedure to employ kernel functions in the B&B search method, reports an
empirical evaluation using benchmark data sets, and discusses advan-
tages as well as disadvantages. Chapter 9 recalls the potential of kernel
approximations to speed up the computation of SVM classification deci-
sions. It derives an approximation for the Gaussian RBF kernel and gives
an upper bound on the relative approximation error. This error is illus-
trated using synthetic data sets, and the speed-up of approximated SVMs
is investigated using benchmark data sets. The chapter concludes with a
discussion of the kernel approximation in context of similar methods.

Part IV concludes the thesis and provides an outlook (Chapters 10
and 11, respectively). In detail, Chapter 10 recalls key aspects of the
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present thesis and discusses contributions to the progress of research.
It covers the machine learning approaches for TBW loss estimation and
the theoretical approaches for efficient, nonlinear machine learning. The
chapter closes with joint conclusions. Chapter 11 summarizes key ideas
for potential future work based on the present thesis. It consolidates sug-
gestions for improvement and further development, which are worked
out and discussed throughout the course of the following text.
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Chapter 2

Fundamentals

This chapter recalls fundamental methods that are utilized in the following
chapters. These methods include the ground truth assessment of absolute
TBW (Chapters 2.1), evaluation of bioimpedance measurements for the
estimation of absolute TBW (Chapter 2.2), ground truth assessment of
TBW loss (Chapters 2.3), machine learning for regression problems (Chap-
ter 2.4), and the LOSO-CV method for model evaluation (Chapter 2.5).

Parts of this chapter have been published previously (Ring et al. 2014,
2015, 2016, 2017) and are recapitulated here with permission.

2.1 Ground Truth Assessment of Absolute Total Body
Water

The dilution method is considered the gold standard for assessment of ab-
solute TBW (e.g., Armstrong 2005; Armstrong et al. 1997; Ellis 2000; Moore
1946; Schoeller 2005). The dilution method requires the administration of
a tracer fluid that equally and exclusively distributes in all aqueous body
compartments (Schoeller 2005). A widely used tracer is labeled water,
where either hydrogen (H) or oxygen (O) is substituted with an isotope of
hydrogen or oxygen, respectively. Hydrogen is usually replaced by either
hydrogen-2 (2H, also called deuterium, D) or hydrogen-3 (3H, also called
tritium, T). Oxygen is usually replaced by oxygen-18 (18O).

The calculation of TBW volume depends on type of measurements. The
original method assumes that concentration and volume are measured
(Moore 1946). Although another method, isotope analysis, was utilized in
this thesis, the original method is still recalled first because it illustrates
the underlying principle. The dilution method requires four measure-
ments. The first two measurements concern the concentration C dose and
volume V dose of the tracer dose before it is administered. The third mea-
surement concerns the tracer concentration C natural in the subject’s body
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before the dose is administered. This concentration is often nonzero be-
cause of the natural abundance of many tracers. The fourth measurement
concerns the tracer concentration C TBW in the subject’s body (i.e., in the
subject’s TBW) after the administered dose has equilibrated. The time
for equilibration is about 3 h in subjects with normal water compartmen-
talization (Schoeller 2005), and the two concentrations C natural and C TBW

are typically analyzed in an aqueous body sample (e.g., blood or urine).
After correcting the concentration C TBW by the natural abundance of the
tracer C natural,

C corrected =C TBW−C natural, (2.1)

calculation of TBW volume V TBW follows the dilution principle

C dose×V dose =C corrected×V TBW. (2.2)

This is because the product between concentration and volume equals
tracer mass,

C ×V =m , (2.3)

and this mass has to be the same before administration (C dose ×V dose)
and after equilibration in the subject’s TBW (C corrected×V TBW) (Schoeller
2005).

Two further aspects have to be considered, though. The first aspect
is that the original TBW volume cannot be measured because this vol-
ume is actually increased by administration of the tracer dose. In other
words, the subject consumes the tracer dose and the dose’s volume then
adds to the TBW volume. However, this aspect is usually ignored because
V dose�V TBW. The second aspect is that no tracer distributes in TBW ex-
clusively. In practice, tracers exchange with nonaqueous compartments
to some extent and ignoring this fact would lead to an overestimation
of TBW. TBW volume calculated based on the dilution principle is there-
fore corrected by dividing it by a constant c . Regarding the value of this
constant, Schoeller (2005) reviewed several experiments that targeted
to determine the constant and suggested to use c = 1.042 for the two
hydrogen isotopes (D and T) and c = 1.007 for the oxygen isotope (18O).

As already mentioned, isotope analysis was used in this thesis, instead
of the original method.1 Measurement results of an isotope analysis can
be reported in delta notation

δ=

�

R

R std
−1

�

×1000 [%�], (2.4)

1 Even more methods besides isotope analysis can be found in Groot (2009, Chapter 1.5.1).

20



2.1 Ground Truth Assessment of Absolute Total Body Water

where R is the ratio between the isotopes measured in the sample and
R std is the ratio between the isotopes in the standard (Groot 2009, Chap-
ter 0). For example, if deuterium oxide (D2O) is employed as tracer fluid,
R denotes the ratio D/H measured in the aqueous body sample and the
corresponding standard is Vienna standard mean ocean water (VSMOW),
with R std = 1.5576×10−4.

The tracer dose is commonly characterized using the atom percent-
age AP instead of the concentration C dose. Atom percentage AP reports
the ratio between the isotopes, multiplied by 100. For example, if deu-
terium oxide (D2O) is employed as tracer fluid, AP reports the ratio be-
tween D and H atoms multiplied by 100.

For these measurements used in isotope analysis, Schoeller et al. (1980)
derived the following formula to calculate the mass of TBW:

m TBW =
1

c
×

m dose

M tracer
×

AP

100
×M H2O×

1

R std(δ−δ0)
[kg], (2.5)

where m dose is the mass of the tracer dose in [g], M tracer is the molecular
weight of the tracer in [g/mol], M H2O is the molecular weight of water
in [g/mol], andδ andδ0 are the results of the isotope analysis for the aque-
ous body samples after equilibration and before tracer administration,
respectively.2 The constant c was not included in the original publication
of the formula (Schoeller et al. 1980) but appeared in later publications
(e.g., Armstrong et al. 1997; Schoeller 2005).

For consistency with the notation in this thesis, the mass of the tracer
dose m dose is replaced with the product between the volume of the tracer
dose V dose in [cm3] and the density of the tracer ρtracer in [g/cm3]. TBW
mass m TBW is converted to TBW volume V TBW by dividing it by the density
of water ρH2O in [g/cm3]. Applying these reformulations to (2.5), TBW
volume can be calculated as

V TBW =
1

c
×

V doseρtracer

M tracer
×

AP

100
×M H2O×

1

R std(δ−δ0)
×

1

ρH2O
[l]. (2.6)

The values for the water-related constants are M H2O = 18.0154 g/mol and
ρH2O = 0.9982 g/cm3, and for the remaining constants, for example in case
of deuterium oxide, ρtracer = 1.1047 g/cm3 and M tracer = 20.0276 g/mol.

2 Although mass and mass-related measures are given in [g] in (2.5), the resulting TBW
mass m TBW is given in [kg]. That is because δ is reported in per mille (2.4) and implic-
itly brings in a division by 1000.
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The subjects themselves have to prepare for the procedure (Schoeller
2005), too. They should eat their last meal 12–15 h before tracer administra-
tion, they should not drink for several hours before tracer administration,
they should consume normal amounts of fluid and food on the day before
tracer administration, and they should avoid strenuous exercise on the
day before tracer administration. The first two requirements (i.e., empty
stomach) can be realized by collecting the aqueous body samples in the
morning after subjects had to fast overnight (e.g., Deurenberg et al. 1995;
Lukaski et al. 1985; Lukaski and Johnson 1985; Pialoux et al. 2004).

2.2 Bioimpedance-based Estimation of Absolute Total
Body Water

There are several models to evaluate bioimpedance measurements if bio-
impedance should be utilized for the estimation of absolute TBW (e.g.,
Jaffrin and Morel 2008; Kyle et al. 2004a,b). The following chapters de-
scribe two popular models: the model used in BIA and the model used in
BIS. The descriptions are preceded by the basic principles that are shared
by both models and succeeded by comments on the application in this
thesis.

2.2.1 Basic Principles

BIA and BIS models agree on the usage of homogenous, uniform cylinders
to model the human body. For such a homogenous, uniform cylinder,
the electrical resistance R is related to the cross sectional area A, length l ,
volume V = Al , and material-specific resistivity ρ by

R =ρ
l

A
=ρ

l 2

V
. (2.7)

Both BIA and BIS equate the cylinder length l with the subject’s body
height H and apply a small alternating current to the subject’s body to
obtain the body’s resistance R (or complex impedance Z =R + i X , where
i denotes the imaginary unit and X the reactance).

Regarding the other two variables, resistivity ρ and volume V , BIA and
BIS differ. BIA estimates the resistivityρ using empirical observations and
interprets the volume V as the TBW volume V TBW. BIS utilizes a physical
concept to obtain the resistivity ρ and interprets the volume V as the
subject’s body volume V body.
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2.2.2 The Model in Bioimpedance Analysis

BIA motivates the interpretation V =V TBW with the observation that most
electrolytes in the human body, e.g., sodium ions (Na+), chloride ions
(Cl–), are dissolved in water. Because these electrolytes are the primary
electrical conductors, BIA assumes that TBW is equal, or proportional, to
the volume V of the assumed cylinder. BIA therefore reformulates and
interprets (2.7) as

V TBW =ρ
H 2

R
. (2.8)

Because resistance R and body height H are measured, the only unknown
on the right hand side is the resistivity ρ. BIA estimates this resistivity
based on empirical observations in a training data set. For this purpose,
V TBW is measured using the ground truth dilution method (Chapter 2.1)
so that the resistivity ρ can be estimated using a linear regression of (2.8).

In practice, most BIA approaches added further variables to the regres-
sion equation (e.g., Kyle et al. 2004a). One widely used approach reads

V TBW = a0+a1
H 2

R
+a2W +a3A+a4S , (2.9)

where a1 includes the resistivity ρ, and body weight W , age A, and an
indicator variable S for sex have been added. The coefficients a0, a1, . . . , a4

are learned on a training data set analogously.

2.2.3 The Model in Bioimpedance Spectroscopy

BIS interprets the volume V as the body volume V body, according to the
approach in Jaffrin and Morel (2008) and Jaffrin et al. (2006). BIS therefore
reformulates and interprets (2.7) as

V body =ρ
H 2

R
. (2.10)

As in the BIA case, resistance R and body height H are measured, and
the only remaining unknown on the right hand side is the resistivity ρ.
BIS models this resistivity using Hanai mixture theory (Hanai 1960). This
theory provides a formula for the resistivity ρ of a mixture that is com-
prised of conductive (TBW) and nonconductive substances (e.g., bones,
fat). Applied to the present context, the formula reads

ρ =ρwater

�

V TBW

V body

�− 3
2

, (2.11)
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where ρwater denotes the resistivity of body water.3 If the resistivity ρ
in (2.10) is expressed using this formula, TBW volume can be calculated
as

V TBW =

�

ρwaterH 2
p

V body

R

�
2
3

. (2.12)

Because body volume V body is usually unknown, BIS employs an approxi-
mation based on the subject’s body weight W and an average body den-
sity D :

V body =
W

D
. (2.13)

Furthermore, BIS includes a constant K to account for the fact that a single
cylinder (Chapter 2.2.1) is only a rough approximation to the human body.
This constant was derived in De Lorenzo et al. (1997, Appendix B & C). In
summary, BIS modeling therefore calculates TBW volume

V TBW = k

�

H 2
p

W

R

�
2
3

[l], (2.14)

where the constant

k = 10−2×
�

ρwaterK
p

D

�
2
3

(2.15)

summarizes the three constants ρwater, K , and D . Here, height H is as-
sumed in [cm], body weight W in [kg], resistance R in [Ω], electrical re-
sistivity ρwater in [Ω cm], and body density D in [kg/l]. The factor 10−2

is required to obtain V TBW in [l]. Using the values ρwater = 104.3 Ω cm
(Jaffrin and Morel 2008), K = 4.3 (Van Loan et al. 1992), and D = 1.05 kg/l
(Van Loan et al. 1992), the resulting value for the constant k was truncated
to 0.5764 for usage in this thesis.

2.2.4 Comments and Application

In BIA modeling, the resistance R is often replaced with the magnitude of
the bioimpedance |Z |= |R + i X | (e.g., Kyle et al. 2004a). In BIS modeling,
the bioimpedance Z is usually measured over an entire frequency range,

3 The resistivity of body water is not necessarily equal to the resistivity of normal water. As
mentioned above (Chapter 2.2.2), body water contains electrolytes as well as other sub-
stances in certain concentrations. These additional ingredients may change the electrical
properties of body water compared to normal water.
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Figure 2.1: Schematic illustration of cell membranes (large blue circles), water
inside and outside of cells (small blue dots), electrical current at low frequency
(dotted lines), and electrical current at high frequency (dashed lines). Because cell
membranes act like capacitors, low frequency current does not penetrate them and
flows through water outside cells (Kyle et al. 2004a). Electrical conductance at low
frequency therefore correlates with the volume of ECW. High frequency current
penetrates cell membranes and flows through water inside and outside of cells.
Electrical conductance at high frequency therefore correlates with the volume of
intracellular water (ICW) and ECW, which gives TBW. Illustration adapted from
De Lorenzo et al. (1997).

e.g., 5 kHz to 1 MHz, and then extrapolated to infinity (De Lorenzo et
al. 1997). This is because the electrical conductance at low frequency
corresponds to the volume of extracellular water (ECW) and the electrical
conductance at infinitely high frequency corresponds to the volume of
TBW (Figure 2.1).

In this thesis, the resistance R was also replaced with the magnitude of
the bioimpedance |Z |, turning (2.9) into

V TBW = a0+a1
H 2

|Z |
+a2W +a3A+a4S , (2.16)

but the bioimpedance at the fixed frequency of 1 MHz was used to repre-
sent TBW. Using a fixed frequency was necessary because the bioimped-
ance device used in this thesis (Chapter 4.3.3) did not provide sufficient
information for an accurate extrapolation. However, a fixed frequency im-
poses no restriction because the machine learning approaches proposed
below (Chapter 5.2) can be applied to extrapolated values analogously.
Finally, the physically motivated BIS equation was wrapped into a linear
regression. Formally, (2.14) was extended to

V TBW = b0+ b1k

�

H 2
p

W

|Z |

�
2
3

, (2.17)

where b0 and b1 are linear regression coefficients.
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2.3 Ground Truth Assessment of Total Body Water Loss

Ground truth values for TBW loss during physical exercise are usually
obtained by equating the loss of nude body weight with the loss of TBW
(e.g., Armstrong 2005; Beckmann et al. 2009; Ely et al. 2011; Gatterer et al.
2014; Hamouti et al. 2011; Horn et al. 2012; Morgan et al. 2004; Muñoz
et al. 2013; Röthlingshöfer et al. 2011; Shirreffs 2003; Smith et al. 2011;
Taylor et al. 2012; Walsh et al. 2004a,b). The assumption is that, if there
is no food and fluid consumption, no urine and fecal losses, the only
reason for changes in nude body weight is the loss of TBW. If there were
food or fluid consumption, urine or fecal losses, the method would still
be applicable but changes in nude body weight have to be corrected for
consumed or lost masses, respectively. There are actually more factors
that influence nude body weight (e.g., respiratory water loss, substrate
oxidation; Maughan et al. 2007), but these factors are typically ignored for
physical exercise lasting between 1 and 4 h (Armstrong 2005).

2.4 Machine Learning for Regression Problems

The estimation of TBW loss conceptually constitutes a regression problem.
A regression provides an estimate f (x) for a target y by processing a vector
of D inputsx= (x1, x2, . . . , xD )T (Hastie et al. 2009, Chapter 2). Regressions
are handy if the target variable y is hard, costly, or tediously to obtain, but
the input variables x are easier, cheaper, or faster to obtain. Regressions
differ from classifications, which are addressed below (Part III), with re-
spect to the characteristics of the target variable. The former estimates
quantitative target variables, whereas the latter estimates qualitative target
variables. The aspect of a regression that may involve machine learning
concerns the regression’s model parameters. These parameters can be
learned by machine on basis of a set of N input-target pairs {xi , yi }Ni=1.
The input-target pairs are typically empirical observations and are called
training data set.

Three machine learning algorithms were employed to perform regres-
sions in this thesis. The first algorithm was ordinary least squares (OLS),
which determines the parameters a0 and a of the linear regression model

f (x) = a0+a
Tx= a0+a1 x1+a2 x2+ · · ·+aD xD (2.18)
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so that the residual sum of squares

N
∑

i=1

(yi − f (xi ))
2 (2.19)

between target variables yi and regression estimates f (xi ) becomes mini-
mal (Hastie et al. 2009, Chapter 3). For this purpose, OLS basically differ-
entiates (2.19) with respect to a0 and a, sets the derivatives to zero, and
solves for a0 and a. This gives a closed-form solution, which involves
only straightforward matrix calculations. OLS and the linear regression
model are applicable whenever the relationship between input x and
target y is of linear nature or arguably close to linear nature. Historically,
OLS and the linear model did not originate from the machine learning
field, though. The general concept, however, is typical for many machine
learning algorithms and, in particular, for the following algorithm, which
originated from the machine learning field.

This second algorithm, Gaussian process regression (GPR), naturally
arises from the linear regression model (2.18) if it is treated in the Bayesian
framework (Rasmussen and Williams 2006, Chapter 2). To this end, the
parameters a0 anda are considered as random variables and a zero-mean
Gaussian prior

ã∼N (0,Σ), (2.20)

where ã = (a0,a)T summarizes a0 and a, and Σ denotes the covariance
matrix, is put on the random variables. Moreover, zero-mean Gaussian
noise

ε∼N (0,σ2
n ), (2.21)

whereσ2
n denotes the variance, is added to the relationship between target

variable y and regression estimate f (x),

y = f (x) +ε. (2.22)

By conducting Bayesian inference on this model, a closed-form solution
for the estimate f (x) can be obtained. Actually, the zero-mean Gaussian
prior (2.20) leads to an estimate f (x)with expectation value of zero,

E [ f (x)] = E [a0+a
Tx] = E [a0] +E [a]Tx= 0. (2.23)

Although this result is not a restriction and the expectation changes after
conditioning the model on the training set, the model can be extended to
have nonzero expectation. The function that describes the form of the
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expectation is then called the mean function of the GPR and a setting
that has to be specified by the user. Moreover, the kernel trick (Boser et al.
1992) can be applied to map data with inherently complex and nonlinear
structures to another, often high-dimensional, space in which the simpler
linear model is suitable again. In the case of GPRs, the kernel function
is typically called covariance function and the second setting that has
to be specified by the user. An example is the squared exponential (SE)
covariance function

k (xi ,x j ) :=σ
2
f e −

1
2`2
‖xi−x j ‖2

2 , (2.24)

where amplitudeσ f and characteristic length-scale ` are parameters. To
learn all model parameters (e.g., σn , σ f , `), the marginal likelihood of
the training targets given the model and the training inputs is maximized.
For this purpose, the type of likelihood function has to be defined, too.
This definition is the third setting that has to be specified by the user.
Finally, the motivation for the name covariance function as well as the
name Gaussian process regression originate from an alternative derivation
based on Gaussian processes. The alternative derivation eventually leads
to the same regression approach but is not covered here.

The third approach was the ε-SVR algorithm (Schölkopf and Smola
2002; Vapnik 1995). SVR also builds on the linear regression model (2.18).
The major characteristics of SVR are two-fold and concern the determina-
tion of the model parameters. First, the model parameters are determined
so that both training error and model complexity get minimized. These
two factors actually conflict because the training error will usually be
minimized, or even eliminated, if the model complexity can be increased
arbitrarily. However, complex models tend to overfit the training data and
generalize worse to unseen testing data. Therefore, SVR introduces an
user-defined parameter C that controls the weighting of the two conflict-
ing factors with respect to the entire minimization procedure. Second,
an ε-insensitive loss function is employed, which causes estimates f (xi )
with

| f (xi )− yi |<ε (2.25)

to not get penalized in the minimization procedure. The value of ε has to
be specified by the user. Besides the use of the linear regression model,
other similarities to GPR include the opportunity to work on the inputs
directly or after a mapping to another space in which the linear model
is suitable. Actually, the concept to map data with inherently complex
and nonlinear structures to another space and the corresponding kernel
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machinery were initially developed for support vector-based algorithms
(Boser et al. 1992). For SVR, exemplary kernel functions include the linear
(LIN) kernel

k (xi ,x j ) :=x
T
i x j , (2.26)

which works on the inputs directly, and the RBF kernel

k (xi ,x j ) := e −γ‖xi−x j ‖2
2 , (2.27)

which maps the inputs to an infinite-dimensional space. The width γ
in (2.27) is a parameter that has to be specified by the user.

2.5 Leave-One-Subject-Out Cross Validation

There is a variety of methods to assess the performance of machine learn-
ing algorithms, e.g., Hastie et al. (2009, Chapter 7), Duda et al. (2001, Chap-
ter 9), Webb (2002, Chapter 11.1), or Witten et al. (2011, Chapter 5). Many
of these algorithms consist of two components that may be exchanged
independently: evaluation procedure and evaluation measure.

Here, LOSO-CV is employed as evaluation procedure (Figure 2.2). The
LOSO-CV procedure mimics and evaluates an algorithm’s performance
in future application scenarios (Stone 1974). In detail, every subject is
labeled once as testing subject and the remaining subjects are labeled
as training subjects. For every such combination of training and testing
subjects, the algorithm of interest is trained on the group of training sub-
jects and evaluated on the corresponding testing subject. The evaluation
results of all testing subjects are averaged and the mean, and possibly fur-
ther statistics like standard deviation, are returned as final performance
assessment.

Besides the advantage that the LOSO-CV procedure simulates future
application scenarios, the procedure is also favorable from a statistical
point of view. This is because the LOSO-CV procedure provides an almost
unbiased estimator for the expected error (Luntz and Brailovsky 1969).
The term almost means that the expectation of the LOSO-CV error over
all data sets of n subjects is actually identical to the expected error for
n − 1 subjects. In formulas, if ε̂n is the LOSO-CV error for a data set of
n subjects, En [ε̂n ] is the expectation over all data sets of n subjects, and
ε is the expected error for data sets of n −1 subjects, then ε−En [ε̂n ] = 0.
On the one hand, this almost unbiasedness is a valuable property. On the
other hand, a possibly high variance, E [(ε̂−En [ε̂n ])2], has to be accepted
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Testing subject

Training subject

Fold 1

Fold 2

Fold 3

Fold 4

Fold 5

Figure 2.2: Example of a LOSO-CV for five subjects. Every subject is used once for
testing the algorithm’s performance after the remaining subjects have been used
for training of the algorithm.

in turn (Hastie et al. 2009, Chapter 7). A high variance may result because
the group of training subjects is almost identical in all n training folds
but the testing subjects differ. Nevertheless, the LOSO-CV procedure
“turns out to be currently the most reliable estimator of the expected error
available” (Schölkopf and Smola 2002, Chapter 12). Both the low bias and
the potentially high variance were illustrated and confirmed in simulated
data sets by Rodriguez et al. (2010).

If the algorithm of interest requires parameters to be specified, the
LOSO-CV procedure is also favorable in terms of consistency. The LOSO-
CV procedure can be employed in a nested manner to determine the
best-performing algorithm parameters in the same way as the algorithm
itself is evaluated (e.g., Hastie et al. 2009, Chapter 7.10.2). To differentiate
between the two types of LOSO-CVs in the following, nested LOSO-CVs
for parameter optimization will be called inner LOSO-CVs and LOSO-
CVs for algorithm evaluation will be called outer LOSO-CVs. Using these
terms, the nested application can be described as follows (Figure 2.3).
The outer LOSO-CV performs the partitioning into training and testing
subjects as usual. However, the algorithm of interest is not immediately
trained on the group of training subjects. Instead, an inner LOSO-CV
is first performed to evaluate the algorithm’s performance using every
admissible parameter value, or every admissible set of parameter values
if there are multiple algorithm parameters. The systematic approach to
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Training subject

Outer LOSO-CV
fold 1

Inner LOSO-CV
fold 1

Inner LOSO-CV
fold 4

Outer LOSO-CV
fold 2

Inner LOSO-CV
fold 1

Inner LOSO-CV
fold 4

Outer LOSO-CV
testing subject

Inner LOSO-CV
testing subject

Figure 2.3: Example of the first two folds of a nested LOSO-CV for five subjects.
The outer LOSO-CV partitions the subjects into training and testing subjects as
usual. For every partition, an inner LOSO-CV procedure is conducted using only
the training subjects of the outer LOSO-CV.

evaluate every admissible set is also called grid search. Once the best-
performing values have been determined, the outer LOSO-CV proceeds
by training the algorithm with these values and evaluates the algorithm
on the testing subject as usual. A noteworthy remark regarding the nested
application is that inner LOSO-CVs receive all subjects except the testing
subject of the outer LOSO-CV. That is, the best-performing parameters
are actually determined on basis of less information.

There are also disadvantages to LOSO-CV procedure. For example, the
procedure can become time-consuming or even computationally pro-
hibitive, in particular if there is a large number of subjects, e.g., Witten
et al. (2011, Chapter 5) or Hastie et al. (2009, Chapter 7). Time-consuming
computations were not considered as critical in this thesis, though. An-
other disadvantage, or consequence, is that the LOSO-CV procedure does
not provide a finally trained algorithm that can be applied in future appli-
cations, although the purpose of the LOSO-CV procedure is to estimate
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the expected performance of this very algorithm (Stone 1974). There-
fore, a final training run, this time including all subjects, is typically per-
formed to obtain the trained algorithm that will be applied in future ap-
plications. Possible inner LOSO-CVs for parameter optimization become
“outer” LOSO-CVs and receive the data of all subjects. Analogously, the
best-performing parameters determined by the inner LOSO-CV are used
for training of the final algorithm.
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Related Work

This chapter recapitulates related work regarding the diagnosis of dehydra-
tion and estimation of TBW loss during physical exercise. It is organized
with respect to the three machine learning approaches that are subject of
the current part of this thesis. The chapter therefore begins with related
work regarding bioimpedance measurements during physical exercise
and the challenging presence of confounding factors (Chapter 3.1). The
chapter then continues with studies regarding the potential of sweat mark-
ers to detect exercise-induced dehydration (Chapter 3.2). Next, studies
regarding saliva-based dehydration diagnosis and TBW loss estimation
are reviewed (Chapter 3.3). Finally, key aspects of this literature review
are summarized (Chapter 3.4).

3.1 Confounding Factors on Bioimpedance
Measurements

The fundamentals of bioimpedance-based TBW estimation are described
above (Chapter 2.2) and in several review articles (e.g., Buchholz et al.
2004; Jaffrin and Morel 2008; Kyle et al. 2004a,b; Matthie 2008; Sanchez et
al. 2014). As also described above (Chapter 1.1.1), O’Brien et al. (2002) re-
viewed eleven studies that investigated the bioimpedance method during
physical exercise and similar situations of TBW loss (e.g., sauna). How-
ever, this review revealed conflicting observations. Six of the eleven stud-
ies reported increased resistance values after TBW loss (Cin et al. 1992;
Deurenberg and Schouten 1992; Deurenberg et al. 1992; O’Brien et al.
1999; Olde Rikkert et al. 1997; Saunders et al. 1998), whereas the remain-
ing five studies reported decreased resistance values after TBW loss (Abu
Khaled et al. 1988; Asselin et al. 1998; Hutcheson et al. 1988; Pearman
et al. 1989; Thompson et al. 1991). Several confounding factors could
have caused the conflicting observations. O’Brien et al. (2002) mentioned
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sweating, increased skin temperature, ongoing fluid shifts between ECW
and ICW, and redistribution of blood flow. Kushner et al. (1996) argued
that increased cutaneous blood flow, vasodilation, increased vascular per-
fusion, and warming of muscle tissue lead to decreased bioimpedance
values.

Similar studies that were not covered in the review by O’Brien et al.
(2002) included, for example, Jürimäe et al. (2000), Koulmann et al. (2000),
Lemmey et al. (2000), Liang and Norris (1993), and Pialoux et al. (2004). Of
these studies, Pialoux et al. (2004) used a slightly different study protocol
than most other studies. The authors did not measure bioimpedance
immediately, or shortly, after physical exercise but on the following day as
well as on the eighth day after physical exercise. This experiment revealed
that, although bioimpedance measurements are corrupted during, or im-
mediately after, physical exercise, bioimpedance-based TBW estimations
again corresponded to ground truth TBW on the following day and on the
eighth day after physical exercise.

Other studies investigated effects of ambient air temperature and skin
temperature without physical exercise. For example, Caton et al. (1988)
reported decreased resistance values at an ambient temperature of 35◦ C
compared to 14◦ C. Medrano et al. (2010) increased room temperature
from 24◦ C to 39◦ C, which caused bioimpedance values to decrease, and
then decreased room temperature to 13◦ C, which caused bioimpedance
values to increase. Liang et al. (2000) also reported a negative correla-
tion between ambient air temperature and resistance. Cai et al. (2000)
reported decreased bioimpedance values after room temperature was
increased from 14◦ C to 35◦ C. The authors explained this observation by a
redistribution of blood volume from the thorax to the extremities and the
fact that the thorax contributes less to the total body bioimpedance than
the extremities. Buono et al. (2004) changed ambient air temperature
from 15◦ C to 35◦ C, and vice versa. In addition to the bioimpedance,
they also measured skin blood flow. This experiment showed that bio-
impedance is inversely related to both skin temperature and skin blood
flow. In summary, these studies consistently reported that either bioim-
pedance Z =R + i X or only resistance R is inversely related to ambient
temperature T , i.e., Z ∼ 1/T or R ∼ 1/T , respectively.

Only four studies (Beckmann et al. 2009; Gatterer et al. 2014; Gudivaka
et al. 1996; Röthlingshöfer et al. 2011) directly addressed the presence of
confounding factors on bioimpedance. Gudivaka et al. (1996) conducted
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an experiment in which heating and cooling blankets were used to in-
crease and decrease the subjects’ skin temperature, respectively. As above
studies, this experiment also showed that bioimpedance values changed
inversely to skin temperature, but the relationship also depended on the
frequency at which bioimpedance was measured. Gudivaka et al. (1996)
observed the largest changes at the lowest frequency (5 kHz) and the small-
est changes at higher frequencies (e.g., 500 kHz). The authors therefore
proposed a bioimpedance correction term if bioimpedance is measured
in cold or warm conditions. This correction was computed by the function
a1+a2 log f + (a3+a4 log f )T , where f denotes the frequency, T denotes
the skin temperature, and a1, a2, a3, and a4 denote model parameters that
were fitted their data.

Gatterer et al. (2014) did not correct bioimpedance measurements but
asked subjects to take a cold, 15-min shower after they had performed
1 h of physical exercise. The authors hypothesized that a cold shower
would reduce confounding effects of increased skin temperature and in-
creased skin blood flow. Gatterer et al. (2014) therefore measured the
bioimpedance every 20 min after showering until they observed stable
resistance values, which took 75 min on average. A statistical analysis
showed that the stable measurements were indeed significantly higher
than before physical exercise, which indicated TBW loss. However, Gat-
terer et al. (2014) did not further utilize these measurements to concretely
estimate TBW loss.

Beckmann et al. (2009) and Röthlingshöfer et al. (2011) measured bio-
impedance as well as skin temperature during physical exercise. Based
on the experimental evaluation, both author groups suggested that two
bioimpedance values should be compared only if the corresponding skin
temperatures are comparable.

Finally, the presence of confounding factors on bioimpedance has been
addressed in other contexts, too. For bioimpedance-based dry weight esti-
mation of brook trout (Salvelinus fontinalis) fish, Hafs and Hartman (2015)
employed linear mixed-effect models to correct bioimpedance measure-
ments if fish were acclimated to different water temperatures. Stolarski et
al. (2014) proposed a similar method for Dolly Varden (Salvelinus malma)
fish. In context of bioimpedance-based glucose monitoring, Huber et
al. (2007) performed multiple regression using a polynomial model to
correct bioimpedance measurements based on additional temperature
measurements.
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3.2 Sweat Analysis for Dehydration Diagnosis

Sweat composition was studied in various experimental conditions and
studies that were relevant to the present thesis are summarized below.
However, only one study (Morgan et al. 2004) concentrated on a simi-
lar condition as the present thesis and investigated effects of exercise-
induced dehydration on sweat markers. Morgan et al. (2004) conducted
two experimental conditions, each consisting of 2 h of physical exercise
in a hot-humid environment. The conditions differed with respect to
fluid intake. In the euhydration condition, subjects were asked to replace
TBW loss with a sodium chloride solution. In the dehydration condition,
subjects were not permitted to replace TBW loss. During both condi-
tions, Morgan et al. (2004) collected sweat samples at the forearm and
analyzed osmolality, potential of hydrogen (pH), sweat rate, and the con-
centration of chloride, potassium, and sodium. Morgan et al. (2004) found
that osmolality, chloride concentration, and sodium concentration were
significantly greater after the dehydration condition compared to the eu-
hydration condition, which indicated the potential of these sweat markers
for the detection of dehydration.

Two other studies (Hew-Butler et al. 2010; Kozlowski and Saltin 1964)
also analyzed sweat samples after physical exercise without fluid intake,
but the primary focus was different. Kozlowski and Saltin (1964) com-
pared body weight, ECW, electrolyte loss, and plasma volume after three
experimental conditions (sauna, intensive physical exercise at 18◦ C, mild
physical exercise at 38◦ C) without fluid intake. For this comparison, the
authors also measured sweat osmolarity and the concentration of sweat
chloride, sweat potassium, and sweat sodium. The study showed sig-
nificant differences in body weight, ECW, and plasma volume between
the three experimental conditions. Regarding electrolyte loss, no differ-
ences were observed. However, the authors did not investigate potential
correlations between TBW loss and the sweat markers.

Hew-Butler et al. (2010) studied the influence of the arginine vaso-
pressin (AVP) hormone on sweat composition and urine composition
after two experimental conditions (steady-state physical exercise, high-
intensity physical exercise) without fluid intake. After both conditions, lin-
ear correlations were observed between sweat sodium and serum sodium.
After steady-state physical exercise, linear correlations were also observed
between sweat sodium and AVP. Hew-Butler et al. (2010) concluded that
the changes in sweat sodium and urine sodium might have been caused
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by changes in serum sodium, which was in turn probably regulated by AVP.
However, the authors did not investigate potential correlations between
TBW loss and the sweat markers.

Studies within a broader context included, for example, Buono et al.
(2007) who found that sweat osmolality and sweat sodium were reduced
for a given sweat rate after subjects completed a 10-d heat acclimation
program. The authors concluded that heat acclimation increased the
reabsorption of sodium in eccrine sweat glands. In contrast, Hamouti et al.
(2011) found no differences in sweat sodium between aerobically trained
subjects and aerobically untrained subjects if values were normalized for
sweat rate. Hazelhurst and Claassen (2006) reported higher sweating rates
in males than females during physical exercise with fluid intake. These
studies indicated that heat acclimation and sex should to be considered
if sweat markers are used for dehydration diagnosis, whereas different
levels of aerobic fitness may not constitute a confounding factor.

Patterson et al. (2000) reported that many sweat markers showed higher
values if they were analyzed in regional sweat samples (e.g., chest, fore-
head, lower back) compared to whole-body sweat samples. Regional
chloride and regional sodium also enabled accurate prediction of whole-
body chloride and whole-body sodium, respectively. Baker et al. (2009a)
reported similar prediction equations for whole-body potassium and
whole-body sodium, whereas Baker et al. (2011) could not successfully
predict whole-body calcium, copper, or magnesium based on regional
values. If sweat-based TBW loss estimations would require samples from
a specific region, these studies indicated that many markers can be con-
verted if they were measured in whole-body samples, and vice versa.

3.3 Saliva Analysis for Dehydration Diagnosis

Salivary markers were explored more extensively in the context of exercise-
induced dehydration than sweat markers (Chapter 3.2). This chapter
reviews related work that studied salivary markers during physical exercise
(Horn et al. 2012; Muñoz et al. 2013; Smith et al. 2011; Taylor et al. 2012;
Walsh et al. 2004a,b), after fasting (Gregersen and Bullock 1933; Ship and
Fischer 1999; Ship and Fischer 1997), with respect to the circadian rhythm
(Dawes 1974; Del Corral et al. 2016; Ferguson and Botchway 1979, 1980;
Perrier et al. 2013), over multiple days (Cheuvront et al. 2010; Oliver et al.
2008), with respect to mouth rinses (Ely et al. 2014), and after isotonic
dehydration (Ely et al. 2011).
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Walsh et al. (2004a,b) were the first to analyze salivary markers in the
context of exercise-induced dehydration. Walsh et al. (2004b) studied
salivary markers in two experimental conditions. During the dehydration
condition, subjects were not permitted to replace TBW loss, whereas dur-
ing the euhydration condition, subjects were asked to replace TBW loss
with water. During the dehydration condition, the authors observed that
osmolality as well as proteins increased, whereas flow rate decreased. Os-
molality and proteins were also correlated with plasma osmolality, which
was considered a reference marker for hydration. During the euhydration
condition, the authors observed that only proteins increased but not as
high as in the dehydration condition. Based on these experiments, Walsh
et al. (2004b) concluded that salivary osmolality and salivary proteins can
track changes in hydration.

Walsh et al. (2004a) collected salivary samples during physical exercise
without fluid intake. The samples were also analyzed for flow rate, os-
molality, and proteins. As in the dehydration condition of Walsh et al.
(2004b), Walsh et al. (2004a) observed that osmolality and proteins in-
creased, whereas flow rate decreased. In addition to Walsh et al. (2004b),
Walsh et al. (2004a) reported that both osmolality and proteins were cor-
related with TBW loss. However, Walsh et al. (2004b) as well as Walsh
et al. (2004a) reported considerable inter-subject variability and assumed
that challenges would be encountered if these markers were used for
subject-independent TBW loss estimations.

Subsequent studies (Horn et al. 2012; Muñoz et al. 2013; Smith et al.
2011; Taylor et al. 2012) focused solely on salivary osmolality. Horn et al.
(2012) and Smith et al. (2011) studied firefighters and effects of PPE. Smith
et al. (2011) conducted two experimental tails, each consisting of 1 h of
treadmill walking. The conditions differed with respect to the subjects’
clothing. In one condition, subjects were asked to wear shorts and a T-
shirt. In the other condition, subjects were asked to wear firefighting PPE.
Smith et al. (2011) observed increased osmolality in both conditions, but
the increase was higher in the condition involving firefighting PPE. The
authors also reported that osmolality was correlated with TBW loss, similar
to Walsh et al. (2004a). Horn et al. (2012) studied firefighters before and
after 3 h of firefighting training with fluid intake. The authors observed
increased osmolality after training and a correlation between osmolality
and TBW loss.
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Taylor et al. (2012) studied osmolality during physical exercise at 35◦ C.
The study consisted of three conditions to dehydrate subjects by 7 % TBW
loss (with minimal fluid intake), 3 % TBW loss (with partial TBW loss re-
placement), and again 7 % TBW loss (with minimal fluid intake). For these
prolonged periods (more than 6 h for 7 % TBW loss), Taylor et al. (2012)
confirmed that osmolality increased with TBW loss, as shown in above
studies for shorter periods. Taylor et al. (2012) also generated receiver
operating characteristic (ROC) curves to classify subjects into two groups
based on the osmolality. In the first setting, the groups were defined as
subjects with less than 3 % TBW loss versus subjects with more than 3 %
TBW loss. In the second setting, the groups were defined as subjects with
less than 6 % TBW loss versus subjects with more than 6 % TBW loss. The
evaluation criterion was the area under the curve (AUC), which was 87.8 %
for the first setting and 83.1 % for the second setting. Finally, Taylor et al.
(2012) defined three classes as subjects with less than 3 % TBW loss, sub-
jects between 3 % and 6 % TBW loss, and subjects above 6 % TBW loss. In
this setting, the authors did not achieve satisfactory results, which was
partly attributed to the inter-subject variability of salivary osmolality.

Muñoz et al. (2013) studied osmolality during an active and a passive
dehydration condition, each conducted at 38◦ C for 5 h without fluid intake.
Active dehydration consisted of cycling for 25 min and resting for 5 min
in an alternating manner. Passive dehydration consisted of sitting quietly.
The authors found increasing osmolality during active dehydration but
not during passive dehydration. Analogously to Taylor et al. (2012), Muñoz
et al. (2013) generated ROC curves to classify subjects into two groups
based on the osmolality. The groups were defined as subjects with less
than 2 % TBW loss versus subjects with more than 2 % TBW loss. For this
definition, the authors achieved an AUC of 94 %, sensitivity of 86 % and
specificity of 91 %.

Studies within a broader context included, for example, Gregersen and
Bullock (1933) who reported decreased salivary flow rate for one subject
after 2 d without water and for another subject after 3 d without water. Ship
and Fischer (1999) and Ship and Fischer (1997) found that both stimulated
and unstimulated salivary flow rate decreased after 24 h of fasting. Dawes
(1974), Del Corral et al. (2016), Ferguson and Botchway (1979, 1980), and
Perrier et al. (2013) revealed relationships between numerous salivary
markers and the circadian rhythm. In summary, these studies indicated
that prolonged fasting and the time of day may constitute confounding
factors if salivary markers are utilized for TBW loss estimations.
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Cheuvront et al. (2010) and Oliver et al. (2008) investigated salivary
markers over multiple days. Oliver et al. (2008) compared flow rate and os-
molality after a 48-h intervention followed by 30 min of physical exercise.
The intervention consisted of either fluid restriction, or fluid and food
restriction. After both interventions, flow rate decreased and osmolality
increased. However, only osmolality identified the further dehydration
caused by the 30 min of physical exercise. Within a larger study, Cheuvront
et al. (2010) also measured salivary osmolality in the morning, asked sub-
jects to perform physical exercise in the evening, and measured osmolality
again in the next morning. Based on this study, Cheuvront et al. (2010) did
not recommend salivary osmolality for dehydration diagnosis because of
high variability and the fact that recent food and fluid intake confound
salivary samples. The latter rationale was also confirmed by Ely et al.
(2011) who found that mouth rinses altered osmolality in case of already
dehydrated subjects. Ely et al. (2011) therefore recommended that salivary
collection should be delayed for 15 min after mouth rinses.

Ely et al. (2014) combined 12-h fluid restriction with the administration
of a diuretic drug (Furosemide) to induce an isotonic dehydration. This
type of dehydration causes substantial electrolyte losses in addition to
TBW loss, whereas exercise-induced, typically hypertonic, dehydration
primarily causes TBW loss. The authors found that osmolality could not
detect isotonic dehydration reliably.

3.4 Summary of the State of the Art

Bioimpedance measurements were repeatedly observed to be corrupted
during physical exercise (Jürimäe et al. 2000; Koulmann et al. 2000; Lem-
mey et al. 2000; Liang and Norris 1993; O’Brien et al. 2002; Pialoux et al.
2004). Multiple factors that could lead to corrupted measurements were
discussed (e.g., Kushner et al. 1996; O’Brien et al. 2002), and some factors,
like ambient temperature or skin blood flow (Buono et al. 2004; Cai et al.
2000; Caton et al. 1988; Liang et al. 2000; Medrano et al. 2010), were already
explored in systematic experiments. Currently, delaying measurements
until confounding factors become negligible (Pialoux et al. 2004) or tak-
ing a cold shower before the measurement (Gatterer et al. 2014) seem
to constitute the most practical approaches to apply the bioimpedance
technology in context of physical exercise.
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Sweat chloride, sweat osmolality, and sweat sodium were demonstrated
to facilitate dehydration diagnosis after 2 h of physical exercise (Morgan
et al. 2004). Some factors that might confound this diagnostic potential
were already studied, for example, heat acclimation (Buono et al. 2007),
aerobic capacity (Hamouti et al. 2011), and sex (Hazelhurst and Claassen
2006). Moreover, regional sweat markers could be successfully converted
into whole-body sweat markers (Baker et al. 2009a, 2011; Patterson et al.
2000). However, compared to bioimpedance measurements and salivary
markers, sweat markers were least studied in the context of dehydration
diagnosis and TBW loss estimation.

Multiple studies demonstrated that salivary markers reveal exercise-
induced dehydration (Horn et al. 2012; Muñoz et al. 2013; Smith et al.
2011; Taylor et al. 2012; Walsh et al. 2004a,b). Salivary osmolality was
also demonstrated to facilitate classification between euhydrated and
dehydrated subjects (Muñoz et al. 2013; Taylor et al. 2012). However, no
consensus has been reached regarding the reliability and robustness of
saliva-based methods because of confounding factors (Dawes 1974; Del
Corral et al. 2016; Ferguson and Botchway 1979, 1980; Gregersen and
Bullock 1933; Perrier et al. 2013; Ship and Fischer 1999; Ship and Fischer
1997) and variability in the markers (Cheuvront et al. 2010; Taylor et al.
2012; Walsh et al. 2004a,b).

41





Chapter 4

Data Collection

This chapter outlines the data collection study in which physiological mea-
surements that are known to be related to TBW loss as well as ground truth
values of TBW loss were collected. These measurements were obtained
while the participating subjects were performing physical exercise and
continuously losing water because of the physical effort. The resulting
data set served as a development and evaluation basis for the machine
learning approaches below (Chapter 5).

The data collection protocol was approved by the ethics committee of
Friedrich-Alexander-Universität Erlangen-Nürnberg (ref. no. 107_13 B),
and the study was registered in the German Clinical Trials Register (ref.
no. DRKS00005301). A graphical overview of the study protocol is given
in Figure 4.1. A clinical trial protocol, according to the ICH1 guideline for
good clinical practice, was created.

Parts of this chapter have been published previously (Ring et al. 2014,
2015, 2016, 2017) and are recapitulated here with permission.

4.1 Subjects

Ten male subjects (S1, S2, . . . , S10) volunteered to participate in the study
and provided written informed consent. Summary statistics of the sub-
jects’ height, weight, and age are reported in Table 4.1. This table reports
statistics for all subjects, S1, S2, . . . , S10, because their data was employed
in the bioimpedance and temperature-based approach (Chapter 5.2) as
well as in the sweat-based approach (Chapter 5.3), and for the subgroup S3,
S4, . . . , S10, because their data was employed in the saliva-based approach
(Chapter 5.4).

1 ICH, The International Council for Harmonisation of Technical Requirements for Pharma-
ceuticals for Human Use.
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t0 − 24 h <
t < t0 − 1 wk

Preliminary examination, including VT and
VO2max/VO2peak

t = t0 − 24 h
No more strenuous physical activity, alcohol,
caffeine, sufficient fluid intake

t = t0 − 10 h Start of overnight fast

t0 = 6:30 Blood sample

t = t0 + 5 min 10 ml D2O mixed with 250 ml apple juice

t = t0 + 10 min Anthropometric measurements (physician)

t = t0 + 1 h 312 ml meal replacement drink

t = t0 +1 h 15 min
Anthropometric measurements (body scan-
ner)

t = t0 +2 h 45 min
Collection of baseline measurements (sensa-
tion of thirst and fatigue, body weight, bioim-
pedance, temperature) and samples (saliva)

t = t0 + 3 h Blood sample

t = t0 +3 h 5 min Start of physical exercise

15 min treadmill running

8 min resting; collection of measurements
(sensation of thirst and fatigue, body weight,
bioimpedance, temperature) and samples
(saliva, sweat); blood samples only in the
fourth and eighth resting break

Time

8 times

Figure 4.1: Overview of the study protocol. All time points are denoted with
respect to the collection of the first blood sample at t0 = 6:30 a.m. on the day of
data collection. The study ended at about 12:30 p.m.
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Table 4.1: Mean, standard deviation (STD), and range of height, weight, and age
for subject group S1, S2, . . . , S10 and subject group S3, S4, . . . , S10.

S1, S2, . . . , S10 S3, S4, . . . , S10

Mean ± STD Range Mean ± STD Range

Height [m] 1.79 ± 0.075 164–190 1.77 ± 6.065 164–184
Weight [kg] 79.3 ± 9.0 56–87 77.5 ± 9.2 56–85
Age [years] 25.5 ± 3.7 20–30 25.5 ± 3.8 20–30

Subjects with substantially different age and body composition, and
subjects having diseases that may affect sweat or salivary composition
were not recruited to minimize confounding variables. Female subjects
were not recruited because of two reasons. The first reason was addi-
tional precautions that would have been required to diagnose and exclude
pregnant females. The second reason was to increase comparability with
related work, which mainly recruited either only males or primarily males
(Table 4.2).

4.2 Procedures Preceding Physical Exercise

Before physical exercise began, subjects underwent a preliminary exami-
nation and standardization procedures. Furthermore, measurements that
did not change during physical exercise (e.g., anthropometric measure-
ments) as well as measurements of absolute TBW were collected. These
procedures and measurements are described in the following chapters
and are summarized in Figure 4.1.

4.2.1 Preliminary Examination

Subjects underwent a preliminary examination conducted by iQ-Move,
Erlangen, Germany. The examination consisted of two parts and was con-
ducted at least one day and at most one week before data collection. In the
first part, the subjects’ qualification for participation in the study was ver-
ified by an expert. Details on inclusion and exclusion criteria are available
in the clinical trial protocol. In the second part, the ventilatory threshold
(VT) was determined for every subject. Furthermore, maximum oxygen
uptake (VO2,max) or peak oxygen uptake (VO2,peak) were determined for
every subject, depending on whether the subject’s oxygen uptake reached
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Table 4.2: Number, sex, and age of subjects in comparable studies that were re-
viewed in Chapter 3.

Focus Reference
Sex Age [years]

Males Females Mean ± STD

Bioim-
ped-
ance

Abu Khaled et al. (1988) 8 – N/A
Asselin et al. (1998) 3 – N/A
Beckmann et al. (2009) 3 2 24.4 ± 0.5
Gatterer et al. (2014) 14 – 24.1 ± 1.7
Gudivaka et al. (1996) 3 3 27.0 ± 2.2
Hutcheson et al. (1988) 34 – 25.0 ± 5.1
Jürimäe et al. (2000) 12 – 23.3 ± 6.3
Koulmann et al. (2000) 8 – 27 ± 1
Lemmey et al. (2000) 12 12 N/A
Liang and Norris (1993) 30 – 28.4 ± 7.5
O’Brien et al. (1999) 6 – 23.6 ± 5.1
Pearman et al. (1989) 10 – 33.6 ±N/A
Pialoux et al. (2004) 12 – 28.3 ± 2.7
Röthlingshöfer et al. (2011) 8 2 26.7 ± 3.4
Saunders et al. (1998) 11 4 28.3 ± 10.2
Thompson et al. (1991) 10 – 26.5 ± 8.2

Sweat
Hew-Butler et al. (2010) 5 5 40.4 ± 3.4
Kozlowski and Saltin (1964) 6 – 23.3 ± 4.0
Morgan et al. (2004) 8 – 24 ± 5

Saliva

Horn et al. (2012) 31 4 34.9 ± 10.4
Muñoz et al. (2013) 23 – 22 ± 3
Smith et al. (2011) 8 – 23.5 ± 4.9
Taylor et al. (2012) 12 – N/A
Walsh et al. (2004a) 12 – 21 ± 1
Walsh et al. (2004b) 15 – 23 ± 3

a plateau or not (Table 4.3). These values were determined by an expert ac-
cording to Scharhag-Rosenberger (2010) based on an incremental exercise
test to volitional exhaustion on a treadmill.

4.2.2 Standardization Procedures

Four requirements were defined to ensure that all subjects reported to
the data collection in a standardized hydration condition. First, subjects
were asked to consume sufficient amounts of fluid and to refrain from
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Table 4.3: VO2,max if a plateau in oxygen uptake was reached or VO2,peak if no plateau
in oxygen uptake was reached. Both quantities are reported in ml/kg/min.

Subject VO2,max VO2,peak

S1 57.0 –
S2 50.6 –
S3 – 60.8
S4 47.5 –
S5 52.1 –
S6 54.1 –
S7 – 47.4
S8 55.7 –
S9 55.3 –
S10 59.4 –

strenuous physical activity, alcohol, and caffeine on the day before data
collection. Second, subjects were asked to report to the laboratory at
6:30 a.m. on the day of data collection, following a 10-h overnight fast.
Starting consistently at 6:30 a.m. also reduced confounding effects of the
circadian rhythm, which affects, for example, some salivary markers (e.g.,
Dawes 1974; Del Corral et al. 2016; Ferguson and Botchway 1979, 1980;
Perrier et al. 2013). Third, subjects received identical breakfasts in the
laboratory. These breakfasts consisted of 250 ml of apple juice mixed
with water at 6:35 a.m. and 312 ml of a meal replacement drink (Fit and
Feelgood Diät-Shake, Layenberger, Rodenbach, Germany) at 7:30 a.m.
Fourth, subjects were asked to not consume any foods or beverages until
the end of the data collection.

The first two requirements were also identical to the requirements for
absolute TBW measurement using the dilution method (Chapter 2.1).
Therefore, subjects were also prepared for the dilution method that was
performed as described below (Chapter 4.2.3).

4.2.3 Ground Truth Assessment of Absolute Total Body Water

Ground truth volume of absolute TBW was determined using the dilution
method. The principles of this method are described above (Chapter 2.1)
and the required preparation procedure for the subjects was included in
the standardization procedures (Chapter 4.2.2). Therefore, the application
of the method began by taking a blood sample at 6:30 a.m., immediately af-
ter the subject reported to the laboratory. This blood sample was required
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to determine the D/H ratio in the subject’s body because of the natural
abundance of D2O. Then, the 10 ml D2O tracer (99.8 atom-% D, Carl Roth,
Karlsruhe, Germany) were administered in combination with the break-
fast beverage at 6:35 a.m. The procedure that the tracer was combined
with the breakfast beverage was also the reason that the meal replacement
drink had to be delayed by 1 h (Chapter 4.2.2). This time period is usually
considered for the tracer dose to get absorbed and the remaining 2 h until
the second blood sample are considered sufficient for the meal replace-
ment drink to get mixed with TBW (Schoeller 2005). Therefore, the second
blood sample was taken at 9:30 a.m. to determine the D/H ratio in the
subject’s body after equilibration. The dilution method was performed
to examine if bioimpedance-based estimations of absolute TBW can be
improved using anthropometric measurements (Chapter 4.2.4).

Two further blood samples were collected during physical exercise. The
first sample was collected after half of the exercise bout was completed.
The exercise bout is specified below (Chapter 4.3). The second sample
was collected after the full exercise bout was completed. These two blood
samples were collected to enable future investigations on the accuracy
of the dilution method during, and immediately after, physical exercise
without fluid intake. This was considered interesting because there are
two aspects that may confound the dilution method. First, the simultane-
ous loss of body water and tracer fluid, and second, ongoing fluid shifts
between ECW and ICW spaces. Although the dilution method was exam-
ined and discussed with respect to TBW loss after physical exercise (Baker
2010; Baker et al. 2009b; Colt et al. 1978; Maw et al. 1998; Noakes and Nolte
2011; Nolte and Noakes 2010; Nolte et al. 2010, 2011; Tam et al. 2009, 2011),
these studies either included fluid intake and delayed measurements at
least 1 h after physical exercise (Baker et al. 2009b; Nolte et al. 2010, 2011;
Tam et al. 2009, 2011), measured initial TBW several days before physical
exercise (Colt et al. 1978), or required only 50 min of physical exercise
and used radioactive tracers (Maw et al. 1998). The validity of the dilution
method remains to be investigated for conditions like in the present data
collection, where the dilution method is applied during, and immediately
after, physical exercise without fluid intake.

All samples were analyzed for the D/H ratio using δ-notation (Cen-
ter for Isotope Research at the University of Groningen, Groningen, The
Netherlands) and the absolute TBW volume was calculated (Chapter 2.1).
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4.2.4 Anthropometric Measurements

Anthropometric measurements were collected after subjects received
breakfast but before physical exercise began. The data was collected
to enable future investigations on whether bioimpedance-based TBW
estimations can be improved using anthropometric information. Im-
provements may be possible because most methods rely on body height
only (Chapter 2.2). Buendia et al. (2015) and Moissl et al. (2006) already
demonstrated that the inclusion of measurements like body mass index
(BMI) improved TBW estimations. De Lorenzo et al. (1999) and Van Kreel
et al. (1998) showed improvements if the human body is modeled with
additional geometric measurements.

The present data collection included even more body measurements
and a full-body 3D scan. Measurements are fully specified in the clinical
trial protocol, but in brief, two types of anthropometric measurements
were recorded for every subject. First, a physician measured length and
circumference of several body parts manually. These lengths and circum-
ferences were measured at anatomical landmarks according to Gordon
et al. (1989). The body parts were selected so that the subject’s body can be
modeled using conical frustums (Figure 4.2). Second, a 3D model of the
subject’s body was recorded using a laser body scanner (Human Solutions,
Kaiserslautern, Germany) and 153 anthropometric measurements (e.g.,
body volume, length of arms, chest circumference) were automatically
extracted using the ScanWorX software (version 3.0.1).

4.3 Procedures during Physical Exercise

Physical exercise consisted of 120 min of treadmill running and began at
9:35 a.m. To facilitate regular collection of measurements, the 120 min of
running were partitioned into 8 intervals, and every interval consisted of
15 min of running and 8 min of resting. In every resting break and before
physical exercise began, measurements were recorded or samples were
collected for later analysis of the measurements. The following chapters
describe the standardization procedures for physical exercise, recording
of the measurements, and collection of the samples.

4.3.1 Standardization Procedures

Three standardization procedures were applied to avoid confounding ef-
fects. First, confounding environmental effects were minimized by using
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Figure 4.2: The body model that can be generated based on the manual anthro-
pometric measurements. Upper arm, lower arm, trunk, upper leg, lower leg, and
knee can be modeled using conical frustums. Left and right arm, left and right leg,
and left and right knee were considered identical. For every frustum, height h ,
circumference c1 at the top, and circumference c2 at the bottom were measured
(or can be calculated based on the measurements). The volume V of every conical
frustum can be calculated by the formula on the right. Body volume V body can be
calculated by summing up the volumes of all individual conical frustums.

an indoor treadmill in a laboratory, instead of running outdoors. Second,
confounding effects of clothing were minimized by asking subjects to wear
identical t-shirts and shorts (Response 3-Stripes, Adidas, Herzogenaurach,
Germany). Third, confounding effects of the subjects’ individual physi-
cal capacity were minimized by prescribing individual running speeds
(Table 4.4). These speeds were determined by a physician so that the
physical effort for every subject corresponded to the subject’s min{VT,
60 % VO2,max}. Unfortunately, temperature and relative humidity in the
laboratory were not measured quantitatively.

4.3.2 Subjective Assessment of Thirst and Fatigue

The subjects’ sensation of thirst and fatigue was surveyed using a rating
scale. These data were collected to enable future investigations on the
relationship between quantitative TBW loss and subjective assessment of
thirst and fatigue.

Subjects were surveyed at the end of every 15 min running interval. For
this purpose, a rating scale (Eskofier et al. 2008), illustrated in Table 4.5,
was shown to them. Subjects were asked to rate both their sensation of
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Table 4.4: Running speed per subject.

Subject Speed [km/h]

S1 8.0
S2 8.5
S3 10.0
S4 7.2
S5 8.6
S6 9.1
S7 9.1
S8 9.9
S9 7.8
S10 9.0

thirst and their sensation of fatigue by reporting either a numeric or a
verbal rating.

Sampling frequency: Subjective assessment was surveyed at baseline
and at the end of every running interval.

4.3.3 Bioimpedance Measurements

Segmental bioimpedance was measured for the left arm, right arm, left
leg, right leg, and trunk using an eight-polar tactile-electrode bioimped-
ance device (InBody 720, Biospace, Seoul, South Korea). This device (and
previous versions) were validated in several studies (e.g., Bedogni et al.
2002; Gibson et al. 2008; Kriemler et al. 2009; Malavolti et al. 2003). Bio-
impedance was measured in [Ω] at frequencies of 1 kHz, 5 kHz, 50 kHz,
250 kHz, 500 kHz, and 1 MHz. More precisely, the device was configured
to measure the magnitude |Z | of the bioimpedance Z = R + i X , which
took about 1 min. Measurements were performed in standing position
(Figure 4.3) as recommended by the manufacturer (Biospace 2005). The
bioimpedance device was also used to measure the subjects’ body weight
(accuracy not reported by manufacturer) and to estimate the amount of
absolute TBW.

Sampling frequency: Bioimpedance measurements, body weight mea-
surements, and TBW estimations were performed at baseline and in every
resting break.
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Table 4.5: Rating scale for subjective assessment of thirst and fatigue. This scale
was shown to the subject at the end of every running interval.

Numeric English German

0 not at all überhaupt nicht
1 very little sehr wenig
2 little wenig
3 somewhat etwas
4 rather etwas mehr
5 very sehr
6 extremely äußerst

4.3.4 Temperature Measurements

Two types of temperature measurements were recorded in [◦C]: core and
skin temperature. Theoretically, core temperature should be reflected by
tympanic temperature because the artery that supplies the thermoregula-
tory center in the hypothalamus also supplies the tympanic membrane
(Klein et al. 1993). Although there are some discussions, many studies
encourage the usage of tympanic thermometers, e.g., Chue et al. (2012),
Gasim et al. (2013), Hamilton et al. (2013), Klein et al. (1993), and Tweren-
bold et al. (2010). Therefore, core temperature was measured using an
infrared ear thermometer (± 0.3◦C accuracy; Thermoscan IRT 4520, Braun,
Kronberg, Germany).

Skin temperature was measured at multiple positions. First, skin tem-
perature was measured at the positions where the electrical current of the
bioimpedance device entered and left the body. These positions included
the palm of the left and right hand, and the sole of the left and right foot.
Second, skin temperature was measured at several positions to facilitate
the calculation of a mean skin temperature according to Ramanathan
(1964). These positions included the upper and lower arm, the upper and
lower leg, the chest, and the back. All skin temperature measurements
were performed using an infrared thermometer (± 0.3◦C accuracy; FTN,
Medisana, Neuss, Germany), as illustrated in Figure 4.4.

Sampling frequency: Core and skin temperature were measured at base-
line and in every resting break.
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Figure 4.3: Illustrative picture from the data collection showing a bioimpedance
measurement.

4.3.5 Sweat Collection and Analysis

Sweat samples were obtained using Macroduct collectors (ELITechGroup,
Logan, UT, USA). These collectors were also used in related studies (e.g.,
Buono et al. 2007, 2008; Mena-Bravo and Castro 2014). The collectors were
attached below the left musculus pectoralis major using an elastic strap
(Figure 4.5). Although this procedure provided regional sweat samples
only, it was already shown that sweat markers in regional sweat samples
(e.g., chest) significantly correlated with, and allowed prediction of, sweat
markers in whole-body sweat samples (e.g., Baker et al. 2009a; Patterson
et al. 2000). After every 15-min running interval, sweat collectors were
removed, the subject was asked to undress and to remove all sweat on his
body using a towel, and a new collector was attached immediately before
the next running interval began.

In a chemical laboratory (Klinisches Labor der Kinder- und Jugend-
klinik, Universitätsklinikum Erlangen, Germany), the sweat samples were
analyzed for two markers: chloride concentration and osmolality. The po-
tential of these two markers for the detection of dehydration was demon-
strated in a study by Morgan et al. (2004), which reported significantly
increased chloride concentration and osmolality after physical exercise
without fluid intake compared to physical exercise with fluid intake. Chlo-
ride concentration [mmol/l]was analyzed with a chloridometer (CM20,
Kreienbaum, Langenfeld, Germany). Chloride ions are found in sweat as
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Figure 4.4: Illustrative picture from the data collection showing a skin temperature
measurement at the chest.

a consequence of the physiological process that draws fluid into sweat
glands and secretes sweat onto the skin (Guyton and Hall 2006, Chap-
ter 73). Osmolality [mmol/kg] was analyzed with a vapor pressure os-
mometer (Vapro, ELITechGroup, Logan, UT, USA). Osmolality gives the
number of osmotically active solutes per weight of solution (Guyton and
Hall 2006, Chapter 25).

Sampling frequency: Sweat samples were collected in every resting
break. Sweat samples at baseline were not collected since the subjects did
not sweat yet.

4.3.6 Salivary Collection and Analysis

Salivary samples were obtained using Salivette (Sarstedt, Nürnbrecht, Ger-
many). These cotton swabs were placed under the tongue, as in similar
studies (Taylor et al. 2012; Walsh et al. 2004a,b). Subjects were initially
instructed to insert them for two minutes, as in most of the related stud-
ies (Horn et al. 2012; Smith et al. 2011; Taylor et al. 2012; Walsh et al.
2004a,b). However, two minutes were seemingly too short because the
laboratory could not analyze all markers in the salivary samples of sub-
jects S1 and S2 (Chapter 4.4). After the first two subjects, the remaining
subjects were therefore instructed to insert the Salivette swabs for the
entire resting break. Mouth rinses before salivary collection were not used
because it was observed that mouth rinses alter salivary osmolality for
about 15 min (Ely et al. 2011).

In a chemical laboratory (Klinisches Labor der Kinder- und Jugendklinik,
Universitätsklinikum Erlangen, Germany), the salivary samples were ana-
lyzed for amylase, chloride, cortisol, cortisone, osmolality, potassium, and
proteins. Osmolality and proteins were also analyzed in related studies
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Figure 4.5: Illustrative picture from the data collection showing the collection of
sweat samples. Picture adapted from Ring et al. (2015). © 2015 IEEE.

(Horn et al. 2012; Muñoz et al. 2013; Smith et al. 2011; Taylor et al. 2012;
Walsh et al. 2004a,b). Amylase, chloride, cortisol, cortisone, and potas-
sium were studied with respect to many variables of physical exercise, for
example, exercise intensity and exercise duration (e.g., Chicharro et al.
1998; Del Corral et al. 2016; Ljungberg et al. 1997). However, these mark-
ers have not been studied with respect to TBW loss. They were included
to investigate and utilize potential correlations with TBW loss, although
control conditions that replace TBW loss with fluid intake remained to
be conducted. Control conditions have to be conducted in the future to
explore if there are changes in these markers that are not related to TBW
loss.

The concentration of α-amylase was measured in [units/l]. Amylase
is an enyzme, which breaks down starch (Tortora and Derrickson 2009,
Chapter 24). The measurements were performed with the enzymatic
colorimetric method using the substrate 4,6-ethylidene-p -nitrophenyl-
α,D-maltoheptaoside (Roche Diagnostics, Mannheim, Germany). The
diluted salivary samples (1 + 999) were analyzed on a Cobas Integra sys-
tem 800 (Roche Diagnostics, Mannheim, Germany). The concentration of
chloride was measured in [mmol/l]. Chloride ions activate, for example,
the amylase enzyme (Tortora and Derrickson 2009, Chapter 24). The mea-
surements were performed with a chloridometer (CM20, Kreienbaum,
Langenfeld, Germany). Concentrations of cortisol and cortisone were
measured in [ng/ml] and [ng/ml], respectively. These two steroid hor-
mones regulate, for example, blood glucose concentration (Guyton and
Hall 2006, Chapter 77). The measurements were performed with liquid
chromatography tandem mass spectrometry. Osmolality was measured in
[mmol/kg]. It denotes the number of osmotically active solutes per weight
of solution (Guyton and Hall 2006, Chapter 25). The measurements were
performed with a vapor pressure osmometer (Vapro, Wescor, Logan, UT,
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USA). Concentration of potassium was measured in [mmol/l]. Potassium
is present in salivary fluid because of the physiological process of saliva-
tion (Guyton and Hall 2006, Chapter 64). The measurements of potassium
(ISE, using automatically diluted specimens) were performed on a Cobas
Integra 800 (Roche Diagnostics, Mannheim, Germany). The total protein
concentration was measured in [mg/l]. The measurements of proteins
(turbidimetric, benzethoniumchlorid) were also performed on a Cobas
Integra 800 (Roche Diagnostics, Mannheim, Germany).

Sampling frequency: Salivary samples were collected at baseline and in
every resting break.

4.3.7 Blood Collection and Analysis

Four blood samples were collected. Two blood samples were collected
before physical exercise and two blood samples were collected during
physical exercise. Besides the determination of absolute TBW using the
dilution method (Chapter 4.2.3), these blood samples were also analyzed
for aldosterone [ng/dl], chloride [mmol/l], osmolality [mmol/kg], potas-
sium [mmol/l], renin [pg/ml], and sodium [mmol/l]. Aldosterone is an
important hormone for reabsorption of chloride and sodium in the kid-
neys (Tortora and Derrickson 2009, Chapter 27). Osmolality gives the
number of osmotically active solutes per weight of solution (Guyton and
Hall 2006, Chapter 25), and plasma osmolality is probably the mostly used
blood marker for dehydration diagnosis (Armstrong 2005; Cheuvront
and Kenefick 2014; Grandjean et al. 2000; Popowski et al. 2001). Renin
is released by the kidneys if blood volume decreases (Tortora and Der-
rickson 2009, Chapter 27), which occurs during physical exercise with
TBW loss (Sawka and Montain 2000). Chloride, potassium, and sodium
ions contribute to the osmolality of plasma and were often used to ex-
amine dehydration (Costill and Fink 1974; Grandjean et al. 2000). The
concentrations of aldosterone and renin were analyzed on a IDS-iSYS
chemiluminescence analyzer (IDS GmbH, Frankfurt, Germany). The anal-
ysis of the remaining concentrations was identical to the analysis of these
concentrations in the salivary samples (Chapter 4.3.6). All measurements
were performed in a chemical laboratory (Klinisches Labor der Kinder-
und Jugendklinik, Universitätsklinikum Erlangen, Germany). The blood
samples were collected to enable future investigations on blood-based,
quantitative TBW loss estimations.
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Sampling frequency: Blood samples were collected 3 h before physical
exercise began, immediately before physical exercise began, in the fourth
resting break, and in the eighth resting break.

4.3.8 Ground Truth Assessment of Total Body Water Loss

The body weight method (Chapter 2.3) was used to measure ground truth
values of TBW loss. This method was also used in many related studies
(e.g., Beckmann et al. 2009; Gatterer et al. 2014; Horn et al. 2012; Morgan
et al. 2004; Muñoz et al. 2013; Röthlingshöfer et al. 2011; Smith et al. 2011;
Taylor et al. 2012; Walsh et al. 2004a,b). In every break, subjects were asked
to undress their clothes, to dry their body with a towel in order to remove
all sweat on the skin, and to nudely step on a high-precision weight scale
(± 5 g accuracy; DE 150K2D, Kern & Sohn, Balingen-Frommern, Germany).
The device measured body weight over 15 s periods to minimize errors due
to postural sway. The average weight over this period was automatically
returned by the device. Urine and fecal losses did not occur and had not
to be considered as extra TBW loss. Therefore, ground truth TBW loss for
every running interval was defined as the loss of nude body weight during
the corresponding interval.

Sampling frequency: Nude body weight was measured at baseline and
in every resting break.

4.4 The Resulting Data Set and Missing Values

The data collection resulted in a data set that provides a variety of physio-
logical measurements collected during progressive dehydration.2 These
measurements are graphically summarized in Figure 4.6.

Unfortunately, there were also missing values in the sweat and salivary
markers, mainly because isolated sweat and salivary samples did not
contain sufficient amounts of fluid for the laboratory analysis. These
missing values are reported in Table 4.6.

2 The data, which was used in the following chapters, is publicly available on PhysioNet
(www.physionet.org/physiobank/database/qde).
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Measurements

Before physical exercise

Anthropometry

Absolute TBW

During physical exercise

With baseline

Thirst and fatigue

Nude body weight

Temperature

Bioimpedance

Saliva markers

Blood markers

Without baseline

Sweat markers

Figure 4.6: Graphical summary of all measurements in the data collection proto-
col.
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Table 4.6: Missing values in sweat and salivary markers per subject (S1, S2, . . . , S10). For sweat markers, the numbers denote
the running interval during which the sweat sample was collected. For salivary markers, the numbers denote the interval after
which the salivary sample was collected. The number “0” denotes baseline samples, a hyphen “–” denotes no missing values.
Table adapted from Ring et al. (2017). © 2017 IEEE.

Missing values per subject

S1 S2 S3 S4 S5 S6 S7 S8 S9 S10

Sweat
Chloride 6 1 – – 8 8 1 – – 5
Osmolality 6 – – 1, 2, 7 1 – 1, 6 – 1, 4, 5, 8 –

Saliva

Amylase 0, 1, 3 2, 5, 6, 7, 8 – – – – – – 0 –
Chloride – 4, 6 – – – – – – 0 –
Cortisol 0, 1, 7 – – – – – – – 0 –
Cortisone 0, 1, 7 – – – – – – – 0 –
Osmolality – 6 – – – – – – 0 –
Potassium 0, 1 2, 5, 6, 7, 8 – – – – – – 0 –
Proteins – 5, 6, 7, 8 – – – – – – 0 –
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Methods

This chapter proposes three machine learning approaches to estimate
TBW loss based on the measurements that were recorded in the data col-
lection study (Chapter 4). The first approach builds on a combination of
bioimpedance and temperature (Chapter 5.2), the second approach builds
on the analysis of sweat markers (Chapter 5.3), and the third approach
builds on the analysis of salivary markers (Chapter 5.4). The explanation
of the three approaches is preceded by the description of the common
aim to estimate absolute TBW loss (Chapter 5.1) and succeeded by the
description of the common evaluation (Chapter 5.5).

Parts of this chapter have been published previously (Ring et al. 2014,
2015, 2016, 2017) and are recapitulated here with permission.

5.1 The Common Aim: Estimation of Total Body Water
Loss

All three machine learning approaches aim to estimate absolute TBW loss.
In contrast, related work in the physiological literature often worked with
relative TBW loss (Chapter 3). Relative TBW loss means that the absolute
TBW loss is divided by either the initial absolute TBW or the initial body
weight. The following nonconformity was motivated by the ultimate aim
to facilitate TBW loss estimation in field applications. In such environ-
ments, absolute TBW loss estimations would facilitate recommendations
about the amount of fluid that a subject should consume to rehydrate
properly. Relative TBW loss estimations, as in related work, would not read-
ily facilitate such recommendations. This is because the measurement of
initial absolute TBW is usually not feasible in field applications, whereas
the measurement of initial body weight would constitute an additional
burden in field applications. Consequently, relative TBW loss estimations
per se could not be converted into concrete amounts of fluid that should
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be consumed. The following three approaches (Chapters 5.2, 5.3, and 5.4)
therefore aim to estimate absolute TBW loss.

5.2 A Temperature-Based Bioimpedance Correction for
Water Loss Estimation

This chapter describes a machine learning approach for TBW loss estima-
tion using bioimpedance and temperature. Details on the measurement
of bioimpedance and temperature are given in the description of the data
collection (Chapter 4.3.3 and 4.3.4, respectively). Details on the evaluation
of the machine learning approach are consolidated below (Chapter 5.5),
because the evaluation was identical for all three approaches.

5.2.1 Notation

Measurements are denoted using mathematical variables. The variables
have an index i if the represented measurement changed during data
collection (e.g., bioimpedance Zi ). The index i , with i = 0, 1, . . . , 8, denotes
either the running interval or the resting break during which the measure-
ment was recorded. The value i = 0 refers to measurements at baseline.
Variables do not have an index if the represented measurement did not
change during data collection (e.g., age A).

5.2.2 Preliminaries

Let T core
i denote the core temperature. Let T contact

i denote the mean con-
tact temperature, defined as the average over the four positions at which
the electrical current of the bioimpedance device entered and left the
body (left hand, right hand, left foot, right foot). To have variables that are
comparable across individual subjects, T core

i and T contact
i were converted

into change values relative to baseline:

∆T core
i =

T core
i −T core

0

T core
0

(5.1)

and

∆T contact
i =

T contact
i −T contact

0

T contact
0

. (5.2)

Let Zi denote the whole-body bioimpedance at 1 MHz. According to
Malavolti et al. (2003), the whole-body bioimpedance can be calculated as
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the sum of the segmental bioimpedances (left arm, right arm, left leg, right
leg, trunk). However, these measurements were also influenced by the
increased core and skin temperatures during physical exercise, as argued
above (Chapter 1.1.1). From the perspective of estimating TBW based on
bioimpedance, these influences corrupt bioimpedance measurements.
Let Z ?

i therefore denote a hypothetical bioimpedance that would have
been measured if there were no increased core and skin temperatures.
Let the difference between this hypothetical bioimpedance Z ?

i and the
measured bioimpedance Zi be called error

ei = |Z ?
i | − |Zi |. (5.3)

Analogously to the temperature variables, errors were converted into
change values relative to baseline:

∆ei =
ei

|Z0|
. (5.4)

In the denominator, Z0 and Z ?
0 can be used interchangeably because the

baseline measurement was recorded before physical exercise and was not
considered corrupted.

5.2.3 A Two-Stage Approach for Water Loss Estimation

The machine learning approach employs two stages. The first stage mini-
mizes physiological effects of sweating (in this case, increased core and
skin temperatures) on bioimpedance by utilizing explicit core and skin
temperature measurements. The second stage estimates TBW loss by
utilizing the corrected bioimpedance from the first stage.

The key hypothesis is that the error∆ei can be computed by a function f
that requires only core and skin temperatures, because the physiological
effects of sweating that caused the error in the first place also caused the
increased temperatures. Formally, the function

f (∆Ti ) =∆ei , (5.5)

with∆Ti = (∆T contact
i ,∆T core

i )T, is the key of the approach, assuming that
temperature and bioimpedance are measured simultaneously, or as close
in time as possible.

Assuming that the function f is already available, effects of increased
core and skin temperatures can then be minimized, or eliminated, as
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the next step. For this purpose, the hypothetical bioimpedance without
temperature influence

|Z ?
i |= |Zi |+ f (∆Ti )|Z0| (5.6)

is estimated in a first stage by combining (5.3), (5.4), and (5.5). In other
words, the corrupted bioimpedance Zi is corrected using the core and skin
temperature measurements∆Ti . Then, TBW loss after the i -th interval

∆V TBW
i =V TBW

0 −V TBW
i (5.7)

is estimated in a second stage by using the temperature-corrected bioim-
pedance Z ?

i for the computation of V TBW
i . In case that BIA modeling (2.16)

is used for the computation of V TBW, (5.7) expands to

∆V TBW
i = a1H 2

�

1

|Z0|
−

1

|Z ?
i |

�

+a2(W0−Wj ). (5.8)

In case that BIS modeling (2.17) is used for the computation of V TBW, (5.7)
expands to

∆V TBW
i = b1k H

4
3

��p

W0

|Z0|

�
2
3

−
�p

Wi

|Z ?
i |

�
2
3
�

. (5.9)

5.2.4 Machine Learning for the Bioimpedance Correction Function

Various approaches would be possible to define the function f , for exam-
ple, a theoretically derived definition grounded on physiological models
or a data-driven definition grounded on empirical observations. In this
thesis, the data-driven approach was chosen, and supervised machine
learning was used to find the function f . Supervised learning algorithms
require, on the one hand, empirical observations and, on the other hand,
reference values of the error∆ei (Chapter 2.4).

Requiring reference values for∆ei reduces to requiring reference values
for the hypothetical bioimpedance Z ?

i , see (5.3) and (5.4). Due to the
design of the data collection, reference values for Z ?

i could be computed.
This is because∆V TBW

i in (5.8) and (5.9) can be replaced with the ground
truth TBW loss, which was measured along with the other variables H ,
Z0, Zi , W0, and Wi in the data collection (Chapter 4). The hypothetical
bioimpedance Z ?

i is then the only remaining unknown in (5.8) and (5.9),
and the corresponding reformulations for |Z ?

i | read

|Z ?
i |=

a1H 2|Z0|
a1H 2− |Z0|∆V TBW

i +a2|Z0|(W0−Wi )
(5.10)
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in case of BIA modeling (5.8) and

|Z ?
i |=

p

Wi
��p

W0

|Z0|

�
2
3

−
∆V TBW

i

b1k H
4
3

�
3
2

(5.11)

in case of BIS modeling (5.9).

5.2.5 An Intermediate Step for Commercial Bioimpedance Devices

In fact, there are still unknown variables in (5.10) and (5.11): the coeffi-
cients a1 and a2 in case of BIA modeling, and the coefficient b1 in case of
BIS modeling. To the best of the author’s knowledge, the coefficients as
well as the modeling method of the bioimpedance device that was used
in the data collection are not published. Therefore, the coefficients had to
be estimated in a reverse engineering manner. This step is obsolete for
devices with published coefficients, and generally, more accurate results
should be obtained without this intermediate step.

The coefficients were reverse engineered by performing linear regres-
sions for (2.16) and (2.17) in case of BIA and BIS modeling, respectively.
The variable V TBW

i was set to the TBW value that was reported by the
bioimpedance device, the variable Wi was set to the body weight that
was reported by the bioimpedance device, and the variable Zi was set to
the bioimpedance that was reported by the bioimpedance device.1 The
variables H and A were set identical to the values that have been entered
in the bioimpedance device. The variable S was omitted because only
male subjects participated in the data collection. Utilizing these measure-
ments from all subjects available in the training phase, the coefficients
were estimated using the OLS approach (Chapter 2.4). The MATLAB (The
MathWorks, Natick, MA, USA) implementation was utilized to perform all
OLS-related computations.

As the primary results are the TBW loss estimations, and as reverse
engineering of the coefficients is not necessary for bioimpedance devices
with published coefficients, the results of these two OLS regressions are
discussed here rather than in the results below (Chapter 6). The results
were adjusted R 2 values of 0.91± 0.07 and 0.90± 0.07 for BIA and BIS

1 Body weight was measured twice in the data collection: once by the bioimpedance device
(Chapter 4.3.3) and once by the high-precision scale (Chapter 4.3.8). The body weight Wi
here refers to the former measurement because this weight was assumed to be used in the
bioimpedance device’s internal computations.
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modeling, respectively. These high coefficients of determination argued
that follow-up effects, caused by the reverse engineering step, should be
hardly noticeable. Therefore, the following discussion of methods and
results does not take this intermediate step into further consideration.

5.2.6 Configuration of the Machine Learning Algorithms

Having the coefficients a1 and a2 in case of BIA modeling and b1 in case
of BIS modeling, reference values for the hypothetical bioimpedance |Zi |
could be computed using (5.10) and (5.11), respectively. Furthermore, the
function f could be learned, and for this purpose, three machine learning
approaches were evaluated: a linear approach, a nonlinear approach, and
a probabilistic approach.

The linear approach was ε-SVR (Chapter 2.4), configured to use a LIN
kernel. This SVR is denoted with LIN in the following. The nonlinear
approach was SVR, configured to use a Gaussian RBF kernel. This SVR is
denoted with RBF in the following. The LIBSVM implementation (Chang
and Lin 2011) was used to perform all SVR-related computations, and
all variables were first normalized to the numerical range [0;1]. Two pa-
rameters (ε, C ) were required for LIN and three parameters (ε, C ,γ) were
required for RBF. The parameterεdetermined the maximal, nonpenalized
error in the training process. The parameter C determined the trade-off
between generalization and overfitting in the training process. The pa-
rameter γ determined the width of the Gaussian RBF kernel. For both
LIN and RBF, these parameters were determined by combining a grid
search in {2n}n=−3,−2,...,3 with an inner LOSO-CV (Chapter 2.5). In brief,
the grid search defined a grid by enumerating all possible combinations
of parameter values if each parameter had to take a value in {2n}n=−3,−2,...,3.
Then, an inner LOSO-CV was conducted to evaluate the performance of
each combination of parameter values, i.e., each point in the grid. The
evaluation measure was the absolute difference between reference value
and SVR estimation, averaged over all measurements (including baseline).
The combination of parameter values that achieved the minimum with
respect to this evaluation measure was returned by the grid search, and
the SVR was trained again using this combination and all training subjects.

The probabilistic approach was GPR (Chapter 2.4). In the literature,
it was demonstrated that GPRs can handle physiological data success-
fully (e.g., Dürichen et al. 2015; Faul et al. 2007; Lee et al. 2016; Stegle
et al. 2008). The GPR was configured with an affine mean function, a
SE covariance function, and a Gaussian likelihood function. The affine
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mean was chosen because previous studies reported linear correlations
between bioimpedance and temperature (e.g., Buono et al. 2004). Three
sets of parameters were required for this GPR configuration. The first
set contained three parameters to define the affine mean function: slope
for each temperature input and offset. The second set contained two
parameters to define the characteristic length-scale and signal standard
deviation of the SE covariance function. The third set contained one
parameter to define the standard deviation of noise in the Gaussian likeli-
hood function. All these parameters were initialized with 1.0, expect the
last parameter that was initialized with 0.1. The initial parameters were
then optimized using a conjugate gradient descent that minimized the
negative log marginal likelihood. The maximum number of iterations was
limited by 1,000. The MATLAB implementation that is provided by the
first author of Rasmussen and Williams (2006) was utilized to perform all
GPR-related computations.2

5.3 Sweat Markers for Water Loss Estimation

This chapter describes a machine learning approach for TBW loss esti-
mation using sweat markers. Details on the measurement of the sweat
markers are given in the description of the data collection (Chapter 4.3.5).
Details on the evaluation of the machine learning approach are consoli-
dated below (Chapter 5.5).

5.3.1 Interpolation of Missing Values

The data set that resulted from the data collection contains missing values,
because isolated sweat samples did not contain sufficient amounts of fluid
for the analysis of one or two markers (Table 4.6). The preferable option
for this situation would have been to exclude all subjects with any missing
value. However, this procedure would have led to the exclusion of eight
subjects (S1, S2, S4, S5, S6, S7, S9, S10).

A different option was therefore chosen to get an indication if TBW loss
estimation based on sweat markers is feasible. This option was to train a
linear regression for every subject and every marker using the available,
nonmissing marker values of the subject. Missing values were then inter-
polated using the trained regression function. The results for TBW loss

2 The implementation was obtained from gaussianprocess.org/gpml/code/matlab/doc.
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estimations based on these interpolated data have to be interpreted with
care, though.

5.3.2 Statistical Analysis

The correlation between sweat chloride concentration and TBW loss as
well as the correlation between sweat osmolality and TBW loss has not
been investigated during physical exercise without fluid intake (Chap-
ter 3.2). Therefore, Pearson’s correlation coefficient (Pearson 1896) was
computed to investigate possible correlations. In the following, Pear-
son’s coefficient between chloride concentration and TBW loss is denoted
as r Cl, and Pearson’s coefficient between osmolality and TBW loss is de-
noted as r osmo. Both correlation coefficients were also tested against the
null hypothesis that no correlation exists, i.e., r cl = 0 and r osmo = 0. The
significance level αwas set to 0.01 in both tests.

5.3.3 Machine Learning for Water Loss Estimation

A GPR was employed to estimate TBW loss based on sweat chloride con-
centration and sweat osmolality. In detail, chloride concentration, os-
molality, and TBW loss were all normalized to the numerical range [0;1].
Then, the GPR was configured and trained with the same settings as for
the bioimpedance correction (Chapter 5.2.6): affine mean function, SE co-
variance function, and Gaussian likelihood function. The three parameter
sets that were required for this GPR configuration were also identical to the
bioimpedance correction above. The initial parameter values, however,
were set differently. The initial values were motivated by the application
of data normalization, which was not applied in the bioimpedance correc-
tion case. The first set contained the slope for each sweat marker and the
offset of the affine mean function. The slopes were set to 0.1 and the offset
was set to 0. The second set contained the characteristic length-scale and
signal standard deviation of the SE mean function. These two parameters
were set to 1. The third set contained the standard deviation of noise
in the Gaussian likelihood function. This parameter was set to 0.1. The
initial parameters were then optimized using the same method as in case
of the bioimpedance correction.
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5.4 Salivary Markers for Water Loss Estimation

This chapter describes a machine learning approach for TBW loss estima-
tion using salivary markers. Details on the measurement of the salivary
markers are given in the description of the data collection (Chapter 4.3.6).
Details on the evaluation of the machine learning approach are consoli-
dated below (Chapter 5.5).

5.4.1 Interpolation of Missing Values

The data set that resulted from the data collection contains missing values,
because isolated salivary samples did not contain sufficient amounts
of fluid for the analysis of one, or multiple, markers (Table 4.6). The
preferable option for this situation would have been to exclude all subjects
with any missing value. This procedure would have led to the exclusion
of three subjects (S1, S2, S9).

In the following, only two subjects (S1, S2) were excluded because there
are multiple missing values per marker in these two subjects. The third
subject (S9) was not excluded because there is only one missing value per
marker. The motivation for this decision was to achieve a reasonable trade-
off between excluding subjects with missing values but having enough
subjects for a sound evaluation.

S9’s missing values are at baseline and were linearly extrapolated. A
linear extrapolation was applied because of the visual observation in the
other subjects that the salivary markers grew rather constantly in the first
three intervals (see also parallel coordinate plot in Figure 5.1). A linear
regression was trained for every marker using the available, nonmissing
values at the following three intervals. The missing values at baseline were
then extrapolated using the trained regression functions.

5.4.2 Minimizing Inter-Subject Variability

Considerable inter-subject variability was observed in salivary markers
during physical exercise, as recalled above (Chapter 1.1.3). To minimize
subsequent effects of inter-subject variability, all salivary markers were
converted into change values relative to baseline.
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Table 5.1: Pearson’s as well as Spearman’s correlation coefficient between relative
change values in salivary markers and absolute TBW loss. Table adapted from
Ring et al. (2017). © 2017 IEEE.

Pearson Spearman

Amylase 0.60 (p<0.001) 0.62 (p<0.001)

Chloride 0.84 (p<0.001) 0.91 (p<0.001)

Cortisol 0.35 (p=0.002) 0.42 (p<0.001)

Cortisone 0.59 (p<0.001) 0.66 (p<0.001)

Osmolality 0.59 (p<0.001) 0.77 (p<0.001)

Potassium 0.68 (p<0.001) 0.86 (p<0.001)

Proteins 0.65 (p<0.001) 0.69 (p<0.001)

5.4.3 A Preliminary Analysis to Select the Machine Learning
Algorithm

A preliminary analysis was performed to investigate which machine learn-
ing approach could estimate TBW loss accurately. First, Pearson’s corre-
lation coefficient (Pearson 1896) as well as Spearman’s correlation coef-
ficient (Spearman 1987) were computed between every relative salivary
marker and absolute TBW loss. Pearson’s coefficient indicates linear cor-
relation between two random variables, whereas Spearman’s coefficient
indicates monotonic, not necessarily linear, correlation between two ran-
dom variables. Second, all salivary markers and TBW loss were averaged
over all subjects for every interval. These averages were then illustrated in
form of a parallel coordinate plot (Wegman 1990).

The results of the preliminary analysis showed higher values in Spear-
man’s coefficient than in Pearson’s coefficient (Table 5.1). This result
suggested that there exist correlations between relative salivary markers
and absolute TBW loss. However, the fact that Spearman correlations were
higher than Pearson correlations indicated that the correlations might
not be of linear nature. Taking the averages over all subjects into account
(Figure 5.1), the indication was visually confirmed. In case of the salivary
markers, the progression over time exhibited nonlinear, but still mostly
monotonic, increments. In case of TBW loss, the progression over time
exhibited rather constant increments.
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5.4.4 Configuration of the Machine Learning Algorithms

The preliminary analysis suggested the usage of nonlinear regression
methods, in contrast to previous linear approaches (Horn et al. 2012;
Muñoz et al. 2013; Smith et al. 2011; Taylor et al. 2012; Walsh et al. 2004a,b).
GPR was hypothesized to be able to conceive the nonlinear characteristics.
In the literature, GPRs were shown to handle physiological data success-
fully (e.g., Dürichen et al. 2015; Faul et al. 2007; Lee et al. 2016; Stegle et al.
2008). GPRs also provide a flexible and data-driven method that does
not require a fully specified model, e.g., quadratic function, which is not
known in the present context.

The GPR’s configuration was identical in all saliva-based experiments.
It was also identical to the configuration in the bioimpedance correction
experiment (Chapter 5.2): affine mean function, SE covariance function,
and Gaussian likelihood function. The three parameter sets and initial
values for the GPR configuration were also identical to the bioimpedance
correction. The first set contained the slopes for each relative salivary
marker and the offset of the affine mean function. These parameters were
all set to 1. The second set contained the characteristic length-scale and
signal standard deviation of the SE mean function. These parameters
were both set to 1. The third set contained the standard deviation of noise
in the Gaussian likelihood function. This parameter was set to 0.1. The
initial parameters were then optimized using the same method as in case
of the bioimpedance correction (Chapter 5.2.6).

Other widely used nonlinear methods would have included SVR and
random forest regression (Breiman 2001). However, such methods were
not investigated because of the comparatively small number of training
subjects. On the one hand, parameters in SVR are commonly optimized by
combining a grid search with LOSO-CV. On the other hand, random forests
typically rely on many bootstrapping samples to learn the different trees.
Such methods would therefore have requested additional partitioning
or resampling of the training subjects. This would have been performed
within the inner LOSO-CV that was necessary for the feature selection (see
below, Chapter 5.4.5). The comparatively small number of subjects would
have been partitioned further and expressiveness of the data would have
decreased further. Therefore, only GPR was investigated as a nonlinear
regression method. GPR’s gradient descent optimization does not require
partitioning or resampling of the training subjects.
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An OLS regression was trained for comparisons with previous work,
which employed linear methods (Horn et al. 2012; Muñoz et al. 2013;
Smith et al. 2011; Taylor et al. 2012; Walsh et al. 2004a,b).

5.4.5 Feature Selection to Reduce the Set of Salivary Markers

The two regression algorithms (GPR, OLS) were combined with a pre-
ceding feature selection. A feature selection was included because of
two reasons. First, not all salivary markers might be necessary or even
helpful to achieve accurate TBW loss estimations. Second, the number of
input variables (seven salivary markers) was comparatively higher than
the number of input variables in the bioimpedance correction case (two
temperature inputs, Chapter 5.2.3) and in the sweat-based approach (two
sweat markers, Chapter 5.3.3).

In terms of computational effort, the total number of seven markers
was comparatively low, though. A k -exhaustive search (Witten et al. 2011,
Chapter 7.1) was therefore used to implement the feature selection. In
detail, a k -exhaustive search evaluates all possible k -sized subsets and
returns the best-performing k -sized subset. Here, all possible values for
the parameter k were evaluated: The parameter was increased from the
minimum value k = 1, i.e., finding the best single salivary marker, up to
the maximum value k = 7, i.e., using all salivary markers without any
selection.

There are various methods to evaluate the k -sized subsets (e.g., Hastie
et al. 2009, Chapter 7; Duda et al. 2001, Chapter 9; Witten et al. 2011,
Chapter 5). Here, an inner LOSO-CV (Chapter 2.5) was used, which was
also consistent with the inner LOSO-CV that was also employed in the grid
search of the bioimpedance correction (Chapter 5.2.6). The evaluation
measure was the absolute difference between ground truth TBW loss
and estimated TBW loss, averaged over all running intervals. The k -sized
subset that achieved the minimum with respect to this evaluation measure
was selected as best subset, and the GPR was trained using this subset
and all training subjects.

5.5 The Common Evaluation

The previous chapters (Chapters 5.2 to 5.4) described the application of
machine learning algorithms to physiological measurements in order
to estimate absolute TBW loss. To assess the performance of each ap-
proach and to compare the three approaches among each other, identical
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procedures (Chapter 5.5.1) and identical measures (Chapter 5.5.2) were
employed in the evaluation as follows.

5.5.1 Procedure

The evaluation procedure was the LOSO-CV (Chapter 2.5). This procedure
simulated future application scenarios by training and testing the three
approaches using every subject once as testing subject and the other,
remaining subjects as training subjects. Because there were multiple
variants for the bioimpedance and temperature-based approach and for
the saliva-based approach, several LOSO-CVs were performed. In detail,
three LOSO-CVs were performed for the bioimpedance and temperature-
based approach, because three variants (OLS, SVR, GPR) were available
to learn the bioimpedance correction function (Chapter 5.2). One LOSO-
CV was performed for the sweat-based approach, because one variant
(GPR) was examined to process the sweat markers (Chapter 5.3). Fourteen
LOSO-CVs were performed for the saliva-based approach, because two
variants (OLS, GPR) for every number of salvia markers (seven in total)
were examined to process the salivary markers (Chapter 5.4).

5.5.2 Measures

Three evaluation measures were computed. The first two evaluation mea-
sures were based on the absolute difference

εi , j =
�

�∆V TBW
i , j −∆ eV TBW

i , j

�

� (5.12)

between ground truth absolute TBW loss∆V TBW
i , j and estimated absolute

TBW loss ∆ eV TBW
i , j , with i = 1,2, . . . ,8 denoting the running interval and

j = 1, 2, . . . , 10 denoting the subject (S1, S2, . . . , S10).
The first evaluation measure m grand was a grand mean that averaged

over all testing subjects and all running intervals:

m grand =
1

8×S

10
∑

j=s1

8
∑

i=1

εi , j , (5.13)

where S = 10 and s1 = 1 for the bioimpedance and temperature-based
approach and the sweat-based approach, and S = 8 and s1 = 3 for the
saliva-based approach because subjects S1 and S2 were excluded.
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The second evaluation measure m subject
j was the mean error per sub-

ject j , averaged over all running intervals for subject j :

m subject
j =

1

8

8
∑

i=1

εi , j . (5.14)

The third evaluation measure m interval
i was TBW loss per running inter-

val i , averaged over all subjects’ TBW loss after running interval i :

m interval
i =

1

S

S
∑

j=s1

∆ eV TBW
i , j , (5.15)

where S = 10 and s1 = 1 for the bioimpedance and temperature-based
approach and the sweat-based approach, and S = 8 and s1 = 3 for the
saliva-based approach because subjects S1 and S2 were excluded.

The third evaluation measure was also calculated for the ground truth
TBW loss. All three evaluation measures were calculated for TBW loss
estimations of the InBody device, which were considered as state-of-art
results for bioimpedance-only TBW loss estimations.

Below, results for the first evaluation measure are reported using a bar
plot (Chapter 6.1), results for the second evaluation measure are reported
using tables (Chapter 6.2), and results for the third evaluation measure
are reported using charts (Chapter 6.3).
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Chapter 6

Results

This chapter reports the evaluation results for the three machine learning
approaches. The chapter begins with reporting the results for the first,
second, and third evaluation measure (Chapter 6.1, Chapter 6.2, and
Chapter 6.3, respectively) because these measures were calculated for all
three approaches. The chapter then continues with reporting the results
of the statistical analysis, which was conducted only for the sweat-based
approach (Chapter 6.4), and concludes with reporting the results of the
feature selection (Chapter 6.5), which was applied only in case of the
saliva-based approach.

Parts of this chapter have been published previously (Ring et al. 2014,
2015, 2016, 2017) and are recapitulated here with permission.

6.1 First Evaluation Measure: A Grand Mean

Results for the first evaluation measure are visually depicted in Figure 6.1
(and quantitatively in the last row of Table 6.1). According to this measure,
a trend emerged regarding the performance of the three machine learning
approaches. The bioimpedance-only approach (InBody device) provided
the least accurate TBW loss estimations (1.57± 0.51 l). The variations of
the proposed bioimpedance correction using temperature provided con-
siderably more accurate TBW loss estimations (range 0.46 l to 0.57 l), but
still showed high standard deviations (range ±0.29 l to ±0.46 l) in compar-
ison to the following two approaches. The first of these two approaches,
the sweat-based approach, achieved an accuracy (0.49 l) within the range
of the bioimpedance and temperature-based approach, but it showed a
standard deviation (±0.23 l) below the range of the bioimpedance and
temperature-based approach. The second of these two approaches, the
saliva-based approach, achieved the overall minimal error and standard
deviation (0.34±0.10 l) if GPR was employed and k = 5 markers were
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selected in the feature selection. If the number of salivary markers or the
regression method was varied, the saliva-based approach was still superior
in most cases (range 0.34 l to 0.50 l), compared to both the sweat-based
and the bioimpedance and temperature-based approach.

The bioimpedance and temperature-based approach and the saliva-
based approach further provided different variants regarding modeling,
regression method, and number of features. Considering the variants
of the bioimpedance and temperature-based approach, the best perfor-
mance was achieved if BIA modeling was combined with LIN as regression
method. This variant’s error of 0.46±0.30 l represented an improvement
of 71 % with respect to the bioimpedance-only approach (1.57±0.51 l, In-
Body device). If BIA modeling was combined with RBF and GPR as regres-
sion methods, the errors were 0.50±0.29 l and 0.48±0.31 l, respectively.
These RBF and GPR errors also represented considerable improvements
of 68 % and 69 %, respectively. If BIS modeling was used, the performance
was inferior compared to the BIA modeling counterparts, irrespective of
the regression method (LIN, RBF, or GPR). Nevertheless, BIS modeling
achieved considerable improvements of 66 % (LIN) and 64 % (RBF, GPR)
with respect to the bioimpedance-only approach.

Considering the variants of the saliva-based approach, the minimal
error of 0.34 ± 0.10 l using GPR and k = 5 markers was also the overall
minimal error. Most of the other saliva-based variants also performed
superior compared to the sweat-based approach and the bioimpedance
and temperature-based approach. For example, the minimal error of
0.36± 0.13 l if OLS was used (k = 1) was simultaneously the second best
overall result.

6.2 Second Evaluation Measure: Focusing on Subjects

Results for the second evaluation measure are reported in Table 6.1. For
clarity of presentation, this table shows saliva-based results only for the
best-performing number k of salivary markers in case of both regression
methods. The term best-performing refers to the performance with re-
spect to the first evaluation measure. The complete saliva-based results
are reported in Table 6.2.

Neglecting the fact that two subjects (S1, S2) were excluded in the saliva-
based approach, the minimal errors per subject (light-blue accentuated
cells in Table 6.1) were almost evenly distributed over the three approaches.
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The bioimpedance and temperature-based approach achieved the mini-
mal error in case of three subjects (S1, S6, S7). The sweat-based approach
achieved the minimal error in case of three subjects (S2, S5, S10). The
saliva-based approach achieved the minimal error in case of four subjects
(S3, S4, S8, S9).

Neglecting again the fact that two subjects (S1, S2) were excluded in the
saliva-based approach, the maximal errors per subject (dark-blue accen-
tuated cells in Table 6.1) were less evenly distributed over the three ap-
proaches. The bioimpedance and temperature-based approach was worst
in case of five subjects (S2, S4, S8, S9, S10). The sweat-based approach
was worst in case of two subjects (S1, S3). The saliva-based approach was
worst in case of three subjects (S5, S6, S7).

From this point of view, there was a tendency, but no clear trend, from
the bioimpedance and temperature-based approach over the saliva-based
approach towards the sweat-based approach. However, clearer trends
emerged within the variants of the bioimpedance and temperature-based
approach and the saliva-based approach. Regarding the bioimpedance
and temperature-based approach, BIA modeling was superior to BIS mod-
eling. BIA modeling achieved the minimal error in case of three subjects,
whereas BIS modeling did not achieve the minimal error for any subject.
Similarly, BIA modeling was worst only in case of one subject, whereas BIS
was worst in case of four subjects. Regarding the saliva-based approach,
the best-performing OLS variant showed comparatively higher variability
in the sense that it achieved the minimal error in case of three subjects,
but it was also worst in case of three subjects. The best-performing GPR
variant showed comparatively less variability in the sense that it achieved
the minimal error only in case of one subject and the worst error in no
case.

6.3 Third Evaluation Measure: Focusing on Time

Results for the third evaluation measure are reported in Figure 6.2 and 6.3.
For clarity of presentation, Figure 6.2 shows only bioimpedance and
temperature-based results for the best-performing regression method
(LIN) in case of both modeling approaches. Similarly, Figure 6.3 shows
saliva-based results only for the best-performing variant (GPR, k = 5). As
above, the term best-performing refers to the performance with respect
to the first measure. The remaining variants of the bioimpedance and
temperature-based approach are shown in Figure 6.4 and 6.5. Similarly,
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the best-performing variant of the saliva-based approach using OLS is
shown in Figure 6.6.

Interpreting Figure 6.2 and 6.3 qualitatively, the bioimpedance and
temperature-based approach and the saliva-based approach seemed to
accurately track TBW loss without any considerable bias. In contrast,
the sweat-based approach overestimated TBW loss in the beginning and
underestimated TBW loss towards the end. This observation could have
indicated a bias of the sweat-based approach. The bioimpedance-only
approach (InBody device) was inferior to all other approaches and oscil-
lated below the zero line during all eight running intervals. Interpreting
the non-best-performing variants qualitatively, the variants of bioimped-
ance and temperature-based approach (Figure 6.4 and 6.5) seemed to be
unbiased. The saliva-based approach using OLS (Figure 6.6) seemed to
be less similar to the ground truth.

6.4 Statistical Analysis of Sweat Markers

The progression of osmolality and chloride concentration over the eight
running intervals is shown in Figure 6.7. Both measurements varied con-
siderably among the individual subjects (blue-colored lines in Figure 6.7).
For example, osmolality ranged from 79 to 221 mmol/kg after the first run-
ning interval and from 146 to 405 mmol/kg after the last running interval.
Consequently, the mean values over all subjects (black-colored lines in
Figure 6.7) were accompanied by high standard deviations.

As a consequence to the high standard deviations, correlation according
to Pearson’s coefficient was only moderate. Between osmolality and abso-
lute TBW loss, Pearson’s coefficient was r Osmo = 0.43. Between chloride
concentration and absolute TBW loss, Pearson’s coefficient was r Cl = 0.41.
Nevertheless, both values were statistically significantly different to no
correlation (p < 0.01).

6.5 Feature Selection for Salivary Markers

The salivary markers that were selected in the different folds of the outer
LOSO-CV are reported in Table 6.3. The saliva-based variant that achieved
the overall minimal error (GPR, k = 5) chose chloride, osmolality, cortisol,
cortisone, and potassium in the majority of folds. Interestingly, these five
markers were almost equivalent to two other sets. The first of these two
sets were the five markers that were mostly selected if all k -exhaustive
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feature selections are considered (Table 6.3,
∑

k , GPR). The second of
these two sets were the five markers that showed the highest values in
Spearman’s correlation coefficient (Table 5.1). These two sets consisted
of chloride, osmolality, cortisone, potassium, and proteins (instead of
cortisol). Considering that GPR can conceive inherent nonlinear charac-
teristics, it was reasonable that the set was almost equivalent to the top
five markers according to Spearman’s coefficient, which also can capture
nonlinear characteristics, and not to the top five markers according to
Pearson’s coefficient, which quantifies linear relationships.

The saliva-based variant that achieved the minimal error if OLS was
used (k = 1) consistently chose chloride in all eight LOSO-CV folds. Con-
sidering that OLS is a linear method, this choice was in congruence with
the result that chloride showed the highest value in Pearson’s coefficient,
which determines linear relationships (Table 5.1).
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Figure 6.1: Results for the first evaluation measure (absolute error of TBW loss estimation averaged over all subjects and all
running intervals) of the three machine learning approaches. The plot shows mean values and the corresponding standard
deviation. The overall minimum error of 0.34± 0.10 l was achieved by the saliva-based approach using GPR and selecting
k = 5 salivary markers. N/A, information of regression algorithm not available in case of InBody.
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Table 6.1: Results for the second evaluation measure (absolute error of TBW loss estimation for every subject [S1, S2, . . . , S10]
averaged over all running intervals) of the three machine learning approaches. All numbers are reported in liter. Light-blue
accentuated cells highlight the minimal error per subject. Dark-blue accentuated cells highlight the maximal error per subject
(ignoring InBody). For clarity of presentation, saliva-based results are shown only for the best-performing number of k markers
for both regression methods. The complete saliva-based results are reported in Table 6.2. The last row (mean ± STD) is identical
to the first evaluation measure. k , number of selected features. Table partly adapted from Ring et al. (2015, 2016). © 2015; 2016
IEEE.

Subject InBody

Bioimpedance and temperature Sweat Saliva

BIA modeling BIS modeling
GPR

OLS GPR

LIN RBF GPR LIN RBF GPR (k = 1) (k = 5)

S1 1.22 0.13 0.11 0.14 0.14 0.12 0.17 0.56 – –
S2 1.67 0.86 0.80 0.83 0.96 0.93 0.94 0.55 – –
S3 1.80 0.52 0.61 0.61 0.44 0.53 0.53 0.95 0.29 0.44
S4 2.37 1.06 1.07 1.12 1.56 1.54 1.68 0.49 0.22 0.30
S5 0.76 0.38 0.37 0.33 0.44 0.44 0.39 0.26 0.47 0.28
S6 1.27 0.19 0.18 0.18 0.26 0.22 0.22 0.28 0.30 0.22
S7 1.74 0.26 0.27 0.22 0.26 0.27 0.23 0.56 0.60 0.40
S8 2.31 0.50 0.65 0.56 0.61 0.74 0.66 0.68 0.40 0.50
S9 1.20 0.41 0.48 0.51 0.44 0.54 0.54 0.47 0.39 0.36
S10 1.31 0.27 0.50 0.30 0.26 0.28 0.31 0.12 0.24 0.24

Mean 1.57 0.46 0.50 0.48 0.54 0.56 0.57 0.49 0.36 0.34
±STD ±0.51 ±0.30 ±0.29 ±0.31 ±0.43 ±0.42 ±0.46 ±0.23 ±0.13 ±0.10
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Table 6.2: Results for the second evaluation measure (absolute error of TBW loss estimation for every subject [S3, S4, . . . , S10]
averaged over all running intervals) of the saliva-based approach. All numbers are reported in liter. This table supplements
Table 6.1. The last row (mean ± STD) is identical to the first evaluation measure. k , number of selected features.

Sub-
ject

k = 1 k = 2 k = 3 k = 4 k = 5 k = 6 k = 7

OLS GPR OLS GPR OLS GPR OLS GPR OLS GPR OLS GPR OLS GPR

S3 0.29 0.31 0.29 0.38 0.35 0.48 0.42 0.41 0.42 0.44 0.42 0.45 0.46 0.44
S4 0.22 0.27 0.21 0.17 0.24 0.35 0.32 0.31 0.28 0.30 0.49 0.25 0.47 0.44
S5 0.47 0.48 0.47 0.45 0.43 0.34 0.31 0.36 0.37 0.28 0.37 0.24 0.26 0.18
S6 0.30 0.38 0.36 0.33 0.24 0.31 0.22 0.24 0.23 0.22 0.23 0.21 0.26 0.12
S7 0.60 0.55 0.55 0.51 0.62 0.62 0.59 0.48 0.64 0.40 0.57 0.79 0.67 0.66
S8 0.40 1.12 0.31 0.58 0.37 0.69 0.39 0.60 0.39 0.50 0.28 0.40 0.27 0.46
S9 0.39 0.39 0.70 0.68 0.49 0.80 0.47 0.47 0.43 0.36 0.64 0.64 0.65 0.65
S10 0.24 0.23 0.26 0.25 0.32 0.33 0.50 0.35 0.25 0.24 0.98 0.76 0.72 0.51

Mean 0.36 0.47 0.39 0.42 0.38 0.49 0.40 0.40 0.38 0.34 0.50 0.47 0.43 0.47
±STD ±0.13 ±0.29 ±0.17 ±0.17 ±0.13 ±0.19 ±0.12 ±0.11 ±0.13 ±0.10 ±0.24 ±0.23 ±0.19 ±0.19
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Figure 6.2: Results for the third evaluation measure (TBW loss estimation for every
running interval [i = 1, 2, . . . , 8] averaged over all subjects) of the bioimpedance and
temperature-based approach. The plot shows mean values and the corresponding
standard deviation. For better visualization, ground truth data points have been
slightly shifted to the left and estimated data points have been slightly shifted
to the right. Further bioimpedance and temperature-based results are shown in
Figure 6.4 and 6.5. Figure partly adapted from Ring et al. (2016). © 2016 IEEE.
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Figure 6.3: Results for the third evaluation measure (TBW loss estimation for
every running interval [i = 1, 2, . . . , 8] averaged over all subjects) of the sweat-based
approach and the saliva-based approach. The plot shows mean values and the
corresponding standard deviation. For better visualization, ground truth data
points have been slightly shifted to the left and estimated data points have been
slightly shifted to the right. Further saliva-based results are shown in Figure 6.6.
k , number of selected features. Figure partly adapted from Ring et al. (2015, 2017).
© 2015; 2017 IEEE.
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Figure 6.4: Results for the third evaluation measure (TBW loss estimation for every
running interval [i = 1,2, . . . ,8] averaged over all subjects) of the bioimpedance
and temperature-based approach using BIA modeling. The plot shows mean
values and the corresponding standard deviation. For better visualization, ground
truth data points have been slightly shifted to the left and estimated data points
have been slightly shifted to the right. This figure supplements Figure 6.2. Figure
partly adapted from Ring et al. (2016). © 2016 IEEE.
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Figure 6.5: Results for the third evaluation measure (TBW loss estimation for every
running interval [i = 1,2, . . . ,8] averaged over all subjects) of the bioimpedance
and temperature-based approach using BIS modeling. The plot shows mean
values and the corresponding standard deviation. For better visualization, ground
truth data points have been slightly shifted to the left and estimated data points
have been slightly shifted to the right. This figure supplements Figure 6.2. Figure
partly adapted from Ring et al. (2016). © 2016 IEEE.
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Figure 6.6: Results for the third evaluation measure (TBW loss estimation for
every running interval [i = 1, 2, . . . , 8] averaged over all subjects) of the saliva-based
approach using OLS. The plot shows mean values and the corresponding standard
deviation. For better visualization, ground truth data points have been slightly
shifted to the left and estimated data points have been slightly shifted to the right.
This figure supplements Figure 6.3. k , number of selected features.
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Figure 6.7: Sweat osmolality and sweat chloride concentration over the eight run-
ning intervals. The light blue-colored data in the background shows the subjects’
values and the black-colored data in the foreground shows mean and standard
deviation over all subjects. For better visualization, subjects’ data points have
been slightly shifted to the left and mean data points have been slightly shifted
to the right. Osmolality and chloride concentration varied considerably among
subjects, which is also illustrated by the high standard deviation. Figure adapted
from Ring et al. (2015). © 2015 IEEE.
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Table 6.3: Salivary markers that were selected in the k -exhaustive feature selections. The first column shows the number k of
features that were selected. The second column shows the regression method (OLS, GPR) that was used. The third column
shows the selected salivary markers and the amount of LOSO-CV folds in which every marker was selected. Table adapted from
Ring et al. (2017). © 2017 IEEE.

k Method Salivary markers and number of LOSO-CV folds

1
OLS chloride (8)
GPR chloride (7), proteins (1)

2
OLS chloride (8), osmolality (7), amylase (1)
GPR chloride (8), osmolality (3), potassium (2), proteins (2), amylase (1)

3
OLS chloride (8), cortisone (6), osmolality (6), cortisol (2), potassium (2)
GPR chloride (8), osmolality (4), potassium (3), proteins (3), amylase (2), cortisol (2), cortisone (2)

4
OLS chloride (8), osmolality (8), cortisol (5), cortisone (4), proteins (3), amylase (2), potassium (2)
GPR chloride (8), osmolality (8), cortisone (4), potassium (4), cortisol (3), proteins (3), amylase (2)

5
OLS chloride (8), osmolality (8), cortisol (6), cortisone (6), proteins (6), amylase (4), potassium (2)
GPR chloride (8), osmolality (8), cortisol (6), cortisone (6), potassium (5), proteins (4), amylase (3)

6
OLS chloride (8), cortisone (8), osmolality (8), potassium (7), cortisol (6), proteins (6), amylase (5)
GPR chloride (8), cortisone (8), cortisol (7), osmolality (7), proteins (7), potassium (6), amylase (5)

∑
OLS chloride (48), osmolality (37), cortisone (24), cortisol (19), proteins (15), potassium (13), amylase (12)
GPR chloride (47), osmolality (30), cortisone (20), potassium (20), proteins (20), cortisol (18), amylase (13)
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Discussion

This chapter discusses the concepts, results, drawbacks, and improve-
ments of three machine learning approaches. The chapter begins with
individual discussions of the bioimpedance and temperature-based ap-
proach, the sweat-based approach, and the saliva-based approach (Chap-
ter 7.1, Chapter 7.2, and Chapter 7.3, respectively). Next, observations
beyond the individual approaches are discussed (Chapter 7.4). Then, the
perspective is broadened: TBW loss estimation errors are put into context
(Chapter 7.5) and the methodologically related water-deficit equation is
discussed (Chapter 7.6). Finally, research directions for future studies are
suggested (Chapter 7.7).

Parts of this chapter have been published previously (Ring et al. 2014,
2015, 2016, 2017) and are recapitulated here with permission.

7.1 The Bioimpedance and Temperature-Based Approach

The objective of temperature-based bioimpedance correction was to min-
imize the confounding effects that sweating has on bioimpedance mea-
surements. Changes in bioimpedance measurements that were due to
TBW loss were supposed to be revealed consequently. The machine learn-
ing approach for this objective consisted of two stages. The first stage
processed temperature measurements of the core and the contact posi-
tions to correct the raw, corrupted bioimpedance measurements. The
second stage utilized the temperature-corrected bioimpedance to esti-
mate TBW loss using state-of-art modeling methods. Compared to the
state-of-art bioimpedance-only approach, the best variant was able to re-
duce the error by 71 %. The following chapters discuss the concept of the
temperature-based bioimpedance correction, its empirical performance,
advantages and disadvantages, and potential for future work.
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7.1.1 Bioimpedance Modeling Method

Both BIA and BIS modeling were able to reduce the error of TBW loss
estimations considerably when compared to the state of art. Compar-
ing BIA and BIS modeling, the results in both the first and the second
evaluation measure favored BIA over BIS modeling (Chapter 6.1 and 6.2).
However, the conclusion was not necessarily that the temperature-based
bioimpedance correction performs superior when BIA modeling is used.
The finding may be explained likewise by the fact that no extrapolation
was performed in the BIS case (Chapter 2.2.4). BIS modeling was origi-
nally developed for extrapolated bioimpedance values (De Lorenzo et al.
1997). BIS usually measures the bioimpedance at multiple frequencies
and then extrapolates the data to a theoretical bioimpedance that would
be observed at an infinitely high frequency. The rationale behind this pro-
cedure is basically that TBW can be divided into ECW and ICW (Figure 2.1).
For electrical current to flow through ICW, the cell membranes have to be
passed first. Because cell membranes act like capacitors, high frequency
alternating current is required to the capture ICW volume, and not only
ECW volume. Ideally, the alternating current would have an infinitely
high frequency. This was also the reason why many BIA studies, which
typically do not extrapolate, used at least 50 to 100 kHz if TBW, i.e., both
ECW and ICW, was the value of interest (Kyle et al. 2004a).

As briefly mentioned above (Chapter 2.2.4), the full BIS procedure could
not be realized because of technical limitations of the bioimpedance de-
vice (InBody 720) used. The technical limitations were two-fold. First,
an adequate extrapolation requires at least two out of the three compo-
nents |Z |, R , and X of the bioimpedance Z = R + i X (De Lorenzo et al.
1997, Appendix A). The InBody device can be configured to report the reac-
tance X in addition to the magnitude |Z |, but only at the three frequencies
of 5, 50, and 250 kHz (Biospace 2005). However, three frequencies were not
considered as sufficient, because typical numbers are in the range from,
for example, 21 frequencies in De Lorenzo et al. (1997) to 50 frequencies in
Jaffrin and Morel (2008). Second, measuring also the reactance X doubles
the duration from about 1 to 2 min (Biospace 2005). Consequently, there
would have been a larger time delay between the bioimpedance measure-
ment and the core and skin temperature measurements. This delay would
in turn have increased chances that the subjects’ temperature decreased
between bioimpedance and temperature measurements (or even during
the bioimpedance measurement). In particular, because the subjects
had to stand motionlessly on the bioimpedance device in contrast to the
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prior demanding physical effort during running. However, the premise of
bioimpedance-correction approach was that bioimpedance and temper-
ature were measured as close in time as possible, at best simultaneously
(Chapter 5.2.3).

Because of these reasons, an extrapolation could not be realized. The
single frequency of 1 MHz was used to represent TBW, instead of an extrap-
olated, theoretical frequency at “∞Hz”. This aspect could have caused
the minor performance differences between BIA and BIS modeling. BIS
modeling should therefore not be considered inferior to BIA modeling.
Future studies with advanced technical devices should be carried out if a
final comparison is of interest. Based on the present results, the conclu-
sion was rather that the temperature-based bioimpedance correction was
able to improve both modeling methods considerably if applied during
physical exercise.

7.1.2 The Challenge of Obtaining Adequate Temperature
Measurements

The previous chapter already touched upon the challenge of measur-
ing bioimpedance and temperature as close in time as possible. In the
data collection, the time period that the subjects had to stand on the
bioimpedance device was minimized to 1 min by refraining from reac-
tance measurements (Chapter 4.3.3). Still, this period could have caused
nonnegligible temperature drops. Consequently, it was speculated that
subjects with larger temperature drops were simultaneously the subjects
with comparatively higher errors in the TBW loss estimations. Unfortu-
nately, this speculation could not be verified because temperature was
not measured before and after bioimpedance.

Future studies may investigate this aspect in more detail. This can be
realized by using devices that can measure temperature continuously
and simultaneously to the bioimpedance. Regarding core temperature,
ingestible temperature-sensor capsules may be an option if they do not
interfere with the electrical bioimpedance measurement. Regarding con-
tact positions, adhesive temperature sensors may be an option if they
do not interfere with the electrical bioimpedance measurement. If such
devices are not available, temperature measurements before and after bio-
impedance will be a valuable alternative and should provide interesting
insights.
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7.1.3 Integration into Commercial Devices

Skin temperature was measured at the palm of the right and left hand,
and at the sole of the right and left foot (Chapter 4.3.4). The rationale
was that the electrical current entered and left the body at these positions.
This procedure may be of interest for manufacturers of bioimpedance de-
vices, too. Manufacturers could perhaps develop electrodes that measure
temperature in addition to applying current and measuring impedance.
Such electrodes may solve the above-mentioned challenge of measuring
bioimpedance and temperature simultaneously (Chapter 7.1.2). Future
devices could then correct bioimpedance measurements directly by im-
plementing the proposed bioimpedance correction.

7.1.4 Machine Learning: Linear versus Nonlinear Methods

The three regression methods (LIN, RBF, GPR) performed similarly when
compared with respect to the bioimpedance-only approach (Chapter 6.1,
6.2, and 6.3). Nevertheless, the first and second evaluation measure identi-
fied minor advantages when LIN was combined with BIA modeling (Chap-
ter 6.1 and 6.2). From a computational perspective, this was a pleasant
finding because LIN required the evaluation of only one linear function
(Chapter 2.4). LIN is most efficient in the application phase regarding
runtime and memory consumption. This can be beneficial for implemen-
tations in general and for implementations on wearable devices, which
typically consist of low-resource hardware, in particular. For example,
Beckmann et al. (2010) and Schlebusch et al. (2010) developed a wearable
bioimpedance device that was integrated into a t-shirt. Although the de-
vice was intended for the detection of lung edema, it showed the potential
of current hardware. It also raised hope that wearable TBW devices will be
available in the future. For such devices, the present results suggested that
efficient methods (LIN) provide sufficient, maybe even superior, accuracy
compared to more sophisticated, computationally demanding methods
(RBF, GPR). Finally, the fact that a linear function performed best was also
in congruence with previous observations on the relationship between
bioimpedance and skin temperature (Gudivaka et al. 1996).

The other two regression methods (RBF, GPR) still provided reasonable
performance, and as noted above, the difference was minor. No regres-
sion method showed an obvious bias (Chapter 6.3). These observation
strengthened the plausibility of the general approach to correct bioimped-
ance based on temperature. They encouraged future studies including
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more subjects, which should help to reduce the standard deviation and to
learn the relationship between bioimpedance and temperature in more
detail.

7.1.5 The State-of-the-Art Approach: Bioimpedance without
Correction

The temperature-based bioimpedance correction was motivated by the
influence of two contrary factors on bioimpedance (Chapter 1.1.1). The
first factor was loss of TBW and the electrolytes therein. This leads to
increased bioimpedance values because there are less electrolytes in the
body to conduct the electrical current (O’Brien et al. 2002). The second
factor were the physiological effects of sweating, which lead to better
electrical conductivity and decreased bioimpedance values (Buono et al.
2004; Caton et al. 1988; Thomas and Korr 1957).

The bioimpedance-only approach did not account for influences of the
second factor. The resulting problem therefore became apparent in the
TBW loss estimations of the bioimpedance-only approach (Figure 6.2).
Averaged over all subjects, these estimations did not exhibit noteworthy
changes during the entire running bout. Instead, they oscillated slightly
below zero because the bioimpedance changes caused by sweating were
about equally influencing as the bioimpedance changes caused by TBW
loss.

7.2 The Sweat-Based Approach

The concentration of electrolytes in sweat was assumed to reflect blood
water loss and, consequently, TBW loss (Chapter 1.1.2). It was therefore
hypothesized that sweat osmolality and sweat chloride concentration
may facilitate TBW loss estimations. A statistical analysis revealed in fact
that Pearson’s correlation coefficient between the two sweat markers and
TBW loss was significantly different from zero. Subsequent regression
experiments suggested that TBW loss can be estimated within an accuracy
of 0.49 l if sweat osmolality and sweat chloride were presented to a GPR.
The following chapters discuss the concept of the saliva-based approach,
its empirical performance, drawbacks, and potential for future work.
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7.2.1 Sweat Markers: Correlation Coefficients and Practical
Usefulness

The correlation between sweat osmolality and TBW loss as well as sweat
chloride concentration and TBW loss has not been investigated during
physical exercise without fluid intake (Chapter 3.2). It was therefore inter-
esting that the present study found significant correlations of r Osmo = 0.43
and r Cl = 0.41 (Chapter 6.4). These findings supported the argumentation
about the increasing concentration of electrolytes in sweat and the decline
of blood water (Chapter 1.1.2).

However, absolute values of about 0.4, although significantly different
from zero, described only moderate correlations (Cohen 1988). Moreover,
the qualitative analysis of osmolality and chloride concentration showed
considerable inter-subject variability (Chapter 6.4), which was congruent
with previous studies (e.g., Costill 1977). Considering these aspects, chal-
lenges will likely emerge if such markers are utilized for reasoning about
TBW. In the present experiments, such challenges were encountered in
form of the potential bias, as highlighted by the third evaluation measure
(Chapter 6.3). This measure showed that TBW loss was overestimated in
the beginning and underestimated towards the end.

The first evaluation measure was therefore interpreted in the light of
this potential bias, too. This measure, which averaged over all subjects
and all running intervals, reported a mean error of 0.49 l (Chapter 6.1).
Considering this evaluation measure alone, overly optimistic conclusions
would have been drawn, as the error of 0.49 l was comparable to the bioim-
pedance and temperature-based approach. However, such conclusions
would have contradicted the third evaluation measure, which averaged
only over all subjects and indicated overestimations in the beginning and
underestimations towards the end. The overly optimistic perspective of
the first measure was probably due to two aspects. First, the overestima-
tion in the beginning and the underestimation towards the end caused
reasonable performance in the middle (Figure 6.3, interval i = 4 and i = 5).
The sweat-based approach therefore achieved (maybe only by accident)
small TBW loss estimation errors in the middle. Second, the standard
deviation of the sweat-based approach was smaller towards the end, com-
pared to the bioimpedance and temperature-based approach (Figure 6.3,
interval i = 6 to i = 8). Although the sweat-based approach systematically
underestimated TBW loss towards the end, the average error was appar-
ently lower than the average of the bioimpedance and temperature-based
approach, which showed higher standard deviations but no systematic
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bias. These two aspects probably led to the overly optimistic result of
0.49 l in the first evaluation measure.

Im summary, the moderate correlation coefficients, the considerable
inter-subject variability, and the potential bias suggested that the sweat-
based approach, in its current form, cannot be recommended for practical
application.

7.2.2 Drawbacks of the Missing Value Interpolation

Missing values in sweat samples were interpolated by training a linear
regression on all nonmissing values (Chapter 5.3.1). As most methods
for handling missing values, the regression method has drawbacks (Hair
et al. 2010, Chapter 2). A major drawback in the present context was that
markers values from previous as well as subsequent running intervals
contributed to every interpolated value. Empirically observed values, on
the contrary, do not necessarily contain information about all past values
and all future values.

It may be reasonable to assume that sweat markers depend on each
other according to some kind of relationship, though. However, this re-
lationship may not necessarily be a linear relationship. Similarly, this
relationship may not necessarily be as deterministic as in the linear re-
gression that was used for the interpolation of missing values.

Therefore, the results of the sweat-based approach were rather consid-
ered as an indication for the potential of sweat markers. The sweat-based
results were probably too optimistic because of the (potentially) artificially
induced dependence among subsequent observations. As this issue adds
to the challenges discussed in the previous chapter, future studies are
recommended to assess the true potential of sweat markers.

7.2.3 Improvements for Future Studies

Above discussions about the sweat-based approach were less promising
than the discussions about the other two machine learning approaches
(Chapter 7.1 and 7.3). The following ideas may be considered to improve
the performance of the sweat-based approach in future studies.

A straightforward idea was to switch from absolute to relative values,
as it was done in the bioimpedance and temperature-based approach
(Chapter 5.2.2) and the saliva-based approach (Chapter 5.4.2). Relative
values were supposed to minimize inter-subject variability and could over-
come one of the challenges identified above (Chapter 7.2.1). The practical
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realization would be less straightforward, though. It will generally not be
feasible to collect baseline sweat samples, because subjects are typically
not sweating before physical exercise. A feasible solution may be to induce
sweat secretion electrically, as in sweat tests for cystic fibrosis, for which
the Macroduct sweat collectors (Chapter 4.3.5) are actually intended for
(ELITechGroup 2014). However, the drawback of this solution would be
that an additional device for sweat induction will be necessary. Another
feasible solution may be to interpret sweat markers that are collected
after an initial period of physical exercise as baseline values. However, the
drawback of this solution would be that TBW loss during the initial period
will not be measurable.

Another idea was to make use of another physiological sample to re-
trieve surrogate baseline values. In light of the motivation that sweat
fluid originates from blood (Chapter 1.1.2), a reasonable baseline may
be osmolality and chloride concentration of a blood sample that is col-
lected pre-exercise. However, the drawback of this idea would be that the
sweat-based approach will become an invasive method.

A third idea was to utilize the sweat rate as an extra feature. The sweat
rate is known to influence the amount of electrolyte reabsorption in the
duct (Buono et al. 2008). Different sweat rates could have contributed
to the inter-subject variability and to the large range in absolute values
(Chapter 6.4). In contrast to the previous two ideas, there was no obvious
drawback of this approach. The sweat collectors were attached for a
fixed time period of 15 min anyway (Chapter 4.3.5). This idea would just
require to determine the amount of sweat fluid and divide it by the time
period. Therefore, this third idea was assumed to be the most promising
improvement for future studies.

To avoid missing value interpolations, all above ideas should aim to min-
imize the original cause for obtaining missing values. Here, missing values
were mainly due to the fact that the sweat collectors contained insufficient
amounts of sweat fluid (Chapter 4.4). There are several straightforward
approaches that should provide more sweat fluid. For example, multiple
sweat collectors could be employed simultaneously, the duration of the
running intervals could be extended, or positions other than the chest
could be considered.
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7.3 The Saliva-Based Approach

The objective of the saliva-based approach was to advance from binary
classifications (Chapter 1.1.3) to quantitative TBW loss estimations. For
this purpose, a set of previously investigated as well as additional, unex-
plored salivary markers was processed by a machine learning approach.
This approach first identified the best-performing subset of salivary mark-
ers using an exhaustive feature selection. These salivary markers were
then presented to regression algorithms to estimate TBW loss. The ex-
perimental evaluation showed that the combination of GPR as regression
method and the selection of five salivary markers was able to achieve the
minimal error of 0.34 l. The following chapters discuss the concept of
the saliva-based approach, its empirical performance, the results of the
feature selection, and potential for future work.

7.3.1 Identifying the Salivary Markers for Future Applications

The LOSO-CV evaluated the performance of every variant of the saliva-
based approach. However, a LOSO-CV does not readily provide the accord-
ing, best-performing set of salivary markers for every variant (Chapter 2.5).
Instead, a LOSO-CV identifies the best-performing set for every group of
training subjects. Here, these sets were not identical over all groups (Chap-
ter 6.5). Only if OLS was employed as regression method and k = 1 marker
was selected, the sets were identical over all LOSO-CV folds and consisted
of the salivary osmolality. In all other cases, no unambiguous set was
identified across all LOSO-CV folds. In such a situation, two approaches
are typical to identify the final set that should be employed in future ap-
plications.

The first approach is to perform another exhaustive feature selection,
however, using all subjects this time. This approach corresponds to omit-
ting the outer LOSO-CV that was required for performance evaluation
(Chapter 5.4.5). For the present situation, this approach was considered
inferior in contrast to the second approach below. The reason was that
the best-performing sets varied, partly considerably, throughout the outer
LOSO-CV. This observation prefigured that another feature selection us-
ing all subjects may similarly result in an unstable set.

The second approach is to analyze all sets of salivary markers that were
identified in the outer LOSO-CV. For the present situation, this analysis
concretely consisted of choosing the salivary markers that were mostly
selected over all LOSO-CV folds. For the best-performing variant (GPR,
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k = 5), these markers were chloride, osmolality, cortisol, cortisone, and
potassium (Table 6.3, GPR, k = 5). This approach was considered more
appropriate for the present data set. First, because of the issues with the
approach above and, second, because the set was almost identical to two
other notable sets (Chapter 6.5). The first of these two sets consisted of
the mostly selected markers if GPR was employed, and the second of these
sets consisted of the top five markers according to Spearman’s coefficient.
Nevertheless, future studies were still considered mandatory to collect
more training data and, consequently, to achieve stable feature selections.

7.3.2 Machine Learning: Linear versus Nonlinear Methods

Two findings directly encouraged the use of computational approaches
beyond OLS. The first finding was that the minimal error was achieved
using a nontrivial regression method. GPR was employed as a probabilis-
tic approach and configured to use a nonlinear SE kernel. This setting
outperformed the linear approach, which was also applied in previous
studies (Horn et al. 2012; Muñoz et al. 2013; Smith et al. 2011; Taylor et al.
2012; Walsh et al. 2004a,b). The second finding was that the minimal error
was neither achieved using simply all salivary markers nor using the best
single marker. Concretely, the feature selection reduced the error from
0.47± 0.19 l (all markers) and from 0.47± 0.29 l (best single marker) to
0.34± 0.10 l (five markers) in case of the GPR results (Table 6.2).

The best-performing linear variant (OLS, k = 1) achieved an error of
0.36± 0.13 l. This number may seem acceptable, too. The best-performing
linear variant also required only one marker (chloride), in contrast to the
best-performing GPR variant that required five markers. However, two
further aspects were concerning in this context.

The first aspect was the preliminary analysis that was conducted to
pre-select appropriate regression methods (Chapter 5.4.3). Here, Pear-
son’s coefficient showed a smaller value for chloride than Spearman’s
coefficient. As argued above (Chapter 5.4.3), this was an indication for
the presence of nonlinear correlations. The parallel coordinate plot (Fig-
ure 5.1) confirmed this indication. Chloride concentration increased by
about 16 % – 18 % in the beginning (i = 1, 2, 3, 4), doubled to 35 % – 38 %
in the middle (i = 5,6,7), and doubled again to 61 % in the end (i = 8).
OLS may not be able to fully conceive this relationship between chloride
concentration and TBW loss.

The second aspect was the challenge of inter-subject variability that
was identified in previous studies (Taylor et al. 2012; Walsh et al. 2004a,b).
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Machine learning methods like GPR may provide a crucial advantage to
overcome this challenge. Many of these methods store (part of) the train-
ing data and exploit it in the application phase (for GPR, see Chapter 2.4).
They can learn and recall more details about the inter-subject variability.
OLS discards the training data once slope and offset of the regression
function have been determined (Chapter 2.4). The resulting values for
slope and offset are typically the best trade-off to describe all subjects
simultaneously. However, differences among the individual subjects may
be hard to learn and recall using this method.

7.3.3 Interpretation of the Feature Selection Results

The previous chapter already touched upon the necessity of a feature se-
lection. The minimal error was neither achieved using simply all salivary
markers nor using the best single marker. Looking at the results of the
feature selection in more detail, the error first decreased with respect to
the number of markers (Figure 6.1, GPR, k = 1 to 5) and then increased
again (Figure 6.1, GPR, k = 5 to 7). The decrease may have emerged be-
cause more markers were made available to the GPR. The GPR simply had
more information and could learn the relationship in more detail. The
increase may have emerged because of the relatively high number of sali-
vary markers in comparison to the number of subjects. This issue is also
known as the curse of dimensionality (e.g., Hastie et al. 2009, Chapter 2.5).
From a theoretical point of view, the input space (salivary markers) grew
while the amount of samples (subjects) within the input space remained
constant. The increase of the error may be an artifact of undersampling
the input space more and more. Consequently, future studies including
more subjects may find that more than five markers actually improve TBW
loss estimations.

7.3.4 Nonlinear Nature of the Salivary Markers

The preliminarily data analysis (Chapter 5.4.3) as well as previous discus-
sions (Chapter 7.3.2) suggested that the salivary markers increase non-
linearly during progressive dehydration. These findings contrasted with
observations from Walsh et al. (2004a). They observed a linear correlation
of 0.94 between salivary osmolality and relative TBW loss, and a linear cor-
relation of 0.97 between salivary proteins and relative TBW loss. However,
the discrepancy may be explained by different methodological procedures.
Walsh et al. (2004a) computed correlations between absolute values of the
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salivary markers and relative values of TBW loss. Here, correlations were
computed between relative values of salivary markers (Chapter 5.4.2) and
absolute values of TBW loss (Chapter 5.1). More importantly, Walsh et al.
(2004a) collected only four salivary samples. Here, nine samples were
collected (Chapter 4.3.6). The present, temporally higher resolved data
should therefore provide a more comprehensive view on the progression
of the salivary markers.

Inspecting the progression in more detail, the nonlinear nature was
specifically prominent from interval i = 4 to i = 5 (Figure 5.1). Many
salivary markers started growing drastically faster after relatively constant
increments in interval i = 1, 2, 3, 4. As already pointed out (Chapter 7.3.2),
chloride concentration constantly increased by 14 % – 18 % in interval i =
1,2,3,4, but increased by 35 % in interval i = 5. Another example was
cortisone that constantly increased by 4 % – 8 % in intervals i = 1,2,3,4,
but increased by 23 % in interval i = 5. Interestingly, the average TBW
loss was 1.42 l after interval i = 5 (0.20 l + 0.29 l + 0.32 l + 0.30 l + 0.31 l;
Figure 5.1). This amount of TBW loss was close to the threshold of 2 %
body mass loss (1.55 kg in case of subjects S3, S4, . . . , S10; Table 4.1), a
threshold that is also associated with negative physiological performance
(Sawka et al. 2007) and hormonal responses for water conservation and
acquisition (Cheuvront et al. 2013a). It may therefore be speculated that
the constant increase in interval i = 1,2,3,4 was caused by a counter-
dilution effect. The amount of TBW loss through sweating was probably
higher than the loss of the markers through sweating. Comparatively more
markers may have remained in the body and distributed in a smaller TBW
volume, causing ultimately the concentration to increase. In interval i = 5,
the onset of hormonal responses for water conservation and acquisition
may have caused an increase that was not due to dilution effects.

This speculation may help to explain the nonlinear nature, but it was
also based on average values over all subjects. Individual differences
were not taken into account, although the onset of hormonal responses
probably varied among subjects. However, the close correspondence
between the average TBW loss of 1.42 l after interval i = 5 and the 2 %
body mass loss of 1.55 kg motivated future investigations in this direction.
For this purpose, future studies that intensively collect salivary markers
around this threshold may be beneficial. The resulting data set would
provide temporally densely sampled values for the critical time period
in which the order of magnitude of salivary markers changes. Training
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the machine learning approach on such a data set may also increase the
accuracy of TBW loss estimations considerably.

Besides the above comparison with the study from Walsh et al. (2004a),
comparisons with the other studies (Horn et al. 2012; Muñoz et al. 2013;
Smith et al. 2011; Taylor et al. 2012; Walsh et al. 2004b) were not meaningful
or not possible. Walsh et al. (2004b) and Muñoz et al. (2013) did not
mention correlations between the salivary markers and TBW loss. Smith
et al. (2011) mentioned correlations only between pre and post exercise.
Taylor et al. (2012) and Horn et al. (2012) provided fluid during the exercise
bout, which could have induced confounding effects.

7.4 Observations Beyond the Approach-Specific
Discussions

Above individual discussions concluded that the bioimpedance and
temperature-based approach as well as the saliva-based approach seem
to provide unbiased estimations of TBW loss. In contrast, the sweat-
based approach does not seem to provide unbiased estimations of TBW
loss. The sweat-based approach, in its current form, could therefore
not be recommended for practical applications. The bioimpedance and
temperature-based approach as well as the saliva-based approach could
be recommended for practical applications. Nevertheless, it has to be
ensured that the experimental settings are comparable to the data collec-
tion (Chapter 4). For example, both approaches should be applied only if
subjects do not consume fluids during physical exercise, if the ambient air
temperature is neither extremely hot nor cold, and if the subjects’ running
speed leads to comparable exercise intensity. Different experimental
settings remain to be investigated in future studies, as discussed below
(Chapter 7.7).

The discussion of the bioimpedance and temperature-based approach
concluded that a linear method (LIN) performed best (Chapter 7.1.4). In
contrast, the discussion of the saliva-based approach concluded that a
nonlinear method (GPR) performed best (Chapter 7.3.2). These findings
were not controversial, although both approaches estimated the same
quantity. The bioimpedance and temperature-based approach corrected
the corrupted bioimpedance using temperature. The fact that a linear
method (LIN) worked best was interpreted in the way that the relationship
between bioimpedance and temperature was linear. This interpretation
was also congruent with previous findings (Buono et al. 2004), which
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reported a correlation of r =−0.90 between bioimpedance and skin tem-
perature. The saliva-based approach estimated TBW loss directly. The
fact that a nonlinear method (GPR) worked best was interpreted in the
way that the relationship between the salivary markers and TBW loss was
nonlinear. This interpretation was congruent with the behavior of the
salivary markers (Chapter 7.3.4).

As a next step, the three machine learning approaches may be com-
bined into one single approach. This step can be achieved by means of
data fusion techniques at various levels of the processing pipeline (e.g.,
Hall and Llinas 1997; Witten et al. 2011, Chapter 8; Hastie et al. 2009,
Chapter 8). It was generally considered reasonable to assume that fusing
multiple approaches performs better than each approach individually.
However, this assumption was not considered reasonable for the present
context and data fusion techniques were therefore not applied. The ratio-
nale for this consideration was manifold. First, the discussion regarding
feature selection of salivary markers pointed out that the error beyond
five markers may have increased because of the increasing number of
markers compared to the constant number of subjects (Chapter 7.3.3).
Data fusion techniques on the input level would have encountered similar
issues. The number of inputs would have been considerably larger than
the number of subjects if bioimpedance, temperature, sweat markers, and
salivary markers had been put into one single regression. Second, the
bioimpedance and temperature-based approach required an inner LOSO-
CV for parameter optimization, and the saliva-based approach required
an inner LOSO-CV for feature selection. Data fusion techniques on the
output level would have required another inner LOSO-CV to optimize the
combination of three individual TBW loss estimations. The consequence
would have been a nested series of two inner LOSO-CVs (one inner LOSO-
CVs for parameter optimization or feature selection, and another inner
LOSO-CVs for optimization of the combination), in addition to the outer
LOSO-CV for performance evaluation. Each of these three LOSO-CVs
would have held out one subject for testing purposes. Considering that
eight subjects were available to the saliva-based approach, the number of
subjects would have shrunken to five in the innermost LOSO-CV. This low
number of subjects was assumed to increase instability and variability
between LOSO-CV folds. Third, there were missing values in the sweat
markers that were interpolated. The discussion of the interpolation listed
drawbacks (Chapter 7.2.2) and these drawbacks would have transferred to
the combined approach as well. Therefore, future studies that particularly

106



7.5 Putting the Error of the Water Loss Estimations into Context

include more subjects are recommended if the performance of data fusion
techniques is of interest.

7.5 Putting the Error of the Water Loss Estimations into
Context

The ultimate aim of all three machine learning approaches was to pro-
vide recommendations about how much fluid shall be consumed by a
dehydrated subject (Chapter 5.1). Concretely, dehydrated subjects shall
consume the amount of fluid that will be estimated as TBW loss. The
evaluation showed that the error of these TBW loss estimations ranged
between 0.34 l and 0.57 l, depending on the machine learning approach
(Chapter 6.1). Considering the worst error of 0.57 l, dehydrated subjects
may therefore consume either 0.57 l more than necessary or 0.57 l less
than necessary.

Consuming 0.57 l more than necessary was not considered as critical be-
cause moderate hyperhydrations are generally less associated with health
issues (Perrier et al. 2014). Consuming 0.57 l less than necessary was
neither considered as critical because of the body’s threshold for water
acquisition and conservation. This threshold is commonly stated as a
relative increase in plasma osmolality of 2 %, which equals an absolute
increase of about 5 mmol/kg (Cheuvront et al. 2013a; Dunn et al. 1973;
Reeves et al. 1998; Robertson et al. 1973). An increases in plasma osmolal-
ity greater than 5 mmol/kg will occur if TBW loss exceeds about 2 % of the
subject’s body mass (Bartok et al. 2004; Cheuvront et al. 2011; Cheuvront
et al. 2010; Cheuvront et al. 2013a; Popowski et al. 2001). A body mass loss
of 2 % in turn equals about 1.4 l for the typical 70-kg body (Cheuvront
et al. 2013a) and 1.59 l for the present subjects S1, S2, . . . , S10 (Table 4.1).
An erroneous recommendation would therefore bring the subject’s TBW
loss still clearly below 1.59 l. Subject may have a residual water deficit of
0.57 l, but this deficit will be below the threshold for water acquisition and
conversation. The resulting state of hydration shall be tolerable by the
body.

The accuracy of further TBW loss estimations, once the subject con-
sumed the recommended amount of fluid, was not investigated. Above
discussions may therefore be valid only between the beginning of physical
exercise and the first fluid intake. Situations that include further TBW loss
estimations are similar to study protocols considering (controlled) fluid
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intake during physical exercise. These situations remain to be investigated
and are discussed below (Chapter 7.7).

7.6 A Comparison with the Invasive Water-Deficit
Equation

To the best of the author’s knowledge, the so-called water deficit equation
(Wynn 1957) is methodologically closest to the present aim of estimating
TBW loss quantitatively. The water-deficit equation is an invasive method
that originally utilized body weight and sodium concentration of a blood
plasma sample. In context of exercise-induced dehydration, Cheuvront et
al. (2013b) investigated the accuracy of the original water-deficit equation
as well as six variants of the original equation. Cheuvront et al. (2013b)
found that all variants underestimated TBW loss by 1.5 l – 2.5 l. In contrast,
the sweat-based approach as well as the saliva-based approach achieved
errors clearly below the error of the water-deficit equation (Chapter 6.1).

These results may seem controversial because there are several reason-
able arguments that plasma-based methods should provide the lowest
error. For example, sweat and saliva are only filtrates of blood from a
physiological perspective. Moreover, the analysis of sweat and saliva is
only a surrogate for the analysis of blood if interpreted from a concep-
tual perspective. Finally, dehydration-related changes generally occur
in blood first, and changes in sweat and saliva are secondary to blood
changes.

However, the following three methodological differences should explain
the seemingly controversial results. First, all variants of the water-deficit
equation were basically linear equations in which the measurements were
inserted. The equations were not optimized for a specific group of training
subjects. In contrast, the sweat-based approach as well as the saliva-
based approach employed sophisticated nonlinear regression methods
and optimized the regression equations for the training subjects. Second,
all variants of the water-deficit equation used at most three measurements
(body weight, plasma osmolality, plasma sodium concentration). The
sweat-based approach also employed only two markers but still different
markers (osmolality, chloride concentration). The saliva-based approach
employed also different markers and up to seven markers simultaneously.
Third, all variants of the water-deficit equation were used to estimate
TBW loss after 3–5 h of physical exercise. In contrast, the sweat-based
approach as well as the saliva-based approach were employed to estimate
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TBW loss after eight 15-min intervals of physical exercise. The concrete
amounts of TBW loss were therefore quantitatively higher in the study for
the water-deficit equation than in the present study.

In summary, these three methodological differences may explain the
seemingly counterintuitive results. Superior performance of the blood-
based approach would be expected if all methodological aspects were
identical.

7.7 Research Directions for Future Studies

All subjects recruited in the data collection were healthy males of similar
age and body composition. They were deliberately selected to minimize
confounding variables or side effects of gender, age, diseases, and body
composition (Chapter 4.1). This facilitated focusing on the general feasi-
bility and accuracy of TBW loss estimations.

Future studies may relax the restrictions regarding subject characteris-
tics and investigate effects of confounding variables systematically. For
example, the bioimpedance and temperature-based approach could be
influenced by skin changes due to aging (Kyle et al. 2004b). Future stud-
ies may therefore include subjects of a wider range of ages. The sweat-
based approach will likely be influenced by heat acclimation (Buono et al.
2007), sweat rate differences between females and males (Hazelhurst and
Claassen 2006), and diseases that affect sweat composition. For example,
cystic fibrosis which leads to excessive chloride and sodium concentra-
tions (Tortora and Derrickson 2009, Chapter 23). The same will likely hold
for diseases that affect salivary composition. Future studies may therefore
include subjects having such diseases. Females were completely excluded
in the data collection. All three machine learning approaches remained
to be validated if applied to female subjects.

Besides subject characteristics, other variables include fluid intake, du-
ration and intensity of physical exercise, environmental conditions like
temperature and humidity, or clothing. Environmental temperature and
humidity were not measured (Chapter 4.3.1). However, these two variables
may have considerable impact on sweating and should be investigated
in future studies. They could be helpful as additional information for the
machine learning approaches, too. Future work may also include fluid
intake, because subjects typically consume fluids in practice. Follow-up
studies may investigate the performance of all three machine learning ap-
proaches if controlled as well as arbitrary fluid intake is allowed. Control
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conditions for the five, previously unexplored salivary markers (amylase,
chloride, cortisol, cortisone, potassium) have to be conducted (Chap-
ter 4.3.6). Control conditions, which replace TBW loss with fluid intake,
could determine if there are changes in these markers that are not related
to TBW loss. If such changes were observed, future work might investigate
preprocessing algorithms, like principal component analysis (PCA), to
remove confounding effects.

Sweat and salivary markers were determined using laboratory equip-
ment, and bioimpedance was measured using a laboratory machine. How-
ever, wearable devices and lab-on-a-chip systems have also been intro-
duced recently. For example, Beckmann et al. (2010), Schlebusch et al.
(2010), and Villa et al. (2014, 2016) proposed wearable devices for bioim-
pedance measurement. Anastasova et al. (2017), Bandodkar et al. (2014),
Dam et al. (2016), Gao et al. (2016), Heikenfeld (2016), Koh et al. (2016),
Parrilla et al. (2016), Rose et al. (2015), and Solovei et al. (2015) introduced
lab-on-a-chip systems for sweat analysis, whereas Gunter et al. (2005),
Hoe et al. (2011), and Stewart et al. (2007) proposed lab-on-a-chip sys-
tems for saliva analysis. On the one hand, these wearable devices and
lab-on-a-chip systems could record measurements (almost) continuously,
which would provide more detailed information, would reduce effects
of isolated erroneous measurements, and would not interrupt physical
exercise because of measurement procedures. On the other hand, the si-
multaneous assessment of ground truth TBW loss may be challenging and
combinations of multiple sensors would have to be explored systemati-
cally. Therefore, follow-up studies would be necessary, but the promising
results, especially the saliva-based approach with an accuracy of about a
glass of water, encouraged future work in these directions.
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Chapter 8

Optimal Feature Selection for
Nonlinear Data: Branch and
Bound in Kernel Space

This chapter describes the first theoretical approach for efficient, nonlin-
ear machine learning. The chapter begins with a technical motivation
(Chapter 8.1) that adds to the general motivation above (Chapter 1.2.1).
Next, previous methods for B&B feature selection are reviewed (Chap-
ter 8.2). Then, B&B feature selection in kernel space is proposed (Chap-
ter 8.3), the experimental evaluation is described (Chapter 8.4), and results
are reported (Chapter 8.5). Finally, the methodological approach as well
as the experimental results are discussed (Chapter 8.6).

Parts of this chapter have been published previously (Ring and Eskofier
2015b) and are recapitulated here with permission.

8.1 Motivation

Algorithmic approaches for feature selection may be categorized into two
groups: wrapper and filter approaches (Kohavi and John 1997). Wrapper
approaches assess the performance of a feature set by estimating the clas-
sifier’s performance if it uses the feature set. Feature selection is therefore
linked to and guided by the classifier. However, to find an optimal feature
set, wrapper approaches require an exhaustive search over all possible
feature combinations.

Filter approaches assess the performance of a feature set by evaluating
a criterion function for the feature set. Feature selection is therefore
independent of and detached from the classifier. However, to find an
optimal feature set, filter approaches can avoid an exhaustive search if
they utilize the B&B search method (Narendra and Fukunaga 1977). This
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is because there exist monotonic criterion functions and the B&B search
method can exploit this property to reduce the search space. Wrapper
approaches cannot exploit this advantage because their performance
measures, e.g., classification accuracy, are not monotonic.

Despite this advantage of filter approaches and B&B search, classifica-
tion accuracies achieved with optimal B&B feature sets—and other filter
approaches—were often inferior compared to classification accuracies
achieved with wrapper approaches (Chapter 8.5; Hall and Holmes 2003;
Kohavi and John 1997). It may be argued that the inferior accuracies were
due to the criterion functions that have been employed in previous B&B al-
gorithms. These criterion functions included the Bhattacharyya distance,
the Patrick-Fisher distance, the Mahalanobis distance and the divergence
(Casasent and Chen 2003; Chen 2003; Nakariyakul and Casasent 2007;
Nakariyakul 2009; Narendra and Fukunaga 1977; Somol et al. 2004; Wang
et al. 2003; Yu and Yuan 1993). All these functions are defined on basis of
the probability density function of the underlying data (Webb 2002, Chap-
ter A.2.2). Previous B&B algorithms simply assumed that the underlying
data is normally distributed. As normal distributions are defined by mean
and covariance, these criterion functions are also based on mean and
covariance. Consequently, previous B&B algorithms searched optimal
feature sets based on mean and covariance. However, these two quantities
may not conceive complex and nonlinear data structures (Figure 8.1).

To conceive complex and nonlinear structures, feature selection meth-
ods that employed kernel functions or worked in RKHS have been pro-
posed (e.g., Cheng et al. 2011; Ramona et al. 2012; Wang 2008). This
chapter shows that B&B feature selection can similarly be employed in
RKHS to conceive complex and nonlinear structures. B&B-RKHS can find
optimal feature sets that achieve classification accuracies comparable
to the wrapper approach. However, B&B-RKHS can find these optimal
feature sets faster than the wrapper approach because the B&B search
method does not require an exhaustive search to guarantee optimality.

8.2 Related Work

This chapter reviews previous B&B algorithms for optimal feature se-
lection. First, the notation, preliminaries, and monotonicity are intro-
duced (Chapter 8.2.1). Second, the three algorithms that together de-
fine the currently most efficient, nonheuristic B&B search method are
described (Chapter 8.2.2). Third, heuristic improvements are surveyed
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Figure 8.1: An exemplary data set consisting of two classes (�, ) and four features
(1, 2, 3, 4). The data set is depicted by projections onto the x1-x2-plane (left panel)
and the x3-x4-plane (right panel). In the x1-x2-plane, the two classes are perfectly
separable. In the x3-x4-plane, a minority of �-instances is mixed up with the
 -instances. If two out of the four features were selected, previous B&B algorithms
would prefer features 3 and 4 over features 1 and 2. This is because, for example,
the Bhattacharyya distance JB is larger for features 3 and 4 (JB = 1.09) than for
features 1 and 2 (JB = 0.74). B&B feature selection in RKHS (B&B-RKHS) would
prefer features 1 and 2 over features 3 and 4. This is because, for example, the
Bhattacharyya distance in RKHS J RKHS

B (polynomial kernel, b = 1, p = 3, r = 3;
Chapter 8.3.2) is larger for features 1 and 2 (J RKHS

B = 3.2×10−3) than for features
3 and 4 (J RKHS

B = 9.0×10−6). B&B-RKHS would facilitate classifiers to classify all
instances correctly, whereas features 3 and 4 selected by previous B&B algorithms
would hardly lead to perfect class separation. Figure adapted from Ring and
Eskofier (2015b).

(Chapter 8.2.3). Although the proposed B&B-RKHS does not utilize heuris-
tics, they are included to provide a comprehensive review on B&B feature
selection. B&B algorithms for suboptimal feature selection (e.g., Nakari-
yakul 2008, 2014a,b) are not covered.

8.2.1 Notation, Preliminaries, and Monotonic Criterion Functions

Given a data set described by the feature set F ′ = {1,2, . . . , D } of size D ,
B&B finds an optimal feature subset F ? ⊂ F ′ of size d <D . Optimality is
defined with respect to the criterion function J . Formally,

F ? = argmax
F ⊂F ′

J (F ). (8.1)
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The prerequisite for the B&B search method is that the criterion function J
must be monotonic. Formally, the criterion function J must guarantee
J (Fi )≤ J (Fj ) for every pair of sets Fi and Fj , where Fi ⊂ Fj ⊆ F ′. As outlined
in the next chapter, this very prerequisite empowers B&B to find optimal
feature sets faster than an exhaustive search.

As concrete criterion function J , previous B&B algorithms employed
the Bhattacharyya distance, the Patrick-Fisher distance, the Mahalanobis
distance and the divergence (Casasent and Chen 2003; Chen 2003; Na-
kariyakul and Casasent 2007; Nakariyakul 2009; Narendra and Fukunaga
1977; Somol et al. 2004; Wang et al. 2003; Yu and Yuan 1993).

8.2.2 Branch and Bound without Heuristic Improvements

Narendra and Fukunaga (1977) first employed the B&B search method for
the purpose of feature selection. Narendra and Fukunaga (1977) defined
the B&B search tree so that the root node represents the complete set F ′

of size D and the leave nodes represent all possible sets F of size d . Inner
nodes on a path from the root to a leaf represent features that are removed
from the complete set F ′ to obtain the set F at the leaf. Furthermore,
Narendra and Fukunaga (1977) constructed the tree so that the right-most
branch of every node consists of only one child node. As a consequence,
the tree depends only on the size of the complete set D and the number
of features to select d . For the exemplary case that d = 2 features shall
be selected out of a total of D = 5 features, the search tree is illustrated
Figure 8.2.

The algorithm of Narendra and Fukunaga (1977) traverses the tree us-
ing a depth-first strategy from right to left. The algorithm begins with
evaluating all feature sets on the path along the right-most branch of the
root until it eventually approaches the first feature set of size d . For the ex-
emplary tree in Figure 8.2, this set of size d = 2 is F = {1, 2}. The algorithm
evaluates the criterion function and sets the value as the initial bound
B = J ({1,2}). The depth-first search then backtracks to the root and tra-
verses to the next child of the root. For the exemplary tree in Figure 8.2, the
next child node represents the set {1,3,4, 5}. If the criterion function for
this feature set is less than or equal to the current bound (J ({1, 3, 4, 5})≤ B ),
the algorithm can disregard the subtree below this set. This is possible
because monotonicity ensures that the criterion function at the subtree’s
leaves is less than or equal to the current bound B . For the exemplary
tree in Figure 8.2, J ({1, 3}), J ({1, 4}) and J ({1, 5}) cannot be larger than the
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Figure 8.2: The B&B search tree to select d = 2 out of D = 5 features. The tree was
constructed according to Narendra and Fukunaga (1977) without their heuristic
improvement. The root node represents the complete feature set F ′ of size D .
Nodes below the root represent feature sets that are defined by removing the
feature that they display from the feature set of their parent node. The leaf nodes
represent all possible feature sets F of size d . The feature sets for the right-most
branch of the root are exemplarily noted next to the branch. As an improvement
to this tree construction algorithm, Yu and Yuan (1993) proposed to replace the
right-most branch of every node (subsequent blue-filled nodes) by a single node
that represents the feature set at the leaf of the branch. Chen (2003) proposed
another improvement that is illustrated by the star- and square-formed nodes. If
the value of the criterion function at the star-formed node is less than the current
bound, monotonicity guarantees that the value of the criterion function at the
square-formed node is also less than the current bound. Evaluating the feature
set represented by the square-formed node is therefore not necessary. This is
because the feature set represented by the square-formed node is a subset of the
star-formed node. Figure adapted from Ring and Eskofier (2015b).

current bound B = J ({1,2}) because J ({1,3,4,5}) ≤ B and monotonic-
ity ensures J ({1,3}) ≤ J ({1,3,4,5} ≤ B , J ({1,4}) ≤ J ({1,3,4,5} ≤ B , and
J ({1, 5})≤ J ({1, 3, 4, 5} ≤ B . These very situations, in which entire subtrees
can be disregarded, facilitate B&B to save feature set evaluations that an
exhaustive search would evaluate, in this case the sets {1,3},{1,4} and
{1, 5}.

In case that the criterion function J ({1, 3, 4, 5}) is larger than the current
bound, the depth-first search continues. The search continues either until
the criterion function becomes less than the current bound and a subtree
can be disregarded again, or until a leaf is reached and the bound can be
updated. This leaf then represents the new best set F of size d .
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Yu and Yuan (1993) recognized that the evaluation of features sets on
the right-most branch of a node cannot reduce the search space. If the
evaluation of such a feature set were to show that the subtree can be
disregarded, the evaluation of this set would be equally expensive to im-
mediately evaluating the feature set of size d at the leaf node. Yu and
Yuan (1993) therefore substituted the entire right-most branch of every
node with a single node that represents the feature set at the leaf of the
branch. These substitutions save unnecessary evaluations of the criterion
function at the inner nodes. For the exemplary tree in Figure 8.2, the three
blue-filled nodes in the right-most branch of the root would be substituted
with a single node representing the set {1, 2}.

Chen (2003) proposed an improvement to the algorithm of Yu and
Yuan (1993). He stored feature sets that resulted in criterion function
values smaller than the current bound. This list of stored sets can save
the evaluation of other sets that are examined later in the depth-first
search. This opportunity is possible whenever a set Fi is the subset of a
previously stored set Fj . As monotonicity guarantees B ≥ J (Fj )≥ J (Fi ) for
Fi ⊂ Fj , the set Fi and the potentially attached subtree can be disregarded.
For the exemplary tree in Figure 8.2, if the set {1, 4, 5} (star-formed node)
falls below the current bound, the set {4, 5} (square-formed node) can be
disregarded because {4, 5} ⊂ {1, 4, 5}.

8.2.3 Branch and Bound with Heuristic Improvements

Narendra and Fukunaga (1977) also proposed a heuristic in their algo-
rithm. The heuristic concerns features that are displayed on inner nodes
and that are removed from their parent’s feature set to get the feature set
represented by the inner node. In contrast to the numeric assignment
scheme indicated in Figure 8.2, Narendra and Fukunaga (1977) actually
assigned features to nodes based on the criterion function. Assume a
node that represents the set F and that requires p features to be assigned
to its p child nodes. To select these p features, Narendra and Fukunaga
(1977) evaluated J (F \{ f }) for every feature f ∈ F , selected the p features
that resulted in the smallest criterion function values, and assigned these
features to the p child nodes. The rationale was that feature sets with
smaller criterion function values are more likely to fall below the bound
and, consequently, subtrees can be disregarded earlier in the depth-first
search.

Somol et al. (2004) proposed a heuristic for the evaluation of the cri-
terion function. The heuristic computes the difference J (F )− J (F \ { f })
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whenever a feature f is removed from a set F and both criterion function
values, J (F ) and J (F \ { f }), are computed. The differences are averaged
and stored for every feature f . These averaged differences are then used
to predict changes in the criterion function in two steps of their B&B algo-
rithm. First, the predictions are utilized to assign features to nodes, with
a similar rationale as Narendra and Fukunaga (1977). Second, the predic-
tions are utilized to guide the depth-first search to nodes where the bound
will likely be reached and, consequently, subtrees can be disregarded.

Wang et al. (2003) refined the algorithm of Somol et al. (2004) regard-
ing the assignment of features to nodes. The algorithm of Wang et al.
(2003) ranks features based on the exact criterion function, whereas the
algorithm of Somol et al. (2004) uses a ranking based on predictions.

Nakariyakul and Casasent (2007) proposed four heuristics.1 The first
heuristic initializes the bound with the feature set of a nonoptimal se-
quential forward feature selection (Pudil et al. 1994). The second heuristic
assigns features to nodes based on the significance of features. The most
significant feature f1 is defined as the feature that results in the small-
est criterion function value if being removed from the complete set F ′.
Formally,

f1 = argmin
f ∈F ′

J (F ′ \ { f }). (8.2)

The second most significant feature f2 is defined as the feature that re-
sults in the smallest criterion function value if being removed from the
remaining set F ′ \ { f1}. Formally,

f2 = argmin
f ∈F ′\{ f1}

J (F ′ \ { f1, f }). (8.3)

In this manner, the significance is defined recursively for every feature.
Features are then assigned to nodes based on the significance ranking. The
third heuristic starts the depth-first search at a deeper level in the search
tree, because the initial bound B is more likely to be reached at a deeper
level. The starting level is computed based on the feature significance. The
fourth heuristic skips tree levels if a node-dependent prediction function
assumes that the bound will unlikely be reached.

Nakariyakul (2009) proposed more prediction functions for the fourth
heuristic of Nakariyakul and Casasent (2007).

1 Casasent and Chen (2003) briefly mentioned similar concepts in a more application-oriented
publication.
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8.3 Branch and Bound Feature Selection in Kernel Space

This chapter describes B&B-RKHS for optimal feature selection in complex
and nonlinear data. As previous B&B algorithms (Chapter 8.2), B&B-RKHS
is comprised of two components that may be exchanged independently
of each other. The first component is the search method that defines
the order in which feature sets are evaluated. The second component is
the criterion function that evaluates feature sets. The following chapters
describe the first component (Chapter 8.3.1) and the second component
(Chapters 8.3.2 and 8.3.3) for B&B-RKHS.

8.3.1 Search Method

B&B-RKHS employs the search method of the currently most efficient,
nonheuristic B&B algorithm. This algorithm is defined by combining the
three previous nonheuristic B&B algorithms (Chapter 8.2.2). B&B-RKHS
does not employ heuristic improvements (Chapter 8.2.3), because the
underlying heuristic assumptions may not be reasonable for every data
set in general.

8.3.2 Traditional Criterion Functions in Kernel Space

Previous B&B algorithms used the Bhattacharyya distance, the Patrick-
Fisher distance, the Mahalanobis distance and the divergence (Chap-
ter 8.2.1). B&B-RKHS uses kernel versions of the Bhattacharyya distance
and the Kullback-Leibler (KL) divergence. These kernel versions were
proposed by Zhou and Chellappa (2006).

Kernel versions of the Mahalanobis distance and the Patrick-Fisher
distance were not considered. The Mahalanobis distance was not con-
sidered because it is fairly similar to the Bhattacharyya distance. The
Mahalanobis distance and the Bhattacharyya distance are actually identi-
cal up to a scaling factor if the covariance matrices of the two classes are
identical (Webb 2002, Chapter A.2.2). The kernel version of the Patrick-
Fisher distance was not considered, because it requires the dimensionality
of the RKHS as a parameter (Zhou and Chellappa 2006). As kernels may
have infinite-dimensional RKHSs (Schölkopf and Smola 2002, Chapter 2),
the Patrick-Fisher distance cannot be used in general.
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The following three chapters recall the kernel versions from Zhou and
Chellappa (2006). The first chapter introduces the notation and prelimi-
naries (Chapter 8.3.2.1). The second chapter outlines the three major chal-
lenges when computing the criterion functions in RKHS (Chapter 8.3.2.2).
The third chapter describes solutions for the three major challenges (Chap-
ter 8.3.2.3). Following the description of the kernel versions, kernel func-
tions that lead to monotonic criterion functions are characterized (Chap-
ter 8.3.2.4). Finally, the approximative computations that were used by
Zhou and Chellappa (2006) are commented (Chapter 8.3.2.5).

8.3.2.1 Notation and Preliminaries

Given a data set T = {(xi , yi )}Ni=1, the vectorsxi ∈RD denote the instances,
the components of xi = (xi ,1, xi ,2, ..., xi ,D )T denote the feature values, the
integers yi ∈ {1, 2} denote the class labels, and the integer N denotes the
size of the data set. As above, individual features are referred to using
consecutive numbers and the complete feature set is denoted by F ′ =
{1,2, . . . , D }. Moreover, it is assumed that the instances in T are sorted
with respect to the class label.

The functionφ(xi ) denotes the mapping of an instance xi to the RKHS.
The entire data set, if mapped to the RKHS, is denoted by the matrix

ΦM×N = [φ(x1),φ(x2), . . . ,φ(xN )], (8.4)

where M denotes the potentially infinite dimensionality of the RKHS.
The inner product in RKHS is indirectly computed by the kernel function

k (xi ,x j ) =φ(xi )
Tφ(x j ) (8.5)

and the kernel Gram matrix

K = (ki j )i=1,2,...,N , j=1,2,...,N = k (xi ,x j ) (8.6)

summarizes the inner products between all pairs of instances.
Both mean in RKHSµ and covariance matrix in RKHS Σ are estimated

using a maximum likelihood approach. Formally,

µ=Φs (8.7)

and
Σ=ΦJJTΦT, (8.8)
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wheresN×1 =
1
N 1 is an averaging vector andJ = 1

N 2 (IN−s1T) is a centering
matrix. Here, 1N×1 = (1, 1, . . . , 1)T and IN is the N ×N identity matrix.

The Gram kernel matrix is also required in a centered version,

K =JTKJ , (8.9)

and the r largest eigenvalues λi , i=1,2,...,r and eigenvectors vi , i=1,2,...,r of the
centered version are referred to using the matrices Λ= diag(λ1,λ2, . . . ,λr )
and V = (v1,v2, . . . ,vr ), respectively.

The three indexed variables µi ,Σi , and Φi , with i ∈ {1,2}, denote the
corresponding variables if only instances from class y = i are considered.
Similarly, the doubly indexed matrixKi j denotes the submatrixKi j =
ΦT

i Φ j of the kernel Gram matrixK.
Finally, closed-form formulas exist for the Bhattacharyya distance as

well as for the KL divergence if the data is normally distributed. For the
Bhattacharyya distance, the closed-form formula reads

J RKHS
B (F ) =

1

8
(µ1−µ2)

T

�

1

2
(Σ1+Σ2)

�−1

(µ1−µ2)+
1

2
ln

�

�

1
2 (Σ1+Σ2)

�

�

|Σ1|1/2|Σ2|1/2
, (8.10)

and, for the KL divergence, the closed-form formula reads

J RKHS
D (F ) =

1

2
(µ1−µ2)

TΣ−1
2 (µ1−µ2) +

1

2
ln
|Σ2|
|Σ1|
+

1

2
tr(Σ1Σ

−1
2 −I), (8.11)

where F ⊆ F ′ denotes the feature set that is currently considered for the
computation ofµ andΣ. If the Bhattacharyya distance and KL divergence
are referred to in input space, they are denoted using JB(F ) and JD(F ),
respectively.

8.3.2.2 Three Major Challenges

Three major challenges arise because the Bhattacharyya distance as well
as the KL divergence cannot be computed in RKHS by simply substituting
mean µ and covariance Σ in (8.10) and (8.11) with the maximum like-
lihood estimators from (8.7) and (8.8), respectively. This is because of
two reasons. First, both mean µ and covariance matrix Σmay have infi-
nite dimensionality in RKHS. Second, the functionφ that is required to
compute µ and Σmay be unknown.

Inspecting (8.10) and (8.11) closely, there are three types of operations
that involve the challenging variablesµ andΣ. The first type is of the form

µT
i C

−1µ j , (8.12)
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where {i , j } ∈ {1,2}, and occurs with C = 1
2 (Σ1 +Σ2) in J RKHS

B and with
C =Σ2 in J RKHS

D . The second type is of the form

|C| (8.13)

and occurs withC = 1
2 (Σ1+Σ2) in J RKHS

B and withC =Σ1 as well asC =Σ2

in both J RKHS
B and J RKHS

D . The third type is of the form

tr(Σ1Σ
−1
2 ) (8.14)

and occurs only in J RKHS
D .

8.3.2.3 A Solution for the Three Major Challenges

The key idea of Zhou and Chellappa (2006) was to introduce two approxi-
mations into the computation of the covariance matrix (8.8). To invert the
covariance matrix, an approximation was necessary anyways, because the
covariance matrix is often rank-deficient as the dimensionality M of the
RKHS is usually larger than the number of instances N . Formally, Zhou
and Chellappa (2006) proposed the following two approximations in the
maximum likelihood estimator:

Σ=ΦJQQTJTΦT+ρIM =ΦWW TΦT+ρIM , (8.15)

whereW :=JQ, ρ denotes a regularization constant,Q denotes a N ×
r matrix, and r denotes a parameter to adjust the approximation quality.

The first approximation is comprised of the additive regularization
term ρIM . Adding this term facilitates the application of the Sherman-
Morrison-Woodbury formula (Golub and Van Loan 1996, Chapter 2.1.3),

(ABT+E)−1 =E−1−E−1A(I +BTE−1A)−1BTE−1, (8.16)

to invert Σ by settingA=B :=ΦW andE :=ρIM . The inverted covari-
ance matrix is then given by

Σ−1 =ρ−1(IM −ΦW (ρIr +W
TΦTΦW )−1W TΦT). (8.17)

The first approximation can actucally be reverted by computing the limit

lim
ρ→0
Σ= lim

ρ→0
ΦWW TΦT+ρIM = lim

ρ→0
ΦWW TΦT (8.18)

and limρ→0Σ
−1 analogously.
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The second approximation consists of the inserted termQQT. Inserting
this term facilitates maintaining the eigenpairs of the covariance matrix.
Using findings from Mardia et al. (1979) as well as Tipping and Bishop
(1999), Zhou and Chellappa (2006) argued that the matrixQ is reasonably
determined based on the top r eigenvectors V and top r eigenvalues Λ
of the centered kernel Gram matrixK. If the limiting version limρ→0Q is
computed, the eigenvalues Λ eventually vanish andQ actually equals V .

These two approximations basically solve the computation of the three
challenging terms (8.12), (8.13), and (8.14). Regarding the first challeng-
ing term (8.12), which involves the inverted covariance matrix (8.17), all
occurrences of the potentially infinite-dimensional matrix Φ can be sub-
stituted with the finite-dimensional matrixK. The product ΦTΦ in the
middle of (8.17) can be substituted withK directly. The factorΦ at the left
part of (8.17) as well as the factor ΦT at the right part of (8.17) can be sub-
stituted analogously, because (8.12) does not require Σ−1 directly but in
the formµTΣ−1µ. The multiplication ofµT = sTΦT to the left factor Φ and
the multiplication of µ=Φs to the right factor ΦT lead to products ΦTΦ,
which can be substituted withK. Utilizing these substitutions and com-
puting the limiting version ρ→ 0, the first challenging term (8.12) can be
computed based on the kernel Gram matrixK, the top r eigenvalues Λ
and top r eigenvectors V of the centered kernel Gram matrixK, and the
constants s and J . All these components can be computed straightfor-
wardly.

Regarding the second challenging term (8.13), Zhou and Chellappa
(2006) showed that all components vanish if the limiting version ρ →
0 is computed. Regarding the third challenging term (8.13), Zhou and
Chellappa (2006) showed that all required components can be computed
based on above observations. The computation basically involves the
kernel Gram matrixK, the top r eigenvalues Λ and top r eigenvectors V
of the centered kernel Gram matrixK, and the constant matrix J . Again,
all these matrices can be computed straightforwardly.

8.3.2.4 Monotonicity in Kernel Space

Monotonicity of the criterion function with respect to the features is the
crucial prerequisite for the B&B search method (Chapter 8.2.1). This
prerequisite has to be preserved if criterion functions are evaluated in
kernel space. The kernel criterion functions have to be monotonic with
respect to changes in the original feature set. The following proposition
shows that, for example, the polynomial kernel provides this property.
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Proposition 8.1. Let F1 and F2 denote two feature sets with F1 ⊂ F2 ⊆ F ′,
let J (F ) denote a monotonic criterion function so that J (F1)≤ J (F2) holds,
and let J RKHS(F ) denote the kernel version of J (F ) if the polynomial kernel

k (xi ,x j ) = (x
T
i x j + b )p , (8.19)

with b ≥ 0 and p ∈N, is utilized. Then, J RKHS(F ) preserves monotonicity
with respect to the feature sets in input space. Formally,

J RKHS(F1)≤ J RKHS(F2). (8.20)

Proof. Letφ1 andφ2 denote the mapping functions for the sets F1 and F2,
respectively. Let F RKHS

1 and F RKHS
2 denote theφ1-mapped andφ2-mapped

feature sets in kernel space, respectively. For the polynomial kernel, the
mapping functionφ may be obtained by an expansion of (8.19). For this
purpose, the binomial theorem (Graham et al. 1989, Chapter 5),

(xT
i x j + b )p =

p
∑

n=0

�

p

n

�

(xT
i x j )

n + b p−n , (8.21)

is first applied to the right hand side of (8.19), and the multinomial theo-
rem (Graham et al. 1989, Chapter 5),

(xT
i x j )

n =
∑

k1+k2+···+kD=n

n !

k1!k2! . . . kD !

∏

1≤d≤D

(xi ,d x j ,d )
kd , (8.22)

is subsequently applied to (8.21). Then, the definition of the mapping
functionφ may be read off the expanded sum of products. For example,
if F1 = {1, 2}, F2 = {1, 2, 3}, b = 0, and p = 2, the expansion of (8.19) for F1 is

k (xi ,x j ) = (x
T
i x j )

2 = x 2
i ,1 x 2

j ,1+ x 2
i ,2 x 2

j ,2+2xi ,1 x j ,1 xi ,2 x j ,2 (8.23)

and the mapping function is consequently given by

φ1(xi ) = (x
2
i ,1, x 2

i ,2,
p

2xi ,1 xi ,2)
T. (8.24)

An analogous expansion of (8.19) for F2 gives the mapping function

φ2(xi ) = (x
2
i ,1, x 2

i ,2,
p

2xi ,1 xi ,2, x 2
i ,3,
p

2xi ,1 xi ,3,
p

2xi ,2 xi ,3)
T. (8.25)

The features in kernel space may be named using consecutive numbers.
For example, F RKHS

1 = {4, 5, 6} and F RKHS
2 = {4, 5, 6, 7, 8, 9} because the first
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three components of φ1(xi ) and φ2(xi ) are identical, and because 1, 2,
and 3 were used for the features in input space.

It is now shown that F RKHS
1 is a subset of F RKHS

2 . The components of
both φ1 and φ2 are basically defined by the summands resulting from
the expansion of (8.22). If the sum in (8.22) is expanded for the set F2, the
resulting summands contains at least all summands that an expansion
for the set F1 would contain. This is because the set F2 contains also
all features from the set F1. In other words, the expansion for the set F2

exclusively adds new summands in comparison to the expansion for the
set F1. The mapping functionφ2 therefore contains all components ofφ1.
Consequently, F RKHS

1 ⊆ F RKHS
2 and monotonicity of J guarantees

J (F RKHS
1 )≤ J (F RKHS

2 ). (8.26)

Because computing the criterion function in kernel space for the input
features, J RKHS(F ), equals computing the criterion function in input space
for the kernel features, J (F RKHS), it follows that

J (F RKHS
1 )≤ J (F RKHS

2 )⇔ J RKHS(F1)≤ J RKHS(F2). (8.27)

8.3.2.5 Comments and Application

The kernel Bhattacharyya distance J RKHS
B as well as the kernel KL diver-

gence J RKHS
D are actually approximations because of the parameter r . The-

oretically, inaccurate approximations may cause the prerequisite of mono-
tonicity to be violated. Practically, neither Zhou and Chellappa (2006)
nor other authors (Chen et al. 2008; Essid et al. 2006; Oh and Gao 2009;
Zafeiriou and Laskaris 2008) that used the approach from Zhou and Chel-
lappa (2006) reported any issues regarding the approximation quality.

Here, an experimental evaluation regarding the parameter r (Chap-
ters 8.4, 8.5, and 8.6) showed that the parameter seems to regulate the
amount of information that is extracted from the covariance matrix. The
more features were used to build the covariance matrix, the more eigen-
pairs r could be extracted. However, if the number of eigenpairs r became
too large in comparison to the number of features, monotonicity was vio-
lated, probably because noise was extracted. In other words, the amount
of useful information contained in the covariance matrix seemed to be
related to the size of the feature set. The parameter r was therefore con-
sidered as an important element for B&B-RKHS. It needed to be regulated
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according to the size of the feature set, as illustrated in the experiments
below.

8.3.3 Mean Class Distance in Kernel Space as Criterion Function

It may be argued that previous B&B algorithms chose above criterion
functions because of three properties. First, these criterion functions are
popular measures for class separability (e.g., Webb 2002, Chapter A.2.2;
Theodoridis and Koutroumbas 2008, Chapter 5.6). Second, these criterion
functions fulfill the prerequisite of monotonicity. Third, these criterion
functions are simple nonlinear combinations of mean and covariance
matrix that may facilitate the recognition of simple nonlinear structures.

The third property may be less important for B&B-RKHS, though. Non-
linear data structures should be handled by the kernel function. Mapping
complex and nonlinear data to linearly separable data is the primary
objective of kernel functions (Schölkopf and Smola 2002). Therefore, a
simple and more efficient criterion function for B&B-RKHS may be given
by the mean class distance in kernel space. Actually, the Bhattacharyya
distance as well as the KL divergence simplify to this distance up to a scal-
ing factor if the covariance matrices equal the identity matrix. Because of
this relationship, the mean class distance readily fulfills monotonicity.

The advantage of the mean class distance should be that most of the
computationally expensive matrices (Chapter 8.3.2) are not required. The
mean class distance in kernel space J RKHS

M can be computed by setting
Σ1 = Σ2 = I in either the Bhattacharyya distance (8.10) or the KL diver-
gence (8.11). Formally,

J RKHS
M = (µ1−µ2)

T(µ1−µ2)

=µT
1µ1−µT

1µ2−µT
2µ1+µ

T
2µ2

= sTΦT
1Φ1s−sTΦT

1Φ2s−sTΦT
2Φ1s+s

TΦT
2Φ2s

= sTK11s−sTK12s−sTK21s+s
TK22s

= sTK11s−2sTK12s+s
TK22s.

(8.28)

8.4 Experimental Setup

This chapter describes the data sets and software (Chapter 8.4.1), the eval-
uation procedure regarding the number of eigenpairs r (Chapter 8.4.2),
and the evaluation procedure regarding classification accuracy and run-
time (Chapter 8.4.3).
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8.4.1 Data Sets and Software

Two data sets, MAGIC Gamma Telescope (MAGIC) (Bock et al. 2004;
Dvořák and Savický 2007; Savický and Kotrč 2004) and Page Blocks Clas-
sification (PB) (Esposito et al. 1994; Malerba et al. 1995), were obtained
from the UCI machine learning repository (Lichman 2013). Both data sets
consist of D = 10 features. They were selected to facilitate comparisons
between B&B-RKHS and the wrapper approach, because the exhaustive
search of the wrapper approach is still computationally feasible for this
number of features.

The MAGIC data set consists of N = 19020 patterns. However, computa-
tions like eigenpair decompositions of 19020×19020 Gram matrices would
have been computationally expensive or even prohibitive. Therefore, only
3% of all 19020 instances were randomly selected for the following experi-
ments. The PB data set consists of five classes (text with 4913 instances,
horizontal line with 329 instances, graphic with 28 instances, vertical line
with 88 instances, and picture with 115 instances). As B&B feature se-
lection is exclusively applicable to two-class problems, only the second
class (horizontal lines) and the fifth class (picture) were considered in
the following experiments. The two classes were selected because their
number of instances was best comparable to each other. Furthermore, all
features in both data sets were normalized to the numerical range [0, 1].

The B&B-RKHS algorithm and previous nonheuristic B&B algorithm
were implemented and integrated into the ECST (Jensen et al. 2016; Ring
et al. 2012), which is available as open source software.2 As the ECST
also provides implementations for the remainder of the pattern recog-
nition pipeline, including the wrapper approach, all experiments were
conducted using the ECST.

8.4.2 Number of Eigenpairs

Three criterion functions were proposed for B&B-RKHS. In contrast to
the kernel mean class distance, the kernel Bhattacharyya distance as
well as the kernel KL divergence require the number of eigenpairs r as a
parameter (Chapter 8.3.2.3). As mentioned above (Chapter 8.3.2.5), the
parameter seemed to regulate the amount of information that is extracted
from the covariance matrix. This argument was experimentally studied by
using different values for r , searching optimal feature sets in the PB data

2 Available at www.github.com/ma2th/ecst.
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Table 8.1: Number of eigenpairs r that were extracted for the different sizes of
feature sets d . Table adapted from Ring and Eskofier (2015b).

Size d 1, 2, 3 4, 5, 6 7, 8, 9

Eigenpairs r 1 3 6

set, and observing if monotonicity of the kernel Bhattacharyya distance
was violated.

In detail, B&B-RKHS was used to find optimal feature sets for every
possible size d , with d <D . The number of eigenpairs was increased from
r = 5 over r = 10 to r = 15. As monotonicity tells that the criterion function
must decrease whenever a certain feature set is subset of another feature
set, inappropriate values for r became apparent whenever monotonicity
was violated.

8.4.3 Classification Accuracy and Runtime

Classification accuracy and runtime were investigated using the following
setup of the pattern recognition pipeline. In the feature selection step,
the previous nonheuristic B&B algorithm, B&B-RKHS, and the wrapper
approach were used to search optimal feature sets for every possible size d ,
with d <D . The wrapper approach was configured to use a 5-fold inner
cross validation (CV) to assess the performance of every feature set (Hastie
et al. 2009, Chapter 7). The previous B&B algorithm was configured to use
the Bhattacharyya distance JB as well as the KL divergence JD to assess
the performance of every feature set. B&B-RKHS was configured to use
the kernel Bhattacharyya distance J RKHS

B , the kernel KL divergence J RKHS
D ,

and the kernel mean class distance J RKHS
M to assess the performance of

every feature set. To switch to kernel space, B&B-RKHS employed the
polynomial kernel with b = 1 and p = 2. Based on the insights from
the investigation regarding the number of eigenpairs (Chapter 8.4.2), the
parameter r was gradually incremented according to the size of the feature
set (Table 8.1).

In the classification step, the SVM was utilized (Cortes and Vapnik 1995;
Schölkopf and Smola 2002, Chapter 7). The SVM cost parameter C was
fixed to 1 instead of optimized to avoid confounding effects caused by
different C values. The SVM kernel and its parameters were set identical
to the B&B-RKHS kernel.
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In the evaluation step, accuracy was defined as the number of cor-
rectly classified instances divided by the number of all classified instances.
These two numbers were obtained by performing an outer 10-fold CV.
Finally, runtime was defined as the time to find an optimal feature set if
no CV is employed and all instances are available for feature selection.

8.5 Results

The results regarding the number of eigenpairs included several optimal
feature sets that are subsets of other optimal feature sets, but the kernel
Bhattacharyya distance did not decrease (Table 8.2). For example, if r =
5 eigenpairs were extracted, the optimal feature set of size d = 1 was
F ?1 = {2} and the optimal feature set of size d = 4 was F ?4 = {2,4,5,6}.
Consequently, F ?1 ⊂ F ?4 but erroneously

J RKHS
B ({2}) = 0.23� J RKHS

B ({2, 4, 5, 6}) = 2.93×10−4. (8.29)

If r = 5 eigenpairs were extracted, erroneous Bhattacharyya values were
observed until the covariance matrix was built based on more than d =
3 features. If r = 10 and r = 15 eigenpairs were extracted, erroneous
Bhattacharyya values were observed until the covariance matrix was built
based on more than d = 5 and d = 6 features, respectively.

The results regarding classification accuracy showed that the previous
B&B algorithm rarely achieved accuracies comparable to the wrapper
approach (Figure 8.3). In contrast, B&B-RKHS achieved accuracies com-
parable to the wrapper approach, irrespective of the criterion function. If
all individual accuracies are averaged over both data sets, the difference
was only 1.79 % between the wrapper approach and B&B-RKHS using the
kernel Bhattacharyya distance, 0.54 % between the wrapper approach
and B&B-RKHS using the kernel KL divergence, and 0.27 % between the
wrapper approach and B&B-RKHS using the kernel mean class distance.

The results regarding runtime showed that B&B-RKHS using the ker-
nel Bhattacharyya distance as well as B&B-RKHS using the kernel KL
divergence were mostly superior to the wrapper approach (Figure 8.4).
B&B-RKHS using the kernel mean class distance was clearly superior to
the wrapper approach. If all individual runtimes are averaged over both
data sets, B&B-RKHS using the kernel mean class distance was 60 times
faster than the wrapper approach.
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8.6 Discussion

Previous literature (Hall and Holmes 2003; Kohavi and John 1997) re-
ported that classification accuracies achievable with the previous B&B
algorithms were often inferior to classification accuracies achievable with
wrapper approaches. These findings were confirmed in the present exper-
iments, for the MAGIC data set as well as for the PB data set. The previous
B&B algorithm was seemingly unable to conceive complex and nonlinear
structures. The feature sets selected by the previous B&B algorithm were
inferior compared to the feature sets selected by the wrapper approach.
This was highlighted by the inferior accuracies that the SVM achieved if
the features selected by the previous B&B algorithm were used. On the
contrary, B&B-RKHS was seemingly able to conceive complex and nonlin-
ear structures. The feature sets selected by B&B-RKHS were comparable
to the feature sets selected by the wrapper approach.

Faster runtimes are the major advantage of the previous B&B algorithm
over the wrapper approach. This advantage exists because of the usage of
monotonic criterion functions. The wrapper approach cannot use this
advantage because its performance measures, e.g., classification accuracy,
are not monotonic. The wrapper approach has to employ an exhaustive
search, and the enormous computational costs of an exhaustive search
became also apparent in the present results. B&B-RKHS using the ker-
nel Bhattacharyya distance as well as B&B-RKHS using the kernel KL
divergence did not exhibit such high computational costs. Even with the
additional effort to switch to RKHS, B&B-RKHS using the kernel Bhat-
tacharyya distance as well as B&B-RKHS using the kernel KL divergence
were faster than the wrapper approach. B&B-RKHS using the kernel mean
class distance was completely out of reach for the wrapper approach.

The advantage of faster runtimes would become more obvious in case
of data sets with clearly higher numbers of features. In the present experi-
ments, the MAGIC and PB data sets were selected because the wrapper
approach was still computationally feasible for ten features (Chapter 8.4.1).
Accuracy as well as runtime of both B&B-RKHS and the wrapper approach
could be compared and discussed. However, if the number of features
would be increased, the exhaustive search of the wrapper approach would
quickly become computationally prohibitive. This is because the exhaus-
tive search is generally NP-hard (Amaldi and Kann 1998; Guyon and Elis-
seeff 2003). For such data sets, methods like B&B search may provide the
only option if an optimal feature set is required.
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The results regarding the number of eigenpairs r confirmed above argu-
mentation (Chapter 8.3.2.5). On the one hand, the number of eigenpairs
should be sufficiently large to extract all relevant information from the
covariance matrix. On the other hand, the experiments showed that mono-
tonicity was actually violated if the number of eigenpairs was too large in
comparison to the number of features. For B&B-RKHS using the kernel
Bhattacharyya distance or the kernel KL divergence, it is therefore recom-
mended to conduct pre-experiments that determine an appropriate value
for the parameter r . Similarly to the experiment above (Chapter 8.4.2),
this may be accomplished by gradually increasing the number of eigen-
pairs until monotonicity gets violated. The parameter r may then be set
to a value that is slightly below this critical number of eigenpairs.

The assumption of normally distributed data may be a general draw-
back. This applies to the previous B&B algorithm but also to B&B-RKHS
using the kernel Bhattacharyya distance and B&B-RKHS using the kernel
KL divergence. However, the assumption is crucial because the closed-
form formulas for the Bhattacharyya distance (8.10) as well as for the KL
divergence (8.11) are invalid otherwise. Future research may therefore
investigate statistical tests for normally distributed data before applying
these algorithms.

In summary, the above argumentations and the experimental results
may recommend B&B-RKHS using the kernel mean class distance. This
algorithm achieved accuracies that were comparable to the wrapper ap-
proach, it required considerably less runtime, and it does not require
parameters like the number of eigenpairs r that require pre-experiments.
Moreover, B&B-RKHS using the kernel mean class distance may provide a
simple and efficient approach to examine if nonlinear feature selection
and classification are necessary at all. The classification accuracies of
B&B-RKHS using the kernel mean class distance and the previous B&B
algorithm should be obtainable in comparatively less runtime, but the
difference between these two accuracies may reveal if sophisticated non-
linear methods will be worth the effort. Such investigations can readily
be conducted using the ECST.
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Table 8.2: Optimal feature sets and corresponding kernel Bhattacharyya distance for the PB data set. Accentuated cells highlight
feature sets that are subsets of another feature set but the kernel Bhattacharyya distance did not decrease. d , size of feature set.
r , number of eigenpairs. J RKHS

B , kernel Bhattacharyya distance. F ?, optimal feature set. Table adapted from Ring and Eskofier
(2015b).

d
r = 5 r = 10 r = 15

J RKHS
B F ? J RKHS

B F ? J RKHS
B F ?

1 0.23 2 0.45 1 0.35 4
2 0.52 1, 4 0.31 1, 2 1.17 1, 3
3 0.03 1, 2, 4 0.38 1, 2, 5 0.66 1, 2, 5
4 2.93×10−4 2, 4, 5, 6 0.29 1, 2, 3, 4 1.11 1, 2, 3, 4
5 7.78×10−4 1, 2, 6, 8, 10 0.13 1, 2, 3, 4, 5 0.27 1, 2, 3, 4, 5
6 1.20×10−3 1, 2, 6, 7, 8, 10 1.01×10−5 1, 2, 5, 6, 8, 10 0.50 1, 2, 3, 4, 5, 6
7 1.70×10−3 1, 2, 5, 6, 8, 9, 10 2.32×10−5 1, 2, 4, 5, 6, 9, 10 3.04×10−7 1, 2, 3, 5, 6, 8, 10
8 2.13×10−3 1, 2, 4, 5, 6, 8, 9, 10 2.70×10−5 1, 2, 3, 4, 5, 6, 9, 10 1.16×10−6 1, 2, 3, 4, 5, 6, 9, 10
9 2.57×10−3 1, 2, 3, 4, 5, 6, 8, 9, 10 3.13×10−5 1, 3, 4, 5, 6, 7, 8, 9, 10 1.50×10−6 1, 2, 3, 4, 5, 6, 8, 9, 10
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Figure 8.3: Classification accuracy for the MAGIC data set (upper panel) and the
PB data set (lower panel). Figure adapted from Ring and Eskofier (2015b).
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Figure 8.4: Runtime for the MAGIC data set (upper panel) and the PB data set
(lower panel). Figure adapted from Ring and Eskofier (2015b).
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Chapter 9

An Approximation of the
Gaussian RBF Kernel for
Efficient SVM Classifications

This chapter describes the second theoretical approach for efficient, non-
linear machine learning. The chapter begins with a technical motivation
(Chapter 9.1) that adds to the general motivation above (Chapter 1.2.2).
Next, related work regarding kernel approximations is reviewed (Chap-
ter 9.2). Then, an approximation of the Gaussian RBF kernel is proposed to
facilitate efficient, nonlinear classification with SVMs (Chapter 9.3). The
experimental evaluation is described and results are reported as well as
discussed (Chapter 9.4). Finally, the proposed approximation is discussed
with respect to related work (Chapter 9.5).

Parts of this chapter have been published previously (Ring and Eskofier
2016) and are recapitulated here with permission.

9.1 Motivation

The linear SVM enables efficient classification of linearly structured data,
once the two parametersw ∈RD and b ∈R have been determined in a
preceding training phase (Cortes and Vapnik 1995; Schölkopf and Smola
2002, Chapter 7). Formally, the computation of the classification decision
for a linear SVM requires the evaluation of

f (x) =wTx+ b (9.1)

for an instance x ∈RD .
The fundamental concept of the SVM can be extended to cover nonlin-

early structured data, too. The extension introduces a kernel function k

137
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as well as a set of S support vectors xi ∈ RD and corresponding coeffi-
cients αi ∈R, where i = 1, 2, . . . ,S . The kernel function has to be specified
manually, in contrast to the support vectors xi and coefficients αi , which
constitute the result of an optimization process in the training phase. For-
mally, the computation of the classification decision for a kernel SVM
requires the evaluation of

f (x) =
S
∑

i=1

αi k (xi ,x) + b . (9.2)

The computation of a kernel SVM decision is typically more expensive
than the computation of a linear SVM decision. The reasons are two-fold
and due to differences between (9.1) and (9.2). The first reason is that
the evaluation of the kernel k in (9.2) is often more expensive than the
evaluation of the inner productwTx in (9.1). The second reason is that
the optimization process determines normally more than S = 1 support
vector. Actually, Steinwart (2004, 2003) showed that the number of support
vectors S can grow linearly with the number of training instances.

To reduce the comparatively higher costs of kernel SVMs, several meth-
ods reduced the number of support vectors S , for example, immediately
in the training phase or afterwards in a post-processing phase (Burges
1996; Downs et al. 2001; Keerthi et al. 2006). A particular type of method,
which is reviewed and discussed below (Chapter 9.2), even eliminated the
need for support vectors. The theoretical basis for this method is that, for
any positive definite kernel k , there exists a feature mapφ that maps x
and y to a Hilbert spaceH such that

k (x,y) = 〈φ(x),φ(y)〉H (9.3)

holds (Schölkopf and Smola 2002, Chapter 2). Applying this fact to the
kernel SVM (9.2) gives

f (x) = 〈w,φ(x)〉H + b , (9.4)

with

w :=
S
∑

i=1

aiφ(xi ). (9.5)

In terms of computational costs, the kernel SVM in (9.4) is close to the lin-
ear SVM in (9.1). In both cases, the parametersw and b are fixed after the
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training phase and the evaluation consists of an inner product and an ad-
dition. The challenging aspect with (9.4) is that the feature mapφ is often
unknown or has infinite dimensionality. To use (9.4) practically, various
approximations for features maps were therefore proposed (Chapter 9.2).

The present chapter follows this type of method and investigates an ap-
proximative feature map for the Gaussian RBF kernel. This popular kernel
was thoroughly analyzed in theory (Minh 2010; Steinwart et al. 2006; Xu et
al. 2006) as well as successfully employed in practice (e.g., Hsu et al. 2010).
Here, an approximative feature map is derived using an orthonormal basis
(ONB) of the kernel’s RKHS. In contrast to previous methods that often
took detours over algebraic reformulations or theoretical properties of
kernel functions (Chapter 9.2), the present approximation was directly
derived from the RKHS that is being approximated. Regarding practical
application, the approximation was utilized to speed up SVM classifica-
tions in the testing and application phase, whereas the exact kernel was
used to obtain the best set of parameters (xi , αi ) in the training and de-
velopment phase. An experimental evaluation showed that this synthesis
of exact kernel and approximative feature map outperformed traditional
SVMs in terms of runtime while maintaining classification accuracy.

9.2 Related Work

This chapter reviews related work regarding kernel approximations. First,
approximations based on the Nyström method are described (Chap-
ter 9.2.1). Second, approximations using Bochner’s theorem, which are
also known as random Fourier features, are recalled (Chapter 9.2.2). Third,
approximations that focused on the intersection kernel are outlined
(Chapter 9.2.3). Fourth, approximations of inner product kernels are de-
scribed (Chapter 9.2.4). Fifth, approximations of additive kernels as well
as application-oriented approximations are summarized (Chapter 9.2.5).
Sixth, the approximations that are most-related to the present approach
are reviewed (Chapter 9.2.6). These approximations are again addressed
below (Chapter 9.5), where the present approximation is discussed in
context of these related approximations.

9.2.1 Approximations Based on the Nyström Method

A fundamental result concerning kernel approximations was the work
of Williams and Seeger (2000, 2001). These authors proposed an approx-
imation of the kernel Gram matrix, which is central to many machine
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learning algorithms (e.g., Chapter 8.3.2.1), by using the Nyström method
(Baker 1977). Over the years, this approach has been refined and applied
in various ways, see, e.g., Sun et al. (2015) for an overview. Compared
to the present kernel approximation, which focused on speed-up in the
testing and application phase, Nyström-based methods mainly focused
on speed-up in the training and development phase.

9.2.2 Random Fourier Features or Approximations Based on
Bochner’s Theorem

Another fundamental result concerning kernel approximations was the
work of Rahimi and Recht (2008). These authors showed that the family
of shift-invariant kernels, k (x,y) = k ′(x−y), which includes the Gaussian
RBF kernel, can be approximated using Bochner’s theorem (Rudin 1990,
Chapter 1.4). This theorem establishes a relationship between kernels,
Fourier transformations, and probabilistic measures. Therefore, these
approximations are typically referred to as random Fourier features. Com-
pared to the present kernel approximation, which focused on speed-up in
the testing and application phase, random Fourier features were primarily
employed to speed up the training and development phase.

Random Fourier features have been refined over the years, too. For ex-
ample, Vedaldi and Zisserman (2012) generalized random Fourier features
to shift-invariant and λ-homogeneous kernels, k (c xi , c yi ) = c λk (xi , yi ).
To this end, they defined the signature of both shift-invariant kernels
and λ-homogeneous kernels, and then utilized these signatures to ap-
proximate the two types of kernels using Bochner’s theorem again. For
generalized RBF kernels, Vempati et al. (2010) proposed a two-step ap-
proach. First, they approximated the distance function in the generalized
RBF kernel using the approach of Vedaldi and Zisserman (2012), and then,
they approximated the RBF function itself using random Fourier features.
For theχ2-kernel, Yuan et al. (2016) extended the approach of Vedaldi and
Zisserman (2012) by an additional multiplication of the feature map with
a sparse random matrix. Li et al. (2012) approximated the exponential
χ2-kernel, k (x,y) := exp(−γχ2(x,y)), where γ denotes a parameter. They
first derived an analytic approximation for the χ2-distance and then used
random Fourier features to approximate the RBF function. Schneider et al.
(2015) approximated kernels of the general form k (x,y) = exp(−γτ(x,y)),
where τ denotes a distance function. The approximation combined ran-
dom Fourier features with the FastMap method (Faloutsos and Lin 1995).
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Li et al. (2010) proposed an algebraic approach to apply the concept of ran-
dom Fourier features to multiplicative kernels, k (x,y) =

∏D
i=1 k ′(xi , yi ).

Other authors focused on the random sampling procedure, which is
required to generate random Fourier features. Avron et al. (2016) and Yang
et al. (2014a) interpreted the sampling procedure as a Monte Carlo approx-
imation and, based on this interpretation, refined the sampling procedure
to reduce integration errors. Feng et al. (2015) employed circulant random
matrices and achieved an unbiased, low-variance approximation of the
Gaussian RBF kernel. Shen et al. (2017) reduced the variance of random
features by utilizing a moment matching technique. Yu et al. (2016) pro-
posed orthogonal random features, where random orthogonal matrices
were employed in the sampling procedure. Yu et al. (2015) replaced the
sampling procedure with an optimization problem to adjust the feature
map to a given data set.

Le et al. (2013) reduced the computational complexity for obtaining
N random Fourier features from O (N D ) to O (N log D ). Moreover, they
reduced the memory requirements from O (N D ) to O (N ). Chum (2015)
optimized the trade-off between the dimensionality of random Fourier
features and the approximation quality using linear programming. Chen
et al. (2015) reduced the dimensionality of random Fourier features using
a data-dependent subspace embedding. Schleif et al. (2016) incrementally
increased the number of random Fourier features until the kernel Gram
matrix based on the approximation was sufficiently close to the kernel
Gram matrix based on the exact kernel.

Brault et al. (2016) transferred the concept of random Fourier features
to vector-valued functions. Yang et al. (2014b) proposed random Laplace
features, which followed a similar concept for input instance on R+ as
random Fourier features did for input instances on R. Yen et al. (2014)
learned sparse random features using an `1-regularized minimization
problem.

9.2.3 Approximations of the Intersection Kernel

An approximation of the intersection kernel, k (x,y) :=
∑D

i=1 min(xi , yi ),
was proposed by Maji and Berg (2009). The authors showed that an unary-
like transformation of the input instances facilitates efficient kernel ap-
proximations. Maji et al. (2008) algebraically reformulated the intersec-
tion kernel to two functions that were independent of the input instances.
Therefore, function values could be evaluated once and stored in lookup
tables. Moreover, they proposed an approximative evaluation for the two
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functions so that lookup tables became optional. Maji et al. (2013) showed
that the intersection kernel can represent any additive function. Finally,
above approach of Vedaldi and Zisserman (2012) also facilitates approxi-
mations of the intersection kernel, because the kernel is λ-homogeneous.

9.2.4 Approximations of Inner Product Kernels

Kar and Karnick (2012) approximated inner product kernels, k (x,y) =
k ′(〈x,y〉), based on random sampling and the Maclaurin expansion. They
defined a random feature map whose expectation value was equivalent
to the Maclaurin expansion of inner product kernels. Hamid et al. (2014)
focused on the polynomial kernel, which also belongs to the family of
inner product kernels. They extended the feature map of Kar and Karnick
(2012) with a subsequent Johnson-Lindenstrauss projection to a lower
dimensional space. Pennington et al. (2015) noticed that the polynomial
kernel can be reformulated to a shift-invariant kernel if the input instances
are restricted to the unit sphere. Based on this observation, they derived
an approximation for the polynomial kernel using the concept of random
Fourier features. Pham and Pagh (2013) proposed an approximation of the
polynomial kernel using count sketches (Charikar et al. 2002) combined
with a randomized tensor product technique.

9.2.5 Approximations of Additive Kernels and Application-Oriented
Methods

Perronnin et al. (2010) proposed to approximate additive kernels, k (x,y) =
∑D

i=1 k ′(xi , yi ), by concatenating the Nyström method and the kernel prin-
cipal component analysis (KPCA). Wang et al. (2015a) as well as Wu and
Yang (2015) also focused on additive kernels. Wang et al. (2015a) defined
anchor points for every dimension and then related input instances to
the anchor points based on the nearest neighbor method. Wu and Yang
(2015) basically utilized linear regressions to approximate the product
between weight vectorw and feature mapφ(x), see (9.4).

Cinbis et al. (2016) proposed an approximation of the Fisher kernel
based on variational inference, particularly for application in image cate-
gorization. Wang et al. (2015b) approximated the χ2-kernel using random
projections, similarly focusing on image classification.
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9.2.6 Approximations of the Gaussian RBF Kernel Based on Algebraic
Reformulations

Several author groups (Cao et al. 2008; Claesen et al. 2014; Cotter et al.
2011; Habib et al. 2008; Lin and Chen 2011) proposed approximations of
the Gaussian RBF kernel that were based on algebraic reformulations of
the kernel function. Cotter et al. (2011) and Lin and Chen (2011) actually
proposed the same approximation, which was applied in the training and
development phase as well as in the testing and application phase. Cao et
al. (2008), Claesen et al. (2014), and Habib et al. (2008) proposed different
approximations, but all applied the approximation in the testing and
application phase only. Because these approximations (Cao et al. 2008;
Claesen et al. 2014; Cotter et al. 2011; Habib et al. 2008; Lin and Chen
2011) are closely related to the present approximation, they are discussed
in more detail below (Chapter 9.5), after the present approximation is
described and evaluated.

9.3 Methods

This chapter derives an approximative feature map for the Gaussian RBF
kernel as well as an upper bound for the relative approximation error. To
this end, the chapter is divided into four parts. First, preliminaries for the
approximation are recalled (Chapter 9.3.1) and, second, the approximative
feature map is derived (Chapter 9.3.2). Third, preliminaries for the error
analysis are recalled (Chapter 9.3.3) and, fourth, an upper bound for the
relative error is derived (Chapter 9.3.4).

9.3.1 Preliminaries for the Kernel Approximation

Kernels and feature maps are defined and related as follows.

Definition 9.1 (Steinwart and Christmann 2008, Chapter 4, Definition 4.1).
LetX be a nonempty set. A function k :X ×X →K is called a kernel onX
if there exists aK-Hilbert spaceH and a mapφ :X →H such that

k (x , y ) = 〈φ(x ),φ(y )〉H (9.6)

for all x , y ∈X . The mapφ is called feature map and the spaceH is called
feature space of k .
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A kernel may generate more than one feature space. For the present
purpose, only one particular feature space is of interest. This feature space
is the RKHSHσ for which the Gaussian RBF kernel, defined as

kσ(x,y) := e −σ
2‖x−y‖2

2 , (9.7)

withσ> 0, is the reproducing kernel.1 The terms RKHS and reproducing
kernel are defined and related as follows.

Definition 9.2 (Steinwart and Christmann 2008, Chapter 4, Definition 4.18).
LetX be a nonempty set andH be aK-Hilbert function space overX , i.e.,
aK-Hilbert space consisting of functions mapping fromX intoK.

1. A function k : X ×X → K is called a reproducing kernel ofH if
k (x , ·) ∈ H for all x ∈ X and if the reproducing property f (x ) =
〈 f , k (x , ·)〉H holds for all f ∈H and x ∈X .

2. The spaceH is called an RKHS overX if the Dirac functional δx :
H →K, defined as δx ( f ) := f (x ), with f ∈H , is continuous for all
x ∈X .

In particular, the reproducing kernel of an RKHS can be represented
using an ONB of the RKHS.

Theorem 9.1 (Saitoh 1997, Chapter 2.2, Theorem 7). LetH be an RKHS
of functions overX . IfH admits a reproducing kernel k and if (vi )i∈I is
an ONB ofH , then the reproducing kernel k is represented by

k (x , y ) =
∑

i∈I

vi (x )vi (y ), (9.8)

which converges absolutely for all x , y ∈X .

For the RKHSHσ, Steinwart et al. (2006) showed that the functions

vn (x ) :=

√

√ (2σ2)n

n !
x n e −σ

2 x 2
, (9.9)

with x ∈ X ⊂ R and n ∈ N0, enable the construction of an ONB and,
consequently, the representation of the Gaussian RBF kernel kσ using an

1 The definition of the Gaussian RBF kernel differs from (2.27) to be compatible to related
work.
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ONB. To recall the theorem, it is convenient to introduce the multi-index
n= (n1, n2, . . . , nD ) ∈ND

0 as a shorthand for the D -fold tensor product

vn := vn1
⊗ vn2

⊗ · · ·⊗ vnD
, (9.10)

which itself is defined as

vn1
⊗ vn2

⊗ · · ·⊗ vnD
(x1, x2, . . . , xD ) := vn1

(x1)vn2
(x2) · · ·vnD

(xD ) (9.11)

for all x1, x2, . . . , xD ∈X .

Theorem 9.2 (Steinwart et al. 2006, Theorem 5). Let σ > 0 andX ⊂RD

be a subset with nonempty interior. Then, (vn) is an ONB forHσ.

9.3.2 Kernel Approximation

The combination of Theorem 9.1 and 9.2 provides an alternative formula-
tion,

kσ(x,y) =
∑

n∈ND
0

vn(x)vn(y), (9.12)

for the Gaussian RBF kernel. This formulation allows the definition of a
feature map

φ(x) := (vn1
(x), vn2

(x), . . . ), (9.13)

withni ∈ND
0 , which provides an inner-product formulation,

kσ(x,y) =φ(x)Tφ(y), (9.14)

for the Gaussian RBF kernel. Such an inner-product formulation is the
prerequisite for efficient kernel SVMs according to (9.4). However, the
feature mapφ(x) has infinite dimensionality and leads to an infinite inner
product.

Therefore, the approximative feature map

φQ (x) := (vn1
(x), vn2

(x), . . . , vnF
(x)) (9.15)

for all possible multi-indices ni = (n1, n2, . . . , nD ), with n1 ≤ Q , n2 ≤
Q , . . . , nD ≤ Q , is proposed. This approximative feature map has finite
dimensionality F =Q D and can be evaluated practically. It can also be
implemented more efficiently by defining a (x), bn, and c (x,n) as

vn(x) = e −σ
2(x 2

1+x 2
2+···+x 2

D )
︸ ︷︷ ︸

:=a (x)

√

√

√ (2σ2)n1+n2+···+nD

n1!n2! · · ·nD !
︸ ︷︷ ︸

:=bn

x n1
1 x n2

2 · · · x
nD
D

︸ ︷︷ ︸

:=c (x,n)

. (9.16)
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The function a (x) has to be evaluated only once per instance x because it
is independent ofn. The constant bn can be pre-computed and stored
in a lookup table because it is independent of the instance x. Thus, the
approximative feature map can be computed more efficiently using

φQ (x) = a (x) · (bn1
c (x,n1), bn2

c (x,n2), . . . , bnF
c (x,nF )). (9.17)

From a theoretical point of view, it should be noted that the feature
map φ(x), and consequently φQ (x), is derived from an ONB ofHσ and
not from a feature map of kσ. It may therefore be that the inner prod-
uct 〈φ(x),φ(y)〉 does not correspond to an inner product inHσ but to
an inner product in some other Hilbert spaceH ′ of kσ, i.e., kσ(x,y) =
〈φ(x),φ(y)〉H ′ .

9.3.3 Preliminaries for the Error Analysis

This chapter recalls the Taylor series expansion for the exponential func-
tion (Hirschman 1962, Chapter 2.3) and the Lagrange remainder formula
(Hirschman 1962, Chapter 2.4), because these two concepts are utilized
in the error analysis below (Chapter 9.3.4).

The Taylor series expansion, centered at α = 0, for the exponential
function reads

e x =
∞
∑

i=0

x i

i !
(9.18)

for all x ∈R. If the infinite sum on the right hand side is evaluated only
up to i =Q ,

e x ≈
Q
∑

i=0

x i

i !
:= tQ (x ), (9.19)

the remainder
∞
∑

i=Q+1

x i

i !
:= rQ (x ), (9.20)

can be bounded by the Lagrange remainder formula. The formula is stated
in the following theorem, which uses f (i ) to denote the i -th derivative of
f and C n+1 to denote the class of functions that have n +1 continuous
derivatives. The theorem also introduces both a lower bound l and an
upper bound u for x . Because many SVM implementations recommend
data normalization anyway (e.g., LIBSVM documentation, Chang and
Lin 2011), the lower and upper bound may simply be set identical to the
minimum and maximum after normalization, respectively.
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Theorem 9.3 (Hirschman 1962, Chapter 2.4, Theorem 4b). Let f (x ) ∈
C n+1 for l < x < u, and let l <α, x < u. If rQ (x ) is defined by the equation

f (x ) =
Q
∑

i=0

f (i )(α)
i !
(x −α)Q + rQ (x ), (9.21)

then for some value ξ between α and x

rQ (x ) =
f (Q+1)(ξ)
(Q +1)!

(x −α)Q+1. (9.22)

9.3.4 Relative Error of the Kernel Approximation

The following proposition states an upper bound for the relative error of
the kernel approximation. The proposition also shows that the parame-
ter Q , which was introduced to truncate the infinite sum in the feature
map (Chapter 9.3.2) and to split the infinite sum in the Taylor expansion of
the exponential function (Chapter 9.3.3), controls this upper bound. The
parameter Q is therefore called approximation quality in the following.

Proposition 9.1. Let Q ∈N denote the approximation quality. Let x,y ∈
RD
+ denote two instances that (are scaled to) fulfill

mQ+1

(Q +1)!
� 1, (9.23)

where m :=maxi∈{1,2,...,D }{2σ2 xi yi }. Then, the relative error approxima-
tion error

ε :=

�

�

�

�

kσ(x,y)−φQ (x)TφQ (y)
kσ(x,y)

�

�

�

�

(9.24)

between the Gaussian RBF kernel kσ and the kernel approximation using
the feature mapφQ is bounded by

ε¯
D mQ+1

(Q +1)!
. (9.25)

Asymptotically, ε=O (1/Q !) holds.
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Proof. The alternative formulation of the Gaussian RBF kernel kσ in (9.12)
can be extended to

kσ(x,y) =
∞
∑

n1,n2,...,nD=0

vn(x)vn(y)

=
∞
∑

n1,n2,...,nD=0

D
∏

i=1

(2σ2)ni

ni !
(xi yi )

ni e −σ
2 x 2

i −σ
2 y 2

i

=
D
∏

i=1

∞
∑

ni=0

(2σ2)ni

ni !
(xi yi )

ni e −σ
2 x 2

i −σ
2 y 2

i ,

(9.26)

by applying the definition of the function vn (x ) in (9.9). Substitution of
zi := 2σ2 xi yi gives

D
∏

i=1

∞
∑

ni=0

(zi )ni

ni !
e −σ

2 x 2
i −σ

2 y 2
i , (9.27)

which contains the Taylor series expansion for e zi , see (9.18), and can
therefore be rewritten as

D
∏

i=1

e zi e −σ
2 x 2

i −σ
2 y 2

i . (9.28)

Splitting e zi according to (9.19) and (9.20) illustrates that the Gaussian
RBF kernel computes

D
∏

i=1

�

tQ (zi ) + rQ (zi )
�

e −σ
2 x 2

i −σ
2 y 2

i . (9.29)

Analogously, the kernel approximation using the feature map φQ (x)
can be extended to

φQ (x)
TφQ (y) =

Q
∑

n1,n2,...,nD=0

vn(x)vn(y)

=
Q
∑

n1,n2,...,nD=0

D
∏

i=1

(2σ2)ni

ni !
(xi yi )

ni e −σ
2 x 2

i −σ
2 y 2

i

=
D
∏

i=1

Q
∑

ni=0

(2σ2)ni

ni !
(xi yi )

ni e −σ
2 x 2

i −σ
2 y 2

i

(9.30)
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by considering the proposed requirement n1 ≤Q , n2 ≤Q , . . . , nD ≤Q on
the multi-indexn= (n1, n2, . . . , nD ). Substitution of zi := 2σ2 xi yi gives

D
∏

i=1

Q
∑

ni=0

(zi )ni

ni !
e −σ

2 x 2
i −σ

2 y 2
i , (9.31)

which also includes the first part of the Taylor series expansion for e zi ,
see (9.19). The kernel approximation using the feature mapφQ (x) there-
fore computes

D
∏

i=1

tQ (zi )e
−σ2 x 2

i −σ
2 y 2

i . (9.32)

Comparing (9.29) and (9.32), the approximation introduces an absolute
error of

rQ (zi ) = e zi − tQ (zi ) (9.33)

per dimension i . For this error, the Lagrange remainder formula provides
the upper bound

rQ (zi )≤
e zi z Q+1

i

(Q +1)!
(9.34)

by setting ξ in Theorem 9.3 to zi (since zi ≥ 0, see prerequisite x,y ∈RD
+ ).

Dividing both sides of the inequality by e zi gives the relative error

rQ (zi )
e zi

≤
e zi z Q+1

i

e zi (Q +1)!
≤

z Q+1
i

(Q +1)!
(9.35)

per dimension i . According to (9.32), the errors per dimension are multi-
plied. The rules of error propagation tell that multiplied relative errors
have to be summed up to get the total error (Dahlquist and Björck 2003,
Chapter 2). Because of the prerequisite (9.23), the rules of error propaga-
tion should be (approximately) true and total relative error is bounded
by

ε¯
D mQ+1

(Q +1)!
, (9.36)

where m =maxi∈1,2,...,D {zi }.

The upper bound for the relative error in (9.25) provided two insights.
The relative error ε decreases with factorial growth if the approximation
quality Q is linearly increased, and the relative error ε decreases if the
kernel parameterσ is decreased. Practically, the second insight suggested
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to setσ as small as possible. On the one hand, this suggestion limits the
range of admissibleσ values and may affect the SVM optimization process.
On the other hand, Oneto et al. (2015) argued that the SVM parameter C ,
which regularizes the trade-off between generalization and overfitting, is
more central than the kernel parameterσ. Thorough investigations are
therefore required before deeming the second insight as a restriction. The
following evaluation, however, investigated effects of the approximation
quality Q only.

9.4 Experimental Evaluation

This chapter reports the experimental evaluation of the kernel approxi-
mation. First, the relative approximation error and the upper bound are
visualized (Chapter 9.4.1). Second, effects of the approximation on the
SVM decision boundary are visualized (Chapter 9.4.2), Third, classification
experiments using the exact kernel as well as the kernel approximation
are reported (Chapter 9.4.3). All experiments were conducted using cus-
tom MATLAB scripts (The MathWorks, Natick, MA, USA) and the LIBSVM
(Chang and Lin 2011) for SVM training.

9.4.1 Visualization of the Relative Error

The exact kernel as well as the kernel approximation were evaluated on a
[0; 1]× [0; 1] grid with offset 0.02. The kernel parameter was set toσ= 0.25,
and the approximation quality was increased from Q = 1 over Q = 2 to Q =
3. Based on the values of the exact kernel and the kernel approximation
on this grid, the relative approximation error (9.24) as well as the upper
bound (9.25) were calculated and visualized in Figure 9.1.

The visualization provided two interesting observations. First, the rela-
tive approximation error was smaller than the theoretical upper bound,
on the considered [0; 1]× [0; 1] grid. This observation indicated that more
accurate approximations than Proposition 9.1 suggests can be expected
and that a tighter upper bound might be possible. Second, the relative
approximation error increased as the inputs x and y increased from 0 to 1.
This observation was in accord with (9.35), which suggests that the error
increases with the product of the inputs x and y (z = 2σ2 x y ). Larger
errors should therefore be expected if x and y move away from 0, i.e.,
from the center of the Taylor series expansion (Chapter 9.3.3).
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Figure 9.1: Illustration of the empirical approximation error (blue points) and
its theoretical upper bound (black points). The kernel parameter was fixed to
σ= 0.25, whereas the approximation quality was increased from Q = 1 over Q = 2
to Q = 3. Values were computed on the [0;1]× [0;1] grid with offset 0.02. Figure
adapted from Ring and Eskofier (2016).

9.4.2 Visualization of the Decision Boundary

Three synthetic, two-dimensional data sets were created with 200 in-
stances per class (Figure 9.2, 9.3, and 9.4, top left). The nonlinearity of
the required decision boundary was increased from curved in the first
data set over circular in the second data set to spiral in the third data set.
For every data set, the optimal SVM solution was computed using the
exact kernel. To this end, the values for the SVM parameter C and kernel
parameterσ were optimized using the grid search procedure (Hsu et al.
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2010). The grid was defined as C ∈ {10i }i=+5
i=−5 and σ ∈ {2i }i=−1

i=−5. For every
parameter combination, a five-fold CV was performed to obtain the mean
classification accuracy as evaluation criterion (Hastie et al. 2009, Chap-
ter 7). If multiple parameter combinations provided identical accuracy,
the combination with the smaller σ value was chosen. The parameter
combination that achieved the overall highest accuracy was utilized to
train the SVM and to obtain the support vectors of the optimal SVM solu-
tion. Using these support vectors, the exact kernel as well as the kernel
approximation (Q = 1, 2, . . . , 6) were employed to classify all points on the
[0; 1]× [0; 1] grid with offset 0.01.

The classification of the grid points provided an illustration of the deci-
sion boundary (Figure 9.2, 9.3, and 9.4) and two interesting observations.
The first observation concerned the increasing nonlinearity of the required
decision boundary. If the nonlinearity increased, higher approximation
qualities Q were necessary so that the kernel approximation’s decision
boundary became comparable to the exact kernel’s decision boundary
(Figure 9.2, 9.3, and 9.4, bottom right). Concretely, the approximation
quality Q = 3 was sufficient for the first and second data set, whereas
the approximation quality Q = 6 was required for the third data set. The
second observation concerned the values of the inputs x1 and x2. If the
kernel approximation’s decision boundary was not quite comparable to
the exact kernel’s decision boundary (Figure 9.2, 9.3, and 9.4, bottom left),
differences were mainly prevalent in the (upper) right area. This observa-
tion was in accord with above observation (Chapter 9.4.1) that the error of
the kernel approximation increased as the product of x and y increased.

9.4.3 Classification Experiments

Classification accuracy and runtime achievable with the kernel approxi-
mation were compared to classification accuracy and runtime achievable
with the exact kernel. This chapter describes, reports and discusses the
experimental evaluation regarding these aspects.

9.4.3.1 Data Sets

Benchmark data sets were obtained from the UCI machine learning repos-
itory (Lichman 2013) using the data set’s dimensionality D as selection
criterion. The rationale for the selection criterion was that a preceding
feature selection may be required in case of data sets with high dimension-
ality D . A feature selection may be required because the dimensionality
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of the feature map F grows as F =Q D (Chapter 9.3.2). Therefore, only
data sets containing a maximum of ten dimensions were selected to avoid
confounding effects of a preceding feature selection.

If a data set contained more than two classes but only two classes were
used, the two classes that hold most of the data set’s instances or an
approximately identical amount of instances were selected. If a data set
contained more than two classes and all classes were used, all pairs of two
classes were classified using an one-against-one approach.

The resulting selection of data sets and classes was: Abalone (abalone,
classes 9 and 10), Banknote Authentication (banknote), Blood Transfu-
sion Service Center (transfusion), Haberman’s Survival (haberman), Iris
(iris, all classes: setosa, versicolor, virginica), User Knowledge Modeling
Train and Test Set (user-knowledge, classes low and middle), Vertebral
Column (column, all classes: disk hernia, spondylolisthesis, normal), and
Wholesale Customers (wholesale, target attribute channel).

9.4.3.2 Experimental Setup

The data sets were preprocessed using three procedures. The first pro-
cedure discretized categorial features if present. The second procedure
normalized every feature to the numerical range [0;1]. The third proce-
dure removed duplicate instances if present.

Classification accuracy and runtime of the exact kernel as well as the
kernel approximation were determined using a ten-fold CV. In every fold,
an SVM was first trained on the nine training partitions using the exact
kernel. The SVM parameter C and the kernel parameterσwere optimized
using the same approach as above (Chapter 9.4.2). The support vectors of
the trained SVM were used to classify the tenth testing partition. These
classifications were performed using the exact kernel as well as the ker-
nel approximation (Q = 1, 2, 3). Classification accuracy was calculated in
percent and runtime was measured in seconds. When the ten-fold CV
procedure was completed, per-fold classification accuracy, per-fold run-
time, and per-fold number of support vectors were averaged over all folds.
Mean runtime of the exact kernel was divided by mean runtime of the
kernel approximation and defined as speed-up.

9.4.3.3 Results

Table 9.1 reports the results and also highlights one approximation quality
per data set. These approximation qualities were highlighted because they
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provided favorable trade-offs between classification accuracy and run-
time. The following observations refer to these highlighted approximation
qualities.

A comparison regarding classification accuracy showed that the kernel
approximation was inferior in three experiments (column spondylolis-
thesis vs. normal, transfusion, wholesale), identical in five experiments
(banknote, iris setosa vs. versicolor, iris versicolor vs. virginica, iris se-
tosa vs. virginica, user-knowledge), and superior in four experiments
(abalone, column hernia vs. normal, column hernia vs. spondylolisthesis,
haberman). A comparison regarding runtime showed that the kernel ap-
proximation was superior in all experiments and achieved an 18.2-fold
speed-up on average. A comparison regarding highlighted approxima-
tion qualities showed that the kernel approximation required Q = 1 in
one experiment (haberman), Q = 2 in five experiments (column hernia
vs. spondylolisthesis, column spondylolisthesis vs. normal, iris setosa vs.
versicolor, iris setosa vs. virginica, user-knowledge), and Q = 3 in six ex-
periments (abalone, banknote, column hernia vs. normal, iris versicolor
vs. virginica, transfusion, wholesale).

9.4.3.4 Discussion

The kernel approximation was motivated in context of computational
costs (Chapter 9.1). The costs for the computation of a kernel SVM deci-
sion increase with the number of support vectors. Regarding this number
of support vectors, the present experiments covered a wide range (about
10–1000 support vectors, Table 9.1) if considered in relation to the compar-
atively small number of D = 10 dimensions at maximum (Chapter 9.4.3.1).
Across this wide range of support vectors, the kernel approximation was
capable of providing considerable speed-up and maintaining classifica-
tion accuracy. The present experiments therefore endorsed the usage of
the kernel approximation if the number of support vectors was large.

However, it was not vital that the number of support vectors was large in
absolute terms. Large numbers in relation to the dimensionality were suf-
ficient to benefit from the kernel approximation. For example, an average
of S = 18 support vectors was sufficient so that the kernel approximation
could provide a 5.7-fold speed-up in case of a three-dimensional data set
(Table 9.1, iris versicolor vs. virginica).

Regarding approximation quality, the kernel approximation required
Q = 2 or Q = 3 in eleven out of twelve experiments. The approximation
quality Q = 1 was sufficient in one experiment only. This observation
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suggested that future applications may choose Q ≥ 2 as a reasonable first
choice. Nevertheless, the approximation quality Q was still considered
as an engineering parameter. Experimental evaluations will be manda-
tory during the training phase to determine an appropriate value for the
approximation quality Q .

Finally, a noteworthy insight was provided by increasing the approx-
imation quality (Q = 1,2,3) and observing the classification accuracy.
In several experiments, the kernel approximation using Q = 1 was con-
siderably inferior compared to the exact kernel. However, the increase
from Q = 1 to Q = 2 or Q = 3 was mostly sufficient to achieve compara-
ble classification accuracy. This observation illustrated the power of the
factorial relationship between the relative error and the approximation
quality (Chapter 9.3.4). A small increment in approximation quality Q
often reduced the relative error considerably and enhanced classification
accuracy greatly.

9.5 Comparison to Related Work

This chapter finally discusses the present approach with respect to related
work. Concretely, the work of Cao et al. (2008), Claesen et al. (2014), Cotter
et al. (2011), Habib et al. (2008), and Lin and Chen (2011), which was sum-
marized above (Chapter 9.2.6), was most related to the present approach
and is discussed in the following.

There was one major difference between the present approach and
these other methods. The present approach derived the kernel approxi-
mation from an ONB of the kernel’s RKHS (Chapter 9.3.2), whereas the
other methods built on algebraic reformulations of the kernel function.
The present derivation therefore illustrated that the resulting feature map
is closely connected to the RKHS that is being approximated. Such con-
nections did not become evident based on algebraic reformulations of
the kernel function.

There were also similarities as well as differences to specific methods
only. Similarities to Cao et al. (2008), Claesen et al. (2014), and Habib et al.
(2008) included the usage of the exact Gaussian RBF kernel in the training
and development phase to obtain the optimal SVM solution. Differences
to Cao et al. (2008), Claesen et al. (2014), and Habib et al. (2008) included
the usage of fixed-order polynomials (Cao et al. 2008; Claesen et al. 2014)
instead of arbitrary approximation qualities (Chapter 9.3.2) and the lack
of an approximation error analysis (Habib et al. 2008).
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Similarities to Cotter et al. (2011) and Lin and Chen (2011), who actually
proposed the same approximation, concerned the resulting feature map.
This map differed only with respect to the multi-index n and approxi-
mation quality Q (Chapter 9.3.2). Cotter et al. (2011) and Lin and Chen
(2011) required n1+n2+ · · ·+nD =Q , whereas the present approach re-
quired n1 ≤Q , n2 ≤Q , . . . , nD ≤Q . Although this difference will probably
not affect practical applications, it is interesting because the different
derivations led to a quite simliar feature map.

Differences to Cotter et al. (2011) and Lin and Chen (2011) included
the usage of the kernel approximation. Cotter et al. (2011) and Lin and
Chen (2011) used the kernel approximation in the training and develop-
ment phase as well as in the testing and application phase, whereas the
present approach used the kernel approximation in the testing and ap-
plication phase only. Moreover, Cotter et al. (2011) provided an absolute
upper bound for the approximation error, but it remained unclear how
the error propagated through the training phase and how it affected SVM
decisions. The present approach obtained the optimal support vectors in
the training and development phase, and approximation errors did not
affect SVM training. The upper bound for the relative error (Chapter 9.3.4)
can therefore be transferred to SVM classification decisions.
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Figure 9.2: A synthetic data set (top left) requiring a curve-shaped decision bound-
ary is classified with the exact kernel (top right) and two approximation qualities
(bottom left and bottom right). The approximation qualities Q were selected
because the corresponding decision boundary was visually close (bottom left) or
virtually identical (bottom right) to the exact kernel’s decision boundary (top right).
The instances of the two classes are differentiated using distinct symbols and col-
ors (�, ). The decision boundary is depicted using a light blue background for
regions with decision for the -class and a darker blue background for regions
with decision for the�-class. Support vectors are marked using a circle (◦) around
the corresponding instance. Figure adapted from Ring and Eskofier (2016).
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Figure 9.3: A synthetic data set (top left) requiring a circle-shaped decision bound-
ary is classified with the exact kernel (top right) and two approximation qualities
(bottom left and bottom right). The approximation qualities Q were selected
because the corresponding decision boundary was visually close (bottom left) or
virtually identical (bottom right) to the exact kernel’s decision boundary (top right).
The instances of the two classes are differentiated using distinct symbols and col-
ors (�, ). The decision boundary is depicted using a light blue background for
regions with decision for the -class and a darker blue background for regions
with decision for the�-class. Support vectors are marked using a circle (◦) around
the corresponding instance. Figure adapted from Ring and Eskofier (2016).
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Figure 9.4: A synthetic data set (top left) requiring a spiral-shaped decision bound-
ary is classified with the exact kernel (top right) and two approximation qualities
(bottom left and bottom right). The approximation qualities Q were selected
because the corresponding decision boundary was visually close (bottom left) or
virtually identical (bottom right) to the exact kernel’s decision boundary (top right).
The instances of the two classes are differentiated using distinct symbols and col-
ors (�, ). The decision boundary is depicted using a light blue background for
regions with decision for the -class and a darker blue background for regions
with decision for the�-class. Support vectors are marked using a circle (◦) around
the corresponding instance. Figure adapted from Ring and Eskofier (2016).
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Table 9.1: Classification accuracy, runtime, and speed-up using the exact kernel as well as the kernel approximation (Q = 1, 2, 3).
Numbers depict results (mean ± STD) of a ten-fold CV. Accentuated cells highlight approximation qualities Q that provided
favorable trade-offs between accuracy and speed-up. SV, number of support vectors that were determined in the training phase.
Table adapted from Ring and Eskofier (2016).

Exact kernel Kernel approximation

Data set SV Accuracy (%) Runtime (s) Q Accuracy (%) Runtime (s) Speed-up

abalone 992.0±15.0 59.9±5.2 2.2492±0.1139 1 50.5±6.2 0.0038±0.0007 597.5
2 49.3±5.4 0.0325±0.0018 69.3
3 60.1±5.0 0.9666±0.0243 2.3

banknote 8.6±1.3 99.9±0.5 0.0242±0.0034 1 45.3±4.5 0.0034±0.0001 7.2
2 45.5±4.7 0.0035±0.0001 6.9
3 99.9±0.2 0.0082±0.0003 3.0

column
(hernia vs.
normal)

76.1±7.8 80.0±10.5 0.0221±0.0026 1 37.5±7.2 0.0005±0.0000 47.4
2 66.9±9.3 0.0010±0.0000 21.2
3 81.9±7.5 0.0094±0.0004 2.3

column (hernia vs.
spondylolisthesis)

19.0±6.8 97.6±2.5 0.0080±0.0022 1 30.5±10.6 0.0006±0.0001 13.1
2 98.1±2.5 0.0014±0.0001 5.7
3 92.9±6.4 0.0121±0.0010 −

column
(spondylolisthesis
vs. normal)

29.8±6.1 96.4±5.8 0.0136±0.0026 1 47.2±14.7 0.0007±0.0000 19.6
2 96.0±5.0 0.0016±0.0000 8.5
3 96.4±5.1 0.0146±0.0008 −

(Table continued on next page.)
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(Table continued from previous page.)

Exact kernel Kernel approximation

Data set SV Accuracy (%) Runtime (s) Q Accuracy (%) Runtime (s) Speed-up

haberman 142.2±6.6 68.9±8.7 0.0680±0.0044 1 70.2±11.5 0.0010±0.0005 71.1
2 68.5±7.7 0.0008±0.0004 89.7
3 64.7±14.7 0.0008±0.0000 81.3

iris (setosa vs.
versicolor)

44.7±0.7 100.0±0.0 0.0083±0.0007 1 48.9±20.3 0.0003±0.0000 28.8
2 100.0±0.0 0.0003±0.0000 27.4
3 100.0±0.0 0.0007±0.0001 12.4

iris (versicolor
vs. virginica)

18.1±12.3 92.9±8.3 0.0037±0.0021 1 50.6±15.0 0.0003±0.0000 11.4
2 87.8±11.5 0.0003±0.0000 12.3
3 92.9±8.3 0.0006±0.0001 5.7

iris (setosa vs.
virginica)

24.3±0.5 100.0±0.0 0.0045±0.0003 1 49.1±19.6 0.0003±0.0000 15.5
2 100.0±0.0 0.0003±0.0001 14.9
3 100.0±0.0 0.0006±0.0001 7.2

transfusion 230.9±5.4 75.3±6.2 0.1954±0.0095 1 73.9±6.8 0.0013±0.0000 148.1
2 74.3±6.4 0.0015±0.0003 129.4
3 74.5±5.9 0.0032±0.0004 60.6

user-knowledge 29.9±11.9 97.2±3.3 0.0143±0.0053 1 51.4±8.4 0.0007±0.0001 19.5
2 97.2±3.3 0.0010±0.0001 14.4
3 97.2±3.3 0.0045±0.0004 3.2

(Table continued on next page.)161
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(Table continued from previous page.)

Exact kernel Kernel approximation

Data set SV Accuracy (%) Runtime (s) Q Accuracy (%) Runtime (s) Speed-up

wholesale 90.6±4.6 90.9±4.0 0.0703±0.0064 1 67.7±7.6 0.0012±0.0001 59.3
2 85.9±4.1 0.0029±0.0004 24.1
3 89.5±3.6 0.0262±0.0028 2.7
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Chapter 10

Summary, Discussion of
Scientific Contributions, and
Conclusions

This chapter summarizes key aspects of the present thesis and discusses
the contributions to the progress of research, which were listed above
(Chapter 1.3). The chapter covers the machine learning approaches
for TBW loss estimation (Chapters 10.1 to 10.3) as well as the theoreti-
cal approaches for efficient, nonlinear machine learning (Chapters 10.4
and 10.5), before closing with joint conclusions (Chapter 10.6).

Parts of this chapter have been published previously (Ring and Eskofier
2015b, 2016; Ring et al. 2014, 2015, 2016, 2017) and are recapitulated here
with permission.

10.1 Temperature-Based Bioimpedance Correction

Two factors contrarily influence bioimpedance measurements during
physical exercise. First, the loss of TBW and the electrolytes therein, which
cause bioimpedance values to increase (O’Brien et al. 2002). Second,
physiological effects of sweating and exercising, in particular the elevated
number of active sweat glands and elevated skin temperature, which were
reported to decrease bioimpedance values (Buono et al. 2004; Caton et al.
1988; Thomas and Korr 1957).

The bioimpedance and temperature-based approach addressed the
confounding influence of sweating and increased temperature to reveal
changes in bioimpedance values that are due to TBW loss. To this end,
the bioimpedance and temperature-based approach utilized additional
core and skin temperature measurements to correct corrupted bioim-
pedance measurements. A linear method (ε-SVR using a LIN kernel), a
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nonlinear method (ε-SVR using a Gaussian RBF kernel), and a probabilis-
tic method (GPR using an SE covariance function) were examined for this
temperature-based bioimpedance correction. The corrected bioimped-
ance values were then utilized to estimate TBW loss using both popular
modeling methods, the model from BIA and the model from BIS.

An experimental evaluation illustrated that the bioimpedance and tem-
perature-based approach reduced the average error by up to 71 %, com-
pared to the state-of-art bioimpedance-only approach. This 71 % improve-
ment was achieved by combining BIA modeling with the ε-SVR using a
LIN kernel. In absolute terms, this combination achieved an average TBW
loss estimation error of 0.46±0.30 l.

This thesis therefore contributed a temperature-based bioimpedance
correction that enables the usage of the noninvasive, portable, rapid, and
easy-to-use bioimpedance technology for TBW loss estimation during
physical exercise (Contributions 1 and 4, Chapter 1.3). This approach was
considered more convenient than previous methods (Chapter 3.1), which
included taking a cold shower (Gatterer et al. 2014) or delaying measure-
ments until confounding factors are negligible (Pialoux et al. 2004). The
bioimpedance correction can be automatically and immediately com-
puted during physical exercise, after the temperature measurements,
which require less than 1 min, are available. The present approach may
also constitute the foundation for future research, for example, evaluating
the bioimpedance correction for wearable bioimpedance devices (e.g.,
Beckmann et al. 2010; Schlebusch et al. 2010; Villa et al. 2014, 2016), or
developing bioimpedance electrodes with built-in temperature measure-
ment.

10.2 Sweat Markers for Water Loss Estimation

Sweat composition was studied with respect to various experimental con-
ditions (Chapter 3.2), but only one study (Morgan et al. 2004) investigated
sweat markers with respect to exercise-induced dehydration. This study
reported significantly increased osmolality, chloride concentration, and
sodium concentration after physical exercise without fluid intake com-
pared to physical exercise with fluid intake.

The sweat-based approach analyzed the progression of sweat osmolal-
ity and sweat chloride concentration with a higher temporal resolution,
calculated correlations between the two markers and TBW loss, and ex-
plored quantitative TBW loss estimations based on these two markers. In
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contrast to the collection of one sweat sample after 2 h of physical exercise
(Morgan et al. 2004), osmolality and chloride concentration were analyzed
after eight consecutive, 15-min running intervals, and correlations with
TBW loss were calculated using Pearson’s coefficient. Quantitative TBW
loss estimations were conducted using the two sweat markers as inputs
for a GPR with an SE covariance function.

The experimental evaluation showed that sweat-based TBW loss esti-
mations achieved an average error of 0.49±0.23 l. Pearson’s coefficient
indicated a moderate, but still significant, correlation between each of
the sweat markers and TBW loss. However, the sweat collection method
led to several missing values. The discussion concluded that there might
be a bias in the TBW loss estimations, which could have caused an overly
optimistic error of 0.49±0.23 l. The sweat-based approach, in its cur-
rent form, was therefore not recommended for practical application, but
improvements for sweat collection as well as data processing have been
proposed.

This thesis therefore contributed the finding that chloride concentra-
tion and TBW loss as well as osmolality and TBW loss are correlated on
the fine-grained level of 15-min intervals (Contributions 2 and 4, Chap-
ter 1.3). Although sweat was analyzed in various contexts of physical
exercise (Chapter 3.2), the present finding and the study of Morgan et al.
(2004) constituted the only investigations regarding dehydration diagno-
sis. They should provide the foundation to justify future work regarding
sweat-based TBW loss estimations. Such future work may continue seam-
lessly by addressing the key challenges that have been identified and
discussed in this thesis. For example, transforming sweat markers into
subject-independent values without having baseline sweat samples, or
evaluating sweat-based TBW loss estimations for lab-on-a-chip systems
(e.g., Anastasova et al. 2017; Bandodkar et al. 2014; Dam et al. 2016; Gao
et al. 2016; Heikenfeld 2016; Koh et al. 2016; Parrilla et al. 2016; Rose et
al. 2015; Solovei et al. 2015), which could provide (almost) continuous
measurements and should lead to less missing values.

10.3 Salivary Markers for Water Loss Estimation

Salivation is similar to sweat secretion in the sense that the precursor
fluid for both saliva and sweat is filtrated from blood (Thaysen et al. 1954).
Salivary markers should therefore provide information about TBW loss,
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analogously to sweat markers. Several studies investigated such a saliva-
based method (Horn et al. 2012; Muñoz et al. 2013; Smith et al. 2011;
Taylor et al. 2012; Walsh et al. 2004a,b). However, considerable inter-
subject variability was observed (Taylor et al. 2012; Walsh et al. 2004a,b),
and classification between euhydrated and dehydrated subjects were
successful only if no more than two groups were defined (Muñoz et al.
2013; Taylor et al. 2012).

The saliva-based approach explored machine learning to achieve quan-
titative estimations of TBW loss. Quantitative estimations analogously
facilitate classification into discrete groups, but they additionally facilitate
precise fluid intake recommendations and more accurate dehydration
diagnosis. For this purpose, two previously investigated salivary mark-
ers, osmolality and total proteins, were combined with five unexplored
salivary markers, amylase, chloride, cortisol, cortisone, and potassium.
An exhaustive feature selection was conducted to identify the most infor-
mative markers. These markers were then presented to two regression
algorithms (OLS, GPR using an SE covariance function) for the estimation
of TBW loss.

An experimental evaluation highlighted that saliva-based TBW loss esti-
mations achieved an error of 0.34±0.10 l. This result was achieved using
a GPR as regression method and five salivary markers as input. The result
also depicted the minimal error among all three approaches (bioimped-
ance and temperature-based, sweat-based, saliva-based). Moreover, the
collection of eight samples and the fine-grained resolution of 15 min inter-
vals indicated that the salivary markers increased nonlinearly. This was in
contrast to previous, linear observations, which were based on only four
samples.

This thesis therefore contributed quantitative TBW loss estimations
based on salivary markers (Contributions 3 and 4, Chapter 1.3). This ap-
proach extended previous binary classifications (Muñoz et al. 2013; Taylor
et al. 2012), and it revealed a nonlinear increase of the salivary markers dur-
ing physical exercise. The latter finding may open up a multitude of new,
physiologically based modeling approaches for the progression of salivary
markers. However, the present results were achieved in a controlled exper-
iment. Future work may therefore investigate the saliva-based approach
with respect to previously observed inter-subject variability (Cheuvront
et al. 2010; Taylor et al. 2012; Walsh et al. 2004a,b), confounding factors
(Dawes 1974; Del Corral et al. 2016; Ferguson and Botchway 1979, 1980;
Gregersen and Bullock 1933; Perrier et al. 2013; Ship and Fischer 1999;
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Ship and Fischer 1997), or measurements recorded with lab-on-a-chip
systems (e.g., Gunter et al. 2005; Hoe et al. 2011; Stewart et al. 2007).

10.4 Branch and Bound Feature Selection in Kernel Space

B&B feature selection finds optimal feature sets without the enormous
effort of an exhaustive search (Casasent and Chen 2003; Chen 2003; Na-
kariyakul and Casasent 2007; Nakariyakul 2009; Narendra and Fukunaga
1977; Somol et al. 2004; Wang et al. 2003; Yu and Yuan 1993). However,
literature (Hall and Holmes 2003; Kohavi and John 1997) reported that
B&B feature sets often achieved classification accuracies that were inferior
to the wrapper approach, which is another popular, but exhaustive and
time-consuming, method for optimal feature selection.

The present B&B-RKHS argued that previous B&B algorithms could not
conceive data with inherently complex and nonlinear structures, because
previous criterion functions were based on mean and standard deviation
only. B&B-RKHS therefore employed kernel versions of two traditional
criterion functions, the Bhattacharyya distance and the KL divergence.
However, these criterion functions required an user-defined parameter
and it was further argued that they involve computations regarding the
covariance matrix that are not necessary in kernel space. The mean dis-
tance in kernel space was therefore proposed as an additional criterion
function, which is computationally more efficient and does not require
user-defined parameters. Finally, it was shown that the polynomial kernel
preserves the crucial prerequisite of monotonicity and can be employed
as a kernel for B&B-RKHS.

An experimental evaluation illustrated that B&B-RKHS achieved classi-
fication accuracies that were comparable to the wrapper approach, irre-
spective of the criterion function. Regarding runtime, B&B-RKHS using
the kernel Bhattacharyya distance and B&B-RKHS using the kernel KL
divergence were mostly superior to the wrapper approach. B&B-RKHS
using the kernel mean class distance was completely out of reach for the
wrapper approach (about 60 times faster).

This thesis therefore contributed nonlinear feature selection using the
efficient B&B search method (Contribution 5, Chapter 1.3). It demon-
strated that the powerful kernel machinery can be weaved into B&B fea-
ture selection, as previously shown for other feature selection methods
(e.g., Cheng et al. 2011; Ramona et al. 2012; Wang 2008). Besides a newly
proposed criterion function, it was also demonstrated that the kernel
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Bhattacharyya distance and kernel KL divergence of Zhou and Chellappa
(2006) can be used for feature selection. Regarding performance, B&B-
RKHS could provide feature sets competitive to the wrapper approach, in
contrast to traditional B&B (Hall and Holmes 2003; Kohavi and John 1997).
These results motivated future extensions of B&B-RKHS with domain-
specific, monotonic kernels to enhance performance in tasks like natural
language processing or image analysis, where huge data sets are common-
place (e.g., LeCun et al. 2015) and speed is of the essence.

10.5 An Approximation of the Gaussian RBF Kernel

Linear SVMs enable efficient classification of data with linear structures
(Cortes and Vapnik 1995; Schölkopf and Smola 2002, Chapter 7). SVMs
can be enhanced with kernels to also enable classification of data with
inherently complex and nonlinear structures, but kernel SVMs are compu-
tationally more expensive. Therefore, numerous methods were proposed
to efficiently approximate kernels (Chapter 9.2). However, the majority
focused on efficiency in the training and development phase, which may
involve suboptimal SVM solutions and amplify approximation effects in
the testing and application phase.

This thesis proposed an approximation of the Gaussian RBF kernel for
the efficient computation of SVM classification decisions in the testing
and application phase. The exact Gaussian RBF kernel was still used in
the training and development phase to obtain the optimal SVM solution.
The kernel approximation was directly derived from the RKHS that is
being approximated, in contrast to many previous methods that took
detours over, sometimes ad-hoc, algebraic reformulations or theoretical
properties of kernel functions. Moreover, an analysis of the approximation
error showed that the relative error decreases with factorial growth if the
approximation quality is increased linearly.

An experimental evaluation using synthetic data sets visualized the
relative approximation error, its theoretical upper bound, and differences
in the decision boundary between kernel approximation and exact ker-
nel. An experimental evaluation using benchmark data sets illustrated
that the kernel approximation achieved an average 18.2-fold speed up in
comparison to the exact kernel, while maintaining classification accuracy.
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This thesis therefore contributed an approximation of the Gaussian RBF
kernel that facilities efficient computation of nonlinear SVM classifica-
tion decisions (Contribution 6, Chapter 1.3). It addressed an underrepre-
sented application of kernel approximations, namely in the testing and
application phase only (Chapter 9.2). However, this underrepresented
application prevents obtaining suboptimal SVM solutions and amplifica-
tion of approximation effects in the testing and application phase. The
derivation of the approximation transferred theoretical results about the
Gaussian RBF kernel’s RKHS (Minh 2010; Steinwart et al. 2006; Xu et al.
2006) into practical application. It resulted in a feature map that was
similar to previous approximations of the Gaussian RBF kernel based on
algebraic reformulations (Cotter et al. 2011; Lin and Chen 2011). How-
ever, the present approximation provided the additional insight that the
feature map is closely related to the RKHS that is being approximated,
which did not become evident based on, sometimes ad-hoc, algebraic
reformulations.

10.6 Conclusions

This thesis accomplished quantitative TBW loss estimations within the
accuracy of about a glass of water. Although these results were achieved
by the saliva-based approach, neither the sweat-based approach nor the
bioimpedance and temperature-based approach should be excluded from
future research. On the one hand, additional sweat markers and less
missing values should improve the sweat-based approach. On the other
hand, BIS modeling combined with extrapolated bioimpedances might
improve the bioimpedance and temperature-based approach.

Until such research will have been conducted, the current recommen-
dation is the saliva-based approach with nonlinear processing at its core.
If existing methods for nonlinear processing were not sufficient to further
improve the saliva-based approach or to implement it on wearable de-
vices, two additional options would now be available by building on the
two theoretical approaches for efficient, nonlinear machine learning. The
two theoretical approaches were already shown to constitute valuable
alternatives for classification problems.
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Chapter 11

Outlook

Improvements and further developments have been worked out and dis-
cussed throughout the course of this thesis. The final chapter consolidates
key ideas to give an overview of potential future work based on the present
thesis. This overview is organized in three chapters. The first chapter con-
solidates key ideas regarding the machine learning approaches for TBW
loss estimation (Chapter 11.1). The second chapter consolidates key ideas
regarding the theoretical approaches for efficient, nonlinear machine
learning (Chapter 11.2). The third chapter consolidates key ideas beyond
individual approaches (Chapter 11.3).

Parts of this chapter have been published previously (Ring and Eskofier
2015b, 2016; Ring et al. 2014, 2015, 2016, 2017) and are recapitulated here
with permission.

11.1 Future Work for Water Loss Estimation

The discussion of the temperature-based bioimpedance correction identi-
fied three major aspects for improvement and further development. First,
BIS typically measures bioimpedance at multiple frequencies and extrap-
olates these measurements to a theoretical value that would be measured
at an infinitely high frequency (Chapter 2.2.4 and 7.1.1). Here, this mea-
surement procedure could not be realized and a single frequency of 1 MHz
was used instead. This shortcoming could have caused the inferior TBW
loss estimations when BIS modeling was used. Future work may there-
fore perform the full BIS measurement procedure and re-evaluate the
temperature-based bioimpedance correction.

Second, the temperature-based bioimpedance correction employed
temperature measurements that were recorded temporally after the bio-
impedance measurements. As discussed above (Chapter 7.1.2), core and
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skin temperature could have dropped during the bioimpedance measure-
ment, because subjects were passively standing on the bioimpedance
device instead of continuing physical exercise. Future work may therefore
investigate whether nonnegligible temperature changes occur during the
bioimpedance measurement, and if so, utilize advanced technical equip-
ment to continuously measure temperature during the bioimpedance
measurement.

Third, skin temperature was measured at the hands and feet because
the electrical current of the bioimpedance device entered and left the body
at these positions (Chapter 4.3.4). Future work may therefore develop
electrodes that measure bioimpedance and temperature simultaneously
(Chapter 7.1.3). The temperature-based bioimpedance correction, which
only required the evaluation of one linear function (Chapter 7.1.4), could
then be executed on the bioimpedance device’s firmware.

The discussion of the sweat-based approach identified two major as-
pects for improvement and further development. First, the method for
sweat collection (Chapter 4.3.5) led to several missing values in the result-
ing data set, because insufficient amounts of sweat fluid were obtained
(Chapter 4.4). Future work may therefore investigate different positions
for sweat collection, different or multiple sweat collectors, and longer
periods of time for sweat collection (Chapter 7.2.3).

Second, several ideas were discussed to reduce the potential bias and
improve the accuracy of sweat-based TBW loss estimations (Chapter 7.2.3).
These ideas covered the use of relative values instead of absolute values,
the inclusion of blood markers to obtain baseline values, and the sweat
rate as an additional feature that is related to electrolyte reabsorption.
Because the measurement of sweat rates seemed to be best realizable,
future work may examine TBW loss estimations based on sweat chloride
concentration, sweat osmolality, and sweat rate.

The discussion of the saliva-based approach identified three major
aspects for improvement and further development. First, the salivary
markers that were selected in the different LOSO-CV folds were not identi-
cal (Chapter 7.3.1). It was argued that another feature selection, including
all subjects, would similarly lead to an unstable set of salivary markers.
However, this type of instability and variance in feature sets can often
be reduced if more data is made available to the feature selection proce-
dure. Future work may therefore conduct the data collection protocol
with additional subjects and re-evaluate the saliva-based approach.
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Second, the error of TBW loss estimations initially decreased when more
salivary markers were added, reached its minimum when five salivary
markers were used, and then increased again (Chapter 7.3.3). The increase
may have emerged because of the growing number of salivary markers in
comparison to the constant number of subjects. Although more salivary
markers and more information were provided to the machine learning
algorithms, the input space was simultaneously more undersampled. This
issue is also known as the curse of dimensionality (e.g., Hastie et al. 2009,
Chapter 2.5). Similar to the aspect above, this issue can often be addressed
by additional data collection.

Third, the nonlinear increase of the salivary markers was particularly
prominent after the average TBW loss reached 1.42 l (Chapter 7.3.4). This
average TBW loss was close to the threshold of 2 % body mass loss, a thresh-
old that is often associated with negative physiological consequences and
hormonal responses for water conservation and acquisition (Cheuvront
et al. 2013a; Sawka et al. 2007). Future work may therefore investigate
potential relationships between the nonlinear increase of salivary markers
and the 2 % threshold. Comprehensive physiological models for this rela-
tionship could improve saliva-based TBW loss estimations considerably.

11.2 Future Work for Efficient and Nonlinear Machine
Learning

The discussion of B&B-RKHS identified four major aspects for improve-
ment and further development. First, inappropriate values for the number
of eigenpairs violated monotonicity in case of the kernel Bhattacharyya
distance and kernel KL divergence (Chapters 8.4.2 and 8.6). This issue will
be avoided if the kernel mean class distance is employed, because this
distance measure does not involve eigenpair computations. However, the
kernel Bhattacharyya distance and kernel KL divergence should not be
neglected entirely. In contrast to the kernel mean class distance, the ker-
nel Bhattacharyya distance and kernel KL divergence consider additional
information (covariance matrix), which could be beneficial in special
cases. Future work may therefore conduct comprehensive experiments
to determine effects of the number of eigenpairs in more depth.

Second, B&B-RKHS assumed normally distributed data without verify-
ing this assumption, similar to previous B&B algorithms (Chapters 8.3.2.1
and 8.6). It was therefore suggested to first conduct statistical testing for
normally distributed data before applying previous B&B algorithms or
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B&B-RKHS. In this context, future work may also explore distance mea-
sures for nonnormal distributions.

Third, the polynomial kernel was shown to preserve monotonicity
(Chapter 8.3.2.4), which is the crucial prerequisite for the B&B search
method (Chapter 8.2.1). However, there are further kernels, which are
successfully applied in practice, besides the polynominal kernel. Future
work may therefore investigate if other kernels preserve monotonicity and
can be employed in B&B-RKHS.

Fourth, previous B&B algorithms and B&B-RKHS using the kernel mean
class distance were considerably faster than the wrapper approach (Chap-
ter 8.6). The discussion therefore suggested the idea of comparing the
classification accuracy of previous B&B algorithms with the classification
accuracy of B&B-RKHS using the kernel mean class distance. Nonnegli-
gible differences in these accuracies may indicate data with inherently
complex and nonlinear structures, and therefore justify the application of
computationally intensive methods like the wrapper approach. Future
work may explore this idea in more detail.

The discussion of the Gaussian RBF kernel approximation identified
four major aspects for improvement and further development. First, the
relative approximation error and its theoretical upper bound were illus-
trated on a fixed grid (Chapter 9.4.1). The illustration showed that the
empirical error did not reach the theoretical upper bound on this grid.
Future work may therefore work on a tighter bound for the relative ap-
proximation error on this grid.

Second, the error analysis (Chapter 9.3.4), the visualization of the rela-
tive error (Chapter 9.4.1), and the visualization of the decision boundary
(Chapter 9.4.2) highlighted that the approximation error increased if the
product of both inputs increased. Consequently, smaller errors can be ex-
pected if the inputs are closer to zero. Future work may therefore inspect
if input data can be rotated so that critical parts of the decision boundary
are rotated towards zero.

Third, the experimental evaluation did not perform feature selections to
avoid confounding effects (Chapter 9.4.3.1). However, the dimensionality
of the approximate feature map grows exponentially with the number
of features, and a preceding feature selection will likely be necessary in
case of larger data sets. Future work may therefore explore feature selec-
tion approaches that are compatible with this particular type of kernel
approximation.
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Fourth, the kernel approximation was applied in the testing and ap-
plication phase only (Chapter 9.4.3.2). Potential approximation errors
were not propagated through, or multiplied in, the SVM training phase,
in contrast to most related methods (Chapter 9.2). The approximation
error of a single kernel evaluation should therefore be transferable to the
SVM classification function. Future work may derive the corresponding
equations so that approximation effects on the final SVM classification
decision can be quantified.

11.3 Future Work Beyond Individual Approaches

Improvements and further developments beyond individual approaches
have been discussed, too. This chapter consolidates eight major aspects.
First, applications of the machine learning approaches for TBW loss es-
timation are currently limited to situations that are similar to the study
protocol (Chapters 7.4 and 7.7). However, realistic scenarios will differ
drastically. Realistic scenarios may include, for example, prescribed or
voluntary fluid intake, female subjects, subjects with diseases that af-
fect sweat and salivary markers, variations in environmental conditions
like temperature and humidity, various types of clothing, and numerous
forms, durations, and intensities of physical exercise. Future work may
therefore re-evaluate and refine the machine learning approaches for
measurements that are obtained in such scenarios. As a first step, the
protocol of the data collection (Chapter 4) may be extended by prescribing
fluid intake in specified time intervals, once physical exercise has been
completed. The machine learning approaches could then be validated
for such a rehydration phase.

Second, the use of both sweat and saliva was motivated with the re-
lationship between sweat, saliva, and blood (Chapters 1.1.2 and 1.1.3).
It was also argued that a blood-based approach should perform supe-
rior to both the sweat-based and saliva-based approach, because sweat
and saliva are only surrogates for blood (Chapter 7.6). Future work may
therefore transfer the principles of the sweat-based and saliva-based ap-
proaches to blood samples. In combination with advanced measurement
devices that may only require tiny amounts of blood from the ear lobe
or finger tip, an invasive blood-based approach could be reasonable in
many scenarios. Initial experiments may be conducted using the three
blood samples, which were collected before physical exercise, after half of
the exercise bout, and after the entire exercise bout (Chapter 4.3.7).
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Third, the three machine learning approaches for TBW loss estimation
may be combined into a single approach (Chapter 7.4). Data fusion tech-
niques and initial approaches were outlined so that bioimpedance, sweat,
and saliva could be combined. Once sufficient amounts of data are avail-
able, the combination of multiple approaches may reduce the error of
TBW loss estimations further.

Fourth, subjects’ sensation of thirst and fatigue was surveyed during
physical exercise (Chapter 4.3.2). Future work may use these data to
investigate relationships between quantitative TBW loss and subjective
assessment of thirst and fatigue.

Fifth, anthropometric measurements were recorded in the data col-
lection (Chapter 4.2.4). Future work may use these data to investigate if
comprehensive body models improve bioimpedance-based estimations
of absolute TBW, which are typically based on body height only (Chap-
ter 2.2). The corresponding ground truth volume of absolute TBW was
determined using the dilution method (Chapter 4.2.3).

Sixth, two blood samples were collected during physical exercise to
investigate the accuracy of the dilution method during, and immediately
after, physical exercise without fluid intake (Chapter 4.2.3). This was
considered interesting because there are two aspects that may hamper its
application. First, the simultaneous loss of body water and tracer fluid,
and second, ongoing fluid shifts between ECW and ICW spaces due to
TBW loss. Although the dilution method was examined and discussed
with respect to TBW loss after physical exercise (Baker 2010; Baker et al.
2009b; Colt et al. 1978; Maw et al. 1998; Noakes and Nolte 2011; Nolte
and Noakes 2010; Nolte et al. 2010, 2011; Tam et al. 2009, 2011), these
studies either included fluid intake and delayed measurements at least
1 h after physical exercise (Baker et al. 2009b; Nolte et al. 2010, 2011;
Tam et al. 2009, 2011), measured initial TBW several days before physical
exercise (Colt et al. 1978), or required only 50 min of physical exercise
and used radioactive tracers (Maw et al. 1998). Future work may use the
current measurements and investigate the dilution method during, and
immediately after, physical exercise without fluid intake.

Seventh, five previously unexplored salivary markers (amylase, chloride,
cortisol, cortisone, potassium) were employed for TBW loss estimation
(Chapter 4.3.6). Corresponding control conditions that replaced TBW loss
with fluid intake were not conducted, though. Future work should conduct
control tails to examine if the five markers change because of other effects
that are not related to TBW loss. If such changes were observed, future
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work would have to investigate preprocessing algorithms, like PCA, to
remove confounding effects (Chapter 7.7).

Eighth, a true synthesis of two major objectives of this thesis, the saliva-
based approach for TBW loss estimation and the theoretical approaches
for efficient, nonlinear machine learning (Chapters 1.2 and 10.6). Both
B&B-RKHS and the Gaussian RBF kernel approximation were evaluated
on data sets with less than ten features and showed promising results.
These evaluations on data sets with less than ten features corresponded to
the saliva-based approach, where seven salivary markers were available.
Future work may therefore extend B&B-RKHS as well as the Gaussian
RBF kernel approximation to regression problems. Regarding B&B-RKHS,
an extension would have to identify existing, or develop novel, criterion
functions that are suitable for regression problems. Regarding the ker-
nel approximation, an extension might consist of evaluating the current
approach in SVRs or refining the approximation approach for regression
problems.
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Dvořák, J. and Savický, P. (2007). “Softening splits in decision trees using
simulated annealing”. In: Proceedings of the 8th International Confer-
ence on Adaptive and Natural Computing Algorithms. Warsaw, Poland,
pp. 721–729 (cit. on p. 128).

ELITechGroup (2014). Macroduct/Sweat Chek—Sweat Testing System:
Product Brochure (cit. on p. 100).

Ellis, K. J. (2000). “Human body composition: in vivo methods”. In: Physi-
ological Reviews, vol. 80, no. 2, pp. 649–680 (cit. on p. 19).

Ely, B. R., Cheuvront, S. N., Kenefick, R. W., Spitz, M. G., Heavens, K. R.,
Walsh, N. P., and Sawka, M. N. (2014). “Assessment of extracellular de-
hydration using saliva osmolality”. In: European Journal of Applied
Physiology, vol. 114, no. 1, pp. 85–92 (cit. on pp. 37, 40).

Ely, B. R., Cheuvront, S. N., Kenefick, R. W., and Sawka, M. N. (2011).
“Limitations of salivary osmolality as a marker of hydration status”. In:
Medicine & Science in Sports & Exercise, vol. 43, no. 6, pp. 1080–1084
(cit. on pp. 26, 37, 40, 54).

Eskofier, B. M., Hartmann, E., Kühner, P., Griffin, J., Schlarb, H., Schmitt,
M., and Hornegger, J. (2008). “Real time surveying and monitoring of
athletes using mobile phones and GPS”. In: International Journal of
Computer Science in Sports, vol. 7, no. 1, pp. 18–27 (cit. on p. 50).

194



Bibliography

Esposito, F., Malerba, D., and Semeraro, G. (1994). “Multistrategy learning
for document recognition”. In: Applied Artificial Intelligence, vol. 8, no. 1,
pp. 33–84 (cit. on p. 128).

Essid, S., Richard, G., and David, B. (2006). “Instrument recognition in
polyphonic music based on automatic taxonomies”. In: IEEE Transac-
tions on Audio, Speech, and Language Processing, vol. 14, no. 1, pp. 68–80
(cit. on p. 126).

Faloutsos, C. and Lin, K.-I. (1995). “FastMap: a fast algorithm for indexing,
data-mining and visualization of traditional and multimedia datasets”.
In: Proceedings of the ACM SIGMOD International Conference on Man-
agement of Data. San Jose, California, USA, pp. 163–174 (cit. on p. 140).
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Savický, P. and Kotrč, E. (2004). “Experimental study of leaf confidences
for random forest”. In: Proceedings of the 16th Symposium on Com-
putational Statistics. Prague, Czech Republic, pp. 1767–1774 (cit. on
p. 128).

Sawka, M. N. (1992). “Physiological consequences of hypohydration: ex-
ercise performance and thermoregulation”. In: Medicine & Science in
Sports & Exercise, vol. 24, no. 6, pp. 657–670 (cit. on p. 6).

Sawka, M. N. and Montain, S. J. (2000). “Fluid and electrolyte supplemen-
tation for exercise heat stress”. In: The American Journal of Clinical
Nutrition, vol. 72, no. 2, 564S–572S (cit. on pp. 4, 7, 56).

Sawka, M. N., Montain, S. J., and Latzka, W. A. (1996). “Body fluid balance
during exercise-heat exposure”. In: Body Fluid Balance: Exercise and
Sport. Ed. by Buskirk, E. R. and Puhl, S. M. Boca Raton, FL, USA: CRC
Press. Chap. 7 (cit. on p. 3).

210



Bibliography

Sawka, M., Burke, L., Eichner, E., Maughan, R., Montain, S., and Stachen-
feld, N. (2007). “Exercise and fluid replacement”. In: Medicine & Science
in Sports & Exercise, vol. 39, no. 2, pp. 377–390 (cit. on pp. 3, 4, 6, 104,
175).

Scharhag-Rosenberger, F. (2010). “Ergospirometry for endurance perfor-
mance diagnostics”. In: Deutsche Zeitschrift für Sportmedizin, vol. 61,
no. 6, pp. 146–147 (cit. on p. 46).

Schlebusch, T., Röthlingshöfer, L., Kim, S., Köny, M., and Leonhardt, S.
(2010). “On the road to a textile integrated bioimpedance early warning
system for lung edema”. In: Proceedings of the International Conference
on Body Sensor Networks. Biopolis, Singapore, pp. 302–307 (cit. on pp. 5,
96, 110, 166).

Schleif, F.-M., Kaban, A., and Tino, P. (2016). “Finding small sets of ran-
dom Fourier features for shift-invariant kernel approximation”. In: Pro-
ceedings of the IAPR Workshop on Artificial Neural Networks in Pattern
Recognition. Ulm, Germany, pp. 42–54 (cit. on p. 141).

Schneider, M., Ertel, W., and Palm, G. (2015). “Kernel feature maps from ar-
bitrary distance metrics”. In: Proceedings of the Joint German/Austrian
Conference on Artificial Intelligence. Dresden, Germany, pp. 137–150
(cit. on p. 140).

Schoeller, D. A. (2005). “Hydrometry”. In: Human Body Composition. Ed.
by Heymsfield, S. B., L., T. G., Wang, Z., and Going, S. B. 2nd ed. Cham-
paign, IL, USA: Human Kinetics. Chap. 3 (cit. on pp. 3, 19–22, 48).

Schoeller, D. A., Santen, E. van, Peterson, D. W., Dietz, W., Jaspan, J., and
Klein, P. D. (1980). “Total body water measurement in humans with 18O
and 2H labeled water”. In: The American Journal of Clinical Nutrition,
vol. 33, no. 12, pp. 2686–2693 (cit. on p. 21).

Schölkopf, B. and Smola, A. J. (2002). Learning With Kernels: Support Vector
Machines, Regularization, Optimization and Beyond. Cambridge, MA,
USA: MIT Press (cit. on pp. 10, 28, 30, 120, 127, 129, 137, 138, 170).

Shen, W., Yang, Z., and Wang, J. (2017). “Random features for shift-invariant
kernels with moment matching”. In: Proceedings of the 31st AAAI Con-
ference on Artificial Intelligence. San Francisco, CA, USA, pp. 2520–2526
(cit. on p. 141).

211



Bibliography

Ship, J. A. and Fischer, D. J. (1999). “Metabolic indicators of hydration
status in the prediction of parotid salivary-gland function”. In: Archives
of Oral Biology, vol. 44, no. 4, pp. 343–350 (cit. on pp. 37, 39, 41, 168).

Ship, J. A. and Fischer, D. J. (1997). “The relationship between dehydration
and parotid salivary gland function in young and older healthy adults”.
In: The Journals of Gerontology Series A: Biological Sciences & Medical
Sciences, vol. 52A, no. 5, pp. M310–M319 (cit. on pp. 37, 39, 41, 168).

Shirreffs, S. M. (2003). “Markers of hydration status”. In: European Journal
of Clinical Nutrition, vol. 57, no. 2, pp. 6–9 (cit. on p. 26).

Smith, D., Shalmiyeva, I., DeBlois, J., and Winke, M. (2011). “Use of sali-
vary osmolality to assess dehydration”. In: Prehospital Emergency Care,
vol. 16, no. 1, pp. 128–135 (cit. on pp. 8, 26, 37, 38, 41, 46, 54, 55, 57, 72,
73, 102, 105, 168).

Solovei, D., Žák, J., Majzlíková, P., Sedláček, J., and Hubálek, J. (2015).
“Chemical sensor platform for non-invasive monitoring of activity and
dehydration”. In: Sensors, vol. 15, no. 1, pp. 1479–1495 (cit. on pp. 110,
167).

Somol, P., Pudil, P., and Kittler, J. (2004). “Fast branch & bound algorithms
for optimal feature selection”. In: IEEE Transactions on Pattern Analysis
and Machine Intelligence, vol. 26, no. 7, pp. 900–912 (cit. on pp. 9, 114,
116, 118, 119, 169).

Spearman, C. (1987). “The proof and measurement of association between
two things”. In: The American Journal of Psychology, vol. 100, no. 3-4,
pp. 441–471 (cit. on p. 70).

Stegle, O., Fallert, S., MacKay, D., and Brage, S. (2008). “Gaussian process
robust regression for noisy heart rate data”. In: IEEE Transactions on
Biomedical Engineering, vol. 55, no. 9, pp. 2143–2151 (cit. on pp. 5, 66,
72).

Steinwart, I. (2004). “Sparseness of support vector machines—some
asymptotically sharp bounds”. In: Proceedings of the Conference on
Neural Information Processing Systems. Vancouver and Whistler, BC,
Canada, pp. 1069–1076 (cit. on p. 138).

Steinwart, I., Hush, D., and Scovel, C. (2006). “An explicit description of
the reproducing kernel Hilbert spaces of Gaussian RBF kernels”. In:
IEEE Transactions on Information Theory, vol. 52, no. 10, pp. 4635–4643
(cit. on pp. 139, 144, 145, 171).

212



Bibliography

Steinwart, I. (2003). “Sparseness of support vector machines”. In: Journal
of Machine Learning Research, vol. 4, pp. 1071–1105 (cit. on p. 138).

Steinwart, I. and Christmann, A. (2008). Support Vector Machines. New
York, NY, USA: Springer (cit. on pp. 143, 144).

Stewart, R., Reed, J., Zhong, J., Morton, K., and Porter, T. L. (2007). “Hu-
man hydration level monitoring using embedded piezoresistive micro-
cantilever sensors”. In: Medical Engineering & Physics, vol. 29, no. 10,
pp. 1084–1088 (cit. on pp. 110, 169).

Stolarski, J. T., Margraf, F. J., Carlson, J. G., and Sutton, T. M. (2014). “Lipid
and moisture content modeling of amphidromous Dolly Varden us-
ing bioelectrical impedance analysis”. In: North American Journal of
Fisheries Management, vol. 34, no. 3, pp. 471–481 (cit. on p. 35).

Stone, M. (1974). “Cross-validatory choice and assessment of statistical
predictions”. In: Journal of the Royal Statistical Society. Series B (Method-
ological), vol. 36, no. 2, pp. 111–147 (cit. on pp. 29, 32).

Sun, S., Zhao, J., and Zhu, J. (2015). “A review of Nyström methods for
large-scale machine learning”. In: Information Fusion, vol. 26, pp. 36–48
(cit. on p. 140).

Tam, N., Hew-Butler, T., Papadopoulou, E., Nolte, H., and Noakes, T. D.
(2009). “Fluid intake and changes in blood biochemistry, running speed
and body mass during an 80 km mountain trail race”. In: Medicina
Sportiva, vol. 13, no. 2, pp. 108–115 (cit. on pp. 48, 178).

Tam, N., Nolte, H. W., and Noakes, T. D. (2011). “Changes in total body
water content during running races of 21.1 km and 56 km in athletes
drinking ad libitum”. In: Clinical Journal of Sport Medicine, vol. 21, no. 3,
pp. 218–225 (cit. on pp. 48, 178).

Taylor, N. A. S., Heuvel, A. M. J., Kerry, P., McGhee, S., Peoples, G. E., Brown,
M. A., and Patterson, M. J. (2012). “Observations on saliva osmolality
during progressive dehydration and partial rehydration”. In: European
Journal of Applied Physiology, vol. 112, no. 9, pp. 3227–3237 (cit. on pp. 8,
26, 37–39, 41, 46, 54, 55, 57, 72, 73, 102, 105, 168).

Thaysen, J., Thorn, N., and Schwartz, I. (1954). “Excretion of sodium,
potassium, chloride and carbon dioxide in human parotid saliva”. In:
The American Journal of Physiology, vol. 178, no. 1, pp. 155–159 (cit. on
pp. 7, 167).

213



Bibliography

Theodoridis, S. and Koutroumbas, K. (2008). Pattern Recognition. 4th ed.
Burlington, MA, USA: Academic Press (cit. on p. 127).

Thomas, P. E. and Korr, I. M. (1957). “Relationship between sweat gland
activity and electrical resistance of the skin”. In: Journal of Applied
Physiology, vol. 10, no. 3, pp. 505–510 (cit. on pp. 6, 97, 165).

Thompson, D. L., Thompson, W. R., Prestridge, T. J., Bailey, J. G., Bean,
M. H., Brown, S. P., and McDaniel, J. B. (1991). “Effects of hydration
and dehydration on body composition analysis: a comparative study
of bioelectric impedance analysis and hydrodensitometry”. In: The
Journal of Sports Medicine and Physical Fitness, vol. 31, no. 4, pp. 565–
570 (cit. on pp. 5, 33, 46).

Tipping, M. E. and Bishop, C. M. (1999). “Probabilistic principal com-
ponent analysis”. In: Journal of the Royal Statistical Society: Series B
(Statistical Methodology), vol. 61, no. 3, pp. 611–622 (cit. on p. 124).

Tortora, G. J. and Derrickson, B. H. (2009). Principles of Anatomy and
Physiology. 12th ed. Hoboken, NJ, USA: John Wiley & Sons (cit. on pp. 55,
56, 109).

Twerenbold, R., Zehnder, A., Breidthardt, T., Reichlin, T., Reiter, M., Schaub,
N., Bingisser, R., Laifer, G., and Mueller, C. (2010). “Limitations of in-
frared ear temperature measurement in clinical practice”. In: Swiss Med-
ical Weekly: Official Journal of the Swiss Society of Infectious Diseases,
the Swiss Society of Internal Medicine, the Swiss Society of Pneumology,
vol. 140, w13131 (cit. on p. 52).

Van Kreel, B. K., Cox-Reyven, N., and Soeters, P. (1998). “Determination
of total body water by multifrequency bio-electric impedance: devel-
opment of several models”. In: Medical and Biological Engineering and
Computing, vol. 36, no. 3, pp. 337–345 (cit. on p. 49).

Van Loan, M. D., Withers, P., Matthie, J., and Mayclin, P. L. (1992). “Use of
bioimpedance spectroscopy to determine extracellular fluid, intracel-
lular fluid, total body water, and fat-free mass”. In: Proceedings of the
International Symposium on In Vivo Body Composition Studies. Hous-
ton, TX, USA, pp. 67–70 (cit. on p. 24).

Vapnik, V. (1995). The Nature of Statistical Learning Theory. New York, NY,
USA: Springer (cit. on pp. 10, 28).

214



Bibliography

Vedaldi, A. and Zisserman, A. (2012). “Efficient additive kernels via explicit
feature maps”. In: IEEE Transactions on Pattern Analysis and Machine
Intelligence, vol. 34, no. 3, pp. 480–492 (cit. on pp. 140, 142).

Vempati, S., Vedaldi, A., Zisserman, A., and Jawahar, C. V. (2010). “Gener-
alized RBF feature maps for efficient detection”. In: Proceedings of the
British Machine Vision Conference. Aberystwyth, UK, pp. 1–11 (cit. on
p. 140).

Villa, F., Magnani, A., Merati, G., and Castiglioni, P. (2014). “Feasibility
of long-term monitoring of multifrequency and multisegment body
impedance by portable devices”. In: IEEE Transactions on Biomedical
Engineering, vol. 61, no. 6, pp. 1877–1886 (cit. on pp. 5, 110, 166).

Villa, F., Magnani, A., Maggioni, M. A., Stahn, A., Rampichini, S., Merati,
G., and Castiglioni, P. (2016). “Wearable multi-frequency and multi-
segment bioelectrical impedance spectroscopy for unobtrusively track-
ing body fluid shifts during physical activity in real-field applications: a
preliminary study”. In: Sensors, vol. 16, no. 5, p. 673 (cit. on pp. 5, 110,
166).

Walsh, N. P., Montague, J. C., Callow, N., and Rowlands, A. V. (2004a). “Saliva
flow rate, total protein concentration and osmolality as potential mark-
ers of whole body hydration status during progressive acute dehydration
in humans”. In: Archives of Oral Biology, vol. 49, no. 2, pp. 149–154 (cit.
on pp. 8, 26, 37, 38, 41, 46, 54, 55, 57, 72, 73, 102–105, 168).

Walsh, N. P., Laing, S. J., Oliver, S. J., Montague, J. C., Walters, R., and Bilzon,
J. L. J. (2004b). “Saliva parameters as potential indices of hydration status
during acute dehydration”. In: Medicine & Science in Sports & Exercise,
vol. 36, no. 9, pp. 1535–1542 (cit. on pp. 8, 26, 37, 38, 41, 46, 54, 55, 57,
72, 73, 102, 105, 168).

Wang, L. (2008). “Feature selection with kernel class separability”. In: IEEE
Transactions on Pattern Analysis and Machine Intelligence, vol. 30, no. 9,
pp. 1534–1546 (cit. on pp. 114, 169).

Wang, Z., Yang, J., and Li, G. (2003). “An improved branch & bound al-
gorithm in feature selection”. In: Proceedings of the 9th International
Conference on Rough Sets, Fuzzy Sets, Data Mining, and Granular Com-
puting. Chongqing, China, pp. 549–556 (cit. on pp. 9, 114, 116, 119, 169).

215



Bibliography

Wang, Z., Yuan, X.-T., Liu, Q., and Yan, S. (2015a). “Additive nearest neigh-
bor feature maps”. In: Proceedings of the IEEE International Conference
on Computer Vision. Santiago, Chile, pp. 2866–2874 (cit. on p. 142).

Wang, Z., Yuan, X.-T., and Liu, Q. (2015b). “Sparse random projection for
chi-squared kernel linearization: algorithm and applications to image
classification”. In: Neurocomputing, vol. 151, Part 1, pp. 327–332 (cit. on
p. 142).

Webb, A. R. (2002). Statistical Pattern Recognition. 2nd ed. Chichester,
England: John Wiley & Sons (cit. on pp. 29, 114, 120, 127).

Wegman, E. J. (1990). “Hyperdimensional data analysis using parallel
coordinates”. In: Journal of the American Statistical Association, vol. 85,
no. 411, pp. 664–675 (cit. on p. 70).

Wendt, D., Van Loon, L. J. C., and Van Marken Lichtenbelt, W. D. (2007).
“Thermoregulation during exercise in the heat: strategies for maintain-
ing health and performance”. In: Sports Medicine, vol. 37, no. 8, pp. 669–
682 (cit. on p. 6).

Wilke, K., Martin, A., Terstegen, L., and Biel, S. S. (2007). “A short history
of sweat gland biology”. In: International Journal of Cosmetic Science,
vol. 29, no. 3, pp. 169–179 (cit. on pp. 6, 7).

Williams, C. K. I. and Seeger, M. (2000). “The effect of the input density dis-
tribution on kernel-based classifiers”. In: Proceedings of the 17th Inter-
national Conference on Machine Learning. Stanford, CA, USA, pp. 1159–
1166 (cit. on p. 139).

Williams, C. K. I. and Seeger, M. (2001). “Using the Nyström method to
speed up kernel machines”. In: Proceedings of the Conference on Neural
Information Processing Systems. Denver, CO, USA, pp. 682–688 (cit. on
p. 139).

Witten, I. H., Frank, E., and Hall, M. A. (2011). Data Mining: Practical
Machine Learning Tools and Techniques. 3rd ed. Burlington, MA, USA:
Morgan Kaufmann (cit. on pp. 29, 31, 73, 106).

Wu, J. and Yang, H. (2015). “Linear regression-based efficient SVM learning
for large-scale classification”. In: IEEE Transactions on Neural Networks
and Learning Systems, vol. 26, no. 10, pp. 2357–2369 (cit. on p. 142).

216



Bibliography

Wynn, V. (1957). “The osmotic behaviour of the body cells in man; signifi-
cance of changes of plasma-electrolyte levels in body-fluid disorders”.
In: The Lancet, vol. 270, no. 7007, pp. 1212–1218 (cit. on p. 108).

Xu, J.-W., Pokharel, P. P., Jeong, K.-H., and Principe, J. C. (2006). “An ex-
plicit construction of a reproducing Gaussian kernel Hilbert space”. In:
Proceedings of the IEEE International Conference on Acoustics, Speech
and Signal Processing. Toulouse, France, pp. 573–576 (cit. on pp. 139,
171).

Yang, J., Sindhwani, V., Avron, H., and Mahoney, M. (2014a). “Quasi-Monte
Carlo feature maps for shift-invariant kernels”. In: Proceedings of the 31st
International Conference on Machine Learning. Bejing, China, pp. 485–
493 (cit. on p. 141).

Yang, J., Sindhwani, V., Fan, Q., Avron, H., and Mahoney, M. W. (2014b).
“Random Laplace feature maps for semigroup kernels on histograms”.
In: Proceedings of the IEEE Conference on Computer Vision and Pattern
Recognition. Columbus, Ohio, USA, pp. 971–978 (cit. on p. 141).

Yen, I. E. H., Lin, T.-W., Lin, S.-D., Ravikumar, P., and Dhillon, I. S. (2014).
“Sparse random features algorithm as coordinate descent in Hilbert
space”. In: Proceedings of the Conference on Neural Information Pro-
cessing Systems. Montreal, Canada, pp. 2456–2464 (cit. on p. 141).

Yu, B. and Yuan, B. (1993). “A more efficient branch and bound algorithm
for feature selection”. In: Pattern Recognition, vol. 26, no. 6, pp. 883–889
(cit. on pp. 9, 114, 116–118, 169).

Yu, F. X., Kumar, S., Rowley, H., and Chang, S.-F. (2015). Compact nonlin-
ear maps and circulant extensions. arXiv:1503.03893 [stat.ML] (cit. on
p. 141).

Yu, F. X., Suresh, A. T., Choromanski, K. M., Holtmann-Rice, D. N., and
Kumar, S. (2016). “Orthogonal random features”. In: Proceedings of the
Conference on Neural Information Processing Systems. Barcelona, Spain,
pp. 1975–1983 (cit. on p. 141).

Yuan, X. T., Wang, Z., Deng, J., and Liu, Q. (2016). “Efficient chi-squared
kernel linearization via random feature maps”. In: IEEE Transactions on
Neural Networks and Learning Systems, vol. 27, no. 11, pp. 2448–2453
(cit. on p. 140).

217



Bibliography

Zafeiriou, S. and Laskaris, N. (2008). “On the improvement of support
vector techniques for clustering by means of whitening transform”. In:
IEEE Signal Processing Letters, vol. 15, pp. 198–201 (cit. on p. 126).

Zhou, S. K. and Chellappa, R. (2006). “From sample similarity to ensem-
ble similarity: probabilistic distance measures in reproducing kernel
Hilbert space”. In: IEEE Transactions on Pattern Analysis and Machine
Intelligence, vol. 28, no. 6, pp. 917–929 (cit. on pp. 120, 121, 123, 124, 126,
170).

218



FAU Studien aus der Informatik  4

UNIVERSITY 
P R E S S

Matthias Ring

Quantitative Estimation of Total Body Water Loss 
During Physical Exercise

M
at

th
ia

s 
R

in
g

 
   

   
Q

ua
nt

ita
tiv

e 
E

st
im

at
io

n 
of

 T
ot

al
 B

od
y 

W
at

er
 L

os
s 

D
ur

in
g 

P
hy

si
ca

l E
xe

rc
is

e

FA
U

 U
N

IV
E

R
S

IT
Y

 P
R

E
S

S
 2

01
8

  ISBN 978-3-96147-094-5

Prolonged physical exercise is often accompanied by mild to severe dehydration. 

Marathon runners, as an extreme example, can lose up to 14 % of their total 

body water (TBW) during races in warm environments. This excess of TBW loss 

is considered close to life-threatening. But also moderate TBW loss can impair 

aerobic endurance, muscular strength, and cognitive performance.

In this light, the present thesis proposes three machine learning approaches 

for quantitative estimation of TBW loss and two theoretical approaches for effi-

cient, nonlinear machine learning. The former approaches support the accurate 

diagnosis of exercise-induced dehydration as well as recommendations on fluid 

intake for rehydration. They are based on the analysis of bioimpedance mea-

surements, salivary markers, and sweat markers. The latter approaches facilitate 

efficient feature selection and classification in complex and nonlinear data sets. 

A combination of both contributions could therefore constitute the foundation of 

future energy-efficient, wearable devices for TBW monitoring.
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